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1. INTRODUCTION

M y aim  in these le ctu res  is  to outline an approxim ation schem e for  
calcu lating scattering am plitudes in d ispersion  theory by the use of which 
one would hope to ov ercom e  the d ifficu lties associa ted  with previous approxi­
m ation sch em es. At the mom ent a fu lly consistent set of equations has not 
been w ritten down, but it is hoped that the m ateria ls fo r  a solution of the 
p rob lem  are  at hand. We shall see , probably in the next lecture, that the 
concept o f "R egge p o le s "  w ill p lay an im portant part in the analysis. In fact, 
it was in this connection  that they w ere orig inally  introduced into elem entary 
p a rtic le  p h ysics .

F ir s t  let m e outline why we w ere unable to get consistent equations by 
the prev iou s approach, used fo r  instance by Chew and m e in the pion-pion 
p ro b le m [1], (This approach has a lso  been treated in a paper by CINI and 
FUBINI [2], One started with the dou b le-d ispers ion  representation  [3],

F o r  the purpose o f this lectu re  we have taken the ca se  of neutral sca lar 
p a rtic les  with equal m ass, when the variab les  s, t and u are related by the 
equation

We have not w ritten the subtraction term s explicitly , but it is understood 
that such term s may and in fact w ill be present. The essen ce  o f the old 
approach was to assum e that the scattering amplitude at low energies was 
dom inated by the nearest s ingu larities. A ccord in gly , one neglected term s 
w here "on e "  was la rge . In the fir s t  approxim ation, one neglected  con tri­
butions which began at the inelastic threshold.

In p ion -p ion  scattering, this amounted to neglecting the double-spectral 
functions com pletely . The reason  is  that it is  im possib le  to draw a diagram 
w here the vir scattering, both in the s and t -  channels, took place through 
a tw o-p ion  interm ediate state. The p ro ce sse s  with the low est interm ediate 
states w ere in fact as in F ig . 1.

A  (s, t) = ^  I d s 'd t '
Ai3 ( s ' , f )  i 

( s '- s )  (t '- t )  + if
A 23 (u', t ')  

du 'dt' ------------------

(1)

s + t + u = 4(J2.
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Graphs for pion-pion scattering with the lowest intermediate state.

The fir s t  diagram  goes through a tw o-p ion  state in the s-channel but through 
a fou r-p ion  state in the t-channel, the second  through a fou r-p ion  state in 
the s-ch an n el but through a tw o-p ion  state in the t-channel. A ccordingly, 
the d ou b le -sp ectra l function starts at a high threshold in at least one of the 
variab les s and t, and must consequently be neglected.

We should em phasize that the neglect of the dou b le-spectra l function is 
purely  due to the absence o f a th ree-p ion  vertex. If there w ere a three-pion 
vertex , the follow ing p ro ce ss  (F ig. 2) would contribute, and the double-
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Fig. 2

Pion-pion scattering through a three-pion vertex

sp ectra l function could not be neglected  assail dou b le-spectra l functions are 
neglected , the representation  would con sist purely of subtraction term s, 
and would appear as fo llow s

m  l r  fs ( s ') d s ' i 2t f  f p ( s ') d s '
A (s ,  t) = -  \ ----- :-----7---- + -  P, (1+ ----- - j - R  ) \ -=y-;---- :---7TJ s ' - s )  n 1 & - 4/j2 J (s '-s )

+ cro sse d  term s + \ • (2)

. We have taken the ca se  o f two subtractions in the t-variab le , so  that there 
w ill be a constant term  and a term  linear in t. We have re -grou ped  them 
into a constant term  and a term  involving the fa ctor  [ l  + 2 t/(s-4 fJ2 )]
= 1 + 2 t /(s -4 f i2) as these term s corresp on d  to S- and P -w aves. Thus, if 
P -w a ves  are  im portant, as they are in p ra ctice  in n-n scattering, one would 
expect to have to p er fo rm  at least two subtractions in t. We have been a 
little  c a re le ss  in writing (2), as P -w aves cannot occu r  in neutral (pseudo) 
sca la r  p ion -p ion  scattering but, sin ce  we are rea lly  interested in charged 
pions we shall ignore th is.

When Chew and I attempted to solve the p roblem , we arrived  at singular 
in tegra l equations which did not have a unique solution. The difficulty was
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due to the fact that the diagram  (F ig. 3) represen ts the exchange o f a P -w ave 
pion  p a ir .

Now the exchange of a P -w ave system  corresp on d s to a very  singular p o ­
tential. If one w ere solving the p rob lem  by any other method, the singularity 
would be rounded o ff by the fact that a com posite  system  such as a pion pair 
has an extension  in space . D ispersion  theory  operates in term s of t}ie 
S -m atrix , how ever, and concepts such as spatial extension do not enter 
d irectly  into the theory . In fact, in the s im plest approxim ation as Chew and
I treated  it, the exchange o f a com posite  system  is treated on exactly the 
sam e footing as the exchange o f an elem entary p a rtic le , and leads to singular 
equations.

The difficu lty  actually a r ise s  from  the fa ctor  1 + 2 t /(s -4 ^ 2) in the second 
term  o f (2), which approaches infinity with infinite t. Now, the function A 
(s ,t )  in addition to representing  d irect p ion -p ion  scattering, a lso  represents 
c ro s s e d  p ion -p ion  scattering, and now being the energy and s the momentum 
tra n sfer . The amplitude fo r  c ro s s e d  p ion -p ion  scattering then approaches 
infinity with the energy, and such a behaviour can lead one into con flict with 
the unitarity condition.

2. CALCULATION OF THE DOUBLE SPEC TR AL FUNCTION

In the fa ce  o f these d ifficu lties , a m uch m ore  am bitious approxim ation 
schem e was suggested independently by CHEW andFRAUTSCHI, M cCAULEY, 
TER-M ARTIROSYAN  and WILSON [3 ]. The p rop osa l was essentia lly  to ca lcu ­
late a ll that one can with neglect o f m u lti-p a rtic le  states in the unitarity 
condition. Our next p rob lem  w ill th ere fore  be to investigate how the double- 
sp ectra l function m ay be calcu lated .

Let us suppose fo r  the m om ent that we know the double-spectralfunction  
A 23. In p ra ctice , we do not know it in advance, o f  cou rse , but must ca lcu ­
late it by m eans o f an iteration  p roced u re . We m ay then re -w rite  (1) as

'XX

Fig. 3

Exchange of a P-wave pion pair.

( s ' - s )  (t ' - t )  + 1T
1

+ subtraction term s
involving s + X. (3)
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In this equation, the f ir s t  two integrals com e from  two sou rces :

(i) Substraction term s in t and u;
(ii) The secon d  term  of (1).

It is  shown in [ 1] how the latter term  can be written in the form  of the first 
two term s o f (3). If we have subtractions, the integrals in (3) w ill really  
have a m ore  com plicated  fo rm . This is  a lso  explained in [1]. Such com pli­
cations a re  inessentia l and we shall ignore them h ere . We shall explicitly 
exclude m ore  than one subtraction in each variab le , how ever. F o r  the moment 
we are  in terested  in the calcu lation  o f A 13 and A 12 from  unitarity when V3 
and Y, are known. Later we shall have som ething to say on the iteration 
p roced u re  fo r  calcu lating V3 and V2. We shall form ulate a ll our equations in 
term s o f neutral p ion -p ion  scattering . G eneralization  to prob lem s with spin, 
isotop ic  spin and unequal m ass can be m ade, and they do not change the 
essen tia l features of the calcu lation .

F rom  (3), we can w rite  a d ispersion  rela tion  in the momentum transfer 
(for fixed  s ) :

where

1  f ° °  A3(s, t ')  1 r °  A 2 (s ,u ')
i  * ' 7F T T T "?  ,4)
4/i2 4/j2

1 o°o A i3 ( s ', t )
A 3 (s, t) = V3 (s , t) + — \ d s 1 (s , ,—  • (5a)

^4/i2

A 2 (s ,u ) = V2 (s, u) + j

We now insert (4) into the unitarity relation , so  as to obtain A, in term s of 
the sp ectra l functions A3, A 2 instead o f in term s o f A . The unitarity relation 
is

A ^ s , t) = g2 y 2W X i dZl J o  dq) A* 1 (z l )}  A  { s , t ( z z i -  V ( l -  z2) ( l -z ^ c o s tp }

(6)

JJa

00 Al2(s, u )  
ds'

'4/i2
( s ' - s ) (5b)

The notation should be fa ir ly  evident. The sym bol z denotes the cosine of the 
ongle o f scattering from  the in itial to the interm ediate state, and z i the cosine 
o f the angle from  the in itial to the final state. The sym bol 9 is  the azimuthal 
angle between the in itial and the interm ediate state, m easured from  the plane 
o f the in itial and the final state, and the integral is  thus over a ll interm ediate 
states. The cosin e  angle between the interm ediate and the final states w ill 
thus be
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z z i - V (1  - z 2) ( 1  - z2) c o s '? .

The variab le  z w ill be related  to the mom entum  transger t by the form ula

z = 1 + t /2 q 2 (7a)

while the exp ress ion s  t ( z j ) and t (zz, - V ( l -  z 2) ( l - - z f )  co s ? ) in (6) indicate 
that t is  to be exp ressed  in term s o f the cosin e  o f the angle o f scattering 
by the form ula

t ( z i )  = 2q2(zi -  1) (7b)

t  ( z z i -V ( l - iZ 2) (1 - z J) cos<P) = 2q2 (z z i -  V( 1- z 2) (1 - z f) c o s ?  - 1) (7c)

In a ll these form ulae , t is the c e n tre -o f-m a s s  momentum given by

q 2 = i  (s -  4h2) (8a)

and W the ce n tre -o f -m a s s  energy s i  .
At this point we shall f ir s t  s im plify  the calcu lations by assum ing that 

the second  term  o f (4) is  absent. We can then insert (4) into (6) and, on ex ­

p ress in g  t ( z } ) and t (zz i - V ( l - z 2) ( l -  z 2) cos<P) by (7c), we a rrive  at the 
equation,

2tt j  poo A3 ( s , t ' )r 1 r 2«  i  r°° Ai
A i ( s , t )  = ------5—  \ dzi \ d<P — \ dt' —

3 2 ff2 W i J 0 * J, 2 t 1-4M2 t f -2q 2 (zl -  i)

pQO

* !  r
A3 (s ,t " )

4m2 t"  -  2q2 ( z z i - V ( l  -  z*) ( l - z j ( ) c o s (P -1) (9)

The integrations over z and'Pon the one hand, and t ; and t"  on the other 
hand, can now be interchanged. As the variab les  z and only occu r in the 
denom inators, the integrations over these can be perform ed . After ex ­
p ress in g  z in term s o f t by (7a), the resu lt is

A l ŝ> t) = 327T3 qW J dCT' da" A 3( s , t ')  A 3(s, t " ) {K (q 2; t , t ' , t " ) } i

X log « ( q 2; t , t ' , t ' ' )  + {K (q 2, t . t ' . t " ) } *
a (q2; t , t ' , t " )  - {K (q 2, t . t ' . t ")}1  ( 10 )
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w here

K (q2 ;- t , t ',  t " )  = t2 + t ,2 + t ' '2 - 2 (tt' + tt" + t 't " )  - t t ' t "  / q 2 (11a)

a (q2, t, t ',  t " )  = t - t ’ - t "  - t ' t "  / 2q2 ( l ib )

Eq.(10) g iv e sA i in term s o f A 3. The equation as it stands is  not particularly 
u se fu l; how ever, it can easily  be rew ritten  as an equation fo r  A 13 in term s 
o f A3. T o see  th is, we ob serve  that

1 a (q2; t , t 1, t 11) + {K (q2 ; t , t ’ , t " ) } *
{K  (q2; t , t ' , t r' ) } i  ° g a (q2 ;t , t ',  t " )  -  {K (q 2 ; t , t ' , t " ) }  i

■ 2 !  —•J t" ' -t
1

{K (q2;t , t ' , t ' ' '  )}*' (12a)

w here the in tegra l is  taken over the region,.

(t"' )* > (t ')*  + (t " )*

( 12 b)
K > 0 .

Eq. (12) may be derived  by observing that the logarithm  is analytic except 
fo r  a cut along the rea l axis when the inequalities ( 1 2 b) are satisfied , the 
discontinuity a cro ss  the cut being 27TK~i . On substituting (12) into (10), we 
a rr iv e  at the equation

A ’  ( s , t )  = jr J  t - t  16 7r2qW I dt'd t'' {K  ( q 2; t ,  t ' , t " ) }  i

X A 3 ( ,s ,t ')  A3 ( s , t " )  (13a)

w here the in tegrals o f t' and t " ar > taken over the reg ion  fo r  which.

(tm )* > (t')* -Hft" ) 4
(13b)

K > 0 .

We can now com pare Eq. (13a) with the d ispersion  relation  fo r  Ai (s ,t )

1 f  A 13 (s, t ')  
Ä ! ( s . t ) = -  j  dt' "(t ~ t) ~  • (14)
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(The in tegra l over  A 23(s ,u ) does not contribute when the second term  o f (4) 
is  n eg lected ). F ro m  Eq. (14) we ob serve  at once that we can identify the in tegra l. 
over t ' and t "  in Eq. (13a) with Ai3 :

Al3 (M) = 1 6 jt2 qw j*dt'dt" {K (q 2; t , t ’ , t '') } i  A 3 ( M ') A 3 (s ,t " ) ,  (15)

fo r  (t)i > (t ' ) 4 + (t" ) 1  , K > 0

otherw ise

A i 3 (s , t )  = 0 ,

Eq. (14) is  the unitarity equation fo r  the d ou b le -sp ectra l function which we 
requ ire  [3].

We how have two equations,E qs.(5a) and (15),between  A3 and A 13. One is  
lin ear, the other quadratic. B ecause o f the lim itations on the range of inte­
gration  in E q.(15) it turns out that one can obtain A 13 and A 3 without solving 
an in tegra l equation. To see how this can be done, we observe  that A i3(s, t) 
w ill be z e ro  if t < 4/u2. As the integration inE q.(15) is taken only over the 
reg ion  t  ̂ > t ' i +  t"  i, it fo llow s that

A 13 (s , t) = 0 , t <  16 m2 . (16a)

Thus, from  Eq. (5a)

A 3 (s, t) = V3 (s , t) j t<  16»2. (16b)

And A 3(s, t) w ill thus be known fo r  this range o f t.
Next, we ob serve  from  the inequality t i >  t 'i  + t " i  that, if  t < 36jj2, t' 

and t'* w ill both be le s s  than 16/j2 (since both are greater than 4p2 ). How­
ever, A 3(s ,t )  is  known fo r  t < 16 n2, so  that A i3 (s ,t )  can be calculated for  
t < 36/li2. Using the d ispersion  relation  (4), A 3 (s ,t )  can then be calculated 
fo r  t < 36m2.

The p ro ce s s  o f using su cce ss iv e ly  E qs. (15) and (4) may now be continued 
indefin itely. In the next stage, fo r  instance, A 1 3 (s ,t )  can be calculated from  
E q.(15) fo r  t < <j4/j2 if A 3 (s, t) is  known fo r  t < 36/j2. A3(s ,t )  can then be 
ca lcu lated  fo r  t < 64p2 from  Eq. (4). We can thus construct the d ou b le -sp ectra l, 
function fo r  su cce ss iv e ly  la rg er  ranges o f t, and can reach  any given value 
o f t in a fin ite num ber o f steps. The elastic  unitarity and analyticity p rop er­
ties  thus prov ide  us with a m eans o f calculating the double spectra l function.

We m ay rem ark  that a s im ila r  equation can be derived  fo r  calculating 
the double sp ectra l function fo r  a superposition  of Yakuwa potentials, as 
was shown by BLANKENBECLER, GOLDBERGER, KHURI and TREIMAN
[4]. T here are two d iffe ren ces :
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(i) The fa ctor  1/W  in Eq. 15 is absent and the num erical fa ctors  are 
d ifferent;

(ii) The function V (s ,t )  is known in advance. It depends on t alone and 
is  given  by

U ( , , %  <” >

w here U (t) is the potential. A superposition  of Yukawa potentials can always 
be written in the form  (17). In the potential ca se  the determ ination of the 
d ou b le -sp ectra l function prov ides a com plete  solution of the problem , in the 
re la tiv is t ic  case  it does not as V3 (s ,t )  is not known in advance and must 
be determ ined fro m  the solution. Because o f the s im ilar ities  between the 
equations fo r  the potential and re la tiv istic  th eories , CHEW and FRAUTSCHI
[5] have dubbed the function A 3 (s ,t )  a "gen era lized  potentia l". We should 
em phasize how ever, that the innocent-looking fa ctor  1/W  in the relativ istic 
case  is  su fficien t to destroy  the equivalence between the present method and 
any S ch roed in ger-like  equation, and one is  fo rce d  to so lve  the problem  using 
the p roced u re  just outlined.

We have thus fa r  sim p lified  the prob lem  by omitting the second  term  
in (2). When such a term  is present a s im ilar  procedu re  can be used, but 
the equations 'correspondingto (15) are  slightly m ore  com plicated. They are:

A is ( s ' t) = 16 tt2 qW [  I  d t'd t” {K  (q2; t, t 1, t" ) } i  A3 A 3(S’ t '')
R

■R dU'dU" { K ( q 2 , t ,u ',u " ) } i A f  ( s ,u ') A l ( s ,u " )  J ,  (18a)

A 12(S' U) = IsP q W  1  dt' du' {K (q2 ;u l V ,u » ) } l  [  A * ^  t ' )  A 2 (s, u")

+ A* (s ,u ')  A 3 ( s , t ')  ] .  (18b)

The su b -scr ip t R indicates that the in tegral is  to be taken only over the 1 egion 
fo r  which the last three argum ents jf  K riatisfy the inequality in Eq.(15).

We shall now outline v ery  b rie fly  the iteration procedu re  suggested by 
the authors nam ed at the beginning o f the lectu re  fo r  calculating V3 and V2. 
We shall not go into details, both because the schem e w ill probably be d is ­
cu ssed  in other le ctu res , and a lso  because, as it stands at the mom ent, it 
does not appear to be fr e e  o f d ivergences and w ill probably have to be m odi­
fied . The iteration  schem e is based on the cross in g  relation, which takes 
the fo rm  (for  neutral p ion -p ion  scattering)
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A 13 (s , t) = A 13 (t, s) = A 12 (s , t) = A i2(t, s) = A 23(s, t) = A 23(t, s). (19)

Now the function A 13 ca lcu lated  accord in g  to the iteration  procedu re  is c e r ­
tainly not sym m etric  in its argum ents. We shall th ere fore  define

A i3 (s ,t )  -  A i3e l ( s , t )  + A 13ij j ( s , t )  (20a)

w here

A 13in (s, t) = A13el (t, s ) . (20b)

The p roced u re  outlined above g ives Aa3el ( s ,  t), and correspon ds to diagram s 
such as F ig . 4 (a). To maintain the cross in g  relation  one must then include

c a j

q ~ - -i o — a

(bj

Fig. 4

Elastic and inelastic contributions to pion-pion scattering

diagram s correspon d in g  to F ig . 4(b) as w ell, and they w ill correspon d  to the 
sp ectra l function A 13 in inelastic p r o c e s s e s  as they take into account to a 
certa in  extent, in fact, as w ill probab ly  be d iscu ssed  in F rautsch i’ s lectures, 
they are taken into account in the "ph ysica l approxim ation". F or  the moment, 
how ever, we sim ply  rem ark  that we must include them in order to maintain 
the cross in g  relation .
Thus, in the iteration  sch em e, we would define (from  Eq. (20b))

A ä ( i , l | - * Ö W .  <2 1 a >

a 5 L  ( « • » ) - a ,1? ; ! 1’ < » . " )■  <2 i b >

and, fro m  (19)

A  W  (t, u) = A ^ l )  (u, t) + A fo ^ J ft . s ) . (21c)

The quantities (s ,t )  and V2 (s, u) are  obtained by inserting A 13, A 12and 
A 23 in the d ispersion  relations fo r  A 3 and A 2
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+ subtraction term s, (22a)

+ subtraction term s. (22b)

One obtains the subtraction term s (if there are any) by solving the S- 
wave equations by the N /D  m ethod; the connection between the subtraction 
term s and the S -w aves is  outlined in [ 1 ]. The method given above can then 
be used to calcu late A d e l t e .  *) and A ^ g j^ s , t), and we thus have an iteration 
p roced u re  which p rov ides a solution o f the prob lem  on the assum ption that 
it con verges , o f  cou rse .

3. THE SCATTERING AMPLITUDE IN THE CASE OF SUBTRACTIONS.

In the prev iou s section  we d iscu ssed  the construction  of the double 
sp ectra l function A 13 and the single sp ectra l function A3 from  unitarity. (Of 
cou rse , in the gen era l ca se , we also calcu late A j2 and A2). We pointed out 
that, in the absence o f subtractions, one could now find the scattering am pli­
tude sim ply  by using the d ispersion  relation  in the momentum transfer:

H ow ever, this is  only true if  there are no subtractions in the t dispersion  
relation . Now we want to d iscu ss the question: what happens if there are 
subtractions? Can we s t ill  get the scattering amplitude by this procedure, 
knowing A 13 and A 3?

Just fro m  ordinary, naive, com m on -or-g a rd en  d ispersion  theory, it 
does not look  as though we can. There are  no subtractions if A 3 -*• 0 as t -*  *>. 
fiow ever suppose we only have the weaker condition A3/t  —■ 0 as t —■ « . We 
then need one subtraction , and have to w rite the equation as

Now you see  that we don’t know the scattering amplitude if we know A3 -  we 
a lso  have to know A (s, t0 ). This doesn ’t depend on the momentum transfer 
or  the angle so it just corresp on d s  to the S-wave. T h ere fore , if we have one 
subtraction, it m eans that the S-waves are apparently not determ ined by the 
double sp ectra l function, but have to be calcu lated  separately - fo r  instance 
by the N /D  m ethod.

(23)

A (s ,  t) = A ( s , t 0) + dt'
A 3 ( s . t 1) 

( t ' - t 0)(t '-t ) (24)
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S im ilarly , if A  behaves like t at infinity, so  that only A /t2—"0, we need 
two subtractions and we have to calcu late both the S and P-w aves separately - 
they a re  not determ ined by the double sp ectra l function.

Now to answ er the question: how does A actually go to zero  in the problem  
o f in terest? We know what it does in perturbation theory. F o r  potential 
scattering in perturbation  theory, A (s ,t ) -* ’ 0 as t — °°, and in the relativ istic 
ca se  it goes to a constant. If the potential is  su fficiently  sm all, we can use 
perturbation  theory, and everything is  then (determ ined by the spectra l 
function A 3. H ow ever, suppose we in crea se  the strength of the potential, 
t i ll  we get an S-wave bound state. Then A w ill have a term  l / ( s  - sß ). which 
is constant as t -*■ »  . S im ilarly , if  we in crea se  the potential up to the point 
w here we get a bound P -state, then we w ill have a term

(1 + t /2 a 2) /(s  -  sB ). (25)

The num erator is  just the fir s t  L egendre polynom ial o f the scattering angle. 
And you see  that when the potential reach es this strength, A ■—«>, as t -* » ,  
and we need two subtractions. So, as one in creases  the strength of the p o ­
tential, the asym ptotic behaviour gets w orse  and w orse  and, without any 
further in form ation  than we have a lready put in, one has to p erform  m ore 
and m ore  subtractions.

Now, th is, although it is  not obviously  wrong, does sound a bit paradoxi­
ca l, becau se it would be funny if the double sp ectra l function determ ined 
everything until the potential reached  a certa in  strength, and then suddenly 
at this strength of the potential we lost inform ation and couldn ’t get the S- 
w aves from  the double sp ectra l function, and then when the potential reached 
another strength we lost still m ore  inform ation and couldn ’ t get the P-waves 
from  the sp ectra l functions, and so  on. I think that m ost people would con ­
s id er  this a rather im plausible, although not n ecessa rily  ridiculous, situ­
ation. Now this itse lf is not so  ser iou s , but we see that, in the re lativ istic 
ca se , once A — °° at infinite t, then in the c ro sse d  reaction  A -*  «  at infinite 
energy, and we get those trou b les I was speaking about yesterday. So for  
the re la tiv is t ic  ca se , it is v ita l to analyse this asym ptotic behaviour in m ore 
detail to  see  whether we can get rid  o f this trouble. As a matter of fact, 
that is  rea lly  why I am  going to the trouble o f doing a ll this com plicated 
p roced u re , instead o f using the s im p ler  p rocedu re  that we used in ea rlie r  
ca lcu lations.

The solution  to this p rob lem  of the asym ptotic behaviour was solved 
com plete ly  by REGGE [ 6] in the potential theory  - this is  where he com es 
into the p ictu re  - and he showed that one can, in fact, get rid  o f this paradox, 
and that it is  p oss ib le  to get the whole scattering amplitude from  the spectra l 
functions A 3 and A13, even in the ca se  w here we have subtractions.

As I have just said, the p rob lem  was orig inally  solved  by the potential 
theory, but it can a lso  be so lved  - and we get the sam e solution - fo r  the 
re la tiv istic  ca se  that I have just been d iscu ssing . What I have to say now 
w ill be adequate both fo r  the potential case  and the re la tiv istic  case . Now 
let m e be ca re fu l what we are in terested  in. We are interested  in the con ­
struction  o f the double sp ectra l function and scattering amplitude from  the 
su cce ss iv e  p roced u re  which I outlined yesterday which m akes use of the
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e lastic  unitarity approxim ation. The question whether the exact scattering 
am plitude in fie ld  theory  has the p rop erties  that I am going to describe , is 
very  m uch m ore  com plicated , and we can only apply con jectures at the 
m om ent. You are certain ly  going to hear a lot m ore  about it in other lectures 
at this Sem inar. But fo r  the mom ent we are in terested  in the question of 
whether the functions constructed  accord ing to our approxim ation schem e 
have certain  asym ptotic p rop erties , because we want to use these asymptotic 
p rop erties  in solving these equations, and fo r  that we don’t need to apply 
con jectu res -  everything has now been proved.

The essen ce  o f the R egge analysis is to look  at everything in the com plex 
£ - plane, I  being the angular mom entum . So this is a new analytic continu­
ation.

The only ph ysica l values of £ a re  the positive in tegers: at £ = 0, we have S- 
w aves, at Ü = 1 we have P -w aves, at I  = 2 D-waves, and so on. Now what

R egge showed was that this function A (s ,£ ) ,  which is equal to the S-wave 
at I  = 0, the P-wave at £ = 1, the D-wave at i  = 2, can be continued analyti­
ca lly  both to n on -in tegra l and com plex  £ to the right o f the line Re I = 
A ctually, in potential theory, one can get to the left o f this line, but in field  
th eory  it seem s a bit d ifficu lt to do so, so  I think I w ill keep m y analysis 
to what happens to  the right o f this line Re£ = -£ . Our scattering amplitude 
is  m erom orph ic  in this region . T here m ay be po les  in the upper half plane, 
and these are  in fact the R egge poles  (F ig . 5).

We now want to use these p rop erties  to try  and get the asym ptotic be­
haviour o f ou r scattering am plitude as a function of t, the momentum transfer. 
So let us use the ord inary  partia l wave expansion

What R egge did was to rep la ce  this sum by an integral over a contour like 
that in F ig . 4, o f  the follow ing expression

2

Fig. 5

The complex {-plane

A  (s, t) = e (2£ + 1) A j (s) P{ (z), z = l  + t /2 q 2. (26)

sin ( it )
(27)

c

H ere I  is not re s tr ic te d  to "an integer any m ore . The contour must not 
en close  any* o f the p o les  o f A (s ,£),  so that the only singularities of the inte­
grand are given  by sin  (ir£ ) = 0 , which of cou rse  are just the positive integers.
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So evaluating the in tegra l by the residu e theorem , we get just the partial 
wave expansion. We put P{ ( -z )  instead of Pj (z) in order to can cel the a lter­
nation o f sign  o f the residu es o f sin (ir£) betw een the even and odd integers.
(P{ (z) = ( - 1 )* P{ (z) fo r  in te g e r i ) .

The next thing one does is  to  deform  the contour o f integration until it 
goes  along the line R e£ = - 1 . H ow ever, in doing so  we have to c r o s s  these 
p o les  o f A (s ,ü ) ,  so  we must add

L ( 2 «  + 1) ß Pa (z ) /S in  ?ra. (28)

Now let m e ca ll the position s o f these p o les  o^, a2 and so  on, and the residues 
at each o f these po les  we w ill ca ll ß . a and ß w ill depend on the energy, so  
the equation becom es

1z )
A , % r (zi+ l)A t (s)P{ (-Z) r  (2an (s) + 1) ßn(s) Pan (s)
A (S ’ Z )=  J  01 ------ S ü T fri)--------------- + L  ------------Sin (iran (s'))----------

R e i  = - |  n
(29)

We can use this form ula  to find at once the asym ptotic behaviour o f A as 
a function o f z. The reason  is that we know that

P a ( z ) ~ z a > as z-*-oo.

Now in the f ir s t  (integral) term , the rea l part o f X is  - so  this part goes 
down like |z| at infinite z. So we w ill forget about that, sin ce it goes down 
v ery  n ice ly . Anything that goes to ze ro , we are not interested in. The pole 
term s, how ever, behave like z 8  as z -’ ® . In particu lar, the pole  that dom i­
nates is  the one that has the la rgest rea l part. So the asym ptotic behaviour 
w ill be ~ z ai w here a j is the pole  furthest to the right.

T his g ives the resu lts  in p rin cip le , but in order rea lly  to be able to see 
what is going on, we have to know how the function a depends on s, so let me 
take the I  -p lane again. What norm ally  * happens is  that fo r  sufficiently large, 
negative values of the energy, the p o les  a ll lie  to the left o f the line R e i = 
so that we just do not see them ., A s the energy in crea ses , the poles m ove to 
the right along the rea l axis. Now it may happen that, at som e energy so< 4/i2, 
b e fo re  the threshold , one of the po les  p asses  through I  = 0. At that point 
the scattering amplitude becom es infinite, it th erefore  has a pole  as a function 
o f s, at s = so. At I  = 0, P = 1, so  the residue at the pole  does not involve the 
angle at a ll, and what we have is a bound S-state. As we continue to increase 
the energy, it may happen that, fo r  a v ery  strong potential, the pole actually 
p a sses  through I  = 1 b e fore  we reach  the threshold  s = 4/u2. Again we have 
a bound state, because sinCffü) b ecom es ze ro . How ever, the residue is now 
p roportion a l to P: (z), so  we have a bound P -state. In general we have bound 
states at those values o f s, fo r  which a (s) = a positive  integer.

*  In relativistic theory, when one solves the N‘/D equations, they will sometimes give poles with rather 
unphysical properties ("ghosts"), which may be due to the failure of the approximation theory, I will ignore 
these.
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Suppose that we have now got to the threshold  s = 4 m2. Then what happens 
as we continue to in crea se  s is  that the poles  m ove out into the com plex 
plane. They go a certa in  distance further to the right, but eventually com e 
back again, and when s is su fficiently  large  the poles  disappear to the left 
o f the line R e l  = -

■ REGGE POLES 
■

( 0 * 1  2

Re 1= -1 /2
\

Fig. 6

Trajectory of a Regge pole in the complex t -plane

Now fo r  positive  kinetic energy, seeing that the poles  are com plex, they 
never pass through a positive integer; so we don’t get bound states. However, 
it m ay happen, as in the case  I have drawn, that a pole passes near a positive 
integer. Then s in (jr i) w ill be very  sm all, and the scattering amplitude, a l­
though it does not get infinite, gets very  large . So when the pole passes near
& = 1 we get not a P-w ave bound state but a P-wave resonance.

W ell one can draw this in a different way if one lik es: suppose one just 
p lots Re a against s (F ig. 7). The line at the bottom is  Re a = We don’ t 
know what is  going on below  th is. The v ertica l line is the threshold s = 4 /i2

Fig.T

A Regge trajectory: Re a as function of s
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The points w here the curve passes  through integers are bound states to the 
left o f this line, and reson an ces to the right of it. These curves are som e­
tim es ca lled  R egge tra je c to r ie s . F o r  potential scattering, we have an a 
fo r  each value o f the radial quantum num ber. A ll that the Regge tra jectory  
then does is  to interpolate between the known bound states, like a Bohr angu­
la r  m om entum  plot turned sidew ays.

Let us turn back to this question o f how we can find the scattering am pli­
tude from  the sp ectra l functions if we need subtractions, without introducing 
any optional quantities. We can do this, given the fact that the scattering 
amplitude sa tis fies  the Regge form ula. The reason  is the follow ing: we know 
the analytic p rop erties  o f Pa (-z )  in the z plane. It is analytic in z, except 
fo r  a cut along the rea l axis from  z = 1 onwards. The discontinuity a cross  
this cut is Pa (z) sin (to ). In particu lar fo r  a an integer, Pn (z) is analytic 
all the way, because this discontinuity is then equal to zero . If therefore 
the scattering amplitude sa tisfies  the R egge form ula, the spectra l function 
A 3, which is  the discontinuity as a function of z (or as a function of t, which 
is  the sam e thing), w ill satisfy  the form ula

A 3 (s, t) = A 3B(s , t) + Z (2 a (s) + l )ß n (s )  P a n(s) (z). (30)

The fir s t  term , which I w ill ca ll the background term , com es from  taking 
the discontinuity o f the integral. We can get the discontinuity of the pole 
term s from  the discontinuity o f Pan (z), because this is the only p lace in 
them  w here the mom entum  tran sfer is involved.

Now, rem em ber our p rob lem  is to ca lcu late A, given A3. We cannot do 
this by putting A 3 into the d ispersion  relation  fo r  A, because we have sub­
traction s. H ow ever, the "background" term  goes down like t~ i. So, for 
the background term , we can find A from  A 3 by using the d ispersion  relation 
without subtractions. Now, if we know A 3 num erically , then we can separate 
it into R egge pole  term s and the "background" term  by equation (30), and 
find the a ’ s and ß ’ s of the R egge p ole  term s. This is p ra ctica l num erically 
[7]. And th ere fore  a ll one needs to do is to put the a ’ s and ß ’ s into Eq. m  
(29) and one has obtained the whole scattering amplitude from  the spectra l 
function without introducing any arb itrary  subtractions.

A ll right then, so  this is how we get over this apparent paradox of not 
being able to calcu late the scattering amplitude from  the spectra l functions. 
We see  that, once we know the R egge form ula, we can calculate the sca tter­
ing am plitude from  the sp ectra l functions, even when we have lots of sub­
traction s, and th ere fore  we do not lo se  inform ation when the asym ptotic 
behaviour gets w orse  and w orse , as we in crea se  the strength of the potential 
o r  the strength of the coupling. Now let us go on to the second point: can 
this get us over  our d ifficu lties o f bad asym ptotic behaviour, which gave us 
singular in tegra l equations in the prev iou s sch em e? Now you rem em ber that 
in the old m ethod we found that i f  we only had la rge  S-waves then things go 
like a constant at la rg e  t, which is a ll right, we do not mind that sort of 
behaviour. H ow ever, if we have large  P -w aves as w ell, then things go p ro ­
portional to t at la rg e  t, and s im ila r ly , if we have large S, P and D“waves, 
then things go proportion a l to t 2. Now what we have in the Regge form ula 
is slightly  d ifferent. A ccord in g  to the R egge form ula, the asym ptotic b e ­
haviour as t -*■ 00 depends on s. At those points where we have an S-wave
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bound state, a = 0, and the asym ptotic behaviour is  a constant just as before . 
S im ilarly , the asym ptotic behaviour is still proportional to t at a P-wave 
bound state. H ow ever, even if we have a P-wave resonance or bound state, 
the asym ptotic behaviour is  no longer proportional to t everyw here. Now 
you know that the trouble resu lted  from  the fact that, if the d irect reaction 
has a bad asym ptotic behaviour as a function of t, which does not m atter, 
then the c ro s s e d  reaction  would have a bad asym ptotic behaviour as a function 
o f the energy, which does m atter. H ow ever, the interchange o f s and t only 
takes us into the ph ysica l reg ion  of the c ro sse d  reaction  if s is  negative, 
because in the c ro s s e d  reaction  t is the energy, s the momentum transfer, 
and fo r  a p h ysica l reaction  the momentum tran sfer is always negative. The 
energy is always positive . So we only expect to get into trouble if we have 
a bad asym ptotic behaviour as t-*-oo, where s is negative. T herefore , in 
a R egge curve like F ig . 6, so  long as we keep a < 1 when s is negative, we 
would not expect to get into trouble, even though a >  1 when s is positive, so 
that we could  get P-wave reson an ces, and resonances o f any higher angular 
m om entum . So it is  this dependence of a on s which can probably get us 
over the d ifficu lty  that the old  procedu re  led  us into. And it is , as a matter 
o f fa ct, the equivalent of the spreading out of the wave function of a com posite 
system  in space that one gets if  one uses any method other than dispersion 
re la tion s.

I m ay say that the only way y can depend on s is if the spectra l function 
o s c illa te s . (In th is ca se  you observe  that the sp ectra l function does oscilla te , 
because we have t® (s), with a  com plex  fo r  positive s, and a number to a 
com p lex  pow er is an o sc illa to ry  function). This fo llow s from  the ordinary 
d isp ersion  relation  in the energy:

Now suppose fo r  a certa in  value o f s ',  A j had bad asym ptotic behaviour as 
a function o f t, sind suppose there w ere no oscilla tion s, so that there could 
be no cancella tion 'in  sign. Then, if one p erform s the integral, the expression  
on the left w ill have the sam e bad asym ptotic behaviour, whatever the value 
o f s . So, if  our sp ectra l function does not o scilla te , we cannot have an asym p­
totic  behaviour as a function o f t which depends on s. However, if Ax does 
o sc illa te , th is bad asym ptotic behaviour m ay can ce l out in the d ispersion  
relation , and we can have the asym ptotic behaviour depending on s, which 
is  what does happen in the R egge form ula.

Now you m ay think that this construction  o f the sp ectra l function by 
the m ethod o f su cce ss iv e  approxim ations, and subsequently isolating these 
R egge p o le  term s to get a ’ s and ß ’ s,  is  som ething rather com plicated  How­
ever, it has actually been ca rr ie d  out in m odel calcu lations by BURKE and 
TATE  [7] w ell, not fo r  the com plete re la tiv istic  ca se , but fo r  the re la tiv i­
stic  case  w here they assum ed V 2,3 known, and they a lso  did it fo r  the p o ­
tential ca se . The ca lcu lation  is alm ost the sam e, and doing it fo r  the p o ­
tential ca se , they find that the resu lts agree with the d irect calculations 
o f the R egge tra je c to r ie s  from  the Schroedinger equation, which was made 
both by them and by LOVELACE at Im perial C ollege [8 ] . So it looks as 
if  this m ethod is  fea s ib le . H ow ever, at the mom ent one does not have a

(31)
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consistent set of in tegral equations fo r  the prob lem  [9]. The difficulty com es 
from  the fact that if  we have an input with R egge asym ptotic behaviour in s, 
and use the unitarity equation in the s channel, we obtain an output with 
s t ill w orse  asym ptotic behaviour. The situation has not been cla rified , that 
is  a ll I can say at the m om ent.

In ord er  to conclude th is lectu re , let m e now go on to the con jectures, 
which have not been made t i ll  now, that the exact scattering amplitude also has 
a R egge asym ptotic behaviour, and see what experim ental consequences that 
w ill lead  to .

We shall now use cross in g  sym m etry , so  that s and t are interchanged, 
and we shall assum e that A (s , t) behaves like ß (t) s a (t) as s - * » .  And we 
now con jectu re  that this is true o f the exact scattering amplitude, not only 
the scatterin g  am plitude which is  constructed  fr o m  the strip  approxim ation. 
Let us use this form ula  to analyse what happens in the d iffraction  peak region, 
w here s is  la rge  and t is  sm a ll and negative. This was firs t  done independent­
ly, I think, by CHEW, by FRAUTSCHI, GELL-M AN N  and ZACHARIASEN, 
and by LOVELACE [ 1 0 ] . F irs t  o f aH, we shaH take it as an experim ental 
fact that the c r o s s -s e c t io n  is  constant fo r  large  values o f the energy.

It fo llow s from  the optica l theorem  that A (s, t) w ill go like s, as s - *  » ,  
at t = 0, which is  the forw ard  d irection . Such a resu lt does not fo llow  from  
the R egge analysis, one has to put this in. We thus observe  that a = 1 at 
t = 0, and we can rew rite  the R egge asym ptotic behaviour a s '

A ( s , t ) ~  i £ ( t ) s  e - l f t )  lo g s  (32)

r) is  a decreasin g  function o f t, so  that as we go into the physical region 
(negative t), the scattering amplitude fa lls  off, which is  what one expects 
it to  do. H ow ever, it does not fa ll o ff in the sam e way as one would expect 
in the optica l m odel, fo r  two reason s.

F irs t ly , it fo llow s from  the double d ispersion  relation  that n must be 
analytic near t = 0, so  we can put r] s s y t , and we see  that the scattering 
am plitude w ill go down exponentially as a function of t. In the optical m odel, 
i f  one assum es that the diffracting ob ject has a Yukavm shape, which is a 
reasonable  thing to do, the d iffraction  peak would go down much m ore slow ly 
than exponentiaHy, it would go down like an inverse pow er. E xperim entally 
one definitely finds an exponential type o f behaviour, rather than anything 
like an in verse  pow er behaviour.

The secon d  thing is that the width o f the d iffraction  peak depends on the 
energy, because you could say. that the width of the d iffraction  peak is e s ­
sentia lly  that value o f t where A (s ,t )  reach es som e given value, and you see 
that the b igger the value of log  s, the le ss  distance you wiH have to go in t 
in ord er  to reach  any particu lar value. The width of the diffraction  peak 
th ere fore  shrinks logarith m ica lly  as the energy s is in creased . Now, if that 
was the only thing, one would not be so  su rprised , because a shrinking d if­
fraction  peak corresp on d s to an in crease  in the s ize  of the diffracting object. 
The b igger the diffracting ob ject, the sm aller  the d iffraction  peak. So one 
cou ld  say that the p eriph era l reg ions of the nucleon w ere just getting m ore 
and m ore  effective  as the energy was being in creased . However, the thing 
that is  very  su rprising  from  any c la s s ica l sort o f analysis is that the total 
o r o s s -s e c t io n  is  rem aining constant at the sam e tim e, so not only is the
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nucleon getting b igger and b igger, but the inner part is  getting m ore and 
m ore  transparent at the sam e tim e, in order to keep the total c ro ss -s e c t io n  
constant. Such a feature is  in con flict with any sort of physica l visualization 
by m eans o f an optica l m odel, so  if  the R egge p ole  m odel is right then the 
optica l m od el is  wrong. And the experim entalists - I am not quite sure just 
under how m uch brain-w ashing - say they see a narrow ing of the diffraction 
peak [11]. That would th ere fore  mean that the optical m odel visualization 
is  bad, and that there is  an essentia l truth in this m ethod o f visualization.
It does not p rove  that the con jectu re  o f applying the Regge pole  form ula to 
the exact scattering amplitude is  n ecessa rily  right. F o r  instance, if the 
AM ATI-FUBINI-STANGHELLINI analysis [12] is  co r re c t , and there are 
R egge cuts, in addition to R egge po les , then I think one could still fit the 
resu lts  to present experim ents. So I would say that the experim ents show 
that a R egge form ula , o r  som ething of a s im ila r  sort which is rather m ore 
com plicated , is  c o r r e c t .

In doing the unitarity condition, obviously, different quantum numbers 
do not get m ixed  up, so we get different u n crossed  Regge tra jectories  a sso ­
ciated  with different quantum num bers. In term s of the cro sse d  p rocess , 
w here the R egge asym ptotic behaviour is  in s, these correspond  to different 
quantum num bers being exchanged. Pure d iffraction  scattering can ’ t exchange 
any quantum num ber, so  the R egge tra jectory  which produces the diffraction 
scattering, and goes through the value 1 at t = 0, must have the quantum 
num bers o f the vacuum . G ell-M ann has ca lled  the ob ject that gets exchanged 
a Pom eranchon, because if this R egge tra je cto ry  dom inates, the Pom eran­
chuk theorem  is  valid .

Now, o f cou rse , fo r  other kinds o f e lastic  scattering, there w ill be other 
tra je c to r ie s  [13] com ing below  this one, and GELL-M AN N, FRAUTSCHI 
and ZACHARIASEN [ 10] have proposed  experim ents to look  at these low er 
tra je c to r ie s , I do not think I need go  into them, because we are sure to hear 
a lot m ore  about that in further lectu res .

But let m e end by re fe rr in g  v ery  brie fly  to a further con jecture made 
by CHEW and FRAUTSCHI [ 10] that fits  in here. R em em ber, when we were 
speaking about the potential theory , I said that, in writing a ll these dis­
p ers ion  rela tion s and double d ispersion  relations down, we might be p re ­
pared  to  include the S-wave subtraction exp licitly . We do not want to include 
higher subtractions exp licitly , because that would give much trouble with 
the unitarity equation. Thus, in addition to these double d ispersion  term s, 
we cou ld  have term s like

which do not depend on t. If one w ere doing the calculation  in such a case, 
one would get a ll the angular mom entum  states other than the S-wave by 
integrating over the double sp ectra l function, but fo r  the S-wave one would 
conclude by p erform in g  an N /D  calcu lation  to find the function f. We thus 
ob serve  that the asym ptotic behaviour of the scattering amplitude consists 
o f a R egge term  t a (s ), com ing from  the double sp ectra l function, plus another 
term  which is  asym ptotica lly  just a constant. In the R egge term  the asym p­
totic behaviour does depend on s, in this other term  it does not. The point 
is  that, when we do have a subtraction, there is extra inform ation which we

(33)



REGGE POLES AND STRIP APPROXIMATION 4 1 9

can introduce. F o r  instance, we might put into the calcu lation  a pole 
a /( s  -  sp), with two constants. The constants a and sp h a v e  to be known 
beforehand, they are not given  to us by the theory . And if we put in the pole 
like th is, then in ord er  to  have consistency  at least in the approxim ation 
sch em es that have been tr ied  up t i ll  now we would have to do a subtraction 
in t. We would have to  calcu late  the S-waves by the N /D  technique, they would 
not be given from  the double sp ectra l function, and the asym ptotic behaviour 
w ould be given  by the sum o f  two te rm s, one which does depend on s and 
one which does n6t.

Now the question is often ra ised  whether there is  rea lly  a distinction 
betw een elem entary  p a rtic les  and non-elem entary  p a rtic les , and I do not 
think it is  one that one can rea lly  answ er definitely. There w ill probably 
always be con flicting  view s until We have a com plete  theory, and I rather 
think that, if we do ever get a com plete  theory , it is  not going to make any 
distinction  between elem entary  p a rtic les  and non-elem entary p a rtic les . But, 
if  we do not have a com plete  theory at the m om ent, there may be som e p a r­
t ic le s  that one cannot get from  the calcu lations -  that one has to put in at 
the beginning - which p rov ision a lly  one would ca ll elem entary particles, 
and som e other p a rtic le s  which one can calcu late, which one would not ca ll 
elem entary p a rtic le s . And generally  one would expect to have to introduce 
the m a sses  and coupling constants fo r  elem entary p a rtic les , but to be able 
to  get the m asses  and coupling constants fo r  non-elem entary p articles  in 
p rin cip le  from  the ca lcu lations.

When we put in the subtraction term  from  the beginning, we actually 
have to put in the m ass sp  - the position  o f the pole  - and the coupling con ­
stant a. So one m ay th ere fore  take the viewpoint that term s like this, where 
the asym ptotic behaviour does not depend on the energy, correspon d  to 
elem entary p a rtic le s , w hereas term s where the asym ptotic behaviour does 
depend on the energy corresp on d  to bound states. If we subtract P-waves 
or  higher angular m om entum  w aves, it is going to give us the old trouble 
again, and th ere fore , from  this way o f looking at it, we can only have S- 
wave elem entary  p a rtic le s , not P-wave and higher angular mom enta. In 
other w ords, we get the sam e resu lts  we get from  the renorm alization  theory 
studied by perturbation  m ethods. And this again fits  in with what I said about 
this s -dependence o f the asym ptotic behaviour corresponding to the spreading 
out of p a rtic les  in space, because the elem entary partic le , which one naively 
supposes at least to have som ething in the m iddle which is not spread out 
in space, does not have this s -dependence o f a in the asym ptotic behaviour. 
The p rop osa l m ade by Chew and F rautsch i is , in fact, that, even at the 
present m om ent, there a re  no p a rtic le s  that one has to put in and ca ll e le ­
m entary, but that a ll p a rtic les  corresp on d  to 'the points where these Regge 
tra je c to r ie s  pass through the positive  in tegers, and a ll resonances to the 
points when they pass near the p ositive  in tegers. F a irly  detailed graphs 
have been drawn up with these R'egge tra je c to r ie s  fo r  a ll the different quantum 
num bers, and the various reson an ces have been put in. I think at the moment 
the num ber o f reson an ces is not yet so much greater than the number of 
quantum states that one would a scr ib e  m uch sign ificance to this fit, and I 
do not think that the authors cla im  that one should. But at least it is in ter­
esting to see how, if we assum e that it is co r re c t , the various particles 
could  be fitted  into the R egge schem e.
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F o r  those o f you whose fam ily  keep on asking you what sort o f w ork you 
are  doing, there is  an a rtic le  by Chew, G ell-M ann and R osenfeld which is 
going to  appear in the Scien tific A m erican , so  you w ill be able to get them 
to read  that. T here, a ll these R egge tra je cto r ie s  are drawn in a nice co lou r­
ed diagram .
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