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Abstract. We investigate the Dirac bracket algebra of the scalar pregeometry including
topological pregeometry with BRST formalism, as the first step to its quantization. We
derive the precise expression for induced gravity, and discuss how the gravity is induced
from the topological theory.

1. Introduction

The quantum theory and the relativity are two of the greatest successes of
physics in this century. The problem is, however, that we have no realistic
quantum theory of general relativity. Tremendous efforts have been devoted
to this subjects, canonical quantization approaches, superstring theories,
searches for fundamental clues in lower dimensional systems, etc. Faced with
a so difficult problem, we may come to the question “Is the general relativ-
ity really fundamental?” “Should it really be quantized as the fundamental
object?” In fact, there exist theoretical schemes, called “pregeometry” by
Wheeler, where Einstein’s general relativity is not fundamental but is in-
duced from more fundamental ingredients [1]. In Sakharov’s idea, the Ein-
stein gravity is induced through quantum fluctuations of the matters. The
metric is a composite of the fundamental matter fields, and the quantum
properties of gravitation are secondary effects due to those of the funda-
mental matters, just like the quantum properties of the hadrons stem from
those of the quarks. Then we have first to establish the quantized theory of
pregeometric matters rather than the gravity itself. In this talk, we would
like to make a first step towards the quantization by applying the BRST
formalism to the scalar pregeometry [2].
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2. Scalar pregeometry

The fundamental action for pregeometry should be invariant under diffeo-
morphisms, and be written without metric, but with the matter-fields only.
If the matters are the scalar fields, the fundamental action is given by the
Nambu-Goto type one [3],

Ly= \/. det 8,610, 4 111 F(9). (1)

where ¢ is the fundamental scalar field, F(¢) is a function of &, and
nrr=diag(1,-1,-1,----1). In (1), pw=0,1,---,D - 1,D, and I,J=0,1,---N - 1,
where D is the number of the spacetime dimensions, and N is the number
of the field ¢. Now we briefly review how the Einstein gravity is induced in
this system. The Lagrangian Ly is equivalent to the following Lagrangian
with the auxiliary field g,.:

where g, plays the role of the metric, g = detg,,, and G(¢) = (D/2 -
1)(F(¢))~2/(P=2), They are equivalent because their equations of motion as
well as their commutator algebras of the fields coincide with those of each
other. The quantum effects of this Ly, give rise to this effective Lagrangian
of Einstein gravity,

Lr=v=3 (A + grgR) ®

where R is the scalar curvature, and A-and G;}l are divergent coeflicients,
which plays the roles of the cosmological and the Newtonian constants, re-
spectively. We introduce a momentum cutoff which we take as realistic one
connected with the fundamental scale. Thus the Einstein gravity is induced
with a composite metric.

3. BRST .Formalism

We should quantize the pregeometric matter Lagrangian Ly or L4, rather
than the Lagrangian Lp for the Einstein gravity.

1
Log =77 (380080, - G9)) . 0
The action Sgy = [ L4,dPz is invariant under diffeomorphisms

6¢I = 5}‘8/\¢1, 69;:1/ = guz\aw‘:/\ + gu/\auEI\ + 5/\8/\91“/- (5)
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where ¢* is an arbitrary infinitesimal function of z*.

Our strategy of quantization is as follows. 1) we fix the gauge by adding
the gauge fixing term, 2) add the Faddeev-Popov ghost term to make the
action invariant under BRST transformations, 3) exhaust the constraints of
the system, 4) work out their Poisson-bracket algebra, 5) define the Dirac
bracket, and assign the commutators.

We fix the gauge by the de Donder condition:

Lar = by, (V=99""). (6)

where by, is an auxiliary field. The BRST transformations of ¢! and g, are
given by replacing € in (5) by the Faddeev-Popov ghost c*:

Spd’ = 0, SBgu = 9,30, + 9,004 + POrgu. ™)

To make the total action invariant under the BRST transformation, we add
to the Lagrangian the Faddeev-Popov term

Lrp = iv/=gg" 8,€:9,¢", (8)
and define the BRST transformations for c#, €, and b, by

pc = *Orc#, 8pT, = ib, + *NE,, Opb, = P Orb,. (9)
The BRST transformations ég are nilpotent.

4. Constraints

Now the system is described by the Lagrangian (with §*¥ = /—gg*")

L= L¢1g+£GF+£FP
= —56‘“’6}4‘# * au¢ V4 —gG + aﬂg‘wbu + igyua#z/\aucl\- (10)
The canonical conjugate variables of ¢z, ¢¥, €, and §*", are, respectively,
18 = —PP0,¢s, 75 =id®8,T,, T =—ig%d,c",
W{‘;‘ =0, Pmn =0, Poo=bo, Pom = b /2. (11)
where p,v-.. = 0,1:'--,D -1, and m,n,--- =1,---,D — 1. Among them,

the first three are solved for the time derivatives, Gp¢!, OoCy, and Gpc*, while
the last four give the constraints

W{:NO, Pmn &0, Xo = Poo —bo = 0, Xm = Pom —bn /2% 0. (12)
The only non-vanishing Poisson bracket among the constraints is

[xu(2), 7 (9)lp = 646(x - y). (13)
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At this stage, 7}', and x, belong to the second class, while P, belongs to
the first class.
The Hamiltonian density reads

- 1 4 com (b 1 7Om
H = 2500(7‘- + 37" 0md) - (7% + 7 "0nd)

1 ~
+ 507" O - Ond+ (~H) PTG = 0™ by

.1 . . . _
+z§,—03(7rf\ - z_?]’o'"(?mé,\)(ré\ + zg""anc*) — GO TrOn (14)
which governs the time evolution of the physical quantities. For consistency,
the constraints should remain vanishing during the time evolution. As for
the second class constraints, we can make them so by adding appropriate

constraints to the Hamiltonian. On the other hand, the condition that the
first class constraint Py, remain vanishing implies the secondary constraint

_D-2/ 1 o N
By = 2 (—-2-6,,4, 0 — Dyyubny + 0TI ) — gmn 0. (15)

At this stage, the constraints are X, 7}, ®mn, and Pma. Though the Poisson
bracket algebra of them are complicated, it is diagonalized by introducing
Xu and 7} defined by

Xo = X0 + Pmnd ™" goo, Xk = Xk + 2PmnG" " Gok,
~ . - Kl
“2 = 7’27 “: = 7{: - (D - 2)al(pﬂm-a-"m /G), (16)
where
™ = =g (kg — grmgH), g = g - ™0™ g™, (17)

The only non-vanishing Poisson brackets among them are

[Xu(2), 7 (9)lp = 86(x ~ y), (18)
[le(a’)’ﬁmn(:‘/)h’ = Cklmns(x - Y)’ (19)
where
Chimn = —— (gk( o)t — _L—gklgmn) . (20)
‘/_'_—g mYn D -2

Now all the constraints belong to the second class, and can be kept vanishing
during the time evolution. Then, it is convenient to define the Dirac bracket
for arbitrary fields A(z) and B(z) by

[A(z),B(y)]D = [A(IE),B(y)]p
- [ (2@t 50
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~[A(2), Ru(NplFE (), BW)le
HA(2), Bu()]pC ™" (2)[@mn(2), B(y)lp
~[A(2), 81(2)]pC"™" (2)[Bran(2), B()lp | dz (21)

which vanishes if A(z) or B(z) is a constraint.

5. Quantization

We assign the equal-time (anti-)commutators in terms of the Dirac bracket
as

[A(2), B(y)] or {A(z),B(y)} = i[A(z), B(y)lp- (22)
Then we obtain for ¢/, ¢#, ¢,, §°#, and the conjugates r?, 7%, mE, bu(= Poo
or = 2P0m)

[¢] (z)ﬂw(y)] i6{8(x ~y), [§%(2),bu(y)] = i8Lé(x ~y),
{N2),m(w)} = i6R6(x —y), {ax(z),m5(v)} = i656(x~y),  (23)

and §™" depend on ¢!, c#, €,, b, through the constraint ®,,, ~ 0, and obey

[§*(2), ¢ (v)] = iCH™(z) 1 o

X (am¢l(x)an5(x - y) + D - 2gmn 6(}51 é(x y))
7 (2), 7 (y)] = C~"‘~""”(3E)<9mcy($)a §(x~y),
7 (2), 7 (y)] = = CH™"(2)0mc* (2)0a8(x — ),

gkl(x)aﬁo#(y)] = —gi’gopé(x -¥)
7(2), 3" (9)] = —~CH™ (2)8,8(% - y), (24)

with C¥m" = (D — 2)C*™" /G. The BRST charge is given by Qp = [ J3dx
with
1
= - e 4 0) -4+ 57009

?]00 (7§ = "™ B )(1d + g M)

+§§mn6m¢ M an¢ - ‘\/ "‘gG it ig’nﬂam_c—pancp>
+c" (1r¢ “Ond + 7500t + 7L 6,;5#)
by (=in + On(c"g% ~ OFH)) . (25)



264 KEIICHI AKAMA AND ICHIRO ODA
8. Quantum transition amplitude
The transition amplitude from the state ¥; to ¥y is given by
Ty = / D! D¢ DG Dy, Db, Drl De* D DE, Dt
3T T T [6(7)8(Xu)0(Bran ) 6(rmn) det Cijpi]
expi [P (- §+ B + xfhu+ mieh + LG~ M), (26)
Using the explicit expression of det C';;1, we get
det Cjjpt = (det gmn)P(v/=9) PP~/ x constant. (27)

The integrations by WZ‘ s Doy, and Pmn, are trivial. We perform the integrations
by 7§, 75, and 72
SDr{ DRt expi [ a0 (i -+ mies + w5 + 0,5 - 1)
= @) expi faPa, (28)

where £ = L4g + Lar + Lrp. We rewrite the §(®myn) as
T16(2mn) = / D(y/=gu™") expi / AP/ Zgu™" B, (29)
P
where 4™" is the Lagrange multiplier. Then we obtain
Ty = / D¢! D§* Db, De De, Du™ ¥} ¥;
I [@Y2 (V=5 expi [ aPa (L +V=gu™ @) . (30)
@

7. Induction of gravity

To get the effective Lagrangian L.g for induced gravity we perform the
integration by ¢ in Ty;

/D¢I expi/dDa: (L+ V=gu™"®p,) = expi/dDzﬁeﬁ. (31)

We use the stationary phase approximation, i. e. in the integration by ¢, we
neglect O(¢%) terms in £ + /—gu™"®,,,. After a lengthy calculation, we
finally obtain the effective Lagrangian

1 1
Len = V“g[167rGNR+ e

b,0,(v=9g") + ig" 88,0, ¢
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1¢1 m 1
+3{53 @AV = (DaU™)? + DnU™ Dol + 3(DnU)'}
1 2 mn\2 1 2 mn . .1‘
+3M2{@™) + S0P} 4 iU + ko (U™ R = SUR

+k3U"m (—6mbn + iam'é',\anc’\) ] (32)
with the divergent coefficients
- 3(D-2)
— 2AD 2 M - _________A
167Gy © ’ D ®
ky = 3pAD/2+1 ky = pAD/2—-1, ks = l (1 + _lé)—) A——D/2+1,
p
( p = \/N/6(D - 2)(D/2)\(4m)P/2 ) , (33)

where A is the ultraviolet cut off (Pauli-Villars mass), and the cosmological
constant A is fine-tuned to be 0. Since Gy > 0, the induced gravity is
attractive. Roles of the field U is not yet fully investigated.

8. Conclusions and discussions

If the number N of the fundamental scalar fields coincides with the number
of dimensions D, the scalar pregeometry becomes topological [4]. In this
case, we can show that no local physical mode exists. Only the topological
invariant quantitiex are observable. It is interesting to see that the gravity is
still induced. This is because the fundamental scale breaks the topological
symmetry.

In summary, if the Einstein gravity is an induced effect (pregeometry),
we have first to quantize the pregeometric matters rather than the gravity
itself. To make a first step towards the quantization we applied the BRST
formalism to the scalar pregeometry. We derived the Dirac bracket algebra,
but the problem of the operator ordering is not solved. We derived the
precise expression for induced gravity. It depends on the ultraviolet cutoff
A, which we take as the physical fundamental scale.

Finally, we would like to emphasize that, the quantum gravity has another
possibility that the fravity is not fundamental, and we should first quantize
the pregeometric matter.
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