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Preface

Within the Collaborative Research Centre SFB 676 “Particles, Strings and the Early Universe: The
Structure of Matter and Space-Time” funded by the German Research Foundation (DFG), scientists
of Universitdt Hamburg and DESY have performed research at the interface of mathematical physics,
particle physics and cosmology. Started in June 2006, the SFB 676 has approached its completion in
June 2018, after a maximum funding period of 12 years. During these years, the research areas of the
SFB have seen tremendous progress on many fronts, highlighted by the scientific breakthroughs of the
discovery of the Higgs boson in 2012 and the first observation of gravitational waves in 2015.

In this book, we take the opportunity to review the scientific achievements and research highlights
obtained in the context of the SFB 676, the current state and the perspectives of the respective fields.
The content of the book reflects the organisational structure of the SFB 676 with its three research areas:
A) String Theory, B) Particle Physics and C) Cosmology. The individual chapters have been contributed
by the principal investigators and other key researchers of the various sub-projects whom we would
like to thank for their contributions, for their commitment, and for their brilliant research work during
the course of the SFB. In addition to the involved local scientists, many guest researchers whom we
welcomed in Hamburg provided essential contributions to the research of the SFB.

The success of the SFB 676 would not have been possible without the help of many people in the
administration and management. We would like to thank in particular Marco Baumgartl, Elizabeth
Duarte, Holger Enderle, Manfred Fleischer, Irmgard Flick, Daniel Gildenhorn, Frank Laubert, Juan
Mercado, Natalia Potylitsina-Kube, Harald Schliiter and Department 4 of Universitit Hamburg, Lilija
Seskute, and Peter Siebeneichner. Very special thanks go to our closest companions Michael Grefe,
Petra Hinzer, and Wiebke Kircheisen, who have strongly shaped this SFB over the years with their savvy
and clever ideas and initiatives, their unbreakable enthusiasm, and their indispensable help. In addition,
we are of course grateful to the DFG for their help and support during the last 12 years, in particular we
would like to thank Brit Redohl. Last but not least, we acknowledge the continuous enormous support
of our two hosting institutions in Hamburg: Universitit Hamburg and DESY.

Thank you very much!

Hamburg, September 2018 Johannes Haller
Jan Louis
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Particle Physics from String Compactifications

Wilfried Buchmiiller', Jan Louis?

!DESY, Hamburg, Germany
211 Institut fiir Theoretische Physik, Universitit Hamburg, Germany

DOI: http://dx.doi.org/10.3204/PUBDB-2018-00782/A1

We briefly review the work carried out in project Al of the SFB 676. This includes in
particular string compactifications to vacua containing the Standard Model. We compare
heterotic compactifications with F-theory, and we mention a number of technical devel-
opments. Motivated by string compactifications, several aspects of six-dimensional field
theories are described, which shed some light on supersymmetry breaking, moduli stabiliza-
tion and the little hierarchy problem. We highlight some virtues of flux compactifications
and conclude with a brief discussion of LHC phenomenology.

1 Introduction

String theory remains the most promising framework for a unification of the Standard Model
with gravity. The key features of the Standard Model, chiral gauge interactions and the Brout—
Englert—Higgs mechanism of mass generation for chiral fermions, naturally emerge in string
compactifications. On the other hand, the vacuum structure of string theories is complicated,
which makes it difficult to understand details of the Standard Model as consequences of a string
compactification. It has been the goal of project Al to contribute to the work needed to bridge
the gap between particle physics and string theory.

A major effort has been made to study in detail phenomenologically promising string com-
pactifications, starting from the heterotic string with symmetry group Fg x Eg, and also from
F-theory. As an intermediate step, compactifications to six dimensions have been investigated.
Six-dimensional supergravity theories with gauge unification turned out to be a good start-
ing point for deriving four-dimensional supersymmetric extensions of the Standard Model with
some specific predictions for experiments at the Large Hadron Collider (LHC), which we have
also studied.

In 2012, right in the middle between beginning and end of the Collaborative Research Cen-
ter 676, the Higgs boson was discovered with a mass of 125 GeV. This mass value allows
a consistent extrapolation of the Standard Model as a weakly coupled theory from the elec-
troweak scale up to the scale of grand unification. This is in accord with expectations based
on supersymmetric theories. On the other hand, so far extensive searches at the LHC have
shown no signs of supersymmetry. Hence, the scale of supersymmetry breaking may lie much
above the electroweak scale, so that the mass of the Higgs boson cannot be entirely protected
by supersymmetry. The matching of the Standard Model to a supersymmetric theory at scales
far above the electroweak scale has therefore been an important topic during the second phase
of the project Al.

SFB 676 — Particles, Strings and the Early Universe 3
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Figure 1: The six-dimensional orbifold GUT model with the unbroken non-Abelian subgroups
of the visible Eg and the corresponding non-singlet hyper and chiral multiplets in the bulk and
at the SU(5) fixed points, respectively. Fixed points under the Zy subtwist in the SO(4) plane
are labelled by tupels (n,m), those under the Zjz subtwist in the SU(3) plane are indicated by
the red crosses. The Zg fixed point in the G5 plane is located at the origin. Reprinted from
Ref. [3], with permission from Elsevier.

In the report we shall first discuss results on string compactifications. Subsequently, we will
deal with string inspired supersymmetric models in six and four dimensions as well as some
specific predictions for collider physics. We shall conclude with an outlook on Particle physics
from string compactifications. It is impossible to give adequate references to all the work that
motivated and stimulated the research carried out within the project Al. Excellent reviews of
basics and recent developments of supergravity and string theory are [1,2]. These reviews also
contain extensive references. Beyond that we refer the reader to the references given in the
papers described below.

2 String compactifications

During the first phase of the project the focus has been on compactifications of the Fg x FEjg
heterotic string. This was partly motivated by the success of orbifold GUTs, higher-dimensional
field theories with grand unified gauge groups compactified on orbifolds. In these theories the
GUT gauge groups can be broken in an elegant way by means of boundary conditions, and
one can easily understand why the Higgs doublet has no colour-triplet partner, which is the
so-called doublet-triplet splitting problem. In [4,5] it was shown that a six-dimensional (6d)
orbifold GUT can indeed be obtained as intermediate step in an anisotropic compactification
of the heterotic string on a Zg orbifold. First, the ten-dimensional string is compactified on the
orbifold T*/Z3 to six dimensions where one obtains a theory with V' = 2 supersymmetry and

4 SFB 676 — Particles, Strings and the Early Universe
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unbroken gauge group
Ge = SU(6) x U(1)® x [SU(3) x SO(8) x U(1)%],

where the brackets denote the unbroken subgroup of the second Eg. In a second step, the
6d theory with one Wilson line is compactified to four dimensions, with unbroken N/ = 1
supersymmetry. The intersection of unbroken subgroups at the two pairs of inequivalent fixed
points yields the Standard Model gauge group,

Gsar = SU(3) x SU(2) x U(1) € SU(5) x U(1) N SU(2) x SU(4).

Two quark-lepton families are located at the SU(5) fixed points of the SO(4) plane, and a
third family consists of split multiplets of the 6d bulk hypermultiplets, see Figure 1. As a
consequence, there is only one large Yukawa coupling, the top quark coupling, which is related
to the 6d gauge coupling. All other Yukawa couplings are generated by higher-dimensional
operators.

In a parallel development M-theory compactifications on seven-dimensional manifolds with
SU(3) structure were studied [6], which lead to N' = 2 supersymmetric theories in four dimen-
sions. These compactifications were shown to be dual to compactifications of the heterotic string
on K3 x T?, with background gauge field fluxes on T2. The low energy effective action was
derived, and the Kéhler potential, the superpotential and the D-terms were computed in terms
of geometrical quantities. For comparison with anisotropic orbifold compactifications with an
intermediate 6d orbifold GUT, heterotic compactifications on generalized K3 manifolds with
SU(2) structure are particularly interesting. Such compactifications were investigated in [7]
where the kinetic terms and the scalar potential were derived. Directly relevant for the orbifold
compactification of [4] is the computation of the N' = 1 low-energy effective action for the com-
pactification of the heterotic string on a smooth K 3-surface to six dimensions [8,9]. The gauge
symmetry breaking was studied at the level of the effective Lagrangian and special attention
was payed to the couplings of the charged matter multiplets to the geometrical moduli fields.
It turned out that these couplings are heavily contrained by gauge invariance together with
supersymmetry. Possible embeddings of line bundles into the ten-dimensional gauge groups of
heterotic strings were systematically investigated in [10] and the associated gauge symmetry
breakings and spectra were analyzed. The naive expectation that one may be able to construct
an infinite number of MSSM-like models by varying the line bundles appears to be incorrect [11].
It is possible, however, to construct supersymmetric as well as non-supersymmetric Standard
Model-like compactifications to four dimensions for the three ten-dimensional gauge groups
Es x Eg, SO(32) and SO(16) x SO(16), respectively [12-14|. Generically, in heterotic orb-
ifold compactifications magnetic gauge flux in the compact dimensions is not incorporated. In
higher-dimensional field theories magnetic flux can be taken into account, which leads to inter-
esting effects. According to the index theorem, a multiplicity of quark-lepton families can arise
as zero modes, and the supersymmetry breaking scale is determined by the size of the compact
dimensions, yielding a picture of split symmetries with respect to GUT gauge symmetries on
the one hand, and supersymmetry on the other hand [15-17].

A challenging topic is the relation between heterotic orbifold models and their smooth coun-
terparts. In [18] a specific Borsea-Voison manifold of the form (K3 x T?)/Zy was identified
which corresponds to a specific blow-up of the T°/Zg orbifold considered in [4]. The blow-up
process is illustrated in Figure 2. At the top T*/Z3 is shown, a singular K3 that is elliptically
fibered over the base T2/Zs. Over the singular points of the base, the torus degenerates to

SFB 676 — Particles, Strings and the Early Universe 5
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Figure 2: Top: The singular space 7% /Z3 (left) is blown up to a smooth K3 manifold (right). In
this process each singularity is replaced by two spheres. Bottom: Zs fixed locus on the smooth
K3. Figures taken from Ref. [18].

T?/Zs3. T*)Zs3 has nine singularities, see Figure 1. The transformation of the shrinking cycles
under the Zo involution is illustrated at the bottom of Figure 2. Surprizingly little was known
about the moduli space of the Borsea-Voison manifolds. We found that the vacuum expectation
values (VEV) needed to blow up the orbifold completely, break the orbifold gauge group to a
small subgroup. Moreover, by going to a smooth point in moduli space, all massless twisted
states, which correspond to geometric moduli, aquire non-zero VEVs, breaking the orbifold
gauge group. It turns out that the resulting light spectrum is non-chiral with respect to the
unbroken gauge group, which matches with the results obtained for smooth compactifications.
Phenomenologically, one wants a massless chiral spectrum with respect to the Standard Model
gauge group. To fully understand the connection between successful singular orbifold construc-
tions and compactifications of the ten-dimensional Eg x Eg supergravity theory on smooth
manifolds, further investigations are necessary.

An important technical aspect in the construction of 4d effective actions for orbifold com-

6 SFB 676 — Particles, Strings and the Early Universe
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Figure 3: Construction of SO(10) x U(1) models. The fibration of the torus over P! (top
left) turns via tuning into a singular K3 manifold (top right). Resolution of the singularity
generates five P's with intersections corresponding to the extended SO(10) Dynkin diagram
(bottom left); after the Shioda map has been carried out, the U(1) divisor intersects the affine
node P} (bottom right). Figure taken from Ref. [29].

pactifications of 5d and 6d supergravity theories are the brane-bulk couplings, since at the orb-
ifold fixed points supersymmetry is broken. Several subtle points could be clarified in [19-23].
The boundary conditions also affect the fluctuations of the various bosonic fields around the
gravitational background [24] and the stability of gauge flux compactifications [25]. In the ef-
fective 4d supergravity actions a crucial role is played by Fayet—Iliopoulos (FI) D-terms. The
relation between computations of such D-terms in field theory and string theory was studied
in [26].

An important and lasting result is the complete classification of six-dimensional symmet-
ric toroidal orbifolds which yield A > 1 supersymmetry in four dimensions for the heterotic
string [27]. The starting point was a classification of the crystallographic space groups in six
dimensions. In total 520 inequivalent toroidal orbifolds were found, 162 of them with Abelian
point groups such as Zs, Z4, Ze—_ etc. and 358 with non-Abelian point groups such as S3, Dy
etc. For some of these orbifolds the Hodge numbers were calculated and possible mechanisms
of gauge symmetry breaking were explored. Particle spectra for heterotic compactifications on
non-Abelian orbifolds were studied in [28§].

During the course of the project the emphasis shifted from heterotic compactifications to
F-theory where four-dimensional theories are obtained by compactifications on elliptic Calabi—

SFB 676 — Particles, Strings and the Early Universe 7
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Yau fourfolds. In order to obtain chiral models it is necessary to turn on four-form flux G4
on the fourfold. In [30,31] a new construction of globally well defined G4 flux was given
which relies on identifying certain algebraic cycles in the Weierstrass equation of the fourfold.
Subsequently, in [32] explicit chiral models were constructed with moduli stabilized in terms of
magnetized D7-branes on smooth Calabi—Yau spaces. The previously encountered problems,
such as the tension between chiral matter and moduli stabilization, the tension between Freed-
Witten anomaly cancellation, nonperturbative effects and shrinking induced by D-terms, were
overcome. This was extended in [33] where quasi-realistic models on branes at singularities
were constructed with a fully consistent global embedding (including tadpole, K-theory charges
and Freed-Witten anomaly cancellation) combined with moduli stabilization. The connection
between heterotic and F-theory to six dimensions was analyzed in [34]. Using the Weierstrass
description the complex structure of the Calabi—Yau threefold could be restricted such that
the gauge group and the matter spectrum of the heterotic compactification on singular 7% /Zy
orbifolds were reproduced.

As we shall see in the following section, 6d supergravity models with gauge symmetry
SO(10) x U(1) provide phenomenologically interesting GUT extensions of the Standard Model.
This raises the question whether such models can be embedded in string theory. This ques-
tion was systematically investigated in the context of F-theory. In [29], using toric geometry,
6d F-theory vacua with gauge group SO(10) were completely classified, taking into account
Mordell-Weil U(1) and discrete gauge factors. The full matter spectrum of these models was
determined, including charged and neutral SO(10) singlets. Based solely on the geometry, all
matter multiplicities were computed and the cancellation of gauge and gravitational anomalies
was confirmed independent of the base space. The principle of the construction of the models
is illustrated in Figure 3.

3 Model building

The compactifications of the heterotic string described above yield the Standard Model (SM)
gauge group and a supersymmetric extension of the chiral SM matter spectrum with two Higgs
doublets (MSSM). However, in addition a large number of massless SM singlet fields occur.
Their vacuum expection values are largely undetermined since the superpotential of the theory
is only partially known. This leads to a large vacuum degeneracy of the theory. Different
vacua, corresponding to different sets of singlet vacuum expectation values, can differ signif-
icantly in their physical properties. For instance, they can realize gauge-Higgs unification or
partial gauge-Higgs unification (for only one Higgs doublet) [3], and they also have different
unbroken discrete R-symmetries [3,35,36]. These R-symmetries can be used to suppress per-
turbative contributions to the p-term and the expectation value of the superpotential, i.e. the
gravitino mass. Nonperturbative contributions can then generate large hierarchies. The many
SM singlets in heterotic compactifications can partly also play the role of sterile neutrinos,
which significantly modifies the seesaw mechanism [37]. In general, the discrete symmetries
of heterotic vacua have important phenomenological implications for axion-like particles [38],
family symmetries [39], the proton lifetime [40] and neutrino masses [41]. Interesting discrete
symmetries also arise in MSSM type quiver models [42]. Flavour symmetries are more hidden
in flux compactifications where the multiplicity of quark-lepton generations is generated by
magnetic flux in the compact dimensions [43]. Nevertheless, there exist a number of relations
between Yukawa couplings, remnants of the underlying GUT symmetry and the wave function

8 SFB 676 — Particles, Strings and the Early Universe
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Figure 4: The scale ratio m?/M?2 as function of the mass ratio k = M, j3/mq for A\g = 0.4,0.001
(left to right) and tan 8 = 6,15 (dashed, full). My = 3 TeV. Figure taken from Ref. [47].

profiles of the zero modes. This can lead to a successful flavour phenomenology, including
thermal leptogenesis [44].

One of the SM singlets in heterotic compactifications can play the role of a singlet Higgs
field, extending the minimal supersymmetric standard model (MSSM) to the next-to-minimal
supersymmetric standard model (NMSSM) [45,46]. Here the py-parameter becomes a field, which
alleviates the pu-problem of the MSSM. However, since no superparticles were discovered at the
LHC so far, both the MSSM and the NMSSM have a little hierarchy problem: The ratio between
the Fermi scale of electroweak symmetry breaking and the scale of supersymmetry breaking is
much smaller than one, contrary to early expectations, which calls for an explanation.

Characteristic parameters for the scale of electroweak symmetry breaking and supersymme-
try breaking are m, a function of the two soft Higgs mass parameters, together with tan g3, the
ratio of the Higgs VEVs, and the geometric mean M of the scalar top masses, respectively,

2 2 2
_my,, —tan® B m;,

~ 2 — = =
m” = tanZ g — 1 , Ms = /mzmg, .

The little hierarchy problem then corresponds to the unexpected observational fact
m?/M? < 1.

In typical gravity mediation schemes, such as dilaton domination [48], this inequality can only
be satified by a rather fine-tuned choice of the soft supersymmetry breaking parameters. One
may hope that such fine-tuned parameters are an automatic consequence of relations between
supersymmetry breaking terms at the GUT scale, predicted by supersymmetry. This can in-
deed happen, for instance, in hybrid gauge-gravity mediation [49] due to a particular choice of
messenger fields [50]. Alternatively, one can hide the fine-tuning in a particular mass relation
between the universal gaugino and scalar masses at the GUT scale, My /5 = kmg [51]. An ex-
ample of this type is shown in Figure 4 for the NMSSM, where the ratio of mass scales 1?2 /M?
is plotted as function of k for different choices of the Yukawa coupling Ay between SM singlet
and doublet Higgs fields and tan 3 [47,52]. For values of k around 0.7, which can be derived in

SFB 676 — Particles, Strings and the Early Universe 9
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Parameters P1 P2 P3 P4
Ao 0.33 104 0.1 103
M, [GeV] 2000 2500 3000 3500
mZ [GeV? 7-10° 9.5-10%  1.35-10"7 1.75-107
mp, [GeV] 1850 114.5 907.4 178.3
my, [GeV] 123.6 126 125.7 127.9
mug, Mg+, ma |GeV| 2824 3434 4067 4660
Ma, [GeV] 1040 66.65 561 108.8
mg, [GeV] 1659 93.65 814.4 147.8
myg,. [GeV] 491 695 693 766.2
mg,, [GeV] 497 700 696 770
M [GEV] 880 1106 1335 1569
Mgime |GEV] 1642 2056 2473 2893
mg [GeV] 4070 5145 6104 7047
Msquark [GeV] 2680-3760  3330-4630  3930-5480  4540-6310
Mglepton |GeV] 667-1300  840-1620  1000-1940  1180-2250

Table 1: Higgs and superparticle masses for typical parameter sets P1, P2, P3, P4, with
tan 8 = 15 and M, = 3.0, 3.8,4.5,5.0 TeV (from left ro right). Table taken from Ref. [47].

a higher-dimensional model with gaugino mediation, a small ratio /2 /M2 can be obtained. It
is instructive to work out the mass spectrum of Higgs bosons, higgsinos, gauginos, squarks and
sleptons. As Table 1 demonstrates, except for the Higgs boson h, and possibly the higgsinos
hs and the singlino X, all superparticles have masses outside the discovery range of the LHC.
The lightest superparticle is typically the gravitino with a mass in the range between 10 GeV
and 100 GeV. Such a Higgs and superparticle mass spectrum, containing as light particles only
singlinos in addition to the Higgs boson, is typical for models that address the little hierar-
chy problem. In the MSSM the supersymmetry breaking scale Mgg cannot exceed a value of
about 1019 GeV. Otherwise, the running quartic Higgs coupling A\(Mgg) of the SM cannot be
matched to the corresponding combination of gauge couplings in the MSSM. Note that this
situation changes in the NMSSM where the effective quartic Higgs coupling is modified. As a
consequence, in the NMSSM the supersymmetry breaking scale can be as large as the GUT
scale [53].

A notoriously difficult problem in string compactifications is the stabilization of all moduli
fields at a vacuum with vanishing or very small cosmological constant. Contributions from
various perturbative and non-perturbative effects to the stabilization of bulk moduli were stud-
ied for explicit heterotic orbifold compactifications. Several de Sitter solutions could be found
which, however, all turned out to be unstable [54]. As already mentioned in the previous sec-
tion, considerable progress was made in stabilizing Kéhler moduli for chiral D7-brane models
within the framework of type IIB flux compactifications. World-volume fluxes can be chosen
to obtain GUT- or MSSM-like theories. Moreover, TeV-scale supersymmetry breaking can be
realized [32,33].

It is instructive to study moduli stabilization also in higher-dimensional field theories. Here
one only has a few moduli and the system is simple enough that quantum corrections can be

10 SFB 676 — Particles, Strings and the Early Universe
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Figure 5: Contour plot of the moduli potential as function of the 3 fields s, ¢t and 75 in the
s —t plane, 7o = 1 (left) and in the s — 72 plane, t = 5/6 (right). The remaining 3 moduli are
stabilized at the origin. The size of the volume is V = L?/2, with L = 200 in Planck units.
Reprinted figure with permission from Ref. [60]. Copyright (2016) by the American Physical
Society.

taken into account. In [55-57] it was shown that the Casimir energy together with localized
FI terms can lead to a stabilization of shape and volume moduli. Moreover, the interplay of
quantum corrections of the Kéhler potential, localized FI terms and the Casimir energy can
yield almost no-scale models with light moduli [58]. Particularly interesting are 6d orbifold
models with magnetic flux. The D-term potential contains two FI terms which are induced
by the flux and by the Green—Schwarz term canceling the gauge anomalies, respectively. The
Green—Schwarz term also leads to a correction of the gauge kinetic function which turns out to
be crucial for the existence of Minkowski and de Sitter vacua. The stabilization of all 6 moduli
is achieved by the interplay of the D-terms and a nonperturbative superpotential [59-61], see
Figure 5.

Moduli fields have important cosmological implications. For instance, a light axion-dilaton
system can lead to recurrent acceleration [62,63]. An interesting aspect of heterotic orbifold
compactifications with several axions is the possible alignment of more than one axion, which
can lead to inflation with trans-Plankian field values [64]. In the superpotential of these models
gaugino condensates play an important role. Here one has to take into account that hidden
Yang—Mills sectors are cosmologically strongly constrained by possible dark glueball overpro-
duction during the cosmological evolution [65].

Since no hints for supersymmetry have been observed at the LHC, one is left with some kind
of hierarchy problem in supersymmetric theories, maybe a little hierarchy problem or a GUT
hierarchy problem. It is clear that supersymmetry alone is not sufficient to protect the Higgs
mass and the question arises whether higher-dimensional theories can provide other mechanisms
to screen the Higgs mass from quadratic divergencies. In recent work it was observed that in flux

SFB 676 — Particles, Strings and the Early Universe 11



WILFRIED BUCHMULLER, JAN LOUIS

invisible

Figure 6: Typical R-parity violating decay chain involving higgsinos at the LHC. The secondary
vertices as well as the two possibilities of interesting muon combinations are highlighted. The
Z-boson decay is invisible, due to the small mass difference between the heavier higgsino and
the lightest higgsino. Figure taken from Ref. [68].

compactifications, contrary to the case without flux, a cancellation of quadratic divergencies
occurs, which can be traced back to a spontaneously broken symmetry of the higher-dimensional
field theory [66]. In fact, in the 4d effective theory this manifests itself as a shift symmetry
of a complex scalar, which forbids the generation of a mass term to all orders in perturbation
theory [67]. So far the described cancellation of quadratic divergencies has only been studied
in a toy model, an Abelian gauge theory in six dimensions. It remains to be seen whether the
mechanism also works for more realistic non-Abelian gauge theories.

4 Connection to collider phenomenology

Collider phenomenology did not play a significant role in project Al. Nevertheless, trying to
derive particle physics from string theory, some phenomenological signatures at the LHC, aside
the main stream, were studied for a few aspects of the theoretical models described above.

An intriguing aspect of the models described in [47,49-51], which address the little hierarchy
problem, and also of the model [15,43] with high-scale supersymmetry breaking, is the occurence
of light higgsinos, with masses between hundred and a few hundred GeV. This is not too
surprizing, since their mass is protected by a Peccei-Quinn type symmetry, contrary to gauginos.
At the LHC one can search for light higgsinos by means of monojet events, but this is very
challenging. A further possibility exists in the case of a light gravitino and small R-parity
breaking, which is of particular interest also in connection with leptogenesis. Gravitinos can
then be the dark matter of the universe, and their decay to neutrino-photon pairs produces
monochromatic y-rays, which in particular the Fermi-LAT collaboration has searched for. This
has led to a current upper bound on the R-parity breaking parameter ¢ of about 10~8. Such a
small breaking of R-parity can be understood, for instance, by dynamical symmetry breaking in
a strongly interacting hidden sector of the theory [69]. Gravitino decays and R-parity violating
decays of the lightest higgsino x{ are controlled by the same parameter (,
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Figure 7: Estimation of the discovery reach for R-parity breaking higgsino decays at the LHC
with 14 TeV center-of-mass energy. Each coloured band represents a value of the higgsino mass
parameter y. Figure taken from Ref. [68].

which implies interesting direct relations between astrophysics and collider physics. Moreover,
R-parity violating higgsino decays, e.g. x — W*uT, can significantly help in the search for
light higgsinos at the LHC [68,70]. A typical R-parity violating decay chain involving higgsinos
with two T p~-pairs is shown in Figure 6. Based on these and similar R-parity violating decay
chains, the discovery reach at the LHC for R-parity breaking supersymmetry has been derived
in a detailed investigation, see Figure 7. It is remarkable that the current run at 13 TeV center-
of-mass energy is about one order of magnitude more sensitive to R-parity breaking than the
astrophysical searches for monochromatic gamma-ray lines [68].

A characteristic feature of the models with flux compactification [15,43] is the difference
of supersymmetry breaking in the matter sector and the Higgs sector, respectively. Quarks
and leptons, which come in three copies of complete GUT representations, have very heavy
superpartners, with masses at the GUT scale. On the contrary, the Higgs sector consists of
split multiplets, one pair of Higgs doublets and higgsinos, and has N' = 1 supersymmetry at
tree-level. Note that gauge coupling unification is realized with acceptable accuracy. To verify
the consistency of such a scheme, one has to show that the running couplings of the Higgs
potential can be matched to a supersymmetric theory at the GUT scale, where they are known
functions of the gauge couplings, satisfying also constraints from vacuum (meta)stability. It
was shown that, contrary to the SM with one Higgs doublet, this is indeed possible [71]. The
results severely constrain the ratio of Higgs VEVs, and the Higgs masses,

tan B3 <2, ma,mpg,mg+ 2 1 TeV.

The precise bounds depend on the values of Higgs mass and top mass. They are shown in
Figure 8. Clearly, the search of such heavy Higgs bosons at the LHC is very challenging.
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Figure 8: Contours of the lightest Higgs mass M), in the m4(M;) — tan§ plane for a two-
Higgs-doublet model with higgsinos, with mass p = 200 GeV. Supersymmetry matching scale:
Mg = 2-10' GeV (left) and Mg = 2-10'7 GeV (right). The Higgs mass prediction is computed
for M; = 173.34 £+ 0.76 GeV (solid black, dashed green, dotted blue). Unshaded regions are
allowed by vacuum stability. In the orange regions, the electroweak vacuum is metastable,
i.e. its lifetime is larger than the age of the universe. Red regions are excluded by vacuum
(meta)stability. Figures taken from Ref. [71].

5 Outlook

We have briefly reviewed the work carried out within the project A1, which has been focussed
on string compactifications and string-inspired model building, with a few phenomenological
applications to LHC physics. The central goal has been to contribute to bridging the gap
between string theory and particle physics.

During the course of the project our studies of string compactifications have shifted from
the heterotic string to F-theory. Both versions of string theory can accomodate the Standard
Model gauge group and its matter spectrum, with an embedding in the exceptional group FEjs.
The heterotic string as well as F-theory also provide an appealing geometrical picture of the
localization of matter in the compact dimensions and the generation of Yukawa couplings. F-
theory is more flexible to construct GUT gauge groups at intermediate steps and to vary matter
representations. Also the separation between matter fields and moduli fields is more transparent
and, consequently, the problem of moduli stabilization can be more satisfactorily treated. On
the other hand, in F-theory the compact space is a del Pezzo surface. In this way one looses the
attractive mechanism of Wilson-line breaking of symmetries, which is one of the advantages of
heterotic compactifications. An interesting direction for future research would be to generalize
the approach of F-theory to compact surfaces with non-trivial topology, and therefore beyond
del Pezzo surfaces.

We have concentrated on anisotropic compactifications, with two compact dimensions larger
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than the other four, and we have also studied compactifications to six dimensions, which are
technically considerably simpler. A physical motivation has been that the size of the two larger
dimensions may be related to the scale of grand unification. The six-dimensional theory can
then be treated as an effective field theory. For this simplified system some problems could
be studied in greater depth compared to a full string theory compactification. Particularly
interesting are compactifications from six to four dimensions with magnetic flux. In this case
Minkowski and de Sitter vacua can be obtained with complete stabilization of all moduli. Flux
compactifications also lead to phenomenologically interesting models which realize high-scale
supersymmetry.

Since no hints of supersymmetry have been observed at the LHC, particle physics has to deal
with a hierarchy problem, maybe a little hierarchy problem or even a GUT hierarchy problem.
Supersymmetry alone is clearly not sufficient to protect the Higgs mass. In supersymmetric
models that address this hierarchy problem one typically finds a superparticle mass spectrum,
which is almost completely outside the discovery reach of the LHC. A possible exception are
light higgsinos, as well as additional Higgs bosons. It is therefore mandatory to search for these
particles at the LHC, despite the fact that these searches are very demanding.

It is an attractive, and at the same time challenging aspect of string theory, that in studies
of particle physics problems also gravity is always present. For example, the requirement to
have vanishing or very small cosmological constant, relates D-term and F-term breaking of
supersymmetry. As illustrated by the examples discussed above, in this way the cosmological
constant directly influences gaugino masses. Furthermore, the complicated vacuum structure
manifests itself in the presence of many moduli with important cosmological consequences. In
principle, this is very interesting, but in practice this often limits the possible progress in string
compactifications.

A related problem is the huge range of mass scales, which have to be explained as ratios of
vacuum expectation values: the cosmological constant (1072 GeV), the scale of electroweak
symmetry breaking (100 GeV), the Planck mass (10*® GeV), the unknown scale of supersym-
metry breaking etc. It appears that further progress will depend most crucially on experimental
hints for the scale of supersymmetry breaking.
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While early string theory provided an intriguing explanation for the observed Regge tra-
jectories of meson resonances, it failed to reproduce the correct high energy behavior of
scattering amplitudes. This has changed with the AdS/CFT correspondence. In fact,
string theory can now produce precision results even in the multi-Regge regime. In this
note we review the status of high energy scattering in planar AN/ = 4 super-Yang—Mills
theory, at weak, strong and intermediate coupling, with a focus on its integrability and the
relation to string theory.

1 Introduction

Back at the end of the 1960ies, string theory seemed to offer an intriguing explanation for
the Regge trajectories of meson resonances that experimentalists had seen in pion scattering
amplitudes. In fact, the observed linear trajectories of particles with mass along M2 = o/J +
ag,J = 0,1,... were interpreted as vibrational modes of a 1-dimensional object of tension
Ts = 1/a’. On the other hand it was also noticed early on that the scattering amplitudes of
strings, such as the famous Veneziano amplitude, do not possess the correct high energy limit
in the physical regime since they fall off exponentially with the center of mass energy and hence
much faster than in nature. This fall-off behavior may be understood from the extended nature
of strings which makes the interaction region in coordinate space a bit fuzzy and hence localizes
the amplitudes sharply in momentum space. So, in spite of its beautiful interpretation of meson
resonances, it appeared that string theory could not describe hadronic physics and the field was
left to Quantum Chromo Dynamics (QCD). The latter was very efficient in particular in the
high energy asymptotically free regime. On the other hand, even after decades of experience
it remains difficult to use QCD for low energy physics, the regime in which string theory had
seemed so promising.

Ideas in particular of 't Hooft [1] and Polyakov [2] nurtured hopes that one may eventually
be able to reconcile the two approaches to hadronic physics, i.e. combine the advantages of
QCD with those of string theory. But it was only through Maldacena’s celebrated AdS/CFT
correspondence [3]| that a concrete route opened up which would eventually allow for precision
computations of the type described below. The correspondence also showed very clearly that
early attempts to model hadronic physics with strings had suffered from one problematic as-
sumption: It had always been taken for granted that strings and particles propagate in the
same space-time. For the modern string theory descriptions of 4-dimensional gauge theory to
work, however, it is absolutely crucial that the strings propagate an a 5-dimensional curved
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geometry. In the AdS/CFT correspondence the geometry is curved by the presence of stack of
D3 branes with a 4-dimensional world-volume. The curvature introduces a red-shift factor that
depends on the 5" coordinate, i.e. on the distance r from the stack of branes. Through this
r-dependent red-shift factor, string theory can reproduce both hard high energy scattering and
low energy meson resonances [4].

The gauge theory that lives on the stack of D3 branes is of course not QCD but a maximally
supersymmetric cousin thereof, the A/ = 4 supersymmetric Yang-Mills (SYM) theory. Accord-
ing to the AdS/CFT correspondence, this theory is equivalent to type IIB superstring theory
on AdS; x S°. It was realized early on [5] that the classical world-sheet models which describe
strings in this background are integrable, at least on a world-sheet of genus g = 0. This tied in
nicely with an earlier observation by Minahan and Zarembo [6] according to which the one-loop
dilation operator in a subsector of planar N' = 4 SYM theory is given by the Hamiltonian of the
integrable Heisenberg spin chain. For a review of integrability in the AdS/CFT correspondence
and many more references see [7]. Integrability of strings in AdSs x S® suggested that — within
the framework of the AdS/CFT correspondence — the string theoretic description could even
be used for precision computations in N’ =4 SYM theory at finite coupling.

The potential of string theoretic calculations was first seen in the context of anomalous
dimensions. This is a topic with a long history in gauge theory. In particular, matrix elements
of singlet local twist-two Wilson operators of spin L and their evolution equations were studied
extensively. For the fields in the A' = 4 SYM multiplet, i.e., one gluon g, four Majorana
fermions ¢ and three complex scalars ¢, it was realized [8], that the anomalous dimension matrix
governing those evolution equations is fixed completely by the super-conformal invariance and
one universal anomalous dimension y**(L), whose argument is shifted by an integer number,
depending on the field, g, ¥ or ¢. Moreover, it turns out [8,9] that the most complicated
contributions in the anomalous dimensions for the corresponding matrix elements of quark and
gluon operators in QCD [10,11], that is an SU(n.) gauge theory with fermions and bosons in the
fundamental and adjoint representation, respectively, directly deliver the universal anomalous
dimension 4" (L) in the A" = 4 SYM theory, provided the color SU(n,) invariants are adjusted
accordingly. The leading coefficient of the universal anomalous dimension in the large L limit is
known as the cusp anomalous dimension and it was the first interesting gauge theory quantity
that has been computed with string theoretic techniques [12].

Putting all this together it seemed very natural to finally address the computation of high
energy scattering amplitudes in ' =4 SYM theory through the dual string theoretic descrip-
tion. Our goal was to show that string theory in an AdS geometry was not only compatible
with gauge theoretic high energy scattering, as argued in [4], but that it could even produce
precision results in the regime that had challenged early string theory. The aim of this review
is to explain how this goal has been achieved, at least for (MHV) scattering amplitudes of up
to six external gluons in planar N' = 4 SYM theory.

In order to do so, we will provide some basics on scattering amplitudes in perturbative N’ = 4
SYM theory in the next section. Our discussion is centered around the well-known Bern—-Dixon—
Smirnov (BDS) formula and it includes a brief survey of the Beisert—Eden—Staudacher equation,
as a first non-trivial example of a string theoretic precision result in gauge theory, see section
3. In the forth subsection we then zoom into the high energy regime and explain a remarkable
formula from [13] that addresses high energy scattering amplitudes for n = 6 gluons at any loop
order in the so-called leading logarithmic approximation (LLA), along with some extensions
most notably from [14]. Then we turn to strong coupling. Here, our discussion begins with
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P,

Py

Figure 1: Kinematics of the scattering process 2 — n — 2. On the right-hand side we show a
graphical representation of the dual variables x;. Figure taken from Ref. [19].

the geometric description of scattering amplitudes in terms of minimal area surfaces that was
suggested in [15]. The latter has been reformulated in [16,17] through an auxiliary 1D integrable
system which was specifically designed to solve the minimal area problem in AdS. In section 6
we will explain two beautiful insights from [18,19]. Namely, it turns out that the gauge theoretic
high energy limit actually corresponds to the low energy limit of the auxiliary 1D integrable
system. Moreover, the Regge cuts in gauge theory are mapped to quasi-particle excitations in
1D. When taken together, the two statements give rise to a set of Bethe ansatz equations for
high energy scattering amplitudes in strongly coupled N' = 4 SYM theory [20]. One special
solution of these equations determines the strong coupling limit of the six-gluon amplitude in
the multi-Regge limit. In the concluding section we finally present a formula from [21] that
smoothly interpolates between the weak and strong coupling results in [13] and [22], respectively.

2 The weak coupling theory

We consider the scattering of n gluons. With later kinematical limits in mind we shall think
of two incoming particles whose momenta we denote by p;, po and n — 2 outgoing particles of
momentum ps, ..., p, as shown in Fig. 1. It will be convenient to label momenta p; by arbitrary
integers 4 such that p;4, = p;. In the context of N'=4 SYM theory it is advantageous to pass
to a set of dual variables x; such that

Di = Ti—1 — Xy- (1)

The variables x; inherit their periodicity z;,, = x; from the periodicity of the p; and momentum
conservation. Let us also introduce the notation z;; = x; — x;. The xfj provide a large set of
Lorentz invariants x7; = x3,. Throughout this note we use a Lorentzian metric with signature

(—,+,+,+). When expressed in terms of the momenta, the invariants read

ol = i1+ +py)" (2)

Lorentz symmetry along with the mass-shell conditions p? = 0 imply that only 3n — 10 of these
variables are independent. We will not make any specific choice here. In the physical regime, all
the energies p are assumed to be positive. We will refer to the Mandelstam invariants xfj that
are positive in the physical regime as s-like. Those that obey xfj < 0 in the physical regime are
called t-like.
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Let us recall that in planar A = 4 super-Yang—Mills theory the full color ordered maximally
helicity violating amplitude takes the following form

A, ~ A;O)eFst(syt,e;a)Jar(U;a) ) (3)

Each of the terms on the right hand side has a rich story to tell. Here, we only mention that
the tree level factor A%O) is given by a surprisingly simple formula that was found by Parke and
Taylor [23]. The function FPPS was introduced by Bern, Dixon and Smirnov in [24]. It depends
on 3n — 10 Mandelstam variables which we denote collectively as s, ¢, according to our split
into s- and t-like invariants. In addition, F;, are functions of the cut-off € and of the 't Hooft
coupling a. BDS designed the F;, to incorporate all terms that are singular in the cut-off € along
with a relatively simple finite term. The latter was included to reproduce the correct one-loop
amplitude. Explicit formulas for F), can be found in [24] and we will also discuss some more
features below. By definition, the so-called finite remainder functions R,, contain the part of
the amplitude that is not captured by the tree level factor A%O) and the BDS formula. The
remainder functions are not known in general. So, most of our discussion below will concern
the functions R,,.

Before we get there, we want to go into a bit more detail about the BDS amplitudes F},. Bern,
Dixon and Smirnov had actually suggested that its dependence on the Mandelstam variables
s,t was determined entirely by one-loop computations. The dependence on the coupling a, on
the other hand, enters their expression for F, only through a few numbers, most prominently
the so-called cusp anomalous dimension v.(a), i.e. somewhat symbolically, their proposal for
F,, reads

FBPS(s,t,e;a) ~ ve(a) M) (s, t€) + ..., (4)

see [24] for the explicit formula. The factorization of the dependence on the kinematical variables
and the coupling constant is the central feature of the BDS formula. Obviously, the functions
M, were easy to work out since they just contain one-loop contributions. We will not give
explicit expressions here. What is much less obvious is that also the dependence of v.(a) on
the coupling a has been determined. In fact it is known to any loop order as a solution to the
remarkable Beisert-Eden—Staudacher (BES) non-linear integral equation [12]. We will discuss
this is the next section. Here, we only state the first few orders of its weak coupling expansion.

@) = da - G + 53 - (2G4 ) o' + (&), (5)
Let us now turn to the main actors of our review, the finite remainder functions R,. By
construction, the BDS ansatz is one-loop exact and hence R,, can only start from two loops.
Moreover, since F), contains all singular terms, R, is finite at all loops. It was argued in [25] to be
invariant under dual conformal transformations, i.e. conformal transformations in momentum
space. Hence, R, depends on the Mandelstam invariants only through conformal invariant
cross ratios. Since the four-dimensional conformal group has 15 generators, there are 3n — 15
such cross ratios which we denote as u. For the discussion of the multi-Regge limit we adopt
the following choice [18,19]

2 2 2 2 2 2
Loi1,04+5T5+2,04+4 _ To43nT1 042 12543771 o4
b u2o - ) u30’ - (6)

Ule =

2 2 2 2 2 2 )
ma+2,a+5‘ra+1,a+4 ma+2,nx1,a+3 x2,0+4$1,0+3
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where 0 = 1,...,n — 5. Note that for n < 6 one cannot form any cross ratios and hence the
remainder functions R, must be trivial for n = 4,5. In the case of n = 6 external gluons,
however, there exits 3 independent cross ratios which we shall simply denote by w1, us, uz. And
indeed it has been argued in [26] that Rg must be a non-vanishing function of the cross ratios
U, in order to correct for the unphysical analytical structure of the BDS ansatz.

The remainder functions R, are not known in general, but quite a few results have been
obtained within the last decade. One line of calculations aims at exact multi-loop results at
fixed order perturbation theory. Another approach computes, in the Regge limit, amplitudes
at all loop orders in perturbation theory, restricted to the leading logarithmic approximation,
making use of analytic properties, unitarity and conventional perturbation theory. The first
approach started with a computation of Rg at two loops in [27] which was turned into a very
compact formula for Rg in [28]. We refrain from stating an explicit expression here, but stress
that this Rg possesses non-trivial branch cuts. We will discuss these results in more detail
in section 4. Computations of 2 — 4 scattering amplitudes in the multi-Regge limit started
in [13,26], see also section 4. In the meantime, the determination of remainder functions for
arbitrary kinematics has been pushed to higher orders and a larger number of external gluons,
see e.g. [29,30] and [31,32].

3 Interlude: Anomalous dimensions

In our discussion of the BDS Ansatz for planar amplitudes above the entire dependence on the
coupling constant a entered through some functions that were independent of the kinematic
data. The most important of these functions is the cusp anomalous dimensions v.. We want to
pause our main story for a moment and discuss in a bit more detail what is actually known about
the cusp anomalous dimension and how these results were obtained. While a large part of this
section is devoted to the weak coupling expansion we will also review the BES equation along
with some strong coupling results, thereby providing a first view on the remarkable interplay
between gauge and string theory we promoted in the introduction.

The earliest results on the cusp anomalous dimension were obtained from the study of
anomalous dimensions of twist-two spin-L Wilson operators for large spins, i.e. in the limit
L — oo. To begin with, we will describe the setup in QCD before going back to N'= 4 SYM
theory. In QCD the relevant set of (flavor-singlet) operators for quark and gluon fields, ¢ and
g, is given by

" I
O{,ul,...,;LL} - w’y{lhD/%"'DﬂL}w’ (7)

{g,u,l,“.,ML} FV{HlDPQ“.DML—l Fp,L}Vﬂ (8)

where F),,, denotes the field strength, D,, the covariant derivative and { ...} symmetrization of
the indices p;. The local operators are subject to renormalization (in a minimal subtraction
scheme) as [0] = Z¥ 07 where the square brackets |[...] denote renormalized operators and
the corresponding anomalous dimensions 7;;(L) which are obtained from ~;; = ud/(dp)In Z%
can be expressed in terms of harmonic sums. These are subject to the recursive definition

L

Sy mayecma (L) = Z sgn(ml)k K=" S omn () (9)
k=1
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and their weight w is given by w = >"7_| abs(m;). In the weak coupling expansion of v;;(L)
at [-loop order harmonic sums up to weight w < 2/ — 1 contribute and the terms with maximal
weight, w = 2] — 1, are referred to as terms of leading transcendentality. Upon adjusting the
color SU(n,.) invariants of the QCD results and, at the same time, keeping only terms of leading
transcendentality, one extracts the universal anomalous dimension v"" (L) of N' = 4 SYM
theory, as has been verified up to three loops [8-11|. Interestingly, v"" (L) has an additional
property, see, e.g., [33], that is it consists of certain combinations of harmonic sums which are
reciprocity-respecting, i.e., invariant under the replacement L — 1 — L. Explicit expressions
for y"™(L) in the N' = 4 SYM theory have now been constructed up to seven loops [34-37],
while the complete computation of the four-loop anomalous dimensions ~;;(L) in QCD is still
a formidable task, see [38] for first results on the flavor non-singlet part in the planar limit.

Of particular interest for further studies of the relations between the N’ = 4 SYM theory
and QCD are the so-called wrapping corrections, which complement the so-called asymptotic
Bethe ansatz and control the high energy behavior for L — 0. These occur for the first time at
four loops [34] as Y™ (L)|wrap =~ a* S1(L)? f¥**P(L) with a function

fYP(L) = 5Cs—2S_5(L) +4S_o(L)G —4S_2_3(L) +8S o _21(L) (10)
+4Sg’,2(L) - 4S4,1(L) + 255(.[/) .

cf. [39], where f"*@P(L) falls off as 1/L? for L — oo, so that ¥ (L)|wrap is compatible with
Eq. (5) for the cusp anomalous dimension. Likewise, in QCD quartic Casimir invariants occur
at four loops for the first time. They are proportional to d;g) =
labels x,y with generators T,

dw”dedyade for representation

1
debed = 6 Tr(TETPTSTY 4 five bed permutations ) (11)

so that one has, e.g., dﬁ/nA = n2(n? + 36)/24 with normalization n, = (n? — 1) for the
adjoint representation ‘A’ in an SU(n.) gauge theory. Such terms are effectively ‘leading-
order’ and therefore scheme-independent and subject to particular relations, such as those of
an N = 1 SYM theory upon properly adjusting all SU(n.) color factors. Moreover, they consist
entirely of reciprocity-respecting combinations of harmonic sums and rational polynomials in
L. Using these insights and a recent computation [40] of fixed moments up to L < 16 of those
quartic color factors of the QCD anomalous dimensions it has been possible to reconstruct
analytic expressions in L from the solution of Diophantine equations. For example, the four-
loop contribution to the gluon-gluon anomalous dimension proportional to dféx) /n, and (5 is
given by

7 (L) = 640 (120% —40% — S1(L)AS1(L) + 87— 8v —11) —Tv)  (12)

a445d£é‘)/nA
12032 48064 32
il ity Y S |
517 g L+ ))

with abbreviations for the reciprocity respecting combinations n = 1/L —1/(L + 1) and v =
1/(L—-1)-1/(L+2).

Interestingly, the leading terms in the limit L — oo of Eq. (12) behave as L (L + 1){5 and
In(L)?¢5. This contradicts the single logarithmic rise of the anomalous dimensions as In(L) for
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large L, which is a universal property of massless gauge theories. E.g., the cusp anomalous di-
mension in Eq. (5) for a N' = 4 SYM theory derives from the factorization v"" (L) ~ In(L)~.(a).
Therefore, it has been conjectured [40] that the terms proportional to L (L + 1)(5 and In(L)?5
are, in fact, the first glimpse of the wrapping corrections at four loops in Eq. (10). While
the particular combination a* Sy (L)? f**#P(L) is known from (L) [34], the other instance is
also known from the computation of the three-loop QCD Wilson coefficients in deep-inelastic
scattering [39], which contain the term Cps(L) ~ a®(n? — 1)/n3 {L(L + 1) f¥**P(L)}. Thus,
completion of the (5 in Eq. (12) as indicated would allow to recover the expected behavior for
large spins, L — oo.

Similar relations between quantities in QCD and AN = 4 SYM theory are also expected for
other cases. One such case are the energy-energy correlations (EEC), proposed back in 1978
in [41], which measure the correlations of the energies F, and E} of partons a and b as a function
of an angular variable £ in electron-positron collisions

=) /dPS EQ;Eb olem+e” s at+b+X)5(¢—cosby) . (13)
a,b

Due to the involved phase space integration of the cross section o with the measure dPS in
Eq. (13), the analytical expressions for the NLO QCD corrections have been unavailable for long
in contrast to N' = 4 SYM theory, where the corresponding results have been derived [42]. Quite
recently significant progress towards the EEC at NLO in QCD has been reported [43] and full
analytical results have been published [44], which in particular display again the correspondence
between QCD and N = 4 SYM theory regarding contributions of leading transcendentality, i.e.
the polylogarithms of highest weight in the angular variable &.

In the case of planar N = 4 SYM theory all-loop results on anomalous dimensions can be
obtained systematically with the help of methods from integrable systems. The first example
of such results concerned the dependence of v.(a) on the coupling a, which is known to any
loop order as a solution to the BES non-linear integral equation [12]. The latter is easiest to
appreciate from the string theory perspective. String theory in an AdSs is classically integrable,
i.e. the classical equations of motion possess an infinite number of conservation laws. Many
solutions have been constructed explicitly, the most famous of which is known as the Gubser—
Klebanov—Polyakov (GKP) string [45]. It describes a folded string that rotates in a three-
dimensional subspace of AdS;. The conservation laws can be thought of as moments of some
charge density function Q,(7) of the GKP string. From the solutions one can certainly compute
all these charge densities at infinite coupling a = co. But it is possible to do a lot better: One
can actually compute the charge density function Q,(7) for any value of the coupling a by
solving the following infinite set of coupled integral equations [12],

[ Enm -1+ = 5o 14
0

Here v = 1,2,... runs through all positive integers, and J,(7) are Bessel functions of first kind.
In order to reconstruct the infinite set of charge densities ¢/ from the charge density function
Q.(7) one expands the latter as

L, 2vJ,(297)

10T 15)

Qu(T) =) d‘By(a,7), where B,(a,7)=(-1)
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The cusp anomalous dimension v.(a) is claimed to coincide with the first coefficient in this
expansion, i.e. 7.(a) = ¢l. It is actually surprisingly simple to construct the weak and strong
coupling expansions of the cusp anomalous dimension from this description, at least when
compared to perturbative gauge theory computations at weak coupling, see [12,46] and [47].
The first few orders at weak coupling were displayed in Eq. (5) already. At strong coupling the
leading terms reads ,

3ln2

Yela) = 2va o

The determination of the cusp anomalous dimension was the first instance where the string
theoretic description of gauge theories paid off. In fact, when the BES proposal appeared, v.(a)
was only known to three loops from [9, 10].

+0(1/a), (16)

4 High energy scattering at weak coupling

In gauge theory, scattering amplitudes in the high energy regime are of particular relevance.
They describe the behavior of typical collider kinematics with two highly energetic incoming
particles and a final state in which two highly energetic outgoing particles are accompanied by a
certain number of lower energy particles. Remarkably, this regime is not only most relevant but
also computationally more accessible than generic kinematics. From S-matrix theory, general
Regge theory [48] and from a vast number of studies of the high energy behavior in QED and
in nonabelian gauge theories it is known that, in the multi-Regge limit, signatured scattering
amplitudes show remarkable structural simplicity. For example, for the 2 — n — 2 process
with Regge pole exchanges the amplitudes factorize into impact factors and production vertices.
This factorization is expected to hold also beyond the leading order approximations. The Regge
limit, therefore, provides possibilities of testing higher loop calculations in perturbation theory.
Furthermore, it has been known for a long time that integrable Heisenberg spin chains enter the
expressions for scattering amplitudes in the so-called multi-Regge (high energy) limit [49, 50|.
To leading logarithmic order, this is even true for usual QCD.

In the multi-Regge limit, the s-like variables are much larger than the t¢-like ones which are
kept finite. The precise characterization of the limit in terms of Mandelstam invariants can be
found in [19]. Here we shall mostly focus on the multi-Regge limit of the remainder functions
R,, which depends on the Mandelstam invariants only through the cross ratios u, see Eq. (6)
for a complete set of such cross ratios. In the multi-Regge limit, the cross ratios w1, tend to
u1s ~ 1 while the remaining ones tend to zero, i.e. us,,u3, ~ 0. Cross ratios with the same
index ¢ approach their limit values such that the following ratios remain finite

MRL MRL 2
U2 . 1 U3 . |’LU0-| (17)
= |1 m wU‘Q s =: .

1—ui, 1—uis

Through these equations we have introduced the n — 5 complex parameters w,. Here and in
the following the superscript MRL instructs us to evaluate the expression in square brackets in
multi-Regge kinematics.

We are going to evaluate the multi-Regge limit for functions which possess branch cuts and
so in order to make it well-defined, we need to specify the sheet on which the limit is actually
performed. There exist 2"~* different sheets or regions, depending on the sign of the energies p?
for i = 4,...,n—1. Different regions can be reached from the one in which all p? are positive by
analytic continuations. We will put the sign of these p{ into an array o = (sgn(p?)) with n — 4
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5345

S456

Figure 2: Kinematic configuration for the multi-Regge limit before (on the left) and after (on
the right) the analytical continuation with the kinematic invariants. Momenta are denoted by
p; while dual coordinates z; label cusps of a polygon. Figures taken from Ref. [18].

entries. The region with o9 = (+,+,...,+) is the one in which all outgoing particles possess
non-negative energy p? > 0. If we perform the multi-Regge limit of the remainder functions R,,
in this region, the result turns out to vanish

(R (u,a)]}5E, =0. (18)

In other words, on the sheet gy the BDS formula is actually multi-Regge exact. So if it was
only for this region, the multi-Regge limit would not be able to see the difference between a
vanishing and non-vanishing remainder function.

As we have anticipated in the introduction, however, there exists other regions in which the
Regge limit of the remainder functions does not vanish. Of course, the non-vanishing terms
must be associated with the cut contributions that are picked up when we analytically continue
from the region gy into a new region p. Hence, the multi-Regge limit is able to detect that
the remainder functions are non-zero, in spite of Eq. (18). Let us discuss this in a bit more

detail at the example of the 2-loop 6-gluon remainder function Réz). In this case it turns out
that only one of the 22 regions gives a non-trivial result, namely the one with ¢ = (——). The
continuation into this region is depicted in Fig. 2. As one can read off from the figure, upon
continuation four of the s-like invariants become negative, namely

w5y, Thg, Ta5 and a3 (19)
while all other invariants xfj have the same sign as in the physical regime. Each of the three
cross ratios u, = ug1 that we introduced in Eq. (6) contains two of the sign changing invariants
from the list (19). Hence the cross ratios possess the same sign after continuation. But while
uz and ug contain a ratio of the cross ratios from Eq. (19), u; involves a product. Hence, upon
continuation into the ¢ = (——) region, we can keep the cross ratios us and usz fixed while wu;
must perform a full rotation around u; = 0. We shall do this by continuing the variable u = u;

along a full circle '
u(p) = e *%u (20)

SFB 676 — Particles, Strings and the Early Universe 27



JOCHEN BARTELS, SVEN-OLAF MOCH, VOLKER SCHOMERUS

where ¢ € [0, 7]. Because of the branch cuts, the behavior of the remainder functions R,, can
depend very drastically on the sheet on which it is considered. Before we state the result for
the Rg at two loops, let us briefly look at the functions Lix(1 — 1/u) as an illustrative example.
Upon analytic continuation of u along the circle (20), this function behaves as

1 1 1
e~ Ty U U

The second term on the right hand side is the cut contribution that arises when we pass
through the branch cut of the di-logarithm Lis. When we send u to u = 1, the first term
actually vanishes, in complete analogy to the behavior (18) of the remainder functions on the
physical sheet. The second term on the right hand side of equation (21), however, is non-zero
in the limit. In fact, it is actually singular.

A similar computation can be performed for the two loop remainder function RéQ). As we
stated in section 2, there exits a nice and relatively simple analytical formula for this function
due to Goncharov et al. [28]. Lipatov and Prygarin continued this expression along the path
(20) into the only non-trivial multi-Regge region for n = 6 [51]. It turns out that the cut
contributions that are picked up during the analytic continuation do not vanish in the Regge
limit. After taking the Regge limit, their result takes the following form

1 MRL ?
R it el o e

1+ !
211 w

Here u = u; is the cross ratio that goes to u ~ 1 in the Regge limit and w = w;. The function
géz)(w) is also known explicitly. Since we continued a two-loop result, all terms come with a
factor a?. Let us note that the first term actually diverges as we send w — 1 while the remaining
terms are finite. One refers to the first term as the leading logarithmic (LL) contribution. The
other term is next to leading (NLL). More generally one may show that the Regge limit of the
I-loop remainder function Rél) in the region ¢ = (——) contains terms which diverge as In"(1—u)
with K =0,...,1 — 1. These are referred to as N'~'=*LL contributions.

As long as the remainder function is only known to a few loop orders, one cannot repeat
the computation that lead to Eq. (22) for higher orders. But there exists a remarkable formula
due to [13] that encodes at least the leading logarithmic terms to all loop orders. The result of
Bartels et al. takes the following form

4 o) g d ] —wq (v,k)
S YRy RPN (R
4

w*

where dg contains the known cut contributions of he BDS Ansatz and we omitted the so-called
Regge pole contributions, see [13] for the full result. The right hand side involves two functions
of the coupling, the impact factors &4 = ®4(v, k) and ®5 = P5(v, k) related to the production
of particles 4 and 5, resp., and the so-called BFKL eigenvalue w = w(v, k). They all possess
a power series expansion in a. In order to construct the LL contributions of the remainder
function at any loop order it is sufficient to know ® and w in leading order. Bartels et al.
showed that the impact factors @ are trivial at leading order in a while the BFKL eigenvalue
is given by the expression

L

wa (v, k) = 2a1p(1) — ayp <1+iu+ 2) —ay (1 — v+ |k> _,_% |E|

k2
T

5 +0(a®). (24

V2
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Figure 3: Illustration of the remainder functions Rg (a), and pieces of R7 (b) of Rg (¢): the wavy
lines denote reggeized gluons. Rg and Ry consist of the bound state of two gluons (BFKL), Rg
contains, as a new piece, a three-gluon state. The grey circles denote Green’s function; their
bound state poles are given by the eigenvalues of the spin chain Hamiltonian (see text).

It is not too difficult to reconstruct the LL term in Eq. (22) from formula (23) and in fact to
carry these computations to higher loop orders and even beyond the leading logarithmic order,
see [14] for an extensive discussion.

The so-called BFKL eigenvalues w(v, k) are the lowest eigenvalues of a non-compact SL(2,C)
Heisenberg Hamiltonian on an spin chain of length two, see [49,50,52|. The parameters v, k label
irreducible representations of SL(2,C). Explicit expression for w(v, k) in NLL were first given
in [53]. Later, these were extended to NNLL using input from the amplitude bootstrap [54]
and finally to all loops in [21], see below.

In the meantime, the LL calculations have been extended to 2 — 5 [55,56] and even 2 —
8 [57] scattering processes, see Fig.3. Results for the 2 — 5 scattering amplitude include (a) a
list of kinematic regions where the multi-Regge limit of the remainder function R7; is nonzero
and (b) an all order expression for the relevant pieces of R7, analogous to the Eq. (23) we
displayed for Rg. When compared to Rg, the multi-Regge limit of the remainder function R;
contains a new production vertex for the centrally produced gluon, the central emission vertex.
The other building blocks, i.e. the BFKL eigenvalues and the impact factors ® are the same as
for Rg. All these elements possess an expansion in the coupling a, and they are universal, i.e.
they also appear in processes with higher numbers of legs, see also [58] and [59].

The remainder function Rg for n = 8 external gluons contains, for the first time, a new
eigenvalue of the Heisenberg Hamiltonian which extends the spin chain to length three. While
in leading order this new Hamiltonian is just the sum of two length two Hamiltonians, the
NLL approximation gives rise to a term which represents a new three body interaction between
reggeized gluons [60]. Again, the detailed composition of Rg depends upon the kinematic region.
The next extensions of the spin chain is expected to be seen in the n = 10 point scattering
process, 2 — 8, the n = 12 point process, 2 — 10 etc. One of the challenges will be to find,
beyond the LL approximation, the eigenvalues of this spin chain: The three body interaction
found in [60] raises some doubts whether they are simply obtained from the sum of two body
interactions. This issue certainly deserves further investigation.
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5 The strong coupling theory

At strong coupling, scattering amplitudes in the planar limit of /' = 4 SYM possess a geometric
interpretation, namely as the area of a minimal two-dimensional surface that approaches the
boundary of AdSs along a light-like polygon [15]. The latter is made up from the light-like
four-momenta of the external gluons. In other words, the corners the polygon are given by the
variables x; we introduced in Eq. (1). Hence, the polygon encodes all the kinematic data of
the process. The two-dimensional surface is drawn into AdSs by the gravitational field that
is created by the D3-branes. As it stands, this beautiful geometric description of scattering
processes does not seem to be very helpful in computing high energy limits of the kind we
considered in the weakly coupled theory.

However, the minimal area problem was shown to possess an intriguing reformulation in
which the area is reproduced by the free energy of a 1-dimensional integrable quantum sys-
tem [16,17]. The particle content and interactions of the latter are designed so as to solve
the original geometric minimal area problem. The 1-dimensional quantum system contains
a number of mass parameters and chemical potentials which match precisely the number of
kinematic invariants in the scattering process, i.e. there are 3n — 15 such parameters. The
basic excitations turn out to interact through integrable 2 — 2 scattering phases S4p(6) which
depend on the rapidity 6 of the 1-dimensional scattering process. As in any other quantum
field theory, the vacuum of this 1-dimensional interacting quantum system is a complicated
state that is determined by the quantum dynamics of the fundamental excitations, the external
parameters and the interaction. More precisely, the rapidity densities of the various particles
must be determined self-consistently as a function of the masses and chemical potentials. This
is done by solving a system of coupled non-linear integral equations which involve both the
external parameters and the scattering phases. Roughly, such equations take the form

logYa(0) = —macoshf + pa + Z / d0' Kap(0 — 0 +idap) log(1+Yg(0)) . (25)
B oo

Here the indices A, B run over the various particles and ¢ap = ¢4 — ¢p. The parameters
my = maexp(iga) and pa play the role of the (complex) mass parameters and chemical
potentials. The integration kernels

Kap(0) = 0plog Sap(f) (26)

are directly related to the scattering phases S4p(f). Once the density of excitations has been
found, it can be used to determine the total energy of the system as

E(m, p) ~ Z /dﬂ my cosh 6 log(1+Ya(6)) . (27)
A

The right hand side depends on m and p through the explicit factor in the integrand as well as
through the dependence of the rapidity densities Y4 on the external parameters. As we stressed
before, the number of mass parameters and chemical potentials in the auxiliary 1-dimensional
system was designed to match the number of cross-ratios u that describe the gauge theory
scattering process. It is actually possible to provide a precise relation between the two sets of
parameters,
- YA(a,U)
1+ YA(QJ)

uOéO'

(9 - igr(a, ) — i(ﬁA(a’U)) . (28)
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The dependence of the particle label A = A(a, o) and the integer r = r(«, o) on the indices ao
of the cross ratio can be found in Eq. (3.16) of [19]. The expressions on the right hand side of
Eqgs. (28) are functions of the masses m4 and chemical potentials ;4. These may be inverted
at least numerically to determine the external parameters my and pa of the 1-dimensional
quantum system in terms of the kinematic data of the gauge theoretic scattering process.

According to [16,17], the free energy we have just described provides the most non-trivial
contribution to the remainder functions R,, at strong coupling. Explicit formulas for all the
other terms can be found in the original literature. As we have stressed in the second section,
the remainder function has a rather intricate analytic structure as a function of the kinematical
variables u, at least at weak coupling. It turns our that the same is true at strong coupling [18],
i.e. that the energy possesses interesting branch cuts as a function or the mass parameters and
chemical potentials. From the point of view of the auxiliary 1-dimensional quantum system
the basic mechanism goes back to an observation of Dorey and Tateo [61,62]. As we move m4
and g4 through the complex plane to some new values m/y and p/, the solutions Yp(0) are

going to change. In particular, the solutions of the equation Yp(6.) = —1 will move through
the space of complex rapidities §. By inserting the relation (26) into Eq. (25) we can see that
solutions of Yp(6.) = —1 are associated with poles in the integrand of the nonlinear integral

equation. When these poles cross the integration contour, the equation picks up some residue
contribution and hence assumes the new form

logYa(0) = —m/ycoshf+py+ > oilogSap(0 — 0+ idan) (29)
B,i

+Z/ dQ/KAB(H—el—‘rZ(bAB) 10g(1+YB)
B 0o

with sign factors o; depending on whether the solution g ; of Y5(6;) = —1 crosses from the
lower half of the complex plane into the upper or vice versa. Here, the index i = 1,...,qp was
introduced in order to enumerate the crossing solutions and we denote by gp the total number
of them. Whenever such crossing happens, there is appears a new contribution to the total
energy of the system,

Em, ) ~ Zm'B sinh0p ; + Z /d9 m/y cosh @ log(1+ Ya(0)) . (30)
Bi A

One may interpret these changes to the system as excitations that have been produced while we
continued the system parameter ma, ;4. Given the relation (28) between the mass parameters
and chemical potentials of the 1-dimensional quantum system and the kinematical variables
of the gauge theory, it is tempting to conjecture that the cut contributions of gauge theory
amplitudes are related to the energy of excitations above the ground state in the 1-dimensional
quantum system [18]. We will provide very strong evidence in the next section.

6 High energy scattering at strong coupling
Given the special features of the multi-Regge limit in gauge theory one may wonder about

the nature of the corresponding limit for string theory on AdSs. An important hint actually
comes from the fact (18) that the remainder functions vanishes when the multi-Regge limit
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is performed on the main sheet. Recall that at strong coupling the remainder functions is
computed from the free energy £ of the auxiliary 1-dimensional quantum system. As we argued
before, due to quantum fluctuations the latter is a highly non-trivial function of the system
parameters. But there is a way to turn off fluctuations and force the free energy to zero,
namely by making the fundamental excitations of the 1-dimensional system infinitely massive
so that it costs too much energy to produce them. This intuition is indeed correct as was shown
in [18] for n = 6 gluons and then generalized to any number of external gluons in [19]. In other
words, the high energy limit of gauge theory is directly related to the low energy limit of the
auxiliary 1-dimensional quantum system.

As we have seen in section 4, on the gauge theory side the multi-Regge limit can become
non-trivial if it is performed after continuation to a different multi-Regge region. According to
our discussion in the previous section, such an analytic continuation can produce quasi-particle
excitations of the ground state in the 1-dimensional auxiliary quantum system. The energy of
these excitations contributes to the remainder function, see Eq. (30). In general the equations
(29) for the rapidities are difficult to solve since the new quasi-particle excitations are dressed
by clouds of quantum fluctuations. But as we take the multi-Regge limit, i.e. send all the
mass parameters m4 to infinity, we freeze quantum fluctuations and the energy of the system
is simply a sum of the bare quasi-particle energies. This physical picture suggests some drastic
simplifications in the multi-Regge limit, even at strong coupling.

Our very qualitative discussion in the previous two paragraphs can actually be turned into
an exact mathematical statement by analyzing the relation (28) between the cross ratios and
the mass parameters. Indeed, it is possible to prove that the cross ratios possess the correct
limiting behavior, i.e.

(U14, Uzer, Uge) — (1,0,0) if mae’T4 = o0 . (31)

This result of [19] instructs us to send the masses to infinity along certain directions in the
space of complex mass parameters. The value of the integer s4 can be found in the original
paper. To be more precise let us stress that the parameters m 4 are actually dimensionless and
should rather be thought of as products m4 = M4L of a physical mass M4 and the system
size L. Sending my4 to infinity is then achieved be making the physical mass M4 large or
by going to the limit of large system size. In such a limit, the first term on the right hand
side (25) goes to minus infinity and hence the function Y (6) that appears in the logarithm
on the left hand side must approach zero. This in turn implies that log(1 + Y5(6')) ~ 0 so
that we can neglect the integral on the right hand side of the non-linear integral equations.
This leaves us with the first two terms on the right hand side hand side of Eq. (29). The fact
that we can drop the integral term from the Egs. (25) and (29) in the low energy limit is the
mathematical realization of what we referred to as freezing of fluctuations above. It clearly
turns the complicated non-linear integral equations into a much simpler system.

With a little bit of additional massaging we can actually bring the resulting system into a
more standard form. To this end we evaluate the first line of Eq. (29) at the points 6 = 6 ;,
use that Y (0p ;) = —1 and exponentiate both sides. As a result we obtain a set of Q@ =", qa
algebraic Bethe ansatz equations,

emacosha—ply _ H S%(0a; —Op.i+idag), (32)

for @ unknown rapidities 84 ;. We called these equations the Regge Bethe ansatz in [20]. Let us
stress once again that these equations are fully explicit once we insert the known expressions for
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the phase shifts Sap from [16]. Hence the system (32) can be solved for the rapidities 64 ; of the
excitations. Once the rapidities have been determined one can compute the energy as a sum of
@ quasi-particle energies, one summand for each solution of Y (6 ;) = —1 that has crossed the
contour. From there it is an easy step to obtain the multi-Regge limit of the remainder function
[Réoo)]MRL at infinite coupling. The only tricky issue that remains is to know which solution
of the Regge Bethe ansatz equations actually corresponds to a given multi-Regge region o. At
the moment there exists no general prescription that would relate discrete set of regions to the

discrete set of solutions to Egs. (32). But a few examples have been worked out.

This includes the case of n = 6 external gluons, see [18,22|. In this case the index A runs
through A = 1, 2,3 and the corresponding mass parameters m, and chemical potentials 4 are
determined by a single real mass parameter m, an angle ¢ and a chemical potential u, see the
original literature for concrete formulas. In order to understand which solution of the Regge
Bethe ansatz equation is relevant for the p = (——) region the system parameters m, ¢ and p
were continued along curves that kept us and ug fixed while moving u; around the origin of the
complex u; plane as prescribed in Eq. (20). Along the entire curve one can solve the non-linear
integral equations and follow the solutions of Y4(f.) = —1. It turns out that only a single
pair of such solutions for the function Y4 = Y3 actually crosses the real line, see Fig. 4. This
implies that the continuation produces Q = 2 excitations or, more precisely, that g3 = 2 while
¢1 = 0 = g2. The rapidities 04,1 = 031 and 04,2 = 032 of these excitations at the end of the
path may be read off from Fig. 4, but they can also be found analytically. In fact, in the limit
mg = m — 00, the two roots 631 and 3 » must take the values [22]

T T

03,1 =i~ +i¢’, O30 = —i— +i¢' (33)
’ 4 ’ 4

which is consistent with the position of endpoints in Fig. 4 since the plot was produced for

¢ = ¢’ = 0. Once the roots are known their values can be inserted to compute the remainder

function in multi-Regge kinematics,

MRL ~Woo
Ré@“(gﬁ} N 1 |w] 34
{e (—-) ((u T up ’ (34

where
oo = \/g (x/i— log(1 + \fz)) . (35)

Let us point out that expression in brackets is the same function of the kinematic variables
that appears in the weak coupling result (23). As we will discuss shortly, the exponent w., can
be considered as the universal leading term in the strong coupling expansion of the all order
(N*°LL) BFKL eigenvalues w, (v, k) which turn out not to depend on the quantum numbers v
and k.

For the case of n = 7 external gluons, a similar analysis has been carried out for three of
the four multi-Regge regions in which one expects a non-trivial result, namely for the regions
0= (——+4),(+—-) and (———). The results for the first two regions can essentially be copied
from the study of n = 6 gluons that we sketched in the previous paragraph. For the region
0 = (— — —) things are a little more interesting. When n = 7 there are six functions Y4 which
are labeled by Y,, with a = 1,2,3 and s = 1,2. When we continue the system parameters to
get to the region p = (— — —) four solutions of Y4(0.) = —1 cross the real line, namely two
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Figure 4: Solutions of the equation Y3(f.) = —1 in the complex # plane for a family of pa-
rameters that implements the path (20) with uy = us kept constant. The condition ug = ug
corresponds to setting ¢ = 0. The curves start in the light grey portions and proceed to the
dark grey part. The change of color signals the point at which the pair of solutions crosses the
real line. Figure taken from Ref. [18].

solutions of Y31(#.) = —1 and two solutions of Y15(0,) = —1. Hence there are four Bethe ansatz
equations for four Bethe roots. These can be solved to obtain the following result for the strong
coupling limit in the ¢ = (— — —) region

MRL

[enguﬂ
(—=)

jwi | jwa| 7T
~ <(U11 — 1)m(u12 — 1)) 5 (36)

where w™ is once again given by Eq. (35). This is in fact nicely consistent with the weak
coupling analysis. There is one more region ¢ = (— 4+ —) for which the remainder function
is expected to possess a non-trivial multi-Regge limit. But in this case no solution of the
Bethe ansatz has been identified that could give a reliable strong coupling prediction. We will
comment a bit more on this issue below.

7 Interpolation and Outlook

In this work we have reviewed results on the multi-Regge limit of the remainder function in
planar N' = 4 SYM theory. In particular we discussed this limit both at weak and strong
coupling. The techniques and resulting formulas were completely different. As an example
we provided expressions for the BFKL eigenvalues w, (v, k) in LLA, see Eq. (24), and for the
quantity we, at strong coupling. Given the completely different calculational schemes for the
two quantities it is stunning fact that Basso, Caron-Huot and Sever were able to smoothly
interpolate between both expressions [21]. Based on the understanding of the flux tube in
N =4 SYM theory that was achieved in [63-69] Basso and al. proposed the following formula
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for the BFKL eigenvalue w, (v, k) at any value of the coupling a,

wlwk) = = [T (J@un+ Quireosture 2 - 0,0) 61
Va(u, k) = u+ /OOO j—:(@a(—T) — Qu(7)) sin(ur)e_‘kh/z. (38)

Here, Q,(7) is the generating function for the infinite set of charge densities of the GKP string
that is determined by the BES equation (14), including its entire dependence on the coupling
a. E.g. we displayed an explicit result for the first charge ¢! up to forth order in Eq. (5) and a
some terms of the strong coupling expansion in Eq. (16). With such expressions one can then go
ahead and calculate the integrals w(u, k) and v, (u, k), invert the second expression to compute
u = u(v, k) and eliminate v from w,(u, k) to obtain w,(v, k). It is quite straightforward to
re-derive expressions such as Eq. (24) in leading order as well as higher order corrections at
weak coupling. At strong coupling, it turns out that the solution becomes independent of v
and k and it indeed coincides with our formula (35).

Similar interpolation equations for those BFKL eigenvalues that correspond to Heisenberg
spin chains of more than two sites at weak coupling have not been published. The first region
in which these are expected to occur is ¢ = (— + +—) for n = 8. Regions in which — signs
are separated by + signs are generally less studied than those in which all — signs appear on
consecutive legs. The first example of such a region appears for n = 7, namely the region
0 = (—+ —). As we have commented above, there exists no satisfactory strong coupling
prediction for this region. It would certainly be interesting to determine the relevant solution of
our Regge Bethe ansatz. Let us point out that Basso et al. also determined the impact factor
® to all loops [21]. On the other hand, the amplitudes for higher number of external gluons
contain additional building blocks, such as the central emission vertex we discussed briefly in
section 4. It would certainly be interesting to construct all these elements for arbitrary coupling.
While the relevant equations have not appeared in the literature yet, there is a concrete path
towards a complete understanding of scattering amplitudes for planar N' = 4 SYM theory, at
least in the multi-Regge limit. And even the complete all loop results for n = 6 demonstrate
that finally string theory can cope with high energy scattering, not just qualitatively but even
in precision calculations and it does so with astonishing efficiency.
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We review a systematic construction of the 2-stack of bundle gerbes via descent, and
extend it to non-abelian gerbes. We review the role of non-abelian gerbes in orientifold
sigma models, for the anomaly cancellation in supersymmetric sigma models, and in a
geometric description of so-called non-geometric T-duals.

1 Introduction

Higher structures are an important recent trend in mathematics. They arise in many fields,
most notably in representation theory and in geometry. In geometric applications, one considers
not only classical geometric objects, e.g. manifolds and fibre bundles on them, but also objects
of a higher categorical nature. In this contribution, we explain why higher structures naturally
appear in string theory and, more generally, in sigma models.

Various categories of manifolds (with additional structure) appear in string theory: bosonic
sigma models can be defined on smooth manifolds with a metric; for fermions, a spin structure
(and even a string structure) has to be chosen. Symplectic manifolds appear in the discussion
of A-models, and complex manifolds for B-models of topologically twisted string backgrounds.
Already in the very early days of string theory, it was clear that one should go beyond manifolds
to get more interesting classes of models: in the orbifold construction, one considers manifolds
with a group action that is not necessarily free. In modern language, an orbifold is a proper
étale Lie groupoid and thus an object of a bicategory. Thus, in a certain sense, orbifolds can
be seen as a first instance of a higher structure in string theory.

Another source of higher structures in string theory are p-form gauge fields. Bosonic string
theory has a 2-form gauge field, the Kalb-Ramond field. It comes with gauge transformations
parameterized by 1-form gauge fields, and there are gauge transformations of gauge transfor-
mations parameterized by U(1)-valued functions. Later, Ramond—-Ramond fields in superstring
theory have been a rich source of gauge fields associated to forms of higher degree. The modern
framework to describe such gauge fields are gerbes and their higher categorical generalizations.
They have played an important role in this project of the SFB 676.

The appropriate mathematical framework for the description of ordinary 1-form gauge fields
are principal U(1)-bundles with connection. Given such a connection, one obtains parallel
transport, and a holonomy map that assigns to a closed curve an endomorphism of the fibre,
which can be identified with a group element. This holonomy enters in the action functional
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of charged particles, and plays an important role e.g. in the discussion of the Aharonov—Bohm
effect.

The framework for 2-form gauge fields are U(1)-gerbes with connection. Various concrete
realizations are available: Dixmier-Douady sheaves of groupoids, (v]ectheligne cocycles, bun-
dle gerbes, principal 2-bundles etc. In this contribution we will focus on bundle gerbes. A
connection on a U(1)-bundle gerbe leads to surface holonomy, i.e. it associates to a closed
oriented surface an element in U(1). This provides a rigorous geometric description of Wess—
Zumino terms in general target space topology. Similarly, connections on higher bundle gerbes
lead to a notion of holonomy for higher-dimensional manifolds. The Chern—Simons term in
three-dimensional field theories, for example, can be interpreted as the holonomy of a 2-gerbe.
A review concentrating on surface holonomy of gerbes and their applications in string theory
has been written by the authors, together with Jiirgen Fuchs and Thomas Nikolaus, based on
earlier results obtained in this project in the SFB 676 [1].

In this contribution, we focus on another, equally important aspect of higher geometry,
namely its treatment in the framework of higher stacks. In a certain sense, this exhibits geo-
metric objects as local objects. Some aspects of the theory of higher stacks (mostly: 2-stacks),
as well as a number of applications to string theory have been developed within this project of
the SFB 676.

We start in Section 2 by a gentle introduction to stacks and 2-stacks, and provide a new
and conceptually clear definition of the bicategory of abelian bundle gerbes. In Section 3, we
generalize this definition to non-abelian bundle gerbes, clarifying many open issues in an elegant
way. In Section 4 we show that our treatment in the framework of 2-stacks has the additional
advantage that it automatically extends the whole theory from manifolds to Lie groupoids. In
particular, equivariant (non-abelian) gerbes are a canonical output of this approach. In Section
5 we study Jandl gerbes, the gauge fields in orientifold sigma models, as non-abelian gerbes
over certain action groupoids. This allows a systematic approach to Jandl gerbes. In Section
6 we report some recent results about string structures on manifolds, and their applications to
supersymmetric sigma models, with an emphasis on a description of string structures by non-
abelian gerbes for the string group. Finally, in Section 7, we describe another application of
non-abelian gerbes in the context of T-duality. The 2-stack-theoretical properties of non-abelian
gerbes are essential in this application: we glue locally defined T-duality correspondences to
obtain a globally defined new object, a version of a so-called T-fold.

2 A new perspective to bundle gerbes

A hallmark of any geometric theory is the possibility to obtain global objects from locally
defined objects by a gluing procedure. In this way, globally defined geometric objects keep
aspects of locality. The essential information for gluing is the categorical structure of the local
model. For instance, principal G-bundles (with G a finite-dimensional Lie group) can be glued
from trivial bundles along G-valued transition functions. In this example, the local model is
a category with a single object (the trivial G-bundle), whose morphisms are smooth G-valued
maps (the automorphisms of the trivial bundle). All information is contained in this local
model; in this case, even, only in its morphisms. The local model should be contravariant in
the base manifold, so that one can restrict to smaller subsets. In more technical terms, it should
form a presheaf of categories over the category of smooth manifolds: a (weak) functor

X : Man°? — Cat.
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It includes the assignment of a category X(M) to each smooth manifold M, and of a functor f* :
X(N) — X(M) to each smooth map f : M — N, compatible with the composition of smooth
maps in a certain way. In the example of principal G-bundles, we have X(M) = BC*(M,G),
using the notation BG for the category with a single object whose automorphism group is G.
The functor f* : BC*®(N,G) — BC*(M,G) is trivial on the level of objects, and g — fog
on the level of morphisms.

Usually (and so in our example) local models do not contain the global objects. In other
words, the gluing of local objects will not produce another local object. In more technical
terms, the presheaves X are usually not sheaves of categories, or stacks. The notion of a stack
depends, in the first place, on a notion of locality for the underlying category. Essentially, one
has to specify a class of morphisms that correspond to open covers in an abstract sense. In case
of Man, one may consider all maps of the form

HUi—>M:(i,x)»—>x, (1)
i€l

where (U;)icr is an open cover of M. We shall be more specific about what we want to
glue. Given an open cover U = (U;);e; of M, we consider a collection (X;);cs of local objects
X; € X(U;), together with a collection of isomorphisms g;; : X;i|v,nv;, — X;|v.nv, in X(U;NU;),
for all two-fold overlaps, which are compatible in the sense that a cocycle condition

9ik © Gij = Gik (2)

is satisfied in X(U; NU; NUy), for all three-fold overlaps. A pair ((X;), (¢:;)) is called a descent
object for the presheaf X with respect to the cover U. There is a natural notion of morphisms
between descent objects, so that a category Descy(U) is formed.

If the gluing of a descent object ((X;), (¢i;)) within X could be performed, then it is expected
to result in a global object X € X(M) that locally restricts to the given local objects X; in
a way compatible with the gluing isomorphisms g;;. More precisely, we associate to X the
descent object Xy := (X|y,,id) and require that (X|y,,id) = ((X;), (¢55)) in Descx(U). In
other words, we consider the functor

X(M) = Descx(U) : X = Xy (3)

and demand it to be essentially surjective. For the definition of a stack we require even a bit
more, in order to be able to glue not only objects but also morphisms: a presheaf X of categories
is called a stack, if the functor (3) is an equivalence of categories for every open cover U.

As mentioned before, typical local models do not form stacks but only so-called prestacks,
meaning that the functors (3) are not essentially surjective, but still fully faithful. However,
there is a procedure, called plus construction, to turn a prestack X into a stack X™. The idea is
very simple: an object in XT(M) is a pair of an open cover U and an object in Descx (U). The
morphisms are defined over common refinements of open covers, and we shall omit the details
here. One can show that the plus construction is idempotent for prestacks, i.e. X7+ = X* [2].
In our example of the local model ¥ = BC*°(—, G) for principal G-bundles, one can then check
that X (M) is canonically equivalent to the usual category Bung(M) of principal G-bundles
over M, via the clutching construction.

One can admit more general morphisms in our notion of locality, for example one can
consider all surjective submersions 7 : Y — M instead of just the one of the form (1). This
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has for example advantages in the construction of bundle gerbes on compact Lie groups. The
k-fold intersections are then replaced by the k-fold fibre product Y =Y x5, ... x5, Y, and
the definition of the descent category Descx () is fully analogous. In fact, it turns out that the
resulting stackification X* will be the same as before [2].

The main advantage of this approach to geometrical objects over manifolds is that it is
very general: its only input is the local model X. For example, we let X be the following
prestack: the objects of X(M) are all g-valued 1-forms on M, and the morphisms are all gauge
transformations. Then, X7 is the stack Bung of principal G-bundles with connections. On the
other hand, this approach does often not bring much new insight into the geometric objects
themselves, since nice geometric models are well-known, as in the cases of principal G-bundles
with and without connections.

Analogous considerations persist in higher-categorical settings with more interesting re-
sults [2]. For instance, in one categorical degree higher we consider presheaves X of bicategories
as our local models. Now, the definition of the descent category has to be changed in order to
incorporate 2-morphisms. A descent object in Descx (U) is a collection of objects X; in X(U;)
and of morphisms g;; in X(U;NU;) as before, but instead of the cocycle condition (2) it includes
additionally a collection of 2-isomorphisms

Hijk * Gjk © Gij = Gik

in X(U; N U; N Uy) satisfying a new cocycle condition in X(U; NU; N U, NU;). Again, there is
a 2-functor
X(M) — Descx(U)

and we call X a pre-2-stack if — for all open covers U — it induces an equivalence on Hom-
categories, and a 2-stack if it is an equivalence of bicategories. A generalization of the plus
construction produces a 2-stack X+ out of any pre-2-stack X [2]. A concrete example, and the
main motivation for this section, is a local model where the morphisms are principal U(1)-
bundles. We consider the pre-2-stack X = BBuny ;) : the bicategory X(M) has a single
object, its automorphisms are principal U(1)-bundles over M, and the 2-morphisms are all
bundle morphisms. The composition is the tensor product of principal U(1)-bundles. Again,
all information is in the morphisms, this time in the morphism categories. The reader is
encouraged to perform a brief check, that the plus construction (with respect to surjective
submersions) produces exactly the bicategory of U(1)-bundle gerbes,

Bg?“bU(l)(M) = (BBWLU(l))JF(M)
as described by Murray and Stevenson [3-5]. Let us summarize three advantages of this result:
1. It derives the definition of a bundle gerbe from first principles.

2. It automatically produces the quite complicated bicategorical structure of bundle gerbes,
whose development by hand took many years.

3. By construction, BGrby (1) is a 2-stack, i.e. bundle gerbes can be glued. Variants of this
result have been proved by hand by Stevenson [5] and Meinrenken [6].

It is straightforward to find interesting variations. For example, one can take any abelian
Lie group A instead of U(1), since then Buny is still a monoidal category. One can take
hermitian line bundles instead of principal U(1)-bundles, resulting in a line bundle version of
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bundle gerbes. One can even consider hermitian vector bundles of higher (but finite) rank.
The reader is again encouraged to check that this does not change the definition of a single
bundle gerbe, but it produces a bicategory with more 1-morphisms, in particular, non-invertible
ones. Finally, one can add connections to the picture, and thus consider a pre-2-stack X whose
bicategory X(M) is the following:

e Its objects are 2-forms B € Q2(M).

e The Hom-category between objects By and Bs is the full subcategory of hermitian vector
bundles £ over M with unitary connections V of curvature

1
rk(E)

tr(curv(V)) = By — By. (4)

The plus construction results precisely in the bicategory of bundle gerbes with connection
described in [7]. The proof of the fact that bundle gerbes with connection form a 2-stack should
be seen as one important mathematical result of this project of the SFB676.

We remark that bundle gerbes with connection give rise to a notion of surface holonomy.
Surface holonomy is the basis of many applications of bundle gerbes in string theory: connec-
tions on bundle gerbes are the Kalb-Ramond gauge fields for strings, and surface holonomy
provides the coupling term in the string action. The extension from line bundles to vector bun-
dles allows to discuss twisted Chan—Paton gauge fields on D-branes within this framework [7].
For a more detailed discussion of surface holonomy we refer to our review [1].

3 Non-abelian gerbes

In this section we demonstrate the full power of the plus construction in the case of so-called
non-abelian gerbes. The terminology is not totally accurate, as the abelian group U(1) of the
previous section is generalized to a Lie 2-group (instead of a non-abelian group). Non-abelian
gerbes have found several possible applications in string theory:

e Connections on non-abelian gerbes are the gauge fields in higher gauge theory; see 8]
for an overview. In M-theory, they arise in the Lagrangian description of M5-branes,
see [9-11].

e Non-abelian gerbes have been used to describe 4-dimensional topological quantum field
theories that control the long-distance behaviour of surface operators in gapped phases of
4-dimensional gauge theories [12].

e Graded U(1)-gerbes can be seen as non-abelian gerbes; they appear in orientifold sigma
models (see Section 5 and the references therein), and as geometrical models for twistings
of K-theory [13].

e Non-abelian gerbes for the string 2-group are relevant for the anomaly cancellation in
supersymmetric sigma models, see Section 6 and the references therein.

e There is a reformulation of topological T-duality in terms of non-abelian gerbes provides
a geometric description of so-called non-geometric T-duals, see Section 7 and [14].
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The definition of a non-abelian bundle gerbe has been extrapolated manually from the
abelian case [15,16], but can be derived systematically via the plus construction [17]. Before
starting to describe the second approach, we shall explain the notion of a Lie 2-group, which
plays the role of the ,structure group* of a non-abelian gerbe.

A Lie 2-group is a Lie groupoid with a certain kind of monoidal structure. A Lie 2-group
is called strict, if the monoidal structure is strictly associative, i.e. its associator is trivial. We
will concentrate on the strict case. Strict Lie 2-groups can equivalently be described by crossed
modules of Lie groups. A crossed module is a Lie group homomorphism ¢ : H — G together
with an action a of G on H by group homomorphisms, such that

a(t(h),z) = heh™ and  t(a(g,h)) = gt(h)g~ .

The Lie groupoid that corresponds to such a crossed module has objects I'y := GG and morphisms
I'y := H x G, with source map (h,g) — ¢ and target map (h,g) — t(h)g. The composition is
given by the group structure of H, and the monoidal structure is given by the group structures
of G and of the semi-direct product H x G formed using the action « of G on H. The standard
examples of Lie 2-groups are the following; more examples will be mentioned in Sections 6 and
7.

e For an abelian Lie group A, there is a Lie 2-group BA with a single object and the
group A as its automorphisms; this construction (and notation) is analogous to Section
2. Composition and monoidal structure are both given by the group structure of A; since
the monoidal structure is a functor, the classical Eckmann—Hilton argument requires A
to be abelian. The corresponding crossed module is A — {e}.

e For a general Lie group G, there is a Lie 2-group Gg4;s with objects given by the elements
of G and only identity morphisms. The corresponding crossed module is id : G — G,
together with the conjugation of G on itself.

e If the automorphism group Aut(H) of a Lie group H is again a Lie group (for example,
it is discrete when H is compact and simple), then there is a Lie 2-group AUT(H) called
the automorphism 2-group of H. Its crossed module is the assignment ¢ : H — Aut(H)
of inner automorphisms, together with the natural action of Aut(H) on H.

We explain two more facts about Lie 2-groups that will be relevant later. Lie 2-groups
have two interesting invariants, moI' (the group of isomorphism classes of objects) and mT'
(the abelian group of automorphisms of the monoidal unit). There is an action of 7o' on ;T
obtained by conjugation with identity morphisms, and the Lie 2-group is called central if this
action is trivial. In terms of crossed modules, moI' = G/t(H) and mI' = ker(¢) C H, and the
action is induced from «. For example, mpAUT(H) = Out(H) and m AUT(H) = Z(H), and
AUT(H) is central if and only if every outer automorphism fixes the center.

A Lie 2-group is called smoothly separable, if moI' is a Lie group such that 'y — mol is a
submersion. Every smoothly separable Lie 2-group gives rise to an extension

Bﬂ'lr —I — (Wor)dis (5)

of Lie 2-groups in the sense of Schommer-Pries [18]. If I" is central then this extension is central.
In order to specify the input data for the plus construction, we have to specify a local model
for non-abelian gerbes. The idea is analogous to the abelian case: we want to define a monoidal
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category of bundles related to the given Lie 2-group I'. For any Lie groupoid I" one can consider
principal I'-bundles, and we refer to [17] for a review. Principal I-bundles are ordinary fibre
bundles 7 : P — M, whose total spaces are equipped with an ,anchor map“ ¢ : P — G and an
action of " — this means that a morphism + : a — b acts on points p € P with anchor ¢(p) = a,
resulting in a new point p oy with anchor b, in the same fibre over M. The action is supposed
to satisfy the usual conditions for principal bundles. The monoidal structure on I'" is used for
the definition of the tensor product of principal I'-bundles.

In terms of a crossed module ¢t : H — G, a principal ['-bundle is an ordinary principal H-
bundle P equipped with a smooth, anti-equivariant map ¢ : P — G, i.e. ¢(p-h) =t(h)~1-$(p).
The tensor product P ® @ is the fibre product of the underlying bundles, P x j; @, modulo an
equivalence relation (ph, q) ~ (p,qa(¢p(p)~t, h)), with the H-action defined by [p, ¢|h = [ph, q]
and the anti-equivariant map defined by [p, q] = ¢p(p)Po(q)-

The reader may easily verify that principal I'-bundles for the three Lie 2-groups of the
previous list are the following:

e Principal BA-bundles are the same as ordinary principal A-bundles, with the ordinary
tensor product.

e Principal Gy;s-bundles are the same as smooth maps M — G, with the pointwise group
structure.

e Principal I' = AUT(H)-bundles are ordinary principal H-bundles P together with an
H-anti-equivariant map ¢ : P — Aut(H). Due to the anti-equivariance, one can define an
additional left H-action hp := pa(é(p)~!,h), turning P into a H-bibundle. The tensor
product is the tensor product of H-bibundles. The theory of non-abelian gerbes started
with considering bibundles and corresponding AUT(H )-bundle gerbes [15,16].

So far we have explained the monoidal category Bunr(M) of principal I'-bundles over M.
The local model for I'-bundle gerbes is now the pre-2-stack BBunr. The plus construction
yields then the 2-stack of I'-bundle gerbes,

BGrbr := (BBunr)™.

Unpacking the details of the plus construction, a I'-bundle gerbe consists of a surjective
submersion 7 : Y — M, a principal I-bundle P over Y2 and a bundle isomorphism

p:pragP @ prigP — priz P

over Y3l that satisfies a cocycle condition over Y4,

We would like to emphasize that although non-abelian bundle gerbes have been defined
earlier, e.g. in [15], neither the full bicategorical structure has been specified, nor any gluing
properties have been discussed. Both important aspects are established automatically by the
plus construction. A further important aspect that comes for free from the plus construction is
the functoriality in the Lie 2-group I'. That is, if ' : I' — Q is a Lie 2-group homomorphism,
then there is an associated ,change of structure 2-group” 2-functor

F, : BGror (M) — BGrba(M).

In particular, as a consequence of the extension (5), if T' is smoothly separable with A := ;T
and G := m I, then there is a sequence

BGrba(M) — BGrbr (M) — (Bung(M))4is (6)
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of 2-functors. Here we have employed an identification between (non-abelian) B A-bundle gerbes
and (abelian) A-bundle gerbes, and another identification BGrbg,,. = (Bung)d:s between Gg;s-
bundle gerbes and ordinary principal G-bundles (regarded as a bicategory with only identity
2-morphisms). Loosely speaking, the sequence (6) exhibits non-abelian gerbes as an extension
of ordinary principal bundles by abelian gerbes. In particular, every non-abelian I'-bundle gerbe
G comes with an underlying ordinary principal moI'-bundle, which we denote by mo(G). This
bundle plays an important role in the applications, as we will see in Sections 5, 6 and 7. In work
with Thomas Nikolaus we have studied several lifting and reduction statements for non-abelian
gerbes that are related to the sequences (5) and (6), see [19].

We remark that connections on non-abelian bundle gerbes can be defined in the very same
way via the plus construction. The generalization of surface holonomy to the non-abelian case
is more difficult. In joint work with Urs Schreiber we have given a general and axiomatic
framework for parallel transport and holonomy of non-abelian gerbes [20-23].

We also point out that there is a formalism of principal 2-bundles, initiated by Bartels [24]
and Wockel [25]. This formalism is equivalent to non-abelian bundle gerbes [17] but more
suitable for connections and parallel transport, see [25,26].

4 Gerbes over Lie groupoids

Applications (in particular applications to sigma-models and string theory) frequently require
not only bundle gerbes, but equivariant bundle gerbes. It is fruitful to approach equivariant
geometry from a more general point of view: geometry over Lie groupoids. The guiding examples
of Lie groupoids are the following two:

e If a Lie group G acts on a smooth manifold M in terms of a smooth map p: Gx M — M,
one can form the action groupoid M J/G with objects (M/}/G)g := M and morphisms
(M}JG); :== G x M. Source and target maps are given by s(g,m) := m and t(g,m) :=
p(g,m), and the composition is (g, g1m) o (91, m) := (g2g1, m). Geometry over an action
groupoid M /G will be the same as G-equivariant geometry over M.

e Any open cover U = (U;);cs defines the so-called Cech groupoid C(U). Its objects and
morphisms are given by, respectively,

CU):=[[U; and CU) =[] UnU.

i€l i,j€l

Source and target maps are given by s(i,j,z) := (i,x) and (i, j,x) := (j,z), and the
composition is (j, k, z)o(i, j, x) := (i, k, x). A similar Lie groupoid C'() can be constructed
using fibre products for any surjective submersion 7 : Y — M.

We remark that a further class of interesting and rich examples of Lie groupoids are orbifolds,
see [27-29]. We start again by describing presheaves of categories; now over Lie groupoids. A
presheaf of categories over Lie groupoids is a weak functor

X : LGrpd°? — Cat,

i.e., it associates to each Lie groupoid € a category X(2), and each smooth functor F : Q —
of Lie groupoids a functor F* : X(Q') — X(2) in a way compatible with the composition of
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functors. There is a canonical way to extend any presheaf X over smooth manifolds to a presheaf
X’ over Lie groupoids [2]. Indeed, if ) is a Lie groupoid with a manifold Qg of objects and a
manifold € of morphisms, then an object of X’(£2) is a pair (X, f) consisting of an object X in
X(Qp) and an isomorphism f : s*X — t*X in X(€;), such that pr3 fopr] f = ¢* f as morphisms
in X(Q s x¢ ©1), where ¢ denotes the composition. A morphism of X'(2) between (X, f) and
(X', f') is a morphism g : X — X’ in X(Qp) such that f' o s*g =t*go f in X(Q).

It is instructive to evaluate this procedure for the two examples of Lie groupoids described
above. An object in X' (M//G) is an object X over M together with an isomorphism f :
priyX — p*X over G x M that satisfies above condition over G x G x M. In other words, this
is a family {f,}4ec of isomorphisms f, : X — ¢*X that satisfy g7 fg, © fg, = fg.q: and depend
smoothly on G (in the sense that a morphism f over G x M is formed). If, for example, X
is the stack of vector bundles, then an object in ¥'(M//G) is precisely a G-equivariant vector
bundle over M.

In the other example of Cech groupoids, the reader may easily verify that X'(C(r)) =
Descx(m), for any surjective submersion 7 : Y — M. This observation is useful in the following
situation. Suppose the quotient of a G-action on M exists, in the sense that M/G is a smooth
manifold and p : M — M/G is a principal G-bundle. Then, there is a canonical isomorphism
of Lie groupoids C(p) = M/G. Thus, if X is any stack over smooth manifolds, we have an
equivalence

X(M/G) = Descx(p) = X'(C(p) = X' (M C). (7)

In other words, if the quotient exists, geometry over M /G is the same as the induced geometry
over the action groupoid. The latter, however, makes sense even if the quotient does not exist.
The passage X — X’ from presheaves over smooth manifolds to presheaves over Lie groupoids
has the feature that it is functorial and preserves stacks [2]. It is a very convenient tool: once we
work with presheaves of categories, there is no need to introduce definitions over Lie groupoids.
These will follow automatically via X — X’ from definitions over just smooth manifolds.

The above discussion generalizes in a straightforward way from presheaves of categories
to presheaves of bicategories [2], and hence applies to abelian and non-abelian bundle gerbes.
Hence, we automatically obtain a definition of equivariant non-abelian bundle gerbes, together
with the equivalence (7) saying that equivariant bundle gerbes descent to quotients (if these
exist).

Equivariant bundle gerbes are frequently used in two-dimensional Wess—Zumino—Witten
models, whose Wess—Zumino term is the holonomy of a U(1)-bundle gerbe on a Lie group. In
order to get the right invariances for the theory, this gerbe has to be equivariant with respect
to the adjoint action of the Lie group on itself. Concrete constructions of equivariant U(1)-
bundle gerbes over compact simple Lie groups use descent in the 2-stack Bgrb’U(l) twice: In the
first step, a G-equivariant bundle gerbe (,basic gerbe®) over a simply-connected Lie group G
is obtained by gluing G-equivariant bundle gerbes G;, which are locally defined over thickened
conjugacy classes U; C G. In other words, these are bundle gerbes over action groupoids U; /G.
More precisely, the locally defined bundle gerbes G; are so-called lifting gerbes for certain central
extensions of stabilizer subgroups. The gluing uses descent along the functor

[[viic—aya.

This construction is implicit in Meinrenken’s construction [6] and appears explicitly in [30].
In the second step, descent to a non-simply-connected quotient G := G/Z, where Z C Z(G),
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is performed along GG — G / G. The required Z-equivariant structures have been provided
Lie-theoretically by Gawedzki—Reis [31] (without the G-equivariance) and recently — including
the G-equivariance — by Krepski [32].

5 Jandl gerbes are non-abelian

The surface holonomy of a connection on an abelian bundle gerbe depends on an orientation
of the surface X. If the surface is not oriented, or not orientable, then it is a priori not well-
defined. Thus, in the application of bundle gerbes as Kalb-Ramond gauge fields in string theory,
unoriented worldsheets (which naturally appear in string theories of type I) require additional
attention.

The idea is that a change of orientation should be accompanied on the target space side
with an involution k : M — M, under which the gauge field should ,change its sign“. For a
2-form gauge field B, we would require k*B = —B so that the sign obtained from a change
of orientation is compensated. Jandl gerbes generalize this transformation behaviour from
2-form gauge fields to bundle gerbes: they are U(1)-bundle gerbes equipped with additional
structure relating their pullback along & with the dual (for the opposite sign). It is instructive
to understand Jandl gerbes as non-abelian gerbes over Lie groupoids.

We are concerned with a smooth manifold M and an involution k : M — M, which we
regard as a Zs-action on M. We consider the associated action groupoid, and denote it by
M k. The trivial Zo-bundle M x Zs over M can be equipped with a Zs-equivariant structure
that changes the sign under the involution. Hence, it becomes a Zs-bundle over M Jk, and we
denote it by Or(M Jk), the orientation bundle of the Lie groupoid M //k.

The automorphism 2-group AUT(U(1)) gives rise to a (non-central) extension

BU(1) = AUT(U(1)) — Z»,

where the action of mo(AUT(U(1))) = Out(Zz) = Z2 on m (AUT(U(1))) = Z(U(1)) = U(1) is
by inversion. The idea is to couple the Zs-part of this extension to a change of orientation. With
this motivation, a Jandl gerbe over M J/k is an AUT(U(1))-bundle gerbe G with connection over
Mk together with a bundle isomorphism 7y(G) = Or(M k).

The above definition of a Jandl gerbe is more conceptual than the original definition given
in [33], but equivalent, as we will demonstrate now by unwrapping all involved definitions.
We work first over M and ignore the Zs-equivariance. From the plus construction we recall
that the AUT(U(1))-bundle gerbe G consists of a surjective submersion 7 : Y — M, a principal
AUT(U(1))-bundle P over Y2, and a bundle isomorphism  over Y3l. We consider AUT(U(1))
as the crossed module 0 : U(1) — Zg, so that the AUT(U(1))-bundle P is an ordinary U(1)-
bundle equipped with an anchor map ¢ : P — Zs. The anchor descends in fact to a map
¢ : YPI — Zy, due to its anti-equivariance. The bundle isomorphism g is an ordinary U(1)-
bundle isomorphism with the property that it respects the anchor maps; this implies the cocycle
condition for the map ¢ on Y?l. Hence, the pair (7, ¢) is descent data for a principal Zy-bundle
over M, namely the bundle 7 (G).

The isomorphism between 7y(G) and Or(M k) that is part of the definition of a Jandl gerbe
determines a trivialization of m(G), since Or(M Jk) is the trivial bundle over M. In terms of
descent data, the trivialization is a map ¢ : Y — Zg such that ¢(y1,y2)¢(y2) = ¥(y1). Let Py
be the trivial U(1)-bundle over Y, which becomes an AUT(U(1))-bundle equipping it with the
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anchor map 1. Now we pass to the new AUT(U(1))-bundle
Preq :=praPy @ P® pr:’fPlz

over YPI. By construction P, has the trivial anchor and so is an ordinary U(1)-bundle.
Similarly, one can equip P,eq with an isomorphism p,eq Over VB! in such a way that Gieq :=
(7, Pred, fired) 18 an ordinary U(1)-bundle gerbe. This reduction procedure works in the same
way in the setting with connections. We have studied it in a more general setting in [19].

Next we take care about the Zs-equivariant structure, which is — in the first place — an
isomorphism A : s*G — t*G of AUT(U(1))-bundle gerbes over the morphism space Zg x M of
the action groupoid M k. It induces an isomorphism A : $*Greq — t*Greq over Zg x M, which is
an isomorphism in the bicategory of AUT(U(1))-bundle gerbes. That space is the disjoint union
of two components, and so A has two components A;q : Gred — Grea and Ay : Gred — k*Gred-
Employing the equivariance of the isomorphism 7o(G) = Or(M k) one can show that A4 is
actually an isomorphism in the bicategory of U(1)-bundle gerbes. For the component Ay one
can show that a sign is involved in such a way that Ay becomes an isomorphism of U(1)-bundle
gerbes after its domain bundle gerbe is dualized:

Ai 1 Giog — k" Grea-

Finally, we incorporate the last part of the Zs-equivariant structure, which is a 2-isomorphism
v priAopri A = c¢*A over the space of pairs of composable morphisms of M /k. It reduces
to 2-isomorphisms
Aigo Aig = Aiq - and k" Ag o A = idg,,-

The first part shows that A;q = id, so that A;q contains no information. For the second part,
the cocycle condition for ¢ implies k*@,?l = 5.
Summarizing, we have seen that a Jandl gerbe G over M //k is the same as:

1. A U(1)-bundle gerbe with connection over M.
2. A 1l-isomorphism A : G* — k*G.
3. A 2-isomorphism ¢ : k* A o A* = idg such that k*¢~! = ¢*.

This is precisely the definition given in [7,33]. We remark that Jandl gerbes can also be discussed
in terms of cocycle data, or (differential) cohomology with coefficients in equivariant sheaves,
see [33-37].

As intended, Jandl gerbes furnish a notion of surface holonomy for unoriented surfaces [33].
More precisely, if ¥ is a possibly unoriented surface, it assigns a well-defined element in U(1) to
each differentiable stack map ¢ : ¥ — M //k. This surface holonomy constitutes the contribution
of the orientifold Kalb-Ramond field to the sigma model action, see [1,33].

In [34] we have classified all Jandl gerbes over compact simple Lie groups, and thereby
all Wess—Zumino—Witten orientifolds for these groups. The classification problem was solved
using equivariant descent along the universal covering group G — G, employing the fact that
AUT(U(1))-bundle gerbes form a 2-stack. Since G = G/Z for a discrete group Z C Z(G), the
essential calculation is the classification of all Z-equivariant structures on AUT(U(1))-bundle
gerbes over simply-connected Lie groups. In [34], this was reduced to the computation of
the group cohomology of the discrete group Z x Zs (where Zs acts on Z by inversion) with
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coefficients in U(1), considered as a (Z x Zsg)-module in which Z, acts by inversion. This
calculation has been carried out in [34] for all occurring cases of groups Z.

In further work [35] we have treated D-branes in orientifolds, using Jandl gerbes. In this
picture, D-branes are submanifolds Q C M of the target space, equipped with bundle gerbe
modules, i.e. 1-morphisms G|g — Z, where Z is the trivial bundle gerbe. If these bundle gerbe
modules are equipped with appropriate equivariance with respect to the involution, the coupling
term in the open string action functional can again be defined unambiguously. A different
treatment of D-branes in orientifolds has been studied by Distler, Freed, and Moore in [38],
in the formalism of twisted K-theory. The relation between the two pictures is that bundle
gerbes (with connections) realize those (differential) twistings of K-theory that correspond to
H3(M,Z). Non-abelian AUT(U(1))-bundle gerbes, which underly Jandl gerbes, realize more
general twistings that correspond to H'(M,Zs) x H*(M,Z). These correspondences persist if
M is replaced by an action groupoid; this way the two approaches can be related.

6 String structures

Supersymmetric sigma models include spinors on the worldsheet with values in the tangent
bundle of the target space. If M is a spin manifold, then the path integral over the spinors
can be interpreted as a Berezinian integral, and then rigorously be performed. The result,
however, is not a complex number but an element in a complex line. These form a complex
line bundle over the space C°(X, M) of all worldsheet embeddings, the Pfaffian line bundle
of a certain family of Dirac operators. The supersymmetric sigma model is hence potentially
anomalous, and the anomaly is represented by the Pfaffian line bundle. A general treatment of
such anomalies was given by Freed and Moore in [39].

The cancellation of this anomaly requires to trivialize the Pfaffian line bundle. Freed
showed [40] that its first Chern class vanishes if the first fractional Pontryagin class of M
vanishes,

ipi(M) =0¢€ H*(M,Z).

Such manifolds are called string manifolds. The problem is that the vanishing of the Chern
class of the Pfaffian line bundle is not enough to make the fermionic path integral a well-defined
section: additionally, a specific trivialization must be provided. For this purpose, it is desirable
to interpret the obstruction class $p1 (M) in a geometric way. There are (at least) four different
proposals:

1. It is the obstruction against lifting the structure group of the free loop space of M from
the loop group LSpin(n) to its universal central extension [41,42],

1—=U(1) = LSpin(n) — LSpin(n) — 1

2. It is the obstruction against lifting the structure group of the spin-oriented frame bundle
PgpinM of M from Spin(n) to the string group

String(n) — Spin(n),
defined as the unique (up to homotopy equivalence) 3-connected covering group [43].

3. Tt is the ,Jevel“ of a Chern—Simons field theory with target space M [43].
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4. Tt is the characteristic class of the Chern—Simons 2-gerbe associated to the spin-oriented
frame bundle [44,45].

Most interesting for us is (a variant of) version 2. Although the (a priori topological) group
String(n) can be realized as a Fréchet Lie group [46], it turns out to be more natural to consider
it as a Lie 2-group. Concrete models for the String 2-group have been constructed as a Fréchet
Lie 2-group [47] and as a diffeological 2-group [48]. Both are central and smoothly separable in
the sense explained in Section 3, and give rise to a central extension

BU(1) — String(n) — Spin(n)as

of (Fréchet/diffeological) Lie 2-groups. A string structure is a lift of the structure group of M
along this central extension. In other words, a string structure is a String(n)-bundle gerbe G
over M such that 7o(G) = Pspin M.

By a result of Schommer-Pries [18], central extensions of Gg;s by BU(1) are classified by
H*(BG,7Z), and the string 2-group corresponds to %pl € H*(BSpin(n),Z). This shows that
string structures exist if and only if %pl (M) =0, as desired.

Above notion of a string structure is equivalent [19] to another definition using version 4.
In that version a string structure is a trivialization of the Chern—Simons 2-gerbe [45]. This has
the additional advantage that it is totally finite-dimensional, and that one can define string
connections, together forming a geometric string structure. The geometric string structures
of [45] are motivated by version 3 of Stolz and Teichner, and closely related to spin structures
on the free loop space, which implement version 1 [49].

The relation between string structures and the Pfaffian line bundle over C*° (X, M), namely
that a choice of a string structure determines a trivialization of the Pfaffian line bundle, has
been conjectured by Stolz and Teichner, and proved by Bunke [50] using the notion of geometric
string structures of [45].

7 Topological T-duality

Particularly interesting target spaces for string theory are the total spaces of principal torus
bundles. String theories on these target spaces can be equivalent to string theories on different
principal torus bundles, in a way that metrics, B-fields, and dilaton fields are mixed up [51].
Such an equivalence is called T-duality. The fully-fledged exact mathematical formulation of
T-duality, including all topological and differential-geometric information, is not yet known.

Topological T-duality has been invented to study the underlying topological aspects alone.
In this context, T-duality can be defined as follows [52]. Let E and E be principal T"-bundles
over M, where T" = U(1) x ... x U(1), and let G and G be U(1)-bundle gerbes over E and
E‘, respectively. The pairs (E,G) and (E, Q\) are called topological T-backgrounds, and the fibre
product

EXME

<N,
N
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is called the correspondence space. The two topological T-backgrounds are called T-dual, if
the pullbacks of the two bundle gerbes to the correspondence space are isomorphic, and an
isomorphism D : p*G — p*G exists that has the so-called Poincaré property [52]. The original
motivation for this definition was the existence of a so-called Fourier—-Mukai transformation,
which yields an isomorphism between the twisted K-theories of both pairs.

One of the basic questions in this setting is to decide, if a given T-background has T-duals,
and how the possibly many T-duals can be parameterized. To this end, we consider the Serre
spectral sequence associated to the torus bundle, which comes with a filtration 7*H3(M,Z) =
F3 C F, C Fy C Fy = H3(E,Z). We classify T-backgrounds by the greatest n such that the
Dixmier-Douady class [G] € H3(E,Z) is in F,. A result of Bunke-Rumpf-Schick [52] is that
a T-background (E,G) admits T-duals if and only if it is F5. Further, up to isomorphism,
possible choices are related by a certain action of the additive group so(n,Z) of skew-symmetric
matrices B € Z"*"™, where n is the dimension of the torus.

The situation can be reformulated and then improved using non-abelian gerbes [14]. In this
joint work with Thomas Nikolaus we have manufactured a Fréchet Lie 2-group TB? in such a
way that the TB2-bundle gerbes are precisely the F, T-backgrounds. As a crossed module, it
is Z™ x C>=(T",U(1)) — R", defined as (m,7) — m, and a € R™ acts on C>°(T™,U(1)) by
translations modulo Z. It forms a (non-central) extension

C>®(T",U(1)) — TB* — T%,.

If G is a TB*-bundle gerbe corresponding to a T-background (E, G), then 74 (G) is the underlying
torus bundle E.
Another, finite-dimensional Lie 2-group TID can be constructed as the central extension

BU(1) — TD — T%,

that is classified by the class

n
p = Zpr;‘cUpr:Hc € HY(T?", 7),
i=1

where ¢ € H>(BU(1),Z) is the universal first Chern class. The associated TD-bundle gerbes
are precisely all T-duality correspondences [14]. Lie 2-group homomorphisms L, R : TD —
TB? represent the projection to the left and the right ,leg* of the correspondence. The main
advantage of this reformulation is that the so(n,Z)-action can be implemented as a strict and
fully coherent action on TDD. This way, our understanding of topological T-duality is formulated
completely and coherently in the language of non-abelian bundle gerbes.

If a T-background is only Fj, then it does not have any T-duals; these are then called
smysteriously missing* [53] or ,non-geometric* T-duals [54]. An approach via non-commutative
geometry allows to define them as bundles of non-commutative tori [53,55,56]. The fact that
non-abelian bundle gerbes form a 2-stack provides an alternative [14]. Indeed, every F; back-
ground is locally F5, and so has locally defined T-duals, related to the given F; T-background
by locally defined T-duality correspondences. Over overlaps, these correspondences are related
by the so(n,Z)-action of Bunke-Rumpf-Schick. Since this action is fully coherent under our
reformulation by non-abelian bundle gerbes, one can define a semi-direct product Lie 2-group

TD? 9% := TD x so(n,Z).
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Within the 2-stack of TD?9°_bundle gerbes one can now glue the locally defined T-duality
correspondences along their so(n, Z)-transformations on overlaps. This way, a globally defined
TD29°_bundle gerbe is obtained, representing a totally new object called a half-geometric T-
duality correspondence. These new objects should be seen and studied as generalized target
spaces for string theory, and may be seen as a realization of Hull’s T-folds [57].

Another action of so(n,Z) on the Lie 2-group TB? can be defined, leading to another Lie
2-group

TB' := TB? x so(n,Z).

The non-abelian TB'-bundle gerbes correspond precisely to the F; T-backgrounds [14]. The left
leg projection L is so(n, Z)-equivariant and hence induces a well-defined 2-group homomorphism
L :TD?9° — TB'. In other words, half-geometric T-duality correspondences still have a well-
defined ,,geometric” left leg, but opposed to the theory of [52] this left leg is now in the bigger
class of F; T-backgrounds. It is shown in [14] that L : TD29%° — TB' induces a bijection
on isomorphism classes of non-abelian gerbes. Thus, every F; T-background is the left leg of
a uniquely defined half-geometric T-duality correspondence. They can hence be seen as the
non-geometric T-duals of F} T-backgrounds. Thus, the higher geometry of non-abelian gerbes
provides an alternative to non-commutative geometry.
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In this report we summarize the research in mathematics and theoretical physics done in
project A6 of the SFB 676. The main research directions include the study of internal
spaces of string compactifications, geometry of scalar manifolds and moduli spaces, het-
erotic/type II string duality, partial breaking of supersymmetry and supersymmetric AdS
backgrounds. Typical results are the construction of a wealth of new inhomogeneous com-
plete quaternionic Kahler manifolds based on a combination of ideas from supergravity and
perturbative string theory with new mathematical tools and the derivation of low energy
effective actions in physically relevant situations, among other examples.

1 Geometry of compactification spaces

One of the strands of this project has been the study of G-structures of the type occurring on
internal spaces of string compactifications. From a mathematical point of view we were specially
interested in Einstein metrics and, in particular, in metrics of special holonomy. From a physics
point of view the study of manifolds with G-structures are of interest for two reasons. Firstly
they correspond to backgrounds which can exhibit spontaneous supersymmetry breaking. This
is a necessary ingredient in order to make contact with experimental observations in particle
physics and cosmology where no sign of supersymmetry is so far manifest. Secondly, they appear
as the mirror duals of string backgrounds with fluxes. Indeed in [1] the specific class of manifolds
with SU(3) x SU(3) structure where identified as mirror duals of type II compactifications on
Calabi—Yau manifolds with magnetic fluxes.

An example of the G-structures we have investigated are half-flat SU(3)-structures on six-
dimensional manifolds, which are related to Ricci-flat metrics of holonomy a subgroup of G,
on seven-dimensional manifolds. In fact, a half-flat SU(3)-structure is precisely the structure
induced on a hypersurface in a manifold with a parallel Ga-structure. By considering a family of
equidistant hypersurfaces one arrives at a system of evolution equations for the SU(3)-structure
known as Hitchin’s flow equations. Similar flow equations are obtained by considering foliations
by equidistant hypersurfaces in ambient manifolds with a parallel SU(3)- or Spin(7)-structure.
It was shown by Hitchin [2] that for a given initial half-flat SU(3)-structure the system has
a unique maximal solution on every compact 6-manifold M by exhibiting it as a Hamiltonian
system. The solution is a Riemannian metric of holonomy contained in Gs. It is defined on the
product M x I, where I is an interval. The Hamiltonian is defined by integration of a certain
invariant over the compact manifold. Based on a different approach, in [3] we extend this theory
allowing for non-compact manifolds and non-compact structure groups. When dim M = 6, this
includes half-flat G-structures on possibly non-compact manifolds M as initial data for metrics
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of holonomy contained in the compact or in the non-compact form of G5, depending on whether
the structure group G € {SU(3),SU(1,2),SL(3,R)} is compact or non-compact.

Lie groups admitting a left-invariant half-flat SU(3)-structure have been classified in [4-6].
For some of these groups we have determined all left-invariant half-flat SU(3)-structures and
have solved the Hitchin flow equations with these structures as initial data [3,7| obtaining
metrics with holonomy group Gs or its noncompact form G3%. A particularly interesting case
analysed in [7] is the classification of all left-invariant half-flat SU(3)-structures on S x S3. This
includes nontrivial deformations of the nearly Kéhler structure and Einstein half-flat SU(3)-
structures. Classification results for certain types left-invariant Gs-structures have been ob-
tained in [8,9]. Solving the Hitchin flow with some of these structures as initial data, metrics
with holonomy group SU(4) C Spin(7) have been constructed in [10].

The Ricci-flat Riemannian manifolds of special holonomy obtained by solving the flow equa-
tions are in general incomplete, even if the initial manifold M is compact or homogeneous.
In [11] we study under which conditions a maximal incomplete solution of the flow equations
with homogeneous initial data can be completed to a complete Riemannian manifold of special
holonomy. We restrict to the case when M admits a simply transitive action of a solvable Lie
group preserving the initial G-structure, where G € {SU(2),SU(3),G2} and dim M = 5,6,7
respectively. We prove under certain natural assumptions in this setting that a completion as
above does not exist. As a consequence, the classes of solvable Lie groups considered in our work
cannot act with co-homogeneity one on a complete and non-flat Riemannian manifold with a
parallel SU(3)-, G-, or Spin(7)-structure. These results do not apply to semi-simple Lie groups,
such as SL(2,C). For the latter group we classify all left-invariant half-flat SU(3)-structures
which are also right-invariant under the maximal compact subgroup SU(2) C SL(2,C) and
solve the Hitchin flow with these structures as initial data. The solutions are Ga-holonomy
metrics defined on SL(2,C) x (a,b), where —0o < a < b < 0o. Some of them can be completed
at one boundary point of the interval (a,b) but never at both.

We have mentioned above the class of half-flat SU(3)-structures. The manifolds carrying
these structures can be considered as generalizations of the well known Calabi—Yau three-folds,
which are Ricci-flat and Kéahler. The differential system satisfied by a half-flat SU(3)-structure
does not imply the Einstein equations for the metric on the underlying 6-dimensional (real)
manifold. Examples of half-flat SU(3)-structures which are Einstein include the so-called nearly
Kahler structures. Until recently, the only known complete nearly Kdhler manifolds were the
homogeneous ones, classified by Butruille [12]. In [13] we show that inhomogeneous, locally
homogeneous examples exist in abundance. These are obtained as quotients by a finite group
of automorphisms acting freely on the simply connected 3-symmetric space

(SU(2) x SU(2) x SU(2))/SU(2) = 83 x S3,

where the isotropy group SU(2) is diagonally embedded. These quotients include co-homogeneity
one examples. Simply connected examples of co-homogeneity one (diffeomorphic to S3 x S3)
were later constructed by Foscolo and Haskins [14].

The nearly Kihler metric on S® x S has the special property of being a left-invariant
Einstein metric, a property shared by the product metric. The simply connected homogeneous
Einstein manifolds in dimension 6 have been completely classified with exception of the case of
left-invariant Einstein metrics on S3 x S3, see [15] for the state of the art. In [16] we classify
left-invariant Einstein metrics on S2 x S3 under the additional assumption that the stabilizer
in the group of proper isometries is neither trivial nor Z,. Under this assumption we find that
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the metric is either the left-invariant nearly Kahler metric or the product metric, which have
the stabilizer SU(2) and SU(2) x SU(2) respectively.

The relation of string theory with particle physics and cosmology is facilitated via the
low-energy effective action which consists only of the light modes of string theory while all
heavy excitations have been integrated out. String backgrounds with spontaneously broken
supersymmetry correspond to a supersymmetric effective action with a scalar potential whose
minimum breaks (part of the) supersymmetry. Apart from the scalar potential the metric of
the scalar fields in the low-energy effective action is of prime importance. Via supersymmetry
it fixes many other physical interesting terms in the action. This metric is the metric on
the moduli space of the string compactifications at hand. Thus not only the compactification
manifolds but almost more importantly its moduli space contains vital physical information.

Manifolds with SU(2) x SU(2) structure of dimension four, five and six have been investi-
gated in [17,18]. Such compactifications correspond to backgrounds with spontaneously broken
N = 4 supersymmetry. In these cases we determined the moduli space and established the
comnsistency with A/ = 4 supergravity. Depending on the structure of the intrinsic torsion, anti-
symmetric tensor fields can become massive in some of these cases. ' = 2 orientifolds of these
background were studied in detail in [19]. Massive tensor fields and their coupling to three-forms
were studied in [20]. (These research projects were also part of the three PhD-theses [21-23]
and the Master-thesis [24].)

Furthermore, we studied type II backgrounds with spontaneously broken ' = 2 supergravity
in [1,25,26]. In [25] we showed that the low-energy effective action of such backgrounds displays
the U-duality group E7(7). In particular we derived E7(7y-invariant expressions for the Kéhler
and hyper-K&hler potentials describing the moduli space of vector and hypermultiplets together
with the Killing prepotentials defining the scalar potential. In [26] we incorporated perturbative
quantum correction in this formalism.

In collaboration with project A1l we also studied heterotic backgrounds with G-structure.
This is summarized in the PhD-thesis [27]. M-theory backgrounds with G-structure were studied
in [28].

2 Special geometry

Another strand of this project has been the study of the scalar geometry of the low energy limit
of string theory. The relevant geometries for type II string theory are governed by N' = 2 super-
gravity and its quantum corrections. They occur in three basic variants: projective special real
geometry, projective special Kéhler geometry, and quaternionic Kahler geometry. Quaternionic
Kahler manifolds are examples of Einstein manifolds and have therefore been intensively stud-
ied in mathematics. Despite this fact, there are many open questions in this area and examples
are scarce. The three special geometries mentioned above are intimately related by geometric
constructions known as the r- and the c-map originating from the dimensional reduction of
supergravity theories, respectively from 5 to 4 and from 4 to 3 space-time dimensions [29, 30].
We show in [31] that the supergravity r-map and the supergravity c-map do both preserve the
completeness of the underlying metrics. As a consequence, every complete projective special
real manifold of dimension n gives rise (by the r-map) to a complete projective special Kéhler
manifold of (real) dimension 2n + 2 and every complete projective special Kéhler manifold of
dimension 2n gives rise (by the c-map) to a complete quaternionic Kéhler manifold of dimension
4n 4+ 4. The scalar curvature of the resulting quaternionic Kéhler manifolds is always negative.
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A projective special real manifold of dimension n is by definition a hypersurface H C R**!
such that there exists a homogeneous cubic polynomial k on R**! with the following properties:

(i) Hc {h =1} and
(ii) the Hessian 02h is negative definite on TH.

The manifold H is endowed with the canonical Riemannian metric g induced by the tensor
field —%82h. Projective special real manifolds can be intrinsically characterized by a partial
differential equation satisfied by their underlying centro-affine structure [32, Theorem 2.3]. We
show in [32, Theorem 2.5| that the projective special real manifolds H for which the metric g3
is complete are precisely those for which the subset H C R™*! is closed. As a corollary, we proof
that every locally strictly convex component of the level set {h = 1} C R"*! of a homogeneous
cubic polynomial defines an explicit complete quaternionic Kéhler metric on R***8. Complete
projective special real manifolds and the corresponding complete quaternionic Kéahler manifolds
are classified in low dimensions in [31,33| and in the case of reducible polynomials & in [34]. The
examples which we obtain by this method include complete quaternionic Kahler manifolds of co-
homogeneity one in all dimensions > 12. Further inhomogeneous complete examples (including
the dimensions 4 and 8) were obtained in [35] by combining the above methods with a one-
parameter deformation of the metric known as the one-loop quantum correction [36]. In fact, it
is shown in [35, Theorem 27| that every quaternionic Kéhler manifold associated with a complete
projective special real manifold admits a canonical deformation by complete quaternionic Kahler
manifolds depending on a parameter ¢ > 0. The same is true for quaternionic Kéhler manifolds
associated with projective special Kéhler manifolds, provided that the special Kéhler manifold
has regular boundary behaviour [35, Theorem 13]. These two results imply, in particular,
the existence of this type of explicit deformation for all the known homogeneous quaternionic
Kéhler manifolds of negative Ricci curvature with exception of the simplest such homogeneous
spaces, the quaternionic hyperbolic spaces. The fact that the metrics obtained by the one-loop
deformation of the supergravity c-map are quaternionic Kéhler was proven in [37,38] based on
a geometric construction which allows to reduce the supergravity c-map to the much simpler
rigid c-map. (This work was also part of the PhD project [39].) A similar construction allows
to reduce the supergravity r-map to its rigid version [40]. (This work was also part of the PhD
project [41].) A geometric description of the rigid r-map is given in [42].

The moduli space of complete projective special real manifolds has been systematically
studied in the PhD thesis [43]. One of the main results is that the set of normal forms describing
these manifolds can be parametrized by a compact convex neighborhood of zero in a finite-
dimensional vector space. In particular, any two complete projective special real manifolds
can be connected by connecting their normal forms in the convex set. Another important
consequence are uniform curvature bounds depending only on the dimension.

In the above geometric constructions pseudo-Riemannian cones play an important role. This
is due to the fact that a projective special Kéhler manifold is the base of a C*-bundle the total
space of which is a conical affine special Kahler manifold with indefinite metric of index 2.
Similarly, quaternionic K&hler manifolds of negative scalar curvature are the base of a bundle
the total space of which has a conical hyper-Kéhler structure of index 4 (the Swann bundle).
In [44] we study pseudo-Riemannian cones and their holonomy. In the Riemannian setting, a
metric cone over a complete manifold is either flat or irreducible, by Gallot’s theorem [45]. This
is no longer true in the in the pseudo-Riemannian setting and we describe the properties of the
holonomy representation of the cone and how it relates to the geometry of the base manifold.
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In the spirit of Gallot’s theorem, we prove that a metric cone over a compact and complete
pseudo-Riemannian manifold is either flat or indecomposable. Matveev and Mounoud have
later given another proof, which does also apply to incomplete compact manifolds [46].

Homogeneous pseudo-Riemannian manifolds of index 4 with a compatible almost hyper-
complex or almost quaternionic structure are classified in [47,48] in the case of H-irreducible
isotropy representation. (This work was also part of the PhD project [49].) We prove that the
resulting spaces are always locally symmetric if the dimension is at least 16 and give counterex-
amples in dimension 12. In [50] we classify homogeneous locally conformally Kéhler manifolds
under the assumption that the normalizer of the isotropy group is compact.

The special geometry of Euclidean supersymmetry with eight real supercharges has been
systematically developed in a collaboration with Mohaupt and his group initiated in [51,52].
A common feature is the appearance of para-complex and para-quaternionic structures replac-
ing the complex and quaternionic structures present in the standard Minkowskian theories.
Time-like and space-like reductions relating the scalar geometries of various Euclidean and
Minkowskian theories of supergravity in space-time dimensions d € {3,4,5} have been worked
out in [53-55]. The twistor spaces of para-quaternionic Kéhler manifolds are studied in [56].
Also the geometric construction of the c-map obtained in [37,38| admits a generalization to the
Euclidean setting, as shown in [57].

The rigid limit of A/ = 2 supergravity coupled to vector and hypermultiplets is somewhat
subtle. In [58] we showed how the respective scalar field spaces reduce to their global coun-
terparts. In the hypermultiplet sector we focused on the relation between the local and rigid
c-map.

For some further geometric aspects related to the themes discussed so far see [59-64].

3 Second quantized mirror symmetry

Apart from the standard perturbative mirror symmetry, which relates two Calabi—Yau manifolds
with reversed Hodge numbers, there also is a non-perturbative duality which relates type II
Calabi—Yau compactifications to heterotic K3 compactifications. This duality is fairly well
understood in the vector multiplet sector of N' = 2 supergravity but poorly understood in the
hypermultiplet sector.

In [65] we revisited this duality and considered the heterotic string theory compactified on
K3 xT? and type IIA compactified on a Calabi—Yau threefold X in the hypermultiplet sector.
We derived an explicit map between the field variables of the respective moduli spaces at the
level of the classical effective actions. We determined the parametrization of the K3 moduli
space consistent with the Ferrara—Sabharwal form. From the expression of the holomorphic
prepotential we were led to conjecture that both X and its mirror must be K3 fibrations in
order for the type IIA theory to have an heterotic dual. We then focused on the region of
the moduli space where the metric is expressed in terms of a prepotential on both sides of
the duality. Applying the duality we derived the heterotic hypermultiplet metric for a gauge
bundle which is reduced to 24 point-like instantons. This result is confirmed by using the duality
between the heterotic theory on 7% and M-theory on K3. We finally studied the hyper-Kahler
metric on the moduli space of an SU(2) bundle on K3.

In [66] we continued this investigation and predicted the form of the quaternion-Kéhler
metric on hypermultiplet moduli space when K3 is elliptically fibered, in the limit of a large
fiber and even larger base. The result is in general agreement with expectations from Kaluza—
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Klein reduction, in particular the metric has a two-stage fibration structure, where the B-field
moduli are fibered over bundle and metric moduli, while bundle moduli are themselves fibered
over metric moduli.

A different insight coming out of mirror symmetry has been suggested in [67]. Given a
maximally degenerating family of Calabi—Yau varieties of the general kind studied in [68, 69|,
there is a canonical basis of sections (“generalized theta functions”) of the polarizing line bundle
of the family. Under homological mirror symmetry this basis of sections is dual to intersection
points of a pair of canonical isotopy classes of Lagrangian sections of the mirror SYZ fibration.
Generalized theta functions are built by counting tropical versions of holomorphic cylinders
connecting two SYZ fibres and in such a way capture tree-level information of the mirror SYZ
geometry. The general properties of generalized theta functions have been comprehensively
studied in [70]. By generalizing the monomial basis of toric local Calabi-Yaus in the crystal
melting picture, we expect that generalized theta functions actually also encode the higher
genus and non-perturbative information necessary for second-quantized mirror symmetry for
compact Calabi—Yaus. Work is currently under way to prove the mirror enumerative meaning
of theta functions [71,72].

4 Partial supersymmetry breaking

Spontaneous breaking of N' = 2 supersymmetry is known to be possible only under very special
circumstances. In [73] we used the embedding tensor formalism to give the general conditions
for the existence of N/ = 1 vacua in spontaneously broken N/ = 2 supergravities. We indeed
confirmed the necessity of having both electrically and magnetically charged multiplets in the
spectrum, but also showed that no further constraints on the special Kéhler geometry of the
vector multiplets arise. The quaternionic field space of the hypermultiplets instead must have
two commuting isometries. As an example we discussed the special quaternionic-Kéhler geome-
tries which appear in the low-energy limit of type II string theories. For these cases we found
the general solution for stable Minkowski and AdS N = 1 vacua, and determine the charges
in terms of the holomorphic prepotentials. We further found that the string theory realisation
of the N/ = 1 Minkowski vacua requires the presence of non-geometric fluxes, whereas they are
not needed for the AdS vacua.

In [74] we derived the low-energy effective action below the scale of partial supersymmetry
breaking and computed the N' = 1 couplings in terms of the /' = 2 input data. We then showed
that this effective action satisfies the constraints of N' = 1 supergravity in that its sigma-model
metric is Kdhler, while the superpotential and the gauge kinetic functions are holomorphic. As
an example we discussed the N' = 1 effective supergravity of type II compactifications.

In [75] we made the construction of the effective A/ = 1 theory mathematically rigorous.
Specifically we proved that, given a certain isometric action of a two-dimensional Abelian group
A on a quaternionic Kahler manifold M which preserves a submanifold N C M, the quotient
M’ = N/A has a natural Kahler structure. We verified that the assumptions on the group
action and on the submanifold N C M are satisfied for a large class of examples obtained from
the supergravity c-map. In particular, we found that all quaternionic Kéhler manifolds M in
the image of the c-map admit an integrable complex structure compatible with the quaternionic
structure, such that N C M is a complex submanifold. Finally, we discussed how the existence
of the K#hler structure on M’ is required by the consistency of spontaneous N' =2 to N =1
supersymmetry breaking.
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In [76] we gave explicit examples of gauged N' = 2 supergravities which arise in the low-
energy limit of type II string theories and which exhibit spontaneous partial supersymmetry
breaking. Specifically, for the so called quantum STU model we derived the scalar field space
and the scalar potential of the N’ = 1 supersymmetric low-energy effective action. We also
studied the properties of the Minkowskian N = 1 supersymmetric ground states for a broader
class of supergravities including the quantum STU model. (This project was also part of the
Master-thesis [77].)

In [78] we generalized the scope and studied N' = 2 vacua in spontaneously broken A/ = 4
electrically gauged supergravities in four space-time dimensions. We argued that the classifica-
tion of all such solutions amounts to solving a system of purely algebraic equations. We then
explicitly constructed a special class of consistent A” = 2 solutions and studied their properties.
In particular we found that the spectrum assembles in A/ = 2 massless or BPS supermultiplets.
We showed that (modulo U(1) factors) arbitrary unbroken gauge groups can be realized pro-
vided that the number of A/ = 4 vector multiplets is large enough. Below the scale of partial
supersymmetry breaking we calculated the relevant terms of the low-energy effective action and
argue that the special Kdhler manifold for vector multiplets is completely determined, up to its
dimension, and lies in the unique series of special Kéhler product manifolds. (This project was
also part of the PhD-thesis [79].)

5 Supersymmetric AdS backgrounds

Anti-de Sitter (AdS) backgrounds of string theory and supergravity are of interest for two
reasons. On the one hand that serve as an intermediate step in phenomenological investigations
before "uplifting" to a de Sitter background. On the other hand, AdS backgrounds feature
prominently in the AdS/CFT correspondence and determine properties of strongly coupled
gauge theory living on the boundary of the AdS space. In [80] we initiated the study of the
structure of the supersymmetric moduli spaces of AdS backgrounds in supergravity theories.
This was continued in all space-time dimensions with all possible supercharges in [81-86].

In [80] we studied the structure of the supersymmetric moduli spaces of N'=1 and N = 2
supergravity theories in AdS, backgrounds. In the A/ = 1 case, the moduli space cannot be a
complex submanifold of the Kéhler field space, but is instead real with respect to the inherited
complex structure. In N' = 2 supergravity the same result holds for the vector multiplet moduli
space, while the hypermultiplet moduli space is a Kéhler submanifold of the quaternionic-Kéahler
field space. These findings are in agreement with AdS/CFT considerations.

In [81] we determined the supersymmetric AdS; backgrounds of seven-dimensional half-
maximal gauged supergravities and showed that they do not admit any deformations that pre-
serve all 16 supercharges. We compared this result to the conformal manifold of the holograph-
ically dual (1,0) superconformal field theories and showed that accordingly its representation
theory implies that no supersymmetric marginal operators exist.

In [82] we classified the N' = 4 supersymmetric AdS5 backgrounds that arise as solutions of
five-dimensional A" = 4 gauged supergravity. We expressed our results in terms of the allowed
embedding tensor components and identify the structure of the associated gauge groups. We
showed that the moduli space of these AdS vacua is of the form SU(1,m)/(U(1) x SU(m))
and discussed our results regarding holographically dual A/ = 2 SCFTs and their conformal
manifolds.

In [83] we determined the conditions for maximally supersymmetric AdS; vacua of five-
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dimensional gauged N = 2 supergravity coupled to vector-, tensor- and hypermultiplets charged
under an arbitrary gauge group. In particular, we showed that the unbroken gauge group of the
AdS;5 vacua has to contain an U(1)g-factor. Moreover we proved that the scalar deformations
which preserve all supercharges form a Kéhler submanifold of the ambient quaternionic Kéahler
manifold spanned by the scalars in the hypermultiplets.

In [84] we studied maximally supersymmetric AdS backgrounds in consistent A/ = 2 trunca-
tions of type IIB supergravity compactified on the Sasaki-Einstein manifold 7%!. In particular,
we focused on truncations that contain fields coming from the nontrivial second and third co-
homology forms on T*1. These give rise to N' = 2 supergravity coupled to two vector- and
two hypermultiplets or one vector- and three hypermultiplets, respectively. We found that both
truncations admit AdSs backgrounds with the gauge group always being broken but containing
at least an U(1)g factor. Moreover, in both cases we showed that the moduli space of AdS
vacua is nontrivial and of maximal dimension. Finally, we explicitly computed the metrics on
these moduli spaces.

In [85] we studied fully supersymmetric AdSg vacua of half-maximal N/ = (1,1) gauged
supergravity in six space-time dimensions coupled to n vector multiplets. We showed that the
existence of AdSg backgrounds requires that the gauge group is of the form G’ x G” C SO(4,n)
where G’ C SO(3,m) and G” C SO(1,n —m). In the AdSg vacua this gauge group is broken
to its maximal compact subgroup SO(3) x H' x H"” where H' C SO(m) and H” C SO(n—m).
Furthermore, the SO(3) factor is the R-symmetry gauged by three of the four graviphotons.
We further showed that the AdSg vacua have no moduli that preserve all supercharges. This
is precisely in agreement with the absence of supersymmetric marginal deformations in holo-
graphically dual five-dimensional superconformal field theories.

Finally, in [86] we studied maximally supersymmetric AdSp solutions of gauged supergrav-
ities in dimensions D > 4. We showed that such solutions can only exist if the gauge group
after spontaneous symmetry breaking is a product of two reductive groups Hr X Hy,t, where
Hp is uniquely determined by the dimension D and the number of supersymmetries N while
H .t is unconstrained. This resembles the structure of the global symmetry groups of the holo-
graphically dual SCFTs, where Hp is interpreted as the R-symmetry and Hy,.; as the flavor
symmetry. Moreover, we discussed possible supersymmetry preserving continuous deforma-
tions, which correspond to the conformal manifolds of the dual SCFTs. Under the assumption
that the scalar manifold of the supergravity is a symmetric space we derived general group
theoretical conditions on these moduli. Using these results we determined the AdS solutions
of all gauged supergravities with more than 16 real supercharges. We found that almost all of
them do not have supersymmetry preserving deformations with the only exception being the
maximal supergravity in five dimensions with a moduli space given by SU(1,1)/U(1). Further-
more, we determined the AdS solutions of four-dimensional N = 3 supergravities and showed
that they similarly do not admit supersymmetric moduli.
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We summarize the progress of the research performed in project A9 of the SFB 676 and
highlight the most important results obtained.

1 Overview

Project A9 of the SFB 676 has produced 34 journal publications [1-34], three of which made it
into Physical Review Letters [12,28,31]. Three papers are still under review [35-37]. Further-
more, nine proceedings contributions [38—44, 44, 45|, two master theses [46,47], and one PhD
thesis [48] have emerged from SFB project A9. In the following, we review the scientific results
achieved.

2 Loops and legs

The textbook approach (see e.g. Ref. [49]) to computing scattering amplitudes is through pertur-
bation theory in appropriate coupling constants (which correlates with an expansion in Planck’s
constant) as applied to a path integral, schematically given as

/ dlg] (...) e A7) (1)

The needed integrations are elegantly captured in the famous Feynman graph formalism. The
fundamental difficulties faced by this method is illustrated in Table 1. At some point, the
generated expressions will overwhelm even modern computing resources. As a rule of thumb,
problems with fixed number of loops plus number of legs are in a universality class. Cutting
edge phenomenological problems are currently roughly found at

# loops + # legs = 7. (2)

Concrete results in this contribution include several which satisfy this rule of thumb.

The algebraic complexity of the final answer is determined to an extent by dimensional anal-
ysis. Scattering amplitudes have a fixed mass dimension, and the number of dimensionless ratios
made out of all occurring scales (masses, momentum invariants) up to momentum conservation
is the number of variables. Computational complexity, therefore, increases considerably and
non-linearly with the number of legs. A roughly comparable increase in computational costs is
associated to processes with increasing numbers of loops. These processes where particles split
and join are inherently quantum effects and are, therefore, physically essential. For unobserved
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loops
#legs# P 0 1 2 3 4 5 6
3 1 1 1 23 173 1587 17099
4 3 9 51 381 3477 37242
5 15 87 675 6315 68745
6 105 975 9930 113580
7 945 12645 163170
8 10395 187425
9 135135

Table 1: Feynman graph number statistics for a theory with only trivalent vertices (e.g. ¢*
theory), obtained using Ref. [50].

particles all quantum numbers must be summed over. By special relativity one particular,
continuous quantum number is the Lorentz momentum, which must, therefore, be integrated
over. Computing these so-called loop integrals are a major further obstacle to perform explicit
computations.

The upshot of the mentioned complications is that, despite its age, the current frontier
of calculations within the standard model (SM) of particle physics is given by Eq. (2). This
holds even for the simpler case of massless particles only, which has less scales than the full
SM. Truly general one-loop computations (the first quantum corrections!) have only become
widely available over the last decade. The problem of computation has become even more
pressing with the lack of smoking-gun evidence of beyond-the-SM (BSM) physics from LHC
experiments. At the LHC, the main colliding particles are hadrons, which interact through
all known nuclear forces. Since the strong force is much stronger than the electroweak force,
this makes especially those effects captured by Quantum Chromodynamics (QCD) particularly
important. Highly interesting physics including that of the Higgs boson, however, is contained
in the electroweak sector of the theory. Hence the computation of QCD backgrounds alone is
vital to the interpretation of almost any interesting BSM signal. Due to long lead times in
next-generation collider building, precision is the most likely vector for discovery in the near-
to medium-term future. This leads to a large motivation to develop tools and techniques to
break the existing barriers already from a purely phenomenological point of view.

There are also more formal motivations to pursue such a development. The path integral of
Eq. (1), for instance, requires a choice of field coordinates to define the integral. Any canonical
transformation of these coordinates should leave physics invariant modulo potential anomalies.
There is no known way, however, to utilize such symmetry much beyond linear transformations
systematically. A general field transformation will, in fact, lead to a radically different looking
Feynman graph series. This is one of the drivers of the huge complexity of Feynman-graph-
based computations. Whenever a symmetry exists but is explicitly broken in the computation,
an enormous intermediate expression swell occurs. An analogue of this in classical physics
would be to compute the orbit of the earth around the sun in Cartesian coordinates centered
around Pluto: the choice of coordinates leads to significantly larger intermediate expressions
leaving the essential physics of the problem unchanged. Intriguingly, there are cases where
the complicated Feynman graph computations yields simple answers for scattering amplitudes.
This indeed suggests that physical symmetries have been missed, for instance in the example
of the Parke-Taylor [51] amplitude in pure Yang—Mills theory (YM). Such examples motivate
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the search for computational techniques which bypass the intermediate complexity and intend
to arrive straight at the answer.

The range of different motivations to study and develop the computation of observables
has led to a healthy research effort throughout the history of quantum field theory, see e.g.
https://en.wikipedia.org/wiki/Timeline_of_quantum_mechanics for historic aspects and
Refs. [52,53] for a general overview of recent developments.

The maximally supersymmetric N' = 4 Yang-Mills theory (SYM) has played a central
role in pioneering new computational techniques. The addition of supersymmetry consider-
ably simplifies many perturbative computations, while leaving in place some of the essential
difficulties of especially high-loop computations. This makes N' = 4 SYM first of all an ideal
toy model. Second, there are intriguing and not generically well-understood direct connections
between QCD and A/ = 4 SYM in perturbation theory at higher loop orders through certain
number theory properties of the full results known as the maximal transcendentality principle
(see below). Third, there is direct interest in studying the theory itself as it connects through
AdS/CFT [54] directly to the strongly coupled version of this field theory in 't Hooft’s planar
limit [55]. In rare cases, this extra insight into the theory even enables the derivation of exact
results. A prime example here is the Beisert-Eden—Staudacher (BES) [56] equation for the
so-called cusp anomalous dimension in the planar limit. The first non-planar correction to the
cusp anomalous dimension at four loops in A/ = 4 SYM is in fact a central result of SFB project
A9. This involves a single-scale problem at four loops with two on-shell and one off-shell legs.
This problem satisfies Eq. (2).

On the other hand, the real world is certainly not manifestly supersymmetric and hence
neither is the SM of particle physics. While using N’ = 4 SYM as a toy model has undoubtedly
fueled many developments, it has at times led to results which are hard to transpose to or to-
ward the SM of particle physics. Within N' = 4 SYM, for instance, one naturally uses a chiral
superspace formulated in terms of spinor helicity variables. These variables are hard-wired to
four-dimensional physics, which does not mesh well with dimensional regularization in general.
For supersymmetric theories, this is usually not a problem. For non-supersymmetric theories,
work-arounds have been found at one loop or, on a case by case basis, at higher loops. The
latter does not seem to generalize easily. A central product of Sec. 5 is a framework to com-
pute scattering amplitudes without essential use of spinor helicity variables or supersymmetry,
demonstrating its applicability, for instance, by computing for the first time analytic results for
five gluons at two loops and four gluons at three loops. This involves a two-scale problem at
three loops and a five-scale problem at two loops, both of which satisfy Eq. (2).

A particularly important motivational role in SFB project A9 was played by relations be-
tween the scattering of gravitons in general relativity (GR) and gluons in pure YM. Both parts
can be traced back to this central idea which arose first in string theory. Early on in the
development of this theory, Kawai, Lewellen and Tye (KLT) [57] noticed that the scattering
of open-string states and that of closed-string states is intimately related at the string tree
level. String scattering amplitudes of gravitons can be written as sums over products of string
scattering amplitudes of gluons. In the point particle limit, this reduces to a relation between
scattering gravitons in GR and gluons in YM. From the path integral point of view of field
theory, this relation is rather mysterious but very welcome considering the complexity of Feyn-
man graph perturbation theory in GR noted above. For quite some time, this relation was
interpreted as a string theory artifact that was only valid at tree level. Even in this form, it
is already useful to determine scattering amplitudes of gravitons through higher loop orders,
as was pursued for instance in Ref. [58] for four-graviton scattering in maximal supergravity
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theory (N = 8) to the three-loop level. The motivation here is the study of ultraviolet (UV)
divergences: at the time, the consensus point of view was that these would set in first at three
loops. Instead, using the flood of new insights into gluon scattering amplitudes at higher loop
orders, it was initially found that the amplitude did not diverge as expected at this loop or-
der. Instead, it behaved very much like four-gluon scattering amplitudes in A/ = 4 SYM in
the UV: they shared the same so-called critical dimension at the first four-loop orders. The
natural conjecture that this persists to higher loop orders has since been pursued vigorously
(e.g. in Refs. [59,60]), and has very recently been disproved [61] at five loops. See Ref. [17] for
a heuristic analysis.

3 Color-kinematic duality and amplitude relations at loop
level

In systematizing high-loop graviton computations, a remarkable, double discovery was made
by Bern, Carrasco and Johanson (BCJ) [62,63]|. First of all, these authors conjectured that
gluon scattering amplitudes can always be written in a form where the kinematics-dependent
parts obey a Jacobi identity, similar to that obeyed by the Lie algebra structure constants
inherent in the formulation of YM. Secondly, these authors conjectured that replacing the color
Lie algebra structures with a second copy of the kinematics-dependent parts will yield graviton
scattering amplitudes. At tree level, both of these statements are known to hold through a
variety of techniques, see e.g. Ref. [64] for an overview. At loop level, they have been verified
mostly on a case-by-case basis for the integrands of scattering amplitudes. Together, the two
conjectures are known as “color-kinematic duality.” What is interesting in the context of this
contribution is that, even in its current unproven form, color-kinematic duality functions as
an ansatz generator. In short, one writes down an educated ansatz for the integrand of a
certain scattering amplitude. Into this ansatz, flow beyond color-kinematic duality a number of
expectations of the answer, such as expected manifest UV divergence and any graph symmetries.
This ansatz will have a finite number of free parameters. Then Cutkosky-style unitarity cuts
are used to match to the behavior of the physical amplitude, fixing terms in the ansatz. If
the restricted ansatz matches on all D-dimensional unitarity cuts, one can be certain that it
matches the full result as long as all propagators are strictly massless. Enforcing the Lie algebra
structure conjectured by color-kinematic duality greatly simplifies a possible ansatz. Hence the
conjecture offers a direct and concrete vector for explicit computation. A drawback is that a
particular ansatz may not be general enough to capture the physical quantity, see e.g. Ref. [65]
for a case where the ansatz needed to be unexpectedly complicated.

4 The full Sudakov form factor at four loops in N' = 4
super Yang—Mills theory

A full physical understanding or a derivation of color-kinematic duality has been lacking so
far, especially on the gauge theory side. One idea would be to write a Lagrangian for YM
whose vertices automatically generate a color-kinematic dual representation. This would im-
mediately prove this part of the conjecture to all loop orders. Several attempts at a Lagrangian
understanding of the duality exist [18,66—68], with earlier, related work directed at the KLT
relation [69]. Such a Lagrangian, if it existed, would have a further direct consequence: all
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observables in YM would have a color-kinematic-dual representation. The class of all observ-
ables is much larger than the set of all scattering amplitudes, containing for instance correlation
functions of gauge-invariant operators. An even more general class of observables is formed by
mixtures of gauge-invariant operators and on-shell states known as form factors.

The Sudakov form factor is an interesting observable that plays a central role in the analysis
of infrared divergences, see e.g. Refs. [70-73|. Powerful theorems guarantee that the divergences
of the Sudakov form factor in N' = 4 SYM are governed by universal functions up to finite terms
in the e expansion of dimensional regularization, see Ref. [74]. These functions are the cusp
and collinear anomalous dimensions. While the latter is regularization scheme dependent, the
former is not. Both are truly universal functions for a given quantum field theory, appearing in a
range of different situations. As noted above, the planar limit of the cusp anomalous dimension
in the very special quantum field theory at hand is known to be given as the solution to a
differential equation and has been computed up to many loops. The non-planar correction to
this quantity first appears at four loops, which provides a major motivation to push to this order
in perturbation theory. The motivation was further strengthened by a conjecture [75] that this
particular correction vanishes in any quantum field theory. This conjecture was formulated by
naive extrapolation of results through three loops to the four-loop order. Up to the three-loop
order, the cusp anomalous dimension only depends on the quadratic Casimir invariant of the
gauge group under study. The conjecture of Ref. [75], which became widely known as “Casimir
scaling” (see e.g. Refs. [75-81]), was that this simply extrapolated to four-loop order for any
quantum field theory, thereby implying the vanishing of the non-planar correction. Already
prior to our work, there had been several indications that, beyond perturbation theory or in
the Regge limit, the conjecture would not hold [82-84]. Eventually, the conjecture was settled
conclusively in the negative for the first time in Ref. [31]. Here, the first non-planar correction
to the cusp anomalous dimension was computed numerically in A" = 4 SYM and shown not to
vanish. The conclusion that Casimir scaling is violated at the four-loop order has since been
supported by additional results in Ref. [85,86], see also Ref. [34].

4.1 The general structure of cutting edge computations

Four-loop computations are, with few exceptions, a big challenge, even for current state-of-the-
art computational tools. Hence, the results eventually presented in Ref. [31] were obtained in
a number of smaller steps contained in several publications. These steps are, in fact, common
to many modern computations of observables:

1. Generate an integrand for the quantity under study.
2. Project to scalar integrals.

3. Simplify the integrand by solving so-called integration-by-parts (IBP) identities. The
result is then given in terms of a chosen basis of remaining so-called master integrals.

4. Compute the master integrals analytically or numerically, typically by expanding in terms
of the dimensional-regularization parameter €, and assemble the aimed-for physics result.

These steps will appear throughout this contribution.

Loop integrals arise necessarily in perturbative computations as explained above. Beyond
the complexity highlighted above, there is a specific drawback of Feynman graphs in the con-
text of maximally supersymmetric gauge theory: there is no known way of having this much
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supersymmetry manifest off-shell. Hence, cancellations induced by supersymmetry, such as
the vanishing of UV divergences, are not directly manifest in Feynman graphs. This leads to
considerably more complicated integrals being generated. In the context of the Sudakov form
factor at four loops, this would be prohibitive. Another method to obtain the integrand is, as
alluded to above, to write an ansatz large enough to contain the physical answer and to fix the
coefficients in this ansatz by computing Cutkosky-style unitarity cuts. Crucially, these unitarity
cuts contain only lower loop information. For many cuts, only tree-level information is needed.
This type of unitarity-based approach is, in fact, the driving factor of the most recent round of
advances at one loop in quite general quantum field theories, see, for instance, Refs. [87,88] and
references thereto. In maximally supersymmetric theories, it is known that one can take the
unitarity cuts not in D = 4 — 2¢ dimensions, but instead in four dimensions. Here, the spinor
helicity method allows manifest, linearized N' = 4 supersymmetry through Nair’s [89] on-shell
superspace formalism, which drastically simplifies many computations in this theory.

If the observable involves spinning particles, the integrand will typically involve polariza-
tion tensors, which keep track of the appropriate spin information. For gluons, for instance,
polarization vectors would contract in general with all types of vectors in the problem at hand,
including loop momenta. As a first step of simplifying the problem, one would like to reduce
to integrals which only involve inner products of loop momenta and external momenta. This
class of scalar integrals is referred to as “Feynman integrals.” For maximally supersymmetric
theories, such as the one under study here, the projection to scalar integrals is automatically
performed using spinor helicity methods. This chiral-superspace formalism has also been ex-
tended to cover massive particles [2] and form factors [90]. In Sec. 5, an alternative reduction
method to scalar integrals will be used and developed, which does not rely on supersymmetry.

Fixing the integrand and projecting to scalar integrals is certainly not enough for most
physics goals. The integrals needed to achieve a given physics goal are in general very com-
plicated. The integrand, however, is not nearly a unique object—the physical observables are,
for instance, invariant under linear shifts of the loop integration variables. Infinitesimally, this
invariance leads to IBP identities: full space-time derivatives with respect to the loop momenta
of any integrand vanish after integration. It was realized early on [91,92] that working out
the derivatives gives a system of linear equations on the vector space spanned by a class of
loop integrals. In Ref. [93], it was first realized that, if one introduces an ordering of the in-
tegrals in this class in terms of expected complexity, one can systematically solve complicated
integrals in terms of simpler integrals by essentially a version of Gaussian elimination. This
systematic method of solving IBP identities is known as Laporta’s algorithm and has been imple-
mented in several public codes such as AIR [94], FIRE [95-97], KIRA [98], and Reduze [99,100].
LiteRed [101,102] implements an approach somewhat distinct from IBP reduction. The output
is a reduction in terms of a typically much smaller number of so-called master integrals, with
the coefficient functions of the external-momentum invariants (generalizations of the traditional
Mandelstam invariants) as well as the dimensional-regularization parameter. The master in-
tegrals are essentially a choice of basis. The number of master integrals tends to be fairly
small and to be universal for classes of physical theories. Calculating master integrals becomes,
therefore, a high-value target with benefits for several theories with different matter content at
once.

Having expressed a physical result in terms of a basis of master integrals then leads to the
postponed question of integrating these basis elements. Even though master integrals tend to
be much simpler than the original integrals, the remaining challenge is, in many physically in-
teresting cases, still a prohibitive obstacle. A variety of techniques have been developed over the
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years for this task aiming at typically either numerical or analytic integration. For the purposes
of this contribution, two mostly numerical general techniques are especially relevant: integra-
tion using Mellin—Barnes (MB) integrals [103—-105] or sector decomposition [106,107]. Both of
these are supported by a number of public codes, e.g. FIESTA [108-111] and SecDec [112-114]
for sector decomposition and [105,115-118] for MB representations. Both methods are under
active development. Typically, the MB approach is numerically much faster and more reliable
if efficient and valid MB representations can be found for the integrals at hand. This is known
to be a generic problem for Feynman integrals with a non-planar topology [119], with partially
automated resolution to the three-loop level [120]. Impressive analytic results have been ob-
tained in those cases where a special form of a system of first-order differential equations with
respect to kinematic invariants can be found [121]. Although work-around exists for lower loop
orders [122,123], these techniques do not directly apply to single-scale integrals, such as those
that arise in the four-loop Sudakov form factor.

As an illustration of the general strategy for cutting-edge computation outlined here, con-
sider the Sudakov form factor at three loops in massless QCD. Integrand generation and pro-
jection to scalar integrals are sub-leading problems here. Reduction to master integrals was
reported in Ref. [124], with numeric integration reported first in Ref. [125], followed by several
works culminating in the analytic expressions [126-128], see also Ref. [129]. The corresponding
computation in N' = 4 SYM was performed after the QCD results in Ref. [130]. Below, a
roughly similar series of steps will be shown to lead to the four-loop result, with the difference
that N’ =4 SYM is the starting point.

4.2 The explicit computation

The first concrete step in the computation of the full Sudakov form factor at four loops in
N =4 SYM was taken in Ref. [16]. This particular paper contains the first explicit exploration
of color-kinematic duality for observables beyond scattering amplitudes (see also Ref. [131]).
After outlining the general motivation and results, explicit examples are constructed for a
range of examples in A/ = 4 SYM, the most complicated one being the four-loop form factor
for two on-shell multiplets and a member of the stress tensor multiplet: this is the Sudakov
form factor. The approach for each is exactly as outlined above: an ansatz is created for which
coefficients are fixed from unitarity cuts. The computation benefited greatly from previous
developments for tree-level form factors in Ref. [90]. The result for the four-loop form factor
obtained in Ref. [16] still contains a single free parameter, which could not be fixed from the
cuts considered. The representation obtained through color-kinematic duality typically has
good manifest UV properties in maximally supersymmetric theories, which translates into low
numerator powers. This in turn corresponds to structurally simpler integrals. An interesting
by-product of the methods developed in this paper is an analysis of the color structure of the
Sudakov form factor through eight loops, using the computer algebra developed in Ref. [132]. In
later work, a similar strategy yielded the integrand of the five-loop Sudakov form factor [133].

The next step according to the general scheme above for cutting-edge computation is the
application of IBP identities to obtain an expression in terms of master integrals. The class of
integrals involved, however, is highly complicated and presents a formidable challenge even to
cutting-edge IBP reduction codes. The first reduction of integrals in this class was presented
in Ref. [25]. The IBP reduction reported here was obtained by using the Reduze [99] code,
modified to bypass a disk access problem. With this problem fixed, the code ran parallel
on large computing resources for several months. To verify the obtained basis of integrals,
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a separate technique due to Ref. [134] for finding master integrals directly was explored. In
essence, all steps performed by the MINT package were applied separately, and results were
cross-compared. The free parameter left after comparing unitarity cuts turned out to drop out
of the physical observable after applying IBP identities. To gauge the remaining difficulty of the
master integrals, attempts were made to integrate the maximal propagator master integrals,
which are the hardest cases numerically, with the FIESTA code. This was largely unsuccessful
for the choice of master integrals used in Ref. [25], with an exception for one particular integral.

One particular problem of using IBP relations is that the result, in general, has complicated
coefficients in a Laurent expansion around ¢ = 0. This considerably complicates tracking the
error budget at best and leads to large cancellation errors in the final result at worst. As an idea
to combat this complexity, the use of ‘rational’ IBP relations was explored in Ref. [44]. Here,
it was shown that a rational IBP reduction, i.e. one that does not depend on the dimensional
regularization parameter €, can be obtained as a sub-reduction of the IBP reduction obtained
in Ref. [25]. This method does yield an expansion in terms of a choice of master integrals. It
was also shown that different choices lead to vastly different expressions. By aiming at small
rational expansion coefficients, a reasonably-looking expression was found for the non-planar
part of the Sudakov form factor in N' = 4 SYM by hand. This again left the problem of
integration.

What Ref. [44] clearly showed was the importance of picking a good basis of master integrals
to expand the form factor in. Primarily, one would pick integrals for which the integrals are
known as a basis. In the absence of advance knowledge of such integrals, such as in the case at
hand, one can pick a basis that makes an expected property of the answer manifest. This is the
starting point of Ref. [31], which uses a special property of N' = 4 SYM known as the “maximal
transcendentality principle” [135,136]. Many of the details of the computation reported here
were presented in a longer paper [34].

Feynman integrals, in general, are known to have special number theory properties, es-
pecially for the transcendental constants generated by expanding Feynman integrals in the
dimensional-regularization parameter. These constants can be assigned a so-called transcen-
dental weight, which is typically a positive integer. Rational numbers are assigned weight zero.
This weight is a number theory version of mass dimension and is, for instance, additive under
multiplication. The maximal transcendental weight of the constants increases step-wise with
the expansion in terms of e, with the leading term being only rational. Most often, these
constants fall into the class of multiple zeta values (MZVs), see e.g. Ref. [137] and references
therein. For given transcendental weight, there is only a finite number of independent MZVs.
It has been observed in many cases that, for N'= 4 SYM, a much stronger result holds: only
MZV-valued terms of maximal weight appear, with potential sub-leading weight terms simply
vanishing. Moreover, it has been conjectured [135,136] that, for every result in QCD, one can
match the leading transcendentality terms directly to the corresponding result in N/ = 4 SYM.
This is the aforementioned maximal transcendentality principle.

Given this principle, it is reasonable to expect that the Sudakov form factor at four loops
in N =4 SYM will have a maximally transcendental expansion. Another way of expressing
this follows by assigning the dimensional-regularization parameter € transcendental weight —1
and stating that the form factor should have uniform transcendentality 2/, where [ is the loop
order. The driver of Ref. [31] is the question if integrals can be found such that this expected
property is manifest. This is guaranteed if a basis of master integrals exists which are uniformly
transcendental (UT), and, for the Sudakov form factor at three loops, such a basis was found
explicitly in Ref. [138]. For the single-scale integrals of the problem at hand, there is a conjecture
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that the integrands of UT integrals have constant leading singularities (only simple poles) [123,
139]. In the reported work, this property was used to systematically search for UT integrals
within a large enough set of integrals. With additional work to find a reasonably looking
representation of these integrals and taking into account the targeted four-loop form factor,
this eventually led to a list of master integrals highly likely to be UT. For several integrals, a
so-called “dLog” form was found proving the uniform transcendentality property. For others,
very extensive checks were made. Using the rational IBP relations found in Ref. [44], it was
possible to express the integrand found in Ref. [16] in terms of this basis. Extensive effort was
made to find a representation in terms of a small number of UT integrals of a form that can be
used easily in available integration programs.

Expressing the four-loop Sudakov form factor in N’ = 4 SYM in terms of a basis of UT master
integrals shows that the expansion of this quantity is indeed highly likely to be UT. This is
already an interesting result, especially in the non-planar sector. It immediately implies that
the cusp and collinear anomalous dimensions are, in this sector, also maximally transcendental.
A second result first reported in Ref. [31] is that UT integrals turn out to be much easier
to integrate numerically than generic integrals in the same class. Although this effect can
be understood heuristically, both MB integrals as well as sector decomposition do not seem
to be related directly to the number theory properties of the integrals. This effect is highly
useful as is shown in Ref. [31], where it has resulted in a numerical result for the four-loop
non-planar cusp anomalous dimension. This step involves extensive computing resources and
careful management of results. Cross-checks between MB and sector decomposition results were
obtained for cases where an efficient MB representation could be obtained.

The final result for the non-planar cusp anomalous dimension is statistically significantly
non-zero, disproving the Casimir scaling conjecture. At the time it appeared, this result was
the first for any four-loop non-planar cusp anomalous dimension in any quantum field theory.
Several groups have confirmed the breakdown of Casimir scaling since [85,86,140]. Many of the
details of the computation, including a full analysis of the errors in the computation and a first
result for the non-planar collinear anomalous dimension, can be found in Ref. [34]. The errors
can be analyzed by using the UT property to change the first five expansion coefficients into
simple rational numbers times single, known MZVs using the PSLQ algorithm. Taking these to
be the exact results then allows an estimate of the numerical error of the computation. Hence
this procedure uses number theory properties to verify numerical integration results.

5 Scattering amplitudes and integrands from first princi-
ples

Where Sec. 4 has dealt with a specific observable at four loops and three legs, in this section tools
and techniques for observables with more legs but mostly less loops are developed, including
cases satisfying Eq. (2). This includes several observations for tree-level amplitudes. A prime
motivation for many of the developments reported in this section is exactly the drive to bypass
path integrals and Feynman graphs as crutches used for explicit computations highlighted above.
One of the outputs of this section is a complete calculational engine directly based on physical
first principles for scattering amplitudes. Another is a thorough physical understanding of
perturbative gauge-gravity double-copy-type relations. A third output is a number of techniques
and observations that hint at remarkable additional structure in cutting-edge computations, as
will be demonstrated by exploring, for instance, the planar three-loop, four-point and two-loop,
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five-point gluon amplitudes, solving the remaining bottlenecks to complete analytic computation
of the scattering amplitudes.

The input for Sec. 5 was, as was already highlighted above, the quest for the physical origin of
color-kinematic duality. Even in its current state, this is already a powerful calculational tool, as
was illustrated in Sec. 4 for a specific observable. The duality idea offers, however, no intrinsic,
physical understanding where the extra structure comes from, neither in gauge theory itself
nor in the relation to perturbative gravity. At tree level, much more is known about scattering
amplitudes in general, as they are functionally rational functions of polarizations and momenta.
Here, color-kinematic duality has two direct physical consequences: the KLT relations between
YM and GR amplitudes and the BCJ relations for YM amplitudes. A first question, therefore,
would be to find a physical understanding of these relations. For the BCJ relations, a first paper
in this direction was Ref. [141], where the physical origin of the BCJ relations was traced to
on-shell gauge invariance, coupled with what amounts to a power counting criterion. On-shell
gauge invariance is a fundamental constraint on scattering amplitudes of massless matter [142].
This then begs the question if this can be extended to the KLT relations. This question was
answered to the affirmative in Ref. [28]. This work first streamlined and generalized the work
of Ref. [141], re-phrasing first-principle constraints on scattering amplitudes into systems of
linear equations. Scattering amplitudes become generically vectors in a vector space. Using
computer algebra, the dimensions of these vector spaces were mapped for classes of gluon and
graviton scattering amplitudes. For gluon scattering through eight points, this shows directly
the existence of BCJ relations for scattering amplitudes in pure YM. Up to five gravitons, it
was then shown also to lead directly to the KLT relations, taking into account a power counting
criterion. In addition, explicit scattering amplitudes were computed by requiring only physical
poles to appear, a point emphasized in even greater detail from a different point of view in the
later works of Refs. [143,144]. A point of fundamental interest is the observation that scattering
amplitudes of gravitons exist which cannot be traced to sum over products of gluon amplitudes.
The relation to color-kinematic duality should follow at tree level for all multiplicities by an
extension of the techniques of Ref. [17]. Basically, this maps the solutions of two different linear
problems to one another.

Having obtained first results mostly at tree level, a natural question is whether these tech-
niques apply at the loop level, where knowledge for scattering amplitudes in general and for
color-kinematic duality in particular is rather limited. Both of these are especially true for the-
ories without supersymmetry. To use the first-principle approach effectively at the loop level
requires a further idea, the origin of which is described in Ref. [49]. A classic computation
described in this textbook is that of the gyromagnetic ratio (colloquially known as “g — 2”)
in quantum electrodynamics. This quantity can be isolated from the computation of a form
factor with two on-shell legs, basically expanding this quantity in solutions to the first prin-
ciples used in the work described previously. A particular expansion coefficient then defines
the gyromagnetic ratio. This gyromagnetic-ratio computation has recently reached the four-
loop level analytically [145]. For scattering amplitudes, one can explore a similar strategy by
expanding them into solutions to the on-shell constraints, see for instance Ref. [146] for an
example. Central are a number of algebraic manipulations in linear algebra for a choice of
basis for all scattering amplitudes for fixed external-particle content. This is a core part of
Ref. [33]. This paper showcases a complete strategy for scattering amplitudes beyond path
integrals with many example computations. Three-point amplitudes are covered thoroughly as
illustrations of the general approach. For four-particle scattering, a complete basis for four-
gluon and four-graviton scattering amplitudes is constructed (see also Ref. [147]). Both are
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shown to admit a factorization which is closely related to Bose symmetry. This factorization
simplifies the analysis. Reference [33] contains additional formal results beyond perturbative
gauge-gravity relations. A particularly appealing one is the result that self-interacting theories
of massless spin-one bosons with a single dimensionless coupling constant in four dimensions
necessarily involve Lie-algebra-valued coupling constants. Special results for scattering in three
space-time dimensions are derived, including Hodge duality for gluons and the triviality of
graviton scattering. A further formal and interesting result is the four-graviton amplitude at
the one-loop order. This result is not new in itself, but is obtained here in such a straightfor-
ward computation that it holds the promise of pushing one loop order further, where only the
four-helicity-equal amplitude has been obtained recently [148].

Phenomenologically, the results on the integrand of planar four-gluon scattering through
two loops are especially promising in Ref. [33]. The one-loop computation could even be per-
formed for basically any theory of gluons, including full effective field theories. This also forms
the basis of a technique to iterate the computation of certain cuts to all loop orders, through
a version of the so-called rung rule of maximally supersymmetric Yang—Mills theories. This
technique tends to introduce highly non-local apparent poles into the computations rendering
it less directly useful for explicit computation. The two-loop computation shows clearly how to
merge computations of unitarity cuts with the solution of IBP relations obtained using com-
puter algebra. The relation to the spinor helicity method was worked out explicitly. Different
renormalization schemes were highlighted, differing in their treatment of the dimensionality of
the particles in the loops and on the outside. Instrumental here was the approach to derive
rational IBP relations as pioneered in Ref. [44]. Tt was also shown how color quantum numbers
can be studied effectively using projectors. The same computer algebra techniques to compute
color factors for form factors deployed in Ref. [16] were used here. Comparisons were made to
results in the literature where available, finding full agreement.

The true litmus test for any new calculational technology in high-energy physics is the
question if it can tackle cutting-edge computations. While the planar four-gluon, two-loop
amplitude has been known for some time, the five-point version of this has been the subject
of major recent efforts. Interestingly, the integration of a set of planar master integrals was
obtained here first in two contemporaneous publications [149,150], with recent advances for the
non-planar integrals [151,152]. The first steps in the general calculational scheme outlined above
are, therefore, a bottleneck. Obtaining the integrand with Feynman graphs is, in the case at
hand, impractical, requiring some application of unitarity methods. The traditional method to
reduce the integrand to scalar integrals is the use of spinor helicity variables for the gluons. IBP
reduction is furthermore a major problem previously considered undoable by public codes. Two
papers presenting semi-numerical methods to obtain this particular scattering amplitude were
presented very recently in Refs. [153,154], presenting the amplitudes evaluated in a particular
phase space point and finding agreement. There have been several works for the special helicity-
equal amplitude at two loops through seven external gluons in Refs. [155-157]. The two-loop
scattering amplitude for five planar gluons was a prime motivation for Ref. [37]. There are
two main obstacles for scaling the techniques of Ref. [33] to say the two-loop planar five-gluon
amplitude and beyond: algebraic complexity of the basis manipulations and solving the IBP
reduction. In Ref. [37], the first obstacle is removed for most phenomenological applications
featuring external bosons. The driver is a clever choice of basis. The basis choice can be
motivated by extending the double-copy idea of perturbative gauge-gravity relations. After all,
if graviton amplitudes are a double copy of gluons, can the gluons be written as copies of simpler
building blocks as well? The conjecture in Ref. [37], verified up to six external gluons and four
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external gravitons, is that very simple one- and two-gluon building blocks suffice to span the
space of all scattering amplitudes of a given class as tensor products. The tensor product
structure greatly facilitates explicit analytic computations of needed matrix inverses, allowing
even computation of leading-singularity cuts beyond the demarcation line set by Eq. (2).

The second obstacle to explicit analytic computation of the planar two-loop, five-gluon
amplitude is the solution of the systems of IBP relations. In this context, it was observed that
a good choice of coordinates for planar integrals can be formed out of coordinates of one-loop
progenitors. For the case at hand, these are two one-loop pentagon topologies, glued along
a common line. This choice of coordinates is good, as it clearly shows that one particular
topology for the chosen parameterization is slightly simpler as an expression than the others—
this is critical for being able to solve the required IBP relations using the FIRE code on fairly
large computing resources. Intuitively, the good choice of coordinates likely translates into
algebraically simpler IBP relations that are, therefore, computationally easier to solve. This
then yields a form of the planar five-gluon, two-loop integrand in terms of a chosen basis of
master integrals. A similar approach was also explored for the planar four-gluon, three-loop
integrand.

The approach through a basis for scattering amplitudes makes clear that the integrand of a
scattering amplitude in a basis of master integrals will generically contain manifest nonphysical
poles in addition to the expected poles from infrared physics. For planar amplitudes, these are
tree-level poles in physically forbidden channels. This is the multi-loop and multi-leg extension
of a phenomenon observed in Ref. [33] as well (see also Ref. [158]). The real question is if these
poles have non-vanishing residues. In Ref. [33], the explicit integration of the box function was
needed to show that these residues vanish. In Ref. [37], it is pointed out that the expansion
around these poles can be systematically constructed from differential equations with respect
to kinematic invariants. Differential equations have been studied in depth recently following
Ref. [121], where a special basis was proposed. Beyond consistency, it is highly interesting that
expansions around nonphysical poles involve relations between a-priori independent master
integral coefficients. To demonstrate the potential, the contribution of massive particles to
four-gluon scattering at one loop is studied. It is well known in the field, see e.g. Ref. [159] for
a discussion, that massive particles in loops lead to master integrals that evade all unitarity
cuts. At one loop, these are the massive tadpole integrals. Hence, for massive particles flowing
in loops, one typically has to resort to various laborious techniques to fix the coefficients of
these integrals. Absence of nonphysical singularities, analyzed through differential equations as
advocated in Ref. [37], turns out to suffice to fix this coefficient up to an additive renormalization
factor. Massive particles are, of course, experimentally highly relevant.

6 Special functions

A powerful illustration of the wide applications the development of basic technology can have
may be found within SFB project A9. Special attention was focused on hypergeometric func-
tions, which play a central role in applications of quantum field theory to high-energy physics. In
fact, Feynman diagrams may be reduced via MB representations to hypergeometric functions.
The differential-reduction algorithm then allows one to systematically relate hypergeometric
functions whose parameters differ by integers [13]. In this way, Feynman diagrams may be
efficiently reduced to minimal bases of hypergeometric functions [13|. This provides a powerful
alternative to the well-established IBP technique and is even superior than the latter because it
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can actually lead to a lesser number of master integrals, i.e. the counting of master integrals and
their classification are achieved more efficiently and economically. This is bound to lead to dra-
matic simplifications in calculations of Feynman diagrams and scattering amplitudes because
solving the master integrals is frequently the bottleneck to analytic expressions. In fact, in the
case of the two-loop sunset diagram with different masses and space-like on-shell kinematics, it
could be shown that one of the three master integrals produced by the standard IBP technique
is redundant [4], a result which can be recovered by the IBP procedure only after applying the
trick of eliminating a one-loop subdiagram in favor of an effective mass to be integrated over,
as shown in Ref. [11]. A number of irreducible master integrals for L-loop sunrise-type and
bubble Feynman diagrams with generic values of masses and external momenta were explicitly
evaluated via the MB representation [30]. The differential-reduction algorithm also allows one
to efficiently extract in analytic form the coefficients of the Laurent expansions of Feynman
integrals in the parameter ¢ = 2 — D/2 of dimensional regularization [160]. We released a
Mathematica-based program package for the differential reduction of hypergeometric functions,
called HYPERDIRE, which is available from the program library of Computer Physics Communi-
cation, where a detailed description and a useful manual may be found. Its current version can
handle the generalized hypergeometric function ,41F, with one argument, the Appell functions
F, (p =1,...,4) with two arguments [3], the residual Horn-type hypergeometric functions of
two variables [21], the F)p and Fg Horn-type hypergeometric functions of three variables [22], as
well as the Lauricella function F¢ of three variables [27], which frequently appear in multi-loop
calculations relevant for high-energy physics. This may be applied to Feynman diagrams with
arbitrary powers of propagators and arbitrary masses. Another highly efficient method of find-
ing relationships between hypergeometric functions is by comparing the results for Feynman
integrals evaluated using different techniques [5].

In Ref. [20], the expansion method for 3F5 hypergeometric functions developed by members
of SFB project A9 [160] was applied to the field theory expansion of five-point superstring
amplitudes on a flat background. Here, the role of the dimensional-regularization parameter e
is basically played by the string scale o’. The developed code turns out to be quite a bit faster
than two methods proposed almost simultaneously [161, 162].

We also considered the derivatives of Horn hypergeometric functions of any number vari-
ables with respect to their parameters [36]. We demonstrated that the derivative of the function
in n variables is expressed as a Horn hypergeometric series of n + 1 infinite summations de-
pending on the same variables and with the same region of convergence as for original Horn
function. The derivatives of Appell functions, generalized hypergeometric functions, confluent
and non-confluent Lauricella series and generalized Lauricella series were explicitly presented.
Applications to the calculation of Feynman diagrams were discussed, especially the series expan-
sion in € within dimensional regularization. Connections with other classes of special functions
were discussed as well.

In Ref. [32], we evaluated the three-loop massive vacuum bubble diagrams in terms of
polylogarithms up to weight six. We also constructed the basis of irrational constants being
harmonic polylgarithms of arguments exp(kin/3).

In Ref. [14], we showed that multi-fold MB transforms of Usyukina—
Davydychev (UD) functions, which appear in connection with triangle ladder-like scalar di-
agrams in D = 4 dimensions, may be reduced to two-fold MB transforms, which come as as
polynomials of logarithms of ratios of Mandelstam variables with certain coefficients. We also
showed that these coefficients have a combinatoric origin. In Ref. [19], we presented an ex-
plicit formula for these coefficients. The procedure of recovering the coefficients is based on
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taking the double-uniform limit in certain series of smooth functions of two variables, which is
constructed according to a pre-determined iterative way. This finite double-uniform limit was
represented in terms of a differential operator with respect to an auxiliary parameter which
acts on the integrand of a certain two-fold MB integral. We demonstrated that our result is
compatible with original representations of UD functions. In Ref. [14], a chain of recurrence
relations for analytically regularized UD functions was obtained implicitly by comparing the
left- and right-hand sides of relations between diagrams of different loop orders. In Ref. [29],
we reproduced these recurrence relations by calculating explicitly, via Barnes lemmas, the con-
tour integrals produced by the left-hand sides of the diagrammatic relations. In this way, we
explicitly calculated a family of multi-fold contour integrals of certain ratios of Euler gamma
functions. We conjectured that similar results for the contour integrals are valid for a wider
family of smooth functions which includes the MB transforms of UD functions.
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AGT-correspondences give profound relations between certain families of N' = 2 supersym-
metric gauge theories in four dimensions and conformal field theories in two dimensions.
Subsequent investigations of the AGT-correspondences revealed a new type of topological
field theory associated to these theories that captures completely the dependence of im-
portant physical quantities on the gauge coupling constants, including perturbative and
non-perturbative corrections.

The topological field theories and chiral data associated to N = 2 supersymmetric field
theories are the central objects of study in this project. We present first steps towards
a precise mathematical framework for them in which loop and surface operators play a
particularly important role.

1 Introduction

Progress made in the recent years has seen several instances where topological quantum field
theories (TQFT) served as powerful tools for the study of the non-perturbative dynamics of
usual quantum field theories (QFT). At the same time it has developed into an active area
of mathematical research, characterised by a profound interplay between various structures of
algebraic nature, category theory, and topology.

A striking example for the relevance of TQFT for the study of non-perturbative phenomena
in QFT is the work of Kapustin and Witten [1]| relating the S-duality conjecture in N' = 4
supersymmetric Yang-Mills (SYM) theory to the geometric Langlands program. Mathematical
work on the geometric Langlands program thereby provides checks of the S-duality conjecture,
and helps to elaborate its quantum field theoretical consequences. Ideas and methods of TQFT
play an important role in the approach of Kapustin and Witten.

Even more recent work by Nekrasov and Witten [2] has proposed a reinterpretation of
the famous AGT-correspondence (after Alday, Gaiotto and Tachikawa) in terms of TQFT (or
some generalisation thereof). The AGT-correspondence relates partition functions of certain
four-dimensional A/ = 2 supersymmetric quantum field theories to correlation functions in
two-dimensional conformal field theories. This gives exact results for partition functions and
expectation values of certain observables encoding detailed information on the non-perturbative
dynamics of these four-dimensional quantum field theories. The work of Nekrasov and Witten
reinterprets the partition functions appearing in the AGT-correspondence in terms of objects
in a modified version of the four-dimensional N' = 2-supersymmetric quantum field theories
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which are expected to possess topological invariance while capturing crucial information on the
original QFT.

It should be noted that the term TQFT has been used above in a rather loose sense.
Important mathematical work has led to precise definitions of certain classes of TQFT, see [3]
for a review. The modified versions of QFT mentioned above, often called topologically twisted
QFT, are in many cases expected to represent generalisations of TQFT in a sense which remains
to be clarified.

The progress achieved within our project has on the one hand shed some light on the
relations between the approach to the geometric Langlands correspondence of Beilinson and
Drinfeld, Kapustin and Witten, and the AGT-correspondence [4]. On the other hand, within
a PhD project, we have developed algebraic tools towards an explicit description of the chiral
data associated to A/ = 2 gauge theories.

2 TQFT in two and four dimensions

In this section we will briefly describe the relations between four- and two-dimensional TQFT
which play a basic role in both [1] and [2].

2.1 Two-dimensional topological sigma models

Nonlinear two-dimensional sigma models with N' = (2,2) supersymmetry can be modified in
basically two natural ways to get two-dimensional field theories which are topologically invariant
in the sense that they depend only on the topology of the two-dimensional surfaces on which
these theories are defined. The modification is called a topological twist. It modifies the
Lagrangian of the theory in such a way that the twisted theory coincides with an important
subsector of the untwisted theory on surfaces with trivial canonical bundle. From a given two-
dimensional sigma model with A/ = (2,2) supersymmetry one can obtain two TQFT in this
way, called A- and B-model respectively.

Considering two-dimensional surfaces with boundaries one gets the so-called open topolog-
ical sigma models. In many cases these sigma models are expected to be examples of two-
dimensional TQFT as axiomatised in the mathematical literature, or generalisations thereof.
Two-dimensional TQFT are characterised by the collection of boundary conditions A,B,...
which can be associated to the boundary components of two-dimensional surfaces, and by the
vector spaces Vag associated to intervals I ~ [0, 7] decorated with particular boundary con-
ditions A and B at the two ends 0 and w, respectively. A TQFT furthermore associates to
two-dimensional surfaces having boundaries with fixed choices of boundary conditions a num-
ber called the partition function.

It turns out to be useful to regard the collection of defining data as a category having the
boundary conditions as its objects, and the spaces Vag as the spaces of morphisms Hom(A, B).
The strip I x R can be mapped to the punctured half-plane, defining a variant of the state-
operator correspondence relating elements of Vag to boundary-changing operators Oag, as
depicted in Fig. 1 below. The composition of morphism thereby gets related to the product of
boundary-changing operators, see Fig. 2.
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Figure 1: Morphisms in the category of boundary conditions correspond to boundary-changing
operators in two-dimensional TQFT. Figure taken from Ref. [5].

2.2 Two-dimensional reductions of four-dimensional TQFT

TQFT in higher dimensions have a much richer structure. Precise mathematical definitions
have been given only fairly recently, based on the mathematical framework of higher categories,
see [3] for a review. A very readably discussion of the physical motivation for considering higher
categories can be found in [5].

There exist higher-dimensional analogs of the topological twisting procedure expected to
turn supersymmetric quantum field theories into TQFT, or generalisations thereof. Topological
twists of the four-dimensional, N' = 4 supersymmetric Yang-Mills theory (SYM) have been
investigated in [1]. There is a one-parameter family of such theories labelled by a parameter ¢.

A key idea in the work of Kapustin and Witten is to use effective representations of the
topologically twisted four-dimensional SYM on space-times of the form ¥ x C, with C being a
Riemann surface, provided by two-dimensional topologically twisted sigma models on ¥ = Rx I.
These sigma models are related to the original four-dimensional theory by a variant of the
Kaluza—Klein reduction described in [1], leading to sigma models which have the Hitchin moduli
spaces My (C, G) as target spaces. The space My(C,G) can be described as the moduli space
of pairs (&, ), where & = (E,Jg) is a holomorphic structure on a smooth G-bundle E on C,
and ¢ € H°(C,End(€) ® K) can be locally represented as a matrix-valued one-form. In the
following we will freely use several standard definitions and results concerning Hitchin’s moduli
spaces. A very brief summary is collected in Appendix A in the form of a glossary. If a glossary
entry exists for a term, its first occurrence will appear with a superscript as in term?).

The two-dimensional description is not expected to capture all of the structures of the four-
dimensional theory, but it is believed to represent correctly an important part of its structure.

Similar ideas are used in the work of Nekrasov and Witten, where the starting points are
theories from a class of four-dimensional N' = 2-supersymmetric theories often referred to as
class S in the literature [6,7]. The members of this class are labelled by the pair of data
(C,g), where C is a Riemann surface and g is a semi-simple Lie algebra of ADE-type. On
four-dimensional spacetimes which can locally be described in the form R x I x St x S* one
preserves enough of the supersymmetries of the theory to define topologically twisted versions
of the class S theories depending on two parameters €; and €. One may furthermore argue
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Figure 2: The composition of morphisms corresponds to the product of boundary-changing
operators. Figure taken from Ref. [5].

that the resulting four-dimensional theories with topological invariance can be described by an
effective two-dimensional topological sigma model on R x I.

This means that in the both cases one ends up with sigma models having the same target
spaces My(C,G). It should be noted, however, that such sigma models have N = (4,4)
supersymmetry related to the fact that the spaces My(C,G) admit hyperkihler structures.
Instead of getting just one A-model and one B-model one may now define a one-parameter
family of A- and B-models depending on which part of the supersymmetries are preserved by
the topological twist. The relevant parameter can be identified with the hyperkihler parameter
determining a particular complex stucture on My (C, G).

It therefore depends sensitively on the precise reduction procedure which particular topolog-
ical sigma model is ultimately found as an effective description of the original four-dimensional
QFT. And indeed, it turns out that the sigma models appearing in the works [1] and [2] are
not identical, despite the fact that they have the same target space. Yet, there are reasons to
expect that these sigma models should be more closely related than it may appear.

3 What is the geometric Langlands correspondence?

The geometric Langlands correspondence can be schematically formulated as a correspondence
between two types of geometric objects naturally assigned to a Riemann surface C' and a simple
complex Lie group G,

D-modules on Bung ~ LG local systems (3.1)

The following objects appear in this correspondence:

Bung is the moduli space of holomorphic G-bundles on C'. The D-modules on Bung appear-
ing in this context can be described more concretely as systems of partial differential equations
taking the form of eigenvalue equations D; f = F; f for a family of commuting global differential
operators D; on Bung. The differential operators D; can be regarded as quantum counterparts
of the Hamiltonians of Hitchin’s integrable system. The representation of the D-modules as
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eigenvalue equations D; f = E; f is not canonical, it depends on additional choices. Part of the
content of the geometric Langlands correspondence describes the eigenvalues E; geometrically
as coordinates on a suitable parameter space, parameterising the objects on the right side of
(3.1), which will be explained next.

The group G is the Langlands dual of G which has as Dynkin diagram the transpose
of the Dynkin diagram of G. The LG local systems?) appearing in this correspondence can
be represented by pairs (£,V’) composed of a holomorphic “G-bundle € with a holomorphic
connection V', or equivalently by the representations p of the fundamental group m (C) defined
from the holonomies of (£,V’).

We will mostly be interested in the case of irreducible G local systems. A more ambitious
version of the geometric Langlands correspondence has been formulated in [8] extending it to
certain classes of reducible local systems.

Some of the original approaches to the geometric Langlands correspondence start from the
cases where the LG-local systems are opers?), pairs (£, V') in which V' is gauge-equivalent to
a certain standard form. The space of opers forms a Lagrangian subspace in the moduli space
of all local systems.

The CFT-based approach of Beilinson and Drinfeld constructs for each oper an object in the
category of D-modules on Bung as conformal blocks of the affine Lie algebra g; at the critical
level k = —h"Y. The Ward-identities characterising the conformal blocks equip the sheaves of
conformal blocks with a D-module structure. The universal enveloping algebra U(§x) has a
large center at k = —h", isomorphic to the space of “g-opers on the formal disc [9]. This can
be used to show that the D-module structure coming from the Ward identities can be described
by the system of eigenvalue equations D; f = FE; f for the quantised Hitchin Hamiltonians, with
eigenvalues F; parameterising the choices of opers [10].

There exists an extension of the Beilinson—Drinfeld construction of the geometric Langlands
correspondence described in [10, Section 9.6] from the case of opers to general irreducible local
systems. It is based on the fact that such local systems are always gauge-equivalent to opers
with certain extra singularities [11]. The construction of Beilinson and Drinfeld associates to
such opers conformal blocks of g_jv with certain degenerate representations induced from the
finite-dimensional representations of g inserted at the extra singularities.

We may in this sense regard the geometric Langlands correspondence for general irreducible
local systems as an extension of the correspondence that exists for ordinary, non-singular opers.
Let us remark that the construction of Beilinson—Drinfeld plays an important role in the outline
given in [12] for a proof of the strengthened geometric Langlands conjecture formulated in [8].

4 TQFT interpretation of the Langlands correspondence

The variant of the geometric Langlands correspondence proposed by Kapustin and Witten [1]
is based on the consideration of N'= 4 SYM theory with gauge group G., a compact real form
of G, on four-manifolds of the form ¥ x C, where C is a Riemann surface. Compactification
on C allows one to represent the topologically twisted version of N' = 4 SYM effectively by a
topologically twisted 2d sigma-model with target being the Hitchin moduli space My (G) on X.
The complete integrability?) of the Hitchin moduli space, as is manifest in the description of
My (G) as a torus fibration, allows one to describe the consequences of the S-duality of N' =4
SYM theory as the SYZ mirror symmetry relating the 2d sigma-models with target My (QG)
and My (LG), respectively.
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In order to relate this to the geometric Langlands correspondence, Kapustin and Witten
consider the cases when ¥ = R x I, I = [0, 7]. Supersymmetric boundary condition of A" = 4
SYM theory will upon compactification on C define boundary conditions of the N=(4,4) sigma
model with target My (G) on X. Let B be the category having as objects boundary conditions
B called branes preserving the maximal number of supersymmetries, with morphisms being the
spaces HomMH(G)(Bl, Bs) of the sigma model on the strip R x I, having associated boundary
conditions By and By to the boundaries R x {0} and R x {r}, respectively.

A distinguished role is played by the so-called canonical coisotropic brane Be. [1,2]. The vec-
tor space Acc = Hom g, (Bee, Bee) has a natural algebra structure with product correspond-
ing to the composition of morphisms depicted in Fig. 2. The spaces H(B) = Hom y4,, (¢ (Bcc, B)
are left modules over the algebra A.. with action corresponding to the composition of morphisms
Hom () (Bee, Bee) X Hom yy, () (Bee, B) — Hom g, () (Bee, B). Kapustin and Witten argue
that the algebra A.. contains the algebra of global differential operators on Bung. It follows
that the spaces H(B) represent D-modules on Bung.

In order to describe the dimensional reduction of topologically twisted N/ = 4 SYM on
R x I x C one may find it natural to consider boundary conditions that are purely topologi-
cal, not depending on the complex structure on C. This point of view motivated Ben-Zvi and
Nadler [13] to propose the Betti geometric Langlands conjecture as a purely topological vari-
ant of the geometric Langlands correspondence formulated in [8] that captures some aspects
of the approach of Kapustin and Witten while having good chances to be realised within a
mathematically precise framework for TQFT.

5 TQFT interpretation of the AGT-correspondence

Alday, Gaiotto and Tachikawa discovered a relation between the instanton partition functions of
certain N' = 2 supersymmetric gauge theories and conformal blocks of the Virasoro algebra [14].
This discovery has stimulated a lot of work leading in particular to various generalisations of
such relations. We will now briefly outline the role of topological sigma models in the approach
of Nekrasov and Witten to the AGT-correspondence.

5.1 The approach of Nekrasov and Witten

In an attempt to explain the relations discovered in [14] using TQFT-methods Nekrasov and
Witten [2] considered four-dimensional A/ = 2 supersymmetric gauge theories of class S ob-
tained from the maximally supersymmetric six-dimensional QFT on manifolds of the form
M* x C by compactification on the Riemann surface C. For the case associated to the Lie
algebra g = sly one has weakly coupled Lagrangian descriptions of the resulting theory associ-
ated to the choice of a pants decomposition o of C' [6]. For four-manifolds M? which can be
represented as a fibered product locally of the form R x I x St x S! it is argued in [2] that
(i) an Q-deformation with parameters €;, €5 can be defined, and (ii) an effective representation
is obtained by compactification on S! x S! in terms of a sigma-model with target Mg (G) on
R x I. The coupling parameter of this sigma model is € /€.

The end points of the interval I in the representation M* ~ R x I x S! x S! correspond
to points where M* is perfectly regular. One must therefore have distinguished boundary
condition in the sigma-model with target Mgy (G) on R x I describing the compactification of
a class S theory on M*. When the compactification yields a sigma model with target Mg (G),
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it is argued in [2] that the corresponding boundary conditions are described by a variant B,
of the canonical coisotropic brane at R x {0}, and a new type of brane called the “brane of
opers”, here denoted by By, respectively.! The brane By, is the mirror dual of B, and it
is proposed in [2]| that the brane B, is a Lagrangian brane supported on the variety of opers
within My (G).

In [2] it is furthermore proposed that the space H = Hom 4, ()(Bcc, Bop) can be identified
with the space of Virasoro conformal blocks. In order to motivate this identification, Nekrasov
and Witten note that the algebra A”.(G) = Hom y,, () (Bees Bee) with o = €1 /€2 is isomorphic
to the algebra of Verlinde line operators acting on the space of Virasoro conformal blocks. Mirror
symmetry produces a dual description of H(G) ~ H(*G) as the space Hom . ) (Bops Beo)s

with Bf,, and B, being close relatives of B,, and Be, respectively, with modified SUSY in-

variance properties. In the dual representation one has an obvious right action of the algebra
V%C/E(LG) = Hom (2 )(Bges Bee) with action related to the composition of morphisms

cey

HomMH(LG)(Bé)p7 B::c) X HomMH(LG)(B::m B::c) - HomMH(LG)(BZ)Iw

Beo)-
The existence of (almost) commuting actions of A" (G) and Al "(L@) is a characteristic feature
of the space of Virasoro conformal blocks.

5.2 The other way around

It is no accident that the work of Nekrasov and Witten [2] has many elements in common
with the approach Kapustin and Witten [1]. A common root can be found in the fact that
both the class S-theories and A/ = 4 SYM |[15] can be obtained as compactifications of the six-
dimensional (2,0)-theory on six-manifolds M5 = M* x C, where C is a Riemann surface, and
M?* is a four-manifold locally represented as a circle fibration locally of the form R x I x S* x S*.
Compactification on C' yields class S-theories [7], while compactification on S* x S1 yields N = 4
SYM on R x I x C, the set-up considered in [1] as was further discussed in [15].

One should note, however, that different topological twists are used in the two compactifica-
tions, making the comparison of the results somewhat subtle. This fact can nevertheless be used
to relate supersymmetric boundary conditions in the 2d sigma model with target My arising
from compactification of class S-theories to boundary conditions in A" =4 SYM on C. These
boundary conditions have been classified in the work of Gaiotto and Witten [16]. The canonical
coisotropic brane is related to the pure Neumann boundary conditions in N/ = 4 SYM by the
compactification described above [1,17]. Exchanging the two circles in S x S! gets related to
the S-duality of N/ = 4 SYM which implies relations between its boundary conditions studied
in [18]. This led [17] to relate the brane By, the mirror dual of the canonical coisotropic brane
in [2], to the boundary condition descending from the so-called Nahm pole boundary conditions
in N =4 SYM.

6 Towards a unified picture

One of the goals in our project has been to clarify the relations between the gauge-theoretic
approach to the geometric Langlands correspondence, the CFT-based approach of Beilinson

IThe branes denoted Bcc in this context are similar but not identical with the brane considered in [1]. The
paper [2| used the notation By for the brane denoted Bop here.
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and Drinfeld, and the AGT-correspondence. The results have been announced in [4], with more
detailed descriptions being in preparation. In a parallel development [19,20], similar ingredients
have been used to outline a large web of relations between N = 4 SYM, vertex algebras, and
braided tensor categories.

6.1 Dirichlet boundary condition and affine Lie algebra symmetry

As mentioned above, a key ingredient in the approach of Beilinson and Drinfeld to the geometric
Langlands correspondence is the current algebra of WZW conformal field theory at the critical
level. The approach of Kapustin and Witten does not by itself reveal the origin of this crucial
aspect of the geometric Langlands correspondence. The work of Nekrasov and Witten, on the
other hand, relates conformal blocks of the Virasoro algebra to states of an open topological
sigma model. A key ingredient has to be added also in this approach to understand the affine
Lie algebra symmetry in this context.

Gaiotto and Witten have classified 1/2 BPS boundary conditions of N' =4 SYM in [16]
using the data (p, H,T), where p : sly — g is an embedding of sly into the Lie algebra g of
the gauge group G., H is a subgroup of the commutant in G, of the image of p, and T is a
three-dimensional SCFT with N = 4 supersymmetry and at least H global symmetry. We will
only need two of the simplest of these boundary conditions. In the following we will first briefly
review the so-called Nahm pole boundary condition studied in [17] which is associated to a triple
(p,1d, Ty), where p is a principal slo-embedding, and Ty stands for the trivial three-dimensional
SCFT. We will then discuss the even simpler case where p is replaced by the trivial embedding
mapping sle to 0 € g, which will be of particular interest for us.

It is for our purposes sufficient to describe the Nahm pole boundary conditions for the
solutions of the BPS-equations [1] characterising field configuration in N' = 4 SYM preserving
certain supersymmetries. Restricting attention to solutions to the BPS-equations on Rx R xC
which are invariant under translations along R, one gets a system of differential equations of
the form

[D.,D:]=0, [D,,D.]=0, [D,,D:]=0, (6.22)
3
> [Di, D=0, (6.2b)

where the notations z = x5 4+ ix3 and y = x; have been used, and the differential operators D;
are of the form?

Do=(Ot A A=Chiton o 63
D: =0: + A, Az = Az + (¢, ' '
The parameter ¢ determines the supersymmetries that are preserved. It is proposed in [17]
that the space of solutions to (6.2) modulo compact gauge transformations is isomorphic to
the moduli space of the solutions to the “F-term” equations (6.2a) modulo complex gauge
transformations. Equations [D,,Dz] = 0 determine a flat complex connection on C at each
fixed y. The remaining equations in (6.2a) imply that the y-dependence of this flat connection
is represented by complex gauge transformations.

20ur conventions differ slightly from [17].
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Boundary conditions of Nahm pole type are defined in [17] by demanding that the solutions
to (6.2) have a singular behaviour of the form

A, ~ Lyt + 030, As

y—0 y—0

O(yo) ) Al y:;O t3 yil + O(yo) ’ (64)

with t; = t; +its, and t;, ¢ = 1,2, 3, being the generators of a principal sl subalgebra of
g. By a gauge transformation we may always set Az to zero, allowing us to represent the flat
connection on C' we get at each y as a local system (&, V;) consisting of a holomorphic bundle
and a holomorphic connection V| = dz(9. +.A.(z;y)). In the case g = sly, we may reformulate
the first condition in (6.4) as the condition that there exists a basis of sections s = {s1, s} with
respect to which A has the form A = gAg~! + gdg~!, with

. 1/2

N () R BRI CHO A BeT) (65
Horizontal sections (d + A)s = 0 will then have a first component s; vanishing as y'/2. As
explained in [17], this implies that the local system lim,_,, &y, @;) on C' is an oper.

The Nahm pole boundary condition has the feature that it breaks G, maximally since the
commutant of the principal slo-embedding is trivial. At the opposite extreme, associated to the
trivial sly-embedding, one gets a similar boundary condition associated to a triple (0,1d,Tp) by
fixing the boundary value of the gauge field As.

In the reduction to two dimensions having fixed 43 at the boundary of I implies having fixed
a holomorphic bundle on C, leaving the (1,0) part of the complex gauge field unconstrained.
The moduli space Myr(G) of pairs (€, Vi) is isomorphic to the Hitchin moduli space My (G)
via the non-abelian Hodge (NAH) correspondence?). Fixing £ therefore defines a submanifold
in Mg (G) which is Lagrangian with respect to the holomorphic symplectic form ¢, and
holomorphic w.r.t. to the complex structure I.. For ¢ = ¢ one has Q¢ = Qy, Is = J, leading
to the identification of the brane coming from the reduction of the zero Nahm pole boundary
condition as an (A,B,A)-brane in the A-model with the symplectic structure wy used in [2].

One may then argue that the H{? = Hom (@) (Bce, L) can be identified with the space
of conformal blocks of the affine Lie algebra gy, at level k = —hY — &2 on C. Different arguments
leading to this identification have been presented in [4] and in [20], respectively.

From the point of view of class S-theories it has been pointed out in [4] that the zero Nahm
pole boundary condition corresponds to the presence of a surface operator of co-dimension two.
Indeed, as was argued in [21], the presence of a co-dimension two surface operator naturally
introduces additional background data which can be geometrically represented as the choice of
a holomorphic bundle on C.

6.2 Conformal blocks as triangle partition functions

We now describe yet another key extension of the TQFT formalism proposed in [4]. Using the
reduction of class S-theories to the two-dimensions we will in the following motivate a descrip-
tion of the four-dimensional partition functions of class S-theories within the two-dimensional
sigma model with target My (G). This description will use yet another type of boundary
condition denoted L{V.

Following [2] we will consider topologically twisted class S-theories on hemispheres B

€1€2

with Omega-deformation. The topologically twisted class S-theory associates a vector space
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Hiop = Z(M3 ) to M3 = 0BZ ., here identified with the cohomology of @, the supercharge
that can be preserved on B? .. One may use the path integral over the 4d hemisphere BZ .,
to define a vector ¥ € Hyop. Wave-functions ¥(a) of the vector ¥ may be identified with the
partition functions Z (Bél,@§ B,) defined by imposing suitable @-invariant boundary conditions
B, labelled by parameters a at M3 _ . Such boundary conditions are determined by the bound-

€1€2°
ary conditions at the infinity of R? _ used to define the Nekrasov partition functions, fixing in

€1€
particular the zero modes of the sclafars in the vector multiplets to have values collected in the
vector a = (a1, ...,a33—3+n). The boundary conditions B, define a family of boundary states
Ba, allowing us to represent Z(Bflﬂ; B,) as an overlap (3,, ¥).

In the reduction of the class S-theory to a 2d topological sigma model one should get the
following representation of the 4d TQFT data introduced above:

e The vector space Hiop ~ Z(S2 ) — Z(I).

€1,€2

e The vector ¥ = Z(B? .,) = Z(I.,c,) € Hiop, Where T, ., is the open triangle with

“upper” side removed, topologically equivalent to R_ x I, partially compactified by adding
a point at the infinity of R_. The boundary of T, ., is {0} x I.

e The partition function Z(B? _;Ba) — Z(T., ,;Ba) gets associated to a triangle T., .,
with a boundary condition L{"” assigned to the upper side {0} x I. L{" is defined from

the boundary condition B, assigned to Mg’le , by the reduction to one dimension.

This means that the instanton partition functions Z(a;x;7; €1, €2) get represented by partition
functions of the sigma model on a triangle which has sides coloured by (B, L, L{).

The two-dimensional description of the boundary conditions L{” has been indentified in [4]
as the family of Lagrangian submanifolds defined by identifying the parameters a with complex
Fenchel-Nielsen coordinates for Hitchin’s moduli spaces?).

6.3 Geometric Langlands: CFT versus gauge theory

Having established the interpretation of conformal blocks in terms of TQFT prepares the
groundwork for understanding the relations between the Beilinson—Drinfeld approach to the
geometric Langlands correspondence and the work of Kapustin and Witten [4]. To understand
the full picture it is important, however, to note that the geometric Langlands correspondence
can be regarded as a limiting case of a one-parameter family of relations between D-modules
on Bung and D-modules on Bun: g related to a generalisation of WZW conformal field theory
having affine Lie algebra symmetry g, with generic level k [22,23]. This one-parameter gen-
eralisation of the geometric Langlands correspondence has a counterpart on the gauge theory
side discussed in [1,24].

Part of our work in [4] is a careful discussion of how this continuation with respect to the
level can be understood from the point of view of the topological sigma model. The discussion
is based on the hyperkéhler structure of the Hitchin moduli space. We refer to [4] for further
details.

7 Boundary line operators

Part of the rich structure of an four-dimensional TQFT is the category of boundary line opera-
tors, one-dimensional extended objects supported on three-dimensional boundary components
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of the four-dimensional space-time. The category L5(B) of boundary line operators depends
on the choice of a boundary condition B and the parameter i = €;/e5. The structure of a
four-dimensional TQFT includes the structure of a braided tensor category on L;(B). For
TQFT like topologically twisted /' =4 SYM one may expect to find a rich family of categories
L (B) when the boundary conditions are varied. The resulting picture remains largely unex-
plored. Very subtle are in particular the cases where i = €1 /€5 is a rational number. In this
case one can see indications both from topologically twisted N' = 4 SYM [20] and from the
representation theory of vertex algebras that the precise relation between the category L;(B)
and representation categories of suitable vertex algebras must be very interesting.

In the following we will briefly describe results obtained within the project A10 that can
be regarded as first steps in this direction. These will be followed by a short description of
a result from [4] giving a dual interpretation of the boundary line operators representing the
Hecke functors in the geometric Langlands correspondence according to [1] in the context of
the AGT-correspondence.

7.1 Non semi-simple braided tensor categories

For special non-generic values of the quotient €; /€5, the analytic continuation of the usual 3-
point-functions becomes singular, as the representation theory becomes non-semisimple. It is
expected that the situation is related to certain logarithmic vertex algebra models, starting
with the triplet algebra W, s for g = sls.

These vertex algebras are recently an intense subject of study, and their nonsemisimple
representation category is conjectured to be equivalent to the representation category of a
small quantum group [25-27], i.e. a finite-dimensional quasi-triangular Hopf algebra.

However, this equivalence cannot be an equivalence of monoidal categories, as the respective
quantum groups may not even admit a braiding, if the deformation parameter is an even root
of unity. It was pointed out [28] for the example g = sly, ¢ = ¢ that one should consider instead
a quasi-Hopf algebra related to ugy(slz) to get an equivalence of monoidal categories. The 3-
cocycle involved in this quasi-Hopf algebra also appears in the corresponding conformal field
theory.

Within this project, a PhD student has analyzed systematically [29] the existence and
nondegeneracy of braidings for quantum groups u4(g) at even order root of unity, which is
the case relevant for conformal field theory. This produces many braided tensor categories,
including examples that are definitely new. However, only few of them are modular tensor
categories, i.e. they obey a non-degeneracy condition on the braiding, and are thus candidates
for the chiral data of a conformal field theory. However, given the very explicit form of the
results in [29], it was possible [30] to construct explicitly a large family of quasi-Hopf algebra
relatives of u,4(g), which have representation categories that are indeed modular categories. (In
fact, these categories appear as a non-semisimple variant of a modularization of the former
categories.)

At present, it is still out of reach to prove for a general reductive Lie algebra g that the
representation categories of these quasi-Hopf algebras are braided equivalent to representation
categories of vertex algebras and are thus realized in conformal field theory. Still, it has been
shown that the previously mentioned quasi-Hopf algebra is reproduced for g = sls. Moreover,
for all g the 3-cocycle precisely coincides with the one on the CFT side. Put differently, both the
Hopf algebra and the vertex algebra admit a functor to the same quadratic space defined by the
root lattice of g. It is an even more challenging question at the time of writing to what extent
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these algebraic data appear in descriptions of four-dimensional supersymmetric field theories.

7.2 The Hecke eigenvalue property

A beautiful feature of the approach of Kapustin and Witten is an alternative derivation of
the so-called Hecke-eigenvalue property of the D-modules appearing the geometric Langlands
correspondence. Part of the work [4] was yet another interpretation of the Hecke-eigenvalue
property in relation to the AGT-correspondence, as we will now briefly review.

The reduction of Wilson- and ’t Hooft line operators in N' = 4 SYM with support on
R x {z} x P,z € I, P € C, to the two dimensional TQFT defines natural functors on the
category of branes, inducing modifications of the spaces H(B). The functors defined in this way
are identified in [1] with the Hecke functors in the geometric Langlands correspondence. For
some branes B one may represent for each fixed P € C the resulting modification as the tensor
product of H(B) with a finite-dimensional representation V of “*G. One says that the brane B
satisfies the Hecke eigenvalue property if the family of modifications obtained by varying the
point P € C glues into a local system.

A family of branes F, is identified in [1] having this property. The branes F, are supported
on fibers of Hitchin’s torus fibration?). S-duality of N' = 4 SYM gets represented within the
sigma model with target M (G) as a variant of SYZ mirror symmetry, relating the branes F,
to branes in the dual sigma model with target Mg (LG) represented by skyscraper sheaves IEM
having pointlike support at u € Mg (*G).

Part of the results presented in [4] is a dual interpretation of the Hecke eigenvalue property
in the context of class S theories. The Wilson- and ’t Hooft line operators have a dual rep-
resentation in this context as surface operators of a specific type defined by coupling certain
two-dimensional quantum field theories on a two-dimensional subspace to the four-dimensional
class S-theories. The relevant two-dimensional quantum field theories have (2,2) supersymme-
try and can be described as gauged linear sigma models (GLSM). It was observed in [4] that the
tt* connection [31] of the GLSM turns in the limit es — 0 into the oper connection appearing
on one side of the geometric Langlands correspondence. The limit e — 0 furthermore implies a
factorisation of the partition functions into a four-dimensional part and a two-dimensional part.
This factorisation directly expresses the Hecke eigenvalue property of the geometric Langlands
correspondence in the dual picture in terms of class S theories [4].

A Hitchin’s moduli spaces

We assume that G = SL(2), and that C is a Riemann surface with genus g and n punctures.

Hitchin moduli space Mg (G) [32]. Moduli space of pairs (€, ¢), where £ = (E, 0¢) is a
holomorphic structure on a smooth vector bundle E, and ¢ € H°(C,End(€) ® K). The moduli
space of such pairs modulo natural gauge transformations is denoted by My (G).

Hitchin’s integrable system [32]. Given (€, ) one constructs the spectral curve ¥ =
{(u,v);v? = tr(¢?)} C T*C, and the line bundle £ representing the cokernel of ¢ — v. One
may reconstruct (€,¢) from (3, L) as £ = m (L) and ¢ = 7. (v). This describes My (G, C)
as a torus fibration over the base B ~ HY(C,K?), with fibres representing the choices of
L identified with the Jacobian of ¥ if G = GL(2), and with the Prym variety if G = SL(2).
Natural coordinates for the base B are provided by Hitchin’s Hamiltonians, defined by expanding
Ttr(p?) = %% 9, H,, with {9,,7 =1,...,3g — 3+ n} being a basis for H°(C, K?).
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Local systems. Pairs (£,V.), where £ is a holomorphic vector bundle as above, and
V. is a holomorphic e-connection, satisfying V.(fs) = e(df)s + fV.s for functions f and
smooth sections s of E. The moduli space of such pairs is denoted M4r(G). Local systems
are here often identified with the corresponding flat bundles, systems of local trivialisations
with constant transitions functions, or the representations of the fundamental group (modulo
conjugation) obtained as holonomy of (F, V), leading to the isomorphism between M r(G)
and the

Character variety M p(G): The space of representations of 71 (C) into G, modulo overall
conjugation, as algebraic variety described as a GIT quotient C[Hom(7(C), G]¢.

Opers. Special local systems, where & = &,,, the unique extension 0 — K2 — &, —
K~'/2 — 0 allowing a holomorphic connection V'’ of the form V’ = dz (ed. + (%))

Non-Abelian Hodge (NAH) correspondence [32,33]. Given a Higgs pair (£, ¢), there
exists a unique harmonic metric h on E satisfying Fej + R2[p, ¢'"] = 0 where Fg, is the
curvature of the unique h-unitary connection D¢ j having (0, 1)-part Og. One may then form
the corresponding two-parameter family of flat connections V¢ g = ("'R¢ + Dg p, + RC o'
Decomposing V¢ g into the (1,0) and (0,1)-parts defines a pair (F,VL.) consisting of F =
(E,07) and the e-connection V. = €V’ = €J¢ 1, + ¢, with € = (/R, holomorphic in the complex
structure defined by Or.

Hyperkihler structure [32]. There exists a P! worth of complex structures I, and holo-
morphic symplectic structures 2. The latter are defined as Q¢ = % Jo tr(0Ac ANSA;). A triplet
of symplectic forms (wy,wy, wr) can be defined by expanding ¢ as Q = i(wJ +iwg) +iwr +

%C(w{ —iwg). The corresponding complex structures are I = 1+\1C|2 (1= ¢ —i(¢—{)J —
€+ QK).

Complex Fenchel-Nielsen coordinates [34]. Darboux coordinates for Mp(G) as-
sociated to pants decompositions ¢ of C' obtained by cutting along closed curves ;, i« =
1,...,39g—3+n. The complex length coordinates parameterise the trace functions L; = tr(p(y;))
as L, = 2cosh(a,/2). One may define canonically conjugate coordinates k, such that the nat-
ural Poisson structure gets represented as {a,, s} = 0y, {ar,as} =0 = {k,, Ks}.
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We study a new class of two-dimensional field theories which are integrable deformations
of the string sigma model on AdSs x S°. We show that some of these theories are scale
but not Weyl invariant. For the real deformation parameter we find the quantum spectral
curve equations which encode the energy spectrum. More generally, we investigate a rela-
tion between integrable deformations of CF'Ts and functional equations as well as lattice
integrable discretisations based on the universal R-matrix.

1 Introduction

In recent years significant progress has been made towards understanding the excitation spec-
trum of strings moving in five-dimensional anti-de Sitter space-time and, accordingly, the spec-
trum of scaling dimensions of composite operators in planar N/ = 4 supersymmetric gauge
theory. This progress became possible due to the fundamental insight that strings propagating
in AdS space can be described by an integrable model. In certain aspects, however, the deep
origin of this exact solvability has not yet been unraveled, mainly because of tremendous com-
plexity of the corresponding model. A related question concerns robustness of integrability in
the context of the gauge-string correspondence [1], as well as the relationship between integra-
bility and the amount of global (super)symmetries preserved by the target space-time in which
strings propagate. To shed further light on these important issues, one may attempt to search
for new examples of integrable string backgrounds that can be solved by similar techniques.
One such instance, where this program is largely promising to succeed, is to study various
deformations of the string target space that preserve the integrability of the two-dimensional
quantum field theory on the world sheet. Simultaneously, this should provide interesting new
information about integrable string models and their dual gauge theories.

There are two known classes of integrable deformations of the AdSs x S® superstring. The
first of these is a class of backgrounds obtained either by orbifolding AdSs x S° by a discrete
subgroup of the corresponding isometry group or by applying a sequence of T-duality — shift —
T-duality transformations (also known as y-deformations) to this space, giving a string theory
on a TsT-transformed background. Eventually all deformations of this class can be conveniently
described in terms of the original string theory, where the deformations result into quasi-periodic
but still integrable boundary conditions for the world-sheet fields.
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The second class of deformations affects the AdSs x S® model on a much more fundamental
level and is related to deformations of the underlying symmetry algebra. In the light-cone gauge
this symmetry algebra constitutes two copies of the centrally extended Lie superalgebra psu(2|2)
with the same central extension for each copy. It appears that this centrally extended psu(2|2),
or more precisely its universal enveloping algebra, admits a natural deformation psu,(2|2) in
the sense of quantum groups. This algebraic structure is the starting point for the construction
of a psu,(2[2) ® psu,(2|2)-invariant S-matrix, giving a quantum deformation of the AdS; x S°
world-sheet S-matrix [2]. The deformation parameter ¢ can be an arbitrary complex number,
but in physical applications is typically taken to be either real or a root of unity.

Some time ago there was an interesting proposal on how to deform the sigma-model for
strings on AdSs x S® with a real deformation parameter 7, preserving classical integrability [3,
4]. In the following we call these models n-deformed and we will talk about n-deformations.
Deformations of this type constitute a general class of deformations governed by solutions
of the classical Yang—Baxter equation [5]. This class is not solely restricted to the string
model in question but includes a large variety of two-dimensional integrable models based on
(super)groups or their cosets.

The paper is organised as follows. In the next three sections we summarise the main results
of our investigation of the n-deformed string sigma models and discuss a number of important
related issues. We concentrate on three directions — the 7-deformed background, the access to
the spectrum of the model via the quantum spectral curve and finite-dimensional integrable
systems obtained through various reductions of the sigma model. In section 5 we address a
more general problem on finding perturbations of CFTs which preserve integrability and also
investigate a vital question on uniqueness of solutions of functional equations that suppose to
encode the spectrum of a deformed CFT. Finally, in section 6, aiming at developing direct
quantisation tools for world-sheet theories, including string sigma model on AdSs x S° and its
deformations, we consider lattice discretisations of integrable systems in the formalism of the
universal R-matrix. Importantly, we outline a general program of constructing such integrable
discretisations and solving the corresponding spectral problem. The results presented in sections
5 and 6 constitute a continuation of the research line of the former SFB project AS.

2 The nature of the deformed background

Recall that the Lagrangian density of the n-deformed model is given by [3]

7 _%(1 +7?) (v — e*P) str [ci(Aa)“’;god(AB)} .

We use the notations and conventions from [6], in particular g is the effective string tension. The
current A, = —g~'0ag, where g = g(7, 0) is a coset representative from PSU(2,2|4)/SO(4,1) x
SO(5). The operators d and d acting on the currents A, are defined as

2 ~ 2
d = P+-——-P,— Ps, d=—-P+——P>,+ Ps,
1—n? 1—n?

where P;, i = 0,1,2,3, are projections on the corresponding components of the Zs-graded
decomposition of the superalgebra & = psu(2,2[4). The operator Ry acts on M € ¢ as follows

Ry(M) =g 'R(gMg ")g,
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where R is a linear operator on ¢ which in this paper we define as

1t i<
R(M)y; = —iyiMij, m5=4 0 if i=j ,
-1 if i>j

where M is an arbitrary 8 x 8 matrix. This choice of R corresponds to the standard Dynkin
diagram of psu(2,2|4).

The n-deformed model appears to be rather involved, primarily because of fermionic degrees
of freedom. The strategy is therefore to first switch off fermions and proceed by studying the
corresponding bosonic action. This action can be further used to determine 2 — 2 scattering
matrix for the n-deformed model in the limit of large string tension g and to compare the corre-
sponding result with the known g-deformed S-matrix found from quantum group symmetries,
unitarity and crossing [2]. Of course, the perturbative S-matrix computed from this action will
not coincide with the full world-sheet S-matrix but nevertheless will give a sufficient part of the
scattering data to provide a non-trivial test for both integrability (the Yang—Baxter equation)
and a comparison with the g-deformed S-matrix.

This preliminary work has been carried out in [6], where it was shown that for a particular
choice of the bosonic coset element the 7-deformed metric G and the B-field (NSNS background)
can be written in the form

1d52 _ dt? (1 + ,02) n dp?
g ° 1 — »2p2 (14 p2) (1 — 2p?)
d 2 2 d 2 9 2
¢p - Yip cos 2g s C,
L+s2ptsin®¢ - 14 s?ptsin®(
1 d 2 1— 2 d 2
:dsg = ¢ ( r ) + T
g Ltocr? 0 (1=12) (1+5%2)
de?r? de?r? cos? ¢
dp2r?sin? €,
14 22r4sin? € 14 »2risin?¢ + dgar®sin® €
1 p* sin 2¢ 4 sin 2¢
7 (1 + s2p*sin? ¢ YA de 1+ s2risin® ¢ ¢1 N dg
where » = 13:]72 and § = gv1+ 2. This metric corresponds to a product of two five-

dimensional spaces with coordinates {¢, p, {, 1,2} and {@,r, &, ¢1, P2} respectively. The range
of p is restricted to [0, 1/5¢) to preserve the time-like nature of ¢, with a curvature singularity at
p = 1/3. At 3 = 0 there is no singularity but rather the conformal boundary of anti-de Sitter
space at p = co. The bosonic two-body S-matrix computed from this action perfectly coincides
with the large tension limit of the exact S-matrix based on the psu,(2|2) symmetry [6].

The next step is to clarify an important question of whether or not the n-deformed model
is a type IIB string sigma model. As we will show, the answer turns out to be negative.

One way to approach this question would be to try to find an embedding of the given NSNS
background into a full solution of type IIB supergravity. Given the complexity of the NSNS
background, this appears however a rather difficult task. First of all the equation for the dilaton
has many solutions and also many components of the RR forms seem to be switched on. Even
if successful, this approach does not however guarantee that the string sigma model in the
corresponding supergravity background will actually coincide with a deformed model.
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Another way to proceed is to note that the Green—Schwarz (GS) action restricted to quadratic
order in fermions contains all the information about the background fields. The corresponding
Lagrangian has the form, see e.g. [7],

Z@? = 7%1'@] (’7aﬁ51J + GQﬂU?{J)eZLFm DgK@K,
where ©; are two Majorana—Weyl fermions of the same chirality. The operator D!/ acting on
fermions has the following expression

1 mn 1 m n
DiJ 517 <8a — Zwa I‘mn> + ggé‘lea HipppI'™

1 1 T (< 1 TS 5 m
-5 (derF;U ol TP E) 4 g T tF;qist) T

where (e,w, H) constitute a vielbein, the spin connection and the field strength of a B-field,
while F’s are RR forms and ¢ is a dilaton. Note that the dilaton and RR forms appear only
through the combination F,, = e?F,. Our approach is therefore to work out the quadratic
fermionic action starting from the n-deformed action of [3] and find a field redefinition which
brings this action into the GS canonical form above. This would allow us to identify the back-
ground fields and further check if they satisfy the equations of motion of type IIB supergravity
and, in particular, to find a solution for the dilaton.

Performing the corresponding calculations, we arrive at the following result for non-vanishing
RR forms written with flat indices of the tangent space [8]

Fi = —4s? c}l pPsin ¢, Fo = +4s? c}l r3siné,

-1 2. _ -1

Fo1a = +4sx ¢ p°sin(, Fiog = —4ds ¢ p,

Fse9 = +4x c}l r?siné, Fers = —4x c}l T,

Foas = +45¢° cg' prising, Foge = —4s® et p?rdsin(sing,

Fise = —4sc C}l p*rsin(, Firg = —4sc c}l pPr?sinCsiné,
-1 4 —1.3 3. :

For234 = +4 ¢, Foazae = —4s" ¢z p°r’sin(siné,
2 —1 2 . 2 —1.2 92 . .

Foras9 = +42° ¢ p rsin, Forarg = +42" cp prosin(sing,
2 -1 2. 2 -1

Foaseo = +42° ¢ prosing, Fosers = —4x” cp pr.

Here we defined the common coefficient
1
cp = ————/1 — 32924/ 1 + 32p4sin? /1 + »2r24/1 + »2r4sin? €.
F m\/ P/ p ¢ 3

For the five-form we presented here only half of all its non-vanishing components, namely those
which involve the index 0. The other half is obtained from the self-duality equation for the
five-form. The answer appears to be rather simple and in the limit » — 0 all the components
vanish except Fyi234 which reduces to the constant five-form flux of the AdSs x S® background.
In the following we will use for the background found above the name “ABF background”.
Inspection of the found RR couplings reveals that contrary to the natural expectations they
do not obey equations of motion of type IIB supergravity. First of all for the Bianchi identities
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this is already obvious from the expression for the 1-form F;. To fit the supergravity content
this form must be exact F(!) = dy, where Y is axion. One can verify that there is no way to split
off an integrating factor e?, such that the corresponding F!) becomes exact. Concerning other
equations of motion, consider, for instance, the Einstein equations which involve an unknown
dilaton. One can show that to achieve vanishing of the off-diagonal components of the Einstein
equations the dilaton ¢ must be of the form ¢ = ®4(p, () + Ps(r, &), where @, and P, are
some functions. However, analysis of the diagonal components of the Einstein equations shows
that a solution for ®, and ®; does not exist. The next surprising observation is that the RR
couplings do not meet the necessary conditions of the mirror duality [9], and, as a consequence,
the mirror background [10] is not reproduced in the expected limit 7 — 1. Although this duality
is a symmetry of the exact S-matrix, it involves rescaling of the string tension and therefore its
absence in the classical Lagrangian might be explained by the order of limits problem.

While not solving the standard type IIB equations directly this ABF background still turns
out to be very special: it is related by T-duality to an exact type IIB supergravity solution [11].
The latter HT background involves a non-diagonal metric G, an imaginary 5-form Fy and the
dilaton qb, and the T-duality applied in all 6 isometric directions acts only on the fields G and
Fy = e¢F5 entering the corresponding GS action on a flat 2d background. The GS action
for any type II solution (and thus for the HT background) should be Weyl invariant and, in
particular, scale invariant. As the T-duality applied to the GS action is a simple path integral
transformation, the T-duality relation between the ABF and HT backgrounds implies that the
action should define a scale invariant 2d theory at least to 1-loop order.

However, there may be a problem with Weyl invariance for the n-deformed sigma-model on
a curved 2d background. The HT dilaton QAS has a term linearly depending on the isometric di-
rections of G and F5 and thus one cannot directly apply the standard T-duality transformation
rules to the full HT background to get a full T-dual supergravity solution, and thus the Weyl
invariance of the T-dual sigma model requires further investigation. This is of course consis-
tent with the observation [8] that the ABF background does not satisfy the IIB supergravity
equations.

In the work [12] we have found that the ABF background, while not a supergravity solu-
tion, satisfies the following two generalisations or “modifications" of the type II supergravity
equations:

(i) the scale invariance conditions for the type II superstring sigma model (with equations
on the R-R fields F being of 2nd order in derivatives);

(ii) a set of equations that are structurally similar to those of type II supergravity (with
Ist-order equations for the RR fields F) but involving, instead of derivatives of the dilaton,
a certain co-vector Z,, playing now the role of the dilaton one-form and a Killing vector I™
responsible for the “modification” of the equations from their standard form.

The conditions of scale invariance for the bosonic NSNS fields have the familiar form in-
volving the S-function for the metric and the B-field

n = Rmn — lele ke Trn = =D Xpn — Dp X
D Hkmn +Icmn - X Hkmn +a Y 8nYm )

mn— 2

where

— 1 1 1 1 1 k 1 k
Tmn = 5-7:mfn + Z]:mpq]:npq + mfmpqrsfnpqrs - §Gmn(§]:kf + ﬁfkpq]: pq) )
— 1Tk 1 kl
’Cmn = §-F fkmn + ﬁfmnklpf P

SFB 676 — Particles, Strings and the Early Universe 107



GLEB ARUTYUNOV, INKO RUNKEL, JORG TESCHNER

Here 7, is the stress tensor that follows from the type IIB action upon variation over G,y.
For X,, = 0@, Y, = 0 these equations follow from the standard type IIB supergravity action.

The key observation is that indeed there exist vectors X,,, and Y,, such that the equations
above are satisfied for the ABF background. The vector X,,, turns out to be

1+ p? 9 . 9 p?cos?(
X =Xpdx™ = cg ——dt d _
* 601—%2,02 +erpTsintC w2+021+%2p4sin2(
1—1r2 r2cos? €
te3 —————dp +cyr?sin® Edgy + 5 ——————5—d
8 T 2t T §doa +cs Y. 1
32 ptsin 2¢ 1 3 2
d¢+ —(1— + d
2(1 + 32p*sin? ¢) ¢ p( 1 — 32p? 1+%2p4sin2C) r
2?14 sin 2¢ 1 3 2

d¢ + )dr

+ “(1- +
2(1 + s2r4sin? ) T ( 14 22r2 1+ s2risin?¢

and it can be split in the following way
X =In+Zn, DI, + Dpl,, =0, DI, =0,

where I™ = 2?21 c;(I™)™. The index i labels the 6 isometric directions y* = (t, 49,1, @, $2, H1)
of the 10d ABF metric and ¢; are arbitrary constant coefficients. The quantities (I())™ are
the 6 independent commuting Killing vectors of the ABF background: the Lie derivatives of
the G, B and F-fields along I™ all vanish. If we split the coordinates as 2™ = (y*, x*) where
w=1,2,3,4 labels the non-isometric directions z* = (¢, p, &, r), then

6
I, = Z&fanii(x“) , I™ = §! ¢; = const , Z =007, (") .
i=1

For the ABF background the vector Y, turns out to coincide with X provided we fix ¢; to the
following specific values

co = c3 =4, cp=c4=0, Co = —C5 = 2.

The next surprising observation is that for these specially chosen values of ¢; the vector X,,
satisfies also a direct generalisation of the dilaton equation

BX = R— LH2,, +4DXF —4X, XF = 0.

The scale invariance equations for the F-fields (to be discussed later) will not, however, have
the familiar supergravity form of 1st-order equations for F (these should follow from the Weyl
invariance conditions). Instead they will be of 2nd order, D2F + ... = X-dependent terms, and
for X,,, = 0, ¢ will be a consequence of the 1st-order supergravity equations.

Now we come to the discussion of the modified type IIB equations for the RR couplings
satisfied by the ABF background [12]. Introduce Z = Z,,dz™ and I = I,,dx™. The equations
for the one-form are

D" Fy — 2" Fy — SH™ Fry = 0 I"Fpn =0,
(dF1 = Z A F1)mn — 1P Frnp = 0 .
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We have added the condition I"™F,, = 0 as an independent equation on F;j. Similarly, the
equations satisfied for the three-form F3 are found to be

Dpfpmn - Zp]:pmn - *Hpqr-/—'.mnpqr - (I /\fl)mn =0,
(d]:g, — ZNF3+ Hs AJ:l)mnpq -1 fmmﬂﬂ" =0.

Finally, the equations satisfied by F5 of the ABF background are

Drfrm"pq - errmnpq + ?%EmnpqrstuvaTSt]:uvw - (I A fg)mnpq =0,
(df5 —Z NFs5+ Hz A f3)7ﬂnpq’rs + %gmnpq’rstuvw[t]:uvw -0

These two are equivalent in view of the self-duality of Fs.
These modified equations reduce back to the standard type II equations if we drop all terms
with I,,, and assume that dZ = 0, i.e. if we set

L — Om@ I, —0.

The structure of modified equations supports the interpretation of Z as a generalised “dilaton
one-form”, while the isometry vector I effectively drives the deformation of the standard type
IIB equations.

An interesting observation is that there exist certain combinations of the modified super-
gravity equations that depend on Z and I only through the combination X = Z + I, which
entered the NS-NS equations of the previous section. These are found by adding together equa-
tions of equal form degree, for example, the equation of motion for the R-R three-form and the
Bianchi identity for the R-R one-form. The resulting X-dependent equations are given by

D" Fpy = X" Fpy — s H™P Frpp =0,
DPFpmn — XP Fpmn — fHP " Fonpgr + (dF1 = X ANF1)mn =0,
Dr]:rmnpq - XT]:rmnpq + ﬁemnpqnstuvaTStfuvw + (d]:3 - XA ]:3 + HS A fl)mnpq =0.

Using the self-duality of F5 the last equation can be also written as
(d-/_'.5 - XA f5 + H3 A -FS)pqumn - %5pqumnvstu(Dv~F5tu - XUJT'.Stu - -FUHStu) =0.

As will be discussed below, these three equations are already sufficient for deriving candidates
for the scale invariance equations for the F-fields, which are 2nd order in derivatives.

Let us return to the discussion of the scale invariance conditions for the couplings of the GS
sigma model and consider the equations for the RR couplings F that should follow from the
requirement of (1-loop) UV finiteness of the 2d model. One can argue that the conditions for
the G and B-field couplings should have the form

1
By, = §D2]:k1...ks t o = X0 Fry ke + > Fryoom kO X

where we have omitted possible non-linear terms such as RF + DHJF + ... on the L.h.s. The
X-dependent Lie derivative term on the r.h.s. reflects the reparametrisation (or off-shell z™-
renormalisation) freedom.

For X,,, = 0,,¢ the equation for ﬁk . should be a consequence of stronger Weyl invariance
conditions, which should be equlvalent to the type II supergravity equations with Z = X = d¢.
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Indeed, combining (“squaring”) the familiar dF' 4 ... = 0, d x F' + ... = 0 equations leads to
dxdxF4+*d*dF +..=0or D?F + ... = 0, where the leading term is the Hodge-de Rham
operator.

Moreover, the same equations should follow also from the modified type II equations (as,
e.g., the ABF background that solves the modified equations should also be a solution of the
scale invariance conditions). This should provide a non-trivial consistency check: after properly
“squaring” the equations of modified supergravity, the dependence on the Z and I vectors in
any candidate scale invariance equations should appear only through their sum X = Z + I.
Note that to be a candidate for the scale invariance conditions these equations should have the
following properties:

(i) vanish on the modified supergravity equations with X =d¢, ¥ =0

(ii) depend on Z and I through X =27+ 1

(iii) depend on X through Lie derivatives.

Starting with the modified equations and properly acting with xdx and dx, we arrive at the
equations, which satisfies the above properties. For F; we find

+ %Hpnkapnfk - %Dmenk]:pnk - %HpnkDpfnkm
= 2(XPDpFm + D XPF,) + BS  F" — 485 F™ . .

The equation for F3 reads as

D2]:nkm - Ra[nfakm] + Rab[nk]:abm] + i(R - %HQ)fnkm
+ %HabCHab[nfk:m]c - %HabcHa[nk:‘Fm]bc
+ DaHa[nker] + Ha[nkDaFm] - ]:aDaanm
- %D[nHabcfk:m]abc - %HabcDa]:bcnkm
= 2(X*DoFm + Dpn X Fimia) + B F  km) + BlorFm) — 3B F k. »
while the equation for Fj is
D?Fijkim — RaiF* jrtm) + Raplig T kim) + 1 (R = $H?) Fijrim
+ %HabcHab[i]:jklm]c - %HabcHa[ij]:klm]bc
+ DaHa[ijfklm] + Ha[ijDaJrklm] - fa[ijDaHklm]
+ legijklmbdef (DaHabCJ_-def + HabcDa]:def _ ]_-abcDaHdef) _
= 2X*DaFijkim + DX Fikimla) + BeiiF jrim) + Bl Frim) + 3 Eijkimabede(B7) P F .
This expression is consistent with the self-duality of F5 (in particular, the third and fourth lines
are manifestly dual to each other).

These 2nd-order equations for F;, F3 and JF5 exhibit obvious structural similarities. In
particular, they contain the expected Hodge-de Rham operator terms and the vector X only
enters through the reparametrisation terms.

In summary, we have suggested the modified supergravity equations that replace the con-
dition of Weyl invariance and proved that they are satisfied by the background fields of the

n-deformed theory. We have also derived the equations expressing the conditions of scale in-
variance and showed that they are satisfied by the corresponding background fields. Thus, the
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n-deformed model is a new interesting example of a sigma model which is scale but not Weyl
invariant.

3 Quantum spectral curve

As alluded to in the introduction, finding the excitation spectrum of the AdSs x S° superstring
theory — also dubbed the AdS5 x S® spectral problem — has been an important goal on the way
to understanding the AdS/CFT correspondence. For the AdSs x S° superstring theory string
excitations can be related to scaling dimensions of local operators of planar A" = 4 SYM theory,
such that finding a description of the former directly also yields a description of the latter. Apart
from its consequences for the AdS/CFT correspondence, having a clear description of these sets
of observables is desirable in itself: it is very rare to have so much control over the observables
in an interacting quantum field theory.

Using the integrability present in both the planar gauge and string theory discussed above it
is possible to give a very simple but exact description of the spectral problem. This description
has gotten simpler over the years, going through various intermediate stages, and at present
the simplest form known is the quantum spectral curve (QSC) [13]. The QSC has led to many
interesting results: not only did it allow for the analysis of arbitrary states such as twist
operators, it turned out to be a starting point for the study of different observables in ' = 4
SYM, such as the BFKL pomeron, the cusped Wilson line and the quark-anti-quark potential.
This is remarkable, as these observables are outside of the scope of the original spectral problem.
Its wide applicability suggests a deeper level to the QSC that is yet to be understood. One might
also wonder whether the occurrence of such a drastic simplification to the spectral problem is
unique to the AdSs x S° case.

In an effort to gain more understanding of the QSC and more generally the role played by
integrability in the simplification of the spectral problem a project was undertaken to construct
the quantum spectral curve for the n-deformed superstring theory. More precisely, starting
from the exact quantum scattering theory described by the S-matrix constructed in [2] one
can follow the same path as was taken for the original AdSs x S® case: the first step was
already undertaken in [14] in the construction of the 7-deformed Thermodynamic Bethe Ansatz
equations, an infinite set of non-linear integral equations.

To understand these equations and their constructions better the Thermodynamic Bethe
Ansatz (TBA) method was applied to a simpler model first: Inozemtsev’s elliptic spin chain.
This spin chain with elliptic long-range interactions was never analyzed in the thermal regime,
despite interesting claims being made about its thermodynamic behaviour [15], namely being
insensitive to the presence of supersymmetry. The TBA-equations were derived in [16], allowing
for the numerical analysis necessary to confirm the insensitivity to supersymmetry. Moreover,
the succesful application of this approach provides further evidence towards the integrability of
the model, which has still not been established.

After these introductory remarks we come to the derivation of the n-deformed quantum
spectral curve. The first step is to rewrite the TBA-equations in the form of a Y-system: a set
of finite-difference equations for the unknown 27-periodic functions Y, s that can be compactly
written as

Y+ y- — (1 + Yafl,s)(l + Ya+1,s)
a,s"a,s (1+Ya,s—1)(1+Ya,s+l)’

where f*(u) = f(u + ic) with ¢ the parameter carrying the n-deformation and where the
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indices (a, s) take values on what is known as the Y-hook. To specify which solutions of the
Y -system should be considered to describe the spectral problem one has to impose additional
conditions known as discontinuity equations. These discontinuities relate the jump of the various
Y functions at their infinitely many branch cuts on the complex plane. These discontinuities
were derived in [17], moreover showing equivalence of the Y-system with the original TBA-
equations in line with the original work in [18].

The second step consists in further simplifying the Y-system equations by the introduction
of a new parametrisation known as the T-system: the Y-system equations simplify further and
can now be written as

T+ T, ,= a,s+1Ta,s—1 + Ta—i—l,sTa—l,(sy

a,s*a,s

where the (a, s) live on the T-hook. This equation is known as the Hirota equation, a ubiquitous
equation in integrability. The price to pay for the further simplicity of the equations is that
the additional conditions become more convoluted. The T-functions and the Hirota equations
admit a huge gauge freedom that makes it hard to select a convenient gauge to work in, and
moreover it seems that no single convenient gauge exists. Nevertheless, in [17] four sets of T-
gauges were proposed inspired by T-system for AdSs x S® in [19]. Their construction is based
on spectral theory for periodic functions on the complex plane, more details of which can be
found in [20]. Combined with gluing conditions that relate the different gauges this gives a
full description of the spectral problem. In principal this T-system can be used to analyse the
spectrum of n-deformed AdSs x S° superstring theory, but like in the AdSs x S® case a further
simplification exists.

Using the solution theory of the Hirota equation [21] one can reparametrise one of the T-
gauges into so-called P functions, which can be regarded as the first step in the construction of
the quantum spectral curve. Working out all the constraints ultimately yields five independent
functions Py, Py, P3, P4, 1115 which describe all the T-gauges. All these functions are 27 (anti)-
periodic (at least just above the real axis) and have branch cuts: the P have only one on
the real axis whereas pi12 has an infinite ladder that goes all the way to imaginary infinity.
This analytic structure is illustrated in Fig. 1. All of these branch cuts are of square-root type
though, allowing for a relatively large amount of control. Introducing auxiliary functions P,, P¢
and pqp the equations that these objects need to satisfy — known as the Pu system — become
particularly pleasing. Written for a,b=1,...,4 it reads

flab — Hab = Paf)b - Pblsav f)a = ﬂabev PaPa =0, Pf(,u/) =1,

where the tilde indicates the second sheet evaluation of the function involved, the summation
convention is followed and Pf(u) is the Pfaffian of the antisymmetric matrix p. The form of
these equations exactly coincide with the Pp system derived for the undeformed AdSs x S°
superstring, consistent with the similarities between the representation theory of the AdSs x S°
superstring and its 77-deformed counterpart. These equations form one of the many equivalent
ways to write the QSC-equations. Another important set of equations one can derive is the
dual Qw system, which also has the same form as in the undeformed case.

As before, these equations do not give a full description of the spectral problem, which
need to be supplemented by boundary conditions that encode which solution of the Py system
corresponds to which state in the 7-deformed string theory. Clearly, this is also where the
difference between the undeformed and deformed becomes most pronounced. In the undeformed
case, the extra boundary conditions come in the form of asymptotics, that is prescribed limiting
behaviour for all the functions in the Py system as one sends u — oo. Clearly, such a condition
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flav

Hab™ -6

=

Figure 1: The analytic structure of the P, (a) and the uqp, (b) on the cylinder. The thick lines
indicate branch cuts between 46 on the first sheet. The continuation of short-cutted 4 can
be expressed on the first sheet using its 2ic periodicity. The squiggly line in (b) indicates that
for generic 6 outside the physical strip the uq, cannot be put on (a finite cover of) the cylinder.
Figure taken from Ref. [17].

it

is impossible for 27-periodic functions and one should consider other options. Using the TBA-
equations it proved possible to prove that at least some of the functions carry information about
the quantum labels of an excited state in their asymptotics as one considers the limit u — oo,
i.e. moves infinitely far up the cylinder. Postulating that this limit should yield the charges
also for the other functions in the QSC one can deduce a fairly simple set of asymptotics [17]:
for z = e~"*/2 one finds that

P,~ A,z M Q;~ Bz Pt~ AMa QP ~ Bz M
where

~ 1
M=§{J1+J2—J3+27J1—J2+J37—J1+J2+J37—J1—JQ—J?,—Q}a
N 1
M:§{A—Sl—SQ+27A+51+SQ,—A—51+SQ,—A+51_82—2}.

The six labels (A, Jy, Jo, J3,51,.52) are the quantum labels for states in the n-deformed string
theory. The prefactors Ay, A%, B; and B are explicitly known trigonometric functions of the
quantum labels.

This defines the n-deformed QSC, which can be used for further analysis of the n-deformed
string theory. Particularly interesting questions are (1) what is the field of numbers involved
in the actual computation of string energies, (2) can the deformed BFKL eigenvalue be com-
puted and possibly shed light on the thermal BFKL theory through the mirror duality of the
n-deformed string theory and (3) which operator is related to the Hagedorn temperature com-
putation through the same mirror duality.
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4 New and old integrable models

The string sigma model on AdSs x S® and its deformations provide a source for a number of
known as well as new finite-dimensional integrable models that can be obtained by applying var-
ious reduction schemes. At first glance this concerns a particle limit, 7.e. the limit of vanishing
string length. Studying this limit, as well as other finite-dimensional reductions, is principally
important since in spite of the progress relying on the surmised quantum integrability, quanti-
zation of the AdSs x S° superstring from first principles is still an open problem. Especially for
light string states, for which the psu(2,2]4) charges take finite values, it has been a renowned
challenge to determine the spectrum beyond the leading order [22], E ~ A/4 where X is the
't Hooft coupling. A way to proceed was offered in [23], where, arguing about supersymmetric
effects heuristically, an investigation of the isometry group orbits of a pulsating string allowed
to reproduce the first quantum corrections of order A~1/4. For this the crucial step has been
to reformulate the system as a massive AdSs x S° particle with the mass term determined
by the stringy non-zero-modes. But since quantization of massive as well as massless AdS
superparticles is not yet understood, to attack this question we utilised the gauge invariant
Kirillov—-Kostant—Souriau method of coadjoint orbits .

In particular, in [24] we applied the orbit method quantization to the AdSy superparti-
cle on OSP(1]2)/SO(1,1), yielding a Holstein—Primakoff-like realization of the superisometries
0sp(1]2). However, for the massless case the k-symmetry transformation leaves only one physi-
cal real fermion, rendering the model quantum inconsistent. This problem was overcome in [25]
by studying the AdSs superparticle on OSP(1]2) x OSP(1|2)/SL(2,R). Here, calculation of the
symplectic form as well as of the Noether charges naturally split up into left and right chiral
sectors, yielding a quantum realization of osp;(1]2) @ osp,.(1|2). For the massless particle it
was then found that the superisometry algebra extends to the corresponding superconformal
algebra osp(2|4), with its 19 charges realized by all possible real quadratic combinations of the
phase space variables.

With the goal to prepare the formalism for general semi-symmetric spaces, in [26] we de-
vised orbit method quantization of the massive bosonic AdSy particle in a scheme manifestly
exposing the coset nature of AdSy. Apart from reproducing previous results, this led to a new
quantization scheme in terms of dual oscillator variables. Furthermore, we also generalized the
results of [24] and [25] and proposed an ansatz for the AdS, superparticle.

In [27] and [28] we continued probing the integrability of sigma models on 7-deformed
backgrounds. Building on previous work for the n-deformed Neumann model [29], in [27]
we studied generalized bosonic string solutions on AdS; x S°, yielding a novel n-deformed
Neumann—-Rosochatius model. By constructing a 4 x 4 Lax representation we obtained a set
of abelian integrals of motion, ensuring Liouville integrability of the system. We furthermore
established how these generalize the integrals of motion of the known limiting cases, i.e., of the
n-deformed Neumann and geodesic systems as well as of the undeformed Neumann—Rosochatius
model.

As sigma models on 7-deformed backgrounds enjoy a quantum deformed symmetry algebra,
U, (psu(2,2|4)) in the case of (AdS; x S°),, it is interesting to track how the non-abelian
symmetry charges behave under the n-deformation. In [28] this question was posed in the
simplest possible setup, the geodesic motion on the squashed sphere (SQ),,, the manifold of the
Fateev sausage model [30]. New local integrals of motion were found, which by construction
form an s((2) Poisson algebra and therefore amount to maximal superintegrability of the system.
With this observation we devised a canonical map to an auxiliary sphere, by which we completely
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solve the geodesics problem.

5 Integrable deformations of CFTs and functional equa-
tions

While the discussion in sections 1-4 focusses on the analysis of concrete world-sheet theories
directly related to the AdS/CFT correspondence, here we take a step back and look at some
general questions that arise in the above procedure:

1. Give a quantum world-sheet theory, how can one describe its integrable structure? And
how can one detect deformations which preserve all or part of the integrability?

2. How much ambiguity is there in solutions to functional equations, such as T- and Y-
systems? What additional conditions make their solution unique?

We will not answer any of these questions for the models discussed in sections 1-4, but we will
outline a framework which is convenient to discuss the questions in point 1, and we will answer
question 2 at least for a much simpler type of Y-system than those arising in AdS/CFT.

The fundamental example of our approach is the integrable structure of the free boson,
perturbed and unperturbed, captured in terms of non-local conserved charges, as developed
by Bazhanov, Lukyanov and Zamolodchikov [31,32]. There, the authors construct mutually
commuting families of conserved charges by path-ordered integrals of free boson vertex operators
which depend on a spectral parameter A\. They argue that the large-A expansion encodes the
values of all local conserved charges, i.e. conserved charges obtained by integrating conserved
currents of the model.

The setting in which we discuss question 1 is that of two-dimensional conformal quan-
tum field theory in euclidean signature. We allow the world sheet to be decorated with one-
dimensional line defects, across which the bulk fields of the theory may have discontinuities.
The line defects themselves are topological in the sense that they can be deformed without
affecting the value of a correlator, as long as they are not taken across field insertions. The
most basic example here is the critical Ising model, where across the line defect the sign of the
spin-spin coupling is inverted (this is called a disorder line). When taken across such a disorder
line, the Ising spin field changes sign, while the energy field (the field dual to the temperature
perturbation) is continuous, see e.g. [33].

One now observes that in addition to bulk fields, there are new fields in a CFT with line
defects, namely fields which are localised on the line defect itself. These fields behave differently
from bulk fields in that they are not local (they have monodromies) when moved around other
field insertions. Geometrically this is very intuitive, as in moving a defect field around another
field tangles up the defect lines and there is no reason for the resulting value of the correlator
to be equal to the initial one.

Consider now a world sheet which is a cylinder, with a topological defect line with defect
condition X wrapped around it. This defines an operator Dx on the state space H of the CFT.
Since X is a topological defect condition, this operator commutes with the Hamiltonian of the
CFT:

[Dx,Hcpr) =0 , Hepr = 5 (Lo+Lo— &) -
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The operator Dx is thus a conserved charge for the conformal field theory, albeit one which
typically does not arise by integrating a conserved current. We can now ask the following
natural question:

Is it possible to deform the CFT and at the same time deform some of the conserved
charges Dx such that they remain conserved for the perturbed theory?

Let us start with the perturbation of the CFT. Fix a bulk field ®, which we assume to spinless,
that is, of chiral/anti-chiral conformal weight (h, k) (so its total scaling dimension is 2h). We
assume ® to be relevant or marginal (h < 1), so that the perturbation does not affect the UV
fixed point, which is our starting CFT. The perturbed Hamiltonian is

2
Hpere (1) = Hopr + / B(6)d6
0

where the integral is around the cylinder, and where p € C is the strength of the perturbation.
On the defect X we consider a perturbation by a chiral defect field ¥ x and an anti-chiral defect
field ¢x. We demand that their conformal weights are (h,0) and (0, h), respectively, with h
the same value as for the bulk perturbation. We perturb the defect X by the defect field

Mox (0) + Mpx (6)

where A, A € C give the strengths of the perturbations. Write Dx (X, A) for the perturbed defect
operator (defined by expanding an exponentiated integral of the above defect field, see [34,35]).
We would like to understand when

[Dx (A, N), Hpert(12)] = 0,

that is, when Dy ()\,5\) is a conserved charge for the perturbed Hamiltonian. In this setup,
there is a surprisingly simple sufficient condition, the commutation condition which has to hold
locally in correlators of the unperturbed CFT, and which guarantees the vanishing of the above
commutator to all orders in the perturbing parameters [34, 35]:

The left hand side is the difference between passing the topological defect line X above and
below the perturbing field ®. The defect field A(x) on the right hand side is the difference of
placing the two defect fields ¥ x and ¥ x in either order on the defect line,

Az) = lim (x (@ + )Px(z) — Px (z + e)vox (x)) -

Finally, the perturbing parameters have to satisfy the relation (the constant depends on nor-
malisation choices and is conventional, see [35] for details):

= —2i A\ .

This simple observation is the starting point of a host of interesting structural insights:
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e For a fixed value of u, so for a fixed perturbation of the CFT, a solution to the commu-
tation condition gives rise to a one-parameter-family of conserved charges, parametrised

by ¢ € C\ {0} via A= ¢, A = u/C.

e One important class of solutions to the commutation condition is the case u = 0, where
the CFT is not perturbed at all. Then the condition is A = 0, which in turn can be
guaranteed by simply choosing 1x = 0 (or ¥x = 0). In this way, one can investigate the
integrable structure of a CFT.

e The commutation condition can be expressed in terms of representation theoretic data
obtained from the conformal field theory [35], and in examples can be related to repre-
sentations of certain quantum groups. This recovers results of [31,32].

e For example by using the relation to quantum groups, or by direct computation, one
can establish that for certain choices of perturbing defect fields and defect labels X, the
various conserved charges Dy (A, ) commute with each other, for different values of X
and \, \, provided one keeps fixed the value of w. Furthermore, one finds in examples
that the Dx (), \) satisfy functional relations of T-system type.

Since the Dx (A, A) mutually commute, they can be simultaneously diagonalised! on the
state space H, the same T-system functional relations are also satisfied by the eigenvalues.
One arrives at a question in complex analysis: given a system of functional relations between
functions which are analytic in a certain domain, what can we say about the solutions?

To address this question, it has turned out to be useful to rewrite T-system functional
equations as Y-system functional equations. In a simple variant, these look as follows:

Yo(o +is)Yn( —is) = [] (1+ YV (2))% . (Y)

m=1

Here, s > 0 is a parameter, G is the adjacency matrix of a Dynkin diagram with N nodes,
and the equation has to hold for n = 1,..., N and all x € R. The functions Y,, are required
to be analytic in the strip R x (—is,is) and to have a continuous extension to the closure
R x [—is,is]. Note that this is the smallest connected domain on which one can make sense of
the above functional relation.

We have the following remarkable uniqueness and existence result, proven in [36], where
also numerous references to the physical literature can be found on which the method used in
the proof is based:

Theorem: Let ay,...,a, : R x [—is,is] = C be valid asymptotics (see below). Then there
exists a unique solution Y7,..., Yy to (Y) which satisfies the above analyticity conditions, as
well as, forn=1,..., N,
1. Y,(R) C Ry, (real & positive)
2. Y, (2) #0 for all z€ R x [—is,is] . (no roots)
3. log Y,,(2) — an(2) is bounded on R x [—is, is]. (asymptotics)

n this exposition we ignore all question of convergence and existence of integrals in perturbative expansions,
as well as analytic questions such as discreetness of spectra — these points need a careful treatment in each
example.
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The notion of “valid asymptotics” is somewhat technical (see [36] for details), but the most
important examples are, forn =1,..., N,

a) an(2) =0 , b)an(2) =e**w, , ¢)an(z)=cosh(yz/s)w, ,

where w is the Perron-Frobenius eigenvector of G and vy > 0 is related to the corresponding
eigenvalue by Guw = 2 cos(y)w.

The physical interpretation of this mathematical result is that the Y;, describe the ground
state eigenvalues of the corresponding conserved charges in (a) the unperturbed case (one proves
that the Y,,(z) are independent of z in this case); (b) the massless case u = 0; (¢) for a massive
perturbation. Moreover, it is shown in [36] that the unique solution can be obtain by solving a
non-linear integral equation of TBA-type.

In summary, the above constructions and results indicate that a promising approach to
obtain non-perturbative information about a perturbed CFT is to first try to establish functional
relations satisfied by families of mutually commuting perturbed defect operators, and to then
try to prove existence and uniqueness statements for the functional equations satisfied by their
eigenvalues, similar to the theorem above.

6 Integrable lattice discretisation from the universal R-
matrix

Establishing that the integrability of the world-sheet sigma model for strings on AdS persists
at the quantum level is a hard probem that has remained elusive up to now. Most importantly,
one has to make sure that renormalisation of ultraviolet divergencies does not spoil integrability.
A promising strategy to reach this goal is based on the use of lattice regularisations for inte-
grable two-dimensional quantum field theories. There are some well-known examples including
the Sine-Gordon model where lattice regularisations have been constructed which manifestly
preserve integrability. However, up to now there does not exist a sufficiently general framework
to construct integrable lattice regularisations for all integrable models of our interest, and in
particular for the sigma models relevant for string theory on AdSs x S°.

In a part of our project, carried out jointly with the postdoc Carlo Meneghelli, we have
described a systematic approach for the construction of large families of integrable lattice reg-
ularisations [37]. This approach has been fully realised in the examples of affine Toda field
theories, prototypical examples of integrable quantum field theories sharing some qualitative
features with the sigma models relevant for the study of string theory on AdS spaces. The re-
sults of the recent paper [38] offer very encouraging hints that the generalisation of the approach
developed in [37] to integrable sigma models is getting within our reach.

The approach taken in [37] is based on two main ingredients.

(A) In all known examples one can view integrability as the consequence of powerful algebraic
structures organising the algebras of observables of the field theories in question. The
relevant algebraic structures are often referred to as quantum groups. It is in many cases
possible to identify the quantum group relevant for integrability of a given quantum field
theory from its Lagrangian description, or alternatively from its description as perturbed
conformal field theory [35,39].
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This step is performed in [39] by considering the light-cone representation of the dynamics.
The interaction terms generate a non-commutative algebra which can often be identified
with a subalgebra of the relevant quantum group from which the full quantum group can
be reconstructed by a standard construction (quantum double).

(B) The main proposal made in [37] is that the corresponding integrable lattice regularisation
can then be constructed by following a systematic procedure reducing the main steps to
problems in quantum group representation theory. The main ingredients are the so-called
Lax-Matrix, R-matrices and the Baxter Q-operators. The proposal of [37] offers a recipe
for the construction of these key ingredients by breaking it up into two steps: First finding
representations of the relevant quantum group organising the algebra of observables on
the lattice, and then evaluating the known universal R-matrix on these representations.
The power of this approach has been illustrated in [37] by working it out in full detail in
the example of the affine Toda field theories.

In the following we will describe this approach in a bit more detail. The algebraic struc-
tures called quantum groups are characterised to a large extend by an algebra structure (non-
commutative product operation) and a co-product, essentially a rule for how to act with the
algebra on tensor products of its representations. The co-product will generically not be sym-
metric with respect to exchange of the tensor factors in a tensor product Ry ® Ry. A useful de-
scription of this asymmetry is provided by the R-matrices, operators Rr, r, : R1® Ry = R1 QR
relating the quantum group action on Ry ® Rs to the one defined from the action on Ry ® R,
by subsequent permutation of tensor factors. Basic results in quantum group theory assert the
existence of a universal object of the form R =’ _;x, ® y,, with {z,;2 € T} and {y,;2 € T}
being suitable sets of generators for the quantum group, such that

RRle = (TrRl ® TFRz)(R) = ZﬂRl (.131) ® TR, (yl)a
1€L

with 7mr(z) being the operator representing the quantum group element x within the represen-
tation R.

Two types of quantum representations are relevant in the context of integrable lattice models.
Most basic is a representation 7, of the quantum group on the physical Hilbert space of the
lattice model, often referred to as quantum space. It then turns out to be useful to consider
one-parameter families of auxiliary representations 7, ) allowing us to define useful generating
functions as

M(A) = (ma,x ® mg)(R). (1)

If, for example, the auxiliary representations 7, » are finite-dimensional one may view M (X) as a
matrix having matrix elements which are operators acting on quantum space. The matrix M (\)
turns out to be related to the monodromy matrix of the Lax connection in the corresponding
classically integrable model.

It is known that infinite-dimensional representations m, » can also be of interest in this
context. This requires in particular that it is possible to define a partial trace over the space
‘H, on which the representation m, ) is realised

Q) = Try, (M(N)). (2)

Some choices for 7,  will produce particularly useful families of operators Q()), distinguished
by two main properties:
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e By specialising the parameter A one can obtain from Q(\) evolution operators generating
a lattice version of the physical time-evolution.

e The operators Q(N\) and Q(u) associated to any two values of the parameter always
commute with each other, [Q(\), Q(u)] = 0.

This implies that Q(\) represents a generating function for the conserved quantities of the
integrable lattice model constructed in this framework.
Having identified the relevant quantum group in step (A) of this program, it remains to

1) find suitable representations 7, and m, , and
2) calculate Q(\) from (1) and (2).

It was shown in [37] in the example of the affine Toda theories that taking the first step 1)
is often very simple. It turns out that the relevant representations can be found among the
simplest possible representations the relevant quantum groups have. Given that the operators
7q(z) represent physical observables, one gets important constraints on the representation m,
from the requirement that the behavior of 7,(z) under hermitian conjugation should reflect
the reality properties of the corresponding physical observable. It was found in [37] that such
requirements single out a unique choice for the representation 7, to be used for the models of
interest.

In order to complete this program it remains to perform step 2) above, the calculation of
Q(X). A possible starting point is provided by the known explicit formulae for the universal
R-matrices R, taking the form of infinite products. These formulae are very complicated.
Somewhat unexpectedly, it has turned out that the representations the 7, » and 7, we found
to be relevant in this context have very useful special features simplifying the evaluation of
M(X) via (1) enormously. As a result we have obtained fairly simple formulae representing the
operators () as integral operators with explicitly known kernels.

In this way one not only obtains all the key ingredients for the construction of integrable
lattice regularisation. The algebraic structures of the quantum group imply that Q()\) satisfies
a system of functional equations. The known representation of Q(A) as an integral operator
enables us to determine the analytic properties of the eigenvalues of Q(\). Taken together,
functional equations and analytic properties lead to a complete mathematical characterisation
of the set of functions ¢(\) representing the possible eigenvalues of Q(A). This constitutes the
necessary groundwork for the solution of the spectral problem in these integrable quantum field
theories.

The models studied in [37] are not yet the models of our ultimate interest from the point of
view of applications to AdS/CFT. It was for a long time believed that the step to be taken to
treat integrable sigma models in a similar way is big, requiring to overcome the problem of non-
ultralocality of the Poisson brackets for the Lax matrices describing the integrable structures of
nonlinear sigma models on the classical level. More recently at least two possible ways out have
become visible. For some integrable nonlinear sigma models a modified zero curvature repre-
sentation of the classical equations of motion has been found leading to fully ultralocal Poisson
brackets [40]. It may be hoped that this approach can be generalised considerably. There
furthermore exist proposals for dual descriptions of various nonlinear sigma models (see [38,41]
for recent progress containing further references) which should be accessible with only a modest
generalisation of the approach in [37,39]. These observations give us hope that a full derivation
of the integrability of string theory on AdSs x S° and its deformations is getting within reach.
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A high-energy ete™ Linear Collider has been considered since a long time as an important
complement to the LHC. Unprecedented precision measurements as well as the exploration
of so far untouched phase space for direct production of new particles will provide unique
information to advance the limits of our understanding of our universe. Within this project,
the physics prospects of such a collider as well as their interplay with design of the accel-
erator and the detectors have been investigated in a quantitative way. This kind of study
required a close collaboration between theory and experiment, always taking into account
results of the LHC and other relevant experiments. In this article we will summarize some
of the most important developments and results, covering all core areas of the physics
progamme of future e™e™ colliders.

1 Introduction

A high energy electron positron collider enables unprecedented precision studies of the Higgs
boson, the top quark, the heavy gauge bosons and possibly yet unknown particles, and would
thus be an ideal complement to the LHC. From its beginning, the SFB676-B1 project has been
dedicated to the quantitative assessment of the physics case of such a future ete™ collider [1],
considering existing LHC results as well as still to be expected measurements from the HL-LHC.
As a concrete example the most advanced of such projects, namely the International Linear
Collider (ILC) [2], has been used in order to study the impact of accelerator parameters and
detector performance on the physics prospects [3]. In many cases, the assessment was based on
realistic technology assumptions verified e.g. with prototypes in testbeam.

The actual discovery of the Higgs boson at the LHC in 2012, near the mid-term of this
project, gave a tremendous boost to the planning of such a collider. With the knowledge of the
Higgs mass being close to 125 GeV, the energy thresholds of important processes like single or
double Higgsstrahlung could be pin-pointed with certainty for the first time. As a result, the
Linear Collider Collaboration (LCC) defined concrete operating scenarios for the ILC [4], with
strong involvement of this SFB project. The total amount of integrated luminosity collected
at each energy stage were defined such as to optimize the expected precision on the couplings
of the Higgs boson for a total operation period of about 20 years. The official default running
scenario is shown in Fig. la, which serves as a reference for all ILC physics studies since.
An optimal early physics performance is achieved when starting operation at a center-of-mass
energy of 500 GeV, runs at 250 GeV are very important for ultimate precision on the coupling
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Figure 1: Integrated luminosity vs time in two construction scenarios for the ILC (a) immediate
construction of a 500 GeV machine (b) staged construction starting with a 250 GeV collider.
Figures taken from Refs. [4] and [5], respectively.

of the Higgs to the Z boson. The initial construction costs, however, are much lower when
starting at the lowest possible energy, because only a part of the accelerating modules is needed
at the beginning. Therefore, also a staged version of the default running scenario has been
developed [5], again with leading contributions from this project. The staged scenario, which
after the full program delivers the same integrated luminosities as Fig. 1a, is shown in Fig. 1b.

Besides the center-of-mass energy and the luminosity, the polarisation of the electron and
positrons beams is an important top-level parameter of electron-positron colliders. The impact
of beam polarisation on the physics program of future ete~ colliders has been an important
topic throughout the lifetime of this project, and has been summarized in [6,7]. Also the precise
monitoring of the luminosity-weighted average beam polarisation from collision data received
several imporant contributions from this project [8-10]. In particular a global fit framework has
been developed which can for the first time combine total and differential cross-section mea-
surements from many different physics processes as well as the polarimeter measurements [10].
This framework has been used to study the ultimately achievable precisions for each dataset in
the H20 running scenario, as well as to study the impact of systematic uncertainties and their
correlations. Most recently, the role of positron polarisation has been reviewed in view of the
staging proposal for the ILC [11], again with leading contributions from this project.

All the studies of the physics potential of a future ete™ collider which will be summarized
in the following sections rest on advanced software tools from MC generators over detector
simulations to reconstruction and data analysis. Nearly all studies for future linear colliders
world-wide rely on the MC Generator WHIZARD [12]. In close collaboration with the project
B11 of this SFB, strong contributions have been made the automation of NLO QCD correc-
tions in WHIZARD, but also to the implementation of Linear Collider specific features and
requirements [13]. The latter profited strongly from the direct collaboration between WHIZARD
developers and users within the SFB.

Algorithmic developments to event reconstruction at Linear Colliders comprise e.g. a novel
technique to account for initial state radiation and Beamstrahlung in kinematic fits [14, 15].
Prior to this development the benefit of kinematic fits was considered to be much smaller
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at Linear Colliders than e.g. at LEP due to the much higher radiation losses. With the new
technique, ete™ — WTW ™ /ZZ — 4 jet-events with significant photon radiation could be fitted
equally well as events without radiation, achieving comparable resolutions e.g. on di-jet masses.
This technique was applied successfully since in several ILC and CLIC analyses, e.g. in a PhD
thesis written in context of this project on the prospects for measuring the triple-Higgs coupling
at the ILC [16].

In the following sections, we will highlight results obtained in this project in the some of
main areas of the physics program of future ete™ colliders: Precision studies of the Higgs
boson and searches for its potential siblings, precision studies of the W and Z bosons, as well
as seaches for the direct production of new particles.

2 Higgs physics in the SM and beyond

With the discovery of the Higgs boson the questions of the inner workings of electroweak
symmetry breaking and of the stabilisation of the Higgs mass became unavoidable. Precision
measurements of the Higgs boson’s properties provide unique key information for solving these
puzzles. The SFB-B1 project contributed in many aspects to the quantitative understanding
of the possible measurements and to their interpretation. These will be summarized in this
section together with the experimentally closely related search for siblings of the Higgs boson
with reduced couplings to the Z boson.

2.1 Higgs couplings to fermions and bosons

One of the unique opportunities at eTe™ colliders is the determination of the total decay width
of the Higgs boson. This can be achieved either by measuring the total Higgsstrahlungs cross
section and the subsequent decay of the Higgs into a pair of Z bosons — or by studying Higgs
production in WW fusion with subsequent decay of the Higgs into a pair of W bosons. Since the
former is limited by the small branching ratio of H — ZZ, the latter has been studied in [17],
considering especially dependency of the achievable precision on the center-of-mass energy. It
was shown that without making any assumptions on the relations between the couplings of the
Higgs to W and Z bosons, e.g. by custodial symmetry, data-taking at center-of-mass energies
of at least 350 GeV, better 500 GeV is mandatory.

The prospects and challenges of measuring the Higgs branching ratios into pairs of b- or
c-quarks or of gluons has been studied at a center-of-mass energy of 350 GeV [18]. At this
energy, the Higgsstrahlung production mode with subsequent decay of the Z into two neutrinos
and W fusion production mode contribute about equally. Within this project it was shown
for the first time that all three hadronic decay modes as well as the two production channels
can be disentangled simultaneously by using not only the flavour tag information but also the
invariant mass of the missing four-momentum as discriminating variables.

These results as well as many more which have been obtained within the world-wide ILC
community have been used as input to the definition of default running scenarios for the ILC
mentioned in the Introduction. While these were still based on a k-framework type of inter-
pretation, a new approach was implemented in 2017 within an effective operator framework
considering all dim-6 operators consistent with SU(2) x U(1) symmetry [19]. In such a frame-
work, the symmetry assumptions as well as the inclusion of triple gauge coupling constraints
allow to constrain the total decay width of the Higgs boson much better than in the x-framework
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Figure 2: Discrimination power between the SM and various examplatory BSM benchmarks
from ILC Higgs and electroweak precision measurements. All benchmarks have been chosen to
be unobservable at the (HL-)LHC. (a) For the 250 GeV stage of the ILC (b) Adding the full
500 GeV program. Figures taken from Ref. [19].

already at /s = 250 GeV. A special contribution from the SFB-B1 project is shown in Fig. 2,
which illustrates the power of Higgs (and electroweak) precision measurements for discriminat-
ing various new physics benchmark scenarios from the SM and from each other, based on the
EFT-interpretation of projected ILC measurements. All benchmark points have been chosen
such that they will not be observable at the HL-LHC, their definition can be found in [19)].
Fig. 2a displays the discrimination power in terms of the number of standard deviations for the
250 GeV ILC, while Fig. 2b corresponds to the full H20 program, including the 500 GeV data.

Another important measurement is the direct determination of the Higgs self-coupling A
from double-Higgs production. High-energy Linear Colliders offer two very complementary
opportunities for this measurement: At energies of about 1TeV and higher, pairs of Higgs
bosons can be produced in vector boson fusion, where the cross section decreases with larger
values of A, like in the analogous process at hadron colliders. At energies around 500 GeV,
double Higgs-strahlung is accessible, whose cross section grows with increasing A. A PhD thesis
written in the context of the SFB-B1 project showed for the first time the feasibility of this
measurement at the ILC with /s = 500 GeV in full detector simulation and including pile-up
from soft photon-photon collisions [16].

2.2 Additional light Higgs bosons

Beyond the precision study of the 125 GeV Higgs boson, the eTe™ colliders also offer unique
possibilities to search for additional light scalars S° with reduced couplings to the Z boson, be it
additional Higgs bosons or PNGBs which occur frequently in various extensions of the SM. The
special handle here is to use the same recoil method which also ensures the model-independent
determination of the total Higgsstrahlungs cross section. Thereby, the four-momentum of the
S is reconstructed solely from the decay products of the Z boson, e.g. in Z — putu~ and
Z — eTe™, and the known initial state. Within the SFB-B1 project, the sensitivity of the
250 GeV ILC to such additional scalars has been studied in an interdisciplinary endeavour in
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Figure 3: Search for additional light scalars: SM backgrounds superimposed with S° signals for
various masses in full simulation of the ILD concept [21].

two approaches: a) by extrapolating the analogous LEP searches [20], as well as b) in full
simulation of the ILD detector concept [21].

At LEP such light Higgses have been studied in two ways: i) via analyzing both decaying
particles explicitly, Z — pTpu~ and H — bb (called 'LEP traditional’), and ii) via applying
a Higgs-decay independent method, the recoil method, and analyzing only the decays Z —
utu=,ete”. After a reproducing the LEP sensitivities as a verification of the method, both
LEP searches were extrapolated to ILC energy, luminosity and polarization, i.e. for /s =
250 GeV, £ = 500 fb~! and the polarization configuration (P,-, P.+) = (=80%, +30%) [20].
The resulting expected limit on S at the 95% C.L. can be seen in Fig. 4a. Following the LEP
convention, the sensitivity is expressed as a ratio of the cross section for ZS° production over
the (by now hypothetical) SM ZH cross section for the same mass, called S. This ratio is
proportional to the squares of the involved couplings S ~ 9% ,,/9% 77|

The channel ete”™ — S°Z, Z — utp~ was studied in in full simulation of the ILD
detector concept for £ = 2000 fb~! splitted up into the four polarization configurations
(P,—,P.+) = (F80%, £30%) [(F80%, F30%)| with 40% [10%)] of the total luminosity, respec-
tively [21]. Figure 3 shows the resulting recoil mass spectrum from all SM backgrounds (note
that this includes the 125 GeV Higgs) and S signals of different masses with an arbitrary nor-
malisation. These spectra were then be used to project sensitivities on S at 95% C.L. as a
function of the S° mass, shown in Fig. 4b.

While the two analyses are broadly consistent, there are some differences in the results: for
very light Higgs masses they originate from different approaches in treating the width of the
S0, while at higher masses the different considered final states of the Z-boson play a role.

These studies show that the ILC covers significant additional parameter space down to about
a 1% of the SM ZH cross section in a decay-mode independent way over a broad range of light
Higgs masses, even at a center-of-mass energy of only 250 GeV.
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Figure 4: Expected sensitivity at 95% C.L. as a function of the mass of the S° in terms of
the signal cross section normalized to the SM Higgsstrahlung cross section for the same mass
at the ILC with /s = 250 GeV: (a) Decay-mode independent recoil analysis in the process
ete™ - HZ, Z — utpu~, ete™ as well as the decay-mode dependent analysis in the process
ete™ — HZ — bbutp~ with £ = 500 fb=! and (P,-, P.+) = (—80%, +30); method checked
against LEP data analysis and extrapolated to ILC. (b) Decay-mode independent recoil analysis
in the process eTe™ — HZ, Z — ptpu~. The red crosses show the reach of the ILC in full
detector simulation for an integrated luminosity of 2000 fb=! and (P,-, P.+) = (¥80%, +30%)
[(780%, F30%)] in the luminosity ratio 40% [10%], respectively. The red line shows the directly
comparable exclusion limit from LEP, the blue line a decay mode-dependent search from LEP.
The grey line corresponds to the yellow line from panel (a). Figures taken from Ref. [20]
and [21], respectively.

2.3 Off-shell effects and the Higgs width

The exploitation of off-shell contributions in Higgs processes can play an important role to
determine properties of the Higgs particles. In [22]| the off-shell contributions in H — VV*
with V' = Z, W have been studied. Both dominant production processes ete™ — ZH —
ZVV®) and ete” — vH — voVV®) are taken into account. The relative size of the off-shell
contributions is strongly dependent on the centre-of-mass energy. These contributions can have
an important impact on the determination of cross sections and branching ratios. Furthermore,
the combination of on- and off-shell contributions can be exploited to test higher-dimensional
operators, unitarity and light and heavy Higgs interferences in extended Higgs. sectors.

The fact that the mass of the observed Higgs boson of about 125GeV is far below the
threshold for on-shell W+ W~ and Z Z production has the consequence that the decay H — VV*
of an on-shell Higgs boson suffers from a significant phase-space suppression. This implies on
the one hand that the partial width H — VV* where H is on-shell, depends very sensitively
on the precise numerical value of the Higgs-boson mass. On the other hand, contributions of an
off-shell Higgs with decays into two on-shell V'V are relatively large. The relative importance
of contributions of an off-shell Higgs boson increases with increasing cms energy, cf. Tablel.
For /s > 500 GeV those off-shell contributions to the total Higgs induced cross section are of
0(10%).

The extraction of Higgs couplings to gauge bosons from branching ratios of H — VV* re-
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quire a very precise measurement of the Higgs-boson mass (preferably better than 100 MeV). At
low cms energies /s, i.e. close to the production threshold, the effects of off-shell contributions
are insignificant for the extraction of Higgs couplings. For an accurate determination of Higgs
couplings at higher /s, however, the off-shell contributions have to be incorporated.

A particular focus of our analysis has been on the determination of the total width of the
Higgs boson at a linear collider. We have investigated two aspects in this context. On the
one hand, we have analysed to what extent the standard method at a linear collider, which is
based on the Z recoil method providing an absolute measurements of Higgs branching ratios
in combination with an appropriate determination of a partial width, is affected by off-shell
contributions. We have found that at low cms energies the effect of the off-shell contributions in
H — VV®) is at the sub-permil level. At higher energies, however, the off-shell effects are larger
and need to be properly taken into account and/or reduced by appropriate cuts. However, the
method based on the comparison of on-shell and off-shell contributions has several draw-backs.
Besides relying heavily on theoretical assumptions, this method requires very high statistics and
is limited by the negative interference term. We therefore conclude that the standard method
at a linear collider based on the Z recoil method is far superior for determining the Higgs width,
both because of its model-independence and the much higher achievable precision. We have also
discussed the corresponding method at the LHC and we have pointed out that the destructive
interference contribution between the Higgs-induced contributions and the background will
make it difficult to reach the sensitivity to the SM value of the width even for high statistics.

As an example of the relevance of off-shell effects in the context of an extended Higgs sector,
we discussed the case of a 2-Higgs-Doublet model with a SM-like Higgs at 125GeV and an
additional heavier neutral CP-even Higgs boson with suppressed couplings to gauge bosons.
We demonstrated the importance of the interference between off-shell contributions of the light
Higgs and the on-shell contribution of the heavy Higgs. If the suppression of the couplings
of the heavy Higgs boson to gauge bosons is not too strong, the H — V'V () channel can in
this way lead to the detection of a heavy Higgs boson at a linear collider, even beyond the
kinematical limit for producing a pair of heavy Higgs bosons, H and A.

3 Top quark and electroweak physics in the SM and beyond

Precision measurements of the properties of the top quark and the electroweak gauge bosons
present an important part of the physics program of future ete™ colliders as they offer additional
opportunities to reveal signs of physics beyond the SM and provide important input to the global
interpretation of Higgs properties. A crucial role plays the measurement of the top quark mass
in continuums measurements as well as via threshold scans, these studies are covered in the
project B11 of this SFB [23,24]. The impact of measurements at the ILC and in particular of
its Z-pole option on the global electroweak fit have been studied for instance in the project B8

of this SFB [25].

3.1 Off-shell processes in top quark pair production

Within this project, the prospocts to access the top-quark width by exploiting off-shell regions in
the process ee~ — W W ~bb have been studied [26]. Next-to-leading order QCD corrections
have been taken into account and we showed that carefully selected ratios of off-shell regions to
on-shell regions in the reconstructed top and anti-top invariant mass spectra are, independently
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IR I il Nl N O G -~
250GeV || 3.12(3.12) fb 0.03(0.03) % 0.490 b 0.12%
300GeV || 2.36(2.40) b 0.46(1.83) % 1.12fb 0.40%
350GeV || 1.71(1.82)fb 1.82(7.77) % 1.91fb 0.88%
500 GeV || 0.802(0. 981) 7.20(24.1) % 4.781h 2.96 %

1TeV || 0.242(0.341)fb 30.9(50.9) % 15.0fb 13.0%

VI A - A I L -
250 GeV 76.31H 0.03% 3.98(3.99) b | 0.13(0.12)%
300 GeV 57.710 0.42% 9.07(9.08)fb | 0.29(0.26) %
350 GeV 41.4fb 0.92% 15.5(15.5)fb | 0.49(0.43) %
500 GeV 18.6 b 2.61% 382(38.1)fb | 1.21(0.96) %

1TeV 4531 11.0% 110.8(108.9) fb | 4.45(2.78) %

Table 1: Inclusive cross sections ooi(0,v/s — myz) for ete™ — ZH — ZVV and oo4(0,+/s) for
ete™ - vvH — voVV for P(et,e™) = (0.3, —0.8) and relative size of the off-shell contributions
Ao in %. In brackets we add the results averaging over the ZZ pairs for eTe™ — ZZZ and
taking into account the t-channel Higgs contribution for eTe™ — vWW. A.g is independent
of the polarisation. Table taken from Ref. [22].

of the coupling g:w, but sensitive to the top-quark width. We have examined the structure of
reconstructed top-quark masses allowing for a detailed understanding of the double-, single- and
non-resonant contributions of the total cross section. The ratio of single-resonant to double-
resonant cross section contributions, cf. Fig. 5, is sensitive to the top-quark width whilst
simultaneously being independent of the gw coupling. The central results of [26] are the in-
depth investigation of this ratio. We have shown that with a careful choice of the single-resonant
region of the cross section, such a ratio can successfully be exploited to extract the width at
an eTe” collider. We have explored the effects that variations in both the jet radius as well
as the resonance window (in which reconstructed top quarks are defined to be resonant) have
on the ratios. We find that attainable accuracies of < 200 MeV for determining I'; are already
possible with unpolarised beams at /s = 500 GeV. Using polarised beams or higher centre of
mass energies would lead to an enhanced sensitivity to I'y. We note that this is comparable to
the accuracies quoted in the literature obtained from invariant-mass lineshape fitting, but that
the results can significantly be improved by further exploiting this methods including polarised
initial states.

3.2 Electroweak precision measurements

As an early synergy within the SFB, the fermionic electroweak two-loop corrections to sin? oo off
where calculated in close collaboration with the project B4 [27]. An accurate theoretical pre-
diction is indispensable for the interpretation of b quark asymmetry measurements — at the
Z pole, or at the 250 GeV stage of the ILC. It was found that these corrections were sizable,
especially for the by now known value of the Higgs mass of about 125 GeV. The experimental
capabilities of the ILC at 250 GeV for measuring the couplings of the b quark to the Z boson
have been studied recently by our Paris colleagues [28], showing that considerable improvements
w.r.t. LEP can be reached even at 250 GeV.

Another important measurement at future eTe™ colliders will be triple gauge couplings,
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Figure 5: (a) Dependence of cross section o(ete™ — WHTW~bb)/[pb] at /s = 500 GeV at
LO and NLO on the top-quark width. ‘DR’ denotes the double resonance region (= two
intermediate top-quarks), SR1 and SR2 (= one intermediate top-quark) or the choice Rje; = 0,5
and mass region My, = 165 GeV and My, = 180 GeV. (b) Dependence of the ratios of the
single resonant cross sections (SR1 = long dashed, SR2 = short dashed) to the double resonant
cross section (DR) on I'; and for polarized beams (P.+, P,-) = (—1,+1) at v/s = 500 GeV (LO
= green lines, NLO = blue regions). Figures taken from Ref. [26].

especially those involving W bosons. The relevant processes like W pair production or single-
W production are highly sensitive to the beam polarisations. Therefore it is important to
understand a) the role of beam polarisation in disentangling the effects of the various possible
anomalous couplings and b) whether the triple gauge couplings and the actual value of the
luminosity-weighted average polarisation cn be extracted simultaneously from the data. The
ILC prospects have been studied in the SFB-B1 project w.r.t. both aspects at all relevant
center-of-mass energies |[9,29,30].

Figure 6 compares the most recent study of the ILC prospects at a first 250 GeV stage in
comparison to the final LEP2 results, the current ATLAS and CMS measurements based on
their 8 TeV data as well as HL-LHC projections [30]. Thereby Fig. 6a shows the achieved or
expected uncertainties when only a single parameter at the time is allowed to differ from its SM
value, while Fig. 6b is based on a simulataneous extraction of all three considered couplings,
which to date is not considered feasible from hadron collider measurements. These projections
are included in the EFT-based interpretation of Higgs measurements discussed in the previous
section.

4 Supersymmetry
Over the course of the SFB676, the perspective on searches for direct production of new particles
and on the determination of their properties changed drastically: In the earlier phases the work

was focussed on the prospects for precision measurements on particles which were assumed to be
discovered soon at the LHC but the determination of the specific properties and the distinction
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Figure 6: Achieved and achievable precisions on anomalous charged triple gauge couplings at
LEP, (HL-)LHC and the ILC. The ATLAS and CMS results correspond to their respective
analysis basedon the 8 TeV data. (a) from single-parameter fits (b) from the simultaneous fit
of all three couplings, is so far not considered feasible at the LHC. Figures taken from Ref. [5].

of the models was expected to be covered by the LC. With the absence of early discoveries
beyond the Higgs boson, the question whether an et e~ collider could still discover new particles
became of higher and higher relevance. This lead e.g. in 2012 to a comprehensive review of
the impact of LHC 8 TeV results and other constraints on the MSSM parameter space and to
the definition of new SUSY benchmarks for Linear Collider studies [31]. A recent summary
of the BSM opportunities at the ILC, prepared with leading contributions from the SFB-B1
project, can be found in [32]. For an comprehensive review on physics at a LC, providing also
on overview about theoretical frameworks, see [1,33]. In the following, we will highlight a few
individual results obtained with this SFB project.

4.1 Determination of particle properties

The challenging task in particle physics —after the observation of new physics signal— is the
determination of the underlying new physics model. Since the SM is not only highly consistent
with all experimental results so far but also from theoretical point of view, there is no clear
direction for a BSM model. Therefore it is even more important to develop strategies how to
measure the properties of possible new physics candidates precisely and in a model-independent
way. One of the characteristics of several new physics model, as for instance in SUSY or in
Universal Extra Dimension (UED) models, is the spin of the new particles.

4.1.1 Spin determination

The spin of supersymmetric particles can be determined unambiguously at eTe™ colliders.
In [34], we showed for a characteristic set of non-colored supersymmetric particles — smuons,
selectrons, and charginos/neutralinos, how to determine the spin in a model-independent way
via three different steps: analyzing the threshold behavior of the excitation curves for pair
production in ete™ collisions, the angular distribution in the production process and decay
angular distributions, For the production of spin-0 sleptons (for selectrons close to threshold),
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Threshold Excitation and Angular Distribution

SUSY particle i € T X°
spin 0 0 1/2 1/2
Othr 53 ﬁB ﬁ 53
0 dep. sin? 0 thr: sin? 6 thr: isotropic  thr: 1+ kcos? 6
UED particle I e1 Wit A
spin 1/2 1/2 1 1
Tthr B g g g
6 dep. | 1+ k%cos?6 thr: isotropic | thr: isotropic thr: isotropic
General || particle Bls] Bls, t,u] Fp als] Fp s, t,u]
spin >1 >1 >1/2 >1/2
Othr 53 ﬁ Bv BS Ba 53
0 dep. 14+ rcos?f  thr: isotropic | 14+ rcos?f  thr: 1+ xcos?d
Table 2:  The table shows the general characteristics of spin-J particles, the corresponding

threshold behavior and the angular distribution in, for instance, SUSY and UED particle pair
production processes. B and Fp js generically denote bosons and Dirac, Majorana fermions;
The parameters k [k # —1] depend on mass ratios and particle velocities §. Measurements of the
polar angle distribution in the slepton sector provide unique spin-0 assignments. However, for
spin-1/2 particles neither threshold excitation nor angular distributions are sufficient, i.e. also
a final state analyses must be performed to determine the quantum numbers. Table reprinted
from Ref. [34] with kind permission of The European Physical Journal (EPJ).

it turns out that the sin? 6-law for the production is a unique signal of the spin-0 character.
However, while the observation of the sin? §-angular-distribution is sufficient for sleptons, the
B33 onset of the excitation curve is a necessary but not a sufficient condition for the spin-
0 character. In the case of spin-1/2-particles (chargino/neutralino sector), neither the onset
of excitation curves nor the angular distributions in the production processes provide unique
signals of the spin quantum numbers. Here, decay angular distributions provide a unique signal
for the chargino/neutralino spin J = 1/2, albeit at the expense of more involved experimental
analyses, cf. Table 2.

4.1.2 Structure of couplings

A specific feature for Supersymmetric models is that the coupling characterics are preserved
under SUSY transformations. In order to prove supersymmetry, it is therefore necessary to
verify this feature. For instance, the SUSY Yukawa-couplings have to be proven to be identical
to the corresponding gauge couplings. In the electroweak sector, it has been shown in [35],
that the measurements of polarized cross section serve perfectly well for this purpose. In [36],
the study has been extended to the coloured sector and it has been examined whether the
quark-squark-gluino Yukawa couplings, can be determined, complementary to LHC analyses,
by studying ¢ — ¢ — g and § — ¢ — g and comparing it with the radiation process qqg at a
TeV ete™ collider. SUSY QCD corrections at NLO have been included. These channels have
been investigated to test this fundamental identity between the couplings. While the golden
channel measures the ¢ — ¢§ — g Yukawa coupling, the radiation processes § — § — g and qqg
determine the QCD gauge coupling in the g-sector and the standard g-sector for comparison.
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Figure 7: Contour plots of the statistical 1-o errors of the Yukawa coupling Acag/as in the
[mg, mz] mass plane; (a) the indirect channel ete™ — ¢q at /s < 1 TeV; the golden direct
channel ete™ — ¢gg, corresponding to (b) a maximal ILC /s < 1 TeV, and (c) up to /s <
3 TeV for CLIC, respectively. Figures reprinted from Ref. [36] with kind permission of The
European Physical Journal (EPJ).

A few percent variation in the Yukawa couplings is observable at eTe™ colliders, depending on
the masses of the squark and gluinos, cf. Figs.7. Such a potential is fully complementary to
the respecting potential at the LHC where the production of ¢-pairs in gq collisions provides a
stage for the measuriing the SUSY-QCD Yukawa coupling, requiring however, an ensemble of
auxiliary measurements of decay branching ratios.

4.1.3 CP properties

Since SUSY offers naturally new sources for CP-violation, required for explaining the baryon-
antibaryon asymmetry in our Universe, it is of high importance to work out to which extent
these phases could be determined in experiments. The sizes of these phases are constrained
by experimental bounds from the electric dipole moments (EDMs). Such experimental limits
generally restrict the CP phases to be small, in particular the phase ®,. Cancellations among
different contributions to the EDMs can occur so that still large CP phases could happen,
causing CP-violating signals at colliders. Thus, direct measurements of SUSY CP-sensitive
observables are necessary to determine or constrain the phases independently of EDM mea-
surements. The phases change SUSY particle masses, their cross sections, branching ratios.
However, although such CP-even observables are sensitive to the CP phases, CP-odd (T-odd)
observables have to be measured for a direct evidence of CP violation. In [37,38]| triple prod-
uct asymmetries have been studied in an interdisciplinary theo-exp endeavour resulting a first
experimentally-oriented analysis based on a full detector simulation with regard to the obser-
vation of CP asymmetries, cf. Fig.8 (a): the process ete™ — x7x} and subsequent leptonic
two-body decays ¥ — Igl,lgp — Xil, for | = e, u has been calculated and the expected triple
product asymmetry between the incoming e~ and final leptons ¢, /= has been evaluated, in-
cluding the relevant Standard Model background processes, a realistic beam energy spectrum
as well as beam backgrounds. Assuming an integrated luminosity of 500 fb~1 and simultaneous
beam polarization of P,- = +80% and P,+ = —60% a relative measurement accuracy of 10%
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Figure 8: (a) The 0,., dependence of the asymmetries of A [ﬁe_,ﬁg_N,ﬁg_;'_F])z(l))zg (solid) and

A Do, Po—N, DetF) 29%Y (dashed). The cut value used in our analysis is indicated by the dashed
line. In each case 107 events were generated and no detector effects are included. Figure
reprinted from Ref. [37] with kind permission of The European Physical Journal (EPJ). (b)
The asymmetries, originating in stop decays into neutralinos, A;; and Aj;, along with the
lines showing the asymmetry required for a 30 observation at a given integrated luminosity of
500 fb~1, 1000 fb~! and 2000 fb=! at \/s = 1 TeV in the case of momentum reconstruction.
Figure taken from Ref. [39].

for the CP-sensitive asymmetry is achievable. We demonstrate that our method of signal selec-
tion using kinematic reconstruction can be applied to a broad class of scenarios and it allows
disentangling processes with similar kinematic properties.

In [39] another channel for exploiting CP-odd observables has been studied: triple product
correlations originating from #; decays into neutrlinos X3: 1,7 = (i1 - (B xB:) , T)f = (Po- (Pi+ ¥
Pj-). Assuming a successful momentum reconstruction a maximal asymmetry can be observed
with at least 1000 fb~! collected data. The result showed that the CP violating phase ¢4, of the
trilinear top coupling accounted for a maximal triple product asymmetry of approximately 15.5
%, cf. Fig. 8 (b). Under the assumption of successful momentum reconstruction, this asymmetry
could be measured for 2000 fb~! collected data in the region of a maximal CP violating angle,
1.10m < ¢4, < 1.57. With an integrated luminosity of 1000 fb~! the asymmetry could still be
exposed close to the maximum (1.187 < ¢4, < 1.337). The results show that a future linear
collider with high luminosity is essential.

4.1.4 Majorana character

SUSY offers not only Dirac-type fermions but also Majorana-type massive fermions (where the
particle is its own antiparticle). This property is particularly difficult to prove uniquely experi-
mentally, it is affected by the impact of spin correlations in production x three-body decays [40],
threshold behaviours [41] and two-body decays [42].

The study [43] addresses the comparison of the production of Majorana-like neutralinos and
gluinos in the MSSM with that of Dirac-like neutralinos and gluinos within the framework of
N = 2 MSSM. Decays of such self-conjugate particles generate charge symmetric ensembles of
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Figure 9: (a) Partonic cross sections for same-sign selectron production as a functions of the
Dirac/Majorana control parameter y, for \/s = 500 GeV and SPSla’ parameters. Not shown
is the cross section for e”e™ — €, &y, which, apart from the different normalization, shows
a similar behavior as the cross section for e"e™ — €, €;. Reprinted figure with permission
from Ref. [43]. Copyright (2008) by the American Physical Society. (b) One-loop corrections
to the masses of neutralinos Y3 as a function of the stop mixing angle cos ;, for three scenarios
S1 ((My, My, u) = (125,250,180) GeV) (blue), S2 ((M;, Ms, u) = (125,2000,180) GeV) (red,
dashed) and S3 ((My, Ma, ) = (106,212,180) GeV) (green, dotted). Figure reprinted from
Ref. [44] with kind permission of The European Physical Journal (EPJ).

final states. The LC offers a unique possibility to adjust the experimental conditions particularly
well to specific needs of the theories: the “e™-mode would offer unique possibilities to test the
Majorana- versus Dirac-exchange-character of the involved processes. In the study, it has
been analyzed to which extent like-sign dilepton production in the process e”e™ — €~ e~ is
affected by the exchange of either Majorana or Dirac neutralinos, see Fig. 9 (left panel). Using
polarized beams at an e~ e~ -LC, the Dirac/Majorana character can be studied experimentally.
The ’conclusio generalis’ of [43] is that the Majorana theory can be discriminated from the

Dirac theory using like-sign dilepton events at the level of more than 100.

4.2 Light higgsinos

Another important SUSY example are scenarios with light higgsinos. They can be motivated by
naturalness arguments [45], but also occur in hybrid gauge-gravity mediation models motivated
by string theory. The latter case has been studied in close collaboration with the A1l project of
this SFB [46,47]. Two benchmark points with higgsino mass splittings of 1.6 GeV and 770 MeV,
respectively, have been chosen to evaluate the ILC prospects in detailed simulation of the ILD
detector concept. This study led to a new awareness within the ILD concept group concerning
the importance of designing the detector with sufficient sensitivity to low-momentum particles,
and these model-points have become standard benchmarks for the ILD detector optimisation
process. Figure 10a shows the recoil mass of a chargino pair against an ISR photon. From the
endpoint of the signal distribution the mass of the chargino can be determined with sub-percent
precision already from 500 fb~!. Together with the determination of the mass difference to the
LSP from the energy distribution of the visible decay products and the polarised cross sections,
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Figure 10: Light higgsinos with sub-GeV mass differences at the ILC: (a) Measurement of the
chargino mass from the recoil against an ISR photon for 500 fb~! at 500 GeV. (b) Constraint
on the multi-TeV gaugino mass parameters M; and M; obtained from higgsino mass and cross
section measurements at the 500 GeV ILC, based on an integrated luminosity of 2000 fb~1!,
split equally between the two opposite-sign beam polarisation states. Figures reprinted from
Ref. [46] with kind permission of The European Physical Journal (EPJ).

the higgsino mass parameter p can be determined, and the gaugino mass parameters can be
constrained to a narrow region in the multi-TeV regime, which is shown in Fig. 10b.

In the case of light higgsino scenarios with somewhat larger mass differences of a few GeV,
even a full SUSY parameter determination can be carried out. Three different benchmark points
with chargino-LSP mass differences of 11, 6 and 2.5 GeV, respectively have been studied in full
detector simulation of the ILD concept, and the resulting percent-level precisions on masses
and polarised cross sections have been used as inputs to SUSY parameter fits at the weak scale
and at the GUT scale [48,49]. Similar as in case of the STC benchmark series discussed above,
also in these cases the masses, or, in case of the coloured sector, mass ranges of the unobserved
sparticles can be predicted. The relic density of the LSP can also be well determined, showing
in these cases clearly that the LSP provides only a small fraction of the dark matter in the
universe, while the rest would need another explanation, like e.g. axions — another important
topic in the SFB 676.

Figure 11 goes, however, even one step further: it shows the RGE running of the gaugino
mass parameters as determined from a weak-scale pMSSM-10 fit to ILC observables up to the
GUT scale. The width of the bands reflects both the uncertainties of the parameter values
at the weak scale as well as the uncertainty in the RGE running due to the finite knowledge
of the involved SUSY parameters. Three different cases are displayed: Fig. 11a shows the
situation in the NUHM2 benchmark with the medium mass differences based on full simulation
of the ILD detector. M3 is extrapolated back down to the weak scale assuming gaugino mass
unification at the GUT-scale, with M, /5 being determined to about 10% precision from M,
and M. The smallest mass difference case has been studied in a benchmark based on a mirage
mediation model and is shown in Fig. 11b. A standard GUT-scale unification of the gaugino
masses can be excluded at the 99.9% confidence level. Figure 11c shows the RGE running
in the same benchmark, but instead of using the mass and cross section precision obtained
from the full simulation study, hypothetical resolutions of 1% on the masses and 3% on the

SFB 676 — Particles, Strings and the Early Universe 139



JENNY LIST, GUDRID MOORTGAT-PICK, JURGEN REUTER

5000\\\\\\\\\\\\\\\\7

— — < LI A B A B B B N A A O B
% ILC2 pMSSM-10 fit g % NGMM1 pMSSM-10 fit % nGMM1 prellnjln.gry 5-parameter fit
(O] ] (O] o SUSY+h from initial ILC run
‘=4000F SUSY+h from ILC J = SUSY+h from ILC ='4000F § from HL-LHC
= 1 =
3000F M, extrapolated 3000
2000
1000
M, 1] M,
0 P Y Y Y Y Y Y S S Sy Y iy 0 I Y I S N N Y N N Y I S S O P S S I N S S S I N Ny Sy e
102 10° 10® 10 10% 10Y710% 102 10° 10® 10" 10% 10%710% 100 10° 10° 102 10 10
Q[GeV] Q [GeV] Q [GeV]
(a) (b) (c)

Figure 11: Light higgsinos with few-GeV mass differences at the ILC: (a) RGE running of
gaugino mass parameters determined from a weak-scale pMSSM-10 fit to ILC measurements in
an NUHM2 benchmark. Msj is extrapolated back down to the weak scale assuming gaugino mass
unification, predicting a gluino at about 3 TeV. (b) Same excercise in case of a mirage mediation
benchmark. A standard GUT-scale unification of the gaugino masses can be excluded at the
99.9% confidence level. (c¢) Same benchmark as in (b), but with more optimistic assumptions
described in the text. Figures taken from Ref. [49].

cross sections have been used. This corresponds to about a factor of 2 improvement in the
experimental resolutions. In addition, a 10% measurement of the gluino mass at the HL-
LHC has been assumed here, and the parameters for the multi-TeV scalars have been fixed.
As can be seen from the comparison of Figs. 11b and 1lc, such improvements would make a
qualitative difference to the determination of the mass unification scale, where the impact of
the fixed parameters remains to be quantified. Possibilities to improve the capabilities of the
ILD detector are being evaluated by the ILC concept group.

4.3 T co-annihilation models

A long term focus of the SFB-B1 project has been the study of SUSY scenarios with a 7 as the
next-to-lightest SUSY particle (NLSP), especially when its mass difference to the lightest SUSY
particle (LSP) is small. In these cases, the cosmologically observed relic density of dark matter
can be explained by co-annihilation between NLSP and LSP. At the same time, the searches for
7’s are very challenging at the LHC, so that currently there is effectively no exclusions beyond
the LEP results [50,51], and also the HL-LHC prospects are very limited [52], in particular for
mass differences less than about 100 GeV.

The prospects for discovering any NLSP, but especially also the most difficult case of a
7 NLSP at the ILC have been evaluated in [53]. As can be seen in Fig. 12a, the exclusion
and discovery potential in the 7 vs LSP mass plane is highly complementary to (HL-)LHC
prospects, since also compressed spectra can be probed up to a few GeV below the kinematic
limit already with about an eighth of the total luminosity. This immediately leads to the
question of precision spectroscopy, which has been studied originally based on the famous
SPS1a’ benchmark scenario [54,55]. These studied showed that production cross sections and
masses of 7, and 7 can be measured to the percent-level, and that the polarisation of the 7’s
from the 7 decay, which gives a handle on the mixings of the 7 and the LSP, can be determined
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Figure 12: ILC capabilities in the 7 sector from a simulation study of 7; pair production based
on the ILD detector: (a) exclusion and discovery reach in the 7 vs LSP mass plane for 500 fb~!
at 500 GeV, corresponding to about an eighth of the foreseen data set at 500 GeV. Figure
taken from Ref. [53]. (b) 7 energy spectrum from signal and SUSY and SM backgrounds. The
measurement of the endpoint enables a determination of the 7 mass with a precision of 200 MeV.
Figures taken from Ref. [56] as update of Ref. [54].

to a few percent. Figure 12b shows the 7 energy spectrum as expected from the 7y decay which
is input to the determination of the 73 mass via kinematic edges.

The original SPS1a’ scenario had a very light coloured sector, which was quickly excluded
after the start of the LHC. Therefore the more recent studied where based on the STC bench-
mark series from [31] which has a very similar electroweak sector than SPSla’, but a much
heavier coloured sector. In a joined study between the SFB-B1 project and the DESY CMS
group, the interplay between LHC and ILC was investigated in these benchmarks, as opposed
to the by then popular simplified models [56]. This study highlighted the complementarity and
synergies between hadron and lepton colliders, even identifying cases where the knowledge of
some sparticle masses from the ILC enables the targeted search for heavier states in LHC data.
It also showed that in full SUSY models which can include many decays modes and long decay
chain, the naive application of limits formulated in simplified models can be misleading.

The final step then was to investigate whether the precisions of masses and cross sections
would be sufficient to e.g. identify the LSP as main component of dark matter, to determine
the underlying SUSY model and parameters as well as to predict masses of yet unobserved
sparticles, which woud provide important input to upgrades of the ILC or the design of e.g. the
next high-energy hadron collider [49].

Figure 13a shows the predictions for the masses of the unobserved sparticles obtained from
an pMSSM-13 fit to ILC SUSY and Higgs observables, based on a data set of 1000fb~! at
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Figure 13: SUSY parameter determination at the ILC: (a) Masses of unobserved sparticles
predicted from an pMSSM-13 fit to ILC SUSY and Higgs observables based on 1000fb~! at
500 GeV in the STC10’ benchmark (b) Prediction of the LSP relic density from the same fit,
showing also the impact of 5 times worse and 2 times better precisions, whether the latter
corresponds to the 4000 fb~! at 500 GeV in the standard H20 running scenario. Figures taken
from Ref. [49].

500 GeV, split equally between P(e~e™) = (+£80%, F30%), corresponding to about a quarter of
the foreseen luminosity at 500 GeV. The probability density function for the prediction of the
LSP relic density from the same fit is displayed in Fig. 13b, along-side the analogous results
for a 5 times worse and a 2 times better resolution. It can be clearly seen that in the worse
resolution case it is not possible to constrain the relic density in a satisfactory way, thus the
precisions at the percent and for some observables at the permille are essential in order to
identify the LSP as the dark matter particle.

4.4 Impact of electroweak loops, in particular on dark matter searches

Since the ILC is designed to perform high precision measurements of masses, cross sections and
branching ratios with high accuracy in the per-cent level, such a precision has to be matched
from the theoretical side as well and tree-level calculations will not be sufficient. This project
focuses on the SUSY Higgs and electroweak sector and the relevant parameters. Since via the
loop effects not only the fundamental parameters M, Ms, u, tan 8 enter, but also other mass
parameters of heavier states, the well-known strategies for determining the fundamental SUSY
parameters [35] have to be extended. In many models, the lightest and stable SUSY particle is
the neutralino X9, often treated as suitable dark matter candidate. The precise determination
of parameters has therefore direct impact on the predicted dark matter contribution as well.
The first step in this project [44,57,58] was to incorporate quantum corrections in the theo-
retical calculation in order to determine the underlying SUSY parameters from measurements

142 SFB 676 — Particles, Strings and the Early Universe



OPTIMISING THE ILC SETUP

. . . . . . 2
0.13F ] Qxh 0.14 l
0.12 WMAP / PLANCK
- o M,=170 GeV
M ST ——== e 008
A0} R Siilais Fo o M,=170 GeV
004
0.09¢ ] 002 \
1224 1226 1228 1230 1232 1234 1236 e 168 70 2 s My, M,/ GeV

M1/GeV

(a) (b)

Figure 14: (a) Determination of fundamental SUSY parameters at % level (including evaluation
of loop corrections) in scenario S1 either via mass measurements in he continuum (blue area) or
via threshold scans (red area) and the resulting uncertainty in the prediction of the dark matter
density. (b) Dark matter density caused by the DM candidate Y and its strong dependence on
the gaugino SUSY parameters. High precision is required for accurate predictions for Qh? [62].

of chargino/neutralino masses and cross sections. The one-loop predictions were fitted to the
prospective measurements of cross sections, forward-backward asymmetries and the accessible
chargino and neutralino masses. Since the one-loop contributions are dominated by the stop
sector, the accurate determination of the desired parameters provides also access to the stop
masses and mixing angle. Having determined the fundamental parameters [59-61] using 1-loop
corrected observables, we have applied the results to the prediction of the expected dark matter
contribution. The impact of the one-loop corrected parameters, in particular M; causes up to
a 10% correction for the corresponding dark matter contribution in Qh?, see Fig. 14.

A particular challenge of this SFB project [57] was to work out consistent renormalization
in the on-shall scheme in the complex MSSM. The impact of this quantum corrections has
been evaluated in Higgs decays h(a) — )Z:F X; » where the Higgs-propagator corrections have
been incorporated up to the two-loop level, as well as in chargino production ete™ — )ZT)ZJ_
Concerning the parameter renormalisation in the chargino and neutralino sector, we have shown
that the phases of the parameters in the chargino and neutralino sector do not need to be
renormalised at the one-loop level. We have therefore adopted a renormalisation scheme where
only the absolute values of the parameters M;, My and u are subject to the renormalisation
procedure. In order to perform an on-shell renormalisation for those parameters we have worked
out the strategy choosing three out of the six masses in the chargino and neutralino sector
that are renormalised on-shell, while the predictions for the physical masses of the other three
particles receive loop corrections.

4.5 Extended SUSY models

SFB676-B1 project studied also extended SUSY models, as for instance, unification models,
models with an extended U(1) sector as well as models with R-parity violation that can explain
neutrino mixing scenarios.
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Figure 15: (a) Shift A, of the third generation L slepton mass parameter generated by loops
involving heavy neutrino R-superfields. The blue area corresponds to the prediction originating
from the renormalization group [RG|, whereas the green band is determined by low-energy
mass measurements. Reprinted figure with permission from Ref. [63]. Copyright (2008) by
the American Physical Society. (b) Precision of the measurement of the neutrino mixing angle
B3 via eTe™ — YIxYy at the ILC compared with the corresponding achievable precision via
neutrino experiments. Figure taken from Ref. [64].

4.5.1 Unification models: supersymmetric SO(10) models

Extrapolations of soft scalar mass parameters in supersymmetric theories can be used to explore
elements of the physics scenario near the grand unification scale. In [63] the potential of this
method in the lepton sector of SO(10) which incorporates right-handed neutrino superfields
has been explored. Two examples have been analyzed in which high-scale parameters in super-
symmetric SO(10) models have been connected with experimental observations that could be
expected in future high-precision Terascale experiments at LHC and eTe™ linear colliders: a)
the case for a one-step breaking SO(10) — SM and b) the analysis of two-step breaking SO(10)
— SU(5) — SM. The renormalization group provides the tool for bridging the gap between the
Terascale experiments and the underlying high-scale grand unification theory. Even though it
depends on the detailed values of the parameters with which resolution the highscale picture
can be reconstructed, a rather accurate result could be established in the example for one-step
breaking SO(10) — SM, including the heavy mass of the right-handed neutrino vg3 expected in
the seesaw mechanism. As naturally anticipated, the analysis of two-step breaking SO(10) —
SU(5) — SM turns out to be significantly more difficult, demanding a larger set of additional
assumptions before the parametric analysis can be performed, see Fig.15a.

4.5.2 U(1)-extended SUSY models: light singlets

Motivated by grand unified theories and string theories, there has been analyzed in [65] the
general structure of the neutralino sector in the USSM, an extension of the Minimal Supersym-

144 SFB 676 — Particles, Strings and the Early Universe



OPTIMISING THE ILC SETUP

metric Standard Model that involves a broken extra U(1) gauge symmetry. This supersymmet-
ric U(1)-extended model includes an Abelian gauge superfield and a Higgs singlet superfield in
addition to the standard gauge and Higgs superfields of the MSSM. The interactions between
the MSSM fields and the new fields are in general weak and the mixing is small, so that the
coupling of the two subsystems can be treated perturbatively. Light singlets escaping LEP and
LHC bounds, are natural in these models. Prospects for the production channels in cascade
decays at the LHC and pair production at eTe™ colliders have been discussed in this SFB study.

4.5.3 R-Parity violating SUSY: bridge from collider to neutrino physics

Supersymmetry (SUSY) with bilinearly broken R parity (bRPV) does not provide any dark
matter candidates, but offers an attractive possibility to explain the origin of neutrino masses
and mixings. In such scenarios, the study of neutralino decays at colliders can give access
to neutrino parameters. In [64] a full detector simulation for neutralino yJ-pair-production
and two-body decays has been performed including Standard Model background processes. As
studied parameter point a worst case scenario has been used, where mgo ~ myy,/z, thus, the
signal significantly overlaps with SM background. It has been developed a model-independent
selection strategy to disentangle the different event classes involving the two decay modes of
the LSP ¥ — p*WT and ¥ — 75WT. The pu and ur events have been used to determine
the ratio of the two branching ratios BR(YY — pu=Wx)/BR(Y) — 75Wx), which is related
to the atmospheric neutrino mixing angle sin®fs3. For an integrated luminosity of 500 fb~!
the total uncertainty on this ratio, including statistical and systematic uncertainties, has been
determined to 4%, see Fig.15b. In addition it has been shown that the precision in measuring
the atmospheric neutrino mixing angle is in the same range than measurements from neutrino
oscillation experiments, even when taking parametric uncertainties due to the unknown parts of
the SUSY spectrum into account. Therefore, the International Linear Collider is highly capable
to test bRPV SUSY as origin of neutrino masses and mixings.

5 Other extensions of the SM

Although Supersymmetry is one of the best motivated BSM models, explaining several of the
remaining open questions of the SM, it is of great importance to study also further BSM models
like Little Higgs models as well as models with large extra dimensions or gauge group extended
models.

5.1 Automatisation of BSM models

It is of great importance to check new physics models against data of the LHC and of expected
data at the ILC. The original purpose of the computing tool CheckMATE, public code to
perform collider phenomenology, was to offer theorists a way to quickly test their favourite
BSM models against various existing LHC analyses. It consists of an automatised chain of
Monte Carlo event generation, detector simulation, event analysis and statistical evaluation
and allows to check whether a given parameter point of a BSM model is excluded or not on
basis of currently more than 50 individual ATLAS or CMS analyses at both energies /s = 8
and 13 TeV [66]. The used recasting procedure is a powerful procedure which applies existing
collider results on new theoretical ideas without requiring the full experimental data analysis
to be restarted. Theories which share experimentally indistinguishable topologies can be tested
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via identical event selection techniques, bearing the advantage that background expectation
and the number of observed events stay constant.

We were able to make use of the powerful features of the Monte Carlo event generator
Whizard to simulate eTe™ collisions including the effects of beam polarisation, initial state
radiation and beamstrahlung. Furthermore, we continue using the fast detector simulation
Delphes to describe the ILD detector. Currently it provides a good approximation of the most
relevant acceptance and efficiency factors. Lastly, we extended the set of accessible parameters
in CheckMATE, allowing users to test different polarisation and luminosity combinations. This
makes it very convenient to discuss the importance of e.g. the lepton polarisation for the overall
sensitivity of the experiment to a given BSM hypothesis. CheckMATE fuctionality has been ex-
tended to analysis studies for different ILC set-ups, as, for instance, different beam polarization
configurations, variable energies etc. Of particular interest are challenging studies for the LHC,
as, for instance, monophoton searches for dark matter particles in compressed spectra [67].

5.2 Little Higgs models

Another model that has been checked with the help of CheckMATE against real LHC data
at 8 TeV andl3 TeV are little Higgs models with T-Parity [67]. We scrutinize the allowed
parameter space of Little Higgs models with the concrete symmetry of T-parity by providing
comprehensive analyses of all relevant production channels of heavy vectors, top partners, heavy
quarks and heavy leptons and all phenomenologically relevant decay channels.

This model is an elegant implementation of global collective symmetry breaking combined
with a discrete symmetry to explain the natural lightness of the Higgs boson as a (pseudo-)
Nambu-Goldstone boson. This model predicts heavy partners for the Standard Model quarks
qr, leptons g, gauge bosons Wy, Zr, Ap and special partners for the top quark 7%. Con-
straints on the model will be derived from the signatures of jets and missing energy or leptons
and missing energy. Besides the symmetric case, we also study the case of T-parity violation.
Furthermore, we give an extrapolation to the LHC high-luminosity phase at 14 TeV. Our results
show that, although the Littlest Higgs model with T-parity has been constrained much stronger
by LHC run 2 data, it is still a rather natural solution to the shortcomings of the electroweak
and scalar sector, and we will need full high-luminosity data from the LHC to decide whether
naturalness is actually an issue of the electroweak sector or not. A qualitative improvement of
all bounds on the model, particularly in the Higgs sector and the heavy lepton sector, might
need the running of a high-energy lepton collider (or a hadron collider at much higher energy).

5.3 7’ models, models with large extra dimensions and contact inter-
action models

Another class of new physics models are models with an additional Z’ boson. Unfortunately up
to now no additional Z—boson has been found (yet) at LHC. That means, the limits on my are
already in the multi-TeV region, depending on the model and on the number of extra dimensions,
and it is crucial to determine the sensitivity to such new physics models via measuring deviations
of the cross sections from their Standard Model predictions. Due to the clean environment at
the ILC, precise measurements of well-known SM processes, as, for instance W+ W ~-production
and the Z-pole, are predestinated for such searches.
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5.3.1 7’ models and models with heavy leptons

In this SFB-B1 study [68], we therefore discuss the expected sensitivity to Z’s in W*-pair pro-
duction cross sections at the ILC. In particular it is focussed on the potential for distinguishing
observable effects of the Z’ from analogous ones in competitor models with anomalous trilinear
gauge couplings (AGC) that can lead to the same or similar new physics experimental signa-
tures at the ILC. The sensitivity of the ILC for probing the Z-Z’ mixing and its capability to
distinguish these two new physics scenarios is substantially enhanced when the polarizations of
the initial beams and the produced W= bosons are considered. A model independent analysis
of the Z’ effects in the process eTe™ — WHW ~ allows to differentiate the full class of vector
7’ models from those with anomalous trilinear gauge couplings, with one notable exception:
the sequential SM (SSM)-like models can in this process not be distinguished from anomalous
gauge couplings. Results of model dependent analysis of a specific Z’ are expressed in terms of
discovery and identification reaches on the Z-7Z’ mixing angle and the Z’ mass, cf. Fig. 16 (a).

In [69], we extended our Z’ searches and explore the effects of neutrino and electron mixing
with exotic heavy leptons in the process eTe™ — WHW = within Eg models, which also incor-
porate an additional Z’. We examine the possibility of uniquely distinguishing and identifying
such effects of heavy neutral lepton exchange from Z — Z° mixing within the same class of mod-
els and also from analogous ones in competitor models with anomalous trilinear gauge couplings
(AGC) that can lead to very similar experimental signatures at the ILC with /s = 350, 500
GeV and 1 TeV. A clear identification of the model with respect to is possible by using a certain
double polarization asymmetry that requires simultaneously polarized e~ and et beams. In ad-
dition, the sensitivity of the ILC for probing exotic-lepton admixture is substantially enhanced
when the polarization of the produced W* bosons is considered, cf. Fig. 16(b).

5.3.2 Large extra dimension and contact interactions

Concerning high precision measurements at the Z-pole, both high luminosity and the polariza-
tion of both beams are mandatory to achieve a precision in the determination of the electroweak
mixing angle, of about one order of magnitude better than at LEP and SLC. In [7] the physics
potential at a Z-factory (corresponding to the GigaZ-option at the ILC) has been summa-
rized. This article explains the fundamentals in (beam) polarization and provides an overview
of the impact of these spin effects in electroweak precision physics. Measuring the left-right-
asymmetry at the Z-pole under these conditions allows to resolve the discrepancy between the
experimentally measured values of sin?f.g derived from Apg and from Apg. The measured
value has immediate impact on predictions in the Higgs and beyond Standard Model physics
sector.

In [6] the potential of polarized beams has been summarized in searches for contact in-
teractions, for large extra dimensions and SUSY. In many case, the availability of both beams
polarized in particular allows in particular the distinction of different models, as for instance, be-
tween the RS-model and the ADD-model concerning extra dimension or the model-independent
determination of specific contact interactions.

6 Testing of QED processes at ete™ colliders

There is also a great potential at future high-energy ete™ linear colliders to test nonlinear
QED processes. Since the e~ an e™ beams are both of high energy as well as high intensity,
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Figure 16: (a) Generic Z’ models and anomalous gauge coupling models: correponding param-
eters are assumed to take non-vanishing values, one at a time only: z,, zz, ¥, yz and dz.
Dashed straight lines correspond to specific Z’ models (x, v, n, I and LRS). The study was done
for /s = 500 GeV, L;, = 500 fb~! and polarized beams with P(e™) = £80%, P(e) = F50%.
Figure reprinted from Ref. [68] with kind permission of The European Physical Journal (EPJ).
(b) Double beam polarization asymmety Agouple in the process eTe™ — WTW ™ as function
of the neutral heavy lepton mass mpy for different sizes of the couplings at /s = 500 GeV and
Lin; = 1 ab™!. The horizontal line corresponds to ASM, = Ag;uble = A4G¢ (error band for
the SM case at the 1-0 level. Reprinted figure with permission from Ref. [69]. Copyright (2013)
by the American Physical Society.

the interaction zone between both beams can be used for testing QED processes: the oncoming
beam generates a strong external background field for the incoming e~ beam and it has to be
checked under which experimental conditions the electrons have to be treated as dressed stated,
the so called Volkov states within the quantum mechanical 'Furry picture’, details about this
description are given, for instance, in [70].

Within the SFB676-Blproject, the impact of such intense beams (high luminosity, high
energy) have been analyzed in the beam-beam interaction region, where strong electromagnetic
fields occur [71]. The unstable vacuum present at the interaction zone might lead to a regime
of nonlinear Quantum Electrodynamics, affecting the processes in the IP area. Such conditions
therefore motivate to calculate all probabilities of the physics processes under fully consideration
of the external electromagnetic fields affecting the vacuum. At previous lepton colliders, the
much weaker external electromagnetic fields at the IPs did not needed to be considered apart
for background processes: the first order background processes as beamstrahlung and coherent
pair production, the second order incoherent pair production as well. At future linear colliders
the external fields would be orders of magnitude higher so an estimate of the effects on all
the processes is requested. As we have shown, indeed, the x parameter, that encodes the
dependence of the probabilities on the intensity of the external field at the IP, is up to 3 orders
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[ Machine [ LEPII | SLC | ILC-1T&V | CLIC-3TeV |

Energy (GeV) || 945 46.6 500 1500
N (1070) 334 1 2 0.37
0py 0y (um) || 190, 3 | 2.1, 0.9 | 0.335, 0.0027 | 0.045, 0.001
o, (mm) 20 1.1 0.225 0.044
Xaverage 0.00015 | 0.001 0.27 3.34
Xmaz 0.00034 | 0.0019 0.94 10.9

Table 3: Lepton colliders parameters. N is the number of leptons per bunch, o,, o, are the
transversal dimensions of the bunches, o, presents the longitudinal dimension. E is the energy
of the particles in the bunches. The parameters for ILC-1TeV are taken from a 2011 dataset.
Table taken from Ref. [71].

of magnitude higher at ILC and CLIC than at LEP. In particular at CLIC-3TeV, we would
have xav ~ 3 : 34, describing a critical regime, see Tab.3.

In [72] we compared the Furry picture (FP), which separates the external field from the in-
teraction Lagrangian and requires solutions of the minimally coupled equations of motion, with
the Quasi-classical Operator method (QOM), which is an alternative theory in the Heisenberg
picture which relies on the limiting case of ultra-relativistic particles. We applied these theories
to collider phenomenology for future linear colliders in which two strong non-collinear fields
(those of the colliding charge bunches) are present at the interaction point. The FP requires
new solutions of the equations of motion, external field propagators and radiative corrections,
in the two non-collinear electromagnetic fields. The FP applies to all physics processes taking
place at the interaction point. The QOM, however, we showed can be applied to a subset of
processes in which the quasi-classical approximation is valid [73].

In [74], we presented a comprehensive investigation of nonlinear lepton-photon interactions
in external background fields. The considered strong-field processes were Compton scattering
and stimulated electron-positron pair production (nonlinear Breit-Wheeler process). We dis-
cuss nonlinear Compton scattering in head-on lepton-photon collisions extended properly to
beyond the soft-photon regime. A semi-classical method based on coherent states of radiation
allowed us to treat the external background quasi-classically in the ordinary QED action. We
discussed in great detail the relevance of these extra terms by applying our general formula to
Compton scattering by an electron propagating in a laser-like background and compared our
unconstrained phase-space integrand with the one in the soft photon limit. We showed that
already the leading term in the soft limit is not sufficient to describe the exact total scattering
probability for large energies.

7 Conclusion

In conclusion, this SFB made over the 12 years of its lifetime a huge impact to the evaluation
of the physics potential of future electron-positron colliders, and provided important input to
the design of the detectors, the accelerator and the running program of such a machine. This
would not have been possible without the intense interplay between theory and experiment and
the long-term support by the SFB.

After the 12 years of this SFB, which saw the start-up of the LHC, the discovery of the
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Higgs boson, and, sadly, strong limits on further new particles, the physics progam of a Linear
Collider is more important and timely than ever in the quest for widening the horizon of our
knowledge.
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The high centre-of mass energy available in run-2 of CERN’s Large-Hadron-Collider (LHC)
results in an abundant production of heavy particles with high transverse momenta (pr).
The boosted decay products of these high-pr particles are collimated in the laboratory
system and, in case of hadronic decays, the resulting jets are merged into a single larger jet
which features certain characteristics in its substructure. During the last decade, several
novel techniques have been developed to study and identify these boosted hadronic decays
of heavy particles at the LHC. In this article, we summarize the results of developments
on boosted topologies and jet substructure as obtained in the context of the SFB 676 in
Hamburg and we discuss a few example results of their application.

1 Introduction

The large LHC datasets collected at /s = 13 TeV over the past years, open the possibility to
study the yet unexplored region of very high invariant masses of new resonances. An important
feature of many BSM scenarios is the abundant production of heavy SM particles (¢, W, Z and
H) as decay products of these new high-mass resonances. As a result, an increased production
rate of these particles compared to the SM prediction can provide direct evidence for new
physics. Furthermore, the study of the production of Higgs bosons at large transverse momenta,
leading to boosted Higgs decays, is an important ingredient in the determination of properties
and couplings of the Higgs boson

The high transverse momentum of the decaying ¢, W, Z, or H lead to boosted topologies in
the final state with non-isolated leptons and merged jets. In the extreme case, all decay products
of the decay chain are merged into a single large jet. In classical analyses, these final states
cannot be identified and boosted heavy-particle decays cannot be distinguished from the large
background of QCD multijet production. For an increased sensitivity, dedicated techniques
for the reconstruction of such boosted topologies are required. This implies the development
of new methods for the reconstruction and identification of boosted heavy objects, as well as
their theoretical description. The key idea, which has long been recognized, is the study of the
substructure of the large jets. Jet substructure techniques have become increasingly important
both in the standard model as well as in searches for new physics. Often the techniques
exploit the properties of a fixed number of subjets. Theoretical predictions at increasingly high
precision are needed to match the increasing precision of the data, but are challenging due to
the appearance of multiple widely separate physical scales, requiring the development of new
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factorization and resummation techniques.

We summarize the results in the area of boosted topologies and jet substructure obtained in
the context of the SFB 676 in Hamburg. We present the concepts of the first measurement of an
important substructure observable, the distribution of the jet mass in highly boosted ¢t events as
performed by the CMS collaboration, followed by an overview of the key features of the HOTVR
tagging algorithm. We highlight the theoretical developments of exploiting the N-jettiness
observable as a factorization and resummation friendly exclusive cone jet algorithm, and we
summarize the developments of novel effective field theories that enable the factorization and
resummation of large logarithms appearing in boosted regimes and in the jet-mass spectrum.
Finally, example BSM search results of the CMS collaboration are discussed exploiting the
techniques of tagging and substructure observables.

2 Measurement of the jet mass in boosted tt events

One of the most important jet substructure observables is the jet mass mje, the invariant
mass calculated from the jet constituents!. The jet mass of a large jet with a fully merged,
highly boosted decay of t, W, Z or H is subject to various contributions, like multiple proton-
proton scatterings in one bunch crossing (pileup), additional partonic radiation, multiple parton
interactions and hadronisation effects. A detailed understanding and the measurement of the
mje¢ distribution is therefore crucial to test important components of the simulation, needed
for LHC analyses of highly boosted topologies in the SM and for searches of new physics. In
the case of fully hadronic top quark decays, the distribution of mje; also provides sensitivity to
the top quark mass m;.

Calculations from first principles of the mje; distribution for fully-merged top quark decays
are available in soft collinear effective theory in eTe™ collisions [2,3] and most recently for the
LHC environment [4-6]. As a result, the measurement of the mje; distribution can be used
for an independent m; determination in the boosted regime with the aim of reaching a reliable
correspondence between the top quark mass in any well-defined renormalisation scheme and
the top quark mass parameter in general-purpose event generators.

While measurements of mje; at particle level had been done by the ATLAS and CMS collab-
orations for light-quark and gluon jets [7,8], the measurement of the differential t¢ production
cross section as a function of the leading-jet mass for boosted top quark decays has been done
for the first time in [1] using the /s = 8TeV data-set recorded by the CMS collaboration.
The measurement is performed on ¢t events in which the leading jet includes the three subjets
of one hadronic top quark decay, while the other top quark decays in the [v;b mode. The
Cambridge-Aachen (CA) jet-clustering algorithm [9,10] with a distance parameter of R = 1.2
and pr > 400 GeV is used for the definition of the highly boosted top quark jets used in the
measurement.

In Fig. 1 the mje; distribution unfolded to the particle level and normalised to the fiducial-
region total cross section as obtained from the CMS data is shown and compared to the equiv-
alent distributions from Monte-Carlo (MC) simulations. The data distribution agrees with
predictions from simulations indicating a high quality of the modelling of the jet mass in the
simulation of highly boosted top quark decays. The overall sensitivity of a possible mass mea-
surement derived from this measurement has been determined from a comparison of the data
distribution with distributions obtained from simulations with different values of m; and a

!The text presented in this section is based on the text of [1].
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Figure 1: Normalised particle-level ¢¢ differential cross section as a the function of the leading-
jet mass as measured by the CMS collaboration using pp collisions at /s = 8 TeV. The CMS
measurement (data points) is compared to MC predictions for three different values of m; (solid,
dotted and dashed histograms). Figure taken from Ref. [1].

sensitivity of +9 GeV has been obtained. The dominating uncertainty results from the limited
statistics (£6.0 GeV), while the experimental systematic uncertainty is +2.8 GeV. The modelling
uncertainty contributes £4.6 GeV, while the theoretical uncertainty due to missing higher orders
in the simulation amounts to +4.0 GeV.

While the current precision of a m; determination using this method is not comparable with
the precision obtained by other mass measurements, the analysis represents a proof-of-principle
of the method. With more data collected at higher centre-of-mass energies the dominating sta-
tistical uncertainty of this measurement will drastically improve. In addition, the experimental
systematic uncertainties will be significantly reduced through improved techniques in the recon-
struction of boosted hadronic top quark decays [11,12]. Furthermore, the improved statistical
precision will allow for stronger constraints on the simulation of boosted top decays, leading
to improvements of the modelling uncertainties. Lastly, new generations of MC event genera-
tors include full next-to-leading order calculations, which reduce the theoretical uncertainties.
Overall, competitive top quark mass measurements using this technique can be envisaged for
future data analyses by the LHC collaborations.

3 Identification of heavy hadronically decaying particles at
the LHC with the HOTVR tagger

Since the start of the LHC a variety of innovative approaches based on the substructure of
jets have been developed to identify decays of heavy hadronically decaying particles from the
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overwhelming background of QCD multijet production (see [13] for a list of references)?. Most
of the developed algorithms are designed for a specific kinematic region (sometimes following
an involved algorithmic procedure): either they are optimized for the region of low transverse
momentum pr, where the decay products can be resolved, or they provide an optimized per-
formance in the boosted regime of high pr.

During the course of the SFB 676 we developed a new algorithm [14] for the identification of
boosted, hadronically decaying, heavy particles which is based on the procedure of jet clustering
with variable distance parameter R [15] to adapt the jet size to jet transverse momentum pr.
It is the first application of the variable-R jet clustering algorithm for tagging boosted heavy
SM decays. The advantage of a shrinking cone size with increasing pr is that contributions
of perturbative and non-perturbative effects on jet substructure observables increase with pr,
and are compensated by a decreasing jet size. Additionally, the algorithm identifies subjets
using a mass jump condition [16]. The resulting algorithm, Heavy Object Tagger with Variable
R (HOTVR) [14], has only little algorithmic complexity. It performs the clustering of jets,
the identification of subjets and the rejection of soft clusters in a single sequence. While the
HOTVR algorithm is in principle applicable for the tagging of any heavy hadronically decaying
particle (W, Z, H, t or possible BSM resonances) the focus of past studies [14] has been put
on performance studies of the identification of top quark decays for which selection cuts on
measureable substructure observables have been studied and optimized.

Certain exemplary features of the performance of the algorithm are illustrated in Fig. 2
where the results of the application of the HOTVR algorithm are shown for two simulated ¢t
events in pp collisions at /s = 13 TeV at low pr (left) and at high pr (right). The HOTVR
algorithm indeed adapts the jet size to the jet pr and it is able to reconstruct correctly the
sub-jets (orange/blue) within the larger jets, thereby identifying the initial top quark decay
products (red circles) and rejecting soft clusters originating from additional QCD radiation
(grey areas) with the mass jump criterion.

Compared to other top tagging algorithms used within the CMS collaboration [17], the
HOTVR algorithm was found [14] to demonstrate a remarkably stable performance in a wide
range of top quark pr, such that it can be used to cover the regions from nearly resolved decays
up to the highly boosted regime with very high efficiency. As result, the HOTVR tagger could
be used at the LHC in searches for hypothetical BSM particles decaying to top quarks in the
low, the intermediate and the high mass region simultaneously.

While the performance studies of the HOTVR have focused on decays of the top quark so far,
the identification of W, Z and H decays or hypothetical BSM resonances remains a potential
subject for future studies in this area. Because of its stable performance over a wide range
of different kinematic regions and its algorithmic simplicity, the HOTVR tagger will become a
helpful ingredient for future boosted analyses at the LHC.

4 N-jettiness as a jet algorithm

As a global event shape, N-jettiness measures the degree to which the hadrons in the final
state are aligned along N jet axes or the beam direction [18]. It was originally introduced to
veto additional jets in an event, providing a way to define and resum exclusive N-jet cross
sections [18-20]. N-jettiness was later adapted to the jet shape N-subjettiness [21,22], which
is an efficient measure to identify N-prong boosted hadronic objects such as top quarks, W /Z

2The text presented in this section closely follows the text of [14].
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Figure 2: Reconstruction and (sub-)jet identification of simulated ¢ events in pp collisions at
Vs =13TeV at low pr (left) and at high pr (right) respectively using the HOTVR algorithm.
The locations in the plane of the pseudo-rapidity 7 versus the azimuthal angle ¢ of the two
leading jets in the events are shown as coloured areas (orange/blue). The locations of the
stable particles (quarks from the top quark decay) are illustrated by grey dots (red circles).
The subjets are shaded from light to dark, corresponding to increasing pr. The grey areas
correspond to regions rejected by the mass jump criterion. Figures taken from Ref. [14].

bosons, and Higgs bosons within a larger jet. By minimizing N-(sub)jettiness, one can di-
rectly identify N (sub)jet directions. By now, N-subjettiness has become an important jet
substructure observable.

While hadronic jets are crucial to connect the observed hadronic final state to the short-
distance hard interaction, the definition of a hadronic jet is ambiguous, as there is no unique
way to map colour-singlet hadrons to colour-carrying partons. Moreover, different physics
applications can benefit from different jet definitions. For these reasons, a wide variety of
jet algorithms have been proposed, though currently, most LHC measurements involve jets
clustered with the anti-kp algorithm [23].

The possibility of using N-jettiness as a jet algorithm was already pointed out in [18§].
In [12], a new jet algorithm called “XCone” is developed. It is based on minimizing the event
shape N-jettiness [18] and uses developments from the jet shape N-subjettiness [21,22]. The
key feature is that N-jettiness defines an exclusive cone jet algorithm, i.e, it always returns
a predetermined fixed number of jets, relevant for physics applications where the number of
jets is known in advance. Like anti-kp jets, XCone jets are nearly conical for well-separated
jets. Typically, when using other jet algorithms, the boosted regime of overlapping jets requires
separate analysis strategies using large jets with substructure. In contrast, with XCone the jets
remain resolved even when jets are overlapping in the boosted regime. As a result, a key feature
of XCone is that it smoothly transitions between the resolved regime where the N signal jets of
interest are well separated and the boosted regime where they overlap. The returned value of
N-jettiness also provides a quality criterion of how N-jet-like the event looks. In [11], examples
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Figure 3: Comparison between the XCone (with its default measure) and anti-kr for a boosted
hadronic tt event. Left: Asking for two large-radius jets, the event is characterized by two
widely-separated jets. For such jets, XCone yields nearly identical jet regions to anti-kp. Right:
Asking for six small-radius jets, the boosted hadronic top decay topology becomes clearly visible
with XCone. Unlike anti-kp which merges jet regions closer in angle than ~ R, XCone allows
such jet regions to remain split, making it much more robust against picking up unrelated ISR
jets. Figures taken from Ref. [12].

of quasi-boosted kinematics that capitalize on this feature are discussed for dijet resonances,
Higgs decays to bottom quarks, and all-hadronic top-quark pairs.

There is considerable flexibility in precisely how one defines IN-jettiness, and several different
N-jettiness measures yielding different jet regions have been considered before [18,20-22,24].
The XCone default is a conical geometric measure that incorporates the insights from the dif-
ferent previous use cases. This measure is based on the dot product between particles and
lightlike axes but incorporates an angular exponent [, as well as a beam exponent ~ for ad-
ditional flexibility. Most importantly, it is linear in the particle momenta, which simplifies
theoretical calculations, as discussed below. At the same time, and crucially for the purposes
of jet finding at the LHC, this measure yields conical jets over a wide rapidity range. Well
separated jets are bounded by circles of radius R in the rapidity-azimuth plane, and are nearly
identical to anti-kr jets. This is illustrated in the left panel of Fig. 3. On the other hand,
overlapping jet regions automatically form nearest-neighbour clover-like jets, as show in the
right panel of Fig. 3. In contrast to anti-k7, XCone does not merge the overlapping jets even
in the boosted regime, making the 3-prong structure of the boosted top decay clearly visible.

The presence of jets makes perturbative QCD calculations challenging and lead to a compli-
cated singularity structure. Furthermore, imposing a fixed number of jets through some kind
of direct or indirect veto on additional jets restricts the phase space for additional collinear and
soft emissions. This generates logarithms that often dominate the perturbative series and need
to be resummed to obtain predictions with the best possible precision. Soft Collinear Effective
Theory (SCET) [25-28] provides a framework to systematically carry out the resummation
of logarithms to higher orders by factorizing the cross section into hard, collinear, and soft
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Figure 4: Soft coefficient describing initial-final state soft interference. Left: Jet radius depen-
dence for different jet algorithm distance measures. The dotted and dashed curves show the
small-R limit and including the first O(R?) corrections. Right: Dependence on the jet rapidity
for fixed R = 1. Figures taken from Ref. [30].

functions, and then exploiting their renormalization group evolution. Schematically, the cross
section for pp — N jets factorizes for many observables in the singular limit as [18, 19|

N
B.By [ :

i=1

ony = Hy X ® SN, (1)

where the hard function Hy contains the virtual corrections to the partonic hard scattering
process, the beam functions B, contain parton distribution functions and describe collinear
initial-state radiation. The jet functions J; describe final-state radiation collinear to the direc-
tion of the hard partons, and the soft function Sy describes wide-angle soft radiation. The
resummation of large logarithms is achieved by evaluating each component at its natural scale
and then renormalization-group evolving all components to a common scale. The jet and beam
functions typically do not depend on the precise definition of the jet regions and algorithm and
are known for a variety of jet and beam measurements. Hard functions are also known for many
processes at one loop or beyond (see e.g. Ref. [29] and references therein).

In [12,30], the factorization theorems relevant for various N-jettiness measures, including
the XCone default, and jet measurements are determined. The resummation at NNLL requires
the soft function at one loop. Compared to the beam and jet functions, the perturbative
calculation of the soft function generally requires a more sophisticated setup, since it depends
not only on the measurements made in the jet and beam regions, but also on the angles between
all jet and beam directions and the precise definition of the jet boundaries, i.e., the considered
jet algorithm. In [30] a general method is developed to compute the N-jet soft functions for
a wide class of jet algorithms and jet measurements, which so far have been known only for
specific cases [20,31]. Different types of jet vetoes are discussed, including beam thrust, beam
C parameter, and a jet-pp veto. For the jet algorithm of the signal jets, different partitionings
are considered, including anti-k7r and XCone. It is found that the one-loop soft function can
be written in terms of universal analytic contributions and a set of numerical integrals, which
explicitly depend on the partitioning and observable. Fully analytical results can be obtained
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in the limit of small jet radius R. Interestingly, it is found that the small-R expansion works
remarkably well for the soft function even for moderate values of R, if one includes corrections
up to O(R?). This is illustrated in Fig 4, which shows as an example the contribution to the
soft function from soft gluon interference between the incoming and outgoing hard partons.

5 Factorization in boosted regimes and at small jet radius

In multijet events one generically encounters additional hierarchies in the hard kinematics of
the jets, namely among the jet energies and/or among the angles between jets. At the LHC,
an important class of examples are precisely jet substructure methods to reconstruct boosted
heavy objects, which essentially rely on identifying soft or collinear (sub)jets. Another example
is cascade decays of heavy new (coloured) particles leading to experimental signatures with jets
of widely different pr. There are also cases where additional jets produced by QCD are used to
tag or categorize the signal events, a prominent example being the current Higgs measurements.
Whenever such kinematic hierarchies arise among QCD-induced jets, in particular in the corre-
sponding background processes, the enhancement of soft and collinear emissions in QCD leads
to additional logarithms of the jet kinematics in the cross section. So far, a complete and general
factorization framework for multijet processes that allows for a systematic resummation of such
kinematic logarithms for generic jet hierarchies has been missing. Current predictions therefore
rely on Monte Carlo parton showers and are thus mostly limited to leading-logarithmic (LL)
accuracy.

In [32], we developed a general factorization framework called SCET,, which is an extension
of standard SCET and allows for a systematic higher-order resummation of such kinematic
logarithms for generic jet hierarchies. Compared to the usual soft and collinear emissions
present in SCET, in SCET, the effects of additional intermediate emissions are considered
that have both soft and collinear characteristics and describe the production and interaction
of hierarchical soft and collinear jets. The resulting factorized cross sections amount to further
factorizing the hard and soft functions appearing in the non-hierarchical case in Eq. (1), with
the additional factorization ingredients given in terms of collinear splitting amplitudes and soft
gluon currents, which fully capture spin and colour correlations.

Special cases have been considered before, in particular SCET first appeared in Ref. [33],
where its purely collinear regime was constructed to describe the situation of two energetic jets
collinear to each other. The purely soft regime of SCET, was first considered in Ref. [34].
There it was shown that this regime is essential for the resummation of non-global logarithms
by explicitly resolving additional soft subjets (see also Refs. [35,36]).

In [32], the general application to N-jet processes at hadron colliders is derived in detail,
considering all relevant representative classes of hierarchies, from which the general case can be
built, and it is discussed how to systematically combine the different hierarchical (boosted) and
non-hierarchical regimes to obtain a complete description of the kinematic jet phase space. This
includes in particular multiple hierarchies that are either strongly ordered in angle or energy
or not. Our results pave the way to resum kinematic logarithms appearing in differential jet
measurements to NNLL or beyond and systematically improve upon the LL description of
kinematic logarithms in parton showers.

As mentioned before, the same type of jet hierarchies also appear in jet substructure mea-
surements, and SCET | has become the cornerstone of analytic resummation of jet substructure
observables. For example, in Ref. [35], SCET . was used to factorize and resum a two-prong jet
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Figure 5: Illustration of the various regimes for jet mass measurements as a function of the
jet radius R and p./m (left panel) and the resulting physical scales and radiation types that
must be considered in the factorization (right panel). Figures taken from Ref. [42].

substructure variable and in Ref. [37] it was used to provide the first resummed hadron-level
predictions for a groomed 2-prong jet substructure variable.

A basic and important benchmark observable for studying the radiation inside a jet is
the invariant mass m; of a jet. The jet mass spectrum provides key information about the
influence of Sudakov double logarithms and soft radiation in a hadronic environment and probes
the dependence on the jet algorithm and jet size R, colour flow, initial and final state partonic
channels, hadronization, and underlying event. For this reason, it is a key benchmark observable
for jet substructure studies. For example, the utility of the first moment of the jet mass spectrum
as a mechanism to disentangle different sources of soft radiation underlying the hard interaction
was discussed in Ref. [38]. The best sensitivity to these effects comes from studying jets in their
primal state, without using jet-grooming techniques to change the nature of the jet constituents.
While useful for tagging studies, jet grooming fundamentally changes the nature of the jet mass
observable and reduces its utility as a probe of these physical effects.

To predict the jet mass spectrum at a hadron collider, it is crucial to account for the
resummation of logarithms between the transverse momentum p. of the jet and its invariant
mass my. The jet-mass spectrum for N-jettiness jets (defined via the standard geometric N-
jettiness measure) was first calculated at NNLL in [24]. Other analytic ungroomed jet-mass
calculations have been carried out in Refs. [38-41]. In [42], the analytic description of exclusive
jet mass spectra at the LHC is extended to realistic jet algorithms, including both anti-kp
clustering and XCone. A particular focus is on the limit of small jet radius, which turns out to
be relevant already for moderately small R < 1 as typically used in experiments. In particular,
for small R, the exclusive N-jet cross section contains Sudakov double logarithms of R, in
conjunction with logarithms of the jet mass and jet veto. It turns out that the factorization in
the small-R limit provides a different application of SCET,, which was already found for the
case of jet rates (without a measurement on the jet) in Refs. [43,44].

As illustrated in Fig. 5, one must in principle distinguish four different regimes with different
hierarchies for R and the scales m; and pfR:
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e regime 1: large-R jets for small mj: my < phR ~ pi.
e regime 2: small-R jets for small m;: m; < phR < pf.
e regime 3: small-R jets for large mj: my ~ p%R < p%
e regime 4: large-R jets for large my: my ~ pLR ~ p .

All of these require distinct effective field theory setups to resum the corresponding logarithms.
Specifically, in regimes 1 and 2 these are logarithms of m /p#, and in regimes 2 and 3 logarithms
of R. The factorization for each of the different regimes is discussed, as well as the relations
between the different regimes and how to combine them. A particular focus is on regime 2,
which has the most phenomenologically interest. Here, by applying SCET ., all relevant scales
associated with m, R, the applied jet veto, and the pf of the jet are fully factorized, enabling
the systematic resummation of jet-radius logarithms in addition to the jet-mass logarithms
beyond leading-logarithmic order.

6 Application of boosted techniques in the search for BSM
physics at the LHC

From the start of data taking at the LHC, boosted techniques have become a very important
tool in searches for new physics. The reason is the much larger accessible resonance mass range
compared to previous colliders, which results in more collimated final states. A large number
of searches have benefitted from the application of jet substructure algorithms, either in terms
of improved sensitivity or by making the search feasible in channels which are not accessible
with standard reconstruction methods. In this section, we discuss a few results obtained by the
CMS collaboration by using these techniques in the search for BSM physics.

An important example is the search for resonant t¢ production, which is predicted to be
mediated by BSM particles with masses of multiple TeVs in a number of new physics models.
Analyses that have been carried out during the course of the SFB 676 use the full /s = 8 TeV
dataset [45,46] and data with /s = 13 TeV recorded in the years 2015 [47] and 2016 [48] by
the CMS collaboration. The analyses consider leptonic and fully-hadronic final states. The
requirement of a jet from a boosted top quark decay in the lepton+jets channel results in a
considerable improvement in sensitivity, compared to traditional reconstruction methods. The
analyses of all-hadronic channels, optimized for low and high resonance masses, were only made
possible through jet substructure methods, which achieved an impressive reduction of the SM
multijet background by more than four orders of magnitude. An crucial aspect of these searches
is the determination of the SM multijet background from data since the simulation of multi-
parton final states with light quarks and gluons produced through the strong force is not precise
enough for the demands of these searches. Jet substructure methods offer a reliable possibility
for the determination of these backgrounds through control regions. These can be obtained
by inverting criteria on the jet substructure observables used for identifying boosted top quark
decays. The jets measured in these control regions have very similar kinematic distributions
as the ones in the signal regions, resulting in reliable extrapolations of the SM backgrounds
with small uncertainties. The analyses still rely on an accurate modelling of jet substructure
observables for the determination of irreducible backgrounds from SM ¢t production and the
signal efficiencies.
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Figure 6: Example results of CMS searches using boosted top quark reconstruction techniques
in pp collisions at /s = 13TeV: (left) Distribution of the ¢ invariant mass in p+jets events
including a top-tagged jet in the search of ¢ resonances. Shown are the data, the expected SM
background contribution as well as the BSM signal normalized to a signal cross section of 1 pb.
(right) Observed 95 % CL exclusion limit on the mass of vector-like T quark for a variety of
T — tH and T — bW branching fraction combinations. Figures taken from Refs. [47] and [49],
respectively.

The measured distribution of the mass of the tf system in the muon+jets channel with
an identified boosted top quark decay is shown in Fig. 6 (left). The dominant background is
irreducible SM tt production, and a possible BSM signal would be visible as a peak on top
of the falling background distribution. The power of jet substructure methods in searches for
new physics is demonstrated when comparing the sensitivity of the individual channels. At
high resonance masses, analyses in the all-hadronic channels achieve comparable sensitivity to
the ones in the lepton-+jets channels. When combined, these searches have placed the most
stringent constraints on resonant tt production in pp collisions at the time of publication.

Another example class of BSM scenarios that can be probed with jet substructure methods
are models with vector-like quarks (VLQs), which extend the three generations of SM quarks
by a fourth generation with a different chiral structure. These VLQs are expected to be much
heavier than the third generation quarks with masses not generated by the BEH mechanism
and thus avoiding constraints from H coupling measurements. Possible decay modes of the
VLQs are bW, tZ and tH for heavy partners of the top quark (T) and tW, bZ and bH for
partners of the bottom quark (B). Pair production of heavy VLQs at the LHC would thus
result in complex final states with decays of highly boosted ¢, W, Z and H.

A search by the CMS collaboration targeting the final states bW and tH has been carried
out using data recorded in 2015 with /s = 13 TeV [49]. The decay of one VLQ is reconstructed
through the leptonic decay of a W boson, thus reducing the SM multijet background. The
presence of a second VLQ is surmised through jet substructure methods, requiring a jet with
substructure compatible to the fully-merged hadronic decay of a W or H boson. The results of
the analysis in terms of VL(Q mass exclusion limits are shown in Fig. 6 (right). The sensitivity
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of this search could be improved considerably by advanced techniques to identify the highly-
boosted W and H decays. This result has been a precursor for a number of VLQ searches using
data with /s = 13 TeV.

7 Conclusion

In this contribution, we have summarized the results that have been obtained in the context
of the SFB676 in the area of studies of boosted topologies and jet substructure at the LHC.
Example results are concepts for the development of the first measurements of the jet mass dis-
tribution in boosted ¢t events by the CMS collaboration, the development of the HOTVR tagger,
theoretical developments of the exploitation of the N-jettiness observable as a jet algorithm and
developments of novel effective field theories that enable the factorization and resummation of
large logarithms appearing in boosted regimes and in the jet-mass spectrum. In addition, we
discussed a few example results of searches for new physics by the CMS collaboration using
boosted reconstruction techniques.
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Extensions of the Standard Model of particle physics often predict new particles with
masses at the electroweak scale or up to a few TeV/c?. Searches for the decay of such par-
ticles at the Large Hadron Collider most often are performed by looking for dedicated final
states and by interpreting the results either within a given theoretical model such as Su-
persymmetry or in a more generic way using so called simplified models. Here we highlight
key measurements for Supersymmetry and their usage in parameter scans. Corresponding
searches in the data of the CMS experiment are summarized and their interpretation in
the framework of the phenomenological MSSM is described.”

1 Supersymmetry at the LHC

Although the Standard Model (SM) of particle physics stands in good agreement with nearly
all published results from collider experiments, there remain a number of open questions that
are not fully addressed by the SM. Among them are three significant issues for which Super-
symmetry (SUSY) may provide a natural solution: the SM does not predict a cold Dark Matter
(DM) candidate, which is needed to explain the DM relic abundance observed in cosmology; the
gauge couplings do not unify at high energies, as predicted by Grand Unified Theories (GUTs);
and finally, radiative corrections to the scalar Higgs mass are expected to be of the order of the
Planck scale, up to which the SM is assumed to be valid.

SUSY is an extension of the Poincaré algebra, which introduces a symmetry between
fermions and bosons. Invariance under supersymmetry transformations requires that each SM
particle is paired with a SUSY partner particle possessing the same quantum numbers except
for the spin, which differs by a fundamental unit 7/2. The scalar partners of the fermions
are called squarks (§) and sleptons (I), while the (gauge) boson partners, the bino (B), wino
(W), gluino (§), and higgsino (H), mix to form the fermionic chargino ()2%2) and neutralino
()2(1)_2737 4) states. The lightest neutralino y? is often considered as the lightest SUSY particle
(LS'P)7 because in such a case, assuming conservation of R-parity, it is a suitable DM candidate.
Since no experimental evidence for these particles has thus far been found, the SUSY partners
must be much heavier than the SM particles. The corresponding breaking of SUSY in its
most general form involves more than one hundred new parameters, which limits the predictive
power of the theory. There are several suggestions for how SUSY might be broken, which often
imply assumptions on the breaking parameters at the GUT scale, as for example is the case

*Contribution to “Particles, String and the Early Universe — Research Results of the Collaborative Research
Centre SFB 676 in Hamburg”.
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in the constrained MSSM (¢cMSSM). Such models usually have a much smaller number of free
parameters—just five in the case of the cMSSM—which facilitates a relatively straight-forward
interpretation. On the other hand, the assumption of a specific breaking mechanism imposes
strong correlations among the SUSY mass parameters, which renders the phenomenology of the
models less than fully representative of the broader MSSM.

To overcome this shortcoming, two alternate approaches have been developed. First, sim-
plified models have been used for the interpretation of LHC searches, where only two or three
SUSY particles are assumed to be kinematically accessible and all other particles too heavy to
have an influence. For example, in the case of sufficiently small squark and LSP masses, the
dominant production of SUSY particles at the LHC would be gg — ¢ with a subsequent decay
G — qX¥. In such scenarios, the signal event kinematics are governed by only two parameters,
namely the masses of the two involved SUSY particles. The interpretation of the LHC data
within a comprehensive set of simplified models is a model-independent way to present limits on
SUSY masses and production cross sections. This approach allows the results of LHC searches
to be applied as constraints on various other models of new physics, provided the models can
be represented as a composition of simplified models. A review of SUSY searches from Run 1
and the corresponding interpretations in terms of simplified models can be found in [1].

The second approach is the interpretation of SUSY searches in terms of a so-called full-
spectrum SUSY model with a large but manageable number of free parameters and a minimal set
of assumptions about the SUSY breaking mechanism. One such model is the phenomenological
minimal supersymmetric Standard Model (pMSSM), which imposes a number of assumptions
on top of the MSSM that reduce the number of free parameters down to just 19. These
assumptions include the restriction that there be no new large sources of CP violation or flavor-
changing neutral currents, which are both highly constrained by experimental data. Further,
the first two generations of sfermions are assumed to be mass degenerate, and only the trilinear
couplings of the third generation are relevant. These assumptions leave the following pMSSM
parameters free, where the allowed ranges have been selected to limit the study to a subspace
that is kinematically accessible at the LHC [2]:

e three gaugino mass parameters My, My and M3 (|M; 2| < 3 TeV, M3 < 3 TeV)
e the ratio tan 8 of the Higgs vacuum expectation values (from 2 to 60)
e the higgsino mass parameter p and the pseudoscalar Higgs boson mass m4 (<3 TeV)

e ten independent sfermion mass parameters mz with F= QLQ, ULQ, DLQ, 1:427 Elg, Qg,
Ug, D3 s Lg, E3 (<3 TGV)

e three trilinear couplings A:, Ap, and A, (|4;] <7 TeV).

These parameters are defined at a SUSY mass scale Mgysy = NUTRLN often called the
electroweak symmetry breaking (EWSB) scale, in contrast to the GUT scale. For a given
parameter configuration, denoted by 6, a full SUSY model is specified, making predictions
for contributions to electroweak precision observables and possible LHC signatures. Those
predictions can be tested against experimental data, which serves to constrain the pMSSM
parameter space and to identify parameter regions that are not yet excluded.
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2 Strategy for the interpretation of LHC searches in the
pMSSM

The compatibility of a model with existing data can be expressed by a posterior density of the
model parameters 6, given by

p(9|DLHC) o L(DLHC|9) .pnon—direct LHC (0)7

where DVHC denotes the data from direct searches at the LHC and L(D™€|9) is the likelihood
for the observed dataset given a particular §. The prior density pren-direct LHC(9) includes several
constraints from non-LHC precision measurements like B(b — s7v), B(Bs — up), R(B — Tv),
Aay,, as(Mz), and my(ms), but also other input from LHC measurements like mop, Miggs,
and the Higgs signal strength pipiges. Further factors in the prior density derive from theoretical
considerations, such as the requirement that there be no tachyonic particles. Details regarding
the measurements employed in the prior density can be found in reference [2].

To scan the 19-dimensional parameter space, a Markov chain Monte Carlo method was
used. Approximately 20 million parameter configurations were generated using the ranges for
the parameters indicated above. Out of these models, a random sub-sample of about 7200 points
was selected for an in-depth study based on an analysis of simulated signal events. Each of the
selected model points was used to generate 10000 signal events, which were then processed by a
fast simulation of the CMS detector. The resulting event samples were analyzed to estimate the
signal acceptance corresponding to various search regions and final states featured in numerous
CMS publications, and confronted with the observed yields in real data.

3 Input from LHC searches

A first version of a pMSSM interpretation with CMS data from searches at /s = 7 TeV was
presented in [3]. For the final interpretation of the full Run 1 data, the expected number of
signal events for each incorporated analysis was computed for each model.

A full list of the considered searches is given in [2]. Here, we highlight one of the searches
with the highest impact on the pMSSM phase space, which is the search for SUSY in final
states with no leptons, multiple jets, and missing transverse momentum E’%‘iss, targeting the
production of squarks and gluinos.

Several iterations of the analysis were published [4-8], and a number of Ph.D. theses docu-
mented contributions [9,10]. For the pMSSM interpretation discussed here, the results with the
full 7 TeV and 8 TeV data sets are used [5,6]. The searches usually include a light lepton veto
and require large transverse hadronic activity Hr defined as the scalar sum of the transverse
momentum of the jets, in addition to large EMsS. Further search selections are defined for
different jet multiplicities and b-tagged jet multiplicities to increase sensitivity to a broad range
of SUSY scenarios.

A particular challenge of searches for new physics is the understanding of the remaining
SM background after the applied selections. For this purpose, several data driven techniques
have been developed and improved upon over time. In summary, the SM background for this
search can be subdivided in four categories: Z(— vv)+tjets (“Z to invisible”), W-+jets and ¢
with W— e/u + v (“lost lepton”), W-jets and ¢t with W— 7 + v (“hadronic tau”), and QCD
multi-jet events.
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The background from Z to invisible is estimated from Z— ¢f-+jets and ~-+jets events, in
the latter case making use of the similarity of Z bosons and photons. The background from
hadronic tau processes is estimated from events with one isolated muon; lepton universality al-
lows the replacement of the muon by a 7 proxy, obtained by smearing the muon four-momentum
according to response templates obtained from simulated samples of hadronically-decaying 7
leptons. Similarly, the lost lepton background is estimated from events with one isolated lep-
ton, and each event is re-weighted to account for the probability that the lepton is either out
of the detector acceptance, not reconstructed, or not isolated. The corresponding efficiencies
are taken from or are validated with measurements from data via tag and probe techniques
involving Z — [T~ events. Finally, the QCD background is expected to be small, but con-
tributes with a large experimental uncertainty. The large uncertainty is due to fact that s
in QCD events arises from gross mismeasurements of the energy of one or more jets in an event.
This background is estimated using a technique called Rebalance and Smear, which builds a jet
response model and applies it to an inclusive sample of multi-jet events (here, inclusive means
there is no Fpmiss requirement placed on events). In the first (rebalance) step, the jet momenta
are adjusted according to pre-constructed response functions until the event is consistent with
a particle-level (perfectly-measured) QCD event with only a small momentum imbalance. In
the second step (smearing), the re-balanced jet momenta are smeared according to the response
functions, yielding an event sample that can be directly used to derive the prediction for the
QCD yield in the signal regions. The response functions are obtained from simulated events
but corrected for differences between data and simulation, both for the gaussian core of the jet
response and for the non-gaussian tails of the response.

Figure 1 shows the comparison of data and expected background in 36 exclusive search
regions of one particular analysis [5], as well as an interpretation in a simplified model of direct
squark production. This search was able to exclude squark masses below ~ 780 GeV in the
case of 5-fold squark mass degeneracy and assuming a light LSP, Gluino masses were excluded
up to 1.2 TeV for small LSP masses in several simplified models. Weaker constraints on the
gluino and squark masses are obtained for larger LSP masses, since scenarios with a smaller
mass difference of the produced SUSY particles and the LSP lead naturally to lower hadronic
activity and MET. These results have been outperformed by recent Run 2 results at /s = 13
TeV [7,8], but for the presented pMSSM interpretation they have a large impact since they are
among the most sensitive generic SUSY searches from Run 1.

4 Results of the parameter scan

For most of the CMS SUSY searches, the individual analysis teams provided the number of
signal events in each signal region for each model point 6. The background count and uncertainty
B+ 6B were also provided for each search bin. With this information, it is possible to construct
a simplified likelihood,

L(DYC|6) = / Poisson(N|s(6) +b) p(b| B,3B) db,

with the number of observed events IV, and the number of expected background events b. The
number b follows a prior density p(b| B, § B), which is modeled as a gamma function with param-
eters tuned such that the mode and variance are B and (§B)? respectively. Since most searches
have more than one exclusive search bin, the results from each bin are combined assuming the

172 SFB 676 — Particles, Strings and the Early Universe



STUDIES OF THE MSSM PARAMETER SPACE AT THE LHC

CMS, L=19.5fb’ \s=8TeV

T O n ] 1 1
S8 O =
SEE- 223
Em e e
<o S99 o
S C - O o=
N B ey 3O
< Y209 :E2%
wgf g 8Ex
o ™ o
PR ol
g 0B O O
== o« = O
Q 2 A2 o -
29 s 2R LT
o Q,
5B, 2% 8§
j
2 50%Q o 2T 4
- 002<"H'005T<"H 4 «© g & = W. Z
o 002<"H'00ST>"H>052T Al S a—ma,
3] DS 002<"f4'052T>"H>000T 2 o % S a1 Qo
w T v 41/000T>"H 3 IR
0w = 002<"H'000T>H>008 ] L ap ph o =
T o 2 09 00Z<#4'008>'H>005 z - o O H o0
B N Ll Al L. ANNNE . NN\ S — g = ¥ B =
oo £ E o0e<H S T —TETH
> 3 ¢ 00€>"H>002 ‘005T<"H T RS o0 .
L g g L B .- 5800w o~
= 9§ 0O 05v<" BN = 2 5 5 =
2 E 9 | SN aEEEE 8
) unns 0Sy>"H>00€ o D.J. R RO =R e}
s e 9 00E>"#1>002 ‘005T>'H>052T  \ C ®m @ @ 8P
S s & 05 S 1
c 05v>'H>00€ 3
- ° 00€>'H>002 ‘052 T>"H>000T . .
2 Y N T iy ~ (qd) uonoas sso1o uo Ny Jaddn 7D %456
‘T 0s>'4>008 \ © b o )
jud " . o o o
%) o 00€>">002 ‘000T>"H>008 1 — — — —
..n_M, m ..wm.#.A.ﬁ ............ y////A /////A.-I m T M (LRI TR ===
W[ m omwwfvoom N.J R LA L L L B B
2 03 00€>"H>002 '008>'H>005 —
N A e 0 R N\ R () goom===a=====s ]
N O R Realumy c 1 ]
N 00€>"#>002 ‘00ST<"H S 'E=1 .- JUPTEEEEEEES .4
- . m 0Sv<'# m e} \\ L. -
0Sv>"H>008 e ) G.R 10
00€>'H>002 '00ST>"H>052T o +
||||| Ly ~""TTTTTomeem i N - ~qL \
> = h
< 009>*f4>057 i el £ |5 o
© 0s7>"H>00€ o| O z £ &
o 00€>"H>002 '052T>"H>000T b nl =z 28 3
N Y SN\ (7)) = 3] 1
¢ 009<"# ] .5 o : !
009>"#>05% - | B S K
0b>"#>00€ o Ll o
oos>'peooz ooor>hooos I W ® o1 o S
009<'H I — 1= T o
. " g 8 0 |
009>#4>057 2 "l1wo 3 & W
05v>*#>00€ >’ - o) ! 1
00€>'H>002 '008>'H>005 ol a ___ R
= o i ﬂ\ |
— — C I 1111 1
5 % % B % ¥ 9 o s © 38 " 8 8 8 8
— — — — — - — [ ~ © o ~

s
S

SUEYE] ‘paid/(‘paid-ereq) [AneD

173

1000

m; [GeV]

900

500 600 700 800

400

00
SFB 676 — Particles, Strings and the Early Universe



SAM BEIN, CHRISTIAN SANDER, PETER SCHLEPER

pMSSM CMS pMSSM CMS

> 7\ LI ‘ L ‘ L ‘ L L ‘ L \7 > 0 9;\ LI ‘ L ‘ L ‘ L L ‘ LI \;
()] 1~ Prior from non-DCS data — ()] ~re Prior from non-DCS data 1
~ F —— Combined, 7 TeV B = 0 8i Combined, 7 TeV B
= i Combined, 7 + 8 TeV ] -~ F Combined, 7 + 8 TeV ]
2 0.8+ 4 Combined, 7 + 8 TeV, LHC Higgs data _| 8 0.7 ¢ Combined, 7 + 8 TeV, LHC Higgs data i
(@) b --p=05 =p=1.0 - p=15 1 (&) F --p=0.5 =—p=1.0 - p=15 ]
© L e 1 © E b
. . 0.6 -
o r ] QO £ -
e o6 = e 0.5 J
Q I e S ] o e [ i
F 4 0.4 {

0.4 - S —— ]

o e ] 03p E

0.2 _ 0.2; E

i ] 0.1 -

o PR .- i EP A B o) T . S N I B

0 0.5 1 1.5 2 2.5 3 0 0.5 1 1;5 _ 2 2.5 3

g mass [TeV] U, ¢, mass [TeV]

Figure 2: Impact of the direct searches for Supersymmetry on the probability density of the
gluino mass (left) and the squark mass (right). The filled blue histogram shows the prior
pron-direct LHC(9) - The red markers show the impact if LHC Higgs signal strength measurements
are included. Figures taken from Ref. [2].

uncertainties for the background to be uncorrelated among the bins, while systematic uncer-
tainties on the signal are treated as fully correlated, leading in general to conservative results.
The final agreement of the data with a given hypothesis is quantified by the signal significance

Z(0) = signllog Bio(D, 0)]v/21og Bio(D, 0),

where the local Bayes factor for the data D at a model 8 is given by

L(DI|0, Hy)
L(D|Ho)

where L(D|0, Hy) and L(D|H,) are the likelihoods for the signal plus background (H;) and
background-only hypothesis (Hp), respectively. Z > 1 indicates the presence of signal, while
Z < 1 corresponds to the background-only hypothesis, and a value of Z(6) = —1.64 corresponds
to a 95% C.L. exclusion in a frequentist approach.

Figure 2 shows the results for the posterior density projected into the dimensions of the
gluino and squark masses. One can see how the inclusion of 7 TeV and 8 TeV search results are
increasingly lowering the probability density for low mass squarks and gluinos. The impact of
the inclusion of the direct Higgs signal strength measurements is shown as well. These measure-
ments only mildly influence the examined probability densities, suggesting that in the considered
parameter space, the lightest Higgs boson has properties very similar to the SM, as expected
in the decoupling limit. Gluino and squark masses below ~ 500 GeV are excluded, which is
significantly weaker than the values quoted before for the simplified model interpretation in
case of a light LSP. The so-called survival probability, defined as the fraction of pMSSM points
within a given region of parameter configurations with an observed significance Z > —1.64, is
shown in Figure 3.

Bio(D,6) =
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Figure 3: Fraction of pMSSM models surving the combined significance analysis as a function
of the LSP and gluino mass (left) and the LSP and squark mass (right). Figures taken from
Ref. [2].

Particularly interesting is the fact that a fraction of pMSSM models with rather light squark
or gluino masses are not excluded. One reason for this is the limited sensitivity to scenarios
with a small mass difference between the produced particle (either squark or gluino) and the
LSP. These so-called compressed mass scenarios typically predict less hadronic activity and
EMss than non-compressed mass scenarios and are difficult to access experimentally.

One of the main purposes of this pMSSM study was to identify regions in the pMSSM
parameter space that have evaded exclusion by experimental searches conducted so far. A
visualization of the non-excluded parameter space has been prepared in a series of parallel
coordinate plots, an example of which is shown in Figure 4. On the first axis, the six most
common principal processes are shown for pMSSM models which are not excluded by the
considered analyses, and a color is assigned. A process is principal if it bears the largest cross
section times branching ratio of any process given rise to by a given pMSSM model point. On
the following axes, several properties of the models are shown, such as the total cross section,
average missing transverse energy, number of jets, and further quantities. One finding from
this presentation is the fact that most of the pMSSM models with a large cross section are
originating from chargino-neutralino production, which results in low EX a low number of
jets, and even a small number of leptons because of compressed masses. To target such scenarios
particular focus must be put on searches with a highly energetic jet from initial state radiation
produced in combination with soft leptons.

5 Searches for compressed mass scenarios
To target compressed mass scenarios for chargino-neutralino production in the case that colored

superpartners are heavy, a search in final states with taus plus a vector boson fusion (VBF)
signature has been performed [11]. Final states with taus are motivated by cosmology, since
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Figure 4: A parallel coordinates display of a subsample of pMSSM model points that survive
the Run 1 CMS SUSY searches. Various model properties are given on the vertical axes, and
a single pMSSM point is represented by a curved line. Figure taken from Ref. [2].

co-annihilation processes may be key in explaining the observed of relic DM density. The VBF
signature allows the threshold on EX to be lowered at the level of the trigger as well as the
offline analysis. This improves the sensitivity to compressed mass scenarios. The inclusion of
such a channel in a future pMSSM interpretation may reveal tighter constraints on the allowed
phase space.

In pMSSM models with My < My, u, longer life times for the charginos are possible, leading
to signatures of highly ionizing heavy stable charged particles (HSCPs) or, in case of shorter life
times, disappearing tracks. A re-interpretation of existing searches for HSCPs in the pMSSM
showed a good sensitivity to a significant fraction of the parameter space with large ¢r values
[12]. However, if the long-lived charginos decay after only O(~ 10 cm), the sensitivity diminishes
considerably. For that purpose a search for disappearing tracks was developed which used the
energy deposits in the most inner pixel detector of CMS to improve the sensitivity to very
short-lived HSCPs [13].

6 Gravitino LSP

Further searches have been carried out that probe more selective regions of the pMSSM phase
space. Moreover, studies involving particular final states point to opportunities for future
versions of the pMSSM analysis to expand in scope. Since the pMSSM assumes the LSP to be
the lightest neutralino, other SUSY scenarios in which this is not the case have been studied.
In particular, in general gauge mediation (GGM), the LSP is the gravitino. In such models,
final states with one or more photons, jets, and EXS are expected, and dedicated searches have
been performed [14]. Since no excess above the SM expectation was observed, stringent limits
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on the model parameters have been set.

7 Outlook

Searches for SUSY in many different final states have been carried out and interpreted in the
context of simplified models and the pMSSM. The differences between the results show the
complementary of both approaches in understanding and contextualizing the findings of SUSY
searches. A pMSSM interpretation of searches performed on the 13 TeV data will lead to a
more global understanding of how the SUSY parameter space is constrained, and will help in
the design of new search strategies tailored to overlooked signatures. Of particular interest
are searches for compressed mass spectra e.g. through long lived particles of VBF production
modes in addition to soft leptons.
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The project B3 of the SFB 676 has been focussed on theoretical and experimental aspects
of low-energy neutrinos from artificial and astrophysical sources. The experimental part
consists in the study of the background induced by cosmic muons in current low-energy
neutrino experiments. The theoretical part has been devoted to the flavor conversions of
neutrinos emitted during a stellar collapse and in the early universe. The project has also
been expanded to study the low-energy neutrino project LAGUNA (European design study
Large Apparati for Grand Unification and Neutrino Astrophysics), which is investigating
to feasibility of large underground detectors for proton decay searches, the observation of
rare galactic supernova and solar neutrinos. Here we briefly review the work carried on in
the theoretical part of the B3 project.

1 Introduction

Neutrinos are the most elusive of all elementary particles. The three different kinds (flavors) of
neutrinos can convert into each other by their nonzero masses and flavor mixing - a macroscopic
quantum effect named neutrino flavor oscillations. The possibility of neutrino flavor oscillations,
theoretically suggested more than half a century ago, is now an experimentally established fact.
After many years of research with atmospheric, solar, accelerator and reactor neutrinos, we
have achieved a mature understanding the oscillation phenomenon, crowned in 2015 with the
Nobel Prize in Physics awarded to T. Kajita and A. B. McDonald “... for the discovery of
neutrino oscillations which show that neutrinos have mass”.

Now that the three-flavor oscillation framework is well determined (apart from the still
unknown mass ordering and possible CP violation), neutrino physics enters a new phase,
where these particles can be used to probe distant astrophysical and cosmic sources. At this
regard, the leading idea of the theory part of the B3 project has been to exploit astrophysical
and cosmological environments as laboratories for testing neutrino physics. In particular, it
has focussed mainly on the astroparticle theory and phenomenology of neutrinos and on the
implications of their observations in current or future experiments. In spite of their weak
interactions, there are two environments where neutrino reach thermal equilibrium: a supernova
core and the Early Universe. Neutrino thus play a dominant role in the supernova and cosmic
evolution. In particular, these two environments offer peculiar conditions to probe neutrino
flavor conversions.

Core-collapse supernovae (SNe) represent a unique laboratory to probe neutrino properties
in the extreme conditions offered by a stellar gravitational collapse. In this context, B3 project
has been devoted in the challenging study of the non-linear equations that describe the neutrino
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flavor evolution in the presence of neutrino-neutrino interactions. The characterization of these
effects is crucial in the case of SN neutrinos, since in deepest stellar regions the neutrino
density is so high that neutrino-neutrino interactions dominate the flavor dynamics. The recent
discovery of these effects has dramatically changed the paradigm of neutrino flavor conversions
during a stellar collapse, with important consequences on the observable SN neutrino signal
and on the core-collapse dynamics.

The study of flavor conversions between active and sterile neutrinos in the Early Universe
represents another hot topic, after intriguing but controversial hints for low-mass sterile neutri-
nos, coming from precision cosmological measurements and laboratory oscillation experiments.
In this context in the B3 project have been developed dedicated investigations, performing
accurate solutions of the kinetic equations for the evolution of the active-sterile ensemble.
These are necessary in order to determine the relic abundance of sterile neutrinos. This task
was extremely timely, since cosmological experiments, like the Planck satellite, were releasing
precise measurements of the possible extra-radiation in the Early Universe.

A more detailed description of the research accomplishment is presented below. Section 2
is devoted to the theory and phenomenology of SN neutrino flavor conversions. Section 3 deals
with the cosmological impact of eV-mass sterile neutrinos. Finally, Section 4 presents a brief
outlook.

2 Supernova neutrinos flavor conversions

Neutrinos emitted from core-collapse supernovae (SNe) have been extensively studied as a probe
of both fundamental neutrino properties and of core-collapse physics. The detailed features
of the neutrino signal may reveal the ordering of the neutrino mass spectrum, necessary to
reconstruct the neutrino mass matrix and its possible underlying symmetries. In this context,
in the B3 project have been developed different research activities on various theoretical and
phenomenological aspects of supernova neutrino flavor conversions.

2.1 Collective neutrino oscillations in dense neutrino gases

The core of the B3 theory research activity has revolved around the very complicated issue of
collective flavor oscillations that can emerge in dense neutrino gases. These unusual phenomena
are likely to be important in the context of stellar collapse (supernovae) or coalescing neutron
stars (short gamma-ray bursts) or the early Universe. In these extreme environments where the
neutrino gas is so dense that it becomes itself a “background medium”. In these conditions,
the flavor evolution equations become highly non-linear, sometimes resulting in surprising
phenomena where the entire neutrino system oscillates coherently as a single collective mode.
In the context of supernova neutrino flavor evolution, these collective neutrino oscillations can
produce new effects in the region of high neutrino density, a few tens of kilometers above the
supernova core. The recent discovery of these phenomena, which are currently changing the
paradigm of supernova neutrino flavor conversions, triggered a lot of activity to investigate
many aspects of these intriguing effects. In particular, it has been found that, taking typical
input for the initial neutrino fluxes, supernova neutrinos can have their energy spectra partially
swapped during collective oscillations. This effect is sensitive to the (still unknown) neutrino
mass ordering (hierarchy). The B3 project gave a significant contribution to the progress of
these studies.
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Figure 1: Geometrical picture of the SN neutrino bulb model. Reprinted from Ref. [1] with
kind permission of Societa Italiana di Fisica.

In particular, there have been developed large-scale numerical simulations and analytical
approximations for the characterization of the non-linear neutrino flavor evolution in high-
density supernova regions. At this regard, a complication that arises in these simulations is
related to the so called “multi-angle effects”. These arise since the current-current nature of
low-energy weak interactions implies that a factor 1 — cosf appears in the neutrino-neutrino
interaction strength, where 6 is the angle between neutrino trajectories (see Fig. 1). As a
consequence, the solution of the SN neutrino equations of motion is extremely challenging, since
it requires an advanced numerical approach to simulate accurately the coupling of intersecting
neutrino trajectories and the associated multi-angle effects which affect the flavor evolution.
The numerical simulations developed in the B3 project, including multi-angle effects in a three-
flavor framework, represented the state of the art in the field.

In this context one of the most relevant result has been the investigation of the SN self-
induced flavor conversions during the early times accretion phase (at post-bounce times ¢y, S
0.5 s). This phase would offer the best opportunity to detect effects from neutrino flavor
oscillations, since the emitted neutrino fluxes are large with a distinct flavor hierarchy. It has
been performed a dedicated study of this problem, characterizing the neutrino emissivity and
the SN matter density profile, using results from recent neutrino radiation hydrodynamical
simulations. It has been realized that during the accretion phase the matter density, piled-
up above the neutrinosphere, is so high that it dominates over the neutrino density. In
contrast to what is expected in the presence of only neutrino-neutrino interactions, it has been
found that the multi-angle effects associated with the dense ordinary matter suppress collective
oscillations (see Fig. 2). The matter suppression implies that neutrino oscillations start outside
the neutrino transport region and therefore have a negligible impact on the neutrino heating
and the explosion dynamics. Furthermore, the SN neutrino signal during the accretion phase
would be processed by the only Mikheyev—Smirnov—Wolfenstein (MSW) matter effect in the
SN mantle and by the Earth matter effects [2,3]. These results already had a strong impact
on the description of the SN neutrino flavor conversions and stimulated further independent
investigations to confirm them. In order to study these effects, it has been also developed an
analytical approach to interpret and predict the outcome of the numerical simulations, based on
the stability analysis of the linearized equations of motion (see Ref. [4]). This technique allows
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Figure 2: Radial profiles of the 7, survival probability P.. at selected post-bounce times from
multi-angle simulations in matter (black continuous curves) and for n. = 0 (light curve).
Reprinted figure with permission from Ref. [2]. Copyright (2011) by the American Physical
Society.

one to determine the possible instability of the SN neutrino ensemble versus the self-induced
flavor transformations.

Self-induced flavor conversions, even if suppressed during the accretion phase, can still
produce sizable effects during the SN cooling phase (tp, 2 1.0 s) when the matter density
becomes sub-dominant with respect to the neutrino one. However, the predictions for the
initial SN neutrino fluxes at late times are less robust than during the accretion phase. For this
reason, it has been interesting to perform a study to determine how different original neutrino
fluxes can affect the pattern of the self-induced flavor conversions. Thanks to challenging
numerical simulations it has been possible to point out a rich and unexpected phenomenology
[5—7]. In particular, multi-angle and three-flavor effects peculiarly affect the development of the
self-induced spectral splits in both neutrino and antineutrino spectra. Remarkably, it has been
found that some of these spectral splits could occur sufficiently close to the peak energies to
produce significant distortions in the observable SN neutrino signal, as shown in Fig. 3. The
detection of these signatures at proposed large underground neutrino detectors could give hints
about the primary SN neutrino fluxes, as well as on the neutrino mass hierarchy.

It has been also explored the effect of the SN neutrino angular distributions on the de-
velopment of the self-induced flavor conversions. It has been found that flavor-dependent
angular distributions may lead to a new multi-angle instability, that can dramatically affect the
SN neutrino oscillations, smearing the splitting features found with trivial neutrino emission
models [8,9].

Finally, it has been devoted attention to the effect of removal of space-time symmetries in the
self-induced flavor evolution. In this context, the basic assumptions of the supernova neutrino
emission model, namely the azimuthal symmetry in the supernova physical properties, i.e. the
physical conditions only depend on the distance r from the center of the star, and the quasi-
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Figure 3: Three-flavor evolution during the SN cooling phase in the multi-angle case and in
inverted mass hierarchy for neutrinos (left panels) and antineutrinos (right panels). Upper
panels: Initial energy spectra for v, (long-dashed curve) and v, , (short-dashed curve) and for
v. after collective oscillations (solid curve). Lower panels: Probabilities P,.. (solid red curve),
P., (dashed blue curve), P., (dotted black curve). Reprinted figure with permission from
Ref. [5]. Copyright (2011) by the American Physical Society.

stationary neutrino emission have been recently questioned. Indeed, it was tacitly assumed
that unavoidable small deviations from them do not significantly perturb the flavor evolution.
However, we have realized with simple examples that instabilities may grow once assumptions
the two assumptions are relaxed, since self-interacting neutrinos can spontaneously break both
the azimuthal symmetry [10-12| and the translation symmetry in space and time [13]. The
role of density matter turbulence in supernova neutrino flavor conversions has also been inves-
tigated [14].

2.2 Supernova neutrino phenomenology

In [15] we proposed to use the rise time of a Galactic supernova 7, lightcurve, observable at
a high-statistics experiment such as the Icecube Cherenkov detector, as diagnostic tool for the
neutrino mass hierarchy at “large” 1-3 leptonic mixing angle 0,3, as measured few years ago. We
showed that, thanks to the combination of matter suppression of collective effects at early post-
bounce times on one hand and the presence of the ordinary Mikheyev—Smirnov—Wolfenstein
effect in the outer layers of the SN on the other hand, a sufficiently fast rise time on O(100)
ms scale is indicative of an inverted mass hierarchy, as shown in Fig. 4. We investigated results
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Figure 4: SN 7, count rate signal in IceCube assuming a distance of 10 kpc in normal (NH)
and inverted (IH) mass hierarchy. Reprinted figure with permission from Ref. [15]. Copyright
(2012) by the American Physical Society.

from an extensive set of stellar core-collapse simulations, providing a first exploration of the
astrophysical robustness of these features.

Neutrino oscillations in the Earth matter may introduce peculiar modulations in the SN
neutrino spectra. The detection of this effect has been proposed as diagnostic tool for the
neutrino mass hierarchy at “large” #13. In this context we performed an updated study on the
observability of the Earth matter effect at large next-generation underground detectors (i.e.,
0.4 Mton water Cherenkov, 50 kton scintillation and 100 kton liquid Argon detectors) based on
neutrino fluxes from state-of-the-art SN simulations and accounting for statistical fluctuations
via Monte Carlo simulations [16]. Since the average energies predicted by recent simulations are
lower than previously expected and a tendency towards the equalization of the neutrino fluxes
appears during the SN cooling phase, the detection of the Earth matter effect will be more
challenging than expected from previous studies. We found that none of the proposed detectors
shall be able to detect the Earth modulation for the neutrino signal of a typical galactic SN at
10 kpc.

We also worked on an improved characterization of the observability of the galactic and
diffuse extragalactic SN neutrino fluxes in next generation neutrino detectors. In particular,
we focused on water-Cherenkov, scintillator, and liquid argon techniques which are currently
investigated in the context of the LAGUNA-LBNO (Large Apparati for Grand Unification and
Neutrino Astrophysics—Long Baseline Neutrino Observatory) project.

3 Active-sterile neutrino conversions in the Early Universe

Neutrino flavor conversions in the Early Universe are a fascinating problem involving collisional
damping, refractive effects from charged leptons and neutrino self-interactions. At this regard,
in the B3 project we have been extensively working on the flavor conversions of active-sterile
neutrinos in the Early Universe. In this context, recent analysis from precision cosmology and
Big-Bang Nucleosynthesis data seemed to mildly favor the presence of extra radiation in the
Universe beyond photons and ordinary neutrinos, lending support to the existence of low-mass
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Figure 5: Evolution of the sterile neutrino density matrix element in function of the temperature
T for different values of the primordial letpon asymmetry. Reprinted figure with permission
from Ref. [17]. Copyright (2012) by the American Physical Society.

sterile neutrinos. At present there are tentative hints for the existence of sterile neutrinos
of (sub)-eV mass from a variety of short baseline neutrino experiments. The preferred range
of masses and mixing angles leads to almost complete thermalization. Then sterile neutrinos
should be present with approximately the same number density as active states. However,
this is in disagreement with recent cosmological data analyses, in particular with neutrino
mass bounds form the first data release of the Planck experiment, as well as from the data
of the structure formation (see Ref. [18]). A possible escape route to reconcile eV-sterile
neutrinos with cosmology requires the suppression of their primordial abundance. Different
arguments have been proposed, introducing new physics in the particle sector or in cosmology.
The most intriguing scenarios discussed so far consists of large lepton asymmetries in the
neutrino sector. These would generate a large matter term, that can suppress the effective
in-medium mixing angle between active and sterile neutrinos. In this context, we performed
a detailed study of the kinetic equations for the ensemble of three active neutrinos plus an
eV-sterile neutrino in which we calculated the suppression of the sterile neutrino abundance
in function of different neutrino asymmetries, removing several approximations adopted in the
previous literature, as shown in Fig. 5 (see Ref. [17]). This goal has required the development
of advanced numerical codes in order to simulate the neutrino flavor evolution. Moreover
we also investigated possible signatures of active-sterile flavor conversions on the Big-Bang
Nucleosynthesis (see Ref. [19]). Another mechanism recently proposed to suppress the sterile
abundances, is based on secret interactions in the sterile neutrino sector. If sterile neutrinos
are charged under a new gauge group with a light vector boson, this can generate a very
strong matter potential for themselves. Unfortunately, also in this case, the reconciliation of
sterile neutrino with cosmology is not guaranteed, since the suppression of the sterile species
production is associated with significant spectral distortions of the active neutrino species, with
potentially interesting cosmological consequences both for BBN, especially for the Deuterium
abundance, as we discussed in Ref. [20]. We also investigated nontrivial consequences for the
neutrino mass bounds if the mass of the new vector boson is relatively small [21]. The connection
of these scenarios with self-interacting dark matter models has been recently pointed out.
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4 Outlook

The study of neutrino physics has been always accompanied by surprises. Often our theoretical
prejudices have been disproved by experimental results, that required to significantly modify
our previous pictures. In this context, supernovae and Early Universe represent two labora-
tories where amazing effects can still arise. A complete understanding of flavor conversions
in supernovae is mandatory in order to interpret the neutrino signal from the next Galactic
explosion. This could shed light on the mechanism of a stellar gravitational collapse and on
neutrino fundamental properties, like the mass ordering. Early Universe will continue to be an
important environment to probe neutrino properties, such as the mass and the possibility of
extra sterile neutrinos. The work shortly reviewed here shed the basis for further investigations.
These are motivated in order to better understand the neutrino flavor conversions in these high-
density media and their impact on cosmology and astrophysics.
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We summarize the progress of the research performed in project B4 of the SFB 676 and
highlight the most important results obtained. Starting from the observation that mixing
and instability of elementary particles concur in nature, one central goal was to construct a
general renormalization scheme that rigorously incorporates both aspects and to explore its
phenomenological consequences in the Standard Model (SM) of elementary particle physics
and its most favorable extensions. Another central goal was to significantly improve the
analysis of the electroweak vacuum stability and the theoretical concepts necessary for the
extraction of the top-quark mass from experimental data.

1 Overview

The research of project B4 was divided into two areas. The first research area, which was
continuously worked on during all three funding periods, was dedicated to deepening our un-
derstanding of the notions of mixing and instability of elementary particles in the context of
quantum field theory and is covered in Sec. 2. The second research area, which was primarily
worked on during the third funding period, was devoted to the stability of the electroweak (EW)
vacuum and is covered in Sec. 3. Project B4 has produced eighteen journal publications [1-18]
and four proceedings contributions [19-22| altogether. Three of these publications made it into
Physical Review Letters [1,9,15]. One [15] of the latter three publications was distinguished as
Editors’ Suggestion and featured by Alexander Kusenko with the article Viewpoint: Are We on
the Brink of the Higgs Abyss? in Physics.® A related publication in Computer Physics Com-
munications [17], in which the C++ library mr for the matching and running of the Standard
Model parameters is described, was distinguished there as Highlighted Article and featured by
Abigail Beall with the article A time machine to explore the universe.? Key publications in
preparation of the second research area include Refs. [23-26]. Project B4 yielded one bachelor
thesis [27], one master thesis [28], and one doctoral thesis [29].

Thttps://physics.aps.org/articles/v8/108
?https://www.journals.elsevier.com/computer-physics-communications/highlighted-articles/a-time-
machine-to-explore-the-universe
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2 Mixing and instability in field theory

2.1 Starting point

The state of the art at the beginning of project B4 may be summarized as follows. An on-shell
renormalization scheme had been formulated to all orders for the SM under the simplifying
assumptions that all particles are stable, neutrinos are massless, and quark flavors do not
mix [30]. A complex-pole scheme of renormalization had been elaborated for the W [31],
Z [32], and Higgs bosons [33,34]. The complex poles of the propagators of the physical fields
in the SM had been shown to be gauge independent via Nielsen identities [35]. Definitions
of branching ratios and partial decay widths of unstable particles had been proposed that
satisfy the basic principles of additivity and gauge independence to all orders [36,37|. Various
schemes for the renormalization of the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix of
stable quarks had been proposed at one loop, none of which was completely satisfactory and
suitable for generalizations to higher orders and the case of instability. The renormalized CKM
matrix was either gauge dependent [38], off-shell [39], not unitary [40], or complicated by vertex
corrections [41]. Mixing renormalization had also been considered at one loop for mixed systems
of stable fermions involving Majorana degrees of freedom [42]. An on-shell renormalization
scheme had been formulated to all orders for the EW part of the minimal supersymmetric
extension of the SM (MSSM) allowing for the physical particles to be unstable [43], which,
however, left room for improvements and extensions.

The central goal to establish a complex-pole scheme of mixing renormalization for unstable
particles valid to all orders for the SM and its most attractive extensions requires generalized
concepts for flavor-changing propagators and vertices. In the SM with massless neutrinos, these
are the propagator matrices of the up- and down-type quarks and their charged-current vertices.
This pattern carries over to the lepton sector if the neutrinos are massive Dirac fermions, while
things are more complicated in the presence of Majorana degrees of freedom, which typically
give rise to flavor-changing vertices involving the Z° and Higgs bosons, too. In supersymmetric
extensions of the SM, there is additional flavor mixing for the superpartners of the fermions,
the spin-zero squarks and sleptons, and for the spin-'4, charginos and neutralinos.

The results on flavor-changing propagators and vertices achieved in project B4 are reported
in Secs. 2.2 and 2.3, respectively.

2.2 Flavor-changing propagators

We made significant progress in the SM. We established the all-order renormalization of the
propagator matrix of a mixed system of unstable Dirac fermions in three stages: (i) unstable
fermion without mixing [3]; (ii) stable fermions with mixing [8]; (iii) general case |9, 11].

In Ref. [3], the concepts of pole mass and width, previously elaborated for scalar [33,34]
and vector bosons [31, 32|, were extended to unstable fermions in the general framework of
parity-nonconserving gauge theories, such as the SM. In contrast with the conventional on-shell
definitions, these concepts are gauge independent and avoid severe unphysical singularities,
such as threshold [44,45] or power-like infrared singularities [46], properties of great importance
since most fundamental fermions in nature are unstable particles. General expressions for the
unrenormalized and renormalized dressed propagators of unstable fermions and their wave-
function renormalization (WFR) constants were presented. It was shown that the masses and
widths of the left- and right-handed fermion fields coincide to all orders and that their pole
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residues cannot be arranged to be both unity, with a relative phase remaining.

In Ref. [8], we derived general and explicit expressions for the unrenormalized and renormal-
ized dressed propagators of stable Dirac fermions in parity-nonconserving theories with inter-
generation mixing. The mass eigenvalues, the corresponding mass counterterms, and the effect
of inter-generation mixing on their determination were discussed. Invoking the Aoki—Hioki—
Kawabe-Konuma—Muta [47] renormalization conditions and employing a number of very useful
relations from Matrix Algebra, we showed explicitly that the renormalized dressed propagators
satisfy important physical properties.

In Refs. [9,11], we showed how to renormalize the propagator matrix of a mixed system of
unstable Dirac fermions to all orders in the pole scheme. We presented closed expressions for
the pole masses, comprising both the physical masses and total decay widths, and the WFR
matrices in terms of the scalar, pseudo-scalar, vector, and axial-vector form factors of the one-
particle-irreducible self-energies, and also listed their expansions through two loops, which had
not previously been available. We explicitly demonstrated that the poles of the left- and right-
handed parts of the dressed propagator matrices coincide as they should, and that the resonating
diagonal elements of the latter have unit residues. We identified residual degrees of freedom in
the WFR matrices and proposed an additional renormalization condition to exhaust them. As a
consequence of instability, the WFR matrices of the in and out states bifurcate in the sense that
they are no longer related by Hermitian conjugation, in contrast to text book wisdom. This
feature had already been anticipated in a one-loop analysis [48] triggered by the applicant. By
contrast, if the WFR of the out state is enforced to be the Hermitian conjugate of that of the in
state, then the residues of the left- and right-handed parts of the resonating propagator cannot
both be unity, but are related by a phase factor [3]. In contrast to the conventional on-shell
scheme, the complex-pole scheme leads to gauge-invariant definitions of the masses and total
decay widths of physical particles and avoids severe unphysical singularities, of threshold [33]
or power-like infrared [31] nature. In the case of stable Dirac fermions, the well-known one-loop
results were recovered [42].

In Ref. [12], generalized the analysis of Refs. [9,11] to unstable Majorana fermions in a gen-
eral parity-nonconserving theory. In contrast to the case of unstable Dirac fermions, the WFR
matrices of the in and out states are uniquely fixed, while they again bifurcate in the sense
that they are no longer related by pseudo-Hermitian conjugation. We again presented closed
analytic expressions, as well as their expansions through two loops, for the renormalization
constants in terms of the scalar, pseudoscalar, vector, and pseudovector parts of the unrenor-
malized self-energy matrix. The well-known one-loop results for stable Majorana fermions [42]
were reproduced.

To formulate the WFR conditions in the pole scheme underlying Refs. [9,11,12], it was
necessary to generalize the Dirac equations and spinors in momentum space to free unstable
spin-'/, fermions taking into account the fundamental requirement of Lorentz covariance. In
Ref. [13], we thus derived the generalized adjoint Dirac equations and spinors, and explained
the very simple relation that exists, in our formulation, between the unstable and stable cases.
As an application of the generalized spinors, we evaluated the probability density. We also
discussed the behavior of the generalized Dirac equations under time reversal.

2.3 Flavor-changing vertices

In Refs. [1,2], we developed an explicit on-shell framework to renormalize the CKM quark mixing
matrix V;; at the one-loop level. It is based on a novel procedure to separate the external-leg
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mixing corrections into gauge-independent self-mass and gauge-dependent WFR contributions,
and to adjust non-diagonal mass counterterm matrices (5m%’D to cancel all the divergent self-
mass contributions, and also their finite parts subject to constraints imposed by the Hermiticity
of the mass matrices mgj"D It was also shown that the proof of gauge independence and
finiteness of the remaining one-loop corrections to W — ¢; +@; reduces to that in the unmixed,

. . . o . D U,D(0 D
single-generation case. Diagonalization of the complete mass matrices mg =m;; ( )—|—5mZU.

leads to an explicit CKM counterterm matrix 6V;;, which automatically satisfies all the following
important properties: it is gauge independent, preserves unitarity, and leads to renormalized
amplitudes that are non-singular in the limit in which any two fermions of the same weak isospin
become mass degenerate, i.e. for m{ — m{ or mP — mf.

In Refs. [5,19], we proposed an alternative, amazingly simple on-shell CKM renormalization
scheme that avoids the somewhat cumbersome recalculation of external-leg mixing amplitudes
required by operational procedure of Refs. [1,2]. As in Refs. [1,2], the counterterm of the
mixing matrix is generated in a two-step procedure. One first constructs non-diagonal mass
counterterm matrices 5min’D for the up- and down-type fermions using Nielsen identities [35—

37,48,49|. In this way, 5mZ’D are automatically gauge independent and satisfy the Hermiticity

constraints of the mass matrices mg’D. In the second step, one diagonalizes the complete mass

matrices by bi-unitary transformations as in Refs. [1,2]. On top of the desirable theoretical
properties exhibited by the CKM counterterm matrix of Refs. [1,2] (see above), here also flavor
democracy is manifest. To summarize, the renormalized mixing matrix of Refs. [5,19] possesses
all conceivable desirable properties: it is ultraviolet finite, gauge independent, unitary, flavor
democratic, on-shell, finite in case of fermion mass degeneracy, and expressed in terms of self-
energies only. This renormalization prescription is, therefore, superior to previous proposals [38—
41] and provides a promising starting point for the generalization to higher orders and the case
of instability. This scheme is also very convenient for practical applications because the Lorentz-
invariant self-energy functions can be automatically calculated using standard computer algebra
packages.

As important phenomenological applications, we investigated the numerical significance of
quark mixing renormalization for the extraction of the CKM matrix elements from the partial
widths of the top-quark [7] and hadronic W-boson decays [4], and estimated the scheme de-
pendence by using the renormalization prescriptions of Refs. [1,2,5,38,39,41] and the modified
minimal-subtraction (MS) scheme [50] of dimensional regularization.

We generalized the CKM renormalization prescription of Ref. [1] to extended lepton sectors
including both Dirac and Majorana neutrinos in the framework of the seesaw mechanism [6].
Important properties of this formulation include the gauge independence of the renormalized
lepton mixing matrices and the conservation of the texture zero in the neutrino mass matrix.
We also found that the preferable renormalization prescription of Ref. [5] does not in general
carry over to such scenarios.

As for generalizations to the MSSM, we received support from principal investigators of
projects B1 and B9, who worked out at one loop an on-shell renormalization scheme for the
chargino—neutralino sector of the MSSM with complex parameters [51,52]. In particular, they
showed that products of imaginary parts arising from MSSM parameters and absorptive parts
of loop integrals may contribute to one-loop predictions for physical observables.
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3 Electroweak vacuum stability

3.1 Starting point

The SM has been enormously consolidated by the discovery at the CERN Large Hadron Col-
lider of a new weak neutral resonance that, within the present experimental uncertainty, shares
the spin (J), parity (P), and charge-conjugation (C') quantum numbers JF¢ = 0%+ and the
coupling strengths with the SM Higgs boson H, in the absence of convincing signals of new
physics beyond the SM. Moreover, its mass of (125.18 + 0.16) GeV falls well inside the Mgy
range predicted within the SM through global analyses of EW precision data. Besides com-
pleting the SM particle multiplet and confirming the Higgs mechanism of mass generation via
the spontaneous breaking of the EW symmetry proposed by Englert, Higgs (The Nobel Prize
in Physics 2013), and Brout, this groundbreaking discovery also has fundamental cosmological
consequences by allowing conclusions regarding the fate of the Universe via the analysis of the
vacuum stability [53]. In fact, owing to an intriguing conspiracy of the SM particle masses,
chances are that the Higgs potential develops a second minimum, as deep as the one corre-
sponding to the vacuum with expectation value v = 2’1/467‘1;1/2 = 246 GeV in which we live,
at a field value of the order of the Planck mass Mp = 1.22 x 10'® GeV [23], a scenario of
criticality. This would imply that the SM be stable all the way up to the energy scale where the
unification with gravity is expected to take place anyways, which would diminish the necessity
for grand unified theories at lower scales. EW symmetry breaking might thus be determined by
Planck-scale physics [23], and the existence of a relationship between Mp and SM parameters
might signify a reduction of fundamental couplings. Of course, experimental facts that the
SM fails to explain, such as the smallness of the neutrino masses, the strong C' P problem, the
existence of dark matter, and the baryon asymmetry in the Universe, would then still call for
an extension.

Obviously, the ultimate answer to the existential question whether our vacuum is stable or
not crucially depends on the quality of the theoretical analysis as for both conceptual rigor and
high precision, and it was a central goal of the second research area in project B4 to significantly
push the state of the art by optimally exploiting information that had become available just
recently. The technical procedure is as follows. The set of running coupling constants of the
full SM, including the SU(2);, U(1)y, and SU(3). gauge couplings g(u), ¢'(u), and gs(p),
respectively, the Higgs self-coupling A(x), and the Yukawa couplings ys(u), are evolved in
the renormalization scale y from p'™ = O(v) to ! = O(Mp) using the renormalization
group (RG) equations. The beta functions appearing therein take a simple polynomial form
in the MS scheme. Prior to the third funding period, they were fully known through three
loops [54—60] in the approximation of neglecting the Yukawa couplings of the first- and second-
generation fermions, and the ones of gs [61,62] and y, [63-65] also at the four-loop order
O(a?), the latter being given by the quark mass anomalous dimensions. The initial conditions
at u = ut™ are evaluated from the relevant constants of nature, including Sommerfeld’s fine-
structure constant ary, defined in Thomson scattering—or, alternatively, Fermi’s constant G p—
, the strong-coupling constant ag5)(M z) at its reference point in QCD with ny = 5 active quark
flavors, and the physical particle masses M; (i = W, Z, H, f) defined via the propagator poles,
taking into account threshold corrections [66,67]. Prior to the third funding period, the latter
were known at one loop, at O(aay) [23], at O(a?) in the gaugeless limit [68] and in numerical
approximation [69], for g5 at O(a3) [70,71] and O(al) [72-74], and for y, at O(a?) [75-77].
Self-consistency requires that n-loop evolution is combined with (n — 1)-loop matching.
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Key publications that triggered the second research area in project B4 include Refs. [23-26].
In Ref. [23], we rendered the analyses of the vacuum stability bound on My significantly
more reliable by evaluating the threshold corrections to the top Yukawa coupling y; and the
Higgs self-coupling A at the two-loop order O(aqy). Including also the three-loop corrections
to the running of these and the other SM couplings that had recently become available [54—
60], we thus elevated the state of the art from one-loop matching/two-loop running to two-
loop matching/three-loop running. In support of project B1l, we reported the key results of
our analysis [23] as LCnote LC-REP-2012-011 to the European Strategy Preparatory Group,
emphasizing that a future eTe™ linear collider (LC) operated as Higgs and top factories will be
indispensable to ultimately clarify if the SM vacuum can be stable all the way up to the Planck
scale.

In Ref. [25], we recalculated the four-loop RG functions in the two-dimensional nonlinear
O(n) o model using the coordinate space method. The high accuracy of the calculation allowed
us to find the analytic forms of the 8 and 7 functions (anomalous dimensions).

The vacuum stability bound on My sensitively depends on the input parameter M;. The
mass parameter MMC presently reconstructed from the decay products of the top quark is not
well defined from the theoretical point of view and, strictly speaking, must not be identified
with the pole mass M, as is frequently done in the literature, because the Monte Carlo (MC)
event generators that are utilized in the experimental data analyses do not even include one-
loop radiative corrections. On the other hand, as proposed by the principal investigator of
project B11 and his collaborators [78,79], the total cross section of top-quark pair production
allows for a clean determination of the running mass m;(u) of the MS scheme [50]. Therefore,
the precise knowledge of the relationship m(M;) — M;, including also EW corrections besides
the QCD ones, is indispensable for the determination of M; from a global fit to experimental
data. When the MS definition of mass is extended from QCD, for which it was originally
introduced [50], to the full SM, then all contributing self-energy diagrams, including tadpoles,
must be included in order not to generate artificial gauge dependence [67]. This also ensures
that the mass anomalous dimensions in the broken phase of the SM coincide with those in the
unbroken one [24,26|. Incidentally, the O(«) and O(aw;) corrections to my(M;) — M, almost
perfectly compensate the familiar —10 GeV shift due to the pure QCD corrections through
O(a?), so that the theoretical uncertainty due to scheme dependence in physical observables
that depend on M; at leading order is dramatically reduced.

The results on threshold corrections and beta functions achieved in project B4 are reported
in Sec. 3.2 and those on the EW vacuum stability in Sec. 3.3.

3.2 Threshold corrections and beta functions

In Ref. [10], we studied the relationship between the MS Yukawa coupling and the pole mass
for the bottom and top quarks at the two-loop EW order O(a?) in the gaugeless limit of
the SM. We also considered the MS to pole mass relationships at this order, which include
tadpole contributions to ensure the gauge independence of the MS masses. In order to suppress
numerically large tadpole contributions, we proposed a redefinition of the running heavy-quark
mass in terms of the MS Yukawa coupling. We also presented Sirlin’s EW parameter Ar in
the MS scheme at O(a?) in the gaugeless limit. As an aside, we also listed the exact two-
loop expressions for the mass counterterms of the bottom and top quarks. In Ref. [14], we
completed the analysis of Ref. [10] by considering the full set of basic parameters in the SM
and by including the full O(a?) corrections. To ensure the gauge invariance of the parameters,
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in particular of the MS masses, we worked in R gauge and systematically included tadpole
contributions. We also considered the gaugeless-limit approximation and compared it with the
full two-loop EW calculation. Furthermore, we added the full O(a?) correction as the fourth
term in

me(My) — My = (—10.38 4+ 11.88 — 0.39 — 0.96) GeV = 0.14 GeV, (1)

where the first three terms are due to the previously known QCD [75-77,80], O(«) [67], and
O(aas) [24,26] corrections, respectively.

As for the QCD parameters, the threshold corrections usually refer to full QCD, with ny =6
active quark flavors. In the case of y,, however, this is inconvenient because precision determi-
nations of the bottom quark mass are typically performed in the ny = 5 regime. In Ref. [18],
we thus considered EW corrections to the relation between the running MS mass m; of the
bottom quark in the ny = 5 QCDxQED effective theory and its counterpart in the SM. As a
bridge between the two parameters, we used the pole mass M, of the bottom quark, which can
be calculated in both models. The running mass is not a fundamental parameter of the SM La-
grangian, but the product of the running Yukawa coupling y, and the Higgs vacuum expectation
value v. Since there exist different prescriptions to define the latter, the relations considered
in Ref. [18] involve a certain amount of freedom. All the definitions can be related to each
other in perturbation theory. Nevertheless, we argued in favor of a certain gauge-independent
prescription and provided a relation which can be directly used to deduce the value of y; at
the EW scale from my,. This approach allows one to resum large logarithms In(my,/M;) system-
atically. Numerical analysis showed that, indeed, the corrections to the proposed relation are
much smaller than those between y, and M.

In Refs. [16,22], the beta function of the strong coupling was calculated at four loops in the
SM taking into account the top Yukawa and Higgs self-interactions, but neglecting EW gauge
couplings. The expression was obtained from gluon self-energy diagrams in the background
field gauge, without application of special infrared-rearrangement tricks. Ambiguities due to
the treatment of ~5 were discussed and a particular reading prescription for odd Dirac traces
was advocated.

In Ref. [17], we presented the C++ program library mr that allows us to reliably calculate
the values of the running parameters in the SM at high energy scales. The initial conditions are
obtained by relating the running parameters in the MS renormalization scheme to observables
at lower energies with full two-loop precision. The evolution is then performed in accordance
with the RG equations with full three-loop precision. Pure QCD corrections to the matching
and running are included through four loops. We also provided a Mathematica interface for
this program library.

3.3 Electroweak vacuum stability

In Refs. [15,21], we performed a high-precision analysis of the vacuum stability in the SM
incorporating full two-loop threshold corrections [10,14,23,81], three-loop beta functions [54-60],
and O(a2) and O(a?) corrections to the matching and running of g [61,62,70-74] and y, (63—
65, 75-77,80], and adopting two gauge-independent approaches, one based on the criticality
criterion for \(u) [23],

M) = B () =0, )

and one on a reorganization of Higgs effective potential, so that its minimum is gauge indepen-
dent order by order [82]. The two-fold criticality condition in Eq. (2) and its counterpart in
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Figure 1: RG evolution of A\(uz) from p''™ to u and beyond in the (A, 8y) plane for default
input values and matching scale (red solid line), effects of 1o (brown solid lines) and 3o (blue
solid lines) variation in MMC, theoretical uncertainty due to the variation of & = pt™*/MMC
from 1/2 to 2 (upper and lower black dashed lines with asterisks in the insets), and results for
M¢™ (green dashed line) and M§ (purple dashed line). The 1o (brown ellipses) and 30 (blue
ellipses) contours due to the errors in MM and My are indicated for selected values of p. The
insets in the upper right and lower left corners refer to p = MM€ and p = 1.55 x 101° GeV,
respectively. Reprinted figure with permission from Ref. [15]. Copyright (2015) by the American
Physical Society.

Ref. [82] have gauge-independent solutions for the critical ultrahigh scale ' and one free basic
parameter, which we take to be M| the upper bound on the top-quark pole mass M;, which is
much less precisely known than M. For comparisons with the literature, we also determined
the My lower bound M sloppily using as input the mass parameter MMC. The results for
p< obtained together with M and M are denoted as pS™ and pSH, respectively.

In Fig. 1, the RG evolution flow from the starting scale ‘"™ to the critical scale ! and
beyond is shown in the (A, 5)) plane. The propagation with p of the 1o and 30 confidence
ellipses with respect to MMC = (173.21 £ 0.87) GeV and My = (125.7 4 0.4) GeV [83] tells us
that the second condition in Eq. (2) is almost automatic, the ellipses for u = 10'® GeV being
approximately degenerated to horizontal lines. For default input values, A(u) crosses zero at
p = 1.55 x 10'° GeV. The contour of M approximately coincides with the right envelope of
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Figure 2: Phase diagram of vacuum stability (light-green shaded area), metastability, and
instability (pink shaded area) in the (M, M;) plane, contours of A\(u®) = 0 for selected values
of 1° (purple dotted lines), contours of By (") = 0 for selected values of u° (solid parabolalike
lines) with uncertainties due to 1o error in ol (Mz) (dashed and dot-dashed lines), critical line

of Eq. (2) (solid green line) with uncertainty due to 1o error in ol (Mz) (orange shaded band),
and critical points with M (lower red bullet) and M§ (right red bullet). The present world
average of (MMC, My) (upper left red bullet) and its 1o (purple ellipse), 20 (brown ellipse),
and 3o (blue ellipse) contours are marked for reference. Reprinted figure with permission from
Ref. [15]. Copyright (2015) by the American Physical Society.

the 20 ellipses, while the one of M§!, which relies on MM€ is driven outside the 30 band as
runs from p$ to pthr.

Our upgraded and updated version of the familiar phase diagram [68,69,79,82| is presented
in Fig. 2. Besides the boundary of the stable phase defined by Eq. (2), on which the critical
points with M and M are located, we also show contours of A(1°) = 0 and S, (u°) = 0. The
demarcation line between the metastable phase and the unstable one, in which the lifetime of
our vacuum is shorter than the age of the Universe, is evaluated as in Ref. [82]. The customary
confidence ellipses with respect to MMC and My, which are included Fig. 2 for reference, have
to be taken with caution because they misleadingly suggest that the tree-level mass parameter

SFB 676 — Particles, Strings and the Early Universe 197



BERND A. KNIEHL

MMC and its error [83] identically carry over to M;, which is actually the real part of the
complex pole position upon mass renormalization in the on-shell scheme [3].
For the M; upper bound we thus obtained
+0.26

Mg = (171.54 +£0.30

oa1) GV, (3)

where the first error is experimental, due the 1o variations in the input parameters, and the
second one is theoretical, due to the scale, scheme, and truncation uncertainties. This is com-
patible with the value M; = (170.4 & 1.2) GeV extracted in project B11 via a global analysis
of experimental data of oyt (pp, pp — tt + X) at next-to-next-to-leading order in QCD [84].
This clearly contradicts the familiar notion [68,69] that our vacuum is metastable. On the con-
trary, the probability that the Universe exists in a stable state may be greater than previously
thought. At face value, this finding actually suggests that the state of the Universe may as well
be critical, with all the far-reaching consequences for our understanding of Nature mentioned
in Sec. 3.3.
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Global fits which confront results of High-Energy-Physics experiments with accurate theo-
retical predictions can be used to provide indirect constraints on fundamental parameters
of the Standard Model of particle physics or new physics models. Important examples
are global fits of the electroweak sector of the Standard Model or fits of supersymetric
extensions of it. In this article we review the results obtained using the public software
tools Gfitter, Fittino, MasterCode, HiggsBounds and HiggsSignals and we highlight
the physics results of global fits in the Standard Model, Supersymmetry and various other
beyond-the-Standard-Model theories.

1 Introduction

Models of fundamental physics are characterized by a set of free parameters, which cannot
be calculated from fundamental model assumptions, but must be determined experimentally.
Each of these parameters affects a large variety of observables because of the effects of radiative
corrections. From a detailed comparison of accurate theoretical predictions with experimental
observables and direct search results obtained at High-Energy-Physics (HEP) experiments,
indirect constraints on the free parameters of particle physics models can be derived, and the
overall consistency of these models with the data can be studied. Such comparisons enable
insights into the model in mass regions even higher than the centre-of-mass energy available in
the respective HEP experiments because of the effects of radiative corrections.

Often, these comparisons are performed with so-called global fits using software frameworks
which provide tool-kits of sophisticated statistical methods for the interpretation of the fit
results. These software tools provide implementations of accurate theoretical calculations or
software interfaces to calculations implemented in external software. Furthermore, tools for
model independent interpretations of measurements and search results can be integrated into
the global fit frameworks, or applied by themselves to check the agreement of a certain physics
model with the measurements.

In this article, a review is given of the results obtained using the software tools Gfitter,
Fittino, MasterCode, HiggsBounds and HiggsSignals which have been developed in parts
during the course of the SFB 676. We discuss the physics results in the Standard Model
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Figure 1: Prediction of the top quark mass (left) and the Higgs boson mass (right) within the
Standard Model as a function of time as obtained by various analysis groups using electroweak
precision data (grey [3], light blue [2], green [4]). Direct mass measurements after the top quark
and Higgs boson discoveries are displayed by the data points. Figures taken from Ref. [11].

of particle physics (SM) and models of new physics with particular emphasis on supersymetric
models and models with an extended Higgs sector. Furthermore, we highlight the developments
during the last decade in this area, with a major impact arising from the discovery of a Higgs
boson in 2012 at CERN’s LHC.

2 Global fits of the electroweak sector of the SM

During the last decades, tremendous progress has been made in the experimental techniques
to measure crucial observables of the SM as well as in theoretical calculations that have led to
precise predictions of these observables within the SM. In particular, the precise measurements
of electroweak data obtained during the 1990ies in ete™ collisions at the Z pole by the LEP
collaborations and the SLD collaboration [1] have allowed the application of the techniques
of global fits to obtain impressive results in the electroweak sector of the SM [2-5]. For an
historical review of the results of global fits of the electroweak sector of the SM and a discussion
of their perspectives the reader is referred to Ref. [6]. Results on the subject obtained within
the SFB 676 using the Gfitter framework can be found in Ref. [7-13].

For a long time, these global fits have been used to derive indirect constraints on yet ex-
perimentally undetermined SM parameters. An impressive example of this kind is the correct
indirect determination of the mass of the top quark m; before its direct discovery at the Teva-
tron in 1995 [14,15] as shown in Fig. 1 (left) where the indirect prediction of m; as obtained
in global fits by several groups is shown as a function of time as well as results from direct my
measurements. Later, the discovery of the top quark and the measurement of its mass enabled
the indirect determination of the mass of the Higgs boson My within the SM using global fits
before the direct discovery of a Higgs boson at the LHC. The development of the My predictions
obtained by several groups in global fits is shown in Fig. 1 (right) as a function of time. The
combination of precise theoretical calculations, electroweak precision data, information on my
and results from direct Higgs boson searches at LEP and the Tevatron have led to an indirect
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prediction of My = 12011)2 GeV in 2011 [8] which was in impressive agreement with the direct
discovery of a Higgs boson by the LHC collaborations in 2012 [16,17] and their combined mass
measurement of My = 125.09 + 0.21 4 0.11 GeV using the LHC run-1 data-set [18] .

With an interpretation of the discovered Higgs boson as the Higgs boson of the SM and with
the measurement of its mass, the electroweak sector of the SM is complete and all fundamental
SM parameters are directly measured. In this situation, global fits are a powerful tool for
tests of the internal consistency of the SM, for the prediction of SM parameters with high
precision, and for the derivation of constraints of theories describing physics beyond the SM
(cf. Sect. 5). In the following we restrict ourselves to the discussion of the most recent results
as obtained in this field of research within the SFB 676 by the Gfitter group [11] using
latest experimental results and theoretical predictions. Earlier Gfitter results [7-10] are only
mentioned to highlight recent changes and improvements.

The data used in the fits are the electroweak precision data at the Z pole and their corre-
lations as measured by the LEP and SLD collaborations [1], the width [19] and the mass [11]
of the W boson including information from measurements at LEP [20], Tevatron [21] and most
recently from the ATLAS experiment [22], the world average values for the running quark
masses [19], a measurement of the effective leptonic electroweak mixing angle by the Tevatron
experiments [23], an up-to-date determination of the five-quark vacuum polarisation contri-
bution to a(M2), Aoz}(l?d(M%) [24], an average [11] of the top quark mass measurements as
obtained by ATLAS and CMS in the run-1 data-set of the LHC and the combined ATLAS and
CMS measurement of the Higgs boson mass [18]. The electroweak fit makes use of the most
up-to-date theoretical calculations of the electroweak observables, mostly at NNLO accuracy.
For a detailed list of calculations used in the fit, the reader is referred to [11].

Using these input data and theoretical calculations with the free fit parameters My, My,
M, Mp My, Aa}(i)d(M%) and ag (plus ten additional theoretical uncertainty (nuisance) param-
eters), the global fit converges at a minimum y? value of 18.6 for 15 degrees of freedom, which
corresponds to a p-value of 0.23. In Fig. 2 (left), the difference between the global fit result
as well as the input measurement with the indirect determination (obtained from a global fit
excluding the experimental measurement of the observable in question) for each observable are
shown in units of the total uncertainty (quadratic sum of uncertainties of indirect determination
and input measurement). Analogue results for the indirect determinations, trivially centered
around zero, are shown to illustrate the impact of their uncertainties on the total uncertainties.
In general, a nice agreement is observed, with only few observables featuring deviations of more
than 20. The strongest deviation is observed for the forward-backward asymmetry of b quarks,
A%’é, which is extensively discussed in the literature.

The experimental observables provide sensitivity to constrain the Higgs boson mass with
different strength because of different impacts in the contribution of radiative corrections in
their theoretical prediction. In Fig. 2 (right), the indirect determinations of My in the SM
using the four observables providing the strongest My constraints are compared to the fit
result including all data except the direct My measurement which results in My = 9072% GeV
and is in agreement with the direct My measurement within 1.7 standard deviations.

The indirect result for the mass of the W boson provided by the gobal fit is My =
80.354 £ 0.0074o1 GeV [11] which represents the most precise determination of My, in the SM,
even outperforming the direct measurement. The total uncertainty is not dominated by a
single source but results from many different contributions of similar impact. The most im-
portant contributions are the theoretical uncertainty of My, (contributing £0.0040 GeV to the
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Figure 2: Results of the global electroweak fit: (left) comparison of the fit results and the
input measurements with the indirect determinations in units of the total uncertainties for all
observables used in the fit. (right) Comparison of the indirect prediction of My obtained from
individual observables with the indirect global fit result and the LHC measurement of M.
Figures taken from Ref. [11].

total uncertainty), the theoretical uncertainty on m; (contributing +0.0030 GeV), the exper-
imental uncertainty on m; (contributing 40.0027 GeV), the uncertainty on Mz (contributing
+0.0026 GeV), the uncertainty of ag (contributing +£0.0026 GeV) and the uncertainty on Aapad
(contributing £0.0024 GeV).

Likewise, the indirect result of the global fit for the effective leptonic weak mixing angle is
sin? Héff = 0.23153 £ 0.00006,; with dominating uncertainties resulting from the determination
of Aapaa (£0.000035) and from the theoretical uncertainty on sin? 6¢ (+0.000040).

Other highlights of the physics results of the global fit are the indirect fit result for the
mass of the top quark, m; = 176.4 + 2.1 GeV, and the indirect fit result for the strong coupling
strength at the scale of the Z boson mass, ag(M2) = 0.1194 & 0.0029, which is determined
at full NNLO for electroweak and strong contributions and partially at NNNLO for strong
corrections.

With a simultaneous two-dimensional indirect determination of m; and My, the internal
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Figure 3: Internal consistency of the electroweak sector of the SM: allowed regions in the
My, versus m; plane for the global fit including (blue) and excluding (grey) the LHC My
measurement. The direct measurements of My, and m; are excluded from the fits. The fit
results are compared to the direct measurements shown as green vertical and horizontal 1o
bands and two-dimensional 1o and 20 ellipses. Figure taken from Ref. [11].

consistency of the SM can be tested. In Fig. 3, the 68 % and 95 % confidence level (CL) allowed
regions in the plane My, versus m; are shown for the global fit including all data except the
direct m; and My measurements (blue) and for a global fit excluding in addition the Mg
measurement (grey). The strong impact of the precise My measurement is clearly visible by a
huge reduction of the allowed parameter space. The fit results are compared to average values
of the direct measurements of m; and My shown in green error bands and ellipses. Good
agreement between direct measurements and indirect determinations are observed.!

While the electroweak precision data measured in e™e™ collisions at LEP and SLD still have a
crucial importance for global fits of the electroweak sector, experimental results obtained during
the last decades at hadron colliders have continuously improved the fit performance: notably,
the precise measurements of the top quark mass and the W boson mass at the Tevatron and at
the LHC, and, most importantly, the LHC determination of the mass of the Higgs boson. While
future improved measurements of My, and m; can be expected at the LHC, the International
Linear Collider (ILC) with GigaZ option will provide even better precision for these mass
parameters, together with improved values for the partial decay width of the Z boson, R?
and for sin? Hécﬁ from measurements of the left-right asymmetry Apr. With these experimental
improvements together with projected improvements in the theoretical calculations, a significant
increase in the predictive power of the fit is found [10], where in particular the ILC/GigaZ
scenario provides excellent sensitivity to indirect new physics.

LAn additional theoretical uncertainty of 0.5 GeV is attributed to the average of the kinematic m; measure-
ments at the LHC due to the ambiguity in kinematic top quark mass definition, the colour structure of the
fragmentation process and the perturbative relation between pole and M S mass.
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3 Constraints from Higgs searches and measurements

Since the discovery of a Higgs boson [16,17] one of the most important aims of HEP is to
understand this particle in utmost detail, and to contrast its measured properties with the
predictions of the SM and its possible new physics extensions. However, already before, the
limits from collider searches both for a SM-like Higgs boson and for other more exotic scalar
bosons posed important constraints on Higgs boson properties which had a large impact on
the construction of alternatives and extensions of the SM. The same is true after the discovery
of a SM-like Higgs boson for searches for additional scalar bosons. The constraints on their
properties obtained from search limits continue to play an important role in model building
and phenomenology.

In this section, we introduce two tools developed in parts in the context of the SFB 676.
The code HiggsBounds deals with model independent exclusion limits on SM-like Higgs bosons
and other scalar bosons. It incorporates the legacy of exclusion limits from searches at the LEP
and Tevatron experiments. HiggsSignals, on the other hand, incorporates the experimental
measurements of the discovered Higgs boson’s properties, including its mass, production and
decay rates, and kinematical information in the form of Simplified Template Cross Section
(STXS) results.

3.1 HiggsBounds

Before the LHC, the most stringent limits on a SM-like Higgs boson were set by the LEP exper-
iments [25]. Also the Tevatron searches showed sensitivity for a SM Higgs boson interpretation,
especially around a Higgs boson mass of my, &~ 2mw ~ 160 GeV [26]. In addition, a variety of
searches for non-standard Higgs bosons were carried out at LEP [27] and the Tevatron, where
the latter ones resulted in important constraints on 2HDM or SUSY interpretations for large
tan 8 (see e.g. [28,29]). The experimental searches, previously at LEP and the Tevatron and
nowadays at the LHC, are carried out in many different channels. For instance, already at LEP
the search for a neutral Higgs boson was performed in Higgsstrahlung, in WW and ZZ fusion,
in the Yukawa process, and in pair production. The final states of the searches at LEP, the
Tevatron and the LHC incorporate SM Higgs decays such as h — vy, ZZ, WW, gg, bb, 7,
as well decay modes that are motivated by new physics scenarios, e.g. into invisible particles.
In addition, new physics models like the 2HDM and MSSM feature a charged Higgs boson
giving rise to further decay signatures. In total, a plethora of different search results has been
obtained, most of which have been presented both in specific model interpretations and as
model-independent limits on the signal cross section for a specific Higgs mass and a specific
combination of the production and decay modes. Making use of this wealth of experimental
information to constrain the parameter space of different models is a non-trivial task.

With HiggsBounds [30-32] a common tool is provided which deals with the problems of
finding the most significant limit and of deciding whether a particular search limit is valid for
any given new physics model containing an arbitrary number of neutral and charged scalar
bosons. The theoretical input of HiggsBounds is provided in terms of physical quantities
predicted by the new physics model, i.e. the number of charged and neutral Higgs bosons,
their masses, total decay widths, production and decay rates. The production rates can either
be approximated in the code from effective couplings, or directly specified at the partonic or
hadronic level. Similarly, the decay rates are estimated from effective couplings or given directly
by the user. In this way, HiggsBounds is independent of the internal details of the new physics
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model, and applicable to basically any model.

A first challenge occurs in tests of a model against several observed limits at a specific CL
in parallel. For instance, for limits given at 95% CL the chance to wrongfully exclude a signal
model is < 5% for each tested limit, and after n tests the true CL of the model exclusion might
be as low as 1 —0.95". While such a dilution of the CL is not intended, it was often ignored in
phenomenological studies. However, a proper statistical combination of various limits usually
requires more information (e.g. correlations between systematic uncertainties) than is typically
publicly available. The procedure implemented in HiggsBounds is a test of the model only
against the limit of the most sensitive search which represents a well-defined, conservative and
CL preserving statistical procedure. The sensitivity of a search can be determined by comparing
the model predictions with the expected exclusion limit.

A second challenge arises from the validity of a given limit in a certain model. A typical
example are the assumptions made in the derivation of published limits on the composition of
Higgs production and decay modes, like in combined searches for a SM Higgs boson at LEP,
Tevatron or the LHC, where it is assumes that all combined search channels contribute to the
signal in the same fraction as predicted by the SM. In order to test whether such a limit is valid
in a certain model, HiggsBounds checks whether the model-predicted signal fractions of the
relevant channels, weighted with their absolute size, are within a very small (user configurable)
band around the assumption used for the limit generation [33].

In addition to the exclusion test with respect to a fixed 95 % CL, an improved implementation
of exclusions is possible if the full likelihood of the exclusion fit is available. Since HiggsBounds
version 4.1 [33] an approximate likelihood function for the LEP exclusions is provided. After the
Higgs discovery, these exclusions are still highly relevant for new physics models that contain
an additional lighter Higgs boson. Assuming Gaussian behaviour, the likelihood approximation
is provided as a x? contribution for every mass point and for every signal strength parameter
w = [0.001, 1] for which the CLs4; value has been retained in the LEP model independent limits.
Such an (approximate) likelihood for exclusions from Higgs searches is useful in global fits, and
it would be desirable to have more such likelihoods available, in particular for the recent LHC
results.

The first publication of model-independent likelihoods instead of 95% CL limits at the
LHC was performed by the CMS experiment in the search for non-standard (heavy) Higgs
bosons in the 777~ final state [35], using a single scalar narrow resonance (¢) toy model.
In Ref. [34] a description is given of the HiggsBounds procedure for the reconstruction of the
exclusion likelihood from this data for arbitrary Higgs models and its application on MSSM
benchmark models. The likelihood information allows a statistically consistent combination
of the information on limits from searches for additional Higgs bosons with the measurements
of the observed SM-like Higgs boson. The tools HiggsBounds and HiggsSignals (see below)
provide a framework for this task and can be applied to arbitrary models with scalars. Figure 4
exemplifies the use of the likelihood information from the CMS pp — ¢ — 777~ search. In
Fig. 4 (left) one example of the likelihood values is shown for fixed Higgs mass my = 300 GeV
as a function of the cross sections of the two main production modes, gluon fusion (gg — ¢)
and b-associated Higgs production (bb — ¢). Many models of new physics change the ratio
of these cross sections. This three-dimensional grid of likelihood values is then interpolated in
HiggsBounds and allows one to reproduce the model dependent limit in the m;'** benchmark
scenario to very high accuracy, as shown in Fig. 4 (right).
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Figure 4: Input and validation of the exclusion likelihood reconstructed by HiggsBounds [34]
for the CMS search for pp — ¢ — 77~ [35]. The likelihood input (left) is provided for a
single scalar narrow resonance (¢) toy model for varying masses my and cross sections in the
dominant production modes gg — ¢ and bb — ¢. The implementation is validated by comparing
the likelihood-based exclusion (right) in the mj** benchmark scenario with the official CMS
limit, yielding excellent agreement. Figures taken from Ref. [34].

3.2 HiggsSignals

Since any new physics extension of the SM has to feature a particle with properties consistent
with the measured properties of the Higgs boson, an important task is a comparison of the
model predictions with the Higgs boson measurements at the LHC. While a large amount of
sensitive model interpretations have been published by ATLAS and CMS (see e.g. Ref. [36]
for the LHC run-1 results), not every new physics model can be tested against these results
as these are based on specific model assumptions. The aim of HiggsSignals [32,37-39] is
the usage of model-independent experimental results — the mass measurements and the signal
strength measurements (or, equivalently, absolute signal rate measurements) — in each individ-
ual search channel and kinematical configuration studied by the experiments. HiggsSignals
calculates a x? value that quantifies the level of (dis-)agreement between model predictions
and measurements by decomposing the given uncertainties on the rate measurements into all
theoretical sources of systematic errors, all known correlated experimental systematic errors,
and a remainder that contains the statistical uncertainty and remaining publicly inseparable ex-
perimental systematic uncertainties. This decomposition enables the code to take into account
the major correlations among the measurements. Furthermore, HiggsSignals incorporates all
available information on the sub-channel composition of each rate measurement, which depends
on the relative efficiency of the different Higgs production and possibly decay modes in the ex-
perimentally analysed search channel. If public information on these efficiencies is available, it
is included by default.

The current public version [32] offers in addition the implementation of Simplified Template
Cross Section (STXS) [40] results which contain experimental results binned in kinematical
configurations which promise sensitivity on the vertex structure of the Higgs boson production
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Figure 5: Result from a scan of the phenomenological MSSM with eight parameters using
HiggsBounds and HiggsSignals for the case where the heavier CP even Higgs boson H is
identified with the observed Higgs boson at my = 125GeV [41]. The red and yellow points
correspond to the 1 and 20-level, respectively, while allowed points outside the 20 region are
indicated in blue. The left plot shows the allowed points in the (My, tan 8) parameter plane,
while the right plot shows the combined branching fraction for the top quark decaying to a
charged Higgs boson H* and a b-quark, and H* decaying to 7v,. Figures taken from Ref. [41].

through e.g. the transverse momentum spectrum of the Higgs boson or additional objects in
the event.

The power of combining HiggsBounds and HiggsSignals is e.g. illustrated in the study
of the parameter space of the eight-dimensional phenomenological MSSM [41], where different
possible interpretations have been identified: Either the light Higgs boson h can be identified
with the observed particle at 125 GeV, and the other Higgs particles are heavy (“decoupling
limit”), or one of the neutral CP even Higgs bosons becomes SM-like despite the further Higgs
spectrum being light (“alignment without decoupling”). The latter happens within the MSSM
only in a rather specific parameter region, and provides the possibilities that either the lighter
or the heavier CP even Higgs boson can be identified with the SM-like state at 125 GeV.
Interestingly, the heavier Higgs boson (H) interpretation of the signal is still allowed after
taking into account all LHC run-1 Higgs measurements and limits from ATLAS and CMS, as
well as constraints from flavour physics. Some scan results for this interpretation are shown in
Fig. 5. Fig. 5 (left) illustrates in the (M4, tan 8) parameter plane that the allowed points (in
yellow and red) are clustered in a very restricted parameter space, as they are constrained from
many complementary searches. The branching fraction for top quarks decaying into a light
charged Higgs boson H* with successive decay to v, is shown in Fig. 5 (right), indicating
that the remaining viable parameter points are located at the kinematic threshold (or beyond)
of this decay such that they escape the exclusion limit. It should be noted that the situation
where the SM-like Higgs boson at 125 GeV is not the lightest state in the Higgs spectrum
occurs generically in extensions of the SM with an additional Higgs singlet as it is the case in
the NMSSM, see e.g. Refs. [42,43].

The exploration of the mechanism of electroweak symmetry breaking via precision investi-
gations in the Higgs sector will continue to be one of the prime topics of elementary particle
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physics during the next decades. The prospective improvements in the experimental precision
in combination with corresponding efforts on the theory side will significantly enhance the sensi-
tivity for discovering small deviations from the SM. Tools like HiggsBounds and HiggsSignals
will continue to play an important role in this research field, enabling quick and rather precise
tests of new physics models with any number of scalars against the experimental results thus
allowing to easily identify the phenomenologically relevant parameter space of the model.

4 Global fits of supersymmetric models

For tests of the compatibility of the experimental data with scenarios of physics beyond the SM,
it is of high interest to study well-motivated complete and renormalizable extensions of the SM,
like Supersymmetry, which provide a more fundamental theory beyond the SM with a broader
range of explained features of nature. The ability to calculate loop corrections to a wide variety
of precision measurements, like the properties of electroweak symmetry breaking and the Higgs
boson, and the ability to calculate cosmological predictions, increases the predictive power and
accordingly the falsifiability of such a theory dramatically.

Besides many strong theoretical arguments for supersymmetric extensions of the SM, at least
two observations which indicate deviations from the SM prediction could be a first experimental
hint towards the realisation of SUSY in nature: First, the observed dark matter (DM) content
in the universe [44], which is naturally explained by a neutral particle with a weak coupling and
a mass near the electroweak scale, and second, the measurement of the anomalous magnetic
moment of the muon (g — 2),, which deviates from the SM prediction [45]. On the other hand,
no SUSY particles have been found so far. Thus, it is interesting to contrast these experimental
constraints and the electroweak precision measurements, including the measurement of the
Higgs boson mass, with the limits from direct searches for SUSY particles by means of global
fits. In the next sections we introduce the global fitting tools Fittino and MasterCode which
have partially been developed and extensively used within this project.

Since SUSY can be implemented in a wide variety of theoretical models with a large number
of free parameters, it is desirable to start its investigation in global fits with models which are
constrained by additional theoretical assumptions and symmetries leading to a more restricted
number of free parameters. One of the models studied extensively in the following, is the
constrained Minimal Supersymmetric Standard Model (¢cMSSM or CMSSM), which is defined
by only four parameters, three of which are specified at the grand unification scale, and a sign.
Other models studied are the so-called Phenomenological MSSM with 10 (pMSSM10) [46]
and 11 (pMSSM11) [47] parameters, the NUHM1(2) in which universality is relaxed for both
together (each separately) of the soft SUSY-breaking contributions to the masses-squared of the
Higgs multiplets (see references in [48,49]), a SU(5)-GUT inspired scenario [50] and a scenario
with Anomaly Mediated Supersymmetry Breaking (mAMSB) (see references in [51]).

4.1 Fittino

Fittino [52] is a global fitting tool for models beyond the SM (in particular SUSY) aiming
at the LHC era and the yet-to-begin era of precision measurements of new physics at a high-
energy ete™ collider. A list of citations to other global fit tools in this area is given in [53].
A global SUSY fit is sensitive to observables from SM precision measurements, cosmological
measurements like the DM relic density, results from astroparticle physics (like direct and
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indirect DM annihilation and detection results), Higgs boson limits and properties, results
from flavour physics, and exclusion limits from direct SUSY particle searches. In a series of
publications [54-57] the impact of these experimental results on SUSY models was explored
and projections for future colliders [58] have been obtained.

The results showed two consistent constraints pushing the cMSSM into the region of high
sparticle mass scales: The relatively high Higgs boson mass requires large third generation
squark masses to generate large enough loop effects on the Higgs mass, to lift it from its
maximally allowed tree level value of mz up to around 125 GeV. At the same time, the direct
LHC searches push the first generation squark masses above 1 TeV.

In the attempt to exclude the cMSSM [53] the Fittino collaboration faced a number of
conceptual and technical challenges. First, SUSY exclusions are typically derived by defining a
CL of e.g. CL < 0.05 as a criterion for exclusion, where the CL is derived from a hypothesis test
consisting of a likelihood ratio between two competing hypotheses: the null hypothesis, often
the SM, and the alternative hypothesis, often SUSY. This approach works for a comparison
of isolated features of a model, such as the search for a set of sparticles, or the search for an
extended Higgs boson sector. However, for an attempt of a global exclusion of a SUSY model the
null hypothesis would trivially fail the test since the DM relic density simply can’t be explained
in the SM. Of course, SUSY could be tested against the SM with an ad-hoc-assumption of some
unexplained solution for DM. But since SUSY decouples, the cMSSM trivially becomes a SM
with DM, if the SUSY mass scale is driven to infinity, and the two models in the hypothesis
test would be asymptotically identical. For this reason, the remaining solution is to give up on
the sensitivity of the Neyman-Pearson approach of likelihood-ratio based hypothesis tests, and
just trivially test the goodness-of-fit of the cMSSM global fit to the data.

For most SUSY fits cited above, a Markov Chain Monte Carlo (MCMC) based approach,
or other stochastic alternatives, for efficient scans of the parameter space are used. For an
overview and comparison of approaches, see [59]. For a model with four continuous SUSY
parameters and a few SM parameters, such as the cMSSM, about one billion scanning points
with a valid SUSY sparticle spectrum are required to make a meaningful statement about the
uncertainties, which represents a significant obstacle for the determination of the goodness of
fit using a toy-Monte-Carlo based approach, since the computer codes for the calculation of
the observables (see e.g. [60-63]) easily use about 20 seconds per SUSY parameter points. A
toy-Monte-Carlo based approach is however indispensable for determining the goodness-of-fit,
as a very large number of scan points is needed because of the behaviour of the model: The
dependence of the observables on the parameters is highly irregular. The fit spans regions from
low-scale SUSY with gauginos and sleptons in the O(100 GeV) range, where the LHC exclusion
can change rapidly within a few GeV, up to the decoupling regime where the prediction becomes
independent of the parameter value. In addition, the prediction of the DM density depends
critically on the interplay between different SUSY particles, and the fit covers different co-
annihilation and focus-point regions [53|, all with different relations between parameters and
observables. Finally, the fit behaviour can change rapidly between regions with a physical
spectrum and a forbidden tachyonic spectrum, or between the neutral lightest SUSY particle
and the charged lightest SUSY particle.

In [53] a high-statistics toy fit of the cMSSM was performed for the first time. The goodness-
of-fit test in Fig. 6 (right) sees the cMSSM just excluded at CL < 0.05. In the figure, the smooth
line shows the x? distribution expected for fully gaussian uncertainties and fully linear relations
between all observables and all parameters. However, the histogram illustrates the influence
of non-gaussian errors, non-linearities and the effect of one-sided limits which distort the real
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Figure 6: Results from the cMSSM exclusion: the tension between the prediction of (g — 2),,
and the experimental result (left) and the result of the toy-experiment based x? distribution,
which emanates from the inability of the fit to both accommodate (g — 2),, and the negative
LHC search results (right). Figures taken from Ref. [53].

toy-Monte-Carlo based distribution.

The observed CL critically depends on the choice of observables, much more so than when
discussing parameter estimations. In the latter case, if one parameter affects several separate
observables in a correlated way, it makes no difference whether all separate observables are
fitted directly, or whether the separate observables are first combined and then a fit to the
combined experimental result is performed. However, in the former case, the splitting of the
sensitivity over many observables for which the theory prediction is largely correlated dilutes
the goodness-of-fit test, since meaningful deviations between best fit and observations drown
with respect to many random variations. In reality, it is not straightforward to optimize the
observable selection while avoiding a bias on the result. The possible inputs to the global
fit are discussed in [53], and some extreme choices do not allow an exclusion of the cMSSM
with CL < 0.05. However, it is not possible to shed new light on this question before the
muon anomalous moment (g — 2), is measured with better precision, and before its theory
uncertainty does not decrease, as illustrated in Fig. 6 (left), where the uncertainty range of
the toy-Monte-Carlo based fits is shown in the coloured distribution, and the measurement of
(9 — 2), is shown in the data point with experimental and theoretical uncertainty. The fit
results fulfill the constraints of the LHC sparticle mass exclusions and the SM-like Higgs-boson
properties, and thus no room is left to explain one of its two main motivations. Effectively, the
c¢MSSM has become a SM with DM, forced to do so by the LHC results.

Ongoing work focuses on making global fits with a very large number of scanned SUSY
parameter points in models beyond the cMSSM as flexible as possible. While a number of fits
of the pMSSM exists (see e.g. Section 4.2), each model typically either requires its own imple-
mentation of parametrisations of LHC limits, or is limited to a small number of scan points,
many orders of magnitude lower than the order of 1 billion required for realistic uncertainty
estimates. One possible solution to this problem is presented in the code SCYNet [64]. Un-
der the assumption that the dependence of the exclusion likelihood (cf. Fig. 4 (left)) on the
relevant parameters is typically much more smooth and regular than the dependence of the
global fit likelihood ratio or y? on the parameters, the LHC sparticle exclusion likelihood can
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Table 1: Overview of the constraints included in a typical MasterCode analysis.

be parametrised independently of the rest of the global fit, using a much smaller number of
scanning points. In SCYNet, this is explored using a deep Neural Net to perform a regression
on the likelihood ratio output of a significant number of SUSY searches at ATLAS and CMS,
implemented in a fast detector simulation and event selection using the tool CheckMATE [65].
Presently, a precision of the neural-net based regression compared to the simulation of the or-
der of —2AInL ~ x? ~ 1 is achieved. At least the 20 allowed range is described sufficiently
precisely.

Based on such and other competing approaches, more complex models can be studied in
the future. Currently, no direct positive experimental hint for SUSY beyond the tried-and-
tested cosmological DM and (g — 2),, has arisen. However, flavour physics holds the promise of
anomalies (see e.g. [66] for an overview), which yet are waiting for a consistent interpretation
in a UV-complete model.

4.2 MasterCode

MasterCode is a frequentist global-fitting framework which interfaces several different codes that
provide state-of-the-art predictions for a wide range of observables of phenomenological interest
using SLHALib [67,68]. Among these codes, we mention: the spectrum generator SoftSUSY [69];
FeynHiggs [63,70-73], HiggsBounds [30, 31,33, 34] and HiggsSignals [38,39] (see above) for
the Higgs sector observables and search limits; micrOMEGAs [74] and SSARD? for DM observables;
SuFla [75,76] and SuperIS0 [61,77,78] for the flavour sector; FeynWz [79-81] for the Electroweak
Precision Observables (EWPOs). The sampling of the multidimensional parameter space of
the model under analysis is performed using the MultiNest algorithm [82-84]. For an easy
deployment of the framework on batch clusters a container-based approach with the udocker
middleware [85] is used. An overview of constraints used in a typical MasterCode analysis is
given in Tab. 1.

2SSARD is a private code developed by K. Olive and collaborators.
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Figure 7: The relevant mechanisms to obtain the observed DM relic density (colour shadings),
at 95%CL, in the mg-m4 /o plane of the CMSSM (left) and in the mi?—ag"] of NUHM2 (right).
In the left plot, the solid purple contour represents the LHC run-1 95% CL exclusion from
E7 miss searches, while the dashed purple contour shows the prospective 50 discovery reach for
E7 miss searches at the LHC with 3000/fb at 14 TeV, corresponding approximately to the 95%
CL exclusion sensitivity with 300/fb at 14 TeV. In the right plot, the black and green lines show
the sensitivity of XENON100 and LUX back in 2015, while the purple one is the projected 95%

exclusion sensitivity for LZ. Figures taken from Ref. [86].

4.2.1 Scenarios with specific SUSY-breaking patterns

While GUT-inspired scenarios and minimal Anomaly-Mediated Supersymmetry Breaking
(mAMSB) provide theoretically inspired and elegant approaches towards possible UV com-
pletions, these models are all unable to explain the observed deviation from the SM prediction
in the (g —2),, measurement. Nevertheless we consider the study of these scenarios an interest-
ing and worthwhile effort, since the scientific community is still in the process of verifying the
significance of this anomaly, both from the theory and experimental sides.

In [86] we have reappraised our CMSSM, NUHM1 and NUHM2 studies, with the aim of
studying in more detail the DM phenomenology of these scenarios. Specifically, we were inter-
ested in the mechanisms which allow a recovery of the observed DM relic density. We started
from the samples obtained in the study presented in refs. [48,49] and then, in a given mass-
plane, for each point selected after likelihood profiling we inferred the relevant process from
the spectrum configuration. In other words, we defined a set of phenomenological “dark matter
measures” to classify the points. For instance, points for which the relation (m;1 / mﬁ)) < 0.15
is satisfied were assigned to the process “stau co-annihilation”. We cross-checked our approach
with the explicit computation from micrOMEGAs, verifying that these DM measures are accurate
in the vast majority of the cases. Two example results obtained in this analysis are illustrated
in Fig. 7 where the mg-m; /5 plane in the CMSSM (left) and the mi(l)-agl plane in the NUHM2
scenario (right) is shown. From this kind of results, one may appreciate how different mecha-
nisms characterize the different allowed regions of the two models. Moreover, the study points
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Figure 8: The allowed mass ranges at 68% CL (dark peach) and 95% CL (bright peach) in the
SU(5)-GUT inspired scenario. The mass values corresponding to the best fit point are shown
as horizontal blue lines. Figure taken from Ref. [87].

out the complementarity of information obtained from collider and direct detection experiments
in these two scenarios.

We extended our studies with an analysis of an SU(5)-GUT inspired scenario [87] and an
analysis of mAMSB [51]. In these papers the relevant constraints on superpartners production
coming from LHC runs at 13 TeV have been implemented for the first time. For the sampling
of the parameter space, the likelihood has been modelled following the FastLim [88] approach.
In this approach, the relevant topologies for a given model have been identified and for each
one of them the upper-limit on the cross-section at 95% CL provided by the experiments
has been compared with the actual cross-section of the point being sampled, using a simple
rescaling law to model the likelihood. In this way, a full MC simulation is avoided, since
the elements needed (ie. the cross-section and the relevant branching ratio) can be computed
using dedicated computer codes, such as NLL-fast [89,90], with very high performances. Higgs
searches are implemented with a similar approach, using the cross-section times branching-ratio
values computed by FeynHiggs.

The SU(5)-GUT study has revealed that, in contrast to the CMSSM/NUHM1/NUHM2
scenarios, also the co-annihilation mechanisms with either a 7. or with ug or ¢g play a role
because of the different pattern of the boundary conditions for the soft SUSY-breaking masses.
In Fig. 8 the allowed mass range for the BSM particles in the SU(5)-GUT scenarios, at 68%
CL (dark peach) and at 95% CL (bright peach) is shown as a typical outcome of a global
MasterCode analysis. The mass values of the best fit point are indicated as horizontal blue
lines. The figure illustrates the impact of the LHC results in providing stronger lower bounds
for the coloured superpartners and for the other Higgs states of the MSSM. On the other hand,
the allowed mass range of purely electroweakly interacting sparticles is less dependent on LHC
search results.

The mAMSB study showed that a Wino-like or an Higgsino-like neutralino can fulfil the
role of a DM candidate, with an upper bound on the neutralino mass of mgo < 3 TeV to
avoid violating the bound coming from the observed DM relic density. Fig. 9 shows the two-
dimensional likelihood profiles in the mg-m3/o plane (left) and in the mgo-mgo plane (right).
In both cases, the colour shading reflects the nature of the neutralino. The left plot shows
that the LSP is Wino-like only for a restricted range of m3/, values, while the Higgsino case is
allowed for a larger range. The right plot displays the strict correlation between the neutralino
nature and its mass, required by the relic density constraint.
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Figure 9: On the left (right), we show the two-dimensional likelihood profiles at 68% CL and
at 95% CL in the mg-mg,s (mﬁ»—agl) plane in mAMSB. The colour shadings reflect the nature
of the LSP, which can be either Wino-like (blue), Higgsino-like (yellow) or an admixture of the
two (orange). Figures taken from Ref. [51].

In addition, a study of the CMSSM was performed in the so called “sub-GUT” flavour [91]
in which the input scale of the soft SUSY-breaking terms, M;,, is one of the parameters over
which the sampling is performed and it is not fixed to be the GUT-scale. The one-dimensional
likelihood profile for log(M;i,) shown in Fig. 10 (left) features a slight preference, at the level
of Ax? ~ 3 for M;, ~ 10° GeV and for M;, ~ 10° GeV with respect to the case Mi, ~ Mgyt
(i.e. the usual CMSSM scenario). The reason for this preference for lower M, is a better
compatibility with the latest BR(Bg 4 — u*pF) measurements. The two-dimensional likelihood
profiles in the log(Miy,)-mo plane show the non-trivial dependence of mg on the scale Mj,.

4.2.2 Phenomenological scenarios

Besides studies of MSSM scenarios with definite SUSY-breaking patterns, phenomenological
scenarios have been studied which are able to explain the observed (g —2), anomaly. Moreover,
allowing for lighter SUSY-spectra, they can be used to assess the possibility of a MSSM discovery
at future LHC runs or at a future eT e~ collider. We have focused our attention to the pMSSM10
and pMSSM11.

The pMSSM10 is indeed able to fit (g — 2),,, differently from various GUT scenarios, as can
be seen from a comparison of the likelihoods displayed in Fig. 11 (left). Fig. 11 (right) display
the two-dimensional likelihood profiles in the mi?-ogl plane. The most significant features are
an upper-bound myo < 500 GeV, required to satisfy (g — 2),, a lower-bound on the chargino
co-annihilation region at mgo ~ 103 GeV from LEP limits and the light-Higgs- and Z-funnel
regions at mgo > 62 GeV and mgo >~ 45 GeV respectively.

In the pMSSM11 scenario, an extended study of the impact of LHC run-2 constraints and
of (9 —2), on the allowed parameter space has been performed [47]. Moreover, for the first
time LHC run-2 constraints on electroweakinos have been included, still using a FastLim-
like approach and a recently developed tool, EWKFast (92|, which allows the fast computation
of electroweakino production cross-sections at NLO-QCD. The one additional free parameter
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Figure 10: On the left, we show the one-dimensional likelihood profiles for the input scale
M, of the soft SUSY-breaking terms. We show four different profiles, with (solid) and with-
out (dashed) the constraints coming from the direct searches for coloured superpartners and
heavy Higgses at LHC run-2 and with (blue) and without (green) the constraint coming from
the (¢ — 2), anomaly. On the right, we display the two-dimensional likelihood profiles at
68%/95%,/99% CL in the log(Miy,)-mg plane, with the full constraint set applied. The colour
shadings indicate the dominant mechanism which moves the CDM density into the allowed
range from cosmological observations. Figures taken from Ref. [91].

with respect to the pMSSM10 (the soft SUSY-breaking mass terms for the 7) changed the
phenomenology by introducing a new relic density mechanism, slepton co-annihilation.

Fig. 12 (left) shows again the one-dimensional likelihood profile for the SUSY contribution to
(9—2),,, with and without the constraints from searches of SUSY particles at the LHC at 13 TeV
and with and without imposing the (g — 2),, constraint. In the pMSSM11 the displayed range
of values can be covered, including the region consistent with the experimental measurement.
Fig. 12 (right) shows the mi?—a;f] plane without imposing the (g — 2),, constraint. The best fit
region moves to larger masses, where the neutralino has a mas of ~ 1 TeV and it is Higgsino-like.
This change in the location of the preferred region is a result of an improved compatibility with
the flavour constraints, especially BR(Bs g — u*uT).

Since phenomenological scenarios such as the pMSSM11 have more room for light SUSY
spectra, it is interesting to study the impact of the LHC run-2 results and the most recent
direct detection experiments. Fig. 13 (left) shows the change in mg, ,-mj plane after including
the aforementioned results. The shift from LHC searches performed at 8 TeV to the ones at the
13 TeV produces a marked change in the likelihood contours, shifting the lowest allowed mass
for the first two-generation squarks and the gluino by a sizable amount, excluding completely
the compressed region at low squark-/gluino-mass which was allowed by the LHC run-1 results
and shifting the boundaries of the non-compressed region by ~ 500-1000 GeV. Fig. 13 (right)
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Figure 11: On the left, the one-dimensional likelihood profile for the SUSY contribution to
A((g—2)/2) in the pMSSM10 and the CMSSM, NUHM1 and NUHM2. On the right, the two-
dimensional likelihood profiles in the pMSSMI0 in the mgo- O'SI plane. The colour shadings
indicate the dominant mechanism which moves the CDM den51ty into the allowed range from
cosmological observations. Figures taken from Refs. [46] and [86], respectively.

shows the same result without using the (g — 2),, constraint. Lower masses are allowed in this
case since larger neutralino masses are allowed and more compressed spectra are possible which
evade the LHC bounds.

5 Fits of other BSM models

5.1 Oblique parameters from the global electroweak fit

New physics effects from virtual particles in loops can contribute through vacuum polarization
corrections to the electroweak precision observables if the scale of new physics is larger than
the electroweak scale. These effects are conveniently parametrised by the three self-energy
parameters S, T, and U [93,94] describing the difference between the oblique vacuum corrections
as determined from the experimental data and the corrections expected in a reference SM
(with fixed reference values of m; and My). The parameters S and T describe new physics
contributions to neutral weak currents and to the difference between neutral and charged weak
current processes, respectively. The U parameter is only constrained by the W boson mass and
width, it is predicted to be small in most new physics models and often set to zero. The S, T,
and U parameters are normalised such that the expected BSM contributions are of order O(1).
The global electroweak fit can be used to determine S, T" and U. Significant deviation of the
results from zero are an unambiguous hint for new physics.

For reference values of My o = 125GeV and myef = 172.5GeV the following values
are obtained [11] using the Gfitter framework: S = 0.04 £0.11, T = 0.09 £ 0.14, U =
—0.02 £ 0.11 with correlation coefficients of +0.92 between S and T, —0.68 between S and
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Figure 12: On the left, the one-dimensional likelihood profile for the SUSY contribution to
A((g — 2)/2) in the pMSSM11. We show four different profiles, with (solid) and without
(dashed) the constraints coming from the direct searches for coloured superpartners at LHC
run-2 and with (blue) and without (green) the constraint coming from (g — 2),. On the right,
the two-dimensional likelihood profiles in the pMSSM11 in the mi?—agl plane. The colour
shadings indicate the dominant mechanism which moves the CDM density into the allowed

range from cosmological observations. Figures taken from Ref. [47].

U and —0.87 between 7" and U. The 68 % and 95% CL allowed regions on S and T for a
fixed value of U = 0 are shown in Fig.14. The constraints obtained for individual observables
with strongest sensitivities are compatible with each other and their combination yields allowed
regions in agreement with the prediction of the reference SM. These results on the oblique
parameters are used by analyses to constrain the allowed parameter regions of new physics
models. Example results for such analyses before the Higgs boson discovery are derived in [§]
for a fourth fermion generation, two Higgs doublet, inert Higgs and littlest Higgs models, models
with large, universal or warped extra dimensions and technicolour.

5.2 Global fits of two-Higgs-doublet models

A popular extension of the minimal Higgs sector, as implemented in the SM, are Two-Higgs-
doublet models (2HDM) [95] which only introduce an additional SU(2), x U(1)y Higgs doublet
field with hypercharge Y = 1, leading to five physical Higgs bosons h, H, A, H™, and H~. The
neutral h can be identified with the 125 GeV Higgs boson as discovered at the LHC. Free model
parameters of the 2HDM are the masses of these boson states M40, Myo, Myo and My, the
ratio of the vacuum expectation values of the two Higgs doublets tan 5 = v5/v; and the angle
« describing the mixing of the two neutral Higgs fields h and H. In general, the 2HDM may
lead to flavour-changing neutral currents (FCNCs) and CP violating interactions which can be
avoided by fixing the Higgs boson couplings for up-type quarks, down-type quarks and leptons
to specific values [95,96]. Most popular CP conserving 2HDM scenarios include the Type-I

SFB 676 — Particles, Strings and the Early Universe 221



EMANUELE BAGNASCHI, PHILIP BECHTLE, JOHANNES HALLER, ROMAN KOGLER, ET AL.

Y == mm = pMSSM11 w/o LHC13 : best fit, 1o, 20, 30

* —— —— —— pMSSMI11 w/ LHCI3: best fit, 1o, 20, 30 *
4000 —— 14000
magTefcooe)
3500 ! 7’0/ 3500}
3000 3000]
__2500] . 2500]
=z =z
[ (3
O, 2000} O, 2000}
g
1500 S 1500
1000 1000
500 500
0 0
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
my[GeV] mg [GeV]
- .
B i coann. slep coann. gluino coann. | stop coann.

B A/H funnel 7] stau coann. [ squark coann. [ sbot coann.

Figure 13: On the left, we show the two-dimensional likelihood profiles in the mg, ,-mg plane
before (dashed lines) and after (solid lines) applying the constraints coming from LHC run-2
results, including flavour, and from the results of direct detection experiments after 2015. On
the right, we display the same plane, with the full constraint set applied but for (g — 2),. The
colour shadings represent the dominant DM mechanism, with the colour coding defined in the
legend below the plots. Figures taken from Ref. [47].

scenario, the Type-II scenario, the lepton specific scenario, and the flipped scenario.

Measurements of observables with sensitivity to the existence of the additional 2HDM Higgs
bosons via quantum corrections can be used in global fits to constrain the allowed ranges of
the Higgs boson masses and mixing angles in these scenarios. Within this project we per-
formed several 2HDM analyses using the Gfitter framework. A first analysis before the Higgs
discovery [7] was restricted to the Type-II scenario and only included observables sensitive
to corrections from the exchange of a charged Higgs boson. At the time, the most stringent
constraints have been obtained from rare radiative and leptonic decays of B and K mesons
in which the charged Higgs boson replaces a SM W boson in the charged current process. A
second 2HDM analysis [8] showed that constraints from the oblique parameters (cf. Sec. 5.1)
do not allow a determination of any of the free 2HDM parameters independently of the values
of the other parameters. A third analysis [11] after the Higgs boson discovery used individually
the data from Higgs boson coupling measurements, from flavour observables (mainly branching
fractions of B, D and K mesons), the anomalous magnetic moment of the muon, and the elec-
troweak precision data via the oblique parameters and combined them in a global fit. In the
following only results of this most recent study are discussed.

By construction of the four 2HDM scenarios considered, FCNC transitions are forbidden at
tree-level and flavour violation can only arise at loop level by the exchange of a charged Higgs
boson with strength depending on My« and tan . Example constraints obtained from the
individual flavour observables are shown in Fig. 15 (left) where the excluded parameter regions
(95% CL) in the Type-II scenario are shown in the plane of these two sensitive parameters.
Most stringent constraints are obtained from the branching fraction B(b — X,7) which allows
to exclude Mpy+ < 590 GeV. It is interesting to note that the measurements of the semileptonic
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Figure 14: Allowed regions of the oblique parameters S and T', with the U parameter fixed to
zero, as obtained from the global electroweak fit using all observables (blue) and for individual
sensitive observables (yellow, green, red). Figure taken from Ref. [11].

decay ratios of neutral B mesons R(D) and R(D*) which differ from their SM predictions [97]
only feature a compatible parameter region in the Type-II scenario which is however excluded
by several other observables (not shown in the figure).

Example constraints for the Type-II scenario from the combined analysis of Higgs coupling
measurements, flavour observables, magnetic moment of the muon and the oblique parameters
are shown in Fig. 15 (right) where the resulting 68 % and 95 % CL allowed regions in the M4
versus My plane are shown for a fixed charged Higgs boson mass of 750 GeV. All other 2HDM
parameters are allowed to vary freely. A strong alignment of either the H or the A boson
mass with the mass of the H* can be observed (this is true for all 2HDM scenarios considered)
as a result of constraints on 8 — « obtained from the Higgs coupling strength measurements.
For the Type-II scenario (and the flipped scenario, not shown) pairs of (H, A) masses below
~ 400 GeV are excluded as indicated by the hatched regions where also results of different
statistical interpretations are illustrated by red and green lines. However, our analysis also
demonstrated that no absolute mass limits can be derived with current data for the Type-I and
lepton specific scenarios.

5.3 Constraints on Higgs physics-relevant d = 6 operators

If new physical effects stay elusive and direct searches for new physics at the LHC continue
to produce null results, this could point towards high-scale new physics. While no new states
would be observable at energy scales reachable at the LHC, this nevertheless can lead to subtle
deviations from SM expectations which might still be observable. In this scenario, not a single
measurement alone would lead to a discovery, but small hints would emerge in a number of
different channels.

Under this predicament, the most promising avenue for finding new physics are precision
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Figure 15: Results of fits of 2HDM models of Type II: (left) excluded parameter regions in
the tan 8 versus M+ plane as obtained from individual flavour observables; (right) allowed
regions in the M4 versus My plane as obtained from a combined fit of constraints from the
Higgs boson coupling strength measurements, flavour observables, muon anomalous magnetic
moment and electroweak precision data. Figures taken from Ref. [11].

studies of Higgs production, which is the least constraint sector of the SM. This motivates the
extension of the Lagrangian of the Higgs sector by dimension six (d = 6) operators

C;
LHiggs = [:Isrll;/égs + Z FOZ (1)

to capture new interactions beyond the Standard Model (BSM) in a model-independent way.
The first term on the right-hand side of Eq. 1 is the SM Lagrangian of the Higgs sector, while
the second term denotes BSM contributions from d = 6 operators O;, which scale with the
Wilson coefficients ¢; over the square of the scale of new physics A2. This extension assumes
that all unknown states have been integrated out and only the effect of the resulting d = 6
operators are observable at present colliders. An important question that arises is the extent
to which it will be possible to probe the presence of such interactions. Or equivalently, what
are realistic estimates of Wilson coefficient constraints that can be expected after LHC run-2
and LHC run-3 or after the high luminosity phase of the LHC (HL-LHC) if direct hints for new
physics will remain elusive?

To study this question the set of operators known as the strongly interacting light Higgs
(SILH) Lagrangian in bar convention [98] has been considered in global analyses using the
Gfitter framework [12,13]. Focusing on the Higgs sector with flavour-diagonal dimension six
effects and respecting constraints from oblique corrections to LEP data through the S and
T parameters, the number of relevant operators is eight. Using LHC run-1 Higgs data from
ATLAS and CMS two coefficients, ¢, and ¢, can be reliably constrained in a global fit at 95%
CL:

¢y € [—0.64,0.43] x 1074
¢y €[-7.8,43]x 107", (2)

where the constraints from the likelihood scan of ¢, are shown in Fig. 16 (left). There are no
noteworthy constraints on the other six operators from LHC run-1 data, which is only partially
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Figure 16: Constraints of the Wilson coefficient ¢,: results as obtained from the LHC run-1 data-
set (left). The solid (dashed) line corresponds to a fit with theoretical uncertainties included
(excluded). The grey band denotes the individual constraints on ¢,, and blue refers to the
marginalised result; sensitivity projection for HL-LHC using differential Higgs pr distributions
(right). Figures taken from Refs. [12] and [13], respectively.

due to the insufficient precision of these data. When projecting to the expected precision
achieved after the HL-LHC, still a number of operators cannot be constrained in a global
fit [12] due to so-called flat directions in the multi-dimensional parameter space, which are due
to effects from new physics that cancel out on inclusive Higgs observables and hence lead to
unobservable BSM contributions.

These flat directions can be lifted by including measurements of differential distributions of
Higgs boson production, most notably the Higgs boson transverse momentum pp. The reason
for this is the large effect of BSM contributions to the tails of the pr distributions. When
including measurements in all observable Higgs production modes and decay channels at the
LHC, the effects of the various d = 6 operators do not cancel out fully anymore leading to the
prospect of constraints on all operators, albeit the constraints on the Higgs-fermion operators
will stay weaker than the ones on the Higgs boson ones. The likelihood scans shown in Fig. 16
(right) show the constraints on ¢, obtained from pseudo data extrapolated to the HL-LHC
precision. The different colours denote assumptions on the theoretical uncertainties, and dashed
lines have been obtained in a scenario where an additional unobservable contribution to the total
width of the Higgs boson from light degrees of freedom has been taken into account. While there
are differences of up to a factor of two on the sensitivity at 95% CL for different assumptions,
even with overly pessimistic theoretical uncertainties in the tails of the distributions (a = 1,
b =1, lin), stronger bounds can be obtained than by considering signal strength measurements
only [13]. In this sense, differential measurements of Higgs boson production can help to improve
the physics potential of the LHC when combined in a global fit with inclusive data.

6 Conclusions
We have summarized the highlight results of the project B8 of the SFB 676: developments of

the software tools Gfitter, Fittino, MasterCode, HiggsBounds and HiggsSignals as well as
physics results obtained from the application of these tools in global fits of the SM, supersym-
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metric models and further extensions of the SM.

The experimental results used in the global fits consist of measurements of electroweak
precision observables, measurements of the properties of the Higgs signal at 125 GeV, limits
from searches for additional Higgs bosons and further states of physics scenarios beyond the
SM, results from flavor physics, the dark matter relic density and further astrophysical data. If
the results of the dark matter relic density and the magnetic moment of the muon are discarded
from the considered data set, the SM with a Higgs boson at 125 GeV is compatible with the
experimental results at the present level. However, the same is true, even after including the
dark matter relic density and the magnetic moment of the muon, for various supersymmetric
extensions of the SM and further scenarios of new physics. We have determined the parameter
regions that are preferred by the current data, for a variety of models, which represent attractive
alternatives to the SM and are based on fundamentally different physics assumptions.

The identification of the mechanism of electroweak symmetry breaking and more generally
the structure of the electroweak and strong interactions will continue to be a prime target of par-
ticle physics research during the next decades. The prospective improvements in experimental
precision in combination with corresponding efforts in theoretical calculations will significantly
enhance the sensitivity for discriminating between different realisations of the underlying dy-
namics, and global fits will be of crucial importance for accomplishing this task. The results of
this project constitute a significant progress in this area and provide the foundations for future
analyses.
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The discovery of a Higgs signal at the LHC marks the beginning of a new era of particle
physics. The prime goal now is to identify the underlying physics of the new state and to
determine the mechanism of electroweak symmetry breaking. Some of the results obtained
in this project are highlighted, covering both the period before and after the discovery.
In particular, the properties of the new state have been investigated in close cooperation
between experiment and theory and the possible interpretations of the observed signal
have been analysed. Confronting the experimental results on the signal as well as from the
search limits with model predictions, the resulting constraints on the parameter space of
different models and their phenomenological implications have been demonstrated.”

1 Introduction

Identifying the physics that is responsible for providing elementary particles with the property
of mass is one of the key issues in the quest for a better understanding of the fundamental
interactions of nature. Within the present experimental and theoretical uncertainties the prop-
erties of the signal that was detected in the Higgs searches at the LHC are compatible with
the predictions of the Standard Model (SM) of particle physics, but also with a wide variety of
other possibilities, corresponding to very different underlying physics.

In this project the nature of Higgs physics and electroweak symmetry breaking has been
probed in a joint effort between experiment and theory. In the following a brief account of
some of the achieved results is given, comprising Higgs searches, property determinations, ap-
propriate model predictions, as well as the discrimination between different interpretations of
the experimental results.

*Contribution to “Particles, String and the Early Universe — Research Results of the Collaborative Research
Centre SFB 676 in Hamburg”.
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2 Theoretical studies preceding the Higgs boson discovery

2.1 Light NMSSM Higgs bosons in SUSY cascade decays at the LHC

An interesting feature of the next-to-minimal supersymmetric extension of the Standard Model
(NMSSM) is that one or more Higgs bosons may be comparably light (My, < Mz) without
being in conflict with current experimental bounds. Due to a large singlet component, their
direct production in standard channels at the Large Hadron Collider (LHC) is suppressed. In
Ref. [1] good prospects for observing such a light Higgs boson in decays of heavy supersymmetric
(SUSY) particles at the LHC were demonstrated.

Considering an example scenario with 20 GeV < My, < Mz, it was shown that a large
fraction of cascade decays of gluinos and squarks would involve the production of at least one
Higgs boson. Performing a Monte Carlo analysis at the level of fast detector simulation, it was
demonstrated how the Higgs signal can be separated from the main backgrounds, see Fig. 1,
where the simulation has been done for SUSY scales of Mgsysy = 750 GeV (left column) and
Msusy = 1 TeV (right column). Besides the SM ¢¢ background also SUSY background from
other SUSY processes has been taken into account. The impact of various kinematical variables
on discriminating between the inclusive SUSY signal (including events both with and without a
Higgs boson in the cascade) and the SM background from ¢ production has been investigated.
A set of simple cuts has been devised that turned out to be efficient for establishing the inclusive
SUSY signal. It should be noted that no specific knowledge about the background from SUSY
background from events without a Higgs in the cascades was assumed. Accordingly, besides
favoring events containing the light H; by selecting the combination minimizing AR(bb) in
configurations with multiple b-jets, no particular cuts for suppressing the SUSY background
have been applied.

It was pointed out in Ref. [1] that the analysis of the resulting bb mass spectrum according
to Fig. 1 opened up an opportunity for the discovery of a light Higgs boson already with 5
fb~! of LHC data at 7 TeV. In the considered scenario with rather light SUSY particles a
statistical significance for the H; mass peak of S/ VB =~ 4 was found for Msysy = 1 TeV at
V5 = 7 TeV (the gluino mass parameter was set to 1 TeV), which increased to S/vB ~ 8
for Msysy = 750 GeV at 7 TeV and reached a level of almost 30 for both values of Mgysy
at 14 TeV with the very modest integrated luminosity of just 5 fb~! for LHC running both
at 7 TeV and 14 TeV. The presented results are rather insensitive to the precise value of
Mp, . Since the production relies on the decay of heavier SUSY states, with branching ratios
largely independent of My, , the Higgs production rates remain similar for the whole mass range
MH1 < M.

The observation of a light Higgs boson in this channel would give direct access to the Yukawa
coupling of the Higgs state to bottom quarks. While compared to the experimental situation
that was analysed in Ref. [1] the limits from SUSY searches have meanwhile become much
stronger, there is still ample room for one or more light Higgs bosons with suppressed couplings
to gauge bosons, as will be discussed in more detail below.

The phenomenological investigation carried out in Ref. [1] triggered an experimental activity
that is described in Sec. 6.5 below. It resulted in the CMS analysis of Ref. [2].
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Figure 1: Invariant mass of b-jet pairs for SUSY signal (red), SUSY background (black) and
SM t¢ background (light gray) in the considered benchmark scenario with Msysy = 750 GeV
(left column) and Mgugy = 1 TeV (right column) at 7 TeV (upper row) and 14 TeV (lower
row) for an integrated luminosity of 5 fb~1. Figures taken from Ref. [1].

2.2 Interpreting the LHC Higgs search results in the MISSM

In view of the excess observed at about 125 GeV in the Higgs searches at the LHC in December
2011, in Ref. [3] the implications of a possible Higgs signal were discussed within the context
of the minimal supersymmetric Standard Model (MSSM), taking into account previous limits
from Higgs searches at LEP, the Tevatron and the LHC. It was pointed out that the observed
excess with a mass of about 125 GeV was well compatible with the predictions of the MSSM,
while the observation of a SM-like Higgs boson with a mass above about 135 GeV would have
unambiguously ruled out the MSSM with TeV-scale SUSY particles (but would have been viable
in the SM and in non-minimal supersymmetric extensions of it). Interpreting the observed
excess as signal within the MSSM, the consequences for the remaining MSSM parameter space
were investigated. Under the assumption of a Higgs signal new lower bounds on the tree-level
parameters of the MSSM Higgs sector were derived. Both the possibilities of associating the
observed excess with the light CP-even Higgs boson of the MSSM, h, and the the heavier CP-
even Higgs boson H, were investigated. It was demonstrated that also the somewhat exotic
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Figure 2: Left: Tree-level Higgs sector parameters (M4, tan 3) for the case where the parameters
governing the higher-order corrections are chosen such that a maximum value for M}, is obtained
(mp®* benchmark scenario). The different colours correspond to the regions excluded by LEP
(blue) and Tevatron/LHC (red). The gray area is the allowed parameter space prior to the
observation of an excess at the LHC. The green band shows the region where M}, is compatible
with the observed excess. Right: Constraints on the MSSM stop sector from the assumed Higgs
signal. The allowed ranges are shown in the (X;, Msusy) plane (left) and the (X;, m;, ) plane
(right) for M4 = 1 TeV, tan 8 = 20. The colour coding is as in the left plot. Figures taken
from Ref. [3].

possibility that the observed excess was in fact caused by the heavier CP-even Higgs boson
(while the lighter one escaped the search limits) was compatible with the data.

Results for the interpretation of the observed excess in terms of the light CP-even Higgs
boson of the MSSM are displayed in Fig. 2, showing that there is a significant parameter space
of the MSSM compatible with this interpretation. In the left plot of Fig. 2 the parameters
that enter via the (in general) numerically large higher-order corrections in the MSSM Higgs
sector were set to their values in the m}*** benchmark scenario, which maximizes the upward
shift in M} as compared to the tree-level value. In this way conservative lower limits on the
parameters governing the M}, prediction at tree level, M 4 and tan 3, could be obtained. Taking
into account conservatively estimated theoretical uncertainties from unknown higher orders as
well as the most important parametric uncertainties arising from the experimental error on the
top-quark mass, compatibility with the observed excess yields the lower bounds M4 > 133 GeV
and tan 8 > 3.2 (for Msysy = 1 TeV). The bound on M4 translates directly into a lower limit
M+ > 155 GeV, which restricts the kinematic window for MSSM charged Higgs production
in the decay of top quarks.

The approach followed in the right plot of Fig. 2 was to choose values for M 4 and tan 8 in
the decoupling region and to investigate the constraints on the scalar top and bottom sector
of the MSSM from the required compatibility with the observed excess. It was found that a
lightest stop mass as light as m; ~ 100 GeV was still compatible with the observed excess.
The bound on m;, raises to m;, Z 250 GeV if one restricts to the negative sign of the stop
mixing parameter X; = A; — p/tan 8, which in general yields better compatibility with the
constraints from BR(b — s7).
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Concerning the interpretation of the observed excess in terms of the heavier CP-even Higgs
boson, a scan over M4, tan 8, Mgysy and X; was performed, yielding an allowed area at low
M 4 and moderate tan . A SM-like rate for production and decay of the heavier CP-even Higgs
in the relevant search channels at the LHC is possible for large values of p and large mixing in
the stop sector. It is interesting to note that in the scenario where the assumed Higgs signal is
interpreted in terms of the heavier CP-even Higgs boson H the mass of the lighter Higgs, Mj,
always comes out to be below the SM LEP limit of 114.4 GeV (with reduced couplings to gauge
bosons so that the limits from the LEP searches for non-SM like Higgs bosons are respected).
It was pointed out that the fact that scenarios of this kind are phenomenologicall viable should
serve as a strong motivation for extending the LHC Higgs searches, most notably in the v
final states, also to the mass region below 100 GeV.

3 The discovery and properties of the Higgs boson

3.1 The discovery

Simulation studies performed before the start of data taking had estimated that more than
10fb~" collected at /s = 14TeV would be needed to reach a discovery significance of 5¢
for a Standard Model Higgs boson with a mass of 125 GeV [4]. In fact, with about 4.8fb™!
collected at /s = 7TeV in 2011 and about 5.8fb™" collected at /s = 8 TeV, the observed
(expected) significance for an excess of events near 126 GeV was 4.50 (2.50) in the H — ~vy
channel and 5.9¢0 (4.90) after combination with the H - ZZ* — 4 and H - WW* — 202v
decay channels in the ATLAS experiment [5]. When considering the look-elsewhere-effect,
the observed significance was reduced to 5.10. Very similar results were obtained by the
CMS experiment [6], finding an observed (expected) significance of 5.00 (5.8¢). With these
results, the two experiments had discovered a new particle with properties consistent with those
expected from a SM Higgs boson.

The analysis in the H — vy decay channel employed event categorisation, which improved
the sensitivity of the analysis by more than 20%. The categorisation was based on the kinematic
properties of the photon candidates, on whether or not the photon candidates were reconstructed
as converted photons, and on the event topology, defining also two categories with topology as
expected from vector boson fusion production. The event categorisation in Fig. 3 shows the
weighted invariant mass spectrum at the time of the discovery. The weighting gives a visual
representation of the effect of the categorisation on the analysis.

3.2 Property studies of the new particle

After the discovery, the focus turned to studies of the properties of the new particle to determine
whether or not they are consistent with the properties expected from the SM. This included
studies of the spin and CP properties, as well as measurements of cross sections and branching
ratios, which are sensitive to the coupling of the Higgs boson to SM particles.

3.2.1 Search for and discovery of Higgs boson decays to T leptons

The discovery had been made in Higgs decays to two bosons, and one important outstanding
question was whether or not the mass of fermions is generated by Yukawa couplings. One
important channel to study the Higgs couplings to fermions is the Higgs boson decay to two
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Figure 3: Invariant diphoton mass distribution from the H — ~~ discovery analysis. The weight
w; for events in category i is defined to be In(1+ S;/B;), where S; is 90% of the expected signal
for my = 126.5 GeV, and B; is the integral in the smallest window containing .S; signal events.
Figure taken from Ref. [5].

7 leptons. Evidence for the Higgs boson decay to 7 leptons was first established with LHC
Run 1 data, and the decay was then observed with statistical significance of 5.9 standard
deviations after combining Run 1 and Run 2 LHC data collected with the CMS detector [7,8].
The invariant di-tau mass distribution from the observation of the Higgs decay to 7 leptons is
shown in Fig. 4.

3.2.2 Simplified template cross sections — development and measurements

In the LHC Run 1, the production processes were measured inclusively, i.e. in the full phase
space, and as signal strengths, i.e. as the ratio of the measured and the predicted cross section.
It is virtually impossible to update the signal strength measurement of the different Higgs pro-
duction processes performed in Run 1 when improved theoretical predictions become available.
In addition, the interpretation of the measurements would greatly benefit from more differential
information. This motivated the discussions and work to develop the Simplified Template Cross
Section (STXS) framework in a collaborative effort between theory and experiment [9,10]. The
framework defines kinematic regions for each production process (“bins”), in which the cross
section for the given production process will be measured. The definition of the bins is moti-
vated by the goals to reduce the theoretical uncertainties that are folded into the measurement,
and to provide measurements useful for reinterpretation, including bins that are particularly
sensitive to BSM effects. Different “stages” are defined to allow for measurements with different
granularity. In addition, schemes for the parametrisation of the theoretical uncertainties were
developed [11].
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Figure 4: Invariant di-tau mass distribution from the H — 77 analysis. Figure taken from
Ref. [8].

Figure 5 (left) shows “merged stage-1” STXS measurements from H — ~v decays using
80 fb ! collected with the ATLAS detector [12]. The categories defined to target ¢t¢H production
also contributed to the discovery of the t#H production process [13]. Figure 5 (right) shows
“merged stage-1” STXS measurements obtained from a combination of results obtained in the
H — vy and H — 4/ decay channels using 36 fb™! collected with the ATLAS detector [14].
With the dataset collected in Run 2 so far, several bins in jet multiplicity and Higgs boson
transverse momentum could be measured for gluon fusion production, as well as bins sensitive
to vector boson fusion production.

3.3 Property determinations (theory)

On the theory side, contributions were made to the determination of the spin and CP properties
of the detected state [15], to the analysis of off-shell effects [16,17], and to the determination
of Higgs-boson couplings [15,18,19].

Concerning the coupling determination, in general a modification of a coupling with respect
to the SM prediction may give rise to a change of both the coupling strength and the tensor
structure of the coupling, where the latter will affect the CP properties of the coupling. Accord-
ingly, the tasks of determining the couplings and CP properties of the observed signal are in fact
closely related to each other. In order to reduce the complexity of the analyses for determining
coupling properties during Run 1, an “interim framework” has been introduced in Ref. [18]. It
was adopted by the LHC Higgs Cross Section Working Group [19] and used by the ATLAS and
CMS collaborations for their experimental analyses. The developed framework consists of a
parametrisation of small deviations from SM-like behaviour of the couplings for various bench-
mark scenarios, based on several simplifying assumptions, in particular: the signals observed in
the different search channels are assumed to originate from a single resonance; the width of the
observed particle is neglected, so that the predicted rate for a given channel can be decomposed
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Figure 5: STXS measurements using a “merged stage-1” scheme in the H — v decay channel
with 80fb™* (left), and obtained from combining measurements in H — vy and H — 4¢ with
36fb~" (right). Figures taken from Refs. [12] and [14], respectively.

into the production and decay contributions, o - B(i = H — f) = o; - I'y/I'y, where o; is
the production cross section through the initial state ¢, B and I'y are the branching ratio and
partial decay width into the final state f, respectively, and I'y is the total width of the Higgs
boson; only modifications of coupling strengths are considered, while the tensor structure of
the couplings is assumed to be the same as in the Standard Model — this assumption implies in
particular that the observed state is assumed to be a CP-even scalar.

Coupling scale factors x; were defined in such a way that the cross sections o; and the
partial decay widths I'; associated with the SM particle j scale with HZ? compared to the SM
prediction. By definition, the best available SM predictions for all ¢ - B, including higher-order
QCD and electroweak corrections, are recovered when all x; = 1. Since the LHC measurements
always involve a combination of Higgs couplings from the production and the decay processes
and since there is limited access to the total Higgs-boson width, without further theoretical
assumptions only ratios of couplings can be measured at the LHC rather than absolute values of
the couplings. The different proposed benchmark scenarios correspond to different assumptions
on which of the couplings are fixed to their SM values and for which of them deviations from
their SM strengths are considered.

4 Possible interpretations of the detected Higgs signal

4.1 Confronting supersymmetric models with the Higgs signal ob-
served at the LHC

In Ref. [20] the experimental information on the discovered new state was confronted with
the predictions in the MSSM and the NMSSM. Performing a scan over the relevant regions
of parameter space in both models it was analysed in particular to what extent a significant
enhancement of the v+ rate of the new particle with respect to the SM prediction could occur
in the two models.

Enhancements of this kind are indeed possible in view of limits on the parameter space
arising from theoretical constraints as well as from the limits from direct searches for super-
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Figure 6: Results from parameter scans in the MSSM (left) and the NMSSM (right) for the
decay of the lightest CP-even Higgs boson of the model into a pair of photons. The full result
of the scan (all points allowed by the theoretical constraints and the direct search limits for
sparticles) is shown in grey. The blue points are compatible with the direct Higgs search limits
at that time (from HiggsBounds 3.6. 1, which included LHC results up to the year 2011), while
the black points in addition give a result in agreement with (g — 2), and BR(b — sv). The
left plot shows the partial decay width I'(h — ~v) in the MSSM, while the right plot shows
the branching ratio BR(hy — v7) in the NMSSM. The solid (red) curve shows the respective
quantities evaluated in the SM. Figures reprinted from Ref. [20] with kind permission of The
European Physical Journal (EPJ).

symmetric particles, from the Higgs searches at LEP, the Tevatron and the LHC (incorporating
the limits known at that time), from electroweak precision observables and from flavour physics,
as can be seen in Fig. 6. Mechanisms that can lead to an enhanced v rate in comparison to the
SM prediction have been analysed in the two models. Within the MSSM, besides the presence
of light scalar taus, in particular a suppression of the bb decay mode results in an enhanced 7y
rate. This suppression can either be caused by Higgs-boson propagator corrections entering the
effective mixing angle, or by non-decoupling SUSY corrections affecting the relation between
the bottom quark mass and the bottom Yukawa coupling. Within the NMSSM the same mech-
anisms as in the MSSM can be realised. In addition, there exist mechanisms that are genuine
for the NMSSM. It was pointed out that in particular the doublet-singlet mixing can result in
a substantial suppression of the bb mode and an associated enhancement of the v rate.

The possible interpretation of the discovered Higgs signal in terms of either the light or the
heavy CP-even Higgs boson of the MSSM has been investigated in detail in Refs. [21,22]. MSSM
fits have been performed of the various rates of cross section times branching ratio as measured
by the LHC and Tevatron experiments under the hypotheses of either the light or the heavy
CP-even Higgs boson being the new state around 125 GeV, with and without the inclusion
of further low-energy observables. An overall good quality of the fits has been found, in the
case of the interpretation in terms of the light CP-even Higgs even slightly better than for the
SM [21]. Besides the decoupling limit, also the possibility of alignment without decoupling has
been investigated. It has furthermore been demonstrated that also the heavy CP-even Higgs
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Figure 7: Mass predictions for the lightest and next-to lightest CP-even Higgs-states, my, (left),
and my, (right), of the NMSSM at tree-level, one-loop and two-loop order. Figures taken from
Ref. [23].

boson continues to be a viable candidate to explain the Higgs signal — albeit only in a highly
constrained parameter region, which is probed by LHC searches for the CP-odd Higgs boson
and the charged Higgs boson. The SUSY fits have been carried out in close cooperation with
the B8 project of the SFB 676 on global fits.

While as explained above the case where the signal at 125 GeV is not the lightest Higgs
boson in the spectrum is tightly constrained in the MSSM, it is important to notice that such
a scenario is a quite typical feature of many other extensions of the SM. For instance, in the
NMSSM an additional light Higgs boson arises generically if the mass scale of the singlet is
lower than the one of the doublets. Such a light Higgs boson is only very weakly constrained
by present experimental bounds. In Ref. [23| precise predictions for Higgs-boson masses of the
NMSSM were obtained. Figure 7 shows predictions for the masses of the lightest and next-to
lightest CP-even Higgs-states at tree-level, one-loop and two-loop order as a function of the
NMSSM parameter A. One can see that the variation of A gives rise to a “cross-over” behaviour
between the doublet-like and the singlet-like Higgs state.

Figure 8 shows results of a parameter scan in the NMSSM for the two lightest neutral
Higgs bosons [24]. The state at 125 GeV in Fig. 8 has a small singlet component and can be
identified with the Higgs signal observed at the LHC. The model predicts an additional lighter
Higgs boson, which has a mass of about 105 GeV in this case, with a large singlet component
giving rise to suppressed couplings to the gauge bosons and fermions of the SM. The coloured
regions with the indicated best-fit points are in agreement with the experimental results on
the Higgs signal and with the limits from Higgs searches as implemented in the public tools
HiggsSignals [21,25,26] and HiggsBounds [27,28].

4.2 Benchmark scenarios for MSSM Higgs searches after the discov-
ery of a Higgs-like particle

In view of the discovered signal new low-energy benchmark scenarios have been proposed for

MSSM Higgs searches in Ref. [29]. Those benchmarks are over a wide parameter range com-

patible with the mass and production rates of the observed signal. The proposed scenarios also
exhibit interesting phenomenology for the MSSM Higgs sector. They comprise in particular a

240 SFB 676 — Particles, Strings and the Early Universe



PROBING THE NATURE OF HIGGS PHYSICS AND ELECTROWEAK SYMMETRY BREAKING

. Best fit values .
S}, (singlet composition) / S, (singlet composition) £

""'——W‘ ' i

S 10
N =755 { =
. 52 < 2.20 R / )

0s8f

220 < 3y < 4.88
4.88 < §y* < 949
9.49 < 3> < 13.28
13.28 < 8y 2 < 122.94
© > 1229 10%E

06F

04F

oz

60 80 100 120 '“h"GC\‘"n ‘:gu 140 160 |z‘|0 200 220 rﬁ;“[] (GeV) - 60 80 100 120 mhl (Gev]

Figure 8: Results of a parameter scan in the NMSSM for the two lightest neutral Higgs bosons.
The regions that are preferred by the fit in the vicinity of the indicated best points are shown
in red. The plots show the singlet composition of the lightest two states (left) and the squared
coupling of the lightest Higgs state to gauge bosons, normalised to the SM value. Figures taken

from Ref. [24].

max

slightly modified version of the well-known mi®* scenario, called mi*°4, where the light CP-
even Higgs boson can be interpreted as the LHC signal in large parts of the M 4—tan 8 plane, see
Fig. 9. Furthermore, a light stop scenario leading to a suppression of the lightest CP-even Higgs
gluon fusion rate, a light stau scenario with an enhanced decay rate of h to vy at large tan (3,
and a 7-phobic Higgs scenario in which the lightest Higgs boson can have suppressed couplings
to down-type fermions have been defined. The importance of investigating different values of
both signs of the parameter p has been emphasized. For the default value of p = 200 GeV
sizeable branching ratios of the heavy Higgs bosons into charginos and neutralinos occur, see
Fig. 9. In addition to the scenarios where the lightest CP-even Higgs boson is interpreted as
the LHC signal, also a low—My scenario has been proposed, where instead the heavy CP-even
Higgs boson corresponds to the new state around 125 GeV (see above). See Ref. [30] for a
recent update of the MSSM benchmark scenarios.

5 Precise predictions for Higgs physics in supersymmetric
models

A particular effort in the research activities has been devoted to precise predictions for Higgs
physics in supersymmetric models. In this context in particular the public code FeynHiggs' [31-
37] has been further developed, including an ongoing effort of extending the predictions from
the MSSM to the NMSSM [23,38,39]. In the following only a few examples of the accomplished
results will be mentioned.

5.1 Improved two-loop predictions in the MSSM with complex pa-
rameters

In Refs. [40] and [41] improved two-loop results for the Higgs-boson masses of the MSSM have
been obtained for the general case of arbitrary complex parameters. The corresponding self-
energies and their renormalization have been obtained in the Feynman-diagrammatic approach.

Tsee www. feynhiggs.de
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Figure 9: The M4—tan S plane in the m,r:“’d"’ scenario. The excluded regions from LEP and

the LHC as obtained from HiggsBounds [27,28] at the time of writing [29] are indicated in blue
and red, respectively. In the left plot the favoured region Mj; = 125.5 4+ 2(3) GeV is shown in
green, while in the right plot the colour coding in the allowed region indicates the average total
branching ratio of H and A into charginos and neutralinos. Figures reprinted from Ref. [29]
with kind permission of The European Physical Journal (EPJ).

In Ref. [40] the corrections of O (af + ayan, + af) from the Yukawa sector in the gauge-less limit
have been calculated, while in Ref. [41] the complete two-loop QCD contributions to the mass
of the lightest Higgs boson in the MSSM have been obtained.

In the result of Ref. [41] the full dependence on the external momentum and all relevant
mass scales has been taken into account at the two-loop level without any approximation. The
evaluation of the involved two-loop two-point integrals with up to five different mass scales
was carried out with numerical methods. The impact of the new contributions on the Higgs
spectrum can be seen in Fig. 10. In the left plot the prediction for M}, as a function of
tan 8 is compared in an mf°d+—like scenario with the previous result including and excluding
the O (apay) terms that are known in the MSSM with real parameters. While the effect of
the latter is small, the formally sub-leading two-loop contributions in our new result yield an
upward shift of about 0.85 GeV compared to the previous result over a wide range of tan (8
values. In the right plot the prediction for Mj, is shown as function of the gluino phase ¢ay,.
The plot shows a sensitive dependence on the gluino phase, which enters at the two-loop level,
and again a sizeable upward shift of the new result as compared to the previous result.

5.2 Combination of fixed-order results and effective field theory meth-
ods for precise Higgs-mass predictions

The precisely measured experimental value of the detected Higgs state can be confronted with
models like supersymmetric extensions of the Standard Model where the mass of the state that
is identified with the observed signal can be predicted from the other model parameters. This
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Figure 10: Prediction for the light Higgs-boson mass M}, as a function of tan 8 (left) and as
a function of the gluino phase ¢y, (right). In the left plot the new result (solid) is compared
with the previous result (dashed) in an mf‘)d"'—like scenario for two values of y. The dotted
line shows the case where the previous result is supplemented with the O (apa5) terms that are
known in the MSSM with real parameters. In the right plot the new result (solid) is compared
with the previous result (dashed) in a scenario with tan 8 = 50 for two values of |Mj3|. Figures
taken from Ref. [41].

confrontation of the experimental value with the model prediction yields sensitive constraints
on the parameter space of each model and plays a crucial role in the quest to discriminate
between different models. A very high precision of the theoretical predictions is required in
order to exploit the high accuracy of the measured mass value. The relatively high value of
about 125 GeV of the detected Higgs signal together with the existing limits from direct searches
for SUSY particles has led to various investigations where some or all of the SUSY particles are
in the multi-TeV range or above. In case of large hierarchies between the electroweak and the
SUSY scale a resummation of large logarithmic contributions via effective field theory (EFT)
methods is necessary in order to obtain accurate theoretical predictions.

In Ref. [35] a “hybrid approach” improving the prediction for the SM-like state in the MSSM
has been developed. It combines the fixed-order result, comprising the full one-loop and leading
and subleading two-loop corrections, with a resummation of the leading and subleading loga-
rithmic contributions from the scalar top sector to all orders obtained from solving the two-loop
renormalisation group equations. Particular care was taken in this context to consistently match
these two different types of corrections. In this way for the first time a high-precision prediction
for the mass of the light CP-even Higgs boson in the MSSM was obtained that is valid from
the electroweak scale up to the multi-TeV region of the relevant supersymmetric particles. The
results were implemented into the public code FeynHiggs. In Fig. 11 the pure fixed-order result
as a function of the SUSY scale, for two values of the parameter X; controlling the mixing in
the scalar top sector, is compared with the result including the resummation of leading and
next-to-leading logarithmic contributions to all orders. Furthermore, the results of an analytic
solution of the renormalisation group equations at the 3-loop to 7-loop level are also shown.
While the impact of the higher-order logarithmic contributions is relatively small for SUSY
scales around 1 TeV, they give rise to large effects for higher values of Mg.
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Figure 11: Prediction for the light Higgs-boson mass M}, as a function of the SUSY scale Mg for
X: = 0 (solid) and X;/Mg = 2 (dashed). The full result including a resummation of logarithmic
contributions (“LL-+NLL”) is compared with results containing the logarithmic contributions
up to the 3-loop, ..., 7-loop level and with the previous fixed-order result (“FH295”). Reprinted
figure with permission from Ref. [35]. Copyright (2014) by the American Physical Society.

The predictions obtained in the hybrid approach have been further improved by including
the full next-to-leading-logarithmic (NLL) and a partial next-to-NLL (NNLL) resummation
of the large logarithmic corrections. In Ref. [37] a detailed analytical comparison of the hy-
brid approach and the pure EFT approach has been carried out, and the numerical results of
FeynHiggs have been confronted with the ones of the EFT code SUSYHD [42]. The sources of
several discrepancies that were previously reported in the literature could be resolved, and the
remaining deviations were discussed.

6 Searches for rare and non-SM decays of the detected
Higgs boson and for non-SM Higgs bosons

6.1 Search for decays to two muons
The simple relation

m
gaff = \/§Tf

between the mass my of a fermion, the Higgs—fermion coupling gx s, and the vacuum expecta-
tion value v is one of the central assumptions of the Standard Model. Experimentally however,
this could be tested up to now only for the heavy fermions of the third generation. Since the
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Figure 12: Left: Weighted distribution of measured invariant masses of u* ™~ pairs in compar-
ison to the sum of fits of signal and background to all event categories. Right: Limit on the
cross section in relation to the Standard Model prediction. Figures taken from Ref. [43].

branching ratios H — ff depend on ¢% ¢ the only hope to probe this prediction for the other
generations are H — cc¢ decays, where however the background from other processes is vast,
and H — ptu~ decays. For the latter case the background consists mostly of Drell-Yan events
with off-shell Z/~ and of leptonic decays of W+ W - and t{-pairs. This background is way lower
than for the c¢ case, but due to the expected small branching ratio B(H — ptp~) = 2.18x 1074
still much larger than the signal process. For a search conducted by the CMS collaboration [43]
the excellent invariant mass resolution of the u*u~ pair is employed. Using observables un-
correlated to m,+,~ a boosted decision tree is used to classify events according to the Higgs
production topology. The resulting weighted event disctribution is shown in Fig. 12. In com-
bination with previous data obtained at lower centre of mass energy this search leads to an
observed (expected) limit on the cross section times branching ratio, which is a factor 2.92
(2.16) larger than the Standard Model prediction.

A future aim of this analysis is to measure for the first time a Higgs coupling to second
generation fermions by including data from 2017 and 2018.

6.2 Search for lepton-flavour violating decays

In many extensions of the Standard Model and in particular in classes of two-Higgs doublet
models the fermion—Higgs couplings do not have to be flavour diagonal but allow for lepton
flavour violating decays such as H — 75u%, H — 7teT, H — pre¥ (cf. references in
Ref. [44]). The emerging final states have a striking signature at the LHC with low Standard
Model background, so that sensitivities to the corresponding couplings can be reached which are
much stricter than those obtained from searches for rare or forbidden decays such as 7 — uv,
etc. In an early search for the most promising decay H — 7% ¥ using 7 TeV data from CMS,
a small excess was observed [45]. This triggered much theoretical work but also searches for
the other decay modes using much larger data sets at higher centre of mass energies [44, 46].
In Fig. 13 the event distributions of the most recent data are shown in comparison to various
background sources and for a Higgs at a mass of 125 GeV with a branching ratio of 10% into
7. As the data for this larger sample agree with the background only expectation, an upper
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Figure 13: Left: Measured distribution of collinear masses for H — 7% T with the 7 decaying
into an electron and neutrinos and two further jets to tag vector boson fusion processes. The
expected rate for H — 7%, is shown for a branching ratio of 10%. Close to the Higgs mass
the background is dominated by #¢ production. Right: Combining analysis for different Higgs
production and 7 decay modes the limit on the Higgs branching ratio is converted into a limit
on the Higgs couplings in the mixing matrix, Y,; and Y;,. The observed limit is about one
order of magnitude stronger than the one from indirect constraints (7 — pv). Figures taken
from Ref. [44].

limit on the branching ratio of B(H — 7 uT) > 0.25% was derived.

6.3 Search for decays to Z~

In the SM, the Higgs boson decay to Z~ proceeds through a loop process, similar to the
H — ~vy decay. As such, it is sensitive to contributions from physics beyond the SM that could
contribute to the loop. In the SM, the branching ratio for the Z~v decay is predicted to be
(1.54 4 0.09) x 1073, comparable to that for the decay into two photons, but the number of
reconstructed events is significantly reduced by considering Z boson decays into electrons or
muons, to benefit from a good invariant mass resolution. The search with the data collected
in 2015 and 2016 by the ATLAS experiment set an upper limit on o(pp — H) - B(H — Z~) of
6.6 times the SM prediction at the 95% confidence level (CL) [47], corresponding to an upper
limit on the branching ratio of Higgs boson decays to Z+ of 1% when assuming SM Higgs boson
production. The expected 95% CL limit on o(pp — H)-B(H — Z~) assuming SM Higgs boson
decay to Zv was 5.2 times the SM prediction.

A future extension of this analysis is a search for the Higgs boson decays into v*+, which
is an experimentally more challenging signature since the two leptons have an invariant mass
different from the Z-boson mass.
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Figure 14: Limits on the cross section times branching ratio for heavy spin-0 particles decaying
into Zv (left) or vy (right). Figures taken from Refs. [47] and [48], respectively.

6.4 Search for heavy Higgs bosons decaying to Z~ or ~v

Many extensions of the SM introduce new heavy bosons, for example as extensions of the Higgs
sector. Searching for these potential new heavy bosons in decays to Z(— €{)v or ~v profits
from the good invariant mass resolution of these final states, as well as moderate backgrounds.
Figure 14 shows the exclusion limits on the cross section times branching ratio for the production
of heavy spin-0 particles decaying into Zv or v at the 95% CL from the analyses performed
with the 201542016 dataset collected by the ATLAS experiment [47,48].

Should a new heavy resonance be found at the LHC, one of the first questions to answer
would be whether it is produced in gluon or quark initial states. Good sensitivity to identify the
initial state can be achieved in a model-independent way by using a tight veto on hadronic jets
produced in association with a heavy resonance to divide the data into two mutually exclusive
samples, with and without hadronic jets [49], as can be seen in Fig. 15.

6.5 Search for further supersymmetric Higgs bosons

Additional Higgs particles are predicted for example by Two-Higgs-Doublet-Models such as the
Minimal Supersymmetric Standard Model (MSSM). Experimental searches for decays of such
Higgs particles into Standard Model particles are carried out in a variety of final states. Their
relative importance depends of course on the fundamental parameters of the underlying theory.

For heavy neutral Higgs particles (H) in the range 250 < My < 350 GeV, i.e. above twice
the mass of the discovered Higgs boson (h with mj, = 125 GeV) and below twice the mass of
the top-quark, decays H — hh often have a large branching ratio. The subsequent final state
with one h decaying into h — bb and the other into A~ — 77 has the advantage of a rather
large combined branching ratio and well detectable b-quarks and 7-leptons. Furthermore this
final state is kinematically overconstrained once the low mass to momentum ratio of the tau
leptons is employed to constrain the direction of the neutrinos in the tau decays. A dedicated
kinematic fit was developed which in addition makes use of the known value of m; and of
transverse momentum balance in order to drastically improve the resolution for mg [50]. The
analysis of the CMS data using this method actually was able to basically exclude heavy Higgs
particles in the MSSM in the stated mass range [51] for low tan 3.
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Figure 15: Ratio of the cross section of events produced without hadronic jets to the cross
section for events with at least one hadronic jet for different initial states. Reprinted figure
with permission from Ref. [49]. Copyright (2016) by the American Physical Society.

Of particular interest are also decay modes of neutral heavy Higgs bosons into pairs of tau
leptons. The background estimation techniques and analysis tools developed in the course of
the aformentioned studies of the discovered Higgs boson are applicable here as well. Searches
performed at different centre of mass energies [52, 53| revealed no signal, and results of the
analyses have been used to set upper limits on the Higgs boson production cross section times
branching ratio B(H — 77) as well as to put stringent constraints on the model parameters.
Within several MSSM benchmark scenarios, results of the search have been translated into
exclusion contours in the (M4, tan 8) plane. Typically, values of tan 8 above 60 are excluded
for M4 > 1.7 TeV in scenarios where the lightest scalar boson is compatible with the measured
properties of the discovered 125 GeV Higgs boson. Figure 16 shows the example of the m?°d+
benchmark scenario [29], see Sec. 4.2. A crucial ingredient to these measurements is the under-
standing of the 7 identification and momentum scale for hadronically decaying 7 leptons in the
kinematic phase space not accessible via the Z — 77 standard candle. Their measurement has
been done for 7 leptons with transverse momentum exceeding 100 GeV in the sample of highly
virtually W bosons decaying into 7 lepton and neutrino [54].

Searches for heavy neutral supersymmetric Higgs bosons dacaying into b-quarks have also
been performed. Since the inclusive search for this signature has low sensitivity because of
overwhelming QCD multijet background, Higgs boson production in association with further
b-quarks was investigated. This production mode is characterised by an enhanced rate at large
values of tan 5. The analysis has been facilitated by specialized multijet triggers. No signal
was found in the searches performed [55,56]. The results are thus interpreted in a model-
independent way by placing upper limits on the product of signal production cross section and
branching ratio of decays into b-quarks on tan/ as a function of M, within several MSSM
benchmark scenarios. The study has yielded the best world sensitivity to date to the MSSM
Higgs bosons in the H — bb decay mode.

In the Next-to-Minimal Supersymmetric Standard Model (NMSSM) a further singlet is
assumed to solve the p problem. In particular there are scenarios in which a light scalar
boson with M} < Mz has a large singlet component so that its couplings to the SM particles
are suppressed. Therefore conventional present and past searches targeting either gluon-gluon
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Figure 16: Exclusion bounds from CMS searches for heavy Higgs bosons decaying into a pair
of tau leptons in the (M 4,tan 3) plane of the MSSM for the m?°d+ benchmark scenario [29].
Figure taken from Ref. [53].

fusion or b-quark associated production at hadron colliders or Higgs-strahlug process at electron-
positron colliders, could miss such a state. Instead it was suggested to search for this light state
in cascade decays of coloured SUSY particles [1|. Experimentally the signal was searched for in
multijet final state with two b-quarks resulting from the decay of the searched light scalar boson,
and therefore exhibiting resonance structure in its invariant mass distribution. No signal was
found, and results of the analysis were translated into constraints on the NMSSM parameters.
The results of these studies have been presented in Ref. [2].

Also a search for a very light pseudoscalar Higgs boson produced in decays of the 125 GeV
boson and decaying into tau lepton pairs was performed. The study probed masses of the
pseudoscalar boson in the range 4 < m, < 8 GeV, where the decay of a into a pair of tau
leptons dominates at high values of tan 5. No evidence for a signal has been established, and
upper limits on the 125 GeV Higgs boson production cross section times branching ratio of the
searched decay, B(H — aa — 47), have been devised as a function of m, [57].

6.6 Impact of interference effects in the search for additional Higgs
bosons

As shown in Ref. [58], interference and mixing effects between neutral Higgs bosons in the MSSM
with complex parameters can have a significant impact on the interpretation of LHC searches
for additional supersymmetric Higgs bosons. Complex MSSM parameters introduce mixing
between the CP-even and CP-odd Higgs states h, H, A into the mass eigenstates hi,ho, hs
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Figure 17: Exclusion bounds in the (Mpy+,tanf) plane of the MSSM obtained with
HiggsBounds [27,28]. The left plot shows the results for the m["*?* benchmark scenario [29]
with real parameters for u = 200 GeV (green) and p = 1 TeV (orange) as well as the exclusion
bound that would be obtained in the corresponding scenario with ¢4, = 7/4 and pp = 1 TeV
for the incoherent sum of cross sections with 3 x 3 mixing but without the interference contri-
bution (blue). The blue area is the same in the right plot, where it is compared with the result
taking into account the interference contribution in both the bb and the gg processes (red). For
illustration also the cases where the interference contribution is included only in the bb (black
line) and only in the gg (grey line) process are shown. Figures taken from Ref. [58].

and generate CP-violating interference terms. Both effects are enhanced in the case of almost
degenerate states. Such a situation is typically realised in an extended Higgs sector with a SM-
like Higgs state at about 125 GeV, since in the decoupling limit the additional Higgs bosons
tend to be heavy and nearly mass-degenerate.

Employing as an example an extension of the mZ‘Od’L benchmark scenario [29] by a non-zero
phase ¢4,, the interference contributions for the production of neutral Higgs bosons in gluon-
fusion and in association with b-quarks followed by the decay into a pair of 7-leptons have
been obtained in Ref. [58]. While the resonant mixing increases the individual cross sections
for the two heavy Higgs bosons hy and hg, strongly destructive interference effects between the
contributions involving hs and hg leave a considerable parameter region unexcluded that would
appear to be ruled out if the interference effects were neglected. This is shown in Fig. 17, where
the exclusion limits obtained from HiggsBounds [27,28] are compared with the result that would
be obtained if the interference contributions were neglected. The interference contributions give
rise to the unexcluded “fjord” in the right plot of Fig. 17 (red area). The chosen scenario with
p=1TeV and ¢4, = 7/4 is compared with the m***" benchmark scenario [29] with real
parameters for p = 200 GeV and p =1 TeV in the left plot of Fig. 17.
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7 Conclusions

In this report we have summarized some of the results that have been obtained in the project
B9 of the SFB 676, in which the underlying physics of electroweak symmetry breaking has been
probed in a joint effort between experimental activities in ATLAS and CMS and theoretical
investigations. The presented results comprise theoretical studies preceding the Higgs boson
discovery, experimental contributions to the Higgs boson discovery, the determination of prop-
erties of the detected state in close interplay between experiment and theory, precise theory
predictions and possible interpretations of the detected Higgs signal, as well as experimental
and theoretical aspects of searches for physics beyond the Standard Model in the Higgs sector.

The quest to identify the dynamics that is responsible for the generation of the property
of mass of elementary particles is one of the most important goals of current fundamental
science. The discovery of a Higgs boson has opened up a new window to the exploration of
the mechanism of electroweak symmetry breaking and of the structure of the vacuum. In this
project, this unique window has been exploited, and a lot of progress has been made within this
vibrant field. Future data on searches and precision measurements that can be obtained at the
LHC and beyond together with corresponding activities on the theory side provide excellent
prospects for further breakthroughs in this area of research.
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We report on the precision determination of the top-quark mass to next-to-next-to-leading
order in QCD in well-defined renormalization schemes using data from the Large Hadron
Collider for single-top and top-quark pair production. We also discuss the calibration of the
so-called Monte Carlo top-quark mass parameter which is determined from a comparison
to events with top-quark decay products. The implications of the measured value of the
top-quark mass for conclusions about the stability of the electroweak vacuum state of our
Universe are illustrated. At future lepton colliders, we provide for the first time matched
exclusive calculations valid both at the top threshold and in the continuum, also fully
differentially. In addition, we calculate fully off-shell top-pair production (also with an
associated Higgs boson) at next-to-leading order in QCD, which allows to extract the
top-Yukawa coupling with an unprecedented precision.

1 Introduction

Top-quark production features among the processes with the largest cross sections at the Large
Hadron Collider (LHC). So far, the LHC has collected high quality data at collision energies
up to 4/s = 13 TeV to be confronted with the high precision theory predictions of the Standard
Model (SM) of particle physics. For the latter, the current state-of-art is based on the Quantum
Chromodynamics (QCD) corrections up to the next-to-next-to-leading order (NNLO) in the
strong coupling constant ag, which can be used to determine the top-quark mass m; at this
theoretical accuracy. After the confirmation of the Higgs boson’s existence, these measured
values of the SM parameters m; and a, play a decisive role in addressing questions currently in
focus of the scientific community and related to the Higgs boson’s implications for our Universe
at very early times and the stability of the electroweak vacuum. Altogether this makes top-
quark physics at the moment one of the most interesting areas in particle physics and precision
predictions for processes at present and future colliders are a necessary prerequisites.

In this article we begin with a brief review of the present theory predictions for the pro-
duction of single top-quarks and top-quark pairs at the LHC. Then we report on the precision
determination of the top-quark mass m; (i) to NNLO in QCD in the MS scheme at a chosen
renormalization scale yu, from measured cross sections at various center-of-mass energies at the
LHC. Related, we also discuss the procedure for the calibration of the Monte Carlo top-quark
mass parameter used in the kinematic reconstruction of events with top-quark decay products.
Finally, we apply the measured values of m; and o, together with their present uncertainties
to the running of the Higgs boson’s self-coupling at large scales, which indicates stability of the
ground state of the electroweak theory.
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Vs =T7TeV Vs =8 TeV Vs =13 TeV
Oppser [PD] | 171891 £3.4 | 2475792 £4.6 | 831.47,30 £14.5

Table 1: Cross section for top-quark pair production at NNLO in QCD with errors shown as
0 4 A0gscale + Aoppr at various center-of-mass energies of the LHC using m(m;) = 160.9 GeV
in the MS scheme and the ABMP16 PDF set [1]. The scale uncertainty Acgcale is based on
the shifts for the choices p, = py = my(my)/2 and p, = py = 2my(m;) and Aoppr is the lo
combined PDF+a4+m; error.

At future electron-positron colliders, such as the planned International Linear Collider (ILC),
the top-quarks can be copiously produced by operating at center-of-mass energies around the
threshold to top-quark pair production. With the large statistics collected under such conditions
and the significantly reduced uncertainties due to experimental systematics in collisions with
electrons and positrons, the ILC is ideally suited for an improved precision measurement of my
as well as for investigating possible deviations from SM predictions in the top-quark related
processes. These aspects are detailed in the final section of this article.

2 Top-quark physics at the LHC

2.1 Inclusive top-quark hadro-production

The theoretical description of both top-quark pair production and single-top production has
reached a very high level of accuracy. According to the standard QCD factorization the cross
section is given as

UPP—>X(S’ mtz) = Z fl(M?) ® f](u?‘) ® 6-ij—>X (as(ur)a S, m?vﬂ?) ) (1)
ij

where py and p, are the factorization and renormalization scale and s is the center-of-mass
energy. The parton distribution functions (PDFs) in the proton are denoted by f; (i = ¢,4q,9)
and ;- x is the (hard) subprocess cross section for parton types ¢ and j to produce the final
state X, which can be a single top-quark or a ¢t pair. Both, PDFs and the partonic cross
sections in Eq. (1) are subject to the standard convolution in the parton momentum fractions,
denoted as “®”. The top-quark mass in Eq. (1) requires the choice of a renormalization scheme,
which we take to be the MS scheme, that is using m(p,)-

The hadro-production of ¢t pairs is a QCD process at Born level, i.e., the leading order
contributions to ;;_,.f are proportional to a? and the gluon-gluon-fusion process gg — tf driven
by the gluon PDF dominates. Higher order corrections to the respective inclusive partonic cross
sections have been calculated up to the NNLO in perturbative QCD [2-5] and the result shows
good apparent convergence of the perturbative expansion and greatly reduced sensitivity with
respect to variations of the scales y, and pir. The latter is conventionally taken as an estimate
of the residual theoretical uncertainty.

In Tab. 1 we quote results for the inclusive ¢t cross section at NNLO accuracy in QCD
using the Hathor code [6] with the PDF set ABMP16 [1] for various center-of-mass energies
of the LHC, /s = 7,8, and 13 TeV. The top-quark mass taken in the MS scheme is set to
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me(my) = 160.9 GeV and the strong coupling to agnf:‘r’)(MZ) = 0.1147. The PDF uncertainties
quoted represent the combined symmetric 1o uncertainty Ao (PDF + o +m;) arising from the
variation of the PDF parameters, as and m; in 29 PDF sets of ABMP16. Thanks to the high
precision LHC data used in the ABMP16 fit and NNLO accuracy in QCD the overall cross
section uncertainty is significantly reduced.

Single-top production on the other hand generates the top-quark in an electroweak interac-
tion at Born level. This proceeds predominantly in a vertex with a W-boson, top- and bottom-
quark and its orientation assigns single-top production diagrams to different channels. At
the LHC, the t-channel process (Fig. 1b) dominates, while the cross section for Wt-production
(Fig. 1c) is typically smaller by one order of magnitude and the s-channel contribution (Fig. 1a)
is negligible.

Higher order QCD corrections to the inclusive parton cross sections ;;_,; for the single-top
production in the t-channel are known to NNLO in the so-called structure function approxima-
tion [7] (see also Ref. [8]), which separately accounts for the QCD corrections to the light- and
heavy-quark lines, see Fig. 1b, neglecting dynamical cross-talk between the two quark lines,
which is expected to be small due to color suppression. Moreover, the known NNLO QCD
corrections to 6, are quite small. For the inclusive cross section Ref. [7] has reported the

: o sNNLO ) _NLO . _ NNLO /_NLO_ ., _ _
ratios 0y, /0,0y ~ —1.6% and o, /o, 0 ~ —1.3% at /s = 8 TeV for a pole mass

mPel® = 173.2 Gev.

The cross sections for t-channel single-top production are directly proportional to the light
quark PDFs. These are nowadays well constrained by data on the measured charged lepton
asymmetries from W gauge-boson production at the LHC [9]. Therefore data on cross sections
for t-channel production of single top-quarks offers the interesting possibility for a determination
of my, which is not subject to strong correlations between m;, as and the gluon PDF as is the
case for the cross section for tt-pair production.

In Figs. 2 and 3 we display the cross sections o,,,_,; and 0,,_,7 at next-to-leading order (NLO)
in QCD (computed with the Hathor library [6,10]) for LHC energies of /s = 7 and 8 TeV,
respectively, using my(m,) = 160.9 GeV with scale choice p, = py = my;(m,) and compare with
data from ATLAS [11] and CMS [12]. We use the NNLO PDF sets of ABMP16 [1]. CT14 [13],
MMHT14 [14], and NNPDF3.1 [15] and central value for each PDF set is complemented by
the symmetrized PDF uncertainty. Within the current large experimental uncertainties all
predictions in Figs. 2 and 3 agree with the data.

In the ratio of the cross sections R; = 0, ,7/0,p—i on the other hand many theoretical
and experimental uncertainties cancel as shown in Fig. 4. This quantity is thus a very sensitive
probe for the ratio of d/u quark PDFs at large x. While still all predictions for R; with the
various PDF sets agree with the data there are systematic shifts visible so that with improved
statistics for single-top production at /s = 13 TeV, this reaction might serve as a standard
candle process in the future, cf. Ref. [9].

2.2 Top-quark mass determination

The available high precision theory predictions for the inclusive top-quark hadro-production can
be used to extract the top-quark mass when confronted with accurate measurements of those
cross sections at the LHC. See, e.g., Ref. [1] for a recent compilation of the respective LHC
data sets and Ref. [17] for a review of earlier work on precise heavy-quark mass determinations,
including charm and bottom.
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Figure 1: Representative leading order Feynman diagrams for single top-quark production: (a)
s-channel; (b) t-channel; (c¢) in association with a W boson. Figures taken from Ref. [16].
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Figure 2: Cross sections together with their 1o PDF uncertainties for the ¢-channel production
of single (anti)top-quarks in pp collision at /s = 7 TeV in comparison to ATLAS data [11] for
a MS mass m;(m;) = 160.9 GeV at the scale u, = py = my(my) with PDF sets are taken at
NNLO. The inner (yellow) band denotes the statistical uncertainty and the outer (green) band
the combined uncertainty due to statistics and systematics.
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Figure 3: Same as Fig. 2 for pp collision at /s = 8 TeV in comparison to CMS data [12].
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Figure 4: Same as in Figs. 2 and 3 for the ratio of cross sections R, = 0, ,7/0,,_7 in comparison

to ATLAS data [11] at /s =7 TeV (left) and to CMS data [12] at /s = 8 TeV (right).

To that end, it is important to keep in mind that quark masses are not physical observables,
so that the determination of m; relies on comparing the parametric dependence of the theory
prediction oy, (my) with the experimentally measured cross section value gexp. The accuracy of
the extracted top-quark mass is intrinsically limited by the sensitivity S of oy, (my) to my,

Ao

g

Amt

my

= S x

(2)

For the processes under consideration the sensitivity S ~ 5 for ¢t hadro-production and S ~ 1.5
for single-top production in the ¢t-channel [10].

Next, the theory computation for oy,(my) is performed at a given order in perturbation
theory and requires the choice of a renormalization scheme for m;. The most common choice
are the on-shell scheme with the pole mass m?de and the MS scheme with the running top-
quark mass my(p,.), which are then extracted at a given order in perturbation theory. The
different mass definition can be related to each other in perturbation theory, see, e.g., Ref. [1§]
and Ref. [19] for a review of relations between these and other renormalization schemes such as
the so-called MSR mass.

Finally, it is important to address the correlation of the m; dependence in oy, (m;) with
all other input parameters, most prominently the PDFs in the proton and the strong coupling
constant ag. To account for those correlations any extraction of m; from hadro-production
cross sections should be performed as a global fit of m;, the PDFs and «; simultaneously [1].
Shifts in m; for a given choice of a fixed value of « in variants of the global fit performed
in Ref. [1] are illustrated in Fig. 5. As can be seen, these are sizable and easily exceed the
experimental uncertainty on m; indicated by the vertical bars.

Using the theory predictions with a running top-quark mass m;(u,.) at NNLO for ¢t pro-
duction [20] and for single-top production [16] the global analysis of Ref. [1] determines n the
MS scheme at NNLO the value

me(my) = 160.9+1.1 GeV. (3)
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Figure 5: The MS value of m;(m;) obtained in the variants of the ABMP16 analysis with
the value of agn'f:S)(MZ) fixed in comparison with the 1o bands for m:(m;) and aﬁ”f:5)(MZ)
obtained in the nominal ABMP16 fit (left-tilted and right-tilted hatch, respectively). Reprinted

figure with permission from Ref. [1]. Copyright (2017) by the American Physical Society.

The top-quark mass in Eq. (3) has been extracted in a well-defined renormalization scheme
with direct relation to the parameter in the QCD Lagrangian. A commonly used experimental
procedure, on the other hand, performs a fit of the top-quark mass parameter used in Monte
Carlo simulations of events with top-quark decays, when comparing those simulations to the
kinematic measurement of the top-quark decay products. The mass determined in this way is
therefore often referred to as the so-called top-quark Monte Carlo mass and the calibration of
this mass parameter has been a long-standing problem, since no renormalization schemes has
been specified in those Monte Carlo event generators.

To overcome this problem, Ref. [21] has proposed a method to establish experimentally the
relation between the top-quark mass mi\dc as implemented in a given Monte-Carlo generator
and the Lagrangian mass parameter m; in a theoretically well-defined renormalization scheme.
The method proceeds through a simultaneous fit of m}¢ and an observable with sensitivity to
my, such as the inclusive ¢ cross section o,,_,;; discussed above. In particular, this approach
does not rely on any prior assumptions about the relation between m; and mM¢, since the
measured observable, e.g., o, ;7 is independent of mMC and can be used subsequently for a

determination of my.

In Fig.6 the analysis strategy has been illustrated with a two parameter likelihood fit for

the measured Monte Carlo mass m