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1 Introduction

Inflation is an attractive idea which explains the approximate homogeneity and isotropy of
the early Universe, while also providing a mechanism for the production of perturbations
which lead to a small breaking of these symmetries. The simplest model of inflation involves
a scalar field, called the inflaton, with a potential which is positive and slowly varying
during the inflationary era. The positive and approximately constant potential gives rise
to a spacetime which is well described, upto small corrections, by four dimensional de Sitter
space (dS4). This spacetime is homogeneous and isotropic, in fact highly symmetric, with
symmetry group SO(4,1). Quantum effects, due to the rapid expansion of the Universe
during inflation, give rise to small perturbations in this spacetime. These perturbations
are of two types: tensor perturbations, or gravity waves, and scalar perturbations, which
owe their origin to the presence of the inflaton.

The past decade or so has seen impressive advances in observational cosmology. These
advances, for example in the measurement of the cosmic microwave background, increas-
ingly constrain some of the parameters which appear in the inflationary dynamics. This
includes a determination of the amplitude of the two-point correlator for scalar pertur-
bations, and more recently, a measurement of the tilt in this correlator and a bound on
magnitude of the scalar three point function [1, 2]. In fact, observations are now able to
rule out several models of inflation, see for e.g. [1].

These observational advances provide a motivation for a more detailed theoretical
study of the higher point correlation functions for perturbations produced during inflation.
There are theoretical developments also which make this an opportune time to carry out
such a study. Assuming that the SO(4, 1) symmetries of de Sitter space are shared by the
full inflationary dynamics, including the scalar field, to good approximation, this symmetry
group can be used to characterize and in some cases significantly constrain the correlation
functions of perturbations produced during inflation. Although the idea of inflation is
quite old, such a symmetry based analysis, which can sometimes lead to interesting model
independent consequences, has received relatively little attention, until recently.

Another related theoretical development comes from the recent intensive study of the
AdS/CFT correspondence in string theory and gravity. Four dimensional AdS space, AdSy,
is related, by analytic continuation to dSy, and its symmetry group SO(3,2) on continuation



becomes the SO(4,1) symmetry of dSs. As a result, many of the techniques which have
been developed to study correlators in AdS space can be adapted to the study of correlators
in de Sitter space. It is well known that the SO(3,2) symmetries of AdS, are also those
of a 2+ 1 dimensional conformal field theory. It then follows that the SO(4, 1) symmetries
of dSy are the same as those of a 3 dimensional Euclidean Conformal Field Theory. This
connection, between symmetries of dS4 and a 3 dimensional CFT, is often a useful guide in
organizing the discussion of de Sitter correlation functions. A deeper connection between de
Sitter space and CFTs, analogous to the AdS/CFT correspondence, is much more tentative
at the moment. We will therefore not assume that any such deeper connection exists in
the discussion below. Instead, our analysis will only use the property that dSs and CF'Tj
share the same symmetry group.

More specifically, in this paper, we will use some of more recent theoretical devel-
opments referred to above, to calculate the four point correlator for scalar perturbations
produced during inflation. We will work in the simplest model of inflation mentioned
above, consisting of a slowly varying scalar coupled to two-derivative gravity, which is of-
ten referred to as the slow-roll model of inflation. This model is characterized by three
parameters, the Hubble constant during inflation, H, and the two slow-roll parameters,
denoted by €, 1, which are a measure of the deviation from de Sitter invariance. These
parameters are defined in eq. (2.3), eq. (2.4). In our calculation, which is already quite
complicated, we will work to leading order in ¢, 7. In this limit the effects of the slow vari-
ation of the potential can be neglected and the calculation reduces to one in dS space. The
tilt of the two-point scalar correlator, as measured for example by the Planck experiment,
suggest that €,n are of order a few percent, and thus that the deviations from de Sitter
invariance are small, so that our approximation should be a good one.

In the slow-roll model of inflation we consider, one knows before hand, from straight-
forward estimates, that the magnitude of the four point scalar correlator is very small. The
calculation we carry out is therefore not motivated by the hope of any immediate contact
with observations. Rather, it is motivated by more theoretical considerations mentioned
above, namely, to explore the connection with calculations in AdS space and investigate
the role that conformal symmetry can play in constraining the inflationary correlators.

In fact, the calculation of the four point function in this model of inflation has already
been carried out in [3], using the so called “in-in” or Schwinger-Keldysh formalism. Quite
surprisingly, it turns out that the result obtained in [3] does not seem to satisfy the Ward
identities of conformal invariance. This is a very puzzling feature of the result.! It seemed
to us that it was clearly important to understand this puzzle further since doing so would
have implications for other correlation functions as well, and this in fact provided one of
the main motivations for our work.

The result we obtain for the four point function using, as we mentioned above, tech-
niques motivated by the AdS/CFT correspondence, agrees with that obtained in [3]. Since
the final answer is quite complicated, this agreement between two calculations using quite
different methods is a useful check on the literature.

"We thank P. Creminelli and M. Simonovic for bringing this puzzle to our attention and for sharing
their Mathematica code where the Ward identities are checked with us.



But, more importantly, the insights from AdS/CFT also help us resolve the puz-
zle regarding conformal invariance mentioned above. In fact techniques motivated from
AdS/CFT are well suited for the study of symmetry related questions in general, since
these techniques naturally lead to the wave function of the Universe which is related to the
partition function in the CFT.

We find that the wave function, calculated upto the required order for the four point
function calculation, is indeed invariant under conformal transformations. However our
calculation also reveals a subtlety, which is present in the de Sitter case and which does
not have an analogue in the AdS case. This subtlety, which holds the key to the resolution,
arises because one needs to proceed differently in calculating a correlation function from a
wave function as opposed to the partition function (in the presence of sources). Given a
wave function, as in the de Sitter case, one must carry out a further sum over all configu-
rations weighting them with the square of the wave function, as per the standard rules of
quantum mechanics, to obtain the correlation functions.

This sum also runs over possible values of the metric. This is a sign of the fact that the
metric is itself a dynamical variable on the late-time surface on which we are evaluating
the wave function. We emphasize that this is not in contradiction with the fact that the
metric perturbation becomes time independent at late times. Rather, the point is that
there is also a non-zero amplitude for this time-independent value to be non-trivial. In
contrast, in the AdS case, where the boundary value of the metric (the non-normalizable
mode) is a source, one does not carry out this further sum; instead correlation functions
are calculated by taking derivatives with respect to the boundary metric.

From a calculational perspective, this further sum over all configurations in the de
Sitter case requires a more complete fixing of gauge for the metric. This is not surprising
since even defining local correlators in a theory without a fixed background metric requires
a choice of gauge. This resulting gauge is not preserved in general by a conformal trans-
formation. As a result, a conformal transformation must be accompanied by a suitable
coordinate parameterization before it becomes a symmetry in the chosen gauge. Once this
additional parameterization is included, we find that the four point function does indeed
meet the resulting Ward identities of conformal invariance. We expect this to be true for
other correlation functions as well.

There is another way to state the fact above. The correlation functions that are
commonly computed in the AdS/CFT correspondence can be understood to be limits of
bulk correlation functions, where only normalizable modes are turned on [4]. However, as
emphasized in [5], the expectation values of de-Sitter perturbations that we are interested
in cannot be obtained in this way as a limit of bulk correlation functions. As a result, they
do not directly satisfy the Ward identities of conformal invariance, although a signature of
this symmetry remains in the wave function of the Universe from which they originate.

The Ward identities of conformal invariance, once they have been appropriately un-
derstood, serve as a highly non-trivial test on the result especially when the correlation
function is a complicated one, as in the case of the scalar four point function considered
here. The AdS/CFT point of view also suggests other tests, including the flat-space limit
where we check that the AdS correlator reduces to the flat space scattering amplitude of



four scalars in the appropriate limit. In a third series of checks, we test the behavior of
the correlator in suitable limits that are related to the operator product expansion in a
conformal field theory. Our result meets all these checks.

Before proceeding let us discuss some of the other related literature on the subject.
For a current review on the present status of inflation and future planned experiments,
see [6]. Two reviews which discuss non-Gaussianity from the CMB and from large scale
structure are, [7], and [8] respectively. The scalar four point function in single field in-
flation has been discussed in [3, 9-12]. The general approach we adopt is along the lines
of the seminal work of Maldacena [13]. (See also [14].) Some other references which con-
tain a discussion of conformal invariance and its implications for correlators in cosmology
are [15-28]. Some discussion of consistency conditions which arise in the squeezed limit
can be found in [14, 29-41]. An approach towards holography in inflationary backgrounds
is given in [42, 43].

This paper is structured as follows. Some basic concepts which are useful in the
calculation are discussed in section 2, including the connection between the wave function
in dS space and the partition function in AdS space. Issues related to conformal invariance
are discussed in section 3. A term in the wave function needed for the four point correlator
is then calculated in section 4, leading to the final result for the correlator in section 5.
Important tests of the result are carried out in section 6 including a discussion of the Ward
identities of conformal invariance. Finally, we end with a discussion in section 7. There

are six important appendices which contain useful supplementary material.

2 Basic concepts
We will consider a theory of gravity coupled to a scalar field, the inflaton, with action
1 1
5= [dovmar| 3R - 5(v02 - V()| (2.1)

Note we are using conventions in which ¢ is dimensionless. Also note that in our conventions
the relation between the Planck mass and the gravitational constant is

1
2
=—. 2.2
PL= 831G (2.2)
If the potential is slowly varying, so that the slow-roll parameters are small,
vV'\?
= — 1 2.3
‘ <2v> < (23)
and
1"
=—x1 2.4
n v < 1, ( )
then the system has a solution which is approximately de Sitter space, with metric,
3 . .
ds? = —dt* + a*(t) Z dz'dzx’, (2.5)
i=1
a?(t) = 1, (2.6)



where the Hubble constant is,

]{:V2: (2.7)

This solution describes the exponentially expanding inflationary Universe.

The slow-roll parameters introduced above can be related to time derivatives of the
Hubble constant, in the slow-roll approximation, as follows,

H
€ _ﬁ7 (28)
while 7 is given by,
i
=€— ——. 2.9
U SHIT (2.9)

Using the slow-roll approximation we can also express € in terms of the rate of change
of the scalar as,
1 ¢?

‘=@

(2.10)

de Sitter space is well known to be a highly symmetric space with symmetry group
SO(1,4). We will refer to this group as the conformal group because it is also the symmetry
group of a conformal field theory in 3 dimensions. This group is ten dimensional. It consists
of 3 rotations and 3 translations in the 2 directions, which are obviously symmetries of
the metric, eq. (2.5); a scale transformations of the form,

. . 1
b= X't —t— Elog()\); (2.11)

and 3 special conformal transformations whose infinitesimal form is

. . . . . . e_QHt
' — ' —2(bjat )x" + bZ<Z(x])2 -5 )7 (2.12)
J
bl
t%t+2%§3 (2.13)

where b?,i = 1,2,3 are infinitesimal parameters. This symmetry group will play an impor-
tant role in our discussion below.

As mentioned above during the inflationary epoch the Hubble constant varies with
time and de Sitter space is only an approximation to the space-time metric. The time
varying Hubble constant also breaks some of the symmetries of de Sitter space. While
translations and rotations in the 2’ directions are left unbroken, the scaling and special
conformal symmetries are broken. However, as long as the slow-roll parameters ¢, 7, are
small this breaking is small and the resulting inflationary spacetime is still approximately
conformally invariant.



2.1 The perturbations

Next we turn to describing perturbation in the inflationary spacetime
write the metric in the ADM form,

ds? = —N2dt* + hy;(dx’ + N'dt)(dz? + N7dt).

By suitable coordinate transformations we can set the lapse function

and the shift functions to vanish,

The metric then takes the form,
ds* = —dt* + hyjda'da’.

We will work in this gauge throughout in the following discussion.
The metric of dS space can be put in this form, eq. (2.5) with

hij = eQHt(SZ-j.
Perturbations about dS space take the form
hij = g,
with
gij = 0ij + Vij,
Yij = 2G04 + Vi
By definition the metric perturbation 7;; meets the condition,

i = 0.

. Following, [13], we

(2.14)

(2.15)

(2.16)

(2.17)

(2.22)

The tensor modes are given by 7;;. Let us note here that the expansion in eq. (2.21)

is true to lowest order in the perturbations, higher order corrections

will be discussed in

appendix D and will be shown to be unimportant to the order we work.

Besides perturbations in the metric there are also perturbations in the inflaton,

¢ = o(t) +6¢

where ¢(t) is the background value of the inflaton.

(2.23)

The metric of dS space, eq. (2.17), eq. (2.18) is rotationally invariant with SO(3)
symmetry in the 2 directions. This invariance can be used to classify the perturbations.

There are two types of perturbations, scalar and tensor, which transform as spin 0 and spin

2 under the rotation group respectively. The tensor perturbations arise from the metric,

7ij- The scalar perturbation physically arises due to fluctuations in the inflaton field.

We turn to describing these perturbations more precisely next.



2.1.1 Gauge 1

We will be especially interested in understanding the perturbations at sufficiently late time,
when their wavelength becomes bigger than the Horizon scale H. At such late times the
perturbations become essentially time independent. It turns out that the coordinate trans-
formations used to bring the metric in the form eq. (2.14) meeting conditions, eq. (2.15),
eq. (2.16), does not exhaust all the gauge invariance in the system for describing such time
independent perturbations. Additional spatial reparameterizations of the kind

' — ' 4 v'(x) (2.24)

can be carried out which keep the form of the metric fixed. These can be used to impose
the condition

From eq. (2.22), eq. (2.25) we see that 7;; is now both transverse and traceless, as one
would expect for the tensor perturbations.

In addition, a further coordinate transformation can also be carried out which is a
time parameterization of the form,

t—t+ e(x). (2.26)

Strictly speaking to stay in the gauge eq. (2.15), eq. (2.16), this time parameterization
must be accompanied by a spatial parameterization

' — 2t + ' (t, ), (2.27)

where to leading order in the perturbations

1
2H

vt = (Dje)e 211, (2.28)
However, at late time we see that v* — 0 and thus the spatial parameterization vanishes.
As a result this additional coordinate transformation does not change %;; which continues
to be transverse, upto exponentially small corrections.

By suitably choosing the parameter € in eq. (2.26) one can set the perturbation in the
inflaton to vanish,

5 = 0. (2.29)

This choice will be called gauge 1 in the subsequent discussion. The value of (, defined
in eq. (2.21), in this gauge, then corresponds to the scalar perturbation. It gives rise to
fluctuations of the spatial curvature.

2.1.2 Gauge 2

Alternatively, having fixed the spatial reparameterizations so that 7;; is transverse,
eq. (2.25), we can then choose the time parameterization, €, defined in eq. (2.26) differently,
so that

¢ =0, (2.30)



and it is the scalar component of the metric perturbation, instead of d¢, that vanishes.
This choice will be referred to as gauge 2. The scalar perturbations in this coordinate
system are then given by fluctuations in the inflaton d¢.

This second gauge is obtained by starting with the coordinates in which the perturba-
tions take the form given in gauge 1, where they are described by (,7;;, and carrying out
a time reparameterization

¢
t—>1t+ — 2.31
=t o (2.31)

to meet the condition eq. (2.30). The tensor perturbation 7;; is unchanged by this coordi-
nate transformation. If the background value of the inflaton in the inflationary solution is

¢ = o(t), (2.32)

the resulting value for the perturbation d¢ this gives rise to is?

i«

0p = 2.
o=-% (23
Using eq. (2.10) we can express this relation as

56 = —V/2¢eC. (2.34)

For purposes of calculating the 4-pt scalar correlator at late time, once the modes have
crossed the horizon, it will be most convenient to first use gauge 2, where the perturbation
is described by fluctuations in the scalar, d¢, and then transform the resulting answer to
gauge 1, where the perturbation is given in terms of fluctuation in the metric component,
¢. This turns out to be a convenient thing to do for tracing the subsequent evolution of
scalar perturbations, since a general argument, following essentially from gauge invariance,
says that ¢ must be a constant once the mode crosses the horizon. This fact is discussed
in [44-49], for a review see section [5.4] of [50].

2.2 Basic aspects of the calculation

Let us now turn to describing some basic aspects of the calculation. Our approach is based
on that of [13]. We will calculate the wave function of the Universe as a functional of the
scalar and tensor perturbations. Once this wave function is known correlation functions
can be calculated from it in a straightforward manner.

In particular we will be interested in the wave function at late times, when the modes
of interest have crossed the horizon so that their wavelength A > H. At such late times the
Hubble damping results in the correlation functions acquiring a time independent form.
Since the correlation functions become time independent the wave function also becomes
time independent at these late enough times.

2There are corrections involving higher powers of the perturbation in this relation, but these will not be
important in our calculation of the four point function.



The perturbations produced during inflation in the slow-roll model are known to be
approximately Gaussian. This allows the wave function, which is a functional of the per-
turbations in general, to be written as a power series expansion of the form,

oh@)] =e | - § [ Eaduxenw)0@owm)
(2.35)
+g [ dadtyd @@ 0@O0EO0E) + -

This expression is schematic, with x standing for a generic perturbation which could be
a scalar or a tensor mode, and the coefficients (O(x)O(y)), (O(x)O(y)O(z)) being func-
tions which determine the two-point three point etc correlators. Let us also note, before
proceeding, that the coefficient functions will transform under the SO(1, 4) symmetries like
correlation functions of appropriate operators in a Euclidean Conformal Field Theory, and
we have denoted them in this suggestive manner to emphasize this feature.

For our situation, we have the tensor perturbation, 7;;, and the scalar perturbation,
which in gauge 1 is given by d¢. With a suitable choice of normalization the wave function
takes the form?

2
wlbo] = e | T (= § [ Paval@] @ov/ata) b0(e)0s(w) 0@Ow)
— ;/dgzv\/g(w) Py 9(y) 7ij (@) v (y) (T ()T (y))
1 [ Ea@) P aly) (=)

06(@)36(y)i;(2)(0(x)O(y) T (2))

b o Ja@) o) /3 o)
56()60(y)d(2)d(w)(0O(2)O(y)O(2)O(w)) + - - - >] ,

(2.36)

Where g(x) = det[g;j(x)] and g;; is given in eq. (2.20).
The terms which appear explicitly on the r.h.s. of eq. (2.36) are all the ones needed for
calculating the four point scalar correlator of interest in this paper. The ellipses indicate

additional terms which will not enter the calculation of this correlation function, in the
2

leading order approximation in %, where loop effects can be neglected. The graviton two-
point correlator and the graviton-scalar-scalar three point function are relevant because
they contribute to the scalar four point correlator after integrating out the graviton at tree
level as we will see below in more detail in sec 5.

In fact only a subset of terms in eq. (2.36) are relevant for calculating the 4-pt scalar
correlator. As was mentioned in subsection 2.1.2 we will first calculate the result in gauge 2.
Working in this gauge, where ¢ = 0, and expanding the metric g;; in terms of the pertur-

3The coefficient functions include contact terms, which are analytic in some or all of the momenta.



bation 7;;, eq. (2.20), one finds that the terms which are relevant are

2 3 3
stbolk). ] =exp | T (= [ G5 SR dolha)o(ha) O k)0 k) (237

1 / d*k1 ks
(2m)? (2m)?

2 7 (ka)y” (k) (T (k1) T (—k2))

3 3 3
B 411/(6;:)13 (6127’:)23 (dgf; 5 (k1)0 (ko) (k3)(O(—k1)O(—k2)T*(—k3))

vqf ﬁ [ O 0(k) 1Ok O a) O~k O ) |

In eq. (2.37) we have shifted to momentum space, with

(@) = [ 2 somyens (2.59)
) @n)? '
and similarly for v;; and all the coefficient functions appearing in eq. (2.37). Also, since
7ij is transverse we can write

2

i (k) =D vs(k)e; (k). (2.39)

s=1

where efj(k), s = 1,2, is a basis of polarization tensors which are transverse and traceless.
Some additional conventions pertaining to our definition for €; etc are given in appendix A.

Of the four coefficient functions which appear explicitly on the r.h.s. of eq. (2.37),
two, the coefficient functions (O(ky)O(kz2)) and (T°(k1)T* (k2)) are well known. The
function (O(k1)O(k2)T*(ks)) was obtained in [13], for the slow-roll model of inflation
being considered here, and also obtained from more general considerations in [27], see
also [21]. These coefficient functions are also summarized in appendix A. This only leaves
the (O(k1)O(k2)O(k3)O(k4)) coefficient function. Calculating it will be one of the major

tasks in this paper.

Conventions. Before proceeding it is worth summarizing some of our conventions. Vec-
tors with components in the z* directions will be denoted as boldface, e.g., «, k, while their
magnitude will be denoted without the boldface, e.g., z = |x|, k = |k|. Components of such
vectors will be denoted without bold face, e.g., k*. The Latin indices on these components
will be raised and lowered using the flat space metric, so that k' = k;, ' = x;, and also

2.3 The wave function

The wave function as a functional of the late time perturbations can be calculated by doing
a path integral,

(x) )
ule) = [ Dy, (2.40)

where S is the action and y stands for the value a generic perturbation takes at late time.

,10,



To make the path integral well defined one needs to also specify the boundary condi-
tions in the far past. In this paper we take these boundary conditions to correspond to
the standard Bunch Davies boundary conditions. In the far past, the perturbations had a
wavelength much shorter than the Hubble scale, the short wavelengths of the modes makes
them insensitive to the geometry of de Sitter space and they essentially propagate as if in
Minkowski spacetime. The Bunch Davies vacuum corresponds to taking the modes to be
in the Minkowski vacuum at early enough time.

An elegant way to impose this boundary condition in the path integral above, as
discussed in [13], is as follows. Consider de Sitter space in conformal coordinates,

3
1 A
ds? = o ( —dn® + g (dx’)2>, (2.41)
1=1

with the far past being n — —oo, and late time being n — 0. Continue 1 so that it
acquires a small imaginary part n — n(1 — ie),e > 0. Then the Bunch Davies boundary
condition is correctly imposed if the path integral is done over configurations which vanish
at early times when 7 — —oo(1 — i€). Note that in general the resulting path integral is
over complex field configurations.

As an example, for a free scalar field with equation,

Vip =0, (2.42)
a mode with momentum k, ¢ = fx(n)e’®® which meets the required boundary condition is
fr = c1(k)(1 — ikn)etn. (2.43)

The second solution,
fre = ca(k)(1 + ikn)e™*n (2.44)

is not allowed. Since f; # fkff the resulting configuration which dominates the saddle point
is complex.

With the Bunch Davies boundary conditions the path integral is well defined as a
functional of the boundary values of the fields at late time.

We will evaluate the path integral in the leading saddle-point approximation. Correc-
tions corresponding to quantum loop effects are suppressed by powers of H/Mp; and are
small as long as H/Mp) < 1. In this leading approximation the procedure to be followed
is simple. We expand the action about the zeroth order inflationary background solution.
Next, extremize the resulting corrections to the action as a function of the perturbations,
to get the equations which must be satisfied by the perturbations. Solve these equations
subject to the Bunch Davies boundary conditions, in the far past, and the given boundary
values of the perturbations at late times. And finally evaluate the correction terms in the
action on-shell, on the resulting solution for the perturbations, to obtain the action as a
functional of the late time boundary values of the perturbations. This gives, from eq. (2.40)

P[x(z)] = eSomsmenlX(@)], (2.45)

— 11 —



This procedure is further simplified by working in the leading slow-roll approximation,
as we will do. In this approximation, as was mentioned above, the metric becomes that
of de Sitter space, eq. (2.5) with constant H. Since the slow-roll parameters, eq. (2.3),
eq. (2.4) are put to zero, the potential V', eq. (2.1), can be taken to be a constant, related
to the Hubble constant by eq. (2.7). The resulting action for the small perturbations is
then given by

- 1 1
S = / d4x\/ —det(gyuw + 09,0 ) ME, 5 B(G + 0g) = V = 5(v5<z>)2 : (2.46)

Here g, denotes the background value for the metric in de Sitter space, eq. (2.5), and V' is
constant, as mentioned above. dg,, is the metric perturbation, and d¢ is the perturbation
for the scalar field, eq. (2.23).

Notice that the action for the perturbation of the scalar, is simply that of a minimally
coupled scalar field in de Sitter space. In particular self interaction terms coming from
expanding the potential, for example a (§¢)* term which would be of relevance for the four-
point function, can be neglected in the leading slow-roll approximation. One important
consequence of this observation is that the correlation functions to leading order in the
slow-roll parameters must obey the symmetries of de Sitter space. In particular, this must
be true for the scalar 4-point function.

2.4 The partition function in AdS and the wave function in dS

The procedure described above for calculating the wave function in de Sitter space is very

analogous to what is adopted for calculating the partition function AdS space. In fact this

connection allows us to conveniently obtain the wave function in de Sitter space from the

partition function in AdS space, after suitable analytic continuation, as we now explain.
Euclidean AdSy space has the metric (in Poincare coordinates):

3

1 .

d82 = RZAdS; <d22 =+ E (d[]ﬁl>2> (247)
=1

with z € [0,00]. R is the radius of AdS space.
After continuing z, H to imaginary values,

z = —in, (2.48)
and, '
i
R = 2.49
s = - (249)
where 1 € [—00,0] and H is real, this metric becomes that of de Sitter space given in
eq. (2.41).

The partition function in AdS space is defined as a functional of the boundary values

that fields take as z — 0. In the leading semi-classical approximation it is given by

AdS

Zx(z)] = e~ Son-shell (2.50)
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S (ﬁl‘fheu is the on shell action which is obtained by substituting the classical solution

where
for fields which take the required boundary values, z — 0, into the action. We denote these
boundary values generically as x(z) in eq. (2.50).

Besides the boundary conditions at z — 0 one also needs to impose boundary condi-
tions as z — oo to make the calculation well defined. This boundary condition is imposed
by requiring regularity for fields as z — oo.

For example, for a free scalar field with momentum k, ¢ = fre’*®. the solution to the

wave equation, eq. (2.42) is,
fio = c1(k) (1 + k2)e ™ + co(k)(1 — kz)e. (2.51)
Regularity requires that ¢y must vanish, and the solution must be
fre = c1(k)(1 4 kz)e %=, (2.52)
At z — 0 the solution above goes to a z independent constant
fr = ci(k). (2.53)

More generally a solution is obtained by summing over modes of this type,

3 .
gb(z,m):/(;lﬂl;g (k)(1 + kz)e F=etk 2, (2.54)

Towards the boundary, as z — 0, this becomes,

3 .
b(x) = / (;l;;?)qﬁ(kz)e““'m. (2.55)

The AdS on-shell action is then a functional of ¢(k).

The reader will notice that the relation between the partition function and on-shell
action in AdS space, eq. (2.50), is quite analogous to that between the wave function and
on shell action in dS space eq. (2.45). We saw above that after the analytic continuation,
eq. (2.48), eq. (2.49), the AdS metric goes over to the metric in dS space. It is easy to
see that this analytic continuation also takes the solutions for fields in AdS space which
meet the regularity condition as z — oo, to those in dS space meeting the Bunch Davies
boundary conditions. For example, the free scalar which meets the regularity condition, as
z — 0, in AdS, is given in eq. (2.52), and this goes over to the solution meeting the Bunch
Davies boundary condition in dS space, eq. (2.43). Also after the analytic continuation
the boundary value of a field as z — 0 in AdS, becomes the boundary value at late times,
as 7 — 0 in dS, as is clear from comparing eq. (2.53) with the behavior of the solution in
eq. (2.43) at n — 0.

These facts imply that the on-shell action in AdS space when analytically continued
gives the on-shell action in dS space. For example, for a massless scalar field the action in
AdS space is a functional of the boundary value for the field ¢(k), eq. (2.55), and also on
the AdS radius Rags. We denote

Sl = Soveshen[@(k), Raas)- (2.56)

on-shell on-shell
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to make this dependence explicit. The on shell action in dS space is then obtained by
taking Raqs — i/H,

S5 a0(8). H] = i 53500000 77| (257)

Note that on the Lh.s. in this equation ¢(k) refers to the late time value of the scalar field
in dS space. The factor of 7 on the r.h.s. arises because the analytic continuation eq. (2.48)
leads to an extra factor of ¢ when the z integral involved in evaluating the AdS action is
continued to the 7 integral in dS space.

Two more comments are worth making here. First, it is worth being more explicit
about the analytic continuation, eq. (2.48), eq. (2.49). To arrive at dS space with the Bunch
Davies conditions correctly imposed one must start with regular boundary condition in AdS
space, z — 00, and then continue z from the positive real axis to the negative imaginary
axis by setting

z = |z|e"® (2.58)

and taking ¢ to go from 0 to /2. In particular when ¢ = w/2 — €, n = iz is given by

n = —|z[(1 —ie) = =[n|(1 —ie), (2.59)

so that n has a small positive imaginary part. Imposing the regularity condition then
implies that fields vanish when n — oo, this is exactly the condition required to impose
the Bunch Davies boundary condition.

Second, one subtlety we have not discussed is that the resulting answers for correlation
functions can sometimes have divergences and needs to be regulated by introducing a
suitable cutoff in the infra-red. Physical answers do not depend on the choice of cut-off
procedure and in any case this issue will not arise for the calculation of interest here, which
is to obtain the scalar four-point correlator.

2.5 Feynman-Witten diagrams in AdS

As we mentioned above, the wave function of the Universe helps to elucidate the role of
various symmetries, such as conformal invariance. This itself makes the on-shell action in
AdS a useful quantity to consider. However, there is another advantage in first doing the
calculation in anti-de Sitter space.

The various coefficient functions in the wave function of the Universe can be computed
by a set of simple diagrammatic rules. These Feynman diagrams in AdS are sometimes
called “Witten diagrams”. They are closely related to flat-space Feynman diagrams, except
that flat space propagators must be replaced by the appropriate Green functions in AdS.
Taking the limit where the external points of the correlators reach the boundary, we obtain
correlators in one-lower dimension, which are conformally invariant.

These correlators have been extensively studied in the AdS/CFT literature, where sev-
eral powerful techniques have been devised to calculate them, and check their consistency.
We will bring some of these techniques to bear upon this calculation below. In fact, the
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four point scalar correlator that we are interested in, has been computed in position space
in [51] and in [52]. Here we will compute this quantity in momentum space.

Although, in principle, we could have obtained this answer by Fourier transforming
the position space answers, it is much more convenient to do the calculation directly using
momentum space Feynman-Witten diagrams. The use of momentum space is particu-
larly convenient in odd boundary dimensions, since the propagators simplify greatly, and
exchange interactions can be evaluated by a straightforward algebraic procedure of com-
puting residues of a complex function, as we will see below.

2.6 Basic strategy for the calculation

Now that we have discussed all the required preliminaries in some detail, we are ready
to spell out the basic strategy that we will adopt in our calculation of the scalar four
point function. First, we will calculate the coefficient function (O(x1)O(x2)O(x3)O(x4)),
which, as was discussed in section 2.2, is the one coefficient function which is not already
known. This correlator is given by a simple set of Feynman-Witten diagrams that we can
evaluate in momentum space. With this coefficient function in hand, all the relevant terms
in the on-shell AdS action are known, and we can analytically continue the Fuclidean
AdS result of section 4.1 to de Sitter space in section 4.2. We then proceed to calculate
the four point scalar correlator from it as discussed in section 5. Before embarking on
the calculation though we let us first pause to discuss some general issues pertaining to
conformal invariance in the next section.

3 Conformal invariance

Working in the ADM formalism, with metric, eq. (2.14), the action, eq. (2.1), is given by

2
_ M3

=5

/ V—=h [NR(3) —2NV+%(EijEij —EQ)+%(at¢—zvia,¢)2—Nhiﬂ‘a,-gﬁaj(z) (3.1)
where

1
Eij = 5(8thm — VZ'N]' — v]’Ni),

} (3.2)
E =FE;.
The equations of motion of N;, N give rise to the constraints
Vi[N~Y(E: - 6'E)] = 0, (3.3)
R®) oy — %(EUE”' — E?) - %(@gb — N'9;¢)* — h99;00; = 0 (3.4)
respectively.

The constraints obtained by varying the shift functions, NV;, leads to invariance under
spatial reparameterizations, eq. (2.24). The constraint imposed by varying the lapse func-
tion, N, leads to invariance under time reparameterizations, eq. (2.26). Physical states
must meet these constraints. In the quantum theory this implies that the wave function
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must be invariant under the spatial reparameterizations and the time reparameterization,
eq. (2.24), eq. (2.26), for a pedagogical introduction see [53]. We will see that these condi-
tions give rise to the Ward identities of interest.

Under the spatial parameterization, eq. (2.24) the metric and scalar perturbations
transform as

Yij = Vij + 0%ij = Yij — Vivj = Vjvi, (3.5)
8¢ — 6+ 8(0¢) = 6¢p — v D0 (3.6)

Requiring that the wave function is invariant under the spatial parameterization imposes
the condition that

V[vij + 675, 09 + 8(68)] = ¥[vij, 66). (3.7)
For the wave function in eq. (2.36) imposing this condition in turn leads to constraints

on the coefficient functions. For example, it is straightforward to see, as discussed in
appendix B that we get the condition,

0:(Ti;()O(y1)O(y2) = 8 (x — y1)<3y{0(y1)0(y2)> + 0% (@ — y2)<0(y1)3y%0(’y2)>- (3.8)

Similar conditions rise for other correlation functions. These conditions are exactly the
Ward identities due to translational invariance in the conformal field theory.
Under the time reparameterizations, eq. (2.26), the metric transforms as

Yij = Vij + 2He(az)5ij. (3.9)

The scalar perturbation, d¢, at late times is independent of ¢ and thus is invariant under
time parameterization. The invariance of the wave function then gives rise to the condition

Ylvij + 2He(), 00] = ¢[vij, 0] (3.10)

which also imposes conditions on the coefficient functions. For example from eq. (2.37) we
get that the condition

(T3i(®)O(y1)O(y,)) = =38°(x — 41)(0(y1)0(y2)) — 38° (= — ¥)(O(y1)O(yy))  (3.11)

must be true, as shown in appendix B. Similarly other conditions also arise; these are all
exactly the analogue of the Ward identities in the CFT due to Weyl invariance, with O
being an operator of dimension 3.

The isometries corresponding to special conformal transformations were discussed in
eq. (2.12), eq. (2.13). We see that at late times when e~ 2#* — 0 these are given by

z' — x' —2(bjal )z’ + biZ(xj)z, (3.12)
J
bixl
t—t+22 1
—t+ I (3.13)

We see that this is a combination of a spatial parameterization, eq. (2.24) and a time pa-
rameterization, eq. (2.26). The invariance of the wave function under the special conformal
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transformations then follows from our discussion above. It is easy to see, as discussed in
appendix B that the invariance of the wave function under conformal transformations leads
to the condition that the coefficient functions must be invariant under the transformations,

O(x) — O(x) + 60(x),
00(x) = —6(x - b)O(x) + DO(x), (3.14)
D=2*b-9)—2(b-z)(x-9).
and
Tij(x) — Tij + 0T35,
0Ty = —6(x - b)Ty; — 2M" Ty — 2M" Ty + DTy,
MF; = (2% — 2'bF),
D=2%b-8)—2(b-x)(z- ).

(3.15)

The resulting conditions on the coefficient functions agree exactly with the Ward identities
for conformal invariance which must be satisfied by correlation function in the conformal
field theory.

Specifically for the scalar four point function of interest here, the relevant terms in
the wave function are given in eq. (2.37) in momentum space. The momentum space
versions of eq. (3.14), eq. (3.15) are given in the appendix B.2 in eq. (B.17), eq. (B.19),
eq. (B.21), eq. (B.22). It is easy to check that the two point functions, (O(k1)O(k2))
and (Tj;(k1)Ty(k2)) are both invariant under these transformations. The invariance of
(O(k1)O(k2)T*(ks)) was discussed e.g. in [21, 27]. In order to establish conformal in-
variance for the wave function it is then enough to prove that the coefficient function
(O(k1)O(k2)O(k3)O(ky4)) is invariant under the transformation eq. (B.21). We will see
that the answer we calculate in section 4 does indeed have this property.

3.1 Further gauge fixing and conformal invariance

We now come to an interesting subtlety which arises when we consider the conformal invari-
ance of correlation functions, as opposed to the wave function, in the de Sitter case. This
subtlety arises because one needs to integrate over the metric and scalar perturbations, to
calculate the correlation functions from the wave function. In order to do so the gauge
symmetry needs to be fixed more completely, as we will see in the subsequent discussion.
However, once this additional gauge fixing is done a general conformal transformation does
not preserve the choice of gauge. Thus, to test for conformal invariance of the resulting
correlation functions, the conformal transformation must be accompanied by a compensat-
ing coordinate transformation which restores the choice of gauge. As we describe below,
this compensating transformation is itself field-dependent. The invariance of the correla-
tion functions under the combined conformal transformation and compensating coordinate
transformation is then the signature of the underlying conformal invariance.

Let us note here that this subtlety does not have a corresponding analogue in the AdS
case, where one computes the partition function, and the boundary value of the metric
is a source which is non-dynamical. It is also worth emphasizing, before we go further,
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that due to these complications it is in fact easier to test for the symmetries in the wave
function itself rather than in the correlators which are calculated from it. Calculating the
wave function by itself does not require the additional gauge fixing mentioned above. Thus
the wave function should be invariant separately under conformal transformations and
spatial reparameterizations. Once this is shown to be true the invariance of the probability
distribution function P[d¢] and all correlation functions under the combined conformal
transformation and gauge restoring parameterization then follows.

We will now discuss this issue in more detail. Let us begin by noting, as was discussed
in section 2, that the conditions, eq. (2.15), eq. (2.16), do not fix the gauge completely.
One has the freedom to do spatial reparameterizations of the form eq. (2.24), and at late
times, also a time parameterization of the form, eq. (2.26). Using this freedom one can
then fix the gauge further, for example, leading to gauge 1 or gauge 2 in section 2. In fact
it is necessary to do so in order to calculate correlation functions from the wave function,
otherwise one would end up summing over an infinite set of copies of the same physical
configuration.

As a concrete example, consider the case where we make the choice of gauge 2 of
subsection 2.1.2. In this gauge ¢ = 0 and the metric 7;; is both traceless and transverse.
On carrying out a conformal transformation, the coordinates z‘,¢ transform as given in
eq. (3.12) and eq. (3.13) respectively. As shown in appendix B eq. (B.12),

Oy
5ij(z) = 2M™ jYim + 2M™ iy — (22b™ — 22™(z - b)) g”g;n), (3.16)
x
where 67;; = 7;;(z) — vi;() is the change in v;; and M™; = b — 2Ip™.
Since d7;; = 0, %’j remains traceless and ¢ continues to vanish. However
0idij = —6b 5 # 0, (3.17)
so we see that ’yzfj (z) is not transverse anymore.
Now, upon carrying out a further coordinate transformation
' =z’ +u'(x) (3.18)
7i; transforms as
ii(®) = vii () + 07ij4,
Yij (@) = vij () Yig (3.19)
5'7ij == —82-1)]- — 6jvi.
Choosing
: —6b ()
v (x) = TJ (3.20)

it is easy to see that transformed metric perturbation 7;; continues to be traceless and
also now becomes transverse. The combination of the conformal transformation, eq. (3.12)
and the compensating spatial parameterization eq. (3.18), eq. (3.20), thus keep one in
gauge 2. Let us note here that we will work with perturbation with non-zero momentum,

thus % = —k—lz will be well defined.
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The scalar perturbation d¢ transforms like a scalar under both the conformal trans-
formation, eq. (3.12) and the compensation parameterization eq. (3.18) with eq. (3.20).
It then follows that under the combined transformation which leaves one in gauge 2 it
transforms as follows:

5 — 0 + 6(66), (3.21)
3(6¢) = 6 (59) + 6 (59), (3.22)
where §¢(§¢) is the change in §¢ due to conformal transformation eq. (3.12),
59 (6p(x)) = —(2%b" — 22%(x - b)) aii dp(x) (3.23)
and 67(6¢) is the change in §¢ under spatial parameterization eq. (3.18) with eq. (3.20)
5 (6p(x)) = —v'(2)0;00(x). (3.24)

It is important to note that the coordinate transformation parameter v%, eq. (3.19) is itself
dependent on the metric perturbation, 7,5, eq. (3.20). As a result the change in d¢ under
the spatial parameterization is non-linear in the perturbations, v;;, d¢. This is in contrast
to 6% (8¢) which is linear in d¢. As we will see in section 6.1 when we discuss the four point
function in more detail, a consequence of this non-linearity is that terms in the probability
distribution function which are quadratic in d¢ will mix with those which are quartic,
thereby ensuring invariance under the combined transformation, eq. (3.22).

The momentum space expression for 6 (d¢(z)) is given in eq. (B.20) of appendix B.2.
We write here the momentum space expression for v and §%(5¢(z))

60" ypi (k
uitk) = SIHE), (3.29
B (K —
5 (3¢ (k)) = i6b" k' / (Cé :)23 V’F;C(’j kjj)&b(kz). (3.26)

3.2 Conformal invariance of the four point correlator

Now consider the four point scalar correlator in gauge 2. It can be calculated from 1[0¢, ;5]
by evaluating the functional integral:

4
(00(1)00(x2)0(x3) 00 (4)) ZN/D[5¢]D[W] [T 60@@:) [b[6¢,vi] 1. (3:27)
i=1
The normalization A is given by

Nl = / DS ig) 10166, 7i5][% (3.28)

The integral over the field configurations in eq. (3.27) can be done in two steps. We can
first integrate out the metric to obtain a probability distribution which is a functional of
d¢ alone,

Plso(a)] = N / Dl 10156, (3.29)
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and then use P[0¢(x)] to compute correlations of d¢, in particular the correlator,

4
(00(21)0¢(w2)0p(x3)0¢(24)) = /D[5¢>] [[d¢(zi)Pl5g). (3.30)
i=1

Note that the integral over the metric +;; is well defined only because of the further gauge
fixing which was done leading to gauge 2.

The invariance of the wave function under conformal transformations and compen-
sating spatial reparameterizations implies that the probability distribution P[d¢] must be
invariant under the combined transformation generated by the conformal transformation
and compensating parameterization which leaves one in the gauge 2. This gives rise to the
condition

P[é¢ + 6(d¢)] = Plog) (3.31)
where 6(0¢) is given in eq. (3.22) with eq. (3.23) and eq. (3.24). We will see in section 6.1
that our final answer for P[0¢] does indeed meet this condition.

4 The (O(x1)O(x2)O(x3)O(x4)) coefficient function

We now compute the coefficient of the quartic term in the wave function of the Universe.
This coefficient is the same as the four point correlation function of marginal scalar oper-
ators in anti-de Sitter space. As explained above, this calculation has the advantage that
it can be done by standard Feynman-Witten diagram techniques. In the next section, we
put this correlator together with other known correlators to obtain the wave function of
the Universe at late times. This can then easily be used to compute the expectation value
in de Sitter space that we are interested in.

Additional conventions. Some additional conventions we will use are worth stating
here. The Greek indices p,v,--- , take 4 values in the z,2%,i = 1,2,3, directions. The
inverse of the back ground metric g, is denoted by g"”, while indices for the metric
perturbation dg,, are raised or lowered using the flat space metric, so that, e.g., 6g"” =

77””59;»;77””-
4.1 The calculation in AdS space

We are now ready to begin our calculation of the (O(x1)O(x2)O(x3)O(x4)) coefficient
function. As discussed in subsection 2.6 we will first calculate the relevant term in the
partition function in Euclidean AdS space and then continue the answer to obtain this
coefficient function in dS space. This will allow us to readily use some of the features
recently employed in AdS space calculations. However, it is worth emphasizing at the
outset itself that it is not necessary to do the calculation in this way. The problem of
interest is well posed in de Sitter space and if the reader prefers, the calculation can be
directly done in de Sitter space, using only minor modifications in the AdS calculation.
The perturbations in dS space we are interested in can be studied with the action given
in eq. (2.46). For the analogous problem in AdS space we start with the action
Mg,

S=— / d*z\/g[R — 27\ — (V5¢)?] (4.1)

— 20 —



where g,,, here is a Euclidean signature metric, and A, the cosmological constant. AdS
space arises as the solution of this system with metric, eq. (2.47), and with the scalar
8¢ = 0. The radius Raqg in eq. (2.47) is related to A,* by

3
Rias

A=— (4.2)

To simplify the analysis it is convenient to set Raqs = 1, the dependence on Rags

can be restored by noting that the action is dimensionless, so that the prefactor which
2 2

multiples the action must appear in the combination %. The metric in eq. (2.47)

then becomes '
dz? + (dz")?

ds® = 2 (4.3)
where the index 7 takes values, 1 = 1, 2, 3.
For studying the small perturbations we expand the metric by writing
Juv = Guv + 59;;1/ (4.4)

where g, is the AdS metric given in eq. (4.3) and d0g,, is the metric perturbation. Ex-
panding the action, eq. (4.1) in powers of the perturbations dg,, and d¢ then gives,

M2
S =S50+ Sgtay — = / d*2+/5 5" 0(66)0,(50) + Sins. (45)

So in eq. (4.5) is the action for the background AdS space with metric eq. (4.3). Sgi)w is the
quadratic part of the metric perturbation. Using the action given in [54] (see also eq. (98)
in [55]), and using the first order equations of motion the quadratic action for the graviton
can be simplified to [56]

M2 . i N _
S = % / d'z\/g (59” C0guw + 269" Ryupnodg? + 297 5gpuv0695> : (4.6)

with (SNgW = 0gM” — %g‘“’égg. We also expand S, to linear order in dg,,, since higher
order terms are not relevant to our calculation.

M2 1
—rl / d*z\/G 5 99" T, (4.7)

Sint = 9

where the scalar stress energy is

T = 20,(66)0,(00) — §uw g’ 0a(69)5(59). (4.8)

Let us note that the quadratic term, eq. (4.6), can also be written as, see eq. (98) in [55],

(2) MP2’1 4 = 1 aff 1 )2 1 )2 1 af
Sgrav :T d .’B\/§ —2A4 — ngaﬁdg + é(éga) +<{—R g((sga) - 1(5901659
1 1
_ 5gu/35gﬁaRau + 559369”5&5 _ Zvu(ggaﬂvu(;gaﬂ
1 @ 1 « 1 as v
+ ZvuégaV“égg — 5Vg§gav,ﬁgﬂﬂ + §V 0g 6vyéga5H. (4.9)

4Note that in our conventions A < 0 corresponds to AdS space.
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From eq. (4.5) we see that the scalar perturbation is a free field with only gravitational
interactions. The four point function arises from Si,; due to single graviton exchange. The
scalar perturbation gives rise to a stress energy which sources a metric perturbation. Using
the action eq. (4.5) we can solve for dg,, in terms of this source and a suitable Green’s
function. Then substitute the solution for the metric perturbation back into the action to
obtain the on-shell action as a function of ¢, .

From eq. (4.5) we see that to leading order the scalar perturbation, d¢, satisfies the
free equation in AdS space. For a mode with momentum dependence e¢*® the solution,
which is regular as z — oo is given by

6 = (1 + kz)e F2eike, (4.10)

A general solution is obtained by linearly superposing solutions of this type. For calculating
the four point scalar correlator we take

4
5¢ =Y (ki) (1 + kiz)e Fizetki® (4.11)
i=1

so that it is a sum of four modes with momenta ki, - - - kg, with coefficients ¢(k;).
Notice that towards the boundary of AdS space, as z — 0,

4
0 =Y d(ki)e*™. (4.12)
i=1
Thus the procedure above yields the partition function in AdS space as a function of the
external scalar source, eq. (4.12). On suitably analytically continuing this answer we will
then obtain the wave function in de Sitter space as a functional of the boundary value of
the scalar field given in eq. (4.12) from where the four point correlator can be obtained.
To proceed we must fix a gauge for the metric perturbations, because it is only after do-
ing so we can solve for the metric uniquely in terms of the matter stress tensor. Alternately
stated, the Feynman diagram for graviton exchange involves the graviton propagator, which
is well defined only after a choice of gauge for the graviton. We will choose the gauge

0g,, =0, dg,; =0, (4.13)

with i = 1,2, 3, taking values over the z° directions. We emphasize that, at this stage,
our final answer for the correlation function in anti-de Sitter space, or the on shell action
is gauge invariant and independent of our choice of gauge above. After the analytic con-
tinuation, eq. (2.48), this gauge goes over to the gauge eq. (2.15), eq. (2.16) discussed in
section 2.1 in the context of dS space.’

The on-shell action, with boundary values set for the various perturbations, has an
expansion precisely analogous to (2.37). As we mentioned there, the only unknown co-
efficient is the four-point correlation function (O(x1)O(x2)O(x3)O(x4)). Although, at

tree-level this correlator can be computed by solving the classical equations of motion, it is

®The conformal time 7 in eq. (2.48) is related to ¢ in eq. (2.14) by n = e~ 7*.
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more convenient to simply evaluate the Feynman-Witten diagrams shown in figure 1. The

answer is then simply

SAdS

on-shell —

R dzy d
AdS Z1 z2 .3 3 rav
/ T PP rag g T (a1, 20) G L (21,21, 2, 20)

g’“’”gl”QTklz1 (2, 22). (4.14)

In this equation the scalar stress-tensor Tj; is given in (4.8), and the graviton propagator
G#?V is given by [56, 57]

Bk o qp? [ J3(p21)J3(p22) 1
grav. _ ik-(x1—x2) P 2 - T T ToTin — TiiT
Ciju /(%)36 /o 2 [\/217(13 —|—p)2( t T =TT | (4:15)

where "
Tij = 0ij + —5=. (4.16)
p
Since the z-integrals in (4.14) just impose momentum conservation in the boundary direc-
tions, the entire four-point function calculation boils down to doing a simple integral in
the radial (z) direction. Here, the factors of z%l come from the determinant of the metric
to give the appropriate volume factor.

Note that the projector that appears in the graviton propagator is not transverse and
traceless. As we also discuss in greater detail below in section 6.2, this is the well known
analogue of the fact that the axial gauge propagator in flat space also has a longitudinal
component. For calculational purposes it is convenient to break up our answer into the
contribution from the transverse graviton propagator, and the longitudinal propagator.
This leads us to write the graviton propagator in a form that was analyzed in [58] (see eq.
4.14 of that paper), and we find that the four point correlation function

M?2, R?
Somshell = %4 (W + 2R, (4.17)

where, W is obtained from the scalar stress tensor, eq. (4.8), and the transverse graviton
Greens function, Gyj (21, T1; 22, 2).

— 3 3 1o 170 2 kika 5l
W:/dzld CCleQd .’EQTiljl (Zl,:131)5“12(5]1]26;1'2&7162[2 (21,:131;22,:132)(5 1Rz 51 QTklll (22,:132) .

(4.18)
In the expression above, we have also canceled off the volume factors of Z% in (4.14) with
the two factors of 22 in the raised metric. The transverse graviton Green function is almost
the same as (4.15)

_ Bk o dp? [ J2(p21)J3 (p22) 1
Gii . _ 1k:~(w1—:82)/ 2 2 -
j,k:l(zlyxla 22, T2) / (27T)3€ 0 2 ) (k2 —i—p2) 2

(4.19)
(iiﬁ}z + 7~Zﬁ}k - 7~;j7~7<:l> ] )
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z=0

13 7 z=0

z

(a) S-Channel (b) T-Channel (c¢) U-Channel

Figure 1. Three different contribution corresponding to S,T and U-channel to the scalar four point
correlator are shown in the three figures. The brown solid vertical line represents the 3-dimensional
boundary of AdS, at z = 0, the black solid lines are boundary to bulk scalar propagators whereas
the green wavy lines are graviton propagators in the bulk.

except that 73]-, which appears here, is a projector onto directions perpendicular to k,

~ kik;
Tij = 6ij — k;.

After momentum conservation is imposed on the intermediate graviton, we have k =

(4.20)

k1 + k2. Details leading to eq. (4.18) are discussed in appendix C.

The other term on the r.h.s. of eq. (4.17), R, arises from the longitudinal graviton
contribution (which is just the difference between (4.15) and (4.19)) and it is convenient
for us to write it as a sum of three terms,

R =Ry + Ry + Ry, (4.21)
with,
d3x1dz 1
Ry = —/lelTZj(mlazl)agsz(wl’zl)’
1

1 d3w1d21 1
Ry = —5 / . 5szj(x17Z1)§Tzz(wlvzl)7 (422)

1 [ d3zidz 1)’
Ry = _4/121 0iT.;(x1, 21) <2> 0iT.i(x1, 21),

where % denotes the inverse of 0,:0,;6%.

Substituting for d¢ from eq. (4.12) in the stress tensor eq. (4.8) one can calculate
both these contributions. The resulting answer is the sum of three terms shown in fig-
ure 1(a), 1(b), 1(c), which can be thought of as corresponding to S,7T, and U channel
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contributions respectively. In the S channel exchange, figure 1(a), the momentum carried
by the graviton along the 2 directions is,

k =k + ko. (4.23)

The contributions of the T',U channels can be obtained by replacing ko < ks, and
ko < k4 respectively.

The S channel contribution for W which we denote by W (k1, k2, ks, k4) turns out
to be

4 4
WS (ky, ks, ks, ka) = 16(27)° 6 ( > kJ> <H ¢(k1))ﬁ75(k1, ko, ks, k4) (4.24)

I=1

W k kq).k k k2).k
Wﬂ%kbk%k&ku):_g[{krk3+{<z-+ 1)k H{ (ks + 3><ﬁ}
k1 + k2|

(k1 + k) ko) (ks + ka) ka) {(k2 + k1)-k1 } (ka + ka).ka}
for + ka? } * {"”“ * oy + ka? }

{kz-ka N {(ko + k1).k2}{(kq + k3).k3} } B {k1.k2 (k2 + k1) k1 H{(F1 + k2).k2} }
|k1 + k2|? k1 + k2|?
{k3.k54 _ {(k3 + ka).ka}{(ka + k3).k3} H »
k1 + Ea2|?
klkg(kl + k2)2 ((k‘l + k2)2 — k% — ]{72 — 4k3k4)
[{ (kl + ko — k3 — k4)2(k‘1 + ko + k3 + k4)2(k1 + ko — |k1 + kz’)(k‘l + ko + ’kl + kz’)
kit k1 + ko n k1 + ko
Yrks (ki + k2)2 + K2+ k2 + dksks | K1 + Kal® — (k1 + ko)2
1 1
S hRiRThR R RiRTE TR
Iy + keal® (—K2 — dkgky — k2 + |y + ki ?) (=k2 — dkaks — k2 + kg + ka|?)
2 (—k2 — 2koky — k2 + [k + k2[2)” (—k2 — 2kaks — k2 + k1 + ka?)

1,293,4)}

] , (4.25)

The S channel contribution for R is denoted by R®(ky, ko, k3, k4) and is given by

4 4
R (k1, ka2, k3, kq) = 16(27)° 63 < > k:J> [H qﬁ(k:[)] R (K1, k2, ks, ka), (4.26)
J=1 =1

where

Ai(k1, k2, k3, kyq) Az(ky, ko, k3, kq)
(k)l + ko + k3 + k4) (k?l + ko + k3 + k4)2
Az(ky, ko, k3, kq)
(kl + ko + ks + k4)3

ﬁs(k17k2ak3;k4> =

(4.27)
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with

ks - ka (1 - ko (k] + k3) + 2k{k3)

Ax(k1, ka2, k3, ka) = Sk + Fal? +{1,2 & 3,4}
2|k1 + k}2|2
8“431 + k2‘4 ’ ’

1
Ao (K1, k2, ks, kq) = — STk & kal? {k3k4(1€3 + ka) (k1 - ka2 (K + k3) + 2k7K3)

(kska+ks-ka)+kika(ki+ko)(kika+k1 ko) (ks -ka (k5+k7)+2k3k3) }
1 2 2 2 2
S % A ko -k
2o + ka2 [lﬁ 2 - kgki(ka 4 k3) + kikz - kak3 (ko + k4)
ke K33y + k) + Fer - eak33 (b + )|

ki- ko
+ [W((lﬁ + ko) (ks - ka (K3 + k3) + 2k3K7)

+ k3k‘4(k3 + k‘4)(k3k‘4 + k3 - k4)) + {1, 2 &3, 4}:| , (4.29)
k1koksky(k1 + ko) (k3 + ka)(k1ko + k1 - k2)(ksks + ks - k
As(kq, ko, ks, kq) = — 1hakska(ky 2) ks 4?]25—11-152% 1 ko) (haks 3 ka)
 kikokska(k1kg - kgks + kika - kaks + k1 - kgkoka + k1 - kakoks)
|k1 + kal|?

1

= Nkyko(k1ko + k1 - ko) (k3 - kg (K2 + k2) + 2Kk2K?
+4|k1+k2]2 1ko(kika + k1 - k2) (ks - ka (k3 + k3) + 2k3K3)
+ Koy - kokska(ky + ko) (ks + k) (kska + ks - ka) + {1,2 3,4}}

3kikokska(kika + k1 - k2)(ksks + k3 - ka)
4 . 4.30
4 k1 + k2|? ( )

Details leading to these results are given in appendix C. The full answer for S(ﬁl‘fheu is

obtained by adding the contributions of the S, T, U channels. This gives, from eq. (4.17),

M2R%2 «T1. — N __
S e = I)ITMS Q{Ws(kla ko, ks, ka) + W (k1, k3, k2, ka) + W5 (kq, ka, k3, k2) }
+ R%(ky, ko, k3, ky) + RS (k1, k3, ko, ks) + R (K1, ky, k3, k2) (4.31)

where WS (kq, kg, ks, k4) is given in eq. (4.24) and RS (kq, k2, ks, k4) is given in eq. (4.26).
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4.2 Analytic continuation to de Sitter space

As we explained in section 2.4, the on-shell action Son herp Obtained above can be analyti-
So, the AdS correlator that
we have computed above continues directly to the coefficient function in the wave function

cally continued to the de Sitter space on-shell action Sgn shell-
of the Universe at late times on de Sitter space. More precisely, the result of eq. (4.31) is
just the Fourier transform of the coefficient function we are interested in by

d®k;

4
(O(x1)O(x2)O(x3)O0(24)) :/H o 3ei(kf'm<O(k1)0(k2)0(k3)0(k4)> (4.32)
I=1

where

(O(K1)O(k2)O(k3)O(ka)) = — 4(27) 353<Zk ) { {WS (1, ko, ks, ka)

+ WSk, kg, K, ) + W5 (K, K, k) |
+ és(k17 k2) k37 k4)

+ R5(ky, ks, ka, k) + R° (K1, ka, ks, k:g)] (4.33)

where W5 (kq, ka2, ks, k4) is given in eq. (4.25) and RS (ky, k2, ks, k) is given in eq. (4.27).
As was mentioned in subsection 2.2, once the coefficient function (O(x1)O(x2)O(x3)O(x4))
is obtained in eq. (4.32), eq. (4.33), we now know all the relevant terms in the wave function
in eq. (2.37).

5 The four point scalar correlator in de Sitter space

With the wave function eq. (2.37), in our hand we can proceed to calculate the scalar
four point correlator (d¢(a1)0¢(x2)dp(x3)dp(x4)) which was defined in eq. (3.27). As was
discussed in subsection 3.1 we need to fix the gauge more completely for this purpose. We
will work below first in gauge 2, described in subsection 2.1.2 and then at the end of the
calculation transform the answer to be in gauge 1, section 2.1.1.

In gauge 2 the metric perturbation «;; is transverse and traceless. Working in this
gauge we follow the strategy outlined in subsection 3.1 and first integrate out the metric
perturbation to obtain a probability distribution P[d¢] defined in eq. (3.29). The functional
integral over «;; is quadratic. Integrating it out gives, in momentum space,

1 3k Pk
0 =55 | i )

86 (k1)0¢(k2){O(—k1)O(—k2)T"™ (k)) Piij (k) (5.1)

where

~

Pjni(k) = Tin (k)T (k) + T (k) Tin(k) — Toj (k) Tr (),

L= kik (5.2)
with 7;1@( )_ ik — ka-
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eq. (5.1) determines the v;;(k) in terms of the scalar perturbation d¢(k). Substituting back
then leads to the expression,

2 3 3
PlB6(k)] =exp []f;;(— [ o solia) (k) O —k0)O(~ka)

+/1 H {0 S io(en) {1501k O(Ha)O—ha) O k)

1
§<

1
(2 3 k (k1 + ko) ——————

with ]Sijkl(kl + k2) being defined in eq. (5.2) and the prime in (O(k1)O(k2)T;;(ks))’
signifies that a factor of (277)353(2?:1 k;) is being stripped off from the unprimed
(O(k)O (k)T (Ks)), e

(5.3)

+ O(—kl)O( k2)T;;(k1 + k2)) (O(—k3)O(—ka)Tiu(ks + ka))’

(O(k1)O(k2)T;j(ks3)) = (2n) 53<Zk: J) O(k2)T;j(k3))". (5.4)

We see that in the exponent on the r.h.s. of eq. (5.3) there are two terms which are
quartic in d¢, the first is proportional to the (O(k1)O(k2)O(k3)O(k4)) coefficient function,
and the second is an extra term which arises in the process of integration out ;; to obtain
the probability distribution, P[§¢].

The four function can now be calculated from P[d¢(k)] using eq. (3.30). The answer
consists of two terms which come from the two quartic terms mentioned above respectively
and are straightforward to compute. We will refer to these two contributions with the
subscript “CF” and “ET” respectively below. The (O(k1)O(k2)O(k3)O(k4)) coefficient
function in eq. (5.3) gives the contribution,

(ﬁ ].
ml 6¢ k (; k} 33
<é¢( ) ( 2) ( 3)(5¢(k4>>cp = ‘271' 6 ( E k]) M 1 J ( kg)
2{/\3( ’ ’ ’ 1) ( El’“”?ﬂ“"Zu “"4) ” S(kl)k47k37k2)} (55)

+ Es(k17 k2, ks, kq) + Es(kh, ks, k2, k) + lA?S(kl, k4, ks, k2)}

where Ws(kzl, ko, ks, k4) is given in eq. (4.25) and f?s(kl, k2, ks, k4) is given in eq. (4.27).
While the ET term which arises due to integration out ;; gives,

HS 1

M T (2K3)  (5.6)

és(k17 k27 k37 k4) + éS(k717 k37 k27 k4) + és(kla k47 k37 k2)

4
(56 (k1)0¢(ka)od(ks)dp(ka)) pr = 4(27)36° < >k J>
J=1
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where

S(k, ki, k2)S(k, ks, ka) {(kg + k1).k1}{(ks + ks).ks}
GS(k1, ka2, ks, ka) = oy + Fea? k1.ks + or + ka2
{(k1 + k2).k2}{(ks + ka).Fa} {(k2 + k1).k1}{(ka + k3).Fa}
{kz k4+ o + ka2 + qki.k4 + or £ kal?
{(k2 + k1).k2}{ (k4 + k3).k3} {(k2 + k1).k1 }{ (k1 + k2).k2}
ko.ks3 + — << kqi.ko —
|k1 + k2|? ' |k1 + k2|?
k3 + k4).k4}{(k4 + ]{73).163}
{k:g, ka Bl (5.7)
with
~ > isj Kikj k1koks
k. k1. ko) = (k k ks) — L) .
Sthoky ka) = (bt ket ks) = 2 =0 )~ Tt + )2 (5:8)
k—*(k1+k2)

The full answer for the four point correlator in gauge 2 is then given by combining
eq. (5.5) and eq. (5.6),
(0 (k1)d¢(k2)od(ks)dp(ka)) =(0p(k1)dp(k2)d¢(k3)od(ka))cr
+ (6¢(k1)0¢(k2)dd(ks)d¢(ka)) ET

Let us end this subsection with one comment. We see from eq. (5.3) that the ET con-
tribution is determined by the (OOTj;) correlator. As discussed in [27] this correlator is

(5.9)

completely fixed by conformal invariance, so we see conformal symmetry completely fixes
the ET contribution to the scalar 4 point correlator.
5.1 Final result for the scalar four point function

We can now convert the result to gauge 1 defined in 2.1.1 using the relation® in eq. (2.34).
This gives

(k) (R2)C(3)C (ka) = (27) 53<Z’“J> MES T 1(%3)
J=1

[G\S(kla k27 k37 k4) + G (kla k37 k27 k:4) + G (klu k47 k:37 k2) (510)
- Ws<k17 kz: k37 k4) - Ws(kln k37 k27 k4) - Ws(klv k47 k37 k2)
— 2{§S(k1, kz, ks, k4) + Es(kl, ks, ko, k4) + ﬁs(kl, k4, k3, kz)}}
where /Ws(kzl, ka, ks, ky4) is given in eq. (4.25), ﬁs(kzl, ko, ks, ky4) is given in eq. (4.27) and
Gs(kl, ko, ks, ky4) is given in eq. (5.7).

eq. (5.10) is one of the main results of this paper. The variables k;,7 = 1,2, 3, 4 refer to
the spatial momenta carried by the perturbations, The scalar perturbation ¢ is defined in

5The relation in eq. (2.34) has corrections in involving higher powers of ¢ which could lead to additional
contributions in eq. (5.10) that arise from the two point correlator of d¢. However these corrections are
further suppressed in the slow-roll parameters as discussed in appendix D.
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eq. (2.21), see also subsection 2.1.1, with (k) being related to ((x) by a relation analogous
to eq. (2.38). H is the Hubble constant during inflation defined in eq. (2.6), eq. (2.7). Our
conventions for Mp; are given in eq. (2.1), eq. (2.2). And the slow-roll parameter € is
defined in eq. (2.3), eq. (2.10).

The result, eq. (5.10), was derived in the leading slow-roll approximation. One way
to incorporate corrections is to take H in eq. (5.10) to be the Hubble parameter when the
modes cross the horizon, at least for situations where all momenta, k;,7 = 1,-- -4, are com-
parable in magnitude. Additional corrections which depend on the slow-roll parameters,
€,1, eq. (2.3), eq. (2.4), will also arise.

Comparison with previous results. Our result, eq. (5.10), agrees with that obtained
in [3]. The result in [3] consists of two terms, the CI term and the ET term, see eq. (4.7).
The CI term agrees with the RS terms in eq. (5.10) which arise due the longitudinal graviton
propagator, eq. (4.26). The W terms in eq. (5.10) arise from the transverse graviton prop-
agator, eq. (4.18), while the G° terms arise from the extra contribution due to integrating
out the metric perturbation, eq. (5.7); these two together agree with the ET term in [3].7

6 Tests of the result and behavior in some limits

We now turn to carrying out some tests on our result for the four point function and
examining its behavior in some limits. We will first verify that the result is consistent with
the conformal invariance of de Sitter space in subsection 6.1, and then examine its behavior
in various limits in subsection 6.3 and show that this agrees with expectations.

6.1 Conformal invariance

Our calculation for the 4 point function was carried out at leading order in the slow-roll
approximation, where the action governing the perturbations is that of a free scalar in de
Sitter space, eq. (2.42). Therefore the result must be consistent with the full symmetry
group of dSy space which is SO(1,4) as was discussed in section 2. In fact the wave function,
eq. (2.37), in this approximation itself should be invariant under this symmetry, as was
discussed in section 3, see also, [13, 14] and [27].

For the four point function we are discussing, as was discussed towards the end of
section eq. (3) after eq. (3.15), given the checks in the literature already in place only one
remaining check needs to be carried out to establish the invariance of all relevant terms
in the wave function. This is to check the invariance of the (O(k1)O(k2)O(k3)O(ka))
coefficient defined in eq. (4.32) and eq. (4.33). Conformal invariance of the coefficient
function (O(k1)O(k2)O(ks)O(ky4)) gives rise to the equation

(00(k1)O(k2)O(k3)O(k4)) 4+ (O(k1)00(k2)O(k3)O(k4))
+(O(k1)O(k2)00(k3)O(k4)) + (O(k1)O(k2)O(k3)6O(ks)) = 0
where 0O(k) is given in appendix B.2, eq. (B.21), and depends on b which is the parameter

(6.1)

specifying the conformal transformation.

"This comparison is carried out in a Mathematica file allchecks.nb, that is included with the source of
the arXiv version of this paper and also at suvratraju.net/software.
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The coefficient function (O(k1)O(k2)O(k3)O(k4)) contains an overall delta function
which enforces momentum conservation, eq. (4.33). As was argued in [14] all terms in
eq. (6.1) where the derivatives act on this delta function sum to zero, so the effect of the
derivative operators acting on it can be neglected. We can also use rotational invariance so
take b to point along the ! direction. Our answer for (O(k1)O(k2)O(k3)O(k4)) is given
in eq. (4.33). The complicated nature of the answer makes it very difficult to check analyt-
ically whether eq. (6.1) is met. However, it is quite simple to check this numerically. One
finds that the Lh.s. of eq. (6.1) does indeed vanish with the four point function given in
eq. (4.33),8 there by showing that our result for (O(k1)O(k2)O(k3)O(k4)) does meet the re-
quirement of conformal invariance. This then establishes that all terms in the wave function
relevant for the four point function calculation are invariant under conformal symmetry.

A further subtlety having to do with gauge fixing, arises in discussing the conformal
invariance of correlation functions, as opposed to the wave function, as discussed in sec-
tion 3.1. The relevant terms in the probability distribution P[d¢] were obtained in eq. (5.3).
The scalar four point function would be invariant if P[d¢] is invariant under the combined
conformal transformation, eq. (3.12), eq. (3.13) and compensating coordinate transforma-
tion, eq. (3.18). From eq. (5.1) and eq. (3.20) we see that the compensating coordinate
transformation in this case is specified by

vi(k) = 3 (k1)3(k2) (O(—k1)O(—ka)T"™ (k)) Pyri () (6.2)

_?)[)k/ A3k d3ks
k5 ) (27)3 (27m)3

with Ppyi(k) being given in eq. (5.2).
Thus the total change in d¢, given in eq. (3.22) becomes,

5(3p(k)) = 6 (60(k)) + 67 (3¢ (k)) (6.3)

where 6¢(0¢(k)) is given in eq. (B.20) of appendix B.2. Using eq. (5.1) in eq. (3.26),
5% (5¢(k)) becomes,

i [ Bk dPky dPkg Pupi(k — ko)
R  aupipk 1 2 38 Llimk 2
0" (0p(k)) = — 3ik'Dd / (27)3 (27)% (27)3 |k — ka|? (6.4)

5¢(k1)0p(k2)dp(k3)(O(—k1)O(—kg)Tim(—k + k2)).

Note in particular that v* given in eq. (6.2) is quadratic in the scalar perturbation and as
a result 6%(0¢) in eq. (6.4) is cubic in 6¢.

The probability distribution, P[d¢] upto quartic order in §¢ is given in eq. (5.3) and
consists of quadratic terms and quartic terms. In appendix E we show that, upto quar-
tic order,

P5¢(k)] = Pldg(k) + 6(d¢(k))] (6.5)

where §(d¢(k)) is given in eq. (6.3), so that P[6¢] is invariant under §(¢) upto this order.
This invariance arises as follows. The quadratic term in P[0¢] gives rise to a contribution

8This check is carried out in the Mathematica file allchecks.nb available with the source of the arXiv
version of this paper and also at suvratraju.net/software.
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going like 6¢*, since §7(d¢) is cubic in d¢. This is canceled by a contribution coming
from the quartic term due to 6% (8¢) which is linear in d¢. eq. (6.5) establishes that the
probability distribution function and thus also the four point scalar correlator calculated
from it are conformally invariant.

6.2 Flat space limit

We now describe another strong check on our computation of the four point correlator:
its “flat space limit.” This is the statement that, in a particular limit, this correlation
function reduces to the flat space scattering amplitude of four minimally coupled scalars
in four dimensions! More precisely, we use the flat space limit developed in [59, 60], which
involves an analytic continuation of the momenta. In our context, the limit reads

(k1 +/€2+k3+k4)3

TR
im0k O(k2)O (ks ) O(ka) = NSl Rz, s Fa) - (6.6)

where Sy is the four-point scattering amplitude of scalars minimally coupled to gravity,
and the on-shell four-momenta of these scalars are related to the three-momenta of the
correlators by l::n = (ikp, ky). This means that we add an additional planar direction to
the three boundary directions, and use ik,, for the this component of the four-dimensional
momentum (which we call the z-component) and k,, for the other three components. An
intuitive way to understand this limit is as follows. The four-point flat space scattering
amplitude conserves four-momentum, whereas the CF'T correlator conserves just three-
momentum. The point where Yk, = 0 corresponds to the point in kinematic space,
where the four-momentum is conserved. The claim is that the CFT correlator has a pole
at this point, and the residue is just the flat space scattering amplitude.

Note that, consistent with our conventions, the prime on the correlator indicates that a
factor involving the delta function has been stripped off. Similarly, on the right hand side,
Sy is the flat-space scattering amplitude without the momentum conserving delta function.
Here, AV is an unimportant numerical factor (independent of all the momenta) that we will
not keep track of, which just depends on the conventions we use to normalize the correlator
and the amplitude.

Before we show this limit, let us briefly describe the flat space scattering amplitude of
four minimally coupled scalars. In fact, the Feynman diagrams that contribute to this am-
plitude are very similar to the Witten diagrams of figure 1. The s-channel diagram is shown
in figure 2, and of course, the ¢ and u-channel diagrams also contribute to the amplitude.

So, the flat-space amplitude using the diagram in figure 2 evaluates to

54 = T;%at(iél, ’Ez)Gga]ggrav(Ks)Tkﬂlat(lég, ]:34) + t+u—channels (67)
where KS = lZ:l + 12:2 and
-~ - IO 1 ~ = .
T (R, ko) = kikj — 5 (k1 k2)d®,
~ 1 1
flat-grav _ - flat flat flat -flat __ ~-flat at
G (Ks) = rsz 2 [(722 TR+ Ti TR = T T )} ; (6.8)
Ksiks'
7;‘51at _ 5ij + - J
(Ks)?
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Figure 2. S-channel Feynman diagram for scattering of minimally coupled scalars

and we emphasize that in (6.7) the Latin indices are contracted only over the spatial
directions. In (6.8), K 50 indicates the z-component of the exchanged momentum. The
reader should compare this formula to our starting formula for the four-point correlator
in (4.14). In fact, if we consider the pole in the p-integral at p = i(k; + ko), in this
integral, we see that we will get the right flat space limit. However, in our calculation
it was convenient to divide the expression in (4.14) into two parts: a transverse graviton
contribution given in (4.18), and a longitudinal graviton contribution that we wrote as a
remainder comprised of three terms in (4.21).

We can make the same split for the flat-space amplitude, by replacing the graviton

propagator with a simplified version é%}:l_grav, by replacing each 7?;“ with
_ FoR.
t 5 sitdsy
7—i§la = 0;5 — K2 (6.9)
and then writing
Sy = 54 + 2 Rilat (6.10)

where Sy is given by an expression analogous to (6.7)
Su=Tf" (ky, ko) G0 5™ (Ko )Ti (s, ka) +t-+u-channels = ky;k; PP (K g)ksp k. (6.11)

The second equality follows because projector in this simplified propagator now projects
onto traceless tensors that are transverse to K, which we have denoted by ﬁijkl(Iz' s), as
in (5.2).

Now, consider the expression in (4.25). We see that the third order pole at k; =
(k‘l + ko + k3 + ]{74) is given by

=g k‘lik‘gjk‘gkkzupijkl {klkg(kl + k2)2 ((kl + k2)2 - k‘% — ki — 4k3]€4)] < 1 >

WS

i3 (k1 + k2 — k3 — ka)2((k1 + k2)? — |1 + kaf?) ki
1 k1koksky ikl ( 1 )
]{7? (kl + k2)2 — |k31 + k2|2 Libag Rkl kt2
kikoksks ~ 1
_ R 233 15,40 (2> ‘ (6.12)
k; ki
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All that remains to establish the flat space limit is to show that

lim (kl + ko + ks + k4)3

RS = Rfiat, 6.13
k1+ko+ks+ks—0 k1k2k3k)4 ( )

The algebra leading to this is a little more involved but as we verified this also remarkably
turns out to be true.?

So, we find that our complicated answer for the four-point scalar correlator reduces in
this limit precisely to the flat space scalar amplitude. This is a very non-trivial check on

our answer.

6.3 Other limits

In this subsection we consider our result for the four point function for various other limiting
values of the external momenta. The first limit we consider in subsection 6.3.1 is when one
of the four momenta goes to zero. Without any loss of generality we can take this to be
k4 — 0. The second limit we consider in subsection 6.3.2 is when two of the momenta, say
k1, k2 get large and nearly opposite to each other, while the others, kg, k4, stay fixed, so
that, k1 ~ —ks, and ki, ko > k3, k4. In both cases we will see that the result agrees with
what is expected from general considerations. Finally, in subsection 6.3.3 we consider the
counter-collinear limit where the sum of two momenta vanish, say |ki + k2| — 0. In this
limit we find that the result has a characteristic third order pole singularity resulting in a
characteristic divergence, as noted in [3].

6.3.1 Limit I: k4 — 0

This kind of a limit was first considered in [13] and is now referred to as a squeezed limit
in the literature. It is convenient to think about the behavior of the four point function in
this limit by analyzing what happens to the wave function eq. (2.37). For purposes of the
present discussion we can write the wave function, eq. (2.37), as,

2 3 3
wlbolw)] = exp | (= 5 [ G E R b0(0kn)30(ha) (O(~k0)O( k)

1 d®ky ks dk
b [ s o s bolhn) (k) k)
(O(=k1)O(—k2)O(—ks)) (6.14)
3 3 3 3
5 | o G s Ty 00 k)0 (ha) 50 0 )

(O(—k)O(~k2)O(—k3)O(—ka)) + - )] |

Here terms dependent on the tensor perturbations have not been shown explicitly since
they are not relevant for the present discussion. We have also explicitly included a three
point function on the r.h.s. . This three point function vanishes in the slow-roll limit, [13],

9The steps are shown in the Mathematica file allchecks.nb available with the source of the arXiv version
of this paper and also at suvratraju.net/software.
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but it is important to include it for the general argument we give now, since the slow -roll
limit for this general argument is a bit subtle.

In the limit when k4 — 0, d¢(k4) becomes approximately constant and its effect is to
rescale the metric by taking h;j, eq. (2.18), to be, eq. (2.20), eq. (2.21),

hl] 2Ht(1 + 2C) 1% (6.15)
where ((k4) is related to 0¢(k4) by, eq. (2.34),
Sp(ky) = —V2e((kyg). (6.16)

The effect on the wave function in this limit can be obtained by first considering the
wave function in the absence of the d¢(k4) perturbation and then rescaling the momenta
to incorporate the dependence on d¢(k4). The coefficient of the term which is trilinear in
d¢ on the r.h.s. of eq. (6.14) is denoted by (O(k10(k2)O(ks)). Under the rescaling which
incorporates the effects of d¢(k4) this coefficient will change as follows:

5(0(k1) Ok )O(ks)) ~ “2K8) (Zk O, ) Ok0)02)Oks). (6.17)

As a result the trilinear term now depends on four powers of d¢ and gives a contribution
to the four point function. We see that the resulting value of the coefficient of the term
quartic in ¢ is therefore

3
Jim (O(k1)0(k2)Oks)O(ha)) ~ }(gk 0, ) OO0k (619

The three point function in this slow-roll model of inflation was calculated in [13] and
the result is given in eq. (4.5), eq. (4.6) of [13]. From this result it is easy to read-off the
value of (O(k1)O(k2)O(ks)). One gets that

(0(k1)O(k2)O(ks)) (27r)35<2k:i> 214 (6.19)

where . .
;. o 1212
T YRS A1 D) o RN L | B
¢ H i=1 i=1 1;&]
where the subscript * means values of the corresponding object to be evaluated at the time
of horizon crossing and k; = k1 + k2 + k3. 4 Substituting in eq. (6.18) gives

Jim (O(k)O(k2)O (k) OlJe)) ~ % [ik - %] [5(2 k) A] . (6.21)

Now, it is easy to see that due to the ¢, ¢, dependent prefactors A is of order the slow-roll
parameters €,7, eq. (2.9), eq. (2.10). Thus in the limit where ¢ ~ 1 and both tend to
zero the % prefactor on the r.h.s. will cancel the dependence in A due to the prefactors.
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However, note that there is an additional suppression since A is trilinear in the momenta
and therefore (), k) A will be invariant under rescaling all the momenta to leading order
in the slow-roll approximation,

[z;k . 8’“] [5<Zk>4 =0 (6.22)

As a result the r.h.s. of eq. (6.21) and thus the four point function will vanish in this limit
in the leading slow-roll approximation. To subleading order in the slow-roll approximation
the condition in eq. (6.22) will not be true any more since the Hubble constant H and
b+, by which appears in eq. (6.20) will also depend on k and should be evaluated to take
the values they do when the modes cross the horizon.

For our purpose it is enough to note that the behavior of the four point function in the
leading slow-roll approximation is that it vanishes when k4 — 0. It is easy to see that the
result in eq. (4.33) does have this feature in agreement with the general analysis above. In
fact expanding eq. (4.33) for small momentum we find it vanishes linearly with ky.

6.3.2 Limit II: k1, ko get large

Next, we consider a limit where two of the momenta, say ki, k2, get large in magnitude and
approximately cancel, so that their sum, |kq + k2|, is held fixed. The other two momenta,
ks, k4, are held fixed in this limit. Note that this limit is a very natural one from the point
of view of the CFT. In position space in the CF'T in this limit two operators come together,
at the same spatial location and the behavior can be understood using the operator product
expansion (OPE). We will see below that our result for the four point function reproduces
the behavior expected from the OPE in the CFT.

It is convenient to start the analysis first from the CF'T point of view and then compare
with the four point function result we have obtained.'® Consider the four point function
of an operator O of dimension 3 in a CFT:

(O(x1)O(22)O0(23)O(x4)). (6.23)
The momentum space correlator is
(O(k1)O(k2)O(k3)O(k4)) —/d3w1d3w2d3w3d3w4 o—i(k1-@itka-@atks @5 tha-wa)
(O(21)0(x2)O(3)O(24))

:(277)35(3)(2 kr) /d3y2d3y3d3y4 e~ i(k2-yo+ka-ys+kay,)
I

(0(0)0(y5)O(y3)0(y4)) (6.24)

where in the last line on the r.h.s. above

Yy = T2 — X1, Y3 = T3 — T1, Yy = T4 — T1. (6.25)

%0ne expects to justify the OPE from the bulk itself, but we will not try to present a careful derivation
along those lines here.
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We are interested in the limit where k3, k4 are held fixed while
ko — oo and klz\—(k2+k3—|—k:4)|—>oo (626)

In position space in this limit 1 — @2 so that

The operator product expansion can be used when the condition in eq. (6.27) is met, to
expand
vay)
0(0)0(yz) = 01%%(@/2) ... (6.28)
2

where (] is a constant that depends on the normalization of O. In general there are extra
contact terms which can also appear on the r.h.s. of the OPE. We are ignoring such terms
and considering the limit when y2 is small but not vanishing.

Using eq. (6.28) in the r.h.s. of eq. (6.24) we get

i,J )
lim (O(k1)O(k2)O(ks)O(ka))' = / diy, dyy dy, Oy P22 itk vathsvsthayy
Y

k2—00 2
(Tij(y2)O(y3)O(y4))’ (6.29)

where by the lim on the Lh.s. we mean more precisely the limit given in eq. (6.26) and
the symbol (O(k1)O(k2)O(k3)O(k4))" with the prime superscript stands of the four point
correlator (O(k1)O(k2)O(ks)O(ky)) without the factor of (27)383(Y; ki). The variable
k1 which appears in the argument on the Lh.s. of eq. (6.29) is understood to take the value
k1= —(k2+ ks + ka).

Now in the limit of interest when ko — oo, the support for the integral on the r.h.s.
of eq. (6.29) comes from the region where yo — 0. Thus the integral in eq. (6.29) can be
approximated to be

i,.J )
/ Py, dPyy dy, O 22 ik votkaystkaya) (T, (4,)0(y3)O(y,))’
Y2 (6.30)

kikd ke, ,
=Gy 12422 /d3y3 d3y4e (ks ystha y4)<ﬂj(0)0(y3)0(y4)>/7
2
where the prefactor is due to
kgt i,J
22 = Dl/d3y2y2‘g2e’k2'y2. (6.31)
k3 Y2

Finally doing the integral in eq. (6.30) gives us,

/d3y3 dPyy e ke vathava)(T35(0)0(y3)O(yy)) = (T;j(—ks — ka)O(k3)O(ka))' (6.32)

where the prime superscript again indicates the absence of the momentum conserving delta
function, and using eq. (6.29), eq. (6.30), and eq. (6.32), we get

. : k3
lim <O(k1)0(k§2)0(k3)0(k4)> :ClDl

k —7 (Tij(—ks — ka)O(k)O(ka))".  (6.33)
2—00 5
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From eq. (6.33) we see that in this limit the behavior of the scalar four point function
gets related to the three point (7;;(—ks — k4)O(k3)O(k4)) correlator. For the slow-roll
model we are analyzing this three point function was calculated in [13] and has been studied
more generally in [27], see also [21, 26]. These results give the value of the (Tj;(—ks —
k4)O(k3)O(ky)) correlator after contracting with the polarization of the graviton, e,
to be,

e (Tyj(—ks — ka)O(k3)O(ka)) = =2V kz;ka; S (k, k3, ks) (6.34)

where the momentum

k= —(kﬁg + k4), (635)

is the argument of Tj;. 1 Note that the polarization e®%¥ is a traceless tensor perpendicular
to k and S(k, ks, k) is given in eq. (5.8).
By choosing kg L (kg + k4) we use eq. (6.34) to obtain from eq. (6.33)
i

lim (O (k1)O(k2)O(ks)O(ka)Y = C1Ds kkk Rashea; S (ks ki k). (6.36)

ko—o00

The numerical constant C;D; in eq. (6.36) can be obtained independently looking at the
correlator (OOTj;). This correlator was completely fixed after contracting with the po-
larization of the graviton, e**, by conformal invariance in [27]. Comparing the behavior
of (OOT;};) in the limit when two of the O’s come together in position space with the
expectations from CFT one can obtain,

1Dy = g (6.37)

For the correlator (O(k1)O(k2)O(ks)O(ky4)), to compare this expectation from CFT
in eq. (6.36) with our result in eq. (4.33), it is convenient to parameterize k2 = a/e and
then take the limit € — 0, with kg, k4 held fixed and k1 = —(k2+ks+k4). For comparison
purposes we also consider the situation when kg L (kg +k4). As discussed in appendix F.1
in this limit and also for the cases when ko is perpendicular to ks + k4, we find that
eq. (4.33) becomes

3 kik]

lim (O(k1)O(k2)O(k3)O(ka)) = =22 ksiky; Sk, ks, ka). (6.38)

k2—>oo 2 k2

Comparing eq. (6.36) with eq. (6.38) it is obvious that, in this limit, our result for the
four point function agrees precisely with the expectation from OPE in the CFT. The
agreement is upto contact terms which have been neglected in our discussion based on
CFT considerations above anyways.

" The reader should not confuse this with the four-momentum that was introduced in subsection 6.2.
Here k is a three-vector.
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6.3.3 Limit III: counter-collinear limit

Finally, we consider a third limit in which the sum of two momenta vanish while the
magnitudes of all individual momenta, k;,7 = 1, - - - 4, are non-vanishing. Below we consider
the case where

ko =k1+ ke — 0. (6.39)

Note that by momentum conservation it then follows that (ks + k4) also vanishes. This
limit is referred to as the counter-collinear limit in the literature. As we will see, in this
limit our result, eq. (5.10), has a divergence which arises from a pole in the propagator
of the graviton which is exchanged to give rise to the term, eq. (5.6). This divergence is
a characteristic feature of the result and could potentially be observationally interesting.
Towards the end of this subsection we will see that the counter-collinear limit can in fact
be obtained as a special case of the limit considered in the previous subsection.

It is easy to see that in the limit eq. (6.39) the contribution of the CF term eq. (5.5)
is finite while that of the ET contribution term eq. (5.6) has a divergence arising from the
G3(ky, kg, k3, kq) term, leading to,

HS 1 9 kPkS
M, H§:1(2k§) 4 ki, (6.40)

sin?(0;) sin?(03) cos(2x12,34)-

(56(k1)dp(k2)dp(k3)dp(ka)) BT %4(2@353(2 kJ>
J

The r.h.s. arises as follows. In this limit k; ~ k9 and k3 ~ k4, and from eq. (5.8)
3
S(k1, ka) = Sk, (6.41)

and similarly, S(ks, kq) ~ %kg. As explained in appendix F.2, eq. (5.6) then gives rise to

eq. (6.40), where 6; is the angle between kq and kj2 63 is the angle between k3 and ki2,

and x12,34 is the angle between the projections of k1, k3 on the plane orthogonal to k1.
From eq. (6.40) it then follows that in this limit

1 H 1 9 kik3
42 MY [T, (2K5) 4 By (6.42)

sin?(0;) sin?(03) cos(2x12,34)-

(€l k) c k)7 425 Sk )
J

Some comments are now in order. First, as was noted in subsection 5 after eq. (5.9) the
ET contribution term is completely fixed by conformal invariance and therefore the 1/k3,
divergence in eq. (6.42) is also fixed by conformal symmetry and is model independent.
The model dependence in the result above could arise from the fact that the C'F' term
makes no contribution in the slow-roll case. The behavior of the CF term (like that of the
ET term, see below) in this limit depends on contact terms which arise in the OPE. We
have not studied these contact terms carefully and it could perhaps be that in other models
the CF term also gives rise to a divergent contribution comparable to eq. (6.42). Of course
departures from the result above can also arise in models where conformal invariance is
not preserved.
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Second, the two factors S(k1,k2),S(ks, ks) in eq. (5.7) arise from the two factors of
(OOT;j) in the ET contribution to P[d¢], eq. (5.3), since (OOTj;) when contracted with a
polarization tensor can be expressed in terms of S, eq. (A.8) in appendix A. In the three
point function (OOT;;) the limit where ki + ko vanishes is a squeezed limit. This limit
was investigated in [27], subsection 4.2, and it follows from eq. (6.41) and eq. (A.8) in
appendix A that in this limit

<O(k§1)0(k2)ﬂj(k3)>,€s’w = *QGS’ZJkliijle (643)

and is a contact term since it is analytic in kg. However it is easy to see from eq. (6.40)
that the contribution that the product of two of these three point functions make to the
four point scalar correlator in the counter-collinear limit is no longer a contact term. This
example illustrates the importance of keeping track of contact terms carefully even for the
purpose of eventually evaluating non-contact terms in the correlation function.

Finally, we note that due to conformal invariance an equivalent way to phrase the
counter-collinear limit is to take the four momenta, ki, ks, k3, k4, all large while keeping
the sum, ki + ko = —kg + k4, fixed. This makes it clear that the counter-collinear limit is
a special case of the limit considered in the previous subsection. However in our discussion
of the previous section we did not keep track of contact terms. Here, in obtaining the
leading divergent behavior it is important to keep these terms, as we have noted above. In
fact without keeping the contact term contributions in (OOTj;) the ET contribution would

vanish in this limit.

7 Discussion

In this paper we have calculated the primordial four point correlation function for scalar
perturbations in the canonical model of slow-roll inflation, eq. (2.1). We worked to leading
order in the slow-roll approximation where the calculations can be done in de Sitter space.
Our final answer is given in eq. (5.10). This answer agrees with the result obtained in [3],
which was obtained using quite different methods.

The resulting answer is small, as can be seen from the prefactor in eq. (5.10) which
H6
Mg,
And it is a complicated function of the magnitudes of three independent momenta and

goes like ~ Pg’e, where Py ~ 10719 is the power in the scalar perturbation, eq. (A.6).
three angles.

The smallness of the answer is expected, since it can be easily estimated without
any detailed calculation by noting, for example, that the coefficient of the (OOOO) term,
eq. (2.37), is not expected to vanish.'? In discussions related to observations, it is conven-
tional to consider the four point correlator (also called the trispectrum) to be of the local
form and parameterize it by two coefficients 7, gnvr. This local form arises by taking the
perturbation to be of the type,

€= oty V/NE(G — () + peonicl, (7.1

2In contrast the (OOO) coefficient function vanishes to leading order in the slow-roll approximation
leading to fnr ~ e. This vanishing of (OOO) is expected from general considerations of CFT.

— 40 —



where (; is a Gaussian field. The answer we get is not of this local type!® and so it is
not possible to directly compare our result with the experimental bounds quoted in the
literature, see [2, 61], Ty < 2800. However, to get some feel for the situation, we note that
the non-Gaussian term proportional to \/7nr in eq. (7.1) would give rise to a four point
correlator of order ~ TNLPg. Thus, as a very rough estimate the slow-roll model gives
rise to Tnp ~ € ~ 1072 which is indeed small and very far from the experimental bound
mentioned above.

As mentioned in the introduction, one of the main motivations of this work was to use
techniques drawn from the AdS/CFT correspondence for calculating correlation functions
of perturbations produced during inflation, and to analyze how the Ward identities of
conformal invariance get implemented on these correlation functions. The four point scalar
correlator provides a concrete and interesting setting for these purposes.

As the analysis above has hopefully brought out the calculation could be done quite
easily by continuing the result from AdS space. In fact doing the calculation in this way
naturally gives rise to the wave function. And the wave function is well suited for studying
how the symmetries, including conformal invariance, are implemented, since the symmetries
of the wave function are automatically symmetries of all correlators calculated from it. We
found that the wave function, calculated upto the required order for the four point scalar
correlator, is conformally invariant and also invariant under spatial reparameterizations.
The Ward identities for conformal invariance follow from this, and it also follows that the
four point function satisfies these Ward identities, this is discussed further in the next
paragraph. Given the complicated nature of the result these Ward identities serve as an
important and highly non-trivial check on the result. An additional set of checks was also
provided by comparing the behavior of the result in various limits to what is expected from
the operator product expansion in a conformal field theory.

Our analysis helped uncover an interesting general subtlety with regard to the Ward
identities of conformal invariance. This subtlety arises in de Sitter space, more generally
inflationary backgrounds, and does not have an analogue in AdS space, and is a general
feature for other correlation functions as well. In the dS case one computes the wave
function as a functional of the boundary values for the scalar and the tensor perturbations,
in contrast to the partition function in AdS space. As a result, calculating the correlation
functions in dS space requires an additional step of integrating over all boundary values
of the scalar and tensor perturbations. This last step is well defined only if we fix the
gauge completely.

The resulting correlation functions are then only invariant under a conformal trans-
formation accompanied by a compensating coordinate transformation that restores the
gauge. Failure to include this additional coordinate transformation results in the wrong
Ward identities. It is also worth emphasizing that due to these complications it is actually
simpler to check for conformal invariance in the wave function, before correlation functions
are computed from it. The wave function is well defined without the additional gauge fixing

13We clarify that we are not excluding any local type terms from the answer for the four point function,
but rather that the full answer is not of the form obtained by making the ansatz in eq. (7.1).
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mentioned above, and on general grounds can be argued to be invariant under both con-
formal transformations and general spatial reparameterizations. Once this is ensured the
correlation functions calculated from it automatically satisfy the required Ward identities.

Going beyond the canonical slow-roll model we have considered, one might ask what
constraints does conformal symmetry impose on the 4 point correlator in general? Our
answer, eq. (5.10), arises from a sum of two terms, see eq. (5.9). The second contribution,
the extra term (ET), eq. (5.6), is completely determined by conformal invariance and is
model independent. This follows by noting that the boundary term is obtained from the
(OOT;;) correlator,' and the (OOT;;) correlator in turn is completely fixed by conformal
invariance, e.g. as discussed in [27]. The first contribution to the answer though, the
(OO0O0) dependent CF term, is more model dependent and is related to the 4 point
function of a dimension 3 scalar operator O in a CFT. In 3 dimensional CFT there are
3 cross-ratios for the 4 point function in position space which are conformally invariant,
and any function of these cross ratios is allowed by conformal invariance. This results in a
rather weak constraint on the CF term.

However, some model independent results can arise in various limits. For example, in
the counter-collinear limit considered in section 6.3.3, our full answer has a characteristic
pole and is dominated by the ET contribution. In contrast the contribution from the
CF term is finite and sub-dominant. The difference in behavior can be traced to contact
terms in the OPE of two O operators. While we have not studied these contact terms
in enough detail, it seems to us reasonable that in a large class of models the ET term
should continue to dominate in this limit and the resulting behavior of the correlator should
then be model independent and be a robust prediction that follows just from conformal
invariance. A similar model independent result may also arise in another limit which was
discussed in section 6.3.2, in which two of the momenta grow large. In this limit again
the behavior of (OOOO), upto contact terms, is determined by the (OOTj;) correlator,
eq. (6.33), eq. (6.36), which is model independent. A better understanding of the extent
of model independence in this limit also requires a deeper understanding of the relevant
contact terms which we leave for the future.
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A Two and three point functions and normalizations

In this appendix we will summarize the two point functions of scalar and tensor perturba-
tions and the scalar-scalar-tensor three point function and issues related to their normaliza-
tions. The wave function in momentum space, written in eq. (2.37) contains the relevant
coefficient functions for our discussion. The label s,s’ corresponds to the polarizations
of the graviton as shown in eq. (2.39). The polarization tensors €;;(k), in eq. (2.39) are
transverse and traceless as already mentioned and are normalized according to,

e = 265 (A1)
Similarly, we define for the stress tensor
T (k) = Ty (k)e (k). (A.2)

In momentum space the coefficient functions are related to position spaces ones in eq. (2.36)
and can be written as,

(O(K1)O(k2)) = /d3wd3y6_ik1'm6_ik2"’<0($)0(y)>- (A.3)

With this convention all the other coefficient functions, (T5;(x)Tki(y)), (O(x)O(y)Ti;(2))
and (O(x)O(y)O(z)O(w)), will be related to their values in momentum space accordingly.
The coefficient functions, (O(k1)O(k2)), (T*(k1)T* (kz2)) are well known, in the liter-

ature. We write them here,

(O(k1)O(k2)) = (27)%6° (k1 + k2 )k} (A.4)
and
(T° (k1T (k2)) = (2m)6° (ky + ka)k> 58; : (A.5)
From eq. (A.4) and the wave function eq. (2.37) we get
(C(k1)¢(R2){= (2m)*3 (k1 + ka) Pe (K1) (A.6)
where 211
Pe(k1) = @Erﬁ' (A.7)

For the slow-roll model of inflation being considered here the three point coefficient
function (O(k1)O(k2)T*(ks)) was computed in [13]. It was also obtained in [27] from more
general considerations, which is

'S

<O(k1)0(k2)ﬂj(k3)>€s’ij = — 2(27[')3(5(2 kj)es’ijkliijS(kl, kg, ]{73).
J=1 (A.8)
>isg Kik; k1koks

with S(kl,kg,kg) I(kl + ko + kg) — (kl iy k:3) — (kl kot k3)2.
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B Ward identities under spatial and time reparameterization

In this appendix we will derive the Ward identities obeyed by the coefficient functions
due to both spatial and time reparameterizations. They are also called the momentum
and Hamiltonian constraints respectively. We will also discuss the transformation of the
scalar and tensor perturbations under special conformal transformation (SCT) following

invariance of wave function under SCT.

B.1 Ward identities under spatial and time reparameterization

We will consider the specific coefficient function (T;;(x)O(y1)O(y2)) and derive the Ward
identities under spatial and time parameterization. For that we need to consider only two
out of the four terms in the exponent, the first and the third term, on r.h.s. of the wave
function in eq. (2.36),

2
wlbo] = e |55 ( 5 [@aV/a@] @it d6(@)boty)0()00)
~1 [dav/at@) Eu/aly) a*a/a(z) (B.1)
36(@)06(u)1 () O@OWT() )|

In the leading order to the perturbations, relevant to our calculation, /g(x), defined in
eq. (2.20), can be expanded as

Vol@) = 1+ (@) (B2)

Under the spatial reparameterizations given in eq. (2.24) the scalar and tensor pertur-
bations, d¢ and 7;;, transform as given in eq. (3.5) and eq. (3.6) respectively. Following
them we can obtain the change in /g(x) under the spatial reparameterizations

V(@) = Vy(x) — divi(x). (B.3)

Using eq. (3.5), eq. (3.6) and eq. (B.3) we can obtain the change in the two terms on
the r.h.s. of eq. (B.1). They are, for the first term,

5| - § [ @aval@) Euata) bola)isw) 0@Ow)] -

(B.4)
5 [ oy s v @ote) footw) + bola) - {uiw)bota) } 0@)0(w)
and similarly for the second term
5| = 1 [ Pavat@) En/ata) @@ () 0@0wT )]
(B.5)

=5 [#r by @2 E s 0@0wT =),
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The invariance of the wave function under spatial reparameterizations as stated in
eq. (3.7), translates to the requirement that the total change of the r.h.s. of eq. (B.1) van-
ishes. Which in turn implies the sum of eq. (B.4) and eq. (B.5) vanishes. This requirement,
after performing an integration by parts to move the derivatives in the r.h.s. of eq. (B.4)
and eq. (B.5) to the coefficient functions, leads us to the desired Ward identity given in
eq. (3.8), which is the momentum constraint.

Under the time reparameterization in eq. (2.26), at late times when et — 0, the
scalar perturbation, d¢, does not change and the tensor perturbation, v;;, changes as given

in eq. (3.9). Also y/g(x), in eq. (B.2), changes by,
Vg(x) = g(x) + 3He(x). (B.6)

Using these we can obtain the change in the two terms on the r.h.s. of eq. (B.1) under
time reparameterization, similarly as we did for the spatial reparameterization. They are,
for the first term,

5T[;/d3$\/g(w) dy\/g(y) 5¢(:B)5¢(y)<0(33)0(y)>:| _ ;/dgx By s

(B.7)
66(2)00(y) He(2) |36 (2 — 2)(O(@)0(y)) + 36%(= — y)(O(x)O(y))]
and similarly for the second term,
| 1 [ P /i) 6@ () (0@0w)T ) -
B.8

_ _% / dr &by d*2He(2)56(x)56(y)(0(x)O(y)T" (2)).

The invariance of the wave function under the time reparameterization as mentioned
in eq. (3.10) then implies that the sum of eq. (B.7) and eq. (B.8) vanishes. Which leads
us to the constraint on the coefficient function under time reparameterization as written
in eq. (3.11), also called the Hamiltonian constraint.

B.2 Transformations of the scalar and tensor perturbations under SCT

At late times, e H! — 0, the special conformal transformation (SCT) takes the form as
given in eq. (3.12) and eq. (3.13). Under SCT the scalar perturbation, d¢(x), transforms
like a scalar,

Sp(x) — 8¢ (x) = dop(a’ — o). (B.9)
Therefore under SCT the change in scalar perturbation is,
5(6¢) = 0¢/(x) — 6p(x) = — (b’ — 22" (x - b)) a‘zi 5¢. (B.10)

Since e2ftg,,,, appears as metric component in eq. (2.14), eq. (2.19), it should transform
as a tensor under coordinate transformation

SHt ox™ Ox"

2Ht
9mn(2) i i

e g;;j(:c') =e (B.11)
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From here one obtains the change in the tensor perturbation due to SCT,
Yij (@) = vi; () = 7ij(x) + 0vi5(x),
vij(x) = 2M™ j%Yim + 2M™ Yy — (270" — 22 (wb))W, (B.12)
M™; = ™y — 2Ip™,
The invariance of wave function under SCT implies that,

Pl (®)] = Yl ()] = Yl (@) + 07 ()] (B.13)

Ignoring scalar perturbations one obtains,

/ @y ()T () = / @ (35 () + (@) Ty (). (B.14)

After doing integration by parts one can move the derivatives acting on v;; to 7j; to obtain,

/ By ()T () = — / By () (Tyj () + T35 (x)) (B.15)

From eq. (B.15) one can obtain the change in Tj;(x) under SCT. Similar arguments based
on invariance of the wave function, can lead us from eq. (B.10) to the change in O(x) under
SCT. The position space expression for them are given in eq. (3.14) and eq. (3.15). We
can obtain the changes in O(x) and Tj;(x) under SCT in momentum space in a straight
forward manner as given below

Sp(k) — 0¢' (k) =dp(k) + 5(5¢(kz)), (B.16)
O(k) — O'(k) =O(k) + 60(k), (B.17)
Yij (k) = 7ij (k) =i5(k) + 67i; (K), (B.18)
Tij(k) — Tj;(k) =Ty;(k) + 0T;(k) (B.19)

where
( (k)) =6(b.0)0p(k) + 2k;0k, (b - Ok)dp(k) — (b - k)i Oidp(k), (B.20)
0O(k) =2k;0,; (b - Ok)O(k) — (b- k)04i04: O(k), (B.21)
(5% (k) =6(b.0)vij + 2M! i+ 2M! Vit + 2k10k, (b - Ok )vij — (b k)0 Opvij,  (B.22)
Tij(k) =2M! i1+ 2M} Tt + 2k Ok, (b - Ok)Tij — (b k)00 T3y, (B.23)
M} =00y — b0, (B.24)

C More details on calculating the AdS correlator

In this appendix we will discuss in some more detail the algebra leading us to the four
point scalar correlator in AdS, written in eq. (4.31), which is the unknown coefficient in
on-shell action in AdS space, Son “hell-

The basic technique to compute this correlator is simply to consider the Feynman-
Witten diagrams in AdS that are shown in 1. These diagrams are just like flat space
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Feynman diagrams, except that the propagators between bulk points are replaced by AdS
Green functions, and the lines between the bulk and the boundary are contracted with reg-
ular solutions to the wave equation in AdS, which are called bulk to boundary propagators.

We start with our action in eq. (4.1) for a canonically coupled massless scalar field, d¢,
in AdS, space-time. The stress tensor for the scalar field, 7, acts as a source coupled to
the metric perturbation dg,, . In the gauge given in eq. (4.13), the evaluation of the Witten
diagram simplifies to the expression given in (4.14), which we copy here for the reader’s

convenience
/dzldzm/—gl\/_ingiljl (Zl)gh” Jlszlg;?;’ka (k, 21, ZZ)gk1k29l1l2Tk1l1 (22) (C.l)
-1
(21)2 Js(pz1)Js (pz2)(22) 2 z 1 OT- T —dp?
grav. . — 2 2 o ij Tkl 7Y
G’L],kl( y 21, 22) / [ (kQ +p2 _ ’LE) <Tk;Tl + T[Tk; d 1 ) B s

Note that here, as opposed to (4.14), we have suppressed all except for the radial
coordinates.

In fact the Bessel functions, which appear above simplify greatly in d = 3, so that we
have J3/5(2) which appears in eq. (4.19) refers to the Bessel function with index 3/2. It
has the form,

=T (o ) T e

As we will see below, this makes the z-integrals involved in the evaluation of (C.1)

very simple. The integral over p can also be done by residues. However, from an algebraic
viewpoint, it is simply to replace T;; = d;; + kik:j/]v2 with 7~§j = 0j; — k:ik:j/kQ, which is the
transverse traceless projector onto the exchanged momentum.

This replacement leads to an additional “remainder” term, which accounts for the
contribution of the longitudinal modes of the graviton. It also reduces our propagator to
the form given in eq. (4.14) of [58], for d = 3 which reduces to,

1 M
Pl |:/d41131d roN/ g Zl Vg 22 2122 t@_y € G(l'laxQ)tlj(x?)
-2 d4x1\/g(21)z%TZj¥TZj — [ d*z1\/9(21)230; T 82 T.. (C.3)
1\2
d4x1\/g(zl)z%8szj <82> aiTZZ}.

Note that in writing the above equation we have corrected two typographical errors in
eq. (4.14) of [58]. First, an overall factor of 1 and second, z in place of z} in the third
term on the r.h.s. of eq. (C.3). In the first term on the r.h.s. of eq. (C.3), t;; = ﬁijlekl, such
that ]32-]“ is the transverse traceless projector in flat space, eq. (5.2), and G(z1,z2) is the
Green’s function for a free massless scalar field in Euclidean AdSy, obtained in appendix A,
see eq. (A.3), of [58].

It is straightforward to see that the first term on the r.h.s. of eq. (C.3) becomes the
contribution from the transverse graviton, W in eq. (4.18), and also the three other terms
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on the r.h.s. of eq. (C.3) which are the contributions from the longitudinal graviton become
R1, Ry and Rj in eq. (4.22) respectively.

Next we proceed to perform the integrations in eq. (4.18) and eq. (4.22). We start
with W in eq. (4.18).

After being fourier transformed to momentum space the stress tensor, appearing in
eq. (4.18), becomes

Tij(k,z) = /d3w Tz, 2) et b, (C4)

Using eq. (C.4), W, as in eq. (4.18), takes the form
w d’k i1i2 Sj1J2 (Y kika glilo
W = dzldzgwﬂljl(—k,zl)é 0 G12j2,k2[2(k3,21722)(5 ) Tk’lll (k,ZQ) (05)

in momentum space with

_ % gp? Jg (p21)Jg (pz2)
Gijri(k, 21, 22) = / - 2 . 2\ 9
0 2 \/ 2172 (kﬁ +p ) 2

The indices i1, j1 etc which appear in eq. (C.5) take values along the z%,i = 1,2, 3 directions

(Tl TaR)| - o

eq. (4.3). The z components of the stress tensor do not appear because of our choice of
gauge, eq. (4.13).

In eq. (C.5) the graviton propagator éijkl(k:, 21, 22) is contracted against two factors
of the stress tensors Tj;(k, z). The stress tensor for the scalar perturbation d¢, acts like
a source term for the metric perturbation dg,, as evident from the interaction vertex in
eq. (4.7). From the expression of stress tensor in eq. (4.8) one can obtain,

Tij(2,®) = 2(0:60)(9;00) — b [(9:60)* + 0™ (0n8)(0n0)] - (C.7)

The two insertions of the stress tensor in eq. (C.5) correspond to two different values
of the radial variable z = z; and z = 23, which are integrated over. For the S-channel
contribution one should substitute for d¢ from eq. (4.11) in eq. (C.7) and keep only the
bilinears of the form ¢(k1)p(k2) at z = z; and similarly ¢(ks)p(ks) at z = z2. For the
T- channel and U- channel contributions one just needs to exchange two of the external
momenta in the S-channel answer like ko <> k3 and ko <> k4 respectively.

In momentum space, the stress tensors, to be substituted for in eq. (C.5), becomes

Tij[¢1(21), ¢2(21)] = —4 {kuk2j¢1¢2 + %Uij [(0:101)(0z, ¢2) — k1 - ko ¢1¢2]} : o
Thi|d3(22), pa(22)] = —4 {k3k/€4l¢3¢4 + %nkl [(02,03) (02, 04) — k3 - ka4 ¢3¢4]} |
We have used Oj,¢ = —ikmd and g% = 2277 and also the abbreviations
¢1 = d(k) (1 + krz1)e ™71, ¢ = d(ka) (1 + koz1)e ™27, ©9)
b3 = d(k3)(1 + k3zg)e ™71 b1 = d(ka)(1 + kazg)e F172,
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It is important to note that only the first term on the r.h.s. of eq. (C.8) in both 7;; and T},
contribute to W in eq. (C.5). This is because the second term in 7Tj; on the r.h.s. of eq. (C.8)

carries 1;; which when contracted with the transverse projector (ikﬁl + 7NZZ7~;k — 7~§j7~7€l>

of the graviton propagator éi2j27k252(k, z1,292) in eq. (C.6), gives zero.
Nij (72143731 + TaTji — 7?;‘77@1) =0. (C.10)
Therefore, the relevant terms in the stress tensors are,

Tij(z1) = —4kiika;d102,

(C.11)
Thi(2z2) = —4kspkadp3da.

Finally substituting in eq. (C.5) for Tj; from eq. (C.11) with the ¢;’s in eq. (C.9) and
the graviton propagator in eq. (C.6) we obtain W (ky, ko, ks, k4) as,

WSy e ) = 16(27)°6° (3 s ) 0o (k)o(0a) (k)
i (C.12)
Kk kS, <7~§k7~}l + T Tk — 7~?j7~7cz> S(ki, ko, ks, ka)

where

[e o] dp2 0 dZ]_ 3 f(k1+k2)z1
S(k1, ko, k3, ks) = 0+ KD — (T +krz1)(1 + k221)(21)2J% (pz1)e
0 0

p? + K2) 23
> d
/0 T2 (Ut k) (L4 huz) (20) .7y (pa)e R0, (C.13)
2

and K which is the norm of the momentum of the graviton exchanged in the .S channel, is
ks=k1+ ko= —(k3 + k4) (C.14)

S(k1, koks, kq) can be evaluated by explicitly carrying out the integrals. We first do the
21, z2 integrals by noting that,

00 . 3/2 (1.2 2,2
/ 990 s baa) () 1y (pag)e )= \/517 (k? + hoky + K3 + p°)
0 s

E (k1 + k2)2 + p?)?
(C.15)
This gives,
9 pt (k? + dkoky + k2 + p?) (k2 + 4kyks + k2 + p?
S(k17k27k3ak4) _/ dpi ( L ; : 2 22 )( 32 ;123 24 2 )7 (Clﬁ)
0o T ((k1+k2)?+p?)” ((k3 + ka)* +p?)” (K2 +p?)

The p integral is now easy to do, by noting that the integrand is an even function of p,
and then doing the integral by the method of residues. This is a significant advantage of
massless fields in momentum space in AdS;41, where d is odd: exchange interactions can
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be evaluated algebraically! This leads to

kiko(k1 + ko)? ((kl + ko)? — k3 — ki — 4ksky)
(k1 + ko — ks — ka)?(k1 + ko + ks + ka)?(k1 + ko — Ks) (k1 + ko + K)
<_k31+1€2 k1 + ko k1 + ko

S=-2

2k ko —(kﬁl + ]{22)2 + k% + ki + 4ksky Kg — (k‘l + ]{52)2
1 1 3
+ —~ +
—k1—ko+ks+ks kit+kot+ks+ks 2(ki+ ko)
K3 (—k? — dkoky — k3 + K2) (—k} — 4kyks — k3 + K?)
2 (—k2 — 2koky — k2 + K2)? (—k2 — 2kaks — k3 + K2)°

(C.17)

>+OJH&®

This value of S from eq. (C.17) along with the index contraction

o ~ o~~~ ~ ~ ko + kq1).k ka+ k3).k
%@@@mﬂﬁymm—ﬁmwz%mm+“z+1ﬁf%;+3)ﬁ}
1 2

{(k1 + k2).ka}{ (ks + ka).ka} {(k2 + F1).k1}{(ka + k3).ka}
{kz.k4+ ey + ka? 4):7 }+{k1.k4+ |k31—|—k2T2 4 }
{(k2 + k1).k2}{(k4 + k3).k3} {(k2 + k1).k1}{(k1 + k2).k2}
{kz'kg * k1 + ka2? } - {kl'kz N k1 + ka? }
{(k3 + k4).ka}{(ks + k3).k3}
{k3-k4 - 3 |k1 + k2|2 3 3 }7

(C.18)

can now be substituted in eq. (C.12) to obtain eq. (4.25).

Once the transverse graviton contribution, W, is calculated, we are left with the lon-
gitudinal contributions for the graviton eq. (4.21). The momentum space expressions for
eq. (4.22) becomes

dz d’k 1
Ry :/Z%Wsz(k,Zl)kQsz(_kazl)’

1. [dx &k 1
=i | — gk Tk, 21) 5Tk (—k, 21), C.19
Ro = 5i [ STy e 20 g T 2) (©19)

1 [dz d’k 1
- Tz ) szz — Ry, .
R3 4/ Z% (27r)3kj j(k 21)k4]€ ( k 21)

Using the relevant components of the stress tensors obtained from eq. (4.8), as given
below,

Toj(¢1, pa) =izie”Ritha)z [k%k%(l + koz1) + k3kyj (1 + ky21) |, (C.20)
Tea(1, 62) = e~ B8 [k Jog 4 (R kea) (b + ko)1
+ klk‘g(klkg + kl.k2)zﬂ , (C.21)

B Te(61, 62) = 1™ k22 9203 4 (ey R ) (7 + K3)
+ klkg(lﬁ -+ kg)(klk‘g + kl.k2)2’1:| (C.22)

in eq. (C.19) one obtains eq. (4.26). Adding eq. (4.25) and eq. (4.26) one finally obtains
SAdS | as given in eq. (4.31).

O
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D Possibility of additional contributions in changing gauge

Once we obtained the four point function (0¢(k1)op(k2)dd(ks)dd(ka)), eq. (5.9), in
gauge 2, we finally moved to gauge 1 using the relation eq. (2.34). It was mentioned
in subsection 5.1, in the footnote, that there will be additional higher order terms in ¢ on
r.h.s. of eq. (2.34) which might lead to additional contribution in (¢(k1)((k2)((ks)((ka))
coming from the two point function (6¢(k1)d¢(k2)). In this appendix we will first compute
the additional higher order terms in eq. (2.34) and then argue that the possible additional
contributions to eq (2.34) are further suppressed in the slow-roll parameters.

For the discussion of contribution due to higher order terms in ¢, we will not consider
any tensor perturbations and define the scalar perturbation, ¢, in the metric in the following

way, from eq. (2.17),
hij = 62(p(t)+4)5ij. (D.1)

The scalar perturbation in the inflaton is defined in eq. (2.23). As was discussed in subsec-
tion 2.1.2, to go from gauge 2 to gauge 1 one needs to do a time reparameterization, which
to leading order in ¢ was given in eq. (2.31). Considering the time coordinate in gauge 2
being ¢ and that in gauge 1 being t, we write this infinitesimal time reparameterization as,

t=t+T. (D.2)

The scalar perturbation in the inflaton in gauge 2 is given eq. (2.23), the scalar perturbation
in the metric, (, is zero in this gauge and the metric takes the form,

ds? = —di? + 2D ;da’ da? . (D.3)

Notice that for p(f) = Ht we get eq. (2.18), here we allow for a more general time depen-
dence.

In gauge 1 there is no scalar perturbation in the inflaton, ¢ = 0 and the metric, now
containing a scalar perturbation, becomes,

ds® = —dt? + PO+ 5, datda (D.4)

Using the time reparameterization, eq. (D.2), in eq. (2.23) and demanding that J¢
vanishes as we go to gauge 1 yields the relation, upto cubic order in 7,

- T? - T3 -
6 = —Tohp(t) — 78t o(t) — Eat o(1). (D.5)
Using the time parameterization, eq. (D.2), in the metric of gauge 2, eq. (D.3), and then

comparing with the metric in gauge 1, eq. ((D.4)), we obtain ¢, upto cubic order in 7",

T2 T3
C=Top+ 7@% + Fafp. (D.6)

Inverting this equation we obtain 7" in terms of (,

S S S
= 200 6ap)i (D7)

5Here we neglected a term like 0:064, because at late times, upon horizon crossing d¢ becomes constant.
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Substituting for 7" from eq. (D.7) in eq. (D.5), we obtain the correction to eq. (2.34) due
to higher order terms in (,

2 2 2 1
5(}5 7£t¢+7 C (té)Q( 8}51077 atd))

Op 2 (Orp)? Oip O (04p)? (D.8)
3 2 927 3 :
1 ¢3 (3&)3<—1 op  Oip 99 1 at¢>
2 (atp)s ' 3 0ip ((9:5(%_5)2 Op (3t¢_5)3 3 (0th)3 .

The linear term in ¢ on the r.h.s. of eq. (D.8) gives the leading contribution to the
four point correlator of curvature perturbations (((k1)((k2)((ks)((k4)) as obtained in
eq. (5.10). This arises due to the quartic coefficient term (O(k1)O(k2)O(k3)O(k4)) in
eq. (2.37). Additional contributions to the (((k1)((k2)((ks)((ks)) correlator arise from
the higher terms on the r.h.s. of eq. (D.8). For example the term going like ¢? on the r.h.s.
of eq. (D.8) when inserted twice in the quadratic term of the wave function, which goes like
Aé—% | =8¢3p(00), eq. (2 37) can give a contribution of this type. However, due to the

extra factor (Bzitggt& (8 ¢) ) that multiples the ¢? term on the r.h.s. of eq. (D.8) such a

contribution will be of order € and therefore will be suppressed in the slow-roll parameters.

Similarly, it is easy to see that the other terms in the expansion in eq. (D.8) also give
subleading contributions to the four-point correlator.

E Conformal transformations and compensating reparameterizations

Following our discussion in section 6.1, in this appendix we will show that the probabil-
ity distribution P[0¢], defined in eq. (3.29), is invariant under the combined conformal
transformation, eq. (3.12), eq. (3.13), and the compensating coordinate reparameteriza-
tion, eq. (3.18) upto quartic order in d¢. This will, in turn, prove the invariance of the
scalalr four point function under the combined transformations mentioned above.

The probability distribution was calculated upto quartic order in d¢ in eq. (5.3). Let
us begin by writing the different terms in P[d¢] schematically as,

Plog] = exp[ /&b&b (00) + /5¢5¢5¢5¢ Pyua(k12)

= (00T};){O0Ty)

(E.1)
+ 3 / 5¢5¢5¢5¢<oooo>]

with, k12 = |k1 + k2|. In particular the second term in the r.h.s. of eq. (E.1) is responsible
for the ET contribution and we will refer to it loosely as the ET term below.

The invariance of P[d¢] under the combined transformations works out in a rather
non-trivial way as follows. The first and third terms in the r.h.s. of eq. (E.1) which are
quadratic and proportional to (OOOQO) respectively, are both invariant under a conformal
transformation. But the ET term in the r.h.s. of eq. (E.1) is not. However, its transfor-
mation under a conformal transformation is exactly canceled by the transformation of the
first term in the r.h.s. of eq. (E.1) under the compensating reparameterization. Under a
conformal transformation d¢ transforms linearly, therefore the resulting change of the ET
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term under a conformal transformation is quartic in d¢. Now as we see from eq. (6.4)
under the compensation reparameterization d¢ transforms by a term which is cubic in d¢.
As a result the change under the compensating reparameterization of the first term in the
r.h.s. of eq. (E.1), which is quadratic in d¢ to begin with, is also quartic in d¢. We will
show in this appendix that these two terms exactly cancel. Additional contributions under
the compensating reparameterization arise from the second and third terms in eq. (E.1)
but these are of order (6¢)° and not directly of concern for us, since we are only keeping
terms upto quartic order in d¢. We expect that once all terms of the required order are
kept P[0¢] should be invariant to all orders in d¢.

We turn now to establishing this argument in more detail. First, we will calculate the
change in the first term in the r.h.s. of eq. (E.1) under the compensating reparameteriza-
tion. Next, we will calculate the change in the ET term in eq. (E.1) under a conformal
transformation and show that they cancel each other.

E.1 Change in [§¢d¢p(O0O) under the compensating reparameterization
The change of [ §¢d¢(OO0) under the coordinate reparameterization z* — x' + v*(z) with

; 6b% i (x : :
vi(x) = —78%() can be written in momentum space as,

o [— / 5¢5¢<oo>] =1+ Iy, (E.2)

3 3
h= - [ G 8 (0(k) (k) O k)0 k), (E3)

3 3
I = /%mw(klw(w(@))w(kl)O(kz)>- (E.4)

Using 6%(6¢(k)) from eq. (6.4), one gets

7 _Bbm/d%l dBky dBks Pky Py
o (2m)3 (2m)3 (2m)3 (2m)3 (27)3

dp(k1 — ks5)dp(k2)dg(ks)dd(ka)

K =5 (0(—k1)O(—ka)) (O(—ks)O(—ka)Tia(~ks)).
5
With the change of variable
ki=a1+ks (E.6)
and then again relabeling q; — k1 one arrives at,
o [ Bk Bky ks dky dPks
fr=3b / (2m)3 (2m)3 (2m)3 (2m)3 (2m)3 0 (k1)d¢(k2)d0(k3)dd(ka) E7)
85) (15 4 1) (ks — ks)O(—k)) (O(~ksJO(—ka) Tia(~s)).
5
Similar procedure for Is gives,
o [ APk Bky dPks dPky dPks
=3 / (2m)3 (2m)3 (2m)3 (2m)3 (2m)3 00 (k1)d0(k2)00(k3)dd(ka) E8)

Pk (ks)

5 (ks + %) (O(=k1)O(~ka — k3)){O(~k3)O(~ka)Tya(~ks3)).
5
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Substituting for I; and I in eq. (E.2) one obtains,

d3k; d°ks P (k
5R[ /&zﬁ&boo] 3bm/H< ook )(@53 Zg( 2
{(K1+k5) (O(—k1—k5)O(—k2)) + (k3 +k3) (O(—k1)O(—kz2—ks))}
(O(—k3)O(—ka)Tiu(—ks)). (E.9)

We further use the Ward identity for the conservation of stress tensor,

0,1 (0(x1)O0(x2) Tij (m3)) =0 (23 — 21)(0,; O(21)O(2))

=3 , (E.10)
+ (5 (263 — $2)<O($1)8x%0($2)>
which in momentum space is of the form,
(K5 + k1) (O(k1 + k3)O(k2)) + (k5 + k3) (O(k1)O(kz + k3)) (E11)

= k}{O(k1)O(k2)T;;(k3)).

Using eq. (E.11), one can simplify eq. (E.9) further to obtain,

5R[ / 5636 oo] — 3pm / H [ ki o }é 7253 zngkw .

K <O(—k1)0(—k2) Tij(—ks)) (O(—k3)O(—kq)Tri(—ks)).

E.2 Change in ET contribution term under conformal transformation

The ET term in the r.h.s. of eq. (E.1) in more detail is given by

P[6¢)pr = exp [ / ﬁ {g’f)g 5ok J)} 1}, with (E.13)
J=1

I—/ Bks ke (Ti;(ks)Tri(ke))
=) et RR

(O(k1)O(k2)Tij(ks)) (O(k3)O(ka)Thi(Ks))-

Where we have used the relation,

8(Tij(ks5)Thi(—ks))’

P =
Jkl 3
ks

(E.14)

to write ﬁijkl appearing in eq. (5.3) in terms of (Tj;(ks)Tk(—ks))’. In the above ex-
pression one can integrate over ks and kg using the momentum conserving delta func-
tion in (Tj;(ks)Thi(ks)) and also in the coefficient functions (O(k1)O(k2)T;j(ks)) and
(O(k2)O(k3)Tij(ks)) to get the ET term in eq. (5.3). Under a conformal transformation
0¢ transforms as given in eq. (B.20). After integrating by parts we obtain,

i b= TGS

ks ~00(k.y) } 5C(I). (E.15)
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Where the resulting change in I is given by
5°(I) = / (23;11353 (f;f)GS (T3 (k]jgzl;%l(%))
[<5O(k1)0(k2)ﬂj(k5)> (O(ks)O(ka)Thi(ks))
+ (O(k1)00(k2)Tij(ks)) (O(ks)O(ka)Tri(ks))
+ (O(k1)O(k2)Tij(ks)) (60(ks)O(ka)Tii(ke))
+ (O(k1)O(k2)Tij(ks)) (O(ks)6O(ka)Tri(ks))

(E.16)
k2
ko
and 00(k) is given in eq. (B.21).

Now we will use the fact that (O(ks)O(k4)Tki(ke)) is invariant under special conformal

transformation, which will allow us to write,
(00(k1)O(k2)Tij(ks)) + (O(k1)00(k2)Tij(ks)) = —(O(k1)O(k2)dTij(ks)).  (E.17)

Using eq. (E.17) back in eq. (E.16),

3 3 .
1) =~ [ om0k Oka)T k) .

(O(k3)O(k4)Tyi(ke)) + (O(k1)O(k2)T;j(ks)) (O(k3)O(ka)dTy(ke)) |-

Next we use the expression for the change of Tjj(k) as given in eq. (B.23) in the above
expression and integrate by parts to move the derivatives acting on 7Tj;(k) to other terms.
After using the fact that (T;;(ks)T}(ke)) is also invariant under conformal transformation,
we are left with the terms which arise when the differential operators acts on the factors
of 1/k3 and 1/k2. This gives,

50(1)_/d3k5 ke 12 [ 1
) @n)3 @2n)3 K kG K2

(bmksi — biksm ) (Tinj(ks)Thi(ke))

+ klg(bmka — bkem)(Tij(ks)Tmi(ke)) (E-19)
(O(k1)O(k2)Ti5(ks)) (O(k3)O(ka)T(k))-
Further we can use the fact that (T;(ks) Ty (kg)) satisfies the relation
ksm (T (ks) T (ks)) = 0 (E.20)

which follows for example from eq. (E.14) and the fact that ﬁijkl is transverse and traceless.
This yields,

d3k:5 d3k6 24 by ks;
§C(1) = o (T (Ks) Thy (K
(1) /(Qﬂ)g PRI k2 (Tinj(ks)Tha(ks)) (E21)

(O(k1)O(k2)Tij(ks)) (O(k3)O(ka)Tyi(ks))-

— 55 —



In obtaining the above equation we have also used the fact that I is symmetric under the
exchange

the external momenta k1 < k3, ko < ks, ks < kg

(E.22)
and for the indices {7, j} < {k,}.

Finally, using eq. (E.14) gives,

5 (1) = b [ S L) 00 Ok T k) (OUka) OO T (). (823
5

Using §¢ (I) from eq. (E.23) in eq. (E.15) and comparing with eq. (E.12), we see that they
exactly cancel each other so that their sum vanishes. This proves that P[d¢] is invariant
upto quartic order in d¢.

F More details on different limits of the final result

As was mentioned in subsection 6.3, in this appendix we will provide more details on the
discussion of different limits of our final result in the following subsections.

F.1 Details on deriving eq. (6.36) for Limit II in subsection 6.3.2

Let us start examining the behavior of (O(k1)O(k2)O(k3)O(k4))" in the limit ke — oo.
We do so by parameterizing k2 = a/e and then take the limit ¢ — 0, with kg, k4 held fixed
and k1 = —(k2 + k3 + k4). One then obtains,

lim (O (k1)O(k2)O(k3)O(ka)) = %Wdi“ + WOt L Oe) . (F.1)

e—0

Here WY+ is the coefficient of a term which is divergent as € — 0, and W is a term
which is € independent. The presence of a divergent term might at first seem to contradict
eq. (6.36). However it turns out that the divergent piece is entirely a contact term analytic
in the momenta.

Wdiv‘ — W;iiv. + Wtdiv. + ngv. (F2)

where the contributions from the individual channels are

1 div. __ 5 k:2

PALCyo, (k2 - k3)(k2 - ka) + ZkS - kg, (F.3)
1 div. __ 1 div. __ 1 k2
W = W = (ks ) (k) — R K (F.4)

These terms are clearly analytic functions of ks, k4. Such analytic terms in position space
give rise to contact terms, which are proportional to delta functions or their derivatives for
one or more of the arguments. We had mentioned in our discussion after eq. (6.28) that
we are neglecting such contact terms in the OPE, it is therefore no contradiction that they
are appearing in an expansion of the full answer in eq. (F.1) above, but did not appear in
our discussion based on the OPE in eq. (6.36).
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Neglecting these divergent pieces we get in the limit ¢ — 0 that

lim (O (k1)O (k2)O(k3)O(ky)) = Weonst, (F.5)

e—0

We get contributions to W' from all the three channels,

Wconst — Wgonst 4 W%onst 4 W&onst (FG)
where,
ko - k3)(k3 — k2
W%onst 4 W&OHSh — ( 2 38)15: 3 4)' (F?)
2

It is obvious from r.h.s. of eq. (F.7) that the contribution to W from 7" and U channels
are analytic functions of kg, k4. Therefore, effectively they don’t contribute to W<t for
the same reason described earlier, and the contribution to W% comes only from the S-
channel, which is

Wgonst — g((){l)st 4 W,g‘((jg)s‘ﬁ.v (FS)
with
3 (kg - k3)(ks -ky) [ - kks + ksky + kak kksk
b} (k+/<73+k74) (k+/<33+k4)
3./ - 3k2k32 5(kso - k3) (k2 — k32)
Wconst. - "k —k‘2—|—k‘2 —|—]€2 + _ 34 3 4 ) F.9
5@ 64 ( 3 4> 8(k + k3 + kq) 16k2 (£.9)

It is obvious from eq. (F.9) that the term Wg‘()g)“ does not contribute to eq. (F.5), because
the first two terms on L.h.s. of W;C(’E)St does not depend on k2 and the last term is analytic
in the momenta kg, kg, therefore when fourier transformed back to position space they
produce delta functions or derivatives of them.

Finally we get,

. ks - k3)(ks - k -
lng(O(ky)O(02)O(ka)O(ha)) ~ "2 202 4] (Gt 4 1
o N - (F.10)
B kks + ksks + kqk B kksky >
(k4 ks + ky) (k4 ks +ky)2)

Therefore we have confirmed eq (6.36).

F.2 More details on obtaining eq. (6.40)

In this subsection we will explain in more detail the contribution of the ET contribu-
tion term to the scalar four point correlator (0¢(k1)op(k2)dp(ks)dp(ka))rr in counter-
collinear limit eq. (6.39). It is obvious from eq. (5.6) and eq. (5.7) that in this limit the
dominant contribution in (0¢(k1)d¢(k2)dd(ks)dp(ka)) pr comes from the S-channel term,
@S(kzl, k2, ks, k4). This term diverges as é in the counter-collinear limit. In the r.h.s. of
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eq. (5.7) the term within the parenthesis is due to the four external momenta correspond-
ing to the four perturbations being contracted with the transverse traceless projector P,
eq. (5.2), as follows,

KRS RERG Pijra (ke + k) = (F.11)
O S -l
. e
G kl?k’jli{;i?; A L S

One can also use the polarization tensors €}, defined in eq. (2.39), to write the r.h.s. of
q. (F.11) in an alternate way. In a spherical coordinate system having {e, €, Elg} as basis

(denoting k= %) one can obtain the relation

Z €€k = ﬁijkz- (F.12)
S
Let us define 6; being the angle between k; and k1o, whereas ¢; being the angle between
k; and e. As was shown in [3], see eq. (2.32), using eq. (F.12), one can then get,

KRS KE KL Py (k1 + k2) = K22 sin®(6)) sin®(63) cos(2x12.34)- (F.13)

Using eq. (F.11), eq. (F.13) and eq. (5.8) in eq. (5.7), one obtains the form of the ET contri-
bution term (d¢(k1)d¢p(k2)dp(ks)op(ka))pr in the counter-collinear limit as in eq. (6.40)
in a straight forward way.

F.3 More details on the check of the relative coefficient between CF and ET
terms

In subsection 6.3.3 towards the end we discussed the counter-collinear limit in an alternative
but equivalent way compared to what already exists in literature. We took all the individual
momenta i.e. k;, i = 1,2,3,4 to diverge keeping k1 + ko = —(ks + k4) fixed. This way
of interpreting the counter-collinear limit provides us a further check to fix the relative
coefficient between the CF term in eq. (5.5) and the ET term in eq. (5.6). Here we will
discuss in some detail.

We implement this alternate way of counter-collinear limit in two steps. First we take
k1,k1 — oo keeping k15 fixed and then we take ks, kg — oo keeping ks + k3 fixed. After
the first limit the (O(k1)O(k2)O(k3)O(k4)), given in eq. (4.33), becomes,

3 (ka.ka) (ka.ka)

(O(k1)O(k2)O(k3)O(kyg)) — 4(27)%8° ( > kJ>
J

with S(ks, k4) being given in eq. (5.8). Next we take the limit, i.e. kg, kg — oo keeping
ks + ks fixed and in this limit the leading non-analytic behavior of S(ks, k4) goes as,
3 k3,

3
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Using eq. (F.15), one obtains the limiting behavior of the CF term contribution to scalar
4 point correlator, eq. (5.5) in the counter-collinear limit as,

? (ka.ks) (kz.ka) k3,

. (F.16

(bolkn)do(ka)ds(ka)son)cr = 520 ( k) (3)
J

For the ET contribution to the scalar four point correlator, eq. (5.6), we have two
factors of S, and as it was mentioned in the previous subsection, the term within the
parenthesis in the r.h.s. of eq. (5.7) is kikgk’gkﬁlﬁjkl(kl + k2), eq. (F.11). In the sequence
of steps for the counter-collinear limit we are concerned with, this term goes as,

KRS RE KL P (K + ka) ~ —2(ka.ks) (ka.ka). (F.17)

Using eq. (F.15) and eq. (F.17) in eq. (5.6), we obtain the form of the contribution of the
ET term in 4 point scalar correlator as,

? (ka.ks) (k2 ka) k3,

3
(56(k1)56 (k)5 ()5 (ka)) 1 = —8(277)353(%: kJ) <8> kg o

Now comparing eq. (F.16) and eq. (F.18) we conclude that, once we take the counter-
collinear limit in the sequential order prescribed above, the leading behavior of both the
CF and ET term matches perfectly including coeflicients and thus provides a further check
on the relative coefficient of these two contributions.
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