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ABSTRACT: The study of finite J effects for the light-cone AdSs x S® superstring by means
of the Thermodynamic Bethe Ansatz requires an understanding of a companion 2d theory
which we call the mirror model. It is obtained from the original string model by the
double Wick rotation. The S-matrices describing the scattering of physical excitations
in the string and mirror models are related to each other by an analytic continuation.
We show that the unitarity requirement for the mirror S-matrix fixes the S-matrices of
both theories essentially uniquely. The resulting string S-matrix S(z1, 2z2) satisfies the
generalized unitarity condition and, up to a scalar factor, is a meromorphic function on the
elliptic curve associated to each variable z. The double Wick rotation is then accomplished
by shifting the variables z by quarter of the imaginary period of the torus. We discuss
the apparent bound states of the string and mirror models, and show that depending on
a choice of the physical region there are one, two or 2M~1 solutions of the M-particle
bound state equations sharing the same conserved charges. For very large but finite values
of J, most of these solutions, however, exhibit various signs of pathological behavior. In
particular, they might receive a finite J correction to their energy which is complex, or
the energy correction might exceed corrections arising due to finite J modifications of the
Bethe equations thus making the asymptotic Bethe ansatz inapplicable.
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1. Introduction and summary

The conjectured duality between the maximally supersymmetric Yang-Mills theory in four
dimensions and type IIB superstring in the AdSs x S background [fl] is the subject of active
research. Integrability emerging on both sides of the gauge/string correspondence [, B
proved to be an indispensable tool in matching the spectra of gauge and string theories.
Namely, it was shown that the problem of determining the spectra in the large volume
(charge) limit, can be reduced to the problem of solving a set of algebraic (Bethe) equations.
The corresponding Bethe equations are based on the knowledge of the S-matrix which
describes the scattering of world-sheet excitations of the gauge-fixed string sigma-model,
or alternatively, the excitations of a certain spin chain in the dual gauge theory [H]-[0].

Remarkably, the S-matrix is severely restricted by the requirement of invariance under
the global symmetry of the model, the centrally extended psu(2]2) @ psu(2|2) superalge-
bra [, [0]. The invariance condition fixes its matrix form almost uniquely up to an overall
phase [{, [l]. The constraints on the overall phase were derived in [[J] by demanding
the S-matrix to satisfy crossing symmetry. Recently, a physically relevant solution to the
crossing relation, which interpolates between the weak (gauge) and strong (string) coupling
regimes was conjectured [[[3, [[4], building on the previous work [[§-[[[§]. This solution
successfully passed a number of non-trivial tests [[[9]-[B4].

So far the main focus of research was on determining the spectrum of string theory
in the limiting case in which at least one of the global charges carried by a string state
(and by the corresponding gauge theory operator) is large. Our ultimate goal, however, is
to understand how the energies of string states (the conformal dimensions of dual gauge
theory operators) depend on the coupling constant for finite values of all the other global
symmetry charges. Although the conjectured S-matrix [[3, [[4] provides an important
starting point in addressing this issue, by now there is firm evidence that the corresponding
Bethe equations [§] fail to correctly reproduce the finite-size effects, neither in string [B]
nor in gauge theory [Bf]. Indeed, already in the semi-classical string theory deviations from
the controllable exact spectrum arise which are exponentially small in the effective string
length playing the role of a large symmetry charge. One of the reasons behind this is that
the interactions on the world-sheet are not ultra-local, typically the scattered states are
solitons of finite size [B7, B§|. Also, as is common to many field-theoretic models, vacuum
polarization effects smear bare point-like interactions and lead to exponential corrections
to the energy levels in the large-volume limit [BJ). Complementary, in the spin chain
description of the dual gauge theory, the obstruction to the validity of the Bethe ansatz
comes from the wrapping effects. Hence, the Bethe ansatz for the planar AdS/CFT system
in its present form is merely of asymptotic type. Obviously, solving a quantum sigma-
model in finite volume is much harder. As an illustrative example, we mention the Sinh-
Gordon model for which the equations describing the finite-size spectrum have been recently

obtained in [Ji(].



Determination of finite-size effects in the context of integrable models is a wide area of
research. Basically, there are three different but related ways in which this problem could
be addressed: the thermodynamic Bethe ansatz approach (TBA) [, nonlinear integral
equations (NLIE) [fd] and functional relations for commuting transfer-matrices [[J].

The aim of the present paper is to investigate the structure of the string S-matrix
which is the necessary step for constructing the TBA equations for the quantum string
sigma-model on AdSs x S background. This would eventually allow one to describe the
finite-size spectrum of the corresponding model.

The TBA approach was initially developed for studying thermodynamic properties
of non-relativistic quantum mechanics in one dimension [i4] and further applied to the
computation of the ground state energy in integrable relativistic field theories in finite vol-
ume [[H]]. The method also was later extended to account for energies of excited states [
(see also [Ad]).

Implementation of the TBA approach consists of several steps. The primary goal is to
obtain an expression for the ground state energy of a Lorentzian theory compactified on
a circle of circumference L and at zero temperature. The starting point is the Fuclidean
extension of the original theory, put on a torus generated by two orthogonal circles of
circumferences L and R. The partition function of this theory can be viewed as originating
from two different Lorentzian theories: the original one, which lives on a circle of length
L at temperature 7" and has the Hamiltonian H, or the mirror theory which is defined
on a circle of length R = 1/T at temperature T = 1/L and has the Hamiltonian H.
For Lorentz-invariant theories, the original and the mirror Hamiltonians are the same.
However, in general and in particular for the case of interest here, the two theories need
not be the same. Taking the thermodynamic limit R — oo one ends up with the mirror
theory on a line and at finite temperature, for which the exact (mirror) Bethe equations
can be written. Thus, computation of finite-size effects in the original theory translates
into the problem of solving the infinite volume mirror theory at finite temperature.

Although taking the thermodynamic limit simplifies the system, a serious complication
arises due to the fact that the mirror theory could have bound states which manifest
themselves as poles of the two-particle mirror S-matrix. Thus, the complete spectrum
would consist of particles and their bound states; the latter should be thought of as new
asymptotic particles. Having identified the spectrum, one has to determine the S-matrix
which scatters all asymptotic particles. It is this S-matrix which should be used to formulate
the system of TBA equations.

As is clear from the discussion above, the mirror theory plays a crucial role in the TBA
approach. In this paper we will analyze the mirror theory in some detail. First, we will
explain its relation to the original theory. Indeed, given that the model in question is not
Lorentz invariant, the mirror and the original Hamiltonians are not the same. However,
since the dispersion relation and the S-matrix can be deduced from the 2-point and 4-point
correlation functions on the world-sheet, and since the correlation functions in the mirror
theory are inherited from the original model by performing a double Wick rotation, it
follows that the mirror dispersion relation and the mirror S-matrix can be obtained from
the original ones by the double Wick rotation. Here we will meet an important subtlety.



To explain it, we first have to recall the basic properties of the string S-matrix.
As was shown in [7], the psu(2|2) @ psu(2[2)-invariant S-matrix S(p1,p2), which de-
pends on real momenta p; and py of scattering particles, obeys

e the Yang-Baxter equation
8523513812 = 812813523

e the unitarity condition
S12(p1,p2)Sa1(p2, p1) =1

e the physical unitarity condition
S12(p1,p2) Sy (p1,p2) =1

e the requirement of crossing symmetry

CrLSI (1, p2)CiS1a(—p1,p2) = 1,

where C is the charge conjugation matrix.

The first three properties naturally follow from the consistency conditions of the associated
Zamolodchikov-Faddeev (ZF) algebra [, iJ], while the last one reflects the fact that the
particle-to-anti-particle transformation is an automorphism of the ZF algebra [47]. The
unitarity and physical unitarity conditions imply the following property

Sa1(p2,p1) = 51T2(P1,P2)-

One should bear in mind that the S-matrix is defined up to unitary equivalence only:
unitary transformations (depending on the particle momentum) of a basis of one-particle
states correspond to unitary transformations of the scattering matrix without spoiling any
of the properties listed above.

The mirror S-matrix S(f1, pa) is obtained from S(p1, p2) by the double Wick rotation.
The above-mentioned subtlety lies in the fact that only for a wery special choice of the
one-particle basis the corresponding mirror S-matrix remains unitary. As we will show,
this problem can be naturally attributed to the properties of the double Wick rotation for
fermionic variables. Upon the basis is properly chosen to guarantee unitarity of the mirror
S-matrix, the only freedom in the matriz structure of S(p1,p2) reduces to constant, i.e.
momentum-independent, unitary transformations.!

There is another interesting explanation of the interrelation between the original theory
and its mirror. As was shown in [12], the dispersion relation between the energy and
momentum of a single particle can be naturally uniformized in terms of a complex variable
z living on a torus with real and imaginary periods equal to 2wy and 2ws, respectively. Since
z plays the role of the generalized rapidity variable, it is quite natural to think about the

LOf course, there is always a freedom of multiplying the S-matrix by an overall (momentum-dependent)
phase.



S-matrix as the function S(z1, z2), which for real values of the generalized rapidity variables
coincides with S(p1,p2). In other words, the S-matrix admits an analytic continuation to
the complex values of momenta. It appears that the unitary momentum-dependent freedom
in the matrix structure of the S-matrix gets fixed if we require the analytic continuation
to be compatible with the requirement of

e generalized unitarity
S12(27, 23) [512(21722)]T =1,

which can be thought of as the physical unitarity condition extended to the generalized
rapidity torus. The unitarity and the generalized unitarity further imply

Sa1(23,27) = [312(21,272)]Jr

In fact, the last equation is equivalent to the standard requirement of hermitian analyticity
for an S-matrix in two-dimensional relativistic quantum field theories.

Thus, the S-matrix which admits the analytic continuation to the generalized rapidity
torus compatible with the requirement of hermitian analyticity is essentially unique. Of
course, it satisfies all the other properties listed above, including crossing symmetry. As
we will show, the mirror S-matrix is obtained from S(z1,22) considered for real values of
z1, z2 by shifting z1, zo by quarter of the imaginary period

5(21,22) = S(Zl + %,22 + %) .

There is a close analogy with what happens in relativistic models. In the latter case the
physical region is defined as the strip 0 < Im6 < 7, where 8 = 6, — 01 is the rapidity
variable. A passage to the mirror theory corresponds to the shift 6, — 05 +i7, i.e. to the
shift by the quarter of imaginary period.? Of course, for relativistic models, due to Lorentz
invariance, the S-matrix depends on the difference of rapidities and, therefore, it remains
unchanged under the double Wick rotation transformation. Also, in our present case the
notion of the physical region is not obvious and its identification requires further analysis
of the analytic properties of the string S-matrix.

Having identified the mirror S-matrix, we can investigate the question about the bound
states. We first discuss the Bethe equations for the gauge-fixed string theory where the
existence of the BPS bound states is known [50]. No non-BPS bound states exist, according
to [B0]-[F]. We find out, however, that the number of solutions of the BPS bound state
equations depends on the choice of the physical region of the model, and for a given value
of the bound state momentum there could be 1, 2 or 2 ~1 M-particle bound states sharing
the same set of global conserved charges. It is unclear to us whether this indicates that the
actual physical region is the one that contains only a single M-particle bound state or it
hints on a hidden symmetry of the model responsible for the degeneracy of the spectrum.
These solutions behave, however, differently for very large but finite values of L; most
of them exhibit various signs of pathological behavior. In particular, they might have

2The shift of @ by the half-period corresponds to the crossing transformation.



complex finite L correction to the energy, or the correction would exceed the correction
due to finite L modifications of the Bethe equations thus making the asymptotic Bethe
ansatz inapplicable. In the weak coupling limit, i.e. in perturbative gauge theory, and
for small enough values of the bound state momentum only one solution reduces to the
well-known Bethe string solution of the Heisenberg spin chain. It is also the only solution
that behaves reasonably well for finite values of L. Therefore, it is tempting to identify the
physical region of the string model as the one that contains this solution only.

By analyzing the Bethe equations for the mirror theory, we show that bound states exist
and that they can be regarded as “mirror reflections” of the BPS bound states in the original
theory. No other bound states exist, in agreement with the results by [p3]. Given the
knowledge of bound states, the next step would be to construct the S-matrix which describes
scattering of all asymptotic particles including the ones which correspond to bound states.
In principle, such an S-matrix can be obtained by the fusion procedure [53, p4] applied
to the “fundamental” S-matrix we advocate here. This is the bootstrap program whose
discussion we will postpone for the future.

The paper is organized as follows. The next section contains the discussion of the
double Wick rotation, the mirror dispersion relation and the mirror magnon. In section
3 we discuss the supersymmetry algebra and the construction of the mirror S-matrix. In
section 4 we analyze the double Wick rotation on the generalized rapidity torus as well as
various possible definitions for the physical region. In section 5 the properties of the string
S-matrix defined on the generalized rapidity torus are discussed. We also prove here the
unitarity of the scalar factor in the mirror theory. In section 6 we present various versions
of the Bethe equations in the original and mirror theory pointing out that the Bethe
equations based on the su(2|2) @ su(2|2)-invariant string S-matrix should be modified in
the odd winding number sector since for this case the fermions of the gauge-fixed string
sigma model are anti-periodic. Sections 7 and 8 contain an analysis of the bound states
of the AdS5 x S° gauge-fixed model and its mirror theory. Section 9 consists of several
appendices.

2. Generalities

In this section we discuss how the vacuum energy of a two-dimensional field theory on a
circle can be found by considering the Thermodynamic Bethe Ansatz for a mirror model
obtained from the field theory by a double Wick rotation. We follow the approach developed

in [[].
2.1 Double Wick rotation and mirror Hamiltonian

Consider any two-dimensional field-theoretic model defined on a circle of circumference L.
Let

L
H:/o doH(p,z,z") (2.1)

be the Hamiltonian of the model, where p and x are canonical momenta and coordinates.
They may also include fermions but in this section we confine ourselves to bosonic fields



only. We will refer to the action corresponding to the Hamiltonian H as to the Minkowski
action, however it does not have to be relativistic invariant.
We want to compute the partition function of the model defined as follows

Z(R,L) =) (ynle i) = Y e, (22)
n n

where |¢,,) is the complete set of eigenstates of H. By using the standard path integral

representation [pg], we get

Z(R,L) = / DpDael 4l dolivi—H) (2.3)

where the integration is taken over  and p periodic in both 7 and ¢. Formula (R.3) shows
that — fOR dr fOL do(ipt—H) can be understood as the Euclidean action written in the first-
order formalism. Indeed, integrating over p in the usual first-order action fOR dr fOL do(pi—
H), we get the Minkowski-type action, and the Euclidean action is obtained from it by
replacing & — 4% which is equivalent to the Wick rotation 7 — —ir.

Let us now take the Euclidean action, and replace 2’ — —ix’ or, equivalently, do the
Wick rotation of the o-coordinate o — io. As a result we get the action where o can be
considered as the new time coordinate. Let H be the Hamiltonian with respect to o

R T~ .
H:/O dr H(p,z, &), (2.4)

where p are canonical momenta of the coordinates x with respect to o.

We will refer to the model with the Hamiltonian H as to the mirror theory. If the
original model is not Lorentz-invariant then the mirror Hamiltonian is not equal to the
original one, and the Hamiltonians H and H describe different Minkowski theories.

The partition function of the mirror model is given by

Z(RL) = (ule™ TE|f) = Y e Bnk (25)

n

where ]{/;n> is the complete set of eigenstates of H. Again, by using the path integral
representation, we obtain

Z(R,L) = / DD els dr fo dotipa’=H) (2.6)

Finally, integrating over p, we get the same Euclidean action and, therefore, we conclude
that

Z(R,L) = Z(R,L). (2.7)

Now, if we take the limit R — oo, then log Z(R, L) ~ —RE(L), where E(L) is the ground
state energy. On the other hand, log Z(R,L) ~ —RLf(L), where f(L) is the bulk free
energy of the system at temperature "= 1/L with o considered as the time variable. This
leads to the relation

E(L) = Lf(L). (2.8)



To find the free energy we can use the thermodynamic Bethe ansatz because R > 1. This
requires, however, the knowledge of the S-matrix and the asymptotic Bethe equations for
the mirror system with the Hamiltonian H. Although the light-cone gauge-fixed string
theory on AdSs x S® is not Lorentz invariant, H = H, it is still natural to expect that there
is a close relation between the two systems because their Euclidean versions coincide.

A potential problem with the proof that Z (R,L) = Z(R, L) is that the integration over
p and p produces additional measure factors which may be nontrivial. The contribution of
such a factor is however local, and one usually does not have to take it into account. We

will assume throughout the paper that this would not cause any problem.

2.2 Mirror dispersion relation

The dispersion relation in any quantum field theory can be found by analyzing the pole
structure of the corresponding two-point correlation function. Since the correlation function
can be computed in Euclidean space, both dispersion relations in the original theory with
H and in the mirror one with H are obtained from the following expression

H2 + 42 sin? % +1, (2.9)

which appears in the pole of the 2-point correlation function. Here and in what follows
we consider the light-cone gauge-fixed string theory on AdSs x S® which has the Euclidean

dispersion relation (£-9) in the decompactification limit L = Py — oo [{, [, f. [d]. The

parameter g is the string tension, and is related to the 't Hooft coupling A of the dual

YA
27 °

Then the dispersion relation in the original theory follows from the analytic continua-
tion (see also [BY])

gauge theory as g =

Hp — —iH, pp—p = H>=1+4g%sin’ g, (2.10)
and the mirror one from
- ~ ~ 1
Hyg — p, pg —iH = H= 2arcsinh<2—\/1 —|—;BQ> . (2.11)
g

Comparing these formulae, we see that p and p are related by the following analytic con-

1
p— 21’arcsinh<2—\/1+ﬁ2> , H=/1+4¢? sin2§ —ip. (2.12)
g

We note that the plane-wave type limit corresponds to taking g — oo with p fixed, in

tinuation

which case we get the standard relativistic dispersion relation

Hyyw = —\/1+p2. (2.13)

The expression above suggests that in this limit it is natural to rescale H by 1/g or,
equivalently, to rescale 7 = io by g. This also indicates that the semi-classical limit in the



mirror theory should correspond to g — oo with p/g fixed, so that the dispersion relation

acquires the form

H,. = 2arcsinh <%> . (2.14)

We will show in the next subsection that the mirror theory admits a one-soliton solution
whose energy exactly reproduces eq. (2.14)).

In what follows we need to know how the parameters z* introduced in [[] are expressed
through p. By using formulae (R.19), we find

zE(p) — %( 1+ 145; T 1) (p — 1) (2.15)

and, as a consequence,
1
ir” —izt — = (1+1ip) .
g

Note that these relations are well-defined for real p, but one should use them with caution
for complex values of p. In section | we introduce a more convenient parametrization of
the physical quantities in terms of a complex rapidity variable z living on a torus [@] In
this parametrization the analytic continuation would simply correspond to the shift of z
by the quarter of the imaginary period of the torus.

2.3 Mirror magnon

In this section we will derive the dispersion relation for the “giant magnon” in the semi-
classical mirror theory. This will provide further evidence for the validity of the proposed
dispersion relation (R.14).

Consider the classical string sigma-model on AdSs x S° and fix the generalized uniform
light-cone gauge as in [56, 7. The gauge choice depends continuously on a parameter a
with the range 0 < a < 1. The gauge-fixed Lagrangian in the generalized a-gauge can
be obtained either from the corresponding Hamiltonian [59, 4] by using the canonical
formalism or by T-dualizing the action in the direction canonically conjugate to the light-
cone momentum P, [RG]. Its explicit form in terms of the world-sheet fields is given in
appendix 9.1. To keep the discussion simple, in what follows we will restrict our analysis
to the a = 1 gauge.?

We are interested in finding a soliton solution in the mirror theory, which is obtained
from the original theory via the double Wick rotation with further exchange of the time

and spacial directions
o= —ir, T =10, (2.16)

where o, 7 are the variables parametrizing the world-sheet of the original theory.

3Recall that unlike to the case of finite Py the dispersion relation of the giant magnon in the infinite
volume limit Py = co was shown to be gauge independent [@]



Recall that the giant magnon can be thought of as a solution of the light-cone gauge-
fixed string sigma-model described by a solitonic profile y = y(o — v7), where y is one of
the fields parametrizing the five-sphere and v is the velocity of the soliton.* In the infinite
P, limit this soliton exhibits the dispersion relation (R.1(]), where p coincides, in fact, with
the total world-sheet momentum pys carried by the soliton. Owing to the same form of
the dispersion relation in the dual gauge theory, this gives a reason to call this soliton a
“giant magnon” [B7. For our further discussion it is important to realize that if, instead
of taking the field y from the five-sphere, we would make a solitonic ansatz z = z(o — v7),
where z is one of the fields parametrizing AdSs, we would find no solutions exhibiting the
dispersion (R.10). As we will now show, in the mirror theory the situation is reversed:
this time the giant magnon propagates in the AdS part, while there is no soliton solution
associated to the five-sphere.

Take the string Lagrangian (JA1]) in the gauge a = 1 and put all the fields to zero
except a single excitation z from AdSs. Upon making the double Wick rotation (.16), the
corresponding mirror action can be written as follows

r 1 2 _ 12 1 2\ 52 r
S:g/ d5d7 <—1+\/ Tz 1Z++2( +Z)Z>z/ d5d7 L. (2.17)
_y z

'

Here r is an integration bound for & and 2 = 07z, 2/ = 95z. Although our goal is to identify
the mirror magnon configuration in the decompactification limit, i.e. when » — oo, for the
moment we prefer to keep r finite.

To construct a one-soliton solution of the equations of motions corresponding to the
action (B.17), we make the following ansatz

z=z(6 —vT).

Our further discussion follows closely [BJ]. Plugging the ansatz into (R.17), we obtain the
reduced Lagrangian, Lieq = Lyeq(2,2'), which describes a one-particle mechanical system
with & treated as a time variable. Introducing the canonical momentum 7 conjugate to z,
we construct the corresponding reduced Hamiltonian

/
Hred =Tz — Lred s

which is a conserved quantity with respect to time ¢. Fixing H,oq = 1 — w, where w is a
constant, we get the following equation to determine the solitonic profile

1422 -4
gl gy (2.18)

()

The minimal value of z corresponds to the point where the derivative of z vanishes, while
the maximum value is achieved at the point where the derivative diverges

1 /1
Zmin = —2—1, Zmax — - L v<w<l.
w v

4See [@] and appendix 9.1 for more details.

,10,



The range of & is determined from the equation

Zmax

)

T Zmax d
r = / d&:/ ﬁ =+/1—1? E<arcsin(z\/w2/(1—wQ)),n)
0 Zmin z

Zmin

where we have introduced n = 2_22% Here E stands for the elliptic integral of the second

kind. We see that the range of ¢ tends to infinity when w — 1. Thus, w — 1 corresponds
to taking the decompactification limit.

The density of the world-sheet Hamiltonian is given by

where p, = g—f is the momentum conjugate to z with respect to time 7. For our solution

in the limiting case w = 1 we find
vlz|
p. = — :
: V1—02(1+22)
The energy of the soliton is then

— oo ~ Zmax d — 1/]‘_ 2
H:g/ dJH:2g/ —szZgarcsinhiv.

o cin 17 [l

To find the dispersion relation, we also need to compute the world-sheet momentum
Pws, the latter coincides with the momentum p of the mirror magnon considered as a point
particle. It is given by

5 > / Fmax 1— 2
P =DPws = _/ dop.z = 2/ dZ|pz| =2—.
z

- v
—o0 min—O |

Finally, eliminating v from the expressions for H and p we find the following dispersion
relation

H = 2g arcsinh % .
To consider the semi-classical limit g — oo, one has to rescale the time as 7 — 7/g so that
the energy H — gH will be naturally measured in units of 1/g. Under this rescaling the
momentum p scales as well, so that the dispersion relation takes the form

H = 2arcsinh Ip] , (2.19)

29

which is precisely the previously announced expression (R.14)) for the energy of the mirror
magnon.

— 11 —



3. Mirror S-matrix and supersymmetry algebra

The S-matrix in field theory can be obtained from four-point correlation functions by using
the LSZ reduction formula. Since the correlation functions can be computed by means of
the Wick rotation, it is natural to expect that the mirror S-matrix is related to the original

one by the same analytic continuation

S(p1,p2) = S(p1,p2) , (3.1)

where we replace p; in the original S-matrix by p; by using formulas (R.13). Just as the
original S-matrix, the resulting mirror S-matrix should satisfy the Yang-Baxter equation,
unitarity, physical unitarity, and crossing relations for real py.

On the other hand, the original S-matrix is su(2|2) @ su(2|2) invariant and the states
of the light-cone gauge-fixed AdSs x S° string theory carry unitary representations of the
symmetry algebra su(2|2) @ su(2|2). Therefore, if the relation (B.1)) is correct then the
mirror S-matrix should possess the same symmetry, and the states of the mirror theory
also should carry unitary representations of su(2|2) @ su(2|2). This indicates that there
should exist a way to implement the double Wick rotation on the symmetry algebra level,
and that is what we discuss in this section.

3.1 Double Wick rotation for fermions

It is obvious that the double Wick rotation preserves the bosonic symmetry SU(2)%. To
understand what happens with the supersymmetry generators it is instructive to apply
the double Wick rotation to fermions. We consider the quadratic part of the light-cone

gauge-fixed Green-Schwarz action depending on the fermions 7 in the form given in [57

i 1 i
L=l — 5 (mamh—o = nin's ) = nbna = infria = 1. (32)
Here, a = 1,2,3,4, and we set kK = 1 and rescale ¢ in the action from [@] so that A

disappears.
Computing again the partition function of the model and using the path integral

representation, we get
R L .
Z(R,L) = / DniDpelo 47 Jo" do(=nama—H) (3.3)
We note that fermionic variables here are anti-periodic in the time direction:

n(r+ R) = —n(1).

Would fermions be periodic in the time direction, the corresponding path integral would
coincide with Witten’s index Tr(—1)"e % where F is the fermion number [5§. Since
in the mirror model 7 plays the role of the spatial direction, the mirror fermions are
always anti-periodic in the spacial direction of the mirror model. On the other hand, the

periodicity condition in the time direction of the mirror model coincides with a fermion
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periodicity condition in the spacial direction of the original model. In particular, if the
fermions of the original model are periodic then the partition function of the original model
is equal to the Witten’s index of the mirror model.
After the first Wick rotation the Lagrangian takes the form
tort T

1
L=l — 3 (nané_a — N1 5_a) — Naa - (3.4)

Note that the fermions in this Euclidean action are not anymore hermitian conjugate to
each other.

Let us now perform the following change of the fermionic variables

o —ta) . b= = (vl +5-a) - (3.5)

’7“:%( NG

Computing (B.4), we get
1 . )
£ =i = 5 (Vavs-a — w1l ) — ¥lva. (3.6)

It is the same action as (B.4) after the interchange 7 < o and ¢ — 7, and this shows that
the double Wick rotation should be accompanied by the change of variables (B.5). Note,
that in terms of v’s the supersymmetry algebra has the standard form with the usual
unitarity condition. Thus, we expect that the supersymmetry generators will be linear
combinations of the original ones. One may assume that in the interacting theory (beyond
the quadratic level) one would take the same linear combinations.

To summarize, the consideration above seems to indicate that the symmetry algebra
of the mirror theory should correspond to a different real slice of the complexified su(2(2) @
su(2|2) algebra. Moreover, one might expect that the unitary representation of the AdSs x
S5 string model could be chosen in such a way that its analytic continuation by means of
formulae (R.12) would produce a unitary representation of the mirror model.

3.2 Changing the basis of supersymmetry generators

Let us recall that the centrally extended su(2|2) algebra consists of the bosonic rotation

generators L, , Ry, the supersymmetry generators Q,%, :;a, and three central elements

H, C and C'. The algebra relations are

1 1
[Lab,Jc] = 30— 500 [Raﬁ,JV] = 0000 — 5623,

1 1
[Lab,JC] = 03"+ S0k, [Raﬁ,.ﬁ] = —00% + S0,

1
{Qa". Q") = 6R” + 5Ly + S5}07H,
{Qu% Q" = enpe® C, {Q1*,Q}%} = epe? CT. (3.7)

Here in the first two lines we indicate how the indices ¢ and ~ of any Lie algebra generator
transform under the action of L,? and R,”. For the AdSs x S° string model the supersym-
metry generators Q,% and Qlo‘, and the central elements C and C' are hermitian conjugate
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to each other: (Qa“)T = QLO‘ The central element H is hermitian and is identified with
the world-sheet light-cone Hamiltonian. It was shown in [[L(] that the central elements C
and CT are expressed through the world-sheet momentum P as follows

P . ; . A )
C= %g(elp —1)e¥, Cf = —%g (7 —1e 2 g= %

(3.8)
The phase ¢ is an arbitrary function of the central elements, and reflects the obvious U(1)
automorphism of the algebra (B.7): Q — €“Q, C — ¢*¢C. In our previous paper [
we fixed the phase £ to be zero to match the gauge theory spin chain convention [fJ] and
to simplify the comparison with the explicit string theory computation of the S-matrix
performed in [Rd]. As we will see in a moment, if we want to implement the double Wick
rotation under which P — iﬁ, H — P on the algebra level then we should choose
¢ = —P/4. This choice makes the central elements C and C' to be hermitian and equal
to each other®

P
C=Cl= —gsin5 . (3.9)

As we discussed above, the symmetry algebra of the mirror theory should correspond
to a different real slice of the complexified su(2|2) @ su(2|2) algebra. This means that
we should give up the hermiticity condition for the algebra generators and consider a
linear transformation of the generators which is an automorphism of the complexified
su(2]2) @ su(2]2) algebra. The transformation (B.§) suggests to consider the following
change of the supersymmetry generators which manifestly preserves the bosonic SU(2)*
symmetry

Qo = % (Qu" —ieQlten) . Ql*= %

Then, by using the commutation relations (B.7), we find

(Qla —ie*P Qg Eba) . (3.10)

{Qa",Q)} = iR +0Ly" + 2007 (C+ C), (3.11)
O 2 O ab 1 :

{Qu". Qs"} = cape® S(C— CT +iH),
~. o~ 1

{Qla7 Qzﬁ} = Eabeaﬁ §(CT —C+ ZH) .

Now we see that if we want to interpret the change of the supersymmetry generators as a
result of the double Wick rotation then we should choose the central elements C, CT to be
of the form (B.9) because with this choice the algebra relations (B.11)) take the form

S oo 1 N

{Qa", Qlﬁ} = 0fR." + 0Py — 55355 2ig sin 3

{Q.4 Qﬁb} = Eaﬁeab %H, (3.12)
S A i

{Ql". Q) = cwe*” SH,

5 A possibility of this choice was noticed in [E]
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and performing the analytic continuation
P— iﬁ, H — P ,

we obtain the mirror algebra

~ o = H
{Qa"%, Qzﬁ} = 52Ra5 + 55Lba + 95555 sinh 5
{Qa% Q') = —eape® (3.13)

(Q17.0)7) = e

ro| o | R

Note that after the analytlc continuation has been done we can impose on the new super-
symmetry generators Q and new central elements H P the same hermiticity condition as
was assumed for the original generators. It is also clear that the algebra (B.13) implies the
mirror dispersion relation (B.11)).

3.3 Mirror S-matrix

The symmetric choice of the central charges (B.9) differs from the one we made in [i7]. The
S-matrix corresponding to the symmetric choice (B.9) coincides, however, with the string
S-matrix in [fq]. Indeed, this choice simply corresponds to multiplication of Q and Q' by

e iP/4 P/4 respectively, which apparently does not change the invariance condition

and e
for the S-matrix. On the other hand, the string S-matrix also depends on the parameters
1’s which reflect the freedom in the choice of a basis of two-particle states. This freedom
was partially fixed in [[[]] by requiring the string S-matrix to satisfy the standard Yang-
Baxter equation. This still allows one to change the basis of one-particle states, or, in other
words to change the basis of the fundamental representation of su(2]2). We will see that
the requirement that the representation remains unitary after the analytic continuation
fixes the parameters 7)’s basically uniquely.

To this end, we compute the action of the generators Q and QT on the fundamental

representation of su(2]2), see [, [, {7 for details. Starting with

Q.%ey) = adjleq), Qu’les) = beage“b\eb> ) (3.14)
Q! %les) = dd§lea) Q! “le) = ceape®|es)

we get
Qaler) = adflea),  Qales) = beaseles) (3.15)
Ql%les) = déglea), Ql%ler) = Ceape™leg)

where

'd—i(a—i-ic) b= —(b—i—zd) c= L(c—i—z'a) d= —(d—l—zb) (3.16)
N R N, vt A plaTe
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and Q.%, QLO‘ are defined by eqs. (B.1(). The unitarity of the representation after the
analytic continuation requires

(c+ia) =b" —id". (3.17)
The parameters of the original unitary representation before the analytic continuation are
given by

— T —
_ [igT 229:6 ei(gﬂ’), b:—i 19T 19T

&%)
v 2 (3.18)
igr— —igrt _. 1 Jige— —igxt _,
d — 76_2(5—"_@) cC= ——— 76_2(5_50)
2 ’ xt 2 ’

where & ~ p and ¢ ~ p are real, and the parameters z

satisfy the following complex
conjugation rule

(xT)* = (3.19)
After the analytic continuation, £, ¢ and p become imaginary (so that p is real) and
1
—+\ *
- 3.20
() = - (3.20)

Taking this into account and computing (B.17)

, we find that the analytically continued
representation is unitary for any choice of ¢ if

62@4,0 _

(3.21)

This means that the S-matrix which is unitary for real p and real p is obtained from the
string S-matrix, see eq. (8.7) in [7], by choosing

m =np1)e2P?, ma=np2), M =np1), T2=rn(ps)es,

(3.22)
where we have introduced

p) = ei?\/iz=(p) — iz* (p). (3.23)
Up to a scalar factor the S-matrix reads as [[{7]

Ty — $1 mn2

Ty — Ty 172
+ Y[
Ty —xq )Xy —x5 )(x5 +2
o) —o ) de) m <E1®E2+E2®E1 E%@E%—E%@E%)
(z1 —a3 (21 2y —2{23) M2
—<E§’®E§+E§®E§+E§®E§+E§®E§>
(=

S(p1,p2)

—ay)(xy —x3)(x] +a3)

1 4 4

t N 2Tl <E§®E§+E4®E§—E3®E2—E§’®E§>
To — I

422 1M

= (El®E3+E1®E4+E2®E3+E2®E4>
2 1M

+
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+x;r_$;@ BB + o B + EB3® B2+ E* @ B2
7951_—35;772 3 1 4 1 3 2 4 2

(2 —a7)(wg —a3) (2 —25

+1 — e
(z1 _55;)(1—% Ty )T

— = (ot F
n +x}r$27($1+$2)7717z27 <E§®Ei+Ei®E§—Ez®E§—E§®Ez>
rizy (v —xy )(1—27 23)

Kﬁ®@+@®ﬂ—£®ﬁ—ﬁ®£>

+ —
T —x
—%%fgxﬁ®@+ﬁ®@+@®£+@®ﬁ>
x;—xQ_m 1 3 1 4 2 3 2 4
+77+77_ E3®E1+E4®E1+E3®E2+E4®E2 5 (324)

where EZ] with 4,5 = 1,...,4 are the standard 4 x 4 matrix unities, see appendix A of [[I7]
for notations.

With the choice (B.29) the S-matrix (B.24) satisfies the Yang-Baxter equation and
it is unitary for real p’s. The analytically continued S-matrix S(ﬁl,ﬁg) is then obtained
from (B.24) by simply substituting

1
p— 2i arcsinhQ—\/ 1+p2, (3.25)
g
c.f. section 2.2. One can verify that this matriz is also unitary for real p’s:
S(p1,72)S (1, p2) =1. (3.26)

The only subtlety here is that the string S-matrix also depends on a scalar factor,
which has been omitted so far. Thus, one should separately check that this factor remains
unitary after the analytic continuation. This will be discussed in section p.2.

An exact relation between the S-matrix, SAF%, found in [7] and the S-matrix (B.24)
is given by the following transformation®

S(p1,p2) = G1(p1)G2(p2) SN %(p1,p2)G1(p1) " Ga(p2) ",

where G(p) = diag(1,1, ei%, 62%). It is amusing to note that a similar transformation has
been recently introduced in [6(], but with a very different motivation. Namely, as was
shown in [B0], the graded version of S(py,p2) coincides with the Shastry R-matrix [B1] for
the one-dimensional Hubbard model [63]-[p4]. In section [ we will give another interest-
ing interpretation to our choice (B.29) which is based on the requirement of generalized
unitarity. We will also show there that this choice of 7’s makes the S-matrix (B.24) and,
therefore, the Shastry R-matrix a meromorphic function on the z-torus.

To summarize, in order to have a unified description of the symmetry algebra of the
AdSs x S® light-cone gauge-fixed string theory and its mirror sigma-model we should make

6The finite-size correction to the dispersion relation found in @] involves the coefficients a1, a2 and ag
of S4F% (see @] for notation) which are unaffected by this transformation.
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the symmetric choice of the central charges (B.9), and choose the fundamental representa-
tion of the centrally-extended su(2|2) with the parameters a, b, ¢, d given by

\/ig:v — gzt \/H+ 1
a:d: = s
2 2

) ig ig \/H -1
= C= — _— = — _
2zt 2z~ 2

(3.27)

Taking into account (B.16), (B.19) and (B.20), it is easy to check that both the original and
the mirror (analytically-continued) representations are unitary with respect to their own
reality conditions. Let us stress that the parameters a, b, c,d have the same dependence
on z& in the original and mirror theories. We simply regard z* as functions of p in the

original model, and as functions of p in the mirror one.

3.4 Hopf algebra structure

Formulas (B.27) define how the algebra generators of the original and mirror theories act
on one-particle states of the theory. We also need to know their action on an arbitrary
multi-particle state. The simplest way to have a unified description of their action is to use
the Hopf algebra structure of the unitary graded associative algebra A generated by the
even rotation generators Lo’ , R, the odd supersymmetry generators Q2 QLO‘ and two
central elements H and P subject to the algebra relations (B.7) with the central elements C
and C' expressed through the world-sheet momentum P by the formula (B-9). We will be
using the Hopf algebra introduced in [[[]] which is basically equivalent to the Hopf algebras
discussed in [65], see also [§] for further discussion of algebraic properties of the centrally
extended su(2|2) algebra.
Let us recall that the unit, e : A — C, is defined by

eid) =1, ed)=0, €Q)=0, Q) =0, (3.28)
and the co-product is given by the following formulas”

AJ)=I®id+ideJ,
AQu?) = Q' @ P+ e P Q1 (3.29)
A(Q:;a) — Q:;a ® e—iP/4 + ez‘P/4 ® Q’C[Loz,

where J is any even generator. Here we use the graded tensor product, that is for any
algebra elements a, b, c,d

(a@b)(c®d) = (1)) (ace bd),

where €(a) = 0 if a is an even element, and €(a) = —1 if a is an odd element of the algebra

A.

"To derive these expressions from the ones given in @] one should rescale the supersymmetry generators
in [@] by etiP/4,
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It is interesting to note that the antipode S is trivial for any algebra element, that is

S@)=-3, 5Q=-Q, s(QH)=-q (3.30)

This action of the antipode arises for the symmetric choice (B.9) of the central elements C
and CT only.

The co-product is obviously compatible with the hermiticity conditions one imposes
on the algebra generators in the AdSs x S° string theory, and this ensures that the tensor
product of two unitary representations is unitary. To check if the co-product is also com-
patible with the hermiticity conditions one imposes on the algebra generators of the mirror
model we compute the co-product action on the supersymmetry generators Q , QT

~ ~ H H
A(QLY) = Q% ® cosh (Z) + cosh ( > ® Qa
~ H H ~
—{—ieadQL‘se(ga ® sinh (Z) — isinh (Z) ® e“dQL‘Se(ga , (3.31)
~ ~ H H
A(QLO‘) = QLO‘ ® cosh (Z) + cosh ( > QTO‘
~ H H ~
—ie* Q%€ 4, @ sinh (Z) + 4 sinh (Z) ® € Qe -
Since in the mirror theory H is hermitian, the co-product is also compatible with the
hermiticity conditions of the mirror theory. This guarantees that an su(2|2)-invariant S-
matrix can be always chosen to be unitary.
The co-product (B.31]) can be used to find the commutation relations of the supersym-
metry generators with the Zamolodchikov-Faddeev (ZF) operators A(p) and Af(p) which
create asymptotic states of the mirror model. The relations can be then used to deter-

mine the antiparticle representation, and to derive the crossing relation following the steps
in [f7. A simple computation gives

Q.2AT(p) = AT(p)Q.° cosh( >+cosh (%)AT (P)2Qu" (3.32)
)
(5

AT () (¢ Q) smh< >+mnh( JAT DS e

+2AT(@( W Pesa 51nh< — ’LAT ]3’)51nh< > ( ade €5a),

QleAT(p) = AT(p) Qu® cosh < > + cosh >AJr (P)2Ql~ (3.33)

where Q,% and Q,“ are the matrices of the symmetry algebra structure constants corre-
sponding to the fundamental representation (B.27) and ¥ = diag(1,1, -1, —1).

As was already noted, the unitarity of the mirror S-matrix can be, however, broken
by a scalar factor. In section [| we show that the physical unitarity of the mirror S-matrix
(the scalar factor) follows from the crossing relations.
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4. Double Wick rotation and the rapidity torus

4.1 The rapidity torus

The universal cover of the parameter space describing the fundamental representation of
the centrally extended su(2|2) algebra is an elliptic curve [[J]. Indeed, the dispersion
formula

2P _

H? — 4¢°si
g~ sin 9

1, (4.1)

which originates from the relation between the central charges of the fundamental repre-
sentation, can be naturally uniformized in terms of Jacobi elliptic functions

p=2amz, Sim%9 =sn(z, k), H =dn(z,k), (4.2)
where we introduced the elliptic modulus® k = —4¢®> = —% < 0. The corresponding

elliptic curve (the torus) has two periods 2w; and 2ws, the first one is real and the second

one is imaginary
2wy = 4K(k), 2wy = 4iK(1 — k) — 4K (k),

where K(k) stands for the complete elliptic integral of the first kind. The dispersion relation
is obviously invariant under the shifts of z by 2w; and 2ws. The torus parametrized by
the complex variable z is an analog of the rapidity plane in two-dimensional relativistic
models.

In this parametrization the real z-axis can be called the physical one for the original
string theory, because for real values of z the energy is positive and the momentum is real
due to

1§dn(z,k)§\/y, z€R,

where ¥/ = 1 — k is the complementary modulus.
We further note that the representation parameters z*, which are subject to the fol-
lowing constraint

1 1 29
+ - == 4.3
"+ i el (4.3)

are expressed in terms of Jacobi elliptic functions as

1 fenz
+ .
xT = 3 <—snz + z) (I1+dnz). (4.4)

This form of z* follows from the requirement that for real values of z the absolute values
of % are greater than unity: |z*| > 1 if € R. Note also that for real values of z we have
Im(z*) >0 and Im(2~) <0 .

80ur convention for the elliptic modulus is the same as accepted in the Mathematica program, e.g.,
sn(z, k) = JacobiSN|z, k]. Since the modulus is kept the same throughout the paper we will often indicate
only the z-dependence of Jacobi elliptic functions.
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*+ are periodic with the period

Since both the dispersion relation and the parameters x
w1, the range of the variable Re z can be restricted to the interval from —w;/2 to wy/2
which corresponds to —7m < p < 7.

Postponing an extensive discussion of the bound states till section [, we note here that
the latter problem requires consideration of complex values of particle momenta. According
to eq. (.9), a rectangle —w; /2 < Re(z) < w1/2; —w2/2i < Im(z) < wy/2i is mapped one-
to-one onto the complex p-plane. By this reason, it is tempting to call this rectangle by
the physical region in the complex z-plane,” and, therefore, to restrict the allowed values of
the z-coordinates of the particles forming a bound state by this region. An advantage of
adopting such a choice is that all the bound states would have positive energy. We will see,
however, that this is not the only option, and there are other two regions in the complex
z-plane which could equally deserve the name “physical”. As it will become clear later on,
counting the degeneracy of the bound states drastically depends on the choice of a physical
region.

Each solution of eq. ([l.3)) corresponds to a point of the half-torus, i.e. of the rectangle!”
—w1/2 < Re(z) < w1/2; —3wy/4i < Im(z) < bwy/4i. In what follows we will be loosely
referring to this rectangle as the torus. The torus covers the complex p-plane twice. Since
the space of solutions of eq. () is mapped one-to-one on the torus, the latter could
be also chosen as the physical region. Such a choice is however problematic because half
of all the states would have negative energy, i.e. the region would contain both particles
and anti-particles, as well as bound states and anti-bound states. We point out, however,
that there exist positive energy solutions of the bound state equations with some of the
particles falling outside of the rectangle —w;/2 < Re(2) < w1/2; —w9/2i < Im(z) < wy/2i
that covers the complex p-plane once.

Constraint ({.3) implies that if a pair (zT, 27) satisfies it then (1/z", z7), (z*, 1/27)
and (1/z%, 1/x27) also do. Each of these four pairs corresponds to a different point on the
torus. Taking into account that for any complex number w if |w| > 1 then |1/w| < 1, and
if Im(w) > 0 then Im(1/w) < 0, one can divide the torus into four non-intersecting regions

in the following two natural ways, see figure [I:

o {|z%| > 1}, {|=F| < 1}, {|zF]| < 1,]z7| > 1} and {|z*| > 1,|z~| < 1}; the division
is done by the curves |z%| = 1.

e {Im(z*) > 0}, {Im(z*) < 0}, {Im(z*) > 0, Im(z~) < 0} and {Im(z*) <
0, Im(xz~) > 0}; the division is done by the curves Im(z%) = 0.

The shape of the regions depends on the value of the coupling constant g, see figure B
Quite remarkably, in the strong coupling limit g — oo two divisions of the torus produced
by the red (|z*| = 1) and green (Im(z%) = 0) curves become related to each other through
a global shift by wa/2.

%In relativistic field theories treated in terms of the rapidity 6 = 62 — 61, the physical region is defined
as a strip 0 < Im6 < 7 and it incorporates the bound states. Correspondingly, the physical region of
an individual particle is Im#@ € (—n/2,7/2) and it covers the complex p-plane (with a cut) through the
relation p = sinh 6.

10We made slightly asymmetric choice for Im(z) to achieve better visual clarity.
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Figure 1: On the left figure the torus is divided by the curves |*| = 1 and |z~ | = 1 into four
non-intersecting regions. The middle figure represents the torus divided by the curves Im(z*) = 1
and Im(z~) = 1, also in four regions. The right figure contains all the curves of interest.

There are eight special points on the torus where the curves |2*| = 1 intersect with the
curves Im(a:i) = 0, see figure [[. These points are z = :I:iwl + an—lan, n=-2,—-1,0,1.
It is known [[§] that these points are the branch points of the one-loop correction [If] to

the dressing phase. It is unclear, however, if they remain the branch points of the exact

dressing phase. One could try to use the integral representation [fJ] of the BES dressing
phase [[[4] to understand this issue. In fact, all currently available representations for the
dressing phase are defined for |z*| > 1, and this is another reason to figure out the location
of the curves |z*| = 1 on the z-torus.

Both divisions play an important role in the analysis of the bound states of string and
mirror theories. To understand the meaning of the equations |z*| = 1 and Im(2%) = 0, it
is convenient to use another parameter u which is similar to the rapidity parameter of the
Heisenberg spin chain. In terms of 27 it is defined as follows
1 i

1 1
LI 45
e x—i—m_—i-g (4.5)

u=az"+
By using egs. ([£5) and (f4), one can express the rapidity u as a meromorphic function on

the torus

cnzdnz
Uu=—": (4.6)
gsnz

It is not difficult to check that the eight special points on the torus are mapped onto the
four points on the u-plane with coordinates uv = +£2 + é, while the points z = +w;/2 are
mapped to u = 0, and the points z = +w; /2 + w9 /2 £ i0 are mapped to u = +oo + i0oo.

- 292 —



*
e
/
[ —
\
—
—

p———
[ —
\
e
——
[ —
~——
‘

<

:
<

2 S
| <

g=1/2 g=1 9=50

Figure 2: Divisions of the torus by the curves [z*| = 1 (upper figures) and by the curves Im 2+ =
(lower figures) for g = 1/2, g = 1 and g = 50. The red curves are |z~ | = 1, and the pink ones are
|zT| = 1. The coordinates = and y are the rescaled real and imaginary parts of z: = = Re(w%z),
y = Re(w%z). In the limit ¢ — oo the curves |[z¥| = 1 and Imaz® = 0 are related by the shift
z— 2+ 2.

A special role of the points u = £2 + é can be also understood by expressing z* in
terms of u

il )

Thus, on the u-plane there are four branch points with coordinates u = £2 =+ é corre-
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Figure 3: On the left figure the upper and lower curves correspond to [z7| = 140 and |2~ | = 140,
respectively. The map z — u(z) folds each of these curves onto the corresponding cut on the u-plane.

sponding to 2% = £1 and Im(z¥) = 0. Therefore, we can naturally choose the cuts either

connecting the points —2 4+ é and 2+ é' , or going from +oo to £2+ é along the horizontal
lines. Let us determine what values of 2+ correspond to the lines u = ug + é with ug real.

We see that
+ 1 +_ 1 2 :
up = + , 2T = |ugtJug—4), if u=up—
x 2
_ 1 _ 1 5 .
=2 +—, =« =3 up £ 4/ ug — , if u=wug+
T

It is clear that points % and 1/2% of the complex 2*-plane correspond to the same point

Q= Q=

u of the u-plane. Then, the points of the circle |[x*| = 1 map to points u in the interval
-2 — é 2 — é] , while the points of |z7| = 1 correspond to u € [—2 + é 2+ é] On the

other hand, the points of the lines Im(z%) = 0 and Im(x~) = 0 correspond to points u
outside the intervals [—2 — é ,2— é] and [-2+ é 2+ é], respective}y. Note also that if one
chooses a definite sign in eq. ([L.7) then the interval [—2 F $.2F é] maps onto a half of a
unit circle in the x*-plane. One has to use both signs to cover the unit circles |z%| = 1
and real lines Im(2%) = 0.

To determine the location of the upper and lower edges of the u-plane cuts [—2:F§ , 2:F§]
on the z¥-planes, we introduce a small real parameter ¢ and write

et =€, |at|=¢, Im(zF)=esing, u~2cospT é + 2iesinp. (4.8)
We see that the upper edges [—2 F é +10,2 F é + i0] are mapped either outside the upper
halves or inside the lower halves of the circles || = 1, and the lower edges [-2 F é -
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10,2 F é' —10] are mapped either outside the lower halves or inside the upper halves of the
circles |z¥| = 1, and vice verse:

i i |zt =140, Im(2*) >0
—2F —4i0,2F — +i0| <= : 4.9
[ 7L, :Fgﬂ} {|xi|:1_o,1m(xi><o (4.9)
i i |zt =140, Im(2%) <0
—2F - —i0,2F — —i0| <= 4.10
2w, 02w ) {|xi|=1—o,1m<wi>>o N

As we discussed above, the z-torus can be divided into four non-intersecting regions
by the curves |z¥| = 1. Now it is easy to show that each of the regions is mapped one-to-
one onto the u-plane with the two cuts. Let us consider for definiteness the region with
|z%| > 1. Then, according to the discussion above, the boundaries of the region with
|zt =140, Im(2%) >0 and |27| =1+ 0, Im(z") < 0 are mapped onto the upper and
lower edges of the cut [-2 — % ,2 — é] in the u-plane, respectively. In the same way the
boundary of the region with |x~| = 1 is mapped onto the upper and lower edges of the cut
-2+ é 2+ é], see figure [

Another way to understand how different copies of the u-plane are glued together is
to consider any of the curves |z%(2)| = 1 and shift its variable z by a small positive € in
the imaginary direction. For the image of the corresponding shifted curve on the u-plane
one obtains

1 ou
I €) = F— Re | — e 4.11
m u(z + i€) :|Ig+e e(az>+ (4.11)
where Re (%) is computed along |2*| = 1. Further analysis shows that along any of the
curves |z¥| = 1 the expression Re (%) is positive for =%t < Re z < “! and negative

otherwise. This determines how the edges of the cuts |z*| = 1 are mapped onto the edges
of the corresponding cuts on the u-plane (see figure fj for an example ).

To summarize, any region confined between the curves |z*| = 1 is mapped under
z — u(z) onto a single copy of the u-plane with a point at infinity added, i.e. onto the
Riemann sphere. Extended to the whole torus, this map defines a four-fold covering of the
Riemann sphere by the torus which has eight ramification points:'' a generic point on the

u-plane has four images belonging to the four regions. There are two cuts on each copy of

the u-plane
1) [-2+i/g,2+i/g]
2) [-2-1i/9,2~1i/g]
which are images of the curves |z7| = 1 and |2%| = 1, respectively.

In the same way we can determine the images of the upper and lower edges of the
u-plane cuts (—oo,—2 F é] J2F éa o) on the z*-planes. We again introduce a small real
parameter ¢ and write

+ i€

1 ] 1
et =re, |zt =|r], Im(zF) = re, uzr+—:|:£+ie(r——). (4.12)
T g

r

11n agreement with the Riemann-Hurwitz formula.
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Figure 4: Four copies of the u-plane (the Riemann sphere) glued together through the cuts to
produce the torus of the kinematical variable z. We indicated four branch points B; 2 and Cj 2
which are images of those on figure3.

We see that the upper edges (—oo, —2F g +10],[2F é + 10, 00) are mapped either onto the
upper edge of the intervals (—oo, —1],[1,00) or the lower edge of the interval [—1, 1], and
the lower edges (—oo, —2 F é —i0],[2F é — 140, 00) are mapped either onto the lower edge
of the intervals (—oo, —1],[1,00) or the upper edge of the interval [—1, 1] of the real lines

Im(z*) = 0, and vice verse:
i i Im(z%) = 40, |zt > 1
—00,—2F - +i0| U [2F - 410 = 4.13
( 0, ¥g+z] [ $g+z,oo> {Im(:pi):—o, t) <1 ( )
i i Im(zt) = 40, |z%] <1
—00,—2F——i0| U |[2F - —10 = 4.14
( 0, $g z] [ $g z,oo) {Im(:pi):—o, 2t > 1 ( )

Again, dividing the z-torus into four non-intersecting regions by the curves Im(z*) = 0, we
see that each of the regions also maps one-to-one onto the u-plane with the two cuts. This
gives a different (but equivalent) four-fold covering of the Riemann sphere by the torus.

When a point on the z-plane runs along the curve [z*| = 1 or |x~| = 1 its image covers
the corresponding interval on the u-plane twice. To appreciate this fact, let us note that if
z is, e.g., on the curve |x*| = 1 then the points

2y =—2+f —+ — (4.15)
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2 = 2% (2)x (2*), we have

)2 = 2t wi o wa) e w2y 1
lz7 (z4)]" = x (—z:l: + >x ( z £ 5 2>—|x+(2)|2—1,

are also on this curve. Indeed, since |z (2)|

where we have used the properties of Jacobi elliptic functions under the shifts by quarter-
periods. In the same way one finds that if z lies on a curve |z~| = 1 then the points zy
belong to another copy of |z~ | = 1 which is obtained from the original one by the shift
by we. Finally, using the properties of the Jacobi elliptic functions it is easy to show that
u(z4) = u(z), i.e. the points z and zy have one and the same image on the u-plane.

It is clear that the half of the torus and, therefore, the complex p-plane is mapped
onto the u-plane twice. The coordinate w is real for real z, and in this case we can easily

1
u(p) = p cot g, /1 + 4g? sin? g . (4.16)

In the limit g — 0 the relation ([L.16) turns to the one between the rapidity and momentum
variables of the Heisenberg spin chain; the latter describes the gauge theory at the one-loop

express it in terms of p [{]

level. This supports an idea that the physical region could be identified with a single copy
of the u-plane, namely the one which maps to the region ]wi] > 1 of the z-torus. There are
certain advantages of such a choice which we will discuss later on. The main disadvantage
is, however, that the region |z*| > 1 is not big enough to cover the whole complex p-plane.

It is interesting to see what happens with our three candidates for the physical region
in the limits ¢ — oo and ¢ — 0. In the limit ¢ — oo the periods of the torus have the
following behavior

w2—>12—7; if g— o0. (4.17)

To keep the range of Im(z) finite, we rescale z as z — z/(2¢g), and the momentum as
p — p/g. Then the dispersion relation (f.1) takes the relativistic form H? — p? = 1, the
variable z plays the role of 6 because p = sinh z, and we have

e The torus degenerates to the strip with —7 < Im(z) < 7 and —co < Re(z) < 0o

e The half-torus corresponding to the complex p-plane degenerates to the strip with
—7/2 <Im(z) < 7/2 and —oo < Re(z) < o0

e The region ]wi] > 1 corresponding to the complex u-plane degenerates to the strip
with —7/2 <Im(z) < 7/2 and —oo < Re(z) < oo

We see that both the half-torus and the region |z*| > 1 degenerate to the physical strip of
a relativistic field theory.
In the limit ¢ — 0 the periods of the torus have the following behavior

w1 — T, we — 2ilogyg if ¢g—0. (4.18)

We see that all the three regions degenerate into the strip with —7/2 < Re(z) < 7/2 and
—o0 < Im(z) < oco. The properties of the S-matrix arising in the limit ¢ — 0 will be
discussed in appendix [B.
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4.2 Double Wick rotation

The z-torus can be also used to describe the mirror model. Since we know the relation
between p = 2am z and the mirror momentum p, we can express p in terms of z. Indeed,
the equality

1
2amz = 2i arcsinhz— V14 p? (4.19)
g
implies
p=—idnz. (4.20)

The energy in the mirror theory takes the form

H = 2arccoth

4.21
dn z ( )

The formulae above show that real values of z correspond to imaginary p. Now we
would like to understand for which values of z the corresponding values of p are real. One
can see that if we shift the variable z by we/2, 2 — z + wy/2, that is if we write

ﬁ:—um<z+f?é)z w22 (4.22)
2 cn 2

then for real values of the shifted variable z the corresponding values of p are real as well.
We also recognize here a close analogy with the relativistic case — making the double Wick
rotation corresponds to the shift by a quarter-period on the rapidity plane. The function
cn(z, k) has zeroes at z = —3w; and z = 1wy (and dn(z, k) has poles at z = £ (—w1+ws) and
z = %(wl + w9)) which explains the apparent absence of the periodicity in p. Thus, when
the shifted variable z runs from —%wl to %wl the momentum p monotonically increases
from —oo to 400 and it passes though zero for z = 0.

+

One further finds that the parameters == are expressed in terms of the shifted param-

eter z of the mirror model as follows

n NVE Fdnz . SN2
= —ti—— (1 +iVE— ). 4.23
v Z\/—k‘dmz < ! cnz) (“23)

are expressed in terms of the mirror momentum. Indeed, since

2
Sl L
<snz> 1—dn®z’

we deduce from eq. (f:29) that

1 4g* ~
zt <1—|— J :Fl>(p—z).

We can now find how z*

ey 1+ p2

This, of course, agrees with the formula (R.15).
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The variables 2+ of the mirror theory obey a relation

TR k.

which implies that |72~ | =1 for p real.
It is also not difficult to show that the dispersion relation in the mirror theory takes

the form (R.11))

~ vk k 1
H = 2arccoth = 2arccothy /1 — = 2arcsinh 1+ p2.
dn z 1+ p? v =k

This completes the proof that the double-Wick rotation corresponds to a shift of the z

variable by a quarter of the imaginary period of the torus, and the real axes of the shifted
2z corresponds to real values of the momentum of the mirror theory.'?

Finally, it is useful to express the rapidity u in terms of the shifted parameter z of the
mirror model and p. We have

2CH( k) ( “’2,]{:) __21\/_dn(z+“2 k:)
B k:sn( + %2, ) B \/—_dn(z,k)

Then one can check that the points z = +w;/2 440 are mapped to u = oo + ioco. The

coordinate u is real for real z, and in this case we can express it in terms of p

20 k D 4¢2
™ 1+p g 1+p

Again, there are three choices of the physical region. It is the half-torus corresponding

to the complex p-plane, the whole torus, and the region Im(xi) < 0 which is mapped onto
the u-plane. The third choice is different from the one made for the string theory, and is
motivated by the analysis of the bound states of the mirror model.

5. S-matrix on elliptic curve

5.1 Elliptic S-matrix and its properties

The dispersion relation (fL.1)) is naturally parametrized by the elliptic curve. Without
imposing the unitarity condition for the S-matrix, the phase 7 in (B.23) can be chosen in
an arbitrary way, for instance, n(p) = 1. In the latter case, the S-matrix (B.24) is well
defined on the elliptic curve but it is non-unitary. It is therefore tempting to assume that
the unitary S-matrix also admits an analytic continuation into the complex z-plane. To
find such a continuation one has to resolve the branch cut ambiguities arising due to the
n-factor in the S-matrix (B:24): n(p) = ei? \/iz—(p) — iz +(p).

12 After having performed the shift, one can do various physically equivalent transformations of the shifted
z-variable preserving the axes of real z. Particular useful examples of these transformations are z —
2+ G, 2= -2+ %, 22— -2+ %
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This can be done in the following way. First, we recall the elliptic parametrization ([.4)
which gives

n(p) = ei? \/iz—(p) — iz* (p) = %eéamz V1+dnz

g

1 SN 2
— %\/(1+dnz)(cnz+zs ). (5.1)

Second, by using the following formulae (recall k = —4g?)

. 2
2dn2§ ) (cn% +zsn%dn%)
cnz+aisnz =

l4+dnz=-——"2_
tdnz 1—ksnts’ 1 —ksn*s

relating elliptic functions to those of the half argument, we can resolve the branch cut
ambiguities by means of the relation

B an%(cn% —|—isn%dn§)
NG 1+4g%snZ

valid in the region —- < Rez < %} and —ws/i < Im 2z < wy/i. Further, we notice that the

ei? \/iz— (p) — iz ™ (p)

=1(2) (5.2)

non-local dependence of n’s on the momentum of another particle enters as e3P = iamz
and, therefore, can be naturally treated as e’ =cnz+isnz.

Thus, we define an analytic continuation of the S-matrix onto the rapidity torus for
each of the complex variables z; and zo by means of eq. (B.24), where the variables 7 o

and 7)1 2 are given by

m =n(z1)(cnze +isnzg), 12 = n(z2),
N2 =n(z2)(cnzy +isnzy), m =n(z1).
In this way we completely resolved the branch cut ambiguities of the S-matrix (B.24) and
defined it as a meromorphic function on the elliptic curve (for each z-variable). It is
remarkable to observe that such a continuation becomes possible due to additional phase
factors, e1? | introduced in the previous section to guarantee unitarity of the mirror theory.
Let us now analyze the basic properties of the elliptic S-matrix. One can check that it
satisfies the Yang-Baxter equation and the usual unitarity requirement

Si2(21, 22)S21 (22, 21) = 1. (5.3)

Further, it obeys the generalized unitarity condition:
S1a(2}, 25) [S1a(z21, )] T = 1. (5.4)

Here “{” means hermitian conjugation. For z; and z3 real the last condition reduces to
the requirement of physical unitarity. In fact, one can see that the elliptic S-matrix is
compatible with the generalized unitarity condition only due to our specific choice for the
phase factors discussed above. Then, unitarity and generalized unitarity imply hermitian
analyticity: So1(23, 27) = [512(21,22)]T
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Let us now compute monodromies of the S-matrix (8.24) over the real and imaginary

periods. We find

S(Zl + 2&)1,22) =33 5(21,22)21 =2 5(21,22)22,

(5.5)
S(Zl + 20)2,2’2) =33 5(21,22)21 =Y 5(21,22)22 .

Hence, the S-matrix exhibits the same monodromies over real and imaginary cycles and it
is a periodic function on a double torus with periods 4w; and 4wy. Here 31 = X ® I and
Yo =1® X, where X is defined in section 3.4, and the S-matrix commutes with the product
¥ ® 3. Note that 3 is in the center of the group SU(2) x SU(2).

Second, we establish the monodromy properties w.r.t. shifts by half-periods. Under
the shift by the real half-period we get

S(z1 +wi,22) = (VR L) S(21,2) (VI ®1), (5.6)

where V = diag(e_%,e_%,e%,e%).
The shift by the imaginary half-period corresponds to the crossing symmetry trans-
formation [[J]. To discuss it, we multiply the S-matrix (B.24) with a scalar factor Sy to

produce the string S-matrix obeying crossing symmetry
8(21,22) = 50(2’1,22)5(21,22). (5.7)

We then find that with a proper choice for Syp(z1,22) the string S-matrix exhibits the
following crossing symmetry relations

01_18{12(2’1, 22)01812(2’1 + w9, 22) = H, 018?2(2’1, 22)61_1812(2’1 — w9, 22) = H, (5.8)
and also
Cfng(zl, 2’2)61812(2’1, zZ9 — u)g) = H, 618?2(21, ZQ)Cflslg(Zl, 29 + u)g) =1I. (5.9)

Here t; denotes transposition in the first matrix space and C is a constant'® charge conju-

c_ <02 0 ) 7 (5.10)
0 209

where o9 is the Pauli matrix. The compatibility of eqs. (b.§) and (p.9) with (B.5) is
guaranteed by the identity C¥ = C~! which is equivalent to C? = X.
The crossing symmetry relations lead to the following equations for the scalar factor

So 7]

50(21, 22) 50(21 + wa, 22) = f(Zl, 22) , 50(21, 22) So(zl, 29 — w2) = f(Zl, 22) , (5.11)

gation matrix

3This is in opposite to @], where the charge conjugation matrix was found to depend on the sign of
the particle momentum. This dependence is, in fact, spurious and it gets removed by a proper resolution
of the branch cut ambiguities we propose here.
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where the function f is expressed through z* as follows

f(z1,22) = <i i} x2_>(x1_ Bl (5.12)

1 —
<$—+—x2>(wf—x;)
1

One can easily check that the function f(z1, 22) obeys the following properties

f(ZQ, zl)f(zl + wa, 2’2) =1= f(ZQ, zl)f(zl, 29 + wz) , f(Z1 + wa, 29 + WQ) = f(zl, 2’2),

which are, however, incompatible with the assumption that the scalar factor is an analytical
function of z1, zo.

Another important property of the string S-matrix (f.7) is that it remains invariant
under the simultaneous shift of z; and zy by wo:

S(Zl + wo, 29 + w2) = S(Zl, 22) . (513)

This follows from the fact that both the S-matrix (B.24) and the scalar factor Sy are
invariant under the shift. This property together with the crossing relations (b.§), (5.9)
implies

S (21, 29) = C1C28 (21, 22)C; 1Cy t = C11Cy 1S (21, 22)C1Ca

where t; and to mean the transposition in the first and in the second matrix spaces,
respectively.

Assuming that the above-mentioned properties of the S-matrix (B.24) are shared by S,
we can now see that the string S-matrix allows one to define consistently an elliptic analog
of the ZF algebra, i.e.

Aq(21)A2(22) = S12(21, 22) Aa(22) A1 (21) (5.14)
A(21)Af(z2) = Ab(22) A} (21)S12(21, 22) | '

where the creation and annihilation ZF operators are now functions of the complex variable
z. In addition, away from the line z; = z9 we can impose the following relation between
the creation and annihilation operators

A1(21)Af(z0) = A} (22)821 (22, 21) A1 (21) - (5.15)

As usual, the absence of cubic and higher relations for the ZF operators is guaranteed by
the Yang-Baxter equation for §. Furthermore, the validity of relations (5.14), (b.15) for
all values of z; and 25 is due to unitarity condition (@)

Transposing the second equation in (5.14) in the first matrix space we get

(Al(21))1 Al(22) = AL(22)S1h (21, 22) (Al (21))"1

On the other hand, shifting in eq. (5.1§) the variable z; by the imaginary half-period we
obtain

Aq(z1 + w2)A;(22) = A;(Z2)312(Z1 + wo, 29) T A1 (21 + wo) .
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Since the string S-matrix satisfies the crossing relation we see that the algebra structure is
compatible with the following identification

Alz+wy) =CTAT(2), Al(z —wo) = —A(2)C. (5.16)
Analogously, we establish
Az —wy) = CAT(2)!, AT(z 4 wp) = —A(2)IC7. (5.17)
These relations together with the monodromy properties (.5) of the S-matrix further imply
Az 4 2w) = BA(2), Al(z+2w) = Al(2)D,
Az +2w9) = BA(2), Al(z+2w) = AT(2)%.

This means that the bosonic operators are unchanged under the shift around the torus while
fermionic ones acquire the minus sign. Thus, the monodromy properties of the S-matrix
imply the spin structure (—, —) for the fermionic ZF operators.

Finally, the generalized unitarity condition (f.4) allows one to impose the following
hermiticity conditions on the ZF operators:

[Ai(z)]T = AT(Z*) for 0<|Imz| < w—?;
i Z w9 %)22 (518)
[AZ(Z):IT = —AZ(Z*) fOI' 2— < |IH1 Z| < -0 .
1 7

The hermiticity condition for the ZF creation and annihilation operators in the anti-particle
region wy/2i < |Imz| < we/i is compatible with the hermiticity condition for the ZF
operators in the particle region 0 < |Im z| < wo/2i and the identifications (f.16) and (5.17).

5.2 Unitarity of the scalar factor in mirror theory

It is clear from the discussion above that the S-matrix of the mirror theory is obtained
from the string S-matrix just by the shift of the z-variables by wq/2

S(z1,22) = Sz + % 2+ %) . (5.19)

The momentum of the mirror theory is expressed in terms of the variable z by eq. ({.20)
and is real for real values of z, and the generalized unitarity of the mirror S-matrix in terms
of the shifted coordinates z takes the usual form

_ .

[S(zl,zg)] S(z],25) =1. (5.20)

This just follows from the generalized unitarity of the string S-matrix and relation (f.13)
which is a consequence of the crossing equations

~ T L W w wy L, W 5w x
[512(21,22)] =Sy <22 - 72,Zik — ;) =S <Z§ + 72,21 + 72> = S21(23,27) -

In fact, since both the S-matrix (B.24) and the scalar factor Sy satisfy the generalized
unitarity condition and relation (p.13), the same holds for the mirror theory.
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It is of interest to understand how the dressing factor of the mirror theory transforms
under the complex conjugation. To this end we recall that in the a = 0 light-cone gauge'*
the scalar factor of the string S-matrix can be written in the form [[L§]

1

2 z—af ' e
So(z1,20)" = s(21,20) 0 (21, 22) ,  8(21,22) = ——= T (5.21)

Here the gauge-independent dressing factor (21, z2) has the following structure [

l.ln o(z1,22) =0(21,22) = Z Z cr,s(9) |:QT(Zl)q$(Z2) — qr(22)qs(21) | , (5.22)

2
r=2s=r+1

where ¢,(z) = < [(z7)'™" — (27)7"] are the local conserved charges. At any order of the
perturbative expansion in powers of 1/g the sums in 7 and s define the convergent series
for || > 1 and |zF| > 1. Thus, the S-matriz is by construction well-defined only in the
region where |x*| > 1 and it should be analytically continued for other values of x*.

The string theory dressing factor satisfies the generalized unitarity condition that fol-
lows from the fact that under the complex conjugation the variables z® transform as
[uci(z)]Jr = 27 (2*). In the mirror theory the variables 2* depend on the shifted coordinate

z and, as a result, satisfy the following complex conjugation rule

(5] -

By using this rule one can easily check that the factor s(21,22) in (-21)) transforms under
the complex conjugation as follows

e\’
15(21, 28] (21, 20) = (+—> , (5.23)
Ty Lo
where x;t =2t (z+ %?). Taking into account that the scalar factor Sp of the mirror theory

satisfies the generalized unitarity condition, we find the complex conjugation rule for the
dressing factor of the mirror theory

+

N\ 2
(o(3,25)) 021, 22) = (Z) . (5.24)

Ly Ty

In particular, for real values of z’s corresponding to real p’s the dressing factor of the mirror
theory is not unitary.

It is interesting to note that the scalar factor can be split into a product of two factors
satisfying the generalized unitarity condition in both string and mirror theory

- + - -+

Ty — X5 X1 x5 —1 T
So(z1,22)% = fr = L i 1 x fr 2 0(21,22). (5.25)
LTy — Xy Ty Ty — Ly Ty

171t is easy to check that the additional a-dependent factor does not break any of the properties of the
S-matrix.
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Another interesting splitting is given by

2i 1 1 2
ul — u2 _ = - t
50(21,22)2 = 79 X 1# 0'(2172’2) . (526)
Uy — uz + g o m;m;

This splitting is useful for analyzing the bound state spectrum of the mirror model.
Knowing the series representation for the dressing phase in the original theory [[J], it
is interesting to understand what is precisely the source of its unitarity breakdown in the
mirror theory.
To clarify this issue, we recall that the dressing phase can be conveniently written in
terms of a single function x(x1,z2) [I§]

0(21,22) = x(af,23) — x(2f,25) — x(2y,23) + x(a7, 25
—x(z3,2]) + x(z5, 2f) + x(23, 27) — x(25,27)
which admits the following strong coupling expansion
oo g —n
X(21,22) = gz;)x(”)(whﬁﬂz) <§> :
n—=

Here

1 1T — 1 1T — 1
X(O)(ﬂUlaﬂUQ) =—-—— - lo
Z2 Z2 12

is the leading AFS factor [[]. The next-to-leading contribution is [L6]:
L AT Ly T YT
VI VB 2 E D

\/_+1/\/— L \/__1/\/_ (5‘27)
SN AT RN e

All higher terms are rational functions of x1,zo [IJ]. As we will now show, the unitar-

X(l)(ﬂchxz) - _

+

ity breakdown of the dressing phase is due to the leading AFS contribution only, the
Hernandez-Lépez term (5.27), as well as all higher order terms do not influence the uni-
tarity condition.

To simplify the notations in what follows we only consider the case of real z’s in the
mirror theory. It is easy to see that the complex conjugate of the function x(©) is given by

i+ 1 . 1
Oat 03] = X O(6F.a7) = T 4 (im = 1)af — (2 o7 ) logaT ]

Using this formula for computing the leading value fars, we find that the contribution of
non-logarithmic terms cancels out and we get

Ty — Ty - R + + .t
OArs = Oars + 97(1 — x5 ) log xy @y +9T(1 — xfxy ) log 2] 73
Ty Tg Ty Tg
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wy — 3 — o Ty —af +,— +,.=
—g——— 1 —zyag)logzyzg + 95— (1 —z]zy)logayx, .
Ty Xy Ty Xy
Using identity (f.J), it is easy to show that all logarithmic terms are neatly combined to
produce the following answer

xyzy 2
Birs = Oars + ilog (—+) , (5.2)
Ly Ty

which coincides with the logarithmic form of eq. (p.24).

Since we have shown that the shift of the phase under the complex conjugation occurs
due to the leading contribution, all the higher order terms in the expansion of 8 must be
real functions. To convince oneself that this is indeed the case, we consider the next-to-
leading term in the strong coupling expansion of . As was shown in [[[J], this term admits
the following representation

L = ¥(af —a3) —¥(a] —a2) —vley —a3) +¥lay —az). (5.29)
Here the function v¥(q) is
1 4 1 .y ' .y
$(q) = 5-Lis(1 — €)= —Lig(L — ") - %log(l — elatimy 4 % , (5.30)
where the variables ¢* are related to z* through
+
o+ x4 1
€Zq = ﬁ . (531)
Taking into account the conjugation rule in the mirror theory, eq. (B.2(]), we obtain
() =—q" —. (5.32)

Since 6y, depends on the difference of two ¢'s, the shift by 7 arising upon the complex
conjugation will cancel out. Thus, taking the complex conjugate we obtain

O, =v(ar —a5) —v(er —a) —v(af —a) +¥(d —a), (5.33)
where the function 1(q) is defined as

_ 1 . 1 S ) L
(a) = 5-Lia(1 =€) = —Lig(1 = ¢~7) — %log(l — elamimy 4 % . (5.34)

Taking into account the following transformation property of the dilogarithm function
Lig(1 — €"77"™) = Lip(1 — e 2m) = Liy(1 — €97 4 2milog(1 — '),
we find that
U(q) =P(q) + .

Since the shift by 7 in the previous formula does not contribute to 6, we conclude that
071, = Our. Finally, by working out several higher order terms ). one can easily check
that they always lead to the real functions 6, in accord with eqs. (5.24) and (f.29).

Thus, we have shown that under the double Wick rotation the scalar factor remains

unitary, while the dressing factor does not; the non-unitarity of the dressing factor is only
due to the leading contribution Oapg, which is another distinguished property of Oarg.
Concluding this section, we note that it would be interesting to understand whether the
BES factor [14] exhibits the same kind of non-unitarity behavior in the mirror theory.
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6. Bethe ansatz equations

In this section we discuss the nested Bethe equations for the light-cone string theory on
AdSs5 x S and its mirror model. These equations based on the su(2|2) @ su(2|2)-invariant
string S-matrix [[fq] were recently derived by using the algebraic [6(] and the coordinate [57]
Bethe ansatz approaches. In the sector with even winding number, i.e. with the total
momentum P satisfying '’ /2 — 1, the set of equations found in these papers coincides with
the one previously obtained in [f§, J] by using the spin chain description of the gauge theory.
It appears, however, that in the sector with odd winding number, where e**’ /2 = _1, the
Bethe equations by [p(, 67 differ from the ones derived from the gauge theory. The origin of
this disagreement can be traced back to the fact that in the light-cone gauge the fermions of
the string sigma model are anti-periodic in the odd winding number sector [Bg, bd], and this
changes the periodicity conditions for wave functions which one imposes to get the Bethe
equations. Indeed, in the light-cone gauge one of the fields, an angle ¢ which parametrizes
the five-sphere, appears to be unphysical and it is solved in terms of (transversal) physical

fields. In particular, the equation of motion for ¢ implies

6(2r) — 6(0) = P.

Since ¢ enters into parametrization of the five-sphere via €’?, the closed string periodicity

condition for physical fields gives rise to the winding sectors

¢(2m) — ¢(0) = 27m,

where m is an integer. Now, we recall that fermions of the original string sigma-models
are charged w.r.t. the U(1) isometry acting on ¢ as ¢ — ¢+ const. Also, the Wess-Zumino
term in the sigma-model action contains e'?, i.e. it is non-local in terms of physical fields.
To uncharge the fermions under the U(1) isometry, as well as to make the Wess-Zumino

term local, one has to redefine the fermions as
i
P — 62(1511[) .

Thus, the redefined fermions acquire the periodicity properties which do depend on the
winding sector

$(0) = e2P4p(2r) = e map(2r)

i.e. they are periodic in the even winding sector and they are ant-periodic in the odd

winding sector [68, 56].

As a result, the Bethe equations obtained in [60, 7] correctly describe the light-cone
string theory in the sector with periodic fermions only. Changing the boundary conditions
for fermions to anti-periodic, one derives a new set of Bethe equations which does agree

with the gauge theory one for physical states satisfying e*//2 = —1.

6.1 BAE for a model with the su(2|2)-invariant S-matrix

The asymptotic states of both the original and the mirror theory are constructed by apply-
ing the ZF operators A;ru  to the vacuum state. The indices M and M are associated with
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two factors of the centrally-extended su(2|2) & su(2]2) algebra; the latter being the symme-
try algebra of the light-cone string theory [f, [L(]. For our present purpose it is convenient
to think about the ZF operator as being a product of two (anti)commuting operators each
transforming in a fundamental representation of su(2/2): AL ™ A}L\/[AL. Since the string
S-matrix is a tensor product of two su(2|2)-invariant S-matrices, the Bethe equations for
the string model are, in a sense, the square of the Bethe equations for a model with the
su(2|2)-invariant S-matrix. We start with discussing the Bethe equations for such a model.

The multi-particle wave function which satisfies the Bethe periodicity conditions can
be written as a superposition of the asymptotic states (see appendix [C.1] for details)

= > M MaAl (py)--- Al (pkn)I0) (6.1)

where KT is a number of particles in the asymptotic state and p; are their momenta. Denote
by N (M) the number of particles of type M (that is number of indices of type M) occurring
in the wave function (6.1)). Obviously,

K'=N@1)+ N(@2)+ N(3)+ N(4).

Since the scattering is elastic, the number of particles K' is a conserved quantity.

The form of the Bethe equations derived through the nesting procedure of the coordi-
nate Bethe ansatz depends on the choice of the initial reference state. Due to the su(2)?
bosonic symmetry there are two inequivalent choices for a model with the su(2]2)-invariant
S-matrix. This is obviously related to the two forms of the Dynkin graph for su(2]2).

First, one can choose a “bosonic” reference state which is created by acting with K!

bosonic operators AJ{ on the vacuum:

Aj(p1).- . Al(pg)|0)
Then, we define

K!=2N@2)+N@B)+N@4), K"=N(2)+N®4).

It appears that in the scattering process not only K' but also these numbers are con-
served [J). By this reason, the values of KE and K are the same for any term in the
sum (f.1). In particular, K'' plays the role of the fermionic number, because in the back-
ground of the AJ{—particles A; counts for two fermions. The number K has a similar
meaning.

Then the asymptotic Bethe equations based on the su(2|2)-invariant S-matrix for a
sigma model on a circle of length R and with (anti)-periodic fermions can be written in

the form [g, B0, 7]

+
—x; CE X, T, — iE
Pl = Hsopk,pl li l L kH k ~k
k_xz xlxkl 1%_3” Ty
l;ék
KI
S wl+—
N | ey H (6.2)
1 Yk — Ty [k —w —
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KU

111
+wk—vl—§[1(—[wk—wl+%
- 7 _ 2i
11 Wk — Ut g We W=

Here ¢ = 0 for a sector with periodic fermions and ¢ = 1 for a sector with anti-periodic
fermions, ﬂ:f depend on the momentum p; of the model, y; and w; are auxiliary roots of
the second and third levels, respectively, and v = y + %

On the other hand, if one chooses a “fermionic” reference state created by K fermionic
operators Ag:

Al(p1) ... Al (pg)|0)

then, one should define
KU =2N@4)+N(1)+N(@2), K"=N(@2)+N(4),

because these numbers are also conserved in the scattering process. Then, K plays the
role of the bosonic number, because in the background of the Ag—particles AZ counts for
two bosons.

Then the corresponding Bethe equations take the following form

KH n
ePrlt = (= Hsopk,pz H . Zy/l\/—lfr
— Y

l;ék

: +1
Yk — xl —wr Ty

€ __

= TR [ T ©3

llyk—xl Uk—wl—§

K1 i KO

! Hw’“‘“nw’“““?

- _ i oy _ 2

=1 Wk =g S WE W=

Equations (@) can be derived either by using the nesting procedure of the coordinate
Bethe ansatz (see appendix [C.2 for an example) or by applying the duality transformation
discussed in [ to egs. (6.9). Comparing the two sets of Bethe equations ([.2) and (b.9),
we see that only the first lines in two sets are different. Let us stress, however, that in
general KT £ KE We further note that the bosonic reference state corresponds to, say,

n1 = 1 and the fermionic one to n; = —1, where 77 and 79 are the gradings introduced

in [§.
6.2 BAE based on the su(2]2) @ su(2|2)-invariant string S-matrix

The Bethe equations based on the su(2|2)@su(2|2)-invariant string S-matrix for both string
and mirror models can be now easily written by taking a “product” of two copies of the
Bethe equations for the su(2|2)-invariant model. Since any of the two sets, (.9) and (p.d),
can be used there are four different forms of the asymptotic Bethe equations based on the
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su(2]2) @ su(2|2)-invariant S-matrix [§]. The corresponding bosonic reference states of the

coordinate Bethe ansatz are of the form
Al(z) AL (ze)l0), m=m =17 Al(z1).. AL (z)I0), m=mp =1,
and fermionic reference states are
Al(z) . AL (ze)l0), m=-m=1; Al (20).. AL (zi0)|0), = —m =1,

where for the original theory the z-variables lie on the real line, while for the mirror theory
they have Im z = wy/2i, and we also indicated the corresponding gradings.

To discuss the bound states of the light-cone string sigma model, it is convenient to
choose as the reference state the one created by the bosonic operators AJ{ i These reference
states are dual to gauge theory operators from the su(2) sector. Then the corresponding
Bethe equations based on the su(2|2) @ su(2]2)-invariant string S-matrix can be written in

the form [§, B, b0, b7

11
K! +_ - [ =172 B - @ [T
i Ly — oy [T Ty Ty — Y L
e = H [SO(pk,Pl) - T -+ H H & @\ -
T — X Ty T, a=11=1 T —Y; Lk

=1
Ik
K' () (a) (a) + i
Y — X xl xl g
(_1)5 () _ H i (64)
1=1 Yx T g
Kl (@) . (a) ‘K%&() (@) | 2
1=1 w]({:a) ’Ul(a) + é 1=1 w]({‘,a) — ’U)l(a) — %
£k

Here we take into account that the string sigma model in the a = 0 light-cone gauge is
defined on a circle of length J, a = 1,2 reflects the two copies of su(2|2) and yl(a) and wl(a)
are auxiliary roots of the second and third levels, respectively, and v = y + %

For the reader’s convenience we point out that the excitation numbers in the set of
Bethe equations are related to the ones used in as follows

(K, Ky, K' Kl K@) = (K, Ky + K3, Ky, K5 + K7, K)

and the Dynkin labels [g1, p, g2] of su(4) and [s1, s2] of su(2) ®su(2) C su(2,2) are expressed
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in terms of the excitation numbers by the following formulas'®

@ =K - m s1= Ky = 2Kq),
p=J-K'+ (K(1) +K(y),  sa=Kjy —2K, (6.5)
q2 = K'— K(Q)

To analyze the bound states of the mirror theory, it is more convenient, however, to
choose as an initial reference state the one created by the operators Agg . The reason is
that the operators A;S create states from the s[(2) sector, and, as we have seen, it is this
sector which gives rise to mirror magnons. Analogously, there are M-particle bound states
made only out of the Agg—type particles.

If we choose in the mirror theory the above-described reference state then the corre-
sponding Bethe equations take the form

KI

.~ ~ ~\12 2 hy _y(a) Ty
ePrR — H [So (P, Pr)] H ]i l(a) _]i
ey a=11=1 T, =Y T
I£k
K (@) K%g) () (@) i
S "M T
_4—H(m J_Tlm) (@) _ i o0

) — =1 Y TW Ty

K o ; KILI «a i

S et 3 St

I£k

€ in the middle equation because the

Note that in the mirror model we do not have (—1)
fermions are always anti-periodic'® with respect to &. In terms of excitation numbers, the

Dynkin labels read now as follows

m=K&—ﬁﬁ &:KIKm

_ 1 11 Jreil! 111 S
= Kl K01
7. Bound states of the AdS; x S° gauge-fixed model

Bound states arise as poles of the multi-particle S-matrix corresponding to complex values
of the particle momenta, see e.g. [69]. In the thermodynamic limit they are described by

15Let us note in passing that in recent papers [@, Iﬂ] the anomalous dimension of the operator TrF~
was computed by using the asymptotic Bethe ansatz with an understanding that in the large L limit one
may trust the corresponding result to an arbitrary loop order. One can notice, however, that the excitation
pattern of Bethe roots for the operator is (K > K(r) , KT, K @) K%g) =(0,2L—3,2L —2,2L —4,L—2)
with J = %, and, therefore, one would expect the breakdown of the asymptotic ansatz due to the finite size
effects already at two loops. It may happen that the asymptotic ansatz could still be used to determine
the leading L behavior of the anomalous dimension of TrF” if the finite-size corrections are subleading at
large L, but this is currently unknown.

16We are grateful to R. Janik and M. Martins for drawing our attention to this point.
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string-like solutions known as “Bethe strings”. In this section we discuss in detail the bound
states of the string sigma-model. They have been already analyzed in [50, f1]. The main
outcome of this analysis is that the M-particle bound states comprise into short (BPS)
multiplets of the centrally extended su(2|2) @ su(2|2) symmetry algebra. Although the
S-matrix exhibits additional simple and double poles beyond those corresponding to the
BPS multiplets, these singularities do not lead however to the appearance of new bound
states [f3]. In other words, the only bound states in the theory are the BPS ones. As we
will see, they exist for all values of the (real) bound state momentum —7 < p < 7, but
have a rather intricate structure. Moreover, depending on the choice of the physical region
for a given value of the bound state momentum there could be 1, 2 or 2~ M-particle
bound states sharing the same set of global conserved charges: @, = Zi‘il qr(zi). Tt is
unclear to us whether this indicates that the actual physical region is the one that contains
only a single M-particle bound state (it is the one with |2*| > 1) or it is a sign of a hidden
symmetry of the model responsible for the degeneracy of the spectrum.

7.1 Two-particle bound states

Let us consider a bound state made of two excitations from the su(2) sector of the string
sigma-model. In terms of the ZF creation operators we can think about this state as

Al (p0) A (p2)]0),

where the particle momenta p; and ps are complex. We find it convenient to parametrize
the momenta as follows

p1=§—iq, p2:§+¢q, Req >0, (7.1)
where p is the real total momentum of the bound state. When ¢ is real then p; and py are
complex conjugate to each other and the energy of the corresponding bound state being the
sum of the (complex) energies of individual particles is obviously real. Interestingly, as we
will show below, there necessarily exists a branch of BPS bound states which corresponds
to complex values of ¢ with Req > 0. Such solutions can be reinterpreted as solutions
parametrized by a new real variable q: ¢ — Req and for which the real parts of p; and ps
are not anymore equal to each other. Of course, one has to check that the energy of these

solutions is real.
The first equation in the set of the Bethe equations [ takes the form

i(p/2+Imq)L ReqL ‘PKIx;r—xl_l_flx_
ei(p/2+Imq)L Req L _ i H s 111 o1 (7.2)
1=2 o

T, — X =
= 1 Ty Ty

where P = p; +pa + --- + pg1 and L = J + K' with J being one of the global charges
corresponding to the isometries of the five-sphere.
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We see that for large L the 1.h.s. is exponentially divergent. Then, there should exist
a root py such that for Req > 0 we have!”

(a7 — ) <1 - +> ~ e Real (7.3)

Ly Ty

In the infinite L limit eq. (7.J) becomes

(z7 —23) (1 - _1 +> =0, (7.4)

which is equivalent to

1
;-2 =0 o 1—-——=0. (7.5)

The first equation
r] —xf =0 (7.6)
implies that the central charges corresponding to the two-particle bound state saturate the

BPS condition [5(]

H? = 2% + 4¢%sin? g . (7.7)

On the contrary, solutions of the second equation in ([-]) do not saturate the BPS bound,
and as was argued in [57], this pole of the S-matrix does not correspond to a bound state.
It is easy to see that equation ([T.]) is equivalent to vanishing the following fourth order

polynomial'® in the variable ¢ = cos &
4ed(t —eN) (1 — e9t) + g?(t* — 1)(1 — 2%t +€29)2 = 0. (7.8)

The equation has four solutions which can be cast to the following simple form

. <\/1—|—928in2§ :|:1> <cosg\/1—|—gQSin2g:|:\/COSQg—gZSin4g>

2‘.23 )
g°sin” 5

e (7.9)
where any choice of the + sign is possible.

Analysis of eq. (.9) immediately shows that solutions corresponding to real values of
q exist if and only if the total momentum p does not exceed a critical value p., determined

by

sin2 P = 1 <\/1 g — 1) . (7.10)

2 2g2

1"We assume here and in what follows that the dressing factor o12 is non-singular on solutions of the
bound state equation.

+

BFor any p there are two solutions for = and, therefore, for z* = ez~. The fourth order polynomial

is universal and it does not depend on which solution for = we take.
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For any given p obeying |p| < pe equation (7.§) has four real roots for ¢, two of them
are positive and the other two are negative. According to our assumption Req > 0, only
positive roots are acceptable.' They are given by the formula

" (,/1 +¢?sin® B + 1) (cosg \/1+g28in2§i \/c082§ — ¢2sin? g)
- . (7.11)

2 qin2 P
g°sin” 5

(&

Various expansions of eq. ([7-11]) for small and large values of g can be found in appendix D

It turns out that from the two positive roots only the smaller one, ¢_, falls inside the
region confined by the curves |2*| = 1. We therefore arrive at the conclusion that inside
the region |z¥| > 1 there is a unique solution with real p and ¢, and it exists if and only

if20
29 +1/2/1+4g% — 2
. (7.12)

V1+4g2 -1

The second solution with ¢ = ¢, lies outside the region with |#¥| > 1 but inside the region

|p|<pcra 0<gq < log

with —ws/2i < Im(z) < wa/2i; the latter maps onto the complex p-plane, see section [
Both solutions have the same values of all global conserved charges @, = ¢,(z1) + ¢-(22) =
- [(2)7" = (23)'7"] because 27 and x5 are the same on both solutions.

We see that if we choose the physical region to be the one with |#*| > 1 then there is a
unique bound state with |p| < pe;. This region, however, does not cover the whole complex
p-plane. One the other hand, if the physical region is the half of the torus corresponding
to the p-plane, then there are two solutions with the same energy and other conserved
charges. Finally, if one considers solutions on the z-torus then there are four solutions but
only two of them have positive energy.

Continuing above the critical value, |p| > per, two solutions ([7:1J)) acquire imaginary
parts and become complex-conjugate to each other, or, equivalently, the real parts of py
and po become different. Thus, we see that the BPS bound states naturally split into two
families depending on whether the total momentum is below (the first family) or above (the
second family) the critical value pey.

The two complex conjugate roots give two different solutions beyond criticality:
+ D . + b .
I —gilmq—zReq, D5 —§:Flmq—|—zReq, Reqg > 0. (7.13)

We can choose either (p, p3) or (py,p; ) as a possible solution of the BPS condition ([7.4).
Note that the second solution is the complex conjugate of the first one. A remarkable fact
to be proven below is that both solutions lie precisely on the boundary of the region defined
by the curves |z%| = 1.

Now if we adopt the physical region (sheet) to be |#¥| > 1 with the boundary |z*| = 1,
then it should contain only one solution from the second BPS family. Indeed, we do not

¥The solutions with negative ¢ correspond to bound states of anti-particles with negative energy.

20The energy of the corresponding bound state is E < 1/2/1 + 492 + 2.
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Figure 5: Two-particle bound states of string theory. Figure a) describes the first BPS family
corresponding to p < per. The green curves are Im(z~) = 0 for Im(z) < 0 and Im(z™) = 0 for
Im(z) > 0. For any p < p. there are two solutions: the first one is represented by the continuous
curves B;OC; (1st particle) and BoOCs (2nd particle), the second one corresponds to the dashed
curves A1B; U C;D; (1st particle) and AsBy U CaDs (2nd particle). Figure b) describes the
second BPS family corresponding to p > pe;. Again, for any p > p. there are two solutions
B>;C;UA;B; UC;D; and B;C; UA3ByUCoDs. Figure c) represents one of the four possibilities
to smoothly connect solutions from the first and the second BPS families. Here the variable z; of
the 1st particle is on the curve A;B;OC1D;. When z; runs along the curve from A; to D; the
real part of the momentum Re(p1) increases monotonically from — to w. At the same time, the
variable zy corresponding to the 2nd particle encloses the curve A;BoOC5Ds.

expect the doubling of the number of BPS bound states moving beyond the critical point.
The second solution can be then naturally interpreted as lying on the boundary of another
(unphysical) sheet joint to the physical one through the cut. It is unclear however what
is the precise origin for such an asymmetry. A possible explanation would be the absence
of parity invariance of the string sigma-model but a concrete implication of this fact is
unknown to us.

To visualize the singularities of the string S-matrix and also to verify that energy is real
for the second BPS family, it is instructive to analyze eqs. ([.§) in terms of the generalized
rapidity variables z; and zo associated to the first and the second particles, respectively.
It is not hard to see that the first family of the BPS states corresponds to imposing the
reality condition z5 = 21. In this case, egs. ([.§) are equivalent to

Im(z{)=0 or |z;|=1, (7.14)

where the first equation defines the first BPS family. Solving the bound state equation
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for z1, one gets a curve in the torus. The part of the curve that lies inside the region
|z%| > 1 is represented in figure fj by the green curve BjOC, and the corresponding
momentum p; has Im(p;) = —¢_. The variable zo = 2] of the second particle runs along
another (conjugate) green curve BoOCs, which can be also viewed as describing solutions
of the equation Im(x]) = 0 for z5. The dashed curves on figure fla, which are outside
the region |x¥| > 1, represent solutions of the equations Im(x]) = Im(z3) = 0 for 21, 22
corresponding to the momentum p; with Im(p;) = —q4.

To describe the second family of the BPS states corresponding to the complex values
of ¢ one has to take

£ W1 W2
22:—21—{—74—7. (715)
In this case
N A A W S 7.16
= ( TR 2> &) ) (710

where we have used the properties of Jacobi elliptic functions under the shifts by quarter-
periods. Hence, due to the BPS equation z; = x; , the points z; and zo lie on the curves
|z7| =1 and |z"| = 1, respectively.

As was discussed above, there are two different ways to choose the second BPS family
which is equivalent to deciding what is the physical sheet. Consider the point z; correspond-
ing to the first particle, figure flc. When it moves along the curve B;OC; corresponding
to the first BPS family and reaches, e.g., the point C; then there are two possibilities to
continue its path along the curve |z~| = 1: either one moves along C;D; or along C,B;.
In the case when z; moves along the curve CiD1, the second point zo follows the path
Cs5Ds,. In the opposite situation, when z; moves along C1B1, the point zo follows CyBs.
Similar discussion applies to continuing the first BPS family beyond B;. Obviously, for
the second family z; and zo are not complex conjugate anymore, rather they obey the
relation (.15). The bound state energy H = ig(x; — z]) — 2 is however real, as one can
also check by using the shift /reflection properties of the elliptic functions.

Our discussion reveals that there are four special points on the z-plane

w |, w
Zor = izl + f (7.17)
where both equations Im(z7) = 0 and |z;| = 1 or Im(z5) = 0 and |3 | = 1 are simulta-

neously satisfied. These are the critical points where two BPS families meet.

The most transparent description of the bound states is achieved in terms of the
rapidity variable u introduced in section [], rather than in terms of momentum p or the
variable z. Indeed, in terms of u eq. ([[.3) becomes

1 21
xy —xd <1— )zul—u2——:0, (7.18)
( 1 2) .%'1_1';— g

i.e. the rapidity variables u; and wuo of the first and the second particle lie on a straight line
running parallel to the imaginary axis. Moreover, for the first BPS family the variables
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uy,2 are subject to the following conjugation rule uj = up which, together with eq. ([7.1§)
allows one to conclude that

U1,2 = Ug + : s ug € R. (719)
g

This is a typical pattern of “Bethe string”. Omne can further see that for the first BPS
family corresponding to p < p., the variable ug is restricted to satisfy

;
lug| > 2, Uler = £2+ —, (7.20)
g
where u; ¢, is a critical value of rapidity u; for which the first BPS family ceased to exist.
Under the map to the u-plane the four critical points z., are mapped to the four branch
points on the u-plane (see figure fJ in section [l)

Uor = £2 £ é . (7.21)

Let us now turn to the second BPS family. First, by using eq. ({.J) and the properties
of the elliptic functions, we derive

w w 1 )
uy =~ —mt+ 242y + - =wus. (7.22)
2 2 _ W w g
T —22+71+72

We see that for both families of BPS states the conjugation rule for «’s is the one and the
same. By this reason, a solution to the BPS condition is always represented by the Bethe
string (.19). However, one finds that for the second family a solution exists for |ug| < 2
only. Thus, on the u-plane both families of BPS states admit a uniform description in
terms of the Bethe string with ug running over the whole real line.

7.2 Multi-particle bound states

The consideration of the two-particle bound states can be easily generalized to the M-
particle case. The corresponding set of bound state equations reads [B(]

oy —xf =0, j=1..,M. (7.23)

The total momentum of a state satisfying these equations is given by

+ .+ + +
I Wi T ¥ L
Ty Ty Ty Ty
and the energy of the state is
M
Hy = Z (=1 —iga; +iga; ) = —M —igaf +igzy, . (7.24)
i=1

Both the energy and momentum depend on the values of ﬂ:f and x, only. Since the

energy is real, x;, must be the complex conjugate of xf: ()" = xf In fact, a simple
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but important observation is that any global conserved charge of a state obeying ([7.23)
depends only on :c]L and

M . .
Qr=Yar(z) = > (@) = @) 7] = (@) = )]
=1 =1

Another important consequence of egs. (7.29) is that the coordinates xf and x, satisfy
the following quadratic constraint

1 1 2M
.
1 IL M - ( )

This is the same constraint as the one satisfied by % ({.3) with ¢ — g/M, and we get
immediately the dependence of xi" and z;; on the total real momentum p*t

2
+:L M M2 4 402 si 2P
o 298iﬂ§< +\/ +agTsin 2)’

e_i% p
= (M M2+ 402sin2 £
v 298iﬂ§< +\/ +gisn 2)’

and, using ([(.29), the BPS energy formula

(7.26)

HY = M? +4gzsin2§.
Moreover, we see that the set of global conserved charges @, is the same for any solution
of (7-23) with a given total momentum p.
It is also easy to see that the number of different solutions with a real momentum p
and positive energy is equal to 2M~! because for a given zt there are two different z~
solving the constraint (f.J), see the diagram below for M = 4

(
- +
To =T
oo = T 3 4
2 3 ’ - _ .+
+ Ty =Ty
— +
To = Ta —
2 3 - _ .t
+ DL'3—9L'4 _
Ty — > ° 4 — Ty
T, = T, —
2 3 - _ o+
+ Ly =Ty
Ty = x5 —
1 2 _ T
Lo =Tz — - +
Ty =Ty

To have all these solutions one would have to allow the parameters z; of the particles to be
anywhere on the z-torus, in particular, some of them would be in the anti-particle region
with |2%| < 1.

21n general for a given momentum p there are two solutions of the constraint )7 and there could be
any sign in front of the square root in () The positive sign guarantees the positivity of the energy.
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However, if we require that all the constituent particles of the bound state belong to
the region |z*| > 1 then we are left with a unique solution because for a given 2 only one
solution for x~ satisfies the condition |x~| > 1. For M even it is also necessary to specify
what parts of the boundaries |z%| = 1 belong to the region because if the momentum of a
bound state exceeds a critical, g— and M-dependent, value then there are several solutions
of the bound state equations with ‘%74/2’ = ’x?\}/zﬂ‘ =1.

Finally, if the parameters z; of the particles belong to the half of the torus corresponding
to the complex p-plane, then one can show that for any M there are two solutions of the
bound state equations.

Just as for the case of two-particle bound states, the simplest description of M-particle
bound states is provided by the u-plane where a solution is given by the Bethe string

i

uj=up+ (M —-2j+1)—, ji=1....M. (7.27)
g

We can choose one and the same map of the u-plane with the cuts described in section [

onto the region of the z-torus with |#¥| > 1 for all the particles. It is then obvious that

for a given momentum p there is just a single M-particle bound state that falls inside the

physical region. Its structural description however becomes rather involved.

7.3 Finite-size corrections to the bound states

It is of interest to analyze finite-size corrections to the energy of the BPS bound states,
and to see what restrictions on the dressing factor could be derived from the condition that
the energy corrections are real. To this end, we consider two-particle states in the su(2)
sector described by the following two equations, see ([.9)

+\ 7 +_ -1 +.4+\7
x ry —x iz
(2) —sefi= i, (22 -, (7.28)
T xl—x21—m T Ty
-t
where 19 = iizﬁ 012 is the unitary factor that appeared in the splitting (p.25) of the scalar
1%2

factor, and J is one of the global charges corresponding to the isometries of the five-sphere.
The variables xfﬁ also satisfy the constraint (@) These equations are supposed to be valid
asymptotically for large values of J, and have to be modified for finite J.

We will analyze these equations for large values of J in the vicinity of a bound state

2mm

J
where m is an integer. The quantization condition for the total momentum follows from

the second equation in ([7.2§).
Let xzi denote the values of xfﬁ satisfying the bound state equation and the second

satisfying the bound state equation ] = x; and having a fixed total momentum p =

\J
equation in ([7.2§). Then, <i—i+) ~ e~% exponentially decreases at large J, and we can

look for a solution of the form

N\ J
X
ot = xct <1+<X—1+> f) |
1
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Expanding the equations ([.2§) and the constraint (f.3) in powers of yii, we find a system
of linear equations for yzi The solution of the system is given below

ADualigloey — ) + 3755 (2t + 9 (F (65)° + 1) — 2x5))

"o g2(ex; — (g+200)x]) ()2 = 1)
yt = 4Xi12xf(ig(x.2_ - x%’r') + x5 %7)

9(gxy — (9 + 2ix; )x7) ((X;)z - 1)
v = 4i¥1ox%, (9(x] —x5) +ix{x])

o gl(g + 2ix)x{ —gx5) ((x5)2 — 1)

L A% —x3) +ix{x5) (9% (x3)° — 2(g + %5 )x5 +9%;5)
. _ _ 2

9 (—ig(xy —x{) — 2% %) ((x3)? — 1)

where X195 is evaluated on the solution to the bound state equation. The leading correction

to the energy of the state is easily found by expanding

E=Ei+E, EB=1+-2_-29 — 1 ig +iga; . (7.29)
Ly Ly

By using E; =1+ ;—ﬁ — ;_517 we obtain

N J L
_ (X 4i(xy (2x] —x3) — x{x3)
5E = ( > Do o (7.30)

xi Xy — X7 ) = 2ixy x1) ((x3)2—1)

On the other hand by using F; = —1 — ig:v;L +igz; , we get

\J o _
4 + ot + _oxt
OE = (X_1> 1 o Xy X)Xy (X5 +X] —2%5) (7.31)

xi Xy — X7 ) = 2ixy x1) ((x3)2—1)

Even though the expressions look different they coincide on solutions to the bound state
equation. In what follows we will be using the simpler eq. (7.31). Note also that the
perturbation theory breaks down at p = p.. Due to the quantization condition for the
momentum p it may happen only at special values of the coupling constant g depending
onm/J.

It is clear that the energy correction cannot be real for any choice of the dressing factor
Y12. The imaginary part of the correction depends on the branch of the bound state under
consideration.

In the first case with Im(x; ) = Im(x3 ) = 0 and the total momentum smaller than the
critical value ([7-10)), the parameters xzi satisfy the complex conjugation rule (xli)* =x7,
and we get

N J - _
58— 65 = [ (*L) 2, (2 = dixy X X5 (%5 +X —2x%5)
x5 Xqy 12 + + 2 - 1)

1 (9(xg —x7) — 2ixy x7) ((Xz

N\ J N\ J

Taking into account that <’;—£r> = (i—%) , we conclude that in this case the correction is
1 2

real only if the dressing factor is real ¥15 = X7, . This property of the dressing factor can

be easily shown by using the representation (5.29) for the dressing phase.
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In the second case with |x;| = |x§| = 1 and the total momentum exceeding the
critical value ([7.10)), the parameters Xii satisfy the complex conjugation rule (x])* = x5,

(x7)* = 1/x4, and we obtain
0FE —6E* =
A (B0 %y )72 - (g +x7)x5) — Yaa(xy) 7 ()T (g ) - 2x7))
(ig(xy —x{) + 2%, %)) ((x3)% — 1)

We see that the imaginary part of the correction would vanish only if

(% +x —2x5)
(2= (x5 +x{)x3)

Sip = Sia(xd )

Since the last equation depends on J and on a particular bound state solution, it cannot
be satisfied for any choice of the dressing factor. The complex energy of the state would
mean that the Hamiltonian of the model is not hermitian for finite J.

One might conclude from this result that the S-matrix poles with |x; | = |x4 | =1 are
spurious and do not correspond to bound states, and, therefore, should be omitted. That
would mean, however, that for any value of the total momentum the bound states satisfying
the equations Im(x] ) = Im(x;r ) = 0 would disappear as soon as the coupling constant g
reaches a critical (momentum-dependent) value. This seems to contradict to the statement
that the bound states are BPS. We believe that such a conclusion might be erroneous and
the result above indicates, in fact, that the asymptotic Bethe ansatz cannot be used to
analyze the finite-size corrections to the energy of bound states with the total momentum
exceeding the critical value (7.10]).

To show that this is indeed the case, let us recall that, as was shown in [Bg], at large
values of the string tension ¢ and the charge J the dispersion relation receives finite-
size corrections of the order e~7/(9sin?/2)  On the other hand, the energy correction we
computed above is of the order e~9/ where ¢ is the imaginary part of the momentum ps.
It depends on the total momentum p and the string tension g. By using eq. (D.J), it is not
difficult to determine the large g dependence of the momenta p; and ps of a bound state

cos Z i 1 cos 2 i 1
— 2 2
- : o ’ — VYV N o= ). 7.32
n 2¢?sin® L gsing <g3> p2=p 2g%sin®2 ' gsin? <gg> (7.32)

The second solution of eq. ([-§) (with ¢ > 0) is related to ([.39) as p1 — p}, pa — p} that is

one exchanges the real parts of momenta p;. A surprising result of the computation is that

q is equal to gsiﬁ, and, therefore, e~%/ is exactly equal to the magnitude of the finite-size
2

correction to the dispersion relation. That means that computing the finite J correction to

the energy of such a bound state one has to take into account the necessary modifications of
the asymptotic Bethe ansatz. As a result of these modifications, one should be able to get
a real finite-size correction to the energy of a bound state carrying momentum exceeding
the critical value. In fact, this would be a non-trivial check of finite J “Bethe” equations.

The analysis performed above raises the question if one can use the asymptotic Bethe
ansatz to compute the corrections to the energy of the bound states with momenta smaller
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1
gsin g~

then the energy correction ([7.31)) is bigger than the correction due to finite

than the critical value. At large g we can again compare the value of ¢ with
1

gsin &
J modifications of the asymptotic Bethe ansatz, and we can trust (7.31). Since pe = 2/,/9
at large values of g one should consider a bound state with momentum p of the order 1/,/g.

If g is

less than

The large g dependence of the momenta p; and ps of a bound state is easily found by using
cq. (D4)

14+4/1— B2

leading for p < pc; to the following two real solutions for ¢

2

4
14+4/1 - E&

G =2————. (7.34)

. : 1 2 2 2
Comparing these values with ganZ ~ g we see that ¢_ < o and g4+ > R Thus, the

asymptotic Bethe ansatz can be used to analyze finite J corrections to the energy of a
bound state with momentum smaller than p.. for the bound state with ¢_ only.

Actually, the fact that the energy correction ([7-31)) to the bound state with ¢ is
smaller than the corrections due to finite J modifications of the asymptotic Bethe ansatz
raises a question if these solutions correspond to the actual bound states. It may happen
that finite J Bethe equations would not have any solution that would reduce to the solution
with ¢4 in the limit J — oo.

A similar analysis can also be performed for small values of g. Then we expect that
the finite J effects (in gauge theory they are due to the wrapping interactions) become
important at order ¢>’, and therefore we could trust the asymptotic Bethe ansatz and the
energy correction ([.31) only if ¢ < —2log g.

The leading small g dependence of ¢ of the bound state solutions with the momentum

smaller than pc, is given by egs. (D.J), (D.9)
qr = —2logg+---, q,:—logcosg—l—---. (7.35)

We see immediately that again only the solution with the smaller imaginary part of the
momentum ¢_ satisfies the necessary condition. The energy correction to the state with
¢+ is of order g?/ that is exactly the order of wrapping interactions, and the asymptotic
Bethe ansatz again breaks down for the state.

Finally, the leading small g dependence of ¢ of the bound state solutions with the
momentum exceeding pe, is given by (D.7)

qi:_loggiimr---, (7.36)

where « is related to the momentum p as follows p = 7 — 2g cos «x.
We see that the real part of ¢y is smaller than —2logg, and therefore one could
conclude that one might use the asymptotic Bethe ansatz for the states in this regime.

This, however, leads to the problem of the complex energy of these states discussed above.
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As before the only resolution of the problem we see is the breakdown of the asymptotic
Bethe ansatz. This would imply, however, that for these states the wrapping interactions
become important already at the order g7. The fact that in gauge theory these states are
not dual to gauge-invariant operators does not seem to be important for this conclusion.
One could for example scatter a bound state carrying momentum p = 7w which always
exceeds the critical momentum p., with an elementary one carrying momentum — so that
the total momentum would be zero, and such a state would be dual to a gauge-invariant
operator. We would still expect the finite J corrections to this state to be of the order
g”. Another puzzling property of the states with p > pe, is that in the limit ¢ — 0 the
states are pushed away from the spectrum because p., = 7w, and cannot be seen in the
perturbative gauge theory.

8. Bound states of the mirror model

Let us now consider in a similar fashion bound states of the mirror model. In this case one
should consider mirror particles of type Agg.
We begin our consideration with two-particle bound states, and let the complex mo-
menta of the two particles be
51:]%_2‘(17 52:§+Zq, Req>07
where p is the total momentum of the mirror bound state.
The first equation in (B.6) takes the form

1

- _ —F -

ipR/2 _qR T — Xy Ty Ty

ePRIZoal — ) T = T (8.1)
T —1y 1—

vy g
where we set all auxiliary roots to 0. Assuming that the dressing factor does not vanish,

we conclude that for Regq > 0 and in the limit R — oo the following bound state equation
should hold

zf —a5 =0. (8.2)

The second factor in the denominator of the Bethe equation (B.]) may also vanish but the
energy of the corresponding state does not satisfy the BPS condition. We expect that, just
as a similar factor in the string theory, the pole due to this factor does not correspond to
a bound state.

By using eqs. (B15) which express z* as functions of p, we find that eq. (B:2) is
equivalent to

—APP 13 —2¢°t(2—t) + ¢t =0, (8.3)

where t =1+ %2. This equation gives the following two solutions with a positive real part

2 2 2 2 2

g g 4g P 4g
=1+ 1 —t+L =1 + /- . 8.4
1 \/+t \/ T \/+4+p2 \/ PR (84)

of ¢:
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Solutions for ¢ are real provided the expression under the square root is nonnegative, and
this implies the following restriction on the total momentum of the bound state

‘p’ Spcrz\/i\/_l"i_ V 1+492' (85)

For an exact inequality we have two positive solutions ¢4+, and when the bound on the
22

momentum is saturated the solution is obviously unique

1
q— < Ger < q+, QCr:%\/1+\/1+492. (8.6)

It is interesting to notice that the dependence of g+ on the momentum of the bound state
is smoother at p = 0 than the one for string theory bound states. We see from eq. (Q)

that ¢g_ reaches its minimum, and ¢ reaches its maximum at p =0

"= \1+g" — g, ¥ =V1+gi+yg, p=0. (8.7)

In string theory the corresponding values are 0 and oo.

To find what curves in the z-torus correspond to the two solutions with real ¢ we take
into account that in this case p1* = pa, and the reality condition for z* in the mirror theory
is (xli)* = 1/xJ. Thus the bound state equation (B.2) reduces to the following equivalent
conditions

i =1 = || =1,

being represented by the two curves in the z-torus that bound the yellow region with
laT| <1, |[#7| > 1 in figure [ Note that the curves are symmetric about the horizontal
line passing through the point z = =2. Let us recall that hermitian conjugation in the
mirror theory is defined with respect to this line, see section . It is not difficult to check
that the parts of the curves |z{| = 1, |z5| = 1 that are inside the region Im(z*) < 0
correspond to the smaller root q_ of eq. (B.4). The other parts of the curves correspond to
the second solution with ¢ = g, see figure . Just as it was for string theory bound states,
both solutions have the same values of all global conserved charges @, = ¢,(z1) + ¢ (22) =
= @D+ @)

We see that if we want to have only one bound state with |p| < p¢; in a physical region,
then we should choose the physical region to be the one with Im(z*) < 0 but not the one
bounded by the curves |x¥| = 1 as it is for string theory. We will see in a moment that
the region Im(x¥) < 0 also contains bound states with [p| > p., described by the solutions
with complex q.

Above the critical value, [p| > per, the two solutions (B.4) acquire imaginary parts and
become complex conjugate to each other. It is convenient to denote the corresponding
solutions as follows

4g? p 164>

+iE 12
4 + p? 2 p*(4+p?)

gr=/1+ (8.8)

22The energy of the bound state is Eer =2 arcsinh%\/ 1+ 141+ 4g¢2%.
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We see that the real part of g4 is a decreasing function of p, and its minimum value is 1.
On the contrary the imaginary part of ¢ is an increasing function of p and it behaves as
+p/2 at large values of p. As a result, the two complex momenta

Pt =f+lmg—iReq,  p*=LFImg+iReq, Req>0,
have the following large p behavior
mt=p—i, p=i; pT=-i, p=p+i.

A remarkable fact is that both solutions lie precisely on the boundary of the region
Im(z*) < 0. To see this we notice that, just as it was for string theory bound states, the
coordinates z; and z3 of the solutions with the complex values of ¢ are related by eq. ([7.17)

w1 w2

Then, one can easily show that

o) =a (=4 2+ 2 ) =) =l
and, therefore, the bound state equation z] = x5 is equivalent to Im(x%(z1)) =
Im(2~ (22)) = 0. We plot the corresponding curves in figure fi.

Thus, we have shown that these solutions lie on the boundary of the region Im(z%) < 0,
and, therefore, the region contains bound states with any value of the total momentum
and could be considered as the physical one for the mirror model. It is also necessary to
specify what part of the boundary of the region Im(z*) < 0 belongs to the physical region,
and this can be done by choosing properly the cuts in the u-plane where the bound state
equation reduces to

21
+ - _ —
T —Ty =0 = up—u3=—.

As was discussed in section fl, eqs. |z]| = |z5| = 1 describing a bound state with the
momentum not exceeding the critical value p., and with a real ¢ give a Bethe string
solution with the real part of u lying in the interval [—2, 2]

)
U1,2=U0:F§, —2<uy < 2.

On the other hand, values of ug lying outside the interval [—2, 2] correspond to solutions of
eqs. Im(z]) = Im(z; ) = 0. The momentum p = p(u) is a multi-valued function of u, and
one should choose a proper branch of the function to get the right values of the momenta
p1, po of the bound state. This fixes the cuts in the u-plane which run from +oo to £2F é,
and also the boundaries of the region Im(xi) < 0 in the z-plane which is mapped onto the
u-plane with these cuts.

The discussion of bound states of M particles of type A;S basically repeats the one in

section [|. One finds a system of equations

af -z, =0, j=1,...,M—1. (8.10)
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Figure 6: Bound states of the mirror theory. Figure a) represents the first BPS family: for any p
with |p| < per there are two solutions corresponding to g— (the curves B;C; for the 1st particle and
B, C;, for the 2nd one, respectively) and to ¢4 (the curves A;B; U C;D; for the 1st particle and
AsBs U CyDy, for the 2nd one, respectively). Figure b) represents the second BPS family which is
also doubly degenerate: it is given by either A;B; U C;D; UB3;D; or by BiC; UA;B, UD;Cs.
Figure c) corresponds to one of the four possibilities to connect the first and the second BPS
family: when the variable z; of the 1st particle runs along the curve A;B;C;D; the real part of
its momentum increases from —oo to +0o. At the same time, the variable z5 of the 2nd particle
encloses the curve A;B5CsoDs.

In terms of the variable u the Bethe string solution reads as

uj:uo—(M—2j+1)§, j=1,..., M, (8.11)
and has the energy
1 1
& =log x—}r = 2arcsinh —+/M?2 + p2, (8.12)
g 2g

where p = p1 + ...+ Dy is a total (real) momentum of the bound state.

Depending on a choice of the physical region, the system (B.1() could have one, two
or 2M=1 solutions. All solutions have the same global conserved charged. They behave,
however, differently for very large but finite values of R, and the solutions which are not
in the region Im(z%) < 0 show various signs of pathological behavior. In particular, they
might have complex finite R correction to the energy, or the correction would exceed the
correction due to finite R modifications of the Bethe equations thus making the asymptotic

Bethe ansatz inapplicable.
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A. Gauge-fixed lagrangian

The Lagrangian density of the gauge-fixed sigma-model in the generalized a-gauge [p6], 57

can be written in the following form [R6]

GG —
r—_ V Gopltt \/W+0Gtt+(1 a) Gy (A1)

(1 — a)2GW, - a2Gtt (1 - a)QGW, - aQGtt ’
where
1— 2 2
W= L2 Cop=a’Gu KH ! >aax.aax (A.2)
2 G(patht
1 L.
—(1- X-X+X’-X/]
< waGtt> < )
(1 - a)*Gyy — a®Gy)? 2 2
OaX - 0°X)* — (0o X - 05X)*) .
TepNen (( )* = 5X)%)
Here X = (y, 2%), where ¢, i = 1,...,4 are four fields parametrizing five-sphere, while 2

are fields parametrizing four directions in AdSs. The fields X in the Lagrangian above are
contracted with the help of the metric

ds* = —Gudt® + G.od2? + Gopd® + Gyydy?.

Here

14222 1 1—y2\? 1
Gtt:<—> y Gopo=——5, G =<— o Gy =—0,

where we had used the notation 2> = 2z'z* and y? = y'y'.

B. One-loop S-matrix

Here we describe the properties of the “one-loop” S-matrix which is obtained from the
S-matrix (B.24) upon taking the limit ¢ — 0. We will work in the elliptic parametrization
discussed in section 4.1. According to eq. (4.18), in this limit Jacobi elliptic functions de-
generate into the corresponding trigonometric ones and we find the following trigonometric
S-matrix:

—i(z1—2p) COL 21 — COt 23 4 21

S(z1,20) = e (Ell®E%+E§®E22+E11®E22+E§®E11>

cot z1 — cot z9 — 21
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_e—Hz1—22) 2

El®E} +E2®@ El — E} @ E) — E} @ E?

cot 21 —cot z9 — 21
E3®ES+E{QEl +FE3QEl +EjQ E3

24

E3 E4 E4 E3 _ E4 E3 _ E3 E4
cot 21 — cot z9 — 21 ( 3Ly +EB,Q B3 3 ® Ly 4 & Ly
cot z1 — cot 29 <

%2
et?2

El@E+El®@El+E2®FEs +E2Q E}

cot 21 —cot z9 — 21

izt cot z1 — cot 2z

P — E3®FE +E;®FE{ +Es®E; +E; ®FE}

N N N N N N

. 2

et o (Ble B+ Ble Bl + Blo B} + B o F]
A 21

reieem 2 (Bo B+ Blo b+ Bo bl + Fo B

The relations between the z-variable, momentum and the rescaled rapidity u — gu trans-
form in the limit ¢ — 0 into

p=2z, u:cotz:cotg. (B.1)

Surprisingly enough, this S-matrix cannot be written in the difference form, i.e. as a func-
tion of one variable being the difference of a properly introduced spectral parameter. By
construction, this S-matrix satisfies the usual Yang-Baxter equation

Sa3(22, 23)S13(21, 23)S12(21, 22) = S12(21, 22)S13(21, 23) S23(22, 23) , (B.2)

as one can also verify by direct calculation. On the other hand, at one-loop there is another
“canonical” S-matrix which is a linear combination of the graded identity and the usual

permutation:

can Ul — U2 g 21
=—=] —Pi5. B.3
12 ul—uQ—2i 12+U1—UQ—2i 12 ( )

This S-matrix satisfies the same Yang-Baxter equation (B.9).
The results of [i7] imply that the two one-loop S-matrices, (B.1]) and (B.3) are related
through the following transformation

Scan(zl, 22) = UQ(Zl) Vl(zl)VQ(Zz)Slg(Zl, ZQ)Vl_l(Zl)VQ_l(ZQ) U1_1(22)7 (B.4)

where we have introduced the diagonal matrices

U(z) = diag(e®,e*,1,1), (B.5)
V(z) = diag(e'i, e'd, e '3, e77). (B.6)

The transformation by V is just a gauge transformation which always preserves the Yang-
Baxter equation. On the other hand, transformation by U is a twist, that generically
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transforms the usual Yang-Baxter equation into the twisted one and vice versa [[7]. Indeed,
S$an is nothing else but the one-loop limit of the spin chain S-matrix [{]; the latter obeys
the twisted Yang-Baxter equation [[i7]. Note also that the twist U does not belong to the
symmetry group SU(2) x SU(2) of the string S-matrix.

To understand why at one loop the Yang-Baxter equation is preserved under the twist-
ing, we first write the Yang-Baxter equation for S by using the relation?? (B.J)

Us(22)S23U5 " (23)Us(21) 81307 (23)Un(21) S12Uy ' (22) =
= UQ(Zl)SlQU;l(ZQ)Ug(Zl)SlgUfl(Zg)Ug(ZQ)SQgU{l(23), (B.?)

which can be reshuffled as follows

Us(22)S23U2(21)Us(21)S13U; H(23)Uy * (23)S12U1 (22) =
= Us(21)Us(21)S12U7 1 (22)S13U3(22)Sa3U; H(23) Uy *(23) - (B.8)

It is clear now that we will get the usual Yang-Baxter equation for S provided it obeys the
following relation

1S,U®U] =0, (B.9)

where U is an arbitrary diagonal matriz. One can easily verify that both S-matrices, (B.])
and (B.3), do indeed satisfy this relation. At higher orders in g the relation (B.d) does
not hold anymore. The corresponding “all-loop” S-matrix (B.24) satisfies only a weaker
condition

[S,G®G] =0, G € SU(2) x SU(2), (B.10)

which is nothing else but the invariance condition for the string S-matrix. As a consequence,
the Yang-Baxter equation is preserved by the twist transformation only at the one-loop
order.

As a final remark, we note that it would be interesting to understand how the derivation
of the Hirota difference equations for the canonical S-matrix [7J] could be extended to the
“twisted” S-matrix (B.1). This might shed some light on construction the fusion procedure
for the all-loop S-matrix (B.24).

C. BAE with nonperiodic fermions

C.1 Bethe wave function and the periodicity conditions

In any asymptotic domain Q with zg, < g, < -+ < wg, where N = K' and Qy,...,Qn
is a permutation of 1,2,..., N, the wave function of N particles with flavors i1,4s,...,in
can be written as a superposition of plane waves with momenta p; > ps > --- > pn

(@1,..oan) =Y ALIS eirrae, (C.1)

i1oin
P

Tl

BN

2The gauge transformation by the matrix V decouples from the Yang-Baxter equation.
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where the sum runs over all permutations of the momenta p;. The scalar product pp - g
is defined as pp - xg = Zszl Pp Lo, s and for any two permutations P and Q it satisfies
PP TQ = Ppo-1 T = Zszlp(Pg_l) x, where 7 is the trivial permutation.

k

The amplitude AZI_Q is related to the probability of finding the particle with the flavor

AN

i (the ig-th particle in what follows) carrying the momentum p Po- at the position xy.

1)k
That means that the index i, is attached to the coordinate x,. As a result the wave

function ([C.1)) should satisfy the following symmetry condition for any two indices k,m

Q _
\I'z‘1~~~ik---z‘m---iN(x1’ ey Ty e Ty e ey IN) =

= (=)ikCim P rm < (T1y - Ty Ty ), (CL2)

i1 i N

where Py, is the permutation of £ and m, and ¢; = 0 if the i-th particle is boson and
€; = 1 if the i-th particle is fermion, that is one takes the minus sign if both the i;-th and
im-th particles are fermions, and the plus sign otherwise. -
In any two domains Q and O the amplitudes AZ‘QZN and AZ?'_%N
wave (that is pp - 7g = pp - 2g) are related through the S-matrix. The relation can be

of the same plane

easily found by representing the amplitudes as the following products of the ZF operators

ATIS kAl ()AL (), (C.3)

1IN iQy

and then by using the ZF algebra to relate the amplitudes in the domains Q and Q. The
+/— sign in this formula is related to the even/odd number of permutations of fermions by
the permutation Q. To understand the origin of this formula let us recall that the indices
i;. are attached to the coordinates x; which explains the order of A;rgk. The dependence

of A;rgk of the momentum follows from the coupling pp, xg, in the exponential of the wave
function (C.)).

To proceed it is convenient to use matrix notations. We introduce the simple permuta-
tion Pjo = E; ® EZJ which permutes the spaces Vi and V5 but does not touch the momenta
p;i so that So1 = P12S(p2, p1) P12 , the graded permutation P, = (—l)eieij ® Eg, and the
graded two-particle S-matrix S7, which can be written in the form S{, = I{,S12 where
I, = (-1)4%E!® E; is the graded identity. We also define S5, = P12S(p2, p1)Pi2lfy =
Py13S(p2, p1) PYy so that the unitarity condition S7,S55, = I is fulfilled.

Then we multiply the wave function (@) and ([C.3) by the tensor product of N rows
Eh"®@E2® - @ FE~N = (B'E?... EN)""™"" "and () takes the form

UO(xzy,...,an) =y  APIRePPoe, (C.4)
P

where

APIQ ~ ATQ1(p7’1) ' ”ATQN(pPN)Ié’

and the index Qj refers to the location of the row E<, and I é is the product of graded
identities which can be found by representing the permutation Q as a product of Y simple

permutations Prp: Q = Prkymy - - - Phym,y , and then Ié = I]glml e Igymy.
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Now the ZF algebra can be used to express the amplitudes A”!2 with Qy = P~1Q
fixed in terms of the amplitude AZ10. In particular the amplitudes APP are expressed in
terms of the incoming amplitude AZT ~ AI (p1)--- A;rv (pn). The corresponding terms in
the wave function can be used to derive the periodicity conditions.

To find the relations, it is convenient to represent

APIQ ATQl(pwl)"'ATQN(pPN)Ié — A;l(ppl)...A;N(pPN)(QP—l)l_..NIg 7

where (QP~1);...y is the permutation matrix that acting on the tensor product E”1 ®@---®
EPN produces E€' @ --- ® ESN. Now we use the ZF algebra to find the relation

APIQ — AJ{ .. A}fv . SP1~~~7’N(pP1 - ,ppN)(prl)l...NIé
— A% 150(97173)1---1\75731---7% (pP1 e ,pPN)(Qpil)l...NIg )

where Sp,...py (p7,1 yeen ,pPN) is the multi-particle S-matrix.
In particular, we find that

P|P s — 77T
APIP = ATE S o (P P V= ATESS o (Do iP5 )

where 57931.“731\] (pp1 Yoo ,pPN) is the graded multi-particle S-matrix. Note that it is not a
product of two-particle graded S-matrices.

This formula can be used to find the set of periodicity conditions. We write the part
of the wave function with the plane wave e’k

U(zy,...,on) = Y APPPPoPo(ap, < .. < apy)
P

= AT Z S,y (Ppyse Do) PPIPY(rp < ... <xpy).  (C.6)
P
The periodicity conditions read

U(zy,...,2p =0,...,2n5) =V(21,...,2p = L,...,xNn) Wk,

where the diagonal matrix W is equal to the identity matrix if the fermions are periodic,
and it is W = (=1)9E! if the fermions are anti-periodic. For the su(2[2) case we have
W =¥ = diag(1,1,—1,—1) for anti-periodic fermions.

By using eq. (C.€), we get

U(zy,...,2p =0,...,2N) =
'AI‘I Z SlgPQ"-PN(pk7p7’2’"'7p7’N)eipP.$P0(x'P2 <. <xPN)7
P:P1=pg
\Il(xl,...,a:k :L,...,[BN) =
PRl AT Z Shpn ik Ppys - Do DWr€PPIPO(p, <. <apy_,),
P:PN=Dk
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Comparing the terms, we obtain

ATE (SgPQ---PN (ks Ppys -+ 1 Ppy ) — LS ok Doy ,pPN,pk)Wk) =0. (C.7)
To compute the S-matrices, we use their definitions
AL (pr) AL, (pp,) -+ A (Dp, ) = AL+ AL - Sipyoy (Phs Dy 2P ) s
AL (p,) AL (p VAL (k) = AL+ AL - Spypyk(Ppy - Py DE)

Then we use the ZF algebra to order the product A;DQ (Pp,) A;N (Pp,)

A, (p,) Ay (0, ) = AL+ AL ALy AR Spypy (Dpy 1y )

and finally we get the multi-particle S-matrices

ALAL (py) -+ AL (P ) = Al AL - Sk 1Sk -2+ Ski + Sy
AL () -+ Ab (0p )AL = AT+ AL - Ski1kSkrak - Sk - Spypy
Thus, for Sp,..p, = 1 eq. (C.4) takes the form
AI\I <Sk,k—1 - Skl]lg,k—l ... I/§1 _ eipkLSk+17k ... SNkII§+1,k - I]g\kak> =0 (C‘g)
or, equivalently,
ATIT (ez’pkL gt Sl T WDy I Sk - Sk,k+1) 0. (C.9)

It is possible to show that the same equations follow if Sp,...p,, # 1 which uses the identity
Skmlgnfﬂm = I,gnlﬂ,mSkm, and also that the terms in the wave function with the plane
wave e'PP 72 lead to the same equations.

The consistency condition for the system of equations ([C.9) requires that the matrices
Tp = Ske—1- - Sealy oy T Wy -+ I 1 SkN -+ Sk

mutually commute. Naturally, we expect that the matrices T} should be related to the
monodromy matrix

T(pa) = —Stra WaS%\ (pa, pN)S£7N,1(pA7PN—1) - S (pa,pr), (C.10)

where ijk is the fermionic R-operator defined, e.g., in eq. (102) of [7J]. The authors of [73]
use index notations to define the operator. It is more convenient, however, to use the
matrix notations and the usual convention for S;, to work with the operator. One can
check that it can be written in the following form

Sf ) . If...NIg...N I]gksjk(pﬁpk) I;?---NIIZ--N if ] < k§ C.11
jk(p]’pk) I I A S. . 79 19 19 if P>k ( : )
jo-Ntk N jk(p]apk) jktj Nk N i g>rK.

Here I} is the graded identity and

&

g
I 9y

GN =17

9 19 ...
5J+179,5+2

,62,



To prove the formula, one should use the following representation for the graded projection

operators Efa eq. (28) of 73

B _ B
BS =10 N EL T

There are two natural choice for the index A in ([C.10), that is A=0or A= N + 1. The

choice leading to T}, appears to be A =N + 1 > k. Then we get

SAk(pA7pk) = I]?...N SAk(pA7pk)IfZ;k I/?...N .

Now we compute the following product
(C.12)

_ 79 g g g g g9
SAk(pAvpk)SA,kq(PAapkfl) = Tp NSae Ly T vy Sak—1 Ly g1 i1y
_ 79 g g g 79 g g g
- Ik---Nkal---Nkal,k Sak IAkakaSAvk—l IA,kfl L nD 1N
_ 79 g g9 g g g g g9
= IkmNIk—lmNIk—l,k SakSak-1 IAk IA,k—l Ik—l,k Ik...N Ik—l---N )

where we used the identity
Sak-1(pa,pr) ng,k Ika = I/?q,k Iglk Sak-1(pa;Pk) -

The following generalization of the formula ([C.13) can be proven by using the mathematical

induction
st s .8 —
Ak (Pa, PE)S Y 1 (PA; PE-1) A k—n (DA Pk—n)
=Ln Dipen i Tl X (C.13)
X Sk Sak—nliy Ig,kfn Bon LN Ilgfl,kllgfz--k SRR A

To get the monodromy matrix, we set £k = N and n = N — 1 in this formula, and using

the identity
If...N =1,

g g g g
INfl---N e Il---N INfl,NINfz--N T

we find the following drastic simplification

T(pa) = —StraWa San - Sar Ly -+ 1%, -

Now we choose p4 = pi, and use the fact that Sag(pk, pr) = —Pak. Recalling that our goal

is to show that T'(py) = T}, we have

T(pr) = StraWaSan - Sagkt1 Par Sagp—1---Sar Iy - Iy
= Stra Pag Wi Skn -+ Skger1 - Sak—1--Sa1 Iy - Iy
= S‘UYAPAkSA,kq'"SA1Ika,1"'Ifn .WkskN...Sth.[gN...[ik_

Now we use that
SkN...Sk7k+1.]gN...]gk:[ﬁN...]ik.SkN...5k7k+1

,63,



to get
T(px) = Stra Sk -1 Skt Iy B Lin - 1] oy PanIfy, Wi Sen -+ Skt -
The supertrace can be easily taken
Strp Pagl¥, = Try (—1)%1 @ E) (Eg ® Eg) <(—1)€f€gE}” ® E;f)
= (-t E =1,
and, therefore, we show that T'(py) = Ty. Since T'(u)T'(v) = T'(v)T (u) for any u and v, we
have shown that the periodicity equations ([C.9) are consistent.?*

C.2 Two-particle Bethe equations

To see how the formulas of the previous subsection work let us consider a two-particle wave
function given by

AQHZ et P1w1+ipaz: _|_“422.1‘12 etp2Titipize  if 1 < To

\I/ij(.%'l,.%'g) = { (C.14)

1221 ; 21021 4 ; . :

According to ([C.J), we can identify

AP~ Al Al(pa), AP~ (=) Al (p2) Al (p1) -

It is clear that the amplitudes Allf 112

respectively. By using the ZF algebra we find

Al(p2)Al(p1) = SW(p2,p) AL (1) Al (p2) = AT = ()59 S (o, pr) A 2.

and A?jlm correspond to the in- and out-states,

In a similar way we get

AT Al o) Al(pr), AP ~ (259 Al(p1) AL (p2),

and
Al(p)Al(p2) = SB (1, p2) AL (p2) Al (1) = AL = (2)59 S (pr, pa) A7 2.

The amplitudes .Ailfm and A?jllm are not independent. By the symmetry condition (|C.2)
they are related to each other as follows

1212 sei 112121 Qlk 21[12 21112 4lk 1212
Aij| =(-) EJ-AjZ" = Sij (p1,p2)«4kl‘ = Az‘j| = Sij (pz,p1)«4kl‘ :

The wave function ([C.14) can be written in the matrix form by multiplying it by the row
E'® EJ and summing over 4, j. Then we get

A (eip1$1+ip2x2 + S91Pyo eip2$1+ip1x2) if 1 < 29

U(z1,72) = {A(PtiBipll‘2+ip2$1 + 89, eip2m2+ip1x1) if a9 <ay (C.15)

241n framework of the algebraic Bethe Ansatz twisted boundary conditions for Hubbard-like models have
been studied in [@]
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where we recall that P{, = (—1)% EJZ ®Eij is the graded permutation and S3; is the graded
S—matrix Sgl = Plzs(pg,pl)P12]f2 = Plgs(pg, pl)Pti.
The (quasi)-periodicity condition can be easily imposed

V(xy,z2) = V(x1 + L, zo) Wi, Y(z1,22) = ¥(21,20 — L)Wa, 1 < 22,

where the matrix W is equal to I for periodic boundary conditions and to ¥ for anti-
periodic boundary conditions for fermions. By using the wave e®+®k this leads to the
following equations

A(L—ePESg W) =0, A(l—e PES§ W) =
or by using the wave eP2%2+P172 g
.A (Sglplg — einLPfQWO = O, .A (Sglplg — eiiplLPfQWQ) =0.

These two sets of the periodicity conditions are obviously equivalent because Pj,W; =
W5 Py,. Let us also mention that the equations are compatible if the matrices W15, and
5§, Wo commute, and this follows from unitarity 57,55, = I and

WiW,S9, = 59, W1 W, .

Let us now see how the nesting procedure works for the case of one AI boson and one
A;E fermion. Consider the system of equations

21|12 1212 12|12
-A 2 S13(P27P1)A | 13(1927P1)~A | )

(C.16)
2112 12012 12]12
-’431‘ = 531 (p2,p1)A3; | 31(1727P1)A 2.
Assuming that Sfjl are matrix elements of the string S-matrix S, we get
_ - + _ i
A21\12 — So(p2,p1) [@e;pv@ﬁlm _ m1+ — mi n(p2) ejpl Aglz} ’
] — Ty i — x5 n(p1) e3p2 (.17)
+ — + +
T z5 1(p1) 12012 Lo — Ty _ i 12]12
A21\12 So (p2,p1) [u A + 22 T omap2 g ’
31 Ty — x;r 77(1)2) 31 Ty — x;r 13
where Sy(p1,p2) is the scalar prefactor.
For the amplitudes of interest the general Bethe equations
—ip1L 412012 iteies gl 12[12
e” AT = (=1) Y S5 (2, p1) Ay (C.18)
read as follows
_ 1212 _ 12012 12]12 2112
e AL B (p2,p1)Ast 2 + S5 (p2,p1) A = A5
(C.19)

e AR = (1) | B2 p) A + S (2 p) AL | = (F1)° AR

where we have used egs. ([C.16). Note that in eq. (C.1§) the multiplier (—1)°“ takes into
account the boundary conditions for fermions: € = 0 for periodic fermions and ¢ = 1 for
anti-periodic ones, respectively.

The system (C.17) can be solved in two different ways depending on the choice of the
first level vacuum [[J]. Below we present both solutions.
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e Regarding A; ... A; as the first level vacuum, we first choose the following ansatz

Aglm = f(p2)S(p1), Aéf‘” = f(p1), (C.20)
A2 gl 1) F(01)S(ps) A — S (po, p1) f(p2),

where S11(p1, p2) is the corresponding element of the string S-matrix. One can easily
show that this ansatz indeed solves the system (C.17) provided we take

¢ ot —a iny — "
fp) = ——"—, S(p) = ez

n(p) y—x y—axt’

According to egs. ([C.20), the last formulae give
e P f(p2)S(p1) = Sii (p2, 1) f (p2) ,

e Pl f(p1) = (=1)°S{{ (p2,p1) f (1) S (p2)

and we derive the corresponding Bethe equations

et = Si1(p1,p2)S(p1) s
(=)= S(p1)S(p2) -

e If we choose As... A3 as the first level vacuum, we modify the ansatz for the corre-
sponding amplitudes as follows

Az = F(py)., A" = f(p2)S(p1) -
21112 433 21112 433
Al = S55(p2,p1) f(p2), A3y = S35(p2,p1) f(p1)S(p2) -

Note that S33(p1,p2) = —So(p1,p2). This time satisfaction of egs. (C.17) requires
one to choose

(C.21)

+
_ —iz Y _ ity
f(p) =n(ple S S(p) = —e S

The Bethe equations ([C.19) read

e P f(pr) = S35 (p2.p1) f(p1)S(p2)
e f(p2)S(p1) = (—=1)°553 (p2, p1) f (p2) ,

and, therefore, we find

+
| T —Y m
et = (=1)°S35 (1, p2) S(p1) = (1) So(p1,p2) 5 y B
T

(=1)° = S5(p1)S(p2) -

This completes consideration of our simple example illustrating the dependence of the
Bethe equations on the periodicity conditions for fermions.
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D. Large/small g expansions of solutions to the bound state equation

The four general solutions of the bound state equation (7.§) are

<w/9251n2§+1—|—1) (Cosg\/fsian—i—l:I:\/COSQ§—QQSin4g>
q_

e , D.1
g?sin? & (D-1)
<\/9251n2§ +1-— 1) (COS% \/QQSinzg +1+ \/COS2g — ¢2sin? g)
el — o’ ) (D.2)
2

where only the first two solutions (D.1]) correspond to states with positive energy.
The large g dependence of g of the bound state solutions with momentum exceeding

Per is obtained by expanding (D.1) in powers of 1/g with the bound state momentum p
kept fixed??

1 1 (p  cosh 1
=——7p " ti|z—=——55| +0(=). D.3
= gsin§  6g3sin® 2 (2 2¢2 sin® g) (77) (D.3)

To find the large g dependence of ¢ of the bound state solutions with momentum
smaller than pc, one should take into account that p,, — 2/,/g as g — oo, and therefore
one should consider a bound state with momentum p of the order 1/,/g and keep the
product p,/g fixed in the large g expansion

1+4/1-22 1,2
16 Py L
g =2 — == (1- + — | . (D.4)
gp 39°p 16 1 2

The small g dependence of ¢ of the bound state solutions with momentum smaller than
Per is obtained by expanding ([D.1]) at small g with the bound state momentum p kept fixed

2

4cost

qy = —2log g +log — p2 + g—(l + 3 cos p) tan? Py O(gh), (D.5)
sin® § 3 2
2

q— = —log COS%j + gz sin? gtaHQ g +O(g"). (D.6)

To find the small g dependence of ¢ of the bound state solutions with the momentum
exceeding pcr, one should take into account that p., — m — 2g as ¢ — 0. Then, one can
parametrize p as follows

p=m—2gcosa,

and keep « fixed in the expansion. Then we get

2 2 2

)
T —logg + ‘%(2 + cos2a) 1 <a+ %sin2a - % cota> +0(g"). (D.7)

25We assume here that p € (0, ).
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