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The production rate of primordial black holes (PBHs) is often calculated by considering a nearly
Gaussian distribution of cosmological perturbations, and assuming that black holes will form in
regions where the amplitude of such perturbations exceeds a certain threshold. A threshold &,
for the curvature perturbation is somewhat inappropriate for this purpose, because it depends
significantly on environmental effects, not essential to the local dynamics. By contrast, a threshold
84 for the density perturbation at horizon crossing seems to provide a more robust criterion. On
the other hand, the density perturbation is known to be bounded above by a maximum limit &,
at the horizon entry and, given that 8y, is comparable to ,,.x, the density perturbation will be far
from Gaussian near or above the threshold. In this paper, we provide a new plausible estimate
for the primordial black hole abundance based on peak theory. In our approach, we assume
that the curvature perturbation is given as a random Gaussian field with the power spectrum
characterized by a single scale, while an optimized criterion for PBH formation is imposed,
based on the locally averaged density perturbation around the nearly spherically symmetric high
peaks. Both variables are related by the full non-linear expression derived in the long-wavelength
approximation of general relativity. We do not introduce a window function, which is usually
introduced to obtain the scale dependence of the spectrum. The scale of the inhomogeneity is
introduced as a random variable in the peak theory, and the scale-dependent PBH fraction is
automatically induced. We find that the mass spectrum is shifted to larger mass scales by one
order of magnitude or so, compared to a conventional calculation. The abundance of PBHs
becomes significantly larger than the conventional one, by many orders of magnitude, mainly
due to the optimized criterion for PBH formation and the removal of the suppression associated
with a window function.

Subject Index EO1, E31, E80

1. Introduction

Processes that may lead to the formation of primordial black holes (PBHs), along with their cosmo-
logical implications, have been extensively investigated in the literature since the pioneering work
of Zel’dovich and Novikov [1] and Hawking [2]. PBHs may be produced by gravitational collapse in
regions with a large amplitude of density perturbations in the early Universe, and measurements or
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constraints on their abundance can be regarded as a probe of the primordial spectrum and the under-
lying inflationary model. The latest observational constraints are summarized in, e.g., Refs. [3,4].
So far, PBHs have been actively studied as candidates of dark matter (see, e.g., Refs. [4-15] and
references therein). In addition, the recent discovery of gravitational waves emitted from binary black
holes (BBHs) [16,17] has stimulated the investigation of PBH binaries and their merger rates [18—21].

In this paper, we will focus on the formation of PBHs in the radiation-dominated era (see Refs. [22—
24] for cases of the matter-dominated era), due to some enhanced features in the primordial power
spectrum of density perturbations around some specific scale'. A rough criterion for the formation
of PBHs was first proposed by Carr [6], and much numerical work has been done in search of a more
accurate criterion [28—38]. The perturbation variables that are used to characterize the amplitude of
the initial inhomogeneity are roughly divided into two sorts: the density perturbation and the curvature
perturbation. For instance, Shibata and Sasaki [30] discussed the threshold for PBH formation by
using the curvature variable, which is given by the conformal factor of the spatial metric. On the
other hand, in Refs. [32,33,35-38], the threshold value is given for the averaged density perturbation
at the horizon entry in the comoving slicing, and in the lowest-order long-wavelength expansion. The
threshold value of the density perturbation is given by 8, & 0.42—0.66 depending on the perturbation
profile. The lowest threshold value seems to correspond to the value analytically derived in Ref. [39]
with significant simplification [40].

As for the curvature variable, it has been suggested in Ref. [41] that the threshold is strongly
affected by environmental effects, while that of a density perturbation is not. This fact has also
been numerically demonstrated in Ref. [42]. One extreme example that shows the significance of
the environmental effects is the estimate of the threshold of the curvature perturbation suggested
in Ref. [39]. There, an (irrelevant) extremely low value of ¢y =~ 0.0862 is obtained, due to the
existence of an unphysical negative-density region in the environment in the specific model adopted
there. However, even if we keep the positivity of the density in the environment, the threshold value of
the curvature perturbation can be significantly affected [42]. This can be intuitively understood if we
consider the curvature perturbation as the general-relativistic counterpart of the Newtonian potential,
which can be shifted by an arbitrary constant. Since, at least in spherically symmetric systems, the
process of PBH formation can be described in a quasi-local manner, the use of a threshold value for
a quasi-local perturbation variable seems to be more appropriate (see Sects. VII and VIII in Ref. [42]
for details).

A useful criterion has been proposed in Ref. [30] for spherically symmetric systems based on
the so-called compaction function, which is equivalent to half of the volume average of the density
perturbation § at the time of horizon entry [42]. The criterion for PBH formation is that the maximum
value of the compaction function as a function of the averaging radius lies above a specified threshold
Ctn = Stn/2, at the time when the averaging radius enters the horizon. Such a threshold value has
been found to be more robust. This has been tested by considering two different families of profiles
for the perturbation, and a broad range of parameters [42]. In what follows, we will not further
discuss the possible profile dependence of the threshold, but simply assume the existence of a typical

! Inflation can also produce relics, such as vacuum bubbles and domain walls with a distribution of sizes,
which may in turn produce PBHs during the subsequent radiation-dominated era (see, e.g., Refs. [25-27] and
references therein). In this case, the relics behave as active seeds, and trigger gravitational collapse with unit
probability if their initial comoving size is sufficiently large. Our present considerations do not apply to such
situations.
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value (see, e.g., Ref. [40] for an analysis of the profile dependence). We also note that, although
our framework is applicable to generic non-spherical systems, we will adopt a criterion for PBH
formation by referring to the compaction function in the corresponding spherical system. This is
justified because high peaks of a random Gaussian field tend to be spherical.

The main purpose of this paper is to find an estimate for the abundance of PBHs once a threshold
value of the averaged density perturbation is provided. One conventional way is to apply the Press—
Schechter (PS) formalism to the density perturbation by assuming that this variable is Gaussian
distributed. However, due to the local dynamics of overdense regions, there is an upper limit for the
value of the density perturbation at horizon crossing. This was first observed in Refs. [39,43], in the
context of a simplified “3 zone model" where a spherical homogeneous overdensity is embedded in
a flat Friedmann—Lemaitre—Robertson—Walker (FLRW) environment. More generally, it was found
[42] that for spherically symmetric perturbations with any profile, the maximum density perturbation
athorizon crossing in the comoving slicing is bounded by §max & 2/3. This argument will be reviewed
in Sect. 22. Noting that 8y, is in fact comparable to the maximum value Smax (above which the
probability distribution should vanish) a naive application of the Gaussian distribution seems rather
questionable. In addition, while the threshold is often set for the density perturbation, the statistical
properties of the primordial curvature perturbation are usually better understood. Therefore, it is
natural to consider the abundance of PBHs by combining the threshold of the density perturbation
with the statistical properties of the curvature perturbation. Since PBH formation is a non-linear
process, a non-linear relation between these perturbation variables should be taken into account.
In this paper, we address the calculation of the PBH abundance by using the peak theory for the
Gaussian probability distribution of the curvature perturbation, and the non-linear relation between
curvature and density perturbation in the long-wavelength limit. Readers not interested in the details
of the derivation can skip directly to Eq. (61), and the ensuing explanation on how to use it.

Another significant problem is the window function dependence of the mass spectrum. In Ref. [44],
itis reported that the mass spectrum significantly depends on the choice of the window function in the
PS formalism. For an extended curvature power spectrum, the scale dependence of the PBH fraction
is introduced by a window function in the PS formalism. Therefore, without a window function,
an extended mass spectrum of PBH cannot be obtained along the conventional PS formalism. In
contrast, according to the peak theory, the scale of the inhomogeneity can also be introduced as a
random variable. The probability distribution of the random variable is associated with the power
spectrum of the curvature perturbation. Then, in our procedure, the scale dependence is naturally
induced depending on the profile of the curvature power spectrum.

The plan of the paper is the following. In Sect. 2 we discuss the perturbation variables and the
implementation of a threshold for PBH formation. In Sect. 3 we consider the statistical properties
of the Taylor expansion coefficients of the Gaussian random field ¢ around a given point. In Sect. 4
we discuss the probability for PBH formation, based on the peak theory and on our implementation
of the threshold for the averaged density perturbation. The results will be compared to the more
conventional PS approach for the monochromatic power spectrum and a simple extended curvature

2 In Ref. [43] the maximum density perturbation at horizon crossing in the geodesic slicing is found to be
8G . = 9/16. In the long-wavelength approximation [42], such a value translates into the comoving slicing
as dmax ~ 3/4. Note that this differs from the determination given in Ref. [39,42] by a factor of 8/9, which
may be related to the extrapolation of the long-wavelength approximation in relating the different gauges at

horizon crossing.
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power spectrum in Sect. 5. Our conclusions are summarized in Sect. 6. Some technical aspects are
discussed in the appendices. Throughout this paper, we use geometrized units in which both the
speed of light and Newton’s gravitational constant are unity, c = G = 1.

2. Perturbation variables and threshold for PBH formation

Let us consider the density perturbation in the comoving slicing, which is orthogonal to the fluid
world line. In the long-wavelength approximation, the curvature perturbation ¢ and the density
perturbation § with the comoving slicing are related by [42]

YU4+w) 1 s e
L N P TE0Y 1
3w+ 5 a2H2 ) (1)

where w is the equation of state parameter, a is the scale factor, H is the Hubble rate, A is the
Laplacian of the reference flat metric, and the spatial metric is given by

ds3 = a?e™ ¥ pydn'dy, Q)

with det y being the same as the determinant of the reference flat metric.

We are interested mainly in high peaks, which tend to be nearly spherically symmetric [45].
Therefore, in this section, we introduce the criterion for PBH formation assuming spherical symmetry
originally proposed in Ref. [30]. Here, we basically follow and refer to the discussions and calculation
in Ref. [42].

First, let us define the compaction function C as

oM

C: ,
R

3)

where R is the areal radius at the radius r, and M is the excess of the Misner—Sharp mass Myis
enclosed by a sphere of radius » compared with the mass My inside the sphere in the fiducial flat
FLRW universe with the same areal radius. The Misner—Sharp mass for the comoving slicing is
given by

Mys(r) = 4m / dxpR’R, 4)
0

where p is the matter density and the prime denotes the derivative with respect to the radial coordinate
(see Sect. V-B in Ref. [42] for general slicing). Then we find the following expressions for each
variable:

Myis(r) = %Hz /O " (1 4 8)e ¥ (1-r¢'), (5)

1
Mg(r) = §H2a3r3, (6)

Mys(r) — Mp(re™)
are=t '

C@r) = (7

In the limit of the long-wavelength approximation, for comoving and constant-mean-curvature gauge,
the compaction function is given by:

C= %S (HR)?, (8)
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where § is the volume average of the density perturbation 8 within the radius » (see Eq. (5.31) in
Ref. [42]). From the definition of C, we can derive the following simple form in the comoving slicing
(see also Eq. (6.33) in Ref. [42]):

C(r) = % [1 —(1- r;/)z]. 9)

From this expression, it is clear that C < 1/3. If we identify the time of horizon entry of the perturba-
tion from the condition HR = 1, then, from Eq. (8), the corresponding averaged density perturbation
is § < Smax = 2/3, as discussed in the introduction. We can rewrite C(r) as (1 — R”?e* /a*) /3. The
existence of the region R’ < 0 corresponds to the Type II PBH formation reported in Ref. [43]. In
what follows, we focus on the Type I cases, i.e., R" > 0.

We will also assume that the function C is a smooth function of » for » > 0. Then, the value of C
takes the maximum value C™* at ry,, which satisfies®

C’(l’m) =0« (;l + I’CN) |r:rm = 0. (10)

We consider the following criterion for PBH formation:
1
Cmax > Cth = ESth. (11)

In the constant-mean-curvature (CMC) slice, the threshold CglMC for PBH formation is evaluated
as ~ 0.4 £ 0.03 (see Figs. 2 and 3 or Tables I and II in Ref. [42]). This threshold corresponds to
the perturbation profiles of Refs. [30,33,35], and is found to be quite robust for a broad range of
parameters. Since the relation between the density perturbation in the comoving slice (§) and the
CMC slice (6cmc) is given by

2
3 = zdcmce, (12)

3
the threshold value in the comoving slice is given by Cy, 2~ 0.267, which corresponds to §y, =~ 0.533.
In this paper we shall use this as a reference value. We should keep in mind, however, that the threshold
value is not completely independent of profile. For instance, as mentioned in the introduction, the
threshold in a three-zone model with a homogeneous overdensity is somewhat lower.
Throughout this paper, we assume a random Gaussian distribution of ¢ with its power spectrum
‘P (k) defined by the following equation:

o 272
<MWL) >= S5 P @) 5k — k), (13)
where ¢ (k) is the Fourier transform of ¢ and the brackets < --- > denote the ensemble average.
Each gradient moment o, can be calculated by
dk
0l = / ?kZ”P(k). (14)

Focusing on a high peak and taking it as the origin of the coordinates, we introduce the amplitude
w and the curvature scale 1/k, of the peak as follows:

n= §|r205 (15)

3 We thank I. Musco for pointing out the importance of the radius r+, to us (I. Musco, private communication).
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— A; |r:0
n

ki

(16)

Peaks of ¢ do not necessarily correspond to peaks of §. Nevertheless, as shown in Appendix A, if the
value of § is comparable to the threshold value &y, at a peak, we can almost always find the associated
peak of ¢ well inside the horizon patch centered at the peak of §. In some cases, there may be a local
minimum of § where there is a maximum of ¢, although this typically happens for values of ¢ above
the threshold for black hole formation. This is discussed in Appendix D, where we also give the
relation between £k, and the inverse length scale ks = (—Ad8/6 |x=0)1/ 2
the peak. According to the peak theory [45], for a high peak, we may expect that the typical form of

the profile ¢ can be described by using s, k,, and the two-point correlation function v as follows:

¢(r)

of the density perturbation at

7r = g(riky) == go(r) + k2g1 (r), (17)
where
1 1,
o =-7">3 (w + gR*Az/f), (18)
_ b e s L1
g1(r) = )/(1 — )/2) o (V W + 3R*AW)5 (19)

with y = 012/(0002), R, = «/gol/az, and

()_i/%sin(kr)
1/””_002 k  kr

P(k). (20)

It is worthy of note that, for k., = k. := o1/0¢, we obtain

g(rike) = =y (r). 21

It will be shown that, regarding k, as a probability variable, we obtain k. as the mean value of k... The
profile (21) was introduced in a recent paper [46] as a typical profile associated with the curvature
power spectrum. Here, we also take &, dependence into account, and introduce the scale dependence
to the profile.

Applying Eq. (9) to ¢, we obtain the relation between 1 and C as

1—+/1-3C
p=—_= (22)
rg

where the smaller root is taken. Let us define the threshold value Mt({f*) as
M(k*)(k ) = 1 —4/1—=3Cy _ 2 — /4 — 64 (23)

T Fnthogh (k) 27 (g, (k)

where 7y, (k) is the value of 1y, for ¢ = E, and

gm(ky) = g(rm(ky); ky). (24)

In Eq. (23), we have explicitly denoted the &, dependence of ,, and g, to emphasize it.
Although we obtain the threshold of the amplitude u as a function of &, since our goal is to obtain
the mass spectrum, we need the threshold value as a function of the PBH mass M. For this purpose,
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let us consider the horizon entry condition. In Eq. (11), we have implicitly used Eq. (8) with the
horizon entry condition

1
= (;Z = _—e”gm. (25)
R(rm)  rm

We note that this coincides with the condition 2Mg (Fme_g ("m)y = H~!. Since the PBH mass is given
by M = «/(2H) with « being a numerical factor, from the horizon entry condition (25), the PBH
mass M can be expressed as follows:

1

1
M = EaH_l = Eaafme_“gm = Mequq?ﬁ]e_zl‘gm = MW (1, k), (26)

where we have used the fact that H o« a2 and a = aqueq?me*“gm, with aeq and Heq being the
scale factor and Hubble expansion rate at the matter radiation equality. Mcq and keq are defined by
Meq = ozH;ll /2 and keq = aeqHeq, respectively. We have also introduced the function M (k) (u, ky).
The value of the numerical factor « is rather ambiguous, and we set @ = 1 as a fiducial value®.

Then, we may obtain the threshold value of /,Lt(ﬁ/l ) (M) as a function of M by eliminating &, from
Egs. (26) and u = /,Lt(}l:*) (k) and solving it for . That is, defining kih (M) by the inverse function of
M = MWk (Mt(llf*) (ky), ki), we obtain the threshold value of Mt(}]:/[ ) for a fixed value of M as

! (M) = g (e (M), (27)

while, from Eq. (26), we can describe w as a function of M and £, as follows:

k2,72, Meg

eq' m

| 1 M
pw=puM M k) = ———1n ( ) (28)
2gm

As is explicitly shown for an extended power spectrum, the value of ; may be bounded below by
Umin(M) for a fixed value of M. Then, for a fixed value of M, the region of u for PBH formation
can be given by

> g = max { min ), 1" D). (29)

3. Random Gaussian distribution of ¢

A key assumption is the random Gaussian distribution of ¢ with its power spectrum P (k). In
this section, we briefly review Ref. [45] to introduce the probability distribution for the curva-
ture variables. Due to the random Gaussian assumption, the probability distribution of any set
of linear combinations of the variable ¢ (x;) is given by a multi-dimensional Gaussian probability
distribution [45,53]:

1
PV, = )™/ |det M|~/ exp [—EV, (MY VJ} dv, (30)

4 If we take into account the critical behavior [47,48] near the PBH formation threshold, & should be given
by a function of w and &, as « = K (k,) (it — (ki) with y >~ 0.36 [31,32,34,35,46,49-52]. Since the profile
depenence of the function K (k,) and the parameter range of the scaling behavior is not well understood, for
simplicity, we just treat o as a numerical factor that takes a typical value of order 1 in this paper.
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where the components of the matrix M are given by the correlation < V;V; > defined by

dk dk'

Oy < Vi)Vyk') > (31)

< V]VJ >=

with 7 (k) = [ d3xV;(x)e*.
Here, we consider the value of ¢ and its derivatives up to the second order of the Taylor expansion
of the field ¢ (x;):

, 1 i
§=@+ﬁm+§ﬁm+owy (32)

The non-zero correlations between two of £, ¢}, and ¢4’ are given by

< Loy > = o, 33)
—3 < gotd > =3 < ftf >=of, G4
5 < iich s =15 < géi;éj >=15 < gzljgzlj >= 022 with i # j. (35)

Let us focus on the variables ;;j . There are six independent variables {2’4 = (;211, ;222, ;233, e 12
;223, ;23 1. It can be shown that, taking the principal direction of the matrix 52” , the volume element
can be rewritten as follows:

6
l_[ d{fl =1 — X)) (A2 — A3)(A — A3) sin O1dA1dAprd\3dO1d6,d O3, (36)
A=1

where A; are eigenvalues of the matrix 4“2’7 with A1 > A» > A3 and 6; are the Euler angles to take the
principal direction. From the integration with respect to the Euler angles, the factor 272 arises.
Following Ref. [45], we introduce new variables v, 1;, and &; as follows:

v = —{o/00, (37)

ni = ¢i /o1, (38)

& = (A + 22+ A3) /o2, (39)
1

& = 3 (A1 —A3) /o2, (40)
1

§ = 5 (1 = 2A2 +43) fo. (41)

A; is described in terms of &; as follows:

1
A= 3 &1+ 386+ &) 0, (42)
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1

Ay = 3 (61 — 2&3) 02, (43)
1

A3 = 3 (61 — 35 + &) 02. (44)

Then, the probability distribution can be expressed as

P, &, mdvd&dn = P1(v,£1)P2(62,63, n)dvdEdn, (45)
where
1 1 (5 & —yv)?
Pi(v,&)dvdé = Z\/ﬁ exp [—5 (U + 1_—)/2):| dvd§, (46)
and
P ddd—55/237/2 2 _ g2 > (362 4 g2
2(n,82,83)dérdE3dn = W&(SZ - 53)3Xp |:_E { & + 53 }i|
3
X exp [—5 {nf +n3 + n%}] dérdésdy (47)
with

y = ot /(0002), (48)

& > & > —& and & > 0. We have abbreviated the three-component variables &; and »; as & and
. In terms of u = vog and k,f = &102/ 1, the probability P can be expressed as

1 1 1 (k2 — k2)?
Py(v, £1)dvdés = b e | |+ | | dnai?,
2mo902y/1 — 2 2 oy o5 1—vy

2
ad ] dudi?, (49)

n
2w opo2/1 — Y2 |: 26 (ke)?

where kc2 = yoy/00 = 012/0(%, and

I R (e - %
6(k)?> o} (1—y2od

(50)

4. PBH fraction of the total density
4.1.  General expression

Following Ref. [45], we start by deriving an expression for the peak number density. The probability
distribution can be written as

P(v,n,&)dvdndé = P(v,&1)dvd&| P,(y,&2,&3)dndérdEs. (S1)

Let us focus on the parameters v and & to characterize each extremum. We define next(x, v, £1) as
the distribution of extrema of the field ¢ in the space of (x, v, &), i.e.,

next(x, v, £1) Ax Av A& = number of extrema in the volume AxAvAE&;. (52)
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Then, next(x, v, £1) can be expressed as follows:

Next(X, v, §1)dxdvdg) = 25(36 —Xxp)d(v —vp)d(§1 — §1p)dxdvdéy, (53)
p

where we have expressed the variables at each extremum with the subscript p. Then, x, is the position
of the extremum, i.e., | = n = 0 at x = x,,. Therefore, we obtain

32
dx —xp) = det 8xi8§xj 8(¢y) = o’l_3|)»1)\.2)»3|5(77), (54)
where
1
hiaky = (&1 + £3)% — 987) (&1 — 283)05. (55)

The peak number density npk (v, &1) is given by the ensemble average of next® (13) as follows:

npk(vasl)d‘)dgl = < next®(A3) > dvdé
=0, [/ dvpdélpdndg{P(Vpan,flp:$2a§3)|kl)t2)¥3|
B3 — )8 (61 — slp)®<xg>}}dvdsl

33/2

(27.[)3/2 <G ) SEDP1(v,&)dvdé,, (56)

where ® (A3) is multiplied to pick peaks out of extrema, and the function f is given by

53/2 51/4d & J 51/2d & J
= +
160 = ( /O 6 /_ s /&/4 6 /3&_& Ss)

15 5
x {sz@% — &) {(E1 + &) — 95} (61 — 283) exp [—7522} exp [—5532]}

-t [ ] 5]
RG] G 2] o

We note that, due to the condition A3 > 0, we obtain ¢, = &0, > 0. Let us change the variables
fromv = —¢g/o9g = n/og and & = Al|r=¢/02 = ,ukf /o7 to variables u and k.. Then, we obtain

n (1. k) d pdky = (v, £1)dvdéy

2.33/2 2 ,bLk2 w Mk
= Gyt 3f( ) ( )d dk... (58)

0001 (o) (70 (o))

Since the direct observable is not &, but the PBH mass M, we further change the variable from £,
to M as follows:

nd (e, MydpdM = n's? (., k) d pdk

= 3 e (MY ey (R s
(277)3/200013 * lop) ! oy o2 dk, dk*gm

-1
dudinM,  (59)
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where k, should be regarded as a function of i and M given by solving Eq. (26) for k. Here, we note
that an extended power spectrum is implicitly assumed in the above expression. The monochromatic
spectrum case will be independently discussed in Sect. 5.1. We also note that, since we relate £, to
M with y fixed, we have implicitly assumed that there is only one peak with A¢ = k2 in the region
corresponding to the mass M, i.e., inside » = ry,. If the spectrum is broad enough or has multiple
peaks at widely separated scales, and the typical PBH mass is relatively larger than the minimum
scale given by the spectrum, we would find multiple peaks inside » = ry,. Then, the PBH abundance
would be overestimated because we count every peak as a candidate for PBH formation. In order to
avoid this difficulty, we simply assume that the power spectrum is characterized by a single scale kg
and has a localized peak around the scale ky. Therefore, the current version of our procedure cannot
be directly applied to a spectrum with a broad support or multiple scales.
The number density of PBHs is given by

o0
npud In M = [/ du n k)(M,M):| Mdn M. (60)
)%

b

We also note that the scale factor a is a function of M as a = 2M/ zMelq/ 2keq /a. Then, the PBH
fraction of the total density Sod In M can be given by

M
Bod In M = B
pa’

C2:32ak o} M\ k2
- %( ) [/ s (%)
(2m) 0007] 02

,u Mkz 1n d

— ’/' —_ —

m dk*gm

Here we note again that &, should be regarded as a function of y and M. The above formula can be

4 s M
T InM = —angpkg’ (M> dinM

~1
}dlnM. (61)

evaluated in principle once the form of the power spectrum is given. The PBH fraction of the total
density fj at the equality time is given by fo = Bo(Meq/M) 172,

Let us summarize how to use the above formula. Once the power spectrum characterized by a
single scale kg is given, the typical profile is given by Eq. (17). Taking the radius of the maximum
compaction function (9) for this profile, we obtain the function 7y, (ky) and gm (k) = g(Fm (ks); ks).
Since k, is implicitly given as a function of u and M as Eq. (26), we can express the integrand in
Eq. (61) as a function of i and M. The lower boundary wy, of the integration is given by Eq. (29),
where 'U“th M) (M) is implicitly given by eliminating &, from Eqgs. (23) and (26) as is defined in Eq. (27).

From the functional form (49) of P;, we may expect that the integrand of Eq. (61) has a non-
negligible value only around k& = k. and u = uy,. Assuming up >> &, we can obtain the following
approximate form without performing the integral:

2.312qk3 42 M \3/2 ;2
approx eq P 2 w
dinM = ki) k.
,80 n (27_[)1/2 00013 (M ) [ (fesx) *f( oy )

M ,ukz ln d
— r p— —
m dk* &m

Again, k, should be regarded as a function of © and M in the above expression. Let us roughly

—1
] dinM. (62
U=Ltp

estimate the typical width A In M in the mass spectrum from the above approximate expression.
From the horizon entry condition and a rough dimensional analysis, we may estimate the relation
between M and k, as M ~ H~! « k;z. Then, we find AIn M ~ Alnkf < az/kc2 ~ 0y.

11/29

610z Aenuep /| uo Jasn ydieasay Jesjonp Joj uoneziuebiQ ueadoin3 - NY3ID Aq LES1L9ZS/L0TEZL/ZL/810ZAdRISqR-9[01e/da)d/wod dnoolwapede//:sdily woly papeojumoq



PTEP 2018, 123E01 C.-M. Yoo et al.

The probability P; takes the maximum value at k, = k. for a fixed value of w, and the threshold
value of u for ky, = k¢ is given by ¢ := ,ug:*) (k). Then, the value of the mass at the peak probability
is given by

M = Mg := Mokl (ke)*e ™18, (63)

where g. := gm (k). The value of B¢y can be evaluated as

2. 31/2a£3u3e—3ucgc o2 1 MZ
BEPPIOX (A ) ~ ¢ L_exp|—==¢ (64)
¢ @32 ofo 207
3 2
Ko _ 1u
~ 0(;3: e 3ptcge exp |:_50§j|, (65)

where £ := ry (ko) ke, and we have evaluated as | % Inry — M%gﬂ ~ l/k*,f(ukf/az) ~ ;ﬁkf/af
[45] in the first line. A numerical factor of the order of unity is neglected in the second line, and the
values of moments are assumed to be oy ~ o1 /k; ~ 02/ kcz.

Letus summarize how to use the above approximate formula. Once the power spectrum is given, the
typical profile with k. = k. = o1 /0y is given by its two-point correlation function v (). Calculating
the compaction function and taking the radius of the maximum C for the typical profile, we can
obtain the value of £. The threshold value 1 can be evaluated by the formula (23) with k, being k.,
where the value of &y, should be provided. Then, the simplified version of the PBH fraction (64) at
the spectrum peak can be calculated. Therefore, the necessary ingredients are the power spectrum
and the values of §y, and «.

4.2. Estimation from the Press—Schechter formalism

For a comparison, we review a conventional estimate of the fraction of PBHs based on the PS
formalism. In the conventional formalism, the scale dependence is introduced by a window function
W (k/kyr), where

foag = keq(Meq/M)'2. (66)

Then, each gradient moment is replaced by the following expression:

dk
butk? = [ CRPEOW kb (67)
The conventional estimate starts from the following Gaussian distribution assumption for the density
perturbation §:
Ps(8)ds ! 15 ds (68)
= exp| —=— ,
’ A/ 21 (oF P 2 052

where o; is given by the coarse-grained density contrast

4 65 (k,
o5 Ukag) = ; 2(2M).
ki

(69)
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We note that the definition of § and &y, used in this conventional estimate are rather vague and
not necessarily identical to our definition of § and 8y,. Therefore, there is an ambiguity of which
definition of the density perturbation is supposed in this formalism. Here, for simplicity, we just
use the same numerical value of 8y, as in our approach; in other words, we assume that the volume
average of the density perturbation obeys the Gaussian probability distribution given by Eq. (68)
with the coarse-grained density contrast (69) in the PS formalism. This Gaussian distribution and the
dispersion are motivated by the linear relation between ¢ and §. The fraction ,8(1)) S is then evaluated
as follows (see, e.g., Ref. [4]):

o0 F) 9 Sk,
PSM:Z/ dSPs(8) = f($)= f : 70
BosM) = 2a . 5(8) = aerfc NPT aerfc 4\/_02(/@\/1) (70)

The PBH fraction of the total density fo, at the equality time is given by f0 5 = (Meq /M),

Let us consider another way of estimation as a reference. First, referring to the linear relation
3 =4A¢8/ (9kf) = 411/9 at the conventional horizon entry aH = k., we change the variable for the
Gaussian distribution Eq. (68) to u as

1 1 w2kd
Pu(uydp = Nir? exp (-5 &2M> du. (71)
2 2

As in the case of /30 5> we can evaluate the PBH fraction ,Bg i as follows:

o0

k2
BYS.(M) =20 | dpP,(n) = aerfe (“C—M> (72)
e

where the threshold value p, = /Lt(llf*) (k¢) is evaluated by the procedure introduced in Sect. 2, where
the non-linearity is taken into account. Therefore, comparing Eq. (70) and Eq. (72), we can extract
the effect of the optimized criterion proposed in Sect. 2. The PBH fraction of the total density f at
the equality time is given by folf ,BO (Meq/M )1/2. As will be shown later, we obtain . ~ 0 52
for the monochromatic spectrum and ~ 0.75 for a specific model of extended spectra. Therefore,
the value of . is typically smaller than 984, /4 = 1.20. This simple analysis clearly indicates that
the optimized criterion given in Sect. 2 will significantly increase the PBH fraction compared to the
conventional estimate (70).

5. Specific examples
5.1.  Monochromatic power spectrum

Let us consider the monochromatic power spectrum given by
Pk) = oy 2kod (k — ko). (73)
Then, the moments are calculated as
= olkd". (74)

This leads to k. = ko and y = 1. Since k; = ko, from Eq. (21), the functional form of g(r; ko) is
given by

sin (kor)

g(riko) = =y (r) = —

kor (75)
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Then, we can find 7y, (ko) = €/ko = 2.74/ko, e = 0.520, and g = —0.141. Since the value of y is
given by 1. Taking the limit y — 1, in the expression (46), we obtain

lim Py(v,&)) = LS(& — YV) exp (_lvz)
y—1 2

N2
1 o 1
= —6§ky —kp)exp| —= ). 76

Then, the k, integration in Eq. (58) can be performed, and we obtain the following expression for
the peak number density:

3/2 1 2
W du = o e (- I B 77
Under the condition &, = ko, the relation between M and p is given by
o 1 M K1 78)
= =——1In —— .
H=Ho 2gc \Meq k2, 22

Therefore, we obtain the following PBH number density:

33/2 M
ngnd InM = a f(““’( )>®(M—Mc)d1nM, (79)
21 00/gel 00

where ©® (M — M,) has been multiplied to extract the distribution above the threshold. Finally, we

obtain
3172 M N ko \? M
potiost =5 () () (4507
2mwoolgel Meq keq 00

M 2
_ Mol 2) O M — M) dlIn M. (80)
20
AtM =M, = Mequqﬂzko_ 2e—21ege  the value of Bo 1s given by
V3a 6 3 Me Mz
_ =—— ¢ HE&f | Zexp| ——5 ). 81
Bolyr=p1.+0 2700 2] f <00> p 207 (81)
Since the function f'(x) behaves like f (x) ~ x> for x > 1 [45], in the limit of small o, we obtain
3 2
Bo ~ M—Ze_3“°g° exp | — Mcz , (82)
0, 20

where a numerical factor of the order of unity is neglected. The mass spectra B¢ and fy are depicted
as functions of the PBH mass M for oy = 0.08, 0.06, and 0.05 in the left-hand panels of Figs. 1 and
2, while 8o and fy = (Meq /M ) 1/2 Bo are depicted as functions of oy for M = M, in the right-hand
panels of Figs. 1 and 2.

As a result, we obtain an extended mass spectrum of PBHs even for the monochromatic power
spectrum of the curvature perturbation. This is caused by the non-linear relation between the density
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1074 1
102 — 0p=0.08
— 00=D.06 10_10
10714 — 0p=0.05
n— !
&
10-18 —— peak theory
10720
PS
10-24 —— Press-Schechter, Bos
—— Press—-Schechter, ,Bgi
B = ]
8.0x10"10 9.0x10710 1.0x107% 1.1x107% 0.05 0.10 050 1
MiMeq o

Fig. 1. PBH fraction of the total density 8, at the formation time is depicted as a function of the PBH mass
M (left) for each value of oy, and a function of oy (right) for M = M, with ky = 103k, and @ = 1. We also
depict the conventional estimation from the PS formalism without a window function in the right-hand panel.

108
o — 0p=0.08 10
— 0,=0.06
) — 0p=0.05 s (ot
10-19 —— peak theory

10-2 — Press-Schechter, ff3
PS
—— Press—-Schechter, fu.p

10—29 10—1#

8.0x10"10 9.0x10710 1.0x107° 1.4x1072 0.05 0.10 050 1
MIMoq [

Fig.2. PBH fraction of the total density f; at the equality time is depicted as a function of the PBH mass M
(left) for each value of oy, and a function of oy (right) for M = M with ky = 10°k.q and @ = 1. We also depict
the conventional estimation from the PS formalism without a window function in the right-hand panel.

perturbation and the curvature perturbation through Eq. (26)°. However, the width of the spectrum is
hardly significant. It is worth mentioning that, comparing Eq. (65) with Eq. (82), we find the factor
1/0¢ of difference. This clearly shows that the monochromatic spectrum case gets a larger peak
amplitude in the mass spectrum instead of the loss of the mass spectrum width.

Note that the amplitude of the mass spectrum is huge compared to the conventional one /3(1)), g
for a small value of 0. The main reason for this deviation comes from the optimization of the
PBH formation threshold wc. The o, 4 dependence of the prefactor in Eq. (82) also contributes to
the increase of the fraction, but not so dramatically. We note that the strong enhancement in the
abundance of PBH is a robust feature, for any chosen value of the threshold éy,. Indeed, it follows
from Eq. (23) that, for §;; < Smax = 2/3, we have u. < (9/4)6w. According to Egs. (70) and (72),
this implies ,B(Ii i M) > ,B(Ii 3(M). In fact, for 8y, < 0.623, we have p¢ < (9/8)8u (the right-hand
side of this inequality is actually a good linear fit to the value of w., which typically overestimates
the actual value by less than 30%). Assuming that the probability of PBH formation is low, we can
approximate the complementary error function as erfc(x) ~ e /(/7x), and it follows that within

5 The scaling behavior of the PBH mass near the threshold also induces a broadening of the mass spectrum,
as is discussed in Refs. [46,49-52].
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Fig.3. g(r;k,) and C(r) for k, = 0.1k, ko, 1.5k, and 2ky. The value of u is set as u = 0.1 for the compaction
function.

this range of 8, we have

BES (M) > (8RS )

> o (M), (83)
where we have ignored the sub-exponential dependence. Given that the probability of PBH formation
is exponentially small, this represents a very strong enhancement.

Furthermore, there is a non-trivial correction to the expression for the mass in terms of the wave
number at the time of horizon crossing, which increases the mass of the black holes by one order of
magnitude or so relative to the expectation from linear theory. This is clear from the expression of
M, given in Eq. (63), which contains the factor £?e~%*<€ s 8.7. Here, we have used the numerical
values for ., £, and g, corresponding to the sinc profile, which is the appropriate one for the
monochromatic spectrum. These values are listed in Table C.1 in Appendix C. Hence, not only do
we find more PBHs, but they are also significantly larger than naively expected.

5.2.  An extended power spectrum

Let us consider the simple extended power spectrum given by

6 (kY 3k
P(k)_3\/;a (k_o) exp (_Ek_g) (84)

Gradient moments are calculated as

o = 2! r §+n o k2", (85)
oo/ \2

where I' means the gamma function®. The functional form of v () is given by

k2r?
Y(r) = exp (—OT). (86)

Functional forms of g(r; k) and the corresponding C(r) obtained by substituting ¢(r) = Z(r) into
Eq. (9) for k, = 0.1ko, ko, 1.5ko, and 2k are shown in Fig. 3.

® The overall factor and the power of the exponential are chosen so that we may have oy = o and k. = k.
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k. ko

Fig.4. r, and the radius of the inner peak of C(r).
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0.0
0.0 05 1.0 15 20 25 30 0 5 10 15
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Fig. 5. Mt(llf*) as a function of k, (left) and k" (M) as a function of M (right).

The value of 7y, is analytically calculated as

~3K2/KZ + 2+ Sk kg — 8k2 /G + 4

Fm k* :\/g
() T- R/

; (87)

and is depicted as a function of £, in Fig. 4.

The functional form of ,ugf*) defined in Eq. (23) and k, = k(M) defined as the inverse function
of M = M(“=k*)(ut(}]f*)(k*), ky) is depicted in Fig. 5.

From Fig. 5, it is clear that M (4:4) (ugf*) (ky), k) takes the maximum value M >~ 19/kg at k., = 0.
In general, k, can be regarded as a function of i and M. The behavior of k, as a function of M for
each value of u is depicted in Fig. 6.

As shown in Fig. 6, the maximum value of M is realized at k, = 0 for each . Therefore, for a

given value of M, the minimum value of py,j, is given by

fmin(M) = nME) (M, 0). (88)

Substituting the function kih (M) into Eq. (23), we can draw ;Lglw ) as a function of M , as shown in

Fig. 7.
In the small-mass region, namely the large-k, region, the second term in Eq. (17) dominates the
profile. Then, the magnitude of £, degenerates with the overall amplitude of the inhomogeneity.
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K./ko

Fig. 6. The line of M = M®“*) (u, k,) for each value of p.

1.0,
08!
06| -
=Y — My (M)
04/ - numin(M)
0.2|
0.0
0 5 10 15 20 25
Mk,

Fig.7. n(" as a function of M.

Consequently, PBHs can form even for very small values of p if &, is sufficiently large. However,
as will be shown below, the probability of such cases is exponentially suppressed.

Using all the functional forms shown above, we can numerically evaluate the integral (61). The
results are shown in Figs. 8 and 9. We note that the mass spectrum from the conventional PS formalism
is much smaller for the same value of 0. There are two reasons for this difference. One is the smaller
threshold value 0.753 < 984, /4 ~ 1.2, as is also discussed for the monochromatic power spectrum in
Sect. 5.1. In addition, for the extended spectrum case, we find that the value of ﬂg’ i M) > ﬂ& % (M)
is also much smaller than our estimate if we use the following Gaussian window function in the PS
formalism:

1 k2

Wok/k) =exp (=13 ) - (89)
2 k2

This is because of the difference between the typical dispersions 6 /k2 and . In Fig. 10, we plot &

and 6,/ kf for the Gaussian, real-space top-hat, and k-space top-hat window functions. The real-space
and k-space top-hat window functions are defined as follows:

sin(k/ky) — k/ky cos(k/ky)

Wrrn(k/ke) =3 ,
RTH (k/ky) B0

(90)
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Fig.8. PBH fraction of the total density B, at the formation time is depicted as a function of the PBH mass
M (left) for each value of o, and a function of oy (right) for M = M, with ky = 10°k,q and & = 1. In the
right-hand panel, for the PS formalism, the value at the peak of the mass spectrum is taken. We also depict
the value at the peak of the mass spectrum from the PS formalism with the Gaussian window function in the
right-hand panel.

— Full
-+ Approx.
0° 520,08
— gr=0.1
— lo=043
- fgf_: w/ 0=0.3

0

10718

—- f£3w 0=03

10728 | !
10~ 1 10-10 1079 : ;
MM, o

Fig. 9. PBH fraction of the total density f; at the equality time is depicted as a function of the PBH mass M
(left) for each value of 0y, and a function of oy (right) for M = M, with &, = 105keq and o = 1. We also depict
the value at the peak of the mass spectrum from the PS formalism with the Gaussian window function in the
right-hand panel.

Witn(k/ks) = © (ke — k). (€3]

Figure 10 shows that the value of & is larger than 6, /k2 with the Gaussian window function. This
difference is reflected in the difference of many orders of magnitude in the PBH fraction.

5.3.  Behavior near the spectrum peak

In order to obtain a simpler analytic formula, let us consider the typical profile with the value of £,
being its mean value k.. Replacing k2 by kc2 in the expression of g, we obtain

g(rike) = =y (r). 92)
The typical value g. of gn, can be given by
g = gm(ke). (93)
In order to simplify the £, dependence of r,, we assume the following simple form:
_ L
Fn (k) % . (94)
*

19/29

610z Aenuep /| uo Jasn ydieasay Jesjonp Joj uoneziuebiQ ueadoin3 - NY3ID Aq LES1L9ZS/L0TEZL/ZL/810ZAdRISqR-9[01e/da)d/wod dnoolwapede//:sdily woly papeojumoq



PTEP 2018, 123E01 C.-M. Yoo et al.

05!} = )
— Gaussian
04 — k-space top-hat
™ i Real-space top-hat
Lo I T
-
o
02!
0.1 _/\
S — |
- /—\ |
0.0 0.5 1.0 1.5 2.0 2.5 3.0

k. lkg
Fig. 10. & and 6,/k? as functions of k..
Then, from Eq. (26), the relation between k, and M can be approximated by
K2 A KP (M) o K2, 00 g2t (95)
* eq M
For Eq. (62), let us perform the following replacement:

_ L
i = uD (M) = pre, gmks) = goo ke — kP (M). (96)
%

The second replacement implies up = max {umin (M), ic}. In addition, since o, < 1, we can also

k2 K2\
02 02
Then, finally, we obtain the following analytic expression:

12,083 —8upge 5/2 ~ 2
g gy = 23 alige s (Me‘l) QLIPS B N [P
0 2m)32/1 = 2 A\ M 3 26,p(M)? |’

000702

approximate the function /" as [45]

where

L1 (e’ =)

— =t
Gap(M)z 0(% (1-— )/2)022

99)

It should be noted that, while the same peak value as Eq. (64) is given by the above simple formula, the
curvature of the spectrum peak cannot be well approximated due to the non-trivial scale dependence
of /Lf}]f*) (see Fig. 5), which is not taken into account in Eq. (98).

In order to take the k, dependence of ,ugf*) into account, let us consider the Taylor expansion of

Mt(}lf*) around &, = k.. First, we focus on the function m(r, kf) defined by

m(r, k2) := rg (r; ky). (100)

This function satisfies

D ). K2) = 0. (101)
or
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Around kf = kcz, we may consider the following expansion of m (7 (ky), kf):
_ 1
m(Fm k), k2) = mo + my (k2 — k2) + 5mg(kf —kH? + O (k2 = K2)°), (102)

where mg, m1, and m; are, respectively, given by

my = reg, = —reVe, (103)
_ d 2N /
my = _zm(rCakc) — ”cg1ca (104)
ok2
dim\> 02 5 dm 92 5
= — — Lk 2 Lk
my (dk>%>k*:kc arzm(rc <)+ <dk§ - 8r8k§m(rc )
d;'m 2 V2 1 d’;m / /!
=\ 57 QY +ree) +2( 5 (g1 + 7c8le) (105)
dki; ) k. dk ) .

with the subscript “c" denoting the value at k, = k.
Then, the threshold value ;%) is given by

2
18 (k) = pu (1 - an:) (k2 — K2) + (m—; - ﬂ) (k2 — kf)z) FOW2 K3, (106)

Substituting this expression into the combination ;2 /&2 in the exponential of the probability (49),
we find
2

mp .» 2
—=1-2—(k:=k2)
M% 52 mo * c

+< O+ - 2 (k2 k) + Ok - kDY, (107)

For our specific example, given by Eq. (84), we find my = mz/kg = 2/e and m; = 0, and the
first term in the quadratic coefficient is 3/ (2k3 ) while the remaining correction terms are —1/ kg.
Therefore, the value of the effective variance increases and the spectrum peak is flattened. For our
specific example, we obtain m; = 0. However, in general, we may expect a non-vanishing value of
m1, and this may cause the shift of the spectrum peak. Defining the modified dispersion 6,04 as

1 1 Moo o ol 2m2 my
—— = — |1 =2—(ky M)" — k) + + -——1, 108
Fmod(M)? "~ o |: mo( M=k (1—y2o?  mi mo (10%)

we obtain the following modified simple expression:

231208 e Bimee K3 (Meq)S/z T (M) e o
Qm)32/T=y2 U\ M 3 2 6mod (M)?

000702
This modified version of the simple expression gives a better approximation for the shape of the

,B(I)nOd(M) — :| (109)

spectrum around the peak, as shown in Fig. 11.

6. Summary and discussion

Primordial black holes (PBHs) have attracted much attention not only from a theoretical point of view
but also observationally. In order to make an observationally relevant prediction from a theoretical
result, an estimation of the abundance of PBHs is essential.
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Fig. 11. fy, A", and g4 for o = 0.1.

The conventional Press—Schechter (PS) formalism assumes a Gaussian distribution of the primor-
dial density or curvature perturbation. However, the threshold value of the curvature perturbation has
an ambiguity from environmental effects [41,42]. On the other hand, the existence of an upper limit
for the density perturbation at the time of horizon entry [43] is in conflict with the naive assumption
of a Gaussian probability distribution for such a variable.

In order to overcome the above issues, we have developed a formalism to estimate the abundance
of PBHs by combining the Gaussian probability distribution of the curvature perturbation with
a threshold value for the locally averaged density perturbation. More precisely, we consider an
optimized criterion for PBH formation, which is given by a threshold for the compaction function
proposed in Ref. [30]. The compaction function is given by the value of the mass excess above the
background divided by the area radius. Our approach is based on the peak theory of Gaussian random
fields [45], and takes into consideration the non-linear relation between the curvature perturbation
and the density perturbation. A general expression for the PBH fraction of the total density of the
Universe is presented. Although our current procedure is only directly applicable to a spectrum that
has a localized peak around a specific scale, the expression for the PBH fraction, in principle, can
be evaluated once the curvature power spectrum is given. In our program to calculate the PBH mass
spectrum, there is no need to introduce a window function as long as we consider a power spectrum
localized around a single scale in the Fourier space. The scale dependence of the PBH fraction, which
is conventionally induced by a window function, is induced by considering a typical peak profile
of the curvature perturbation characterized by the amplitude (x) and the spatial peak curvature (k2)
for a given curvature power spectrum. We note that, for each profile characterized by u and k., at
the horizon crossing time, the PBH mass is evaluated from the mass inside the radius at which the
compaction function takes the maximum value.

The case of the monochromatic power spectrum is particularly simple, and illustrative of the
general case. First of all, compared to the conventional PS approach, the PBH spectrum is shifted
to larger masses, by an order of magnitude or so. This is due to the mass estimation from the mass
inside the maximum compaction radius, which is substantially affected by the metric perturbation.
A related effect is that there is a slight spread in the mass spectrum, even when the underlying
primordial spectrum is monochromatic. Such a spread, however, is hardly significant. Finally, the
estimated abundance of PBHs is much larger than in the conventional PS formalism, by many orders
of magnitude. This effect comes mainly from the optimized PBH formation criterion. Roughly
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speaking, in the limit when the probability of PBH formation is exponentially low, our estimate for
such a probability is larger than the fourth root of the conventional result. Therefore, the effect is
very significant. We have also considered the case of an extended power spectrum. For the extended
power spectrum, we also have qualitatively similar effects. In addition to these effects, we found that
the PBH fraction is still larger than the value given by the PS formalism with the Gaussian window
function. This is simply because there is no unphysical suppression due to the window function in
our formalism.

Throughout this paper we have assumed that the criterion for the formation of PBHs can be given
in terms of a threshold for the amplitude of some (averaged) density perturbation. However, it is
known that such a threshold depends on the profile of the overdensity. In order to clarify such
dependence, we need an analysis combined with numerical simulations of the gravitational collapse.
Another interesting aspect to consider is the effect of non-Gaussianity in the primordial curvature
perturbation. In this paper, we have assumed for simplicity that the primordial curvature perturbation
is given as a Gaussian random field. Note that, even in this case, non-Gaussian features are generally
induced by non-linear relations between perturbation variables. Primordial non-Gaussianity in single-
field models of inflation is usually suppressed by the slow-roll parameters, but even so its effect on
PBH formation could be significant. Furthermore, the generation of a bump in the power spectrum
typically involves a short period of “ultra-slow roll", which may entail additional non-Gaussianity
near the scale of the bump responsible for black hole formation (note that such non-Gaussianity is
on small scales, and therefore it is currently very poorly constrained by CMB data). The degree of
such non-Gaussianity is model dependent, and the corresponding enhancement/suppression of the
abundance of PBHs and clustering of PBHs due to the non-Gaussianity are currently under active
investigation [54]. The incorporation of primordial non-Gaussianity would require an extension of
the procedure presented here. Such issues are left for further research.
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Appendix A. Deviation between peaks of { and §

Our analysis is based on the Taylor expansion around a peak of ¢. However, since the criterion for
the formation of PBHs is given in terms of §, one may be concerned about the deviation between
each peak of ¢ and §. Here, assuming that all the moments o, are far smaller than £} ~ (aH)" at the
horizon entry, we show that, if the value of § is comparable to the threshold value &y, at a peak, we
can almost always find the associated peak of ¢ well inside the horizon patch centered at the peak
of 8. This fact means that the region that allows the formation of PBHs typically involves peaks of
§ and ¢ near the center, and validates our procedure.

Let us consider a peak of § (not a peak of ¢) satisfying § > 8. The value of § can be expressed
in terms of the Taylor expansion around the peak as follows:
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2(1 + 1 1 .
=10 [e% <§2 - sz)} +007), (A1)

where we have introduced a new spatial coordinate y to emphasize the difference from the expansion
around the peak of ¢ adopted in the text. From the inequality 6 > &y, we obtain the following
inequality:

3w+5 _

{ > 20w BH?* 8 > 0, (A2)

where and hereafter we evaluate every variable at the horizon entry, i.e., k. ~ aH. The deviation
Ay; of the peak of ¢ from the peak of § can be estimated by the following equation:

Y Ay = . (*3)
J

Taking the principal direction of Czij , We obtain
¢} = diag (11, 22,33} (A4)

Since {, > o, from the probability distribution of P, (&>, &3, 17), we can find that the probability of
having a negative eigenvalue is typically very small. Then, we obtain the following equation:

|Ayil = 1¢{/0il S o1 /k; < 1/(@H), (AS)
where we have used A; ~ ¢, > k2 and §1i ~ /< g“l"g“l" >~ 07].

Appendix B. Correspondence with the three-zone model

Let us consider the corresponding parameters to o, (4, and &, in the three-zone model [39] according
to Refs. [39,42]. In the three-zone model, we consider the closed FLRW model as the collapsing
region. The line element can be written in the following forms:

d—Z
ds? = o (1 _rfz + f2d§22> (B1)
= d’e X (di* + 1r7dQ?). (B2)

From the metric forms, we obtain the following relations:

ar +e%d (B3)
—— = de °dr,
V1 =72
— (B4)
,
Then, we obtain
2F
r | TV for r<2C ®5)
~ 1 2(1+v1=2 >
¢ ( _r ) for 2C <r
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_ 4r/C
_ B6
"Tax (r/C)?* (B6)
and
w_F__4YC
rA4 (/O B9

where C is the integration constant. This constant is related to ¢ as e 2% = 1/C? and can be
absorbed into the renormalized scale factor a as in the text or equivalently into the rescaling of the
radial coordinate. Therefore, hereafter, we set C = 1 for simplicity.

The value of A¢ at the origin can be evaluated as

3
Allrmg = 5 = 1k, (BS)

where we have identified it as ik2 as in the text. From the Hubble equation, the density perturbation

8MC in the uniform Hubble slice is given by

8mp 1
SME = =0 1= . B9
3H? a’H? (B9)
Let us define the radius r, corresponding to the scale 1/k, as
2 2 2
with ¢ being a numerical factor. Then, we identify the horizon entry by
: 2 (B11)
—_— =7 ,
aH *
where
A (B12)
Py 1= .
T 442
Then, §®MC€ at the horizon entry time (SgMC is given by
24
A (B13)

6+ qu)?

This quantity takes the maximum value 1 at 4 = 6/¢g. For a small radius, we may approximate
r« =~ 1y and, comparing the horizon entry conditions (B11) and (25), we can estimate the value of
q as ~ 10 (see Table C.1 in Appendix C). This relation between 8ﬁMC and u explicitly shows that
the value of the density perturbation at the horizon entry time has a maximum value while the value
of w is not bounded. The case u = 6/q corresponds to the three-hemisphere that divides Type I and
Type 11 PBH formation.
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Table C.1. The values of £, g(£), iy, and £2e~2#0g® for the listed examples with 8y, ~ 0.533.

Y —g(0) ih 02 e~ 21ng )
sinc 2.74 0.141 0.520 8.72
4th order V5 ~224 3/8 =0.375 0.663 8.22
8th order 2.72 0.151 0.522 8.66
Gaussian \/5 ~ 245 1/e >~ 0.368 0.753 10.4
Dawson 2.35 0.436 0.865 11.7

Appendix C. Examples of the curvature profile

Let us focus on the case in which the curvature profile g(r; k) is given by a function of &, with the
characteristic scale 1/k,. Then, for notational simplicity, we denote g (r; k) as g(k,r) in this section.
Here we list some examples of the function g(x) with g(0) = —1 and g”(0) = 1/3.

o Sinc function

. [ =D,
2(x) = —sinc(x) = 2; | (C1)
n—=
© Up to fourth order
2
(=D, Lo, 14
= - =—14-x"— —x". C2
g ;[@H Hr T T 120" (€2)
© Up to eighth order
4
(_1)n+1 ”
= - ) C3
&) Z[(Zn—i—l)!x ©3)
n=0
© Gaussian
2
g(x) = —exp (—€> (C4)
© Dawson function
2D (ker/2)
g = —+k—j/. (C3)

The values of £ 1= ri (ko)ke, —g(£), i i= (2 — /& — 650,)/(2€g’(£)), and £2e= 218 are listed
in Table C.1. According to Eq. (26), the latter column represents the enhancement in the black hole
mass relative to the naive linear estimate. Note that this effect is of a similar magnitude in all five
examples.

Appendix D. Relation between £, and £;

The linear relation § ~ A¢ suggests that k, is similar to the inverse length scale of the density
inhomogeneity ks = (—A§/§ lx—0)'/2. Here, we consider the non-linear relation between ks and k.
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First, we define 14 as follows:

ANL

— (D1)

n4 = —

x=0

Using the non-linear relation between ¢ and §, and assuming 9;¢|,—o = 0, we have

2= z_ﬂ k2,

where summation of repeated indices is understood. Noting that 4“22 > g“zij g“zlj , it is clear that &, and k;
will be similar for ;4 ~ u < 1. However, the case of interest tous is it > u, ~ 0.5-0.8. These are
high peaks of the random distribution, and consequently they are nearly spherical. In this case, we
can estimate k§ ~ (ug/m — 5i/3)k2, which becomes negative for > > 3114/5, where the density
profile has a local minimum at the center of the overdensity. The typical value of 4 is given by
substituting ¢ into Eq. (D1). For instance, we obtain z14 ~ w for the sinc function (C1) and 5u/3
for the Gaussian function (C4). Then the inequalities for the realization of a local minimum of the
density profile at the center are given by u > 3/5 for the sinc function (C1) and u > 1 for the
Gaussian function (C4). Since ug, is smaller than these values, we do not have to worry about this
peculiar regime, where the density profile has a local minimum at the center of the overdensity.

References

[1] Y. B. Zel’dovich and I. D. Novikov, Sov. Astron. 10, 602 (1967).
[2] S. Hawking, Mon. Not. R. Astron. Soc. 152, 75 (1971).
[3] B.J. Carr, K. Kohri, Y. Sendouda, and J. Yokoyama, Phys. Rev. D 81, 104019 (2010) [arXiv:0912.5297
[astro-ph.CO]] [Search INSPIRE].
[4] B. Carr, F. Kiihnel, and M. Sandstad, Phys. Rev. D 94, 083504 (2016) [arXiv:1607.06077
[astro-ph.CO]] [Search INSPIRE].
[5] G.F. Chapline, Nature 253, 251 (1975).
[6] B.J. Carr, Astrophys. J. 201, 1 (1975).
[7] J. Garcia-Bellido, A. Linde, and D. Wands, Phys. Rev. D 54, 6040 (1996) [arXiv:astro-ph/9605094]
[Search INSPIRE].
[8] K. Jedamzik and J. C. Niemeyer, Phys. Rev. D 59, 124014 (1999) [arXiv:astro-ph/9901293] [Search
INSPIRE].
[9] P. H. Frampton, M. Kawasaki, F. Takahashi, and T. T. Yanagida, J. Cosmol. Astropart. Phys.
1004, 023 (2010) [arXiv:1001.2308 [hep-ph]] [Search INSPIRE].
[10] M. Kawasaki, N. Kitajima, and T. T. Yanagida, Phys. Rev. D 87, 063519 (2013) [arXiv:1207.2550
[hep-ph]] [Search INSPIRE].
[11] K. Kohri, C.-M. Lin, and T. Matsuda, Phys. Rev. D 87, 103527 (2013) [arXiv:1211.2371 [hep-ph]]
[Search INSPIRE].
[12] G.F. Chapline and P. H. Frampton, J. Cosmol. Astropart. Phys. 1611, 042 (2016) [arXiv:1608.04297
[gr-qc]] [Search INSPIRE].
[13] J. M. Ezquiaga, J. Garcia-Bellido, and E. Ruiz Morales, Phys. Lett. B 776, 345 (2018)
[arXiv:1705.04861 [astro-ph.CO]] [Search INSPIRE].
[14] S. Clesse and J. Garcia-Bellido, Phys. Dark Univ. 22, 137 (2018) [arXiv:1711.10458 [astro-ph.CO]]
[Search INSPIRE].
[15] K. Kohri and T. Terada, Class. Quantum Grav. 35, 235017 (2018) [arXiv:1802.06785 [astro-ph.CO]]
[Search INSPIRE].
[16] B. P. Abbott et al. [Virgo, LIGO Scientific Collaborations], Phys. Rev. Lett. 116, 061102 (2016)
[arXiv:1602.03837 [gr-qc]] [Search INSPIRE].
[17] B.P. Abbott et al. [Virgo, LIGO Scientific Collaborations], Phys. Rev. Lett. 118, 221101 (2017)
[arXiv:1706.01812 [gr-qc]] [Search INSPIRE].

27/29

610z Aenuep /| uo Jasn ydieasay Jesjonp Joj uoneziuebiQ ueadoin3 - NY3ID Aq LES1L9ZS/L0TEZL/ZL/810ZAdRISqR-9[01e/da)d/wod dnoolwapede//:sdily woly papeojumoq


http://dx.doi.org/10.1093/mnras/152.1.75
http://dx.doi.org/10.1103/PhysRevD.81.104019
http://www.arxiv.org/abs/0912.5297
http://www.inspirehep.net/search?p=find+EPRINT+0912.5297
http://www.inspirehep.net/search?p=find+EPRINT+0912.5297
http://dx.doi.org/10.1103/PhysRevD.94.083504
http://www.arxiv.org/abs/1607.06077
http://www.inspirehep.net/search?p=find+EPRINT+1607.06077
http://www.inspirehep.net/search?p=find+EPRINT+1607.06077
http://dx.doi.org/10.1038/253251a0
http://dx.doi.org/10.1086/153853
https://doi.org/10.1103/PhysRevD.54.6040
http://www.arxiv.org/abs/astro-ph/9605094
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9605094
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9605094
https://doi.org/10.1103/PhysRevD.59.124014
http://www.arxiv.org/abs/astro-ph/9901293
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9901293
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9901293
http://dx.doi.org/10.1088/1475-7516/2010/04/023
http://www.arxiv.org/abs/1001.2308
http://www.inspirehep.net/search?p=find+EPRINT+1001.2308
http://www.inspirehep.net/search?p=find+EPRINT+1001.2308
http://dx.doi.org/10.1103/PhysRevD.87.063519
http://www.arxiv.org/abs/1207.2550
http://www.inspirehep.net/search?p=find+EPRINT+1207.2550
http://www.inspirehep.net/search?p=find+EPRINT+1207.2550
http://dx.doi.org/10.1103/PhysRevD.87.103527
http://www.arxiv.org/abs/1211.2371
http://www.inspirehep.net/search?p=find+EPRINT+1211.2371
http://www.inspirehep.net/search?p=find+EPRINT+1211.2371
http://dx.doi.org/10.1088/1475-7516/2016/11/042
http://www.arxiv.org/abs/1608.04297
http://www.inspirehep.net/search?p=find+EPRINT+1608.04297
http://www.inspirehep.net/search?p=find+EPRINT+1608.04297
http://dx.doi.org/10.1016/j.physletb.2017.11.039
http://www.arxiv.org/abs/1705.04861
http://www.inspirehep.net/search?p=find+EPRINT+1705.04861
http://www.inspirehep.net/search?p=find+EPRINT+1705.04861
https://doi.org/10.1016/j.dark.2018.08.004
http://www.arxiv.org/abs/1711.10458
http://www.inspirehep.net/search?p=find+EPRINT+1711.10458
http://www.inspirehep.net/search?p=find+EPRINT+1711.10458
https://doi.org/10.1088/1361-6382/aaea18
http://www.arxiv.org/abs/1802.06785
http://www.inspirehep.net/search?p=find+EPRINT+1802.06785
http://www.inspirehep.net/search?p=find+EPRINT+1802.06785
https://doi.org/10.1103/PhysRevLett.116.061102
http://www.arxiv.org/abs/1602.03837
http://www.inspirehep.net/search?p=find+EPRINT+1602.03837
http://www.inspirehep.net/search?p=find+EPRINT+1602.03837
https://doi.org/10.1103/PhysRevLett.118.221101
http://www.arxiv.org/abs/1706.01812
http://www.inspirehep.net/search?p=find+EPRINT+1706.01812
http://www.inspirehep.net/search?p=find+EPRINT+1706.01812

PTEP 2018, 123E01 C.-M. Yoo et al.

[18]
[19]
[20]

[21]

[27]
[28]
[29]

[30]
[31]

[36]
[37]

[38]
[39]

[40]
[41]

M. Sasaki, T. Suyama, T. Tanaka, and S. Yokoyama, Phys. Rev. Lett. 117, 061101 (2016)
[arXiv:1603.08338 [astro-ph.CO]] [Search INSPIRE].

S. Bird, I. Cholis, J. B. Muiloz, Y. Ali-Haimoud, M. Kamionkowski, E. D. Kovetz, A. Raccanelli, and
A. G. Riess, Phys. Rev. Lett. 116, 201301 (2016) [arXiv:1603.00464 [astro-ph.CO]] [Search INSPIRE].
S. Clesse and J. Garcia-Bellido, Phys. Dark Univ. 15, 142 (2017) [arXiv:1603.05234 [astro-ph.CO]]
[Search INSPIRE].

M. Raidal, V. Vaskonen, and H. Veermie, J. Cosmol. Astropart. Phys. 1709, 037 (2017)
[arXiv:1707.01480 [astro-ph.CO]] [Search INSPIRE].

M. Yu. Khlopov and A. G. Polnarev, Phys. Lett. B 97, 383 (1980).

T. Harada, C.-m. Yoo, K. Kohri, K.-i. Nakao, and S. Jhingan, Astrophys. J. 833, 61 (2016)
[arXiv:1609.01588 [astro-ph.CO]] [Search INSPIRE].

T. Harada, C.-M. Yoo, K. Kohri, and K.-I. Nakao, Phys. Rev. D 96, 083517 (2017) [arXiv:1707.03595
[gr-qc]] [Search INSPIRE].

N. Tanahashi and C.-M. Yoo, Class. Quantum Grav. 32, 155003 (2015) [arXiv:1411.7479 [gr-qc]]
[Search INSPIRE].

J. Garriga, A. Vilenkin, and J. Zhang, J. Cosmol. Astropart. Phys. 1602, 064 (2016) [arXiv:1512.01819
[hep-th]] [Search INSPIRE].

H. Deng, A. Vilenkin, and M. Yamada, J. Cosmol. Astropart. Phys. 1807, 059 (2018)
[arXiv:1804.10059 [gr-qc]] [Search INSPIRE].

D. K. Nadezhin, I. D. Novikov, and A. G. Polnarev, Sov. Astron. 22, 129 (1978).

I. D. Novikov and A. G. Polnarev, Sov. Astron. 24, 147 (1980).

M. Shibata and M. Sasaki, Phys. Rev. D 60, 084002 (1999) [arXiv:gr-qc/9905064] [Search INSPIRE].
J. C. Niemeyer and K. Jedamzik, Phys. Rev. D 59, 124013 (1999) [arXiv:astro-ph/9901292] [Search
INSPIRE].

I. Musco, J. C. Miller, and L. Rezzolla, Class. Quantum Grav. 22, 1405 (2005) [arXiv:gr-qc/0412063]
[Search INSPIRE].

A. G. Polnarev and I. Musco, Class. Quantum Grav. 24, 1405 (2007) [arXiv:gr-qc/0605122] [Search
INSPIRE].

I. Musco, J. C. Miller, and A. G. Polnarev, Class. Quantum Grav. 26, 235001 (2009) [arXiv:0811.1452
[gr-qc]] [Search INSPIRE].

I. Musco and J. C. Miller, Class. Quantum Grav. 30, 145009 (2013) [arXiv:1201.2379 [gr-qc]] [Search
INSPIRE].

A. G. Polnarev, T. Nakama, and J. Yokoyama, J. Cosmol. Astropart. Phys. 1209, 027 (2012)
[arXiv:1204.6601 [gr-qc]] [Search INSPIRE].

T. Nakama, T. Harada, A. G. Polnarev, and J. Yokoyama, J. Cosmol. Astropart. Phys. 1401, 037 (2014)
[arXiv:1310.3007 [gr-qc]] [Search INSPIRE].

T. Nakama, J. Cosmol. Astropart. Phys. 1410, 040 (2014) [arXiv:1408.0955 [gr-qc]] [Search INSPIRE].
T. Harada, C.-M. Yoo, and K. Kohri, Phys. Rev. D 88, 084051 (2013); 89, 029903 (2014) [erratum]
[arXiv:1309.4201 [astro-ph.CO]] [Search INSPIRE].

I. Musco, arXiv:1809.02127 [gr-qc] [Search INSPIRE].

S. Young, C. T. Byrnes, and M. Sasaki, J. Cosmol. Astropart. Phys. 1407, 045 (2014) [arXiv:1405.7023
[gr-gc]] [Search INSPIRE].

T. Harada, C.-M. Yoo, T. Nakama, and Y. Koga, Phys. Rev. D 91, 084057 (2015) [arXiv:1503.03934
[gr-qc]] [Search INSPIRE].

M. Kopp, S. Hofmann, and J. Weller, Phys. Rev. D 83, 124025 (2011) [arXiv:1012.4369
[astro-ph.CO]] [Search INSPIRE].

K. Ando, K. Inomata, and M. Kawasaki, Phys. Rev. D 97, 103528 (2018) [arXiv:1802.06393
[astro-ph.CO]] [Search INSPIRE].

J. M. Bardeen, J. R. Bond, N. Kaiser, and A. S. Szalay, Astrophys. J. 304, 15 (1986).

C. Germani and 1. Musco, arXiv:1805.04087 [astro-ph.CO] [Search INSPIRE].

M. W. Choptuik, Phys. Rev. Lett. 70, 9 (1993).

T. Koike, T. Hara, and S. Adachi, Phys. Rev. Lett. 74, 5170 (1995) [arXiv:gr-qc/9503007] [Search
INSPIRE].

J. C. Niemeyer and K. Jedamzik, Phys. Rev. Lett. 80, 5481 (1998) [arXiv:astro-ph/9709072] [Search
INSPIRE].

J. Yokoyama, Phys. Rev. D 58, 107502 (1998) [arXiv:gr-qc/9804041] [Search INSPIRE].

28/29

610z Aenuep /| uo Jasn ydieasay Jesjonp Joj uoneziuebiQ ueadoin3 - NY3ID Aq LES1L9ZS/L0TEZL/ZL/810ZAdRISqR-9[01e/da)d/wod dnoolwapede//:sdily woly papeojumoq


https://doi.org/10.1103/PhysRevLett.117.061101
http://www.arxiv.org/abs/1603.08338
http://www.inspirehep.net/search?p=find+EPRINT+1603.08338
http://www.inspirehep.net/search?p=find+EPRINT+1603.08338
https://doi.org/10.1103/PhysRevLett.116.201301
http://www.arxiv.org/abs/1603.00464
http://www.inspirehep.net/search?p=find+EPRINT+1603.00464
http://www.inspirehep.net/search?p=find+EPRINT+1603.00464
http://dx.doi.org/10.1016/j.dark.2016.10.002
http://www.arxiv.org/abs/1603.05234
http://www.inspirehep.net/search?p=find+EPRINT+1603.05234
http://www.inspirehep.net/search?p=find+EPRINT+1603.05234
https://doi.org/10.1088/1475-7516/2017/09/037
http://www.arxiv.org/abs/1707.01480
http://www.inspirehep.net/search?p=find+EPRINT+1707.01480
http://www.inspirehep.net/search?p=find+EPRINT+1707.01480
http://dx.doi.org/10.1016/0370-2693(80)90624-3
http://dx.doi.org/10.3847/1538-4357/833/1/61
http://www.arxiv.org/abs/1609.01588
http://www.inspirehep.net/search?p=find+EPRINT+1609.01588
http://www.inspirehep.net/search?p=find+EPRINT+1609.01588
https://doi.org/10.1103/PhysRevD.96.083517
http://www.arxiv.org/abs/1707.03595
http://www.inspirehep.net/search?p=find+EPRINT+1707.03595
http://www.inspirehep.net/search?p=find+EPRINT+1707.03595
http://dx.doi.org/10.1088/0264-9381/32/15/155003
http://www.arxiv.org/abs/1411.7479
http://www.inspirehep.net/search?p=find+EPRINT+1411.7479
http://www.inspirehep.net/search?p=find+EPRINT+1411.7479
http://dx.doi.org/10.1088/1475-7516/2016/02/064
http://www.arxiv.org/abs/1512.01819
http://www.inspirehep.net/search?p=find+EPRINT+1512.01819
http://www.inspirehep.net/search?p=find+EPRINT+1512.01819
http://dx.doi.org/10.1088/1475-7516/2018/07/059
http://www.arxiv.org/abs/1804.10059
http://www.inspirehep.net/search?p=find+EPRINT+1804.10059
http://www.inspirehep.net/search?p=find+EPRINT+1804.10059
http://dx.doi.org/10.1103/PhysRevD.60.084002
http://www.arxiv.org/abs/gr-qc/9905064
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/9905064
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/9905064
http://dx.doi.org/10.1103/PhysRevD.59.124013
http://www.arxiv.org/abs/astro-ph/9901292
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9901292
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9901292
http://dx.doi.org/10.1088/0264-9381/22/7/013
http://www.arxiv.org/abs/gr-qc/0412063
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/0412063
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/0412063
http://dx.doi.org/10.1088/0264-9381/24/6/003
http://www.arxiv.org/abs/gr-qc/0605122
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/0605122
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/0605122
http://dx.doi.org/10.1088/0264-9381/26/23/235001
http://www.arxiv.org/abs/0811.1452
http://www.inspirehep.net/search?p=find+EPRINT+0811.1452
http://www.inspirehep.net/search?p=find+EPRINT+0811.1452
https://doi.org/10.1088/0264-9381/30/14/145009
http://www.arxiv.org/abs/1201.2379
http://www.inspirehep.net/search?p=find+EPRINT+1201.2379
http://www.inspirehep.net/search?p=find+EPRINT+1201.2379
http://dx.doi.org/10.1088/1475-7516/2012/09/027
http://www.arxiv.org/abs/1204.6601
http://www.inspirehep.net/search?p=find+EPRINT+1204.6601
http://www.inspirehep.net/search?p=find+EPRINT+1204.6601
http://dx.doi.org/10.1088/1475-7516/2014/01/037
http://www.arxiv.org/abs/1310.3007
http://www.inspirehep.net/search?p=find+EPRINT+1310.3007
http://www.inspirehep.net/search?p=find+EPRINT+1310.3007
http://dx.doi.org/10.1088/1475-7516/2014/10/040
http://www.arxiv.org/abs/1408.0955
http://www.inspirehep.net/search?p=find+EPRINT+1408.0955
http://www.inspirehep.net/search?p=find+EPRINT+1408.0955
https://doi.org/10.1103/PhysRevD.88.084051
http://dx.doi.org/10.1103/PhysRevD.89.029903
http://www.arxiv.org/abs/1309.4201
http://www.inspirehep.net/search?p=find+EPRINT+1309.4201
http://www.inspirehep.net/search?p=find+EPRINT+1309.4201
http://www.arxiv.org/abs/1809.02127
http://www.inspirehep.net/search?p=find+EPRINT+1809.02127
http://www.inspirehep.net/search?p=find+EPRINT+1809.02127
http://dx.doi.org/10.1088/1475-7516/2014/07/045
http://www.arxiv.org/abs/1405.7023
http://www.inspirehep.net/search?p=find+EPRINT+1405.7023
http://www.inspirehep.net/search?p=find+EPRINT+1405.7023
http://dx.doi.org/10.1103/PhysRevD.91.084057
http://www.arxiv.org/abs/1503.03934
http://www.inspirehep.net/search?p=find+EPRINT+1503.03934
http://www.inspirehep.net/search?p=find+EPRINT+1503.03934
http://dx.doi.org/10.1103/PhysRevD.83.124025
http://www.arxiv.org/abs/1012.4369
http://www.inspirehep.net/search?p=find+EPRINT+1012.4369
http://www.inspirehep.net/search?p=find+EPRINT+1012.4369
https://doi.org/10.1103/PhysRevD.97.103528
http://www.arxiv.org/abs/1802.06393
http://www.inspirehep.net/search?p=find+EPRINT+1802.06393
http://www.inspirehep.net/search?p=find+EPRINT+1802.06393
https://doi.org/10.1086/164143
http://www.arxiv.org/abs/1805.04087
http://www.inspirehep.net/search?p=find+EPRINT+1805.04087
http://www.inspirehep.net/search?p=find+EPRINT+1805.04087
http://dx.doi.org/10.1103/PhysRevLett.70.9
http://dx.doi.org/10.1103/PhysRevLett.74.5170
http://www.arxiv.org/abs/gr-qc/9503007
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/9503007
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/9503007
http://dx.doi.org/10.1103/PhysRevLett.80.5481
http://www.arxiv.org/abs/astro-ph/9709072
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9709072
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9709072
https://doi.org/10.1103/PhysRevD.58.107502
http://www.arxiv.org/abs/gr-qc/9804041
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/9804041
http://www.inspirehep.net/search?p=find+EPRINT+gr-qc/9804041

PTEP 2018, 123E01 C.-M. Yoo et al.

[51] A. M. Green and A. R. Liddle, Phys. Rev. D 60, 063509 (1999) [arXiv:astro-ph/9901268] [Search
INSPIRE].

[52] F. Kiihnel, C. Rampf, and M. Sandstad, Eur. Phys. J. C 76, 93 (2016) [arXiv:1512.00488
[astro-ph.CO]] [Search INSPIRE].

[53] A. G. Doroshkevich, Astrofizika 6, 581 (1970).

[54] G. Franciolini, A. Kehagias, S. Matarrese, and A. Riotto, J. Cosmol. Astropart. Phys. 1803, 016 (2018)
[arXiv:1801.09415 [astro-ph.CO]] [Search INSPIRE].

29/29

610z Aenuep /| uo Jasn ydieasay Jesjonp Joj uoneziuebiQ ueadoin3 - NY3ID Aq LES1L9ZS/L0TEZL/ZL/810ZAdRISqR-9[01e/da)d/wod dnoolwapede//:sdily woly papeojumoq


http://dx.doi.org/10.1103/PhysRevD.60.063509
http://www.arxiv.org/abs/astro-ph/9901268
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9901268
http://www.inspirehep.net/search?p=find+EPRINT+astro-ph/9901268
https://doi.org/10.1140/epjc/s10052-016-3945-8
http://www.arxiv.org/abs/1512.00488
http://www.inspirehep.net/search?p=find+EPRINT+1512.00488
http://www.inspirehep.net/search?p=find+EPRINT+1512.00488
http://dx.doi.org/10.1088/1475-7516/2018/03/016
http://www.arxiv.org/abs/1801.09415
http://www.inspirehep.net/search?p=find+EPRINT+1801.09415
http://www.inspirehep.net/search?p=find+EPRINT+1801.09415

