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Abstract

This thesis is mainly devoted to the calculation of nuclear matrix element for neutrinoless double
beta decay (hereafter Ov33). In addition to the calculations with spherical QRPA (Quasi-particle
Random Phase Approximation) methods and other methods previously used by many groups,
we develope the deformed version of QRPA, using the deformed wave-functions derived from the
Woods-Saxon potential. We adopt a realistic force as the residual interaction, in order to get
reliable intermediate states which are very important in the QRPA formalism. This generalization
makes the QRPA method applicable to all nuclei either spherical or deformed.

In chapter 2, a detailed derivation and illustration of different possible emission mechanisms for
Ovf3( are demonstrated. We introduce different new physics models which will produce new phe-
nomena beyond the Standard Model (SM). We give the Lagrangians which are related to lepton-
number violation and weak interaction. With these terms we describe possible inner processes of
the Ov30 by Feynman Diagrams.

In Chapter 3, we go on with realistic calculations of this process and deduce the half-lives from
the underlying mechanisms. We transform the interactions originally between quarks to that of
nucleons by the so-called hadronization process, and the non-relativistic approximation for nuclei
is justified. A derivation of the complete expressions for both 2v35 and Ov33 NME is given.

In chapter 4, we introduce the many-body techniques which are required in the calculations, such
as QRPA, NSM (Nuclear Shell Model) and others. Our focus is on the pn-QRPA (proton-neutron
Quasi-particle Random Phase Approximations), we give the numerical details of the method and
the modifications to treat deformed calculations. Finally we give also a derivation of the formulae
for the NME (Nuclear Matrix Elements).

In the last chapter 5, we give our detailed results on this calculation. First some details of the wave-
functions derived from the mean field approximations and also the pairings are discussed. Then
we solve the QRPA equations. With these solutions we can give the multipole transition strength
distributions as well as NMEs for Ov33 and 2v33. The distributions then can be compared with
experiments to assess the reliability of our approach. The NME is what one really needs. It is the
most important step on the final determinations of neutrino mass (m)... Our calculation is the
calculation of 0v33 decay with realistic forces in deformed nuclei. The results for '°° Nd show that
the general structure of the Ov343, such as the g, dependence and the dependence on the angular
momenta of the neutron pairs, changed into proton pairs, have not been modified drastically except
for a suppression from the overlaps between the BCS vacua for the parent and daughter nuclei. Our
results give optimistic predictions, that *° Nd should have the shortest 0v33 half-life. And with

this achievement we may now have all Ov33 NMEs available. We wait now for the breakthroughs
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from the experiments with values for OvGg lifetimes. This will bring us further to the new era of
physics beyond the Standard Models.



Chapter 1

Introduction

The establishment of the electroweak theory[I, 2] is one of the greatest achievements of physics
in the last century. Together with the SU(3) Quantum ChromoDynamics(QCD) for strong inter-
action [3], physicists finally built the so called Standard Model (SM) based on quantum field theory
developed in the middle of 20th century by Feynman, Schwinger et. al. [4,[B]. Experiments after-
wards at the energy scales below several hundred GeV proved the success of the model except the
lack of observation of the Higgs particle [6] which is responsible for the mass of various fermions
and weak bosons. However, the faith of the existence of one unified interaction which incorporates
all known interactions (electromagnetic, weak, strong and gravitation) pushed particle physics for-
ward to search for new physics beyond standard model. There are experimental indications for
this: The neutrino oscillations which proved the massive nature of the neutrinos. These ask for
new theories: either modification of the standard model or for new physics beyond the SM. After
the first decade of the new century, the LHC experiments started the search for not only the Higgs
particle predicted by the SM but also other particles implicated by new physics models competing
with the SM. But for the search of new physics, LHC experiments are the most promising but
not the only ones. In fact the search for new particles from cosmic rays have already started, to-
gether with the search for lepton number violating processes in nuclei. All these experiments and

observations will surely open a new era of physics and broaden our view of the universe further.

The economically cheapest way to detect physics beyond the SM, however, may be the confirmation
of the Ov3(3, although these experiments are supposed to be time-consuming in account of the long
half-life of the Ov 3. But once the Ov 3 is observed, this surely gives evidence of the incompleteness
of the standard model and further data can also give us clues about new physics. Nonetheless,
despite the claim of events for Ov3 from the Heildelberg-Moscow experiments [7], there is still not
enough direct evidence wether the lepton-number and/or lepton-flavor violating processes truly
exist in nature. Double beta-decay is a kind of special nuclear 3 decay first proposed by Mayer []],
which is originating from the energy difference between odd-odd and even even nuclei as shown in
fig[T1] These differences stem from the nuclear pairing which makes the even-even nuclei much
more stable, because pairing between neutron or/and proton pairs will lower the energy of the
ground state, the energy difference is the so called pairing energy(named gap) described in the

BCS theory. So in this case, the emission with two electrons is possible since the neighboring odd-
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Z+1

Z+2

Figure 1.1: Graphical sketch of the energy levels for B3-emitters. They(X) are even-even nuclei,
and more stable than their neighboring odd-odd nucleus M. So single 3-decay is forbidden, but decay

to a neighboring even-even nucleus Y with Z+2 A.

odd nuclei is less stable compared to neighboring even-even nuclei with the same nucleon number
A. Thus the even-even mass parent nucleus can decay to a neighboring even-even nucleus with
Z+2 and N-2:

(A, Z) — (A, Z +2) +2¢ +20 (1.1)

Usually, in the SM, this process will emit two electrons together with two anti-electron neutrinos
just as two successive single beta decays except the intermediate nucleus being replaced by in-
termediate virtual states. But, if the neutrinos are of Majorana nature, things will become more
interesting. In this case, neutrinos are antiparticles of themselves, this makes it possible that the
neutrino produced in double beta decay be reabsorbed, so no neutrinos will be observed. This is
called neutrinoless double beta decay(0v303):

(A,2) = (A, Z +2) + 2¢~ (1.2)

This process violates the conservation of lepton number which is thought to be an accidental
symmetry but conserved in the SM. And this is important for the creation of baryons in the Big
Bang. Present observation suggests a large excess of baryons over anti-baryons. Through the
so-called leptongenesis mechanism [9], the non-conservation of lepton number will finally make our
universe to be matter dominant.

Lepton number violation is not possible in the SM, so modifications or new theories beyond the SM
are needed. This can be done by introducing lepton number violating interactions. We shall check
different new physics theories for this. In fact, even for the SM, the lepton number as well as the
baryon number are not conserved separately. B — L should be instead a much more fundamental
symmetry. In many new physics theories, the lepton number symmetry is violated. This allows
the Ov (0.

The easiest way of extending the SM to include the neutrino mass is to add a mass term of
Majorana neutrinos which spontaneously violates the lepton number conservation. But this will not
answer the question why the neutrino is so light (Current experiments from § decay and neutrino

oscillations tell us that the mass of the electron neutrino is smaller than 1leV, compared with



0.5MeV of the lightest charged lepton, the electron). So new mechanisms were proposed to explain
this mass hierarchy, of which the most promising one is the so-called ”"See-Saw” mechanism|[10],
with prediction of heavy right-handed neutrinos, together with Dirac and Majorana mass terms
this can explain the smallness of the left-handed neutrino mass. There are different types of See-
Saw depending on the types of Higgs particles which are responsible for all the mass terms. They
are also closely related with the vacuum structure. These new Higgs particles are usually singlets
of the SM but are multiplets of extra symmetries beyond the SM.

It has long been a dream of Grand Unification Theory (GUT) to unify electroweak and strong
interactions into one[II] force. In this way, a larger gauge group is needed to be introduced as
well as more Higgs particles responsible for the spontaneous symmetry breaking (SSB) at a higher
energy scale above the SSB of electroweak interactions. In GUT theories of SO(10), in certain
SSB patterns [12], a left-right symmetric subgroup (SUL(2) x SUg(2)) is predicted and hence
the possible existence of right-handed neutrinos. This scenario will also give the appearance of a
See-Saw model. The mass of left- and right- handed neutrinos in this model can be quite different
due to the structure of the scalar vacuum. This will also affect the Ov33 due to neutrino mixings
between the left- and right-handed ones. But considering the heavy mass of the right-handed
gauge bosons (Must larger than W and Z bosons), this contribution should be small with the ratio
k= Mp/Mg. The L — R symmetric model with suitable Higgs sectors will automatically give the
see-saw mechanism with the lepton number violation (only B — L is conserved). But new problems
may emerge such as the proton decay and the hierarchy problem due to the huge difference between
the broken energy scales.

To realize the see-saw mechanism, there are also other possibilities such as that of the existence of
extra dimensions[13] which are warped with a small radius. This will lower the Planck scale and
solve the naturalness problem of the SM by the hierarchy between the mass scales of electroweak
and gravity. In this scenario, if we introduce sterile neutrinos[14] (not the neutrinos of the SM)
which can travel in this short warped interval while SM particles are sticked to a 3-brane (our
world) located somewhere in the fifth dimension. This is an attractive proposal, as we need only
to add one single sterile neutrino and this new five dimensional particle will automatically give the
smallness of the left-handed neutrinos like that in See-Saw. In this case, after the compactification
of the fifth dimension, we can get many resonant states of neutrinos called Klein-Kaluza particles
which act as the right-handed neutrinos in see-saw. And with certain boundary conditions we
will find the lightest states to be left-handed states and also the smallness of neutrino mass can
be explained. By adjusting the position of the brane in the fifth dimension and the compactified
radius we can get the correct magnitude of the decay width of the Ov8j3 as from GUT without the
annoyance of many extra heavy gauge bosons and Higgs particles.

Above we discussed the mediating neutrinos which must be Majorana particles. Are there possi-
bilities that the mediating particle can be something other than neutrinos? The answer is perhaps
yes. In the supersymmetry if the R parity, which is +1 for SM particles and -1 for their SUSY
partners, is violated. Then there is the possibility for heavy SUSY particles to decay into SM
particles and also quarks into leptons which allows 0v33. SUSY theory[I5] is considered to be one
of the most promising theories beyond the SM, it relates the fermions with the bosons by super-

symmetry, and the equality of boson and fermion degrees of freedom may solve many problems in
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the SM and GUT such as the axial symmetry anomaly from introductions of new particles and the
hierarchy problem. Because of the non-observation of these superpartners of the SM particles, it is
suggested that the symmetry is broken, and if we introduce the R-parity and its conservation, we
will have the lightest SUSY particle (LSP) which is stable with heavy mass served as the candidate
for Dark matter. However, to incorporate lepton and baryon number violation, we must take into
consideration the violation of R-parity. But in addition to Ov(33, this will also give arise to the
existence of proton decay, so this violation should be well constraint by recent experiments. For

Ov(03, in this case, weak bosons and mediating neutrinos are replaced by SUSY particles.

The above mechanisms should not be the only possibilities for the Ov33. Actually new theories
beyond the SM may contribute, especially those, which contain lepton number violating terms. If
these mechanisms co-exist, the important task is to determine whether one is dominant or if they
contribute of comparable weight. The nature of these mechanisms can be a proof of new physics
beyond SM. So we need first to calculate the experimental observables from the realistic, effective
theories instead of interactions from first principles. Usually one replaces then quarks by nucleons
and one integrates out the heavy mediating particles as in weak interactions the W and Z bosons.
In the Ov 30 we expect that the weak interactions are most important, since comparing with other
new particles from theories beyond the SM, weak bosons should have the lightest masses hence give
the largest interaction strength at an effective four-fermion vertex. So if the neutrinos are truly
Majorana, then we can take the most simple emission mechanism of Majorana neutrinos to be the
leading contribution. Besides these mechanisms for Ov33 discussed above, we should be aware that
the nuclear environment which guarantees this process should also be carefully examined.

So we need well established nuclear structure theories which could well interpret both Ov53 and
2uB06. As 2v(03 is well observed for varies nuclei and contains only physics we know, it can serve
as a good test for nuclear theories which can then be applied to the OvG3. After decades of
development, from the early simple treatment by the time of discovery of the 2v33, we now have

several tools for the calculation of G3-decay.

The (0 emitters lie in the medium and heavy atomic mass region with nucleon numbers from tens
to hundred, the lightest one is 8Ca, with 20 protons and 28 neutrons. So we are dealing with
nuclear many-body systems which are complicated to deal with not only because of the many-body
problems but also the troublesome and mainly unknown nucleon-nucleon interactions. Nucleons
are bound systems of quarks and feel the strong interactions. The strong interaction are described
by quantum chromodynamics(QCD). The important feature of this theory is asymptotic freedom
and color confinement. This poses great difficulties for the calculations of the nucleon properties
from first principles. In spite of some non-perturbative attempts such as "Lattice QCD”, we resort
here to nuclear models. In nuclear structure theories, these models can be classified into different
categories as empirical or phenomenological. The empirical models are constructed from the bare
nuclear force, such as the Briickner G-matrix [I6]. These realistic nucleon-nucleon interactions
are then suitable for describing the nuclei. The phenomenological ones are constructed with some
analytic expressions with several parameters which are adjusted to reproduce the properties of
nuclei, i.e. the Skyrme force [I8] or the Gogny force [I7]. The nuclear many-body problems
are usually dealt with the Hatree-Fock(HF') approach or its generalization Hatree-Fock-Bogliubov

(HFB) taking into consideration also nuclear pairing.



Table 1.1: Half-life and experimental nuclear matrix element values for the two neutrino double beta

decay [28]

Isotope T1/2(2v), yr M*
18y 44708 x 101 | 0.023850001
76 e (1.540.1) x 102! | 0.0716+9:9925
82g0 (0.92 4 0.07) x 102° | 0.050379:0920
967 (2.340.2) x 10 | 0.0491*+5:392
100\ [, (7.14£0.4) x 10'8 | 0.125810.0087
100\ [o-190Ru(07) 5.9708 % 1020 0.101779-095¢
1160 (2.8 40.2) x 10 | 0.0695+9:992°
128, (1.940.4) x 102+ | 0.0249+9-993L
130T (6.8712) x 1020 | 0.017519:0016
150N (8.240.9) x 1018 | 00320790018
150N d-1508m (07) 1.337035 x 10?0 0.025079-0929
23877 (2.0 +0.6) x 1020 | 0.0271+5:90%3
130Ba; ECEC(2v) | (2.2+0.5) x 10%! 0.105%5010

The approaches used commonly for the 0v33 are the nuclear shell model(NSM) and the Quasi-
particle Random Phase Approximations(QRPA). The shell model gives a very good description of
the observed properties of nuclei. In principle, it can be the most reliable method, however, for
the medium and heavy nuclei involved in 3-decay, the basis space increases so drastically, that it
makes the numerical calculations beyond pf-shell impossible. Only for the candidate 8Ca a full
pf-shell calculation has been performed [19], for other 83 decay nuclei, severe truncations are used.
This makes the calculation less reliable. But for QRPA these severe truncations can be avoided
with however limited many-body configurations included. The pn-QRPA is an approximation to
the nuclear many body problems, which uses the groundstates derived from the HF meanfield
with pairing and constructs the states of the intermediate nucleus by neutron-proton quasiparticle
excitations. It is the most popular method for calculating the F(-decay. However, there are also
drawbacks: The matrix elements become extremely sensitive at the physically acceptable region
to the particle-particle strength (g,p), this is due to the overestimation of the ground state cor-
relations which lead for increased particle-particle force to a collapse of the QRPA ground states.
Since QRPA uses the Quasiboson approximation(QBA), which violates the Pauli exclusion prin-
ciple. So generalizations are made to remove this violation. This is the so-called Renormalized
QRPA(RQRPA)[2T] 22| 23]. pn-RQRPA largely reduces the overestimated groundstate correla-
tions and prevents the collapse of pn-QRPA solutions and makes the matrix element less sensitive
to gpp. But it has also shortcomings. It violates of the Ikeda sum rule and the particle number
conservation. This was further investigated and the Fully Rennormalize QRPA(FRQRPA)[24] was
proposed to overcome these problems. Besides these two methods, a bunch of other methods are
also used for the calculations, such as pseudo-SU(3)[25], the projected HFB[26], and the IBM-2[27].
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These methods are good cross checks for the calculations.

Currently, over 10 2v33 nuclei have been observed. Their half-lives range from 10 up to 10%*
years(see table. Despite of the quite different half-lives, the matrix elements M?” are somehow
of the same magnitude. So the difference comes largely from the difference of the phase space factor
related to the decay energy. We expect this to be similar for the Ov33-decay. From tabldL.1] we see
that 0 Nd has the shortest 2040 life time. From tabld1.2] we see that it has also the largest phase
space factors for both OvB3 and 2v(33. One can expect it has also the shortest half-life for the
Ov(BB. This expectation can be verified with a reliable calculation of the nuclear matrix element.
But we have also a new challenge as '"°Nd is heavier and also known to be deformed. All the
discussion above are based on the assumption, that the nuclei are spherical. This in fact may be
true for most of the medium mass nuclei, since the measured deformations are rather small, but
for O Nd, this could be a different story. As ' Nd seems to be the best candidate for the 0v343,
we need also reliable calculations for it. Thus realistic calculations for deformed nuclei are needed.
The basic idea here is to generalize the spherical calculations to the deformed case by abandoning
certain symmetries such as the rotational symmetry. Then the angular momentum is no longer a
good quantum number and the degeneracy of states with different angular momentum projections
is destroyed. This increases the number of separate energy levels. So for the shell model, it becomes
even more impossible to do realistic calculations, while for QRPA we can avoid this difficulty. The
deformed pn-QRPA approach, was developed by ref.[29] for 2v3(,and good agreement has been
achieved with experiments. In this work we will extend this approach to the calculations of the
0v33 and predict the half-life of '*°Nd.

Table 1.2: characteristics of 2v83 candidates [28]

Isotope Ty, keV (G271 yr | (GO)~ L yr
48Ca 4274+ 4 2.52 x 1016 | 4.10 x 10%*
6Ge | 2039.00 +0.05 | 7.66 x 10'® | 4.09 x 10%°
82Ge 2995.54+1.9 | 2.30 x 10'7 | 9.27 x 10%*
967y 1142.9+£1.9 | 4.34 x 10%° | 1.57 x 10%6
100Mo 3030 £ 6 1.06 x 10'7 | 5.70 x 10**
H6cq 2809 + 4 1.25 x 1017 | 5.28 x 10%**
128 e 868.0 £ 1.5 1.18 x 102! | 1.43 x 10%6
130e 2533.34+2.0 | 2.08 x 1017 | 5.89 x 10?4
150N d 3367.7+2.2 | 8.41 x10% | 1.25 x 10
23817 11442412 | 1.47 x 10™® | 1.68 x 10%**

The thesis is arranged as follows: in chapter 2 we will discuss the underlying new physics which
may govern the Ov3( process. Various models with new physics beyond the SM are introduced
and the Ov33 Feynman diagrams are constructed, which show how the processes take place at the
fundamental level. In chapter 3, we are dealing with the problem of how to realize this process at

the nucleon and nuclear level and perform the actual calculations. In Chapter 4, different many



body approaches are introduced with the details of how to finalize the calculations of 55 NME;
and in the last chapter we show the results of our calculation and make some predictions on the
OvBp for YONd.
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Chapter 2

New Physics and Emission
Mechanism for Ov(503

In this chapter, we will present the possible underlying physics behind the Ov/30, since in the SM
the lepton number violation is strictly forbidden. Nevertheless, for various models beyond the
SM, the B — L (Baryon minus Lepton number) symmetry instead of separate lepton and baryon
conservations are commonly considered as intrinsic symmetries. In this sense, many new physics
models may be eyed as underlying theories for the Ov35 from GUT to SUSY. We will present these
theories and also demonstrate how these theories can be realized in the actual 0v3( process. In this
chapter we study first the underlying emission mechanisms, these are at the level of quarks which
are thought to be the basic constituent of hadronic matter. In the next chapter we will describe
the realization of these mechanisms at the levels of hadrons and nuclei. This will involve many
effective theories. So in this chapter we will try to construct the Feynman diagrams. To do this, we
notice that at the underlying level, this process is due to two d quarks decaying into two u quarks
with two electrons e~ emitted (for 2v34 also two neutrinos), as illustrated in ﬁg What we need
now is the structure inside the black box in fig[2.3] Usually the decay has an energy of several
MeV. It is therefore impossible for massive decay products but perhaps for massless particles. We

will in the following explore all these possibilities of the underlying emission mechanisms.

2.1 Neutrinos

The simplest theory for lepton number violation is that the neutrinos are Majorana particles. A
Majorana mass term will yield the lepton number violation. In this case we can construct the
OvB3p3 process with a virtual intermediate neutrino, as we shall see in this section. To deal with
Majorana neutrinos, first we must have some basic knowledges on neutrinos.

Neutrinos were first proposed by Pauli [30] in 1930’s in order to explain the continuum electron
energy spectrum of 3 decay, and only later it was discovered [31I]. It has no electric charge, and
thus is only engaged in weak interaction. In the SM, it is the up component of left-handed lepton
doublet which interact with W and Z bosons with assigned hypercharge Y = —1. There exists a

one-to-one correspondence for neutrinos and charged leptons: e — v,, u — v, 7 — v, From the Z 0



10 CHAPTER 2. NEW PHYSICS AND EMISSION MECHANISM FOR Ov(f3

Reps. Y mass range
U
( D ) (3,3,1) | 1/3 | 1MeV-100GeV
L
Ur (3,1,1) | 4/3 | 1MeV-100GeV
Dpg (3,1,1) | -2/3 | 1MeV-100GeV
N
(1,3,1) -1 eV-GeV
b L
Egr (1,1,1) -2 MeV-GeV

Table 2.1: Fermions in Standard Models with symmetry SU(3). x SU(2)r x U(1)y, where quarks
undergo both strong and electroweak interactions, while leptons participate in electroweak interac-
tions. We have no direct experimental evidence for the right-handed neutrinos, so we have no idea

whether they exist nor how heavy they are.

decay experiments [32] we can derive, that only 3 generations of neutrinos (below 45GeV) exist
just as quarks and charged leptons, which engage in weak interactions (see table. If we add
the right handed neutrinos into this model, then they are just singlets for all gauge interactions
in the SM. This means they will not interact with other SM particles. In the SM, Higgs particles,
which are thought to be the origin of masses for heavy weak bosons and leptons, will not give mass
to neutrinos. So, in the SM, neutrinos are massless Dirac fermions. This is supposed so until the

discoveries of the neutrino oscillations.

2.1.1 Neutrino Oscillation and mixing

Neutrino Oscillations were first proposed by Pontecorvo [33] to explain the deviation between the
theory and observed flux of solar neutrinos. Instead of modifying the the nuclear fusion model
for stars, the loss of the observed neutrinos is assigned to the mixing among different flavors of
neutrinos, just as the so-called Cabbibo angle [34] for quarks. This process requires two conditions:
the massive nature of neutrinos with inequality of their masses and different eigenvectors for mass
and weak eigenstates in Hilbert space. As with the CKM [34, B5] matrix for quarks, the weak

neutrino eigenstates can be expressed as decompositions of mass eigenstates:
vy = Z VLiVi (21)
i

where L is the family index for weak interaction and i’s are the mass indices. Vp; is the mixing
matrix, which is unitary as for quark mixing. This matrix is called PM NS (Pontecorvo-Maki-
Nakagawa-Sakata) matrix [33] B6]. For three generations, the PM NS matrix is 3 x 3, which has
8 parameters, if it is unitary. But some of the parameters can be absorbed into the phases of the
fermions. If neutrinos are Dirac particles, then 3 phases (one for each generation) and one overall
phase can be absorbed, so 4 parameters are left for the CKM and the PMNS matrices, 3 are
rotational angles from the mass eigenstate basis to that of weak interactions, and one phase as for

quarks is responsible for CP violations. But if neutrinos are Majorana particles, 2 more phases will
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be present in the PMNS matrix, and it will play an important role in the calculations of effective
neutrino mass in the Ov 33 as we shall see. In literature, the most frequently used parameterization
has the form as [37]:

V = Ro3UisRi2 P12 (2.2)

Ry3 and Rpo are just rotation matrix between the three mass eigenvector space:

cosblia sinfi2 O 1 0 0
R12 = —sin 912 COS 912 0 R23 = 0 COS 923 sin (923
0 0 1 0 —sin 023 COS 923

and Uiz is similar but combined with one dirac phase and P> pure phase matrix:

cos 13 0 sinfze”® et 0 0
Uiz = 0 1 0 Py = 0 eifz
—sinf3e 0 cos 013 0 0 1

where ;1 and (2 are Majorana phases which equal to 0 if neutrinos are Dirac particles and ¢ is
the Dirac phase. This is the most apparent parameterization which shows the essentials of the

neutrino mixing. But it is more convenient to adopt the following one:
V = Uy3Uq3U12 (23)

where the phases are absorbed into rotation matrix with:

1 0 0
Uss=1 0 cos a3 sin fgge 2928
0 —sinfyzeid2s cos o3
cos 13 0 sinfze %13
Uiz = 0 1 0
—sinf3e913 0 cos B3
cos 019 sin By~ 12
Uiz = | —sinfqge2 cos 019 0 (2.4)
0 0 1

Here the phases are related to the Dirac and Majorana phases as: d23 = (2, 613 = d + (81 and

d12 = 1 — B2. With these matrix we can show how the oscillation takes place.

In quantum mechanics, the free neutrinos propagate in vacuum as plane waves |v;(t) >= e~ "FZt=7%)|,(0) >.
2

If the neutrino has a very small mass, then the energy E; = \/p? +m? ~p+ Tznp

The neutrino travels with nearly the velocity of light. So when neutrino travels for a distance L,

, and thus p ~ F.

the evolution of the neutrino wave function has the form

f02
—im7 L

lvi(t) >~ e~ PLe™28— |1;(0) > (2.5)

Apart from a common irrelevant phase e "%, which drops out, if one calculates probabilities.

Because of the mixing among different weak eigenstates, the flavor eigenstates can be expanded as

. —im2L
L (t) >= > ULilvi(t) >= e P> " Upie 5 |v; > (2.6)
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during the propagation. As we know, only anti-electron neutrino can be produced at the core of
the sun with the reaction 4H —* He + 2e~ + 20,, however, if we observe it from the earth and

neglect the effect of the medium of the solar and earth sphere, the probability is
—im2L
Pe’e = | < V6|Ve(sola7‘) > |2 = ‘ZUgiUEie 2B |2 (27)
i

Here L is the distance from the sun to the earth. If we make a simple assumption that only two

generations of neutrinos exist, we reduce the PM NS matrix to:

cos  sinf
) (2.8)
—sinf cosd
with V1 = cosf and V.o = sinf. Then we can get the probability of observing an 7, originally
emitted from the sun as:
—im?L —im3L Am2. L
P.o=|cos?0e—=2F +sin?fe=F |> = 1 —sin®@sin %

here Am?, is defined as Am?, = m2 — m?2. As we can see here the measured number of neutrinos

(2.9)

2
at earth will not equal to the numbers produced in the sun unless that ATEL = 2nm(n € Z). This

perfectly explains the missing neutrinos. If we generalize this to three generations, the expression

will become complicated, the expression are given in ref.[37].

Current experimental results for mixing parameters are [38]: the mixing angles with fa3 ~ 7/4,
013 < 7/13, 012 ~ ©/5.4 and the square mass difference dm3, ~ 7.65 x 107°eV? [om3,;| ~
2.4 x 1073eV2. These are derived from solar neutrino and also atmospheric neutrino experiments.

As we saw above, the neutrino oscillation experiments give us only the differences of the squared

2
ij

masses but not the absolute magnitude. So from the current results of Amz,, we still can have
different schemes for neutrino masses:

i)Normal hierarchy: mq,ms < mg. In this case the three masses have a normal order as the flavor
states, and the mass of mgz ~ \/% . There may be two different cases as well, that is m; ~ mg
or the full hierarchy case m; < ms.

ii)Inverted hierarchy:m; & msy > mg. In this case the heaviest neutrinos are vy and vs, since
m?2, < m3s, S0 we can say that 11 and v, have nearly degenerate masses.

iii)Degenerate masses: m; & mg &~ mg. in order to realize this relation, we should have the
inequality as m3 ~ m3 > m3,.

The improvement of the precision of the experiments will not help us to distinguish among above
possibilities, instead we need other experiments besides the oscillations. These can be the single
and double beta decays which measure the absolute mass scale of the neutrino mass. The single 3
decay measures the neutrino mass as me = />, |Ue;j|?m3 directly from the electron spectrum’s
end point. In this work we will discuss the Ov(33, which will give us also an effective mass of the

electron neutrino in the form of [(mgg)| = | > VZm,| as well as the Dirac or Majorana nature of
J

neutrino.

2.1.2 see-saw mechanism

The main question concerning the neutrino mass is that it is too small compared even to the

electron, the lightest electrically charged fermion in the SM. For the degenerate case, the mass
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scale for neutrinos is of about 1eV, while the electron has a mass of 0.5M eV, the 7 1.777GeV and
the top quark 174GeV. This large mass hierarchy is somehow very unnatural, so various theories
were proposed. For the top quark mass there is the top see-saw, and for neutrinos the neutrino
see-saw [39] model. The general idea of the see-saw mechanism is that the low mass of the particle
we observe is due to the existence of another superheavy particle which mixes with the former,
after diagonalisation, the tiny mass will appear. We assume also the existence of right-handed
neutrinos. The mass is a mixture of both Dirac and Majorana masses. So in the mass Lagrangian,

both terms will be present

Linass = mpvivy +mpvpvr + Mrrive + h.c. (2.10)

my, mp
2.11
() 2

By dignolization, we can have the mass eigenvalues, for the light neutrinos:

so we have the mass matrix as:

mV:mL—mDMgl(MD)T (212)

Depending on wether the first or the second terms dominate in the expression, the see-saw mech-
anism can be divided into two types: Type I which is usually without the my term and Type II
which usually has the first terms by the introductions of the triplet Higgs particles [40] as we shall
see later.

Besides these possibilities, it is also possible to introduce a singlet neutrino which can have in-
teractions with the right handed neutrinos, in this case, the left- and right- handed neutrinos are
both Dirac particles with definite mass, and the Majorana mass term orignates from the singlet

neutrino, the mass matrix may have the form:

0 mrRr 0
mrr 0 Mgs (2.13)
0 MZL, Mgs

this is called the double see-saw mechanism [41].

All these mechanisms assume that the small masses of the neutrinos come from a large mass scale
from neutrinos which are singlets in the SM, but the origin of the neutrino mixing is still unclear.
Theories concerning the mixing usually related it to the family symmetry, which is global and
broken by a Goldstone boson[42].

2.2 Majorana Neutrinos in Neutrinoless Double-Beta-Decay

2.2.1 Simple Addition to SM

In the SM, the electroweak interaction is mediated by electroweak gauge bosons which span the
adjoint representation of the SU(2); x U(1)y symmetry group. Left handed fermions form the
fundamental representation of the SU(2) (For the first generation, the quark doublet ¢ =
(ur,dr) and lepton doublet (vr,er)). The right handed fermions are the singlets of SU(2)y, such
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as eg, ur and dg (notice that the right-handed neutrinos have zero hypercharge). Under gauge

symmetry, the Lagrangian for fermions can be written as:
1 a [Nz v TR Ia
L= —Z(GWG Mt By BM) + ridpyr, + YrilDir (2.14)

Here, G OWE — WS — goe®WouWS and By, = 0,B, — 9,B, are field strength for
the non-Abelian SU(2);, and Abelian U(1)y electroweak gauge bosons, and the gauge covariant
derivative for the doublet is Py = v*(0, + i4Y B, + i@%Wﬁ)zﬁL while for singlet Pyr =
V(O + %Y B,)r. Here Y is the so called hypercharge listed in table for different particles
in the SM and we can see from table 2.1] that right handed neutrinos have a hypercharge zero.

a =
w =

They will not interact with the standard model gauge bosons.
From the above Lagrangian, we see that in gauge theory, no mass term can be presented due to the
gauge invariance. However, if there exists a complex scalar doublet (named after Higgs[6]) which

interacts with gauge bosons like:
Ly = (D*®)*D,® — V(D) (2.15)

where D, ® = (9, +i% B, + igs 5y W2 is the gauge covariant derivative for the scalar field and if
this Higgs particle has the potential of the form V(®) = —p2®t® 4+ \(®T®)2, with the minimum of
this potential not at the point ® = 0. Then the Higgs field has a nonzero vacuum expectation value
< ® >T= (0,v) with v = \/v2/X corresponding to this minimum of the potential. If we expand

the Higgs field around the minimum, then the vacuum expectation value will give the gauge boson

mass.
2 2 _ W?)H
Lmass = C2Pwiw—r+ 2 (wi B, ) 2 7O
2 8 g -9192 91 BH
2 2 .2 ou
LV AP S—————C g1+g9; 0 2
(L 2ww +8<ZH Au)< R " (2.16)

In this case the charged weak bosons (W = /1/2(W; — iWs) and W~ = \/1/2(W; + iW>)) get
mass of about hundred GeV The combination of a left-handed boson W3 with the hypercharged
boson B yields a massive boson Z° = cos @y W3 — sinfy B with a mass around hundred GeV,
and one massless boson combination, which we call photon A = sinfy W3 + cosfy B. Here
Ow = tan~'(g1/go) is the Weinberg angle. Three of the four scalar field components are absorbed
by the gauge bosons with one left being the massive Higgs particle we are looking for. Also from
the Yukawa coupling between scalar particles and fermions, fermions acquire mass.
v
Lyukawa = 7

Here the coupling constant f and masses m’s are 3 x 3 matrices, since we have three generations

(fuliu + fodd + f.€e) = —mytiu — mgdd — m.ee (2.17)

of fermions so far. And the weak interaction Lagrangian for the fermions has the form under the

broken or hidden symmetry:

LY +1)ed, + L 8=Yd yo gW+
— 2 H 2 2 2“1 0
L = _wL'}“U’ V9i+93 gngYg% 7 wL (218)

_ 1 1
W, §(Y—1)(2A,,+5\/m p

(2.19)
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Figure 2.1: Fynmann diagram for 8 decay.

ul vee~ ve¢ e~ u

Figure 2.2: Fynmann diagram for 2v33-decay.

From the Lagrangian above we can construct the Feynman diagram for the usual beta-decay which
has the form like figure a d quark decays into an u quark with emission of an electron and
an anti-electron-neutrino through the virtual intermediate charged weak boson W. Because of

the heavy mass of the intermediate weak bosons, the weak interaction hence has a much smaller

g3
2
8M2,

interactions. Thus the interaction has a very short range according to the uncertainty principle.

effective interaction strength( % = ) compared with strong and even with electromagnetic
This character makes it possible to treat it as an approximate point interaction in nuclear physics.
Double beta decay is a rare process which is allowed due to nuclear pairing. It changes the electric
charge by 2 units, so there will be two weak interaction vertices. This is then a second order

process. This process is nearly the slowest one in nature.

2v3[3 is the process with the emission of two electrons and two neutrinos, and the Feynman diagram

simply has the form of just two beta decays, fig[2:2]

However, Ov(33 is a process with a change of lepton number, AL = 2. So we will look for these
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d u

Figure 2.3: Fynmann diagram for Ov8f3 in the fundamental level, here the black box denote the all

the possible mechanism.

interactions in new theories beyond the SM which may fulfill this requirement, in other words we
look for Lagrangians with lepton number violating terms. First we briefly give some analyses how
we can construct the required Feynman diagram from a Lagrangian of new physics. As we know,
the products of Ovg3f3 are two electrons and a daughter nucleus with two more protons than its
parent. On the fundamental level, this is a process of two down quarks transformed to two up
quarks with the byproducts of two electrons as illustrated in fig[2.3] The content of the "black box”
in fig[2.3]is what we are exploring. The lepton number violation can happen in a vertex or in an
inner propagator. So we can search it in both mass or kinetic and interaction terms to find a way

to construct the needed diagrams. This is the program we will now follow.

The most economic way should be adding a Majorana mass term for neutrinos as we discussed
before which modifies minimally the SM and we just consider the digonalised mass matrix for
left-handed neutrinos and ignore its origin since that will not effect the decay width. So we add a

term

Ll/mass - § mmﬁViCVi - § Mlllgyllylcz (220)
7

l1l2

with vy = Y, Vi;;, we can see in this term, the lepton number is violated by 2. One scatters a
neutrino into an anti-neutrino and wvice versa. This is what we need for the Ov33, and we can
easily construct the required process as in fig[2.4f The lepton number violation happens in the
neutrino propagator. Thus the virtual neutrino, because of the Majorana nature, can be emitted
in the first vertex and be reabsorbed in the second vertex. Comparing to the 2v33, where at each
weak interaction vertex an electron e~ and an electron anti-neutrino v, are emitted, this process

has only two emitted electrons.

If the see-saw mechanism is taken into account, then we can have the heavy right-handed neutrinos
in the virtual process besides the light left-handed neutrinos. More complicated physics will be
involved since we need to add right-handed neutrinos and more Higgs particles, but essentially, this
will not change the decay width of the neutrinoless double beta decay drastically. We will discuss

this in next chapter.
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d u

Figure 2.4: Fynmann diagram for Ov3(-decays in the case of virtual neutrino.

Majoron Mode

In the previous section we considered the probability that lepton symmetry is an accidental sym-
metry in the SM, and then it is natural to add the Majorana mass term. But if lepton number
symmetry is an exact one, then we should treat it differently and take into account of the possi-
bility of spontaneously breaking of this symmetry[47]. As we know, lepton number symmetry is a
global symmetry, it is well known that such broken symmetries are accompanied with a massless
Goldstone boson according to the Goldstone theorem [43] [44] [45]. In the case of a broken lepton
number symmetry, we call this the Majoron. So besides Higgs bosons, we need to introduce extra

scalar bosons. The most general way is as in [46], the introduction of two more Higgs multiplet:

@ (I=-2)

ht 2 Rt
h = /ﬂ ) (l=-2) (2.21)
RO ~ht/\/(2)

This is the so-called 1 — 2 — 3 model, that has one singlet ¢, one doublet ® from the SM, one
triplet h, all are complex scalar fields. So the total number of field component is 12 and of which 6
are neutral. In this system, the broken pattern is SU(2), x U(1)y x U(1)g = U(D)pp (U(1)y is
the group for the lepton number symmetry). Here we consider only the neutral particles and the
Higgs particles should have the real VEV like:

< p>=<p>=1
<@ >=< PO >= )\

<hY>=<h0>=y

(2.22)
In this case we split the field into a real and an imaginary part:
P = pr +1p;
P = @Y + oY
h? = R + ih! (2.23)

The Goldstone bosons and the absorbed bosons should come from the imaginary part of the neutral

field. If the interactions between different Higgs field are allowed, particles such as the Majoron



18 CHAPTER 2. NEW PHYSICS AND EMISSION MECHANISM FOR Ov(f3

should be combinations of different neutral fields. And to get these combinations, one can vary
the Higgs Potential V (¢, ®, h) and then can get the correct combination [46], the Majoron has the
form J = [4X2y* + 22(\? + 49°)% + 2\ 2220200 + 2(A? 4 4y?)®; + yA?RhY]. Then one can
introduce the Yukawa couplings, the details depend on the group structure of the Higgs particles.
¢ is an SU(2)r, singlet and has zero hypercharge and lepton number of —2. So ¢ will only interact
with right-handed neutrinos. ® is the Higgs field in the SM, with the right-handed neutrinos there
will be a Dirac mass term for neutrinos such as that for down quarks in the quark sector. h has
lepton-number —2, and will only interact with leptons. So in this case the introduction of more
Higgs particles will not affect the electroweak interactions of the quark sector. This is the general

Yukawa interactions for leptons:
Ly, = ifLLLTCTQhL + fLRECI)eR + fRLE(i)UR + fRRl/}l;CTQVR + H.c. (2.24)

where 75 is the second component of the weak isospin, and d = 7,®* is the complex conjugate of
the Higgs field ®.
After the symmetry breaking, we find that the charged lepton mass is unchanged as in SM, and

the neutrino mass is:
Loymass = Yfrrve Cvr + MNfrrvive + 2 frrvkCTovg + H.c. (2.25)

this is the mass matrix of neutrinos. A careful observation shows that this is similar to the See-Saw
mechanism with a hidden lepton symmetry. For convenience, we can redefine the neutrino in terms

of the two component Majorana form v, = vz, and N, = C(vz)7, then the mass term read:
Lymass = MpvrCv, + MRNI'CN, +2Mpv ' CN, + H.c.
M, M .

(vr Nr)el 05 P Y (2.26)
ME Mg N,

Here My, = yfrL, Mp = Afrr/2 and Mg = —xfrr. The first and third terms change the

lepton number by two caused by the spontaneous lepton symmetry breaking, and by diagonalizing

this mass matrix we can find the mass eigenstates light v and heavy N neutrinos. It is easy

T _ T .7 T

to generalize this to three flavors, by replacing v, and N, with the vector vy = (v, ,v,,v;) and

Nf = (NT, NE, NT), in this case each component in the mass matrix is replaced by a 3 x 3 matrix,
and by diagonalization we can get the mass eigenstates v1 = (vI,vd vI), NT = (NI, NI NT)

and the transformation matrix U

1% U
iyl )2 v (2.27)
Ny N uN VN N
Hence the Yukawa interaction for neutrino can be written as:
M hO MpdO/\
L:(yf NfT>C Lh'fy  Mp®Y/ v (2.28)
Mg@o/)\ Mpo*/x Ny

To make things a bit easier, we can make a simplification of dropping out the Higgs triplet, then

we have a model called 1 — 2 model. This may give us a clear scenario on how it can be connected
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to the OvBB. Without the triplet, the Majoron has the form J = ¢; = Im(y) , and the mass

matrix is now:

o 0 MD vy
L= (V}’ NJ?)C(ME MR><Nf> (2.29)

As we know the mass scale of left-handed neutrinos is very tiny, so in this case, just as in see-saw
models a large My is required since m, ~ MgMglM D, this means either a larger = or larger frpr
or both, and because the Majoron will not interact with SM particles, we can not predict which
one should be dominant. GUT’s predict a right-handed neutrino with a mass around GUT scale
or below. This makes the right-handed neutrino mediating Ov33 a lower order process as we will
see in next chapter.

Now considering the Ov33, the Majorana mass terms are obviously lepton number violating, similar
to the possibility we considered above of a simple Majorana mass term added to the SM. In such
a model, the process of fig[2.4]is allowed. Besides this possibility, we have other possible diagrams.
The decay energy Q is about several MeV . Thus besides electrons, only particles with tiny masses
can be emitted, in 2v33 such a particle is the neutrino. In Ov(0, no neutrinos are emitted, but
there may be other particles with a small mass. In this model, a good candidate is Majoron J,
it is massless, while emission of other massive particles are not allowed since they have very large
masses. Because Majoron has a lepton number of 2, so this process conserves the lepton numbers.

As we have shown, Majoron can only interact with heavy neutrinos:
L r
LMajoron = ;Nf CMRNfJ (230)

Only the left-handed neutrinos participate in weak interactions, and thus in the Ov(33, we are only
interested in v.;. So we need the interactions of the Majoron J with left-handed neutrinos, in
four-component representation, the interaction can be derived directly from above fundamental
interactions as:

i

298ff'178L’y5ue<p+H.c. (2.31)

LMajoron =

Here the effective interaction strength has the value of:

1
Gerf =7 > Ses, (MRR) £, 1,5 pse (2.32)
fifa

Here f; and f; are flavor indices and the transformation matrix S connects the left- and right-

handed neutrinos by the mass eigenstates, Sy, = Z U ]Jc\lf V;;—i—Vf];’ ~.. This is the general Lagrangian
although somehow suppressed by the smallness ozf VN and U. But there are other effective mod-
els which may have a different underlying mechanism which will yield a much larger interaction
strength c.f. [48].

From the above interactions, we can construct the Feynman diagrams as in figl2.5} a Majoron is
emitted during the propagation of the virtual neutrino, this changes the electron spectrum since
the scalar particle will take away the decay energy and the momentum and in next chapter we will

calculate the decay rates for this process.
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Figure 2.5: Fynmann diagram for Qv in the case of Majoron emission.

2.2.2 Grand Unification Theory

The success of the unification of the electromagnetic and weak interactions has inspired further
attempts of the unifications of all the interactions in our universe, the so-called theory of every-
thing(TOE). We are far from this final aim, but the SM give us some enlightenment, after more
than one century ago Maxwell unified the magnetic and electric force into the electromagnetic force,
one succeeded to combine the weak and electromagnetic interactions into one electroweak force.
So one wonders that if the electroweak and QCD (quantum chromodynamic) can be incorporated

into one larger symmetry group as a single force.

Large Gauge Symmetry

The aim of GUT is to embed the SM symmetry to a larger symmetry group. Since SU.(3) x
SUL(2) x Uy (1) is a product of Lie algebra, this larger symmetry should be a simple or a semi-
simple or even a non-simple Lie symmetry group. The advantage of the simple Lie algebra is that
a unified coupling constant can be predicted, while this is not the case for products of symmetry
groups. The symmetry group of SM has a rank of 4 which requires the underlying symmetry group
should have a rank equal or larger than 4. The simplest simple Lie group of this case is the SU(5)
proposed by [11].

The general idea of GUT is similar to that of the SM, that all the fermions and bosons lie in some
representations of the underlying symmetry group. By choosing suitable VEV (vacuum expectation
value)’s of certain Higgs scalars, the symmetry was broken spontaneously to the group structure
we need while the gauge bosons of the broken symmetry became massive by absorbing the Higgs
particle, altogether with the remaining massive Higgs particles[6]. As an example, for the SU(5)
group, for each family, the fermions are assigned the representations of 5* and 10, the former is
the complex fundamental representation and the latter is the antisymmetric product of 2 5’s((5 x
5)a), these 15 particles include up and down quarks each with three color and their antiparticles
altogether 12 quarks, 1 left-handed neutrino and 1 electron with its antiparticle, the positron, so
in this case, no right-handed neutrinos is involved and the neutrinos are massless. The gauge

bosons in this case reside in the adjoint representation of SU(5), in total 24 particles. From
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the SM we know that the SSB pattern should have the form SU(5) Mx, SU:(3) x SU(2)L x
Uy (1) Mw, SU:(3) x Uga(1), so the simplest Higgs sector should have two multiplets, of which
one is consistent with the SM Higgs and the other is responsible for the symmetry breaking at high
energies. The former in this case is in the representation 5 and has the VEV at the direction of the
v =(0,0,0,0,1)vy and the latter should be in representation 24 which may have a VEV of the
form diag(a,a,a,b,b). Of course more Higgs particles can be added, but this will make the SSB
much more complicated especially the Higgs potentials. For the gauge boson sector we see that
there will be 12 heavy bosons besides the SM gauge bosons. But this allows proton decay. The
half-life of proton is one of the important constraints for the broken scale Mx. The SU(5) GG
model is the simplest examples of GUT, the least number of extra particles are introduced. But it
has also many drawbacks such as the massless neutrinos, the hierarchy problem ete. In the SU(5)
model no OvG3g3 is allowed. This is not the GUT we need in our discussion.

Another group which has a larger rank is SO(10), this group is anomaly free as SU(5) and it
admits complex representation[49]. The fermions reside in a 16 dimensional complex spinor o [50],
which contains the 15 SM fermions and 1 right-handed neutrino for each family. The adjoint
representation is 45 dimensionals, so we have 45 gauge bosons in this case and most of them
become very heavy after SSB. For this rank 5 Lie group, there are different SSB patterns which
lead to the final SM symmetry group, they are summarized in refs.[51l, [12], 52]:

S0(10) X<, sus) AL @,

S0(10) Mo, ¢ M, G,

SO(10) X<, SU.(4) x SUL(2) x Ur(1) 225 SUA(3) x SUL(2) x Ur(1) x U'(1) 25 G,
(2.33)

Here G4 ~ SU.(3) x SUL(2) x Uy (1) the SM symmetry and G’ ~ SU.(3) x SUL(2) x SUr(2) xU(1)
is the left-right symmetric group. Different SSB pattern correspond to different Higgs sectors and
VEV structures. The first is just a trivial extension of the SU(5) GG model and the last is
compatible with the Pati-Salam model[53] [54]. Here we are interested in the L-R symmetry since
it can give the neutrino mass as we shall see later, it requires less steps of symmetry breaking than
others. The breaking from SO(10) to G’ can be acquired through a Higgs of representation 54 at
the mass scale Mg ~ 1014715GeV as that of SU(5) GG model. Under G’ the 45 gauge bosons

have the transformation properties as:

45 = (8,1,1) + (1,3,1) + (1,1,3) + (1,1,1) + (3*,2,2) + (3,2,2) + (3,1,1) + (3*,1,1)
(2.34)

The former four types have altogether 15 gauge bosons g, Wr,(g) and B, which are massless after
the first stage of the symmetry breaking while the the latter 4 types have 30 gauge bosons with
a heavy mass around M. These 30 bosons are decoupled from the late stage breaking. Here we
briefly introduced the idea of GUT and in the next section we will discuss intensively how we can

get the correct neutrino physics from the L-R symmetric model and the second stage SSB in the
SO(10) model.
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L-R Symmetry and Heavy Right-handed Gauge Bosons

The SO(10) GUT model is one of the most discussed and applied models till present, although
the idea of a large gauge symmetry is no longer popular. This first stage GUT symmetry break-
ing takes place at some energy scales between the Planck scale and the electroweak symmetry
breaking scale, roughly 10'4 — 10'*GeV. At a lower energy of about 100 GeV, the second stage
electroweak symmetry breaking happens successively. So we may have many heavy Higgs and also
heavy gauge bosons in this model. In this section we will discuss the possibility of a different elec-
troweak symmetry breaking pattern by introducing right-handed gauge bosons[54]. The smallness
of neutrino mass can be explained by the difference between the VEVs of different Higgs scalars
and the Majorana nature of the neutrino.

This model is a straightforward extension of the SM with an additional symmetry SU(2) g included.
The overall SSB process can be expressed as SO(10) — SU(2)r, x SU(2)g xU(1)g—r, x SU(3). —
U(1)gn X SU(3). with two sequential SSB at different energies. We also introduce the local B — L
symmetry which reduces to U(1)y in the limit with only the right-handed symmetry breaking.
And we will focus on the second stage SSB, and neglect the possible effect from the first SSB with
very heavy gauge bosons and Higgs particles.

For the L — R symmetric electroweak model, we should first introduce the right handed gauge
bosons which is similar to left-handed bosons in the SM. Now the symmetry group is extended, so
we will have also the right-handed gauge bosons W}%.

Then the corresponding fermions, with the existence of SU(2)g, the right-handed fermions which
used to be singlets in the SM are now doublets which span a fundamental representation of SU(2)g.
In this case, we need to introduce the right-handed neutrinos which are not presented in SM. Now
we have a relation for the electrical charge Q similar to the Gell-Mann-Nishijima formula[55],

Q=131+ I3z + %. So for the first generation, the fermions can be categorized as:

Uy, 1 1 UR 11
qrL < dL )(Qa 73) qRr < dR )( 7273)

v = < s > (%70’_1) YR = ( s ) (0’%7_1> (235)

€r €R

in SU(2) x SU(2)g x U(1)p—r, here in the horizontal brackets (t1,tr, B — L), the notations
are the isospin of the left- and right-handed multiplets and the baryon number minus the lepton
number. For an anomaly free theory, some authors argue that more fermions should be included,
but that can only change our related electroweak interaction at loop level. so we omit this in the
current thesis.

Finally for the Higgs part which is responsible for the SSB and gives also the masses to fermions. In
the SM, we have only one Higgs with quantum number (1/2,1), which broke the SU(2);, x U(1)y.
Now more Higgs particles are needed for a new model with a new symmetry. For the breaking
of U(1)p—_r, the corresponding Higgs particle must have a certain value of B — L so that it can
interact with B — L bosons. From previous assignment we see that in order to build the Yukawa
interaction, B — L can only have the value 0(Dirac type Yukawa interaction) or £2 (Majorana
type Yukawa interaction)(No Majorana type Yukawa interaction for quarks exists because only

neutrinos can be Majorana particles). So two types of Higgs are needed, one for fermion mass and
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another for breaking of local B — L symmetry. For the first type, we can use a similar technique as
used in the SM, but instead of a doublet, now a bidoublet, which is both doublet for SU(2);, and
SU(2) g, and from the argument in [40], the different mass scale for fermions and gauge bosons may
imply two different bidoublets, one couples with fermions and another couples with gauge bosons.
For the latter type, for the Majorana mass terms, the best choices are the triplets, because of the
L — R symmetry, two triplets are needed, one is left handed and another right-handed. From the

discussion above we find the Higgs set as:

11 11
QOf (55570) ew (57570)
Ar (1,0,2) Ar (0,1,2) (2.36)

in representations of SUL(2) x SUgr(2) x Up—r(1). Here we have two Higgs particles ¢, one

responsible for fermion mass and the other for the gauge boson mass. The general SSB pattern

<sof>=<“0f 0f> <¢W>=<“gv (;)
(Ar) = ( UOL 8 ) (AR) = < U(; 8 ) (2.37)

Here all ks, x’s and vs are the VEV’s with values to be determined from the experiments. From

should have the form:

current knowledge of the SM, we can at first have some constraints on these VEVs. The mass
difference from fermion masses and gauge boson masses tell us that (¢;) < (pw). In oder to
suppress the L — R mixing which should be small from the results of recent experiments, one must
request k" < k[40]. The smallness of AS = 2 transitions induced by Higgs requires vg > x[40)].
Finally the stability condition of the Higgs potential requires vy, = v(k?/vg), v is some ratios of

Higgs self-coupling constants with the values around unity [40].

From the above structure of the VEV’s, we can construct the mass matrix for fermions and gauge
bosons. As we discussed before, A and Ag lead to the lepton number violating terms since it

breaks the B — L symmetry spontaneously. So this model allows Ov3/3 process as we shall see.

The Yukawa coupling terms for the fermions are:

Ly =hmprosdr + ot @pbr + hsQrosQr + haQrérQr
+ihs (V] OraArihr, + W ECT2ARYR) + H.c. (2.38)

From ([2.38) we can easily derive the masses for different fermions for one generation. For charged

fermions, the masses emerge as:

Me = hlﬁ} + haky
My = hak + har’s
mq = haty + har'y (2.39)
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and the mass matrix for neutrinos with the conventions v, = v, and N, = Cv}, are:

v
LWGSS

(hiky + hg/@’f)VZC’Ne + h5(vL1/gC'1/€ — vRNeTC’Ne) + H.c.

1
(g, e M) )
%(hllif + hgli/f) 7h5'UR Ne

- (w NZ)O(ML MD><V6> (2.40)
Mp Mg )\ N,

Therefore the mass eigenstates v and N for neutrinos are given as:

vV =1r,co8& + Ngsiné
N = —v.sin€ + N cos¢ (2.41)

with tan2¢ = Mij\fﬁ’h ~ 2Mp/Mpg. From the above analysis we find that tan{ < 1, so £ =
—%hl kf/hsvg, this again predicts a tiny mixing between the left- and right-handed neutrinos. So
we get the approximate mass m,, ~ M —M% /Mg ~ (hsy+h?/4h1)k? Jv,, which naturally explains
the smallness of neutrino mass, and My =~ Mpg predicts a very heavy right-handed neutrino. At
the limit v — oo, we get m,, — 0 and My — oo. The advantage of the choice of the two ¢’s is
that we needn’t adjust Mp to fit the gauge boson masses. The Majorana terms in allows
the Ov(33 as these terms change the lepton number by two. This implies a lepton number violation
in the intermediate propagator.

Now, we should turn our attentions to the gauge sector, especially the charged weak currents which
are responsible for the 8 decay. At the elementary level, this is a process with a transformation
d — wu, it involves also the e~ — v lepton current. Breaking the gauge symmetry gives the gauge
bosons masses. Given the configurations for each Higgs, we have for these particles the general

transformation properties under SU(2)r, and SU(2)r as:
Ap — UALUL  Ar — UgAgU}), ¢ — UreUl, (2.42)
So, the kinetic and covariant terms for all the Higgs particles are given by:
L = (D"o5) Doy + (DY ow) Dyow + (D" AL) DAL + (DF*AR) DI AR (2.43)

Here D" =0, —i§t¢W¢, —i§t3 W, and Dﬁ(R) = 0 — 19Ty pyWE(py, — 2i9' By, here t* and T
are both generators for different representations for SU(2).
After breaking the symmetry [40] with a suitable choice of the Higgs potential, six out of seven

gauge bosons acquire mass with one photon remains massless. For the charged sector, we have:

W1 =Wpcose+ Wgsine
Wy = —Wpsine + Wgrcose (2.44)

with

1R

1
miy, = Sg° (K 4R+ 20])

12

1
my, 592(&2 + K2 + 20%) (2.45)
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While for the neutral bosons, one has

sin@W(Wgu + ngm + /cos 20w B,,)

u =
Zry ~ coS HWWSH — sin Oy tan 9WW1?§,L — tan 0y /cos 20w B,

V/cos 20
ZRy VoS STw WWI%# —tanfw B, (2.46)

cos Oy

where tan Oy = ¢'/(g? + ¢’*)'/? and the masses are

ma = 0
2
2 9 1 2 2 2
Mo, = ?COSQW(K R dvr)
myz, ~2(¢* + g"*)vk (2.47)

In this case the Weinberg angle 6y is defined similar to that of the SM, so €? = g? sin 6%,.

The gauge interactions for fermions are as in the SM:
Lr = :iD; (2.48)

In OvBB we only need the charged weak currents. The charged current interaction from the above

Lagrangian is:

Ucc = %[(COS evyver + sinevpy,er) Wi ¥ + (cos eDry,er — sinevpy,en) Wy V|
+H.c.
= L(GOWY 4 i PW, ) + He. (2.49)
V2
L, = %[(COS eurvdr + sineiry, dr)Wi " + (cosetipy,dr — sinetry,dr)Wy "]
+H.c.

= L uOwr + IOWsY) + He. (2.50)

V2
In this case we can construct more diagrams similar to fig[2.4] and now many left-handed particles
can be replaced by the right-handed ones, but because of the small mixing between the left- and
right-handed neutrinos and the gauge bosons and also the different masses of the left- and right-
handed gauge bosons, c.f. fig[2.6] the leading contributions are those originate from the SM with
a Majorana neutrino.
The generalization to three generations is straightforward. For the gauge interaction, the 2nd and
3rd generations have the same interactions as the 1st generation. The change comes from the
Yukawa coupling terms. Now the coupling constant h become a 3 x 3 matrix. The non-diagonal
matrix elements indicate the mixing between different flavors. In quark sector, this is the so-called
CKM matrix[34, B5] and in lepton sector, the PNMS matrix[33, [36]. In this model, we can not
tell where the mixing matrix among the three generations comes from. This needs perhaps the

breaking of the family symmetry.

2.2.3 Sterile Kaluza-Klein Neutrinos in Extra Dimensions

The idea of introducing warped Extra Dimensions to particle physics was first proposed by [13], the

general idea is the existence of wrapped small dimensions (number of the dimensions is from 1 to
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d LR Uim
W1 (2)
=
v(N)
o-
W1 (2)
d LR) Uim

Figure 2.6: Feynman diagram for Ovg3 with GUT. In this case of both the left- and right-handed

currents can be involved.

even more). Our universe is a 3+ 1 dimensional "brane” sticked to the extra dimensions which are
wrapped up. And only gravitons can propagate across the extra dimensions and all SM particles
are restricted to the brane. But there is one exception, the right handed neutrino, since it has no
SM symmetry charges, it is not bounded to the brane and can propagates in the extra dimensions.
The main advantage of extra dimensions is that it can explain the mass scale hierarchy between the
electroweak scale (roughly 1 TeV) and the gravitational scale (Planck scale 10*¥GeV). In warped
space, the gravitational scale is expressed as Mp ~ M ;% /]%25?7 nearly 1 TeV. This solves the
Puzzle of mass Hierarchy naturally, so it can be the best candidate for new physics beyond SM
without introductions of complicated structures.

If restricted to 14 (3 + 1) (one extra-dimension) spacetime, the general geometrical setup is the
the orbifold (an orbit space) S'/Zs in the warped dimension. In geometry this is a circle with a

permutation Z; being excluded, the SM particles are restricted to the brane[56]:

zmx):( ) er(x)

er(z)

qr(z) = < dﬁ; ) ur(z) dp(z) (2.51)

And one extra (bulk) neutrino singlet which can be written in the form of two two-component

spinors in the Weyl basis [57]:

N(z,y) = ( $(.9) ) (2.52)
i(z,y)

The orbifold of the fifth dimension requires that N(z,y) = N(x,y+27R), where y is the coordinate

of the fifth dimension and R is the radius of fifth compactified dimension. General assumption is

that £ is symmetric and 7 is antisymmetric under y reflection: &(z,y) = £(z, —y) and n(z,y) =

—n(x,—y). Next we introduce the v matrices in five dimensions[58]:

B 0 o, B -1 0
=\ 0 ) ™ 0 1

(2.53)
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With these spinors and matrices, we can write down the general form Lagrangian in five dimensions
58, 59):

27 R B ) 1 B
Legp(x) = /0 dy{N (z,9)(iv" 0 +7'0y)N (. y) = F(MNTCOTIN + H.c.)

LA A
+o(y — a)[ilm@*f + —2 9+ Hel+0(y—a)lsm} (2.54)
MO e

The Yukawa coupling constant is a vector: hll(z)T = (hf(z),h’f@),h&z)), as before ® = jgo®* is
the Hypercharge conjugate, which is also responsible for the mass of the up component of quark
sector. The five-dimensional charge conjugate is defined as: C~1v,C = f'yf.

From the periodicity and the reflection symmetry Zs, we can expand the five dimensional neutrino
field by separating the coordinates as[60]:

S x 1 3 z) cos(

. Ny
Wy = = m@)sin() (2:55)

Here &, (z) and 7, (z) are called infinite towers of Kaluza-Klein(KK) neutrinos, as shown above,
they have different reflection symmetries also different CP as well. So the simultaneous existence of
both terms in the interaction with the weak bosons may bring CP violation into weak interactions.
After substituting into the Lagrangian we may get the effective interactions for an infinite

tower of KK modes as:

L= Lou €006 + (W08 6 — L MEL i2)60 — Hc)
+ Z[gl(i5ﬂa,u)€n + nl(i5ﬂau)77n =+ %(ﬁg(iﬂz)ﬂn + gT(iU2)7_7)

n=1
1 , ,
- §M(§g(wz)§n +nl(ioa)n, + H.c.)
+ V2R L@, + R 8, + Hoe)) (2.56)

Here the effective Yukawa coupling constants are

In R na Mp na
W = oo () = Gk eos()
h na M na
pln) — 2 PO NG gl g (1O 2.
9 r My R sin( I ) (MP) 5 sin( R ) (2.57)

The last step of the r.h.s is due to the large Planck mass. The Dirac mass for neutrinos is suppressed
due to the large Mp, for Mp ~ 1TeV, Mp/Mp =~ 10715, If the brane is located at y = 0, there
exists only the £ particles. In this case, the lepton numbers is preserved. So shifting the brane
from away the origin is need for lepton number violation.

From non-diagonal mass terms in, we see it is convenient to define x4, = (&, +n,)/V/2, after
SSB, with the VEV (®7) = (0,v), one gets the mass terms for neutrinos and effective particles.
The kinetic term is written as:

) 1
Lkin = Xio™udx = (5X" (i02)Mx + H.c.) (2.58)
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The multiplet is defined as x* = (v, 0, X1, X—1,-+» Xns X—n, - - ), the mass matrix behaves like

0 mO O pED @ )
m©® M 0 0 0 0
m® 0 M++% 0 0 0

M=1] mt=D 0 0 M-% 0 0 (2.59)
m® 0 0 0 M+% 0
m=2 0 0 0 0 M+3

here m(*") = %(hll(n) cos(”—é’)ih;(n) sin(%)). We see that this is similar to the see-saw mechanism
with zero left handed neutrino Majorana masses and small Dirac masses together with large right
handed neutrino Majorana masses. But this model is more complicated because of the infinite
number of effective right handed neutrino states. It is useful to define kg = [M R] (the symbol |]
get the the integer part of the values inside), e = M — ko/R which should be the smallest mass of

the KK states. And one can rearrange the Mass Matrix like[60]:

0 m® mO gD @ 2
m©® e 0 0 0 0
m 0 e+ 0 0 0o ...

M=| mtD 0 0 e—% 0 0o ... (2.60)
m® 0 0 0 e+2 0
m(=2 0 0 0 0 e+%

Different from above definition is here m(™ = vv/2(hy COS[@] + ho sin[@]) = mcos(x —

én) with m = vy/h2 + h2 = v(Mp/M,)*/ms\/ht? + h? and ¢, = tan—'(hY/hL) — koR/a. The
eigenvalue equation of this matrix can be derived analytically from [60] if « = 7R/n, where n is

an integer greater than 2:
A = mm?R{cos?[¢n — a(\ — €)] cot[TR(\ — €)] — %sin@qﬁh —2a(A —e)]} (2.61)

If |€] > m, an rough estimation of left handed neutrino mass is[60]:

sin[(m — 2a/R)M R]
sin(mtM R)

m,, = mm?R{cot(n Re) + } (2.62)

The value m2?R supposed to be tiny for m is highly suppressed, but different from see-saw, the
dependence of m, on M is not the leading term, the magnitude of the radii for the warped
dimensions determines the mass scale of light neutrinos and also the heavy ones as they have the
approximated mass m(,) =~ % + € [60].

Although the mass matrix can not be easily diagonalizaed, we can obtain the approximate trans-
formation after making some truncations on n. As in see-saw, we can expand the left handed

neutrinos by their mass eigenstates:

3 [e%e)
v >=> Uilvi >+ Y Up|Ny > (2.63)

=1 n=-—o0o
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N,, are the mass eigenstates for KK modes. And as shown in the Appendices in [59], this matrix

obey the sum rule as:
Z UliU;:i + Z Uanlﬂ;n = 5ll’
Z Uimi U + Z UinmpnyUpy, = 0 (2.64)

So now the Lagrangian of the charged weak currents can be written as:

L}’Zt = —QTWW_“ Z ZL%ML—FH.C.
2 l=e,pu,T
3 0o
= —QTWW_M Z (ZUZJLWVH— Z Uln[LWMNn) (265)
2 l=e,pu, 7 1=0 n=-—oo

As N,, and v; are Majorana neutrinos, we can construct the Feynman diagram for Ov30, just as in
the previous section, and the lepton violating process happens in the virtual neutrino propagator
section as before, see fig[2.4]

2.3 R Parity Violated SuperSymmetry

In this section we will explore another possibility for the OvG3, that is the process without virtual
intermediate neutrino. In the previous section we saw that the existence of right handed neutrinos
and massive Majorana neutrinos give rise to a lepton number 2 violating intermediate process. But

in the new theory of SUSY, no neutrinos are involved, this is indeed "neutrinoless”.

2.3.1 SuperSymmetry Theories and MSSM

The fermions and bosons have rather different properties such as the commutation relations and
the space-time transformation rules. However, the idea of Supersymmetry is that fermions and
bosons are in fact correlated by a symmetry which is allowed by the Coleman-Mandula theorem[61]
which exclude the possibilities of combinations of space-time and internal symmetries. In the math-
ematical form, this is different from the normal Lie algebra. one needs the graded Lie algebra[62)
which introduces the anti-commutating besides normal commutating generators.

The infinitesimal supersymmetric transformations for scalars and spinors have the form:

by = &P, 66" =€yl
0o = i(0"E) 0B, SUL = —i(E0")50,0" (2.66)

Here £ is the infinitesimal transformation parameters. This transformation will leave the free
fermion and scalar field unchanged.
From above supersymmetric transformations, one can introduce the spinor supercharge for SUSY

in the form 4-component Dirac spinor as [63]:

Qq
a=| = 2.67
Q ( ged ) (2.67)
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Here Q% (o = 1,2) is a left-handed Weyl spinor and Q¢ = (Q%)" a right-handed Weyl spinor,
both of which are in the representation of SO(1,3) of the space-time. a = 1,--- N, N is the
number of the independent supersymmtries of the algebra. If the graviton is the particle with the
largest spin, then the maximum value of N can be 8. Q% transforms between the fermions and

bosons and the commutation relations is defined as:

{Q?xa Qg} = 25abo_ggpﬂ
{Q, Q%) = 2eapZ® (2.68)

Here Z% is the central charge which is anti-symmetric in the indices of a and b, For N = 1 this
obviously gives that Z* = 0. And the supercharge Q' itself commute with translations.
With the supercharge operator we can construct the supersymmetry multiplets, as the fermionic

operator () generates the transformations as:
Q'|Boson) = |Fermion) Q"'|Fermion) = |Boson) (2.69)

From the commutation relations we may draw the conclusion that the Bosonic and Fermionic
degrees of freedom are equal[I5] in SUSY (supersymmetry). In the SM we have different fermions
and bosons but it is obvious that they cannot be particles in the same SUSY multiplets. For the
simplest case we take N = 1, in this case we can have the chiral fermions and parity violations.
The simplest possibility for a supermultiplet is then a single Weyl spinor and two real scalars(or
a complex scalar), ng = np = 2, this is called a chiral or matter of scalar supermultiplet. If we
include a massles spin-1 vector boson in a supermutiplet, which has a degree of freedom ng = 2,
this then may correspond to a superpartner of a massless Weyl spinor. So for N = 1, we have these
two type of mutiplets which should be enough for the SM.

The Minimal Supersymmetric SM(MSSM) is the minimal extension of the SM. Now all the particles
in the SM may have their superpartners, for fermions, they are named by adding a ’s’ in front and
for bosons by adding a suffix 'ino’. In the superfield formalism, the SM multiplets can be expressed
in the forms of the chiral superfields for Higgs and fermions while the gauge vector superfields
for gauge bosons. This is listed in table 1.1 and 1.2 in Ref.[63]. We have the left-handed chiral
superfield @’ for the quarks and L’ for the leptons for the ith generation, H, and H, for Higgs
particles, while U* and D' for right-handed quarks and E? for right-handed leptons, again 7 is
the indices for the generations. The reason for the requirement of two Higgs superfield is that in
supersymmetry, the complex conjugation of the superfield is not supersymmetric invariant, to give
mass to right handed chiral superfields, we need one more Higgs chiral superfield. For the gauge
part, we should have gauge superfields V?, Vi and Vg for SU.(3), SUL(2) and U(1)y respectively.
With above field contents, we can construct the supersymmetric Lagrangian using the superfield

formalism introduced in Appedix A. The superpotential for MSSM is:
Wissm = Uy7 Q' H, — Dy Q' Hy — Eiy LI Hy + nH, H, (2.70)

Here the y’s are 3 x 3 Yukawa coupling matrices.
Since we have only observed the SM particles but not their superpartners, so if SUSY exists, it must

be broken. In SUSY, as for other symmetries, the breaking comes from a finite VEV. This can be
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obtained by the non-zero constant F' or D terms such as the "Fayet-Iliopoulso term” Lg.; = £D [64]
or the "O’Raifeartaigh term” [65]. These terms may originate from the gravitational interactions
at the Planck scale or from gauge interactions with a "Messenger” chiral superfield [66, [67, [68], [69].

For MSSM, the soft supersymmetry breaking terms can be written as[63]:

1 . . .
LMSEM = —§(M3gg + MyWW + M, BB + c.c.)
—(ﬂ%af{@jHu - %aZijHd — é%a?f,de +c.c)
~ . I, O ~. .9 . .. . ~ A, Yoo
~Q'mE Q7 — Lt L — alfmi ad, — difmi”

—m% HiH, —m% HjHg — (bH,Hy + c.c.) (2.71)

Here My, M5, M5 are the bino, wino and gluino mass terms, each a is a 3 X 3 mass matrix with
dimension [M], each m? is also 3 x 3 matrix for scalar particles. And it is expected all these

quantities have similar mass at the tree level, that is:

MlaM25M37G'U7qdaa/eNm0 mQQam%7m?]7m2D7m2Eam%[,uamild7bNm?} (272)
But at the TeV level the mass may be different due to the renormalization effects and from the
renormalization group (RG) equations we can expect the sfermions for the first generation to have

the mass as[63]:

mg = m§+K3+K2+%K1

my = mi+ Kz + gKl

mp = mg+ Kz + %Kl

m2L = mg + K + iKl

my = mj+ Ky (2.73)

Here K’s are contributions from the renormalizations of different gauge interactions, and it is found

at one loop level to be:

3/5 1n Qo
K,(Q)=14¢ 3/4 ¢ x ﬁ/ dtg?(t)| M (t)]? (a=1,2,3) (2.74)
4/3 e

ga 18 the running gauge coupling constant for three different interactions and M, (¢) the running
mass of gauginos. Q is the input scales for RG.
Higgs particles get an extra mass contributions from the SUSY symmetry breaking. We have the

two Higgs potential as (if we set Hf = H; =0):

Vo= (ulP +mi )H)? + (|ul? +mi,) |HY? — (bHYHY + c.c.)
1 2
+ §(92+g’ J(|HY? — [HJ*)? (2.75)

This potential will give the non-zero VEV’s for H,, and Hy (v, and vy, respectively), these VEV’s

are responsible for the SM fermion masses as in the SM.
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After gauge SSB, a mixture between the neutral SUSY partners of gauge bosons and Higgs bosons

is induced. The mass matrix for the neutral particles N” = (B, W°, HY, H?) is:

M, 0 —g'va/V2 g /V?2
o 0 M; gva/V2  —guu/V?2
SR AN, gva/V2 0 —p (276)

g /V2  —gu V2 0

Here M; and My come directly from soft SUSY breaking of MSSM as in while —u comes
from the Higgsino mass from superpotential . The g and ¢’ terms comes from the Higgs-
Higgsino-gaugino coupling from the "Kihler Potential” in Appedix A, with the Higgs VEV’s from
the broken symmetry. After diagonalization, we can get the mass eigenstates x; the so-called

neutrilinos:
Xi = Nij N; (2.77)

which gives the diagonalized matrix elements

M,, 0 0 0
0 M 0 0

M, =N*MgN~'= X (2.78)
0 0 M, 0
0 0 0 M,

If the condition myz > |+ M|, | £ Ms] is imposed we can get the mass eigenstates very close to

superpartner states, with y; = By, X2 A~ W, and X3, X4 ~ (ﬁg + f{g)/ﬁ with mass eigenvalue:

m% sin? Oy (M + pusin 23)

= M, —
o 2 — M
2 .
m (M + jusin 28)
My, = M, — u2 — MQ
—— |+m2( —sin 23) (1 + M cos? Oy 4+ Mo sin® )
o 20+ M) (n + M)
1 2 - M 20 M. 0
ey, = |M|+ m% (I +sin23)(u 1 cos? By — My sin? Oy ) (2.79)

2(p — My)(p — My)

Here Oy is the Weinberg angle and 3 = tan=!(v, /v4) and I can be +1.

Above we briefly introduced the MSSM, which is the minimal extension of SM under SUSY. Here,
we haven’t found terms which can lead to Ov 3, this will be discussed immediately as we introduce
the R-Parity which is important for the decays of LSP(Lightest SUSY particle).

2.3.2 R Parity and Lepton Number Conservation

As we did show in last section, by replacing the SM particles by corresponding superfields, we can
construct the SUSY Lagragian as in the SM. However, we can find some extra terms which are
SUSY invariant but do not originate from the SM:

f=UDD+ QDL+ LEL+ LH (2.80)
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These terms will introduce some extra interactions which may lead to instability of LSP and
also the decay of the proton. So one new discrete symmetry called R-parity(or matter parity) is

introduced[70}, [71], the most convenient definition is:
M—-M V—=VH-s—-0 X—X0——0 (2.81)

Here M are matter superfields, V' vector superfield and X denote other chiral superfields (e.g.
Higgs superfield). As we can see, SUSY partners are R-parity odd (empirical definitions: R, =
(—1)3B+L+25 B for baryon number, L for lepton number and S for spin). This prevents the
spontaneous decay of the LSP’s, since it is the lightest R-parity odd particle. This also makes
LSP the best candidate for Dark Matter. Also in this case, above superpotential is R-parity
violating and cannot be presented in the MSSM.

However, the Supersymmetry breaking may also accompanied with the R, violation[72]. Current
experiments have strong constraints on this violation and make R, nearly an exact discrete sym-
metry. In this occasion, OvGg3 is allowed but should be suppressed. So the Ov3( can be a good
indicator for this violation of R-parity if this mechanism dominates the process. We now discuss
this possibility.

In the MSSM model, with three generations of leptons and quarks, the R-parity violating terms

can be written as:
pr = /\ijchiLjEk + )\;J]ngQ]Dk + )\;IijiDjDk (2.82)

Here i, j, k are indices of the generations and the Last term in has been rotated away by the
redefinition of superfield L[73], the coupling constants A(\') are antisymmetric in the first(last)
two indices. As pointed out before, the simultaneous existence of these three terms will lead to the
proton decay since B and L are violated together, this makes the As extremely small from current

experiments. But if we, instead of IR, impose another discrete symmetry which is compatible with
GUT theories[73], [74]:

(Qa U7 D) - _(Q7 07D)7 (LaEaHLQ) - (LaE,Hl,Q) (283)

Then the third term in is excluded out (A = 0), in this case the Baryon number is conserved
while the lepton number is violated, this prevents the proton decay. For the Ov(33, only the first
generation of the fermions (u,d,e) are concerned and we are interested in the lepton number
violations. Thus we can write down the Lagrangians which are involved in this decay as following,

first the lepton number violating terms in the R, violating superpotential:

LRP = /\/111[( ur  dp, ) ( _eig )CZR‘F( er Ur )dR< _11;,32 )
+ (m d )dR< _éjL >+H.c.] (2.84)

Then the interactions for gluino(for colored particles) and neutralino with the SM fermions and
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their superpartners:

(a)

Ly = —V20=57 (429" 0] — 4R dp) + Hee. (2:85)
4
Ly = V2g Z[GLi(%)i/_)LXﬂZJL + eri(Vi)rXVR] + H.c. (2.86)
=1

Here o and (8 are color indices and X's are the SU(3). generators (the Gell-Mann Matrices).
Neutrilino x’s are the mass eigenstates of the electrical neutral superpartners mentioned above,

the coupling constants €’s are defined as [75]:

eri(V) = —T3(¢)Ni2 + tan Ow [T3(¢)) — Q(¢¥)|N;
ERi(w) = Q(q/})tanewNil (287)

Q(v) and T5(1)) are the electrical charge and third component of weak isospin for fermions respec-
tively. And N;; comes from the diagonalizations of the mass matrix y; = Ny B +Nio W3 4+ Nz HY 4
NMHS expressed in the previous section, Oy is the Weinberg angle. The mass terms are included
in the SUSY soft-breaking Lagrangians we mentioned above.

With these interactions in hand, we can begin to construct the required Ov(3 Feynmann diagrams.
As we have mentioned before, the basic Ov3( process at the quark level is a process with two
incoming d quarks, two outgoing u quarks and two outgoing electrons, fig[2.3] For the moment we
consider only tree level diagrams, so from the topological point of view, to connect six fermion lines,
from above Lagrangians with only 3-particle interactions(Fermion-scalar-fermion interactions), one
needs four vertices and three intermediate propagators. Among these three propagators, one should
be fermionic due to the continuation of fermion lines in Feynman diagram (This is because fermion
has a mass dimension of 3/2, and the overall mass dimensions for any interactions must be integers).
So first we chose from the above Lagrangian the required vertices, which contains only terms of

w(u®), e(e) and d(d¢) for the possible external lines. This gives (together with the illustrated

graph, ﬁg:

. / — - 3 / — ~ % — ~x
1 a). Ninuregdr b). Ninepdru] c¢). updgréj

(a) (a) (a) (a)
B3NS oy 0 9I3A0B oy ~a B3Aoh o —a - 93X o o
> Bd%gadg b). ? 5d%g“d% c). — 7af gazagh d). > Bﬂo‘gauﬁ

V2 V2 V2 V2RI R

4 4
i a). V2g Z en(ryi(Wir(mXitinry b). V292 Z eLryi(d)drryXidr(r)
=1 =1

4
¢). V2 Z €L(r)i(€)eL(rR)Xi€L(R) (2.88)

i=1

it a). —

We find that the Rp interactions correspond to the vertices of two SM fermions with one SUSY part-
ner scalars while the gluino and neutrilino interactions correspond to vertices of one SM fermion,
one SUSY scalar and one SUSY fermion. From the above analysis we can see, that the diagrams
should contain two vertices of the Rp type and the other two vertices of the gluino or neutralino
types. Then we can choose the required vertices which contain required out and in particles. F.g.
first choose two vertices of Rp types containing two fermions, then choose two vertices from gluino

or neutralino terms which contain the two SM fermions not included in the two previous vertices,



2.3. R PARITY VIOLATED SUPERSYMMETRY

iii

L(R)

- —— —

d L(R)
a)

~%

— — o — -

b)
Uim

~ %

— — > — —

@

c,d)

Uim

~ %

Uim

L —

Xi
b)

Y'im

35

€im

~ %

€im

— —— —

Xi
c)

Figure 2.7: The interaction vertexes which are involved in Ov3(, the corresponding Lagrangian refer

to (Z59).
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Figure 2.8: In this graph, we list all the possible diagrams for Ov33 under the Rp.

these vertices should be connected by proper propogators. And we give an illustrated example of
these procedures:

i)choose the vertex @ Le%ci}‘%, then we have two incoming d quarks, one outgoing u quarks and one
outgoing e~ remained;

ii)choose a vertex urdr€}, now only one incoming d quark and one outgoing e~ left;

iii)Now we should find the two vertices from the gluino or neutrilino terms which contain dr and
€r,, besides, they can be connected by a fermion propagator, these can be easily found: yd RJ*R and
Xer €7, then we have an internal fermionic propagator of x.

Following this procedure, we construct all the possible diagrams as in [2.8] We see here that one
can divide these diagrams into two different types called 'Diagonal’ and 'non-diagonal’ ones. The
former is graphically symmetric under the reflex around the axis of the intermediate heavy fermions
propagators, the latter is somehow without this symmetry.

This is the most direct way to get the Feynman diagrams. However, using the effective field
theories, one can get the same results, the advantages of this method are that no diagrams will be
missed or repeated and the interaction strengths can be well calculated in the mean time.

The effective Lagrangian according to [73] can be defined from:

Rovss ((A,Z—|—2|Texp(i/d4xﬁmt(x))|(A7Z)>

Q

i / d42((A, Z + 2LAE2(2) (4, 2)) (2.89)

With L, = L k, + Lz + L. In principle the expansion of the exponent include all the possible
diagrams for tree levels and loops. For simplicity, one considers only the leading order — the tree
level diagrams, the loop diagrams can be neglected at this stage due to the heavy mass of the

intermediate propagators. Because of the definite initial and final states, the expansions of the
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effective actions which don’t include the in and out particles in the Ov33 will be excluded out
automatically. The effective Lagrangian were derived by integrating out the heavy particles. The

propagators for fermions and scalar bosons can be written as:
_ i
(OIT(Wi(2)e;(y)I0) = Splz—y)~ 5" (z ~ y)—0ij  (mi>pr)

O G@6WNN0) = Dple—y)~—3'w—y) 50y (mi>pe)  (290)

i

In this model, heavy fermions are g and y, heavy bosons are the SUSY partners of the SM fermions.
Because of their heavy mass, the interactions behave like point-interactions similar to Fermi’s
four-fermion point interaction. We will discuss how to realize these point-like interactions at the
hadron level in next chapter. For color charged particles, we should make sure their combinations
are colorless in the final expression due to the color confinement. We add the color summation to
those color independent Lagrangian LRP and L, e.g. L = \/§/3926Li(¢)c{%xidg. After integrating

out the heavy particles we should get the general form for the effective Lagrangian as:

AL.=2 __ o,w ¢ S 5
L= = > eny sutd® wd - e, (2.91)
a,f3,7,0
The coefficient € is color dependent and this has the general form as point-like current-current
interactions for the quark and electron currents.

Using the properties of the Gell-Mann matrices, it is easy to get:

16 1
Mg Mo = 3 a0y = §A§5 AE g (2.92)

The second term is the color octet, it will not contribute to the final expressions because of the
color confinement. So with these §’s, one gets overall colorless effective actions. By using Fierz

rearrangement, one can get the effective Lagrangian as[73]:

_ e
Lo THa) = 8m2AmZ (6L uLdRaxa‘zd%)(éLe@
E%Z(U) —a, C > S B E%Z(d) —a ¢\ (=B ¢ \(Jc
+ m(uLuR,@xeLdRa)(eLdR)'i_ mA (ugeR)(urer)(d°Ladrp)
uL dR
eri(u)eRi(d) —eri(u)eLi(e) eri(e)eRi(d)., o 5\,  cv\/o
+ ( m2~ m2 + mg m2 + mg m2 )(uLdR)(uLﬁeR)(eLdRa)]
dR ur er, dR
Bras Mg M 1 e g 1 .
T S e ) L)) + () ) )
C @) () end 2.93
o () (W) (e ) (293)
IiR ur

This formula has a one to one correspondence to the Feynman diagrams in fig2.8l The gauge
coupling constants are defined as ap = g3/(4m) and oy = g3/(4r), and it is highly dependent on
the energy scale due to the renormalization. The usual treatment is to take the Z boson pole[76]:
as(Mz) = 0.127 and ax(Mz) = 0.0337. These Dirac bilinears are not colorless, but as a whole,
the interactions are colorless, by suitable arrangement we can make the these bilinears colorless as

we shall see.
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As we have seen in figl2.8] there are different currents for different diagrams such as electrical
charged and neutral quark currents and also quark-lepton currents. These currents make the
calculations of Ov(3( in this model rather complicated, but since the mediating particles are ex-
tremely heavy (heavier than W boson), so these interactions are point-like four- or six-fermion
interaction. It is convenient to rearrange the orders of the fermion in these fermion pairs by Fierz

transformations. These are deduced by [73]:

— G2 1 v = C
Lo =2 w) = 5 [(ng + ) (TpsTps — =I5 Jry) + (e + 1y — n, ) Tps Tps][E(1 + v5)e]

2mp 4
(2.94)
The currents J are defined as:
Jps = u*(1+75)da
T = w0 (Lt s)da, 0" = 2y (2.95)

2

These are different from the weak currents which are with a V — A type. In SUSY theory, one has

then the pseudoscalar and tensor currents. And all the violating parameters 1 are defined as:

2mos )‘/?11 mp MG \a
ng = o Ty (e
g 9 G%m%H mg[ (maL) )
2 4
mag N Mp 2 2 Mina
= — —[eR,(d) + €1, (u
Tx 6 G%mfiR ; mX[ Rz( ) Lz( )(mﬂL) ]
77/~ _ 4o X?ll mp Mip 9
g 9 G%m%R mg Ma,
X?n Mig 2 - My o
e = 2mas 55— (—7) —ez,(e)
v g G
3 i (Mo §S T ) 4 e ens (602
N,7 = TO3—5—1— —|€Ri erile) +eri(u)erile
xf G2Fm3~R me,, =1 X ’ ! ! ! My,

(2.96)

We see that in these effective Lagrangians, we divided the quark currents from the lepton currents,
and this eases the final calculations of the NME. Here we have many parameters such as the masses
and the coupling constants from MSSM which are supposed to be derived from the renormalization
group techniques, as it was supposed that above the SUSY broken scale, these masses should have
similar origin and values. With the running behaviors of the coupling constants in RG method,

one can get their values at the low energies, and these results are illustrated in the last section.



Chapter 3

Decay Width and Nuclear Matrix
Element for Double Beta Decay

The 0v30 has not been observed yet, though there’re some highly contesting speculations[7]. With
its observation, one can then get the half-lives, and also other measurables such as the electron
spectrum. In this sense, a precise calculation of the half-lives is very important. A comparisons
between the theoretical and experimental results can give us information on the underlying physics
of this process.

OvpB0 is a weak process with the emissions of two electrons: at the nucleon level, two neutrons
transform into two protons n+mn — p+ p+ e~ + e, at the level of nuclei, a parent nucleus
transform into a daughter nucleus: (A,Z) — (4,Z + 2) + e~ + e~ . In the previous chapter, we
discussed the possible underlying physics behind this process, which describes this process at the
quark level: d4+d — u+u+ e~ +e~. At this level we have Quantum Field Theory as a tool to
describe this process, so everything can be deduced analytically. But this is not enough for the
descriptions of the actual process, since the decay takes place in the complicated nuclear system
(due to the nuclear pairing this process can happen). But until now we can’t find a perfect way
to describe the properties of this system, despite the fact that it has been studied for nearly one
century. This is due to the limitations of our knowledge on the few- and many- body theories.
And also because of the complicated forces between the nucleons. These nucleons are governed
by the strong interaction. This interaction is the strongest interaction, it can be well described
by Quantum Chromodynamics (QCD) which was developed at 70s of the last century. However,
due to strong interaction strength at low energies, it cannot be treated by normal perturbative
methods. And a lack of treatment for the non-pertubative theory makes it really hard to deduce
the details of the nucleon-nucleon forces from QCD. So one usually builds some empirical models
to describe these interactions. Because of the difficulties mentioned above, it is nearly impossible
to perform exact calculations for these nuclear processes. What we can do now is to use the nuclear
models and reduce all uncertainties as far as possible from these models. Then one gets optimized
values hopefully close to the experimental values. At the hadron level, if we compare the processes
to those at at the quark level, one finds that the u and d quarks are replaced by the protons

and neutrons. We now consider the interactions on the lepton and hadron level. Normally, these
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Figure 3.1: The sketch for how we simulate the nuclear process step by step from the underlying

mechanism

hadrons in our case refer to nucleons. But as there are mesons inside the nuclei, in this case one
can also replace the quark-antiquark pairs in the Feynman Diagrams with the mesons (the lightest
mesons are the pions). Besides, there exists also the possibility that the quarks are replaced by

exotic nucleons such as N*[89] in the nuclei.

3.1 General Results of Decay Widths

The Half-life is the most important observable for 53 decay. From quantum theories we know that
it is related with the decay width I' given by the transition probability, ¢,/ = 1/T". We treat the
nucleons and the nuclear many body problem non-relativistically. But neutrinos and electrons need
a fully relativistic descriptions. Our treatment for the 33 decay is a combination of QM and QFT
methods. For relativistic particles as electrons we use the QFT. By making some assumptions, we
can separate I' into two parts: first the integrations over the momenta of the electrons and for the
2v[3( also of the neutrinos yielding a phase space factor and second the nuclear matrix element
(NME).

3.1.1 Decay width for 2v33

First, we give the expression of NMEs for the 2v33. This process has been observed and the half-
lives for different nuclei are tabulated in table[T.I] The reason we calculate the decay widths for
2v 30 first is that we use the same methods for calculating the nuclear matrix elements (NME’s) for
both OvB and 2v36. In our calculations, the NME for 20643 is important for the determination
of the parameters in our model. Values of the NME’s in other nuclear models are good crosschecks
for their respective quality.

The differential decay width for 2v3( decay is giving in [95] [96]:

d3p;

2v 1 2

dr :H(Qﬂ)3pQZ|Mjk| (3.1)
i ik

Here p; are momenta for two electrons p;,ps and two neutrinos k1, ko respectively. j, k are indices

for the neutrino mass eigenstates. In the nuclear Coulomb field, the electron has the form of a

plane wave e~?* multiplied by the square-root of the Fermi factor F(Z,p) = (p°/|p])2raZ[1 —
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exp(—2naZ)]~! with Z the electric charge of the nucleus and « the fine-structure constant. Then
we get the amplitude M as:

€ik GF
My = = VeiVej /d4 /d“ (Z+2,p0)F(Z + 2,py)| 2 {e/ TR eilpatha)y
jk \[(\[) J 1) ( 2)] {

X Ue(p1)Yu(1 = 75) vy, (k1) e (p2)y (1 = 75)vy, (k2)
X (N DT (e oo Ji (&) N ) (N | ¥ (§)e = 0%0)|N;) = (p1 > p2)} (3.2)

V is the neutrino mass matrix element in Eq[2.2] The statistical factor ;;, comes from the exchange
between two neutrinos, €;; = 1 for j # k and €55, = 1/v/2 for j = k. The weak currents J* has the

form:
ZT [9"°9v(¢%) + 9" ga(a®)o3)0(F — ), 5 =1,2,3 (3.3)

from the non-relativistic impulse approximations. Because the momenta of the outgoing particles
are small, we can neglect here the form factors of the lepton-nucleon interaction.

The decay from the initial nucleus to the final nucleus into the ground state is a transition without
changes of the angular momentum and parity. In this case we should choose the J = 0 operators
such as 1-1 for 0% and &- & for 17 intermediate states from (3.2). By making the assumption that
each electron-neutrino pair shares half of the @ value, one arrives at the expression of the decay
width for the 2v33 as [88] [90]:

T2(0F — 0%) = G| M>|? = aZVm2F0<T>g:%,|<%>2M%” — M2 (3.4)

Here the nuclear matrix element M is defined as[81]:

M=

M,n,m
(077 a113,) - (Lal 74 5107)
Mgr= )
M,nm

(07 |73 103,) (03 I7:4107)
Ey — (E; — Ef)/2

Ev — (E; — Ef)/2 (3:5)

E; and Ey are just the masses of the initial and final nuclei. And the quantities as, and Fy(7') in
the phase space factor G have the form [88] [01]:

B EG%mg 2na(Z + 2) ]
T 4o 1 exp(—2na(Z + 2))
24 11
Fo(T) = 17711'6 T7(T* 4 2273 + 22072 4 990T + 1980) (3.6)

Here T = (M; — My — 2m.)/m. is the total kinetic energy in units of the electron mass for all
the out going particles. And the electron-neutrino phase space integrations are separated from the
nuclear transition part, the NME. We get the phase space factors analytically. From the half-lives,
one can then get the NME as listed in table

3.1.2 Half-lives for the 0vgg3

The general Feynman diagrams for the Ov30 at the different levels are shown in fig.
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Light Majorana neutrino mechanism

For the simplest case, we have the intermediate Majorana neutrinos. We consider the light ones,
that is m; ~ 0. In this case the calculations are close to that of the 2v33, but now the neutrinos
are virtual, carrying the internal momenta. So the outgoing particles are two electrons only. Then,

the differential decay widths can be written as [88]:

2

are = ]:[1 (2d )pl M2 (3.7)

The amplitude M is given by[88] O1]:

1 1
M = /d4xd4/
(p1+q)? — Mgy (p2 +q)? — My,

7(1 — Fr2) Z ULIF(Z +2,p0)F(Z + 2,p3)] 2 ¢ P P2v) ciale =)
i=1

x[a(p2)y" (1 — %)%7“(1 +95)v(p1)]

x Do BB BB (11, (2)| M) (M1, (7)) (3:8)
M

Using the v matrices technique, one gets (p2)y*(1 — v5)(F + m)v* (1 + v5)v(p1) = @(p2)y*(1 —
5 )miyYv(p1), one finds that for the light Majorana neutrino mechanism with the SM symmetry,
the neutrino propagator is suppressed by the helicity.

Using the non-relativistic impulse reductions, we get the current J* in the form

JHE) = ZT [T + "R TR (P)No(E - 7)), k=1,2,3
n=1

JUAP) = gv(d®)

72y 9\ 0n X q L 2,40 -4

Jn(@) = gm(q)i 2, +94(7°)d — gp(T") o,

We have for the Ov3( larger momentum transfer inside the loop in fig[3.I]than for 2033 because the
neutrino is virtual. For the size the nucleus, the uncertainty principle gives the average momentum
of neutrino as about |g] ~ 20MeV. For such an exchange momentum, we must consider the
form factors of the nucleons. We adopt the form factors in our numerical calculation from [81]:
gv(3®) = gv/(A+3/A3)%, gm (@) = (pp—1n)9v (§2), 94(7°) = g4/ (143 /A%)?. From PCAC, one
obtains gp(§?) = QmpgA(qé)(lfmfr/Ai)/(thqufr). Here, gy = 1 and ga ~ 1.25, (pp—pn) = 3.70.
We choose different cutoffs for different interactions A = 0.71(GeV)? and A4 = 1.09GeV [31].

We focus on the 07 — 0% case. For this case, the final result is given as in [91] by integrations

over the momenta of the electrons:

FOV = Gglf|mee‘2|g\2/MF - 9124(MGT - MT)|2
9400 For (T)mee I(g )?Mp — (Mgt — Mr)|? (3.9)

with Foy(T) = {£T(T* + 10T® 4 40T% + 60T + 30), T is the same as defined before for ground

state decay of 2v(3( as total kinetic energy of the two emitted electrons. Here we see that the



3.1. GENERAL RESULTS OF DECAY WIDTHS 43

dependence on the Q value Q = M; — M; is for 2v3/3 approximately Q'' and for Ov33 Q°. This
is the final expression of ground state decay width for OvG3, and this is also considered to be the
leading contributions for the decay width (much larger than that of decay to the excitation state).

Here, m,, is the effective neutrino mass defined as:
J

with Ve; the neutrino mass matrix elements defined in Eq[2.2]

The coefficients ag, and the Nuclear matrix elements have the form:

Gtm? ( 2ra(Z +2) 2
agy, =
0 2(27)5'1 — exp(—2na(Z + 2))
A
Mp = (Ng| Y 7 r b He(ram)|IN:) /g3
n,m=1
Mgr = Nf| Z Tn ;;HGT Tnm)anm‘Ni>/9,24
n,m=1
My = (Ny| Z T He (Prm ) Snm [Ni) /92 (3.11)
n,m=1
with
Y .5 N 1
e @r)? (& + Bn ~ (By ~ E)/J2)
. d3q 194(@®) +3 34,,,2 (291(7%) = Pgp (@) + 4mpgp (%) ga(@®))]e’T
GT(Tmn) /(277)3 (q0+En_(Ef_Ei)/2)
—2 G
PBq 315z (90(@) + P gp(@) — Amygp(3)ga(@®))e' T
Hr(rmy) = / f E (3.12)
(2m)? °(¢° + En — (Ef — E3)/2)

With 7 = Tn — T Onm = On * Om, while Sy = 3(6) - @0 - @) — Omn- The functions H’s are
usually called the neutrino potentials, and if the nucleons are point-like, then this integration may
give us the value H ~ 1/r, this is the leading order term in these expressions. So for OvG3f3 at
the leading order, we have the Coulomb like neutrino potentials because of the smallness of the
neutrino masses.

We have to add one more correction to this final result. As we are dealing with the problems in
the nuclear system, the strong repulsive nature of the nuclear forces may prevent the two nucleons
to get closer. So, the Ov(33 potentials are changed at the short range. In our calculation, one adds
the Short-Range-Correlation (SRC) to the neutrino potential to account this effect, the expression
now looks like M; = (N Zf)m:l O(n, m) f(rnm)Hr (Tnm) f (ram)|Ni). The simplest form of this

correction is of the Jastrow type [92]:
F(r)=1—e" (1 —br?) (3.13)

with a =~ 1,1fm~2 and b ~ 0.68 fm 2
This is the complete expression for Ov(33 with the light Majorana neutrino mechanism and in the

present thesis we mainly focus on this mechanism with numerical calculations for several nuclei.
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Other mechanisms

In the previous chapter, we discussed different emission mechanisms for the Ov3j3. Different mech-
anisms will probably give different half-lives of the Ov33 decay.

For the see-saw mechanism, one has the right-handed neutrino besides the left-handed one. The
right-handed neutrino is very heavy, with a scale from TeV to even the GUT energy scale. So
their contribution will be suppressed by their heavy mass. The detailed expression of the half-lives
are given in [107]. Calculations of Ov3f3 with sterile neutrinos in a model of extra dimensions are
performed in [59, [60].

With the L-R (Left-Right) symmetrical model, one can have more complicated mechanisms for the
half-lives of the OvgB3. A full expression is given in [94]. And a simplified result neglecting the
mixing between the left- and right-handed gauge bosons is derived by [91].

For R, SUSY, the result was derived in [73]. But one finds extra contributions from the intermediate
pions in [78], [79] [80].

As we don’t have enough experimental evidence, it is hard to say which mechanism will contribute
the most to the Ov3S5. One would think that the light Majorana neutrino mechanism dominates,
as a light neutrino has a long range which is not suppressed by SRC. So in this thesis we focus on

this mechanism and all the following numerical calculations are with this one.

3.2 Nuclear Matrix Element For 0v(3(3

In this section, we briefly represent the form of the NME for the Ovf33, and in next chapter, we
will give detailed expressions for different methods. As we have seen in the previous sections,
the NME’s can be viewed as the two-body contributions. The general form of NME from above

discussions looks like:

A
Mp = (Ni| > 75 a5 Hi(rnm)Or|Ny) (3.14)
n,m
Hi(rym) is the neutrino potential, which we derived in the proceeding sections. If we abandon the
closure approximation by introduction of virtual intermediate states, the expressions may become
slightly different as we will show in next chapter. From this point of view, we need to construct
the initial and final ground states and sometimes the intermediate states. The details of these

technique are the tasks of the next chapter.



Chapter 4

Many Body Approaches for
Calculation of NME

In previous chapter, we derived the expression for OvSS decay widths (or the half-lives) for dif-
ferent mechanisms. They can be divided in two parts: the phase space factor G which can be
calculated analytically and the NME. The latter is important because it allows to determine the
lepton-violation scales for different new physics models. For calculations of NME, we need nuclear
structure theories which can simulate the microscopic nuclear transitions. Till present, there is
no final theory which could perfectly describe the nucleus since this is a complicated many-body
system. Many nuclear structure models have been proposed. The mean field theory is a starting
point of them. An average mean field is calculated from the two and three body interactions by
the so-called Hatree-Fock method which is also widely applied for other many-body systems such
as atoms. From these mean fields, physicists usually construct the nucleus ground state, and then
the excited states can be calculated.

As we have shown, Ov3 decay is governed by a two-body operator transforming two initial neutrons
into two final protons in the nucleus environment. This is a charge changing process and its two-
body transition matrix elements can be calculated by using the methods of many-body theory.

In this section we will introduce how the NME for Ov3(3 decay can be calculated by different
methods. The first method we are using is the pn-QRPA (proton-neutron quasiparticle random
phase approximation), then we consider another important method: the Nuclear Shell Model. We

will also mention other methods.

4.1 Quasi-particle RPA

The QRPA formalism is one of the widely used approaches for calculations of 0vG3 decay[104]. It is
developed in the Random Phase Approximation(RPA)[99] which has its origin from the TDA[9§]
method. So at first, we briefly introduce the RPA formalism following Ref.[I0I]. In the RPA
formalism, we can define the excitation phonon operators as:

Ql= Y [Xicei— Vel (4.1)

I>Fi<F
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Here F' is the Fermi energy, X and Y are the forward and backward amplitudes respectively, and ¢
and ¢! are the single particle annihilation and creation operators. Then the ground state, namely
the RPA vacuum, is defined by the relation Q|RPA) = 0. The excitation states are defined as:
|m) = Q},|RPA) for the mth states.

To get the forward and backward amplitudes, we need first to get the RPA equations. With the

variational methods: §(m|H|m) = 0, one can get [I01]:
(RPA|[6Qm, [H,QL|IRPA) = (B — Eo)(RPA[[6Qm, QF.]|RPA) (4.2)
We then get the RPA equations from d(m|H|m)/éX(Y) =0,

(RPA|[cle, [H, QI ]|RPA) = w,, (RPA|[c]¢;, Q]| RPA)
(RPAl[c]ci, [H,Q}]IRPA) = wn (RPA|[c]c;, Q][RP A) (4.3)

where the excitation energies are defined as w,,, = E,,, — Ey for the states |m)’s. To derive the final
form of these equations, we adopt the following approximation, by replacing the RPA ground state
with the HF ground state. Then, we have, ¢/|[RPA) = 0(i < F) and ¢;|RPA) = 0(i > F). This

gives the commutation relation:

(RPA|[cl e, cl¢j]IRPAY = 6i501m — 6im(RPA|cjcl|RPA) — 6;;(RPA|cl e[ RPA)
= 6i;0m (4.4)

This commutation relation treats the product of two single-particle operators as a single boson
operator, so this approximation is sometimes called Quasi-Boson Approximation(QBA). But in the
QBA the Pauli Exclusion principle(PEP) is somehow violated, this will bring out some problems
as we shall see later.

With the approximation of QBA, one then arrives to the the final form of the RPA equations

from:
(o 2 )0 ) =0 %) ()
= W (4.5)
B* A* Yym 0 -1 ym™

The vectors (X™);; = X[} and (Y™);; = Y;' are forward and backward amplitudes for the
excitation states |m) and w,, are the energies of these excitation states. The matrices A and B

have the form:

Alinj = <RPA|[CZT'Clv [H, CLCJ‘H|RPA> = (g — Ei)5ln5ij + ‘7ljin
Biinj = (RPA|[c}es, [H,clen]]| RPA) = Vi (4.6)

Here the Hamiltonian has the form: H = Hy + H; = eic;rci + (1/4)I7ijklcjc;{clck, with € the
single particle energy and V the residual interaction, Vi = Viyjj — Viwj; for convenience.
By diagonalizing these RPA equations, one can get the excitation energy and the forward and
backward amplitudes X and Y.

As we have mentioned earlier, nuclear pairing is important in the nuclei, and the quasi-particle
RPA(QRPA) approach[I00]takes into account this important phenomenon. So for a introduction
of QRPA method, we first introduce the usual treatment of nuclear pairing, within the BCS
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formalism. In this formalism, nucleons near the Fermi surface are paired with each other by the
residual interactions, and calculations show that the pairs with total angular momentum J = 0
are energetically favorite, so the ground state, namely the BCS vacuum, should be with only
J = 0 pairs. These pairs are formed by nucleons with the same angular momentum and opposite

projections. So the BCS vacuum is defined as[105]:

1BCS) = [ [ (ux +vicfel)|0) (4.7)

k>0

Here k > 0 refer to all states with positive angular momentum projections J,, and k are the time-
revesed states which have an opposite J,, so the states (k, l;:) run out the whole space, uj and vy
are the BCS coefficients, and v} is the occupation probability of states (k, l~c) In our thesis, we
consider only the proton-proton and the neutron-neutron pairing. Because in even-even nuclei, all
protons and neutrons can be paired, so this brings out the existence of the Ov33 decay. And, one
can see that the BCS formalism is suitable to describe the ground states of these even-even nuclei,
and all the Ov(33 emitters are even-even nuclei. To get the BCS coefficients, we mush first derive
the BCS equations and solve it. The Halmitonian include the pairing interactions reads:

H = Zek + Z vk,;k,,;/clc£c,5,ck (4.8)
k>0 k&' >0

we can get the BCS equations by variational methods: (BC'S|H — AN|BCS):
2epupvy + Ap(vi —ui) =0, k>0 (4.9)
with
& =1/2(ex +€g) — A

Ak ==Y Uy iV
k’>0

And then one can get the solution for uy and vy as:

2_ 1 &
v, = |l — —F———=
fT2 Bt A2
1 €k
2
u, = — |1+ — 4.10
b=t (110)

In BCS formalism, with the the BCS coefficients, one can introduce a new kind of annihilation and

creation operators, the so-called Bogoliubov quasi-particle operators, defined as:

al = uicg — vnga;.f = uic%r —+ v;¢;

Under this formalism, the BCS vacuum can then be written in a much simpler form:

|BCS) o< [ ] il0) (4.11)

The QRPA formalism, as a generalization of RPA, uses the quasi-particle operators to replace the

single particle operators. So in the QRPA, the phonon creation operators are now defined as[I06]:

Qf, =Y [Xitalal - Vi asas] (4.12)

[
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QRPA ground states are defined in the same manner: Q.,,|QRPA) = 0. And the QRPA ground
states is replaced by the BCS vacuum by using the QBA. Using the same Hamiltonian as in the
case of RPA, one can derive the QRPA equations [101]:

Aiirjjr = (QRPA|[ayai, [H, a;a;/]HQRPA}
= (E;+ Ey)0;j6y ;0 + ‘Z‘i/jj/(uiui/ujuj/ + vV Vv )
+ @jr,i7j(uivi/ujvj/ + viugvjug) — ‘Z;j,pj,(uz"l}i/’l/juj'/ + viui uv;r)
Biirjir = —(QRPAl|layay,[H,aja;]]|QRPA)
= Viigjr(upupvjvy + viviujug)
+ 7”.{/]7, (wivujvj + viugvjug) — Vij,{,}(uivi/vjuj/ + ViU U V) (4.13)

E; = \/é}Q + 07 is the quasiparticle energy. To get the forward and backward amplitudes in QRPA,

one need to diagonalize the matrices A and B. The obtained eigenvalues are the excitation energies.

4.1.1 Introduction of the pn-QRPA

The OvgB3 decay changes the electrical charge of the nucleus by 2. Two neutrons in the initial
even-even nucleus transform into two protons in the final even-even nuclei. An intermediate odd-
odd nucleus is virtually excited in this process. To describe the states of this intermediate odd-odd
nucleus, we use the pn-QRPA (proton-neutron QRPA) approach. In pn-QRPA formalism, these
virtual states of the odd-odd nucleus are described as the excitations from the ground states of
the even-even nuclei. Hence, these excitations involve the transitions from proton (neutron) to
neutron (proton). So now we can introduce the two-quasiparticle creation operators in pn-QRPA,
which have a general form as A;Ln = a;;ozlt. In different system they may have different forms, e.g.,
for spherical system, they have a form where two quasiparticles are coupled to specific angular
momentums|81]. In subsequent section, we discuss mainly the deformed pn-QRPA. This method
is introduced to deal with the heavily deformed nuclei such as ' Nd. Later on, we will introduce

some modifications to the pn-QRPA formalism.

4.1.2 pn-QRPA for deformed Nuclei

In the deformed system, the angular momentum is no longer a good quantum number, so one
cannot couple the quasiparticles to a specific angular momentum. From now on we work in the

intrinsic frame. In this case only the projections K are good quantum numbers, one can then

define the phonon operators for the excitations as 21 = Epn X;’TLL’KWA;,MK,T + Ypyz,KﬂApn,K"’-
T T

The two quasiparticle creation and annihilation operators are defined as A, x» = afol and
Apn. k= = opoy, with the selection rule £, — Q,, = K and m,m, = 7. The definition of the
quasiparticle is as before af = u,cl — v ¢z, ¢ is creation operator for single particle states, and
the tilde denotes the time-revesred states. In the following part we will introduce the pn-QRPA
approach in the deformed systems.

In the deformed basis, many quantities are derived by the decompositions over the spherical basis
since we have these quantities expressed in that basis already, so we have first to derive the

decomposition coefficients. The single particle deformed basis decompositions over the spherical
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one are presented in Appendix B. For the particle-hole or particle-particle pairs(ph or pp), they

can be expressed as the superpositions of the of quasiparticle pairs in spherical basis:

‘7—7:/> = Z F7:]7]If7'/?77_/ 070, JK)
Nrnerd

ey = > FIr o 11 JE) (4.14)
NeNpr J

Here 7 and 7’ refer to neutron or proton. The coupled quasiparticle pairs in spherical basis have
the form:

11070, JK) = Z ci e Q0 j AN Q) 17 Q) (4.15)
Q.

The decomposition coefficients are:

F‘IL']T]IfT ’I’] ’ = B’:]—.,- B’:]—T/ (_1)jTl_QT/ Cj.{-gfjﬂ_lfﬂr/ (4'16)

Here B;_ is the single particle decomposition coefficients derived in Appendix B.

The BCS coefficients can be derived from the BCS equations. In the deformed case, using the

realistic forces as pairing interactions, one can get the gaps in the form[29]:

- Z Z F;];TTUTF;I% 17, ,G(UTU%WT’U%H J)u‘l"v‘l" (417)
J 7>0

Here 7, 7/ are proton or neutron levels. G is the G-matrix of realistic forces in the spherical
harmonic oscillator basis. With these gaps, one can solve the BCS equations and get the BCS
coefficients. With the BCS coefficients, one can define the two-quasiparticle operators and the
QRPA phonon operators.

The pn-QRPA equations are similar to the QRPA equations. To get the matrices A and B, we have
to derive the correct forms of the residual interactions in the deformed systems. These interactions
can be express as the form of G-matrix. These matrix elements in the deformed basis can be
decompositions over that in the spherical harmonic oscillator basis. With the above decomposition

coefficients, we get:

Vo = =203 D Fpn I o Gttty s, TK) (4.18)
J T My My
Vonpm' = 2 Z Z Z Fz#:nnn Fz;InK/n . G p T JK') (4.19)

J NpNn Np! Mt

Here K' = Q, +Q,,. We include two types of interactions, one for ph and one for pp because these
two types of interactions are presented in the A and B matrices in (4.13). With the two-quasi
particle operators and the residual interactions, we get the pn-QRPA equations in the deformed

basis with the form:

A(K™)  B(K™) Xige N\ _ [ Xk (4.20)
~B(K™) —A(K™) Y. v |
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The matrices A and B have the form:

Uus
Apnpn (K™) = Opnprnr (Ep + En) + gpp(Uptintiy un + UpUnUp’Un’)Vpﬁp’ﬁ/
—Gph (UpUnUp Uy + Uplin Uy st ) Vi
™
Bpnpn/ (K™) = —gpp(uptinvp vns + ”p”nup/“n’)vpﬁp'ﬁ'

—Gph (UpUnVp Uy + VpUnUp U ) Vs prn, (4.21)

Here we have introduced two new parameters: gp;(the renormalization parameter for ph interac-
tions) and gp,(the renormalization parameter for pp interactions). We need to determine these two
parameters to solve the QRPA equation, this will be presented later.

The details of the diagonalizations of these matrices can be found in [29], after the diagonalizations,
one can get the solutions for the eigenvalues and the eigenvectors. And with the solution, we can
construct the virtual states of odd-odd nuclei. In our calculations, we use two sets of intermediate

states. They are excitations from either the initial or the final states:
K™ mip) = Qe |[RPA) (4.22)

This is the representation of the states in the intrinsic system. One usually needs these states in
the laboratory systems under the angular momentum representations. In the laboratory frame,
the states of angular momentum J with projection M can be represented as superpositions of the

wave functions in the intrinsic frame:

3
3D (6,0, 9)Q1,

+ ()TEDY e(6,0,0)Q1, _k]I0F,) (K #0)

IME)m) =\ 5 1Dc(0,0,0)Q%, 107 ) (K = 0) (123

| JM(K), m)

Here D are the rotation matrices which connect the lab system with the intrinsic system. In this
case we neglect the effect of the Coriolis force which may mixes states with different K. And one
can prove that the calculations in these two different frames are equivalent [29], so later on we

consider only calculations in the intrinsic frame.

4.1.3 Final Expression for NME

With the solutions for the QRPA equations, we can proceed to the calculations of the NME’s. The
NME’s for 8 decays are expressed in the preceding chapter in a general form, in this section we
will introduce the detailed forms of these expressions in the QRPA formalism.

As we have seen, the operators or the states may be transformed from one frame to another under
the rotations of the axes. But the rotational symmetry will prompt the invariance of measured
quantities such as the decay rates in different frames, so different choices of these frame will not
change the final results of the NME’s. For calculations of the deformed nuclei, it is convenient to
work in the intrinsic frame.

For 2v 33 decay, one finds contributions from both the Fermi and GT transition operators7 but

one can safely neglect the contributions from the Fermi operator as it arises from isospin mixing
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effect[94]. So for 2v33, only contributions from GT operator present. So only intermediate states
K <1 and m = +1 are included from the selection rules. We then have nuclear matrix elements
for 2v63 with the form:

Mér= >, > (-

K=0,41m;,my

i (OFIBZ g [ K ) (B mg | K ma) (K m B |0)

wK,mimf

(4.24)

Here 85 = Z(p\7+aK|n>c;c;,,, this operator is derived directly from (3.5). In (3.5), the energy
pn
denominator is defined as Eyy — (E; + Ef)/2 — (Em, + Em,)/2 — (Ei + E)/2 = (Wm;, +wm,)/2,

this is the usual definition in QRPA calculations. Now we made some modifications[29] in order
to fit the first experimental 11 energy of the intermediate nucleus. This then gives the energy
denominator the form as Wx m,m; = (WKkm; — WK1, + WKkm, — WK,1;)/2 + (le, here a;lr is the
experimental energy of 17 state defined as M (A, Z +1) — (M(A,Z) + M(A, Z +2))/2 + Ei+, M
are the masses of these nuclei and Elf the energy of the first 17 excited states for the odd-odd
intermediate nucleus, if the ground states of the odd-odd nuclei is 17, then E11+ = 0. The two sets
of the intermediate states, the initial one and the final one expand on the same Hilbert space, the

overlap factors have been calculated [106] 29]:
(K™ mp | K™ oma) = (X e X[ = Y 4 Y e [ R 1, (BCS | BCS;) (4.25)
l,;lf
The factors R;;;;, which include overlaps of single particle wave functions of the initial and final

nuclei are given by:

R = poplp oy ) (S ul + Do) (| o) (WPl + vl (4.26)

And the last term (BCS¢|BCS;) is the overlap factor of the initial and final BCS vacua, It was
given in [106].

And now we come to the calculations of OvG3. In Ov33, more intermediate states are involved. As
we have seen in , the NME is in fact the matrix elements of two-body operators. In QRPA
calculation we restore the intermediate states which are set to be unity matrix under the closure

approximations. In this case, the NME’s have the form:

M; = Z Z (p'n'|O1|pn) <0f|c;,cr;,|K’T7 me) (K™, mg| K™, m;)(K™, mi|CLCﬁ|Oi> (4.27)

K™ pn,p'n’
The overlap factors between the initial and final intermediate states are the same as that for 2v30.
The initial(final) leg of the transitions between the initial(final) nucleus to the intermediate nucleus

can be written as:

Ofleheal K, m) = pun X0 e + tpnY e
<K7T7 m; |C;Cﬁ|01> = upan;nﬁin + Upun}/;nﬁf](w (428)

The most important part is the neutrino potential. It behaves as a two-body operator here in this
formula. It is an integration over the momentum space and can be calculated numerically. In the

deformed basis, it can be expressed as decompositions over the spherical ones :

§ § h
<pln/|ol|pn> = FpJn[:nnn Fz;]fi)/nnn/ sf’/inp/nnnn (J) (429)
J NpMnNp! Nyt
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Here sfﬁf’p,nwn, (J) has the form[81]:
s 7, iy -~ .7 ]n J
S g (T) = Y (=1)7n ”*33{ j” I } (110 301|911, ) (4.30)
8 p/ n/

Where § = v/2J + 1The operator forms of these neutrino potentials have been derived in the

previous chapter. For example, the light Majorana neutrino mediating potentials are given as:
Or = Hp(r12)0gr = 7 - dHar(r12)0r = S12Hr(r12)

The detailed form of Hj(ri2) is expressed in the previous chapter as a result of the integration
on the transfered momentum, and r15 the interval between the two nucleons. The total NME is
expressed in .

In the expression of Hj(r12), we see that the dependence on the excitation energies of the in-
termediate states may make the numerical calculation too difficult to perform, so we make the
approximations by replacing the energy denominator by some closure energies as in [81].

The derivations of the NMEs for other mechanisms are similar, only the neutrino potential and
the two-body transition operators are changed, the detailed expressions of these NMFE’s are given
in[R0, [107].

4.1.4 Modification and Improvement for QRPA

The pn-QRPA formalism with the QBA approximations can solve a lot of many-body problems
in nuclear physics, but it has also drawbacks, the most serious one is that the solution of the
QRPA equations will collapse for large gy, this is due to the overestimation of the ground states
correlations. In order to overcome these drawbacks, some modifications of this approach have been
proposed. The first attempt is the Renormalized QRPA(RQRPA)[21], 22| 108, [109], it partially
restores the PEP in by changing the QBA approximation, But this method brings a new
problem of the violation of the Ikeda sum rule (ISR). So a further improvement of this method has
been brought out, the Fully-Renormalized QRPA(FRQRPA), it includes scattering terms[24] [1T0]
in the two-quasipartilce operator, then the ISR violated in RQRPA is restored.

The main change of RQRPA formalism from the QRPA is the modification of the QBA approxi-
mation as it violated the PEP, we now adopt the true QRPA vacuum as the ground state, now the

commutation relation in pn-QRPA has the form[I09]:
(RPA|[Apn, AL, JIRPA) = 8,y 0nn — Sy (RP Al 00n|[ RPA) — 6, (RPAlaf | RPA)
= 5pp/ Onn’ Dpp/nn’ (431)

If we set [RPA) = |BC'S), then this expression reduces to the QBA form D, pn,r = 1 as in QRPA.
Under this new RQBA approximation, the QRPA equation has a form as:

A(KT™ B(K™ xm. xXm.
( ) ( ) K — UJK",mD K (432)

—B(K™) —A(K™) Y2 Y
Here A and B have the same definitions as before, and we now have new definitions: A =
D2AD/2 B = D2BDY2 and X = DY2X, Y = DY2Y, these new definitions make
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the QRPA equations the same form as before[I09]:

Awmy - BE O\ (Xp\ X w5
_B(KT) —A(KT) v rrm\ym '

Now the normalization relations read:
nK7r pn K™ pn, K™ Lpn, K™ — Ckm

E pn KT pn’ K™ 7an K“Y 'n', K™ — 51717/5"”/

m

Y X Vo sex = Yon sen Xphs ger = 0 (4.34)
m
If we follow the mappings of the quasiboson operator in [109]:
ol PO = Z A;nAp,n

W = Z AzmAIm’
we have the self-sonsistent equation for D:

Dpnp n/ = 5ppl($nn/ 6pp Dp//np//n/ Y /Y - nn/ ®pn//p n// pn// p n//

p//

(4.35)

As we can see, the renormalization matrix D also depends on the RQRPA solutions, so we can use
the numerical iterative methods to solve the RQRPA equations.

The RQRPA partially preserves the PEP, reduces the correlations in the ground states, but it
also brings a serve problem, that is the violation of the ISR[I04]. To solve this problem, some
modifications were proposed[24] by introducing the Fully-renormalized QRPA(FRQRPA). In this
modified formalism, they checked the differences between the RPA and QRPA phonon operators,
and found that, from RPA to QRPA, there may be some terms missing in the phonon operators.

Starting from the RPA formalism, one can then have phonon in the form: Q™" = [z %C’;n —
pn

y;ﬁlépn] with C;n = c;cﬁ. Rewrite this operator in the quasiparticle form, we get[24] Q™' =

Z[X;’,‘LA;(,H Yp’;‘xézlpn], and here the two quasiparticle operators have a different form from that

pn

in QRPA: Af, = A" + (u,0,B" — w,v,B)/(v2 — v2) with Bf defined as B = afa; being the
quasiparticle scattering term. Unlike two-quasiparticles in QRPA, because these operators originate
from the particle creation and annihilation operators, they commute with the number operator N.
So now one can simulate the RQRPA by replace the two-quasiparticle operator with the new one,

the QRPA equations become:

A(K™)  B(K™) X N e [ X (4.36)
) —amn) )\ v ) T v |

A and B defined as before but with new two-quasiparticle operators. And now the new renormal-
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ization matrix U has the form:

Upprnn = <RPA|[AP7“ A;L) [ RPA)
= 6pp’5nn’prn
Rpn = 1+ ((u2 —v2)N,, — (uf, — vg)Np)/(va - vg) (4.37)

Here N, = (RPA|ala,|RPA) is the relative quasiparticle occupation number for level 7 in RQRPA
vacuum calculated by [I09]. With the notations

A — u71/2Au71/2
B=U""PBU?
X =UuY?xy =ut/?y (4.38)

We come to the final form of FRQRPA equations:

A(K™)  B(KT™) Xt s X (4.39)
~B(K™) —AK™) )\ Y v |

These equations are similar to those of RQRPA, as one can see, FRQRPA has nearly the same
form as RQRPA, except the inclusions of the scattering terms, this new formalism gives us the
fulfillment of ISR[24].

Under RQRPA and FRQRPA formalism, the expression for NME may change a bit. For 2v(G83,
these new formalisms may change expressions for the two decay branches from the initial and final
nucleus to the intermediate nucleus, and the overlap factors in but keep the general forms
for the NME’s[24], for RQRPA:

<Kﬂ—m1‘/8_|0j> = Z <p|0|n>( pp’'nn’ )1/2[Xl n’u +Y n’v /U ]

pp'nn’
<O}_|ﬂ+|Kﬂmf> = Z <p|0'|'fl>( pp’'nn’ )1/2[X; n/vp’u + Yp n’ p n]
pp’'nn’
(K™ mp K™ ome) = (X e X[ = Ve Vi ] Ri 1, (BCS 5| BCS;) (4.40)
Lily

For FRQRPA the renormalization matrix U replace D in RQRPA .

For OvpB3, the situation is similar, the forward- and backward- amplitudes are replaced by the
renormalized one with the multiplication of vD in RQRPA or vU in FRQRPA.

The RQRPA and FRQRPA formalisms have been used for the calculations of double beta decay
for spherical nuclei[I09, [110] and did solve the problems of the collapse of the QRPA solutions.
But an extension to the deformed nuclei are somehow difficult. This is due to the fact the iterative
calculations of the renormalization matrices D or U are very time consuming and are out of the

reach of current computational capacities.

4.2 Nuclear Shell Model

Another approach which is widely used in double beta decay calculations is the Nuclear Shell
Model method[I12] IT3] 19]. In this method, the ground states are constructed in a way different
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from the QRPA. And for Ov33 decay, they usually use the complete closure approximation in their
calculations, no intermediate states are involved. For this approach, the ground states of the initial
and final nuclei are not derived directly from the mean field. These states are calculated by suitable
effective interactions and basis space, they can correctly reproduce many spectroscopic data of the
nuclei. There are many shell model codes dealing with these calculations. A review of these codes
can be found in[114], these codes all use the Lanczos algorithm. With this algorithm, one get the
Hamiltonian in the form of a tridiagonal H matrix, which is a bit simpler to digonalize. Due to
the blowing up of the dimensions of the configurations with the increase of the levels, truncations
are always needed, the truncated single-particle space is called the valence space.

The basis can be written in two forms, the m-scheme and the coupled scheme.

In the case of the m-scheme, the states of basis are the Slater Determinants(SD) of A particles

distributed in k single-particle orbits |nljmr)
Day.an (1, A) = det{,, (r(k))} = [ ] al, |0) (4.41)
k

As in this case only (J,,T.) are good quantum number, the degeneracy of the (J,T) are not
considered, so the dimensions of the configurations should be maximal. To reduce the dimension,
we can have the second possibilities.

In the case of the coupled scheme (J or JT), the basis is defined as following: first for n particles in
a given j shell, |v;) = |(ji)?v; Jix;) (here v; is the seniority); the next step is to couple the states of
different shells successively [[[[71)|y2)]"2[73)]T" - - - |7x)] %, these are the basis state of the coupled
scheme. Comparing to the m-scheme, the dimensions are largely reduced, but the calculations of
matrix elements are much more complicated. And if we calculate the deformed nuclei, where J
and T is no longer good quantum number, this scheme is not available.

Using the Lanczos diagonalization methods[I15], first one needs to choose a good pivot state. By
acting on the state by the Hamiltonian successively, one gets more states which are orthogonal
to each other. Then we can get a tridiagonal H matrices in the basis space, the diagonalizations
of these matrices will give us the eigenvalues and eigenstates. The states with the lowest energy
should be ground states, and with these ground states we can carry on the calculations. For 2v(30,
the next step is to build the door-way states o¢_|0;) and 6’t+\J;r>, using the Lanczos strength
function, for one of these states at the iterations N, one can produce N 11 excitation states with
excitation energy E,,, increasing the number of the iterations until it reaches the full converge,
then we can overlap these different states with another doorway state, adding the N contributions
together with the approximate energy to get Méf’T For Ov(3(, the closure approximation is used
since the the momenta of the neutrinos are much larger than the excitation energies. In this way,
the expression of M% is the two-body matrix elements between the ground states of the initial
and final nuclei, without summations over the intermediate states. All the intermediate energies
which appear in the calculations of the NME’s are now replaced by a constant value, this is similar
to our deformed QRPA calculations. But in the QRPA, we have the transitions from the initial
and final nucleus to the intermediate nucleus.

As compared with the QRPA, the SM method has only one disadvantage: smaller s.p. basis that
can be included due to the blowing up of the dimension of the basis space. It can essentially

calculate any spectroscopic observable. This is in contrast to the QRPA, in which only two-
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quasiparticle excitation of the ground states are considered. However, for the medium and heavy
nuclei, a realistic NSM calculation becomes impossible due to the drastic increase of the shell
model basis dimension, especially for levels beyond the pf-shell. To perform such calculations,

severe truncations are needed, and this makes the results less reliable.

4.3 Other Methods

Except the approaches mentioned above, there are also some other methods. These methods are
somehow not so intensively used, most of them are simplifications of the NSM method, use similar
calculation techniques as that of NSM, but with different choices of the model spaces, or effective
interactions, to reduce the complexity of NSM calculations.

To make the simplifications of the shell model, many methods use a much simpler basis space, such
as the pseudo-SU (3)[25] approach. In this method, there exists such approximated symmetries
which exclude many configurations and also the 83 operators are divided into different representa-
tions of the pseudo-SU(3) group. This largely reduces the dimension of the states space, simplifies
the diagonalizatins of the Hamiltonian, make the calculations for the deformed nuclei much easier.
In this method the closure approximation is used since no intermediate states are included. But
there is also doubt about these symmetries, whether it can describe the nuclear system well and
whether these simplifications really work. As in [25], a prediction was made that for certain nuclei
such as '®°Gd, 83 decays are suppressed by the pseudo symmetry, despite of the fact Qgs > 2me..
So this could be a good test for this model, especially for 'Gd which has a decent phase space
and could be a good candidate for Ov33 in addition to'®° Nd in the heavy mass region.

The projected-HFB (Hatree-Fock-Bogliubov) methods[26] can be viewed as a simplified version of
the QRPA, using the HFB meanfield together with the projections of the angular momentum in
the deformed nuclei to construct the ground states. But in contrast to the QRPA, they have no
intermediate states involved in the calculations. The closure approximations are also used as one
did in pseudo SU(3) model and the derivations of the NME’s are similar.

The IBM (interacting boson model) has been applied to 3 decay recently[27]. This method
constructs the ground states with different proton (neutron) pairs, and uses the SDI (surface delta
interaction) as the effective interaction to diagonalize the Hamiltons. And then, with the closure
approximation and the ground states, one can calculate the NME’s for 8 decay.

We give a very short introductions on these models, and we see that they are more or less similar
to the NSM, but in the process of making some approximations, there may be some inaccuracies
brought in, and one just know little about how large these inaccuracies can be since a full NSM
calculations are not allowed for most of the nuclei in 83 decay. But these methods can be a good
test of the calculations of the NMFE’s for 53 decay.



Chapter 5

Results and Outlook

In this chapter we will describe the calculation results. We start from constructions of the single
particle wave functions for the ground states for both the initial (parent) and final (daughter)
nuclei, with nuclear pairing. The next step is the solution of the QRPA equations, that is needed
for the calculations of nuclear matrix elements. In our calculation, we have two free parameter in
the QRPA equations, the particle-hole interaction strength g, and particle-particle strength gy,
for the residual interaction. These parameters renormalize the Briickner G matrix elements derived
from the realistic Bonn CD NN force. These parameters should be fixed for our final calculation
and can be determined from our calculations of the Gamow-Teller strength distributions and the
NME for 2v3(3 decay [29]. After that, we can proceed to the final calculation of the NME for the
Ov30 decay.

In our work, we concentrate on two nuclei, "®Ge and °Nd. The former is typical medium-mass
nucleus, which is well studied in different nuclear models and whose 2v 33 decay was observed by
different experiments. While the latter is a typical heavy nucleus, which is strongly deformed.
150 N d is thought to be the best candidate for 033 experiments because of its large phase space
(due to a large Q value and a large Z which increases the overlap of the electrons with the nucleus).
As "Ge has fewer protons and neutrons, thus a smaller model space is needed. This makes ®Ge
easier to calculate and one could find out how different approximations can affect the calculation
result. These studies may give us a rough assessment on our calculations for the decay of heavier
150 N7 .

This chapter is arranged as following. First we will give the parameter sets derived either from the
experiments or from theoretical estimations. We then use them for the calculations of both the
ground and the excited states. Then we give some results of the pn-QRPA solutions and make an
evaluation of how well our solutions can reproduce the experimental results, such as 2v33 decay or
GT transitions. The final part is dedicated to a detailed analysis of the Ov35-NME, with a special

emphasis on how different parameterizations and approximations affect the results.
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5.1 Choice of Model Parameters

As we know, the nucleus is a very complicated many-body system, in which there isn’t a simple
central potential such as the Coulomb potential in atomic physics for electrons. Instead, we use
the mean-field together with the spin-orbit term, obtained in the so-called Hatree-Fock approxi-
mation, and get the single particle states with their shell structures. This choice can reproduce
the "Magic number”s of the nuclei. In this case, the choice of the mean-field potential in a suitable
parameterization is needed. For the spherical nuclei, it is not a good choice to use the harmonic
oscillator potential having the form V(r) ~ wr? (and for the deformed nuclei, the deformed Har-
monic Oscillator potential). We adopt the deformed Woods-Saxon potential as an improvement,
which allows to reproduce well single-particle level schemes. The general form of this potential is
given in the Appendix B. Here we introduce the parameterizations from [I17] to determine the

deformed basis:
N-Z

o = -yl ) - Tl - o)),
Vio. = 0.263(1+ N = Z)V0
ro = Tso =71c=124fm,
agy = Qg = a.=0.63fm (5.1)

Here v; = 19.7TMeV, vy = 87.0MeV, and T, = 1/2 for protons and T, = —1/2 for neutrons is
the third component of isospin operator. For the meaning of different symbols, one can look into
Appendix B of this work or [I0I]. Here, in contrast to the previous work [29], we changed the
parameterizations of [I18] for superheavy nuclei to the one previously used for spherical nuclei
[I1I7]. This is due to the following: First, the former parameterization can not reproduce the
GT position at a realistic value of the parameter g,, without changing the spin-orbit interaction
strength[29], an extra factor of 1.2 is needed. The second reason is that a too large value of (r?)
for neutrons is obtained with parameterization in [II8] and this gives a too thick neutron skin.
Because of these arguments, we find that the parameterizations in [I18] is not suitable for our
treatment of 33-decay and charge-exchanging multipole transitions in the QRPA. The parameters
of [I17], however, have been proved to be more suitable for the QRPA calculations[TT19] 120] and
can avoid these problems.

With this parameterization, the calculated single-particle energy levels are shown in figures [5.1]
and for the nuclei to which we focus on in this work, "®Ge and ®°Nd (initial nuclei) and
6Se and 1%9Sm (the B3B3-decay products). Deformation splits the degenerated states which have
in spherical system the same single particle angular momentum. Although the single-particle
angular momentum is not conserved in deformed nuclei, time reversal symmetry is conserved (the
Hamiltonian is invariant under the time-reversal). Now a new set of quantum numbers to define
different single particle states is used, (N,n.,A,Q) (here N is the principal quantum number
N = n.+|A[+2n,, and n, is the number of quanta in the z-direction, A and € are the projections on
the z-axis of the orbital and total angular momenta) instead of that used previously in the spherical
system where the angular momentum j is a good quantum number as well as the principal N and
the magnetic 2 quantum numbers. This new basis makes the realistic calculations more difficult

since without the j-degeneracy, more states are now involved in the calculation and the numbers
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Figure 5.1: Proton and neutron energy levels around the Fermi surface for ®Ge and "® Se as functions
of deformations. The bold dash-point line is the Fermi surface, and the y axis is the energies of the
levels. The upper panels are for “Ge, with the left panel for protons and the right panel for neutrons.
The lower panels are the corresponding graphs for ®Se. Here 3 is the input of our Wood-Saxon

mean field, and it should be distinguished from the experimental quadrupole deformation (.

of non-degenerate levels increase drastically. This then means increase of computation time in the
calculations of 83 decay. For the prolate deformations (82 > 0), the states with larger Q are shifted
to higher energies while for oblate deformations (82 < 0), they are shifted down. The permanent
deformations tends to change the behaviors of the single particles, with more particles with low 2
below the Fermi levels for the oblate shapes, and more high 2 states below the Fermi level in the
prolate shapes. On the other hand, the Fermi energies are also changed by the deformations.

Our levels have all the characteristics demonstrated in[I0T]:

i) the shells which are determined by the single particle angular momentum j at zero deformation,
split up into (25 + 1)/2 levels for 3 # 0.

ii)the quadrupole field 7?Yo causes the levels with lower € values to be shifted downwards for pos-
itive deformations (prolate shapes) and shifted upwards for negative deformations (oblate shapes).
iii)For larger deformations, it can happen that the curves of the levels change their slope, etc.
The shell structure gets now completely destroyed for large deformations, the level schemes become
totally different, not only the energies of different levels, but also the order of each level has been
changed. So the spherical shell model is no longer suitable to deal with deformed nuclei. To

deal with the 83 decays, the QRPA seems a more appropriate method. As we can see, when
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Figure 5.2: Energy levels of '*° Nd and '°°Sm, upper panels for **° Nd and lower panels for *°Sm,

left ones for protons and right ones for neutrons.

deformations are small, although the structures inside the shells are destroyed, but different shells
may still be well separated. This gives us the freedom to truncate the level space approximately
by the corresponding shell structures in spherical systems. But this kind of truncations may bring
us a problem for very large deformations. Since in that case, the shell structures become rather
different, many levels with large principle number N may go below the Fermi surface. And the
truncations will drop many such levels near the Fermi surface out if we just truncate the level space
by just the major shells with the same quantum number N. So by making truncations, one must
be aware of this change in the level schemes.

Our Woods-Saxon single-particle wave-functions are expanded in the basis of deformed harmonic
oscillator introduced in Appendix B. To make the coefficients converge faster, we use a somewhat
different definition of the harmonic oscillator basis than the conventional one. Usually, deformation
of the basis is described geometrically, with the oscillator lengths b,, b, represent through the
spherical one by: b, = bo[(1 — \/5/167B2)/(1 + 21/5/16732)"/ and by = /b3/b. to keep the
volume conservation. We use here b, = bo[(1 — 1/5/16732)/(1 + 2+/5/16732)]'/6, and also the
volume conservation condition is imposed. This is the optimal choices in our calculations[121].
The mass differences between the odd-odd and even-even nuclei remind us the existence of the
nuclear pairings originating from the residual interactions beyond the mean field approximations.
In this work, neutron-neutron and proton-proton pairings have been taken into consideration,

and for the possible neutron-proton pairing which have been studied for the S8-decay in [107] is
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neglected. With the five-term formula from [123], one can extract the phenomenological pairing
gaps from the experimental mass differences. By renormalizing the G-matrix with the strengths
ggm-r and gp,;., one can reproduce these pairing gaps, calculate the BCS pairing gaps and get
the Bogoliubov coefficients u and v, Eq.. The relations between renormalized strengths
gpair’s and the deformation parameters were studied in [I1I]. The Briickner G-matrix elements
are obtained by solving the Bethe-Goldstone equation with a realistic NN potentials (in our case
the Charge Dependent Bonn one boson exchange potential [122], other potentials lead to similar
results). With the pairing gaps, after solving the BCS equations, one can get the Fermi energy(or
chemical potential) A (Eq) and also the occupation probabilities v? (Eq.ed4.10)), here we
use the level-dependent gaps instead of the constant one. The results for the Fermi levels in °Ge
and "Se are shown in figures for both neutrons and protons. From ﬁg one finds that
deformations change the chemical potential for both the protons and the neutrons. For neutrons,
A is shifted up with the deformation while for protons the opposite is true. For neutrons, the
deformation will change the depth of the potential well and hence the Fermi energies increase; due

to the change of the Coulomb potentials, for protons, the behavior is different.

proton neutron
[
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—x 56 lev. def

0 1 I 1
-20 -10
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Figure 5.3: The occupation probabilities for °Ge and "®Se in the spherical and deformed cases,
different symbols are illustrated in the graph, 56 lev. corresponds to a level space from 0 to 5hw while

31 lev. corresponds to a truncated level space from 2 to 4hw. The deformation parameters (35 are

listed in tabl@
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Figure 5.4: The occupation probabilities for P Nd and '°°Sm, different symbols are illustrated in
the graph, 84 lev. means a level space from 0 to 6fiw while 64 lev. means a truncated level space from
4 to 6Aw.

The solutions of the BCS equations for realistic residual interaction is similar to previous calcu-
lations with constant gaps in various references ([I01] and references therein), only small changes
for certain levels are observed, see figs. and We see again that around the Fermi surface,
the occupation probabilities are smooth functions instead of a step function for the non-pairing
case, and most of the levels far away from the Fermi level are either nearly fully occupied or empty.
So, the pairing interaction mainly changes the behavior of the single particle levels near the Fermi
levels. The effects of the deformations on the solutions were studied in [29], and the authors showed
that the deformations make the behavior of the occupation probabilities of single particle levels
become much smoother, and our calculations agree well with this. We have also evaluated here how
the truncations may affect the calculations. Here we truncate the model space, by the principal
number N, N = 2 — 4 for Ge and N = 4 — 6 for '*ONd, this means fewer nucleons are involved
in the pairing. The results show that these truncations basically have no effects on the occupation
probabilities of different levels since the levels excluded in our calculations are one major shell away
from the central active shell (where the Fermi energy lies in). This is also an important check for
the QRPA calculations since the strengths of the transitions are are strongly dependent on the

occupation probabilities of quasi-particles.
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Table 5.1: BCS solutions for Fermi energies A in several nuclei. Here FS (Full space) denotes a
model space include all the major shells 0 — 5fiw and TS (Truncated space) a truncated space with

major shells 2 — 4hw.

nuclei B9 Ap (MeV) An (MeV)

FS TS FS TS

6Ge 0.0 -9.98 -997 | -7.69 -7.69
0.1 -10.20 -10.21 | -7.86 -7.86

6Se 0 -7.43  -7.44 | -9.40 -9.40
0.16 | -7.27 -7.28 | -9.73 -9.73
BONd 0 -8.49  -8.54 | -5.32 -5.32
0.24 | -9.13 -9.22 | -6.28 -6.31
1508m 0 -6.90 -6.97 | -6.35 -6.36

0.153 | -7.15  -7.23 | -7.00 -7.03

Table 5.2: Experimental and theoretical quadrupole deformation parameters 8 from different ref-
erences for the nuclei in question. The first column contains the data obtain from the Coulomb
reorientation experiments, the second column contains data from the exp. B(E2) transition probabil-
ities. The third and fourth columns contain theoretical results: obtained from the realistic mean field

calculations (column 3) and from the HF mean field calculations (column 4).

nucleus | experimental theory
Ref.[124) Ref.[125] Ref.[126] Ref.[127]
[ler +0.095(30) 0.2623(39) 0.157 0.143
68e +0.163(33)  0.3090(37) -0.244 -0.241
150 N g +0.367(86) 0.2853(21) 0.221 0.243
1508m | +0.230(30)  0.19312(22) 0.176 0.206

The experiment data indicates that "®Ge and 76Se may be slightly deformed, while *°Nd and
1509m are undoubtably strongly deformed. To determine the deformations (in this work only the
quadrupole deformation 35 are taken into account, and other deformations such as the hexadecapole
one are not expected to change the results much and are neglected), various methods, theoretical
or experimental, are applied. In table [77] values of § obtained from different methods such as
that derived from experimental B(E2) strengths or the Coulomb reorientation method, or from the
minimum of the binding energies in HF calculations theoretically are presented. To extract the

values of 3 from different experimental datas, the conventional way is to use the formula

T Qp
-, %P 5.2
h 5 Zr?2 (52)
from the measured quadrupole moments (), in intrinsic frame, and 7. is the charge radius. The

values of the first column in tabld??] are derived in this way; and the values of the second column
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comes from the formula
B = (4n/3ZR2)[B(E2)(0T — 2%)/e?]/? (5.3)

from the measured B(E2)(0" — 27) (the reduced E2 transition probability from the ground states
to the final 2% states), Z is the proton number, e is the charge of the proton and Ry = 1.24A'/3 fm.
Hereafter, 3 denotes the quadrupole deformation parameter derived from above formulas and s
is actual quadrupole deformation parameter we adopt as an input for the Woods-Saxon mean
field. One finds that for °Ge and "6Se, the values in the first and second rows seem reasonable
despite the theoretical predictions of a negative 3 in the third and fourth columns for "6Se. But
for O Nd and '%°Sm, the values in the first column have too large errors. So, we prefer the values
from the B(E2) transitions, and instead of taking the deformation parameters § directly from
above formulas, we adopt a consistent approach which fits the measured 5. We first calculate the
Quadrupole moment microscopically for the input G2 and then using above formula connecting
Q and f to get the value 5%, then we compare this 4% to the measured one, we repeat these

process until we find the correct B2 input of WS mean field.

Table 5.3: Theoretical and experimental 8 values from different references for 1 Nd and %°.Sm. We
fit in our calculations the quadrupole moments extracted from the B(E2) values, comparing with the
experimental values from the Coulomb orientation methods (first column) and from the B(E2) (second
column). Here (2 is the quadrupole deformation input for our calculations. Q2 is the quadrupole

moment measured in the laboratory system.

nucleus  Q2(Exp.)[124] | Q2(Exp.)[125] [(Exp.)[125] B gl Qg“
150N d -2.00(51) -1.50(1) 0.2853(21) | 0.240 0.285 -1.46
1509m -1.32(19) -1.05(1) 0.1932(21) | 0.153 0.193 -1.03

The microscopic quadrupole moment can be expressed as @, = > (i|Q?°|i)v?, here the |i)’s are

single particle wave-functions which are introduced in Appendix B,zwhich depend on the deforma-
tion parameters 8. By adjusting the input (2, we can correctly reproduce @), and sequentially 3
together with the mean charge radius (r.) = />, (r?)vZ. The results are listed in the tabl
one finds the ratio 3¢*P/f, is about 1.2, and the quadrupole moments predicted by the B(E2)
experiments|[I25] are somewhat smaller than those determined from the Coulomb Reorientation
experiments[124] for 1*°Nd and '°°Sm. And in this work, we adopt as the 3 input for the wave
functions for ®Ge and 76 Se the values from the first column in tabld??] and for '*°Nd and '°Sm
the fitted values in tabldZZ}

From the determined parameters of the mean field potential we then get the s.p. energies and
wave functions for both the initial and final nuclei in 33 decay as described in previous chapter
and form the s.p. bases for the QRPA descriptions of the intermediate states for the unstable
odd-odd nuclei. The intermediate states are constructed in the QRPA from the ground states by
quasiparticle p — n pair excitations.

The initial and and final ground states are generally not the same, and it is discovered in [I10]

that the BCS overlaps between these two ground states may introduce suppressions to the NME,
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as described in the previous chapter. These overlaps come from the differences between the initial
and final BCS vacua, ;(BCS|BCS);. The results tell us that a suppression can happen even for
the spherical initial and final nuclei, and the analyses show that the differences of the deformations

between the initial and final nuclei may give a further reduction [29).

5.2 Illustration of the Results for M? and MY
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Figure 5.5: In this graph the GT strength distributions for “®Ge with different values of g5, are
plotted. By comparing with the experiment one (the dot-dashed line) we can determine the values of
gph for the pn-QRPA calculation. The best fit is g,n = 0.895(the bold solid line), that reproduce the

experimental GT resonance energy.

In the preceding section we studied some properties of the ground states of the initial and final
nuclei. These ground states are the initial and final states for the §3 decay. But as we see
in the previous chapter, in our QRPA calculation, we need also the intermediate states for the
intermediate nucleus. This then gives us more accurate results beyond the closure approximations.
We renormalize the particle-particle and particle-hole channels of G-matrix of the nuclear Hamilto-
nian by introducing the parameters g,, and gy (Eq) We fit the g,; values by reproducing
the position of the giant Gamow-Teller resonance (GTR). The particle-particle strength parameter

gpp is fixed to reproduce the experimental 2v33 decay half-lives. With these G-matrix elements,
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one can obtain the A and B matrices in Eq.(4.21]) and solve the QRPA equations to get the forward
and backward amplitudes X and Y. These amplitudes together with the BCS solutions and the
neutrino potentials can give us the final result of M from Eq.(4.27).

5.2.1 Multipole Transition Strength from pn-QRPA

Spherical Deformed
12 \ JF T
— 6dlevg,=125
—— 6dlev g, =094
- 3llevg,=125
- — 3llevg,=094

76
Ge

S(GT) (MeV™)

S(GTH MeV™)

Figure 5.6: GT strength distributions calculated for "®*Ge and "®Se for spherical and deformed nuclei
by pn-QRPA. The thin solid line is the experimental data. The definitions of the different lines are
give in the graphs. Here as before, the 31 lev. or 56 lev. corresponds to different model spaces, and

different g4 with the corresponding fitted gy, are as in tabl@

The adjustment of g, has been done as illustrated in ﬁg The experimental position of GT
resonance (GTR) is around the excitation energy of 11MeV in "SGe. Here, the relative calculated
excitation energies of the intermediate nuclei, discussed in [29], are defined as EX: = Eg }’ép 4 —
Eg}%lPAv with Eg}%lPA the first eigenvalue of the K™ states (Here after K denotes the projection
of angular momentum on z-axis and J the asymptotic total angular momentum). In ﬁg we
plot the GT strength distributions for different g, for “Ge. It can be seen from the figure that
an increase of gp;, shifts the position of the GT resonance to higher excitation energy. But the
general distribution style of GT strength remains unchanged, one can see that the three peaks
have one-to-one correspondence to that of the charge-exchange scattering experiments. As in the
case of the GTR, the other two peaks are also shifted to higher excitation energy by the increase
of gpn, but the change of their positions is not so significant as that of the GTR. As can be seen
this graph, the best fitted value for g, is about 0.895, somewhat smaller than the previous result
in [29]. They had a value of about 1.15[29]. The difference in g, is due to the different choice
of the parameterizations of the WS mean field. This fitted value of g, is then applied to the
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QRPA calculation of '5°Nd, since as argued in [29], g, should have an universal value for most
(0 emitters.

The adjustment of g, is related to the 2v33 NME, we will discuss this later in the next section.
Here we use in advance the fixed value from table[7?] for our analyses on the multipole transitions.
The GT transition is used to determine gy, but it can also be served as a test for the pn-QRPA
approach. For this purpose, we have calculated other multipole transitions as well. For different
multipole transitions, we choose the same values of the renormalized interaction strengths g,, and
gpp- 1t is believed that in the same nuclei, for the same interaction, one should apply the same
parameters for all channels. This is not the case for the separable force: These phenomenological
forces need different parameterizations for different channels, one needs to fit these interaction
strengths by hand with the experiments. This is why one choose the realistic interactions for the

Ov3( decay calculation.
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Figure 5.7: The same as in ﬁg but for the case of "°Nd —*%° Sm (only theoretical results are

shown.

First, we study the GT transition as it is well studied by charge-exchange reaction experiments
for *Ge. The GT strengths are important for 2033 decay, as 3~ transition for the initial and
37 transition for the final nuclei are just the initial and final legs of the 2v338-NME. We study
only the relevant strength distributions, that is 31 transition for the final nuclei and 3~ for the
initial nuclei. The transition probabilities can be derived from the charge exchanging scatterings
for certain nuclei experimentally, as the thin solid line in ﬁg for Ge. We plotted the GT
strength distributions as functions of the excitation energy of the intermediate nucleus in fig[5.6|
for "Ge and "®Se and fig[5.7] for " Nd and '°°Sm for both the spherical limits and deformations
with the values of §5 we adopt in this work. The distributions of the GT strength have been folded

with Gaussian functions of 1MeV width. So that the original discrete spectrum is transformed
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into a continuous profile. In ﬁg we plot the results for different model spaces and different g,
values corresponding to the 2v33 NME obtained with different axial vector coupling constants g4.
And in ﬁg we plot different results for ' Nd and 1°0Sm for different g,, values obtained in

the same way for 159 Nd.

S(SD) MeV'™)
w E

8]

E, (MeV)

Figure 5.8: Theoretical spin-dipole strength distributions for “*Ge for both the spherical and de-
formed cases, with the gpp values corresponding to the bare g4 = 1.25, see table@

From the graphs we see that for 3~ strength for the initial nucleus ®Ge, we have clearly the 17
excitation states as well as the GT resonance. The GTR has a one-to-one correspondence to the
experimental data. When the deformation of “5Ge is taken into account, the peaks become much
more fragmented. This is due to the violation of spherical symmetry, the QRPA energies split for
the different projection states K which are degenerate in the spherical case. This modifies the
strength distributions by increasing the widths and reducing the height of the peaks. For final
nucleus, the 87 has a different scale than that of 3, about one order of magnitude lower. This is
the consequence of Pauli blocking. While the occupation probability amplitudes favor 3~ strength,
they are very small factors in the 37 strengths when connecting similar proton and neutron states.
Now the distributions of 37 for the spherical and deformed nuclei are rather different. The reason
is the same as that for 3~. The peak structure changes a lot when deformation is taken into

account.

For heavier nuclei such as »° Nd, we have similar GT strength distributions for 3~ especially for

the GT resonance. For '»°Nd the total 3~ strength is much larger, this comes from the Ikeda
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Figure 5.9: The same as fig but for the case of *°Nd.
sumrule[I10]
ar—S&r = > D lwlrtoxn) (v — )
K=0,+1 p,n
= 3(N-2) (5.4)

and because the J7 strength is suppressed as explained above, Sg ~ 3(N — Z). This explains
the larger total GT strength for ' Nd. We see here that for 19 Nd, the majority of the transition
strength comes from the GT giant resonance. For 51 strength of 15°Sm, we can also observe the
resonance peak near the position of the GT giant resonance for 3~ strength of ' Nd which for
the medium nucleus "6Se is suppressed. And unlike the 3~ transition for ' Nd, one finds also
comparable contributions from low energy states. When taking into considerations of quadrupole
deformation, one finds similar changes as 3~ transitions for “Ge and 5~ transition for "6Se. Due
to the splits of the originally degenerated states, the shapes of the peaks are changed. They are
much more fragmented.

Two sets of g, originating from different choices of the axial coupling constant g4 are used here.
We see that for 5~ transition, g,, has almost negligible effect on the position and distribution of GT
transitions. Especially, the change of g, does not change appreciably the position of the GT giant
resonance. But for 37, for "®Se, the increase of g, reduces the strength of lower energy excitation
states while enhances that for high energy states. For '59Sm, there are also such behaviors, but
the effect is not so significant. In fig[5.6] for comparison, we also adopt different model spaces for
calculations of "Ge and "®Se: a full space from Ohw shell to 5hw shell and a smaller space from
2hw to 4hw. The results come out that this truncations hardly affect the strength distributions.
To test the validity of our decision of choosing the same g,, and g,, for different multipole

channels, we can calculate also the strength distributions for other transitions. As an exam-
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ple, we calculate the Spin-Dipole(SD) transitions. The spin dipole transition has the form as
Bsp(K) = Y (pl7~r2(& x Ya)k|n)cheq. The results are plotted in ﬁg for "°Ge and ﬁg for

pn
150 Nd, the solid lines are for the spherical nuclei and the dashed lines for deformed ones. These

strength distributions include contributions form different projections of the 27 intermediate states.
Here we list only the results for the initial nuclei. Comparing with the GT strength distributions,
one find a rich structure of resonances at the range of excitation energy from 10 — 25MeV for
6Ge and 15 — 30M eV for heavy nucleus "’ Nd. There are more resonance peaks than that of GT
transitions. The position of giant resonance is around the excitation energy of more than 20MeV
for "°Ge and '"Nd. The sum of the strength is much smaller than that of GTR especially for
heavy nuclei. If we take into consideration of the deformations, the same effects as that for GT
transition apply. We see that some of the resonances will be split into more because of the breaking

of degeneracy. The distributions become more smoothed and some peaks are wiped away.

5.2.2 NME for 2v34

In this section, we will discuss the NME for 2v33 in pn-QRPA calculation with account of the
deformation. The NME is expressed in in the previous chapter for the pn-QRPA method.
From , we see that the NME depends on the overlap factors for different intermediate states
and also the initial (37) and final legs (37) of the GT strengths as well as the energy denominators.
The overlap factors depend on the overall BCS vacua overlap, in [29] we see that this overlap
depends on the differences between the two quadrupole deformation parameters of the initial and
final nuclei. So if there is a large difference in deformations during the decay process, the process
is suppressed. Even for two spherical nuclei, the overlap factor is less than unity, as the BCS vacua
for the two nuclei are definitely different. In tabld??] we list the BCS overlap factors between the
initial and final nuclei for decays of the two nuclei °Ge and '°9Nd for both the spherical and
deformed cases. The energy denominators are also important for the derivation of 2v33-NME, we
have redefined the energy denominators in . These definitions are different to the previous
definitions of Wk ym,m+f = (Wi +wk ;)/2[129], and the comparisons between results obtained with

these two definitions have been done by [29].

Table 5.4: Basic parameters for the two 2v33 processes derived from the 2033 experiments. Here Ty is
the half life in years, NME I corresponds to g4 = 1.25 and NME II corresponds to ga = 0.94. Eeg,(11) is
the relative energy of the first 1T state to mean energy of ground states for the initial and final nuclei derived

from the experiments.

Process T} j2(year) 2v338 NME | E..(11)(keV)
I I
Ge -0 Se+2e~ +2v | 25+0.1 x 1021[28] | 0.15  0.27 1927.82
BONG —150 Sm + 2~ 4+ 21 | 8.2+£0.9 x 1018[28] | 0.07  0.12 1770.12

We have already studied the behaviors of the initial and final (3%) legs for 38 decay. Now we
come to the discussions of the 2v33 NME. The values of the NME can be extracted from the
experimental half-lives by (3.4). The phase space factors for different nuclei are presented in [107].
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Table 5.5: The values of the deformation parameter of Woods-Saxon mean field (2 for initial and
final nuclei fitted in the calculation to reproduce the experimental quadrupole moment. Also the
fitted values of the p-p strenrth parameter gp, are listed (with I for the values obtained with the bare
axial vector coupling constant g4 = 1.25 and II for g4 = 0.94). For each case of "°Ge —"® Se, the

upper entry is obtained with a full space calculation and the lower one with a truncated space.

nuclei Bai | Boy | (BCSi|BCSy) | gppr | Gppir
6Ge —"6 Se 0.0 0.0 0.81 0.68 | 0.63
0.78 | 0.71

0.1 | 0.16 0.74 0.71 | 0.66

0.82 | 0.74

1O NG —159 Sm | 0.0 0.0 0.86 1.01 | 0.99
0.24 | 0.15 0.61 1.05 | 1.00

The NME’s are presented in table[77] for the two nuclei concerned. One should be aware that here
the coefficient g% in have been taken into the phase space factor. For comparison, we adopt
two values of the axial coupling constant, the bare one g4 = 1.25 and the quenched one g4 = 0.94.
The different choices give us different values of NME in table@ The fitting of the parameter g,
has been done by adjusting the position of GT giant resonance. It is argued in [I17] that 2v883
decay rate is especially suitable for the adjustment of g,,, because it involves the same initial and
final states as the OvB3 decay. So, with the 2v38 NME, we can fix the two parameters in our
calculation.

MZ. for deformed nuclei were calculated first by [I10] using the separable force. There instead
of the renormalized strength g, and gp,, they have the phenomenological constants ~ and x.
And one finds the similar behaviors of NME with these interaction strengths, as that for the
realistic force[29]. Because we have different single-particle mean field parameterization from[29],
we recalculated M2Z%. and found not a large difference. In ﬁg we illustrated the NME’s g,
dependence for different nuclei without or with deformation, and the dashed lines for the truncated
space with the same truncation as before. One finds the reduction of M2%. as the magnitude of
gpp increases. The increase of g, also accelerate this reduction. From the analyses in [130] for
the sum rule, we see that for large values of g, the GT resonance gives a large reductions to the
NME, this is the reason for the rapid decreasing behavior at large g, for Mé”T When g,,, is small,
the negative contributions from the GTR are small and the reductions are not significant. And
the experimental values of Mé”T (horizontal lines in ﬁg usually lies in the region where the
the curves drop rapidly. The large g,, sensitivity of M2 originates mainly from the transitions
to the collective resonances.

Considering the deformation, one finds that the spherical curves drop faster with g,, than the
deformed ones. This means that the deformed results are more stable to the choice of g,,. Defor-
mation introduces the further reduction to M2%. by the BCS overlap factors. In ﬁg comparison
between of contributions to M2 from different K™ states are plotted for the deformed case. For
small gy, the equalities of contributions from transitions to different K™ states are preserved, just

like in the spherical case. But for larger g,,, we find that deformation changes the behavior of
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Figure 5.10: The dependence of the GT 2v33 NME on g,,. Upper panels are for Qe -7 Se,
with the left one for the spherical and the right one for the deformed cases. Solid lines are for the full
0 — 5w space. The dashed curves are obtained in the truncated 2 — 4hw space. Lower panels are for
150 N g —159 Sm. The two horizontal lines in all graphs are the exp. 2v83 NMEs corresponding to
the bare(dash-dotted lines) and quenched(dotted lines) ga respectively.

the Mg for different projection states drastically. The curve for |07) drops more rapidly than
that for |1%). This comes from the splitting of the GT resonances with different projections K+
states in the deformed nuclei. From fig[5.11] we can draw the conclusion that the difference of
contributions to Mé”T for different projection states |K) emerges for large ¢,, (at the region where
its value sensitively affect the NME). The more sensitive the dependence of MZ% on g, is, the

larger is the difference. This difference breaks the spherical symmetry in deformed nuclei.

In fig[5.10] we have results for both the full six-shell-space 0 — 5hw and the truncated three-
shell-space 2 — 4hw. Comparing these two curves, we can see that for the same value of NME,
the truncated calculation may give a larger value of the fitted g,,. This can be explained as
following: for a larger space, the effect of the particle-particle interactions is enhanced, since more
levels are involved, the ground states correlations are strengthened. So the value of g,, for our
solution is basis space size dependent. As for the value of g4, since in our convention we have
(T12/”2)_1 = G?|MZ4|?, which has incorporated the bare coupling constant g4 = 1.25MeV inside
the calculation of G*, so if we use different ga, we get the corresponding NME as M2¥ (¢’ 4) =

exp
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Figure 5.11: The dependence of the 2088 GT NME on values of g,, for K™ = 17 and K™ = 0"
angular momentum projections for deformed "®Ge nuclei. This graph shows the difference of M&%’s
dependence on gp, of the two projections which both belong to the same intermediate states with

angular momentum 17 in the spherical limit.

(9a/9 4)*M2%, (94 = 1.25). This will affect the fitted value of gy, as we can see from the M?"(g,,,)
curves. Even with the quenched g4 value and consequently smaller NME, the corresponding value
of gpp still lies in the region where NME is sensitive to gp,. In this sense, a better determination
on the quenching factors is needed for the determinations of g,,.

The adjustment of gy, is done by fitting the experimental M2%., the results are listed in tabl
Here we have the results for both the full space and truncated space for "*Ge. Different g4 are
adopted for both the cases without and with quenching. The deformation has also been taken into

consideration. These values of g, are used in our following calculations for Ov303.

5.2.3 NME for Ovps

In present thesis, we calculate only the matrix elements for light Majorana neutrino mediating
mechanism as the leading contribution for Ov33. The initial and final nuclei are in ground states,
that means the decay is from 0" to 0. Unlike 20383 decay, in 0v33 decay more intermediate states
of different multipoles rather than K™ = 0%, 17 are involved. This is due to the mediating particles

which can carry the angular momentum. Unlike in 2v808 decay, an SSD(Single State Dominance)
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hypothesis is not available for Ov(3 because of so many multipoles. So it is difficult to extract
from experiments such as charge-exchange scattering experiments the values of M% despite of
some attempts[I16]. The detailed expressions of the Ov33 NME are given in . One notices
that if we neglect the energies of the intermediate states and the finite nucleon size, with only the
first order nuclear currents, we will have from the inner loop momentum integration the Coulomb-
like radial dependence of the neutrino potential 1/r. In actual calculation, we divide the NME into
two parts, the leading order part corresponding to 1/r and all the corrections mentioned above are
added later. A third correction is incorporated later on, this is the short range Correlation (SRC)

originating from the strong repulsive nature of the nuclear force.
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Figure 5.12: The partial contributions M°"(K™) of different intrinsic intermediate states with
projection and parity K™ to the total calculated Ov[38-decay NME for the cases of realistic deformation
and in the spherical limit. In this illustrative figure only the leading, Coulomb-like, radial dependence
of the neutrino potential is taken into account for comparison between different choices of the single-
particle wave functions. Also, for simplicity, the BCS overlap factor is omitted in these results. The
Fermi and the GT contributions are shown in the upper and lower panels, respectively. The three
bars represent (from left to right) the results obtained with the spherical harmonic oscillator wave
functions with the spherical code, with the harmonic oscillator and Woods-Saxon wave functions in

the spherical limit with current code.

For axially deformed system, the angular momentum is not conserved. So when dealing these
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deformed nuclei in the intrinsic frame, one needs to replace the angular momentum by other
quantum numbers, the projections on z-axis K in our case. In order to compare our result with
that of the previous calculations in spherical nuclei [81], we make the following decompositions.
In spherical nuclei, the contributions of NME come from different projections of the intermediate

states with the some angular momentum should be equal due to the spherical symmetry, this gives:

M (0" - (J",K) - 0") = M (0" — (JTK') — 0T) (5.5)
so we have M (J™, K) = %, thus in the intrinsic system we have
MOV(J‘IT)
MY%(K™) =) ——— :
o=y 50
J2K

Here J™ (angular momentum and parity) are multipoles of different intermediate states in the
spherical nuclei. In this way, we can compare our results with the previous calculations in spherical
pn-QRPA. For the F part, in spherical system, only intermediate states with 'natural parity’
7 = (—1)7 will contribute, so in this case, we have the equality MW (J™;m # (-17)) = 0, for

example 07,17 etc. In the intrinsic frame for the spherical limit, this corresponds to the relations
My (K™im = (-=1)%) = Mp¥ (K - 1)) (5.7)

this can be a basic examination of our code at the spherical limit. And another basic relation for
the spherical calculations is that M2%.(J™ = 07) = 0 (0" intermediate states will not contribute),

this then gives
Mg (K™ =0%) = Mgy (K™ =17) (5.8)

in intrinsic frame. In this sense, the multipoles J™ in the spherical system are now replaced by K™
in the intrinsic frame.

In order to test the reliability and consistency of our code, we make comparisons with previous
results of the spherical QRPA [8T], [117] which makes use of the spherical harmonic oscillator wave
functions. So for a comparison, we substitute the Woods-Saxon wave function by the harmonic
oscillator wave function in the spherical limit. The procedure is the following: In our calculations
we expand the wave function over the deformed harmonic basis (see Appendix B). In the spherical
limit we expect which then is equivalent to the spherical harmonic oscillator basis (w| = w, = wp).
For each state from the Woods-Saxon potential, we set the largest expansion coefficient to be unity
and other coefficients be zero. So now the Woods-Saxon wave function is reduced to the spherical
harmonic oscillator one. Using this reduced wave function in our code for the deformed nuclei,
we try to reproduce the results obtained by previous calculations in spherical nuclei. In figl5.12]
we illustrate the final results of Ov33 NME (M%¥ and M2%.) for Ge in the leading order (the
neutrino potential takes the form H(r) = 1/r). For different K™, we have three bars in the graph,
the first is obtained in the spherical basis by a transformation in Eq.7 the second is calculated
by our code with a harmonic oscillator wave-function in the spherical limit, and the the third is
obtained with the Woods-Saxon wave-functions also in the spherical limit. From the first two bars
in fig[5.12] one sees the perfect agreement between the spherical and deformed codes for both the
GT and F parts. Here we see that the relations and are fulfilled. These results connect
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the calculations between the spherical and deformed codes, ensure us the consistency between
them. This confirms the reliability of the generalization of pn-QRPA from the spherical system to
the deformed one. The second and third bars in graph5.12] are results obtained with the harmonic
oscillator and Woods-Saxon wave functions. This gives us a comparison of M% between these
two different wave function. Here the same parameters of g, and g,, are used for both cases, we
have a very good agreement on these results for M% for all multipole K™ except the 0% and 1%
states. The reason of this exception will be explained later. One can draw the conclusion that in
the spherical limit, choices of HO or WS wave functions (or the mean fields) have limited effects

on the general results of M.

We could also have a look at the multipole decomposition of the NME’s in the leading order in the
spherical limit. We expect the results of contributions for high multipoles (larger K) to converge.
This is the case in figl5.12] Large proportion of the contributions comes from low multipoles
such as 0%, 17, 2+ and 0=, 1=. The M decrease rapidly with the increase of K. We also
see that for the intermediate states with K larger than 9, their contributions can be neglected
in the calculations. This is due to the choice of our model space, for which the numbers of high
K configurations are limited. In other words, these states come from the excitations to or from
single-particle states far away from the Fermi surface. Their contributions to M° are suppressed
anyhow by the small occupation amplitude. Another observation here is that the contributions
from intermediate states with negative parity are with nearly the same magnitude as from the
states with positive parity. So in this sense, we must choose a moderate model space to include the
intermediate states with negative parity in our calculations. One would expect the positive parity
states contributions mainly come from excitations within the same shell, while the negative ones
comes from the excitations between the neighboring shells. This will help us to choose the correct

truncations of the model space.

By including the corrections from the form factors, the intermediate energies and high order nuclear
currents, one gets in total the reductions of about 20% to M% and 40% to M2%.. In ﬁg (the
white bars in the graph are the reductions from above corrections) and table these results are
illustrated. In our calculation, we neglect the contributions from the tensor part, as it is small
compared to the GT and F parts(about 10% of the F part and 5% of the GT part [81]). For
simplifications, we use the closure intermediate energy of E =~ 7TMeV to replace excitation energies
obtained from QRPA (ER. — (E; + Ef)/2). This changes the energy denominators, and will
surely introduce an error to the final result. But by comparing £ with the mean momentum of
visual neutrino of ~ 100M eV, one expects this error to be small. The inclusion of these correction
reduces the total magnitude for each multipole, but it doesn’t change the general structure of these
multipoles. The relations and for the spherical nuclei are fulfilled exactly.

Another important correction comes from the SRC (short-range correlations), which originate from
the short-range repulsion of the realistic NN interaction. We find that if we use the conventional
Jastrow type of corrections, then there is an overall reductions of NME about 15% (ﬁg the
shadowed area) for both the F and the GT parts. This has nearly the same magnitude as that of
the FNS (finite nucleon size) and high order currents corrections. But if we use modern version
of Briickner CCM (coupled-cluster method) corrections[I20], the suppressions to the NME is only
about 5% as we see in table So the choice of the SRC is important for the determinations of
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Figure 5.13: The NME for different multipole channels for the spherical case of "®Ge with g, value
corresponding to bare g4 (upper panel) and quenched one(lower panel). The white bars are subtracted
from the total value and represent high order currents and finite nucleon size effects etc. The gray
area is a reduction due to Jastrow SRC The black bar is the results including all these corrections.
For each multipole K™, the left bar is for —M$ and right bar for M.

the Ov38 NME M.

As "5Ge has less protons and neutrons than heavy nuclei such as *°Nd, a smaller model space is
needed in our calculation. This nucleus is numerically easy to calculate with such a model space.
We can check for this nucleus how different treatments will affect the final results and these results
will give us rough estimations on the uncertainties in our calculations for **° Nd. Calculations for
150 Nd are more time-consuming, and we have to make some approximations due to capacity of

current computers.

In the following, we consider three different aspects of our calculation: Fig for the consideration
of deformations, fig for different choices of model space and fig for different choices of g4,

this also related with different choices of gpp.

In figl5.14] we see an excellent agreement between the deformed and the spherical nuclei if the
BCS overlap factor of the ground states is not taken into consideration. This perfect agreement
shows that the difference between the spherical and deformed calculations comes mainly from the
overlaps of two ground states. The only exception comes from the 07 and 1T multipoles, the
relations is broken here, just as the inequality between the K™ = 0" and 1% in 2v303 decay.

This is only the conclusions for the small deformations and for larger deformations such as that



78 CHAPTER 5. RESULTS AND OUTLOOK

M” spherical vs. deformed nuclei

0.6

MGT

04

0.2

0F 1" 2" 3" 456" 778971071170 1 2 34 567 8 910

KJ‘C

Figure 5.14: Comparisons between the Ov38 NME’s for "°Ge in leading order(no corrections in-
cluded) for both spherical and deformed cases without considerations of the BCS overlap factors. The

left bars are for spherical and right bars for the deformed cases with deformation parameters given in

tabl@

of YONd, we will check later. For calculations of ®Ge —76 Se, the quadrupole deformations for
both nuclei are very small. As one can see in fig[5.1] for values of deformation we adopted for our
calculations, the levels are although non-degenerated, but not far from the degenerated spherical
levels. So the transition strengths should be approximately the same for the same single states.
Because we have an one-to-one correspondence for the model spaces for the spherical limit and the
deformed case, one can obtain such a coincidence. But such a high coincidence is somehow out of

our expectation.

For the calculations for '*°Nd, it is almost impossible to include all the levels due to the capacity of
the computers. For these heavy (53 emitters with strong deformation, a truncation is always needed.
One would wonder how the results may be changed with the introduction of these truncation, so
we study here this effect of truncation for "Ge. Because "9Ge is much lighter than »°Nd, both
a full and a truncated space calculations are possible. In fig5.15 making the same truncation as
for the 2v83 NME, we get a very good agreement between the full and truncated model space
calculations. As we can see, the truncation brings some changes to the NME. There are only minor

modifications to all the multipoles K™. Those intermediate states which are excluded out by
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Figure 5.15: Comparisons between the Ov33 NME’s for "®Ge in leading order for different space
without considerations of BCS overlap factors. The left bars are for a full 0 — 5hw space and the right

bars are results for a truncated 2 — 4hw space.

our truncation gives very small contributions because of the suppressions by their low occupation
amplitudes. As we have seen earlier, the truncations keep the occupation probabilities of neutrons
and protons unchanged, and all the active levels (which is neither fully occupied nor empty) have
already been included in our calculations. So in this sense, we should take all the active levels not
far from the Fermi surface within the truncated space to avoid the loss of the NME while making

truncations.

A third comparison has been done for the considerations of the quenching effects in the nuclei. In
this case, we have different values of M?" for different g4 as shown in table so different values
of gpp have been derived. In proceeding part, we will have detailed analyses on M%’s dependence
on gpp in a full region from 0 to the collapse limit. Here, in ﬁg one finds that there are slight
changes for Mpr and Mg due to the different g4. However, Mg is more sensitive to g4 than
Mp. As we will discuss later, the changes of the overall M% may come largely from the values of
ga than from the changes from g,,.

So we now check the dependence of the NME on gp, in the leading order. As we have shown
above, a truncation of the model space will not affect the values of M° much, so we analyze this

dependence within a truncated model space. This dependence for the spherical nuclei was studied
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Figure 5.16: Comparisons between the Ov33 NME’s for ®Ge in leading order for normal and
quenched g4 without considerations of the BCS overlap factors. For each multipole, the left bar is for

ga = 1.25 and right bar for g4 = 0.94.

in [I17], their conclusion is that the contributions of J™ = 17 multipole for both modes of the 83
decay depend very sensitively on the strength of g,,. In ﬁg the dependences of M% (K™) are
plotted for the deformed nuclei. One finds that only the contributions from multipoles K™ of 0%
and 17 of GT part depend sensitively on g,,, and this is in accordance to conclusions of [117]. One
also notices that the M(O;”T for multipoles 07 and 1* depend on gy, less sensitive than M(Q;”T This is
because the MZ. elements for K™ = 0 and 17 involve only J™ = 1T states, but for M2%., many
other J™ states are involved. As for the other multipoles, there is no such sensitivity. So when
they all are added together, the sensitivity of 0T and 17 contributions are reduced. The reason of
this sensitivity is that the Gamow-Teller correlations (spin one, isospin zero pairs) are very near
the corresponding phase-transition in the J™ = 1% channel (corresponding to the collapse of the
QRPA equation of motion) [II7]. All the other multipoles J™ correspond to small amplitude of
the collective motion, so there is no such phase transition and they are insensitive on g,,. For
deformed nuclei, one finds that the spherical limit gives a good approximation for the F part, as
the relations are fulfilled as g,, changes. But for 0% and 17 of GT part, the relation is

broken, this is similar to the 07 and 1% contributions to MZ%.. And, again, the magnitude of this
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symmetry breaking is related to the sensitivity of the NME on gp,,.
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Figure 5.17: The dependence of the 0v33 NME'’s of °Ge on g,, for different multipoles.

The final results are sums of the contributions of all multipoles, this is in contrast to the 2030 case
where one has only the contribution from the intermediate J™ = 17 states. These total NMEs of
MY and M2%. as functions of g,, are plotted in ﬁg Because the 0% and 1 contributions
are ones of the largest contributions of to the total M2, we observe the changes of slope of the
M. (gpp) curve. The curve M¥(g,,) has a nearly constant small slope. In the deformed case,
MY is less sensitive to g, than M.

The overall Ov36 NME in our convention has the form:

M (g 4) = (9’ a/94)* IMET(g" 4) — (9v /9a)> M (g 4)) (5.9)

here g4 = 1.25 is bare axial coupling constant for nucleons. It is commonly accepted that in

the nuclear environment, this constant is quenched, but the detailed value is unknown. As M2
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Figure 5.18: The total M® as a function of g,,. For each g, the experimental MZ% is fitted by a
choice ga. So along the curves g4 is changing. The two dotted vertical lines give the fit of gp, for the

values g4 = 1.25 and g4 = 0.94

depends also on the value of g4, for different ga’s, MZ is different and it sensitively depends on
Jpp, This means that our fitted values of g,, depends also on the value of g4. Now we can proceed

our discussions in two-fold.

On one hand, let us set g4 to be a constant, and consider only the g,, dependences of the 0v33
NME’s. This is usually used in the occasion where the measured 23 half-lives are with large error
bars. Then from the g,, dependences of MY and M2%. one can find that M is g,, dependent,
there may be a change of magnitude for 2 — 3 times before the collapse of the QRPA. But this

dependence is not as sensitive as that of M?”, and M are generally more stable against g,,.

On the other hand, if there is a measured half-life T%” of the 33 emitter, one can get the Mé”T as a
function of g4 (as g4 is quenched in the nuclei and the exact value is still unclear). The fitted value
of gpp then become an indirect function of g4 from the functions of M?¥(g,,). For "*Ge, we have
the szﬁ’p(gA =1.25) = 0.15MeV 1, while varying g, M>" changes, so does Jpp, this then changes
MY and M. We want to observe here how these changes of g4 will modify the final values of
M. In ﬁg we have illustrated this relation. This is obtained by following procedure: For
different g,, (from 0 to the value corresponding to MZ%. with bare g4), we calculate MZ%. together
with M and Mgf’T From the calculated MC%’}, we can get the corresponding g4, with these
ga’s and the formula we have the dependence of M% on gpp- The final results (illustrated

in fig}5.18)) are somehow unexpected: From this graph we find that M° has less dependence on
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gpp than M2%.. We have the maximum and minimum values of M% when the 2033 half-life of
the nucleus is known, with an uncertain g4. In this sense a particular choice of g4 does not have
that significant effect on the determinations of M as one supposed to. If the 2v33 half-life is
measured accurately, one can obtain M% with an uncertainty of about 25% for different g4.

In the above discussion we considered the deformation effect for the leading order contribution to
M. In figl5.13|and Tabld5.6] we show the results of deformed calculations for the overall M% with
all the corrections. The deformation haven’t largely changed the multipole structures of the NME,
but the overall magnitude has been reduced by the BCS overlaps. And we can generalize all the
discussions applicable in the leading order to the full results. In particular, the same dependence

on gpp can be applied to the corrected NMEs.

Table 5.6: Different contributions to the total calculated NME’s for 0v33 decay "°Ge—"5Se. The
BCS overlap is taken into account. The results for the Ov35 NME’s are listed for the spherical
(B2 = 0.0) and deformed nuclei (82 = 0.10 for “®Ge and B2 = 0.16 for "®Se) and for bare axial coupling
constant g4 = 1.25 and the quenched one g4 = 0.94. The table gives the Fermi part Mr, the Gamow-
Teller part Mgt and the total Ov3( transition matrix elements. The different contributions are: the
leading, coulomb like, contribution M (1/7), of higher order currents and the finite nucleons size
(eq. to (3:12)) AM, the Jastrow SRC eq(3.13) §M(J) and Briickner SRC[I17, [119] §M (BCD)
calculated with the Bonn CD force. The last two columns give the total final Ov35 matrix elements
with Jastrow tot(J) and with Briickner tot(BCD) correlations for the Fermi My, the Gamow-Teller
Mgt and the total contributions M°” defined in eq.. The calculations are done in a 6hw space,
N=0 to 5.

Full space 0 — bAw

B ga M(1/r) AM M) O6M(BCD) tot(J) tot(BCD)
0.0 (0.0) 1.25 | Mp -3.15 0.78 0.45 -0.09 -1.92 -2.47
Mgt 6.37 -2.85 -1.01 0.20 2.52 3.72

MO 3.75 5.30

094 | Mp -3.31 0.82 0.46 -0.10 -2.03 -2.59

Mer 7.28 -3.15  -1.04 0.21 3.10 4.35

MO 3.05 4.10

0.10 (0.16) | 1.25 | Mp -2.83 0.69 0.40 -0.08 -1.74 -2.22
Mgt 5.99 -2.49  -0.88 0.18 2.21 3.27

MO 3.33 4.69

094 | Mp -2.98 0.73 0.40 -0.18 -1.85 -2.34

Mgr 7.69 -3.65  -1.47 0.27 2.83 3.93

MO 2.77 3.70

There are systematic analyses of the uncertainties in the calculations of M by different nuclear
structure theories [I17]. We can follow these discussions and give some rough estimations on
the uncertainties in our calculations. The uncertainties may arise from different aspects of the
calculations, the first is the limitation of different methods adopted, this is hard to estimate, as
different methods really differ a lot and different approximations are used. But the choices of

model space in different methods may have similar effects, so in this sense, the small model space
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Table 5.7: Different contributions to the total calculated NME’s for 038 decay ®Ge—"5Se. The
BCS overlap is taken into account. The results are the same as in tabl but in a restricted model
space 2 — 4hw.

Truncated space 2 — 4hw
02 ga M@1/r)y AM 6M(J) SM(BCD) tot(J) tot(BCD)
0.0 (0.0) 1.25 | Mp -2.89 0.71 0.42 -0.09 -1.76 -2.26
Mgt 6.19 -2.72  -0.94 0.20 2.53 3.67
MO 3.66 5.12
094 | Mp -3.07 0.76 0.43 -0.09 -1.89 -2.40
Mgt 7.12 -3.02  -0.96 0.21 3.14 4.31
MO 2.98 3.97
0.10 (0.16) | 1.25 | Mp -2.58 0.63 0.37 -0.08 -1.85 -2.34
Mgt 5.41 -2.37  -0.81 0.17 2.22 3.21
MO 3.23 4.50
094 | Mp -2.75 0.67 0.38 -0.09 -1.71 -2.17
Mg 6.38 -2.68  -0.84 0.19 2.86 3.89
MO 2.70 3.57

adopted by Nuclear Shell Model may bring a severe loss in the total transition strength of Ov33
decay. Then the different parameterizations and approximations of the same methods may bring
also errors, these are listed in [I17]. In this work for the deformed nuclei, we can also give some
assessment on these errors from our calculations following the discussion in [I17]:

i) The quasiparticle mean field may change the results slightly except M2%. for intermediate states
0" and 17 which are sensitive on g,,. In our calculations we compared the Woods-Saxon potential
and the Harmonic oscillators in the spherical limit, they differ only a little. Other mean fields may
give the similar results;

ii)we have discussed g,, dependence of the final results. One finds only contributions of GT part
from the multipoles K™ = 11 and K™ = 0" are sensitive to g,,, other multipoles evolve with g,
steadily. In this sense, the experimental errors of the half-lives will bring the uncertainties to M°”
mainly for multipoles (K™) 07 and 1*. Because of the different magnitudes of g, sensitivities of
M® and M?¥, an uncertainty in the 2033 half-life will produce a much smaller relative error bar
Ov(3p3 decay half-life.

iii) For certain values of 2v83 NME, Ov33 NME is also related with another parameter in our
calculation, the axial vector coupling constant g4, and we find that with the choices of different
ga, one may obtain an error of about 20% at the leading order. Here Mp change slightly and
Mgr changes a bit with the change of g4. But for the final NME, as the GT part depends also on
the values of g4 which is also depends on M?”, the effect of the change of Mgr is not significant
in the overall NME M% . For the choices we made for the g4 values, in consideration of all the
corrections, there is a 23% change in the spherical case and 21% for the deformed case. In this
case the determination of the value of g4 can reduce the uncertainty of M%;

iv) The effect of the sizes of model spaces are also intensively discussed in this thesis. A truncation
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Figure 5.19: The NME’s for different multipole channels for the deformed case of "®Ge with the gy,
values fitted to the 2v33 decay with the bare ga(upper panel) and the quenched one (lower panel).
The results are the same as in fig but allowing for deformations (82 = 0.1 in “® and B2 = 0.16 in
76

Se).

of the model space may also bring an error of about several percents to the final result. In the
spherical case, from tabld5.7 less than 5% if all the other parameters are the same, and with
deformation, the errors are similar as listed in tabld5.7] So even with a larger deformation, with
suitable truncation, we expect the error to be within 10%;

v) It is estimated that using the closure energy to replace the intermediate energies, the error could
be within 10%[117]. This is because the mediating neutrino’s average momentum is of ~ 100MeV,
considerably larger than the nuclear excitation energies which have a magnitude of 10 — 20MeV;
vi) The higher order terms and the finite nucleon size give us a total correction of about 30% to
the overall NME. So in this sense, the correct high order terms and correct form factors may be
important for the determination of M%;

vii) The different choices of SRC, may change the value greatly, as can be seen in tabl the
Jastrow type gives a 15% reduction to the final M% comparing to 5% to the Briickner CCM style
SRC. In this sense a more accurate SRC is needed;

viii) The overlap factors of initial and final nuclei also reduce the NMEs; especially for the deformed
nuclei. This suppression comes from the different BCS vacua of the initial and final nuclei. For
the two nuclei with large deformation differences, this suppression is significant, can be as large as

40%. Even in the case that both the initial and final nuclei are spherical, a nearly 20% reduction



86 CHAPTER 5. RESULTS AND OUTLOOK

has been derived;

ix) the last important topic is the effect of the different shapes of the nuclei, deformation, which
is the objective of this work. We have seen that the effect of deformation can reduce M largely,
this signifies the importance of the deformed calculation for heavy nuclei since many of them are
usually strongly deformed.

From above analyses, the importance and priorities of different approximations become clear. First,
the effect of deformation affects most strongly the BCS vacua overlap between the grounds states
of the initial and final nuclei, we will check this again for the heavy deformations. In addition, all
the corrections as the finite nucleon size, the higher order currents and SRC must be taken into
account. As for the truncations, if we keep all the neighboring shells of the active shell, then small
errors are expected. A suitable choice of g4 is also important for the final result.

To conclude of this discussion, we give the results of calculations for the deformed "®Ge, with the
corresponding uncertainties. The results are listed in tabld5.6] and tabld5.7} The largest value is
M® = 4.69 when we use the Briickner CCM SRC and ignore the quenching of g4 in nuclei. And
the smallest value 2.70 is obtained when we make the truncations, use the Jastrow type SRC and
take into consideration the quenching effect. All these different choices of parameters such as the
SRC, the quenching etc give a total reduction of about 40%. And now we come to the calculations
of 1O Nd, following all the calculation results we obtained for °Ge.

As an example we showed how the different uncertainties may arise from different approximations
and assumptions used in the deformed calculations for “Ge. And this can give us some insight
into our calculations of '»° Nd which has more nucleons and a larger level space. In the deformed
calculations, the enlargement of the level space makes the computational time increase drastically,
so we need to choose suitable truncations for these calculation. From the above discussions we
see that the effects of the far away single particle states can be indeed eliminated, or at least
substantially reduced. So we make the truncation to drop the shells 0 — 3w from the full space
0 — 6Aw. This reduces the total numbers of the single particle levels from 84 to 64 and saves a lot
of computational time. In the following part, we will illustrate the results for Ov33 of 1% Nd which
definitely is deformed and previous spherical calculations are with big deviations.

The input deformation parameters for our Woods-Saxon potential have been given in preceding
section for %9 Nd. For comparison, we make also the calculations in the spherical limit. We cal-
culated two sets of results corresponding to the bare and quenched axial vector coupling constants
ga respectively. The contributions of different multipoles to NME are illustrated in fig[5.22]in the
spherical limit, and fig[5.23] for the deformed case. They have the similar multipole structures as
in the case of "®Ge, the low multipoles contribute more, and the high multipoles can be neglected
in the calculations. The detailed results is illustrated in table[5.8| for sums of all the multipoles for
the leading order contributions and different corrections. We see that in our calculation for 59 Nd,
the reduction from the high order terms of the nucleon currents and form factors is about 20% for
MY and 40% for M2%- respectively. These reductions produce about 30% overall reduction in the
final M%. In addition, the SRC is important here, depending on which scheme we use we may
have reductions varying from as large as 20% to less than 5%.

And as for Ge, we made several comparisons for different approximations in the calculation
for ¥ONd in ﬁgs at the leading order, to evaluate the uncertainties. First one is the



5.2. ILLUSTRATION OF THE RESULTS FOR M?" AND M% 87

M” spherical vs. deformed nuclei

0.6

= 04

0.2

08—

MGT
T

04—

0F 1" 2" 3" 456 7789107110 I 2 34 567 8 910
T

K

Figure 5.20: Comparisons between the NME’s for 1*° Nd —!%° Sm in leading order for both spherical
and deformed case without considerations of the BCS overlap factors. The left bars are for spherical
and right bars for the deformed case with deformation parameters given in table[7?] The upper panel
is for the Fermi part while the lower panel shows the Gamow-Teller part (eq,). K7™ are for the

intermediate states, i.e. for (pn) pair.

deformation, we see that for 1% Nd, the deformation may change the structure of NME, comparing
with the case of "®Ge. This may come from the larger deformation of Y Nd, which is twice as
large as than that of "Ge. For such large deformation, the level scheme has changed greatly from
that of the spherical case. This means that in heavily deformed nuclei, there is a bigger change
of NME. It is different from the small deformation case where the NME of the single states is
nearly the same as the corresponding ones in the spherical nuclei. If large suppressions from BCS
overlap factors are not taken into consideration, we can have a reduction of 24%, of which the F
part contributes a bit more than GT part. So in the heavily deformed nuclei, the importance of

the choices of deformation parameters becomes much more crucial.

The g,, dependence of M seems not so significant here for realistic g,, ~ 1, and we believe that
the similar behavior applies here as in the case of “Ge. One finds only small changes of multipoles
0% and 17, for a change of gp, for 0.02. The large change of 2v33 NME from the change of g4 is
compensated by the the sensitivity of Mé”T to gpp. Hence, with the different choices of g4, MY
and Mg”T can be viewed as constants. Under this assumption, the value of g4 we adopt may play
a crucial role for the determination of the final M° from Eq..
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Figure 5.21: Comparison between the NME in the leading order for unquenched g4 = 1.25 and
quenched g4 = 0.94, without considerations of the BCS overlap factors. The left bars are for g4 = 1.25
and right bars for g4 = 0.94. It corresponds to fig for "5Ge.

Here we used a truncated space because a full space calculation is somehow unrealistic at present
due to the limitation of the computers. From the experience of "®Ge we expect that our truncation
will at most bring an error of 10%, comparing with uncertainties brought by the deformation
parameters and axial coupling constant, this is really a small error.

For the full consideration of all the corrections, the reductions stemming from the deformation for
150 N d is about 40%. Noticing that the BCS overlap factors gives the reductions about 30%, we may
conclude that in this case, the reductions of M% largely comes from the BCS overlap factors. We
also investigate the effect of the quenching of g4, for the quenched axial vector coupling constant
g4, we have a reduction of about 30% for M%. This is because in the quenched case we have
a smaller contribution from M2 due to a smaller g4. And the largest predicted value of M°”
for O Nd in our calculation is 3.34, with the Briickner style SRC and bare g4, while the smallest
value is 1.79 with the Jastrow type SRC and quenched g4, so the total uncertainty of 46%. And
it is clear that Jastrow type SRC over reduced the results [I19] and it is commonly accepted that
there are quenching effects in the nuclei, with these assumptions, we would like to recommend the
value 2.06 as the best value of our calculations.

In tabe the calculated NME M% for 159N is listed and compared with the calculation results
by other approaches. One can see that the NME M% of this work calculated with the neglect
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Figure 5.22: The 0v33 NME’s in spherical nuclei for different multipole channels of **° Nd with g,,
value fitted with the bare g4 (upper panel) and the quenched g4 (lower panel). It is similar to fig

for SGe.

of deformation (column 3) agrees well with the previous ones of the spherical QRPA [I17]. A
small difference can have its origin in the somewhat different approximations involved (use of the
Woods-Saxon single particle wave-functions and the BCS overlap factors, the different SRC and
truncations of the model space). By including deformation(column 4), one gets a much smaller
NME M%. The main origin of the suppression is given above, stemming from the BCS overlap
factors as well as the quenching of g4.

Our present NME M% for 159 Nd, obtained within the state-of-the-art QRPA approach that ac-
counts for nuclear deformation, and it has nearly the same magnitude as NME of other approaches
(columns 5, 6, 7) when the quenching effect is taken into consideration. The Ov33 decay half life
Tlo/”2 corresponding to the effective Majorana neutrino mass mgg = 50meV gives a rough estimation

of 10?5 year, in agreement with the general results obtained by different methods.

5.3 Prospect of Neutrinoless Double Beta Decay

Alhough with the claim by [7], we till now don’t have enough evidence for the existence of the
OvB6. Till now we have just lower limits for the Ov83 half-lives for most of the candidate nuclei.
We need more accurate experiments with improved measurements and detection technology to

confirm or deny the possibility of the OvG3, we are still far from full understanding the whole
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Figure 5.23: The 0v33 NME’s for different multipole channels for the deformed case of **° Nd with
gpp fitted with the bare ga(upper panel) and quenched one(lower panel).

process both experimentally or theoretically. Even if the Ov33 is observed, a lot of work will be
needed for identifying the underlying physics.

For the matrix element calculations of the deformed nuclei, we now developed the deformed pn-
QRPA methods, together with previous versions of QRPA approaches, we can deal with nearly
all the nuclei which decay with the §3-decay. With several nuclear system measured and matrix
elements MY calculated for different mechanisms, in this case, we can determine which mechanism
is dominant. This can also be determined by the comparisons of half-lives for decays to different
final states such as the ground states or the 11 and 2% excitation states, but the observation of
these decays maybe difficult because of the large 2v 3 background.

However, the determination of NME is not simple, a comparison of different methods may give us
some clues, but till now the discrepancies among different models are still very large, especially
that between the two main approach, QRPA and NSM. At the present stage, to close the gaps
between them should be the most realistic and necessary, since we have no idea when one will
discover the Ovgp.

On the other hand, Ov 3 can also be viewed as a good constraint on new physics beyond the SM. An
apparent situation is the problems of the neutrino, we now have the difference of the masses squared
as well the mixing angle measured from the oscillation experiments. But these values do not help
us to answer questions like how small is neutrino mass and are they Majorana particles. Answers

to these problem now wait the results from Orv(33 as well as other experiments and observations,
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Table 5.8: Different contributions to the total calculated NME’s for 038 decay **°*Nd—'5°Sm for

model space 4—6hw. The BCS overlap is taken into account. The different contributions are described

intabl
Bo ga M(1/r) AM §M(J) SM(BCD) tot(J) tot(BCD)
0.240 (0.153) | 1.25 | Mp -2.09 051  0.33 -0.06 -1.25 -1.64
Mgr | 401 -1.86 -0.72 0.14 1.43 2.29
MO 2.23 3.34
0.94 | Mp -2.16 052 0.33 -0.06 -1.30 -1.70
Mgr | 444  -200 -0.73 0.14 1.71 2.58
MO 1.79 2.06
0.0 (0.0) |1.25]| Mp -4.07 099  0.67 -0.13 -2.41 -3.21
Mgr 7.35  -3.54 -1.46 0.26 2.36 4.07
MO 3.90 6.12
0.94 | Mp -412  1.00  0.68 -0.13 -2.44 -3.25
Mgr | 7.69  -3.65 -147 0.27 2.58 4.31
MO 3.01 4.50

Table 5.9: The matrix elements M for the 0v88 decay *°Nd—'5°Sm calculated in different models.
The final result of this work obtained with account of deformation is given in column 4. A result
with neglect of deformation is also listed for comparison with the earlier result of Ref. [I1I7]. The
corresponding half-lives TIO/”2 (in the unit of 10*® years) for an assumed effective Majorana neutrino

mass (mgg) = 50 meV are also shown.

QRPA [I17] def. QRPA(sph.) def. QRPA pseudo-SU(3) [25] PHFB [26] IBM-2 [27]

MO 5.17 6.12 2.06 1.57 1.61 2.32
Ty, 1.72 1.23 10.8 18.7 17.7 8.54

the improvement of the precision of the experiments will bring us either the definite answers or
further constraints. Further, we may wonder why are neutrinos Dirac or Majorana particles, why
are their masses so tiny, etc. All these underlying problems require experimental determinations of
the Ov35. In this sense, the discovery of the OvG0 will trigger a new era of physics together with

experiments such at the LHC and other high energy accelerators.
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Chapter 6

Summary and Conclusions

The absolute neutrino mass scale and the nature of neutrino (whether it is Majorana particle, i.e. it
is its own antiparticle) have long been important questions in particle physics since the observation
of the neutrino oscillations. The former question can be answered by different experiments and
observations. The single beta decay can give the anti-electron-neutrino mass. The current running
experiment for this task is the KATRIN in Karlsruhe with sensitivity of about 0.2 to 0.3 eV.
From the study of the cosmic microwave radiation spectrum as well as the study of the large
scale structure in the universe, one can get a limit on the sum of the neutrino masses of about
1.6eV from Sloan Digital Sky Survey(SDSS). And one can also extract this mass scale from the
neutrinoless double beta decay experiment, from the so-called effective neutrino mass. However,
only the latter experiments can reveal the Majorana nature of the neutrinos and can answer the
second question of the neutrino physics. Hence, the neutrinoless double beta decay experiments
have crucial importance in the neutrino physics and for new physics beyond the Standard Model
(SM).

Double beta decay is a rare decay with a half-life much longer than the age of our universe. It was
proposed by Maria Goeppert-Mayer in 1935, only one year after the Fermi weak interaction theory
was formulated. It originates from the nuclear pairing (the protons and neutrons get paired by the
residual interaction) which tends to lower the ground states of the even-even nuclei and makes them
more stable than the odd-odd ones with the same nucleon numbers. The decay is thus from even-
even nucleus to another even-even one with a larger binding energy, with a change of nucleus electric
charge by two units. To conserve the electric charge, two electrons are emitted. According to the
number of the emitted neutrinos, one can divide this decay into two types: If the lepton number
is conserved, then two anti-electron-neutrinos are emitted, (A, Z) — (4,7 + 2) + 2e~ + 20,, this
process is called the two neutrino double beta decay; Otherwise, if there is no neutrinos presented
in the final state, (A4,7) — (A, Z + 2) 4+ 2e~, the lepton number is violated by two units, this
decay is called the neutrinoless double beta decay. The two neutrino double beta decay has been
observed by different experiments, for different double beta decay emitters, its half-life lies in a
range from 10'® to 102! years. But currently, there is no confirmed evidence for the existence of
neutrinoless double beta decay despite the highly contesting result from Klapdor-Kleingrothaus

group for "6Ge.
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From the above descriptions, one finds that neutrinoless double beta decay is a weak process with
the lepton number being violated. One of the origins of such violation is the Majorana nature of
the neutrinos, a Majorana mass term in the Lagrangian violates the lepton number conservation.
This is forbidden in the SM. But with a simple addition to the SM such as a basic type I see-saw
with both Dirac and Majorana mass terms, this violation can be achieved. And in some other new
physics models such as Grand Unification Theory (GUT), this violation is obtained automatically
from the interactions of fermions with the extra gauge bosons such as in the SO(10) GUT. There
may be also other origins of this violation, such as that coming from the R-parity violated SUSY,
where the violated lepton number is accompanied by the violated R-parity. For these different
possible underlying mechanisms, one prefers the basic mechanism with a simple addition of see-
saw, and it is supossed to be a dominant one with the contributions from the light neutrinos being

overwhelming.

As mentioned above, the neutrinoless double beta decay implies the Majorana nature of the neu-
trinos. If this process is truly mediated by a light virtual neutrino, one can extract the effective
neutrino mass from the measured half-life, but only if the nuclear matrix element (NME) is precisely
determined. The NME is closely related to nuclear physics, it describes the nuclear transitions of
the double beta decay process. The theoretical calculation of the NME for the two-neutrino double
beta decay can be a good cross check for the reliability of the calculated many-body wave functions
used in the neutrinoless double beta decay NME. The nucleus is a very complicated many-body
system, and to deal with such a system, one needs nuclear many-body theories. One of such
theories which is frequently often used in the calculations of NME is the Quasiparticle Random
Phase Approximation (QRPA). The QRPA methods use the mean field approximation to get the
single particle wave functions and solve the BCS pairing equations in the basis of these s.p. states
to construct the ground states of the initial and final nuclei. With the proton-neutron (pn) exci-
tations mixed by the residual interactions, one constructs the excited states in the intermediate
nucleus. The method has been shown to be capable of successfully describing the double beta
decay processes provided the particle-particle residual interaction is included along with the usual
particle-hole one. On the other hand, the calculated nuclear matrix elements for the double beta
decay, both for the two-neutrino and neutrinoless modes, turned out to be sensitive to the value

of the particle-particle interaction strength.

Of the different double beta decay emitters, 15°Nd has the largest phase space and hence the largest
decay rate and the relatively shortest half-life of about 102 years in the spherical QRPA calculation
(for the effective neutrino mass of 50 meV). So it could be the emitter with the largest discovery
potential of neutrinoless beta decay. But in contrast to other emitters, most of which are spherical,
it is heavily deformed. Most of the previous calculations of neutrinoless double beta decay NME
were done for the spherical case only. So one needs to develop the QRPA approach to deal with the
deformation. The deformed QRPA to treat the two neutrino double beta decay was developed by
Tiibingen group. The deformed Woods-Saxon wave functions with the phenomenological residual
interactions are used and the Gamow-Teller-Resonace (GTR) and the two neutrino double beta
decay NME are successfully described. However, using the phenomenological forces for calculating
the neutrinoless double beta decay amplitude would immediately rise the problem of how to fix

the numerous strength parameters of the forces in different J™ channels. So the realistic NN forces
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have been included into this calculation by Tiibingen group to replace the phenomenological forces.
In order to perform the deformed QRPA calculations, the main effects of the deformation on the
ground state properties have to be clarified. Pairing interactions for protons and neutrons in the
even-even nuclei have to be described. The BCS equations were solved self-consistently to obtain
the occupation probabilities which enter the QRPA equations, and also to obtain gap parameters
as well as the chemical potentials for protons and neutrons. As a two-body interaction, the nuclear
G-matrix was used which is a solution of Bethe-Goldstone equation for the Bonn-CD one boson
exchange potential. The deformed G-matrix elements are obtained from a decomposition over the
spherical ones, the decomposition coefficients are calculated by space overlap integrals between the
single particle basis of spherical harmonic oscillator and the deformed wave functions. The single
particle states of the deformed basis are calculated in a deformed axially-symmetric Woods-Saxon
potential. The same G-matrix elements are also used for the residual interaction which mixes the
pn excitations. By solving the QRPA equations, one can get the wave functions for the states of
the intermediate nucleus. There are two parameters in this model, the renormalized particle-hole
strength g, and the renormalized particle-particle strength gy, they are determined by the GTR
position and the NME of two neutrino double beta decay. This adjustment was first done for
the realistic forces in Mohamed Saleh Yousef’s work by Tiibingen group. For the first time, they
developed the deformed QRPA by including the realistic forces and calculated the GTR and the
two neutrino double beta decay NME within the deformed QRPA frame.

The topic of this thesis is to apply the deformed QRPA with the realistic forces to the calculations
of the neutrinoless double beta decay. Following the previous works in Tiibingen group done by
M. S. Yousef, we determine the free parameters of our QRPA calculation by adjusting the position
of GTR (for g,p) and fitting the two neutrino double beta decay NME (for g,,). The two-neutrino
double beta decay is governed by the Gamow-Teller (GT) matrix elements connecting the final
and initial nucleus with the intermediate states. Then, with the fixed parameters, we calculated
also the Spin-Dipole (SD) transitions to verify the reliability of our method. Then we come to the

final calculation of the neutrinoless double beta decay NME.

Before calculation for »°Nd, we first calculated the NME for "%Ge as it is light and a smaller
model space is needed. These make this nucleus numerically easier for the calculations. Also
this nucleus is well studied by previous calculations with a spherical treatment. So, a comparison
between the deformed and spherical QRPA methods has been done with the deformations in the
deformed QRPA set to be zero (The spherical limit). At the leading order, one gets a perfect
agreements between the NME’s of these two calculations for both the Fermi (F) part and Gamow-
Teller (GT) part for all the multipoles J™ or K™ (here 7 is the parity, and J and K are the total
angular momentum and its projections on the symmetry axis respectively), which implies a good
consistency between the current deformed extension of the QRPA and the original spherical one.
If deformation is taken into account, one finds a reduction of the neutrinoless double beta decay
NME, which comes mainly from the BCS overlap between the ground states of the initial and final
nuclei. This BCS overlap depends on the difference between the deformations of the initial and
final nuclei, but one finds that even in the spherical limit, this overlap factor is less than unity. In
this thesis we also assess the different uncertainties which may arise from different approximations

adopted. The size of the model space will not affect the final results if one includes the active shell
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(where the Fermi level lies in) and its neighbors in the calculations. The two-neutrino double beta
decay NME depends sensitively on g,,, because only the multipole J™ = 17 is involved in this
calculation. But for neutrinoless double beta decay more multipoles are involved, and the NME
dependence on gy, is not very sensitive. Different choices of the axial vector coupling constatn
ga can affect the final results by as large as 20% because of these dependences on g,,. The high
order currents and the finite nucleon size give all together a reduction of about 40% in the GT part
and 20% in the F part. This gives a reduction to the overall NME by 30%. And different choices
of Short-Range-Correlation (SRC) may give a reduction from about 5% (Briickner CCM) to 20%
(Jastrow).

Coming to °Nd, one gets similar results. Here for the reality of current computers, we truncated
the model spaces, and use a space 4 — 6w with shells with principal number N = 4,6. Now
one has much larger deformations with a larger deformation difference, hence the reduction from
the BCS overlap is much larger, the BCS overlap is about 0.6. So a large reduction from the
deformation is expected compared with previous results with the spherical calculations. Similar
reductions from the high order currents and the finite nucleon size as well as the SRC are obtained,
these give an overall reduction for about 30% if one uses the Briickner CCM SRC, or about 40% if
the Jastrow SRC is adopted. One finds that our method gives a larger NME than other methods

and a corresponding half-life of about 102526

years for mgg = 50eV (depending on the actual
quenching effect of the axial vector coupling constant and the adopted SRC). This makes °Nd
still the favorite among the neutrinoless double beta decay candidates.

The future of the double beta decay is promising. It is not only a big challenge but also a huge
chance for both the theorists and the experimentalists. Strong double beta programs in both
particles and nuclear physics are under way. The detection technology also develops rapidly,

making the sensitivity of the experiments higher and higher.



Chapter 7

Zusammenfassung

Neutrino-Oszillationen haben gezeigt, dass Neutrinos Masse besitzen. Die Neutrino-Oszillationen
konnen uns jedoch keine Information iiber die absoluten Massen liefern weil sie nur die Differenzen
der Massenquadrate der Neutrinos und die Mischungsmatrix zwischen den Massen- und Flavor-
Eigenzustédnden geben. Im Neutrino-Sektor gibt es noch viele offene Probleme:

1. Ist das Neutrino ein Dirac- oder Majorana-Teilchen, d.h. ist es verschieden oder identisch mit
dem Antiteilchen?

2. Was ist die absolute Skala der Neutrinomassen?

3. Ist die Massen-Hierarchie der Neutrinos die natiirliche (1-2-3) oder ist sie invertiert (3-2-1)7

4. Was ist die Dirac-Phase, die bei drei Generationen der Neutrinos in der Transformation z.B. im
Element (1,3) von Massen-zu Flavor-Neutrinos auftreten kann?

5. Was sind die beiden Majorana-Phasen?

Die absolute Skala der Neutrinomassen lésst sich in folgenden Experimenten bestimmen:

1. Einfacher Betazerfall, z.B. im Tritium-Zerfall mit dem sehr kleinen Q-Wert 18,6 keV. Hier
liegt die Obergrenze fiir die Elektron-Neutrinomasse bei 2,3 eV im Mainz und Troitsk-Experiment.
KATRIN-Experiment in Karlsruhe wird die obere Grenze bis 0,3 eV reduzieren.

2. Eine Zweite Moflichkeit entsteht durch die Untersuchung der Massenverteilung im Universum.
Bei der Strukturbildung sorgen massive Neutrinos dafiir, dass mit zunehmender Summe der Massen
der drei Neutrinos die Wahrscheinlichkeit fiir Galaxien bei kleineren Abstédnden reduziert wird. Das
gemessene "Power”-Spektrum der Massenverteilung legt fiir eine obere Grenze der Summe der drei
Neutrinomassen einen Wert von 1 bis 2 eV nahe. Die Zuverléssigkeit dieser Grenze ist aber eng
verbunden mit unserem Verstdndnis der Strukturformation im Universum, wo es auch noch viele
offene Fragen gibt.

3. Die dritte Moglichkeit der Festlegung der absoluten Neutrinomasse benutzt den neutrinolosen
Doppelten Betazerfall. Hierzu miissen dieUbergangsmatrixelemente zuverlissig bekannt sein. Die
entsprechende Berechnung wird in dieser Dissertation zum ersten Mal mit realistischen Nukleon-
Nukleon-Kriften (das neueste Bonn CD-Potential) in deformierten Kernen durchgefiihrt.

Der neutrinolose Doppelte Betazerfall ist im Standard-Modell verboten. In Grofivereinheitlichten
Theorien (GUT’s) und in Supersymmetrischen Modellen (SUSY) ist er jedoch erlaubt. In diesen

Theorien ist das Neutrino ein Majorana-Teilchen und besitzt Masse. Bisher gibt es nur obere
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Grenzen fiir den neutrinolosen doppelten Betazerfall, abgesehen von einer Messung in "°Ge von
Klapdor-Kleingrothaus und seinen Hiedelberger Mitarbaitern, die jedoch von dem Rest der Kol-
laboration und allen anderen Experten auf dem Gebiet des Doppelten Betazerfalls angezweifelt
wird.

Um aus den Ubergangswahrsceinlichkeiten die Majorana-Masse zu bestimmen sind die Ubergangs-
matrixelemente genau so wichtig wie die Daten.

Die Berechnungen der Ubergangsmatrixelemente fiir den neutrinolosen doppelten Betazerfall wur-
den bisher mit realistischen NN-Kréften nur im sphérischen Fall durchgefiihrt. Der Zerfall von
150 N'd mit einem sehr groBen Phasernraum und daher einer grofien Ubergangswahrscheinlichkeiten
und einer relativ "kurzen” lebensdauer in der Gegend von etwa 10%° Jahren (abhiingig von der
unbekannten Neutrinomasse) verspricht mit sphirischen Rechnungen die beste Aussicht auf die
Entdeckung des neutrinolosen Doppelten Betazerfalls.

150Nd ist aber deformiert, und jede realistische Berechnung vom Ubergangsmatrixelement muss
die starke Deformation des Kerns beriicksichtigen. In dieser Doktorarbeit werden die benéGtigen
Vielteichenwellenfunktionen der Kerne im Rahmen der Quasi-Teichen-Random Phase-Ndherung
(QRPA) berechnet. Zuerst, miissen die Einteilchen-Nukleon-Wellenfuktionen der Protonen und
Neutronen in einem deformierten Woods-Saxon-Potential berechnet werden. Diese deformierten
Nukleonwellenfunktionen werden dann in eine sphérische Basis entwickelt, in der dann die Nukleon-
Nukleon-Matrixelemente der Bonn CD-Kraft im Rahmen der Briickner Theorie durch Lésen der rel-
ativistischen Bethe-Salpeter-Gleichung (halb auf der Energieschale) mit Pauli-Operator berechnet
werden. Hierzu sind mehrfaches Umkoppeln der Drehimpulse fiir den Spin und den Bahndrehim-
puls und entsprechende Schritte auch im Isospin-Raum notwendig. Am Ende hat man nun die
Zweikopermatrixelemente der realischen NN-Wechselwirkung in der deformierten Basis und kann
diese zusammen mit den Einteilchenenergien in die entsprechende QRPA Gleichungen einsetzen.
Die gleiche Transformation wird auch mit den Zweiképermatrixelementen des Neutrinopotenzials
gemacht.

Mit der QRPA Losung fiir Vielteichenwellenfunktionen werden die Ubergangsmatrixelement fiir
den Doppelte Betazerfall in den Systemen "°Ge —76 Se und *°Nd —1°° Sm berechnet. Zum Test
der Qualitdt dieses Elements ist die Berechnung des entsprechenden deformierten Zwei-Neutrino
Ubergangsmatrixelements notwendig. Es wurde zuerst in Tiibingen in der Doktorarbeit von Mo-
hamed Saleh Yousef gemacht. Durch dieser Rechnung erfirt man dass eine leichte Renormierung
der Teilchen-Teilchen und Teilchen-Loch Wechselwirkungen benétigt ist um die relevanten ex-
perimentellen Daten anzupassen. Die Gamow-Teller-Resonanz (GTR) konnte in ihre Position
in Zwischenkern durch eine Renormierung der Teilchen-Loch-Matrixelemente angepasst werden
(solch eine Anpassung ist jedoch in der Regel nicht notwendig, da schon die nackten Briikner-G-
Matrixelemente die experimentelle Lage der GTR fast genau wiedergeben). Die Renormierungs-
faktor der Teilchen-Teilchen-Wechselwirkung ist fiir '°Nd g, ~ 1. Das heifit die nackte Briickner-
G-Marix ist schon ziemlich genau in den QRPA Rechnungen.

Im Vergleich zu fritheren sphirischen Berechnungen ist da in dieser Doktorarbeit berechnete Uber-
gangsmatrixelement fiir den neutrinolosen doppelten Betazerfall *°Nd —1'%0 Sm ziemlich stark,
um ca. 40%, reduziert. Das ist der Effekt der starken Deformation, und je grosser der Unterschied

zwischen den Deformationen im Anfangs- und Endkern wird, desto stiarker wird die Reduktion.
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Diese Beobachtung stimmt mit den Resultaten anderer Methoden {iberein. Trotzt der Reduktion,
zeigen die Resultate dieser Arbeit, dass der neutrinolose doppelte Betazerfall fiir 1% Nd —1%0 Sm

eine der besten Empfindlichkeiten fiir die Majorana Neutrinomasse hat.
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Appendix A

Brief Introduction to Superfield

Formulation

To construct the supersymetry multiplets, we can introduce the so-called superspace coordinate
which is Grassmann number behaving like a spinor. we introduce a left Weyl spinor coordinator
0, and its complex conjugate 0% = (0,7, satisfying [z, 0,] = {04, 05} = {0, 9_'8} = {6%, 55} =0,
with these coordinates we can define the Superderivatives:

_ a R VYo" B a o b
D, = 504 +1i0,,,0°0, Dag 204 0“0}, 0u (A1)

a general superfield can be defined as a function of superspace coordinates, the expansion on 6 and

0 reads:

S(x,0,0) = o¢(x)+ 0y(x) + 0x(x) + 05"0A,(z) + 00 f(z) + 00g™ ()
+ 00O (x) — i680p(z) + %é)eééD(x) (A.2)

Under the superfield approach, the infinitesimal supersymmetric transformation has the form:

38 = (£Q +£Q)S (A.3)
Here the superchage is actually the same we defined before. But now it has the form:
Q *ifia“ 640 Q-fiﬂe%“a (A.4)
o o6« ad © a 80_0" ac B .

So the supercharges has just a different of sign with the superderivatives.
The general superfield can be reduced to several different irreducible superfields: the chiral super-
field and the vector ones with a special case the gauge superfield.

The chiral superfield ® obeys the relation:
Dsg® =0 (A.5)

This is the left chiral superfield and the right one is just its complex conjugate of the left one. By

solving the equation, we may have ® expended in the superfield as:

®(x,0,0) = ¢p(xy) + V20 (xy) + 00F () (A.6)
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Here the composite coordinate defined as z/, = z# +ifc"0. Here ¢ and 1 are scalar and left Weyl
spinor field respectively and F' auxiliary field.

The vector superfield V' is obtained by imposing the condition on the general superfield
V=Vt (A7)

This requires x = 9, g = f and p = A We are more interested in the gauge superfield since it
is related to the gauge theory. Gauge superfield is a special vector superfield where V is in the

representation of the gauge algebra under the transformation
eV = eV =i Vel (A.8)

Where A may be also superfields transform under gauge group. There are extra degrees of freedom
in the gauge theory, and the usual way is to choose a particular gauge to remove these extra degrees
of freedom. In SUSY gauge theory, the commonly used one is the Wess-Zumino gauge, which set

x =% = f=g= ¢ =0, leaving the gauge superfield with the form:
_ __ __ 1
V(x,0,0) = 05"0A,(z) +i000X(x) — 600 (x) + 5999€D(x) (A.9)

A, is the gauge field. And a new particle A, the gaugino, is introduced. Here D again is the
auxiliary field.

We can construct the Lagrangian from the superfield by integrating over the superspace. From
the expression of the superfield and properties of the superspace coordinates, only F' and D terms
are non-vanishing after the integration. Because the superfield is supersymmetric invariant, the
Lagragian is automatically invariant, this is simpler than constructing the Lagrangian directly
and add the terms from the multiplets by hand. In the following, we show several examples of
constructing the supersymmetric invariant Lagragian.

We call any complex analytical functions f(®) depending on the left chiral superfield ®¢ (or the
right one but not on both) the superpotential, which itself is a left (right) chiral superfield. We

can construct the Lagrangian from the F-term of the superpotential’s superspace integrations:

&y = [@or@)+ [ a8r@) = 7@ + [£@)r (A.10)

This part correspond to the fermion and Higgs kinetic terms as well as fermion Yukawa couplings in
the SM, and of course after the integration on superspace coordinate we can have more interaction
such as which between Higgsino and sfermions.

Following the normal definition for gauge field, the gauge field strength is defined out of the gauge

superfield as
W, = —iDD(e_VDaeV) (A.11)
The kinetic terms of gauge field can be constructed as
Lo = / RO (BVWEWE 4 .. = (100 (D)WW )+ e (A.12)
And the gauge-fermion interactions can be construct from the so called "K&hler potential”:
Ly = /d29/d2§K(qu>i,(q>i)T) = K(Vo!, (d9)1)p (A.13)

With these potentials, we can construct the gauge theories which we need.



Appendix B

Nuclear Mean Field

B.1 Nuclear Mean Field Potential for deformed nuclei

In this part, we briefly introduce the mean field potentials and wave functions we use in our work.

B.1.1 Harmonic Oscillators

The Harmonic Oscillator potentials are commonly used in quantum mechanics. For spherical

nuclei, it has the general form as 3-dimensional isotropic Harmonic oscillator:

V() = =Voll - (%) = Fui(r? - BY) (B.1)

Ry 2
Here Vj is the potential-well depth. Ry is the nuclei radius. The Harmonic oscillator potential
gives the energy eigenvalues en = hwg(N + 3/2) — Vp, here N = 2n,. 4+ [ is the principal quantum
number with n, the radial quantum number and [ the orbital angular momentum. The normalized

wave function for fermions can be written as:
INIAY) = [NIA)|S) = ¢, 1 (r) 97 (0, ¢)x () (B.2)

Here A is the z-projection of [, and ¥ the spin with the spin wave function y, the angular function
is just (0, ¢) = Yia (0, ¢) the spherical harmonic function. The radial part of the wave function

can be expressed as:
" 1
Yl (r) = Covte 5 LI (1) (B.3)

Ny

v = gé is the dimensionless coordinate with by = ,/% the oscillation length, L! (v?) are the
0 0 T

. . . . 1
associate Laguerre polynomials, the normalization constant C,, ; = (

2n,.! )5
(nr+l+1/2)163 7~

For the deformed case, the spherical symmetry is no longer valid. But in our case, the axial sym-
metry remains, then the harmonic oscillator potential may have the form in cylindrical coordinates

(p,2,9) as:

V=-W+ %(wi/ﬁ + w?2?) (B.4)

From the solution of schrédinger equation, we can get the single particle energy as ex = fiw (2n,+
A+ 1)+ fiw.(n. +1). XA and ¥ are the projections of the orbital and spin angular momentum on

the z axis. The principal quantum number is defined in this case as N = n. +2n,+|A| with n, the
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axis quantum number, n, radial quantum number. The projection of total angular momentum on
the z axis is K = A + X, the parity of the level may be defined as 7 = (—1)"¥. The wave function

of the deformed nuclei can be described as:

INAR) = INnA) ) = 6 . () () (B5)

The radial function w‘n/:l is in the form:
Dl (p) = CI () (B.6)
with n = (p/b1)? a dimensionless coordinate, here b, defined as before b, = miw is the

oscillation length for motion perpendicular to z axis , with the normalization constant C’llﬁl =

((2"7”',2)% and L | ,, the associate Laguerre polynomial. The axial wave function ), is written
T, FIADE nhA| .

in the similar manner with a dimensionless variable £ = 2/b,, b, the axial oscillation length with
the form b, = h_.

Vo, = Coe™ 5 Hy_(€) (B.7)

Here the normalization constant C,,, = (1/(7)2" n.b,)"2, H,_ is the Hermite polynomial.
In our calculation, we frequently use the transformation between the spherical and deformed sys-

tems. So we need to decompose the deformed harmonic oscillator over the spherical ones as:

|Nn.A) E:ANHAMHA (B.8)

The spatial overlap coefficient ANn A is a integral which can be calculated numerically in the

spherical system as:

Nn A= r/ / wlA‘ (rsin @), (rcos @)Y} (6, ¢ = O)Sinedﬁ]wnrl(r)ﬁdr (B.9)

B.2 Deformed Woods-Saxon Potential

In this section we will introduce the single particle wave functions for deformed Woods-Saxon
potential with the spin-orbit and other interaction. It is composited of three part the centrifugal
potential, the spin-orbit interactions and the coulomb interactions which only affect the protons.
The centrifugal potential has the form as:
Vo

1+ exp|(r — R(0,¢))/a(0, ¢)|
Here 1} is the depth of the potential well and R(6, ¢) is the nuclear radius which is may be expressed
as[I01] R(0, ¢) = Ro{l—f-ﬁg\/; (0,0)}, f(8,9) is a angular function expressed in[I18], this shows

us the dependence of the potential on the shapes of the nuclei, and the surface diffuseness a(6, ¢) has

Vw.s.(raea(b) = (BlO)

similar angular dependence[I18] a(¢, ¢) = agF' (0, ¢), and we should notice that we have different
parameters for protons and neutrons especially the depth of the potential well because of the
coulomb corrections.

The spin-orbit interactions have the form:

h

= ‘/S.O.
V&o.(ﬂe, ¢) = 2(m C)2V

]- + 61’p|(7" - RS-O-(Ta 03 ¢))/a5-0»(r7 97 ¢)|

6 % F (B.11)
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With Vi, the depth of the spin-orbit potential. R, , and as, have the similar form as R and a
respectively.
The last part is coulomb potentials which can only have effect on the protons, which has the form:

_ p(ra0a¢) 1 3,/
ch B / 1+ emp|(7“’ - RC(T797¢))/GC(T767¢)| |’I“ - T/‘d '

Here p is the charge density distribution, and once again R, and a. the similar form. And all the

(B.12)

radius can be written in the form R = rA'/3.

With the radial and spin-orbit potential (for proton also the coulomb potential), we can solve
the Shroédinger equation, noticing that the Wood-Saxon Potential is shape dependent (on the
quadrupole deformation F5 and Hexadecupole deformation (3, we usually neglect the latter since
it contribute less to the solution). We expand the solution on the deformed harmonic basis. In
the deformed system, angular momentum J is not a good quantum number. But the projection
on the symmetry axis is, also are the parity and the energy. For single particle state |7, ) with

energy €., one has the state expanded on the deformed harmonic oscillator basis as:

Q) = > byn.s|Nn.A, =Q, — D)%) (B.13)
Nn.X
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