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Abstract. We investigate the Dirac bracket algebra of the scalar pregeometry including 
topological pregeometry with BRST formalism, as the first step to its quantization. We 
derive the precise expression for induced gravity, and discuss how the gravity is induced 
from the topological theory. 

1. Introduction 

The quantum theory and the relativity are two of the greatest successes of 
physics in this century. The problem is, however, that we have no realistic 
quantum theory of general relativity. Tremendous efforts have been devoted 
to this subjects, canonical quantization approaches, superstring theories, 
searches for fundamental clues in lower dimensional systems, etc. Faced with 
a so difficult problem, we may come to the question "Is the general relativ­
ity really fundamental?" "Should it really be quantized as the fundamental 
object?" In fact, there exist theoretical schemes, called "pregeometry" by 
Wheeler, where Einstein's general relativity is not fundamental but is in­
duced from more fundamental ingredients [l]. In Sakharov's idea, the Ein­
stein gravity is induced through quantum fluctuations of the matters. The 
metric is a composite of the fundamental matter fields, and the quantum 
properties of gravitation are secondary effects due to those of the funda­
mental matters, just like the quantum properties of the hadrons stem from 
those of the quarks. Then we have first to establish the quantized theory of 
pregeometric matters rather than the gravity itself. In this talk, we would 
like to make a first step towards the quantization by applying the BRST 
formalism to the scalar pregeometry [2]. 
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2. Scalar pregeometry 

The fundamental action for pregeometry should be invariant under diffeo­
morphisms, and be written without metric, but with the matter·fields only. 
If the matters are the scalar fields, the fundamental action is given by the 
Nambu-Goto type one [3], 

(1) 

where ¢l is the fundamental scalar field, F(</>) is a function of ¢>1 , and 
17u=diag(l,-l,-l,. · ·,-1). In (1), µ,v=0,1,. · ·,D-1,D, and I,J=0,1,. · ·N -1, 
where Dis the number of the spacetime dimensions, and N i's the number 
of the field </>. Now we briefly review how the Einstein gravity is induced in 
this system. The Lagrangian L<f> is equivalent to the following Lagrangian 
with the auxiliary field 9µ11: 

(2) 

where 9µ 11 plays the role of the metric, 9 = det9µ 11 , and G(</>) = (D/2 -
1 )( F( ¢> ))-2/(D- 2). They are equivalent because their equations of motion as 
well as their commutator algebras of the fields coincide with those of each 
other. The quantum effects of this L<f>g give rise to this effective Lagrangian 
of Einstein gravity, 

(3) 

where R is the scalar curvature, and A· and GN1 are divergent coefficients, 
which plays the roles of the cosmological and the Newtonian constants, re­
spectively. We introduce a momentum cutoff which we take as realistic one 
connected with the fundamental scale. Thus the Einstein gravity is induced 
with a composite metric. 

3. BRST .Formalism 

We should quantize the pregeometric matter Lagrangian L<f> or L<f>g rather 
than the Lagrangian LR for the Einstein gravity. 

(4) 

The action S<f>g = f L<f>gdDx is invariant under diffeomorphisms 

{j ,1J = .,.A!'.),,1,f, {j !'.) ,\ + £:. ,\ + ,\£:. 
'f' c:. u,,..'f' 9µ11 = 9µ,\U11€ 911,\UµE € U,\9µ11· (5) 
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where £,\ is an arbitrary infinitesimal function of xµ. 
Our strategy of quantization is as follows. 1) we fix the gauge by adding 

the gauge fixing term, 2) add the Faddeev-Popov ghost term to make the 
action invariant under BRST transformations, 3) exhaust the constraints of 
the system, 4) work out their Poisson-bracket algebra, 5) d~fine the Dirac 
bracket, and assign the commutators. 

We fix the gauge by the de Donder condition: 

(6) 

where bv is an auxiliary field. The BRST transformations of </>1 and 9µv are 
given by replacing£,\ in (5) by the Faddeev-Popov ghost c,\: 

(7) 

To make the total action invariant under the BRST transformation, we add 
to the Lagrangian the Faddeev-Popov term 

r · r-;: µv !) - !) ,\ 
..... FP = iv -gg VµC,\VvC ' 

and define the BRST transformations for cµ, Cµ and bµ by 

cacµ = c,\8,\Cµ' CBCµ = ibµ + c,\8,\Cµ, cabµ = c,\8,\bµ­

The BRST transformations ca are nilpotent. 

4. Constraints 

Now the system is described by the Lagrangian (with gµv = ..;=ggµv) 

c = C</>g + £GF + CFP 

(8) 

(9) 

= -~9µ"8µ</>. 8v</>- FuG + 8µgµvbv + igµ"8µc,\8vc". (10) 

The canonical conjugate variables of </>J, cv, cv, and gµ", are, respectively, 

11"' - -g':::0µ8 A..J 11c - ig';:;(Jµ!) c 11" - -i':::Og µ!) c" J - µ'f' 1 v - Vµ V> c - Vµ I 

1rt = O, Pmn = O, Poo = bo, Pam = bm/2. (11) 

where µ,11··· = 0,1~···,D-1, and m,n,··· = l,···,D-1. Among them, 
the first three are solved for the time derivatives, 8o</>1, OoCµ, and 8ocl-', while 
the last four give the constraints 

1!'t ~ O, Pmn ~ 0, Xo = Poo - bo ~ 0, Xm =Pam - bm/2 ~ 0. {12) 

The only non-vanishing Poisson bracket among the constraints is 

(13) 
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At this stage, 7rt, and Xµ belong to the second class, while Pmn belongs to 
the first class. 

The Hamiltonian density reads 

1i = 

(14) 

which governs the time evolution of the physical quantities. For consistency, 
the constraints should remain vanishing during the time evolution. As for 
the second class constraints, we can make them so by adding appropriate 
constraints to the Hamiltonian. On the other hand, the condition that the 
first class constraint Pmn remain vanishing implies the secondary constraint 

<Pmn := D;; 
2 (-~8m</> · 8n</>- 8(mbn) + i8(mC>.8n)C>.) - 9mn ~ 0. (15) 

At this stage, the constraints are Xµi 7rt, <Pmn, and Pmn· Though the Poisson 
bracket algebra of them are complicated, it is diagonalized by introducing 
X1-1 and ?rt defined by 

XO = XO + PmnYmn goo, 

where 

""""1\c nkl - /-;: ("""'(k-l)n .,,,.,..n-kl) - y-g g g - g g , 

The only non-vanishing Poisson brackets among them are 

[Xµ(x),f?b(y)]P ~ t5~t5(x -y), 
[ 1h1(x),Pmn(Y)]P = C1<1mnt5(x - y), 

where 

CJdmn = )=g (9k(m9n)l - D ~ 29kl9mn) • 

(16) 

(17) 

(18) 
(19) 

(20) 

Now all the constraints belong to the second class, and can be kept vanishing 
during the time evolution. Then, it is convenient to define the Dirac bracket 
for arbitrary fields A( x) and B( x) by 

[A(x),B(y)]D = [A(x),B(y)]P 

- j ( [A(x),??t(z)]P[xµ(z),B(y)]P 
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-[A(x ), Xµ(z)]p[?i'f(z), B(y)]P 
+[A(x ),Pk1(z)]pCklmn(z)[<Pmn(z ), B(y)]p 

-[A(x ), <Pk1(z)]pCklmn(z)[Pmn(z), B(y)]P) dz (21) 

which vanishes if A( x) or B( x) is a constraint. 

5. Quantization 

We assign the equal-time (anti- )commutators in terms of the Dirac bracket 
as 

[A(x),B(y)] or {A(x),B(y)} = i[A(x),B(y)]o. (22) 

Then we obtain for <ti, cµ, C:µ, 'ifµ, and the conjugates 7rf, 7r~, 7r~, bµ(= Poo 
or= 2fiom) 

and -gmn depend on <f/, cµ, C:µ, bµ through the constraint <Pmn ~ O, and obey 

[gkl(x),7rf(y)] = iCklmn(x) 

( 
1 oG ) x Om<f>I(x)onc(x-y)+ D- 2Ymn

0
<P1 c(x-y) , 

[gk1(x ), 7r~(y)] = <]klmn(x )omcµ(x )onc(x - y), 
[gk1(x), 7r~(y)] = -Cklmn(x)omcµ(x)onc(x - y), 
[gkl(x),Poµ(y)] = -9k1Yoµc(x-y), 
[gkl(x),'§°m(y)] = _<]klmn(x)onC(:lf. -y), (24) 

with <]klmn = (D- 2)Cklmn /G. The BRST charge is given by Qa = J Jgdx 
with 

Jg= c0
( - 2~(7ref> +'§°mom¢)· (7ref> + gonon<P) 

+~ (7ri - i'§°mom'C>.)(7rf + igononc>.) 

+~gmnom<P ·On</> - FYG - igmnomCpOncP) 

+en ( 7rq, ·On</>+ 1f'~OnCµ. + 1f'~OnCµ) 
+bµ (-i'Tf'~ +On( en'§°µ - c0gnµ)). (25) 
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6. Quantum transition amplitude 

The transition amplitude from the state W; to ip f is given by 

T1; = j v4/1J-irfV'jj1'11Vpµv'DbµV7rt:VcµV7r~VcµV1r~ 
"Wj 'If i II [8(1l't:)8(,Xµ)8(pmn)8( cl>mn) det Cijki] 

x 

exp i j dD x ( 11'</> · ~ + PµvYµv + 7rt:bµ + 1r~cµ + 11'~~µ -1i) , (26) 

Using the explicit expression of det Cijkt. we get 

detCijkl = (detgmn)D(Fg)-D(D-l)/2 X constant. 
mn (27) 

The integrations by 71':;, Poµ, and Pmn are trivial. We perform the integrations 

b </> c d µ y 1f'r, 11'µ, an 1f'c; 

</> ( . . :.J)µ ) J V7rr V7r~V7r~ exp if dDx 11'</> · </> + 7r~cµ + 7r~cµ + bµg -1i 

= ('9°°)-D+N/2 exp i J dDxL, (28) 

where L = L<f>g + LGF + LFP· We rewrite the 8(cl>mn) as 

II 8(cl>mn) = J V(J=Yumn)expi J dDxJ=Yumncl>mn• 
x 

where umn is the Lagrange multiplier. Then we obtain 

T1; = j V</>IVgµ 11VbµVcµVcµVumnwj-W; 

(29) 

II [(9°°)Nf2( J=Y)D] exp i J dD x (L + J=Yumncl>mn). (30) 
x 

7. Induction of gravity 

To get the effective Lagrangian Leff for induced gravity we perform the 
integration by </> in T1; 

We use the stationary phase approximation, i. ~. in the integration by </>, we 
neglect 0( ¢3) terms in L + J=Yumncl>mn· After a lengthy calculation, we 
finally obtain the effective Lagrangian 

Leff = H[ l6:GN R + }::-gbµfJ 11 ( H9µ 11
) + igµv OµC)..011 C).. 
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+~{~(V>.umn)2 - (Vmumn)2 + VmUmnvnU + ~(VmU)2} 
+~M2 { (umn)2 + ~U2 } + k1U + k2 ( umn Rmn - ~UR) 

+k3Umn (-ombn + i8mC>.OnC>.) ] {32) 

with the divergent coefficients 

_1_ = 2AD-2 M = J3(D - 2) A 
l67tGN p ' D ' 

ki = 3pAD/2+1 k2 = pADl2-1, k3 = ~ ( 1 + ~) A-D/2+1, 

( p = VN/6(D - 2)(D/2)!(47t)D/2), (33) 

where A is the ultraviolet cut off (Pauli-Villars mass), and the cosmological 
constant >. is fine-tuned to be 0. Since GN > O, the induced gravity is 
attractive. !Wles of the field U is not yet fully investigated. 

8. Conclusions and discussions 

If the number N of the fundamental scalar fields coincides with the number 
of dimensions D, the scalar pregeometry becomes topological (4]. In this 
case, we can show that no local physical mode exists. Only the topological 
invariant quantitie1 are observable. It is interesting to see that the gravity is 
still induced. This is because the fundamental scale breaks the topological 
symmetry. 

In summary, if the Einstein gravity is an induced effect (pregeometry), 
we have first to quantize the pregeometric matters rather than the gravity 
itself. To make a first step towards the quantization we applied the BRST 
formalism to the scalar pregeometry. We derived the Dirac bracket algebra, 
but the problem of the operator ordering is not solved. We derived the 
precise expression for induced gravity. It depends on the ultraviolet cutoff 
A, which we take as the physical fundamental scale. 

Finally, we would like to emphasize that, the quantum gravity has another 
possibility that the 'kravity is not fundamental, and we should first quantize 
the pregeometric matter. 
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