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Abstract

Since their discovery in high energy collisions at the Tevatron collider, more than twenty
years ago, top-quarks constitute an important pillar of modern particle physics. As the
heaviest particles of the Standard Model of particle physics (SM), they play a crucial role in
many phenomenological applications. Their large mass relates them tightly to various other
components of the SM. Examples of importance are parameters of the electroweak sector
which are influenced through corrections originating from top-quark loops. This enables
important consistency checks of the SM itself. For such checks, precisely known parameters
estimated from measurements at colliders like the LHC are crucial. By carefully comparing
data and theoretical predictions, parameters of the theory, e.g. the top-quark mass, can be
extracted. To do so accurate predictions are necessary. Quantum Field Theory (QFT) is
the theoretical framework the SM is build upon, and it can be systematically approximated
in perturbation theory. Quantum Chromo Dynamics (QCD) describe the strong interaction
between colored particles and most of the dynamics of top-quarks produced in high energy
collisions of hadronic bound states. State of the art calculations evaluate the partonic
cross section at next-to-next-to-leading order (NNLO). Thus, perturbative QCD is used to
obtain predictions of fully inclusive or differential cross sections of top-quarks which show
very good agreement with the measurements, while small uncertainties on the theoretical as
well as the experimental side allow for precise parameter extractions. These measurements
rely on well understood modeling of the top-quarks in hard scattering processes.

A remarkable feature of top-quarks is their very short lifetime which is below even the
typical hadronization time of colored particles. Top-quark decays thus presents a unique
opportunity for studying a bare quark. Inclusion of the decay in the evaluation of top-
quark pair production through NNLO in QCD is the central goal of this work. The
Narrow-Width-Approximation (NWA) is employed to reduce the computational burden by
factorizing production and decay. It is possible to keep information about the polarization
state of the top-quarks which affects the decay. To do so at NNLO, two-loop polarized
matrix elements for top-quark pair production are required. The evaluation of two-loop
amplitudes is demanding and their calculation is an important part of this thesis.

Another technical component needed for such a calculation is an efficient method to handle
contributions from real radiation. While automatized frameworks exist at NLO, the NNLO
case is much more involved. A fully general method of handling this kind of calculation is
given by the Sector-improved residue subtraction scheme (STRIPPER) which is discussed
in this work. Also, modifications to improve the efficiency of this scheme are presented.
In combination, this allows to present the first calculation of top-quark pair production
including decays in NWA at NNLO in QCD. First results compared to LHC data show
remarkable agreement. The calculation is fully differential and allows for a broad band
of future phenomenological studies. The extraction of the top-quark mass from differen-
tial distributions or the investigation of top-quark spin-properties at high precision are
examples for phenomenological applications for these original calculations.
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Zusammenfassung

Top-Quarks sind seit ihrer Entdeckung in Hochenergiekollisionen am Tevatron-Beschleu-
niger vor iiber zwanzig Jahren ein wichtiger Bestandteil moderner Teilchenphysik. Als
schwerste Teilchen des Standardmodells der Teilchenphysik (SM) spielen sie eine entschei-
dende Rolle in vielen phinomenologischen Anwendungen. Ihre grofe Masse verbindet sie
eng mit verschiedenen anderen Komponenten des SM. Ein wichtiges Beispiel fiir solch
eine Verbindung sind elektroschwache Parameter, die iiber Schleifenkorrekturen von der
Top-Quark-Masse abhidngen. Der Vergleich der so berechneten Werte mit den experi-
mentell bestimmten Werten fiir die elektroschwachen Parameter erlaubt somit wichtige
Konsistenzpriifungen des SM. Von besonderer Wichtigkeit sind daher prézise Messungen
dieser Parameter an Beschleunigern wie dem Large-Hadron-Collider (LHC). Die Messung
von Parametern wie der Top-Quark-Masse erfolgt durch sorgfiltigen Vergleich von Messun-
gen und theoretischen Vorhersagen von Wirkungsquerschnitten. Die Quantenchromody-
namik (QCD) beschreibt die starke Wechselwirkung zwischen Teilchen mit Farbladung und
somit einen wesentlichen Anteil der Dynamik von Top-Quarks, die bei Hochenergiekollisio-
nen von Hadronen entstehen. Berechnungen des partonischen Wirkungsquerschnitts auf
Grundlage der Storungstheorie zweiter Ordnung (next-to-next-to-leading order: NNLO)
sind der aktuelle Stand der Forschung und zeigen eine bemerkenswerte Ubereinstimmung
mit bisherigen Messungen. Die extrem geringen Unsicherheiten sowohl auf theoretischer
als auch auf experimenteller Seite erlauben hoch prizise Messungen von Parametern des
SM.

Eine charakteristische Figenschaft der Top-Quarks ist ihre sehr kurze Lebensdauer, welche
kiirzer ist als die typische Hadronisierungszeit. Top-Quark-Zerfille bieten so eine einzig-
artige Gelegenheit, freie Quarks zu studieren. Die Beriicksichtigung dieses Zerfalls bei
der Berechnung der Top-Quark-Paar-Produktion in der QCD mit Stérungstheorie der
zweiten Ordnung ist das zentrale Ziel dieser Arbeit. Eine N#herung fiir kleine Zerfalls-
breiten (Narrow-Width-Approximation: NWA) wird verwendet, um den Rechenaufwand
zu reduzieren. Es ist mdglich, Information iiber den Polarisationszustand der Top-Quarks
bei der Berechnung zu beriicksichtigen, welche den Zerfall beeinflusst. Dazu sind auf
NNLO polarisierte Matrixelemente mit zwei Schleifen fiir die Top-Quark-Paar-Produktion
erforderlich, und deren Berechnung ist ein substantieller Teil dieser Arbeit.

Eine weitere technische Komponente, die fiir solche Berechnungen nétig ist, ist eine effiziente
Methode, um Beitrdge aus reeler Strahlung zu beriicksichtigen. Wahrend fiir die Stérungs-
theorie erster Ordnung automatisierte Verfahren existieren, ist der Fall zweiter Ordnung
komplizierter und Gegenstand momentaner Forschung. In dieser Arbeit kommt zur Be-
handlung derartiger Beitridge das sog. STRIPPER-Verfahren (sector-improved residue
subtraction scheme) zum Einsatz. Neben dem Verfahren werden auch Modifikationen zur
Verbesserung der Effizienz desselben vorgestellt. Dies ermdglicht erstmals eine Berechnung
der Top-Quark-Paar-Produktion inklusive Zerfall unter den oben genannten Annahmen.
Der Vergleich erster Ergebnisse mit LHC-Daten zeigt hervorragende Ubereinstimmungen
fiir totale und differentielle Wirkungsquerschnitte. Die in dieser Arbeit vorgestellte Rech-
nung ermoglicht eine breite Palette zukiinftiger ph&nomenologischer Studien, etwa die
Messung der Top-Quark-Masse aus differentiellen Verteilungen oder die Untersuchung von
Top-Quark-Spin-Eigenschaften.
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1. Top-Quark physics at Hadron Colliders

1.1. Discovery at TeVatron

More than twenty years ago, the top-quark was confirmed to be observed in proton-anti-
proton collisions at the Tevatron collider by the CDF [2] and DO [3]| experiments separately.
Its discovery was a huge success of the Standard Model of Particle Physics (SM). The
existence of the top-quark was predicted already two decades before this great achievement,
as a third generation of quarks was proposed by Kobayashi and Masakawa [4] as answer to
the CP problem in the weak sector. The first evidence for a third generation of particles
was the discovery of the 7 - lepton [5], two years later. It was Harrari who introduced the
naming of the "bottom” or "beauty” quark together with the name of the partner the "top”
or "truth” quark [6] of the yet hypothetical particles. Only few years later the observation
of a resonance structure in muon pair spectra [7] marked the first measurement of the
bottom quark. The search for the new presumably heavy partner of the bottom quark was
unsuccessful for almost twenty years. However, due to consistency constraints within the
Standard Model the mass of the new particle could quite well constrained, for instance by
the Large Electron Positron (LEP) collider at CERN [8]. In 1995 finally, the experiments
located at the TeVatron accelerator operating at a center-of-mass energy of 1.96 TeV, the
most powerful machine at that time, announced the discovery of a heavy particle with
right properties in the expected mass window. The properties of the top-quark are quite
remarkable and opened up a rich field of particle physics. The investigation of physics
related to top-quarks is still one of the main interests of the particle physics community.

With a pole mass of roughly 173 GeV, the top-quark is the heaviest elementary particle
observed so far. Its large mass implies the special role of the top-quark within the SM
and beyond. The top-quark mass is naively a free input parameter but relates through
quantum corrections to a broad band of parameters and observables, such that it provides
a strong test of internal consistency of the model. Or provides the possibility for indirect
evidence of new physics beyond the Standard Model (BSM).

Another remarkable property is the short life time of the top-quark. The life time is
about 1072 seconds and thus shorter than the hadronization time which is of order 10724,
It allows for the unique opportunity to study a bare quark and its quantum numbers
absent of hadronization effects polluting the measurements. As mentioned, the relation of
the top-quark mass to other parameters allows for precision tests of the Standard Model.
One important example is the relation between the masses of the W/Z- and Higgs-boson
and the top-quark. They are related through top-quark and Higgs-boson loops in higher
order corrections to the propagator of the W and Z bosons. This relation can be used
to predict masses from measurements of a subset of those. The comparison with direct
measurements of the predicted mass results in consistency checks of the Standard Model
[9, 10]. In this way it was possible to constrain the mass of the top-quark to a quite narrow
window prior to its discovery. The strong constraints between top and vector boson masses
inherit from the fact that the relation is quadratic in the top mass. For the Higgs boson,
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Figure 1.1.: Stability landscape for different configurations of Higgs and top-quark masses
and uncertainty bands of current mass measurements. [11] .

for instance, the dependence is only logarithmic and thus constraints are much weaker.

Another peculiar influence of the top-quark mass on the Standard Model is given through
the running of Yukawa couplings. In lowest order perturbation theory the Higgs poten-
tial has the famous "Mexican hat” shape, which describes a stable electroweak vacuum.
The quartic coupling is an input parameter of the theory and thus gets modified through
quantum corrections. The influence of the top-quark mass is such that for certain values
another minimum at higher Higgs field values appears. Thus it might be possible that
our 'false’ vacuum decays into the actual vacuum at some point. For current values of
the top-quark and Higgs masses the Standard Model seems to be in a meta-stable phase
as depicted in figure 1.1, where the life time of the ’false vacuum’ is near the age of the
universe [11].

The crucial ingredients for this kind of analyses are precise measurements of the param-
eter entering the Lagrangian and thus the Standard Model. Precision physics requires well
understood experiments and theory descriptions. Usually lepton colliders provide a clean
and precise environment to perform parameter estimations at high accuracy. The most
powerful lepton machine was LEP, it provided excellent results for masses of the electro-
weak bosons and couplings as well the strong coupling [8]. However, the center of mass
energy of the colliding beams was not high enough to produce top-quarks and Higgs-bosons
on their mass shell. Up to now only hadron colliders like the Tevatron or the LHC provide
energies which are high enough to produce those frequently enough to measure them. The
physics at these colliders is dominated by strong interactions between the color charged
constituents of the hadron. The collision cover and probe a broad band of energy scales.
Combined with large interaction rates they provide therefore a huge discovery potential.
Their precision on the other hand is limited by the hadronic physics that arises naturally.
Even though hadron machines are regarded as ’discovery’ rather than precision’ machines,
the era of precision physics at Hadron colliders has begun.

1.2. Top-Quark Physics at the LHC

The LHC physics programme followed the Tevatron and started operation in 2009. Since
then it provides large amount of data from the proton-proton collisions at 7,8 and 13
TeV center of mass energy. In figure 1.2 the collected amount of data so far of the LHC
experiments is visualised [12, 13].

The integrated luminosity recorded by the two main experiments from the 13 TeV run
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Figure 1.2.: Integrated luminosity of the two main experiments at LHC, CMS [14] and
ATLAS [15], respectively.

up to now is
ATLAS = 111fb~',CMS = 109fb7!. (1.1)

There is a vast landscape of processes that have been observed and measured in the past
eight years. The figure 1.3 summarizes the results of cross section measurements for many
Standard Model process. They are compared to the Standard Model theory predictions
and show a remarkable agreement. This shows the validity of the Standard Model over
many orders of magnitude in the production cross section. The experimental uncertainties
on these measurements are for various processes at a compatible order to the uncertainty
estimate of the theory prediction.

The theoretical description of the physics at hadron colliders is governed by Quantum
Chromo Dynamics (QCD). QCD is a SU(3) gauge theory [16] modeling the strong inter-
actions of quarks and gluons. These partons are the constituents of hadronic bound states
like the proton. At low energies the strong coupling constant as becomes large and give rise
to confinement. At high energies, on the other hand, QCD is asymptotically free such that
a5 becomes small and a perturbative treatment becomes feasible. The low energy physics
of the incoming hadron can be separated from high energy collision of the constituents
with the help of factorization theorem. Hadronic states are described by the parton model.
The abundance of quarks and gluons with a given momentum fraction inside a hadron is
parameterized with the help of parton distribution functions (PDFs). The hadronic cross
section of a given process then factorizes into a convolution of a partonic cross section and
the PDFs. The partonic cross section can be treated in perturbation theory. The PDFs on
the other hand need to be inferred from experiment since it is not possible (yet) to derive
them from first-principles. There are different sources of uncertainties in the theoretical
description. There are uncertainties related to the free parameter of the theory, for exam-
ple free parameters of the Lagrangian or the PDFs themself. Those can be conceptually
extracted in independent measurements to allow for new predictions. The perturbative
expansion of partonic cross section yields another source of uncertainty. The expansions
are truncated and the influence of higher orders needs to estimated give a reliable theory
description. Next-to-leading order QCD calculations are state of the art for all processes
of interest.
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The automatisation of tree-level and one-loop matrix-elements [18-21] as well as the
handling of real radiation contributions with the help of subtraction schemes [22-24] are
the foundations of the "NLO-revolution” in past ten years. Monte Carlo frameworks such
as MADGRAPH[18], SHERPA [25] , HELACNLO [26] and others provide all necessary ingre-
dients to perform full-fledged next-to-leading order calculation for virtually all Standard
Model processes and beyond. Additionally the inclusion of parton shower algorithms, like
[24, 27-29] on top of leading and next-to-leading order calculations allow for a more real-
istic event modelling. Moving to next-to-next-to-leading order in QCD the situation looks
quite different. On one hand the handling of real radiation is still a difficult problem due
to the much more complicated infrared singularity structure. A detailed discussion of real
radiation in NNLO calculations is given in chapter 4. On the other hand the availability
of two loop amplitudes is limited to 2 — 2 processes up to now. In some cases of compara-
ble importance are NLO electroweak calculations and more or less recently their inclusion
became reality, for example see |20, 21, 30, 31].

The top-quark plays an essential role in the physics program of the LHC. After its discov-
ery at the Tevatron, the focus is on precise as possible measurements of top-quark properties
to either improve the Standard Model with better input values or to unveil inconsistencies
and signs of new physics. The production of a top-quark pair is an extensively studied
process at LHC, for examples see Refs [34-37|. The production is mediated dominantly by
QCD, while electroweak production modes play only a negligible role. While at Tevatron
the quark anti-quark annihilation channels was most important production channel (85%)
at the LHC the gluon initiated production dominates (~ 85%). The theoretical description
of this process has quite some history. The first dedicated next-to-leading order calcula-
tion was performed in late 80’s [38, 39| and [40]. The next-to-leading order correction have
been found sizeable and were later refined by NLL resummations [41-43]. The resummation
program was extended to NNLL [44-48|, over the years before the first NNLO calculation
for the inclusive cross section was presented [49-52| including the aforementioned NNLL
soft gluon resummation. Only a short time later the calculation was performed also on
differential level [53-58]. So far for on-shell stable top-quarks. Since top-quarks decay im-
mediately, a more realistic treatment takes also decays into account and also there progress
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and compared to SM theory [33].

was made in different directions. Within the Narrow-Width-Approximation, which allows
to keep the top-quarks on-shell but keeps spin information, motivated by the small width
of the top-quark first calculations were presented in Refs [59, 60]. Even more realistic are
full off-shell calculations which consider the complete production of the decay final state
[61-66]. The NLO calculations were also refined with parton showers, with and without
the inclusion of the decay [67-69].

The total cross section is good example for well converging perturbative series. The left
figure in Fig 1.4 shows the theory predictions for the total cross section of ¢ production
for different orders in perturbation theory together with an error estimate from scale varia-
tions. Each subsequent higher order prediction lies within the estimated uncertainty which
signals a good convergence. In the right figure is a comparison between the predicted cross
section and measurements performed by the ATLAS and CMS collaborations. They agree
remarkably well within the errors. The cross section can also be studied in a more exclusive
way. An example is given in figure 1.5 which shows a differential distribution with respect
to the transverse momentum of the top-quark. Also here remarkable agreement between
measurements and Standard Model is found.

1.3. Top-quark properties

The top-quark mass Besides the production cross section the mass is an important
property of the top-quark. As a free parameter of the Lagrangian, it needs to be determined
by experiment. However, the treatment within the theoretical description of the mass plays
a crucial role. All free parameters of the Lagrangian are subject to renormalization. The
renormalization procedure is not unique and the very details of the chosen renormalization
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Figure 1.6.: Summary of various top-quark mass measurements. Published by the Top
working group [33], details of the different measurements can be found in
references given in the figure.

scheme has impact on the interpretation of the mass.

The pole mass m; is probably the most intuitive definition. It can be defined by con-
sidering top-quarks as asymptotic free states in perturbative QCD. It is then given by
real part of the top-quark propagator pole at m; + iI'y with the width I';. In this treat-
ment it relates to the peak of the invariant mass distribution of top-quark decay products.
However, even though this is well defined in perturbative QCD, top-quarks are not free
particles since they are color charged and thus subject to confinement. This non perturba-
tive effects lead to absence of the pole in the full propagator. This leads to an ambiguity
of the pole mass definition, which is naively expected to be of O(Agcp), thus of order of
separation between low and high energy scales in QCD. In a recent study of this so-called
renormalon ambiguity [70-72] is has been shown that the effect is about 70 MeV [73].
There are also studies which suggest that the inclusion of parton-showers correspond to a
different renormalization scheme [74] and previous works. This ambiguity propagates to
the all observables that depend on the top-quark mass m; and thus limits conceptually the
precision of pole mass measurements. This mass has been measured by experiment and
the current experimental status is summarized in figure 1.6.

The MS mass my () is obtained when using the MS renormalization scheme for the mass
parameter. This introduces an explicit dependence on the renormalization scale u which
governed by the renormalization group equation (RGE)

2 0me)

G = o (1.2)

with the mass anomalous dimension v,,. This equation follows directly from the fact that
the bare mass does not depend on the renormalization scale and is known up to five loops
[75]. With this equation m; can be evaluated at any scale by fixing its value at a specific
scale. This can be done by relating this mass definition to the pole mass and using its
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measured value as input. The relation reads to next to leading order
- Qs 3 2,2

but is know up to four loops [76, 77]. This relation introduces the renormalon ambiguity
also to this short distance mass. A pole mass of approximately 173 Gev translates to
mt(mt) ~ 163 GeV.

Another way to define the top-quark mass is through its production threshold. Predomi-
nately relevant for lepton-colliders, the study of the threshold gives a clean and theoretically
well controlled opportunity to measure the mass. However, the details of the description
of top-quark production at the threshold give rise to various definitions, for example the
1S mass 78] or the potential subtracted (PS) mass [79].

The precise extraction of the top-quark mass parameter from measurements at colliders
is a experimental and theoretical challenge. Many different methods of varying precision
and model dependence are employed to perform this task. A common method is the usage
of theory input to prepare predictions for different input parameters. These templates
are compared after simulating the transition to observable events and detector effects to
measured data. By finding the best match the input parameter are fitted to the data.
The effectiveness of this method strongly depends on the observable investigated. An
example is the extraction of the top-quark mass with the help of the total cross section
[36, 80, 81]. The value extracted from 7 TeV data by the CMS collaboration is for instance
173.8717 GeV [82]. Also more exclusive observables are used, a review can be found in
[83-86]. A more recent example is the ps observable defined through the invariant mass of
a reconstructed ¢t pair and accompanying jet [87, 8§]

2m0

Ps = 5
Va7

The shape of the normalized differential cross section with respect to ps

with  mg = 170 GeV (1.4)

R:1aa

o 9ps (1.5)
has quite strong dependence on the top-quark mass parameter. Additionally, due to the
normalization, the theoretical and systematic errors are quite well under control. The
extraction using this parameter was performed by the ATLAS [89] and CMS [90] collabo-
ration. In figure 1.7 is a comparison of theory predictions for different top masses and the
measured distribution. The extracted mass with this method in case of ATLAS is

my = 173.7 & 1.5(stat) + 1.4(syst.) T2 (theory) GeV (1.6)

which is quite competitive with the extraction of the top mass from the total cross section.
A quite similar method is the extraction from kinematic endpoints. An example is given
in [91]. There the transverse mass of the top-quark is reconstructed. For onshell top-
quarks this mass has a maximum value which depends on the top-quark mass itself. By
measuring this edge in the distribution of the transverse mass implicitly the top-quark
mass is measured. The results from the various methods result in the world average from
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Figure 1.7.: Measurement of the differential distribution of the ps observable, together with
predictions for varied top mass and best fit result [89].

2014
my = 173.34 £ 0.74 GeV (1.7)

for the pole mass.

Top-quark decays and spin As mentioned already in various contexts, the top-quark is
not stable and decays imitatively after it is produced. The short life time 7 ~ 1072,
or the small decay width I'y ~ O(1) GeV, is the reason that the top-quark decays before
hadronization effects can wash out the properties of the bare quark. This allows to study
the quantum numbers like spin, charge of a quark and its couplings to electroweak bosons
in a clean environment.

The decay of the top-quark is mediated by the weak interaction and can be described
by the three processes

t—bW*, t—sWt and t—dWT, (1.8)

The decay rate in the three channels are proportional to Vi, Vis and Vg, where V;; are
entries of the CKM matrix. Due to the strong hierarchy of the CKM matrix the decay
rates into s and d quarks are negligible and thus the total width of the top-quark is well
approximated by

[y =Ty(t — WTh). (1.9)

The decay width is not a free parameter of the theory but can rather be expressed through
masses and couplings. In lowest order in perturbation theory the total width can be
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Figure 1.8.: (left) Visualization of top branching fractions|98]. (right) Shown is the differ-
ential distribution with respect to the azimuthal angular difference A¢ [99].

evaluated to

(0) _ Grm3
872

which corresponds to a numerical value

2
(1-r2)2(1+2?) with 2= TZLV%V (1.10)

Ty (my = 173.3 GeV) = 1.5048 GeV (1.11)

For the anti top-quark the same holds (the processes are charged conjugated) due to CPT
invariance. The next-to-leading order QCD contribution was already calculated some time
ago [92], also including effects from the light quark mass and off-shell Ws. The next-to-
leading order EW corrections are also known and presented in [93]. A little bit more recent
are the NNLO corrections in [94-96] and [97], which are discussed in more detail later. The
higher order QCD corrections of O(10%), and thus quite sizeable.

In the case of top-quark pair production the decay of the top-quarks and the subsequent
decay of the W-bosons results in variety of different decay channels. They are summarized
in figure 1.8. Top-quark pair events are usually identified through two reconstructed b-jets
and the decay products of the W-bosons. The b-jets can be distinguished experimentally
from other jets to unusual long life-time of the b quarks since their decay is CKM sup-
pressed. The long life time results in displaced vertices different from the interaction point
of the hard scattering event. Sophisticated analysis techniques and precise particle tracking
allows for high tagging efficiencies. The decay into quark final states, which are identified
as accumulated jets in experiments, has the largest branching fraction. Thus the statistics
of observed events in this channel is quite high. However, this channel suffers from the
large combinatoric possibilities to assign the various jets to the two top-quarks and large
QCD background. The fully leptonic channel where both W decay into charged leptons
and neutrinos has the advantages that it is easy to detect. The leptons (not necessary
the 7 lepton) provide a clean signature. But it has two drawbacks: low statistics due to
the small branching fraction and lost information due to the neutrinos which leave the

10



1.3. Top-quark properties

detector unnoticed. The only information about the neutrinos is the missing transverse
energy. The lepton plus jet channel is the middle ground, larger statistics but still quite
easy identifiable final state signature. Also the neutrino momentum is better constraint by
the missing transverse energy and can be reconstructed up to two-fold ambiguity [100].

The top-quarks are in general produced unpolarized [101]|, however the coupling to the
W is a left-handed coupling. The decay products carry therefore information over the
polarization of the decayed top-quark. The polarization of the top-quark has for instance
impact on angular distributions. Taking into account both top-quarks, the correlation
between the decay products reveals information over the spin properties of the top-quarks.
An example is the azimuthal angular distance of the two final state leptons in the di-lepton
channel A¢. In figure 1.8 a corresponding measurement together with theory predictions
is shown. For comparison also predictions which neglected the spin information is given.
Evidently, the spin correlation of the top-quarks has important impact on the shape of the
distribution.

This work is structured as follows: After a general introduction in top-quark physics
at hadron colliders presented in this chapter, the modelling and description of top-quark
processes within Quantum Field theory is outlined in chapter 2. Crucial ideas from fac-
torization and renormalization are reviewed and aligned in context suitable for this work.
Additionally, the state of the art of phenomenological calculations for top-quark pair pro-
duction and decays in context of LHC are discussed, since they build the foundations of
the project presented in this thesis. Working towards top-quark pair production and de-
cay within the Narrow-Width-Approximation, the calculation of polarized double virtual
amplitudes needed for polarized top-quark pairs through NNLO in QCD is presented in
chapter 3. In chapter 4 a short overview over the various competing techniques is given,
followed by a detailed description of the Sector-improved residue subtraction scheme. The
scheme is slightly modified from its original formulation with the aim to improve con-
vergence and elegance. This scheme is used in chapter 5 to perform a fully differential
calculation of top quark pair production and decay in the Narrow-Width- Approximation
through NNLO in QCD. Results are compared to lower orders and with published data
from the ATLAS and CMS working groups. This work is concluded with a summary and
final discussion of the results in chapter 6.
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2. The Top-Quark in Theory

This chapter gives an overview over concepts that appear in the modelling of top-quark
pair production and its decay at hadron colliders. A special focus is put on the role of
factorization, separating perturbative from non-perturbative physics. Also, some general
methods that facilitate higher order calculations are discussed. After the introduction of
various ingredients, a review of the current status of top-quark theory predictions is given.
In the Standard Model all fermions acquire mass due to their Yukawa coupling to the
Higgs-field. Considering high energy interactions at colliders like the LHC, the mass of
the light quarks {u,d,c,s,b} is comparatively small and they are treated as massless in
the following discussion. The top-quark, however, with a mass of m; ~ 173 GeV has to be
treated as a massive particle.

2.1. Factorization in production and decay

The theoretical modelling of top-quark pair production at hadron colliders relies on fac-
torization [102], as basically all other production processes do. The factorization theorems
allow to separate physics on long and short distances scale, or equivalently, physics at
small and high energies. The very nature of the colliding particles at the LHC does not
allow for a direct description of production processes within perturbative QFT. The pro-
ton is a hadronic bound state whose dynamics, to our understanding, are governed by
low energy interactions, i.e. the non-perturbative regime of Quantum Chromo Dynamics
(QCD). Even though non-perturbative QCD builds up a huge and rich field of physics, it
is not yet possible to describe this kind of bound states with the required precision from
first principles. Factorization allows to separate the low-energy dynamics from high energy
scattering processes of the proton’s constituents and parameterize it in terms of parton
distribution functions (PDFs) [103-106]. These PDFs, denoted by ¢, (), are universal fea-
tures of the proton and, following the parton model, describe the probability to encounter
a specific parton a with a momentum fraction x. The PDFs may be determined in dif-
ferent experiments and at various energies by carefully comparing measured cross sections
with predictions of well established processes. The PDFs depend on the energy scale up
at which they are measured, such that ¢q(z) = ¢q(x, ur). The energy scale is usually
given by the typical scale of the process under counsideration, for instance the partonic
collision energy. However, PDFs at different energy scales are not unrelated to each other,
but rather are connected by differential equations in ur, the PDF evolution equations or
DGLAP equations. Since the measurement of the PDFs is tightly connected to the value
and running of as(ur), together they provide a predictive set of equations:

M%W = (Pyj © fj)(x; pur) 21
S = paur). 22
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The symbol ® denotes a convolution as defined in A.35. These equations allow to predict
the PDFs and «; at any energy scale up as soon as the boundary conditions are fixed
at some energy scale. From the converse persepective, these equations allow for including
measurements at different energy scales to determine the common boundary condition. On
the right-hand side of the evolution equations appear the Altarelli-Parisi splitting functions
as well as the g-function. They can be determined from perturbative QCD as a series in
as(pr), thus from first principles. Different orders in this expansion will lead to different
PDFs ¢, (x, ur), or, the other way around, to different boundaries. Consequently there
are different existing PDF sets (LO, NLO, NNLO, ...) depending on the expansion depth
of the evolution equations. The depth is usually matched to the perturbative order of
the partonic prediction used for extracting the PDFs. This is necessary to consistently
treat the logarithms of the renormalization and factorization scale appearing in various
contributions.

Coming back to top-quark pair production, the hadronic cross section may be written in
a factorized form,

Ohyhy(Pr, Po) =

1
Z//o dz1dwaga/n, (21, 1W5) Byjny (B2, WE)Gap (21 P1, 22 Po, o (1), i, 117) 5 (2.3)
ab

with the partonic cross-section 7,;. The renormalization scale ugr enters the partonic cross
section through the running of «s and higher order contributions. The partonic cross
section then may be expanded in a series of as whose coefficients can be calculated in per-
turbation theory. The higher order terms contain contributions from additional radiation,
and thus from higher multiplicity processes, as well as additional virtual quantum loops
and, at high enough order, combinations of both. In virtual contributions divergences
arise from infinitely large momenta flowing through loops. They can be regularized and
removed by renormalization. There are different regularization schemes that can be em-
ployed. However, throughout this work dimensional regularization in d = 4 — 2¢ spacetime
dimensions is used. The removal of this type of divergences can be achieved through ab-
sorption into unobservable quantities of the underlying Lagrangian. Additionally, infrared
divergences remain in the virtual contributions due to soft and collinear loop momenta.
They also arise in the real radiation contribution due to the unresolved emissions. The
handling of UV and IR divergences in loop amplitudes is discussed in more detail in section
2.1.2. Usually, the KLN theorem [107, 108] ensures that all divergences cancel and a finite
result is obtained when combining the different contribution suitably in terms of infrared
safe observables. This is not true in the presence of hadronic objects in the initial state.
The reason for this are collinear emissions to initial state particles which, in contrast to
final state collinear emission, are not averaged over. Collinear renormalization is necessary
to absorb these singularities within the PDFs themselves.

2.1.1. Collinear Factorization

To cancel all divergencies in hadronic cross-sections it is necessary to remove divergences
arising from initial state collinear radiation. Similar to UV renormalization, it is possible
to perform a redefinition of parameters that enter the theory. Since this is a phenomenon
which enters through the initial state only, it is not feasible to perform the renormaliza-
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tion at Lagrangian level. The PDFs appearing in the cross-section formula (2.3) are the
only parameters left. Assuming that the PDFs appearing in that equation are the bare
quantities, collinear counter terms Z;; are introduced in the following way

1d
PAx) = Zij @ ¢; = / sz'j (guF) fi(z pr) (2.4)

where the f; are the observable renormalized PDFs. The renormalization constant ma-
trix Z;; can be expressed through the Altaresi-Parisi splitting functions, but beyond the
divergences it is scheme dependent. In the MS scheme they read up to NNLO

Zij(w, pp) = 235 (@, wp) + 2 (@, ) + 23 (2, 1) + O (%)
0
o) P (2) (asw))?

— 5::8(1 —
5”5( )+ 2T € 2

PP@) 1

2€ 2¢2 +0(a®(ur)),  (25)

((P“)@P,E @) - 2P >)

where Pi(jn) (z) and fp are given by the perturbative expansions

Qs n+1 "
Py =3 (“0) P (26)
o n+1
Blastur)) = —ar Y- (24) s, 27)
n=0

of the splitting and £ function, respectively. Applying this to the hadronic cross section
formula and expanding everything up to NNLO, the finite total cross section reads

Ohyhy(Pr, Po) =

1
>/ /0 dardeadyn (0,13 duyn (w2, 13) (68 +65) +62) +0(0?)  (28)
ab

with
50 = 50 (2.9)
oy =y + |24 w5l + 2y @6} | (2.10)

6% =54 + |2k w6y + 2y 063 + 2{;) 9 &)
12y @6l + 2i) 0 2 w5 | (2.11)

The expansion in «g is meant to be on top of the order a, needed for the lowest order

contribution. In the case of tf, the lowest order is of order a2.
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2.1.2. Renormalization of virtual amplitudes

In the partonic cross sections 64 and 64 virtual amplitudes contribute beyond the leading
order in perturbation theory. It is well known that there are divergences related to large
loop momenta within transition amplitudes (UV divergences) and, due to the appearance
of massless particles, soft and collinear divergences (IR divergences). In a renormaliz-
able theory like QCD, the UV divergences can be absorbed in the free (bare) parameters
of the underlying Lagrangian after a suitable regularization has been applied. Different
regularization schemes were developed in history of higher order QFT. Conventional di-
mensional regularization (CDR) [109-112] is one of the most used ones and also employed
throughout this thesis. A detailed discussion of the definitions and assumptions entering
this regularization scheme is given for example in [113]. Calculations in this scheme are
done consistently in d = 4 — 2¢ space time dimensions, by analytical continuation. Re-
markably, gauge symmetries are not affected by this extension, which is a great advantage
of this scheme. There are variants of this scheme like the four dimensional helicity scheme
(FDH) or 't Hooft-Veltman scheme (HV) which differ by the treatment of the spin-degrees
of freedom of external and virtual particles. There are also conceptual different regular-
ization schemes like Pauli-Villars (only for UV divergencies) or mass regularization. One
important result of renormalization theory is the independence of physical results on the
regularization scheme as well as renormalization scheme.

UV renormalization

Considering top-quark pair production in QCD, the theory contains two free parameters, o
and my. All UV divergences can be absorbed in the bare parameters and the normalization
of the fields, since they are independent of the kinematics of UV divergent quantities. This
can be achieved by multiplicative renormalization constants that relate the renormalized
with the bare quantities

. e'YE 2 €
coupling: 0,0 = (4;”%) 287 (um)as®™ (ur) (2.12)
mass: m = Zpmy (2.13)
1 1 1
fields: V) =723, V=273V, A =Z3A, (2.14)

with ¢ € {d,u,s,c,b} and @ € {t}. The number of active quarks flavors n; that contributes
to the running of oy is the sum of the number of massless quarks n; and heavy quarks
ny. This introduces a missmatch to the number of active flavors present in evolution of
the PDFs, see equation (2.2). In the factorization formula (2.3) it was assumed that the
top-quarks are too heavy to be produced highly relativistically, such that one could neglect
the mass, for the given hadronic center energy. Therefore there is no top-quark PDF and
the number of active flavors is given by n;. To obtain a consistent treatment of o5 in the
partonic cross section one has to decouple the top-quark from the running of a. This can
be achieved by introducing the decoupling constant (4,

o™ = (o as™) (2.15)

With this replacement all expressions can be expanded consistently in as™) | which will
be denoted as ag for brevity. The actual form of the constants Z; ((,,) depends on
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2.1. Factorization in production and decay

the regularization and the renormalization scheme used. While the UV poles are fixed
through the theory, the finite part of the constants is ambiguous and gives rise to various
renormalization schemes. Two schemes are employed in all calculations presented in this
thesis. The on-shell scheme is used for all fields and the mass, and the MS scheme used
for the coupling constant. The renormalization constants can be treated in perturbation
theory

) \"
Z=1+) <O‘27T> Zm (2.16)
n=1

and up to NNLO all necessary constants are given in appendix B.

One essential type of quantities that require renormalization are partonic scattering
amplitudes which describe the partonic production of a top-quark pair, plus possibly ad-
ditional radiation of massless particles. The renormalized amplitude written in terms of
bare quantities is given by

YE -
\Mil,iz,.‘.,z’n(%amtaMR76)> = <6 HR) Hf}le,zg, in aso,mg, )> . (2'17)

Expansion of both sides in ay yields the renormalized amplitudes entering the partonic
cross section G4 in equation (2.8). All constants act multiplicatively and, besides the bare
amplitude, the expansion yields counter terms on the right-hand side. Special care has to
be taken in case of the mass renormalization constant. It enters the amplitude through
the top-quark propagator

) 1
p—m?+in_p—met+in’

(2.18)

but it can be rewritten in a convenient way, by making use of an inverse Dyson resummation
i i 1

p_met—i_ZT/ p_mt—’—?’nl—m

R Z( Zm —1 >’“
p—mt+ink:0 P—me+in
i (ny) ZZ()
= — +
P —mi 4 in 27 (p_mt+i77)2
2
() (G2 s ) o) e

p—metin)” o (p—metin)

which can be employed in a straight forward way, in the evaluation of the expansion of
(2.17) on the right-hand side.

IR renormalization

After removing UV divergences from the theory, virtual amplitudes still contain infrared
divergences. They originate from internal massless particles becoming collinear to external
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particles or becoming soft. Fortunately, these infrared limits can be investigated in a
systematic way. The infrared structure of QCD amplitudes is completely known up to
the two-loop level [114-119] and can be expressed through lower order amplitudes. The
factorization of the divergences can be written in terms of the operator Z = 1 + Z(1) +
yASE (9(%3) which acts on color space:

‘M<0)> _ ‘f<0)> , (2.20)
‘M<1)> — 7O ‘M<o>> n ’;(1)> , (2.21)
‘M<2>> e) ‘M<0)> 1+ z® ’;(1>> I ‘f(2>> (2.22)

_ (z<2> _ Zu)Z(l)) ‘M<0)> Lz ‘M<1>> i ’;(2)> _ (2.23)

The Z operator can be determined by the anomalous dimension matrix I'" through the
renormalization group equation

d

rz (E, {pi}v {mz}’ :uR) =-T ({pi}> {mz}a IUR) Z (67 {pi}a {mz}a /LR) . (2'24)
NnUR

The matrix IT'" was calculated within the aforementioned references. The matrix depends
on the exact process under consideration. With the summation convention given in the
appendix A the matrix reads

L({p}, {m},n) = ZTi.QT ’YcuSp< (nl)> ,LL - Z ( )

(i) %

- Z %’Ycusp (BIJ,O&& l)> + Z’YI (Oég Z)> + ZTI . Tj Ycusp (Oég l)) In _;M

(1,7) I I,j 1j
+ ) i fTETY T Fu(Bry, Bik, Brr)

(I,J,K)

_O' U .

+ ZzlfabcTaTb ZfZ (ﬁjj,lﬂ JkUVJ pk> .

(I.)) k —O0JE VI " Pk

(2.25)

The equation can be solved by an ansatz for the a, expansion of I', as demonstrated in
[120]. The first two non/trivial terms of the expansion of Z can be written in terms of the
a expansion of the anomalous dimension matrix

I = Zl‘( )nH (2.26)

n=0

and its derivative

I = 81?1/@ _Z ( )nﬂ (2.27)
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and reads [121]

N T
20 = (155 2.2
i \2e2 T o (2.28)
@ _ (@) [T Lo (35, Lo Mo
Z (47?) [3264 + 3¢3 ﬁo ( 0 —28) + 162 | (2.29)

The expressions for the anomalous dimensions and functions F} and fo is given in the
appendix B. These IR “counterterms” are intrinsically different from UV counterterms. In
particular they depend on the kinematics of the external particles and the divergences are
supposed to camncel against unresolved radiation integrated over their phase space from
higher multiplicity matrix elements.

2.1.3. Matrix element factorization

Besides purely virtual radiative corrections, higher order partonic cross-sections contain
contributions from additional radiation. How to deal with these real radiation contribu-
tions is discussed in detail in chapter 4. The central problem which has to be faced, are
divergences generated by soft and/or collinear emissions that need to be integrated over.
There are many different competing approaches to this problem, some of them discussed in
more detail in section 4.1. However, all of them rely in one way or another on factorization
of matrix elements in these critical limits. Factorization in this context means that in a
soft or collinear limit the matrix element is factorized into a universal process-independent
function and a lower multiplicity matrix element. Even though the two limits, i.e. soft
and collinear, are quite different, both limits commute, a feature known as color coherence
which is manifest in the factorization formula itself. The discussion of processes at NNLO
requires not only limits of single particles becoming soft or collinear, but also double/soft
and triple-collinear limits. All necessary functions, as long as tree-level amplitudes are
concerned, have been evaluated in [122].

Soft limits

The single soft limit only concerns gluons due to flavor conservation. If one gluon with
momentum ¢ becomes soft, i.e. ¢ — 0, amplitudes factorize by the well known formula

Mé?ﬁl,...,an(qvpl,-..)>—gueJ“ ‘M% 7a"(p1,...)> (2.30)

with the eikonal current

n

- ph
H(q) = T —. (2.31)
ZZ:‘: pi-q
For squared matrix elements the factorization can be obtained from the above formula,

MO (g,p1,.. )P =
—47ra328 < (p1,.-- ‘T - T ‘./\/l pl,...)> (2.32)
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2. The Top-Quark in Theory

with

Di - Py
Sij(a) = B0 (2.33)

The fact that the color correlators of all particles contribute, represents the long-range
nature of the soft limit. In case of two partons becoming soft, two different situations have
to be distinguished. Comnsistent with flavor conservation, a pair of quarks can become soft
together. This is reflected in the fact that the double soft limit is defined through two
momenta ¢; and g2 becoming soft in a correlated uniform way

@ Aq, @2 = A, A= 0. (2.34)

For a qq pair this results in

’M‘(qual, (%7&727171,--.)‘22
(4700 T 3Ty (MO (o1, )| Ti - T MO _(1,.)) (239)
]

where the function Z;; is defined in the Appendix C. For two gluons in the same limit, the
following is found

|M§?;,a1,...(Q17 q2,P1,- .- )|2 ~ _4ﬂ-as

%ZSij(ql)Skl(q2)<M() pl,.. ‘{T TJ,T]@ Tl}‘./\/l() pl,...)>
ij

~Ca Y Sijlan,a) (M) (o1, )| Ti T3 (MO (o, (2.36)
i

where again the function Z;; is defined in Appendix C.

Collinear limits

The limit where two partons of flavor a1 and as with the momenta p; and ps become close
in phase space can be described by the Sudakov parameterization

K2 e K2 pm
L " ph=01-2)pt—k - L

piL = zp" + k:jL_ — (2.37)

Zz 2%p-n 1—22p-n’

where the three momenta k| ,p and n have been introduced. They fulfill the following
relations

pPP=n*=p-k=n-k =0. (2.38)
In the limit & — 0 the matrix elements factorize in the following way

|M£1?)7a2,...(p17p27 e )|2 ~

92 .
oy = (MO ()| PO, ki) ML) (239)
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2.1. Factorization in production and decay

where s12 = (p1 + p2)2. The flavour a is determined from the flavour combination a; and
as through flavour conservation. If at least one of the two is a gluon a is given by the
other flavor and if a; and as are a quark-anti-quark pair or two gluons, a is a gluon. The
operator f’gi)@(z, k] ;€) acts on spin space of parton a

(s| P, (2, kise)|s'y = PO (2.40)
The form of the splitting function depends on which combination of quarks and gluons
the collinear pair is build of. The various functions are given in appendix C. At next-
to-next-to-leading order the triple collinear limit also needs to be investigated. For that
purpose the momenta p; of partons with flavour a; with i € {1,2, 3}, are parameterized in
the following way

k2. nt
=t + kY, - = — 2.41
pz Tip + 13 x; 2p. n ( )

where the introduced momenta have similar properties as in the single collinear case above
2 _ .2 _ _
p"=n“=p-ki;=n-k;=0. (2.42)
In the triple collinear limit &, ,_,o matrix elements factorize as
\Mé?),ag,ag,,,,(plypz,p:’,--~)\ ~

8marg 2 R
(20} (M0 )| Bk MO (o)) (283

5123 ’

where

T .
=2 with =) a;. 9.44
z=—, with z : x (2.44)

The various formulae for the splitting functions are collected in the appendix C as well.

Soft-Collinear limits

Soft-collinear limits, where a parton becomes soft and collinear can most easily be obtained
from the corresponding collinear limit by additionally taking z — 0 or 1 (depending on
momentum routing). In case of two unresolved partons, there are limits where one parton
becomes collinear and the other soft. Most of them are obtained from iterative application
of the above formula. One special case emerges when the partons become collinear to each
other and become soft together. This case is governed by the factorization formula

|M£'2)7a27a3,...(qh q2,p, .- . )’2 ~
2 .
(A )2 POV (210 k|5 €)
512

aiaz

(MO, )| Il + @)@+ @) MO (p,)) - (245)
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2. The Top-Quark in Theory

Soft and collinear limits beyond tree-level

At next-to-next-to-leading order, single soft and/or collinear limits of one-loop amplitudes
appear in addition to the discussed limits of tree-level amplitudes. Their limits are special
with respect to their scaling behavior since the limits decompose into two different compo-
nents. For the collinear limit, for instance, there is one part which is a tree-level splitting
function times a lower multiplicity one-loop matrix-element. The other part is a one-loop
splitting function times tree-level matrix element. A similar decomposition occurs in the
soft limit. Due to the integration over the loop-momentum in the one-loop factorization
formula (done in CDR), this part contains terms like

—€ Z ‘ €
S195 <1 — Z) or (Szg) (2.46)

where s12 and z defined as in equation 2.37. These terms modify the scaling behaviour in
the corresponding infrared limits. To be more precise, the soft limit of a one-loop matrix
element reads

2Re <M202‘1 (q7p1’ e )‘Mélt)ll,...(q?pla e )> >~ *471'0{3

)

> (Si@) = Sis@) 2Re (ME)_(pr.- )| Ta Ty | MY (pa,-.))
(i.4)

T Z(Sij<Q)_3ii(Q))Rij<Mg?)7 (p1, .. ‘T T ’M pl,...)>
(4,9)

—4r Z Sik(q <M£§> (p1,. )‘ fabCTi“]}f?T]g
(3,9,k)

O e @47

where the formulae for the R;; and I;; functions are given in the appendix C. In both

€
functions a factor Sfj ~ \2T2e (S;;g> appears besides renormalization contributions which

is the origin of altered scaling in the soft case. The functions S;J-eg are finite in the soft
limit. Schematically the matrix element (abbreviated by f) scales as

f>\—>0 (f0+)\ 2 f<) (2.48)
The collinear limit, parameterized in same way as the normal single collinear limit, reads

2Re</\/léol)7a2 (p1,p2, - ‘Malag (pl,pz,'--)>

N4m5812 [2Re <M< ) ( \Pam 2 k1;e) g}?”(p,...)>
i (ML \Pm@ ko[ MOe. Y )

with the one-loop splitting functions PE}R@ which are given in full form in appendix C.

Here, the factor s;; changes the scaling in the collinear limit. Expressing this invariant
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2.1. Factorization in production and decay

(a) (b) (¢)

Figure 2.1.: Examples of Feynman diagrams contributing to the full pp — bblT ¢~ vy
process. (a) double resonant, (b) single resonant and (c) non resonant.

through the Sudakov parameterization

sp= ——F1 (2.50)
2 z2(1 - 2) '
the matrix element scales like
1
f=—0 (f+ (kD)) . (2.51)
1

Considering the soft-collinear limit, the factor (z/(1 — 2))¢ additionally plays a role. The
transverse component scales here like k| = M\ 1, while either 2 = Azpeg or 1 — 2 =
AZReg, With a regular function z..4. For the one-loop matrix element the following scaling
behaviour is found

1
_ki)@

f—= (7 + (k2N F) - (2.52)

2.1.4. Narrow-Width-Approximation

Due to limitations set by the availability of high multiplicity two-loop matrix elements, it
is not possible to calculate the full process pp — bblt¢'~ vy at next-to-next-to-leading
order. However, the two-loop matrix elements for the production of a (polarized) top-quark
pair (see chapter 3) as well as for the top-quark decay (see section 2.2.2); are available.
To achieve a separation between the production process pp — tt and the leptonic decays,
t — bty and t — b0’ 1y, it can be made use of the fact that the width of the top-quark is
quite small. In the Narrow-Width-Approximation (NWA) a factorization of the production
amplitudes from the decay-amplitudes is achieved in the limit 7% — 0. Indeed, with the
measured value of the top-quark mass and the top-quark width the ratio 7% is of O(1%).
At lowest order in QCD the partonic cross section entering formula (2.8) is given by

(0 11 0 0
Uéb)(p17p2) = %N ddg(P) <Méb)_,6‘Méb)_>6> (2.53)

with P = p; 4+ p2. When considering the full process, various Feynman diagrams enter the

matrix element <M$))_>6‘Mg%)_)6>. Some generic examples are shown in figure 2.1. They
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2. The Top-Quark in Theory

can be classified in double resonant (a), single resonant (b) and continuum diagrams (c),
depending on the number of appearing top-quark propagators. Consider the contribution
of a double or single resonant diagram type. The top-quark propagator in the amplitude
(in the complex mass scheme ! [123, 124] ) is given by

> i
D D =—  with gZ2=m?—imT,. 2.54
P, — pu+in Hi t tht ( )

Thus, after squaring the amplitude, the denominator is given by

1
D(p?) = . (2.55)
) G

and the corresponding contribution to the matrix element can be written as
D(p}) (Mres. [ Mies.) (07) € (M) | M) 2.56
(p) (Mies. | Mres.) (p7) € ab—6 |7 ab—6 (2.56)

Additionally, the phase space integral
4l 6 n d3ﬁ‘
d®e(P; {pi}iz1,6) = (2m)* W (P - sz‘) H (277732]E : (2.57)
i=1  j=1 J

can be split into a phase space integral over the production of an intermediate particle
with invariant mass p? and its subsequent decay

dp? dp?
d®e(P; {pi}ti=1,6) = dP4(P; {pi}z’:1,37pt)%d@3(pt; {pi}izae) = %dq)r(pf) . (2.58)

With this at hand, the contribution of (2.56) to the cross section (2.53), can be expressed
through

55 >s]1/%“®@x%/H@<%M4|w1><% (2.50)
oB(P1, D2 BN . o Dt r\Pt res. res.) \P¢ ) - .

min

In the limit T% — 0 the denominator asymptotically behaves like a § function such that

°dpf o *  28(pf —mi)

Assuming that the regions (—o00, ¢min) and (gmax,o0) give only a negligible contribution
to the integral over dp?, they can be added to the p? integral without large change. This
leads to the following simplification

11/mwﬁm%/w<mM Mrew) (52) —>
%N o Pt r\ D¢ res. res.) \D¢

dmin

i i do, (m?) <Mres. ‘Mres.> (m%)
25N 2mly .

(2.61)

'The complex mass scheme also generates additional terms ~ I'; in the numerator. In NWA all addition-
ally generated terms are sub-leading.
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2.1. Factorization in production and decay

This construction can be applied to both top-quark propagators. Before further discussing
the structure of M2, let us turn to other types of diagrams. The decomposition of phase
space is valid independent of the matrix element. Therefore, in absence of a top-quark
propagator, their contribution is negligible in comparison to the Breit-Wigner resonance.
Thus, the contribution of the double resonant diagrams dominates in the cross section and
all other contributions are suppressed by I';/m; [125].

After stripping off the propagator denominator and reverting the polarization sum for

on-shell top-quark spinors, the structure of the amplitude |M,es.) reads

Mies.) (me) = (AT (he| Miproa) (2.62)

ht

where (h|I") denotes the on-shell decay amplitude with fixed top-quark polarization h,
and (h¢|Mprod.) the corresponding on-shell top-quark production amplitude.

2.1.5. Spinor-Helicity method

When combining production and decay within the Narrow-Width-Approximation, or in
general whenever evaluating matrix elements depending on external polarization, a method
to evaluate polarized amplitudes is essential. Spinor-helicity methods are a commonly used
approach since they are easy to implement and suitable for automatization ([126, 127] and
references therein). Different variants of these methods differ in terms of conventions and
notation. In this section some necessary concepts of spinor-helicity formalism presented in
[128] are reviewed. They serve as reference the later discussion of polarized ¢t amplitudes.

Basic spinors and 4-vectors

The basic object are two-component spinors
wa and P4 (2.63)

which transform under the irreducible representations D(3,0) and D(0, 3) of the Lorentz-
group, respectively. The Lorentz invariant spinor product of two spinors of the same
representation is defined by

(¢0) = dpacPipp = pribs — dot)y . (2.64)
The matrix €47 is given in terms of Pauli matrices 0.
eAB:eAB:eABZGAB:iUQ. (2.65)

The Pauli matrices themselves belong to the D(%, %) representation and the definition

O"M’A.B = (0‘070') ’O-ZB = (UO, *O’) (266)

allows to represent a Minkowski 4-vector k* as

0 3 1 1.2
KO+ k3 k' +ik > . (2.67)

Kip =Ko, ip= ( Kl —ik? KO — k3
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2. The Top-Quark in Theory

Using properties of the o one can show that a Minkowski product can be written as:
2k -p=K ;PP (2.68)

Assuming that k is real, K ;5 is obviously a Hermitian matrix and thus can be written
in terms of two eigenvectors m; 4 and their eigenvalues A;. In case of a time-like vector
k = (k° k) a paticular decomposition is

Kip= Z Ky 4KiB (2.69)
i=1,2

where A\; o = k% + |k| and

—i¢ (4 in @
kia= v\ ( ¢ e ) Ko = \/)\2< =02 ) . (2.70)

sin 3 —e"cos §
The angles 6 and ¢ are determined trough the direction of k = |k|e:
cos ¢ sin
e=| singsinf | . (2.71)

cosf

In the light-like case (k* = 0) one of the eigenvalues vanishes and only one spinor remains.
Therefore one obtains

Ky =kikp (2.72)

with the so-called momentum spinor

—ig 9
fea = V210 < € oo ) . (2.73)

Sin 5

Dirac matrices can also be expressed through o*. In the chiral representation the relation
reads
0 ot .
— AB
= ( wAB ) : (2.74)

External wave-functions

Fermions External fermion wave functions are given by Dirac-spinors ¥ (D(3,0)&D(0, 3)
representation):

U= < Zﬁ ) (2.75)

which fulfill the Dirac equation

(i —m)¥ =0. (2.76)
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2.2. Production and Decay

With the plane wave ansatz for fermions (e~**®;) and anti-fermions (e’**®;) the two

solutions
g _ (A g (s (2.77)
k,1 :Ff”vﬁl k,2 ,{{1 :

can be constructed. In case of a massless fermion the solutions simplify to
g o (k) g (0 2.78
S=(f) w2=( ) (2.78)

Polarization vectors External vector particles are parametrized by a polarization vector
e*, a complex/valued four-vector. This leads to the fact that €, is not necessarly Her-
mitian and the decomposition in equation (2.69) is not applicable. However, starting with
the equation of motion for a free (massive) vector particle (Proca equation)

[(0* + m?)g" — 0"9"| V,, =0 (2.79)

and inserting the plane wave ansatz V* = eT*%el(k), three solutions in the massive
(m® # 0) case

€, iplk) = \/5’“@2,/;%1,3/\/ A1A2 (2.80)
¢ ipk) = V2r, jron/vV A (2.81)

1
Eo,AB(k‘) o (“1,/&“173 - KQ,AI{ZB) ’ (2.82)
and two solutions in the massless case
. ap(k) = V20, ikp/{g+k)*, e_ip(k) = V2k9-B/(9-k) (2.83)

can be constructed. The vectors g+ are arbitrary light-like reference vectors with gLk # 0.

2.2. Production and Decay

One pillar of the success of top-quark phenomenology is an accurate theoretical description
and modelling. The core of any prediction is the fixed order calculation it is based on, and
the starting point of any prediction for hadron colliders is the factorization formula 2.3.
Considering the production of colored particles, it is evident that the final (and initial) state
in fixed order calculations is not very realistic, since this is in contrast to the observation
that all 'stable’ particles are color neutral due to confinement. Also their multiplicity, which
is usually of O(1) at fixed order, does not match the busy events measured at colliders.
However, more realistic final states are not directly accessible through perturbation theory
for two reasons: on the one hand, high multiplicity processes are not doable from a practical
point of view, and on the other hand, most of the physics beyond the hard scattering is
governed by low energy physics where perturbation theory breaks down. Fortunately, many
techniques exist that go beyond fixed order and complement fixed order calculations by
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2. The Top-Quark in Theory

including leading contributions from this regimes. Resummation? is a wide field of research
whose goal is the accumulation of soft or collinear effects of radiation to all orders. There
are many different approaches, reaching from specialized procedures for single observables
to more general ones like parton-showers. The transformation to measurable final states
cannot be achieved by these methods, since confinement in color-neutral particles is a highly
non-perturbative feature of QCD. The usual way to obtain detector level final states is the
modelling of this transition by parameterized functions that are fitted to measurements.
This can happen at different stages, one might be interested in the transition of jet to the
energy deposit in the hadronic calorimeter without taking into account the formation of
stable hadrons and mesons. Another example are fragmentation functions describing the
transition of a quark to a certain meson or hadron, like the transition from b quarks to
B-mesons. They are similar to the PDFs which are also determined by fitting to data.

By modelling the transition to actual measurable quantities, it is possible to relate observ-
ables which are accessible in fixed order calculations to data. This is a non-trivial step
in any analysis and requires careful calibration and simulation. In context of top-quark
production this point is of particular importance. To relate measurements with observables
on top-quark level their decay plays a relevant role in different aspects. One important
aspect is that the decays are mediated by the electroweak force and thus exhibit a V — A
coupling structure. The approximately massless decay products (light quarks and leptons)
therefore induce a dependence on the top-quark polarization. This affects, for example,
angular correlations between the final state particles. The experiments at the LHC are
not covering the full available phase space but rather only a certain rapidity range. Ad-
ditionally, further experimental cuts on the phase space may apply, like pr cuts on jets,
leptons and so on. Thus measurements do not yield total cross sections, but rather fiducial
cross sections. Also, due to the decay, covering a certain range in rapidity of the measured
objects, for instance, does not correspond to covering the same range for the top-quarks.
Therefore, an extrapolation is required to extract quantities like the total tf cross section.
This introduces systematic uncertainties on such quantities. Those uncertainties can be
reduced by including the decay in the fixed-order part of the calculation and by directly
evaluating quantities on observable particle level in the relevant region of phase space.

2.2.1. Stable top-quark production

0000y—— ~ ,4—<—o

Y 1'%

0000 —>— b
Figure 2.2.: Tree-level diagrams contributing to ¢t production in hadron-hadron collisions.

The partonic cross section entering equation 2.8 is described at lowest order in pertur-
bation theory through the diagrams in figure 2.2. There are two channels at lowest order,
the gg- and the gg-channel with ¢ € {u,d, ¢, s,b}. Depending on the nature of the incom-
ing hadrons, they contribute with quite different fractions to the cross section. In case

2 Resummation is a broad topic and is not discussed in any detail in this work. A review and collection
of references can be found for instance in [129]
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2.2. Production and Decay

of proton-proton collisions the gg clearly dominates, making up 80-90% of the total cross
section. In proton-antiproton collision, on the other hand, the situation is reversed and the
qG-channel dominates. Due to their abundance in protons, u and d quarks are the most
important quark channels. At higher order more channels are allowed. At next-to-leading
order the gg-channel opens up and contributes through real radiation diagrams. The qq’-
and qq’-channels, with two different quarks in the initial state, arise at NNLO. They both
give a relatively small contribution to total cross section. Numbers for the total cross
section at the different orders for the Tevatron and LHC @ 7 TeV are collected in table
2.1. The numbers have been obtained for a top mass parameter of m; = 173.3 GeV and
the MSTW2008 PDF [104]. The estimation of uncertainties is an intricate procedure since
there are different ways in which they enter predictions. The treatment of the partonic
cross section in perturbation theory and the finite expansion in couplings is an important
origin of the uncertainties. Since higher orders are usually unknown, the uncertainty needs
to be estimated. A useful tool is provided by the renormalization and factorization scale.
Formally dependence of the (differential) cross section on those scales for each separate
order is of higher order in the perturbative expansion. The actual dependence of a pre-
diction on these scales can then be interpreted as the effect of the higher orders that are
missing. In practice the error estimation is performed by varying the scale choice around
a reasonable central scale by a factor of two or four and taking the envelope. There is
no proof that this gives a reliable estimate, but practice and application shows that in
many cases the uncertainty estimated in this way is reasonable. Parametric uncertainties
enter through uncertainties of the input parameters. Masses, couplings and in some sense
the PDFs belong to this type of uncertainties. However, depending on the application of
the calculation, the dependence on these inputs might be used for parameter extraction
rather than considering them as an origin of uncertainty. Especially the estimation of
PDFs uncertainty requires some more details since from the theory point of view they are
arbitrary functions of the momentum fraction x (with some constraints like sum rules and
normalization). PDF sets are provided with additional PDFs (also denoted as eigenvectors
of the Hessian), besides the central PDF. Thez differ from the central prediction by varying
individual fit parameters within their uncertainty band®. Performing the calculation with
each of these PDFs again results in an uncertainty band. However, in practice, this requires
large computing power, since one is additionally interested in the effect of different PDFs
sets (e.g. parameterizations and fitting procedures).

‘ LO [pb] NLO [pb] NNLO [pb] NNLO-+NNLL[pb]
Tevatron 6.61913-332 6.68210358 7.0097033) 7.16470559
LHC 7 TeV | 120.87373 158.17305 167.0767. 172.2%57

Table 2.1.: Total cross section for t¢ production at Tevatron and LHC at LO, NLO, NNLO
fixed order as well as for NNLO plus NNLL soft gluon resummation. The
MSTW2008 PDF set is used for these predictions, while the error is estimated
from scale variations.

The errors quoted in table 2.1 are estimates obtained from scale variations only. As
expected, the NLO calculation [38-40] exhibits a reduced scale uncertainty with respect to

3 In case of NNPDF the additional PDFs are given by a sample of replica [130].
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2. The Top-Quark in Theory

the LO prediction. That the NLO prediction for the total cross section stays within the
error estimate of the LO cross section indicates a well-behaved convergence of perturbation
theory. The full NNLO result has been obtained in ref. [51], which constitutes the progress
of many years. The double/real contribution to the NNLO cross section was the first
application of the novel Sector-improved residue subtraction scheme (or SecToR Improved
Phase sPacE for real Radiation (STRIPPER)) [131, 132], which is discussed in chapter 4
in great detail. The double-virtual contribution requires two-loop amplitudes which have
been presented in [133]. Details on the used techniques can be found in chapter 3 since
the calculation of the polarized two-loop amplitudes presented in this work follows along
the same lines as the original calculation. The reduction on the scale dependence results
in a theory uncertainty of only 4 — 6%. The result was further improved by performing a
NNLL soft-gluon resummation, as discussed in [47]. The resummation lowers the scale
uncertainty to 4%.

Also, differential distributions have been investigated and compared to measurements at

the Tevatron and the LHC. An example for a Tevatron measurement is given in figure 2.3
[55]. The differential cross sections with respect to the invariant mass of the ¢ system and
the top transverse momentum are shown in comparison with DO data [134]. Even though
the experimental errors are quite large, the theory predictions matches the measurements
nicely. For the LHC, an example of a comparison between data measured by CMS [135] and
a NNLO calculation [54] is given in figure 2.4. Similar to the total cross section, the higher
order calculations result in greatly reduced theory uncertainties. In figure 2.4, a further
effect of the higher order corrections can be seen. There, higher order correction pull the
tails of the differential distributions towards the correct shape. The large corrections in
the tail of pr distributions originate from the real radiation contributions which start at
NLO. In these contributions the ¢ system recoils from the additional radiation, an effect
not possible at LO. Beyond the bare comparison against data, the differential distribution
can be used for parameter extraction. The shape of differential cross sections like do/dpr
or do/dmy; depends on the top-quark mass. This was used for example in [58] to extract
the top-quark mass to be 169.1 & 2.5 GeV from D0 measurements.
There are further interesting observables which profit from higher order theory predictions
that are not discussed here. An important example are asymmetries [53] or the extraction
of PDFs using differential ¢¢ cross sections [136]. Also, observables which are related to
associated production, where the top pair is produced accompanied by an additional jet
or a vector boson, are omitted here.

2.2.2. Top-quark decay

The top-quark decay is mediated by the weak interaction and the central observable to
investigate is the decay width I';. The strong hierarchy in the CKM matrix leaves the
decay into bottom quark and a W boson as the dominating contribution to the width.
The width is a quantity which can be calculated within perturbation theory and reads up
to NNLO in the strong coupling constant

Ty =T + o, T 4 ()2 T + 0(a,?) . (2.84)

At lowest order in perturbation theory this decay process is described by the process
t(pt) = W (pw)+b(py) with the Feynman diagram in figure 2.5. The leading order width
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Figure 2.3.: Differential cross sections at Tevatron at different orders in perturbation theory
compared to DO data [55].
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Figure 2.5.: Leading order diagram contributing to the decay width T'y(t — bW ).
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2. The Top-Quark in Theory

evaluates to

3
() — Grmi (1—2)%(1+22) with z="2" (2.85)

where the weak coupling constant was expressed through the Fermi constant G = 1.16379-
10~° GeV2. For on-shell W-bosons, p‘%v = m%/v, the width is a function of the top-quark
and W mass as well as coupling constants. Beyond leading order, it is convenient to express
the virtual contributions to the width in terms of form factors. The general form of decay
amplitudes can be written as a function of the top-quark polarization state h;

T} = (he|Ty) = a(po) T un, (pe)eu(pw) (2.86)

with all other polarization indices suppressed. The vertex I'* can be decomposed into three
structures

Prp. Pri"
' =Cyy* P, +C§ QRpW + Cs 14 , (287)

my 2mt

with projectors Pr/r = (14 5)/2 and the momentum ¢ = p; + pp. In case of decay of the
W-boson,

W (pw) = £ (per)v(py) or W (pw) — £~ (pg-)v(ps) (2.88)

is considered as well, the same decomposition holds with the polarization vector replaced
by

ulow) > () Puv(pe) (2.80)
and similarily for the anti-top decay. At leading order only Cp is non-vanishing. For
physical amplitudes, the transversality of the W-boson, €-py = 0, implies that the second
structure does not contribute. The coefficients are known up to NNLO in QCD and NLO
in EW. They can be found in the literature [137-139] and are not reproduced here. Also,
the full width has been calculated through NLO [140] and NNLO [96, 97, 141]| in QCD,
fully inclusive as well as differentially. For the total width, results are summarized in table
2.2 which has been taken from [97]. The higher orders in QCD have sizeable impact on
the value of I'; which shows the necessity to include them in calculations with decaying
top-quarks.

The incorporation of the decays within the NWA approach can be achieved by means of
spin-correlators as shown in equation 2.62. In that case, the on-shell top-quark propagator
is written in terms of the spin sum. However, when the W decays as well, another possibility
to incorporate the decay is to keep the spin sum and define “decay-spinors”

U(pt) = ft(t — b€+l/)1(¢t2\/;7;j:) s (290)
Vpy) = wm% bl v) . (2.91)

which replace the spinors in the production amplitude. This can be done since the external
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2.2. Production and Decay

my T, SEw 583@ 58)@

172.5 GeV | 1.4806 GeV | 1.68 -8.58 -2.09
173.5 GeV | 1.5109 GeV | 1.69 -8.58 -2.09
174.5 GeV | 1.5415 GeV | 1.69 -8.58 -2.09

Table 2.2.: The top-quark width T'©) and corrections in (%) from higher orders in QCD
and EW for different top masses.

particles are massless and thus their polarizations are fixed due to the V' — A structure of
the coupling. This method was used, for instance, in [59].

2.2.3. Unstable top-quarks

The inclusion of the top-quark decays is an important step towards a realistic modelling
of top-quark processes at any collider. There are basically two possible ways to proceed:
either one considers a full process like pp — bblT¢~vD or one uses the Narrow-Width-
Approximation. Both approaches have advantages and disadvantages.

NWA. The advantage of the NWA approach is that it is considerably easier to com-
pute. Due to the factorization of the matrix elements and the suppression of off-shell
contributions, only low-multiplicity matrix elements are required. The on-shellness of the
top-quarks additionally simplifies the phase space integration. Another advantage is that
the spin-correlation is fully kept and its effect can be investigated with predictions in NWA.
Since the decay kinematics are included, differential distributions of the final state parti-
cles can be used with less unfolding for parameter extraction, as to top-quark mass, and
thus have a smaller theoretical uncertainty. An example for an observable that encodes
spin-correlation effects in the di-lepton channel is the azimuthal distance of two charge
leptons (see figure 1.5). The NLO calculation of ¢¢ within NWA were presented in [59, 60].
An important finding of these calculations was that the NLO corrections of the decay have
sizable impact on certain results. An example is the reconstructed W-mass in the lepton
plus jet decay channel in figure 2.6. While the leptonic decaying W™ can be perfectly
reconstructed, there is an ambiguity in the reconstruction of the W~ boson from the light
jets. Since this decay to light quarks is subject to NLO QCD corrections, the impact is
quite strong here. The NNLO corrections to the top-quark pair production and decay are
presented in chapter 5.

Off-shell effects. An even more accurate description of top-quark production is given by
full off-shell calculations taking into account the finite width of the top. Such a calculation
has been performed in [61, 62] at NLO. A nice summary of the results can be found in
[142]. The finite top-quark width has only a very small effect on total crossection of O(1%)
with respect to the NWA results. This coincites with the naive expections of the NWA
error I'y/m;. However, depending on the observable, the effect on differential distributions
can be quite substantial. An example for such an observable is the minimal invariant
mass of a charged lepton and a b-jet (figure 2.7). Two conclusions can be drawn from
this. On the one hand, the NLO have a large impact on the shape and normalization
of the distributioins. On the other hand, one can divide the phase space in two regions:
One region where the NWA approximation gives reliable results and one where finite width
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Figure 2.6.: Reconstructed W¥ mass in the leptons+jets channel, taken from [60].

effects become important. The two regions are separated by the kinematic edge in the
distribution. This is caused by the existance of a sharp boundary depending on the ¢ and
W masses for on-shell top-quarks (at LO). By including the off-shell contributions, this
region can be filled and thus may give a completely different result than in the NWA case.
However, the cross section is strongly suppressed in that region.

d‘fﬁ [Gﬂe)\'] pp — veet i~ 7, bb+X
' Vs =T7TeV
T
10 | 1
1Lk ]
01 L — N,LO \} ‘Whbb
--------- NLO tt
—— LO WWbb
--------- LO tt
| | i
0 50 100 150 200
Me+y, [GeV]

LO/NLO — 1 [%]

80 - R

40 F tt ,

0 remess ‘
95 b i
S IR NLO
Y R— LO
‘ ‘
0 50 100 150 200
M+, [GeV]

Figure 2.7.: Minimal invariant mass of e and a b-jet compared between a NWA and an
off-shell calculation. [142]
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3. Polarized Double Virtual Top-Quark
Pair Production

This chapter reviews the results for the polarized double virtual matrix elements published
in [1]. It gives some further details on methods applied and a more detailed analysis of
kinematic limits. Furthermore a representation of the result in form correlation matrices
is presented.

3.1. Decomposition of Amplitudes

In order to obtain the matrix elements such that they can be evaluated for arbitrary polar-
ization states of the external particles, a projection method is employed. The problem in
the evaluation of polarized matrix-elements originates from the Lorentz structures appear-
ing in the expressions. While at tree-level it is still feasible and quite efficient to evaluate
helicity-amplitudes directly, for instance in terms of a spinor-helicity method, at loop-level
the reduction of tensor-integrals to scalar ones becomes the bottle neck. However, at one
loop there exist automated frameworks that can achieve these reductions [20, 21, 26]. The
automated evaluation of two-loop is up to now a unsolved problem. Some progress was
made in the past few years, for example with the numerical unitarity framework [143] or
the integrand reduction method [144]. However, there is still a long way to go until these
and other methods reach the status of practicability. As long as the multiplicity of the
process under consideration is not too huge (in practice it is restricted to more or less four
external particles) a projection method is a reasonable approach to this problem. Is was
successfully applied in [145-147]

This method starts from an analysis of the functional dependence of the amplitude on
external quantities, to determine linear independent structures from which the amplitude
can be build up. These structures can be regarded as a basis, and a projection onto this
basis can be performed. The projection itself then leads to traces over ~y-matrices and
contracted Lorentz indices, which can be evaluated with computer algebra systems like
FORM [148|. In this way a reduction to scalar integrals is achieved. The number of
structures appearing is process- dependent and grows dramatically with the number of
external particles and thus independent quantities.

3.1.1. Spin and Color structures

Onshell top-quark pair production in QCD involves two partonic processes

g(p1)g(p2) = t(ps)t(pa) and q(p1)d(p2) — t(p3)t(pa) - (3.1)
with
pi=p3=0, p3=pi=mi, (3.2)
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3. Polarized Double Virtual Top-Quark Pair Production
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Figure 3.1.: Physically allowed phase space region in two parameterizations.

where m; is the top-quark mass. With these momenta three Lorentz invariants can be
formed

s=(p1+p)°, t=m? —(p1 —p3)*, u=m?— (p2—p3)° . (3.3)

Only two of them are independent due to momentum conservation which implies s —t—u =
0. The invariants can be expressed through the scattering angle 6 of the top-quark with
respect to p; and the 'velocity’ 3 of the top-quark

(14 Scosb) , with f=1/1 —477? . (3.4)

The physical phase space expressed through the different variables is visualised in figure

3.1. The amplitudes for this process are functions of s,t (or cos(f), ) and m;. Simple

power counting reveals that the amplitudes have no energy dimension and therefore depend

only on dimensionless ratios. The amplitude can be expanded in a perturbative series in
= g2/4m. Up to next-to-next-to-leading order the amplitude reads

(1 —pBcosh) ,

l\Z)\C/a
l\.')\C/a

‘Mg,q(a& mg, 6)> =

dray “Mgog(mt,e)>+(o‘s) M)} + (5 ) M) mt,e)ﬂ. (3.5)

’ 2T

The amplitudes depend on the color and spin degrees of freedom of the involved particles. It
is possible to write the amplitude decomposed in terms of scalar coeflicients times structures
|CP1) @ |Sjg’q) in the color ® spin spin space of external particles

]M (s, € > Zc (my,5.t,€) |C2) @ |599) . (3.6)
The color structures |CY?) are vectors in color space such that, if color state of the external
particles is denoted by |a, b, ¢, d), the contraction yields in case of initial state gluons

(a,b, ¢, d|CY) = (C9)% (3.7)
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3.1. Decomposition of Amplitudes

and in case of quarks
(a,b,c,d|C) = (C1)abed - (3.8)

Similar for the spin structures ]Sf’q>. An external state is represented by |hi, ho, hs, ha),
and the contraction gives

(R, ha, by, ha| SY) = €1(h1) pea(h2)ytis(hs) (Si) " va(ha) (3.9)
<h1, ho, hs, h4|SZq> = EQ(hQ)FZul(hl)ﬂ5(h3)F;v4(h4) . (310)

Color structures. To determine which color structures are necessary to decompose the
amplitude it is sufficient to examine the external indices of C{".

In case of gluons there are two indices of adjoint representation a,b (gluons) and two
of the fundamental representation (top-quarks). One can simply write down all linear
independent combinations of generators and color structure constants, with this external
index structure. This set is also a natural basis for the color decomposition.

Cf = (T°T"a, CF = (T°T")eq, C§ = Tr{TT"}5cq . (3.11)

This particular choice is the one used for the calculation presented in this chapter, but is
not unique. A different, but also useful color basis is used in the evaluation of the spin-
summed matrix-elements in [51|. This basis can be obtained through linear combinations
of the structures in (3.11)

2N 2

g _ 9409 - = 12
Css \/(N(% — 1)(N& —4) <Cl TG NCC3> ’ (3.12)
C§, = #(C"J—CQ) (3.13)

Ba No(Ng—1) Y7+ 7277

2
] = ————=04. (3.14)
No(Ne —1)

Here 8g, 8 denote the symmetric and anti-symmetric octet states respectively, while
1 denotes the singlet state. This basis has the neat property that the structures are
orthogonal to each other, such that there is no mixing between color coefficients when
contracting the amplitudes when, for instance, color-summed quantities need to evaluated.
The same procedure applies to the quark amplitude. Here four fundamental indices have
to be represented by a combination of generators and structure constants. It turns out
that the basis is particular simple in this case

C8 = 5ay60d s C = Saabep - (3.15)

Spin structures.  After color decomposition, each of the coefficients of C{ is further de-
composed into a set of spin-structures. Even though the calculation of the amplitudes
is performed completely in CDR, let us assume that the external particles are confined
to the 4-dimensional space, onshell, and are in a physical polarization state. With other
words they obey the four-dimensional equation of motion. Then there are 24 = 16 different
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3. Polarized Double Virtual Top-Quark Pair Production

helicity configuration for both partonic processes. This translates to 16 linear independent
spin-structures. However, there are further symmetries of the amplitude that reduce this
number. Since only QCD interactions are considered, the amplitudes are invariant under
parity transformations. The parity transformation does not effect the color-structure, but
the helicity of all particles is flipped. This leaves only 8 independent structures. Also,
charge conjugation is a valid symmetry of QCD amplitudes. However, C-symmetry inter-
feres with the color-structures and is therefore not used to further constrain the independent
structures. In case of gluons, there is even a further symmetry, the Bose-symmetry. The
symmetry is not used in the calculation, but rather serves as a check of obtained results.

In the gluon case the 8 structures

1 L,V v 7mt v
Sfuvzg(7/p3+7p§), S = Sg“l,
sov = L e sy = Ly oy
3 Smtp3p3 ; 4 Sm%p1p3p37
1 1
guy _ Lk gy — Ypl + +*ph
S5 _S%g ’ 56 _sm,gpl(’y Ps T"P5) -
1 v v 1 v v
57 =S (s =) S = (?19“ — Pt ) ' (3.16)

form a suitable set for decomposition. Here the spinor indices are suppressed. It is also
assumed that the gluons are transverse and the polarization vectors fulfill, in addition to
the equation of motion,

61~p2=€2-p1=0. (3.17)

This can be implemented by using the following polarization sum when the amplitude is
contracted

* D1uP2v + P1up _
> en(h)en(h) = <—gW gl 2191 .p; 2“) =d,., . (3.18)
h

Also, some normalization factors in form of m; and s are included to make the structures
dimensionless. That this set of structures is indeed linear independent can be tested
through through the Gram-determinant. The Gram-determinant is defined as

Azdet(((Si\Sj>)ij) (3.19)
where the ’scalar-product’ (S;].5;) is defined through

(SilS;) =" > (Silh1, ha, ha, ha) (b1, ho, hs, ha|S;) . (3.20)

spin states

The spin-sum in case of gluons is then given by

<3Z-g Sf> = €i(h)ae (ha) 5 (ha) ((S)°%) Tus (hs)er (k) o

spin

€2(h2),u3(h3)(S;)"" v4(hy)
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3.1. Decomposition of Amplitudes

Figure 3.2.: Generic structure of qg — tt amplitudes.

=T { (g, = m)(($)™) (g, +m) ()" } dyuacls (3.21)

The particular choice of basis was made because of the symmetry property when exchanging
@ <> v. The structures Sy, ..., S¢ are symmetric under this symmetry and S7 and Sg are
anti-symmetric. This property leads to the fact that the "scalar-product” of a symmetric
and anti-symmetric structure vanished

(S%m | Ssym.) = 0. (3.22)

Now the quark process. Before specifying the basis, a special feature of the quark
amplitudes needs to be discussed. Since only QCD couplings are considered the heavy
top-quark fermion line and the light fermion line are disconnected, see figure 3.2. In QCD,
chirality is conserved and therefore half of the structures can be independent of each other,
since only half of the light-quark helicity combinations can contribute. Consequently, the
basis only consists of four structures

1 1
q_ q _
Sl_smt%@l’ SQ_SthP?’@pl’
1 1
q_ L, pu q _ "
Sq 27 ® Yy Sy Smt’y ® (P, V) » (3.23)

which are of the general form S =T @ IV (T denotes a string of y-matrices). The “scalar-
product” of two quark structures is given by

(s

5g> =Ty {g@(riﬂmrj} Tr {(p4 —m)(T) (p, + m)r;} (3.24)

Spin structures beyond four dimensions The determined set of spin structure relies on
the 4-dimensional polarization states of the external particle. However, the calculation
of the loop-amplitudes is done in d = 4 — 2¢ dimensions. Since the d dimensional space
is infinite dimensional, one can also find an infinite amount of linear independent spin-
structures in d dimensions. This however does not cause any problems, due to the following
argument. Assume that an infinitely large set of independent spin-structures is added to
the already existing "four-dimensional” set. By basis transformation, this set can be made
orthogonal to the "four-dimensional” set. In this way, they do not mix and in the limit
€ — 0 they have to vanish after infrared renormalization, since the chosen spin structures
form a basis in 4 dimensions.
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3. Polarized Double Virtual Top-Quark Pair Production

3.1.2. Projection method

The actual decomposition of the tree-,one- and two-loop amplitudes is done with a projec-
tion approach. The basic idea is to construct projectors (P| acting on color and/or spin
space such that they single out a specific coefficient of the decomposition in (3.6). The
color and spin states live in different spaces and thus the projectors can be constructed
independently for color and spin structures. Assume an amplitude A can be written as a
decomposition of independent spin structures

A= clSi) . (3.25)

A proper ansatz for a projector for the coefficient c¢; is
(Pil = bji (Sil (3.26)
i
as long as the S;’s build up a basis. By demanding that

(PjlA) = ¢; (3.27)

a system of algebraic equations of the coefficients bj; is obtained. Inversion yields the
projectors (P;|. The same concept applies for the color structures. Combining color and
spin projectors, the final form of the projector for a coefficient c;; is

(Pij| = (Z bi (CM) ® (Z b <5z!> : (3.28)
k I

The expression for the projector coefficients for the two partonic process are quite lengthy
and are given in the appendix D. The coefficients are functions of the variable s,t, my,
as well as the dimensional regularization parameter € since the calculation is done com-
pletely in d dimensions. Also, starting at one-loop, scalar Feynman integrals appear in the
coefficients. At one-loop 68 and at two-loop 9350 different scalar integrals appear in the
gg-channel.

3.2. Evaluation of Feynman Integrals

A huge amount of scalar integrals appear in the coefficients. It is not feasible to evaluate
them one-by-one. One method quite often used in practical calculations is the reduction to
a set of master integrals using Integration-by-Parts identities (IBP-identities) [149]. Any
scalar Nj-loop integral might be written in the following form

N,

I _ e [T A% ! 3.29
({pk}?{ml}v {n]}) — 7V /];[ (27T>d ];[ (Dj({pk},{ml}, {kn}))nj ) ( . )

with the normalization factor N; = /ﬁ%e’yE /4w, where the denominators D; can depend
on the set of external momenta {py}, external and internal masses {m;} and on the loop
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3.2. Evaluation of Feynman Integrals

momenta {k,}. They do not necessary have to be propagators of form

2
D= (Y a) —m?with g; € {pi} U {kn} (3.30)
but also can be scalar products
D=k, p. (3.31)

Using translation invariance and integration-by-parts, it is evident that

N
_ N;2e : ddkz 0 1
0=\ /H emiom ]:[ R TARCR I (3.32)

where k is any of the loop momenta and ¢ any occurring momentum. The application of
the derivative leads to a linear combination of scalar integrals with powers n; increased
or decreased by at most 1, and thus relates different scalar integrals. Generating many
different of these relations leads to a system of equations. The reduction of this system
down to a small set of linear independent integrals is called the IBP reduction. The Laporta
algorithm [150] is a method specially designed for this type of equations. There are many
publicly available software packages that implement this algorithm (for example Reduze
[151], FIRE [152] or KIRA [153]). An in-house implementation was used to perform the
IBP reduction in the tf case. The left-over integrals are called the master integrals of
the system. The master integrals build up a basis for the functions space spanned by the
scalar-integrals. If the master integrals are known, all the scalar integrals are also known.
In addition to finding and reducing to a set of master integrals, IBP relations can be used
to evaluate them, by generating a system of differential equations. The master integral
basis is not unique. This freedom can be used to optimize the set of master integrals such
that their evaluation, for example through differential equations, is as simple as possible.
Fortunately, in the case at hand, i.e. the scalar-integrals appearing in the coefficients of
the structure decomposition 3.6, the same set of master integrals appear as in the calcula-
tion of the spin-summed two-loop matrix-elements. They are not known analytically, even
though progress is made in that direction [154-158]. With the use of differential equations
they can evaluated numerically with high precision. In total there are 422 master integrals
[133] to be evaluated.
As discussed in [133] there is an enhancement of the amplitudes in the limit of high energy
and large/small scattering angles due to diagrams with the topology indicated in Fig. 3.3.
This enhancement increases the demand on precision in the numerical evaluation. To
improve on the numerical stability, a change of the master integral basis was performed. A
basis obeying differential equations which are in the so called e-form seemed to be especially
useful.

3.2.1. Canonicalization

It has been shown [159], that under certain circumstances the differential equations of
magter integrals can be brought into a special form, where the right-hand side is propor-
tional to € and the divergences appearing in the differential equations are single poles in
the kinematic variables. The variables in the case at hand would be x and mg. This form
is particularly useful since it allows for straightforward evaluation of the differential equa-
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3. Polarized Double Virtual Top-Quark Pair Production

Figure 3.3.: Class of diagrams leading to enhanced matrix elements at high energy and low
scattering angle.

tions. The basic idea is to achieve this form by basis transformations. The transformation
can be given in terms of a transformation matrix whose coefficients are rational functions
of the kinematic variables. It is not always possible to obtain the e-form with these ra-
tional transformations and not even with more general transformations like the change of
kinematic variables [160-162]. In the work presented in Ref. [162] a criterion in case of one
kinematic variable was given that such a e-form exist. There are many examples where it
is not possible to reach the canonical form, for instance the differential equations of the
master of the two-loop sunset topology with equal masses [163, 164]. The solution involves
elliptic integrals, which are a good sign that a e-form is not possible. Unfortunately, the
same topology appears in gg — tt master integral set. Therefore it is not possible to bring
all of them into the canonical form. Many of the master integrals can be brought to the e-
form only by additional coordinate transformations. The existing setup, however, requires
to integrate the hole system at once and thus these kind of transformations can not be
applied. This restricts the number of integrals that can be brought into the e-form quite
drastically. Basically all master integrals that fulfill one of the following three conditions
are not touched

1) their expressions involve elliptic integrals;
2) coordinate transformations are required in order to reach their e-form;
3) their derivatives involve any one of the aforementioned two kinds of master integrals.

This leaves in total 65 out of 422 master integrals that can be brought directly into ep-form
without any coordinate changes. The package CANONICA [165] was used to perform this
task. This 65-by-65 system was moved to the top of the system of the differential system
such that all other integrals can profit from the more stable evaluation of those masters.

3.2.2. Evaluation of master integrals

Using the partially canonicalized basis, the differential equations are used extensively to
obtain numerical values for the master integrals over the full phase space. The scalar
integrals can be written as functions of two dimensionless variables
t m?
r=-and mg = —=- | (3.33)
s s

and potentially an overall trivial factor of s to some power. Differentiating the master
integrals with respect to those and performing another IBP reduction, yields a coupled
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3.2. Evaluation of Feynman Integrals

system of differential equations of the form

9 - .
msa—msl(ms,m,e) = A" (mg, z,€)I(ms, z, €) (3.34)
:c%f(ms,m, €) = A%(myg, z, €)(ms, z, €) (3.35)

with frepresenting the vector of all master integrals. The matrices A™* and A” are rational
functions of mg, x,e. The evaluation is done in three stages:

1. Determination of high precision boundary values
2. The numerical integration to fixed points across the phase space

3. Matching of numerical result to threshold expansion in order to cover singular thresh-
old region

The boundary conditions. For the numerical integration are obtained in the high energy
limit ms — 0, from the original set of master-integrals, with the help of the rational trans-
formation matrix obtained with CANONICA. In the high-energy limit the masters can
be expanded in a power-logarithmic expansion in mg. A few terms of this expansions can
be obtained with Mellin-Barns (MB) techniques. The MB.m package [166] was employed
for this task. In most case the obtained expansions are exact in x, but in some cases it was
necessary to employ the differential equations to extract the exact dependence from the
limit x — 0. This was done as follows. In this double limit ms; — 0 and x — 0 it is possible
to evaluate the integrals numerically with very high precision. The numerical values then
can be resummed, where the PSLQ algorithm [167] and XSummer [168] were used. The
idea behind this is simple. Suppose it is known that an integral, or its coefficients of an
asymptotic expansion, evaluates to certain set of real numbers such as ((2) with rational
coefficients. Then one can make an ansatz in form of a linear combination of all these
real numbers and try to match the numerical value. With this method and high enough
numerical precision, the analytic form of the integrals can be restored. The high-energy
expansions obtained this way are not precise enough in a reasonable distance to the actual
boundary. However, the differential equations can be used to improve the series expansion.
Inserting an ansatz for the master integrals as a very deep power-logarithmic expansion in
differential equation and consistently expanding the equations, yields an algebraic system
of equations for the coefficients of the ansatz. Most of the coefficients are constrained
through the system and the remaining ones can be matched to expansions obtained before.
This allows for a very precise numerical evaluation at some point reasonably close to the
boundary. By expanding in mg, it was implicitly assumed that x is reasonable far away
from 0 (or 1). The expansions fail to give reliable approximations of the integrals in these
limits. Therefore the starting point for the numerical integration has to be chosen with
moderate z. In practice x = 0.35, (x = 0.45 for cross-checks) was used.

The numerical integration. The solution of the differential equations starts from the
boundary and evolves the system of master-integrals along contours in the complex-plane
to specified points in the physical phase space. An example for such a contour is given
in figure 3.4. To solve the differential equations numerically, software from [169] was
incorporated, while the high precision numerics was handle with the QUAD package [170].

43



3. Polarized Double Virtual Top-Quark Pair Production

Im(B/z) cos 6
1

i

Re(B/x) 80

Figure 3.4.: Schematic contour of numeric integration (left). Positions of grid points for
representative § value (right). All other points are obtained by shifting to
B =1i/80 with i € {1,--- ,79} and to 8 = 999/1000 and 8 = 9997/10000.

By performing this numerical integration to a set of points an interpolation grid is created.
The position of the points {3;, (cosf);} in the 5 and cos @ plane is given by the following
set:

B; = i/80 with i € {1,.-- 79} (3.36)
(cos®); = +x; with j € {1,---,21} (3.37)

where the z; are obtained from the Gauss-Kronrod integration rule. They can be obtained
for instance with MATHEMATICA [171]. Two points in the high-energy limit fg9 = 0.999
and (g1 = 0.9997 were added to have better control over the cosf — =41 limits. The
position of the points in physical phase space is visualized in figure 3.4. The results of the
numerical integration were checked against the original set on amplitude level.

Threshold expansions. Close to the production threshold, 5 — 0 some of the integrals
show divergent behavior. The numerical integration method does not work well in such
cases, due to increasing demand on numerical precision. To obtain reliable results in that
limit, a power-logarithmic expansions in 8 was performed. Using the same technique as in
the high-energy case, the differential equations were expanded together with an ansatz for
integrals. The unconstrained coefficients are matched to results of the numerical integration
at = 1/10. With this method a deep expansion up to 0(650) and (’)(lnlo 5) is obtained
for several fixed values of the angle cos 6.

3.3. Renormalization

The virtual amplitudes contain infrared and ultraviolet divergences. A finite result is
obtained after performing ultraviolet and infrared renormalization. This way, so-called
finite-remainder functions are obtained. They are scheme dependent due to freedom in
the finite part of the infrared renormalization procedure. First, the UV renormalization is
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3.3. Renormalization

performed. The amplitude reads

—2€
(ny)
Mygfel omn ) = (M55 ) 2,205 e 0) . (339

For wave functions on-shell renormalization is employed with the renormalization constants
Zg, Zq and Zg, see Appendix B. The coupling constant is renormalized in the MS scheme
with n, = n; +n;, active flavors (equation 2.12

eEEN o (ny) (ng)
= () wa ol . (339)

As argued in section 2.1.2, the top-quark mass is decoupled from the running of as. The
decoupling can be achieved by the replacement

ai”f) = asaﬁ"l) , (3.40)
where (o, is the decoupling constant. Both renormalizations act multiplicatively on the
amplitude and therefore on the coefficients of the color- and spin-decomposed amplitude.
The mass renormalization enters with additional insertions of top-quark propagators. Thus
they are not purely multiplicative and term arising from the expansion 2.19 have to be
projected on the structures. In terms of the coefficients the UV renormalized coefficients
cg-) is given by

D= OO 4 VD) (3.41)

o)

) . Uv(
where c; 1s the bare coefficient and Cij @

the collection of UV counter terms.

Finite remainder After UV renormalization, the amplitude still contains infrared singu-
larities. As discussed in more detail in section 2.1.2, the structure of these divergences is
completely known [172]. They can be extracted from the UV renormalized amplitude

(MO = |79) (3.42)
1) = 28 ) + [73) i
(ME) =22 | MO + 20 | F) + | F2) (3.44)

~ (20— ZEn) M)+ Z M + 7). e

using the infrared renormalization constant Z = 1 + Z(M) + Z?) + O(a®). Zél,)q can be
obtained from the anomalous dimension I'y , which read for ¢g/gg — tt:

2
Lyq =T1  Toyeusp In % + 2997 — T3 - Tyyeusp(8) +27°

Mg 2myp

2
+ (Tg ST+ Ty - Tg) Yeusp In

+ (Tg -To+Ty- Tl) Yeusp In

'
+i2ftbeTaTbTe £, (b, In %) +i2feTaThTS £, (b, In u) (3.46)
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3. Polarized Double Virtual Top-Quark Pair Production

Of special interest are the terms with triple-correlators. In spin and color summed QCD
matrix elements this term does not contribute [173]. The reason is that up to two-loops
the triple-correlator is only contracted with tree-level matrix elements, which are real as
long as no complex-coupling occur. At three loops however they would be contracted with
one loop matrix elements and their imaginary part would give rise to contributing terms.
Since spin and color information is kept here, they do contribute in this calculation. Due
to the absence of a third massive quark, only the triple-correlator term (the last line in
3.46

. —O0JjrUJ -
S0 S T T £ (i ST

_O' v .
(1,7) k Ik VI - Pk

contributes. This is the first calculation in which this contribution is needed to obtain all
poles correctly, and therefore the first non-trivial cross-check of the corresponding part in
the anomalous dimension matrix, which were calculated in [118].

Since Z acts on color space, the ngg ‘M§131> terms need to be projected to the color

and spin structures again. Thus the [-loop IR counter term cZ-IjR’(l) for the coeflicient cl(-;) is
given by
e = (Pl 20 | M) (3.47)
el = (Py| (28 - Z0)20) | M) + (Pl Zg) | ML) (3.48)
The finite remainder coefficient cf;’(l) is then given by
QN + JRW (3.49)

3.4. Finite-remainder functions

Application of the descripted projection and renormalization procedure yields finite re-
mainder for all the coefficients at tree ,one-loop and two-loop level. There are in total
3 x 8 = 24 gluon and 2 x 4 = 8 quark coefficients. Starting at one-loop the coefficients
obtain a imaginary part and are polynominals in n; (the number of light quarks). At one
loop a nll term appears where at two-loops potentially nl2 terms contribute. Thus at two-
loops there would be 32 x 2 x 3 = 224 different real contributions. From these quantities
various representations of the spin-information can be obtained. A representation within
the spin-density approach is given in section 3.5. For the application to top-quark decays,
which is the final goal of this work, the representation in form of correlators of the top- and
anti-top-quark helicity is used to cross check implementation of the polarized amplitudes,
see section 3.6.2. As 224 different plots are far to much to visualise, the other representa-
tions are condenced since color and spin sums(o)ver the intial state are performed. However,
F(l

some general properties of the coefficients ¢;; | can be discussed.

At tree-level the following coefficients are found in case of gg — tt

0 -1 0 -1
RO S = — (3.50)
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3.4. Finite-remainder functions

0 _ 2v—1 0 2z-—1 |

s = Co5 = 75 7 (3.51)
0 0 0 0 0 0

D=l -, Do o

where all other coefficients vanish. As expected, these coefficients are symmetric under the
replacement cos @ — — cos @ or x — 1 —x. For the q§ — tt process only the two coefficients

0 1 0 -1
cggzi, 053):?. (3.53)

contribute at tree-level. Beyond tree-level all coefficients are non-vanishing except the
coefficients ¢;6 in case of gluons and ¢4 in case of quarks. A further pattern emerging here,
is that only the S and S obtain contributions from the highest avaible power of n;. This
means that all diagrams with one at 1-loop and all diagrams with two seperated closed
light fermion loops are projected to the same spin structure.

At two-loop the master integrals are avaible in different forms for different phase space
regions.

High-energy region A high energy expansion of the finite remainder coefficients is ob-
tained after inserting the corresponding expansion of the master integrals and renormal-
ization. The expansion was performed up to O(mﬁ) for each coefficient. The quality of
the expansions can be investigated by comparing the results with those obtained from the
numerical integration. In figure 3.5 the relative differences of the real part

aif _ €

C

—1| (3.54)

between both results for fixed, quite central value of cosf are shown. The coeflicients
are evaluated for n; = 5. A reasonable description of the amplitude by the expansion is
only obtained in the central region. The same quantity is shown in figure 3.5 for fixed
B =9997/10000. The difference grows in the limit cosf® — +1. In the forward/backward
scattering region the applied expansion in my is not valid anymore, as expected. A nec-
essary simultaneous expansion in mg and z (or 1 — z, respectively), is left for future
investigation.

Bulk region. In the region where the numerical integration is feasible, the finite remainder
coefficients are obtained at the same points as the master integrals in form of an interpo-
lation grid. A visualisation is of the large set of coefficients is omitted here. In the form of
the spin density matrix in the next section this region is visualised in from of 3D plots.

The Threshold region Similar to the high-energy expansion of the coefficient, an ex-
pansion in 5 was performed using the threshold expression for the master integrals. The
master integral expansions were done for fixed angles cos 6, thus an expansion

2 2
cij(Brcostp) = > > Ejunftn' B

k=—21=0
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3.5. Spin-Density Matrix

of the coefficients, was obtained. To restore the dependence on cosf a fit to a polynomial

24k
Cijhl = Z a, cos” 0 (3.55)
n=0

was performed for the imaginary and real part and each n; coefficient separately.

3.5. Spin-Density Matrix

A different way to represent spin dependent matrix elements is given by the spin density
matrix. In the rest frames of the top-quarks the spin can be described by two 3-vectors

§ and §f (3.56)

which are normalized to 1. The corresponding four-vectors are

sy = ( é.i > and sp = < ; > (3.57)

In the center of mass system of a top-quark pair these correspond to two four-vectors s;
and sz, with

si=st=-1 and p3-s;=ps-s5=0. (3.58)

A corresponding projector can be applied on the top-quark spinors to obtain the amplitude
for a top-quark with spin in s; direction. When calculating matrix elements, this results
in the insertion of the following projector in the spin sum

u(ps, st)u(ps, st) = <p3 + m) % (1+54,) (3.59)
v(p4, 5p)0(pa, 57) = (J¢4 - m) % (1+758;) - (3.60)

A matrix element with this projector insertion is denoted by
(MIM) (st, s7) (3.61)

and is related to the spin density matrix as defined in [174]

(MIM) (50, 57) = iTr [RT9(1 + 8,0) @ (1 + 8;0)] . (3.62)
2—loop

The two-loop finite remainder contribution to this matrix element can be decomposed in
the following way

Riyg(st:57) = 2Re (Mg | o) (s, 5¢) (3.63)
g + (), (<st - st>) n

(Bt)y.g (e"”aﬁpmpgypmsw) + (Bi) g (6“”0‘5p1up2yp3a8m>+
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3. Polarized Double Virtual Top-Quark Pair Production
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Figure 3.7.: Finite remainder coefficient functions of the spin-density matrix in case of
initial state gluons for n; = 5.
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3.5. Spin-Density Matrix
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Figure 3.8.: Finite remainder coefficient functions of the spin-density matrix in case of
initial state quarks for n; = 5.

Since the finite remainder coefficients are completely free of poles in ¢, the treatment of 5
does not cause any problems, and everything can be treated in 4 dimensions.

Since in QCD parity (P), charge conjugation (C) and the combination (CP) are good
symmetries, the transformation properties of the structures imply constraints on the coef-
ficients[174]:

B,=B;=B and D =Dy=D. (3.65)
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3. Polarized Double Virtual Top-Quark Pair Production
Thus, the decomposition can be simplified to
Rg,g =Agg+(B)y, <€“Va5p1up2up3a5w + etvep Plupzup?,anﬁ)
Oy (00)) + Dy (1 50)on 50+ G )2 0))
+ (Er2) ((pl ~st)(p2 - 5t)> + (E21) 44 <(p2 ~st)(p1 - St)) : (3.66)

The additional Bose-symmetry in case of gluon initiated top-pair production induces an-
other symmetry in the coefficient. The Bose-symmetry amounts to interchanging the two
gluons and replacing cos — —cos@ in the coefficients. This implies that the functions
Ay, Cy, Dy are symmetric in cos 6 and that B, has to be an antisymmetric function in cos 6.
Additionally this implies the relation Eig4(cosf) = Ea14(— cosf). The coefficient A, 4 it
the spin summed matrix-element and thus can be obtained from the original calculation.
However, this coefficient was re-calculated using the decomposed amplitude. The original
calculation then constituted as a check for the new result. The coefficients B, , describe
the transverse polarization with respect to the scattering plane spanned by p1, p2, ps3, ps.
Only absorbative parts of the amplitudes can contribute this coefficient. Thus, at tree-
level this coefficient vanishes. All others describe spin-correlation between the top- and
anti-top-quark.
To present the results the two normalization factors
2 2
Ny = M and Ny = M , (3.67)
40967 5767

are introduced to damp the singular behaviour close to threshold and in the high energy
limit. The normalized coefficient functions of Rg and Rg are visualised in Figs. 3.7 and
3.8 for n; = 5.

3.5.1. Threshold expansions

From the threshold expansion of the structure coefficients, a threshold expansion of the
spin-density matrix can be derived. Due to the smaller number of different coefficients,
the spin-density matrix is a good quantity to study the threshold expansion. To do so,
threshold expansions of the coefficients up to (’)(56) are derived for a fixed point for cos 6.
The point was arbitrarily chosen to be cos = xg. In the region where the numerical inte-
gration of the master integrals was successful, e.g 8 > 0.1, a comparison with the threshold
expansion can be made. The difference! between the expansion and the integration result
is given by

n,=5 n,=5 n,=5
<Xdilff ) (5,.%'9) = (thfres) (ﬁ,%g) - (Xgrlid ) (571‘9) ) (368)
with X € {Ag, By, Cy, Dy, E124} for different expansion depths of (thh[:ej) (8,x9). This

comparison is shown if figure 3.9 and 3.10. The series converges quite nicely and a decent
prescription of the coefficients with expansion is possible up to 8 ~ 0.3, when expanding

!The relative difference is not used, because the coefficient functions have a zero in the plotted regiomn.
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3. Polarized Double Virtual Top-Quark Pair Production

up to (’)(56). In practice however, the threshold expansion of the coefficients is used only
for g < 1/80.

3.6. Spin structures and correlation matrices

In order to use the results generated above for the actual calculation of top-quark produc-
tion and decays (see chapter 5) it is necassary to be able to evaluate the finite remainder
‘fé7g> explicitly, for a specified spin state. On the one hand, the coefficients are trivial
in this context since they are just functions of kinematic invariants. On the other hand,
the spin-structures can be evaluated using spin-helicity methods. Since finally only color-
summed quantities are of interest in this calculation, the color sum can be done analytically.
The derivation of the amplitude decomposition was wholly general in the sense that any
spin-helicity method with any convention can be used to evaluate the spin structures. In
order to obtain correlation matrices that can easlily be combined with decay amplitude,
the WvdW formalism discussed in section 2.1.5 was used. The reason for this choice is
that massive external spinors are helicity eigenstates. The advantage arises from simple
properties of appearing objects when investigating symmertries like parity.

3.6.1. Spin-structures

The wave-functions for the top-quarks can be directly read off equation 2.77. For the two
helicity states of the top-quark there are

g(+) = (=5 (0) %, 4(p0)) - ig(=) = (k'(ps) mpalp0)) - (3.69)

And similar for the anti-top the states read

(=) = ( w1,4(p4) ) : va(+) = ( r24(pa) > . (3.70)

%) K1

For the gluon amplitude the two polarization vectors €/ (p1) and €/ (p2) can be expressed
through WvdW spinors in the following way

e o (pr) = V2p, ip1B (o) = V2p, ip2B (3.71)

+AB (pap1)* —AB (pap1) '
\/ipl AP2B \/51?2 AP1B

e . _ VAP AP2B _ — YoRAlE 3.72

+7AB(p2) <p1p2>* _7AB(p2) <p1p2> ( )

In case of the quark amplitude the spinors of the massless quarks are given by

_ [ ra(p1) N 0
u1<+>—( G ) (=) = ( KA(pl)) (3.73)
5a(-) = (0 #4(p2)) 5a(4) = (R (p2) 0) (3.74)

To write the spin structures in terms of spinor products the following identity needs to
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be employed

p= ( An 748 ) ~ (3.75)

In case of the quark structures, the contraction between the light and heavy quark line
needs to be performed. This is also straight forward, due to the following relation

0 26p(p2)ke(p1) >

A( .
267 (p1)KC (p2) 0

ey P21 () =254 ()0 45,8 ) = (

(3.76)

and a similar one for flipped helicities. Straightforward application of these rules provides
a set of expressions for all helicity combinations. A final remark on complex phases. Due
to the definition of the of the spinor k(p), the angle ¢ describing the rotation around the
z-axis enters the amplitude. However, the dependence is only through a phase factor e'®
which cancels when calculating quantities like

(Mhy, ho, b, ha) (ha, ho, hs, ha| M) -, (3.77)
but when calculating the off-diagonal contributions for a correlation matrix such like
<M‘hlah27h3a_h4> <h1ah27h37h4|M> (378)

this phase stays and has to be taken into account. Conversely, when contracting the
correlator with decay-correlators, i.e. when the off-diagonal parts matter, this phase factor
cancels against a similar phase factor in the decay correlator. Since the whole system is
invariant under rotation of the z-axis, this is of course expected.

3.6.2. Helicity correlation matrices

When calculating matrix elements in NWA naturally correlation matrices are encountered,
see section 2.1.4. For the top-quark pair the following matrix is of interest

Mcor.(h3)h47 /37h£1) - Z <M|h17h27h37h4> <h1)h27 /37 Z‘M> (379)
hi,ha

with h; € {+1,—1}. Due to symmetry under the parity transformation this matrix has
the property

M (h3, ha, b, bYy) = hahgh5hy M (—hg, —hg, —h, —h}) (3.80)

Thus only half of the signatures are independent. For both channels eight coefficients are
independent. As an example the coefficients for the gg-channel are visualized with n; =5
in figure 3.11. For the plots a normalization of 3(1 — 52)/(5767) has been applied. This
method of including the decays was used to cross check the implementation of the polarized
amplitudes. In practice the method of decay spinors (see section 2.2.2) is used since it is
more flexible and allows also for polarized gluons needed for collinear subtraction in case
of one-loop matrix element appearing in NNLO calculations.
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3. Polarized Double Virtual Top-Quark Pair Production

Figure 3.11.: Real part of the coefficients of the correlation matrix M®" in the gg-channel
for n; = 5.
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4. Real radiation contribution

Calculations beyond the lowest order in perturbation theory consist, for a given process,
of many contributions which only together provide a finite and meaningful calculation.
The task of a subtraction scheme is to facilitate this combination. The difficulty arises
through the divergences present in the various contributions. Considering higher order
calculations in QCD, two types of contributions for the case of one additional power in
as can be identified, on one hand the (un-)resolved emission of one additional parton
and on the other hand corrections from one additional quantum-loop. Also, as discussed
in section 2.1.1 there are potential contributions from collinear factorization if there are
composite objects in the initial state. Each contribution is divergent on their own in four
space-time dimensions and by working with convention dimensional regularization, thus
in d = 4 — 2¢ dimensions, the divergences manifest as poles of a Laurent-series in e for
different contributions separately. Due to the KLN theorem these divergences cancel for all
infrared safe observables if one combines all necessary parts. The difficult part here is the
extraction of the Laurent-series for each contribution. In case of the virtual contribution,
many different methods directly yield a Laurent-series expansion. Conceptually, in case of
the real radiation, it would necessary to evaluate the d dimensional phase space integral over
additional emissions in an analytic form within all kinematic constraints to obtain a similar
series. This is sometimes possible for inclusive enough quantities like total cross-sections,
but becomes increasingly more challenging for differential observables. The feasibility of
such a calculation depends strongly on the process and/or observable under consideration.
A further issue here is that it is not directly possible to switch to a numerical evaluation
approach due to the divergent nature of these integrals. However, in the past two decades
methods were developed to handle the problem of numerical evaluation of real-radiation
contribution. There are two main classes of approaches: slicing and subtraction. Both
approaches use factorization of QCD amplitudes in infrared limits (see section 2.1.3) to
regularize the divergences in the real radiation contribution and evaluate the divergent part
separately in a less complicated kinematic configuration either numerically or analytically.

In case of slicing methods, a cutoff in the real radiation phase space is introduced, which
cuts out the divergent region. Close to the divergent region the integrand, phase-space
weight, and matrix element can be simplified by applying factorization formulae for the
corresponding kinematic limit. These resulting expressions are then simple enough to
evaluate them analytically or numerically. This of course introduces logarithms of the
cutoff parameter in the real as well as in the integrated part, which have to cancel between
both objects.

Subtraction methods take a different path. In these methods, one adds and subtracts
approximations of the matrix elements in divergent infra-red regions, using again some
form of matrix-element factorization. These approximations are done in such a way, that
an integrand, consisting of the matrix-element and the approximation, is finite in the
complete phase space, while the subtraction term should be simple enough that the term
which is added back can be evaluated either analytically or numerically in the form of a
Laurent expansion in e.
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4. Real radiation contribution

The automation of these procedures was a crucial building block of the broad success
of next-to-leading order calculations. Together with automated one-loop amplitudes the
paved the way for the "NLO-revolution”. Automated frameworks allow for convenient
and flexible NLO QCD calculations. Also combinations with NLO EW corrections are
accessible. Looking at the NNLO QCD, the situation is different. On the real radiation
side a vast landscape of techniques are in development and step to full automatization and
generality is some cases already possible as discussed in the next section. But the practical
applicability of a certain method for a given problem is still not guaranteed. On the loop
side there are two important aspects. The main issue towards automated NNLO QCD
calculations are the two-loop amplitudes. Even though progress is made with different
techniques, the automation seems not reachable in the near future. Another issue is given
by the requirement of numerically stable one-loop amplitudes which allow for phase space
integration close to infrared regions.

4.1. Subtraction Schemes at NNLO

In this section an overview over the different ideas and methods that are used for the task
of handling real-radiation contributions is given. The sector-improved residue subtraction
scheme is discussed in great detail afterwards.

4.1.1. Slicing methods

The ¢r subtraction/slicing method The idea of the gr subtraction was originally for-
mulated for a specific class of processes at hadron colliders [175]. The processes that are
considered are productions of colorless final states F' at lowest order in perturbation theory
with an invariant mass ()

hihy = F(Q) + X (4.1)

where Q% = (3" ¢;)?. The ¢; are the momenta of the particles in F. The scheme is com-
pletely general for final states that meet this requirement. If there is no further radiation
the total transverse momentum

qr = Z qr,; (4.2)

has to vanish due to momentum conservation. To the NNLO cross section dal”;\I NLo double
real, real virtual and double virtual corrections contribute. If g7 #£ 0 is required the double
virtual vanishes due to its born kinematics, F;, parts from real radiation contributions
vanish too. Indeed, as long g7 # 0 the NLO cross-section to a F'+jet final state is obtained

F _ 4 Fjet
doinynLo = dJ(N)LO (4.3)
qr#0
The NNLO contributions and their divergences are obtained in the limit g7 — 0. The idea
is now to perform a subtraction of these divergences in the limit gr — 0 with the help of
factorization formula obtained from resummation techniques. The subtraction term may
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4.1. Subtraction Schemes at NNLO

be written as
do“" = dofp ® XF (qr/Q)d%qr . (4.4)

thus in terms of the LO cross section combined with an approximation of the higher
multiplicity matrix elements in gr — 0 limit. With this the full NNLO cross section can
be written as

do—(};\I)NLO - H&)NLO ® dO’g‘O + [dU{]‘\[—i—)JLetO — dU%LO (45)

where the hard function H* represents the contribution that needed to be added back at
qr = 0 to obtain the full NNLO cross-section. It contains the information of the one and
two-loop matrix-elements with tree-level kinematics. The exact form is fixed through the
specific form of the counter term. The first application of this scheme was Higgs-boson
production at LHC [175] but meanwhile it was applied to various processes with colorless
final-states at the LHC. In a series of calculations the production of vector bosons (WH
[176], V |177], WTW~ [178], ZZ [179],Z v[180]) was extensively studied. The results were
combined in the program MATRIX [181] which allows for NNLO calculations for all 2 — 1,2
vector and vector-pair production processes. Also an extension for massive colored states
was investigated in [182]. The implementation of this scheme is done in practice as a slicing
method, where the real-radiation part is evaluated for a finite but small cut-off ¢§"* and
the phase space region below approximated by the resummation formula.

N-jettiness subtraction/slicing. A quite similar method is the N-jettiness subtraction
first presented in [183]. The crucial idea of the g7 subtraction was the separation of NNLO
contributions from the NLO contribution using the transverse momentum observable. The
idea works also for other observables that can accomplish this job, as long as corresponding
resummation and factorization formula are known. The N-jettiness observable is such a
candidate, for Born configuration with IV jets it is defined as

Tn = Z min{ 2pi - g } (4.6)
= Qi

where the sum is over all final state parton. The momenta p; on the other hand are
the N-jettiness axes and are obtained from a projection of the full phase space point
to a Born phase space point. A suitable projection would be a cluster algorithm which
terminates when all partons are clustered in N jets, combined with a projection of the
massive jet momenta to massless ones. The initial state momenta are included as beam
jets in the evaluation of the minimum, while the normalization factors Q; can be fixed to
the corresponding jet energy such that p;/Q; gives the direction of the i-th jet. For the
Born kinematics the variable vanishes always since each parton momentum is associated
with one jet. If there is additional resolved radiation the N-jettiness variable becomes
larger then zero since at least of the minima is unequal to zero. The total cross-section
might be written as

do TR do do
= [ dTyn— = dTny — dTy — . 4.7
d / ™ /0 ot /TN ™ (+7)
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4. Real radiation contribution

For Ty > Ti™ > 0 at least one additionally emitted partons forms a resolved jet and
therefore the integral over this region may be evaluated with standard NLO techniques,
similar to the g7 case. For a small enough cut 75" the other integrals might be expanded
as

/’T]f/ut dTNdid _ O_Sing(,]-cut) + O(Tcut) (4.8)
0 dTN N N

where the singular cross section ¢®™8 can be obtained from soft-collinear effective field
theory (SCET) [184]. It contains double virtual contributions as well as contributions from
the unresolved double real and real-virtual radiation. From the infrared divergences large
logarithm of the cutoff variable arise in both integrals which need to be cancel against each
other. Therefore, in practice it is necessary to introduce a further subtraction on integrand
level. A suitable subtraction term is given by the singular cross section itself close to the
cutoff. With the introduction of another cutoff 79T

do dosing

- ff ut
T g O < T T O(TRY) (19)

o = o* (TN + /

cut
TN

dTn [

In contrast to the ¢r subtraction this method can be applied directly to colored final states,
as long as the singular part is known. It was successfully applied to processes like Higgs
or vector boson plus jet production [185-188].

4.1.2. Subtraction methods

CoLoRFulNNLO. The "Completely Local subtRaction for Fully differential Predicitions
at NNLO” method is a subtraction method in the more traditional sense. Formulated for
colorless initial states, local subtraction terms matching the infrared limits of the double
real radiation contribution as well as real-virtual contributions are obtained from factoriza-
tion formulae. The overlap between different singularities is taken into account such that
the method provides completely integrable contributions to the cross section. Moreover,
the subtraction terms are designed in such a way that the analytical integration is con-
ceptually possible. In a series a publications [189-196] all necessary integrated subtraction
terms were derived. Due to the absence of colored initial states, the NNLO contribution
to the cross section is divided in three contributions

oNNLO _ GNNLO | G NNLO | ;NNLO (4.10)
which contain the double real, real virtual and double virtual contribution, respectively.
Local subtraction terms are introduced such that they can be organised like

NNLO [ 1 ARR ~RR,S ~RR,S ~RR,S
Opaa” = / do, o9 Fnye — d6, 372 Fy — <d0n+1 Y —doy, 12FR)L—0 (4.11)

; .
o o S A A S
a0 = / <doff¥1 + /1 s, > For1 + (doi?fl + ( /1 ds,"5 ) ) F,

NNLO _ SVV ~RR,S» ~RR,S12
o —/ do, +/2<dan+1 —do, 3 )

(4.12)
e=0
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4.1. Subtraction Schemes at NNLO

St
+ / <d&ff+vfl + < / d&fffl) ) Fy, (4.13)
1 1 0

The symbols S1, .52, S12 denote single, double and iterated double unresolved limits. The
subscript of the measurement function F;, denotes the number of resolved momenta enter-
ing the hard matrix-element in the various contributions. The appearing integrals [}, [,
represent the analytic integrations over the unresolved particles. The CoLoRFulNNLO
method was applied to Higgs decays into bb pairs [197, 198] as well as electron-positron
annihilation to jets [199]. The extension to colored initial states is in progress [200].

Antenna Subtraction at NNLO. The Antenna Subtraction method was introduced for
NLO calculations [201, 202] and later generalized to NNLO [203]. The subtraction here is
based on the usage of color-ordered amplitudes |My) which are defined such that

IMa) = Ci(Ne) My) - (4.14)
K

The sum is performed over all non-cyclic permutations of the external partons. The color-
ordered amplitudes have simpler factorization formulae which allow for a simplified analyt-
ical integration. The subtraction term are written in terms of so-called antenna functions
X?jk for single and X?jkl for double unresolved limits of the parton flavors 4, j, k, I € {g, q, G}
They can be calculated from ratios of color-ordered matrix elements

M2 M, 2
Xzok(php]7pk) ~ ) 9 X?'kl(pi7pj7pk)pl) ~ X . (415)
J 0) )2 J (0))2
‘MIK’ ’MIL‘

The color-ordered matrix elements entering these expressions are chosen in such a way
that they allow for an easy evaluation and analytical integration over the unresolved phase
space

0) _ 0 0 0
Xijk - /1Xijk’ Xijkl = /ZXijkl- (4.16)

Similar expression are obtained for the real virtual contribution. The integrated con-
tributions are then combined in a similar way as in the CoLoRFulNNLO scheme. The
prescription to obtain the subtraction terms does not allow for spin correlation, which are
however needed to have a fully local subtraction. To obtain nevertheless stable results,
such cases need to be treated in a special way. A possibility is a average out the correla-
tion by combining suitable phase space points. Up to now only the leading color parts of
this subtraction scheme are known. But nevertheless the scheme was applied to various
processes. The first application was in ete™ — jets [204, 205]. After the extension of the
scheme to heavy final state particles also the production of top-quark pairs in e™e™ colli-
sion was considered [206, 207]. The production of the top-quark pairs at hadron colliders
however, was performed only in ¢g channel so far [208-210|. More recently the scheme was
used to evaluated the NNLO corrections to Higgs production [211]. Another important
application was calculation of the NNLO corrections to the dijet [212] and single inclusive
jet [213] observables.
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4. Real radiation contribution

4.2. Sector-improved Residue Subtraction Scheme

The sector-improved residue subtraction scheme (STRIPPER) has been proposed a few
years ago as general method of handling real-radiation contributions up to next-to-next-
to-leading order [131, 132|. It combines ideas from the FKS-approach [23] with the sector-
decomposition method [214-216| to a general scheme which provides a set of subtraction
and integrated subtraction terms for arbitrary processes. Originally formulated completely
in CDR [131], the scheme was reformulated in four dimensions [217] a few years later. The
scheme was applied successfully in calculations of differential distributions at next-to-next-
to-leading order for various processes [31, 51, 136, 218-220], most prominently to the
production of top-quark pairs at hadron colliders. The STRIPPER scheme is used as well
to perform the calculation of top-quark production including their decays in this work. A
conceptual new phase space parameterization is introduced to overcome inefficiencies in
convergence of differential distributions. The four dimensional formulation presented in
[217] depends on the specific parameterization used in the construction, and is therefore
not compatible with the new phase space approach. In this chapter, the new phase space
parameterization is presented and combined with some of the original concepts that re-
main unchanged. For completeness these concepts are reviewed in necessary detail, closely
following the original construction.

4.2.1. General setup

The STRIPPER scheme is general in the sense that it can be used for next-to-next-to-
leading calculations in QCD for arbitrary processes, in hadron-hadron, hadron-lepton or
lepton-lepton collisions or heavy-particle decays. The most complicated type, and most
complete in terms on necessary considerations, are the hadron-hadron collisions. Consider-
ing the (differential) production cross section of some final state Y consisting of n particles,
the process in mind is hy(P1)ha(P2) — Y, where hi, ho denote the incoming hadrons with
momentum P, P,. The construction starts with the well-known factorization of a hadronic
process

Ohyhy(Pr, P2) =

1
S [ dordeashion bR on i )ou (o1PrwaPrsoid). o) (447
ab 0

into partonic cross sections G5, convoluted with PDFs ¢’ of the incoming hadrons. The
PDFs are evaluated at the factorization scale pp. The renormalization scale pup enters
through the running of as and higher order contributions. The partonic cross-section is a
quantity which can be calculated in perturbative QFT (at least conceptually) to the desired
order. At next-to-next-to-leading order 6,3 has to be expanded up to two additional orders

in O[S(M%%)a

Gap =069 +600 461 . (4.18)

a

The lowest order consist of the Born process only:

o8 =6k (4.19)
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4.2. Sector-improved Residue Subtraction Scheme

The expression of &ﬁ) is given in the Appendix A.3, together with all contributions appear-
ing at higher order. At next-to-leading order three contributions arise:

60 =68 1 57 465 (4.20)

In the real contribution &fb the contribution from one additional parton emission is in-
cluded, while in 6(‘1/1; the contribution from one quantum-loop appears. The &g’; contains
all terms originating from collinear renormalization of initial state singularities. Finally at
next-to-next-to-leading order there is

~ (2 ~RR | ~RV | ~VV | ~C1 | ~C2
Uz(y,b)ZJab t0ap T 0qp T gy +0gp - (4.21)

The emission of two additional partons (&ﬁR), the emission of one additional parton com-
bined with one quantum loop (6%) and two quantum loops (6Y,") contribute. The fac-
torization contributions 6%1 and &[%2 contain various convolutions, needed for the collinear

renormalization.

The measurement function All previously mentioned contributions are defined together
with a measurement function F,, where m =n,n+ 1,n + 2, compare Appendix A.3. The
function F' defines an infrared safe observable, such as total cross sections or differential
distributions. The measurement function F, depends on the momenta of a n-particle
configuration and ensures that these are well out-side any infrared singular limit, otherwise
the tree-level cross section would not be defined. The F, 1 function on the other hand
allows for one unresolved momentum, e.g. one momentum that approaches a singular limit,
either soft or collinear. Such a configuration cannot be distinguished from an n-particle
configuration such that F,1; — F, in any infrared limit. The same is true for F,io
but with up to two unresolved momenta allowed. If one momentum becomes unresolved,
Fi19 — F,11 holds and obvious extension in case of two unresolved momenta.

Selector function Since single/double unresolved limits are allowed in contributions with
Fy 41/ Fyq2 measurement functions, these contributions are not finite. These allowed diver-
gences are need to be canceled against divergences of other contributions. In CDR, these
divergences manifest in terms of poles when expanding the contribution in a Laurent-series
in e. Since an analytical extraction is not always feasible, numerical methods are required.
However, these cannot deal with the divergent behaviour of the integrals. In order to
extract the Laurent expansion the phase space is decomposed with the help of a selector
function. The selector function selects specific partons (two in case of a contribution com-
ing with F, ;1 and three or two pairs of two partons in case of F,2) and allows only the
infrared limit of one(two) of them. Either of the chosen unresolved parton(s) can become
soft or collinear to the other parton(s). All other collinear and soft limits of partons are
suppressed such that the corresponding divergence is regulated. The selector function is
not unique, but does also not effect the further construction of the scheme. There are two
properties of this selector functions that are important. The selector function has to be a
partition of unity

ZSM =1 and Z (Z Sij,k: + Z‘S‘Nﬁjvl) =1. (4.22)
ik i k kl
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4. Real radiation contribution

The single-collinear selector function S; j allows only for the soft limit of parton i and the
collinear limit of 4 and k. Whereas the triple-collinear selector function S;;; allows only
for the soft limit of parton ¢ and j as well as all possible collinear limits between 7,5 and
k. The double collinear selector function S; j.;; similarly allows for the soft limits of ¢ and
j but only for the collinear limits of the pairs i,k and j,I. One implementation of such
a function, which is also used in the calculations presented in section 5, can be found in
[217].

4.3. Phase Space Parameterization

So far, all contributions containing additional radiation are decomposed into sectors, while
in each sector two, three or four particles are singled out. In case of a single-collinear
decomposition in each sector S; ;, the momentum of parton ¢ is named v and that of parton
k, r. In case of triple-collinear sector S;;; the momenta of 4, j and k are labeled as u1,us
and 7. Finally, in a double-collinear sector S; i.;; the momenta u; and r; are assigned to
parton ¢ and k while us and ro are assigned to j and [. In each sector, a parameterization
of the phase space needs to be specified such that an easy extraction of the e in each
sector is possible. Since the divergences are related to the soft and collinear limits, a direct
parameterization of the energy and the angular distance to the reference is desirable.

Note on notation The momenta u,u; are frequently called unresolved momenta in the
following, even when they are well separated. Accordingly, the corresponding phase space
is called unresolved phase. If a momentum actually is unresolved in some discussion, this
should be clear from the context.

4.3.1. Original phase space parameterization

In the original formulation of the STRIPPER scheme the phase space of the unresolved
partons can be found in [217]|. Schematically, the parameterization start from fixed incom-
ing momenta, determined by the initial state. After fixing the direction of the reference
momenta, the unresolved phase space is parameterized with respect to the reference mo-
mentum (momenta), potentially using the complete available energy. This restricts the
energy available for the reference momentum as well as the rest of the phase space. When
generating the subtraction terms needed to make the integrals integrable, this procedure
lead to the phenomenon that many different kinematics configurations are obtained. This
is not a conceptual issue but might have practical consequences in terms of miss-binning.
In table 4.5 the numbers of different kinematic configurations in each sector are given. A
more detailed discussion follows together with the subtraction kinematics of the alternative
phase space parameterization.

Miss-binning

The term miss-binning refers to a practical problem apparent in all subtraction schemes
when calculating binned differential distributions. Suppose, for a real-radiation contri-
bution, one generates a well-separated full configuration, which enters some bin with its
weight. The weight contains besides the phase space, initial and/or integration weights
the matrix element. The important feature of this weight is that if the full configuration
approaches a singular limit this weight will become large. The subtraction then regulates
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this divergent behaviour in the infrared limit. In the well-separated case, the weight is
not especially large, however subtraction terms are still present. They also come with
a small weight but might enter completely different bins. Only in the infrared limit the
subtraction terms are bound to end up in the same bin as the full configuration. Suppose
now, that the full configuration is indeed quite close to a singular configuration that lies
quite near the boundary of a bin. Then it can happen that the weight becomes already
sizeable but nevertheless the subtraction term can enter a neighbouring bin, also with a
sizeable weight with opposite sign. In each bin this will be observed as a fluctuation in
the accumulated weights and thus will increase the estimated error and will shift the esti-
mated value of the binned quantity. This does not spoil the integrability but may spoil the
convergence. It is intuitive that frequency of this miss-binning may depend on the number
of different kinematic configurations present in the subtraction. There is no apparent way
of proving this statement; rather it is a matter of experimentation. This is the reason for
the new attempt to formulate a parameterization which minimizes this problem within the
STRIPPER scheme.

4.3.2. New phase space parameterization

The phase space parameterization presented here is a conceptually new idea, worked out
by Michal Czakon. Some concepts already appear in phase space parameterizations and
mappings for the POWHEG box in the context of parton shower matching [221, 222|. The
guiding idea is to find a parameterization which is defined in such a way that the sub-
traction term terms generated within the STRIPPER scheme automatically come with a
minimal number of different kinematics. That there is only a small number of necessary
configurations to regulate all infrared limits in one sector follows from the simple obser-
vation that the physical limits are described by one or two partons become unresolved.
Thus, naively for the double real contribution there one might expect that one n + 1 and
one n configuration should be enough.

General considerations

Consider the n-particle phase space where certain momenta are labeled according to their
role within an sector. In this sector n, reference partons are identified, of which ny, are in
the final state. Furthermore n, unresolved partons and ngy = n — ny, — n, Born partons
are specified with the help of the selector function. The type of the decomposition (single-,
double-, or triple-collinear) fixes n,, ny, and n,. The full phase space might be written in
the following form:

Ng Nfr Ny Ng Nfr Ny
a®,, = ] duom, (@) TT draory) T dmotu) 2m)6D (D ai+ >y + > i = P)
=1 j=1 k=1 =1 j=1 k=1

(4.23)

where P is the total initial state momentum and the single particle measures are defined
as

d%
(2m)4

ddk
(2m)?

dpi (k) = 28 (k* —m?)0(k°) = 2mé4 (k* —m?) , (4.24)
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where the d1 function was introduced as a short hand for the on-shell and positive energy
condition. The phase space for the reference and unresolved momenta can be decoupled
from the remaining momenta by introducing an integration over a auxiliary momentum ¢
with invariant mass Q > S°17, m;.

ngp ngp

d®,, —dMQ Hd,uo ;) Hduo ug) (27) dg( d)<q+2rj —I-Zuk — )
:l_‘[dﬁbmZ ;) (2m) dgd <Z q; — Q) (4.25)

The integration over ¢ can be used to eliminate the delta function containing the reference
and unresolved momenta to achieve the following form

T F s (7350 - - )

Jj=1 j=1 k=1
Nq

T () 21510 (Y a-a). (4:26)
i=1 i=1

The full phase space can be mapped to the Born phase space with n — n,, particles,
{P,rj,ur} — {P,7;}. (4.27)

This mapping is by no means unique and there are possibly many ways to do this. By
imposing additional constraints on the mapping, it can be uniquely defined. In this case
the following three constraints are imposed:

e The mapping is invertible for fixed unresolved momenta,

{p,":j,’LLk} - {Pv rjauk’}' (428)

e The invariant mass of the auxiliary momentum is preserved

@=q¢, where G=P-) 7. (4.29)

e The reference momenta are transformed only by rescaling.

The last condition is the key idea of the parameterization which will lead to a reduced
set of subtraction kinematics. This condition reads a little bit different depending on the
position of the reference parton. If it is in the final state it can be written as

r=ar, (4.30)

where x is determined by the full kinematics. Denoting by f,(r) the function that deter-
mines the value of x, the phase space measure can be written in the following form

dpo(r) = dpo(r) dz é(z — fo(r)) A7 6D (F - r/2) (4.31)
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= duo(F) dz 6(x) 2972 6 (2 — fo(a 7)) (4.32)
- | _ 0 fulaP) |
=d d—3 .
po(7) 0(z) [ 9 . ] ~ (4.33)
r=fz(x7)
And similar, in case of initial state references, the rescaling is defined as
r=7/z. (4.34)

In this case the integration over the parton distribution functions needs to be taken into
account. The incoming momentum is parameterized by the momentum fraction z of the
momentum of the hadrons. Similar to the final state case, the rescaling factor z depends on
the full kinematics described through the function f,(xpy), which depends on the original
momentum fraction x,

dz ¢(x) = dz ¢(z) dF 8 (2 — f.(xpy) z) (4.35)

= di ¢(7/2)0(z — 7) [ - zQaf(f/"’)] _

5 (4.36)

2=f(7/2)

Using this specific transformation, the full phase space can be written as

d®,, =dQ> [f[ dpao(7y) o+ (P~ i ) - @) H duo(ur) 0({w}y €U) T
j=1 j=1

Hdﬂmz (g:) (2m) dgld (qu — q) (4.37)

where J represents the necessary Jacobians for the transformation. For a specific Born
configuration { P, 7} the integration volume over the unresolved momenta is constrained by
O({w;}). The set U is the collection of unresolved momenta. The relation ¢*> = % implies
that there is a Lorentz transformation which transforms ¢ into ¢. Since the one particle
measures dfim,,(g;) are Lorentz invariant the phase space measure can be written as

a®, :dQ2[7ﬁduo(fj)5+<<]5—nZ§ ) )Hduo (ur) 0({w} € U) T
j=1 j=1

[T dtom,(a5) @m0 @ (3 ai— ) - (4.38)
=1 =1

The Jacobian depends clearly on the sector under consideration and can be constructed
from the general derivations. The constraints for the unresolved phase space can be derived
from equation (4.29) and the requirement that the Born configuration remains physical.
The details of this constraints can be found in the following discussion, where the different
placements of the references are separately investigated.

At this point it is instructive to change the point view. In formula (4.38) the integration
over the full Born phase space is factorized from the integration over the unresolved phase
space. This, together with the inverse of the transformation, suggests that the phase space
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construction can be viewed in the following way: Instead of generating a full configuration
and derive some Born configuration from there, create first a Born configuration and derive
the full configuration from that. To be able to do this, the unresolved momenta need to
be generated in a way that the constraints are fulfilled.

The full configuration is then determined by rescaling parameters x and/or z which are
again fixed by the condition 4.29. The important feature here is that the conditions only
involve the sum, in case of final state references, or the difference, in case of initial state
references, of the reference and the unresolved momenta, r & w. In the infrared limits,
where u becomes soft u — 0 or collinear u — ar, the conditions become independent of
u. In other words, it does not matter if u is soft, collinear or soft-collinear with respect
to r, the full configuration obtained from 7, P and {q} are always the same. As shown
in the next section, this leads to the minimal number of subtraction configuration in each
sector, except in case of a single unresolved configuration in two triple collinear sectors.
The details about the obtained configurations are discussed after defining further details
of the phase space parameterization.

Parameterization in single-collinear sectors

In case of a n + 1 particle phase spaces a single-collinear sector decomposition is used. If
the reference parton is an initial state parton, the integration over the momentum fraction
x is incorporated in the phase space integral over some function f(r,u) (dependence on
the other Born momenta is suppressed)

/dxd¢n+1¢k(l‘)f(r, u) = /dfduo(u)e(u)gb(i/z)G(z —2)JdP,(q) f(7/z,u)  (4.39)

where G2 = (7+p)? where p is the other initial state momentum and 7 = Zpj,. The function
O(u) encodes the constraints on the unresolved phase space originating from Born map-
ping. Equation (4.29) implies the relation which yields the constraints on the unresolved
momentum:

(r+p—u)’=(F+p)’, (4.40)

replacing either r by 7/z or vice versa, yields the following expressions for the rescaling
parameter z

Z:(r+p)~(r—u) Z:(p_u)'f_ (441)

p-r ’ p-(F+u)

Differentiating the first equation with respect to z after replacing r — 7/z yields, combined
with equation (4.36), the Jacobian

J=—rT (4.42)

Writing 4 = u’4 and noting that r + p is a time-like four-vector it is evident that z is a

monotonically decreasing function of u?. Together with the fact that it is defined for any
full configuration, this ensures that the transformation can be inverted and that any full
configuration has a well defined Born configuration. Using the fact that z has to be larger
than Z, the maximum energy (u’)max is given for specified 7, p and @ through equation
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4.3. Phase Space Parameterization
(4.41)

0 = _53%
() = A= Dz (4.43)

Thus the phase space integral reads

p-r
(p—wu)-7
where the constraints on the unresolved phase space are hidden in the unresolved phase
space measure

d Nc 2e d2 QEQ d Jmasx( (UO)I 2 (4 45)
,U/O n (271')(3 2€) .

The normalization factor A is defined as (i—f)

In case of a final state reference the relation
(P—r—u)’=(P-7) (4.46)

fixes x and the maximum of unresolved parton energy (obtained at = = 0) in a similar way
to be

P P-(F—wu) 0 P-r
— = = 4.47
TP r+u)’ = wr W= (4.47)
where the Jacobian evaluates to
3p.
= - 4.48
J (P u) - f ( )

Also, z is a monotonically decreasing function of u° since (P — r)? > 0 and it is defined
for any full configuration.

In both cases the direction of the unresolved momentum is parameterized with respect
to the reference parton. Writing

== ( 11- > with # =007 (a1, a9,...), (4.49)
@ is given by
i = < 111 > with @ =R (a1, a9,...)0C729(8, ¢, p1) . (4.50)

Details on the definition of the versors n and matrices R can be found in appendix A.2.
After introducing the variables n and &

n= %(1 —cosf) , u’ = &) max (4.51)
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4. Real radiation contribution

the unresolved phase space integral can then be written as

dL=2e)( . ) %€ o
o) = [ L) [ [ g () g
(4.52)

= [ ditupe’ (4.53)

where dfi(u) is defined for convenience in later expressions. It can be divided into a regular
and a singular part (in the limits n/§ — 0)

d d
i) = ke g (1) (4.54)

Triple-collinear sector parameterization

The phase space parameterization in triple-collinear sectors follows, at first, the same lines
as the single-collinear parameterization. The triple-collinear selector function S;; 1 allows
to identify three partons, the reference momentum r of parton £ and the two unresolved

N0

momenta u; ("7”) and ug (”5”). Following the general construction in section 4.38 a phase
space integral over some function f(r,u;,us) can be written as

/dmd®n+2¢k(a:)f(r, ul,uQ) = /d:i’dﬂo(ul)duo<UQ)9(ul,UQ) (455)
¢(2/2)0(z — )T dPn(q) f(7/2, ur,u2)  (4.56)

in case of a initial state reference, and as

/d(I)n_;,_Qf(T‘, ul,ug) = /d,uo(ul)duo(m)duo(f)ﬁ(ul,m)jd@n_l(d)f(a:ﬂ ul,uQ) (4.57)

in case of a final state reference. Again equation (4.29) provides the constraints that fix z
or z.

2 _ P-r
final: P—r—u — = (P - = T = 4.58
na (P—r—u—uz)” = ( r) = (P )(T+U1+U2)_U1'u2( )
P (F—wuy —ug) 4+ up - ug

= 4.

v (P—wup —wug)-T (459)
initial:  (r+p— w1 —ug)’ = (F+p)° = z(Hp)'(r_Zl;“zH“l'“? (4.60)

po_ Powuy) T (4.61)

p-(F+up +ug) —uy - ug

Expressing the unresolved momentum as u; = u?ﬁl and uy = ugﬁz, the first thing to note
is that = and z are monotonically decreasing functions of u? if ug with i # j is fixed, which
follows again from the fact that » + p or P — r are time-like vectors. The transformation
is defined for any full configuration which reflects in the fact that x,z,¢° > 0 and z, z < 1.
The monotonic dependence of  and z allows to parameterize energies of u; and us in an
iterative way to cover full phase space volume. This iterative parameterization leads to
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4.3. Phase Space Parameterization

the following energy bounds for w; and us

DT P (F—w)

na. (Ul)max P. ﬂl ) (UZ)maX (P o ul) K fLQ ) ( 6 )
. r T ol s . 1 _ ~ ~ ~ _
initial: (u(l)) =(1-7 % ’ (ug) _ (7/z +~p)~ (( z) T/T ul) ‘
max (T/x—l—p)'m max (T/:E—I—p—ul)-ug
(4.63)
From equation (4.33) and (4.36) the Jacobians
=3P .7

final: = 4.64
na J (P—u1—us) -7 (4.64)
initial: T = p-r (4.65)

(p—up —ug) -7

can be derived. The directions of u; and us are parameterized in with respect to the
reference momentum r

A 1 L o o
U] = < @ > with uj :Rg3 2 )(a1,0427--.)n(3 2 )(01,(;51,/)1,/)2,,,_) (4.66)
i 1\ o L "

Uz = < iy > with up =R§3 ? )(0417042,---)R§3 2 )(¢1,Pl,p2,--.)n(3 290y, o, 01, 072)

(4.67)

Furthermore, as discussed in section 2.1.3, the double soft limits require a hierarchy in the
unresolved partons energy u{ > u9 and therefore the phase space is split up by introducing
the partition of unity

1 =0l —ud) +0(ud —uf). (4.68)

Together with the constraints on the maximum energies from equation (4.63), the following
parameterization for the energies can be employed

0 0 0 0 . 1 (ud),
Uy = (Ul)max &, uy=¢&& (ul)max min |1, a(u?i

E(ug)max (ul 7712)

] , &i2€]0,1], (4.69)

)max

which covers the part of the phase space where u(l) > ug. Instead of introducing a similar
parameterization to cover the uJ > u{ case, the same contribution can be obtained from
the sector where u; and ug are swapped, thus only the u{ > u9 case needs to considered.
In addition, parameterizations of the angular variables 612 and ¢2 by 712 and ¢

1—2n3 — (1= 2i1)(1 — 27j2)

cosfy =1—2i1, cosflp=1—2i)p, cospy= —— ———, (4.70)
4/ (1 = ) (1 = 72)ie
Uy -0 1 —cost i1 — 12)?
ng = 1% _ 2 _ (" 772)A __ __ (471)
2 2 i+ 72 — 20172 — 2(1 = 2¢) /71 (1 — )72 (1 — 1)
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4. Real radiation contribution

sector ‘ 771 ‘ 772 ‘ (7” + ur + U2)2
Si m mn2/2 &1m X regular
Sa3 n12/2 12 &1mo X regular
Sy m m (1 —mn2/2) | &1 X regular
S5 m(l—mn2/2) 172 &1mo X regular

Table 4.1.: Sector parameterization and factorization of the three particle invariant sjo3

are introduced. It is convenient to write ¢ in terms of an angle ¢ such that

= % (1+ cos(rd)) and (4.72)
depo sin™* ¢ = dpcd(¢) (4.73)

where the function d(¢) contains the Jacobian which depends on ¢¢, 7 and 7. The
phase space needs to be further decomposed to factorize all triple collinear limits. There
are four invariants that appear in the amplitudes as propagators or equivalently in the
corresponding triple-collinear splitting functions which give rise to the divergent behaviour
in these limits

(r+u1)* = 4r°(u}) maxéiin (4.74)

(r +u2)? = 4r° (u3)max (w1, 2)€16272 (4.75)

(u1 + u2)” = 4(uf)max (U9) max (u1, 12) €3 €ams (4.76)
(r+ur +u2)® = 4&1 (r° () mas + 7° (U9 max (11, ii2) €272

+ (1) max (u9) max (u1, ii2) £162m3) (4.77)

The soft and collinear limit of the first and second invariant is directly factorized. Due to
the introduction of ¢ the third invariant vanishes if 7j; = 72, while the last one vanishes
in various ways, depending how the two angles 9; and 72 are related to each other. The
phase space can be decomposed into four regions (sub-sectors) 0(0 < 72 < 11/2) (S1),
0(0 < 11 < 12/2) (Sa3, the origin of this numbering has historical reasons), 0(71/2 < 72 <
M) (Sa) and 6(12/2 < 1 < 72) (Ss), which translates to the prescription in figure 4.1. In
each sub-sector the invariants fully factorize (see table 4.1).

In the original formulation the sector Ses was further decomposed into two sectors So
and S3 (which is the origin of the strange naming). In [219] it was pointed out that this
decomposition is not necessary to factorize all singular limits. The reason is commutativity
of the soft and collinear limits, also called color-coherence. Originally the collinear limit
of u; was assumed to be correlated with the soft limit of us, such so that in Sy a single
limit of collinear w; implied a soft (and not collinear) limit of ug and vice versa in Sz. This
makes the factorization of (r + uj + u2)2 explicit in this soft-collinear limit. However, the
factorization also occurs in Sa3.

With parameterizations (4.71) the unresolved phase space integrals can be expressed in
each sector as

o)) = [ )l €57 51 (4.78)
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4.3. Phase Space Parameterization

&1 > &2 >4
I 52 - 5262111&){61
m > n2 m > n2
II N2 = M2mMm N2 — MN2mM
3 >m n2 > % 3>m mn >3
n2 = 02 n2 = 1—3%n2 n1— im = 1—3m

S Sy Sa3 Ss

Figure 4.1.: Sector decomposition in triple-collinear sectors

with
N _ dpp  d§ dpp dée _
dﬂz(ul)dﬂz(UQ) = ’[71+b1€ 1+b26 1+b36 1+b46 dlu’Il‘eg({‘T})d,"LIQ‘eg<{x}) (479)
1 1 2 2

with sector dependent values for a; and b; (see table 4.2). The set of all four variables
{m,&1,m2,&} is denoted by {x}. The explicit forms of dfife,({x}) also depends on the
sector, but are, as indicated, functions of the sector variables and further angular param-
eterizations. As in the single collinear case, these measures are completely regular in all
limits n;,& — 0 and contain integrals over the 1 — 2¢ dimensional unit sphere. Using the
¢¢ replacement the general structure is

1-2¢ 1u0)2 N o
dﬂ%eg({x}) :Ne/ d Q(leapl, .. ) ( l)max <( 1) > (1 _ 771)6771,;@9 (480)

Gri2 @) \
2600y, ) (D)™ (D)2 [ (D) max % el
(4.81)

The variables ;.4 are obtained after factoring out all vanishing parts from 7; in the ; — 0
limit, e.g

sector ‘ nl,reg nQ,reg
S 1 3
Sas % 1
S L 32-m)
S5 | 5(2—m) 1

and the 7 variables are replaced by the corresponding parameterization from table 4.1.

Special energy parameterization of sector S; and S; The sectors S4 and S; parameter-
ize the limits where the two unresolved partons can become collinear to each other. The
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4. Real radiation contribution

sector ‘ a; ‘ b;
St {2,4,1,2} | {2,4,1,2}
So3 {1,4,2,2} | {1,4,2,2}
Sy {2,4,2,2} | {2,4,2,2}
S5 {2,4,2,2} | {2,4,2,2}

Table 4.2.: Sector parameterization and factorization of the three particle invariant sjo3

iterative energy parameterization discussed before would results in non unique configura-
tions. In these limits the resolved parton is described by the sum and ratio of the energies
and the sum of the energies depend on the us. Thus the single collinear and single soft-
collinear limit would result in different u; + us. This can be circumvented by discarding
the iterative approach and directly parameterize the sum and the energy ratio

0
2uy
u(l) + ug

ufp =l +ud, &= (4.82)

The requirement that u) > uJ can be build in by restricting & € [0,1]. Inserting this

parameterization in the equations for z and z (4.61), both quantities are found to be
decreasing functions of u{, for fixed &. The maximum value of u, can then be achieved
in the same manner as in iterated parameterization by inverting the equations for x = 0
(or z = &). There is

2P -7

final: (u} = : 4.83
( 12)max P-upo + \/(P . ﬂ12)2 — QE%QP -7 ( )
2p- T/
mitial: (udy) = —— - __“P ’"/”f _— ___ (484)
(7/Z +p) - @z + /((F/T + p) - 12)? — 2udyp - (1 - 2)7/Z
with the definition

Ulg = (1 — 52/2)7:61 -+ 52/2?12 . (485)

The energies of u; and ug are then parameterized as
ul = (ua) €11 = €2/2) - uy = (uly),,,, E2/2 (4.86)

i 1

withduldud = §(u92)fnaxgldgldg2 . (4.87)

Double-collinear sector parameterization

In the following, it us assumed that n > ny,. + n, and the special case n = ng, + n,
is discussed at the end of the section. Since there are two reference momenta in double-
collinear sectors, four different possibilities of their placement arise: initial-initial, final-
initial, initial-final, final-final. In all cases two scaling parameters have to be fixed, but
there is only one condition (equation (4.29)). Thus, a second condition has to be imposed
to specify the mapping to the Born configuration uniquely. Since the double-collinear is
similar to the combination of two single-collinear cases, a natural choice for the second
condition would be that single-collinear condition for w; and r; has to hold, too. The
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(P77’17U177'27U2)2:(P*f17f2)27

o P’?‘l

TP —w) ()

xl:P'(Fl—ul)
(P—ul)-ﬁ ’

P-r
(u?)max = pP. 711 ’

3P zy (P —71) - 72

j:

(p+r2—r1—u1—u2)2: (p+fz—fl)27

(p—ri—ur —u2) - (ra —u2)
(p—r1—u1) 12

Z2 = )

(p+72) (F1 —w)
(p+72—wu1) -7

xr1 =

(W) = (p+72) - 71
1/ max (p_|_772) - ’

(P—u1)~F1 (P—$1f1—U1—UQ)‘fz’

4.3. Phase Space Parameterization

final-final:

(Pfrl 7u1)2 = (Pffl)z,

(P—ri/z1) - 72

T2 = )
2T (P — w1 —u2) - (r2 +uz)
_(P—”F1)'7:2—(P—ZE17:1—U1)'U2
T2 = = p
(P—.CU1T‘1—U1—U2)'7'2
P—7)-7
(1) v = (i 02

(P—xlh —ul) ~1:L2 ’

final-initial:

(p+7:2—7“1—u1)2= (p+f2_'Fl)27

(p + z2m2) - 11
(p+ z2r2 —wa) - (r1+u1)’

xr1 =

(p—x171 —u1 — u2) - T2
(p— a1 —u1) - (P2 +u2)

zZ2 =

(p—x171 — u1) - T2 /T2
(p+72/T2 — 171 —wy) - Uz

(u3) 0 = (1 — &2)

2P (p+7)-F1 (p— @i —w)

(p+72—wu1) 71 (p— 2171 — w1 —u2) - 72

J =

Table 4.3.: Rescaling parameters, Jacobians and mapping condition for the double collinear
phase space parameterization for final-final and final-initial reference momen-
tum configurations.

actual conditions for the various cases are collected in table 4.3 and 4.4, together with the
results for the rescaling parameter, the Jacobian, and the boundaries for the unresolved
partons energies. Here, the energy parameterization can also be done in an iterative way.
The scaling parameters 1, 2; are monotonically decreasing functions of u{, completely
independent of uy as a consequence of the additional condition. The rescaling parameter
X2, z2 in their turn are also monotonically decreasing functions of ug as soon as uj is fixed.
As in the triple-collinear case a hierarchy in the unresolved parton energies needs to be
imposed. Only the u{ > uJ case needs to be considered when adding the contribution with
swapped references instead of introducing a parameterization with v < u9. Evidently this
swapping leads to different Born frames if at least one of the references is in the initial
state. Since the problem does not arise when the parameterization is done directly in the
laboratory frame, this is the reason for the choice of the laboratory frame as starting point.
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4. Real radiation contribution

initial-final:

(ri+p—ui—r2—u2)? = (F1+p—72)°, (ri+p—u)’= (71 +p)°,
= (ri+p)-(r1—w) oy — (2171 +p) - 72
p-T1 ’ (ri+p—ur —u2)-(r2+uz)’
b= w) g = T1FP) T2 = (/21 p—w) - s
p-(F1+ur)’ (F1/z1 +p—u1 —u2) - 72
0 - p-71/% 0 (71 +p) - 72
u =(1-z T s T N~ u = 7= ~
( l)max ( 1)(7'1/$1 +p) -1 ( 2)max (Tl/zl +p_u1) - Uo
R x5~ " (71 +p) 7o
(p—wu1) 71 (Fi/z21 +p—u1 —u) -T2’
initial-initial:
2 - N2 - 2 L \2
(7“1 +re —ur — u2) = (7“1 +7“2) ) (7“1 + 72 — Ul) = (7“1 +T2) ;
Y (r1 —u1 —u2) - (r2 — u2) o (222 —u1) - (r1 — w1)
? (7‘1 —Ul)'Tz ' ! Z272 * T ’
_(Fe—w) -7 _ (P1/zr —ur —ue) - T
21 = = > 22 = o s
T2 - (F1 + u1) (F1/21 —u1) - (F2 + u2)
0 To - T1/%1 0 - (F1/z1 — u1) - T2 /T2
—(1— __ T2/ —(1—
(“1)max ( ! (F1/Z1 + 72) - ’ (Uz)max ( v )(7:1/21 + 7o /T2 — u1) - o '
7= T2 - T (F1/21 —u1) - 72

 (Fo—w1) 71 (Fi/z1 —ur —ug) -T2

Table 4.4.: Rescaling parameters, Jacobians and mapping condition for the double collinear
phase space parameterization for initial-final and initial-initial reference mo-
mentum configurations.

With this in mind, the energies of the unresolved partons can be parameterized as

L (u)
u(l) = (u?)max 51 ) Ug = 5152 (u(l])max min !15 E ?})max

] , &12€00,1]. (4.88)
SE

)max

=(ud)max (u1,82)

The angular parameterization of w; is identical to the single-collinear case, while usg is
parameterized with respect ro, for the first five dimensions and with respect wq in all
(—1 — 2¢)-dimensional angles.

1 R . (3—
ry = T(l]fl = T? < r ) with 11 = al 26)(011’0[2’ ) (4.89)
o = 197y = 19 < f‘12 ) with £ = A®729(By, B,...) | (4.90)
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4.3. Phase Space Parameterization

with fll == Rg —2¢) (Oél, ag, ... )fl(3_26) (91, qf)l, P1, P2 - ) 5 (491)

0~ of 1
U2 = UsU2 = U ~
) = iy 2(u2>

with 1y = RET2(By, By, . ORET (9o, p3 .. )02 0y, o, 00, 00, ) . (4.92)

For two initial state references the phase space integral over some function f(ry, ui,re, us)
reads

/d$1d$2d¢n+2¢k($1)¢l($2)f(7"1, U1, T2, Uu2) =
[ () duo(u)b(un, un) (/210001 — 50052/ 2)6(z2 32
- JdP,(q) f(T1/21,u1, T2/ 22, u2) (4.93)
while for the initial-final configuration it is

/dx1d¢n+2¢k($1)f(7"1,U1,7’2,U2) =

/ 41 dpio (r2)dpao i )dpao (2B uiy, 1)1 1) (21 — 51)T
. d‘I’n_l(d)f(fl/Zl,ul,ngg,'LLQ) (4.94)

and a corresponding expression of the final-initial case. Finally, the final-final case is given
by

/d‘I’n+2f(7‘1,u1,7”2,u2) =
/duo(Tl)duo(7“2)duo(ul)duo(U2)9(u1,uz)jdq)n1(§)f(901771,U1,962f2,U2) (4.95)
The function 6(u1,u2) denotes the phase space constraints from the mapping on the un-

resolved phase space. With the replacement for the angles 712 = %(1 — cosf2) the
unresolved phase space can written as

Ao (ur )dpio (uz) = / i () dfis () (4.96)
with
- - dn; d& dme d& N 5
dfii(u)dfis(u2) = o= 25 —1rae oae Aineg ({2 ) diiZg ({}) - (4.97)
A 51 U 52

The regular parts of the phase space measures read

1-2¢ u0)2 1) s 2e
il fa}) = v [ S ) U (D) 2y e agg)
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4. Real radiation contribution

1—2¢ o u0)2 1) o 2e
iy(la)) = N [ gt e (W) g e i)

Special case with n = ny,. +n, A special situation arises in a double collinear sector
when all final state momenta are picked to be reference or unresolved. This system is
more constrained than the other cases and it is not possible to apply the new phase space
construction in this case, since it is assumed that a boost can be performed to recoil against
the reference and unresolved momenta. Therefore, the original parameterization in [217]
of this sector is used without any changes and a derivation is omitted here.

Transverse momenta

Splitting functions that occur in subtraction terms depend on the transverse components of
the collinear momenta. For the single collinear parameterization the transverse momentum

0 a—#  Ou
r= . 1, = lim ——— = — 4.100
et ( > T a1 99 lo=0 (4.100)

is constructed. For the double and triple collinear case similarly u;; (i = 1,2) are defined

ut, = 0 0 :limiﬁi_fi :%
il ﬁiJ_ ’ L 0;—0 Hfll — IA‘IH 891

oo (4.101)

Additionally, for collinear limits of the two unresolved partons in the triple-collinear sector
parameterization a third transverse momentum is necessary. us, is determined through
the limit

At . uy — 10
uy, = lim — 4.102
3 0,0+ |02 — 01| ( )

4.4. Subtraction terms

4.4.1. Generation of subtraction terms

All contributions incorporating emissions of one or two particles needs subtraction terms
to be numerically accessible. After introducing the partition of unity with the selector
function like

/ APpyr = / d®, 1S, or (4.103)
ik

/d®n+2 = ZZ/d‘I’nJrzSij,k+22/d¢n+23i,k;j,z (4.104)
ik ij Kl

and the phase space parameterizations discussed in the previous section, the integrals over
the unresolved phase spaces within each sector look like

1 1 dT/ d€
~R,RV,C1 __ ~ 2
o _/0 /0 771+5§1+25d/”7§ MF, 11 (4.105)
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4.4. Subtraction terms

in case of the single sector parameterization and

1 1 1 1
. dpp d§y dnme dée
R
:/0 /0 /0 /0 1+b15 1+b26 771+b3€ 1+b46d/‘regd:ureg7711§(112n(213 Fn+2 (4106)

in case of double- and triple collinear parameterizations. The symbol M stands for the
matrix elements in the different contributions including the selector function, further phase
space measures and integrations, convolutions, Jacobians and normalization factors. They
contain no divergences not related to the n;,&;. The measurement function F' depends on
the full kinematics. In each case the infrared structure of QCD ensures that the combina-
tion

Mueg = [ [ 25 M (4.107)

is a finite quantity in all limits xz; — 0 where x; € {n1,&1,12,&2} or z; € {n,{}.
The subtraction terms are generated by applying the relation

1 1 1
$1+a6 = —&5(1') ‘|— |:$1+a€:| . (4108)

where the "+"-prescription is defined by

/old“ Lli“]j (@) = /old”W~ (4.109)

In the further discussion the end-point term of the ”4”-distribution is called the subtraction
term while the ¢ function part is called the integrated subtraction term or pole term.
Applying this formula recursively to the integrals above generates subtraction terms for
all divergent limits and a bunch of integrated subtraction terms which themselves need
subtraction terms obtained in the same manner. Once there are no singular limits left,
this recursion terminates and left are integrals of regularized integrands as well as explicit
poles in € times integrals with less integration variables. The procedure is slightly more
complicated in case of the real-virtual contribution. The virtual loop integration creates
terms whose scaling in the limit x; — 0 differ from the naive expectations. Schematically
this look as follows

lim f(z) = fo+ b, (4.110)

The prescription for generating subtraction terms needs to be modified to

ae

1 dz 1 1 dz be
/0 Wf(x) =——fo— (a—i—b) ———fe+ / TTrac (f(m)—fo—x fﬁ) . (4.111)

Again recursive application of the formula lead to set of integrable expressions.

4.4.2. Subtraction kinematics

In the end-point and pole terms (the subtraction and integrated subtraction terms) one or
more variables x; are set to zero. Besides setting the corresponding variable in the regular
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4. Real radiation contribution

Original parameterization New parameterization
S unresolved config. number S unresolved config. number
single  {r},{r +u} 2 single  {r+u} 1
triple  double unres. triple  double unres.

{r},{r +ui}, {r + u1 + u2} 3 {r+ui +u2} 1

single unres. single unres.
S {ur,r}, {ur,r +u2} 2 S1 {u1, 7 +u2} 1
82 {ug,r} 1 8273 {u1,r}/{uz,r +u1} 2
53 {ug,r +u1} 1 Sy {u1 + ug,r} 1
Sy {ui,r}, {ur + ua,r} 2 85 {u1,r}, {ur + ua,r} 2
S5 {ug,r}, {us +ua,7}, double double unres.

{u1 + softug, r} 3 {ri +ui,r2 + u2} 1
double double unres. single unres.

{r1,ma}, {r1 +u1,r2}, {u1,r1,r2 +uz2},

{r1 +u1,7r2 +uz} 3 {uz,71 4+ 1,72}, 2

single unres.

{u1, 1,72}, {u1, 1,72 + uz2},

{r1 +ui,r2,uz} 3

Table 4.5.: Listing of the subtraction kinematics for the original and new phase space
parameterization. The notation is discussed in the text.

phase space weights to zero, this changes the kinematic configuration entering the matrix
element as well as the measurement function F'. Each vanishing of a variable corresponds
to a physical limit, which depends on the sector parameterization.

Single-collinear The following limits are obtained, following straightforwardly from the
parameterization:

£—=0 = u—0 {r} (4.112)
n—0 = ullr {r+u} (4.113)

the expression in the curly brackets indicates the resolved momenta, omitting the momenta
{¢i}. The special feature of the new parameterization is that the two different looking
kinematic configurations are actually the same. Indeed, inspecting the equation in the soft
and collinear limit yields (for the final state reference case, initial state analogous)

P-(7—0 N

Tsoft = (P(—O)?z =1 = r=r (4.114)
P.r(l-

xcol.zwzl—f = rtu—zitu=(1—&F+&F=7 (4115)

Furthermore, the obtained configuration corresponds to the original Born configuration
from which the phase space construction started.

Double- and triple-collinear 1In the triple- and double-collinear case much more limits are
possible, and due to the sector decomposition, different limits arise in different sub-sectors.
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4.4. Subtraction terms

There are single and double unresolved subtraction kinematics, with one or two partons
become unresolved. Considering the double unresolved kinematics, there are naively three
"different” resolved configurations possible

{r4+ui w2}, {r+wuw}, {r} (4.116)
in triple collinear sectors and also three
{r1 +ui,ra +uo}, {r1 +ui,re}, {ri,re} (4.117)

in double-collinear sectors. Since soft particles do not influence the kinematics, other
configurations are not possible, due to the iterative energy parameterization. It can be
shown analogous to the single-collinear case that all these double unresolved limits are the
same configuration, which is again the Born configuration from which the construction
started. In figure 4.2 the evolution of the momenta when approaching the triple-collinear
(m — 0) and the double-soft(£{; — 0) limit is demonstrated for sector Sj.

. — 0
Pa P1 b1
r+uq+up
F
"/
A
a1 uz 2
r+uq+uz
uq
a1
& =0
p1 P b1
r+uq+Up
F
[f] up r+uq+U g2
q
uq
a1
P2 P2 P2

Figure 4.2.: Triple-collinear and double soft limit in sector S; from the same full config-
uration (left figure). The limit configuration (right figure) is the same and
coincides with the underlying Born configuration (grey shaded).

The discussion of the single-unresolved limits depends on the sector. In table 4.5 the list
of all single-unresolved configurations is given. The table can be summarized as follows:

e There is only 1 single-unresolved configuration in sectors 1 and 4
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4. Real radiation contribution

e There are 2 single-unresolved configurations in sector 2,3 and 5, as well as in the
double-collinear sector

That there are two single-unresolved contributions arising in Sy originates from the soft us
limit. In this case, the angular parameterization of us determines the direction of u;. When
comparing this with the original parameterization, the number of subtraction kinematics
is significantly reduced. Another advantageous feature follows from the fact that there
is only one double unresolved configuration across all sectors which coincides with the
Born configuration. In the four-dimensional formulation presented below, all contributions
containing poles in the regularization parameter e are shifted to contributions which contain
doubly unresolved kinematics only. Since there is only one configuration it is possible to
fix the Born configuration and check the pole cancellation numerically. While the pole
cancellation in the original formulation was also checked numerically, the advantage is that
here the integration over Born phase space is not necessary. This results in a strong test
of the implementation of the subtraction scheme.

4.4.3. Azimuthal averaging

In collinear limits the generated subtraction terms possibly contain spin-correlations. They
are necessary for point-wise convergence of the integrands. However, in the corresponding
pole terms the spin correlation is not needed (since the term is not needed as a subtraction)
and can be averaged out as demonstrated in [217]. Since the angular parameterization is not
changed, the original description how to deal with those splitting functions also applies
for the construction presented here. The integral over the correlator can be performed
explicitly by

—1 H v — —
1 T‘MTV 7"”7‘”
dl 269 dl 2EQ (b Pl P25 - - - uLu == g v - 4].1
|:/ :| / ( P P2 ) ’LL2 2(1 - 6) r ’ ( 8)

o rer

in case of the single collinear parameterization. In case of two unresolved momenta the
higher dimensional angles depend on each other, compare definitions (4.67) and (4.92).
In the triple collinear limit (uq||uz||r) or double-collinear limit (u1||lr1 and wusg||re), the
directions can be decoupled using rotational invariance of the measure. Then the same
formula for the averaging applies for each parton. In the single collinear limits one can
proceed similarly, except in sector S4 and S;. There the special treatment of the case
uy||ug Jf r presented in [217], has to be performed.

4.5. Four-Dimensional Formulation

Up to here everything was defined and constructed in CDR, by numerical evaluation of
the various integrals all contributions are obtained in from of Laurent-series expansions
in €. The divergences present cancel among all contributions, which is a consequence of
the finiteness of the next-to-next-to-leading order cross-section. However, the situation
is not optimal in terms of computational efficiency. With increasing multiplicity the d-
dimensional phase space parameterization becomes more and more complicated and num-
ber of effective dimensions grows. With the aim of developing a general framework the
invocation of a automated generator for tree-level and maybe one-loop matrix-elements is
necessary. But the CDR formulation requires the e expansions of matrix elements beyond
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4.5. Four-Dimensional Formulation

€Y, which are usually not provided in such programs. This motivates a four-dimensional
formulation of the scheme, which allows to circumvent the aforementioned bottlenecks.

4.5.1. Separately finite contributions

A crucial step towards a four-dimensional formulation is the identification of combinations
of contributions that are finite by themselves. The application of master formula (4.108) to
the various contributions yields a vast landscape of different integrals containing suitable
subtractions. Everything is defined in d dimensions. Therefore each integral corresponds
to Laurent series in e, with poles up to e *. The sum over all integrals and contributions
then yields a finite result in the limit € — 0 for any infrared safe observable defined through
the measurement function. However, it is possible to organize the integrals in such a way
that different subsets are separately finite in d dimensions, in other words, all poles in €
cancel among these smaller set of integrals.

At leading order, this statement is trivial since no poles are present at all and 67 is
finite on its own. At next-to-leading order, the whole construction is formed by three
contributions 6%, 6V and 6¢. Only 6% needs subtraction, and after application of the
master formula, the integrals are organised in two contributions

&0 = or + 65 where (4.119)

n 11 o .

OF T 5N [d‘bnﬂ < n+1‘Mn+)1> Fyy1 + subt. terms with F, | . (4.120)
R

The integrated subtraction terms are collected in ;7. They are all proportional to the
n-particle measurement F, and due to the specific parameterization one might write them
in following form

65 BN /d@ Z dfi [pole terms with F), + subt. to pole terms with F,]
5 pole terms

(4.121)

The measure dji denotes integrations over remaining parameters of the unresolved parton,
which depends on the specific sector and pole term. The virtual contribution can also be
split up into the finite remainder part and the Z operator as defined in section 2.1.2. Thus
two contributions are obtained:

11
5V — O £
1 1
~V _
ol = 5z | A®a2Re <M ‘Mn > L (4.123)

Since (3% and &I{f are finite by construction and 6¢ is not decomposed further, three
separately finite contributions can be identified

6B &Y, Gu=06B+6,+6°. (4.124)

One detail to emphasize here is the fact that all contribution with poles in €, e.g. within &y,
have a n-particle measurement function and n-particle phase space integral, plus possibly
further integration over unresolved momenta.
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4. Real radiation contribution

The formulation at next-to-next-to-leading order starts with five contributions. The
double-real radiation can be organized in three parts, determined by the multiplicity of
the resolved particle phase space

R = 6FR 4 Bl 4+ R (4.125)
The full n + 2 particle phase space integral, together with the corresponding subtraction
terms, is contained in the real-radiation finite part O'RR

. 11 0 0 :
JﬁR = %N d®, 1o [<M,(H)2)MT(1J)FQ> F19 + subt. terms with F, 11 and Fn] (4.126)
which is, as the name suggests, by construction finite and does not contain any poles in €.
The other two parts containing poles in € and by adapting the notation from the &U case,
the single (SU) and double (DU) unresolved double-real-radiation contribution 6% and

&gg might be written as

1 1
GRE — — d®,, 1 Z dfi [pole terms X Fy, 1 + subt. with F,,1 and F,] ,

pole terms
(4.127)
11
&55 BN do,, Z dfi [pole terms X F;, + subt. with F,,] . (4.128)
5 pole terms

The real-virtual contribution can be split up in a similar manner. It contains the one-
loop matrix element which can be decomposed into a finite remainder function and the
corresponding divergent part given by the Z operator

2Re <M£?+)1(M§}+)l> = 2Re (MUY, ) +2Re (M| 200 ‘ijﬁ& . (4.129)

Generating corresponding subtraction terms yields the following decomposition

o = OF 4050+ 0fR + 0Dy (4130)
with
~RV 11 |
OF =5 N d®p 11 [2 Re <Mn+1) n+1> Fy 11 + subt. with Fn} (4.131)
11
68 = 52 [ d®un [2 Re <Mn+1) z( ]M510+)1> 11 + subt. with F} (4.132)
11
6—1}% T %N do, Z dfi [pole terms x F), 4+ subt. with F,] (4.133)
pole terms with ’]_-7(11)>
11
GBl = 2% N do, Z dji [pole terms x F, + subt. with F,]  (4.134)

pole terms with ’M(O)>
The reason for distinguishing 6 U and U becomes evident in the discussion of separately

finite contributions. Here all contrlbutlons except aRV contain poles in e.
The double virtual contribution is treated similarly to the virtual contribution. In this
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4.5. Four-Dimensional Formulation

case one finite (&gv) and two € pole containing contributions are formed

=

n

or" = 2%% A, [2Re (MO 7)) + (FY

F(Uﬂ Fy (4.135)

=

11 -
6k = o~ [ A% [2Re <M$§

%N (ZMt+20) | MO)| F (4.136)

ohl = %% a®, [2Re (M| 22 ]M;0>> + <M§?>] yADIAD ]M;f’)ﬂ F,. (4.137)
S ]
The single convolution contribution ¢! splits into two part after applying the decompo-
sition for 6%
56 = 655 + 65, (4.138)

where 6%}} contains 6}@ while 6%%] keeps 65”. However, both contributions contain however
divergences in €. The double convolution contribution contains double convolutions over
tree-level matrix-elements as well as single convolutions over one-loop virtual contributions.
The decomposition of 6V is applied and all terms containing the finite remainder function
‘]—'(1)> are put into 6%%, and all those without it into (7%%]. Both parts have explicit poles
€ and are proportional to the n-particle measurement function.

By construction three contributions can be easily identified to be separately finite:
ght - GRV 5YV (4.139)

As the next-to-next-to-leading order cross-section is also finite, it can be concluded that
all remaining parts together have to be finite in d dimensions

0py + 0sy + 6rr = finite (4.140)
with the definitions
Grr=6R% +oph + 0652, (4.141)
bsu = 68F + 6BV + 651, (4.142)
opy = 6BE 4 6BV 1 66 + 60V + 652, (4.143)

Further, it can be argued that opgr has to be finite separately. As discussed above in
the 0% (with ¢ € {RV,VV,C2}) contributions appear only term with one-loop finite-
remainder matrix-elements. One can easily convince one-self that the only way they arise
they give the same terms as the next-to-leading order contribution &y with the replacement

<M§?>‘M£?>> ~ 2Re <M£P>‘f,§1>> . (4.144)
In this sense &}I% corresponds to 65, &%E to 65 and 61%2% to 6¢. The functional de-
pendence of the n-particle matrix-elements (at least after azimuthal averaging) does not
influence the finiteness of the next-to-leading order cross-section. This only depends on
the unresolved integrals over the soft and splitting functions, as well explicit poles from

the virtual contribution. Therefore the finiteness of the next-to-leading order cross-section
implies the finiteness of cpr. The mechanism behind this argument can be made more ob-
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4. Real radiation contribution

vious with the new phase space parameterization. Since there is only one fully unresolved
configuration the cancellation in 6y happens for a fixed Born configuration. For fixed Born
momenta all the matrix elements across all contributions are just the same number (or to
be more precise, an expansion in € with constant coeflicients) which could be taken out of
the contributions, without spoiling the pole cancellation. The same holds for the n-particle
finite remainder functions appearing in 6pg. A detailed discusion can be found in [217].

This leaves 6 py+dsy as a finite quantity in d dimensions. As discussed at the end of this
section, a four-dimensional formulation would yield four-dimensional resolved momenta and
polarizations. Its not possible to go to four-dimensions directly, since 6gyy contains inclusive
d-dimensional phase space integrals over the resolved additional radiation. The terms of
order up to (’)(62) of this integral contribute to the finite part of the cross section as long
as the poles in 65y do not cancel separately. Consequently, a direct four dimensional limit
would yield wrong and not even finite quantities. However, as demonstrated in [217], it is
possible to construct special counter terms that allow to render 65y and 6py separately
finite. The construction of the counter terms depends on the specific choice of the phase
space parameterization. Since a different phase space parameterization is employed, new
counter terms need to be calculated (see section 4.6).

Assuming for now that a set of terms exists, such that

OA-S~U =65y — gy and (4.145)
05y =0pUu +0HYV (4.146)

are separately finite and the HV regularization can be finally constructed.

In the HV regularization scheme all resolved momenta and polarizations are taken to be
four dimensional, in contrast to d dimensions in CDR. This has a number of non-trivial
consequences. It has to be ensured that the finite result, hence the € coefficient of the sum
over all contributions is correct. The HV scheme will introduce errors at O(e) in the final
result, which are, however, not of interest for physical predictions. The first thing to note
is, that for four-dimensional polarizations all tree-level matrix elements have no expansions
in €, since the dependence can only enter through spin sums of external particles. In case
of finite remainder functions this is not so easy anymore since virtual integrations also
introduce an e dependence. That terms of the finite remainder functions of order € or
higher are not necessary to correctly calculate the €” is discussed below. The second thing
is a modification of the phase space due to the four-dimensional resolved momenta, which
schematically will lead to a partially four dimensional resolved phase space and a partially
d-dimensional phase space wherever unresolved momenta appear.

All contributions which do not contain poles in €, namely

~B ~R ~V ~RR ~RV ~VV
6 ,0p,0p,0p ,0p ,0p (4147)

can simply be evaluated for ¢ = 0 and immediately yield the correct € results. All
contributions that contain only F, measurement functions as well as poles in € are

oU, OFR; ODU - (4.148)

The € expansion of the matrix elements can be dropped, since the cancellation of the e-poles
in each contribution does not depend on the functional dependence on the kinematics of the
amplitudes, but rather on the unresolved phase space integrals over factorization formulae
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4.5. Four-Dimensional Formulation

and the form of Z(12)| similar to the discussion of finiteness of 6. Another way to see this
is that phase space parameterization results in a unique Born configuration, independent of
unresolved phase space integrals and across all sectors. Since the F), measurement function
could be used to single out a specific Born configuration, the finiteness of the cross-section
implies that for each Born configuration the poles have to cancel (after integration over
unresolved degrees of freedom) within each separately finite contribution. But for a specific
Born configuration the n-particle matrix-elements are fixed numbers (or expansions in
e with constant coefficients), which cannot influence the pole cancellation. Indeed the
dropped terms would add up to zero at €” as long as the poles cancel. Removing the e
terms of the matrix elements corresponds to four dimensional polarizations. The four-
dimensional momenta are obtained using a modified measurement function

n—1
F, — F,N~(n1e [H(gw)—%a(—?e)(qi)l (4.149)

=1

which sets all resolved momenta to four dimensions after performing the integrals over the
¢ functions. In case of no or only initial state references this idea directly applies. In case
of final state references, it is not the reference alone which appears in the § function but
rather the resolved momentum combination which amounts to

single-collinear sectors: 0729 (1 +u) = (r%+ uo)26 529 (7Y (4.150)

triple-collinear sectors: 0729 (r 4+ u; + ug) = (r® +uf + ug)Q6 5729 (7Y (4.151)

double-collinear sectors: H 52 (ry 4 uy) = H (r? + u?)z€ 529 (7). (4.152)
i=1,2 i=1,2

While the direction of the reference are restricted to four dimensions, the energy factor
together with the factor (7,0)(—25) from the phase space measure of the reference parton give
rise to a non-trivial € depending factor which needs to be included. Since the form of the
measurement function does not affect the pole cancellation, the replacement in equation
(4.149) does not change the finite result at € since removed integrals are at least of order
€ and thus vanish in the limit € — 0.

The contribution gy is slightly more involved since here two different types of matrix
elements appear: n and n + 1 particle ones. The complication arise due to the subtrac-
tion terms which consist of factorization formula for d dimensional matrix-elements. If
the resolved parton, whose soft and collinear limits are regularized by these factorization
formula, is set to four dimensions using the replacement (4.149) the factorization formula
do not match anymore. This can be circumvented by evaluating the factorization formula
at € = 0. This is straight-forward in case of &gg and &gllj. Both contributions are sim-
ply evaluated with a four-dimensional phase space and four-dimensional matrix-elements
(and four-dimensional factorization formula). In case of 65/ it is important to note that
the splitting function arising from taking a pole has still to be treated in d dimensions
since it belongs to the limit of the still unresolved momentum which is not affected by
the replacement (4.149). The subtraction terms to these terms on the other hand need
to be evaluated at € = 0 since those belong to limit of the four dimensional momentum.
This triple-collinear limit is an iterated one and thus the triple-collinear splitting function
factorizes into the product of two splitting functions. Similar to the previous case, the
0 functions appearing in replacement might contain combinations of reference and unre-
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Sector(pole) o-function energy factor
triple collinear:

Si(m) 02 (1 + u2) 629 (uy) (% + up)(uf)*
S23(12) 82 (1 + 1 )82 (ug) (0 + uf)*“(up)*
Sa(m) 8729 ()82 (uy 4 ug) (r0)%(uf + ug)*
S5(12) 82 ()82 (ur + uz) ()% (u} + up)*
Silé2)i € {1,23,4,5) 529 ()62 (uy) ()2 (ud)
double collinear

(m) 02 (ry 4 )82 (r2)002) (ua) | (1) + uf)>(r3)* (uf)*
(72) 02 (r)6C29 (r2)0 02N (wr) | (r))* (19 + ) (uf)*
(&2) 02 ()02 (ry + uz)8 2 (ug) | (1) (r9)(u})*

Table 4.6.: Energy factors arising from —2e-dimensional delta function in 6¢;r.

solved momenta if the reference is in the final state. Which combination arises depends on
the sector and the pole taken to end up in &gg, but they lead to similar expressions as in
(4.152). They are listed in table 4.6

A last remark on the number of dimensions for the unresolved phase spaces should be
made. In collinear poles the integration over the angles of the collinear parton can be
performed analytically since nothing depends on them. One has to be careful in some
cases arising in the o'® gince the angular parameterization of w; and wy is not fully
independent. In these cases one has to decouple them. In case of soft limits this situation
is different since scalar products between the resolved and the unresolved partons depend
on their angles beyond four dimensions. If there is only one soft non-collinear parton, there
is an additional fifth dimension to be integrated over. In case of double-soft, non-collinear
limits, a sixth dimension needs to be taken into account.

4.6. 't Hooft-Veltman Corrections

The discussion of the 't Hooft-Veltman regularization relied on the assumption that it is
possible to identify or construct a set of corrections &y such that

&SU,HV = 65[] — 6'HV = ﬁnite, (4.153)

Opu,HV = Opy + oy = finite. (4.154)

Indeed it is possible to formulate an algorithmic approach which generates such a set of
corrections. This set, or distinct terms inside the set, will be called 't Hooft-Veltman
corrections. The algorithm presented below is in a certain sense independent of the exact
details of phase space parameterization as long as some general assumptions about the
parameterization hold. The details of this assumptions become clear during the derivation.
The way seperately finite SU and DU contributions are obtained is completely different
and independent from that presented in [217]. After outlining the general idea the 't Hooft-
Veltman corrections for the parameterization, presented in section 4.3, are derived.
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4.6. 't Hooft-Veltman Corrections

4.6.1. Measurement function based approach

The approach of generating the correction terms will make extensive use of the measure-
ment function Fj,. Assume that the next-to-next-to-leading order measurement function
F appearing in all the contributions is replaced by a next-to-leading order measurement
function which would have the property F,11 # 0 and F,, = 0. Obviously, this would
render 6py and dpp to zero since they are proportional to F),. This also implies, through
the finiteness of the next-to-leading order cross section that gy has to be finite. Indeed
sy then corresponds to contributions of a next-to-leading order calculation with a n + 1
particle Born process:

o8 = olt, o8 — oy, 655 —6C. (4.155)

The contributions 65”,65 and ¢ may be written in the following form

6y = /d Y AR S (4.156)

6¢ = /d Oy 175, Foia (4.157)

6(}]2 = Z /d <I>n+1 +1Fn+1 (4'158)
pole terms

The sum in the &g case is performed over all sectors and all pole terms therein. That the
phase space integral ®,, 1 can factorized out in real emission case, is a non trivial state-
ment and one requirement on the phase space parameterization. In case of the proposed
parameterization this feature can easily achieved details follow in the next section. The
integrands Z , , are quite different. In case of 7, +1 the expression can be obtained from
the Z(1) operator. The essential point here is that v 41 are only the explicit poles given
in expression (2. 29) together with d dimensional (color correlated) matrix-elements. If one
would expand Z +1 in € while keeping the matrix-elements unexpanded, the series would
terminate at (9( ):

Ve VD

Vo, = ":21 + ”Zl : (4.159)

The convolution integrand Z, 1 contains an explicit pole in € while the only other € de-
pendent term is the scale ratlo (1% /pr)€. An expansion in e could be written as

IC( )
78, == 1790 L 0(e) (4.160)

the coefficients Z 4&1) still contain the convolution integrals over z and unexpanded d-

C(0) .

dimensional matrix-elements. Note that the coefficient Z,"}" is proportional to In (,uR/,uF)
and vanishes if both scales are chosen to be the same.

The integrand Z +1 is slightly more complicated. Due to sector decomposition, this
term is build up from pole terms from possibly many different sectors indicated by the
unspecified sum in front. It includes the selector functions, factorization formulae and
(color-correlated) n+1 particle matrix elements. In addition, there might be further phase
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space integrations over the unresolved momentum. The pole terms come with explicit
poles in e, which might reach e 2. In each sector the integrand Z2, ; could be written as

7R(=2)  ZR(=1)

R +779 1 0. (4.161)

Here again the d dimensional matrix elements are not expanded. However, the factorization
formula generated by writing these terms down are expanded in €, as well as the unresolved
phase space integral dji.

The matrix-elements are kept d-dimensional because in case of the next-to-next-to-
leading order calculation a further parton can be unresolved and the full d-dimensional
factorization formula are needed in order to not modify the finite part with the ’t Hooft-
Veltman corrections. As argued before, the finiteness of the next-to-leading order cross-
section implies that the pole cancellation does not depend on some special dependence on
the kinematics pf the matrix elements, and therefore pole cancellation, also hold without
taking their expansion in € into account. The statement of finiteness of the next-to-leading
order cross-section can now be phrased in the following way

Z / dq)nJrl

where ¢ € {R,V,C}. The sum over different sectors in the R case is implicit. The NNLO
case with a next-to-leading order measurement function can be recovered by replacing
R — RR,V — RV and C' — C1. There is no difference in the structure, nor changes in
the argumentation in that case.

—2 —1
ATEA T

€2 €

Fpp1=)» I°=0 (4.162)

Parameterized measurement function Before returning to the next-to-next-to-leading
order case, a tool in form of a parameterized measurement needs to be introduced. Let

F* 1 be a family of measurement functions with the following properties:

e Like all measurement functions it has to be infrared safe.

o If @ # 0 then F* = 0, while for a = 0, F can be any measurement function.
In other words, a # 0 corresponds to a next-to-leading order calculation within
a next-to-next-to-leading order calculation, a general next-to-next-to-leading order
calculation otherwise.

There are various ways to define an explicit measurement functions which fulfills these
properties. However, the following form allows for a simple construction of the 't Hooft-
Veltman corrections. The explicit form is motivated by phase space slicing methods. In
order to distinguish a n + 1 and n particle configurations, a set of global infrared sensitive
observables is introduced. Here the variables used are the minimum angle between any
partons and the minimal energy-fraction of any parton with respect to some arbitrary
energy-scale Fpom

1
Qp = Hzlzn Mij » with TNijg = 5 (1 — COS Ql]) 5 (4163)
p?
ae =min&; , with & = t (4.164)
7 Enorm
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are used, 4,5 run over all resolved momenta entering the measurement function. The
parameterized measurement function can then be implemented as

F = Fopb(oy — a)f(ag — o) = Fop16,0 (4.165)
with the usual Heaviside function 6 and a usual measurement function F,y;. For a # 0

this is a well-defined next-to-leading order measurement function and a proper next-to-
next-to-leading order measurement function for a = 0 which is inherited from F,4;.

Identification of 't Hooft-Veltman corrections Using the parameterized measurement
function the finiteness of the next-to-leading order statement becomes

> [ dvun

Returning to the full next-to-next-to-leading order case the structure of the contributions
0y becomes slightly more complicated. Mainly, due to the presence of further subtraction
terms needed for the additional infrared limits which are now allowed again. The subtrac-
tion terms are valid for each term in the e expansion such that the contribution can be
written as

-2 —1
AT ey
2

Frp16(oy — a)f(ag —a) = ZIC =0. (4.166)

G5y = / A%, 11 [T Fogr + I3 P (4.167)
Zc(—2) Z-(:(—1)
:/ddq>n+1{ Fn} .

+1 +1 c(0)
n€2 + 716 + In+1
(4.168)
The factorization formulae arising from the limits of the d-dimensional n + 1 matrix ele-
ments in Ifl(f_)l coefficients are also kept unexpanded in the corresponding 750

investigate the difference 65;; — Z¢. Reshuffeling the different terms one finds

terms. Lets

c(—2) c(—2) c(—1) c(—1)
~cC c In Fn l"‘In Fn In Fn 1+In Fn
osuy —1° = /ddq’nﬂ = +62 + c (1 = 0,0¢)
(4.169)
c(—2) c(—1)
c In In
+ / AP, 41 [zngpw + I;;@)Fn} + / 1,41 | T+ T | Falyfe
(4.170)
=Z7Z%a)+ C°+ N°a). (4.171)

Nothing happened except reordering different terms. However, the functions Z¢(«), C¢ and
N¢(a) have some remarkable properties. Firstly, C does not depend on the parameter
a at all and it does not contain any poles in €. Secondly, Z¢(a) consist of a phase space
integral over an integrable function times the factor (1 — 6,0¢) which restricts the phase
space domain. If a now would tend to zero, the integration volume and therefore Z¢(«)
vanish, i.e. lim,—0 Z%«) = 0. All contributions to poles in € that do not vanish in the
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4. Real radiation contribution

limit @ — 0 are located in the function

15(72) Iz(*l)
5 T
€

N¢(a) = / d®,, F,0,,0¢ (4.172)

The phase space integral over d®,,; contains the integration over the angle and energy
variables 7 and £ of an unresolved momentum which give rise to divergences, which are
regulated by a. The integrals are all of the form

b ode
/0 W@(m — fa). (4.173)

Thus the integration gives rise to logarithms of the parameter «, similar to those in slicing
methods, and N€ can be expressed as a power log series

l max

Na) = > In*(a)Nj(e) . (4.174)
k=0

where the coefficients IV () are regular functions in «. In particular, the limit lim,—o Vg ()
must exist.

For the complete single unresolved contribution gy the following rearrangement can be
made:

bsu=bsu— ) I°=) (65y —I) =) (Z°(a) +C°+ Na)) (4.175)
(& & C
=0
Since the left-hand side of this equation does not depend on «, also the right-hand side has
to be independent of «. The Z¢(«) are regular functions of «; in particular they vanish in
the limit v — 0. This leads to the conclusion that the logarithms appearing in expression
4.174 have to cancel across the different contributions ¢. Therefore all terms proportional
to a logarithm can be safely removed and an expression arises where the limit @ — 0 can
be performed safely. In this limit only

> N§(0) = 6nv (4.176)

remains. After subtracting gy from gy, all poles are removed and finite quantity is
obtained. Adding them back to &py, which is possible since 6y is also proportional to
F,,, vields the two separately finite contributions

su,Hv = 0sy —ogv and,0py,Hv = 0pu + oHv - (4.177)

This evaluation has to be done completely in d dimensions. However after this procedure
the ’t Hooft-Veltman regularization discussed in the previous section can be applied. The
last missing pieces are the functions N§(0). Their form depends on the parameterization
and the explicit form of the 0 function used. For the specific choice for § in equation (4.165)
and the phase space parameterization their derivation can be found in the next section.
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4.6. 't Hooft-Veltman Corrections

4.6.2. Calculation of 't Hooft-Veltman corrections

In order to obtain N§(0), the integrals in N°(«) over the angle and energy of the unre-
solved parton have to be evaluated, whose limits are regulated by the 6 step functions.
Fortunately, the integrands are end-point subtraction terms generated through the master
formula. Therefore the subtraction term f(0) for variable = depends only trivially on z
through the denominator. The minimum condition in the definition (4.164) needs some
additional discussion, since the step functions are not affected by the plus description. It
is essential that only the relevant angle and energy fraction in each sector give rise to a
non vanishing contribution in the limit @ — 0. This is true since all other singular limits,
ie. m; — 0 and/or & — 0 with ¢ # u and j # r, are regulated by the selector function.
Thus they give a contribution ~ « after integration which can therefore be neglected and
the oy, and o¢ variables adapt to the relevant expression in each sector. A toy-model for
such a situation would be a function f(x) that depends only on one variable z and after
the procedure described above the following integral needs to be evaluated

" dz f(0)
N(a) = /0 it O(z — a). (4.178)
The integral can be simply performed and yields
N(a) = —1=9" (4.179)
a) = - .

Thus the calculation of the ’t Hooft-Veltman corrections boils down to integrals over step
functions. There are two important aspects that have to be taken into account, especially
in the double real contribution. As one can see in the toy-model, the simple form of the
step function there generates only logarithms «a. If such an integral is encountered in the
evaluation of the corrections, this term can immediately be dropped, since the logarithms
have to cancel in the final result. This is certainly not the case if, for instance, the step
function would look like §(x — ca) where ¢ is some constant or even a function of z. If it is
a constant in x, logarithms of ¢ are generate in addition to those of . It is slightly more
complicated if the functions depends on x. The first thing to note is, that this function
has to have a non-vanishing limit for x — 0 ,e.g. ¢(0) = ¢o # 0. If this would not be the
case the 6 function would not regulated the infrared limits, and the construction would not
make any sense, therefore it is assumed by construction. This then leads to the following
way to handle such situations

1 T
N(a) = £(0) /0 %G(x—c(x)a) (4.180)
1 T 1 x
= 10) | —Etta =00+ 1(0) | (0 =~ cla)a) = 0la = c(0)))

(4.181)

The first term can be evaluated easily while the second vanishes in the limit o — 0. With
this general considerations the evaluation of corrections can be performed.

Notation Some notation needs to be introduced to organize the calculation. The relevant
variables are © = {n1,&1,m2,&2} in the double real contribution and x = {n,{} in real-
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4. Real radiation contribution

virtual and single-convolution contributions. The object x is used to identify the various
terms. Whenever there is a pole term the corresponding variable is replaced by "Pole”; if
it is an endpoint-subtraction the variable is replaced by "Subt”. The explicit integrations
are always over "Subt”-terms and performed integrations will be denoted by "Int” for the
corresponding variable. If the variable is not treated in any way the label is "Reg”. For
example denotes

{Reg, Int, Pole, Subt} (4.182)

a term which is obtained from taking the subtraction term in & and & for pole term
generated by the "4”-prescription in the variable 1y and integrate explicitly over &;.

Double-real contributions

The contribution from single-unresolved double-real radiation to &py is split up across
different sectors. Fortunately, the correction terms can be written in a form such that they
can applied for any process under consideration. Process and sector specific information
like the flavor structure and position of the reference momentum do not influence the
derivation and can be restored afterwards. The structure of double pole terms (x; = x; =
"pole") with no further subtraction appearing in 65{* is the following

o s T ?xfedureg g0 Mg P (5 ) (2520

k#i,5

(4.183)

The integration over the § functions results in one of the momenta entering the matrix
element become soft-collinear to the reference. Let us assume that us is the unresolved
momentum. The matrix element then factorizes

Mreg = freg(x)./\/l;eg (4.184)

where the function freg(z) denotes the factorization formula describing limit of |M2 |2
regularized by suitable powers of the z;. Expanding fie; and ereg together with the e =2

pole in € up to ! yields the expression for fol’(_l’_Q). Since this is a soft limit fieg = r%g
does not depend on e,
dzg dil reg ( )freg( )M;eg d:ul“eg ( )freg( )M;eg F
H 1+bk€ reg(x) n+1
ki,
Iffﬁ ? () 75 @)
(4.185)
Using the master-formula on the remaining x;’s generates then the corresponding If R(=1,=2)
terms. Renaming the remaining two variables y and z, one finds
TRRO) — 7RO 0) — 7RO (0, 2) + T (0,0). (4.186)
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4.6. 't Hooft-Veltman Corrections

Due to the additional limit (y and/or z — 0) the coefficients Iffl’(i) take the form

ey freg FregM” (4.187)
with a tree-level matrix-element M”. Putting this formula into (4.172) the contribution
to NER(q) is

Pdy  de i i i
V)3 [ (<900 - 100, + 100.0) 0 (@158)

the function f@ abbreviates the unresolved phase space weight dﬂl}eg(z)lffl’(i), the mea-

surement function F), and the tree-level phase space integration, while 6, are the regular-
izing step functions. This integral can now be evaluated by simple reshuffling of terms of
three integrals.

Lo dy dz ; ;
B /0 et e (V0.0 = 190,0)) 6o (4.189)
Lody dz ; ;
_/O Wz1+bze (f( )(07 Z) - f( )(07 O)) 904 (4190)
Lo dy dz A
_J %)
+/0 yl—i-byeizl—«—bzgf( (0,0)0q (4.191)

In the last integral nothing depends on the integration variables, except the step-function.
Therefore the integration can be performed directly. In the other cases, one integration
variable is regulated by a subtraction term. The corresponding integration can not be
performed in general since the dependence might be complicated, but the step-function
does not have to regularize the corresponding limit anymore. This means that there are no
logarithm connected to this variable after integration. The other integration can however
be performed and give rise to corresponding logarithms and other terms.

After discussing this at length all other cases are following along the same lines. Single-
pole contributions are simpler in respect of the expansion in € since only the lowest order
contributes there. But they become more complicated due to an additional integrations
over the angle or energy of the unresolved momentum. However, the same procedure works
for all contributions. Only in the special case, further discussion is necessary due to the
different way of constructing the phase space.

Since the integrals over the step-functions are trivial, only the pole and subtraction
combinations that will contribute to the corrections which do not cancel are stated in
table 4.7. Some of the details for each sector are discussed below.

Sector §1 In sector Sy uy is the resolved momentum in the single-unresolved configura-
tions and therefore the step-functions in all pole-terms are

9(771 - O‘)H(gl(u(l))max(nl)/Enorm - Oé) . (4.192)

Thus, whenever an integration over 7; can be performed, the result will always be propor-
tional to logarithms of «, and therefore it cancels.
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4. Real radiation contribution

Sector SU pole | contributing terms {ny, &1, 72,82}

Sl {7727 52} {Reg> Inta POle7 POle}
{n2} {Reg, Int, Pole, Reg}
{52} {Reg> Int> Regv POIe}

So3 {m} {Pole, Int, Reg, Int}, {Pole, Int, Reg, Reg}, {Pole, Reg, Reg, Int}
{&} {Int, Int, Int, Pole}, {Reg, Int, Int, Pole}, {Int, Reg, Int, Pole}
{Int, Int, Reg, Pole}, {Reg, Reg, Int, Pole}, {Reg, Int, Reg, Pole}
{Int, Reg, Reg, Pole}

Sy {n2,&} | {Reg, Int, Pole, Pole}
{n2} {Reg, Int, Pole, Reg}
{&} {Reg, Int, Reg, Pole}

S5 {m, &} | {Pole,Int, Reg, Pole}
{m} {Pole, Int, Reg, Reg}
{&} {Reg", Int, Int, Pole}, {Reg, Int, Reg, Pole}

Se {n2,&} | {Reg, Int, Pole, Pole}
{n2} | {Reg,Int, Pole, Reg}
{&2} {Reg, Int, Reg, Pole}
{m} {Pole, Int, Reg, Int}, {Pole, Int, Reg, Reg}, {Pole, Reg, Reg, Int}

special case : all terms contribute

Table 4.7.: Contributing terms from triple-collinear sectors. All Reg’s can also be Subt,
except for Reg® which is only Reg.

Sector Sa3  In sector Soz two different situations arise depending one the pole that has to
be taken. In case of the & pole, u; is resolved in SU and the step-function reads

0(771772/2 - a)e(fl(u(l))max(nln2/2)/Enorm — Oé) . (4.193)

Both step functions contain non trivial functions and therefore all possible integrations
contribute. In case of a 11 pole, us is the resolved momentum and the step function is

0(772 - a)0(§2£1(u8)max(07 12,5 51)/Enorm - OC) . (4194)

Therefore all integrations over 72 generate only logarithms. The other integrations, how-
ever, give non-trivial terms.

Sector S4 The situation in sector Sy is identical to Sp, since the resolved parton is either
uyp (soft pole in &) or uy + uy (collinear pole in 72) which behaves in both cases like u; in
sector 81 due to the special energy parameterization.

Sector S5 Here the resolved parton, similar to Sy is either uy or uq 4+ us. As discussed
in section 4.4.2, in the soft case the directions of the unresolved parton determines the
direction of the resolved parton which leads to a special pattern in the 6 functions. They
are in case of a collinear or soft-collinear pole

9(772 - a)a(él(u(b)/Enorm - Oé) (4195)
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4.6. 't Hooft-Veltman Corrections

similar to sector S4. But in the soft case they read
O(n2(1 —m/2) — @)0(&1(ulz)/ Enorm — ) - (4.196)

the dependence in the first f-function is such that in case of a subtraction term in 7; only
logarithms arise from the 79 integration. Therefore, only for regular n; there is a non trivial
contribution to the correction terms.

Sector Sg Here two case have to distinguished. If the SU pole is not 7, u is the resolved
momentum and the same #-functions as in sector S; are found, with the same corrections.
Otherwise the case of the 11 pole in sector Sog is recovered with the same conclusions.

Sector Sg - special case In all other cases the parameterization of the unresolved and
reference momenta is done directly in the laboratory frame. Therefore the angular and
energy variables correspond directly to the variables entering the step function. In the
special case, where n = 2 and both references are located in the final state, this is different
as discussed in section 4.3. The angles and energies are parameterized in the center-of-
mass frame of the references. The momenta are boosted afterwards to the lab-frame.
The boosted angles and energies then enter the 6-functions. This affects the corrections
obtained. The laboratory and center-of-mass system are connected by a boost in z direction
with a rapidity y, where

g+ 4
2

exp(y) = . withg = 71 + 72 (4.197)

The effect of this boost on the unresolved momenta can be written as
u?ab = ugms (cosh(y) + ﬁz"sinh(y)) (4.198)
lita = Giems 4+ uoe? ( sinh(y) + @Z(cosh(y) — 1)) (4.199)

ant thus the f-function can be written as

0 0 -1
O(Miap — @)0(&ap — ) = 6 <n [T(l)ab u(l)ab} - a) 0(§u?ab/En0rm —a) (4.200)
cms cms

The additional factor in front of n will result in more terms contributing across all pole
cases, since this integral does not create only pure logarithms of a anymore.
Real-virtual contribution

The real-virtual contribution is given by

11
o = o [ d®u [2Re <M£LO+)1)MS+)1> Foa + (subt. terms ~ F,)| - (4.201)
In each sector the phase space is parameterized with the single-collinear parameterization
and the one-loop matrix element can be viewed as a function f(£,n). The dependence
on the other angular variables as well as the Born kinematic is suppressed here. Due to
the virtual integrations the scaling behaviour of this function is not trivial in the infrared
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limits 1, — 0. Relevant for the discussion of the 't Hooft-Veltman corrections are only
the parts proportional to tree-level matrix elements, since only those contribute to O'RV In
the collinear limit, the one-loop matrix element factorizes as in formula (2.49). The terms

(s12)"¢ and ( © )E (4.202)

1—-2
give rise to altered scaling, schematically

lim f(1,€) = FPO€) + 0~ € fOIE 407G (4.203)
In the soft limit £ — 0 the formula (2.47) applies and a term with
(Sij)° (4.204)
arises and introduces the following limit behaviour

%i_r)% F,8) = fFEO () + &> D () . (4.205)

By investigating, for instance, the soft limit of the collinear limit the scaling of the soft-
collinear limit can be determined to be

lim  f(n, &) = f00) 4 pmeg=2¢ fnd) (4.206)
n—0,6—0

with f160) = M0 (0) and 06D = .2 (0). Furthermore, one can show that £ (0) =
0. The soft and the collinear commute and therefore the following relation holds for the
soft subtraction terms

limy 198 () = i f6 (4.207)

or, equivalently, a function f(ére8) = f(é’l)(n) — = f0&D) can be defined which vanishes
in the n — 0 limit. Using the above limit expression as subtraction terms, expanding
everything in € up to ¢! and keeping the part contributing to NV (a), results in

N (a)|c2 = / 1 [_ F10(-2) _ nd(=2) _ m2(=2) _ p60(-2) _ seres(~2) 4 pné.0(-2)
én €
(4.208)

NEY ()] 1 = / 1 [ 10D _ preD) _ pra(h) _ g0 _ geses(-) o preo-y)
&n €

+n(y) (fr10 4 122
n(u) ( Fr=2) 2= f<s,reg)(—2>)
("

+1n(¢) (=2) 4 9 p12(=2) 4 9 fs,regea))} (4.209)
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4.6. 't Hooft-Veltman Corrections

where the € expansions

o= e (4.210)

1=—2

are used. Additionally, the dependence on the renormalization scale through the one-loop
splitting and soft function is made explicit. Similar to the double-pole case in the double-
real contribution the different terms can be rearranged such that the either integrals over
n and/or £ can be performed or are regulated by subtraction terms. Whenever an integral
over 1 can be performed the result is proportional to Ina. For functions not related to

altered scaling, the f¢°0) functions, one finds
( EHOI'm )26 o 1
Unnax (17)

NEV(0) 1 <f§,o(—2)(n) n fg’o(_l)(n)> ,
—2e
<uf“°r(18)) —1] : (4.211)

2¢ €2 €
—1 [ fme0(=2)  pmE0(=1)
2 €2 + € ‘
The functions f&! and f7¢! also contribute to the ’t Hooft-Veltman corrections:
-1 £0(=2) Enorm 2 Enorm
NEV(0) 53— W 2¢ - In 2
2¢ € Unhax (1) Uhax (1)
570(71) E —2¢
(! () . ( Bhorm ) L (4.212)
€ Unax (1)
and
—1 [ fr&0=2)(0) E —2e E
NRV 0 4 b norm 1 norm
A ( 2 Nt @) "\
—2¢ 77570(71) —2e
+ < ?norm ) _1 lnn + f (0) ) < -Enorm ) _1] .
Unnax (1) € Unnax (0)
(4.213)
Finally, the following set of terms involving the renormalization scale concludes the real-
EH T 2
()
U (1)

<u§mzr$)>26 - 1] . (4.214)

virtual corrections

_ 1(=2)
NEV (0) -1 (fsl 2 (n) ln;f) _

2¢ €

- — <f Inp? | -
2¢ €
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Collinear factorization contribution

Finally, there is the collinear factorization contribution. The contribution 6%}} starts at
¢! and since the matrix elements are not expanded, only

1 1
&5 ~ - (Z;) =-+ O(e") (4.215)

has to be considered. Since the convolution does not interfere with the integration over n
or £, the contribution, similar to the real-virtual case, can be considered as

&%wi/%mﬂﬂma—fWﬂ%—ﬂQO+f®ﬁ» (4.216)

One immediately finds by applying the same techniques as discussed above
-1 En rm 2 -1 En gisl 2
=100 [( P ] 200 [ B N iy
Uhax (1) 2 € Uax (0)

NEH0) = o

max

Final remarks

The derived corrections need to be subtracted from &gy and added back 6pr;. However,
the corrections are similar to terms already contained in &gg,&g‘é and &g}]. They can be
matched by identifying integrated variables with pole terms. Then the corrections amount
to multiplications of the derived factors without the function placeholder f.

The finite results of a next-to-next-to-leading order calculation does not depend on the
introduced energy scale Fynorm. Thus it can be set to an arbitrary value. This on the one
hand can be used to check the implementation by varying the value and on the other hand
to steer a little bit the cancellation of the corresponding logarithms.
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5. Top-pair production and decay at
NNLO in QCD

In the previous three chapters, all necessary components for top-quark pair production and
decay in NWA were presented. Consider the following processes

pp — tE— W TW ™ — bl vy (5.1)

with ¢ = {e, u}. The top-quarks, as well as the W-bosons, are treated within the Narrow-
Width-Approximation. In this chapter the calculation of this process through NNLO in
QCD is presented. The implementation of the four-dimensional STRIPPER scheme was
modified in such a way that it can handle decaying massive particles and spin-correlations.

5.1. Treament of top-quark width in perturbation theory

The width of the top-quark I'; entering the calculation needs an additional discussion.
As discussed, the width can be evaluated in perturbation theory and enteres within the
Narrow-Width-Approximation through the on-shell top quark propagators. Schematically
the (differential) cross section might be written as follows
dary dry

do =doy X — X

2
T, X T, (5.2)

with the total top-decay width Iy, the on-shell top-quark production o,7 and the differential
decay rate dI'y; to leptons. The x symbol represents the treatment of the spin-correlation
which is taken into account here. Since also the W-bosons are also treated within the
NWA the total decay rate can be further factorized to

TW* = ff)

Ty =T(t— W) -
w

ff

: (5.3)

assuming a diagonal CKM matrix. When interested in leptonic final states, the differential
decay rate is given by

dF(W+ — fI/f)
I'w

dry =dr(t — W) H
felen}

; (5.4)

and similiar for the anti-top-quark. Assuming that there are no phase space cuts involved,
the integration over the phase space would yield

c=oz| Y. BRW' = fru)BR(W™ = f 7)) (5.5)
F.fefen
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5. Top-pair production and decay at NNLO in QCD

Thus just the production cross section times the branching fractions of the channel are
under condsideration. This property should hold in perturbation theory to all orders. This
can be achieved by consitently expanding expression 5.2 in a; [60]. Each component can
be written as an expansion in ag

(0)

doy=do,;’ + ozsdo't(t}) + oz32d0g) (5.6)
_ a7 (1) 211(2)
dly) = dFt@ + O‘SdFt(a + g dFt@ (5.7)
T, =T + o, 0 + o210 (5.8)
Up to NNLO the expansion to the full expression reads
do = do™© + a,do™0 + o, 2doeNNO (5.9)
with
dot© == gHOxLO (5.10)
or
doNLO _ 4,NLOXLO | 3, LOXNLO _ (to) do0 (5.11)
L
doNNLO _ §,NNLOXLO | 4, NLOXNLO | ,LOxNNLO
1 1)2 0) (2
o (1Y -
0 0)2 0)2 :
T T T

where contributions are combined according to whether the corrections are located in the
production and/or decays, which gives

(0) (0)
voxto _ 4 (0, Al dry
do =do,;’ x o0 =0 (5.13)
t t
0  qr©
doNLOXLO _ dag) % I;g) % (g) (5.14)
Pt Ft
©  qr®
doNNLOXLO _ dO't({Q) % d% % g (5.15)
r®
1 (0) 0 (1)
wlosLo _ g 0 (dr? dr?odr® drg (5.16)
tF N I OB OB
2 (0) 0 (2) 1 (1)
LLOXNNLO _ 4 (0) ar®  dry ar® ar®?  qr® art 517
t F)(fo) Fgo) Fgo) F)(SO) Fgo) Fgo)
1 (0) 0 (1)
doNLOXNLO _ 4 (1) dl“g : % dr’s dFE : dl’; . (5.18)
tt FEO) FEO) Fgo) I‘go)

It can be checked explicitly that this treatment preserves the property 5.5. A further
advantage of this approach is that all calculations can be performed with the leading order
width, and the additional terms can be obtained by simple rescaling. The dependence of
the width on the renormalization scale is kept and the complete expression 5.12 is evaluated
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conistently at the same scale pu.
The total top decay width with = m; = 173.3 GeV, is up to O(asz), given by

D(t — bW H) =TO (1 - 1.20a,(p) — as®(1)2.67) . (5.19)

For an on-shell renormalized top-quark mass, only o depends on p and the RGE equation

dr

holds. From this the scale dependence can easily be restored.

5.2. Dipole subtraction for decay corrections

The next-to-leading order corrections to the decay is done in a special way. The reason is
their appeareance in the contribution

doNLOXNLO _ 4. (1)
tt

1 (0) 0 (1)
<dr§) Ldry ar®  dry > | (5.21)

FEO) Fgo) F§0) FEO)

Here, next-to-leading order contributions from the production and the decay have to be
handled at the same time. There is no conceptual problem in performing this calculation
with the STRIPPER scheme, but it became evident that it is not very convenient to build
this in the existing code. Therefore the NLO corrections to the decay are treated outside
the STRIPPER scheme. Writing the NLO contribution of the decay width as

r) =k 41V (5.22)

_ / @@ (M| M) + / a'®:2 Re (M| M5) (5.23)

the infrared divergencies are handled with the methods presented in [223], i.e. with a
dipole subtraction scheme.

To the real radiation contribution I'® only the process
t— bWty (5.24)

contributes. The matrix element can be written in a factorized form

<F+1|F+1>:920F{[ ! ( 2 —1—2)— m; }(NF)

po-pg \1— 2 (pt-pg)?

G 3 5 (1+ 2r?)

2GR Y 2

e - r— )2 )b,
+8mt\@[1—z((1+r) e 2)+ 1—2) }}

(5.25)

Two singular limits need to be regulated. The soft limit of the gluon, were p; - p, and
Db - Py vanish, as well as the collinear limit of the gluon and the b-quark, where only pj, - pg
generates a divergence. Following the form of the matrix element, the subtraction term is
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chosen to be

D((pt +pg)2a (pb +p9)27 m%v mIQ/V) =

1 2 m?2
47 C —1—z—€(1- - t] 5.26
o [pb " Pg (1 -z @ el Z)) (s 'pg)2 ( )
such that
/ddfpg ((MP[ME) = D+ (M| ME")) (5.27)

is integrable. The momenta p, and py entering the matrix-element <Mgo) Mé0)> are

obtained by a mapping from the full kinematics. Omne can achieve this by a Lorentz-
transformation such that

2 _ .2 2., 2
- bt - Pw . by — P by +p
pW—Oé<pw— tQ >+6pt with o = i W 5:7'?22”’
t 2\/(]915 pw)? — P33 Pt
(5.28)

and py is fixed through p, = ps —pw. The integrated dipole can then be obtained from the
integration over the gluon phase space. Due to the Lorentz invariance of the phase space
measure the integrated dipole can be written as

dFI = d(I)gD : <M2|M2> = d@g(ﬁw,ﬁb) <M2|M2> /d,u(](pg)D (5.29)

where the integral evaluates to

o= (2 10250

2% 1/ 1 8 1

2,2 - 7)nz+-—— +2Lis(1 —
+4+2<(1—x)2 —z " )nx+2(1—m)+ f2(1—2)
52 1
—76T—51n(1—$)+21n2(1—3:)+2}. (5.30)

The virtual corrections at one-loop are given in terms of a form-factor, see equation 2.87
in section 2,

(hes ho, b [Ta) = by, pp) F*u(ha, p)en(hw, pw) (5.31)
WithF¥ = 3Py, [1+ 22Co| + Papfy [ 22C1 ] (5.32)
47 47
The virtual contribution needs to be combined with the integrated dipole in equation 5.30
and the cancellation of poles can be performed on form factor level, since one might write
the integrated dipole as

dr! = d®,2 Re <r<0> ‘I> (5.33)

due to the absence of an imaginary part in 5.30. The next-to-leading order decay rate can
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then be phrased as
r{) = pRS 4 VI (5.34)

- /dd@g, ((r{ [y = o (1P |r)) +/dd<1>22 Re(TO[r0+7) . (5.35)

The construction holds in a similar manner in case of polarized top-quarks and can therefore
be incorporated in a straight forward manner in the Narrow-Width- Approximation.

5.3. Results for LHC

Equipped with the methods discussed so far, many different particle phenomena can be
investigated and the phenomology discussed here is only the starting point for various
investigations. In this section, a first application of the developed framework to LHC
phenomenology is presented. All results are prelimary in the sense that they are checked
for consistency and also a set of cross-checks of different parts against existing calculations
were performed, but they are not published yet. This is the first calculation of this process
(within NWA) through NNLO in QCD, even though the production and the decay at NNLO
are known already for quite some time. The double polarized matrix-element, were the
missing piece to perform the combination of the known results. The setup presented below
is chosen such that a comparision with CMS [135] data and the approximate calculation
presented in [224] can be performed.

my 173.3 GeV

mw 80.385 GeV
my 91.1876 GeV
T'w 2.0928 GeV

Gr | 1.16379 - 1077 Gev?
Table 5.1.: Input parameters for calculation

For all calculations presented in the following, the input parameters listed in table 5.1
were used. The Gp-scheme for the electro-weak sector is imployed. Then the electo-weak
coupling and mixing-angle are defined by myz, my and Gg

myy

Z

GFSmIQ/V
w = A ——— . 5.37
Gw = {| 7 (5.37)

The leading order decay width of the top-quark evaluated with this input amounts to
r® = 1.5048 GeV (5.38)

while equation 5.19 can be used to obtained higher order coefficients appearing in 5.12 and
their scale dependence. The width is evaluated at the same scale as all other contributions
and is subject to the scale variations for the uncertainty estimation. The MMHT2014 LO,
NLO, NNLO PDF sets together with their values for as(my) were used for the correspond-
ing predictions.
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Setup | LO [pb] NLO [pb] ~ NNLO [pb] NNLO [pb] CMS [pb]
+37% +9% +1% +2.5% +4.7%
CMS @ 8TeV | 3.780757%  4.4879% 4.6173% A87T2% 43T

Table 5.2.: Fiducial cross section predictions for the CMS setup at LO, NLO, NNLO in
QCD as well as NNLO predictions from [224]. The theory is compared to
measurements of CMS [135].

The estimation of the theoretical uncertainty is made with the help of scale variations.
Formally, the dependence of a theory prediction from perturbation theory up to given or-
der on the renormalization and factorization scale is of one order higher in the coupling.
Concequently, the dependence of the results are expected to become smaller when moving
to higher orders in perturbation theory. The residual scale dependence might be used to
estimate the effect of higher orders. Heuristically this method provides resonable error es-
timates and in many cases the next order lies within the uncertainty bands of the previous
order. In the case at hand, the uncertainty bands are estimated by varying the renormal-
ization and factorization scale simultanously with u = ur = pr € [m/2,2m]. A more
rigorous estimation of the error, including off-diagonal variations and PDF uncertainties,
is left for further investigations.

5.3.1. Fiducial cross sections

The most inclusive observable is the total cross-section. From a theory point of view, no
phase space cuts are necessary to define the final state. However, at CMS and ATLAS only
fiducial cross-sections are measured, since the detectors do not cover the full phase space.
In table 5.2 fiducial cross-section predictions for various fiducial volumes are presented.
They are compared to measurements from CMS [135]. Predictions for CMS are presented
in the full dilepton channel at 8 TeV. The fiducial volumes are defined through cuts on the
final state lepton and reconstructed b-jets. For the leptons a pr of 20 Gev and |n(¢)| < 2.4 is
required. Additionally, two b-jets (anti-k;, R = 0.5) with pp(Jp) > 30 GeV and |n(Jp)| < 2.4
have to be present.
The transverse momentum pp of a particle (or jet) with momentum p is defined as

pr = \/P2+ D5 (5.39)

The rapidity is defined for massless particles as
1
y_m(m+m> (5.40)
2 bo — Pz

and corresponds to the boost that has to be applied in z direction to bring the particle in
the transverse plane with respect to the beam. It can be generalized to massive particles,
by defining

1
n==In <’Ii1 +pz> ) (5.41)
2 P — P

which concides with the rapidity definition for massless particles.
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Figure 5.1.: Predictions for differential distributions inside the fiducial volume of the CMS
setup in table for LO, NLO and NNLO in QCD. The uncertainty bands are
obtained from scale variations u = ur = pp € [m¢/2,2my].

The dependence on the scale u nicely reduces with increasing perturbative order down
to O(5%) and an improving description of the measured cross-section.

5.3.2. Differential distributions

Besides cross sections for fiducial volumes, differential cross sections are of particular in-
terest in general. The dependence of the cross section on various kinematic observables
encodes fundamental properties of the particles involved in the process under consider-
ation. In the case of top-quark pair production they are extremely important for many
measurements, ranging from determination of the top quark mass, through template fits,
to the investigation of spin properties |[225|. As mentioned in previous discussions about
the motivation of this project, due to its short lifetime, the top-quark is not observed
directly but rather reconstructed from the decay products. Properties of the top-quark
are inferred through the modelling of production and decay. The more accurate the mod-
elling the more accurate are the measurements. The most precise prediction for differential
properties of top-quarks are performed at NNLO QCD plus NLO EW corrections|31], for
stable top-quarks. One crucial problem in comparing these predictions to measurements
is the reconstruction of the top-quarks and their four-momenta. Including the decays in
the calculation allows to directly model the decay products and their kinematic distribu-
tion and so improves the measurements. Most importantly, keeping the spin-correlation
between production and decay in this calculation may provide a direct handle on the
spin-properties of the top-quarks.
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Figure 5.2.: Comparison of LO,NLO and NNLO predictions for lepton observables to CMS
measurements. The theory uncertainty bands are obtained from scale varia-
tions = pur = pp € [my/2,2my], while the data presented here are taken
from [135].

For the CMS setups differential distributions were calculated. The focus is here on the
momenta of the leptons and b-jets. Since the neutrinos are unobserved, only imbalances in
the measured momentum configuration of the leptons and b-jets can be related to them,
as for instance the missing transverse energy Er. However, neutrino related observables
are not discussed here in further detail. In figure 5.1 the dependencies of the cross sec-
tion on the pseudo-rapidity of the lepton averaged over all considered lepton species, the
AR(¢*,¢7) distance between the oppositely charged leptons, as well as the transverse mo-
mentum of the lepton pair pr(¢*,¢~) and the two reconstructed b-jets are demonstrated
at LO, NLO and NNLO in perturbation theory. The uncertainty bands are obtained with
the same scale variation as is udes for the total cross section. One observes a reducing scale
dependence with increasing order in perturbation theory, which indicates that the pertur-
bative expansion converges well. In the pp distribution, the NNLO prediction stabilises the
tail while a significant change in shape happened between LO and NLO. At leading order,
there is no real radiation and only the distribution of the balanced transverse momentum
between the decay products is observed, while starting at NLO, additional radiation recoils
from the top-quark pair system.

Additionally, a comparison to CMS measurements of differential level is performed. In
[135], measurements of normalized differential cross-sections for the di-lepton channel are
presented for observables related to the b-jets and leptons. For the comparisons the data
were normalized again to the measured fiducial cross-section in table 5.2. The error on the
fiducial cross-section is propagated with quadrature. The reason for this is that the way
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Figure 5.3.: Comparison of LO,NLO and NNLO predictions for b-jet observables to CMS
measurements. The theory uncertainty bands are obtained from scale varia-
tions = pur = pp € [my/2,2my], while the data presented here are taken
from [135].

the theory uncertainty is estimated in this calculation is not feasible for normalized distri-
butions. For instance, at leading order only the value of as and the evolution of the PDFs
depend on the scale. Due to the fixed scale choice, the effect on ay is just a normalization
and in normalized distribution only the difference between the PDF evaluated at different
scales is visible. Since the variation of the PDF evaluated at scales in [m¢/2,2m;] is not
very strong the error estimate would basically amount to zero. Also for NLO and NNLO
the cancellation in normalization reduces the error to a small unreliable value. Dynamical
scales and more rigorous study of the scale dependence as well as the PDF uncertainties
needs to be discussed in the future.

A comparison of lepton-related observables can be found in figure 5.2. Shown are the
transverse momentum pp(¢), the rapidity y, averaged over both charged leptons, as well as
their invariant mass My, and combined transverse momentum pp (4, ¢). In all cases striking
agreement between the NNLO calculation and the CMS measurement can be found. In
combination with the fact that the theory uncertainties become visibly smaller, one can
conclude that a significantly better description of the data is found.

In figure 5.3 a similar comparison is made for b-jet observables. Here also, the NNLO
prediction provides a very competitive description of the measurements with small uncer-
tainties in comparison with NLO. Both cases show that the higher order calculations are
needed to obtain a reasonable description of the data. Especially in the tails of transverse
momentum distributions the improvements are quite impressive.
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6. Summary and Conclusions

The motivation of the work presented in this thesis originated from the observation that
higher order perturbative calculations are the backbone of theoretical descriptions at
hadron colliders, in particular the LHC. The production of top-quark pairs, the heavi-
est known particle, was identified as a window to precision physics in the Standard Model
and searches beyond it. The accurate modelling of top-quarks is essential to gain the max-
imum use out of the large amount of data available. The calculation of the production and
the decay into the di-leptonic final state of a top-quark pair within the Narrow-Width-
Approximation was presented through NNLO in QCD. All necessary components were dis-
cussed in detail. The starting point were the foundations of top-quark physics at hadron
colliders and the separation of partonic physics, accessible through perturbation theory,
from hadronic physics was presented by facilitating a factorization theorem. The pertur-
bative treatment of the partonic cross section in terms of higher order QCD corrections
was investigated.
The polarised two-loop amplitude of the tt-pair production is a necessary building block
of tt production with decays. Its calculation was a substantial part of this work and was
discussed in detail. A broad band of computational techniques for multi-loop amplitudes
were employed. The reduction of tensor to scalar integrals was performed by a projection
approach which kept the spin and color information. Integration-by-parts identities were
used for the reduction of the occurring scalar integrals to master integrals. The master
integrals were evaluated by numerical integration of the system of differential equations
obeyed by the master integrals. The preparation of the amplitude for implementation was
also discussed.
The handling of real-radiation contributions in NNLO calculations is a dynamically devel-
oping field of research. In this work the STRIPPER scheme was presented in a modified
version. A new phase space parameterization was introduced with the intension to opti-
mize the convergence in differential distributions. The change of parameterization needed
a reevaluation of the four dimensional formulation of this scheme. The introduction of
"t Hooft-Veltman”-corrections is necessary to correctly evaluate the occurring integrals. A
method to identify the necessary modifications was developed and its application discussed.
The C++ implementation of the original scheme was modified to the new parameterization
and the determined corrections were implemented. The STRIPPER implementation thus
now represents a fully general NNLO QCD subtraction framework.
The first application of this framework is the calculation of ¢¢ production with leptonic
decays. The framework was enhanced by the possibility to treat decays of on-shell top-
quarks and W bosons within the NWA. First phenomenological results in terms of fiducial
and differential cross sections were presented and compared to CMS data. Improving
theoretical error estimates from scale variations and astonishing agreement with CMS
data have been found.

This work marks the starting point for a broad band of phenomenological studies for
top-quark physics and application of the obtained STRIPPER framework. The presented
top-quark pair calculation can be used for a variety of measurements, and due to the high
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order in perturbation theory combined with the included modelling of the decay a reduction
of the theory error in many measurements is to be expected. Many of the applications of
NNLO top-quark phenomenology can now be repeated based on the new predictions. For
example, the top-quark mass extraction based on differential distribution or the extraction
of PDFs are going to profit from this new result. The inclusion of the decay allows to reduce
systematic uncertainties in the fits and comparisons. The results can be used to investigate
spin-correlation observables like the angular separation between the two charged leptons at
a new level of precision. In this work the leptonic decays were presented, but the extension
to also include the hadronic decay channels of the W-boson (as long as likewise treated in
NWA) is straightforward.

The automatised STRIPPER framework is the ideal basis for phenomenological applica-
tions at NNLO for a variety of processes. The development of the framework has two main
perspectives. An important goal is going to be the inclusion of further available two-loop
matrix elements. An example could be the amplitudes needed for vector pair production
which are publicly available. Moreover, matrix elements for di-jet, vector-boson plus jet,
Higgs-boson with or without jet, or lepton pair production are known and available. The
framework would directly allow for the inclusion of heavy particle decays, like W, Z and
H decays. This would provide the most comprehensive collection of available processes
at NNLO. In the same context, one might think about the inclusion of automatised one-
loop matrix elements provided by libraries like OPENLOOPS or RECOLA. As soon as they
are stable and flexible enough to provide matrix elements in the infrared limits and spin
correlated matrix elements for subtraction terms, this will be a sensible item to incorpo-
rate in the STRIPPER framework. Since the subtraction is completely automatised, the
framework is conceptually ready for higher multiplicity processes. The bottle-neck is the
availability of two-loop matrix-elements. The only candidate process exhibiting 2 — 3
kinematics whose two-loop matrix elements are known is the three-jet production. At
some point these matrix elements will be fast enough for phenomenological applications.
However, practice must show if the subtraction scheme can handle this complicated pro-
cess with reasonable efficiency and/or convergence. This leads to the next, even more
important prospect: efficiency. Even though the set of subtraction terms provided in the
software is general and can be used for any process, this does not necessarily mean that
the subtraction scheme results in good performance. The newly implemented phase space
parameterization needs to be investigated in terms of its impact on the convergence. This
is a critical point for future investigations, since the demand on computing power increases
dramatically for progressively complex processes and thus an efficient way to perform the
calculations is essential. A starting point for improving on this, is not only the phase
space parameterization, but also other ideas like event smearing, a method where several
events close in the phase space are averaged over to improve convergence, are waiting for
implementation and testing.

As shown above, the number of prospective processes to be integrated, and the possibilities
of further improvement are vast. All this summarizes the prospects for the near future:
There are interesting times ahead!
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A. General Notation and conventions

A.1. Notation

Conventions, notations and definitions that appear in various places are collected in this
section. The notation is as far as possible oriented on the notation in [217] and many
formula and conventions are directly from that work.

Spacetime dimension

d=14-2€. (A1)
Bare strong coupling
0 ILL2R67E €
Qs = Zo,Cays (A.2)
4

wr — renormalization scale ,
Zo, — MBS renormalization constant
Ca. — heavy-quark decoupling constant [226] .

Matrix elements

MZR 7737;7817 "8 <p17"'7pn) - <<Cl,...,0n’®<Sl,...,8n‘> ’Mal ..... an (p177pn>> ) (AS)

‘Mn> = ‘M(u,...,an (plv' .. apn)> > Z ‘M |2 <M |M > 5 (A4)

color
spin
[ipe”® B 1 2
M) = (BB ) (IMD) + M)+ MP) +. ) (A5)
¢; — color of parton 1, a; — flavor of parton i,
s; — spin of parton 1, p; — momentum of parton 4,
lc1, ..., cn) — color basis vectors, |s1,...,8,) — spin basis vectors,

I — ag power of Born approximation.
Phase spaces

/di’n(pﬁrpz - i:%) = (“Rem> /H T 12q )dé(d)(iqi—pl—pz) :

=1 =1
(A.6)
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Sums over partons

E — sum over

ij...

iO)j07k07"‘
ILIK,...

all indices 1, 7, . .
(6,3,--)

indices for arbitrary partons, both massless and massive,
indices for massless partons,

indices for massive partons.

. g — sum over distinct indices ¢, 7, ... .

Kinematic invariants

2,2
2 2 miym5
pr=mg, vr =pr/mr vrg =¢|1— ; (A7)
e (p1p.)?
Sij = 2O'Z'jpi “p;+ it . (AS)
0;j = +1 — if the momenta p; and p; are both incoming or outgoing ,0;; = —1 — otherwise.
Color charge operators [22]
<Cl,...,CZ‘,...,Cn,C‘TZ“bl,...,bi,...,bn> = <Cl,...,Ci,...,Cn’,ficlbl,...,bi,...,bn>
= Oeypy -+ Tip, -+ Ocnby - (A.9)

> TiMu) =0, TfTF=T; - T;=T; T;, T;- Ti=T;=C;=Cqo, (A0
i

T:., = if"°? — emitteris a gluon,

Ti., = tee,(=—ti,.) — ecmitter is an outgoing quark (anti-quark) ,

T ., —te,., (= t¢,.,) — emitter is an ingoing quark (anti-quark) .
aub ab 1 ab

A.2. Spherical coordinates in d dimensions

Let d% be the Euclidean integration measure in R%. It can be decomposed into a radial
and an angular part with the help of a §-function insertion, if the = vector is rescaled as

T=Trn
/ddr—/ drrd_l/ ddﬁa(l—mu)_/ drrd_l/ s .
R 0 R 0 sd-1

In this way a rotationally invariant measure, d€2, on the unit (d — 1)-sphere, Sflil is
defined. From now on the dimensionality is included in the notation of the versors 7. Let

(A.13)
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us introduce a recursive parameterization in terms of angles

cos 01
D (01,0,,... 0a-1) = ;oA =1, (A.14)
sin@; A4D(0y,...,04_1)
where
01,...,04 0 € [0,7‘(] , bO4_1 € [0,271'] . (A15)

An important property of this parameterization is

ﬁ(d)(91>"'7‘9n717079n+1>"->9d—1) = ﬁ/(d)(elv"'70n7170707"')7
A DO, 1, T 001, 001) = AD(O,...,0,_1,7,0,0,...). (A.16)

The recursive definition of the versor can be implemented in the integration measure
/ dQ(0y,0s,...,00_1) = / dé, sin?? 91/ dQ(6s,...,04_1) . (A.17)
st 0 Si2

The volume of the unit (d — 1)-sphere is

/ a1 = 2"
st I'(
The following result

/8 IRCLE (an®) = a1~ /R at(aa®) 5 (a—[|an®@]) 6@ (an) = 5 b(0)
(A.19)

[NJisH

(A.18)

[VlisH

;-

implies the correct reduction of the dimensionality of space

(d—n) [~ (d)) _
Ld_l Qs (n ) - /Sn_l aQ (A.20)
1 1

Furthermore a representation of the angular versor parameterization through rotations of
a basis vector is introduced. A basis versor is defined

(d) _

1
) 0
nO = 0

: (A21)
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and a d x d rotation matrix transforming the coordinates ¢ and j

i J
1
1
cosf sin 0
1
d gy _
RY(6) =
1
—sin6 cos 0
1

9

(A.22)

where the unspecified entries are null. If the rotations act in different planes, then the

respective rotation matrices commute
lijy ik} =0 = |RY01), R (02)] =0.
The versor parameterization can be expressed through rotations as
A D(0y,...,001) =RV 01,...,00-1)n"
where the shorthand notation has been introduced
RO (01,...,04-n) = RY)_ | (04-0).. R, . (01) .

Due to the commutation properties of the rotation matrices, there is

d

[Rgd)(al,...,en,l,o,o,...), R (Ons1,...,001)] =0.

A.3. Definitions of contributions

The LO contribution is definied as:

61 = 6B = 11 / d®, (MO|MO)F

At next-to-leading order there are the following contributions:

1

ab - 25 N, dq)n—H n+1’M > n+1 5
1A d®, 2Re (MO | MUV F,, |
25N,
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(A.26)
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A.3. Definitions of contributions

. as 1 (ph\° ! ) .
) =52t (U5) X [ ax [P0 abempm) + PY ()08, am)]

2m e M% -
(A.30)
and finally the contributions arising at NNLO:
1 1
GRR _ (0) (0)
o = e [ A (MULIMOL) P, (A31)
R 1 1 0 1
o = e [ A®as 2Re (MOLIMEL) P (A4.32)
11
o = g [ 4% (Re (MOIME) 4+ (MOMDNFL . (A3
25 Ny

with the collinear factorization contributions:

65 (p1,p2) = 27r6< ) Z/ dZ PO (2) 68 (zp1,p2) + PL(2) (];{C(plazPZ)] ,

2
65 (p1,p2) = 27T6 (Zf) 2/ dz Py cb(zpl,pz)-i-P( () (Yc(pthz)]
F

+<%§) 21<H ) Z/ dZ ) (2) 6.0 (21, p2) + Pc(bl)(z)a-(]j)c(p1>zp2):|

3 [ [(P9 @ PO 0B pa) + (KD © P ) 08122

cd V0
- <;L;)2€l2 <Zz%>262//01d2d2 P (=) PR (2) 68, )|
C (A.34)
where 1
(f®g)(x) = //0 dydz f(y)g(2) 6(z — yz) . (A.35)
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B. Renormalization Constants

B.1. UV renormalization constants

The necessary renormalization constants for UV renormalization of the polarized double
virtual ¢¢ amplitude are collected here. The on-shell renormalization constants are

(nf) 2 2
o 2 2 1 5 1,45 7, 2 4
Zg = 1+ 27( TFnh{_3€ — glu — §6lﬂ — TSG— §€ ZN - EE l,u+ §€ Cg
ai"f) 4 2, 4 4 2., =
1 15 35 13 5 5 1 13 1372
Fl-=-1,— =40y |5+ -1, ——— =1, + =12+ —
* [ 2 4]+ A[3662+186“ 8 am g RT 216]}’
)\ * 1 1. 5
Zq = 1+ 27‘(‘ .FTFnh|:46+2M_24:|7
(nf) 2
_ s 3 3 3 o T 2 2 2,2
ZQ = 1+ o )f{2622l,u462du46lu 86—86 — 4e lu_flu
Lag ™o ™oy Lol o™ Flrpn, | £+ 1, + 27 1
——€l;, — —€ — —¢€ —€7(: ny,l——+ - - + =
4°m 6 g T gt s o FChlge Wen T rg gk
3 52 1 11 113 19 1 72 9 51
R Ty —F — 4+ P+ |+ F|— 4+ —
ol 4]+F”l[ 262+12€+24+6N+2M+3]+ 8 T Toe
9 433 51 9 4972 11 127 1705
L= =, 21— 41n27% — 6 Cul—= - —=—-—
et 3y gl g g HAM2T 66 + Cal g5 — 50 T Tog
215 11, 5 9
_ﬁlﬂ_glﬂ+7_2ln2ﬂ— +3C3 y
(ng) 2
Qs 3 3 3 o T 2 2 272
Zm = 1+ o .7:{—26—2 l“—4e—2€lu—16lu §6—86 —4e’l, — €l
1,5 w2, w2, ) 2 1 5 143
e A ) M R FT -4 4=
16 s;ef“L2€<3}Jr o {F"h{ 22 " 12 T 24
13 1 272 1 5 71 13 1 2
L+ -2 |+ Tomy| o5+ — + o, + 22+ —
MY 3]+F"l[ 262+126+24+6“+2“+3]
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9 45 9 199
82  16e 4e ™ 32 4 r 16

177
tF|l gt l L dp LT n 27 }

11 97 1111 185 s 3
7_7_7_71_712 T mor?42 B.1
+CA[82 18 96 aam ®eT3 nﬂ+2g3]}’ (B1)

where [, = In u?/m?. The on-shell wave-function renormalization constants for the gluon
and light quark fields have been taken from [227, 228|.

For the heavy-quark wave-function and mass renormalization constants we used ex-
pressions from [229]. The MS renormalization constant for the strong coupling up to

O(agnf) ) is given in terms of beta-function coefficients

(n) )\ 2

o bo o B
Za =1- 5 o 9. ’ B.2
: or | 2¢ T\ 2r <462 8¢ (B2)
where
11 4 34 20

The two-loop decoupling constant for the strong coupling is given by [230]

2m 3r 318 9 18

ol 2 8 5

O‘gnl) 2 2 273 2 2
oo = 1+ Teng,4 =1, + el—i-f —i-fel%—f l—feC3

B.2. Supplements for IR renormalization

A list of all the anomalous dimensions occurring in Eq. (2.25) necessary to obtain the finite
remainders of the two-loop amplitudes are listed here. The anomalous dimensions related
to a single parton (collinear in origin for massless partons and soft in origin for massive
partons) are [116, 117]

() (m)\ 2 2
(o) = (e[ U s o 13 Um 1
i (O‘S ) <27r ){ CA+3TFT” o ) 9 T T

64 7T2
(m) () 2 2
q () _ § Qg 961 117 E
7 (0‘5 ) ( o ) 2F+< 2 > f{cA{ 206 24 2%
3 w2 65 w2
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B.2. Supplements for IR renormalization

(m,) () 2 2
Qo) = [ os RN
72 (™) <2W >f+< 27r> J-“{CA[ Lt =Gl T (B)
The cusp anomalous dimensions are given by [231, 232]
() () 2 2
() _ 0 o or_m)_ 20
e (o) = 554 (5 ) {ea[§ 5] - o

Yewsp (8,08) = Aeusp (@) Beoth 8

(”l)
+ ( S ) QCA{coth25 [Lig(e_%) + BLig(e ) — (3 + 125 + 153}
2m 6 3

+ coth 3 {LiQ(e_QB) -2 ln(l — e—%’) %(1 +8)—pB%— ;53}

2
+7;+<3+52}. (B.9)

The two functions F1 and fo are given by

F1(Br2, Basz, Bs1) = Z €1, JK 9(BrrVeusp(BKT; s) (B.10)
37 JK
Iy (ﬁu,mmvz@ 05 (1) ey () In (W) (B.11)
—013V1P3 3m —013V1P3
with the function
2 2
9(B) = coth 8 [52 +28 ln(l - e—%) ~ Lig(e %) + ”6] Ry % (B.12)
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C. Factorization Formula

The factorization formula collected here are the same as in [217]. They are reproduced
here for completeness and for reference of some discussions.
C.1. Infrared limits of tree-level amplitudes

C.1.1. Collinear limits

The explicit formulae of the splitting functions discussed in secion 2.1.3

PO (2 k5 €) = 2Ca W‘”( i *1_z>

1-=2 z
Kt kY
—2(1 — €)z(1—2) lzl} , (C.1)
kL
» v A v kuku
Pq(g)’“ (2 k15€) = P,;(g)’“ (z,k1;¢) =TF [—g”” +4z(1—2) Z2L} , (C.2)
1
H(0), ss’ 5(0), ss’ ss! 14 22
PO (2 k156) = PO (2 k1 5¢) = 8 O [ T el z)} : (C.3)
B (2, kise) = Byg ™ (2, ki) = PP (1= 2 kise) (C.4)

Additionally to the averaged version of the collinear factorization formula is need and given
by

2~ (0)
Mz (PP )2 = A7y = By (5 ) IME ()P, ()
with the averaged splitting functions
- (0) z 1—2
(Pyg (25€)) =2Ca . + . +2z2(1-2)| , (C.6)
5 (0) ~ (0) 2z(1 -z
P00 = (P 0)) = T [1 - i_’} , (©7)
~ (0) ~ (0) 1+ 22
(P (i) = (P (s = € | 125 —et1-2)] 3
~(0) 5 (0) 5(0)
<qu (Z; €)> = <Pgtj (Z; €)> = <qu (1 — % €)> : (09)

Also polarized splitting functions are required for polarized final state gluons with momen-
tum p; and polarization vector £/, which can be chosen to be real,

(e1-k1)? (1 -2 z
92 Hv ©_v
Cy {g ki " + 12 €1€]

123

5(0), pv
Pég)gﬂ (Z,]CJ_,EIf)




C. Factorization Formula

(p1 +p2)

a Pl
a(p1 + p2)
p2

ay(p1)

Figure C.1.: Final state collinear splitting configuration (left) vs. initial state collinear
splitting configuration (right).

—2(1—2)

’“i’ﬂ : (C.10)

K

A ss’ ss! e1-k 2 1—=2 1
PRV (2 kL et = 0% Cr {_2(1k{) < e >+22}' (C11)

The crossings needed to obtain the splitting functions can read of the figure C.1. Essentially
it amounts to a sign in front of the splitting function:

. 28a+28a; 15

Poa, — (=) "Pyay, (C.12)

where s, and s,, are the spins of partons a and a; respectively, and a replacement of the
energy fractions z:

0 0
z= 0p1 ;€01 — =z= Opl 5
p1 + Py Pi— Do

€ 1, +o00]. (C.13)

In the triple collinear limit the splitting functions are parameterized through invariants
and the following set of variables

o Ty T . o Zisj/c_zjsik ZZ'—Z]‘ B
o 25:1 zj S Zk 1 Tk ;/n] C e Zi + 25 +Z¢+Zj K
(C.14)
The complete set of splitting functions is taken from Ref. [122] (see also [233, 234]). If
spin conservation holds for certain flavor combination, only the averaged splitting function
(Puayas) is given, where
P = 5% (Paagas) - (C.15)

aiazas

First splittings involving only quarks:

5 1 5123 tlas Azt (21— 22)? 512
P =—-CpT — ’ 1—-2 _ 2z
Pt dgan) 2 " s, 5128123 - 21+ 2 * O\t 5123
(C.16)
For identical quark flavors symetrization has to be taken into account
- - - (id)
<P§1QQCI3> = {<Ptj’1qéqg> + (2 A 3) + <P(71q2q3> I (017)
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C.1. Infrared limits of tree-level amplitudes

where
~ (id) 1 2523
Poigzss) = CF (CF - 2CA) {(1 —€) <312 - 6)
S123 1 + Z% 22’2 (1 — 23)2 222 2
_ _ 1 _ _ 1—
S19 |1 — 29 1— 23 ¢ 1— 29 tita 1— 23 e 23)
2 2
— — —e|l14+2 —€ + (2 3) .(C.18
512513 2 [(1 — 22)(1 — 2’3) 1— z3 ( ) ( )
The remaining functions are
~ ~ (ab) ~ (nab)
<PgngQS> = 0}27 <Pg1g2q3> + CFCA <Pgngq3> ’ (019)
with
2 2 2 2
5 (ab) 5123 L+23  2{+ 2
P = — —€(1
( g1gzq3> {281382323 [ 1% € 129 e(1+e)
s 1—2z1)+(1—2)3 1-
+ 3 [z3( )+ (1= 2) + (1 + 23) — €(2 + 2122 + 23) 22]
513 Z1%22 2129
+(1—¢) [e —(1- 6)823] } +(1+2), (C.20)
513
2 2 2
~ (nab) t12,3 1 € S (1 — Z3) (1 — 6) + 223
<P9192%> = {(1_6) (42 +4_2>+2 2 [
812 512513 22
+z§(1—6)—|—2(1—z2) B 8393 2 (1 — 23)%(1 —€) + 223 te(l—e)
1— 23 45135923 2122
S123 (1 B 6) 21(2 — 221+ Z%) — 22(6 — 629 + Z%) n QEZS(Zl — 2Z2) — 29
2812 2’2(1 — 23) Zg(l — 2’3)
1—29)3 + 23 — 2(1 — -
S123 (1 _ 6)( 22) + z3 Z9 e < ( ZQ)(ZQ 23) o+ 22>
2813 2’2(1 — 2’3) 22(1 — 23)
1— 1— 3 2 2
Czm(l—2)+ (1= 2) el 2) (zl +25 6) } +(142). (C21)
2129 2122
Similarly
Pl = CeTr Pl + CaTw Byl (C.22)
with
. 2 +(1- — 593)?
P;I;Q(gs) g |24 s123523 + (1 — €)(s123 — 523) ]
512513
4 o —
o123 (kgk2 AR — (1 - e)k‘fk{) , (C.23)
512513

125



C. Factorization Formula

42 2.2 7 I \Y (7 .\
suv(mab) 1 ) s13| 1031 2523 ko k3 ko k3
PQlQQ@S - U 2 |9 — 16 DU DU
4 823 5123 21(1 — 21) Z9 z3 Z9 z3
5123 nv IR IR A R%
—+ 281239 — 4(k2 k3 —+ ks kQ — (1 — E)kl kl)
512513
1— 1— 222
_guu _(1 o 26) + 23123 Z3 5123 21 + 21
512 21(1 — Zl) S923 21<1 — Zl)
1-2 22
L | gL =22 — 16RGRY 2 & +8(1- kLY
512523 1—2) -

P (1
+4(1§:§‘/%g+kk)<z((z3_zl 1—e } (2 & 3) (C.24)

Finally

~ N T ~ v
~ 1— 6) 2’22’2 kz kl kiz kl
prv — 02 ( uut 16 12 e M £ _ =
919293 A { 452, [ 9" tizg + 105123 z3(1—23) \ 22 2 Z9 2

—§(1 —€)g" + %QWL [2(1 —z3) + 42:% _ 1—223(1 — 23)]

4 S12 z3 1-— z3 Z1(1 — 2’1)

8123(1 — 6) <~ ~ 1— 22’3 ~uT 1-— 22:2 >
22 | KORY————— + KRR —————
[ 1\ h2h2 z3(1 — 23) 33

512813 22(1 — 22)
" 5123 gw/ <42223+221(1—21)—1 B 1—221(1—21))
2(1 —¢) (1 —29)(1 — 23) 2923
+ (l?:gicg + 1%51%5) <2Z2(1_22) - 3> } + (5 permutations) . (C.25)
z3(1 — z3)

The averaged splitting functions are

~ (ab) 1 1 5293 9 21+ 22923
Py = 2 (1-— — )22 (g L i
( 91q2q3> ( €)s23 <812 =+ 813) + 512513 + 27 1.
R P PRI Yt O (S PR S BN (01
S12 1—c¢ S13 1—c¢
<P(nabz > _ _tgg,l n 8%23 . (1 — 21)3 — Zi)’ B 223 (1 — 23 — 22’122)
9149293 45%3 2813823 Z1(1 — 2’1) (1 — 6)2’1(1 — 21)
5123 1 222(1 — Zg)
+——(1—22) 1+ —
2813( ) Z1(1 — Zl) (1 — 6)2’1(1 — 2’1)
si23 | 1+23 21(23 — 22)? — 22023(1 + 21)
2823 21(1 — 2’1) (1 — 6)21(1 — Zl)
1 ¢ 8%23 9 21+ 22923
—— 4+ - — —=—1 - 243 C.27
4+2 2812813 +Z1 1—c¢ +( )7 ( )
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C.1. Infrared limits of tree-level amplitudes

~ 1— 6) 3 5123 Z1%9 — 1 21729 — 2 3 5
P B Y S Unlo K . 4 242
< 919293> A{ 45%2 12,3 + 4( 6) + 1o 1— 2 + 2 + 2 + 2Z3
N (1 — 23(1 — 23))* N 8793 | z122(1 — 22)(1 — 223) b open— 24 21(1 +221)
2321(1 — Zl) $12513 2’3(1 — Z3) 2
L+22(1+2)  1-22(1-2) :
) tat . C.28
31— 22)(1 = 2s) S2a7n + (5 permutations) ( )

Initial state collinear limits are recovered by crossing (C.12).

C.1.2. Soft limits

The function Z;;(q1, ¢2) needed for the double soft-function in case of a final state gg-pair,
is given by

(pi-q1) (pj - a2) + (pj - q1) (pi - @2) — (pi - p;) (@1 - @2) (C.29)
(q1-42)?[pi - (1 + @2)] [pj - (@1 + q2)] ' '

And the soft function S;;(q1, ¢2) can be writtne in terms of massive and a massless contri-
bution

Zij(q1,q2) =

Sijla1,a2) = S5~ (a1, ¢2) + (mf SE7%q1, q2) + m? Si70qn, QQ)> : (C.30)
where the first term has been given in [122] and reads

(1—€) pi-q1pj-q2+pi-q@2pj @1
(q1-2)? pi- (1 + @) pj- (1 +q2)

S %q, ) =

B (pi - pj)? [2_1%'(11 Pj - 42 +pi'Qij‘Q1]
2pi-qupj Q2 Pi @D ¢ pi - (@1 +q2) pj - (@1 + q2)

pi'pj |: 2 + 2 _ 1

241 q Pi-q1pj-q2 Pj-q1pPiq2 pi'(Q1+Q2)pj'(Q1+QQ)
P .. .. Y 2

y <4+(pz Qpj-q2+pi-@pi-q) )] _ D
Pi-q1Pj-q2Piq2P;q1

The massive contribution in Eq. (C.30) was derived in Ref. [132] and reads

S0 ) = — 1 n pi-pjpj- (a1 +q2)
K ’ dqi-@pi-qpi-q@ 2Di-Qpj-@Pi-qp;i-qDpi-(q+q)
_ 1 ( (p-9)* (- a2)® >
2 @pi-(+e)pj - (G+@) \pi-a1pj-¢ Di-@pPi-O
(C.32)
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C. Factorization Formula

C.2. Infrared limits of one-loop matrix elements

A one-loop matrix element can be decomposed 2.1.2 into divergent part and the finite
remainder function

2Re (MO M) = 2Re (M) 1ZD M) ) + 2Re (M) | FD) (C.33)

The different parts have different factorization formula which are collected in the following.
Note that the splitting and soft function for the finite remainder hold only at € = 0.

C.2.1. Collinear limit

The factorization of the one-loop matrix element was derived in [190, 235-239]

2Re<M£L?)a2 (pbp?a )|M((111)a2 (phan"')>2

dmas 2 |2Re (MO (p, .. )P (2 k1l MD) (p,...)

S12

g . (1
LMD ()P (2 )M () | (€34

(1)

The tree-level splitting function occur as well as the one-loop splitting functions Pa1a2 (z,k1s€),

P (2 ks o)ls) = PO (2 kyse) | (C.35)
with

Pé?’“V(Z’kL;G) = Rj(;)’w(z,kg €) = ri(2) Pég)’“”(z,kbe) ,

PO (2 ke se) = PU (2, k15 €) = 125 (2) PO (2, k15 €) + Crrlig [T — e(1 — 2)] 6%

Pg(;)’SS/(Z’kJ_;E) = ]59%)’88 (z,ki5€) = pq(gl) ssl(l —z,k;€) .

(C.36)

In the expression appears the renormalized singular coefficients r¢l3?. The are obtained
from the unrenormalized singular coefficients ¢'** by

i\ Bo
(e = 2R (-2 ) g - (©3)
$12 €
where o\ € 9\ € 2( ) )
MR\ _ (MR ] _ el (I—e'(1+¢
Re < s12> <$12) cos(me), er =e I'(1—2e) ’ (C38)
and
Ca 2z \¢ e 1—=z
rg (2) €2 (1 — z) sin(7e) mzjl ‘ l2m—1 < z )] ’ (C-39)
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C.2. Infrared limits of one-loop matrix elements

7 1 Ca~= . z ) 1—2
rd(z) = ?(CA—ZC’F)—FE—;ZG [le (_1—z>+L1m (— . >} (C.40)
m=1
L 11 Cat4Tpm
+1—26 |:6 (’YO 70)+CA 20F+ 3(3—26> :| ) (041)
1 z \© e
a9 _
rs (@) = €2 [CA (1—z> sin(7e)
[e.9] 1_
+> €™ [(1 4 (=1)™) Ca — 2CF] Lip, (— . Z)] : (C.42)
m=1

The non-singular coefficients read

99 _ i\ Ca(l—¢) —2Trmy a9 _ pr\" . Ca—Cr
rns = 2Re (512> T A 2022032 s = 2Re <312) T 2 -
(C.43)
The initial state crossing is a little bit more evolved and besides the crossing (C.12) the
following analytical continuation need to be considered

Re (<0) < (“ER) | me(12) = (1) et (Cay

Also the the polylogarithms of —z/(1 — z) € [1,+o00[ develop an imaginary part in this
case. For the next-to-next-to-leading order calculation only the real parts are needed:

Re (Li; (1/z)) = —Re(In(1 —1/z)) = —In(1 — x) + In(z) ,

2 1 2
Re (Liz (1/z)) = % nf) — Lig(z) ,
2 1 3
Re (Lis (1/1)) = _% In(z) + — 6(“””) + Lis(a)
) m n? In*(x) )
Re (Lis (1/2)) = i + 3 In“(z) — 5 Lis(x) , (C.45)
with x = —(1 —2)/2 € [0, 1].
C.2.2. Soft limit
In the soft limit, the coefficients of the function
€ 1
W _ 1 [ 20pr-p)p? 1 n(pm) . p(n)
= ——a -+ e'| R +inl;. , C.46
9ij 9 8 (2(1)[ -q)2(py - q) €2 ngl ( ] ] ) ( )

appear. The results have been originately obtained in [240] and reformulated in [241]. The
coefficients are given in the timelike (7'L) case where both momenta p; and p; are in- or
outgoing (the incoming case has an additional minus sign in front of the imaginary part
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C. Factorization Formula

(I;;)) and the spacelike (SL) case were p; is outgoing and p; is incoming,.

(-1)ISL] _ p(-DITL]
R;VPH = R

9

ROSH _ gOITL 90,0
[

(DSL] _ p()[TL] 1 2 oy
R;; =R;; + 12(25 m(aﬂhr —av_)In (a> + (vy In(vy) — ln(v))] )
(CA47)
with the imaginary part
(-1)[SL] _
I; =1,
oSz _ 2 _ ar\ _ (4 as
L ~ v(d; + dj) ((Oq v-)In (v+> (div- +av)In (v+>> +n(vr),
(1)[SL] 1 B
£ ‘<di+dj>{(1 it )

[2 i (21 (1 2) i (22) (210 (1 - 22) o)
— 2Liy (S—i) + 2Lis (:—i) L (Oq — v_) In? (:—i) + (div_ + aJv) In? (j—j)

4=
+2In <:—i) ((m_ —ar)In(vy) — d; ln(v)) +d;In ( > (ln(m.) — 21n(v))

} w32,

g

U+

- deng (l’) - QCde

And the time-like results read:
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C.2. Infrared limits of one-loop matrix elements

M <(04[1)+ — ayv_) In? (—) + (aJv+ — aw_) In? (j—i))

1
T3 In®(v4)

+ (ln (ﬂ) +1n (%>> (v4In(vy) — In(v)) — Lis(z)

RIDITH — (d+d){( — (di + dj)) ln(l—%)lnz(%>+l (1—%)1&(%)
in ()L () 10 (57 Lia(57)) - LiaGe) (1 (1) +1 (37))
fontn - (%) -1 (22) )] T (2) 1 (22)
+ % ((ajv+ — ayv_) In? (:—i) + (arvy — ayv_) In? (j—i)) In(vy)
+ (ar — ay) (ln2 (j—i) — In? (j—i)) In(v)

o (31) v (32)) o) -7
3 (5 +m ()
_%<ln3(v+)—l—l <U+)>+2L13(1 ) + Lis(z)

_ [Lig(:c) +6(5+ 1291;)] In(vy)

Yu_

2 ) ~n(v) - 226

ln(v+)( 1

+12¢ ln(v)} + éln:s(v_i_) - (g + l)CS ;

v

131



C. Factorization Formula
and

_ 1
Ii(j nIrL _o 1
v

= 1 ‘<(a1—v )ln<%)+(a1—v,)ln(%>)
(o)) )]
ffj)[TL d+d){ — (d; + dj) ( (%)1 (1_Z)+1 (U+>1n<1_%)

wia() # () + (i () + i (57)) o) — 20t o)

U+

)

1T _ e
v

1 9 (O]
+5 <(a1—v_)ln (a)
2 (&I _
+ (ay —v-)In (Z>) (d In (v+> +d;In <v+)) (In(vy) 21n(v))] }
1 . 1 2 3
— ;(4U_L12(x) + i(ln(v_,_) —2In(v)) ) +In?(vy) — G (1 — 2—@)
(C.48)
The appearing variables are defined as
m?22(py - q) m? 2(pr - q)
= ! , = , d&;i=1-2a7, di=1-2ay,
220 T 2001 p)2(ps - 9) “e “
v=+1—4dajay, vy = 125”, J:EZ—_,
+

(C.49)
This results are not UV renormalized, the precription to do so can be found in [240].
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C.2. Infrared limits of one-loop matrix elements

C.2.3. Limits of matrix elements of Z("

The solution of the RGE equation for Z") 2.29 sandwiched between tree-level amplitudes
read

2Re (M), |ZO|MO) ) =

2 (2T mine

M 0 0
+2 Z In S L& 1(1+)1‘Ti0 : Tjo’M1(1+)1>
(i0,Jo) tojo (C.50)
1 14y 0 0
- Z rln <1_U) <M7(1+)1‘TI . TJ|M7(7,J)rl>
(T 1J 1J
miur 0
+4ZI ’ <M£H)-1|TI Jo’M >] .
7]0
This matrix elemetn factorizes in the collinear limit as
2Re (MY, (p1,p2,. - )ZOIMD,,  (prop2,.. ) ~
2 N
dmory— {2Re (MO (p,.. NP (2 ki) ZOMD (p,...))
S12
+ 2 o0, - 0o = Cu) L] BB ) — 5 -t — )
A € R W 512 00 0 (C.51)
+2C, In|z(1 — 2)| +2(Cqy — Cay)In T i . ]

~ (0
< (MO (p,. PO (2 ks ) MO (p,..)) } .

The initial state case is again obtained by crossing (C.12)
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C. Factorization Formula

The soft limit of Eq. (C.50), ¢ — 0, reads

2Re (M) (q,p1,.. )ZVIME)  (q.p1,...)) =

g,ai,.. g,ai,.

_4ms{z( )2Re (p1,-. )T T, ZOIMD (pr,..0))
(i.9)

5 (st - sm-<q>)

()
1
- <—ch(€ n m(;u%sij(q))) + 73) (MO (pr, . ITs - TME_(pr,.))
1 1+
—Ca Y (SIJ(Q) - 511(41)) (v ln<I_ZU> + 21H<m51mj>>
(1,7) 1J 1J 1J

MO (pr,. )T TAMO (pr,..)
— A7 Z Szk <9 Uz]) H(Uiq) - G(UjQ)>

(4,5,k)

(M) (b1, N TETITEM (1, >>] } -

(C.52)
C.2.4. Limits of the finite remainder
Finally the collinear limit of the finite remainder:
2Re <M¢(72)a2 (plap2a )| al,ag, (plap2a-")> =
2 ~,(0)
dras— | 2Re ./\/lgo) v )Py e (2, k1 e=0 ]:(51) yeen
= |2Re (MO (5, )Py hase = 1A p..) o)
1
+ 2 MO (. )Py (2 kD)IME (p,..)
4

~ (1 .
The finite one-loop splitting functions, P%ilaz (z,k, ) operate on spin space as thier tree-
level counterparts

- (1)
<5’PFa1a2(Z7kL)|8/> = P]E"Z)NLQ (Z kL) (054)
with
PLI (2,k 1) = 155 (2) PO (2, k 0)—70 (Ca—2T, )kiki
Fgg \ZFRL Tsp\Z) Lgg zZ,k15€= alCa Fy ki ,
PLI (2, k) = PORM (2, k1) = ra(2) PO (2, ke = 0)

PR (k) = PR (2 kL) = 18 () PO (2,k1se = 0) +2Cp (Ca — Cp) 6%

PO (2 k1) = PC (2, k) = PO

Fgq Fqq Fqg (l—z ki)

(C.55)
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C.3. Splitting functions

The finite coefficients r¢}7?(2) are given by

572 z % %
99 - C — In? 21 )[In| =E | —1n?| =2 C.56
rsr(2) A < 6 " |1- Z‘ +2Infe(l=2)fIn si2| 0 fsie]) (€59
152 32 72 40
13 [
+2 (60 —3Cp + Caln|2(1 — Z)D In| L | 4 (C4 — 20F) In?| =£|(C.57)
S12 512
+2(Ca — Cp) 7 0(—s12) , (C.58)
5 21\’
ré(z) = iC’A +4Cp In 7| In| R —Calln S, P (C.59)
$192 1—2z S12
]__
+4(Cp — Cy) ReLig(— . Z) : (C.60)

Again the crossing relation (C.12) can be used to obtain the initial state case. Additionally
the analytic continuation in Eq. (C.45) needs to be employed.

The soft limit of the finite remainder function is given by

2Re (M, (@, p1, - )IFGL, (a.p1--2)) =

_dra, Z(sm )) Re (MO _(p1,.. )| T; - T4 FD (pr,...))
(4,9)
Qs (061)
+E (Sij(q) — Sii(q) RZ’ <Mz(z?),...(2917 )T Tj|M¢(£),...(p1a ce))
(i-9)
—dr > Slg) I (M) (- ) FCTETITEIME) (o1 )| s

(4,5,k)

The the functions Rf;- and IZ»I; are the O(e°) coefficients discussed in (C.2.2) after expansion
ine

C.3. Splitting functions

The collinear factorization contributions require the splitting functions up to O(a;) [242]

Pygy(@,0s) = 6P (@) + 52PN (@) + .. (C.62)
Pyy(z,05) = P;g>(m)+%P;;>(x)+..., (C.63)
Py(z,05) = P;g>(x)+%P;;>(x>+..., (C.64)
Pyy(z,a5) = P;g>(x)+%jpg<;)(x)+.... (C.65)
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C. Factorization Formula

The leading order contributions are

[ 1+2%2 3
Py(@) = Cr =2, +350(1 = $)] ; (C.66)
PO(x) = Tpl[a*+(1-2)%, (C.67)
PO@) = Cp H(l‘r_x)z] , (C.68)
Pg(g)(:p) = 2C4 [(1 _l“x)Jr n 1 ; x +a(l— x)] (1 — x)w . (C.69)

The splitting functions P, are written terms of a flavor singlet (S) and non-singlet (V)
contribution starting at NLO

Pqiqj(l'>as) = 52‘3‘P;(/](£L',045)+quq(x,055), (070)
Pyg;(w,a5) = 6iquVq(x,as)+quq(x,a3). (C.71)

The NLO part of the splitting functions is given by

3 3 7
Pq\;(l)(g;) = C’% {— [2 Inzln(l —z)+ 5 lnx} Pgq(x) — (2 + 2x> Inz

—%(1 +2)In?z — 5(1 —x)}

1., 1 67 72 20
+CrCy { [2 In“z + glnx + i 6] Peg(x) + (1 + ) Inx + E(l - a:)}
+CrpTrny {— [; Inx + 190} Pgq(x) — %(1 - x)} + 5Pq(q1)(a:) , (C.72)
C
Pe@) = Cp <0F - ;‘) {2pgq(—2)S2(z) + 2(1 + z) Inz + 4(1 — )}, (C.73)
S(1 _ pSWy _ 20 56 o 8 o
qu( Nz) = Py (x) = CrTr [—2—1— o + 6x — o + 1452+ 3% Inx
~(1+2) In*z] , (C.74)
(C.75)
(1) o CFTF 2
Pyl () = 5 {4-92—-(1—-4z)lnz— (1 -2z)In°z+4In(l — z)

+ [21n2 (1;95) —4In (1;”5) - §7r2—|—10] pqg(.l‘)}

Tr (182 14 4 1
CAQF{S M2 (Z’(jx—?f)lnx—élln(l—x)

9 "9 " o
—(2 4 8z) In? 7 + 2pgy(—x)Sa ()
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C.3. Splitting functions

44 2 218
+ [—ln2x—|—3lnx—21n2(1—x)—|—4ln(1—x)+7; ~ ]pqg(x)}(c.m)
5 Tz 7 1
1 2 2
Pg(q)('r) = CF{—Q—2+<2+2$)lnx—<1—2x>1n :L’—len(l—x)

— [BIn(1 — &) +10*(1 - )] pgq(x) }
2 44
+CrCy {98 + %x—f— §x2 - <12+5x+ §x2> Inz+ (4+z)lnz

+221In(1 — z) + So(z)pgqe(—x)

1 1., 11 ) 2
+ |5 = 2men(l —2) + S In? o+ Il = 2) + (1 = 2) = | pgq(2)

6
4 20 4
+CrTrny {390 - [9 + 3 In(1 — :c)} pgq(x)} , (C.77)
@ 20 , 4 )
Py/(x) = CpTpng{—16 + 8z + 3¢ + Eo (6+10z)Inx — (24 2z)In"z

26 1 4 20
+CaTrmy {2 —2+ (x2 - ) —g(la)hmr— = pgg(w>}
T

2 1 2 11 44
+C5 {7(1 —x)+ o <x2 — > — (5 - —x+ x2> Inz

2 9 x 3 3 3
+4(1 4 2) In? 2 + 2pyg(—x)S2(x)+
67 2
[9 —4Inzn(l —z) 4+ Iz — 3} pgg(:n)} + 5Pg(;)(:13) , (C.78)
where
. 1.5 2
So(x) = —2Lia(—z) + B In“z —2lnzn(l +z) — 5 (C.79)
The functions pyq, Peg, Pgq and pyy read
1+ (1— 22
pqg(w) = ‘TZ + (1 - $)2 ) qu(x) = ($ ) , (080)
2 2
- - 1 81
(2)= —— 11 oia(1-a) (co)=— 1 o saig
Pog\®) = (1-2)y = » Pog S (1+2) =« '

(C.82)

The terms proportional to the d-functions are

3 17 1172 1 272

2
SPD(z) = %@{8—g+ﬁ®}+cﬂh{m+-B—%%—%EHW{G+S)H5@9%)
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C. Factorization Formula
and

8 4
PV (z) = [C;i {3 + 3@,} — CrTrng — 3CaTpm| (1 - 2) . (C.84)
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D. ¢t amplitude supplements

D.1. Projectors

The in section 3.1 constructed projectors read in the gg-channel:

(ms —x—1) (mg — x)
4(2¢ = 1) ((ms — x) 2 + x)
426 —1) ((ms —2)2 + 2)?2 (Sel

(ms —a —1) (ms — x)
(Py| = "3 = Dma ((me — )2+ 7) (52| + 3
ms (—2ms + 2z + 1)

ms (—2mg + 22 + 1)

(P’ = (2e — 1) (ms — )2 + 1) 2

5 <Sl|+2 (S4]

_l’_

(ms —x —1) (ms — x)
(2e—1)((ms —x)2+1x)2
2mgs —2x — 1

e~ D) (me—1)212)? (Sl + 2(2¢ — 1) (ms — )2 + ) (S5l
 (mg—x—1)(ms — ) (e —2)mgs(ms —x — 1) (ms — )
(sl = 2(2¢ — 1) (ms — )2 + )2 (Sl + (2 —1) ((ms —x)2 +x)3
(€ — 2)m2 (2mg — 22 — 1) ms (—2ms + 22 + 1)
e ) (=222 N T 3@ 1) (my =22 5 2)2 B
T 5@ 1) (e )21 )2
~ ms(—2ms + 22+ 1) ms (—2mg + 22 + 1)
(Pl = 2(2¢ — 1) (ms —2)2 + 1) 2 (Sl + 2(2¢ — 1) (ms — 2)2 + ) 2 (52
(€ — 2)m2 (2ms — 22 — 1)
T2 (s —2) 21 )8
m2 (4(ms — )2 + € (4ms — 1) — 8my + 4 + 2) g
2= 1) ((ms —2)7 +2)7 il
ms (4dmg — 1)
T 2@ 1) ((my — ) T 2)2
B 2ms — 2x — 1 ms (—2mg + 22 + 1)
Bl = G (e — o210 2 T 3@ D (e — o) 2 )2
mg (4ms 1) 1 —4mg
e (202 U S D (e — o) 2 )
(Pol = 4(2¢ — 1) ((m:— )2 +1)2 (il + T 2(2e 1) ((m:— x)2+x)2 (Sl
T I = ) (e )2 )2
B (e—1)(ms—x—1)(ms —x)
(Pl = 4(2¢ = 1) ((ms — )2 + ) (—ms(2ze + € — 1) + em2 + z(x + 1)e) (5l
1
+ - (Ss|

4(2¢ — 1) (—ms(2ze+ € — 1) + em?2 + z(x + 1)e)

(S3

(S

(D.1)

(D.2)
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D. tt amplitude supplements

1
4(2¢ — 1) (—ms(2ze + € — 1) + em?2 + z(x + 1)e)
1

" C4(2e — 1) (—ms(2ze + € — 1) + em2 + 2(z + 1)e) (s (D.8)

(P3| = — (S7]

The following four projectors have been found for the ¢ channel:

(P = — (€ Qéiﬂisl()nész_x)ll(f;p ) (S| + 2((626_1)1) %((Qms )22:c+$1))2 (S|
e D (=0T

“5“‘;ée ))«g@i;ffﬁjﬂ<5ﬂ
m ( (ms — ) —46m5+4m5—2x+6—1) (S| (D.9)

2c — 1) ((ms —2) 2+ 2)2
ms (2ms — 22 — 1)
T 32— 1) (me— )2 1 2) (D.10)

ms (2mg — 2x — 1)

(ms —x = 1) (ms — )

= e D (me— a2 T T D (e —0)7 )

i T 1)((m:_x)2+x) (S4] (D.11)
T (e s R L T T e Er R

N M (Sal (D.12)

4(2¢ — 1) ((ms — )2 + 2)

The appearing (S;| and the kinematic variables have benn defined in section 3.1.
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