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Abstract

A systematic method for the calculation of amplitudes in hot gauge
theories is developed. It is necessary to distinguish between hard momenta
(of order T') and soft momenta (of order gT'). Ordinary perturbation the-
ory applies at hard momenta, but over soft momenta, effective propagators
and vertices are required. These effective quantities resum the leading con-
tributions from thermal fluctuations with hard virtual momenta. These
“hard thermal loops” arise solely from subdiagrams at one loop order:
they are ultraviolet finite, gauge independent, and satisfy simple Ward
identities. To illustrate the method we apply it to the quark and gluon
self energies. Ward identities are used to show that to one loop order in
this effective perturbation expansion, the two-point 7-matrix elements
constructed from the self energies are gauge invariant. This proves that to
leading order in g, the quark and gluon damping rates are gauge invariant

and positive.



Gauge theories at a temperature T are of interest in a variety of problems, such as
the early universe and the collisions of nuclei at ultrarelativistic energies [1]. The ther-
modynamic behavior near equilibrium is determined by the behavior of amplitudes
obtained by the analytic continuation of euclidean green’s functions from imaginary

‘to real time. In this work we use perturbation theory to study amplitudes in hot
gauge theories; by “hot” we mean that the temperature 7' is much larger than any

intrinsic mass scale in the problem.

Recently there has been much interest in a basic amplitude in hot QC D, the
imaginary part of the gluon self energy on mass shell. This is a physical quantity,
determining the crossover from damping by gluons to damping by hydrodynamic
modes. At zero temperature general arguments show that T-matrix elements formed
by setting two-point amplitudes on mass shell are independent of gauge, and have
discontinuities of positive sign [2]. Explicit calculations at one loop order appear
to show that this property fails at nonzero temperature — both the sign and the

magnitude of the gluon damping rate seem to be gauge dependent [3].

In this paper we show that these calculations are incomplete, in that they do not
include all effects of leading order in the coupling constant g [4]. In hot gauge theories
the usual connection between the order of the loop expansion and powers of g is lost:
effects of leading order in g arise from every order in the loop expansion. We develop
a systematic procedure which resums this infinite subset of graphs, implementing the
program of resummation proposed by Pisarski [5]. Applying this resummation to the
damping rates, we show that the resulting damping rates are gauge invariant and
positive, in accord with general expectation. A summary of the proof for the gluon

damping rate appeared in ref. [6].

The need for resummation is apparent from the example of a hot scalar theory
with quartic self—cbupling g?. Hot implies that the scalar is massless at tree level.
The effects of nonzero temperature are familiar: the tadpole diagram generates a
temperature dependent effective mass m, ~ g7'. Here resummation is just a matter
of replacing the bare propagator, 1/P?, by an effective one, 1/(P? + m?). For the
scalar theory this is all there is to the resummation: since the running coupling
constant depends upon temperature only through logarithms, and not powers of T', it
suffices to use the bare vertex. This kind of resurnmation is standard in nonrelativistic

theories, and is generally adequate for field theories at low temperatures.



Although the principle remains the same, the resummation required in hot gauge
theories is more intricate than in a scalar theory. The self energy which enters into the
effective propagator is no longer simply a mass term, but depends nontrivially on the
momentum. It is also necessary to use effective vertices, with nontrivial momentum

dependence, instead of bare vertices.

To explain this resummation we introduce some technical concepts. Real time
amplitudes are obtained from diagrams in imaginary time by continuing the euclidean
pi for each external leg to pp = iw. While the values of py are discrete in imaginary
time, po = 7jT for integral j, in real time w is a continuous variable. For hot field
theories the two natural momentum scales are T', which we term “hard”, and ¢T,
which we call “soft”. A momentum P* = (po,7) is soft if w and p = |p| are of order

gT;'a momentum is hard if any component is of order T'.

For hot gauge theories we term the diagrams which must be resummed into ef-
fective propagators and vertices “hard thermal loops”. These are loop corrections
which are g*T?/P? times the corresponding tree amplitude, where P is a momentum
characteristic of the external lines. When any external leg is hard, these diagrams
are at least g times the tree amplitude, and are part of the usual perturbative cor-
rections. When every external momentum is soft, however, g?T?/P? is of order one,
and hard thermal loops are as important as the tree diagra.m; Hard thermal loops
are generated solely by a small part of the integration region in one loop diagrams in
which the loop momentum is hard. They represent the contribution of fluctuations

that are purely thermal, not quantum mechanical, and are ultraviolet finite.

For a scalar field theory the only hard thermal loop is the temperature dependent
mass in the self energy, m? =~ ¢°T?. The hard thermal loop in the the photon self
energy of QED was computed decades ago by Silin {7,8]. The hard thermal loops
in the self energies of nonabelian gauge theories were first computed by Klimov and
Weldon [9,5,10]. In sec. I we show that in gauge theories there are an infinite number
of amplitudes with hard thermal loops: at any N > 2, there are hard thermal loops in
the N-point functions between N gauge fields, and between a fermion pair and N —2
gauge fields. A further complication is that the hard thermal loops of gauge theories
are produced not only by tadpole diagrams, but by diagrams with discontinuities.
These discontinuities lie below the light cone, w < |l, and represent Landau damping

[4]. Tt is the occurence of Landau damping that turns the hard thermal loops of gauge



theories into nontrivial functions of the momenta.

In order to systematically calculate amplitudes with soft lines, it is necessary to
resum perturbation theory by including all possible hard thermal loops. For soft lines
effective propagators must be used, in which the self energies of Silin, Klimov, and
Weldon are included exactly. When every line going into a vertex is soft, an effective
vertex, which includes the bare term plus the hard thermal loop, is required. If a line
is hard, or if a vertex has at least one hard leg, loop corrections are suppressed by g,
so bare propagators and vertices can be used to leading order in g. In particular, it
is consistent to use bare propagators and vertices in order to calculate hard thermal

loops.

The outline of the paper is as follows. In sec. I we show how to pick out the
contributions of hard thermal loops from a diagram with soft external momenta.
They arise from integration regions in which the loop momenta is hard. This allows
us to make numerous approximations which greatly simplify the calculation of hard

thermal loops.

The hard thermal loops of nonabelian gauge theories are computed in sec. II. In
sec. II.A we work in Coulomb gauge. The hard thermal loops for two—, three—, and
four-point functions are computed, and a generating functional for the hard thermal
loops of arbitrary N-point functions is derived. We also show that the hard thermal
loops satisfy particularly simple Ward identities. In sec. II.B we show that the hard
thermal loops are the same in Feynman gauge as in Coulomb gauge. The extension
to general covariant gauges is made in sec. II.C. That the hard thermal lbops in
the self energies are gauge invariant was first shown by Klimov and Weldon [9,10].
We argue inductively that these cancellations persist in all higher N-point functions.
The gauge invariance of the hard thermal loops is surprising, for their external legs

need not be on mass shell — all that is required is that their legs be soft.

In sec. III.A we develop an effective perturbative expansion which resums all hard
thermal loops. We derive the Ward identities satisfied by the effective propagators
and vertices, and find that they are identical in form to those satisfied at tree level.
To illustrate the use of the effective expansion, in sec. III.B we examine the leading
corrections to the effective quark and gluon propagators. For soft momenta these
corrections are of order g relative to the effective propagator. 7-matrix elements are

formed by sandwiching these effective self energies between physical wave functions,



which are defined to lie on the mass shells of the effective propagators. Ward identities
are then used to show that these 7-matrix elements are the same in covariant and
Coulomb gauges. In sec. III.C we discuss the corrections at next to leading order in
g.

Our proof in sec. III.B that the two-point 7-matrix elements are gauge invariant
implies that the damping rates are gauge invariant as well. In Coulomb gauge all
states contribute with positive sign to the discontinuities, so gauge invariance auto-
matically implies that the damping rates are positive. Our proof of gauge invariance
for T-matrix elements extends the standard arguments at zero temperature [2] to
our effective expansion, and provides a crucial check that our resummation includes

all terms of order g.
In an appendix we compute one loop integrals for three- and four-point functions.

This paper is the first in a series. In this work we eschew explicit calculation to
proceed as far as possible with general arguments such as power counting and the
Ward identities. Detailed calculations of hard thermal loops, and applications to
damping rates and other quantities, will be presented later [12]. We stress that while
the effective expansion is not elementary, practical calculations can be performed with
it. The principal complication — the nontrivial momentum dependence of the effec-
tive propagators and vertices — can be overcome by using spectral ref)resentations
[5,10,12]. This is a straightforward extension of a standard nonconvariant method for

evaluating loop integrals with bare propagators and vertices at nonzero temperature

[4].
I. Extracting hard thermal loops

In this section we explain how to isolate the hard thermal loops in one loop
diagrams. We also enumerate all of the amplitudes which contain hard thermal loops

and derive some useful identities.

Let A(K) be a bosonic propagator in momentum space,

1
A(K) = ek k® = 27T . (1.1)

Upper case letters represent four-momenta, lower case letters their components:



K* = (k% k), with k = kk, and K? = (k°)? + k. For one loop diagrams we take K*
as the loop momenta, with

3k
Tr =T / . (1.2)

Z | Gy
To perform the sum over the integers 7 at nonzero temperature we follow the method
of ref.’s [4] and [11]. This “noncovariant” approach uses propagators that depend upon
the spatial momentum k and the euclidean time r. The noncovariant propagator is

obtained by fourier transformation of A(K) with respect to k°,

AT, k) = }: e * ™ A(K) . (1.3)

j=~o0,

k® =2m;T
The sum can be evaluated by expressing it as a contour integral [4,10]. In the complex
k° plane A(K') has poles at k® = +ik with residues Fi/(2k). The contour integral
- gives
1

Alr k) = o2 ((1+n(k)) e™*™ +n(k)e**7) (1.4)

where n(k) = 1/(exp(k/T) — 1) is the Bose-Einstein distribution function. Eq. (1.4)
is valid for 0 < 7 < 1/T; outside of this region, A(r, k) is defined to be periodic in 7
with period 1/T. The inverse of eq. (1.3) is

A(K) = /0 YT g R A k) | (1.5)

Similar results apply for the quark propagator A;(K). We find it useful to define
a fermionic propagator ZX(K ) by extracting a K from the quark propagator,

7 =ik AK). (L6)

A(K) differs from A(K) only in the allowed values of k°:

Ay(K) =

~ 1
A —

=7 K =@+ 1T, (1.7)

The noncovariant propagator A(T, k) is defined as in eq. (1.3), except for the change

in the values of k°. After evaluating the sum over j by contour integral methods, we



obtain

A(r k) = 2“11; ((1 = 7(k)) e™*7 — (k) e**7) (1.8)

with 7i(k) = 1/(ezp(k/T) + 1) the Fermi-Dirac distribution function. Eq. (1.8) holds
over 0 < 7 < 1/T; otherwise it is defined to be anti-periodic in 7 with period 1/7.
Note that A(T, k) is obtained from A(r,k) by replacing n(k) — — (k).

In the noncovariant approach [4,10], one-loop integrals are evaluated as follows.
Start with the expression for the diagram in momentum space. For each virtual line
use eq. (1.5) (or the analogous relation for A(K)) to replace the propagator A(K)
by an integral of A(r,k) with respect to 7. The sum over k° produces a §—function
in the times 7, allowing one 7 integral to be done trivially. The integrals over the
remaining times are elementary, and yield products of energy denominators. This
leaves an integral over the three-momentum k. At this point is is relatively easy to
pick out the contribution of the hard thermal loops. As noted in the introduction,
hard thermal loops are g?*T?/P? times the corresponding tree diagram: for one loop
diagrams the g? is automatic, so the integrals that produce hard thermal loops are

- uniformly proportional to TZ.

To illustrate this procedure we compute several examples. We begin with the
simplest diagram which produces a hard thermal loop, which is the tadpole diagram
for bosons, Tr A(K). After using eq. (1.5) the sum over k° just gives §(7), so the

T integral is trivial:

(;:;3 Ar=0k) = 25 L amm) . (L9)

(27)3 2k
The first term in the integral is quadratically divergent, and is removed by renormal-

Tr A(K) = /

ization at zero temperature. In the second term the quadratic divergence is cutoff by

the Bose-Einstein distribution function n(k). Using

m2T?

/0+°° dk k (k) = T (1.10)

we find that the hard thermal loop in this integral — the term proportional to 72 —
is
T2
Tr A(K) = 7= Z(0). (1.11)
We introduce the symbol “x” to represent equality between the hard thermal loops

in two expressions. We also introduce the notation Z(P) = Z(0) for the hard thermal



loop in T'r A(K — P). Later this will be generalized into a compact notation for the

hard thermal loops in more complicated integrals.

The quark loop in the gluon self energy also contributes a type of fermionic tad-

pole, Tr A(K). Using

+o0 - 1\ m2T? ,
/0 dk k (k) = (5) —, (1.12)
we find ) .
Tr A(K) ~ - 52 =1(0). (1.13)
Note the identity
I(0) = — %I(O) , (1.14)

which generalizes to more complicated integrals.

A more interesting example of a hard thermal loop is Tr k* A(K) A(P — K).
This arises in the gluon self energy [I#*¥, when traced over its spatial indices p = v = 1.

- After using eq. (1.5) and eliminating one 7 integral,

&k
(2m)°

' ‘L2 _ —_ yT ip’r 1.2
Trk* A(K) A(P - K) _/ / dr T k2 A(r, Ey) A(r, Ey_i) , (1.15)
V]

where E = k, Ep_r = |p — k|. The remaining r integral yields a set of energy

denominators,
&k k2
Tr k> A(K) A(P ~ K =/
r ( ) ( ) (211’)3 2E, 2E —k
{(1+n(E )+ 1 (E,_s)) 1 + !
. PRII\ip® —Ep — Ep. | ip® + Ex + Ep_sie

-1 1
— (n(Ek) = n(Ep-k)) (ipO “E i i B Ep—k) } : (1.16)

In passing from eq. (1.15) to eq. (1.16) p° must be treated as an euclidean
variable, p® = 27T, with ezp(i p°/T) = 1. Once the integral is written as a sum over
energy denominators, though, we can analytically continue p° to minkowski values,
p® = —iw. For soft P* — w and p both of order gT — the hard thermal loop can be

extracted by power counting.



By definition the hard thermal loop in the self energy II*¥ is the piece which is
as large as the tree term for soft momentum. The transverse part of the bare inverse
propagator is P?§# — P#P¥: at soft P ~ gT this is of order g?T?. Since the integral
in eq. (1.16) is multiplied by g* in II*¥, the hard thermal loop in the integral is the

term proportional to T'?, as stated before. We now extract this term.

The 1 in the expression 1 + n(E;) + n(E,_;) in eq. (1.16) generates the complete
integral at zero temperature. After renormalization removes the ultraviolet diver-
gence, this contribution to the integral in eq. (1.16) is proportional to P2, which at
soft P is of magnitude g>T%. This illustrates a general feature: for soft momenta, the

zero temperature terms are down by g? relative to the hard thermal loops.

The other terms in eq. (1.16) involve the statistical distribution functions n(E})
or n(Ep-). We first consider soft loop momentum k. If the external momentum P* is
soft, the integral over magnitude, [ dk, is mixed up with the angular integral, [ dQ,
and they are complicated to evaluate. It is not difficult, though, to estimate how
large this part of the integral is. For soft energies E of order gT', the Bose-Einstein

“distribution function is approximately
T 1 -
n(E) ~ z o (1.17)
When the external and loop momentum are both soft, the only mass scale in the
integral is gT', so that the contribution to the integral is of order n(E)(gT)? ~ gT?,
which is suppressed by g relative to the hard thermal loop.

All that remains is the integration over hard loop momentum. There are signifi-
cant simplifications when P is soft and k hard. In the energy denominators we can

approximate
ipo + (Ek + Ep_k) ~ 42k,

ipo:i:(Ek—Ep_k)zipoj:pcosﬂ , (1.18)
where 4 is the angle between p and k. For the distribution functions we caﬁ set
n(Ex) + n(Ep-r) ~ 2n(k) ,

pcosf
T .

n(Ex) — n(Ep_p) ~ n(k) (1 + n(k)) . (1.19)



With these approximations, the integrals over [ dk and [dQ = [ sin 8 df d¢ decouple,
and each can easily be done. The k integral is either that given in eq. (1.10), or

w2 T?

E,l,.fo“’ dk K n(k) (1+ (k) = —— , (1.20)

For later use, we also give the corresponding integral for n(k),

1) ~T (1.21)

%/ow dk k? ﬁ(k}(l—ﬁ(k))z ('z' 3

Under the approximations of egs. (1.18) and (1.1-9), the angular integral over z = cos §

reduces to

1 0 0 0
/ __da:_m_____le (EP—) = Z'—l—'—-log (ZP +P) -2, (1.22)
P

-1 ip°/p—z P i’ —p
where Q1(ip°/p) is a Legendre function of the second kind.
The final result for the hard thermal loop in eq. (1.15) is

2 T? ipo ..
Tr k> A(K) A(P-K) = 54—(1— 2@, (—p—)) = TI%(0,P) . (1.23)
We introduce the notation I® (Py, P;) for the hard thermal loop in the integral
Tr K* K* A(Py — K) A(P, — K). The denominators 1p°® £ (E¢ + Ep—¢) in eq. (1.16)
produce the constant term, T2/24, which is like the tadpole integral of eq. (1.11).
The term containing Q;(:p°/p) is due to the denominators ip® + (Er — E,_x). The
Legendre functions Q(w/p) have discontinuities below the light cone, p > w > —p.
These terms represent Landau damping at nonzero temperature, where one field is
~absorbed from the thermal distribution, and the other emitted into it [4,5].

As a third example of a hard thermal loop, consider an integral which enters
into the quark self energy, Tr k° A(K) A(P — K). After summation over k° and
integration over 7, the integral becomes
Pk —iE
(27‘!‘)3 2Ek2Ep_k

Tr k° A(K)A(P—K):/

{(1 + n(Ek) - (Ep-k)) (ip“ A, + 1p® + By + Ep—k)

10



_ 1 1 |
+ (n(Ex) + 7 Ep-r)) (ipo B EL T E,,_k) } : (1.24)

The hard thermal loop is the term that is as large as the bare inverse propagator, P,
for soft momentum P ~ gT. In the quark self energy X, the integral in eq. (1.24)
is multiplied by g?, so the hard thermal part of the integral is proportional to 72%/P.
Such a term is produced only by the two terms in eq. (1.24) with energy denominators
ip® £ (Ex— Ep_i), integrated over hard momenta k ~ T. Using the approximations in
egs. (1.18) and (1.19), the integral over k decouples from the angular integral, with
the k integral given by either eqs. (1.10) and {1.12). The angular integral has the

form . p o o
z ip 1p” +p
—— 2 — = l . .
/—1 PFlp-s ( P ) Y —p (129)
The final result for the hard thermal loop in the integral is
0 A . T? ip’
p p

We have denoted the hard thermal part of T'r K* A(Po—K) A(Py—K) by I#(Py; P,).
The other parts of the integral in eq. (1.24) are all smaller by at least one power of g.
At hard k the energy denominators 1p® + (Ei + Ep—i) produce terms in the integral
proportional to T, and are therefore of order g times the hard thermal loop. The
integral over soft k is also of order g, while the zero temperature term is of order g2

times the hard thermal loop.

We have shown how to extract the hard thermal loops in a few simple integrals.
Before proceeding to the general case, we first list all diagrams which contain hard
thermal loops. In nonabelian gauge theories the only amplitudes which contain hard
thermal loops are N-gluon amplitudes and the amplitude between N — 2 gluons and
a quark pair. In Coulomb or Feynman gauges, hard thermal loops are produced by
a very small subset of one loop diagrams. They arise just from diagrams constructed
out of three-point vertices, as in Figures 1 and 2. As we show in sec. II, in these
gauges any diagram with a four-gluon vertex cannot produce a hard thermal loop.
There is one exception to this rule: for the gluon self energy, the four-gluon vertex

produces a tadpole diagram, which by eq. (1.11) contains a hard thermal loop.

This neglect of diagrams with four—gluon vertices holds only in Coulomb and

Feynman gauges. As we demonstrate in sec. II.C,in covariant gauges other than

11



Feynman, the full set of one loop diagrams contributes to hard thermal loops. When
every one loop diagram which contributes to a given amplitude is added up, however,
we find that the sum gives the same hard thermal loop as found in Coulomb or
Feynman gauge. For the sake of simplicity, in the rest of this section we restrict

ourselves to Coulomb or Feynman gauge.

In nonabelian gauge theories, diagrams are often difficult to evaluate because
in the numerators of integrals, the external and loop momenta become entangled.
These complications are avoided in hard thermal loops. As in the previous examples,
hard thermal loops arise from integration regions in which the loop momentum K is
hard, while all external momenta are soft. If in the numerator of an integral a hard
loop momentum of order T is replaced by a soft external momentum of order gT,
this substitution reduces the integral by a power of g. Thus whenever a momentum
appears in the numerator, such as (P — K )* from a three—gluon vertex, or 2 — X from
a quark propagator, we need only keep the loop momentum K, dropping all terms
proportional to the external momenta. Another simplification is that hard thermal

~loops are only produced by terms in which every external gluon has its spacetime index
u tied to a loop momentum K*; that is, terms proportional to Kronecker deltas in
the indices between external gluons, §#¥, can be dropped. This simplification arises
from an identity, eq. (1.33), satisfied by hard thermal loops. Again the gluon self
energy is an exception: it does have hard thermal loops proportional to Z(0) 6* and
Z(0) &#.

Using these rules, we catalog all diagrams which have hard thermal loops in
Coulomb and Feynman gauges. For the N-gluon amplitude, N gluons can tie onto a
gluon loop through the one loop diagram of fig. la. This produces the hard thermal
loop

IHeBN(0, Py ... Pyy) = Tr KM ...K*" A(K)A(P, - K)...A(Py-, — K),

(1.27)
where pq, ..., un are the indices of the external gluons, and P, ..., Py_; are combina-
tions of their momenta. Recall that the symbol “~” indicates that Z#--#~ is defined
to be the hard thermal loop in the integral. The N powers of K in the numerator
arise from the N three-gluon vertices in fig. la. In Feynman gauge, the diagram
in which N gluons attach to a ghost loop also contribute a hard thermal loop like
eq. (1.27). The hard thermal loop calculated in eq. (1.23) is a special case of eq.

12



(1.27). The N gluons can also be tied onto a quark loop as in fig. 1b, to give the
hard thermal loop '

Tmesn(0,Py...Py_y) ~ Tr K™ .. K"~ A(K)A(P, - K)...A(Py_1 — K).

‘ (1.28)

The powers of K in this integral arise from the K’s in the N quark propagators.
These are all of the hard thermal loops in the N-gluon amplitude for N > 3. As
noted above, the gluon self energy, N = 2, provides exceptions to these rules. This

case is discussed at length in sec. IL

The hard thermal loops for amplitudes with N — 2 gluons and a quark pair arise
from the diagrams of fig. 2. The integrals are of the form

I“l..-yN—l(O’ P1 e PM—l; PM e PN-—I)

~ TrK* . .. K*"' A(K)...A(Py_i— K)A(Py—K)...A(Pv_y— K) . (1.29)

where M can take any value from 1 to N —1, and P,, ..., Py_; are combinations of the
external momenta. The indices of the external gluons are y,, ..., ux—2; the additional
index, py-1, is contracted with a Dirac gamma ma.trix,ﬁ“”-l. In the arguments
of eq. (1.29), the momenta that appear in bosonic propagators are separated by a
semicolon from those that appear in fermionic propagators. Note that there are only
N — 1 powers of K in eq. (1.29), versus N powers of K in eqs; (1.27) and (1.28). The
hard thermal loop calculated in eq. (1.26) is a special case of eq. (1.29), for N = 2

and M = 1. The hard thermal loops in eq. (1.29) exist for all N > 2.

In nonabelian gauge theories these are the only integrals which develop hard ther-
mal loops. To justify this we develop a set of rules which enable us to power count
one loop diagrams. In the appendix we explicitly evaluate the sum over £° aud the
integrals over 7 for the three- and four-point functions. From these examples, the
general form of the corresponding result for an N-point function is apparent. To
be definite, consider the integral in eq. (1.27), taking all of the indices pq,...,un to
be spatial (this restriction is not essential, and is lifted later). In the noncovariant
approach, eq. (1.5) is used to introduce a 7 integral for each of the N propagators.
The sum over k® produces a delta function in the 7’s, which eliminates one 7 integral.

Each of the remaining (IV — 1) 7 integrals then gives an energy denominator.

At this point we invoke a general property of one loop diagrams, which seems to

13



have escaped notice before. By eq. (1.4), each propagator can contribute one power
of the Bose-Einstein distribution function n(E) to the integral. For the integral in
eq. (1.27), since there are N propagators, at the outset there will be terms involving
N powers of the distribution functions. Yet after doing the sum over k° and the
integrals over each 7, we assert that any one loop integral can be written in a form in
which there are at most single powers of the distribution functions: all higher powers
in the n(E)’s cancel. This property is demonstrated explicitly in the appendix for
arbitrary three— and four-point functions. We also give a physical argument as to
why this property holds for any N-point function, as a consequence of the way in

which the cutting rules work at nonzero temperature.

Using this result, we reduce the integral in eq. (1.27) to a sum which includes

terms of the form

K#o .. KB~
3k
/ EvEpy - Epy -k

(n(Ek) — n(Ep, &)

1
(193 — Ei + Ep—k) .- - (ip}—1 — B + Epy_, — k) -
The N factors of 1/E,_, arise from the residues of the propagators. Each energy

(1.30)

denominator corresponds to a way in which the one loop diagram can be cut through
two virtual lines to produce a discontinuity. For the term shown in eq. (1.30), in
every denominator the two energies have opposite signs. Consequently, for eq. (1.30)
any possible cut corresponds to Landau damping: the absorption and emission of two
particles, with nearly equal momenta, from the thermal bath. For the other terms
in the integral, the energies in the denominators have different signs, and different

combinations of the distribution functions appear.

Hard thermal loops arise from the integration region in which & is of order T.
Using the approximations of eqs. (1.18) and (1.19), it is simple to estimate the
magnitude of eq. (1.30) when the external momenta are of order g7'. In the integral
over [ d%k, the N powers of K in the numerator, and the N residues, E, ;k ~ k, are all
proportional to T, and combine with the integration element to give T3TN /TN = T3,
By eq. (1.19), the difference of distribution functions is of order P/T. Finally, from
eq. (1.18) each energy denominator is of order P. Altogether, eq. (1.30) is of
order T?/PN-2, In the N-gluon amplitude, eq. (1.30) is multiplied by g", giving
gNT?/PN-2 = (g*T?/P?) gN-2/PN-%. At tree level the N-gluon amplitude is of
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order g"~?/PN-*, For soft P ~ ¢gT, eq. (1.30) is of the same order and so produces
a hard thermal loop.

There is one other type of term which produces a hard thermal loop from the
integral of eq. (1.27). Consider the term in which every energy denominator except
one corresponds to Landau damping, so one energy denominator is of order T'. The
statistical distribution functions for that energy denominator appear as a sum, and
are of order 1. The result is that such a term also gives a hard thermal loop. Only
these two types of terms produce a hard thermal loop: all others are smaller by a
least one power of g. Note that if N is large, these two types of terms are a small
fraction of the total number of terms. The analysis of the integral in eq. (1.28) is
identical, except that the Bose-Einstein distribution functions n(E) must be replaced

by Fermi-Dirac distribution functions 7( E) everywhere.

The analysis of the integral in eq. (1.29) is similar. After evaluating all the =

integrals, the integral includes terms like

Kl-ll . K#N—x .
/d3k T R A (n (Ee) + 7 (EPN_I_.,,))

1
(1P} — Ex + Epy i) .- - (ip?\(—l — Ep + Epn—x—k) .

(1.31)

In this term, all energy denominators correspond to Landau damping; thus the sta-
tistical distribution functions which appear must be the sum of n(E) and #(E). The
integral is estimated as before, except that the sum of distribution functions is of
order one. We find that eq. (1.31) is of order T2/ P¥-1; it contributes to the ampli-
tude for N — 2 gluons and a quark pair as gvVT?/ PV~ = (g*T?*/P?*)g"~-2/PN-3. The
amplitude at tree level is of order g”¥=2/P¥ =3, 50 eq. (1.31) contributes to the hard

thermal loop.

For the integral of eq. (1.29) only terms in which every energy denominator cor-
responds to Landau damping, as in eq. (1.31), produce hard thermal loops. Observe
that while the integral in eq. (1.29) has one fewer power of K in the numerator than
egs. (1.27) and (1.28), it is still a hard thermal loop. This happens because the
distribution functions which enter into eq. (1.30) are of the same statistics, so their
difference is of order P/T. In eq. (1.31) they are of opposite statistics, so their sum

of order 1. This change in the distribution functions compensates for the one fewer
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power of K in the numerator.

These results can be summarized by a set of rules to power count one loop di-
agrams. We assume that all external momentum are soft, denoted generically by

P.

o The integration element [ d°k contributes T3,
o The first propagator in the integral, times the sum over k°, contributes 1/T.

o Every additional propagator gives 1/(PT): 1/T from the residue times 1/P

from an energy denominator with Landau damping.

e Powers of K* in the numerator from three-gluon vertices or quark propagators

give T, powers of external momenta give P.

e For integrals with two or more propagators that are either all bosonic or all
fermionic, there is an extra factor of P/T from cancelling statistical distribution

functions.

In the above, by propagator we mean either A or A; as discussed in sec. IIL.A, the

power counting for static modes is different.

These rules apply to diagrams in which every external momentum is soft. If each
external momentum is hard, then as T is the only scale in the problem, by dimensional
analysis any one loop diagram is g* times the tree amplitude. The case in which some
external momenta are hard, and some soft, is more involved. Suppose an amplitude
has two external lines with hard momenta, while the rest are soft. The largest loop
diagrams are those in which the hard momenta is routed through just one virtual
line. For the propagator of this hard virtual line, the associated energy denominator
is hard, of order 1/T, instead of soft, of order 1/P. The only other change in the rules
is that there is no suppression from cancelling statistical distribution functions. The
result is that one loop diagrams with both hard and soft external momenta are at
most g times the tree amplitude. For example, consider the amplitude between three
gluons, where two of the gluons have hard momenta, of order @, and one gluon has
soft momenta, of order P. At tree level this is of order g@Q ~ gT'. By the counting
above there are diagrams of order ¢g3T?/P ~ ¢®T, which for hard @ is g times the

tree amplitude.
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The amplitudes discussed, between N gluons, and between N — 2 gluons and a
quark pair, are the only ones with hard thermal loops. We leave it as an exercise to
the reader to show that amplitudes with more than one quark pair do not have hard
thermal loops. The only remaining amplitudes involve ghosts. In gauges in which
ghosts propagate — such as covariant — virtual ghosts do contribute to hard thermal
loops. It is always true, however, that amplitudes with ghosts on external lines do
not exhibit hard thermal loops. For instance, in the one loop diagram between one
pair of ghosts and N —2 gluons, one ghost-gluon vertex is proportional to an external
ghost momentum. Assuming that all of the external momenta are soft, this ghost-
gluon vertex brings in one power of a soft external momenta, instead of a hard loop
momentum. Hence the amplitude with one ghost pair and N — 2 gluons is at most ¢

times the one loop amplitude between N gluons.

We conclude this section by deriving some useful identities for hard thermal loops.
The integrals of eqs. (1.27) and (1.28) are evidently invariant under permutations of
their arguments P, = 0, Py, ..., P~v_ while eq. (1.29) is invariant under permutations

of Pp =0,P,,...,Py_, and Pp,..., Py_; amongst themselves.

All arguments can be shifted by a common soft momentum P. For example,
IH-sN (Po,. .oy PN_]_) = TH1-6N (PQ + P, P ,PN_.l + P) . (1.32)

We often use this freedom to set P, = 0. To prove this identity, we change the
integration variable in eq. (1.27) from K to K — P. In the numerator, every K*
becomes (K — P)*, but in the hard thermal loop any factor of the soft P can be
dropped. Remember that the functions Z and Z are defined to include only the hard
thermal loops in the integrals of eqs. (1.27) — (1.29); thus identities such as eq.

(1.32), and those which follow, are strict equalities.
The integrals in eqs. (1.27), (1.28), and (1.29) are symmetric under permutation
of their indices. For N > 3, the integral Z#'#~ is traceless in any pair of indices:

SHkz Thibz--BN (O,Pl ce ,PN—I) =0 , N >3, (133)

and similarly for the integralsin eqs. (1.28) and (1.29). The reason is that §+t#2 ¥ K#z
K? cancels A(K) in eq. {1.27), leaving an integral with N — 2 factors of K in the
numerator and N — 1 propagators. From our rules for power counting, this integral is
of order T/ PY~3, which is not a hard thermal loop. As described earlier, this identity
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allows us to drop terms with Kronecker deltas in the indices between external gluons,
for if two external indices are contracted together, then two internal indices must be

contracted as well.

When N = 2 the integrals of eqs. (1.27) and (1.28) have nonzero trace:

¢ I* (0,P) = I(P) =I(0), (1.34)
where Z(0) is given in eq. (1.11).

The identity of eq. (1.33) is also useful for calculating integrals where more than
one of the indices p; ...y is time-like. After introducing noncovariant propagators,
k° becomes i 3/07. Single powers of 8/ can be integrated by parts without concern,
but care must be taken with multiple powers of §/37 [4]. Hard thermal loops with

multiple powers of k° can be evaluated by writing eq. (1.33) as
IOOH"'"“N(O, P1 - PN—-l) = — IH“J"'“N(O,Pl . PN—I) . (135)

With this identity the previous restriction that the indices g1 ...y all be spatial can
be lifted.

There are also identities which relate hard thermal loops for propagators with
different statistics. To start with, the hard thermal loops in eqs. (1.27) and eq.
(1.28) are equal up to a multiplicative constant. Consider the contribution to the
hard thermal loop in eq. (1.27) from terms as in 'eq. (1.30). To obtain the similar
hard thermal loop for eq. (1.28), merely replace n(E) by —7(E) in eq. (1.30). From
egs. (1.10), (1.12), (1.20) and (1.21), this substitution changes the integrals over [ dk
by an overall multiplicative factor of —1/2. This same —1/2 accompanies the other

terms which contribute to a hard thermal loop, so in all
- 1
1—“1"'“"(0, P1 ce PN_]) = (—§> I‘“'"FN(O,Pl PN PN—I) . (1.36)

Eq. (1.14) is an example of this identity.

There is another type of identity which relates eq. (1.29) to similar integrals.
Define the integral which is obtained from eq. (1.29) by changing each A into A, and

vice versa, as I:

i‘ul-.-#N—l(O’ Py...Py_1;Py... Pn_y)
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~ TrK* .. . K"~ A(K)...A(Py-1—K) A(Pu—K)...A(Py_y— K) . (1.37)

As seen in eq. (1.31), the only statistical distributions functions which enter into the
hard thermal loop of eq. (1.29) are A(Ex) + n(Ep,_,-k) ~ 7i(k) + n(k). To obtain the
- hard thermal loop for eq. (1.37), in eq. (1.31) each n(E) is replaced by by —a(FE),

and vice versa. Under this operation, (k) + n(k) goes into minus itself, so that

f“l"'“N"(O, Po...Py_1;Py... PN—I) = - I"“"'“N'I(O,Pl v o Py 13 P PN—I) .
‘ (1.38)

Finally we derive relations between the hard thermal loops of N- and (N — 1)~

point functions. For soft P, we can approximate
1 2 1
PLK = > (- (P — K)* + K* + P}) ~ 5 (- (P, - K)* + K?) . (1.39)
Each of the terms K? and (P, — K)? cancels a propagator in eq. (1.27), so

P Tmba-uN(0, Py Py ... Py_y)

1
= i(I“z"'“N(Pl,Pg...PN_I)—Iyz"'“N(O,Pg...PN_l)) . (140)
For N = 2, this can be further simplified:
, , _
P T%(0, P) = 5 (T'(P) = T*(0)) = % P 7(0) . (1.41)

Here we use I¥(0) = Tr K¥ A(K) = 0 because the integral is odd in K”, and
I¥(P) = P* I(0) follows from shifting K — K + P. An identity similar to eq. (1.40)
can be derived for eq. (1.29).

Eq. (1.40) shows that for V > 3 a soft momenta dotted into an N-point hard
thermal loop yields a difference of two (/N —1)-point hard thermal loops. In sec. II.A
we use eqs. (1.40) and (1.41) to derive the Ward identities satisfied by hard thermal

loops.

II. Hard thermal loops in hot gauge theories

For hot gauge theories in Coulomb and Feynman gauge, the hard thermal loops

can be expressed in terms of the integrals Z and 7 of sec. L. In this section we prove a
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surprising result: at least within the class of Coulomb and general covariant gauges,

all hard thermal loops are gauge invariant.

Our conventions for perturbation theory are the following. We work in an SU(N,)
gauge theory with N flavors of fermions in the fundamental representation. The color
indices a,b... run from 1 to N? — 1, while the (Euclidean) space-time indices g, v ...
run from 1 to d. We work in four space-time dimensions, d = 4, but on occasion we
find it useful to keep d as a bookkeeping device. Roman letters 7, 7, ... denote spatial
indices, 1 through (d ~ 1). In propagators the diagonal color factors are suppressed.
The bare three—gluon vertex between gluons A%(P), 4%(Q), and A5(R) is

—ig f* I P,Q,R) = —ig f* (P - Q)" + perm.'s) , (2.1)

where P + @ + K = 0. We uniformly define all momenta to flow into a vertex. The
bare four-gluon vertex, when traced over its last two color indices, is diagonal in its

first two indices. We denote this component of the four-gluon vertex by
—g* N5 I* (P,Q, R, 5) = —g*6® N, (268> — 526" — 6476)) | (2.2)

with P+Q+R+S = 0. The generators of the adjoint representation are (7). = fb°°.
The color trace is tr(T°T?) = — N §°%.

The bare quark-gluon vertex for a gluon A%(R) coupled to a quark and antiquark

with momenta P and Q is
gt® T*(P,Q; R) = gt* v* . (2.3)

The generators ¢* of the fundamental representation obey tr(t°t?) = —§7%/2 and
their Casimir is Cy = (N2 — 1)/(2N.). Whether the color trace, tr, is that for the

fundamental or the adjoint representation should be clear from the context.

A. Coulomb gauge

In this section we compute all hard thermal loops in Coulomb gauge. With gauge-

fixing term (8'A%)? /(2¢c), the bare propagator for the gauge field is

1 k02
Ago(K) = o T (k4) :
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KOkt
Ag(K) = 50 —F )
b
k2
Strict Coulomb gauge is é¢ = 0, but we consider arbitrary values of {c. The only

AG(K) = AL(K) + & (2.4)

propagating modes are transverse gluons, with the propagator

AY(K) = (59 - FR) A(K) . - (2.5)
All of the other gluon modes, such as the timelike Coulomb gluon, Agg, are static. The
‘Coulomb ghost is also static, with bare propagator 1/k%. It couples to spatial gluons

through the vertex —igf*p’, where p' is the spatial momentum of the antighost leg.

To illustrate the analyéis of a general amplitude, we compute the hard thermal
loops in the gluon and quark self energies. These were first calculated by Silin, Klimov,
and Weldon [7- 10]. Once we can calculate these efficiently, the extension to N—point

functions at N > 3 is immediate.

The diagrams that contribute to the gluon self energy at one loop order are shown

in fig. 3. The diagram with two three-gluon interactions, fig. 3a, contributes
6114, (P) =

gch

Tr Iva'pa\(_P + K,P, _K) Af\:,\!(K) FA'ug'(_K,P’—P -+ K) ASIU(P — K) .
(2.6)

The prefix “6” is introduced to denote the hard thermal loop in an amplitude.

Many of the terms that appear in eq. (2.6) do not contribute to a hard thermal
loop, and can be dropped at the outset. Since the loop momentum K is hard and
the external momentum P is soft, the terms linear in P in the three-gluon vertices
can be neglected in comparison to those linear in K. Thus the three-gluon vertex

reduces to
FG#A(—P + K';Py_K) = qul\(K’O,_K) = _2KM50A + KU 5#,\ + KA 6“‘7 . (2'7)

The symbol “x” is used here to denote an approximation that is valid for the hard

thermal loop in an integral.
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We concentrate on the term in eq. (2.6) that arises when both of the virtual gluons
are transverse; it turns out that this contribution typifies the hard thermal loops for
the N-point functions at ¥ > 3. Several approximations can be made for transverse
gluons in Coulomb gauge. For soft P and hard K, the transverse propagator is

proportional to a projection operator in &:

b — k)Y (p— k) .. “en
A%(P-K) = (5‘1 _(z )(2 £) ) A(P-K) = (87 - k'ki) A(P-K). (2.8)
Consider what happens in eq. (2.6) when the three—gluon vertex of eq. (2.7) is
sandwiched between two transverse propagators. As the propagators are transverse,
the loop indices o, A... must all be spatial: ¢ = j, A = i, etc.. Then any term
in the three—gluon vertex which involves the loop indices, k* or k7, vanishes upon
contraction with the transverse propagator. The only term which survives is from

the first term in eq. (2.7), proportional to —2K*:

AL(P - K)T™7(=K,0,K) AU (K) ~ —2K* (89 — k'k) A(K) A(P - K).
(2.9)
Thus when a three-gluon vertex is sandwiched between two transverse gluon prop-
agators, the projection operator in k survives unscathed. Consequently it is easy to
contract the remaining vertex with eq. (2.9). As before any terms proportional to
k* or k7 vanish 'upon contraction with eq. (2.9), so the remaining vertex contributes
2K* §'. Contraction of the Kronecker delta §*/ with the projection operator in eq.

(2.9) gives an overall multiplicative factor of
6 (68 — k') =d-2. (2.10)
The complete hard thermal loop in 3, is a sum of two terms,

gch

STIE*(P) ~ 2%(d - 2) ( ) Tr K* K* A(K) A(P — K)

+9¢° N. Tr (6846 AL(K)) . (2.11)

The first term is momentum dependent, proportional to Z*¥(0, P). It arises just
from the contribution of two transverse gluons, as discussed above. The second term,

proportional to Tr A(K), is a constant. It is only nonzero when the indices p = v
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are spatial, and is due to the contribution of one transverse and one timelike gluon,
Ago.

The Coulomb ghosts are static, so the ghost loop in fig. 3b cannot produce a hard
thermal loop. The tadpole from the four-gluon vertex diagram of fig. 3c produces
terms independent of the external momentum. The hard thermal loop, which comes

from transverse gluons only, is
SIX(P) =~ —g* N. Tr ((d - 2) 8 A(K) — & 6 A%(K)) . (2.12)

The second term in eq. (2.12) cancels identically against the constant term in eq.
(2.11). Adding eqs. (2.11) and (2.12) together, we find that the contribution of
virtual gluons to the hard thermal loop in the gluon self energy is

gch

) Tr (K“ K” A(K) A(P - K) — -21; 5 A(K)) .
(2.13)

T ige(P) = 2 (6-2)

This result is independent of the Coulomb gauge fixing parameter éc.

Notice that it is much simpler to compute just the momentum dependent part of
ST in eq. (2.13). This is due solely to the contribution of two transverse gluons,
for which the approximations of eqs. (2.7) — (2.9) apply. The constant term in §II*¥
is more involved, for then the static modes, through the constant term in eq. (2.11),
and four-gluon vertices, eq. (2.12), contribute. Fortunately, these complications are
special to the constant term in the gluon self energy, and do not enter into the hard

thermal loops of N-gluons when NV > 3.

We remark that the constant term in the gluon self energy has a direct physical
interpretation. Since it is a constant, its value can be determined at any momentum.
The most convenient choice is at zero momentum, where the behavior of the gluon self
energy is a familiar story [1]. For instance, choosing p® = 0 and then setting p — 0,
the only nonzero component of I** is II°® = m2% ~ ¢g®T?. To this order the electric
mass m i1s the inverse screening length for static electric fields, and is a physical
quantity. In sections II.B and II.C we show that in covariant gauges the constant
term in the gluon self energy arises in a very different way than in Coulomb gauge.
Yet since m,; is a physical quantity, and so gauge invariant, we can rest assured that

in the end, the sum of all such constant terms is bound to be the same.
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The contribution of the quark loop to the gluon self energy is
uv gsz n v ‘
S (P) = == Tr (v AHK) 7" Bs(K ~P)) (2.14)

where the quark propagator Ay is given in eq. (1.6), and there is an implied trace
over the Dirac indices. Like the three—gluon vertex in eq. (2.7), terms linear in 2 in

the numerator of the second quark propagator can be dropped:
AP -K) ~ —i KA(P -K). (2.15)
This makes the trace over Dirac indices simple, and eq. (2.14) reduces to
- ~ 1 ~
STI™(P) ~ — 2% Ny g* Tr (K“K"A(K) A(P - K) - 58 A(K)) . (2.16)

where the factor of 2¢/2 is from the dimensionality of the Dirac matrices. Only the

transverse gluon contributes to the hard thermal loop in eq. (2.16).

The hard thermal loops in eqs. (2.13) and (2.16) are given as integrals, which can
be rewritten in terms of the functions 7 and Z of sec. I. The contribution of the quark
loop involves the function Z, but the identity of eq. (1.36) can be used to exchange
T for I. Setting d = 4, the complete hard thermal loop in the gluon self energy is

STI*(P) = 4 ¢ (Nc + %) (I""(O,P) - % g :r(o)) . (2.17)

This is the self energy calculated by Silin, Klimov, and Weldon {5~ 9], expressed in

our compact notation.

As a second example, consider the quark self energy. To one loop order,
§5(P) = g* C; Tr (v Af(P — K) 7" AS(K)) . (2.18)

Using eq. (2.15), we drop the soft 2 in the numerator of the quark propagator. The

numerator in the trace is proportional to
¥ Ky (89 -FF)=-(d-2)K. (2.19)
Only transverse gluons contribute to the hard thermal loop in ¥, and give
§T(P) =~ —i(d—2)g’C; Tr K A(K)A(P - K). (2.20)
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Setting d = 4, and expressing it in terms of the Z function defined in sec. I, we find
that
§T(P) = — 2ig> Cy v* I*(0; P) . (2.21)

This is the quark self energy calculated by Klimov and Weldon [5,9].

It is surprisingly easy to generalize these two examples to calculate all hard thermal
loops. This is because we can make two approximations for the N-point functions at
N > 3 which cannot be made for the constant term in the gluon self energy. The first
approximation is that only transverse gluons contribute. From the power counting
rules of sec. I, each propagator for a transverse mode is of order 1/(PT) ~ 1/(gT?)
at soft P. In contrast, the propagator for any static mode is of order 1/k* ~ 1/T? at
hard k. Thus the substitution of a static for a transverse mode reduces the diagram

by a power of g.

The second approximation is that any diagram involving a four-gluon vertex can
be neglected. Suppose that in a one loop diagram, such as fig. la, two adjacent
-three—gluon vertices, plus the propagator connecting them, is replaced by a four-
gluon vertex. By the power counting rules, the two adjacent three-gluon vertices each
contribute g for the coupling constant and K ~ T, while the propagator connecting
them gives 1/(gT?); altogether this is of order (gT)?/(gT?) = g. In contrast, the .
four-gluon vertex is of order g>. Thus diagrams with one four-gluon vertex are at

most g times a hard thermal loop.

These approximations do not apply to the constant term in the gluon self energy
because this term only involves an integral over one propagator, such as Tr A(K).
Only for integrals with two or more propagators is there a suppression factor of P/T
from the cancelling statistical distribution functions between particles of the same

statistics.

Using these approximations, we see that the only contribution to the N-gluon
amplitude is from the gluon loop of fig. 1, when all of the virtual gluons inside the
loop are transverse. Using eq. (2.8), each of the NV transverse propagators contributes
A(P — K) times a projection operator. The N three—gluon vertices are approximately
those of eq. (2.7). When sandwiched between two transverse gluons, each vertex
simplifies as in eq. (2.9), to contribute a factor of the coupling g times 2K*. The
projection operator in k runs around the loop until it contracts upon itself to give
d — 2, eq. (2.10). The resulting integral is that of eq. (1.27), which through the Z
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function has a hard thermal loop. Summing over all diagrams of the form in fig. la,

the result is

gluon

ST o = 2¥ (d=2) (—ig)V D tr(T*...T°) I##N(0,P,...Py.1), N > 2.
. perm.'s

(2.22)
We have ordered the external gluon lines so that the £** line is for the gluon A% (P, —
P;_,), defining Py = Py = 0. The particular term displayed in eq. (2.22) occurs
when the external legs are ordered consecutively, but the sum runs over all noncyclic
permutations of the external lines. Notice that' when N = 2, the overall coeflicient,
2N(d— Zj, agrees with that found for the two-point function in eq. (2.13). Eq. (2.22)
represents the complete contribution from virtual gluons and ghosts to the N-gluon

hard thermal loop for NV > 3; all other terms are smaller by at least one power of g.

The quark loop in fig. 1b also contributes to the hard thermal part of the N-gluon

amplitude. In the quark loop, we can use eq. (2.15) to write
AP -K)v* Ay(P' - K) = — (K K) A(P—K)A(P'-K) . (2.23)
In hard thermal loops we can take
K+ K =2K*K - K*+* =~ 2K* K (2.24)

The term K2+4* is dropped because the K? cancels A(K): the resulting integral,
with two less powers of K and one less A, is not a hard thermal loop when N > 3.
Applying the approximations of eqs. (2.23) and (2.24) at every vertex, the Dirac
trace is trivial. Each of the N vertices contributes 2K*#, while each virtual fermion
line adds A(P — K). The integral which results is the function Z defined in eq. (1.28).
Summing over all diagrams of the form shown in fig. 1b, quarks contribute to the

hard thermal loop in the N-gluon amplitude as

ST e = — 22 Ny 2V (—ig)¥ >~ tr(t™...toV) I*#N(0, Py ... Pyoy), N > 2.
perm.'s

(2.25)
Compare the overall coefficient, —2%2 Ny, with the d — 2 from the gluon loop, eq.
(2.22). The d — 2 is just the number of transverse gluons. For the quark loop, there is

Ny from the number of flavors, 2%/2 from the Dirac trace, and an overall minus sign
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from Fermi statistics. Eq. (1.36) can be used to change the 7 function in eq. (2.25)
to a T function; this changes the overall coefficient to +2%/2N;/2.

In Coulomb gauge the hard thermal loop in the amplitude between a quark pair
and N —2 gluons is generated by the diagrams of fig. 2. The approximations discussed
for the N—gluon amplitude apply; for instance, in fig. 2 all of the virtual gluons are
transverse. This hard thermal loop is most transparent when written in a functional

form, which is given below in eq. (2.38).

Before proceeding to derive generating functionals for hard thermal loops, we give
explicit expressions for the hard thermal loops iI; the three— and four—point functions.
For the three-gluon amplitude, the sum of the hard thermal loops in eqs. (2.22) and
(2.25) is |

STHN(P,Q,R) = —84° (N. + %) M0, P, -Q) , (2.26)

where P+ Q + R = 0. Note that the coefficient N, + N;/2 is the same as in the giuon
self energy, eq. (2.17). The hard thermal loop in the quark-gluon vertex is

§T*(P,Q; R) = —4g° C; v* T*(0; P, -Q) . (2.27)

It is surprising to find that the hard thermal loop in the vertex is proportional to the
Casimir Cy, as found for the quark self energy in eq. (2.21). The vertex correction in
eq. (2.27) comes from two distinct diagrams, both of which are of the form shown in
fig. 2. The first diagram is common to QED, but the second involves the nonabelian
three-gluon coupling, and so is special to QCD. In general these two diagrams are
not simply related to each other, but their hard thermal loops are related by the
conjugation identity of eq. (1.36), so that they combine to give a result which is

proportional to Cf.

For the four—point functions, we give the hard thermal loops for amplitudes which
are summed in the color indices for two of the gluon legs. These are the only ampli-
tudes that are required for the calculations of self energies in sec. III. At tree level the
four-gluon amplitude is given in eq. (2.2). The hard thermal loop for this amplitude
is

T**(P,Q,R,S)

1 CyN
=~ 3¢ ((Nj + —%) (29 (0, P, P + Q,—R) + T**(0, P, P + Q, —5))
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Ny
- 2N,
with P + Q@ + R+ S = 0. This effective four-point interaction occurs even in QED.

+% (Nj - ) T#3(0, P, P + R, —S)) , (2.28)

At tree level there is no coupling between a quark pair and two gluons. Such an
amplitude is induced at one loop order, through the diagrams of fig. 2. Three distinct
diagrams contribute to the hard thermal loop. Summing over the color indices of the

two gluons, the amplitude equals — i g% Cy §T*, where

§T“*(P,Q; R,.S)

=8¢%7* ((Cs+ No) (T*)(0,-R, P + Q; P) + T*(0, -5, P + Q; P))
N
2

~ Note that the bare amplitude vanishes: I'® = 0.

+ (I“”*(O,—S;P,P-i—R)+I""'\(01_R?Pvp+5))> ' (2:29)

The Ward identities satisfied by hard thermal loops follow from egqs. (1.40) and
~ (1.41). Because these relations are so simple, so are the Ward identities. For the

gluon self-energy in (2.17), eq. (1.41) shows that it is transverse,
PESTI™(P)=0. v (2.30)

The other Ward identities can be read off from eq. (1.40). For the three-point

functions, they are:
R* T (P,Q,R) = 8TI*(P) — §T0*(Q), | (2.31)

R* §TH(P,Q;R) = i §Z(P) + i 62(Q) . (2.32)

After tracing over the color indices of two gluon legs, the four-point functions have a

trivial color structure, and obey Ward identities similar to those for the three-point

functions:
57 §THvAe (P,Q,R,S) = ST (P+S,Q,R) - ST (P,Q+ S,R) , (2.33)
SY 6T+ (P,Q;R,S) = 5f“‘(P + 5,Q;R) - Ef‘“(P,Q + S;R) . (2.34)

These Ward identities are used in sec. III to prove the gauge invariance of two—point

T-matrix elements.
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We conclude this section by deriving génerating functionals which succinctly sum-
marize all hard thermal loops. For amplitudes between N-gluons, egs. (2.22) and
(2.25) can be written as a functional §5[A]:

) I\N AN

§S[A] = }: 5

242 N 2
~ ((d —-2)N. + ——-Z—f) g*T? /d% (AZ)
d—2 diz Tr trl 0% — K#)? g T2 A%(z) K*
+ | =5 / z Tr tr log ((—1, — K*) — 2ig () )

d/2
+ (———2 Nf) /d‘x Tr trlog ((—1,6“ K*)? — 21,gt°A°(:z:)K"‘) (2.35)

In this expression A% is assumed to be an arbitrary external gauge field with soft
momenta. The term proportional to (A%)? arises from the constant term in fhe'gluon
self energy, eq. (2.17). The logarithm proportional to d — 2 sums the contributions
of all gluons loops in fig. la, eq. (2.22); the logarithm proportional to Ny sums the
fermion loops in fig. 1b, eq. (2.25). In the logarithms the factors of the loop momenta
K are explicit, while the derivatives @ act just on the soft gauge fields. In eq. (2.35)
A% is written in coordinate space; as each logarithm is expanded in powers of Al(z),

transformation from coordinate to momentum space gives

1 1
—  _ Ac K*
(—i8» — Kv)? u() (—i8» — Kv)?

— A(P - K) K* A(P' - K) A3(P - P').
(2.36)
Eq. (2.35) is so simple because expansion of the loga.nthms automatically incorporates

the sum over permutations of the external lines in egs. (2.22) and (2.25).

The generating functional §S[A] can be derived more directly. Suppose the quark
and gluon fields are divided into those with hard and those with soft momentum.
Integration over the hard fields produces an effective action which is a functional of
the soft, background field 4A%. At one loop order, the contribution of hard virtual
gluons to §S[A] is related to the gluon propagator in a background gluon field,

1 L

6Sgiuon[A] = — 5 V Tr trlog (—Dzﬁ‘“’ + DV DY +2gF* — 21—-8‘3’6‘“5”’) .

c
(2.37)
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D, = 8, — gT*® A3 is the covariant derivative for an adjoint field, etc.. The approx-
imations made previously diagram by diagram can be made directly in eq. (2.37).
Except for the two—point function, diagrams with four-gluon interactions do not con-
tribute to hard thermal loops; this corresponds to dropping terms proportional to
(A%)? in eq. (2.37). Similarly, since the field strength tensor F** is that for the soft
background field, it is proportional to a soft momenta, and so negligible. In this way
the inverse gluon propagator in eq. (2.37) reduces to the inverse propagator of an
adjoint scalar, which is the argument of the logarithm in the term proportional to
d — 2 in eq. (2.35). Likewise, in the term prcportional to Ny, the operator is the

approximate form for the inverse quark propagator in a soft, background gluon field.

A generating functional can also be derived for the hard thermal loops between a

quark pair and any number of gluons:

S (¥,, 4] = 261“” pATY

N=2 (N -2)!
_ 1
~ i(d-2)g* | d*zT t® tb
i(d-2)g / =Trv £ (—idm + K#)® + 2igt As(z) K» ¥
| — 1 . (2.38)
(—i0% — K»)* —2ig T Ad(z) K+ o

In this expression the momentum operator —i 8, acts on both the gluon fields A4,(z)
and on the quark field ¥». Under the approximations that produce hard thermal loops,
this functional is the quark self energy to one loop order, in the presence of a soft,

background gluon field.

B. Feynman gauge

In this section we show that the hard thermal loops in Feynman gauge are identical
to those in Coulomb gauge. With a gauge fixing term (9“A2)%/(2(1 — £)), the bare

gauge propagator is
AL (K)="A(K)- ¢ K* K¥ A*(K)

= AL (K) - ¢ A8 (K). (2.39)
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In this section we restrict ourselves to Feynman gauge, which is the choice { = 0. The
ghosts in covariant gauge propagate, with the bare propagator A(K). The vertex
between a gluon A%(P), a ghost 7*(Q), and an antighost 7°(R) is ig f*** R*. As
discussed in sec. I, amplitudes with ghosts as external lines do not have hard thermal
loops. On the other hand, in covariant gauges virtual ghosts do propagate, and

contribute to the hard thermal loops of N-gluon amplitudes.

As before we start with the example of the gluon self energy. In eq. (2.6), Coulomb
propagators are replaced by those in Feynman gauge, AF. Each of the three—gluon
vertices can be approximated by the sum of three terms, as in eq. (2.7). In Coulomb
gauge, only one term survives when this vertex is sandwiched between two transverse
propagators, eq. (2.8). In Feynman gauge, however, all three terms survive and
contribute to hard thermal loops. We organize the calculation of the hard thermal
loop in a way which generalizes easily to the N-gluon amplitude. Consider the
product of two three-gluon vertices, as in eq. (2.6), tied together by a Feynman

propagator. For hard K, this reduces to
r***(K,0,—K) AL (K) T (-K,0,K)
= - (22 K* K* 8 -2 K7 K* 6" —2 K* K” 8 — K* K° §" — K" K* §*
+ K64 5 4 K° K"'&“") A(K) . (2.40)

Multiplying eq. (2.40) by the remaining Feynman propagator A%, (P — K), we find
that in Feynman gauge the hard thermal loop in fig. 3a is

gch

SIS (P) =~ Tr ((2°d-6) K*K”+ 26 K?) A(K)A(P— K). (241)

In Feynman gauge there are also hard thermal loops from the virtual ghosts of
fig. 3b and from the tadpole diagram of fig. 3c. The ghost loop is easy to evaluate,
because the dependence on the soft external momenta in the ghost—gluon vertices can
be dropped, so that the two vertices are proportional to K* and K¥. The sum of the

contributions to the hard thermal loop from figs. 3a, 3b, and 3c is

T gean(P) = T2 Tr (24— 6) ) K*K*A(K)A(P - K)
+(2 - 2(d - 1)) A(K)) . (2.42)
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In the momentum dependent term, the piece proportional to 22d—6 is from eq. (2.41),
while that proportional to —2, is from the ghost loop of fig. 3b. The constant term
also receives two contributions: the 2 is from eq. (2.41), the —2(d — 1) is from the
tadpole diagram of fig. 3c. Eq. (2.42) is equal to the corresponding result in Coulomb
gauge, eq. (2.13). Since there is no change in the contribution from the quark loop,

eq. (2.16), we conclude that §1I*” is the same in Coulomb and Feynman gauge.

Our second example is the quark self energy. In eq. (2.18) we substitute the
Feynman for the Coulomb propagator. The numerator inside the trace is proportional

to
™K = —(d-2) K. (2.43)

Since the right hand side here equals that of eq. (2.19), this hard thermal loop is the

same in Feynman gauge as in Coulomb gauge, eq. (2.20).

With these examples in hand we turn to the N-point functions at N > 3. The
calculation of the hard thermal loop in the N-gluon amplitudes is a straightforward
generalization of that for the momentum dependent term in the gluon self energy.
The only diagrams which contribute at N > 3 are those of fig. la, from a gluon
loop, plus the analogous diagram from a ghost loop; any diagrams with four-gluon
vertices do not contain hard thermal loops. In fig. la, the three—gluon vertices can
. be approximated as in eq. (2.7). Sewing two such vertices together with a Feynman
propagator gives eq. (2.40). If N vertices are sewed together with N — 1 Feynman

propagators, the numerator reduces to
P BNINEL = [T (_K’ 0, K) ]_“Uzuzﬂn(_K, 0’ K) ... [oNBNTN 4L (_K, 0, K)

~ 2N K™ KM KBS §T19N 4
N
- ZZN—l (K* ... K#-t K70 KRen | BN §HON 4
=1

+ Km KI»"N—! K0N+1 KMN+2-: KI-LN 5#N+1—zﬂ'1) . (2.44)

In this expression the g indices refer to the external gluons, and the o indices to the
virtual gluons inside the loop. The virtual gluon indices o7 and oy 41, at each end of
the string of IV three—gluon vertices, are free. The result in eq. (2.44) is obtained by
making approximations which are valid only for hard thermal loops. By the identity

of eq. (1.33), when N > 3 all terms proportional to K?, or to a Kronecker delta
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between two external indices, such as §**#?, can be dropped. With the neglect of

such terms, eq. (2.44) can be proven inductively.

With eq. (2.44) in hand, it is direct to show that the hard thermal loops for
an N-gluon amplitude in Feynman gauge equal those in Coulomb gauge. To obtain
the numerator of the N—gluon amplitude, eq. (2.44) is contracted with §7:7¥+1 from
the remaining Feynman propagator in the gluon loop. Each term is proportional to
K# .., K#~, which is the usual numerator in a hard thermal loop, eq. (1.27). The
first term in (2.44) is proportional to §71°~+1, and produces a factor of d; relative to

this, every other term gives a 1. Thus the numerator of the amplitude is proportional

to
groms yowmennoni = N fm gy (2.45)
where N
CNn =2Yd - 2t=2¥d -2V 12, (2.46)
=1

For N = 2, this coefficient is 22 d — 6, which agrees with the momentum dependent
term in eq. (2.41). The contribution of the ghost loop to the N-gluon amplitude is of
the same form as the gluon loop: with the normalization of eq. (2.45), its contribution
is CN_,. = —2. The (—) sign is from ghost statistics, the 2 from the sum of loops
oriented in opposite directions. Thus in Feynman gauge the sum of the gluon and

ghost loops has an overall coefficient

gluon ghost

CNon +CN =2V (d-2) . | (2.47)

Comparison with eq. (2.22) shows that this equals the coefficient found before in
Coulomb gauge, and demonstrates that for N-gluons the hard thermal loops are the
same in the two gauges. By similar means, one can show that the hard thermal loops

for the amplitude between a quark pair and N — 2 gluons agree in both gauges.

C. Covariant gauges

In this section we show that in an arbitrary covariant gauge, the hard thermal
loops of N-point functions are independent of the gauge parameter {. Klimov and
Weldon first showed that the hard thermal loops in the self energies are independent
of ¢ [9]. It is extraordinary to find that this gauge independence extends to all hard

33



thermal loops, for the external legs do not have to be on the mass shell; they just have
to be soft. This property is special to leading order: relative to the tree amplitude,

corrections of order g are in general gauge dependent off the mass shell.

To appreciate the complications which arise in a general covariant ‘gauge, start
with a diagram which has a a hard thermal loop in Feynman gauge, such as in figs.
la or 2. For one virtual gluon leg in the diagram, substitute the gauge dependent
piece of the propagator, — ¢ A% (K) in eq. (2.39), for the Feynman propagator.
This substitution adds an extra factor of K#* K A(K) to the integral. Following the
power counting rules of sec. I, each K* is proportional to T, and the propagator to
1/(PT), so this substitution produces terms which change the integral by an overall
factor of T?/(PT) ~ 1/g for soft P. Thus in individual diagrams, terms proportional

to ¢™ can be 1/¢g™ times hard thermal loops.

Nevertheless, we prove that when all diagrams which contribute to a given N-point
amplitude are added together, the dependence upon ¢ cancels identically. Our proof
proceeds in two steps. First we use the Ward identities for the bare propagators

"and vertices to show that diagram by diagram, all terms which are powers of 1/g
times a hard thermal loop cancel. The terms which remain are ¢ dependent hard
thermal loops. These arise both from diagrams which have hard thermal loops in
Féynman gauge, and from diagrams with four-gluon interactions, which do not have
hard thermal loops in Feynman gauge. We show that the sum of these { dependent
hard thermal loops vanishes in any amplitude. Our proof is inductive, using the

simple form for the Ward identities satisfied by hard thermal loops.

As in previous sections we begin with the examples of the gluon and quark self
energies. Klimov and Weldon demonstrated that the hard thermal loops in these
amplitudes are independent of ¢ by direct calculation. We take a different approach,
which directly generalizes to the higher N-point functions.

Consider the contribution to the gluon self energy from the diagram of fig. 3a.
Substituting the ¢ dependent gluon propagators of eq. (2.39) for the Coulomb prop-
agators in eq. (2.6), we find that the ¢ dependent part of the hard thermal loop in
fig. 3a is given by

2
9N 7 DA (—P 4 K, P,—K) (2¢ A5(K) + €285,,(K))

S (P) =~ —
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rv'(-K,P,—P + K,) &%, (P - K). (2.48)

The ¢ dependence arises from the part of the gluon propagator proportional to Af,
which can be inserted on either one or on both legs of the diagram. The single
insertions give the same result, so we assume that the insertion is on the leg with

momentum P — K, and multiply by two.

The rules for simplifying diagrams must be modified when dealing with ¢ depen-
dent terms. As noted above, for terms linear in ¢, the integrals contain terms which
are 1/g times a hard thermal loop. Consequently, to keep all hard thermal loops, it
is necessary to retain terms with one power of the soft momentum P. In general, for

terms proportional to £™, terms up to order P™ must be included.

Eq. (2.48) can be simplified most directly by using the Ward identities. We

introduce the transverse inverse propagator

uy

AZNK) = 6" K* - K* K. (2.49)

Our notation is unconventional, for A™! is not the full inverse propagator: it excludes
-the terms for gauge fixing, and is therefore not invertible. The notation is convenient,
however, because it is A~! that enters into the Ward identity for the bare three-gluon

vertex:

(P—K) I"(-P+ K,P,—K)=— A}(P)+ ANK). 12.50)

The transverse inverse propagator is proportional to a projection operator, and so

| satisfies some simple identities. When contracted with the covariant propagator,
AL(K) AM(K) = A (K) A(K), (2.51)
because the transverse inverse propagator annihilates the gauge dependent term,
AZNK)AS(K) = 0. (2.52)
Also, the product of two A~1’s is
AZ(K) AFNK) = K* AZN(K) . (2.53)

From the form of eq. (2.48), it is evident why the bare Ward identity is of help. The
term A’ (P — K) is proportional to (P — K)°(P — K)°'. Each of the P — K’s is
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contracted with a three—gluon vertex, and can be simplified using eq. (2.50). The
result is

gch

5H’E‘";y ~ — 5

Tr A%P - K) (271 (K) - A5 (P)) (2¢ AR (K) + €7 AL, (K))

(A5L (K) ~ AZL(P)) . (2.54)

It is easy to see that the term proportional to ¢{? does not contain a hard thermal
loop. The factors of A~!(K) can be dropped because of eq. (2.52). The remaining
term involves two factors of A~Y(P), so it is of order P*; this integral is at most g*
times a hard thermal loop, and so is negligible. For the term proportional to £, as the
integral is no more than 1/g times a hard thermal loop, factors of A~}(P) ~ P? can
be dropped. The remaining term can be simplified by using eqs. (2.51) and (2.53).
The final result is

I, ~ — € g*N. Tr (AP - K) AN(K)) . (2.55)

¢3g

Shifting the integration variable, we find that the hard thermal loop is a constant,
independent of the momentum P. It cancels identically against a contribution from
the four-gluon vertex diagram of fig. 3c. The ghost loop of fig. 3b and the quark
loop are independent of { , so this establishes that the hard thermal loop in the gluon
self energy is independent of {. We remark that once we reduce the { dependence of
fig. 3a to a constant, as in eq. (2.55), there is no need for further calculation. As
discussed in sec. II.A, to this order the constant term is related to a physical quantity
— the electric screening length — and so is gauge invariant. Thus the { dependence

must cancel between diagrams.

Demonstrating that the hard thermal part of the quark self energy is independent
of ¢ is even easier. The ¢ dependent term is obtained by inserting —¢ A%, (K) in place
of the Coulomb propagator in eq. (2.18),

5Se(P) =~ — €97 Cy Tr (v* Ag(P — K) v AL(K)) (2.56)

This term is of order 1/g times a hard thermal loop. We use the Ward identity for

the bare quark-gluon vertex,

K* v = i (A7Y(P - K) - a7 (P)) , (2.57)
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which is obvious since A7*(P) = —i P. Applying this to both of the vertices 7*
and 7" produces four terms.- The term with two powers of A~!(P) gives integrals
which are g times a hard thermal loop, and so negligible. In the other terms, the
propagator Ay(P — K) is cancelled by one of the numerator factors A7(P — K).
After this cancellation, the remaining terms in §X; are at best of the same order as
a hard thermal loop. Thus terms which involve A7'(P) in the numerator can be

dropped. This leaves
§Ze(P) ~ i€ g° Cs Tr (A7Y(P - K) A¥(K)) ~ 0, (2.58)

which is not a hard “hermal loop. This proves that the hard thermal loop in the
quark self energy X is independent of £.

Power counting indicates that the { dependent integrals contain terms which are
powers of 1/g times a hard thermal loop. The examples of the self energies show
that the terms of order 1/¢g™ can be organized by the Ward identities so that they
cancel. This generalizes directly to the ¢ dependence of higher N-point functions.
For example, consider the N-gluon amplitude of fig. la. We snip off the part of fig.
la that contains the three—gluon vertices for the external gluons A*'(P; — Pp) and
A#2(P; — P,), as well as the string of three propagators which are attached to the
adjacent vertices. We call this quantity W: |

wr\omuw’! — Axoao(Po _ K) F""’"‘"\‘(Po - K,P1 - Po,—Pl + K)

Az\xf’l(Pl - K) I“Tll-"‘zf\?(Pl —K,P,— P,-P, + K) A,\,,z(Pz — K) . (2.59)

The indices Ao and o3 refer to the virtual gluon legs at the ends of the string. Each
propagator is the full covariant form of eq. (2.39). Decompose W into the piece in
Feynman gauge, plus the £ dependent term: W = Wp + W;. In Feynman gauge, the

terms which contribute to the hard thermal loop are
W APy — K) A(P, — K) AP — K) Vo | (2.60)

with the V of eq. (2.46). To obtain W, start with the propagator in the middle of
eq. (2.59), Ax,0,(P1 — K). Now substitute the ¢ dependent piece, A%, and use the
bare Ward identity, eq. (2.50), and eqs. (2.51)—(2.53), to simplify the result. Doing
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so, we find
Wé\""‘“w’ ~ - € (A(Po _ K) K (Po - K)’\" SHa02 +A(P2—K) K (Pg—K)"’ §H120

+ A(Po — K) APy — K) K* K" (Po— K) (P, — K)Y?) AY(Pi— K) + ... .
' (2.61)
Only the terms linear in ¢ are shown. We assume that W is part of the N-gluon
amplitude of fig. 1a at N > 3, which allows many terms to be dropped. For momenta
tied to an external gauge index, powers of the soft P can be neglected relative to K:
(P, — Ky =~ —K#™, etc.. Similarly, terms where each external p is tied to a loop
index, such as A?(P; — K) §#1* §#272 do not produce a hard thermal loop, and can

be ignored.

Notice that in eq. (2.61), every term is accompanied by a factor of the loop
momentum for the beginning or the end of the string, tied to the appropriate loop
index: either (P — K)*, or (P, — K)°*. Thus when W, is stitched back into fig. 1a,
these factors of the loop momenta continue to eat their way around the loop, in a

manner such that the bare Ward identity can be applied repeatedly.
The term in Feynman gauge, Wr in eq. (2.60), has three A’s and two K’s. The

first two terms in We, eq. (2.61), have the same number of A’s and K'’s, and so like
Wr produce-a hard thermal loop. The last term in W; is different: it has four A’s
and four K's, so it appéars to produce integrals of order 1/g times a hard thermal
loop. In the first two terms, though, the loop momenta is tied to its index at either
the beginning or the end of the string; for the last term, this happens at both ends.
Thus in the last term, the loop momenta eat their way around the diagram in both
directions, and the bare Ward identity can be used to show that the possible terms

of order 1/g cancel.

This example demonstrates that for terms proportional to ¢ in the N-gluon am-
plitude, all terms which are 1/g times a hard thermal loop vanish in each individual
diagram. This leaves { dependent hard thermal loops. For the self energies, once :he
Ward identities reduce the ¢ dependence to hard thermal loops, it is simple to show
that the sum vanishes when all diagrams were added together. At NV > 3, there are

many more diagrams, and this is not at all apparent.

To understand the cancellation of ¢ dependent hard thermal loops, we catalog the

possible integrals which arise. From the diagram of fig. la in Coulomb or Feynman
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gauge, the hard thermal loop is proportional to
Iul..'“N(PO’P11P27P3---PN—Z’O) . (2-62)

The ordering and notation is as in eq. (2.22), except that here we take Py # 0 .and
Py_1 = 0, instead of vice versa. The color factors and coupling constants do not
enter into our arguments, and so are suppressed. The terms linear in { from fig. la
are typified by the integral that arises from the second term in eq. (2.61),

¢ T#-#N(P, Py, Py, Ps... Py_3,0) (2.63)

in which the momentum P, is repeated, so the integral contains a double pole. For
the virtual gluon line with momentum P, — K, these terms arise by replacing the
Feynman propagator, A¥, with the £ dependent part £Af. Since AF is proportional
to A, and A¢ to A?Z, it is natural to find that for the terms linear in ; the same
propagator appears twice. Remember, though, that it is essential to use the bare
Ward identities to show that K*K* in the numerator of A% (K) does not spoil this

simple expectation.

When ¢ # 0 diagrams with four-gluon interactions also produce hard thermal
loops. For example, suppose one starts with fig. la, and removes the piece given
in eq. (2.59), Wh#moz Now sew the diagram together again with a four-gluon

interaction,
‘W‘?;Mllhﬂz = Ao (Po — K) Pzgmuz»\z Aoy (P2 — K). (2.64)

Here 'y, denotes the four-gluon vertex with its color indices and momenta suppressed.
If both propagators are Feynman propagators, W,, does not produce a hard thermal
loop. So assume that on the line with momentum P, — K, the ¢ dependent part of A
is substituted. Power counting indicates that this diagram produces a hard thermal
loop, proportional to £ Z#1-#N( Py, Py, P, P3...). The bare Ward identities show that
these hard thermal loops only appear when N > 4.

The nature of terms with higher powers of £ is apparent. After using the bare

Ward identities, terms quadratic in £ reduce to hard thermal loops such as

{2 I“l'"”N(Pl,Pl,Pz,Pz,P‘;...PN_z,O) R (2.65)

39



in which there are two sets of double poles.

'~ We assert that the sum of all £ dependent hard thermal loops, as in egs. (2.63)
and (2.65), vanishes in any given amplitude. This was first discovered by explicit
calculation for the three— and four-gluon amplitudes. The most interesting examp:
is the four-gluon amplitude. At one loop order, the diagrams with a gluon loop which
contribute are those of fig. 4. In Coulomb or Feynman gauge, only the four-point
form of fig. la, fig. 4a, contributes. Things appear much more complicated at £ # 0:
there are hard thermal loops from fig. 4a proportional to 1 and £, from fig. 4b
proportional to ¢ and ¢2, and from fig. 4c proportional to £2. Yet when these terms
are added together, the terms proportional to ¢ and ¢ cancel, leaving the result in

Feynman gauge.

This cancellation of ¢ dependent hard thermal loops, which in explicit examples
seems rather mysterious, has an elementary explanation. We assume that the ¢
dependent terms cancel in the (N — 1)-gluon amplitude, and show that they then
must cancel in the N-gluon amplitude. (The same argument applies to the amplitude
between a quark pair and N — 2 gluons.) For the N-gluon amplitude, at £ = 0 the
hard thermal loops are like that of eq. (2.62); for £ # 0, those of eqs. (2.63) and
(2.65) appear in individual diagrams. Without loss of generality we assume that the
momenta P, ... Py_; are nonexceptional, so that Ph#P#PF..., etc... This allows
us to distinguish simply between the terms at £ = 0 and ¢ # 0: for terms proportional

to £€™, the hard thermal loops which accompany them have m pairs of double poles.

The Ward identities which relate the hard thermal loops of N-gluon amplitudes
to (N — 1)-gluon amplitudes can be read off from eq. (1.40). Consider an N-
gluon amplitude, where the external gluon leg A, (P; — Fy) is contracted with its

momentum, (P, — Py)*. In Feynman gauge, eq.(2.62) becomes
(Pl — 1?0)“'1 Ipl"'“N(Po, P],Pz,P3 ‘e PN_z, O)

o % (I’uzm“N(Pl,Pz,P3...PN_z,O) ——I‘uzm#N(Po,Pz,Pg...PN_Q,O)) . (266)

Note that both sides are free of double poles. For the term linear in ¢ in eq. (2.63),
(Pl - P(J)“1 IMI---#N(PI,PI, Pz A PN_z, 0)

1
=~ 5 (I#ZH'I-‘N(PI’ Pl, Pz . .,PN..z) - I‘“'"FN(Pl,Pz Cee PN_z,O))
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—P(;“ Im"'“N(Pl,Pl,Pz...PN;g,O) . (2.67)

There are three terms on the right hand side. The first two are hard thermal loops
for a (N — 1)-gluon amplitude; the first has a double pole in Py, while the second is
free of double poles. The last term on the right hand side is a hard thermal loop for a
N-gluon amplitude; because the momenta are nonexceptional, it cannot be reduced

any further.

With these expressions in hand, our inductive proof is trivial. By assumption, the
(N — 1)-gluon amplitude is independent of £, and so free of double poles. To obtain
the Ward identity which relates the hard thermal loops in the N- and the (VN — 1)-
gluon amplitudes, we contract with (P, — Po)*, which is a linear operation. Thus
the only way for the sum of double poles to cancel after contraction is if they cancel
before contraction. In other words, the N—gluon amplitude has no double poles, and

so is independent of ¢.

Notice that in all of this we have blithely ignored color factors, which invariably
complicate the detailed form of the Ward identities. For hard thermal loops, though,
the Ward identities imply that the N-gluon amplitude, contracted with one of the
external momenta, is a combination of (N — 1)-gluon amplitudes. (Tlus abbreviated
Ward identity applies only to hard thermal loops, since otherwise many other things,
such as ghost amplitudes, enter.) The detailed form of the (N — 1)-gluon amplitudes
is of no consequence: however the color indices are distributed, these amplitudes
remain free of double poles. All we need to know is that after contraction with P¥,
the sum of double poles in the N-gluon amplitude cancels, and that this contraction

is a linear operation.

This concludes our proof that hard thermal loops are the same in Coulomb and
covariant gauges. A more elegant proof could probably be given using functional
techniques. For N-gluon amplitudes, we would start with the effective action in a
soft background field, eq. (2.35). In covariant gauges, the inverse propagator that
enters into eq. (2.35) depends upon £, and determines the £ dependence of soft
amplitudes. Surely the approximations that we developed diagrammatically can be
cast succinctly in functional form to show that §S[A], the generating functional for

hard thermal loops, is independent of £.

Unfortunately, we have no physical insight into why hard thermal loops are gauge

invariant. (We assume that because they are equivalent in Coulomb and covariant
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gauges, this extends to arbitrary choices of gauge.) Admittedly, hard thermal loops
form a very special subset of diagrams at one loop order. But we are unaware of any
other instance in nonabelian gauge theories where an entire class of diagrams is gauge

invariant off mass shell, at arbitrary momenta.

III. Resummation of hard thermal loops

In this section we develop an effective perturbation theory which resums the in-
sertions of hard thermal loops to all orders in i1he loop expansion. To illustrate the
use of the effective expansion, we apply it to the quark and gluon self energies: these

are the most basic quantities to compute, and have occasioned the most interest 3,4].

The propagators and vertices in the effective expansion are defined in sec. IILA.
They are combined in sec. III.B into diagrams that give perturbative corrections
to the quark and gluon self energies, including all terms which contribute to their
liscontinuities at order g times the tree amplitude. The two-point 7-matrix elements
are constructed by sandwiching the self energies between physical wave functions. We
establish that the two-point 7-matrix elements are gauge invariant by proving that
they are equal in Coulomb and covariant gauges. In sec. III.C we discuss the effective
expansion beyond leading order in g, to outline the diagrams which contribute at order

g and g¢® to the gluon self energy.

A. Effective propagators and vertices

We have seen that if all of the external legs in a bare amplitude are soft, then
certain corrections to that amplitude — the hard thermal loops — are of the same
order in g. In order to calculate consistently, this infinite subset of corrections to the
bare amplitude must be included by resummation. Having isolated the contribution of
hard thermal loops in sections I and II, we carry out this resummation by developing

an effective perturbation expansion.

The effective expansion is similar to the usual perturbation theory, except that for
soft momenta, the bare propagators and vertices are replaced by effective quantities.
The effective propagators and vertices include the hard thermal loops, and are denoted

by a left superscript “+”. Topologically, many diagrams are the same as in the bare
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expansion. But there are also diagrams which are special to the eflective expansion,

being constructed out of effective vertices which have no bare counterpart.

The effective propagators resum all insertions of the hard thermal loop in the
self energies, §II for gluons and 6% for quarks. The infinite sum of corrections to
the propagator corresponds to an additive correction to the inverse propagator. The
effective inverse propagator for gluons is

ALN(P) = A(P) ~ STLu(P) (3.1)

By

where 411 is given in eq. (2.17). This is represented in fig. 5a. Like the bare inverse
propagator A~! of eq. (2.49), "A~! refers only to the transverse part of the effective
inverse propagator. It is transverse in P* because §II#*( P) satisfies the Ward identity
in eq. (2.30). The complete inverse propagator is obtained by adding terms for gauge
fixing, which are unaffected by resummation. The discussion of the effective gluon
propagator in different gauges is deferred until the end of this section. The effective

inverse propagator for quarks is represented in fig. 5b, and is given by
"AFH(P) = AF'(P) - 63(P) , (32)

with the §¥ of eq. (2.21). We assume that all quarks are massless; the extension to

quarks with a nonzero bare mass is elementary [10].

The effective vertices are formed by adding the hard thermal loop to the bare
vertex; schematically, *T' = I' + éT'. For example, for the three-gluon vertex,

T™(P,Q,R) = '"")(P,Q,R) + §T**(P,Q,R), (3.3)

~ as illustrated in fig. 6a. The hard thermal loop in the three—gluon vertex, §T***,
is given in eq. (2.26). The effective three-gluon vertex has the same symmetry
properties as the bare vertex. For example, it is an odd function under a change in

sign of all the momenta,
WA (~-P,-Q,-R) = - T**(P,Q,R), (3.4)
and under the interchange of the momenta and Lorentz indices for two lines,
T*YQ,P,R) = — 'T**P,Q,R) . (3.5)
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The effective quark-gluon vertex *T* is shown in fig. 6b:
T“(P,Q; R) = 1" + 6T*(P,Q;R) , (3.6)

where the hard thermal loop is that of eq. (2.27).

The effective four-gluon vertex is illustrated in fig. 7a. The component that is

diagonal in the color indices of both the first pair and the last pair of gluons is
*#> (P,Q,R,S) =" (P,Q,R,S)+ " (P,Q,R,S) , (3.7)

where 6T is given in (2.28). This vertex is symmetric under interchange of momenta
and Lorentz indices of the first two lines, the last two lines, and interchange of the
first pair with the second pair. The vertex between a quark pair and two gluons
is illustrated in fig. 7b. There is no bare vertex, so the effective vertex is given
completely by the hard thermal loop. If we take the trace over the color indices of
the gluons, the effective vertex T = 6T* is given in eq. (2.29). This vertex is
typical of the higher N-point vertices. There are no bare vertices for N > 4, so the
effective vertices between IV gluons, or between a quark pair and N — 2 gluons, are

given exclusively by the hard thermal loop.

As discussed in sec. I, there are no hard thermal loops with ghosts on external
lines, so in the effective expansion the ghost propagator and the ghost-gluon vertex

remain the same as in the bare expansion.

The Ward identities satisfied by the effective vertices follow immediately from
those obeyed by the hard thermal loops, eqs. (2.30) — (2.34). For the three-point

amplitudes,
R *I‘“V’\(Pa QvR) = - *A;;}(P) + *A;.}(Q) ) (3'8)

R* *T(P,Q; R) = —i ("A7'(P) + B7(Q)) - (3.9)

We require the Ward identities for the four-point vertices that are traced in the color

indices of two gluons. The four-gluon vertex satisfies
S° *T#*(P,Q,R,S) = *T**P +S,Q,R) - 'T*YP,Q + S,R). (3.10)
For the vertex between a quark pair and two gluons, the Ward identity is
S* *T*(P,Q;R,S) = T*(P + S,Q;R) - T*(P,Q + S;R). (3.11)

44



What is most striking about these Ward identities is that formally they are iden-
tical in structure to those satisfied by the propagators and vertices at tree level. For
example, the Ward identity for the bare three-gluon vertex is given in eq. (2.50).
That satisfied by the effective three—gluon vertex, eq. (3.8), is obtained merely by
“starring” everything! Similarly, the Ward identity for the effective quark-gluon ver-
tex, eq. (3.9), follows that for the bare vertex, eq. (2.57). The same can be shown for
the Ward identities of the effective four-gluon vertex, eq. (3.10), and its bare coun-
terpart. At first it seems as if the Ward identity for the vertex between a quark pair
and two gluons, eq. (3.11), provides an exception, but the analogy holds even here.
Since there is no bare vertex between two quarks and two gluons, T = 0. The bare
quark-gluon vertex is independent of momentum, I'* = y#. Thus eq. (3.11) applies
rather trivially to the bare vertex. The simplicity of the effective Ward identities is

crucial in establishing the gauge invariance of the 7-matrix elements in sec. III.B.

We next review [5— 10] the physical interpretation of the propagating modes in
the effective propagators. The effective quark propagator is obtained from eq. (3.2)
directly by inversion. After analytic continuation to k; = —tw, the limiting behavior
of the effective propagator as k — 0 is '

Ap(K) > ——s (1( i k) + l(q“ —i ]é)) , (3.12)

—w?+m? \2 2

where § = k-3/k. The hard thermal loop in the self energy has produced a “mass”
m, for the quarks, where m2 = g?C¢T?/8. The seemingly baroque fashion in which
the Dirac structure is written is deliberate: the physical modes in the effective quark
propagator form eigenstates of chirality and helicity, v° £ 4 k. Klimov and Weldon
first observed that contrary to naive expectation, the effective propagator has not
one but two branches at positive energy above the light cone {9,5,10]. The term
proportional to ¥% + 1 J corresponds to the standard branch, with chirality equal to
helicity. Because of the term proportional to v% — ¢ ié, there is also a second branch,
along which chirality is equal to minus the helicity. This second branch represents a
collective excitation, special to light fermions in an ultrarelativistic plasma [5,10]. At
k = 0 these two branches are degenerate, but they diverge away from zero momentum.
In both cases the effective mass shells do not have a relativistically invariant form,
which is why we refer to the quark “mass” in quotes. For k > m,, each branch

approaches the light cone, and so the fields become essentially massless. As written

45



in eq. (3.12), at zero momentum the residue of each mode is one-half the usual value.
When & >> m,, the residue of the standard branch approaches one, while that for the
collective mode vanishes exponentially. The detailed forms can be found elsewhere

[9,5,10].

Unlike the effective quark propagator, the form of the effective gluon propagator
depends upon the gauge. By the Ward identity of eq. (2.30), the hard thermal
loop in the gluon self energy is transverse in K. At nonzero temperature the gluon
self energy has two independent components, longitudinal and transverse. The hard

thermal loop in the gluon self energy can be decomposed accordingly:

STI®(K) = §T(K) ,

. kok'
STI%(K) = — ]‘:2 ST, (K),
. co e n.n. k2 ‘
SI(K) = (6 - k'k) SI(K) + Kk 12% §TI(K) , (3.13)

where 611, is the longitudinal and 6II; the transverse components.

The effective gluon propagator is obtained by adding gauge-fixing terms to eq.
(3.1), and then inverting it. The physical excitations of the gluon are most transparent

in strict Coulomb gauge, where {¢ = 0:
BF(K) = D(K) , BEE)=0,

AE(K) = (89 — k'F) D(K). (3.14)
We have introduced the transverse and longitudinal propagators,

1
K7 = §I0,(K)

1

* —
AdK) = k2 — 8I,(K)

AdK) = (3.15)
with K? = kZ 4+ k. When {c # 0, the Coulomb propagator is given by adding

EcK*K"/(k?)? to the AL (K) of eq. (3.14).

The transverse propagator ™A, represents the two physical degrees of freedom of

a field with spin one. When k° = —iw and the momentum k goes to zero,

1

)
_w2 + mg

A(K) — (3.16)
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where my is the gluon “mass”, m2 = (N, + Ny/2) (9T)*/9 . Physically, 1/my is the
frequency at which time dependent magnetic fields are screened over large distances.
The pole in the transverse propagator approaches the light cone at large momentum

k; w times its residue is of order one at all momenta.

The longitudinal degree of freedom, with propagator A, plays a special role at
nonzero temperature. At zero temperature it can often be ignored: because it is a
static mode, it produces the familiar Coulomb interaction, but does not contribute
to discontinuities. At nonzero temperature, however, the hard thermal loop in the
longitudinal self energy turns it into a propagating mode. As k — 0, the effective
longitudinal propagator behaves as

~w? 1

k? —w?4+m?’

AK) — (3.17)
The longitudinal and transverse modes have the same “mass” my: over large dis-
tances, the screening frequency for time dependent electric and magnetic fields are
equal. The propagation of the longitudinal mode is a collective effect, completely
analogous to the same mode in a nonrelativistic plasma. The mass shells for the
longitudinal and transverse modes differ at nonzero momentum. Notably, the longi-
tudinal mode only contributes significantly to discontinuities at soft momentum, for

when p > m, its residue is exponentially small [10].

In covariant gauge the propagator is obtained by adding the gauge-fixing term
—(1 — ¢)K*K” to eq. (3.1) and inverting. For our purposes it is most convenient
to express the propagator in covariant gauge in terms of its difference from Coulomb

gauge:
A(K) = AY(K) + KK D (K) + (nPK* + K*n%) A(K),  (3.18)

where n* is a unit vector such that n* K* = kP, and the last two terms are

¢ éc k3

i) = (K2 (k?)? v (K?)? BAK)
N(K)= — % N K) . (3.19)

The transverse mode, ™A, enters in the same manner in any covariant or Coulomb

gauge. In contrast, in covariant gauge the longitudinal mode A, appears not only
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in *Ago, as in Coulomb gauge, eq. (3.14), but it also appears in each term of the
difference in (3.18).

The role of the longitudinal mode can be clarified by the example of an abelian

gauge field coupled to a conserved, external current J#, as considered by Weldon [9]

and Pisarski [10]. The effective action in the presence of this current is
1 u ¥A pv Jv 1 (TR INT . o ¥

The covariant propagator "A can be replaced by the Coulomb propagator Ac be-
cause, by eq. {3.18), every term in the difference is proportional to either K* or K*,
and these terms vanish when sandwiched between conserved currents, K*J* = 0.
This shows that in the covariant propagator, the longitudinal mode, *A,, appears in
both physical and unphysical terms. Only that term identical to AY is physical, as
it contributes to a physical quantity, S;. All of the other ways in which A, enters in
the covariant propagtor, through ™A, and *A,, are unphysical.

This example illustrates another important point. The transverse mode in A,
is a typical physical excitation, with positive residue on mass shell. In contrast,
the longitudinal mode has negative residue on its mass shell [5,10]. This can be
seen by comparing eqs. (3.16) and (3.17): about zero momentum the residue of
the longitudinal mode is —w?/k? ~ —m?/k* times that for the transverse mode.
In Coulomb gauge, however, the longitudinal mode couples only to the time-like
component of the current; through J° "A®J%/2 in S;. With our euclidean conventions
JO is imaginary on mass shell, and (J°)? negative, so in all the contribution of the
longitudinal mode to physical quantities is positive — just like that of the transverse

modes.

The effective propagators and vertices define a perturbative expansion which re-
sums all hard thermal loops. The effective expansion is defined diagrammatically, as
in ordinary perturbation theory, except that when the momenta are soft, the bare
propagators and vertices are replaced by effective propagators and vertices. In loop
diagrams, the integrals over virtual momenta must be separated into the those over
soft and over hard momenta. (The need for this is discussed more fully in sec. IIL.C.)
Each soft line requires an effective propagator; bare propagators are used for hard
lines. If all the legs of a vertex are soft, an effective vertex is needed; a bare vertex is

used if two or more legs are hard.
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It should be evident that within the effective expansion, loop corrections are down
by at least one power of g. In the bare expansion, the only diagrams which are as
large as a tree amplitude are the hard thermal loops, which arise for amplitudes
in which every leg is soft. By resumming these into the effective propagators and
vertices, all that remains are corrections of order g times the tree amplitude. Thus the
effective expansion defines a power series in g, where only a finite number of diagrams
contribute to any fixed order in g. Loop corrections in the effective expansion are

discussed further in sec. III.C.

While the mathematical expressions for diagrams with effective propagators and
vertices are considerably more complicated than their bare counterparts, they can
be used for practical calculations. In any loop the integration over loop momenta is
divided into a sum of the integral over soft k, T'r(,4) , and the integral over hard
k, TT(hard) - Like in bare perturbation theory, it is convenient to do the discrete sum
over ko noncovariantly. This requires that the effective propagators and vertices be
fourier transformed from functions of &° into functions of 7, as in eq. (1.3) [5,10,12].
Fourier transformation generates a spectral representation for an effective ..1antity
in the form of the integral of a spectral density, p(w, k), with respect to a spectral
parameter w. The spectral representations required for the explicit evaluation of
diagrams are left to another work [12]. At present we only need to know that the
form of the spectral densities is such that w is always of the same order as k. Hence
we can use the spatial momentum k to characterize whether a line carries soft or
hard momentum. Doing the sum over £k and the integrals over 7 is no more difficult
than for the bare expansion, since all of the complications of the effective expansion
reside in the spectral densities. It remains only to integrate over & and over the
spectral parameters w, with the integrand a product of spectral densities, energy
denominators, and statistical distribution functions. In this form, even after analytic

-continuation it is safe to estimate a diagram by power counting.

The effective propagators and vertices define a nonlocal effective field theory which
can be understood intuitively as the result of a renormalization group transformation.
Divide the original theory into fields with hard and those with soft momenta. As
discussed in sec. II.A preceeding eq. (2.37), integrating out all fields with hard
momenta produces an effective theory for fields with soft momenta. Keeping only
the contribution of hard thermal loops, and discarding all terms which are down by

powers of g, produces the above effective theory. In this light, the appearance of new
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vertices merely represents the expansion of the effective action at one loop order in
powers of the soft A field.

We conclude this section by noting that the effective expansion can alternately be
derived as an approximate solution to the Schwinger-Dyson equations. The effective
vertices and propagators represent approximate solutions to the exact quantities. In
the effective expansion, an effective vertex is required whenever all of the momenta
going into a vertex are soft. In the Schwinger-Dyson equations, though, both bare and
exact vertices appear, even when the loop momentum is soft. The loop integrals in
the Schwinger-Dyson equations, though, run over all momenta, hard and soft. It can
be shown that the integral over hard momentum generates a hard thermal loop, which
combines with the bare vertex to form the usual effective vertex. Our original view —
constructing the effective expansion by integrating out all hard thermal fluctuations

— is both more direct and more natural.

B. Gauge invariance of 7-matrix elements

In this section we use the effective expansion to write down expressions for the
one loop corrections to the quark and gluon self energies at soft momentum. These
expressions include all terms that contribute at order g to the discontinuities in the
self energies. We construct two—point 7-matrix elements from these self energies, and
use the Ward identities to establish their equality in covariant and Coulomb gauges.

This proves that the damping rates are gauge invariant to lowest order in g.

As we discuss in sec. III.C, there are three classes of diagrams which contribute
at order g to the self energy: one loop diagrams with soft loop momentum, and one
and two loop diagrams, in which all loop momenta are hard. Our principal interest
is in the damping rates, which are due to the discontinuities of the self energy on the
mass shell. At order g, the discontinuity arises only from the soft one loop diagrams,

and so we concentrate on them in this section.

Power counting shows that soft one loop diagrams contribute to the self energies
at order g. For soft momenta, our effective propagators and vertices are of the same
order as their bare counterparts, so the power counting of soft loop diagrams in the
effective expansion is the same as for bare diagrams in the bare expansion. If both

the external and the loop momenta are soft, all momenta in the diagram are of order
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gT. Thus to estimate a diagram, we need only keep track of the powers of g and the
behavior of the statistical distribution functions. In one loop diagrams, only single
powers of the statistical distribution functions, n(E) and 7(E), appear: for soft E,
n(E) ~ T/E ~ 1/g and #(E) ~ 1/2. Thus soft one loop diagrams with at least
one gluon line are of order g? n(E) ~ g. Those involving just quark lines, and so-

Fermi-Dirac distribution functions, are of order g? n(E) ~ ¢°.

We first discuss the effective self energy for the gluon, *TI*V, which includes leading
corrections to the effective propagator, "A#". There are three diagrams with soft loop

momenta which contribute at order g:
*(P) = "M%, (P) + "My (P) + *II;‘,':(P) . (3.21)
*II,, is given by the graph in fig. 8a with two effective three-gluon interactions,

gch

4(P) =

3g Tr(-wft) *PUW\(—P + K, P, _K) *AM'(K)
‘A (~K,P,—P + K) "A"°(P - K) . (3.22)

T4, is given by the graph with an effective four-gluon interaction, fig. 8b,
2
M (P) = — 22- Trspy ‘T**(P,—P,K,—K)*A*(K). (3.23)
Lastly there is the contribution of the ghost loop in fig. 8c,
N4 (P) = g° Ne Tr(wopey K*(P - K)” A(K) A(P - K) . (3.24)

In figs. 8a and 8b, all propagators and vertices are dotted to denote that they are
effective quantities. Since ghost amplitudes do not have hard thermal loops, nothing
in the ghost loop of fig. 8c is dotted.

The effective self energy *TI*” of eq. (3.21) is that of covariant gauge: in eqs. (3.22)
- and (3.23), every gluon propagator is covariant. In Coulomb gauge, the effective self

energy equals -
Mg (P) = "Mgse(P) + Mgy(P) + Mg m(P) - (3.25)

s, and *TIE7, are given just by replacing covariant with Coulomb gauge propa-

gators everywhere in egs. (3.22) and (3.23). The ghosts are static in Coulomb gauge,
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and contribute only when the indices x and v are spatial:

K (p— k)

";:‘E'G——k:); . (3.26)

g,gh(P) = .92 N. T"(mft)
For generic momentum P, the effective self energies are gauge dependent: *II* varies

with ¢, *I% varies with éc, and *TI* £ *Ig".

The position of the pole in a propagator is a physical quantity, and therefore gauge
invariant. At lowest order the mass shell conditions are defined by the poles in the
effective propagators. For gluons, the physical polarization vector obeys

DL (P)e’(P) |

7%

0, (3.27)

maass shell —

where *A;,}, eq. (3.1), is the transverse part of the effective inverse propagator. Since
A7) is gauge invariant, so is the mass shell condition which it defines. Whenever
e#(P) appears in an equation, implicitly P* is on the appropriate mass shell. At
nonzero temperature e*(P) has three independent components — two for the trans-
verse modes, and one for the longitudinal mode. While *A;: is independent of gauge,
the wave functions are not. The covariant gauge wave function satisfies P* e#(P) = 0,
while the Coulomb gauge wave function obeys p' e;;(P) = 0. The two are related as

ei(P) = e4(P) — P E-'—Eiﬁ .

(3.28)

The corrections of order g to the mass shell are determined by the effective self
energy *TI*, which also contains gauge variant information. To isolate the gauge
invariant terms in "I which shift the mass shell, we construct the two gluon 7 -
matrix element. This is formed by putting *TI*” on the mass shell of eq. (3.27) and
sandiwiching it between physical wave functions. In covariant gauge this 7-matrix

element is

T = e+ *II™ & . (3.29)

T is of course a function of the momentum P, but for notational ease, in this equation
and henceforth we assume that each 7, *TI*, e*, etc., are functions of P alone, and
so drop their explicit dependence on P. The terms in *TI** which are proportional
to *A;;} are gauge variant: they don’t contribute to 7', but produce wave function

renormalization. The terms in *TI*¥ which contribute to 7 are gauge invariant, and
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shift the position of the pole away from the mass shell condition in eq. (3.27), by an
amount of order g*T'%2. The shift in the real part of the pole represents a perturbative
correction to the inverse screening length m,. The shift in the imaginary part of the

pole is proportional to the damping rate.

In Coulomb gauge the 7-matrix element is
T = et "I el . (3.30)

To establish gauge invariance we need to prove that 7 = 7Z¢. Our proof of gauge
invariance exploits the Ward identities satisfied by the effective vertices. As we noted
in the last section, these Ward identities have the same structure as the Ward identi-
ties for the bare vertices; thus our proof involves exactly the same manipulations as

are required at zero temperature.

As a preliminary step in the proof, we establish the identities
pP® *I* PY =0, (3.31)

and

P* MI* e’ = 0. (3.32)

The first relation is a Ward identity that holds for arbitrary P*, and shows that *TI*¥
is transverse in P*. The second identity applies only on mass shell. The proof of
egs. (3.31) and (3.32) are essentially the same. In each case, the Ward identities are
used to reduce the contraction of P# with a three— or four-gluon vertex. After using
these Ward identities, terms proportional to *A7}(P) appear. But these terms vanish
whether "AZ}(P) is contracted with P¥, because A~!(P) is transverse, or with e,

by the definition of the wave function. It therefore suffices to prove eq. (3.32).

For the contribution of the diagram in fig. 8a, eq. (3.22), the Ward identity of eq.
(3.8) can be used to replace P**T7¥* by A}(P — K) — ", 3(K). After shifting the

variable of integration K — P — K, we see that both terms are equal, and give
P* *I4Y € = g® N, Tripsy D77 (P - K)AZ}N(P - K)

AM(KY *TTY (-K,P,-P + K) ¢ . (3.33)
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For the diagram of fig. 8b, eq. (3.23), the Ward identity of eq. (3.10) is used to

express P# *T#¥37 as the sum of two terms, which are again equal after a shift in K:
P* MY ¢ = g* N. Tropy DM (K) T7*(-K,P,—P + K)e". (3.34)

To reduce eq. (3.33), we use the identity
NZNK) ANV(K) =8 — K* K A(K). (3.35)

This has the same form as the similar relation for the bare quantities, eq. (2.51). It is
more striking here, since while the left hand side involves the (complicated) effective
propagators in covariant gauge, the right hand side does not. Using this identity, we
find that

P ("I + *T04y)
= ¢* N, Triwp) A(P — K) (P — K)* A5 (K)
oV (K, P,—P + K) (P — K ¢ . (3.36)

We can use the Ward identity again to replace (P—K) *T°*" by A;}(P)— A} (K).
The first term vanishes upon contraction with e” (or P¥), while eq. (3.35) can be

used to simplify the latter. Eq. (3.36) becomes
= g* N. Tr(soss) A(P — K) (P — K)* (6" — K* K* A(K))e" . (3.37)

Thus we obtain an expression involving only bare quantities, free of effective prop-
agators and vertices. It is then easy to show that eq. (3.37) cancels against the
contribution of the ghost loop, P* *II,; €. This completes the proof of eq. (3.32).

The proof of gauge invariance for the two~point 7-matrix element proceeds in two
steps. First we need to show that in the Coulomb 7-matrix element of eq. (3.30),

Coulomb can be replaced by covariant wavefunctions:
T = e "I e . (3.38)

This is demonstrated by proving the identities of egs. (3.31) and (3.32) for the effective
self energy in Coulomb gauge, *TI%’; then eq. (3.38) follows easily from eq. (3.28).

The second step in the proof is to show that for the covariant 7-matrix element, eq.
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(3.29), the effective self energy *TI** can be replaced by its counterpart in Coulomb
gauge: - ’ '

T =¢" "I¥ . (3.39)
Then evidently, T = Z¢.

The proof of eq. (3.39) involves the same type of manipulations as above, so
we can afford to be sketchy. The difference between the covariant and Coulomb
propagators is given in eq. (3.18): each term involves at least one power of either
K* or Kv. For instance, in eq. (3.22), the difference "A”"'(P — K) — "AZ"'(P — K)
includes a term proportional to (P — K)?. When contracted with *T“**, it reduces
to *AZ1(P) — *A;i(K) by the Ward identity of eq. (3.8). The first term, "AZ{(P),
vanishes when contracted with e#. The second term is simplified by using eq. (3.35).

Continuing in this way, it can be shown that
] u * kA -1
Tog — To3g = 9° Ne € Truopey [ Da(K) ALLP - K)

~ Ny(K) (T*(~P + K, P,—K) n* + n” T"**(K,-P,P — K)
A(P — K) (P ~ K)*n* "A53(K) + A(P — K) B;3(K) n” (P — K)")
+ Da(K) Do(P - K) DZHP — K)n* o7 AHK)] . (3.40)

We define T3, = e* M5 €, etc.. The first terms in eq. (3.40) are cancelled by the

contribution from the four-gluon vertex:
Tig — Toay = 9° Ne € Triuogy [~ Du(K) BLI(P - K)

+ Dy(K) (T (P + K, P,—K) n* + n” T™*(K,~P,P = K))| ¢ . (3.41)

Lastly, there is the difference between the ghost loops in covariant and Coulomb

gauge:

T;h - TC,gh = g2 Nc et TT(,oﬂ) [K“ (P - K)U A(K) A(P - K)

1 0 v 0 _v v
al Ty (K"~ k°n*) (P~ K)* = (p— k)°n )] . (3.42)
To further reduce eq. (3.40), we employ the relation
. .
*A —1 vo_ 2 10
Bu(K)n = (1) (K?n* — K K*) . (3.43)
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Using this identity, it can be shown that the sum of eqs. (3.40), (3.41) and (3.42)
vanishes. This completes the proof of eq. (3.39), and so of the gauge invariance of the
two—gluon 7-matrix. It also proves that the damping rate is positive, for in Coulomb

gauge all contributions to the discontinuities are positive.

The treatment of the quark self energy is similar. The effective self energy for
“quarks, *Z(P), includes leading corrections to the effective quark propagator, A ;(P).

There are two diagrams with soft loop momenta which contribute at order g:
*T(P) = *T3(P) + *T4(P) . (3.44)

*La, in fig. 9a, is the usual self energy graph at one loop order, except that all of the

vertices and propagators are effective:

*L3(P) = ~g" C; Trisosy ‘T*(P,~P+K;~K) "0y(P-K) T(~P,P~K; K) 'A*(K) .
(3.45)
¥4 comes from a second graph, fig. 9b, which is special to the effective expansion. It

~ arises from the effective vertex between two gluons and a quark pair:

, .
*24(13): —‘I,g Cf

Tr(ssey ‘T (P,—P;K,—K) "A"™(K) . (3.46)

Like the gluon self energy, there are also one and two loop diagrams with hard loop
momentum which contribute to the real — but not the imaginary — part of the self

energies at order g.

The expressions in eqs. (3.45) and (3.46) are valid in covariant gauge. The
effective quark self energy in Coulomb gauge, *L¢c = *Tca + *Tc, is obtained by
replacing the covariant with Coulomb propagators in eqs. (3.45) and (3.46). For

generic momenta P, the effective self energies are gauge dependent.

The T-matrix for a quark pair is obtained by putting the effective self energy *T
on mass shell, and sandwiching it between quark wave functions. The mass shell and

the quark wave functions are defined by

*A,;l(P) TL’(P) Imau shell — 0. (347)

Whenever ( P) appears in an equation, implicitly P* is on the mass shell. The quark

wave functions do not depend upon gauge. As discussed following eq. (3.12), there
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are two branches to the quark mass shell. We do not distinguish which branch the

wave function ¥(P) belongs to. The 7-matrix for a quark pair is
T=9%*y, (3.48)

where 7, *Z, and 9 are implicitly functions of P.

In Coulomb gauge the corresponding 7 -matrix element, Tc, is given by replacing
*T with *L¢ in eq. (3.48). We again exploit the Ward identities to prove that
T = T.. For example, when a term in the gluon propagator proportional to K* or
K" is contracted with a vertex between a quark pair and a gluon, eq. (3.9) is used.
Some of the resulting terms contain A7Y(P), and vanish by eq. (3.47). The remaining

terms reduce to
Ti-Toa= —ig* Cr ¥ Tr (A1 (K)K* +2 0y (K)n")

T (-P,P - K;K)v, (3.49)

for T, = ¢ *Tj ¥, etc.. The terms from fig. 9b, T, — 7~'c,4, are simplified by using the
Ward identity of eq. (3.11). This term, which has no analogy at zero temperature,
exactly cancels eq. (3.49).

This completes the proof that 7 is gauge invariant; it also shows that to leading
order in g, the quark damping rate is gauge invariant. The extension to quarks with
nonzero bare mass is direct [5,10]. For light quarks with a soft mass of order gT,
the hard thermal loops are unaffected, so the bare mass is just included in A}, eq.
(3.2). Heavy quarks with a hard mass of of order T, are even easier, for then bare
propagators and vertices can be used for the heavy quark. In either case, the proof
of gauge invariance for the two-point 7-matrix elements goes through essentially
unchanged. Forinstance, with a heavy quark [5], there is only the contribution similar
to fig. 9a, with no diagram like fig. 9b. The difference betwwen the contribution of
fig. 9a in covariant and Coulomb gauges is given by eq. (3.49), except that the bare

vertex v* replaces *TV. This vanishes because the integral is odd in K.

We conclude this section by contrasting our calculations with those familiar at zero
temperature [2]. As noted above, the effective Ward identities required at nonzero
temperature have the same form as at zero temperature. Yet our manipulations

appear rather more involved than the customary analysis. This is because what is
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usually established is merely unitarity — that only physical states contribute to the
discontinuities of 7-matrix elements. For the two—point functions we have shown a
stronger statement, that the entire 7-matrix elements are g_a.ﬁge invariant. It is easier
for us to show the latter, for in hot gauge theories unitarity is more complicated than
at zero temperature. At zero temperature, unitarity means showing that the only
contribution to the discontinuities of gauge invariant operators are from transverse
modes. In a hot gauge theory, physical discontinuities receive contributions not just
from the transverse modes, but over soft momenta, from the physical — but not the

unphysical! — parts of the longitudinal modes..

C. Beyond leading order in the effective expansion

In this section we discuss where corrections beyond leading order arise in the
effective expansion. We consider the gluon self energy as a typical example. In the
last section, we gave explicit expressions for some terms of order g in the gluon self

-energy. Here we discuss where the remaining corrections of order g, and those of

order g2, arise.

Our discussion is schematic. The bare gluon propagator is written as A, the bare
three— and four—gluon vertices as gI's and g I'y; the analogous effective quantities
are A, g T3 and ¢g® T4. We drop the color and space-time indices, as well as the
momentum dependence of the vertices. Quarks are ignored, but could be incorporated
in an obvious way. We label a loop correction as O(g") if it is of order g" relative to

the corresponding tree amplitude.

To proceed systematically in the effective expansion, one starts with the bare
action, Spere, and then adds and subtracts an action which generates all hard thermal
loops, 85 in eq. (2.35). In the effective expansion, amplitudes at “tree” level are
generated by the sum, Sygre +6S5. The remainder, —45, is treated pefturbatively as a
counterterm, to ensure that hard thermal loops are not double counted. Remember
that the effective amplitudes generated by 65 only enter when all momenta are soft;

otherwise, bare quantities are used.

Before discussing corrections to the effective self energy at soft momentum, we
establish that the leading corrections to the self energy at hard momentum are of

O(g?), and that corrections to a vertex in which any leg is hard are at most of O(g).
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For a gluon with hard momentum P, the leading corrections to the self energy are:
I(P) = g* Trhara) T3 A(K) T3 A(P ~K) + ¢ TTihara) s A(K)

+ 9% Triopy T3 "A(K)T3 A(P - K) . (3.50)

The integrals over hard k generate the usual terms at zero temperature, including the
standard ultraviolet divergences, plus additional finite terms at nonzero temperature.
The integral over soft k can be estimated by analogy to eq. (1.16). The largest
contribution occurs when each vertex I'z is proportional to a hard momentum P. The
statistical distribution function enters as n(Ey) ~ T/E). If the ektern.al momentum
P is near its mass shell, some energy denominators are soft, ip® — E,_; + E; ~ k.

The magnitude of the soft integral in eq. (3.50) is

P? 1
2 Pk ——— n(E,) -
g /mf: k E, +Eg n(Ex) 1p° — Ep i £ E,

~ g*PT, (3.51)

which is of O(g?) for P ~ T. Terms neglected in this estimate ar=_'own by more
powers of g. In eq. (3.50), we did not include the soft integral involving the four-gluon

vertex because it is of O(g?):
g’ .Tr(,oﬂ) T, A(K) ~ éz / - d*k n(k) % ~ g*T?*. (3.52)

If the gluon is not near its mass shell, all energy denominators z.: hard, and the
soft integral in eq. (3.50) is of O(g®); in this case the O(g?) corrections are given
just by the hard integrals in eq. (3.50). The region near the mass shell is often of
the greatest interest, though: for example, the damping rate is determined by the
discontinuity of the self energy on mass shell. For kinematic reasons the hard integral
does not contribute to this discontinuity [4], and the damping rate is determined

solely by the soft integral [5].

We remark that severe infrared divergences appear near the mass shell, showing
up in quantities such as wave function and vertex renormalization. At zero temper-
ature these infrared divergences are logarithmic. At nonzero temperature, due to
the behavior of Bose-Einstein distribution function about zero energy, eq. (1.17),
the mass shell divergences become power-like: for massless particles, they are of the

form ¢?T/(w — p) as w — p. We assume that all such mass shell divergences cancel
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in arbitrary discontinuities, and in physical quantities such as 7-matrix elements.
In other words, for the purposes of power counting, we assume that a term such as
¢*T/(w - p) is of O(g?).

The corrections for a vertex in which any line is hard are similar to the hard self
energy of eq. (3.50). If all of the external momenta are hard, corrections from hard
loops are of O(g?), with terms from soft loops down by more powers of g. For vertices
in which the external lines are both hard and soft, the leading corrections can be of
O(g), as discussed following the powér counting rules in sec. [. Vertex corrections also

exhibit mass shell singularities; for instance, when two external momenta are equal,
P = @, they develop terms of the form ¢*T/(w — p).

With these results in hand, we consider the corrections to the gluon self energy
at soft momentum. Corrections of order g arise from diagrams at both one and two

loop order.

i. One loop diagrams. We discuss separately the two cases in which the loop

momenta are soft and hard.

e Soft loop. These are the corrections *II which are given in eq. (3.21).

e Hard loop. The hard loop gives terms of O(1), which are cancelled by 611 in the
counterterm —§S. The hard loop, however, also includes subleading terms of
O(g). For example, in going from eq. (1.16) to eq. (1.23) in sec. I, we neglected
terms that are p/k times the hard thermal loop.

ii. Two loop diagrams. There are corrections of O(g) from two loop diagrams
in which both loop momenta are hard. Consider, for example, the diagram of fig.
10. Fig. 10 is obtained from the hard one loop diagram of fig. 3a by adding a
self energy correction at hard K, II(K'), and one extra propagator, 1/K?. From eq.
(3.50), II(K) ~ g*T?. As seen in sec. I, if the extra propagator corresponds to
Landau damping, it can produce terms which are of order 1/(g7?). In all, II(K)
times the extra 1/K? is g times smaller than fig. 3a. Since fig. 3a is of O(1), then,
fig. 10 includes terms of O(g). It is notable that while corrections to the hard line are
down by g¢?, their effects within loop diagrams are suppressed merely by g because of

Landau damping.
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The corrections of O(g) from hard diagrams, at either one or two loop order, do not
contribute to the imaginary part of the two—gluon 7-matrix element. The reason is
just kinematical. The one loop diagrams, such as fig. 3a, can be cut just through two
lines, which by assumption are hard. These cuts are either those of Landau damping,
and so below the light cone, or far above. The two loop diagrams, such as fig. 10,
can be cut either through two or three virtual lines. As both loops are hard, cutting
through two virtual lines gives the same kind of discontinuities as for the hard one
loop diagram. If three lines are cut, a typical discontinuity at nonzero temperature
occurs if one particle is absorbed from the thermal distribution, and two emitted into
it. The imaginary part for this cut has support for w = Ey, + Ep_k, -k, — Ek,, with
k, and k; the two momenta for each loop. If both k; and k; are hard, this becomes.
w ~ ky + |k, + k| — k2. Now while it is possible for this w to be soft, it only occurs
if k; ~ —Fk,. Because this happens just in a small part of phase space, fig. 10 only
contributes to the discontinuity through terms that are O(g?), and not O(g). This
holds for all hard two loop diagrams, however the momenta are routed: simply put, it

is not easy for the sum or difference of three hard momenta to equal a soft momenta.

In sec. III.B we showed that to O(g), the T-matrix elements formed from the
effective one loop diagrams at soft loop momenta, *II, themselves form a gauge in-
variant set.- Thus the 7-matrix element formed from the remaining terms of O(g) —
from the hard one and two loop diagrams — comprise a separate, gauge invariant set. |
Since these diagrams do not have an imaginary part to O(g), they do not contribute
to the damping rates at leading order; they do, however, gives corrections of order
g°T? to m2.
To show that the effective expansion can be used to higher order, we discuss

where terms of O(g?) arise in the gluon self energy at soft momenta. They arise from

diagrams with one, two, and three loops.

i. One loop diagrams: There are contributions of O(g) from one loop diagrams
with either soft or hard loop momentum; these diagrams also have subleading terms
of O(g?). These terms of O(g?) include all of those at zero temperature, such as the
ultraviolet divergent terms which produce wave function renormalization, as well as

additional finite terms at nonzero temperature.

ii. Two loop diagrams: We divide this class of corrections of O(g*) into three

subclasses, according to whether the loop momenta are soft or hard.
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e Both loops soft: In these diagrams effective propagators and vertices must be
used throughout. The vertices include both the effective forms of the bare
vertices, as well as new effective vertices generated by hard thermal loops. For
instance, from the effective four gluon interaction, one pair of virtual gluons
can be tied together at one loop order, as in fig. 8b. The effective six gluon

interaction, with two pairs of gluons tied together, contributes at two loop order.

e One soft and one hard loop: Suppose in fig. 10 that the outer loop has soft |
momenta, while the self energy correction has hard loop momenta. There is a
corresponding diagram in which a counterterm for a hard thermal loop, —4II,
is inserted on one line. While the terms of O(1) in the hard loop cancel those
in —61I, there remain corrections of O(g). Since the one loop graph with soft

momenta is itself of O(g), in all these terms are of O(g?).

o Both loops hard: Hard two loop graphs produce terms of O(g). Thus there
are subleading terms in these graphs, which contribute at O(g®?). There are
also hard two loop graphs which first contribute at O(g?): the graph with two

distinct four gluon vertices is one example.

" #ii. Three loop diagrams: Three loop graphs in which every loop momentum is

hard will', by the power counting above, produce terms that are O(g?).

In all of this we repeatedly used the separation into soft and hard momenta. While
this separation is awkward, we stress that it is necessary. As defined, hard thermal
loops include all terms of O(1), and occur just when every external momentum is soft.
By dividing the momenta into soft and hard, and using effective quantities exclusively

over soft momenta, our resummation only includes terms of O(1).

Suppose that one did not divide the momenta into soft and hard, and attempted
to use effective quantities even when the external momenta are hard. This would rep-
resent a further resummation of perturbation theory, in which terms that are strictly
of O(g) and higher are included. This further resummation appears to be relatively
innocuous, so long as the higher order corrections included by this resummation are

not double counted.

With a further resummation, however, the cancellation of mass shell singular-
ities is not automatic. Mass shell singularities only arise at hard momenta, since

at soft momenta the effective mass shells are well above the light cone. Typically,
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mass shell singularities involve a propagator correction such as 1 + ¢g?T/(w — p),
cancelling against a vertex correction like 1 — cg?T/(w — p). This cancellation fails
if a further resummation is attempted. This is because the terms which produce
mass shell singularities are not the same as those which generate hard thermal loops.
For example, in the propagator the terms which produce a hard thermal loop at
soft momenta produce part, but not all of the mass shell singularity at hard mo-
menta: they contribute ¢’ g2T/(w — p) to a propagator correction, with ¢’ # ¢. In
part, a further resummation consists of writing the corrections to the propagator as
1+ (c—c)g*T/(w — p))/[1 — ¢¢°T/(w — p)|.- The mass shell divergences in this
expression cancel aéa.inst those of the vertex, but only when it is expanded out in g

— in which case one is not performing a further resummation. -

The problems with this further resummation are also illustrated in a recent work
by Gatoff and Kapusta [3]. In this work they consider a partial resummation of terms
of O(g?) at hard momenta. Doing so, they appear to find that their further resumma-
tion drama.tlca.lly alters the analysis: loop corrections are 1/g times the correspondmg
terms at tree level, and completely overwhelm the usual hard thermal loop. This hap-
pens because when terms of O(g?) are retained in the hard self energy, a small change
in the mass shell produces a large change in one over the energy denominators. In-
stead of this further resummation, we argue that perturbative corrections must always
be treated as such. For the self energy, instead of keeping terms of O(g?) in the energy
denominators, they should be expanded out in powers of g. One can show that this
avoids the pathologies found by Gatoff and Kapusta: at hard momenta neither mass

shells nor energy denominators change significantly, and consequently all corrections

are of O(g) or higher.

The typical infrared divergences which we have discussed above are what we term
“nonstatic” — they arise when (hard) fields are near the light cone, w — p. We
believe that these divergences cancel in any discontinuity, order by order in g. Never-
theless, we do not believe that all infrared divergences cancel. At zero temperature,
Poggio and Quinn [14] showed that infrared divergences cancel in discontinuities be-
cause the euclidean green’s functions are infrared finite. But in hot QCD it is known
that beginning at two loop order, the euclidean green’s functions display infrared
divergences which do not cancel [15]. These are associated with the infrared diver-
gences of three-dimensional QC D. Thus we suggest that in hot QC D, these infrared

divergences survive in the analytic continuation from euclidean to real time. We term
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these noncancelling divergences “static”, for they are associated with gluonic lines in
which the energy is (nearly) zero, w « p € T'. (Three-dimensional @QED is infrared
finite, and so the infrared divergences should cancel in hot QED.)

In the bare expansion these static divergences first appear in the gluon self energy
at two loop order. Since the effective expansion is a resummation of the bare per-
turbation theory, though, static divergences can appear at even one loop order. For
example, in ref. [5] the damping rate of a heavy quark was computed to leading order.
At nonzero momentum (much larger than ¢g?T), a static divergence appears in the
damping rate. At least in this example, the static divergence is not a disaster. The
divergence in the damping rate becomes finite after a screehing length, of order ¢*T,
is included for static magnetic fluctuations. To leading order, the static divergence in
the damping rate is merely logarithmic. Thus for a heavy quark, the damping rate,
expected to be of O(g?), is in fact ¢g? times log(1/g). We suspect that this mild loga-
rithmic dependence on g is the worst which the static infrared divergences produce,
but this is just conjecture. Clearly we need to compute a wide variety of quantities

-~ in the effective expansion in order to settle this.

IV. Conclusion

In tlﬁs paper we laid out a general framework for studying processes in hot gauge
theories. We showed how the hard thermal loop corrections can be resummed to all
orders in the loop expansion into effective propagators and vertices, and that these can
be used to generate a systematic expansion in g. We applied the effective expansion
to the self energy corrections for quarks and gluons at soft momenta, and showed that
the two-point 7-matrix elements, on the effective mass shells, are gauge invariant.
This solves the long-standing problem of the apparent gauge dependence in the gluon

damping rate.

We stress that while our work was inspired by the problem of damping rates in hot
QC D, the effective expansion is required for the calculation of arbitrary processes in
any hot theory. It is needed in arbitrary processes, for while the effective expansion
only differs from the bare expansion over soft momenta, inevitably soft momenta
contribute to amplitudes at some finite order in g. The order at which this happens

depends upon the process. Naive power counting suggests that the higher the mass
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dimension of the quantity under consideration, the higher the power in g at which
effects of soft momenta first enter. Thus all of the complications which arise in
the gluon damping rate at lowest order do not appear until higher order for other
quantities of interest, such as the free energy, transport coefficients, etc.. We intend

to study these questions in future work.

Similarly, the effective expansion is necessary not just in hot QC D, but for all hot
theories. One obvious example, in which the need for resummation does not seem to
have been appreciated, is hot @ ED. Because so many of the results for hard thermal
loops have an “abelian” form, our results for hot QC D easily carry over to hot QED.
A less trivial example involves hot gauge theories coupled to scalars, such as for the
weak interactions at temperatures far above the weak scale. The only hard thermal
loop in the scalar self energy is a constant mass term, but there are also hard thermal
loops in the vertices between scalars and gauge fields. These can be computed using

the machinery which we have developed here.

We conclude by noting that although the language and methods appear very dif-
ferent, there are close similarities between our analysis and transport theory. Indeed,
originally Silin used classical kinetic theory to derive the hard thermal loop in the
photon’s self energy [7). The hard thermal loops in the quark and gluon self energies
can also be computed in this way [8]; surely this can be extended to our classifica-
tion of arbitrary hard thermal loops in sec.’s I and II. More significantly, in order
to develop a complete and consistent transport theory, our program of an effective
expansion over soft momenta — including both effective propagators and vertices —

must be employed.

Appendix: One loop integrals and cutting rules

In this section we reduce the integrals which arise at one loop order in the two-,

three-,and four-point functions to integrals over the three-momentum k. These
examples illustrate general features, discussed in sec. I, which allow us to isolate the
hard thermal loops in arbitrary N-point functions. These integrals also represent all

of those needed for the explicit calculation of the damping rates {12].

To treat boson and fermion propagators in a unified way, we introduce an index
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“p" p = 4 for bosons and r = — for fermions:
A(K)= AY(K) , A(K)=A(K). (A.1)

All momenta are assumed to be euclidean, so the index rx for a momentum K is
rk = e*'/T. Indices are multiplicative: for a propagator A"(P — K), r = rprg. We

use the index r to distinguish between Bose-Einstein and Fermi-Dirac statistics:
n*(E)=n(E), n (E) =n(E) . (A.2)

Finally, we introduce the statistical distribution functions f;(E), where s = + denotes

emission, and s = — absorption:
fi(E)=1+rn"(E) , fL(E)=rn"(E). (A3)
The distribution functions satisfy the simple identities
fr(B)=re *BIT fi(E), (A.4)

FAEY-fL(E)=s. (A.5)
Théy also satisfy 4 |
fi(E) fu(E') = f1(E) fL,(E")
s+ 3

= — + s'ra’(E)+ s’ n"(E") (A.6)

Note that the terms quadratic in the statistical distribution functions cancel.

The boson and fermion propagators of eqs. (1.4) and (1.8) can be written as

1

= (A7)

AT(r,E) = EEE. Z fi(E) e?Br 0<r<
==

where E = k. For purposes of calculation, it is essential to remember that this
representation is valid only for 0 < 7 < 1/T. If an integral depends upon a value of 7
outside of this range, the propagator must be transformed so that 7 lies within this

range. This is done by using the periodicity condition

A(r+m /T, Ey= r™ A™(1,E) . (A.8)
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In this appendix we consider for simplicity traces with no powers of K* in the
numerator. Integrals involving powers of K* can be easily found from these results.
Powers of the spatial momentum k* just tag along, while single powers of k° can be
replaced by derivatives with respect to 7, which give +¢E. Integrals involving higher
powers of k° can be reduced to at most single powers of k® by using (k%)? = K% — k?

repeatedly.

We introduce some further notation to simplify our formulae. For integrals which
involve the propagator A™¢(FP, — K), define E, = |p, — k|; fourier transformation then
produces A™(7y, Ef), which can be expressed in terms of f;? using eq. (A.7). In the
distribution functions the explicit dependence on E, is dropped: f]¢ = f;*(E,). For a

trace with j propagators, the integration element over the three-momentum k, times

the residues of all the propagators, is defined to be D;k:

$Be 21 »
Dk :/ P LIO o (A.9)

We start with an integral which arises in the two—point functions:
I, = Tr A"(K) A™(P, - K). (A.10)

Eq. (1.5) is used to introduce A™(7, E) and A™(m, E;). The sum over k® gives a
delta—function which sets 7, = 7, with a result like eq. (1.15). Note that in this case
there is no problem with the region of integration. With eq. (A.7) the r integral is

elementary:

1

L=[Dk 3 Ffr-fLfm) . (AL

12,8 =+ LJ

—F

where we have also used eq. (A.4). Although two powers of the f’s enter in eq.
(A.11), because of eq. (A.6), no more than single powers of n(E) or 7i(E) occur:
term by term, double powers of the distribution functions cancel between emission

" and absorption.

The trace with three propagators illustrates the complications which arise when

there is more than one 7 integral:
In=Tr AT(K)A™ (P - K) A" (P, - K) . (A.12)
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Introducing T integrals for each propagator, and doing the sum over &° to eliminate

the 7, integral,

. ____dak YT yT i(p?m or—r r r r
T, =/ o /0 dr fo dry eBnRr=m) A7(r, B) A"y, By) A" (r—ry, B3) .
(A.13)

In A" (7 — 71, E;), the regions 7 > 7 and 7 < 7, must be treated seperately:
A (7 =11, Eq) = 8(r—11)A™ (7 —11, E2)+0(—7+71) 72 A" (r—1+1/T, E3), (A.14)

where 8(z) is the step function: 8(z) = +1 for ¢ > 0, §(z) = 0 for ¢ < 0. In eq.
(A.14) we have used eq. (A.8) to ensure that for both terms the argument in 7 lies
between 0 and 1/T, so that the representation of eq. (A.7) can be employed. ‘From
eq. (A.4),

1

Arz(T - T1,E2) = ﬁ
2 o=+

e 22Ea(r—-m) (0(7- — Tl) :: + 0(—1" + 1‘1) :2,2) . (A.15)

- Doing the 7 integral,
YT L
I = /Dsk / dr Z f: eliPy—sE—az Ba)r
0 s,81,82=%

1
i(pd — pY) — 1By + s E;

The terms from 7 > 7, and 7 < 7; have been combined, and eq. (A.5) used to simplify

(——s1f:: +32f:: e(i(p?—pg)_"E‘H’E’)f) . (A.16)

the expression. After doing the T integral, eq. (A.16) reduces to a sum of integrals

similar to Z,,

1
I, = /’D k :
* ’ 3,31§=:t i(p} — p3) — 51E1 + 82 B,
E51 T £T2 _ fT T3 _ 32 e propr
(ng - SE - SgEz (fa 32 f_, —!'z) 1p? _ -SE . SIEI (f, =n —a "-’1)) .

(A.17)
Note that by eq. (A.6), at most single powers of n(E) and n(FE) survive. This
cancellation of higher powers of the distribution functions is only evident because we
performed the integrals in the order we did, integrating first over 7, collecting all

terms, and then doing the 7 integral.

Another way of calculating eq. (A.13) would be to follow Baym and Sessler and

Dzyaloshinski [11], who originally developed this “noncovariant” approach. These

68



authors always do the integral over the smallest time first. Thus for 7 > 7, they
integrate over 7, and then over r (as we do), but for 7 < 7, they integrate in the
reverse order, over T and then ;. As discussed in sec. III of Baym and Sessler [11],
this has some advantages, in that series of terms can be systematically regrouped.
With their technique, though, the cancellation of higher powers of the n(E)’s in one
loop diagrams is only apparent after all terms had been regrouped over common
energy denominators. By keeping uniformly to the same order of integration in the

r’s, we make these cancellations manifest as each succeeding 7 integral is done.

The trace that arises in the four—point functions is
I, = Tr A"(K) A" (P, — K) A™(P, — K) A™(P; - K) (A.18)

We perform this integral as follows. Times 7,7y, 7;, 73 are introduced for each propa-
gator. Using the sum over k° to eliminate 73 = 7 — 7y — 73, We integrate over 7, then

71, and finally over 7. The result is

L= [Dk ¥

8,81,92,93=%

1
i(pd — p3) — 52E5 + s3E;

. 8z 33 i e
[i(P(i‘ - pg) - SlEl + 33E3 (ipg —_ sE — lel (fJ L1 f—., _,1)

s r LT Ll <
et (5 )

S3 31
*3 - T — T T
i(p? — p3) — 81 E1 + 92 E, (ng—gE_52E2 (f i f ,)

— 82 T fT1 _ ” T
ipd — sE — 8, Ey (£ - 1 ~n))} ' (A.19)

From eq. (A.6) it is apparent that only single powers of the distribution functions

survive.

We now discuss a remarkable feature that is crucial to our power counting esti-
mates for hard thermal loops in sec. I. We assert that for arbitrary N-point functions
at one loop order, there are never more than single powers of the statistical distribu-
tion functions. Originally, each of the N noncovariant propagators brings in a factor
of n(E) or #(E), but after all the T integrals are done, all multiple powers of n(E)

and 7i( E) cancel. This is demonstrated explicitly by our results for the two-, three-,
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and four—point functions. These cancellations are a consequence of how the cutting
rules work at nonzero temperature. The discontinuity in a one loop diagram is a sum
of cuts through two virtual lines: the cut lines are put on their mass shell, and the
rest of the diagram is the product of two disjoint tree amplitudes. This is familiar
at zero temperature. Computing the diagram at 7' = 0 noncovariantly, we get a sum
over products of energy denominators, as in egs. (1.16), except that in factors such as
1+ n(E), only the 1is kept. A discontinuity is produced by the analytic continuation
of an external Euclidean energy p° to —i(w + t€). This turns one energy denominator,
involving p°, into a delta—function in w. The en=rgy denominators which are not cut
combine to give the two disjoint tree amplitudes, by identities such as

ip01+ - - ~ =12 731; . (A.20)

The factors of 2p on the right hand side cancel the residues, 1/(2p), in the non-

covariant propagators.

At nonzero temperature the cutting rules go through in much the same way [13,4].
Isolate the part of the discontinuity which arises from cutting through two gluon lines
in a diagram. There must be factors of n(E) for the two cut lines, since each cut line
is either emitted into or absorbed from the thermal distribution, with probabilities
1+n(E) or n( E), respectively. The double powers of n( E) associated with the two cut
lines, cancel between emission and absorption as in eq. (A.6). For a given cutting,
however, the factors of n(E) or 7i(E) associated with the uncut lines must cancel.
If they didn’t, the identities analogous to eq. (A.20) would not go through, and the

uncut energy denominators would not reduce to a product of disjoint tree amplitudes.

It is easy to conjecture how this result generalizes to higher loop order. We suggest
that for arbitrary N-point amplitudes computed to L-loop order, the integral can
always be written in a form in which at most L factors of the statistical distribution

functions appear.
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Figure captions

(1) Diagrams which contribute to the hard thermal loop of the N—gluon amplitude

in Coulomb gauge.

[2] Diagrams which contribute to the hard thermal loop of the amplitude between
a quark pair and (N — 2)-gluons in Coulomb gauge.

[3] One loop diagrams which contibute to the gluon self energy.

[4] One loop diagrams which contibute to the four-gluon amplitude.

-1
JTO)

In the one loop diagrams of figs. 5, 6, and 7, only the hard thermal loops are

[5] The effective inverse propagators: (a) "}, for gluons; (b) 7', for quarks.

included, as indicated by the symbol “ = ”; just the diagrams which contribute
in Coulomb gauge are shown.

(6] The effective three-point vertices: (a) *TH | between three gluons; (b) *T*,

between a quark pair and a gluon.

[7) The effective four—point vertices: (a) *T**?, between four gluons; (b) T,

between a quark pair and two gluons.
[8] One loop diagrams which contribute to the effective gluon self energy, *TI*.
[9] One loop diagrams which contribute to the effective quark self energy, *T.

[10] A two loop diagram which contributes to the gluon self energy.
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