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Zusammenfassung

Diese Arbeit befasst sich mit drei verschiedenen physikalischen Modellen, in de-
nen eine zufillige Komponente in Form eines Potentials bzw. Eichfeldes an ein
kubisches Gitter gekniipft ist.

Zuerst wird ein Modell untersucht, das in numerischen Rechnungen der Quan-
tenchromodynamik (Gitter-QCD), also der starken Wechselwirkung zwischen Ha-
dronen, benutzt wird. Die Formulierung dieses Models mit zufilligen Eichfeldern
auf den Kanten eines kubischen Gitters wird in den mathematischen Rahmen von
ergodischen Operatorfamilien eingefiigt. Zunichst wird gezeigt, dass fiir kleine
Kopplungskonstanten die Ergodizitit des zu Grunde liegenden Wahrscheinlich-
keitsmalles gegeben ist. In diesem Bereich bilden die Wilson Dirac Operatoren
eine ergodische Operatorfamilie und es wird weiterhin gezeigt, dass die zugehori-
ge integrierte Zustandsdichte existiert und fast sicher unabhiingig von der gewéhl-
ten Eichfeldkonfiguration ist.

Die nichsten beiden Modelle sind sich in ihrer physikalischen Situation @hn-
lich. Beide untersuchen einen kubischen Kristall mit Unreinheiten, welche in
Form des typischen Anderson-Modells, also als zufélliges Potential an den Gitter-
punkten, modelliert werden. Nun wird allerdings nicht ein einzelnes, sondern ein
System von Fermionen in diesem Kristall untersucht. Beide Kapitel sind somit
Ideen, das 1-Teilchen Anderson-Modell auf unendlich viele Fermionen auszudeh-
nen.

Zunichst wird die Hartree-Fock Nédherung auf ein solches System angewen-
det. Im Fall der reduzierten Hartree-Fock Theorie bei positiver Temperatur und
festem chemischen Potential untersuchen wir den thermodynamischen Limes und
zeigen die Existenz und Eindeutigkeit eines Minimierers des Hartree-Fock Funk-
tionals, sowie die Tatsache, dass die Minimierer eine ergodische Operatorfamilie
bilden.

Im letzten Modell wird das Fermionensystem algebraisch mittels C*-Algebren
formuliert. Dann wird die Wirmeproduktion unter dem Einfluss eines dufleren,
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ortlich und zeitlich inhomogenen aber kompakt getragenen, elektromagnetischen
Feldes untersucht. Im Falle kleiner Felder, also im Bereich der linearen Response,
wird die Existenz einer Funktion, die als Leitfahigkeit aufgefasst werden kann,
gezeigt. Die Wirmeproduktion entspricht dann exakt dem empirisch bekann-
ten Jouleschen Gesetz. Fiir den Fall des perfekten Leiters sowie des perfek-
ten Isolators erwartet man aus physikalischer Sicht keinerlei Wirmeproduktion.
Tatsdchlich kann gezeigt werden, dass im Limes sehr kleiner Unreinheiten bzw.
unendlich groler Unreinheiten die Leitfdhigkeit gegen null konvergiert. Auf3er-
dem wird bewiesen, dass in einem Bereich mittelerer Unreinheiten die Warmepro-
duktion wie erwartet strikt positiv ist.



Summary

This thesis deals with three different physical models, where each model involves
a random component which is linked to a cubic lattice.

First, a model is studied, which is used in numerical calculations of Quan-
tum Chromodynamics (QCD), hence the theory of the strong interaction between
hadrons. In these calculations random gauge-fields are distributed on the bonds
of the lattice Z¢ according to the so-called Wilson-action. The formulation of
the model in lattice QCD is fitted into the mathematical framework of ergodic
operator families which has been built up to study random Schrodinger opera-
tors. We prove, that for small coupling constants, the ergodicity of the underlying
probability measure is indeed ensured. In this regime, the Wilson Dirac opera-
tors constitute an ergodic operator family in the probabilistic sense. Then we can
prove, that the integrated density of states exists in the thermodynamic limit and
is almost surely independent of the chosen gauge field configuration.

The physical situations treated in the next two chapters are more similar to
one another. In both cases the principle idea is to study a fermion system in a
cubic crystal with impurities, that are modeled by a random potential located at
the lattice sites, hence the Anderson setup. Very roughly speaking both chapters
can be understood as ideas to extend the 1-particle Anderson model to the case of
infinitely many particles.

In the second model we apply the Hartree-Fock approximation to such a sys-
tem. For the case of reduced Hartree-Fock theory at positive temperatures and a
fixed chemical potential we consider the limit of an infinite system. In that case we
show the existence and uniqueness of minimizers and that they form an ergodic
operator family.

The third model also deals with a system of fermions in a crystal with impuri-
ties. The question imposed here is to calculate the heat production of the system
under the influence of an outer electromagnetic field. We show that in linear re-
sponse theory there is a function, the AC-conductivity, such that the heat produc-
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tion corresponds exactly to what is empirically predicted by AC-Joule’s law. From
the physical point of view, one does not expect any heat production in a perfect
insulator, as well as for the case of a perfect conductor. In both cases we can show
that the AC-conductivity converges to zero. Nevertheless, the AC-conductivity is
not always zero. We show that the heat production is indeed strictly positive in a
regime of moderate randomness.
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Chapter 1

Introduction

In this thesis different physical models are studied, where the common element
of all presented models is a random component connected to a lattice. The lattice
under consideration is here Z?, but any other lattice might be studied as well.
Apart from model-specific methods, there are two mathematical components that
are used frequently in this work and are explicitly connected with the random
component of the models, namely the theory about ergodic operator families and
the Ackoglu-Krengel (superadditive) ergodic theorem. The first one ensures the
non-randomness of the spectrum of a certain family of random operators, and
the second one allows us to replace a mean over infinitely many boxes by an
expectation value, and can be seen as an expansion of Birkhoff’s Theorem to the
lattice Z?. These two rather simple ingredients turn out to be futile methods in
very different physical fields.

The following introduction gives a description of the three different models
and the according physical setup as well as a presentation of the obtained results.
This introducing part is meant to give an detailed overview over the work.

The next chapters, that is Chapter 2 to 4, then refer to one of the models each
and contain again a more precise description, the exact mathematical formulation
and all results as well as their proofs.

In order to present the results in short in the introduction, some notations are
simplified and not all definitions and results are complete. The precise formulation
can always be found in the according chapters.

For a better overview, the three different models are presented separately in
the following.
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Model 1: Lattice QCD and the Wilson Dirac operator

In Chapter 2 a model is studied which evolves from the theory of the strong in-
teraction, that is Quantum Chromodynamics (QCD). In order to give a rough
overview over the idea of lattice QCD we recite the associated Lagrangian density,
that depends on the fermion field ¥(z), ¥(z) and gauge fields A := (A,(2)),.,
where z is a point in the (Minkowski) space-time and p € {1,...,4},

L(@) =~ Fu(@) F*(x) + $(@)(iD(A) = m)u(@). (1.1
pS ’ f

Here, D(A) = 7v,(0, + ¢A,,) is the Dirac operator with Dirac matrices vy, and
F () =0,A,(x)—0,A,(x) — [Au(x), A, (x)] is the field tensor. As it turns out,
concrete quantitative predictions are difficult to derive from (1.1) and one uses
either calculations in perturbation theory or numerical simulations on a discretized
finite space-time, that is made euclidean by a Wick rotation. These numerical
studies and simulations are generally summarized under the notion of lattice QCD
(LQCD) and are a very important and frequently used tool, since several important
basic properties of QCD occur in the regime of low energies, where perturbation
theory in the QCD coupling constant cannot be applied.

For example the low lying eigenvalues of the (discretized) fermion Dirac oper-
ator are of particular interest since they are deeply linked to the value of the chiral
condensate (1)), c.f. [8], which indicates spontaneous chiral symmetry breaking
if it is non-vanishing. Furthermore, the distribution of the low-lying eigenvalues
of the fermion Dirac operator is observed to be very close to the one of the cor-
responding (i.e., respecting symmetries) random matrix ensemble. This idea was
put forward in [34, 39, 37] and confirmed by numerous numerical studies, for a
review see for example [38].

This is the starting point for our analysis, that can be seen as a first, modest
step to enlighten these connections. In Chapter 2 we fit the formulation of the
model in LQCD into the mathematical framework of ergodic operator families.
This mathematical field has been originally built up to study random Schroédinger
operators and, especially, the Anderson model. In contrast to random Schrodinger
operators, the randomness in LQCD models lies on the lattice bonds - not on the
lattice sites.

We consider the lattice Z%, d > 2, with fermion fields supported on the sites
and gauge fields supported on the bonds of the lattice. The Hilbert space of the
fermion fields is H = (?(Z?, C*). The considered operators on # also depend on



the configuration of gauge fields, U = {Uj,}e, on the bonds of 7.2, where the
set of bonds is given by B := Z¢ x {1,...,d}. The gauge fields associated to
the bonds are elements of a compact Lie group G, the gauge group, that is either
SO(N), SU(N),or U(N).

The gauge field configuration is randomly generated with a distribution that is
determined by the Wilson action Sy, which is a discretized version of the Young-
Mills action Sy = [ L,(z)dz. In a finite subset A C Z? it is given by

Sw(U) =Y S,(Uy), (1.2)
peEP

where P is the set of all so-called plaquettes (in A), that are plane squares consist-
ing of four points of the form

p=ple;p,v) = {(&,p), (x+é,v), (T + 6y, p), (z,v)}, (1.3)

where p # v € {1,...,d}, U, is the product of the gauge fields along a plaquette
p, and
Sp(Up) =ReTr(1—-U,) . (1.4)

The origin of the plaquettes is the discretization of the field tensor [, in the
gluonic part £, of the Lagrangian density (1.1).

In Chapter 2 the precise setup of the underlying probability space is given in
detail. Here we summarize, that for finite regions the probability measure of the
distribution of gauge field configuration U is given by

PA(U) = (Zy) e PSwW P, (U) (1.5)

where 5 > 0 is a coupling constant, Z, a normalization factor and fDA(Q ) =
X - is the product measure of all bonds in A with ;15 being the normalized
Haar measure of the gauge group.

Then we use the Gibbs formalism to perform the thermodynamic limit, that
means A is approaching Z?. It ensures the existence of a probability measure P
whose ’restrictions’ to finite A C Z¢ are exactly the measures P,. This measure
is known to be unique for small 3, in our case for

1
12N(d—1)
The first main result of Chapter 2 is that the condition on the uniqueness of [P
also ensures its ergodicity, i.e. [P obeys

0 < B < (1.6)

(L i 2. PANTA) S PAPW), asl—oo, (7

1€24, |lllco <L
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for all sets A, A’ of the underlying o-algebra F,if 0 < 3 < m.

Then we are ready to start our analysis of the Wilson Dirac Operator Dy, =
Dy (U) acting on the Hilbert space #, which is a discretization of the fermion
Dirac operator. Here we do not give its explicit form for simplicity, but we remark
that it also depends on the gauge field configuration U and obeys the covariance
condition

Dy (U)r" = Dy (T'U) , (1.8)

where 7 is the translation in H by ¢ € Z% and T* is the according translation of
the gauge field configuration. Together with the ergodicity of P a famous result
of Pastur [32] gives the non-randomness of the spectrum of the operator family
{Dw (U)}vegs-

This observation is crucial to proof the main result of Chapter 2, that is the
existence and non-randomness of the integrated density of states of the Wilson
Dirac Operator:

Theorem 1.0.1. Choose 0 < 3 < m (such that P is ergodic). Let (£2,)nen

be a sequence in 7% of nested cubes, 2, C Q,, 11, with Q,, S Z% and Ng, y(E)
the number of eigenvalues of Dy, (U) restricted to €, that are smaller than F.
Then the limit

) 1
pu(E) = lim ——Ng, y(E) (1.9)
n—o0 |1,
exists for all E € R, P-almost surely, and is independent of the sequence (£),,)nen.
Furthermore, for all E' € R, the integrated density of states py (F) is indepen-
dent of U, P-almost surely.

In Chapter 2 also different boundary conditions for the restriction of Dy (U)to
to a finite subset A C Z< are considered.

Finally, the author would like to emphasize, that the results of Chapter 2 are
common work with Volker Bach and are also published in [4].

Model 2: Hartree Fock Theory for Random Schrodinger Oper-
ators
The physical situations treated in Chapter 3 and Chapter 4 are more similar to one

another. In both cases the principal idea is to study a fermion system in a cubic
crystal with impurities. Very roughly speaking both chapters can be understood



as ideas to extend the 1-particle Anderson model to the case of infinitely many
fermions.

The idea of random Schrodinger operators is to model a disordered quantum
mechanical system, e.g. a crystal with impurities, by introducing a random po-
tential on the lattice sites. For example, the Anderson Hamiltonian A, acting on
H = (*(Z?) is given by

h, =—-Aq+V,, (1.10)

where A4 is the discrete Laplacian and V,, the multiplication operator with the
random potential {V,,(z)},cza. In the Anderson model {V,,(z)},cza is assumed
to be an independently and identical distributed (i.i.d.) random variable.

As it turns out, those systems show the tendency to have localized states, this
effect is the famous Anderson localization. The theory of random Schrodinger
operators is very successful and has led to deeper mathematical understanding,
as for example the theory of ergodic operator families, which have a non-random
(essential, discrete, continuous, absolutely continuous etc) spectrum [32, 29].

The state of the art is to handle systems with finitely many interacting fer-
mions in the thermodynamic limit [1]. At that point, the question of a system
of infinitely many interacting fermions, as for example an infinite system with
constant fermion density, arises naturally.

In Chapter 3 we apply the Hartree-Fock approximation to a system of electrons
in the Anderson setup. Technically, the fermion system is described by elements
of the fermion Fock space F;, a special Hilbert space whose construction is de-
scribed in Chapter 3. For the introduction, let us summarize that the elements
of F; are wave functions that describe a system of particles that obey the Pauli
principle. The number of fermions in such a systems is not necessarily fixed.

The Hartree-Fock functional is an approximation to the energy of the fermion
system. It takes into account the energy of each fermion with respect to an ex-
ternal, in our case random, potential. This amount of energy is described by the
1-particle Anderson Hamiltonian h,,. A second part represents the interaction be-
tween the fermions, via a certain, in our case repulsive, interaction potential W,
and in the case of positive temperatures a third term is added, which yields the
entropy .S of the system.

The basic idea of the Hartree-Fock approximation is to give an upper bound
to the energy of the ground state by minimizing the Hartree-Fock functional over
states evolving from Slater determinants, i.e., product wave functions. As it turns
out it is of advantage to run the minimization even over quasi-free, particle con-
serving states, which contain also Slater determinants. These can be represented
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by I-particle density matrices {y € L*(H) | 0 < v < 1}.

First, we consider finite systems, that are finitely many fermions in a finite
region A C Z“. Here, we suppress the dependence on A in the notation, where all
operators are to be understood as acting on ¢?(A) or /(A) ® ¢*(A) in the case of
the interaction W and the exchange operator Ex, which exchanges components.
In Chapter 3 we study the following functionals, that are to be minimized over the
set of 1-particle density matrices and represent different physical cases

e The Hartree-Fock functional, describing a system at zero temperature,
g
SQ(JHF) (»)/) =Tr gz(A){hw’}/} + 5 Tr gQ(A)®gz(A){W(1 — Ex )(’y@"y)} s (111)

e The Hartree-Fock functional for a system at zero temperature and at fixed
chemical potential p

EWD() = M () = nTr e {7} (1.12)
e the Hartree-Fock pressure functional, for a system at temperature 3~ > 0,

—PED(y) = £ (3) — BLS(v) (1.13)

e and the Hartree-Fock grand canonical potential functional for a system at
temperature 3! > 0 and fixed chemical potential ;1 € R

MED (3) = MO (y) = B71S() — pTr eay {7} - (1.14)

For the first and third functional we fix the particle number, that is given by Tr{~}
for the minimization. The coupling constant g > 0 scales the strength of the
interaction. Furthermore, we also consider the case of reduced Hartree-Fock the-
ory, where the exchange operator Ex is neglected, hence the reduced Hartree-Fock
functional is defined as

EF(Y) = Te{hur} + § T{W (@)} (1.15)

and accordingly for cEN’U(J}LF) —PSEF), M SI;FM)
For finite regions A C Z¢, the minimizers of the functionals introduced above
fulfill self-consistent equations, in the full as well as in the reduced case. For

example we obtain for ML(UHBF L that any minimizer 7y, obeys

0= (1+ e [BHGbol - w)]) (1.16)
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where He(flgF) [v0] € B(¢*(A)) is the effective Hamiltonian, that depends on the
minimizer 7. Note, that the effective Hamiltonian is different for the reduced
Hartree-Fock theory.

In the reduced case, we use the a convexity property of ) and the self-

consistent equations, to deduce the uniqueness of the minimizers of — o(ng), and
(rHF)
Mw,ﬂvu'

Thus it is reasonable to study the minimizers of these reduced functionals in
the thermodynamic limit A~ Z?. As in Chapter 2, we assume A,, to be the cube
of side length 2n + 1 centered at zero and take the limit n — oo. Then we proof
the existence of an accumulation point of minimizers -y, of MSIEFM) in A,, in the
weak-* sense and show that this accumulation point also fulfills self-consistent
equations.

For positive temperatures and fixed chemical potential, hence for minimiz-
ers of MSI;FM) we can show, that the limit is unique provided that 3 - g is small
enough, i.e. for high temperature and small interaction between the fermions.
Furthermore, we are able to proof that in this case the minimizers as well as the
corresponding effective Hamiltonians form ergodic operator families in the prob-

abilistic sense, hence have a non-random spectrum.

Model 3: Entropy production of fermions in disordered media

The last chapter is common work with Walter de Siqueira Pedra and Jean-Bernard
Bru. Only those parts of the in some aspects considerably larger work [15, 17, 16,
18] are presented, where the author has had a major contribution and that were
completely finished, when this thesis was done.

As mentioned before, Chapter 4 also deals with a system of fermions in a crys-
tal with impurities. The focus is here to calculate the heat or entropy production of
the system, due to the impurities, under the influence of an electromagnetic field.

In general, the electric resistance of conductors is supposed to result from both,
the presence of disorder in the host material and interactions between charge car-
riers. The first aspect is included in our model, we use the Anderson setup as
introduced in Chapter 3 to model impurities. The interaction between charge car-
riers is not fully included. We respect the fermionic nature of the electrons, hence
the particles obey the Pauli principle, but do not include any further interaction be-
tween them, such as for example the Coulomb repulsion. If the density of charge
carriers is low, the effect of a mutual force between them is assumed to be small
and hence the setup considered here can be seen as a suitable model in that case.
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As mentioned before, the impurities of the crystal are modeled as in the usual
Anderson setup. The i.i.d. random potential on the lattice sites is assumed to be
bounded, e.g. V,, € [—1,1] and we scale it by a parameter A\ > (0. This is a
preparation to consider also the cases of a perfect conductor, that would be A — 0
as well as a perfect insulator, where the randomness is supposed to be very large,
hence A — oo.

Then we study a fermion system in that setup under the influence of an exter-
nal electromagnetic potential. The fermion system is infinitely extended and de-
scribed by the C*-algebra U, that is generated by the identity and the creation and
annihilation operators {a*, a, },cz¢, Which obey the canonical anti-commutation
relations and thus encode the Pauli exclusion principle. The electromagnetic po-
tential is inhomogeneous, but assumed to be smooth and compactly supported in
time- and space,

A =A(t,z) € C(R x RLRY) . (1.17)

In the following, we denote by ¢, the time where the electromagnetic potential is
switched on and by ¢; the time where it is switched off again. The fact that A is
compactly supported in time induces the so-called AC-condition for the electric
field E/o, which is given by

Ea(t,z) = —0;A(t, ), (1.18)

namely,

t1
/ Ea(t,z)dt =0. (1.19)
to

As the main assertion about the heat production in the system caused by A is
formulated for times ¢ > t;, one should keep in mind, that we really attend to
the AC-case in the following and do not aim to formulate results concerning the
DC-case.

As usual, the electromagnetic potential A is minimally coupled to the fermion
system, this amounts to replacing the discrete Laplacian Ay in the Anderson
Hamiltonian by the minimally coupled one, denoted here by AéA), which is then
time-dependent. Then we study the induced dynamics, that means we consider
the Schrodinger equation on the one-particle Hilbert space ¢%(Z?) with time-
dependent Hamiltonian

AW LV, € B(2(zY) |
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which has a unique solution determined by the family {Ut(w /\’A)}tzs of unitary

operators on (?(Z?). The family {Ut(,USJ’A’A

group {Tt(:”\’A)}tZS of Bogoliubov automorphisms of the CAR algebra U.

Before the electromagnetic field is turned on, i.e. as initial state, we assume the
system to be at thermodynamic equilibrium. For infinite systems, this is realized
by taking the unique Kubo-Martin-Schwinger-state (KMS-state) o(#« = ()
of the system at temperature 3!, random potential configuration w and scaling
parameter \. The precise definition of KMS-states is given in Section 4.2.4, here
we may very roughly summarize, that the finite volume analog of the KMS-state
minimizes the free energy of the finite system. Then we take the time evolution
of this state under the influence of the electromagnetic potential A, that is

)}tZS induces a random two-parameter

(#) t<t
(B,A) . { 0 ) > 1o, (1.20)

T e iz,

Now we are ready to define the heat production of the system, that is the
amount of energy, or more precisely entropy, the system gains under the influence
of A. We consider the energy observable in the box of side length 2n + 1, that is

Ay ={z€Z: ||z|| <n}, (1.21)
which is given by
Hy = ) (en, (Aa+ A\V,) ey)ata, €U, (1.22)
T, YyEAy,
forany n € N.
The energy increment in the state pgﬁ A wrt. the equilibrium state (¥ =
p,§f ) is then given by
3PN = tim { oM (H,) = oM (H,) | (1.23)
forany B € RY,w e Q, N e RI, A € Ci° and ¢t € R, whereas it is a priori not
clear that the limit above exists. We prove that ’JEB A is indeed well-defined for
(B,A)

small fields. Furthermore, we show that the energy increment J, can also be
expressed as an entropy production, and hence it is in particular positive.
The main result of Chapter 4 is the following theorem, that we call AC-Joule’s

law in the following. We study the limit of the energy increment ’JEB MAL) for
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(n,L7Y) — (0,0), where Ap(z,t) = A(L 'z,t) is a rescaled version of A.
This limit corresponds to analyzing the linear response of the fermion system
under the influence of a time-dependent electric field localized in a very small but
macroscopic region of the bulk. As it turns out, the energy increment J; JPnAL) i
of order O ( 2Ld). This is due to the fact that the electromagnetic energy given
to the system, that is the L?-norms of the fields, is also of order O (772Ld), by
classical electrodynamics.

Theorem 1.0.2.

Let B € R* and \ € RY. Then there is a unique function o = o®» € C (R, R)
satisfying o(t) = o(|t|) and o(0) = 0, and a measurable subset Q = QPN c Q
of full measure such that, for any w € Q, A € Ceandt > ty,

3= lm 00){( 2ph) T e} (1.24)

// { 51752 / (Ea(s1, )EA(Sz,dedx} dsyds;
//{ S17 52 /Rd<EA(51’ ), Ea(s2, )>dd:p} dsyds; > 0.

Note, that in Theorem 1.0.2, we make an assertion for ¢ > ¢;, that means as
soon as the electromagnetic field is turned off. For all those times ¢, > t¢; the
energy increment is no longer time-dependent, i.e. J; = Jy.

The physicist J. P. Joule observed that the heat (per second) within a circuit
is proportional to the electric resistance and the square of the current in the DC-
regime. Nevertheless, we name Theorem 1.0.2 AC-Joule’s law because of two
clear similarities. Qualitatively like Joule’s law, Theorem 1.0.2 describes the rate
at which resistance in the fermion system converts electric energy into heat en-
ergy for ¢ > t;. Quantitatively, Theorem 1.0.2 is an analogue of Joule’s law
in the AC-regime with currents and resistance replaced by electric fields and AC-
conductivity. To see this connection more explicitly, let us assume for the moment,
that the AC-conductivity o in Theorem 1.0.2 would have a Fourier transform o.
Then (1.24) could be rewritten as

1 ~

J=- / { |Ea(v, x)|2ddx] (v)dv , (1.25)
2 R Rd

where EA(-, x) is the Fourier transform of the map ¢ — F (¢, z), and the heat
production is proportional to the (integrated) square of the absolute value of the
electric field, while & plays the role of an (inverse) impedance.
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However, in general, we can not assume, that o can be Fourier transformed.
This leads us to the notion of an AC-conductivity measure. This notion is inspired
by the work of Klein, Lenoble and Miiller, who introduced in [25] the concept
of an AC-conductivity measure for a system of fermions subjected to a random
potential for the first time. Let us note here, that the setup in [25] is a bit different
than the one presented here, for example we take space inhomogeneous fields
instead of homogeneous ones.

During the proof of Theorem 1.0.2, we obtain an explicit expression for the
AC-conductivity as an expectation value over certain propagators, from which
we deduce by Bochner’s Theorem that for any inverse temperature 5 > 0 and
parameter A\ > 0, there is a finite positive measure /i, such that

a(t):/R(em—n dus(v), teR.

Then (1.24) can be written as

3_1/ {/ |EA(V7x)]2dda:} dps (v) (126)
2 Jr\foy L/Re

We complete Chapter 4 by studying i, for different regimes of randomness.
More precisely, we model a perfect conductor by the limit A — 07, and a perfect
insulator by taking A — oo. From the physical point of view, one does not ex-
pect any heat production in the system for both cases. Indeed, we prove that our
model shows exactly the expected behaviour, i.e. the AC-conductivity measure
iy converges in the weak*-topology to the trivial measure (0 - dv) on R\{0}, as
A — oo or A — 0T. The skeptical reader might suspect at that point, that the
AC-conductivity measure is the trivial measure for all A\, 5. However, this is not
the case. We prove that the heat production is generally a strictly positive quantity
in a regime of moderate randomness, i.e. for A € (A\g/2, \g) with some suitable
Ao > 0, we have an almost surely strictly positive heat production.

To conclude the presentation of the main results of Chapter 4 let us remark,
that ongoing work shows, that it is possible to extend the model presented here and
the used techniques to get much broader results. Especially, the consideration of
the electromagnetic free-energy in addition to the entropy increment J; introduced
above, allows us to formulate results similar to Theorem 1.0.2 for all times ¢t € R
and thus also for the DC-case, see [16].

Furthermore, it is to be emphasized, that the inclusion of an additional interac-
tion between the fermions could, in principle, be included in our model. Although
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the technical treatment is then much more demanding and elaborate, it seems nev-
ertheless possible. This might be the major aspect of this work for further studies
and the main advantage in contrast to other publications concerning the concept
of an AC-conductivity measure, as for example [25].



Chapter 2

The Integrated Density of States for
the Wilson Dirac Operator

In this section a result on the integrated density of states for the Wilson Dirac Op-
erator is presented. It is based on common work with Volker Bach and published
in [4]. After the physical motivation in Section 2.1, the precise mathematical
description of the model is presented in Section 2.2. Then the main result is for-
mulated in Section 2.3 and proven in Section 2.4.

2.1 Physical motivation

The Standard Model of Elementary Particles provides a common conceptual ba-
sis for all elementary forces except gravity. The part which describes the strong
nuclear force is called Quantum Chromodynamics (QCD). The associated La-
grangian density has a clear and simple appearance that is

L(r) = —1 Fule) P () + 3@ (iD(A) ~m)o(), @D
with D(A) := 7,(9, + iA,,) being the Dirac operator of the fermion field ¢ (),
(), which depends on the gauge field A := (A, (z)), 4, and F,,(z) = 0, A, (z)—
0, A, (x) —[Au(x), Ay (2)] being the field tensor. In spite of its structural simplic-
ity, concrete quantitative predictions are difficult to derive from (2.1), and one of-
ten resorts either to calculations in perturbation theory or numerical simulations on
a discretized (Euclidean, after Wick rotation) space-time, known as lattice QCD
(LQCD, see [30] for an overview).

13
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Several basic properties of QCD, such as the spontaneous breaking of chiral
symmetry or the phenomenon of quark confinement, manifest themselves in the
regime of low energies, where perturbation theory in the QCD coupling constant
cannot be applied. Spontaneous chiral symmetry breaking is signaled by the for-
mation of a non-vanishing chiral condensate (1)1). In a seminal paper [8], Banks
and Casher formulated a link between the value of the condensate and the spectral
properties of the Dirac operator D in the deep infra-red. Since the gauge field A
does not appear explicitly in the observable, it acts as a background field which
nonetheless determines the spectral properties in a non-trivial way.

The idea that the distribution of the low-lying eigenvalues of the fermion Dirac
operator is very close to the one of the corresponding (i.e., respecting symmetries)
random matrix ensemble was put forward in [34, 39, 37] and affirmed by numer-
ous numerical studies, e.g. [24, 9], for a review see for example [38]. In fact,
these distributions agree to an accuracy that would, perhaps, allow to replace the
derivation of average spectral properties of the fermion Dirac operator by sam-
pling gauge field configurations with the random matrix eigenvalue distribution.
The robustness of this phenomenon over a broad range of parameter values, like
the underlying gauge group or the system’s temperature (in the Boltzmann weight)
is also remarkable.

In the following we fit the formulation of the model in LQCD into the mathe-
matical framework of ergodic operator families which has been built up over the
past three decades or so to study random Schrodinger operators and, especially,
the Anderson model. In contrast to random Schrodinger operators, however, the
randomness in LQCD models lies on the lattice bonds - not on the lattice sites -
and corresponds to a random magnetic field, rather than an alloy or a quenched
glass.

We prove that Dirac operators of LQCD which depend on the gauge field
indeed constitute ergodic operator families in the probabilistic sense, provided the
gauge field itself is ergodic, i.e., has sufficient rapidly decaying correlations (see
Section 2.2.2 for a precise formulation). This, in turn, is a fair assumption in many
physical situations, e.g., at high temperature. As a consequence of our result the
integrated density of states exists in the thermodynamic limit and is almost surely
independent of the chosen gauge field configuration.

Many observables can be expressed in terms of derivatives of the QCD parti-
tion function with respect to source terms. For example, the chiral condensate is
given by [38]

(Yp) = — lim lim %am log Z9¢P (2.2)

m—0V—o0
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with the partition function

7R — / II d4. det [iD(A) + m]e=5m@), (23)

zeVu=1,....d

Here, the integration of the fermionic variables yields the fermion determinant
det[iD(A) + m], and Sy, (A) is the Euclidean Yang-Mills action.

It is customary to use the quenched approximation in numerical simulations,
which amounts to setting the fermion determinant is equal to one. This reduces
the numerical effort significantly and corresponds to the physical case of infinitely
heavy sea quarks.

The discretization of the Dirac operator is also subtle, because the naive dis-
cretization leads to the occurrence of fermion doublers, which have no physical
meaning. There are several ways to work around this problem. Wilson proposed
to add a term that vanishes in the continuum limit and suppresses the doublers on
the lattice [40]. Another method is to introduce staggered fermions - the lattice
is divided up in sub-lattices where different staggered phases live, that are inter-
preted as physical phases [27, 36]. We are mainly interested in those two cases,
where the Dirac operator still has nearest-neighbour interaction. This is not the
case for another elegant solution, the overlap operator proposed in [31].

2.2 Introduction of the model

Now we come to the precise description of the mathematical setting. We consider
the lattice Z%, d > 2, with fermion fields supported on the sites and gauge fields
supported on the bonds of the lattice. We only take the one-particle case into
account. Then the matter fields are complex vectors and the configuration of all
matter fields is supposed to be an element of the Hilbert space H = ¢*(Z%, C*)
of square summable Z?-sequences in C*. H is equipped with the usual scalar
product

d
(o) = DD @il@i(x), e ¢eH. (2.4)
zeZ4d 1=1

We will consider operators on 7, that also depend on the configuration of
gauge fields on the bonds of Z?. The set of bonds in the lattice Z¢ is denoted by

B :=7x{1,...,d}. (2.5)
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The bond (z, ) € B is the one connecting = and x + é,, with €, the unit vector
in Z¢ pointing in direction . We give the bond (z, i1) the orientation from z to
T+ €.

The gauge fields associated to the bonds are elements of a compact Lie group
g, the gauge group. We assume G to be either SO(N), SU(N), or U(N) to be
explicit and since these are the relevant physical cases. The gauge field on the
bond b = (z, p1) is denoted by U, ,, or Uy,

It turns out to be necessary to consider the orientation of a bond, the gauge
field for going from z + €, to x is Uy ¢, and we set Uy ¢, = U;},

A gauge field configuration is the collection {U,},c5. As mentioned before,
this gauge field configuration is randomly generated. In order to specify the under-
lying probability space in the next section, we will need the notion of a plaquette,
a collection of four bonds that form a plane square in Z<,

p(fE;M, V) = {("Ev:u)’ (l‘ + élt7y)7 (l‘ + él/?//“)7 (l‘, V)}? (2.6)

with 1 # v. We need the product of the gauge fields along a plaquette p =
p(; p, v),

Up = Uspw = Upy Uil Uniiw U, 2.7)
where the orientation of the bonds leads to the inverse gauge fields. Thus we have
Uiy = U;ﬁj ,, and define a plaquette as positively orientated if ;¢ < v. The set of

all positively orientated plaquettes is denoted by
P = {p(x;,u,y)‘xEZd, pve{l,....d}, p<v} (2.8)
Figure 2.1 shows a plaquette and its associated gauge fields.

|

I xz+é, ijrléw |+ €+ &)
77’7777 —_ = JR——

| |

| -1 |

| Uxu Ua:—&-euy |

| |
77’7777 77/\77’77

‘ T Uz T+ e, ‘

|

Figure 2.1: The plaquette p(z; 1, v) and the associated gauge fields are sketched
in the (y, v)-plane of Z¢.
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2.2.1 The probability space

We start by specifying the probability space for a single bond. Since G is a com-
pact Lie group, G is equipped with a natural measure, the Haar measure ;. Be-
cause of the compactness of G, the Haar measure y 5 is normalized and we obtain
the probability space (G, Fo, g ), with Fy being the o-algebra of Borel sets of
the topological space G. A priori, we let the gauge field U, on a single bond be
a random variable that is uniformly distributed with respect to the Haar measure
j25:8 of Q

Let Q2 C B be a (possibly infinite) subset of B. The gauge field configuration
U = {Uy,}peq can be regarded as an element of the product space G**. Note that
G% is compact in the product topology by Tychonov’s Theorem. The probability
space for gauge field configurations is now constructed by means of cylinder sets
as, for example, in [10]. A cylinder set is a subset of G of the form

M={UeG”|Uy,€A,....U, €A} (2.9)

with Ay, ... A, € Fopand by, ..., b, € Q). The set of all cylinder sets is denoted
Z. We take as a o-algebra for G the o-algebra F, generated by the system of all
cylinder sets. For finite subsets {2 C B, JFq is the usual product o-algebra. The
probability measure P, on G is then defined to be the product measure, setting
for every cylinder set

Po({ € G% | Uy, € Ar,... Uy, € A}) = [ um(As). (2.10)
i=1

Finally, define F := F and P := Pp.

Now, we modify the measure P, by a weight function that represents the gauge
action as it is used in lattice QCD calculations. Those calculations are done on
finite lattices, of course. Therefore, let A C B be a finite region and n € G® a
gauge field configuration, that will play the role of a boundary condition, which
fixes the gauge field outside of A. Then the underlying probability measure is of
the form B

Pl AU) = (Z3,) e PR Py(U) (2.11)

with 5 > 0, Z} the normalization factor and S} representing the gauge action. We
assume in the following that SX 1s the Wilson action, that is often used in lattice
QCD calculations, namely

SKU) = > S({Us,mac}), (2.12)

pEP ,pNAAD
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and
Sp({thmed) = 5 Tr{(1 = Uy(fUnme))(L — Uyl {tha, me )"}
= ReTr{IL _Up({z/IAanAc})} (213)

with U, ({Un,nac}) the plaquette variable as defined in (2.7) for the gauge field
configuration that equals ¢/ inside A and 7 outside A. In the following we will
use this notation in general for composed gauge field configurations. Note that
Sp(U) > 0forallld € G.

Let us also formally define the unrestricted gauge action S (i),

SU) = Y S,({u}), (2.14)

peEP

although this infinite sum might be divergent. If the unrestricted gauge action S
converges for a certain gauge field configuration &/ € G5, it is invariant under
translations. Denoting by 7 the translation in Z¢ by ¢ € Z%, i.e. Tz := x — ¢,
and defining the translation of a gauge field by / € Z¢ to be

TKUI,,U = UTZ{Z‘,}L = Uz—L,u (215)
forany U, , € G and (z, ) € B, we have
SU) = S(TU) (2.16)

forall ¢ € Z4, with T'U := {U,—0,,,} (2 pyess

Since we are interested in the integrated density of states, we would like to
pass to the thermodynamic limit, hence A * B. We use the Gibbs formalism,
following [12, 35], to establish the existence of such a limit for the probability
measure and later its uniqueness and ergodicity for small 5. Therefore, the gauge
action .S, for a single plaquette is interpreted as an interaction between four bonds.
Note that in [12] the lattice Z¢ is used as underlying lattice. This is no restriction
for our application. For example, we may regard B = Z? x {1,...,d} as a
sublattice of %Zd by identifying each bond b = (z, ) with the point z + %ému.
Then we take the lattice %Zd and set the interaction equal to zero for all subsets of
points, except those that correspond to a plaquette in the original lattice.

For each finite A C B and 77 € GP, P}, , is a probability measure on (G®, F).
These probability measures fulfill the following compatibility condition.
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Lemma 2.2.1. For any two finite subsets A\ C N C B, all n € GB and any
F-measurable function f : GB — R we have

/g APE W) /g AL W) F({Ua Up a1 })
= [ ) £ty ). @.17)

Proof. The result follows by a simple renaming of variables, e.g. set for b € A
U, = Uy, Uy = Ub and for b € A\A, U, = U,. Then the integration over U
cancels with Z {MA Hnamyel = Zg {u"' e} O
This compatibility condition is the same as for conditional expectations of
some (yet unknown) probability measure. Indeed, this inspires the notion of a
Gibbs measure as a measure for which the conditional distributions, given the
configuration 7 in the complement of any finite set A, are given by IP’}; A

Definition 2.2.2. [12, Definition 4.2.12] A probability measure Pg on (G5, F) is
a Gibbs measure for the gauge interaction S and > 0, if and only if, for any

finite A € 7% and all bounded F-measurable functions f : G® — R we have

Py (f|Fac) = P\, (2.18)

The existence of such a Gibbs measure is guaranteed by rather weak assump-
tions on the underlying probability space and the interaction, [12, Cor. 4.2.17]. It
suffices that G is compact, S, : G® — R is continuous for all p € P and that for
any b € B there is a constant ¢, < oo such that

> 1Sl < e (2.19)

pEP:bEDP

Indeed, we have the uniform constant

> ASlle= Y I[ReTr(l—Tp)|| < 2(d—1)-2N (2.20)

pEP:bEDP pEP:bEDP

since any bond b € B is part of 2(d — 1) plaquettes and U, € G, thatis U, €
SO(N),SU(N) or U(N). Therefore we obtain by [12, Theorem 4.2.15, Corol-
lary 4.2.17]:
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Lemma 2.2.3. Let ) € G5, 8 > 0 and (A,)nen be an increasing and absorbing
sequence of finite subsets of B, that means \,, C A,,.1 and for each finite B C B
there is A\, such that B C A,. Then there is a weakly converging subsequence
of (P55, Jnen that converges to a Gibbs measure Pg on (GB, F) for the gauge
interaction S and 3 > 0.

Now, Dobrushin’s uniqueness criterion (see for example [12, Theorem 4.3.1
and Equation (4.46)] or [35, Theorem V.1.1]) ensures the uniqueness of the Gibbs
measure, provided

sup »  (Ip] = D [IReTr(1 = Tp)l. < 87 2.21)
beB pEP:bED
Applying this result we obtain:
Lemma 2.2.4. Let n € G5,
1
12N(d — 1)

and (A\,))nen be an increasing and absorbing sequence of finite subsets of . Then
the Gibbs measure Pz on (GP, F) from Lemma 2.2.3 is unique.

0 < pB < (2.22)

We note in passing, that the translations are measure preserving transforma-
tions with respect to [P and Pg, that means forall A € F, ¢ € 74

P(T'A) =P(A) and Pz(T°A) = Ps(A). (2.23)

Put differently, P5 and P are stationary w.r.t. the group Z? of translations.

2.2.2 Ergodic probability measures

A stationary probability measure IP is called ergodic iff, for all A, A’ € F,

—1 L A7 /
2L + 1) Z P(ANT'A") — P(A)P(4"), asL — oo, (2.24)
1€z, |lfle <L
with 1] = mas {Jil . [}

A random variable f : (G5, F) — (R, B) is called invariant iff f(TU) =
fU), for all ¢ € Z* and almost all i € GB. The importance of the notion of
ergodicity lies in the fact that any invariant random variable is P-almost surely
constant.

In the following, we show that the measure Pg is ergodic, provided (2.22)
holds true.
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Lemma 2.2.5. Assume )

0 <P <NE=1

(2.25)

such that the Gibbs measure Pg on (GP, F) is unique according to Lemma 2.2.4.
Then P is also ergodic.

Proof. First, we specify the decay of correlations. We define a metricd : BxB —
R{ on B by setting d(b, b) := 0 and

d(b,b') := (2.26)
min {n|H{p1,....p} CP:bEp, piNps#0,...,ppo1 Npy 0,V € po},

for b,/ € B,b # V. Le. d(b,V') is the minimal number of plaquettes to connect b
and b/

Ifp = (x; p,v), p = (%; 1, v), and pNp # @ then ||z —Z || < 1. Therefore, the
minimal number of plaquettes connecting b = (x, ) € Band ¥ = (y,v) € B is
at least ||z — y|. Observing that, forallz € Z%, yu,v,7 € {1,...,d},v # u # 7,

p(x; p,v) N p(x + ey p,v) # 0
p(s p,v) Np(w — s 1, v) # 0
p(x; p,v) N p(a; p, 7) # 0, (2.27)

we obtain, with b = (z, u), b = (y,v) € B as above, that
[z = Ylloo < d(b,b) < |lz—ylh +d, (2.28)

with [l — yll = Y2 Jai -yl )
A modified version of the metric d called d is obtained by multiplying d with

ln(é), where ¢ > (3,

d(-,-) = In(S)d(-, ). (2.29)

Now, we take two cylinder sets A, A’ € F and show that condition (2.24) is
fulfilled for A and A’. Since the sigma-algebra F is generated by Z, (2.24) extends
to all 7 by a monotone class argument. There are two finite sets A 4, Ax» C B and
Ay, Ay, € Foforallb e Ay, b € Ay such that

A= X A, xGBWM A = X A, x B (2.30)

beA 4 b/EAA/
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Let us choose X4, xare € C(GP,[0,1]) such that x 4., x ' depend only on the
variables U, with b € Ay or b € Ay, respectively, xa.(U) = 1, xa (U') = 1,
forallid € A,U' € A’, and

Pg{u S A€ ’ XA7€(Z/{) > 0} < €, ]P)g{ul € A ’ XA/7E(U/) > 0} <e (2301

Then x4, xa’ e are continuous functions that differ from the characteristic func-
tion of A, A’ only on a set of measure less than e.

Now, we use aresult of [21] summarized in [35, Theorem V.2.1]. It states that,
if v < 1, where -y is a constant depending on the interaction, one gets for any two
bonds 7, j € B that

/ e e APy — / xa. dPs / s AP
GgB GgB GB

1 -
< 2= )T Aixad) Ajlxae), (2.32)
where
A ()= Y sup {1fU) = SN | Uy =Up b # i} (233)
icB

and N

7 = sup Z Gd(i’j)Pz‘j- (2.34)
T ieBitj

In our case p;; for 7 # j, can be estimated as [35, page 403]

pii < Y |IBReTr(1 - U,)| < 2NB 1[d(i, j) = 1, (2.35)

pEP:,jEP

such that we get by inserting (2.35) into (2.34)

v <3-2(d—1)2NB- % (2.36)
and v < 1 corresponds to
1
< . 2.37
“S N@-1 (2.37)
Since f < m we can always find a ¢ with 3 < ¢ < m, such that

v <1
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We denote the distance of A and A’ by

dist(A, A") := min{d(i, j)|i € Aa,j € Au'} (2.38)
and the diameter of A by
D4 = max{d(i, j)|i,j € Aa}. (2.39)
If i € A4 then
Aixad) < S TPL[k € Ay) < [Aa] (%)DA (2.40)
keB

and analogously A;(xare) < |A A/|(§)DA’, provided j € A . Inserting this into

equation (2.32), and choosing i € A4 and j € A4 such that d(i, j) = dist(A, A'),
we estimate

/ XAe Xar,e dPg —/ XA, dPg / Xae dPs ’
GgB GgB GgB

1 dist(AA)=(DatDar) 1A 1 (A
<= é | A|| A| 7 (2.41)
4\ ¢ 1 —12N(d - 1)c
forall0 < 8 < ¢ < (12N(d — 1))~'. In the limit ¢ — 0, we obtain
B dist(A,A")
Ps(ANA") —Pg(A)Ps(A")] < Can (E) , (2.42)
where
! ! () 2.43
Can = 7 1—12N(d—1)c| Al A"(E) 24)

is a constant independent of the distance of A and A’.
The exponential decay of correlations implies at once,

1
Py | Ps(ANTA") — Ps(A) Py(A) |
(2L + 1)4 éeZd,%cxxL

1 s
<y X (S

> dist (A, T*A")
ez, ||€) o <L
1 /8) mfdist(A,A’)72(DA+DA/)

L
< — -1 /
_<2L+1)dmz:02d(2m+1) CAA(C

2dC 4 a 5 —dist(A,A")—2(Da+D 4s) 1 e
= | —s — 0 2.44

c
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where we used that d(k, T°k) < d(i, k) + d(i,j) + d(T*k, j) and thus

dist(A, T*A") = min{d(i, j)|i € Aa,j € T* A}
> min{d(k, T°k)|k € Ax} — max{d(i,k)|i € As,k € Ay}
— max{d(T'k, )|k € Aar,j € T*Au}
> ||llloe — Da — 2D — dist(A, A'). (2.45)

]

2.2.3 Ergodic families of Wilson Dirac operators

In this section we specify the considered operators. The dependence of those
operators D;, on the gauge field configuration is emphasized by the index /. We
consider the corresponding family of operators { Dy }1segs.

Let { Dy }1cgs be a family of bounded, self-adjoint operators on the Hilbert
space H = (*(Z% CF*). We call this family stationary if it depends on the gauge
field configuration &/ € G” in such a way that translations act transitively, i.e.,

7 Dym" = Dy (2.46)

forall i/ € GB and ¢ € Z?, where 7¢ denotes the corresponding translation on #,
1.e.,

[T°¢)(x) = ¢z — 1), (2.47)

for any ¢ € H, xz € Z%. A stationary family { Dy };cgs is called ergodic if the
underlying probability measure P on G? is stationary and ergodic. The crucial
fact about ergodic families { Dy, };4cg5 is the independence of their spectra on U,
P-almost surely, see [32].

We assume that [);, includes only nearest-neighbour interaction, i.e., for ¢ €
H, v € Z%, [Dyo)(z) depends only on the values of ¢(x), ¢(y) for those y with
|z — y| = 1 and the gauge fields U, ,,, U, _, for n € {1, ..., d}, where we use the
notation Uy, := U, ¢, -

There are various examples for such operators of physical interest. As men-
tioned in the introduction, we are mainly interested in the Wilson Dirac operator
and the staggered fermions operator. For simplicity, we concentrate our attention
to the Wilson Dirac operator int he following. Theorem 2.3.1 can be similarly
formulated for every ergodic family of self—adjoint operators of finite range.

In lattice gauge theories the Wilson Dirac operator D is used [30], which is a
discretized version of the QCD-Dirac operator. The corresponding matter fields
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are defined on the hypercubic lattice Z* and are assumed to have a Dirac structure
labeled by Dirac indices a € {1,2, 3,4}, as well as a colour structure with labels
c € {1,..., N.}. The Dirac structure is represented by the 4 x 4 Euclidean Dirac
matrices {,},=1,. 4. A customary explicit representation is

-----

. 0 —Z'O'1’273 i 0 1
71,2,3 - ( 7:0'17273 O ) ) 74 - ( ]]_ O ) (2'48)

with o 2 3 being the Pauli matrices. The Dirac matrices form a Clifford-Algebra
since they fulfill {v,,7,} = 20,,. Introducing 75 := v172v374, i.€.,

1 0
75—(0 _1), (2.49)

we observe that {v,,75} = 0.

The gauge group is G = SU(N..) and acts on the colour structure. Therefore,
k=4-N,and ¢ = {¢actamt.. a c=1..n € (*(Z* CF). The Wilson Dirac
operator D is defined by

4
[D¢la,c(x) == Z {(95)a,89p.(7)
=1
4 N
kY () as — T (¥57)08) Uon)ers s (@ +0€,) ), (2.50)
p=1o==%1 f=1
in short,

4

[D¢] ([E) =75 [gb(m) - RZ Z (T - O-IVM)UJC,U;L ¢($ + O-élt)} : (251)

p=1o==%1

The parameter r € (0, 1] is the Wilson parameter and « > 0 the hopping parame-
ter.

Displaying the dependence of D on the gauge field configuration I/ by writing
Dy, we observe that Dy, fulfills condition (2.46) for any 4/ € SU(N,)? and any
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¢ EeEH,xeZl,

[ Dur™"¢](x) = [Dur~"¢](x — £)

=l =0 kD D+ Vo) Unmton [T 0l — £+ 0¢,)

p=1o==+1
4
=0(x) = 6D 3 (1 + Vo) Vit S + 0¢,,)
p=1o==+1
= [Druyd)(2) (2.52)
and hence we have
7 Dyt" = Dy, (2.53)

forall ¢ € Z* and U € SU(N,)P. Thus, if P4 is ergodic, so is { Dy }yesv(n.)5s
and its spectrum is [Pg-almost surely constant.

2.2.4 The integrated density of states

In the following we study the integrated density of states of {Dy}ycgs, wWhich
represents the number of eigenstates per unit volume. For the precise definition of
the integrated density of states, we restrict our analysis to a finite subset A C Z¢.

Besides, this also allows us to relate our analysis to numerical simulation.
The boundary of A, denoted OA, is defined as

ON == {yeAN|[Ta e [z—y|=1} C A (2.54)

.....

of H where the Z-sequence 57 is set to be

~(x,4) ': Ci, T=1Y 255
§5(y) - {07 vty (2.55)

with é; € C* the unit vector in direction i.

Since D, contains only nearest-neighbour hopping, the value of D;;5®% does
not change, if we replace Dj, by a restriction of Dy, to A, for any point x in A\OA.
Only the boundary OA needs further specification. We present two customary
choices for this, namely, Dirichlet boundary conditions and periodic boundary
conditions.
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Dirichlet boundary conditions

First, we restrict the operators to the finite subset A C Z% by means of the projec-
tion

, . . A
PUn 3y s g0 [ plain) . o(x), x €A, )56
A A [Py ] () 0. v A (2.56)
with
H = (A CH cH (2.57)

being the Hilbert space of sequences vanishing outside A. Note that

Pﬁz«) _ Tepj(\dir)T%_ (2.58)
Then we define
D) = PY Dy P H s . (2.59)

Note that, since Hﬁ\d”) is finite-dimensional, D(dZ) can be represented by a

matrix of size (k|A|) x (k|A|), where |A| denotes the number of elements in A.
Since Dy, is self-adjoint, so is D/(\afZ). The number of eigenvalues of DX{Z)
than some F € R, counting multiplicity, is denoted by

smaller

NOIE) = Te{1[DYs) < B} (2.60)

The integrated density of states of DS&Z) is defined as the number of eigenvalues

smaller than £ per unit volume,

T 1 ir
P (E) = WN(d \(E). (2.61)

Clearly, N ﬁdg )(E) depends only on the gauge fields on the bonds connecting
points in A. Note that probabilistic statements about 1V, (dir) (E') do not depend

TEAU
on { € Z4, since IP5 and Dy, are stationary.
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Periodic boundary conditions

Another way to restrict Dy, to a finite set A C Z¢ is to require periodic boundary
conditions, which is often used in numerical simulations. In order to define pe-
riodic boundary conditions we assume A to be a cube of side length L. Without
loss of generality we may assume that A = {1,2,..., L}

We define the Wilson Dirac operator on ¢>(A®*"); C*) with periodic boundary
conditions by

(D)8 () = s[o@) — 6> > (r = 0% Usou $(z +08,)] ,  (2.62)

p=1o==+1

where AP := (Z/LZ)% and x + o¢,, is determined only modulo multiples of L
in all directions. Similarly
Upp=U" (2.63)

T—Ep, 1’

where z — ¢, is also defined modulo L. Thus D/(\pf” : ”H(Ap”) — HE{D”), with
HEr) = (AP, CF), (2.64)
only depends on the values of U forbonds b € A x {1,...,d},i.e., on
Un = {Usp}wenp=1,..d- (2.65)

Since H%M) is finite-dimensional, we can transcribe the definition of the inte-
grated density of states to periodic boundary conditions. We set N " Zr) (E) to be

the number of eigenvalues, counting multiplicity, of D/(\p;;’) smaller than £ € R
and define the integrated density of states in the periodic case as
1

Pl N(E) = WNX,’Z”(E). (2.66)

2.3 Main Theorem

Our aim is the definition of the integrated density of states for { Dy, }1/cq. A natural
way is to let A be a cube of side length L and investigate the case L — oo,
the thermodynamic limit. As it turns out, the boundary conditions imposed is
immaterial.
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Theorem 2.3.1. Let (G5, ]-" IP3) be the probability space defined in Section 2.2
and choose 0 < 3 < m (such that Pg is ergodic). Let {Dy}ycgs be the

family of Wilson Dirac operators on H. Let (,,)nen be a sequence in 7 of nested
cubes, 0, C Q,11, with Q,, /74

(i) Then the limits

(dir) . L (diry
Pu (E) T s oo |Q | Qn,u(E) (267)
and
(per) L rwer)
py (E) = nh—>nolo o, |N§2n u(E) (2.68)
exist for all E € R, Pg-almost surely, and are independent of the sequence
(Qn)neN-
(ii) Furthermore, for all E € R, the integrated density of states p(FE), defined
by ‘
o (E) = pf (E) =: p(E), (2.69)
is independent of the chosen boundary condition and of U € GP, Ps-almost
surely.

We remark that Theorem 2.3.1 implies the existence of the density of states.

That means there are measures v, ug()dwb),, ug()p ) such that

E E
ir [ per 1 ir [ per
/ dv(r) = p(E), / dv§" P (r) = Ton ’N(d Per)(E) (2.70)

o

and v = w — lim,,_ o V(dw/per for U € M, where M C G5B is a set of measure
one, such that equation (2 69) holds for all i/ € M. The only crltlcal point is to

prove the existence of v, which follows since the family {v; dw/ Per)) o is tight.

2.4 Proof of Theorem 2.3.1

2.4.1 An estimate on eigenvalues

Suppose, we take two disjoint sets 1, €, C Z? and an operator D;,, that fulfills
the requirements of Theorem 2.3.1. We can restrict Dy, to {2y, €25 and €2; U€), as in
(2.59) by means of the projections P(d”) PQd”) nd PQdZQ To simplify the no-
tation we suppress the superscript (dzr) in the following. Then we can determine
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the number of eigenvalues below some 2 € R for all three restrictions, denoted
by Ny, (E), Nya,(E) and Ny o,u0,(E), respectively. If dist(§2;,€s) > 2, we
know that Ny q,u0,(E) = Ny, (E) + Ny, (E), since the operator Dy, links
only neighbouring sites. Our first goal is the derivation of an upper bound on the
difference of Ny o, (E) + Ny, (E) and Ny o,u0, (E).

To this end, we start with a general observation for finite matrices.

Let A, B be complex, self-adjoint (M x M )-matrices. The rank of B is de-
noted by b, and the interesting case is b < M. Since A and B are self-adjoint,
so is A + B, and all three matrices A, B and A + B have M real eigenvalues
counting multiplicity. Due to the fact that rank(B) = b, B has (M — b) eigenval-
ues equal to zero, and b eigenvalues different from zero. Furthermore, we denote
by N4 € Ny the number of negative eigenvalues of A, by Ng, N_g, N, p the
number of negative eigenvalues of B, — B, and A + B, respectively.

Lemma 2.4.1. Let A, B be self-adjoint M x M-matrices. The difference of the
number N 5 of negative eigenvalues of A and the number N 4, g of negative eigen-
values of A+ B is at most rank(B),

INgo — Natp| < rank(B). (2.71)
Note, that the bound (2.71) is independent of || B||.

Proof. First, we show that N4, g — N4 < rank(B). Let us assume that N4, g >
N4 + rank(B). Then the min-max principle ensures the existence of a subspace
X C CM, with dimension dim(X) = N, + rank(B) + 1 such that

sup (¢|(A+ B)¢) < 0. (2.72)
PeX,|loll=1
In particular we have
sup (|(A+ B)g) = sup (p|Ag) < 0. (2.73)
peXNker(B),||¢]=1 e XNker(B),||¢||=1

Using the min-max principle again, we obtain
Ny > dim(X Nker(B)) > dim(X) — rank(B) = N4 + 1.

Therefore we have that Na,p — Ny < rank(B). Now, we set A’ := A + B,
B’ := —B and get analogously Ny, 5 — N4 < rank(B’) thatis Ny — Na,p <
rank(B). O
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Lemma 2.4.2. Let (GP, F,Pg) be the probability space defined in Section 2.2.1
and choose 0 < [ < m such that Pg is ergodic. Let {Dy}ycgs be the

family of Wilson Dirac operators on H. Furthermore let Qy,...,Q; C Z9 be
disjoint, finite sets and §) := U}]=1 €1 their union.

(i) Then we have, foranyU € GB and all E € R,

J J
1 d (di Z =1 ‘GQ]|
i) N i) < BE== (2.74)
o Vo () = 2 N )
(ii) If in addition the sets C)y, ..., §); are cubes, such that §2 is also a cube, then
J J
1 er er j= 8Q
&l NG(E) = NS (EB)| < 3k % (2.75)
=1

foranyU € GB and all E € R.

Proof. We remark that it is enough to prove the case &© = 0, because we can
replace D, by Dy, — E. We start with the case of Dirichlet boundary conditions
and define (k|2 x k|(2|)-matrices A and C by

J
A=Dgy), €= Po,APq, + HE — HET. (2.76)

j=1

The matrices are chosen in such a way that we get with counting multiplicity

NG5 (0) = T {1[A > 0]} (2.77)
and
J .
> ONET0) = Te {1]C > 0]}, (2.78)

Now, we set the matrix B := A — C to be the difference of A and C. The rank of
B can be estimated as follows

J
rank(B) < k) |09y], (2.79)
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using that B = ) ., Po, APq,. By Lemma 2.4.1, we obtain

J#l
J J
1 . |09
Nou(0) =Y " Na,u(0)| < k 2= |00 , (2.80)
1] 2]
and (i) is proven.
To prove (ii), we use that, for any cube A, we have that
rank [DY5)) — D{P] < k |0A| (2.81)
Therefore, (i) and another application of Lemma 2.4.1 yield (2.75),
1 J
(per per)
’Q’ NQM ZN
7=1
‘ J
< a7 ([N — N3P () |+ | 2 () = S NG
7j=1
J
dir er
+ Do (NENE) - Néfj,d(E))‘ )
j=1
J
|09
< 3k M (2.82)
€2]
O

Lemma 2.4.2 is an estimate on the change of the integrated density of states as
the subset of Z< is broken up into smaller pieces. The estimate is, indeed, precise
enough to prove the existence of a limit in the sense of Theorem 2.3.1 as is done
in the next sections.

2.4.2 Existence of the integrated density of states for a special
sequence

In this section it is shown that a limit for the integrated density of states exists
almost surely for a sequence of growing cubes in Z.
To this end, we define the following sequence of growing cubes,

An = {_ZOQnil + 17 cee 7102n*1}d ) (283)
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with [y € N to be fixed later. Note that A,, has side length [,2".

The virtue of the sequence (A,,),en is, that A, splits into 2¢ disjoint cubes,
each of size |A,,|, in a natural way. More precisely, there are z1, . . . , 200 € Z such
that, for

I, .= {T*,..., T} (2.84)

being the set of associated translations,

A= | TA,. (2.85)

Tell,

In order to clarify the notation, we also introduce the sets Hﬁl for [ > n that consist
of the translations needed to compose A; of translations of A,,,

Il o= {T,... Ti.y: T, €L,,...., T €4 }. (2.86)
Thus, IT,, = II"*! and we have

A= TA (2.87)

Telll,

see Figure 2.2. Next, we study the integrated density of states of A, as n grows.
We omit the dependence of N /(\'il?,(E) and Nl({: GZ(E) on E and the gauge field
configuration U/ and write

NUD[A] = N@(E) and NOD[A,] = NP)(E) (2.88)
instead.
Lemma 2.4.3. Forany ly € N, the sequences (o N'""[A,]) . and

(ﬁ Nen) [An]) converge, Pg-almost surely.

neN
. 1 dir (dir) . 1 er (per)
lim | An|N( AL = ", lim | An|N(p A = o (2.89)
Furthermore .
: dir er
Tlim T |NUIA,] — NPIA,]| =0, (2.90)

Ps-almost surely, and p;, = p?f ) = pl(f ),
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Figure 2.2: A,, and A, in Z?, with m = n + 2. The dotted lines indicate the
translates of A,, whose union gives A,,.

Proof. We show that (|A—1n|N (ir) [A"])n < 18 @ Cauchy sequence and in the proof
we denote N(*")[A,] =: N[A,]. The proof for periodic boundary conditions is
completely analogous.
Assume that m > n. By applying (2.87), one can split A,, into 2™~ cubes
of size |A,|,
Am= | TA.. (2.91)

Telly

The mean integrated density of states for these translations of A,, is
1 1 1
—_ —N|[TA,| = — N|[TA,). 292
Tellr Telp

Thus we can estimate

1 1
1 1 1
<A N[An] = > NTA,]| + A > N[TA, —mN[An] .

Telm Tellp

(2.93)
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Lemma 2.4.2 directly gives us an upper bound for the first term on the right side
of (2.93), since we have

LN = S NI <k

[ A Telm

Qd(m—n) ‘aAn’
[ A

2d(lp2")4t  2dk
) 22 27", (2.94)

<k 2d(m—n
- (lg2m)@ lo

independently of the gauge field configuration.

The second term on the right side of (2.93) is the difference of the integrated
density of states for a cube A,, and its spatial mean over 2%™~™) translated disjoint
cubes of the same size. As we do not know, yet, whether this term is small with
high probability, provided n is large enough, we split A,, and its translates into
smaller cubes of size |A,,| for some ny < n € N, as indicated in Figure 2.3. We

Figure 2.3: Both sets A,, and A,, are split up in smaller cubes of the same size as
A,,,. For A, only part of the splitting is sketched.
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estimate

= > NITA,] NI[A,)]

[Aml| S Al

SAL N[T A= ) N[T'TA,)
| m| Tellm T'elly,

1 1
+ > N[TAnO]—m > N[TA,)

[ A Tely, Telly,
1

+ > N[TAn,) = NIA]|, (2.95)
[An| Tely,

using that any 7" € II}! is given as a product T" = T"1", for unique 7" € II}" and
T" € II}, . Then Lemma 2.4.2 yields again an upper bound for the first and the
third term on the right side of (2.95), and analogously to (2.94), we obtain that

1 2dk

T N|TA,| - N[T'TA,]| < — 277 2.96

A 2 [VITAd = D NIT'TA]| < = (2.96)
Tellm T'ely,

and
1 2dk
— N|TA,,] = NA, ]| < — 27" 2.97
A | 2 VTl = NAJ < (2.97)
Telly,

Thus equations (2.94), (2.95), (2.96), and (2.97) yield

1 1
——NIJ[A,,] — =—NJ[A,
R o] = VA

4dk 1
< ——(27" 4+ 27) 4 |

. (2.98)

> NITA,,] _\A%I > N[TA,]

Terny Tery,

We can choose n and then n > ng so large that %(2*” + 2770) is arbitrarily
small. To estimate the remaining term, we view {Z,(U)},cz¢, with

Zo(U) = N[T*"0o7p,, | = N7 (E), (2.99)

T2n0 LOxAno 72/{
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to be an invariant family of random variables. By the Ackoglu-Krengel (superad-
ditive) ergodic theorem [20, Theorem VI.1.7, Remark VI.1.8], the mean of these
random variables converges Ps-almost surely. Hence,

<L T N[TAHO])OO (2.100)

‘Am‘ TGHZIO m=ng+1

is a Cauchy sequence, [Pg-almost surely.

As noted above, we can replace N[#] by N®*")[#] and repeat the proof for
periodic boundary conditions with exactly the same arguments, since all sets are
cubes and Lemma 2.4.2(i1) applies.

Equation (2.90) is similarly proven as Lemma 2.4.2(ii),

1
| A

|N(d") [An] _ N(per) [AnH < k‘aAn|

< — 0, n-—o00. (2.101)
Al

O

Note that, while the preceding lemma holds for all [, € Ny, this does not imply
the independence of the integrated density of states of the choice of /y. It turns out,
however, that not only the independence holds true, but that furthermore the size
of the cubes in the sequence is immaterial, as long as it is monotonically growing.

2.4.3 Proof of main Theorem 2.3.1

The proof is similar to the one of Lemma 2.4.3. We choose [y, ng € N arbitrary,
but fixed. Given €2,,, there is an m € N such that €2,, C A,,,. We define

S =A{T €' | TAp, C Qn},
Q= |J TA, € (2.102)

TeX,

Note that ﬁn is a rectangular box, whose smallest side length is at most two
times smaller than its largest side length and all side lengths are multiples of /,2™°.
Moreover

Q] = Q0] = [\ Q| < [0 - [Ag] (2.103)
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Now, we estimate for n > ng, 2, DO A,

1 1 1 1
N[An] - N[Qn] = [An] - N[TAno}
| Anl €2y |An A remy,
1 1
+ | > N[TAn)— —=— > N[TA,,]
’ "| Telly, |Q"| TeS,
1 ~
= 5" N[TA, ] — —N[Q]
Q] fox, €2,
+|— N[Q,] ! N[Q,] (2.104)

In the first and third term we can apply Lemma 2.4.2 directly to get upper bounds
vanishing in the limit n — oo. The second term converges P3-almost surely to
zero, by the Ackoglu-Krengel ergodic theorem. For the last term we estimate the
difference of the integrated density of states of €2,, and €2,,,

190l V12 = 1] - N[

(2.105)

2]
First, we estimate

'rw N[0, N[,]

— ’|Qn|(N[§~2n] — NQ]) + (1] = [Q0]) N [€2]

< Q] [N[Q0] = NQ]] + (1] — [Qa))N[Q]. (2.106)

Then we observe that

N[ = N[Ol < KOS+ (24 + k(2] — [8.) (2.107)
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holds true because of the following estimate using Lemma 2.4.2

V- - | 5 i
xGQn\ﬁn
o (- 2 )
TE€Q, \Qn
< (109 + 2d(12] — 13))). (2.108)
Thus we get
1 ~ 1
——N[Q,]— N[Q,
[sN =g Vi
< —|N N|Q,|| + N[Q, —
5 NI = NI+ NI =
k:|aQ |+ (2d+2)k:(N|Qn| ) S (2.109)
2| jo
by using equations |an‘ [©,] < k. Altogether
we have proven
1 1
lim | —N|A,] — —NI[Q,]| =0, (2.110)
T [An] N [€2:]

[Ps-almost surely. The periodic case is again proven completely analogously.
Recall that Lemma 2.4.3 gives the existence of the limit

. 1 i 1 er
pulE) i= lim s NY(E) = lim o Ny (E) (2.111)

with (A;,),,cy as in (2.83), Pg-almost surely. Equation (2.110) ensures the inde-
pendence of this limit of the chosen sequence (€2,,),en. Furthermore, Lemma 2.4.3
implies that the limit for periodic boundary conditions is the same.

Since the integrated density of states is invariant under translations, it is [Pg-
almost surely constant, and (ii) follows. This finishes the proof of Theorem 2.3.1.
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Chapter 3

Hartree—Fock Theory for Random
Schrodinger Operators

The theory of random Schrodinger operators has developed since the middle of the
last century, going back to the work of Anderson and Mott. The idea is to model a
disordered quantum mechanical system, for example a crystal with impurities or
dislocations, by introducing a random potential or a random displacement of the
lattice sites. As it turns out, those systems show the tendency to have localized
states, i.e., there is dense point spectrum, at certain regimes of the spectrum. This
effect is the famous Anderson localization. The theory of random Schrodinger
operators is very successful and has led to deeper mathematical understanding,
as for example the theory of ergodic operator families, which have a non-random
spectrum [32, 29].

The state of the art is to handle systems with finitely many interacting fermions
in the thermodynamic limit [1]. At that point, the question of a system of infinitely
many interacting fermions, as for example a system with constant fermion density
in the thermodynamic limit, arises naturally.

The following chapter can be seen as a first modest step in this direction - we
aim to apply the Hartree-Fock theory to a system of electrons in a crystal with
impurities, which are modeled as in the random Schrodinger operator theory by
a random potential, and then take the thermodynamic limit. The principal idea
of the Hartree-Fock approximation is to give an upper bound to the energy of
the ground state of a quantum mechanical system, that is the lowest eigenvalue
of the corresponding Hamiltonian H, by minimizing (¢, H¢) only over Slater
determinants, i.e., product wave functions. We consider finite systems first, and
for the case of reduced Hartree-Fock theory at positive temperatures and fixed

41
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chemical potential the limit of an infinite system is also considered. We proof the
existence of a unique minimizer in the thermodynamic limit in the weak-* sense
and show that this minimizers as well as the corresponding effective Hamiltonians
form ergodic operator families, hence have a non-random spectrum.

Very recently, a similar setup was also considered by Cances, Lahbabi and
Lewin [19], where some results for the reduced Hartree-Fock case are similar to
the ones presented here. The main difference to our work is that we consider
general finite range interactions which have a strictly positive Fourier transform,
whereas in [19] the Coulomb- and Yukawa-potential are considered more explic-
itly.

3.1 Introduction of the model

In this section we describe the precise set-up of the model under consideration and
give an introduction to (reduced) Hartree-Fock theory for zero temperature and
also for positive temperatures. As mentioned above, the Hartree-Fock functional
is an approximation for the energy of the ground state of a system with finitely
many fermions. It takes into account the energy of each fermion with respect to the
external, in our case random, potential. A second part represents the interaction
between the fermions, via a certain interaction potential, and in the case of positive
temperatures a third term is added, which yields the entropy of the system.

This section is organized as follows: First, we introduce the 1-particle Hamil-
tonian h,,, representing the interaction of a single particle with the random poten-
tial. Then the interaction I between two fermions is described in Section 3.1.2.
We review the formalism of a many-fermion system in Section 3.1.3, before intro-
ducing the Hartree-Fock functional and the reduced Hartree-Fock functional for
temperature 7' = 0 and 7" > 0 in Section 3.1.4.

3.1.1 Random Schrodinger Operators

The starting point is to describe the propagation and the interaction of a single
fermion with the background of impurities in the cubic crystal. This is done by the
1-particle Hamiltonian. We take as 1-particle Hamiltonian the lattice Anderson-
Hamiltonian acting on the Hilbert space H = (2(Z4).

More specifically, we introduce an independently and identically distributed
(i.i.d.) random potential in Z%. Let (£2y,%2lo,Py) be a probability space, where
2y C R is any bounded subset of R, 2l the Borel o-algebra on () w.r.t. the usual
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metric topology and Py a probability measure on (€2, 2y). Now, set {2 = Q%d and
let 2 be the product o—algebra generated by the cylinder sets, where a cylinder set
is a set of the form X ez A, where A, € 2 and A, = ) for all but finitely

many x € Z?. The measure PP is defined to be the product measure, hence for

every cylinder set, P ( X ez Ax> = [,eza Po(Az).
Now, we define the random potential

ViQ—=BH), w=(w)eezd = Vo, [Vul(9)(z)=w.o(x), 3.1)

i.e., for every random configuration w = (w;),cz¢ € €2 the operator V,, is the
multiplication operator by w.
Then the Anderson Hamiltonian h,, € B(#) is given as h, = Ay + V,,, i.e.,

ho(@))(z) = 2d+wp)p(x) — > (y). (3.2)

yEZdv ‘:L‘—y'zl

Since we also consider finite systems, let Pg,, be the set of all finite subsets of
74, and define for all A € Pg, the Hilbert space H, := ¢?(A) and the restriction
of hy, to A, that is h, x € B(H,),

hoa(@(@) = 2d+w)é(@) = > ). (3.3)

y€A7 ‘I_ylzl

Note, that the definition above corresponds to Dirichlet boundary conditions.

3.1.2 Interaction between two fermions

The interaction W is assumed to be a self-adjoint, positive semidefinite operator
on ‘H ® H, which is symmetric under permutation of the arguments, i.e.,

W =W, (@, Wieey)>0, Weey)=W@ee) (3.4)

for all ¢, 1) € H. For our model we assume W € B(H @ H) to be bounded.
Furthermore we assume W to be a translation invariant multiplication opera-
tor, i.e. W is of the form

(W @ 9)l(x,y) = W —y)d(z)d(y) (3.5)

for all v, € H, all z,y € Z? and a suitable function W : Z¢ — R. The
function W is supposed to be of finite range, hence there is some R > 0 such
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that W(z) = 0 for all z € Z? with ||z|| > R. Observe that (3.4) and (3.5) imply
W(x) = W(—x) for all x € Z4. A function W of finite range is also called a
finite range interaction.

To ensure the uniqueness of the minimizer of the reduced Hartree Fock func-
tional (c.f. Section 3.2.2), we also assume that the Fourier transform 17\/\ :T¢ = R
of W is strictly positive, that is

17\/\(5) = Z W(z)e 160 = Z W(z)cos((¢,2)) >0 forall ¢ € T?
zezd z€Z|z|<R
(3.6)
where T¢ = [—, 7|? is the d-dimensional torus. Note, that the second equality
in (3.6) holds, because W is of finite range and W(z) = W(—xz) for all z € Z<.
Since 17\/\(5 ) is in fact a trigonometric polynomial and T¢ is compact, we even have
)7\/\(5 ) > c for all ¢ € T? and some positive constant ¢ > 0.
The restriction of W to Hy ® H, is denoted by W,. When introducing the
Hartree-Fock theory in Section 3.1.4, we multiply W by a positive parameter g to
rescale the strength of the interaction.

3.1.3 Many fermion systems

In the following, we give a short introduction to the terms used to define the
Hartree-Fock functional. Although in the end, the 1-particle density matrix is the
main object in the definition, we start slightly more general to motivate the used
terms, but omit some details, that are given for example in [14, Section 5.2.1-
5.2.3].

In order to describe a system of fermions, we introduce the fermion Fock space
over a separable, complex Hilbert space G. For N € N we define the /V-particle
Hilbert space F™[G] to be the N-fold tensor product of G with itself,

N
FN =) g (3.7)
n=1
and set
FOlg) = o), (3:8)

where the normalized vector |0) is called vacuum vector.
Furthermore, we define the fermionic N-particle Hilbert space to be

I}N)[g] — AM) (]:(N)) ’ (3.9)
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where AN : FIM[G] — FWM)[G] is the projection onto antisymmetric elements,
ie.

1
A1 ® ... @ on) = S (1) ® - ® i) - (3.10)

’ TESN

Note that this projection ensures that the fermions obey the Pauli principle and
that F }N) [G] is again a Hilbert space. A special class of elements of F }N) G| are
the Slater determinants S™|[G),

SMGl ={pA...Nox | 1,..., 0N €G, (Gis ;) = 65}, (3.11)

with g1 A ... Adn == VNIAMN [ @ ... ® ¢y], that will be used in the definition
of the Hartree-Fock functional.
The fermion Fock space is defined as the direct sum

F9) =P FMgl (3.12)
N=0

i.e. ¢ € F7[G] is asequence (V) yey, with ™) € FIM (G and Y200 ™2 <
oo. Then F([G] is a Hilbert space with scalar product

W, ) rg = > W™, 6™z g (3.13)
NeNy

for all ¢, ¢ € F;[G]. Therefore we get for ¢ = (™)) ey € Ff[G], that |[v||> =
> o [,

Then we may define creation and annihilation operators a*, a : G — B(F¢[G]),
by setting for ¢ = (¢™)yen € F¢[G] a(f)o® = 0, a*(f)¢¥ = f and for
P1R...Q ¢N € J—"J(CN)[Q]

a(f)(61®...@¢n) = VN(fo) AN V(@ . ®y) (3.14)
()1 ®..0¢y5) = VN+IAYN (@b, ®...@¢x). (3.15)

Note that f +— a(f) is an anti-linear map, whereas f +— a*(f) is a linear map and
lla()lops 1a*(f)]lop < || f]lg- The creation and annihilation operators a*, a obey
the canonical anti-commutation relations (CAR), that is

{a(¢),a(¥)} =0, {al¢),a(¥)} = (6,91, (3.16)
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and constitute the Fock representation of the CAR since

a(¥)[0) =0, (3.17)

for all » € G.
The procedure of the second quantization assigns to an operator h € B(G) a

corresponding N-particle operator hY) € B(F ](cN) G)).

N
h(N):Z]1®...®IL® h ®1l®...91. (3.18)
n=1

nth factor

As it turns out, h"¥) has a very useful representation using creation and annihila-

tion operators,
o

W = (i, hej)a” (¢1)a(e;), (3.19)
ij=1
where {¢; };cn is any ONB of G.
Similarly, we define for W € B(G ® G) a corresponding N -particle operator
W e B(FY[G]) for N > 2, by setting

1<i<j<N N —2 factors

where II,; ; : F }N) G| - F }N) [G] is the permutation operator, that permutes the
first component with component m and the second component with the n-th. Si-
milarly to (3.19) we have

o0

D {6 @ ¢, Wien @ &r)) a*(¢)a" (i)alér)aldn),  (321)

1,5,k,1=1

w1
V=3
for any ONB {¢,, }nen of G.

The physical state of a system is characterized by a functional, that assigns to
each observable of the system a real number, which corresponds to the expectation
of the measured value for this observable. More precisely, the observables are
seen as the C*-sub-algebra of self-adjoint elements of a C*-algebra €, and a state
is a positive (hence hermetian), normalized linear functional p : € — C, that is
p(A*A) > 0 forall A € € and ||p|| = 1. The set of all states on € is thus also
denoted by @171. In the following, we are, as a first step, solely interested in the
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value of the energy observable for finitely many degrees of freedom, hence a finite
subset A C Z%, therefore we may simply take € = B(F;[G]) = B(F;[Ha]).

In the finite dimensional case, any state can be represented by a density matrix,
that is a trace-class operator p € L'(F;[G]), that is positive and has trace 1,
p = p*, p > 0and Tr{p} = 1. The corresponding state p € B(Fs[Ha])} ; is
then given by p(-) = Tr{p -}. Furthermore, we will assume that the states are
quasi-free, i.e., that all truncated correlation functions vanish, c.f. [14, p. 42-43].
For example a quasi-free state p fulfills

for all ¢1, g9, 11,12 € G. As it turns out, any quasi-free state p € €7} ; is com-
pletely characterized by

pla*(¢r)a”(¢2)) and  p(a”(d1)a(¢2)) (3.23)

for all ¢1,¢9, € G. This observation motivates the definition of the [-particle
density matrix I, see for example [6], of a quasi-free state p € €7, | as an operator

ong x@g
r,= (’Yi p ) : (3.24)

a, 1—79

where 7,, o, are bounded operators on G defined by

(0,71) == pla”(¥)a(¢)) and  (§, aph) := p(a”(¥)a"(¢)) (3.25)
for all ¢,v € G and

(0, 7,0) == (&, 70)- (3.26)
Note that

V=7, and o) =—a,. (3.27)

One can show that 0 < I', < 1, see [6, Lemma 2.1], and furthermore that any
operator ' on G x G of the form 3.25 obeying 3.27 and 0 < I < 1 is the 1-particle
density matrix of a quasi-free state, see [6, Remark after (2b.8), Theorem 2.3].

If a quasi-free state p € €' | is particle conserving, i.e., p(a*(¢)a*(¢)) = 0
for all ¢,v € G, we have o, = 0 and hence I', is completely characterized by
v, € B(G), which also obeys 0 < v < 1. It will be indeed sufficient to consider
quasi-free, particle conserving states in the Hartree-Fock theory introduced in the
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following section, since we assume the interaction to be repulsive, that is W to be
positive, c.f. [6, Theorem 2.11]. Hence all occurring 1-particle density matrices
I', will be determined by 7, only and we will also call ~y, the 1-particle density
matrix of the (quasi-free, particle conserving) state p.

3.1.4 Hartree-Fock theory

Now we consider an /NV-Fermion system in a finite crystal with impurities, which
is described by the Hamiltonian

YY) =0 4+ gWiV € BFN L)), (3.28)

where the coupling constant g > 0 scales the strength of the repulsive interaction
W, w € €, and A is any finite subset of Z¢.
The ground state energy of such a system is given by

ESDW) = it {(o. HVo) |0 € FVBL o)l =1} (329)

The Hartree-Fock approximation is defined by restricting the wave functions
in (3.29) to Slater determinants only,

ECR(N) = inf {(0, HIY6) | 6 € S™[Ha]} (3.30)

For a Slater determinant ® = ¢; A ... A ¢y € SWV) [#4] the density matrix
p = |®)(®| is an orthogonal projection. Let the corresponding state be denoted
by p. In this case, we get by straightforward computation using (3.16), (3.19) and
(3.21), that

@ HN®) = p(HY) (331)
g
= Tr ’HA{hw,A'Vp} + 5 Tr HA@HA{WA(:H‘ - EX)(’Vp ® '79)}7

where we exceptionally indicate the space over which the trace is taken. The op-
erator Ex: Hx @ Hy — Ha ® H,a simply exchanges components, it is determined
by

Ex(¢p @) =9 @ ¢ forall g, € Hy , (3.32)

and is obviously linear and continuous. Note that the right hand side of (3.31)
is expressed in terms of the 1-particle operators h, o and W,. Furthermore, we
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remark that the second equality of (3.31) is also true if p is a quasi-free, particle
conserving state because of (3.22).
Introducing the set of 1-particle density matrices on the finite-dimensional
Hilbert-space H ,,
Zy={yeB(Ha)|0<y <1} (3.33)

the Hartree-Fock functional S(E)HIXF '(7) : Zx — Ris defined as
My = Tr{h I Tr{Wr(1 - E 3.34
wA Y r{hu,av} + 5 r{ Wa( X )(y®7)} (3.34)

and exists since B(H,) = L'(H,) for [A| < co. Then the Hartree-Fock ground
state energy (3.30) can also be expressed in terms of 1-particle density matrices,

ELI:IE)(N) = inf {55,{5)(7) |7 =7"="Tr{y} = N} : (3.35)

Unfortunately, the set of Slater determinants over which the minimization is
taken, does not have a linear or convex structure, which is a basic assumption for
most results of the calculus of variations. Lieb’s variational principle gives a very
elegant solution. Indeed, in [28, 3] it is shown that the infimum E((UHAF J(N) does
not change, if the condition v = v* = ~? is replaced by the weaker assumption
0 <~ <1, thatis

BN =it {e0 ) [0<y <1 T} = N} (336)

Physically, this amounts to minimizing over all quasi-free, particle conserving
states with particle number expectation value equal to N. Note that, in general,
the expectation value of the particle number is possibly not an integer. It is shown
in [6, Theorem 2.11], that for repulsive interactions, i.e., if W is positive, even
minimizing over all quasi-free states (with particle expectation value V) does not
change the infimum EU(JHAF ) (N).

Although we originally defined the Hartree-Fock ground state energy for N
particles, it is now natural, regarding (3.31) and (3.36), to allow all positive parti-
cle numbers N > 0,

ESY(N) = inf {%{f '(v) | v e ZA,N} , (3.37)

where
Zyn={v€BHA) |0<y <1, Tr{y} = N}. (3.38)
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Let us also define the so-called reduced Hartree-Fock functional. It is given
by minimizing SS’IEF) (7): 2y — R

ESND () = Tefhoar} + 5 Tr{Wa(y 8 1)}, (3.39)

this corresponds to neglecting the exchange term  Tr{W, Ex (y ® 7)} in SU(JHAF ),
Analogously, we define the reduced Hartree-Fock ground state energy for N > 0

BV (V) =inf {537 () |7 € Zan . (3.40)

The advantage of the reduced functional is a special convexity property which
ensures the uniqueness of the minimizer in some cases, see Section 3.2.2. This
can not be guaranteed for the full Hartree-Fock functional by the methods used in
the following.

From the physical point of view it is also interesting to fix the chemical poten-
tial of the system instead of fixing the particle number. This is the reason why we
define the following functionals giH/\F LTHF) (7v): Z —>Ras

SUHF/THE) (7) = ES,{AF/rHF) (v) — pTr{y} , (3.41)

w, A,

which we call (reduced) Hartree-Fock functional at chemical potential . Recall
that Tr{~} is well-defined since |A| < co. The according ground state energy is
then given by

ESY™M (1) = inf {5£HAFﬁHF) (7) |7 € ZA} : (3.42)

Up to now, all our considerations were done for temperature equal to zero. For
results at positive temperatures we have to take the entropy Sy : Zy — R of the
system into account, that is given in terms of 1-particle density matrices v € Zj
by

S3(1) = —5 T fy()} — s T {A - (I =)} (43

see for example [7]. In the following, we consider the canonical ensemble and
grand canonical ensemble, at fixed positive temperature and a certain particle
number or chemical potential, respectively.
We define the (reduced) Hartree-Fock pressure functional PU(JHAF QHF) at inverse
temperature (3 by
~PUAG () = ET () = 578 () (3.44)

w
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and the supremum of the (reduced) Hartree-Fock pressure functional is denoted
as

w

PIE () = sup {POXE™ () [ 1 € Zan) - (3.45)

Again, we also consider the case where the chemical potential instead of the
particle number is fixed. That amounts to considering the grand canonical ensem-
ble, and minimize the (reduced) Hartree-Fock grand canonical potential, given

by
MUV () = €80 () = B7Sh() — wTe{a} . (346)
The corresponding infimum is defined as
M A () = in {Mff,{AFﬁF) () |ve ZA} : (3.47)

In the thermodynamic limit we are mainly interested in the minimizers of the
reduced Hartree-Fock grand canonical potential MSﬁFg s See Section 3.3.

3.2 Minimizers for finite systems

As a preparation to study the limit A  Z¢, we summarize in this section some
results for finite systems. For finite systems, i.e., A € Pg,, the Hilbert space H
is finite dimensional and so is the fermion Fock space F;(?). Therefore the

sets Z, and Z, y are compact for all N € R* and the continuous functionals

HF rHF HF rHF HF
SS,A’,SM ELAWELS,AM,MLA%H

likewise 73 A B ) and 73 A ﬁ ) have maximizers. Starting from the existence, we show
in Section 3.2.1 that the mini- or maximizers obey self-consistent equations. For
the full Hartree Fock Theory mini- or maximizers may turn out to be degenerated,
but in the reduced case the uniqueness can be shown by using the self-consistent
equations and a convexity property of the reduced Hartree Fock functional, see
Section 3.2.2.

and MS A /3 have indeed a minimizer,

3.2.1 Self-consistent equations

The minimizers of SU(JHAF /rHE) gU(JHAF {LrHF), — L(UHAF érHF) nd ./\/lef /BH;F), no matter

whether these are unique or not, fulfill certain self-consistent equations, that we
deduce in the following. The self-consistent equations are a useful tool to study
the minimizers in the thermodynamic limit, see Section 3.3.
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In preparation, we define the effective Hamiltonians H'", WA eﬂ[ |,H U(fIXFech [v] €

B(H,) for all v € Z, by

(er HSN Jglles) = (er hunes) + g Te{Wa (1 — Ex)(y @ | e;)(ei])}

(er, Honekes) = (enhune) + g Te{Wa(y @ [ ej)e)},  (3.48)
where {e;} is any orthonormal basis of H .

Remark 3.2.1. Using (3.5) and the canonical ONB { e, }.cn of Ha, the effective
Hamiltonian in the reduced case can be rewritten as

(€, Hiﬁi)ﬁ[y]ey) = (eg, hyney) + g Z W(x — 2)7y(2, 2)04y , (3.49)

zEA

where y(z,y) 1= (€4, vey). In particular a WA, eﬁ[ | only depends on the diagonal
entries of y. Thus we define the density p., : Zd — R forall v € Z, to be

A
o, (z) = {g(:"’x)’ i;A . (3.50)

Then the effective Hamiltonian is of the form
HEW Y] = hoa + g[Wa # p] (3.51)

where Wy x p,| € B(Ha) is the multiplication operator

[(Wa % p,) ()] (x) = Y Wl = y)ps(y) () (3.52)

yeA

for every v € Zy, ¢ € Hp, and x € A. Emphasizing this observation we also

rHF rHF
write Hu(;Ae}f[p’Y] H(E)Ae)ff[ ]

Lemma 3.2.2 (Self-consistent equations for minimizers of 8£H/F ) and Eon (rHF )-
Let A € Pgy, w € Qand N € (0, |A]). I]‘%(JI?/E%HF) € Zan is a minimizer of
S(Hf/rHF) on Z, , then there are E}HF/rHF) € R and PHF/HY) ¢ B(H ) with

w,

0 < pHF/HF) £ [ HS{EG/BEHF) [%(UHAFQHF)] _ E}(;’HF/rHF)}

such that

(R _ 3 [P 5 < )] 4 pe (53
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Proof. The proof is completely analogous for both cases. We omit the superscripts
(HF) and (rHF) for (c:A = gw,Aaf}/O = Yw,A,N> EF,P and Heﬁf[”)/o] = vaA’eﬁr[’)/o] to
shorten the notation.

First, note that H.g[vo] is a self-adjoint operator on the finite dimensional
Hilbert space H,. We denote by A\; < Ay < ... A5 the eigenvalues (counting
multiplicity) of Heg[7vo] and by {¢;}i=1,..|a| the corresponding ONB of eigenvec-
tors of Heg[vo]. Let us already fix the Fermi energy Ex by choosing N € N such
that N <N N + 1 and setting

.....

EF:)\

N+1 -
Furthermore, let m be the degree of degeneration of the eigenvalue Er, i.e.
m=1{ie{l,...,|Al} | s = Er}|,
and n the number of eigenvalues smaller than Ep,
n={ie{l,....|Al} | N < Er}|.
Then we define the functional f : Zy y — R as
F) = S Ealtr+ (1= t))| 3.54)

t=0

A straightforward computation yields for any v € Z) x

f(y) = Tr{Heg [0} (v — 70) }- (3.55)

Observe that f(y) > 0 for all v € Z, y since 7 is the minimizer. In particular
we have

Tr {(Heg[y0) — Er)v} = Tr{(Heg[v0] — Er)v0}, (3.56)

for all v € Z, y, hence 7 also minimizes the functional gg, | 2, e With gp,
Zy — R, '
98 (7) = Tr{(Het[10] — Er)7}. (3.57)

Recalling that H.g[7o] is nothing but a finite self-adjoint matrix, we observe that
any minimizer 7 € Z,,i.e. 0 <7 < 1, of gg, is of the form

7)/, = ?EF7Q = Z |¢z><¢z| + Z aj|¢n+j><¢n+j| (358)
i=1 Jj=1
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for some o = (ay,..., ) With0 < a; < 1forj=1,...,m.
Now we choose o, . .., a,, € [0, 1] such that
Tr{VErat =N . (3.59)

Then g, , minimizes g, (on Z,) as well as g, |z, ,, and we obtain g, (Vep.0) =
9Er(70). But then vy is also a minimizer of gg, (on Z,) and hence of the form
(3.58). [l

In the proof presented above we choose Fr to be an eigenvalue of Heg 7o),
and in that case even obtained that 0 < P < 1 [Heg[y0] = EF|. If P = 0 we may
also choose Ef slightly smaller (for example as small as the next eigenvalue of
Heg[v0]) and thus get o = 1 [Heg[v0] < EF).

If the interaction W is strictly positive and N € N, it is known from Lieb’s
variational principle [28] that any minimizer of the Hartree-Fock functional is nec-
essarily a projection. Furthermore it is shown in [5], that under these conditions
one always gets P47 = 0.

We can not show such a general result, since we only assume the Fourier trans-
form of the interaction potential W to be strictly positive, but not the interaction
itself. Nevertheless, we can prove for finite A C 7%, that there is at least one
minimizer which is a projection.

Lemma 3.2.3.

Let A € Pgp, w € Qand N € N be such that 0 < N < |A|. Then there is a
projection Y, A N = fyfj,A’N € Za N, which also minimizes ng\F) on Z n.

Proof. We replace the interaction W in the Hartree-Fock functional (3.34) by the
interaction W, = W, . defined by

We =Wy +eV, (3.60)

where V' is the interaction that is equally repulsive between any two points in A ,
1.e.

V(@ o)(x,y) = V(z—y)b(r)o(y) = ¢(x)d(y) (3.61)

for all ¢, € H and all x,y € Z¢, hence V = 1. For any ¢ > 0 the interaction
W_ is strictly positive and thus we get, following [28, 5], that there is a projection
Y. = 72 € Z, x which minimizes the following Hartree-Fock functional

£.(7) = Tr{huar} + 5 T{W.(1 — Ex)(y® )} (3.62)
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on Z, y. Now we choose the sequence (7, )nen in 25y such that
o= and E,-i(y) =f{E,1(7)[v € Zan} - (3.63)

Recall, that v, is a sequence of finite matrices. This sequence is bounded and
Za n 1s closed. Thus we can find a convergent subsequence, which, for the sake
of simplicity, we also denote by (7, ),en and w.l.o.g. we assume (3.63) to hold.
Then the limit v := lim,,_,o ¥, € Z4 v is obviously also a projection, Y2 = Yoo
Thus it remains to show that

50(’}/00) = lnf{(c:o("}/) ‘ Y € ZAJ\]} . (364)

This is achieved via the following two observations: First, the map v — &y(7y) is
continuous, and second, the sequence of functions {&,,-1 },cn is uniformly con-

vergent, i.e.
1€n-1 = Eolloe = sup {|€a-1(7) — &(V)[}
= sup g
YEZA,N 2n
2
< AP, (3.65)
n

YEZA,N

> v o)y, y) — vy

z,yeA

Then, for any ¢ > 0 we may choose ny € N such that for all n > n,
Eoloe) =GR S 5 and ([ = Enlloo < < (3.66)
Then we get for all n > ny
0 < &) = inf {&(7)}

< &Yoo) = Eo(vn)] + [E0(Vn) — En-1(7n)]
+En-1() + sup {=E-1(7) + [En1(7) — Eo(V)]}

YEZA,N
g 9
< -4 -+ &-1(m)+ sup {-E—1()}+ sup {E.-1(v) — &)}
3 3 YEZA N YEZAN
< e+ &1(ym) — inf {E(7)}
YEZA,N
— ¢, (3.67)

Thus we have shown 0 < &(v,) — inf{&(y) | v € Zan} < € for arbitrarily
small ¢ > 0 and hence we obtain £ (V) = inf{&(y) | v € Zan}- O
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The minimizers of go(JHAF l/fHF) of the Hartree-Fock functional at chemical po-

tential p fulfill similar self-consistent equations. As it turns out, the Fermi energy
is, of course, fixed at .

Lemma 3.2.4 (Self-consistent equations for minimizers of ngHAF L and ENSIXFM))
Let A € Pgp, w € Qand pn € R.If fyu()Hf //fHF) € Z, is a minimizer of gLEHE L HE) o

Z), then there is PHF/™HE) ¢ B(H ) with

0< p(HF/rHF) <1 [H(HF/THF) h(HF/rHF)] _ M}

w, A eff w,A\,p
such that
HF /rHF HF/rHF) [ _ (HF /tHF r
Yoru =1 [Hi,A,éﬁ TSR] < u} + pHE/HHE) (3.68)

Proof. Again, the proof is completely analogous for both cases. As before we

omit the superscripts (HF) and (") and shorten the notation by setting £, =

g{gﬁ{«“ﬂ/rHF)’ o = ,y‘i{j\lj‘l{rHF)’ P = PUF/MHE) and Hgly] = HQ(J{?\I;/;HF)[,YO]-

Basically, the proof is a simplification of the proof of Lemma 3.2.2. We define
the functional f : Z, — R as

, (3.69)

t=0

d /~
)= 3 (Ealty+ (1= 0))
and obtain that for any v € Z,

() = Te{(Heg[yo] — 1)(v — 70)}- (3.70)

Obviously, we have f(y) > 0 for all v € Z, since 7y is the minimizer, and
therefore

Tr{(Heg[v0] — 1)} = Tr{(Hea[70] — )0}, 3.7
for all v € Z,, and ~, also minimizes the functional g : Z, — R,
9(v) = Tr{(Het[v0] — )7} - (3.72)

Recalling that H.g[7o] is nothing but a finite self-adjoint matrix, we observe that
any minimizer 7 € Z,,i.e. 0 <7 < 1, of g is of the form

7 = 1[(Heg[v0] — 1) < 0] + P (3.73)

for some P € B(H,) with 0 < P < 1[(Heg[y0] — p) = 0]. O
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For the case of positive temperature, we obtain slightly different self-consistent
equations. As one might expect from the physical point of view, the step function
1[Heg[v0] < Er]is replaced by the Fermi-function (1 + exp[3(Heg[v0] — Er)]) "
The results for the maximizers of the unrestricted Hartree-Fock and the reduced

Hartree-Fock pressure are again completely analogous.

Lemma 3.2.5 (Self-consistent equations for maximizers of PU(JHE )5 and PSTE)

Let A € Phy, w € 8, € (0,00) and N € (0,]|A]). If’yLSHAngF) € Zynisa
HF /rHF) (HF/tHF) _ o

maximizer of 735)7 A5 onZan, then there is E € R such that
-1
HF /rHF HF/rHF) [ (HF/tHF HF
VIR = (14 exp BN RO - BE)]) (3.74)

Here, H%A’eﬁ(HF/rHF)[WS’{/EQJIE,F)] € B(Ha) are the effective Hamiltonians de-
fined in (3.48).

Proof. The proof is again completely analogous for both cases, as before we
omit the superscripts (") and *"¥). Furthermore, the proof is similar to that of
Lemma 3.2.2.

We define the functional f : Z), — R,

: (3.75)

t=0

£3) = < (“Pasltr + (1= 1))

with 79 = 7,4 5.n. As before, we have f() > 0 forall v € Z, y and f(y9) =0
Furthermore we obtain for any v € Zj x

fy)=Tr { |:Heff[70] + %_1 (In(yo) — In(1 — %))} (v - %)} >0. (3.76)

In particular we have for any £/ € R and v € Z, y that

g2) = T { (Hal = B+ 2 + (1= ) (1 0}

> T { (bl - Eyo-+ %5 (ol + (2= 20)n(2 = 20) }
= g5(%) (3.77)

where g : Zy — R

ge(7) = Tr {(Het[r0] — E)y + 67'Sr(7)} - (3.78)
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Note that in order to derive the first inequality in (3.77), we used the technical
lemma [14, Lemma 6.2.21]. Hence 7, also minimizes the functional ¢p| Zan
Now, it is a straightforward computation to show that ’

Y5 = (1 + exp[B(Heg[v) — E)]) ™" (3.79)

is the unique minimizer of gg on Z,, c.f. [7]. Obviously, we may choose F'rp € R
such that Tr{7g, } = N and obtain the assertion. O

Instead of computing 7 in (3.79) directly, we may also observe, that the func-
tion gg(y) defined in (3.78) is the free energy of the system with Hamiltonian
Heg|v] — E at inverse temperature (3 in the state with 1-particle density matrix .
But the unique minimizer of the free energy is known to be the Gibbs-state, see
for example [14, Proposition 6.2.22]. As it turns out its corresponding 1-particle
density matrix is given by 7.

Lemma 3.2.6 (Self-consistent equations for minimizers of M L(UHPB ., and M SI}\PB e

Let A € Ppp, w € 8, 5 € (0,00) and pp € R. va(Hfgﬂ:F) € Z, is a minimizer of

w

MEUHE/BH;F), then
—1
HF /rHF HF /rHF) [ (HF /rHF
'Y(E;,A,g,u )= <1 +exp [B(HQ(J,A,éff )[’YLE;,A,Q,H )] - H)D (3.80)
Here, HU(JHAF /)| U(JHE fHF)] € B(H,) are the effective Hamiltonians, defined in

(3.48).

Proof. The proof is a simplification of the proof of Lemma 3.2.5, we use the same
simplified notation in the following. More precisely, let the functional f : Z, —
R be now given by

f(): d

== (Muagu(ty + (1 —1)y))

: (3.81)

t=0

Note that with f as above, (3.76) and (3.77) with £/ = p are valid for all v € Z,.
That means, we obtain, now for any v € Z,,

) = d |l = )+ - o) ~ (2 = 00| (=200 2 0
(3.82)
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and therefore with g, as in (3.78),

-1

0 = Te{ (bl = 7+ 2 0) + (1= 7)1 = 20}

> T {(Hem] — 0+ 2 (30 In(0) + (1 = 70) In(1 %»}

2
= gu(70) (3.83)
for all v € Z,. The assertion follows by the same argument as in Lemma 3.2.5.
O

3.2.2 Uniqueness

Now we are able to prove the uniqueness of the minimizers of —Pf)ril? and

ijlfg ,» using the self-consistent equations deduced in Section 3.2.1. Before

proving the uniqueness, we show the following auxiliary lemma that asserts a
special convexity property of Eu(}ifF):

Lemma 3.2.7. Let v,7 € Z) be such that their corresponding densities, defined
in (3.50), differ, i.e. py # p5. Then

afl V() + (1= ENNE) — £ ey + (- a)F) >0 (384
forall a € (0,1).
Proof. Let v,y € Z, be such that p, # p5. Recall that the Fourier transform of
W is strictly positive by assumption, see (3.6). Hence we get for any a € (0, 1)

a7 () + (1= )N (3) — €57 (0 + (1 - a)7)
g
=3 > Wi —y) [apy(2)p5(y) + (1 — @)ps(2)p5(y)

R TISIAN
— (apy(r) + (1 = a)p5(x)) (apy(y) + (1 — a)ps(y))]
g 2
=2 (a=0a®) Y Wz =)o, — p5)() (05 — p5)(v)

RTISHN

1 _—

g 2 W
=L (a-a?) ok /[_m]d dE W(E) ‘[p»y — p5)(&)
0

2

(3.85)



60 CHAPTER 3. HARTREE-FOCK FOR RSO

Lemma 3.2.8 (Umqueness of the minimizers of —P rHFﬁ) and M;I/{\Fg - For all

weENAEPs, 871>0 N e (0,]A|), and u € R, there are unique I-particle
density matrices Y, A 8N € ZA N, Vo,AB8u € ZA Such that

PIRE(N) = PN Guas) (3.86)
MR () = MERS(easn) - (3.87)
Proof. First, let us prove (3.86). Recall, that Z, y is a convex set. Let 7,7 €
Zx,y be minimizers of —P rIXFB which have identical densities p, = p5 and thus
identical effective Hamiltonians Slﬁg vl =H U(Jﬂj?ﬁ [¥] =: Hegr. By means of the

self-consistent equations, i.e. Lemma 3.2.5, we obtain the existence of Fp, E €
R such that

v = (1+exp[B(Her — Ep))) ™"

5 = (1 + exp [5(Heﬁ . EF)D . (3.88)
But, for Tr{~} = Tr{7}, we have in particular

Tr {(1 + exp [B(Heg — EF)])_l} =Tr {(1 + exp[f(Her — EF)])_I} (3.89)

and hence Er = Er, which implies v = 7. Again, we conclude, that any two
different minimizers v,y € Z5 n of P((dﬂ;Fﬁ) have different densities p, # ps.
Lemma 3.2.7 together with the observation, that the entropy Sy : Zy — R is

(even strictly) convex, imply for any a € (0, 1)

PN = a8l () + (1 - )P F) - 57 @Sa(7) + (1 - @)Sa(F))
P (ay + (1 - )F), (3.90)

w

and thus we get v = 7.

The proof of (3.87) is completely analogous to the case discussed above, since
the self-consistent equations in Lemma 3.2.6 imply at once, that p, = p5 & v =7
for any two minimizers v,y € Z,. ]

3.3 Minimizers in the thermodynamic limit

In this section we concentrate on analyzing the thermodynamic limit of minimiz-

(rHF)
ers of /\/l; A5 Some statements in this section are also possible for minimizers
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of £\ /M, XM _pEID or MUY, . which will be indicated in the

w, w w
context. Only for minimizers of M S I/{\Fﬁ) ., we obtain the uniqueness of the mini-

mizer in the thermodynamic limit. Note that for each A € Py, the minimizer

of MSI/{\F[; ., 1s of course also the minimizer of the density of the grand canoni-

cal ensemble, ﬁMg?\Fﬁ) ,» Which is the natural quantity in the thermodynamic

limit. Since we consider properties of the corresponding minimizers (but not of
M S I,{\FB) . itself), we do not need to take this distinction into account.

3.3.1 Existence and uniqueness

We define A,, to be the box of side length 2n + 1 centered at zero,

Ani={r € Z'[Jall = sup {Jaif} <n}. (3.91)

i=1,...,

Fixw € Q, 8 € (0,00) and 1 € R. For each n € Nlet~, € Z,, be the unique

minimizer of M SI/{\S) 5> see Lemma 3.2.8. We define

Z:={yeBMH)|0<y <1} (3.92)

and continue -, to an operator 7,, € Z by setting

~ (€x,Tney);, T,y € Ay
zs Yn = 3.93
(€ Tnes) {o, v AV yE A G:99)

In the following we will denote for any operator A € H, the above continuation
also as A = A € H to simplify notation. Note that the elements of Z are not as-
sumed to be trace-class operators. For Z, as defined in (3.33) this is naturally the
case since A is a finite subset of Z%. Recall that the trace of the 1-particle density
matrix 7y is the expectation value of the particle number in the corresponding state
and we may not expect a finite particle number in the thermodynamic limit.

As explained in Section 3.1.3 each 1-particle density matrix -y, corresponds to
a quasi-free, particle conserving state p,, € (B[F;[H]])? ;.

Now we deduce the existence of a limit of ~,, for n — oo. Since this limit will
be in the weak-* topology on (BF;[H]])*, let us first recall the definition of this
topology. The weak-* topology on any dual X* of a Banach space X is defined
as the weakest topology such that all functionals

{r : X* = C, (") = 2" (2) | x € X} (3.94)



62 CHAPTER 3. HARTREE-FOCK FOR RSO

are continuous. This is equivalent to the formulation, that the weak-* topology is
the locally convex topology on X* which is induced by the family

{I llo : X* = Ry, fl2*]lo = |2(27) [ Jaex (3.95)

of semi-norms on X *. In particular, we deduce from the continuity of all function-
als in (3.94), that any sequence (x}),cn Which converges in the weak-* topology
to some x5, € X* obeys
lim z)(x) = lim ¢, (z)) = ¢u(2l) = Too() , (3.96)
n—oo

n—oo

forall z € X.

It is well-known, that the set of states (B[F[H]])’ ; is compact in the weak-
*-topology, see for example [13, Theorem 2.3.15]. This induces at once that the
sequence (pn)nen has at least one accumulation point in (B[F[H]])% ;. Hence
there is a subsequence (p,, )ren that converges in the weak-*-topology to some
Poo € (B[Ff[H]])% ;. In the following, we denote this convergent subsequence
again as (P, )nen to simplify notation.

Recall, that for each quasi-free, particle conserving state p, € (B[F[H]])% ;
there is a corresponding 1-particle density matrix v, € B(H) , see Section 3.1.3.
From the continuity of all functionals in (3.94) we obtain at once that the set
of quasi-free, particle conserving states is weak-*-closed. Therefore p,, 1s also
quasi-free and particle conserving. We denote the corresponding 1-particle-density
matrix by 7., € Z,, and obtain for every ¢, ¢ € H

(0, 700¥) = pool@”(¥)a(@)) = lim py(a”(¥)a(¢)) = lim (,7,¢) . (3.97)

The equation above induces 7,, — 7 in the weak operator topology of B(H).
Recall, that the weak operator topology on B(#H), with H being a Hilbert space,
is defined as the weakest topology such that all functionals in the set

{puy : B(H) = C, ¢, (A) = (x, Ay) | z,y € H} (3.98)
are continuous.

Remark 3.3.1. The construction of a weak-* accumulation point as described

above is of course also possible for minimizers (unique or not) of Eogﬁi/ THF),
S(HF/1HF) (HE/rHE) ) ((HF)

wAp 0 T Puns w.An B0 DUl the result is in any case rather weak.

Especially, if the uniqueness of the minimizers is not clear, the accumulation
points may depend on the choice of the minimizers. In addition to this the unique-
ness of the limit state is not understood in any of these cases.
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The following Lemma is a preparation to prove the uniqueness of the ther-
modynamic limit of minimizers of MSIXE)B ., in Theorem 3.3.4 by means of the

self-consistent equations.

Lemma 3.3.2 (Self-consistent equations for accumulation points).

Forw € Q, € (0,00) and p € R, let v, € Z be a subsequence of the
unique minimizers of MSI/{\FL)B » Such that the corresponding quasi-free states
pn € (B[Ff[H]]) 1 converge in the weak-*-topology to the quasi-free state pu,
with corresponding 1-particle density matrix v, € Z given by (3.97).

Then the effective Hamiltonians HLiif?eﬁ [vn] € B(H) converge in the weak

operator topology to H L(fle{ff ) [Yoo] € B(H), given by

(exs Hivt Trocley) = (e, huty) + g To{W (1 ® | ) (e} (3.99)

Furthermore, 7y fulfills the self-consistent equation,

oo = (1 e [0S o] — )] ) (3.100)

Remark 3.3.3. Similar to (3.51) the effective Hamiltonian HSIE [oo] can be
expressed as
H™ Oy ] = hy + g[W * yad] (3.101)

w,eff

where [W % v| € B(H) is the multiplication operator defined analogously to
(3.52)

(W 5 9se] () = D>~ W(x = )y, () 6() (3.102)

yEZ4

for every ¢ € Hy,x € Z% Note that [W * 74| is well-defined, because W is of
finite range.

Proof. We show (3.99) by using (3.101). For all 2,y € Z¢ we have

lim (e, (HZ3 ] = Hilor Drsc)ey)
= 1im (e, (hu, = hodey) + glew W % (G — Yoo )ley)

= gnh_{{.low(y — ) (Y (2, 2) — Yoo(z,2)) =0

because of (3.97).
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Each minimizer v, fulfills the self-consistent equation
o= 1 (B sl = ) (3.103)

for f: R =R, f(zr)=(1+¢")""
Therefore we obtain by (3.97) and the continuity of f, the scalar product and
the functional calculus w.r.t. the weak operator topology, that for all z,y € Z¢

<ewibo€y> - Jig;<ex77hey>
= lim ey, f(B(H o glval = 1))ew)
= {ew FBHSE o] — 1))ey)
which proves (3.100). [

Now we are ready to prove the uniqueness of 7..:

Theorem 3.3.4 (Uniqueness of the minimizer of MSIXFB) ., in the thermodynamic
limit).
If B € (0,00), g > 0 are such that

%9 i, <1, (3.104)
where
WL =D W), (3.105)
reZd

then forallw € ), B € (0,00) and 1 € R there is v, € Z such that the sequence

of unique minimizers vy, € Z of MSIJ{\?B ., converges in the weak-operator topo-
logy of B(H) 10 Yo,

lim (e,, Yney) = (€x; Vooly) forall x,y € 7. (3.106)
n—oo
Proof. Note that
1 x
_ r\—1 _ — v
fl@)=(+e) ™ =2 <1+tanh< 2)) . (3.107)

It follows from the product representation of cosh that

d
tanh(z) = %lncosh(:v)

= Z(ﬁi(k+%)+x_ﬂi(kj+%)_x) 5 (3.108)

k=0
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c.f. [6]. Therefore we can express f as the following series

1 « 1
D=y > . (3.109)
2 L=~ 2omi(k+5)

Now, we define for any 3 € (0, 00) and ¢ € R the function Fj , : B(H) — B(H)
by setting

Fau(y):=f (ﬁ( 2 —u)) (3.110)
and estimate for arbitrary v, € B(H)

1Fa(3) = Foull,, < ||/ BT D] = 1)) = FBHSEE] - 1)

op

- 1
<22 -
=0 o5 |20k + 5) — B 1] — )
1
2am’<k+ 3 = B(H ' B - m |,
< 2692 5 W« (7=l
< ZHW\IlH(ﬁ—v)H@ (3.111)
where we used the second resolvent equality and
- 1 1
—_—— = (3.112)
PRt

Because 22 |W||, < 1, Fj,, is a contraction and therefore it has a unique
fixed point. But by Lemma 3.3.2 any accumulation point of {~,,} is a fixed point
of Fj,, hence there is exactly one unique accumulation point. Since the set of
quasi-free states is weak-*-compact, the convergence of +, in the weak operator
topology follows.

[]

3.3.2 Ergodicity of the minimizer and the effective Hamilto-
nian

We show, that the minimizers as well as the effective Hamiltonians in the thermo-
dynamic limit are ergodic operator families w.r.t. the group of translations in Z<.
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The translations are given by 7% : H — H
[7*¢](2) := ¢z — k) (3.113)

and TF: Q — Q
[TFw)(z) = w(z — k), (3.114)

respectively.

Theorem 3.3.5. Letw € Q, p € Rand g, 5 € (0,00) be such that % W], < L

Let v, € Z be the thermodynamic limit of the unique minimizers ,,, € Z of
Mglf\i)ﬁ“ c.f Theorem 3.3.4. Set H, = HogfljffF) [Yw| to be the corresponding
effective Hamiltonian.

Then {H,},cq and {7, }weq are ergodic operator families w.r.t the group of

translations {7%} ,cza, that is for all k € 7.4
T = iy, (3.115)

and B _
™*H, % = Hpr, . (3.116)

Proof. Similar to the proof of Theorem 3.3.4 we define for w € Q, 8 € (0, 0),
p € R the function F, 5, : B(H) — B(H)

Fopa() = f (BHSE D = ) (3.117)

where we explicitly denote the dependence on w € () now and f is given by
f(z) = (14 ¢*)~! as before. Recall, that (3.111) implies that £}, () has a
unique fixed point.

The effective Hamiltonian H "% [v] obeys for all ¢ € H, x, k € Z4

w,eff

[(FHEED 01 +) 0] () = (™01 = k) + g [W x4)(7*)] (@ — &)
= [hyeadl(z) +9 > Wz =)y — k,y — k)é(x)

yezZd
= [hrr,0)(2) + g [[W * (TF97")]9] (2)
= [H:(rﬁF,fo V'“W““](b} (), (3.118)
hence we have
TEHS )T = Bl Ry (3.119)
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Now, we use (3.119) and the self-consistent equations and observe that

Tk’wa_k = Tka,ﬂ,u(wa)T_k

= ot (1 o [ bl - ])
- (1o [ -]

—1
= (1+ow [0 - )
= Freypu(mr™"), (3.120)

as well as
VTkw = FTkw,,B,,u(’kaw) . (3121)
Since the fixed point of Fpx,, 5, is unique, we obtain (3.115). Then (3.116) fol-

lows immediately from (3.119) and (3.115).
O]

We conclude this section by remarking that Theorem 3.3.5 implies at once:

Corollary 3.3.6. Under the assertion of Theorem 3.3.5, the spectrum of the oper-

ator families {H,, := H U(Jrgff ) Yol }wea and {7, }oeq is P-almost surely constant.
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Chapter 4

The AC-Conductivity Measure from
the Entropy Production of Fermions
in Disordered Media

In this chapter, the notion of an AC-conductivity measure [i, in linear response
theory for free fermions on the lattice is proposed. The fermions are subjected to
arandom potential and an electric field that is time- and space-dependent. General
properties of 1, as its behavior at large, small and moderate randomness, are also
proven. The project is common work together with Jean-Bernard Bru and Walter
de Siqueira Pedra, that is to be published [15, 17, 16, 18].

This chapter is organized in the following way: First, we give an introduc-
tion to the physical background and a rough overview of the main results in Sec-
tion 4.1. The precise description of the model is then given in Section 4.2. Next,
in Section 4.3 we prove some technical lemmas as a preparation, since these are
essential for the following proofs. In Section 4.4 we define and proof the existence
of energy increments. These play a major role in the main result, that is presented
in the following Section 4.5. Theorem 4.5.1 corresponds to Joule’s law of heat
production in the AC-case. Finally, in Section 4.6 we define the AC-conductivity
measure and study the asymptotics of this measure, that vanishes in the case of
very small and very large randomness, as is proven in Theorem 4.6.5, and show
that it is strictly positive in a certain regime of randomness and temperature, see
Theorem 4.6.10.

69
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4.1 Introduction

It is widely accepted that the electric resistance of conductors results from both,
the presence of disorder in the host material and interactions between charge carri-
ers. Here, we only consider effects of disorder for non-interacting fermions. That
means physically that the particles obey the Pauli exclusion principle, i.e. the an-
tisymmetry of the many-body wave function, but do not interact with each other
via some mutual force. This setup corresponds for example to the case of low
electron densities in crystals.

First let us review a result of Klein, Lenoble and Miiller, who introduced
in [25] the concept of an AC-conductivity measure ukry for a system of non-
interacting fermions subjected to a random potential for the first time. More pre-
cisely, the authors considered the Anderson tight-binding model in presence of a
time-dependent spatially homogeneous electric field £ = &; that is adiabatically
switched on. Then they showed that the in-phase linear response current density
is given, at any time ¢ € R, by

mtE) = / £, ™ pxrm (dv)
R

cf. [25, Eq. (2.13)]. Here, ciA'V is the Fourier transform of the electric field &; at
frequency v € R and is compactly supported, see also [11] for further details.
The fermionic nature of charge carriers - electrons or holes in crystals - was im-
plemented by choosing the Fermi-Dirac distribution as the initial density matrix
of particles at time ¢ — —oo. In [25] only systems at zero temperature with
Fermi energy lying in the localization regime are considered, but it is shown in
[26] that an AC-conductivity measure can also be defined without the localization
assumption and at any positive temperature.

Although there is no interaction between fermions, we do not restrict our anal-
yses to the one-particle Hilbert space. In contrast to [25] the presented approach
is based on the algebraic formulation of fermion systems on lattices. It makes
the role played by many-fermion correlations due to the Pauli exclusion principle,
i.e., the antisymmetry of the many-body wave function, more transparent. The
AC-conductivity in this framework is naturally defined by current-current corre-
lations, i.e. four-point correlation functions. Moreover, in principle, this approach
can be used to define the AC-conductivity measure for interacting fermions on the
lattice. This work can thus be seen as a mathematical preparation for such further
studies.
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In the following, we present the mathematical framework we use and our re-

sults. We consider the random two-parameter group {Ut(f;))}tzs of unitary opera-
tors on ¢%(Z%) generated by the time-dependent Hamiltonian

APED LAV, € B(2)

where the parameter w runs in a probability space and \V,, is a random potential
with strength \ > 0.

Here, the vector potential A = A(t,z) € C(R x R% (RY)*) represents
a time-dependent spatially inhomogeneous electromagnetic field which is min-
imally coupled to (minus) the discrete Laplacian A4. In contrast to [25, 26],
the electromagnetic field is inhomogeneous, supported in an arbitrarily large but
bounded region of space and is switched off for times outside some finite interval
[to, tl] .

The family {Ut(;))}tZs of unitaries on ¢*(Z%) induces a random two-parameter

group {Tt(’i’A’A)}tZS of Bogoliubov automorphisms of a CAR algebra U/ (c.f. Sec-
tion 4.2.3) associated with non-relativistic fermions in the cubic lattice Z¢. In-
deed, the canonical anti-commutation relations (CAR) encode the Pauli exclusion
principle. Note that the C*-algebra U corresponds to a fermion system which is
infinitely extended.

As initial state of the system at time ¢, € R, we take the unique KMS state
(c.f. Section 4.2.4) on U related to the autonomous dynamics for A = 0 and
inverse temperature 5 > (. That means, we assume the system to be in thermal
equilibrium before the electromagnetic potential is switched on. Then we analyze
the produced entropy or heat J; up to times ¢ > ¢;. We show that, almost surely,

t S1
J, :/ / {J(sl —32)/ (Ea(s1,7), Ea(s9,2)) d% | dsods; >0 (4.1)
to Jto R4

at leading order. Here,
Ea(t,z) = —0,A(t,z), teR, zcR?,

is the electric field induced by A and 0 : R — R is a deterministic continu-
ous bounded function. As in [26], we do not need any localization assumption.
Additionally, we obtain an explicit expression for the function o.

Since E/a is the electric field, we may interpret the term

51
/ o(s1 — s2)Ea(s2,)dsy

to
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as the current density at time s, and space position 2 € R and o can be seen as
the AC-conductivity of the system. Hence, (4.1) is the energy delivered by the
electric field to the system, as predicted by Joule’s law.

As is shown in Section 4.6.1, it follows from the explicit form of ¢ and the use
of analyticity properties of correlation functions of KMS states, that o is, up to
a constant, a function of positive type, and then Bochner’s Theorem implies that
there is a finite, positive measure, such that

o(t) = /R (e" — 1) duo(v), teR. (4.2)

The measure i, is naturally named AC-conductivity measure of the fermion sys-
tem in accordance with Joule’s law in the AC-case, because we get for t > ¢

t S1 1 R
/ / o(s9—51)(Ea(s1,7), Ea(s2,x))dsidsy = —/ |Ea(v, :1c)|2 dus(v),
to Jto R\{O}

2

(4.3)
with F5 being the Fourier transform of E». Observe, that | Ex (v, 2)|? duo (1) is
the heat production due to the component of frequency v of the electric field at
position x € R¢. Furthermore, note that because of A being compactly supported
in time, we have that E(0,2) = 0 at any space position # € R® Thus the
exclusion of {0} in (4.3) might seem artificial, but it is done to emphasize that we
are dealing with the AC-case here.

The AC-conductivity measure i, converges in the weak*-topology to the zero-
measure on R\{0} in the case of perfect conductors, that is the absence of ran-
domness, i.e. A — 0, as well as in the case of perfect insulators, corresponding to
complete localization, i.e. A — oo. Note, that the fact that the AC-conductivity
measure vanishes in R\{0} does not imply, in general, that there are no currents
in presence of electric fields. It only implies that the so-called in-phase current,
which is the component of the total current producing heat (active current), is zero.
Furthermore, observe that 1, (R\{0}) is in general non-vanishing: In Section 4.6
it is shown that p,(R\{0}) > 0, at least for large temperatures 5~! and small
randomness A > 0.

4.2 Setup of the model

In this section the precise mathematical setup of the model under consideration is
presented. We start by giving a short introduction to fermion systems on lattices
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and go on by inducing first the dynamic due to the randomness or impurities of the
crystal and second the dynamics induced by the outer electromagnetic potential.
The section is concluded by the characterization of the initial KMS state and its
time evolution.

4.2.1 Algebraic formulation of fermion systems on lattices

The host material for the conducting fermions is assumed to be a cubic crystal.
Other crystal families could also be studied in the same way, but, for simplicity,
we refrain from considering them. We thus use the d-dimensional cubic lattice
£ := Z to represent the crystal and we define P;(£) to be the set of all finite
subsets of £.

Within this framework, an infinite system of charged fermions is considered.
To simplify notation we restrict to spinless fermions. That means, we refrain
from regarding, for example, Z? x {—1,+1} instead of Z?. The case of spinning
particles can be treated by exactly the same methods.

For any A € P(£), Uy is the C*-algebra generated by the identity 1 and the
annihilation operators {a, }.ca, satisfying the canonical anti-commutation rela-
tions (CAR): For any x,y € £,

gy + ayay; =0, Azl + @y = Oz y1 . 4.4)

U, is isomorphic to the (finite dimensional) C*-algebra B(/\ #H,) of all linear
operators on the fermion Fock space /\ Ha, where H, = EBQJG A Ho is the direct
sum of copies H., x € A, of the one-dimensional Hilbert space H = C, see also
Section 3.1.3. The CAR C*-algebra U is the (separable) C*-algebra defined by
the inductive limit of {U } xep ;(¢)- Note here that Uy, C Uy whenever A" C A.
In order to set up the time evolution in the following sections, we define annihi-
lation and creation operators of (spinless) fermions with wave functions ¢ € 2(£)
by
a(y) == ZU)@)% e, a):= Z@b(x)a; eu. (4.5)

zel zel

These operators are well-defined because of (4.4). Indeed,

la@)I? Nla* @)1 < Ill; . v € (L), (4.6)

and thus, the antilinear map 1 — a(7)) and the linear map ¢ — a*(¢)) from £?(£)
to U are norm-continuous. Clearly, a*(¢)) = a(v)* for all ¢ € (2(£).
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4.2.2 Disorder in the crystal and induced dynamics

Disorder in the crystal is modeled as in the usual Anderson model. Therefore we
take a random chemical potential coming from a probability space (£2,2lg, aqg)
defined as follows: Let Q := [—1,1]* and Q,, x € £, be an arbitrary element of
the Borel o-algebra of the interval [—1, 1] w.r.t. the usual metric topology. Then
A is the o-algebra generated by the cylinder sets X s Q,, where Q, = [—1,1]
for all but finitely many x € £. The measure ag, is the product measure

Q ( X Qx> =[] o0(®%) . 4.7)

zel el

where ag is any fixed probability measure on the interval [—1, 1]. In other words,
the random potential is independently and identically distributed (i.i.d.).

For any realization w € Q, V,, € B((*(£)) is the self-adjoint multiplication
operator with the function w : £ — [—1, 1]. Note that the potential V,, is of order
O(1) and we rescale its strength by an additional parameter A € R{ (i.e., A > 0),
see (4.9).

For simplicity and without loss of generality (w.l.0.g.), we assume that the
expectation of the potential at any single site potential is zero:

E (w(0)) = /Q w(0)dag(w) = 0. .8)

We can easily remove this condition by replacing w by w — E(w(0)) and adding
E(w(0)) to the discrete Laplacian defined below.

Finally note that the i.i.d. property of the potential is not essential for our
results. We could take any ergodic ensemble instead. However, this assumption
and (4.8) extremely simplify the proof of the strict positivity of the heat production
(Theorem 4.6.10).

Now, for any realization w € €2 and strength of disorder \ & R, we define
the free dynamics of the lattice fermion system via the unitary group {UE”’A)}teR
with

U = exp(—it(Aq + AV,)) € B(2(2)) . (4.9)

Here, Ay € B(¢*(£)) is (up to a minus sign) the usual d-dimensional discrete
Laplacian:

[Aa()](z) :=2d(x) = > dlz+z), re& Ppel(g). (4.10)

z€L, |z|=1
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For allw € Q and \ € R, the condition
7 Va@) =a (UFY) (), teR pele), @l

uniquely defines a one-parameter (Bogoliubov) group 7« = {Tt(w”\)}tGR of

automorphisms of U/, see [14, Theorem 5.2.5]. As Tt(w’/\)

U, we have in particular -per definition - that

is an automorphism of

7N (BBy) = MY (BTN (B,) | B.BoclU,tecR. (412

Physically, (4.11) means that the fermionic particles do not experience any mutual
force: They interact with each other via the Pauli exclusion principle only, i.e.,
they form an ideal lattice fermion system. From (4.6) and the strong continuity of
the unitary group {e~#(Aa+AVo)l, & it follows that the (Bogoliubov) group 7
of automorphisms is strongly continuous. (¢, 7“") is hence a C*-dynamical
system. Its generator is denoted by 6, which is a symmetric derivation. This
means that the domain Dom(6") of 5V is a dense *-subalgebra of / and, for
all By, B, € Dom(5®V),

@M (B = 6@N(By), §“N(B1By) = §“N(B,)By + B1d“N(By) .

4.2.3 Electromagnetic fields and induced dynamics

The electromagnetic potential is defined by a smooth, compactly supported time-
dependent vector potential

A € C := C°(R x R (RY)*) . (4.13)

Here, (R%)* is the set of one-forms! on RY that take values in R. Using any
orthonormal basis {e; }¢_, of the Euclidian space R?, we define the scalar product
between two fields E1), E?) € (R9)* as usual by

d
(EW E®) :=>"EW (&) E? (e4) . (4.14)
k=1

Since A € C3°, A(t,z) = 0 for all t < t,, where t; € R is some initial time.
Recall also that

Ea(t,z) = —0,A(t,z), teR, z€R?, (4.15)

'Tn a strict sense, one should take the tangent spaces T'(R?),,, z € RY, and their dual spaces.
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is the electric field associated with A.
Since A is by assumption compactly supported in time, the corresponding
electric field satisfies the AC-condition

t
/ Ea(s,2)ds =0, z¢cR?, (4.16)

to

for sufficiently large times ¢ > t; > ty. From (4.16)

t/
t; := min {t >t : / Ea(s,z)ds =0 forallz € R%andt > t} (4.17)

to

is the time at which the electric field is turned off.

Below, we rescale the strength of the electromagnetic potential A by a para-
meter 7 > 0, see Section 4.4.2. Then the limit » — 0 corresponds to the linear
response of the fermion system, which is the regime in which Joule’s law holds
true.

Remark 4.2.1.

By considering the Fourier transform of Ea (-, x), the property (4.16) corresponds
to the fact that the low frequency components of the external electromagnetic field
are small. We do not try to remove this condition because, for electric fields slowly
varying in time, charge carriers have time to move and significantly change the
charge density, producing an additional, self-generated, internal electric field.
This contribution is not taken into account in the model presented here.

We consider w.l.o.g. negatively charged fermions. Thus, the (minimal) cou-
pling of the vector potential A € Cg° to the fermion system is achieved through a
redefinition of the discrete Laplacian. Indeed, we define the self-adjoint operator
AW e B(2(£)) by

1
(e, APe,) = exp (—z' / [A(t,ay+ (1 —a)z)] (y — x)da) (ez, Age,)

" (4.18)
for all 2,y € £, where (-, -) is here the scalar product in /*(£) and {e,}, . is the
canonical orthonormal basis ¢, (y) = 4, of £*(£). Note, that in Equation (4.18)
ay + (1 — o)z and y — x are seen as vectors in R,

Furthermore, there is some [, € R™ such that

AP — Aq € B ([~lo,1o]%)  B((£))
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for all times ¢t € R, because A is, by definition, compactly supported. Note also
that, for simplicity, the time dependence is often omitted in the notation

AW Z ABED yeR
even if one has to keep in mind that the dynamics is non-autonomous.

In the following the dynamics due to the electromagnetic vector potential A is
studied. We show the existence of the dynamics and give its explicit expression in
terms of a series involving multi-commutators. Letw € O, A € R} and A € C°
be arbitrarily fixed.

Indeed, the Schrédinger equation on the one-particle Hilbert space ¢(£) with
time-dependent Hamiltonian (AéA) + AV,,) and initial value 1) € (*(£) att = tg

has a unique solution Ugf:(’)A’A) 1 for any t > t,. Here,

(UMY C B(E(L))

S

is the random two-parameter group of unitary operators on ¢*(£) generated by the
(anti-self-adjoint) operator —i(AéA) +AV,) foranyw € Q, A € R{ and A € C,
ie.

Vst e R, t>s: QUEM = (AP LA ) uieM | gl =1,
(4.19)
The restriction ¢ > s is not essential here and Ug‘:;’A’A) could also be defined
for all s,¢ € R. Indeed, Ay € B(¢*(£)) and the map

twh = (AR _AY) e B(2(g)) (4.20)

from R to the set B(¢*(£)) of bounded operators acting on £%(£) is continuously

differentiable for every A € C°. Hence, {Uﬁj‘;’A’A)}Qs can be written explicitly
as the Dyson-Phillips series

AN _ e (4.21)
t Sk—1
=3 (i)t / dsy - - / dsy UEDwAUuL) L N | wAued)
keN s §

foranyt > s,w e Q, X\ € R(T and A € C{. Since all operators are bounded, it is
easy to check that {Ugf;)}tzs is a family of unitary operators.
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Therefore, for allw € Q, A € R} and A € Cg, the condition
fM @) =a (UMW) . t2s pef(®),  @22)

uniquely defines a family {Tt(:’A’A)}tZS of Bogoliubov automorphisms of the C*-
algebra U, see [14, Theorem 5.2.5]. It is a strongly continuous two-parameter
family which obeys the non-autonomous evolution equation

Vs,teR, t>s: 8tTtL;))‘A) = Tt(ﬁ’\A) 5§w”\’A), TWAA) =1 (4.23)

$,8

with 1 being the identity map from U/ to U. Here, at any fixed time ¢t € R,
5(w AA) s the infinitesimal generator of the (Bogoliubov) group {TS ”\’A)}SE]R =
{7s (A AL )}SGR of automorphisms deﬁned by replacing Ay with A( in (4.9).

The Bogoliubov automorphisms Tt s A) defined by (4.22) can be represented
as a Dyson-Phillips series by using the unperturbed dynamics defined by the one-
parameter (Bogoliubov) group W) = {T(W’A)}teR, see (4.9) and (4.11). To this
end, for every A € C$°, we denote the second quantization of w by

wA =3 [exp <_¢/01 At ay + (1— a)2)] (y — x)da) _ 1}

T,yeL

X (ez, Agey)asay, , (4.24)

see (4.18) and (4.20). Note that there is a finite subset A € P;(£) such that
WA € U, for all t € R because A € CF. We also define the continuously

differentiable map
tes LA = i[WA -] € BU) (4.25)

from R to the set B (U) of bounded operators acting on U.

Lemma 4.2.2.
ForanwaQ,/\ER+,AEC°°ands teR t> s,

(w/\A (w)\ (w,\) 1 A ( A) (w)\) A (w,\)
+Z/ dsy / Ty — SLSk skoa—se " Tor—sa Ly Tgy -
keN
(4.26)
Proof. Letw € Q, A € R} and A € C and define

S (wAA) w/\ (w)\ A (@) AW P A (@)
Tts - +Z/ dsl / Sk SLSk Sk—1— Sk'“ S1— 52L81 t—s1

kEN
(4.27)
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for any ¢ > s. This series is well-defined. Indeed, 7(“*) := {Tt(w’/\)}teR is a
one-parameter group of contractions, i.e.,

A
HTt(w )Hop <1, teR,
whereas, for any A € CJ°, there is a constant D € R* such that

sup||L§*HOp <D, (4.28)
teR

because WA = 0 for any t ¢ [to,t1] (cf. (4.17) and (4.24)). By (4.27)-(4.28), it
follows that

AR <P st eR E> s

Now, straightforward computations using (4.20) and (4.25) show that the follow-
ing “’pull through” formula holds:

Lia(y)) = aliwy),  teR, ¢ € £2(L).
We therefore infer from (4.11), (4.21) and (4.27) that

A M @ @) =a((UEYY @), 12 welf(e),

forallw € Q, A € Rf and A € C. By [14, Theorem 5.2.5], this condition
uniquely defines the automorphisms of /. Direct computations show, for all t > s,

< (w,\A) -~ (w,\A)

that 7, is an automorphism of /. As a consequence, one gets 7, =

M) See (4.22). O

t,s

It follows that the Dyson-Philips series (4.26) is an explicit expression of the
fundamental solution of the Cauchy initial value problem (4.23), where the in-
.. (w,\,A) (w,\A)
finitesimal generator o, of 74 equals

o) = N WA, ] (4.29)

with 6¢Y) being the (time-independent) generator of the one-parameter (Bogo-
liubov) group 7Y = {Tt(w’/\)}ten@-
We now introduce the abbreviation

WA == V(WA eu (4.30)
for any ¢, s € R as well as the multi-commutators defined by induction as follows:

[By, Bo]® .= [By, By] Bi,B, €U, (4.31)
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and, for all integers k£ > 2,

[Bh BQ? ER BkJrl](kJrl) = [Bla [B27 see 7Bk+1](k)} 3 Bl7 ER BkJrl cU.
(4.32)
Then, using (4.12), we rewrite Equation (4.26) as

T(wv)‘vA) (B) _ Tt(fv)‘) (B) (4.33)
ik

t,s s
t Sk—1
/ d81 e / dsk[W;:—s,skv ce 7Ws?—s,slﬁ Tt(f;A)<B)](k+1)

keN

forany B € U andt > s.

In Section 4.3 we will study certain bounds on multi-commutators of the above
type in detail.

Finally, observe that one can equivalently use either (4.22) or (4.23) to de-
fine the dynamics. However, only the second formulation is appropriate to study
transport properties of systems of weakly interacting fermions on the lattice in its
algebraic formulation.

Remark 4.2.3.
The initial value problem (4.23) can easily be understood in the Heisenberg pic-
ture. The time-evolution of any observable B, € B((*(L)) at initial time t = s €

R equals B, = (U“™M) BUSM for t > s, which yields
Vizs: 0B = (UY) A + AV, BJUSMY.
The action of the symmetric derivation 5t(w’A’A

) is related to the above commu-
(UJ7>\7A)

tator whereas the map B +— (U )*BU&‘;”\’A) leads to the evolution family
(w7A7

A . o
ts )}tzs in the second quantization.

4.2.4 The initial KMS state and its time evolution

States on the C*-algebra U{ are, by definition, continuous linear functionals p € U*
which are normalized and positive, i.e., p(1) = 1 and p(A*A) > 0 forall A € U.

It is well-known that, at finite volume, the thermodynamic equilibrium of the
system is described by the corresponding Gibbs state, which is the unique state
minimizing the free-energy. It is stationary and satisfies the so-called KMS con-
dition. The latter also makes sense in infinite volume and is thus used to define
the thermodynamic equilibrium of the infinite system.
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These thermal equilibrium states of the fermion system under consideration
can be defined, for all inverse temperatures 3 € R™, any realization w € Q of
the potential and any strength A\ € Ry of the potential V,,, through the bounded
positive operator

pBwN) . 1

= T ey € BE(L). (4.34)

Indeed, the so-called symbol £3<Y) uniquely defines a (faithful) quasi-free state
0% on the CAR algebra U by the conditions o/**) (1) = 1 and

04N (@ (f1) .. a* (fu)alga) . - a(g1)) = S det ([{g1, 5N f))],0)

(4.35)
for all {f;}72,,{g;};_; C *(£) and m,n € N. (-,-) is the scalar product in
2(g). oP«N e Y* is the unique (3, 7«N)-KMS state of the C*-dynamical
system (U, 7). The KMS property (4.40) is usually taken as the mathemat-
ical characterization of the thermal equilibrium of C*-dynamical systems. This
definition of thermal equilibrium states for infinite systems is rather abstract, but
can be physically motivated from an maximum entropy principle by observing
that o(#) is the unique weak*-limit of Gibbs states, for further details see also
Section 4.4.3. Moreover, KMS states are stationary and thus, Q(BMA) 1s invariant
under the dynamics defined by the (Bogoliubov) group 7(“*») of automorphisms:

pBN) o 7N — pBeN e R BERY, weQ, AERS . (4.36)

Because of the quasi-free property (4.35), the state o(*<") is uniquely deter-
mined by the set of numbers

{Qw’w) (@ (f;) a(fv)) = (fk,fzgﬁ’w’A)fj>} cC (4.37)

J,keN

for any orthonormal basis { f; }ren C ¢2(£). For instance, one can take in (4.37)
the canonical orthonormal basis {e,}, o of ¢*(£) defined by ¢,(y) = 4, for
all z,y € £. The state o"»* is thus completely determined by its two-point
correlation function defined on £2 by

X = (33(1), x(z)) — g(ﬁ’w”\)(a;max(z)) . (4.38)

It turns out to be useful for our results to consider the complex-time evolution
C’fﬁ:ga = C’,ff;“;”\) of the two-point correlation function (4.38):

CE ) = 0P (a2 (a0))  xi= (@, 2@) e, (439)
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forall € R*,we QA eRS,t€R,anda € [0,]. C¥) : £2 — Cis called
complex-time two-point correlation function with potential V,,. This definition
makes sense since o!*“V is a (3, 7(“»))-KMS state: For every x,y € £, the map

t s oA N) (a;Tt(w’A)(ay))

from R to C extends uniquely to a continuous map on R x [0, 5] C C which is
holomorphic on R x (0, 3). Note that the KMS property of o5« i,

0PN (BTN (By)) = 0PN (ByBy), By, By U, (4.40)
together with (4.12) and (4.36), yields

s
forall f e RT,we Q,NeR], t € R,and o € [0, A].

We assume that, for any realization w € {2 and strength A € Rg of disorder, the
state of the system before the electric field is switched on is the unique (7, 3)-
KMS state %<V see [14, Example 5.3.2.].

Since A(t,z) = 0 for all ¢ < t;, the time evolution of the state of the system
thus equals

o) = 0PN 070 (00)) . xi= (2D, 2®) e 22 441

(B:wz)‘) t < t
(vav)‘vA) e Q Y >~ o,
Pt T { Q(ﬂ,w)\) (w,N\A) t> to . (442)

© T tg )

Remark that the definition does not depend on the particular choice of initial time
to because of the stationarity of the KMS state o/»“)) w.rt. the unperturbed
dynamics (cf. (4.36)). The state pgﬂ wAA) is, by construction, a quasi-free state.

Moreover, since {Tt(:;o’)\’A)}tZS is defined by (4.19) and (4.22), we infer from

(4.42) that the symbol ft(w), defined analogously to (4.35), of the quasi-free state

pgﬂ “AA) i< the solution of the following (one-particle) non-autonomous Cauchy-
problem:
VE>to: i) = [AD AV, £ £ = BN (4.43)

for every realization w € ), \ € ]R(T and 5 € R*. The latter is known as the
Liouville equation.

In [11, 25, 26] the authors consider an evolution equation similar to (4.43)
with 5 = —oo and use the expectation value of the velocity observable w.r.t. the
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trace per unit volume of Ew) € B((*(L)) to define a current density, see, e.g., [25,
Eqgs. (2.5)-(2.6)]. Spatially local perturbations A € Cg° of the electromagnetic
field do not influence the mean velocity of an infinite system of particles. Thus, by
contrast, the electromagnetic perturbation considered in [11, 25, 26] is infinitely
extended as it is space-homogeneous. Indeed, w.r.t. the time-evolving density
operator ﬁ“’), the main quantity we analyze, the heat production J“4)(t), is not a
trace density, but rather the infinite volume limit of (finite volume) traces. Note
however that, by considering space-homogeneous electromagnetic perturbations
A in finite boxes Ay, L € R*, and the corresponding current densities, one can
see in the limit [ — oo that, up to the different convention on Ew) for the initial
condition, the notion of AC-conductivity proposed here corresponds quite well to
the one introduced in [25, Eqgs. (2.5)-(2.6)], even if this correspondence is not
totally explicit and the approaches are conceptually different.

4.3 Technical preparation

In preparation for the following proofs, we develop in this section two useful
tools. In Section 4.3.1, we compute multi-commutators of products of annihi-
lation and creation operators. These occur for example already in (4.33), see
also (4.31)-(4.32) for the precise definition of multi-commutators. Then we in-
troduce the notion of tree-decay bounds and show that these bounds hold for the
one-parameter group of automorphisms 7). The second result is given in Sec-
tion 4.3.2, we show that the complex-time two-point correlation function Ct(j:za,
defined in (4.39), can be split up into two terms, whereas the first is arbitrarily
small in norm and the second one decays fast in space.

4.3.1 Tree-decay bounds

Before going into details, let us first get an intuitive feeling of what will be proved
in Lemma 4.3.1. The aim is to simplify an /N-fold multi-commutator of products
of annihilation and creation operators, as for example

[a* (Y1) a(We)a* (s)a” (¥a), a* (¥s)a(¥e), . . .| (4.44)

with 1, 19,... € (*(£). At a first glance one expects sums over monomials
of all occurring annihilation and creation operators. Because of the structure of
the multi-commutator, there are certain terms that can be summed up, getting
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then a monomial of all annihilation and creation operators except two times the
anti-commutator of those two annihilation and creation operators. This is useful
because the anti-commutator is known to be a multiple of the identity, c.f. (4.4).
This procedure can be repeated in order to reduce the number of operators in the
remaining monomial. As one might expect, only pairs of creation and annihila-
tion operators that come from different entries of the multi-commutator can be
removed from the monomial. This is why we consider a special family of trees
in the following, similar to [23]. These trees will play the role of an underlying
structure between the N entries in the /N-fold multi-commutator. Then we need
to introduce some notation to express the monomials of annihilation and creation
operators in a convenient way before formulating Lemma 4.3.1.

Recall, that a tree is a connected graph that has no loops. Here, we have a finite
number of labeled vertices, denoted by 1, ..., IV, and (undirected) bonds between
these vertices, for example the bond connecting vertices ¢ and j is denoted by
{i,j} = {J,i}. A tree with N vertices is thus characterized by the set of its N — 1
bonds. The family of trees we use is defined as follows: Let 75 be the set of all
trees with exactly two vertices. This set contains a unique tree 7" = {{1,2}}
which, in turn, contains the unique bond {1, 2}, i.e., 72 := {{{1,2}}}. Then, for
each integer N > 3, we recursively define the set 7T of trees with NV vertices by

To = {{{k:,N}}UT Ck=1,... N1, TET]\H}. (4.45)

In other words, 7y is the set of all trees with vertex set Vy := {1,... N} for
which N € Vy is a leaf, and if the leaf NV is removed, the vertex N — 1 is a leaf
in the remaining tree and so on.

Each of the entries of the N-fold multi-commutator is a product of annihi-
lation and creation operators, which we characterize by certain finite index sets
A Ay, ..., Ax, Ay C N, where the set A; refers to creation operators in entry
¢ and A; to annihilation operators in the corresponding entry. For example we
choose for

[a* (Y1) a(Wa)a* (1s)a” (¥a), a* (¥s)a(¥e), . . .| ™) (4.46)
with ¢1,¢27 ... € €2<£)

]\1 = {1’374}7 A1 = {2}7 ]\2 = {5}7 A2 = {6}7 cee (4.47)

The kind of products we are interested in allows us to restrict our considerations
to index sets Ay, Ay,..., Ay, Ay C N that are non-empty, mutually disjoint and
such that

|AJ‘ + |A]‘ = 2nj € 2N,
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forall j € {1,..., N}. Hence the total number of annihilation and creation op-
erators is even in each entry of the multi-commutator. To shorten the notation we
set

Q= ({+} x AU ({=} xAy),

forall j € {1,..., N}. In order to determine the order of annihilation and creation
operators in entry j we choose a numbering (that is an bijective map)

7@:{1,...,2@-}—)(2]'

of ;. Furthermore, for all z € Ujvzl A;UA; lettp, € (2(L£) be the corresponding
wave function and denote (only in this subsection) by

a(—,x) =a(y)  and a4, 2) = a"(¢Pa)

the annihilation and creation operators, respectively. Using this notation, we then
define the monomials

2n;

pj = [ alm;(k) (4.48)

in a(£,x) forall j € {1,...,N}. Recall, that p; will be the j-th entry in the
N-fold multi-commutator.

To formulate the main result of this section, we need one more thing. Recall,
that the idea is to replace a sum over monomials of all occurring annihilation and
creation operators, by a sum over shorter monomial times anti-commutators of
the removed operators. Therefore we need to specify the annihilation and creation
operators, that are “'moved’ from the monomial to the anti-commutator. The cor-
responding points in 4, ..., Qy are characterized by maps (x,y) defined in the
following.

For every tree T' € Ty (cf. (4.45)), we define maps x,y : T — Uj\le Q;,
that choose for each bond {i, 7} € T a point in the set {2; and one point in the set
€2;. More precisely, we assume for ¢ < j that x({7,j}) € Q; and y({7, j}) € Q,.
The induced orientation of the bond is completely arbitrary, and has no deeper
meaning here. Furthermore, we do not allow any points to be chosen twice, that
means |x(T)| = |y(T)| = N — 1 and x(T) Ny(T) = (). This assumptions
corresponds to the fact that all operators can be removed from the monomial only
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once. Then the set of all those maps is given by
N
x,y: T — U Q; withx(b) € Q;,y(b) € Q;
j=1
forb ={i,j}eT,i<j

,CT = {(X7 Y)

and [x(T)| = [y(T)| = N — 1,x(T) Ny(T) = @} .

Now, we are finally ready to express an /N-fold multi-commutator of products
of annihilation and creation operators as a sum over trees 7' € Ty of monomials
in the annihilation and creation operators:

Lemma 4.3.1 (Multi-commutators as sums over trees).
Let N > 2. Then, forall T € Ty and (x,y) € Kr, there are constants

mT(Xa Y> € {_L 1} (449)

and numberings
N
mr(x,y) s {1,2,... . 2N} = | Q)\ (x(T) Uy(T))
j=1

where N := "N n; — (N — 1) > 1, such that

J=1

o™ = S me oy e oy) [ {a () a (y(®)}

TeTN (x,y)EKT beT

(4.50)
with { By, Bo} := By By + By By for By, By € U being the usual anti-commutator,
and where

pr(x,y) = [ [ alrr(x,y) (k).

Proof. We first observe that, for any two integers ni,ns € N and any arbitrary
elements By, ..., By,, €U and By, ..., By, €U,

[By...Bon,, Bi... BM} 4.51)

_ k141 ® ®
= Y (-V"MBi.. BBy By
1<k2<2n2

1<k1<2ny

X {BkQ, Bkl}ék’ﬁ—l e Bgnl Bk2+l . BQng s
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see [23, Eq. (4.18)]. We are now in position to prove the assertion by induction.
For N = 2, the set 75 consists of only one tree 7" = {{1,2}}. Using (4.48)
and (4.51) we get

o pi] = D (=1 a(me(1)). . a(ma(ks — 1))a(mi(1)). .. alm(k — 1))

1<ka<2ns>
1<k1<2ny

x {a(me(k2)),a(m (k1)) ta(m(ky + 1)) ... a(m(2n1))
a(ma(ka + 1)) ... a(m(2ng)) . (4.52)

Note that {a(m2(k2)), a(m(k1))} is always either zero or a multiple of the identity
in U, see (4.4) and (4.5). Therefore, the assertion for N = 2 directly follows
from the previous equality by observing that the sum over k; and ks in (4.52)
corresponds to the sum over (x,y) € K23} in (4.50) by choosing

P (xy) = a(m(l))...a(me(ks — 1))a(m (1)) ... a(m(k — 1)) (4.53)
a(mi (k1 + 1)) ... a(m(2ny))a(me(ky + 1)) . .. a(me(2ns2))
for
X({l,Q}) = Wg(kg) € Qg , ]{2 € {1, - ,27’Lg} ,
vy({1,2}) = m(k) €, kre{l,...,2n} .

Indeed, for (x,y) € K123 as above, the constant m{; 21} (x, y) equals (—1)¥7! €
{—1, 1}, whereas the associated map

Ty (6¥) {12, 2N = QU Q\ (x({{1,2}}) Uy ({{1,2}}))

with -
Ni=(ni+ny)—1>1

depends on the order of the factors on the r.h.s. of (4.53):

7T2(> k€{1,27...,k2_1}
L 71'(/{,’ kQ—l—l) k‘G{k’g,...,]{?Q—{—kl—Q}
ey (6¥) ()= o (k—ko+2), ke{kyod+ki—1,...,2n —2+ky}
mo(k—2n1+2), ke{2m —2+ky+1,...,2N}

We assume now that the assertion holds for some fixed integer N > 2. Recall
that N-fold multi-commutators are defined by (4.31)-(4.32). In particular,

PNt1s - 7P1](N+1) = [pny1s [P, - - >pl](N)]
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where, by assumption,
EITE )_Z Z mr (X, y) pr (X,y) H{a (b))}
TeTN (x,y)eEKT beT

as stated in the theorem. Therefore,

TR Z Z my (X,y) [py+1, pr (X, ¥)]

TeTN (x,y)eXT

< [[{a (), aly®)} , @54
beT
whereas, using again (4.51),
[PN+1a pr (X7 y)]
= Z (—1)]"’1“@(7@\[“(1)) Ce CL(7TN+1(]€2 — 1)) (455)
1<ko<2nN41
1<k <2N

x a(mp(1))...a(rr(ky — 1)) a(rp(ky + 1)) ... a(7p(2N))
X a(myii(ke + 1)) .. a(mn(2nn)) {a(myia(k2)), a(mr (k) }

Note that, for simplicity, we used above the notation 7 = 77 (x,y). To get
now the assertion for (N + 1)-fold multi-commutators, for any (x,y) € Kr, we
define:

X = mnpi(ks) € Qs ky €{l,....2ny 1},
Y = malh) € U O\ T UR(T) , o€ {1,....2N} |

as well as
iy (X,Y) = (1)

and
ﬁT(X7Y7X7 Y)
= a(my41(1)) - almyga (ke — 1)) a(rr(1)) - a(mp(ky — 1))
x a(rr(ky + 1)) - a(mp(2N)) a(my i (ke +1)) - a(my1 (2nn40)) -
Then, by (4.54)-(4.55), one has

[PN+1,~'7P1 N+ Z Z Z Z

TeTN (x,y)eKr X€(Q1U--UQN)\(X(T)Uy(T)) YEQN 11

my (x,y) iy (X, Y) pr(x,y, X, Y){a(X),a(Y)} [ ] {a (x( (y(®)} -

beT
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This last equation can clearly be rewritten as

PN, - 7P1](N+1) (4.56)

=2 2 X 2. 2.

TeTN ke{l,..,N} (x,y)eEKT X{k,N+1}€Qk\(X(T)Uy(T)) Y{k,N+1}€QN+1
my (X, y)mr (Xggn11ys Yien+1y) Pr(%, ¥, Xggn+1y, Y n11})

x {a(Xgeni1y) a(Viene)} [ [{a (x(b)) ,a (y(0)} -

beT

Note now, that the first two sums on the L.h.s of the equation above can be seen
as a sum over Ty, where k gives the position of the leaf N + 1, c.f. (4.45).
The remaining sums then give exactly the summation over Kr with T € Ty.1,
since {€2;};cq1,..,ny are by definition mutually disjoint sets. For any 7" € Ty
and (x,y) € Kr the appropriate constant mp(x,y) € {—1, 1} as well as the map
77 (X, y) can directly be deduced from (4.56) and we arrive at the assertion. [

We conclude this section by the notion of tree-decay bounds:

Definition 4.3.2. Let p € U* be any state and T = {7, }1cr be any one-parameter
group of automorphisms on the C*-algebra U. We say that (p,T) satisfies tree-
decay bounds with parameters ¢ € R* and ty < t if there is a finite constant
D € R such that, for any integer N > 2, $1,...,8n € [to,t], x1,..., 2y € £
and all zy, ..., zx € £ satisfying |z;| = 1 fori € {1,...,N},

* * (N) — €
‘p<|:T51<a’$1a-1’1+21)7‘"7T5N(a/:ENa-TN+ZN):| )‘ < DN 1qg\[) (xla--wa) )
4.57)
where
© 1
. = , s e L. (458
qN (xl IN) Z H 1 + ’Ik _ l’l|d+€ x1 TN ( )

TeTN {kI}eT
Such a property has been used many times in the present work for 7 = 7<)
and p = o»*M for f € RT, w € Qand A € R{. Using Lemma 4.3.1 we
show below that the one-parameter Bogoliubov group 7~ of automorphisms
defined by (4.11) and any state p satisfy tree-decay bounds. Indeed, observe first
the following elementary lemma:
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Lemma 4.3.3.
Forany T, ¢ € RY, there is a finite constant D € R such that

D

K%’eit(AﬁAVw)eyH < W

forallw € Q, XN € R{, t € [-T,T) and z,y € £. Recall that {e,}, . is the
canonical orthonormal basis of (*(£) defined by ¢,(y) = 6., for all z,y € £.

Proof. Letw € 2, A € R{,t € Rand x,y € £. Using the Trotter-Kato formula
and the canonical orthonormal basis {e, }, . of £*(£) we first observe that

<ez7eit(Ad+)‘Vw)ey> = lim <em, [e%Ade%’\Vw] ey> (4.59)

m—0o0

. . . at A at A

= lim lim E <em,em dexl>~-<ezm71,em dey>
m—00 [—00

%)\Vw (z1) LAV (y)

X e X oo X em ,

where A; is the finite box (4.74) of side length 2! 4- 1 for [ € N. Writing now the
exponential em®d ag a power series and using the definition (4.10) of the discrete
Laplacian A4 note that

‘<ex,e%Adey>‘ < e <e$,e’%Adey> r,ye L, t,melR. (4.60)
Therefore, we infer from (4.59) and (4.60) that

‘<ex,e”(Ad“V“)ey>} < etdltl <ex,e"t|Adey> . (4.61)

Since A4 is explicitly given in Fourier space by the dispersion relation F(p) de-

fined by
d
E(p) =2 (d = Cos(pi)> (4.62)

inl
for p € [—m, 7]¢, explicit computations show that, for all s € R,

1 .
sAq — sE(p)—ip-(z—y) qd
<e:c7 S ey> (27T)d /[—ﬂ—,w]d € b,

which, combined with (4.61), implies the assertion. [l
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Since, by (4.4) and (4.11),

e, s ] = [ o080,

752

, (4.63)

for any ¢, € R, we infer from Lemma 4.3.3 the existence of a finite constant
D € R* (only depending on ¢, t) such that

i (a2) 7 (@)} <

for all 51,59 € [0,¢], 7,y € £,w € Qand A € RY. Using this and Lemma 4.3.1
we obtain (4.57) with a uniform constant D < oo not depending on w € §2 and
A e RS:

D

- - (4.64)
1+ |z —y|™

Corollary 4.3.4 (Uniform tree-decay bounds).

Let 7 = 7 be the one-parameter Bogoliubov group of automorphisms defined
by (4.11) for w € Q, X € R and p an arbitrary state on U. Then, for any
e € Rt and ty < t, thereis D = D.4,+ € RT such that the tree-decay bounds
(4.57)-(4.58) hold for all w € Q and \ € R{.

Proof. Choose in Lemma 4.3.1 sets A;, A; containing exactly one element and
note that, in this case, |ICp| = 2271 = 22(N=1)_Observe also that ||pr (x,y)|| < 1
as the corresponding vectors ¢, have norm 1 in this case. The assertion then
follows from (4.64) and Lemma 4.3.1. L]

4.3.2 Decay of the complex-time two-point correlation func-
tions

In this section, a space-decay property of the complex-time two-point correlation
function C’t(:za

Citla(®) = 0"V (a0 (aw)  x=@.a®) et @65
is proven, which turns out to be very useful in the proofs of the following sections.

Lemma 4.3.5 (Decomposition of two-point correlation functions).
Foranye,f e RT, we QL NeR{, t e R v e (0,3/2) and a € [v, 3 — ), the
complex-time two-point correlation function C't(iza can be decomposed as

CY) (%) = AY)

t+ia,v,e

()—i—B() (x) , x = (zW z )€£2

t+ia,v,e
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where AHW ve (+) and BY)

Hm ve () are kernels (w.rt. the canonical basis {¢; } yc¢)

of bounded operators At Viawe = Atif;); . and Bt tiawe = Bt(ia e
(%(£) and satisfying the following properties:
(i) Boundedness: There is a finite constant D € R only depending on 3, v such

that

acting on

<D.

t+io,v0,e

|

<e and HB

t+ia,v,e
op op

(i) Decay: If T € Rt and t € [—T,T), then there is a finite constant D € R*
only depending on €, 3, v,d, T’ such that

D

2
t+zo¢vs ‘ — 1+|ZL‘ —:L‘(Q |d2+1 ) x e £°.

‘ B

(iii) Continuity: If T € RT and s1,s2 € [—T,T), then there is a finite constant
n € R only depending on ¢, 3, v, d, T such that

x) — B e(l+ A)

2
sz—i-zavs = 1+ |ZL’(1 |d2+1 ) x e L )

s1+ia,v,e (

B
whenever |sy — s1| < 1.

Proof. (i) Using (4.11), (4.34) and (4.35), forall 3 e RT,w e Q, A e R{,t € R
and « € [0, 3], one gets from (4.39) that

O (%) = (ege, e HATNDRE (AL 1 AV,) e,)) (4.66)

where F? is the real function defined, for every 3 € R and o € R, by

(674

FP (5) = ©

m, %GR

In particular, the spectral theorem applied to the bounded self-adjoint operator
(Agq + \V,,) € B(¢*(£)) implies from (4.66) that

Cllx) = [ ElGe ) ()

with ds) = dr@V being the spectral measure of (Agq + AV,) W.r.t. ¢, 1), ¢,2) €
2(L).

Note that F; is a Schwartz function for all # € R* and a € (0, ). Therefore,
its Fourier transform Ff is again a Schwartz function. Moreover, for all 5 > 0 and
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v € (0, 5/2), there is a finite constant D ,, € RT such that, for any « € [v, § —v]
and all v € R,

- D
B )| < 225 4.67
20| < 2 @67)
In particular, for any ¢ € R™, there is M3, . € R™ such that
. Dg,
/ EP (v)|dv < / 2 dv <ce. (4.68)
|V|2M,8,U,E ‘V‘ZM,B,U,E 1 + v

For any ¢,5 € R*, v € (0,4/2) and o € [v, 5 — v], we then decompose the
function F¥ into two orthogonal functions of » € R:

fald = [ El)ean.
|V‘2Mﬁ,v,5

9o () = / FP (v) e dv . (4.69)
|V‘<Mﬁm’5

Now, forany e, 3 € RT,w e L, A e R{,t € R,v € (0,3/2) and « € [v, 3 —
v], define the bounded operators Aiﬁ)m’w = Aﬁ;’q\}a and Bt(:iza’w = Béff;’l\))g
acting on ¢?(£) by their kernels

(60 Al etan) = A (%) = / Joea () e AR (50) , x € £,

(6o B v otan) = B, . (%)= / 900 ) e AR (), xe L2
4.70)

Indeed, by construction (cf. (4.68)),

o

t+ia,v,e

<e and HB(w)

t+ia,v,e

S 7TD57U
op op

foralle,f e RY,we QL AeR], t € R, ve (0,3/2) and a € [v,3 — v]. By
(4.67), recall that Dg ,, only depends on  and v € (0, 3/2).
(i1) We first invoke Fubini’s theorem to observe from (4.69) and (4.70) that

B ) = [ B0 ([ ) v
‘V|<Mﬂ,v,5

= / FP (0) (ey, e Bt NVdy (4.71)
‘V|<M/3,v,:—:

«



94 CHAPTER 4. AC-CONDUCTIVITY MEASURE

forallx € 2. If T € RT and ¢ € [T, T] then
(t—v)e[-Msype—T, Mg+ T).

Thus, by Lemma 4.3.3 withe = d*> —d + 1 (d € N), forany ¢, 3,7 € R*" and

v € (0, 5/2), there is a finite constant Dg,, . 7 € R* such that

D67U’€’T

(t—1)(Ag+AVi)
’ ex<1)>| = 1+ |z — x@)]d+1 7

(e, e xe L, (472

forallw € QN e Ry, t € [-T,T),v € [-Ms., Mg, ] and x € £2. We now
combine this last inequality with (4.67) and (4.71) to derive the bound

x € £2.

(w) WDB,U-DB,U,E,T
‘Bt—i-ia,v,e (x)| < 1+ |2 — z@+1

(i11) By (4.71), note that

athgiga,'u,s (x) =—i /| oy Ff (v) ((Aq + A\V,,) e$(2),e_i(t_u)(Ad+)‘Vw)ex(1)>dV
v B,v,e

(4.73)
foralle,f e RY,we L ANeR),t € R ve(0,5/2),acv,—v]and
x € £2. Since, for any x € £2,

<(Ad + )\Vw)ex@ ) efi(tfy)(Ad+>‘V“)ex<1)>

= = E <ez(2)+zv eii(tﬂ/)(Ad+)\VW)ex(1>>

z€L,|z|=1
+ AV, (2@) + 2d) (e ), e U BatAVL) ey

we use again (4.67) and (4.72) together with (4.73) and |V,, (x) | < 1 to arrive at
the third assertion. [

Remark 4.3.6.

Better estimates on the complex-time two-point correlation functions Ct(iga can
certainly be obtained by using that the spectrum of the self-adjoint operator (Aq+
AV,,) belongs to some (\-dependant) compact set. This property is however not
used in Lemma 4.3.5 to get bounds (i)-(ii) that do not depend on \ € ]R(‘)F .
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4.4 Energy increments

In this section we introduce the energy increment, that is the amount of energy
(or more precisely entropy) the systems gains by the electromagnetic field. After
the definition in Section 4.4.1, we show in Section 4.4.2 that the energy increment
exists for small enough fields and give an explicit form using multi-commutators.
In the next Section 4.4.3 we rewrite the energy increment as a thermodynamic
limit of Gibbs-states, hence the equilibrium states for finite volumes.

4.4.1 Definition of energy increments

As explained in the introduction, we use a thermodynamic approach and consider
the heat production of the system while imposing a time-dependent electromag-
netic field. The energy increment is defined here by the energy that is definitively
absorbed by the fermion system from the electromagnetic field.

The energy observable in the box

Ay ={(z1,...,zq) € L |21, .., |zl < n} € Pr(L) (4.74)

of side length 2n + 1 is given by
HEN = 3 " (e, (A + AVo) ey)asay €U, (4.75)

z,YEAn

for any n € N. It is the second quantization of the one-particle operator Aq + AV,
restricted to (2(A,,) C ((£).
Then, forany 3 € RT,w e Q, A e R{, A € CF andt € R,

JPOAR = fim {pgﬁ’”’W(H?gw:*)) - pngvM(ng:M)} cR  (4.76)

n—oo

is the energy increment in the state p\”“**) w.r.t. the equilibrium state o#~») =

pgf “A8) Ttis not a priori clear that the limit (4.76) exists because, in general,

7(.4),)\,AA w
pPAW (@) = O(nd) .

n

Note that, by definition, Jgﬁ wANAL) — () whenever ¢ < to. If 3&3 @A) S 0 for

any t > t;, we would have a strictly positive amount of energy absorbed by the
infinite volume fermion system even if the AC-condition (4.16) holds. This situ-
ation is interpreted as a heat production. Indeed, we show below, that the energy
increment 358 «AA) can also be seen as an entropy production, see Corollary 4.4.5

for more details.
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4.4.2 Existence of energy increments at small fields

The physical situation considered here is as follows: We start with a macroscopic
bulk containing conducting fermions. This is idealized by taking an infinite sys-
tem of non-interacting fermions as explained above. Then the AC-conductivity is
measured in a local region which is very small w.r.t. the size of the bulk, but very
large w.r.t. the lattice spacing of the crystal.

We implement this hierarchy of space scales by rescaling the vector potentials.
That means, for any L € R* and A € C°, we consider the space-rescaled vector
potential

Ap(t,z) = A(t,L7'z), teR, zcR?, 4.77)

Then, to ensure that a macroscopic number of lattice sites is involved, we even-
tually perform the limit L — oo. Indeed, the scaling factor L~! used in (4.77)
means, at fixed L, that the space scale of the electric field (4.15) is infinitesimal
w.r.t. the macroscopic bulk (which is the whole space), whereas the lattice spacing
gets infinitesimal w.r.t. the space scale of the vector potential when L — oc.

Furthermore, Joule’s law is a linear response to electric fields. Therefore, as
explained in Section 4.2.3, we also rescale the strength of the electromagnetic
potential A by a strictly positive parameter 7 € Rt and eventually take the limit
n — 0.

Within this framework we prove that the heat production is a well-defined
quantity, i.e., the energy increment J ”(6 wANAL) exists for small enough € R
andall L € R™.

Indeed, using the Dyson-Phillips series of the time evolution, that is Equation
(4.33), and (4.36), i.e. the fact that KMS states are stationary, as well as (4.10)
and (4.42), we observe that

p(BW)\UAL)(H(W A)) p(ﬁw/\ﬂAL)(H(w A))

to

—Z Z er, (Ag+ AV,) erys)1 +ZEAle

zEN; z€8,|2|<1 keN
-1
/ dsy / dsy - - / dsy,
w w,A *
0 B A) ([WSTLALtO Skt WSW]:A%O S17 Tt( to)(ama1+2)](k+l)) (478)

forany L,1,3,n € R",w e Q, A € R} and A € CF.
In order to obtain the existence of energy increments, we need to bound the
r.h.s. of (4.78). To this end, we prove the following lemma by using tree-decay
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bounds on multi-commutators:

Lemma 4.4.1.
For any A € C3°, there is g € R" such that, for |, € R*, there is a ball

B(0,R) :=={z € £:|z| <R} (4.79)

of radius R € R* centered at 0 such that, for alln € (0,n0), f € RT, w € Q,
NeERS, tg<si,...,s, <tand L € RT,

>y yient

z€N\BR z€£,|2|<1 k€N

Q(/iw«\) <[WnAL o WnAL Tt(fgj)(a;ax+z)](k+1>> ’ <e.

Sk—t0,Sk? s$1—10,51°?

Proof. We first need to bound the (k + 1)-fold multi-commutator
w,)\ *
[Wi_t()75k’ Tt Wsj?—to,& ’ Tt(—to) (axax+z)](k+1)

forany £k € N, x € Ay and 2z € £ so that |z| < 1. This is done by using tree-
decay bounds as explained in Section 4.3.1. Indeed, by (4.77), for any I € R* and
A € C, there exists a finite subset A; € P(£) such that Ay (t,z) = 0 for all
x € S\K; and ¢t € R. Then we infer from (4.24) and (4.30) that, for all [, € R,
z,y € £, A € Cy and t € R, there are constants D74 (t) € C such that

Wort =37 3T DA (so)7N (akauy) (4.80)

zeA, 2€5,|2|<1

forany w € Q, A € R§ and s, 52 € R. Here, the constants D74~ (t) are always
of order 7:

sup  |DIA(t)| < K, (4.81)
teR , z,yel
with
K, = |A ) At —-1=0 .
vl {in e A@oG)1} - 1 = 00

(4.82)
Therefore, using Corollary 4.3.4 we deduce that, for every ¢ € R* and ¢, < ¢,
there is a constant D € R™ such that, forany &k € N, L,l,n,8 € R, w € Q,



98 CHAPTER 4. AC-CONDUCTIVITY MEASURE

ANeRS,AeCP, sy,...,5 € [to,t] and R > Ry,

w A A )\ *
Z Z ’ (52) < Wsnk Igo Sk "t W8771 %o 817 Tt(wto)(a:pa$+z)](k+l)> ’

x€N\BRr z€£,|z|<1

~ K,D K,D

< |A n E : n

= ’ l‘ ’77€+1| 2 : 1+ ’x|d+e [ 1+ |x’d+e
zeL,|z|>R—R; zeL

k—1
. (4.83)

with B(0, R) being the ball of radius R € R centered at 0 and where |A,| is the
volume of the finite subset A; € P;(£) with radius

Rp:mw{m:xe&}€R+, e R*. (4.84)

Note that there exists a finite constant D € R* such that R; < [D forall [ € R*.

From (4.24) and (4.30) it follows that Wt"f; = 0 for any ¢t > t;, where t; is the
time when the electromagnetic potential is switched off, see (4.17). Therefore,
w.l.o.g. we only consider times ¢ € (to, ] with t; > ¢,. Thus, take ny € R
sufficiently small to imply

z:KnD SZ:KmD < 1
1+ |z|d+e e |z]dte = 2(ty — 1)

for all n € (0,n]. Then, using |T;+1| = k! and the upper bound (4.83) we arrive
at

A A A
DR DI Vil (U W e e AR ]

2z€A\Bp z€8,|2/<1

k! K,D
< A — (4.85)
27 (b — 1) x€2,|xZ>RRl Lt ||

forallm € (0,m9] and any L,[,3 € R, w € Q, X € Ry, k € N, t € (tg,t4]
and sq,..., 8 € [to,t]. Therefore, we get the assertion from (4.85) by choosing
R € R* such that

~ K, D
2 (t1 —to) |\ Z # <
z€L |z|>R—R

for some fixed arbitrarily chosen parameter ¢ € R™. [
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From (4.78) and Lemma 4.4.1 we deduce:

Theorem 4.4.2 (Existence of energy increments).

For any A € C, there is a strictly positive number 1y € R such that, for all
ne (0,m), L, € RY,we O, X\ e RS andt > ty, the limit (4.76) exists and
equals

t Sk—1
JBuwAnAo) Z (z, (Aq + AV,,) ezs) Z Zk/ dsy - / dsy,
to to

z,z€L,]2|<1 keN

3.w ’I]A 1)A UJ,)\ * +
Q( #N) ([H skfﬁo,sk’ SR z slfélo,sl’ Tt(fto)(amaiv-i‘z)](k 1)) :

4.4.3 Energy increments as thermodynamic limits

In this section we first review well-known facts about the infinite system consid-
ered above as a thermodynamic limit of finite volume systems. This is used to
express the energy increment as a thermodynamic limit, which allows us to find
other useful representations of the energy increment.

First, fix n € R and recall that A,, is the box (4.74) of side length 2n + 1. Let

AP @)(2) =2dv() — Y dla+z), z €A, e,

|z|=1,24+2z€A,

be the discrete Laplacian restricted to the box A,, with Dirichlet boundary con-
ditions. For any realization w € ), we denote by Vé”) the restriction of V, to
A,

Vi (e,) =1z e Ay Vo(ey), x€8.

Recall that {e,} . is the canonical orthonormal basis ¢,(y) = d,, of £*(£).
Then, for any A € R, define the bounded self-adjoint operator

B = AL 4 AV € B(R(A,) (487)

n

Obviously, this operator can also be extended to a bounded operator BN on
(*(£) by defining

;L(w,,\)(e )= hglw’/\)(em) forz € A, .
mooaE 0 for z € S\A,, .
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Since Uy, is isomorphic to the algebra of all bounded linear operators on the
fermion Fock space

Fi= N(M).

the Hamiltonian (4.75), that is,

HN = 3" (e, B Ve )ata, € Un, (4.88)

n n
x»yeA’ﬂ

can be seen as the second quantization of h™ forall w € Qand A € Ry. Tt

is well-known in this case that the one-parameter (Bogoliubov) group 7®* :=

Tt(w’k’")}teR of automorphisms uniquely defined by the condition

w,\,n ith{@™)
M a@W)) = a(@™ (), teR, pe (L),
(cf. [14, Theorem 5.2.5]) satisfies

- rr(w,)
Tt(w7/\,n)(A) _ ethn A

AAe—itH,(Lw’/\>

, Ael,
foreachn € RT andallw € Q and )\ € R,

Let o»~*™) be the unique (7" 3)-KMS state for any w € Q and A € R}
at fixed inverse temperature 5 € RT. It is again well-known that this state is
directly related with the Gibbs state g(®~*™) associated with the Hamiltonian
HY and defined by

R e—BHL
gBwAm (A) = Try <AW> . Aely,, (4.89)
forany n, 3 € RT,w € Qand A € R{. Indeed,
oA (AB) = g A (A)tr(B),  A€Uy,, BEUs,,  (4.90)

where tr is the normalized trace (state) on /. Note that tr is also named tracial
state and satisfies a product property, see [2, Section 4.2]. Here, Ue\p,, C U is the
C*-algebra generated by {a. },c ¢\, and the identity. In particular,

Q(B,w,k,n)(A) — g(ﬂ,w,A,n)(A) , Aecl,y, .

In the following theorem we summarize well-known results on the infinite
volume dynamics.
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Theorem 4.4.3.
Let B € RT,w e Qand \ € R{. Then:
(i) For any t € R, the localized (quasi-free) automorphism Tt(w”\’") converges

strongly to Tt(w’k), asn — oQ.

(ii) The (1 ™) B)-KMS states 0P ") converge to the (7(“, 3)-KMS state
0PN in the weak*-topology, as n — oc.

Proof. See [14, Chapters 5.2 and 5.3]. L]

Let A € C°, t > tyand [, € RT. For any sufficiently large n € R*
we have Wt”AL € Uy,,. Thus we consider the following finite dimensional initial
value problem on U/, for any sufficiently large n € R™:

Vs,teR, t>s: 8tTt(74;1,>\,nAL,n) _ Tt(;:,)\mAL,n)Oégw,AJIAL,n) : ng,A,nAL,n) =1,

(4.91)

with 1 being here the identity in I/, . Here, the infinitesimal generator 5§“’A’"AL’")
of Tt(:’A’"AL ") equals

5£w,>\777AL,n)(.> = Z[H[Sﬂ,)\) + WZ?AL7 . } (4.92)

and is of course a bounded operator acting on U/ ,. Therefore, using the Dyson-
Phillips series one shows, completely analogously to Section 4.2.3, the existence
and uniqueness of a (quasi-free) strongly continuous two-parameter group of au-
tomorphisms {Tt(’USJ”\’”AL’”)}tZS of the finite dimensional C*-algebra U, satisfying
(4.91).

Now, the energy increment can be expressed as the thermody-
namic limit of quantities resulting from the finite volume system above. Indeed,
by combining tree-decay bounds (cf. (4.57)-(4.58) and Corollary 4.3.4) with The-

orem 4.4.3, one obtains:

jgﬁ’u}v)‘ﬂ]AL)

Theorem 4.4.4 (Energy increments as thermodynamic limits).
Forall A € C° andt > ty, there is ny € R such that

jl(tﬁauh)\JIAL) — lim {g(ﬁ,w,k,n)(Tt(";’(;/\mALﬂ)(HT(Lw,/\))) . g(ﬁ,w,k,n)(Hqgw,A)>} €ER

n—oo

foralln € (0,m], we QA€ RS and L, 3 € RT.
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Proof. Similar to Equation (4.78),

wAn w,\, AL ,n w, w,A,n w
g A (g A (HI)) — g e (H )

= Z > (e B Ve 1z + 2 € Ay) D it

r€An z€L,|2|<1 keN
—1
/dsl/ dsy -+ / dsy,
w,A,n) A A w,A\,Nn *
g (WIS L WA 7 @) ) 493)

By Theorem 4.4.3, for any fixed z,z € £, k € N, A € C, s1,...,s € [to, 1],
n,BERY, we N NeR) and L € RY,

lim {(ex, B A)e964r2>1[x +z €A,

n

n—00
w,A\,n A A wAn N
« gBwAn) ([Wi—ﬁo,ska WAL e )(amam)](’””) }
w A A W "
<2x, (Ad + /\V ) eCC+Z> (o) ([Wsr; %o SpY Wsnl %0 5177_15( to)(afg;az+z)](k+1)> .

Therefore, the assertion follows from (4.86) and (4.93) provided one can use
Lebesgue’s dominated convergence theorem. In fact, the arguments proving Corol-
lary 4.3.4 can be used for the one-parameter groups 7™ and the (3, 7*™)-
KMS states Q(B’w”\’”). In particular, for any ¢ € R* and ¢ty < t, there is D =
D.+,+ € RT such that the tree-decay bounds (4.57)-(4.58) holds for all § € R*,
we e ]R(J{ and n € N. Note that this constant D = D, ; does not depend on
n € N because of Lemma 4.3.3 and (4.63). Following the proof of Lemma 4.4.1
as a guideline, we obtain absolutely summable upper bounds for (4.93). [

We show in the following, that the theorem above implies that the energy
increment J\7“*5) corresponds to a heat production, that is, a production of
entropy: For any state p on the finite dimensional C*-algebra U, , there is a den-
sity matrix d, € Uy, with d, > 0 and Tr z (d,) = 1. Then we define the relative
entropy, for any states p; and p,, by

S(plp2) = =Tr 7 (dp, Ind,,) = S(p2) - (4.94)
Here, we assume that 0 ¢ o(d,, ) and, for any state p,

S(p) :=—Trz(d,Ind,) (4.95)
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is the von Neumann entropy of the state p on the finite dimensional C*-algebra
Uy,. Observe that the relative entropy is always a non-negative quantity, i.e.,
S (p1]p2) > 0 for all states p; and py. Now, using Theorem 4.4.4, we can rewrite
the energy increment Jgﬂ wANAL) oS the thermodynamic limit of an entropy pro-

duction, which is in particular a positive quantity:

Corollary 4.4.5.
For any A € CZ, there is g € R such that, for alln € (0,10], w € Q, X € R,

and L, 3 € RT and t > t,, the energy increment 355 WAL oxists and equals

,to

AP iy 715 ()] i) o k) € By

In particular, the energy increment is positive.

Proof. The arguments follows those of [22]. Note first that

g(ﬂvwz)Vn) o Tt(;)O’)\’nAL’n) - uj\(n (4.96)
is obviously a state and
S(g(ﬁ,w,)\,n) 0o Tt(7(:07)‘777AL7n)) — 5(9(57"'}7)\7”)) (4.97)
(w,\,nAL,n)

for all t > to because 7, is an automorphism on Uy, . Using (4.89),

(4.94)-(4.95) and (4.97), we then directly derive the equality

© T to

IS (g(ﬁ,w,)\,n) |g(,3,UJ,A,n) T(w,)\,nAL,n))

WAL w,\nAL,n w W,A, M w
= 3 (P (G A HE)) - g () )

provided ¢ > 4. The assertion then follows from Theorem 4.4.4. L
Remark 4.4.6.
It is possible to express the energy increment jgﬂ wAIAL) o5 g relative entropy of

the states 0% and o®* o Tt(fo”\’nAL)

Jfrom doing it for technical simplicity.

, this is done in [15]. We refrain here

Meanwhile, Theorem 4.4.4 also allows us to rewrite the energy increment
(4.86) as follows:
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Corollary 4.4.7.
For any A € C, there is ng € R such that, for all n € (0,n], L, € R,
we A€ R(T andt > tg, the energy increment J(W’”AL)(t) exists and equals

t
fjgﬁvwv)‘:nAL) — / Q(B7W7A) o T(wr)‘vnAL) (aSW;’]AL) dS _ legrwr)‘vnAL)(thAL) .

s,to
to

Proof. Letn € R* be sufficiently large so that Wt"AL € Uy, . Since WA = 0 for
any t < tq (cf. (4.24)), we get for any ¢ > t,,

Tt(::O’AWALm) (Héw,/\) + WtﬂAL> _ Hflw,)\)
— Tt(;)(;A,UAL,n)(H,SW,A) + Wg?AL) - T(M’A’UAL’R)(HTSM’/\) + WtZAL)

to,to

t
S $,to n s :
to

Combining this equality with (4.91)-(4.92) we thus arrive at

t
T A (HE 4 WAL) — H = / iy (@A) ds
to
Now, by (4.24) observe that 9, W% is given by an expression of the form (4.80).
Hence, the remaining part of the proof uses arguments similar to those used to
show Theorem 4.4.4: Dyson-Phillips series to obtain series over multi-commutators,
tree-decay bounds, Theorem 4.4.3 and Lebesgue’s dominated convergence theo-
rem. []

This corollary turns out to be useful for proving Theorem 4.5.1 in the next section.

4.5 AC-Joule’s law and AC-conductivity

In this section we formulate and proof the main result of the chapter, that is The-
orem 4.5.1.

We study the limit of the energy increment 37 *"%) for (, L=1) — (0,0).
As explained before, it means that we analyze the linear response of the fermion
system under the influence of a time-dependent electric field localized in a very
small but macroscopic region of the bulk.

In the limit (), L~') — (0, 0) it turns out that the energy increment J\"**"4+)
is of order O (772Ld). This is to be expected since by classical electrodynamics

the electromagnetic energy given to the system, is also of order O (772Ld).
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Theorem 4.5.1 (AC-Joule’s law - Heat production).

Let 3 € RY and \ € R}. Then there is a unique function o = c®» € C (R, R)
satisfying o(t) = o(|t|) and o(0) = 0, and a measurable subset Q = QPN c Q
of full measure such that, for any w € Q, A € Clandt > ty,

i {(pPL?) gL (4.98)

(n,L=1)—(0,0)

:%/R/R {0(31—32)/]@ <EA(31,x),EA(32,m)>ddx} dsyds,
_ /t: /t {o‘(sl _ 32)/Rd <EA(31,x),EA(32,m)>ddx} dsydsy > 0.

Thus, (4.98) exactly corresponds to the heat production or the electric power
delivered by the electric field Eo (4.15). Note that the physicist J. P. Joule ob-
served that the heat (per second) within a circuit is proportional to the electric
resistance and the square of the current in the DC-regime. Nevertheless, we name
Theorem 4.5.1 AC-Joule’s law because of two clear similarities. Qualitatively like
Joule’s law, Theorem 4.5.1 describes the rate at which resistance in the fermion
system converts electric energy into heat energy for ¢ > t;, by (4.98). Quantita-
tively, Theorem 4.5.1 is an analogue of Joule’s law in the AC-regime with currents
and resistance replaced by electric fields and AC-conductivity. Indeed, the real-
valued function o is interpreted as the AC-conductivity.

Note, that in Theorem 4.5.1, we make an assertion for ¢ > t;, that means as
soon as the electromagnetic field is turned off. For all those times ¢,¢" > ¢, we

have, of course,
jgﬁ,w,A,nAL) _ jglﬂ,wMAw ’ (4.99)

and the energy increment is no longer time-dependent. Nevertheless, we keep the
index ¢ in the notation.
In the following subsections we prove Theorem 4.5.1.

4.5.1 Derivation of local AC-Joule’s law

We derive here an asymptotic expression for the energy increment which is similar
to the one given by Theorem 4.5.1.

To this end, for any A € Cg°, we define the difference of electric potential
between (2 € £ and () € L attime t € R by

1
VA(x) = / [Ealt, ar® 4 (1 - a)x(l))} (¥ — 2W)da (4.100)
0
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with x := (2, 2®) € £2 and where we recall that
Ea(t,7) == —0,A(t,z), tER, xR,

see (4.15).
It is also convenient to define the subset & C L? of nearest neighbours in £,
ie.
Ri={x= W 2®) e 2V —z®| =1}, (4.101)

as well as the current observables Iy = I
I := (0} 2 a,0) — 0y ay2) x = (zW,2?) e g2, (4.102)

Note, that this term is justified because I/ obeys the following discrete continuity
equation

Oma(t) = —7N | D Iuy | forallze £, (4.103)
yel,lz—y|=1
where
na(t) == r“V(a*a,) (4.104)

is the particle density observable at lattice site x € £ and time ¢ € R. Observe

that the minus sign in the r.h.s. of (4.103) comes from the fact that the particles

are negatively charged, [, ) being the observable related to the flow of particles

from the lattice site x to the lattice site y or the current from y to  without electric

field. Positively charged particles can of course be treated in the same way.
Finally, for any s;,s, € Rand x,y € £2, let

1 o2 . w w
Gy =G (s1,92) = 5 / 0PN (i[r N (1) 7@ (L)]) ds . (4.105)
Since
(TN =7 = 1“MN(L),  teR, xe€ £ we AeR],

the function ¢{) is a map from R? to R which turns out to be a (local) energy
production coefficient:
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Theorem 4.5.2 (Local AC-Joule’s law).
For any A € C3°, there is g € R such that, for all n € (0,19, L, 5 € R,
ANERT, we Qandt > t, one has

AL - /dsl/ dsy Z (51, 82) VAL VR (y) + O(n°LY) .

X, yER

Proof. First, we develop the expression given in Corollary 4.4.7 for the energy
increment J; F(BAnAL) | in terms of small fields, i.e. small 7. Using W;"** = 0 for
all ¢t ¢ (to, tl) and (4.36) note that, in particular for all ¢ > ¢,

t
pi MM (WpAL) = PN (AL = / o7 (9,W) ds

to

Sto

g /t Q(ﬁ’w’)\) (w )\ (aSWSnAL) dS .
to

Furthermore, forall s € [to, t],
Aj ’I}Al
Wsn > 85 W s € U’;

for some finite subset /~\L € P¢(£) of diameter of order O(L), see, e.g., (4.84).
As a consequence, by Corollary 4.4.7, for any A € C°, there is 7y € R" such
that, for all n € (0,79], w € Q, A € RS, and L,3 € R" and ¢t > t,, the energy

(67W7A’nA‘L)

increment J, exists and equals

t
fjgﬁ,w,)\,nAL) :/ Q(ﬁ,w,)\) o <7_S(’(¢:(,)>\,77AL) . S to ) (a WUAL) ds (4.106)

to

Similar to the proofs of Lemma 4.4.1, Theorem 4.4.4 or Corollary 4.4.7, one can
use Corollary 4.3.4 to infer from (4.106) that, for all € (0, 7],

fJgB,w,A,nAL) / dsl/ dSQQB”’\ [5(2 t?) (WSZAL)v 7l to (0 WnAL)D
to
(LY . (4.107)

This last correction term of order O(L%;?) is uniformly bounded in 5 € RT,
weLANERS and t > ;.
Recall that Wtﬁ, is defined by (4.30) for any ¢, s € R as

WA =1 “VWwryeu, tseR.
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In particular, due to (4.80)-(4.82), by (4.10), (4.24) and (4.100), there are constants
D"AL( )e Cftorallz,y € £, s € [to, t] and a finite subset A;, € P(£) such that

WgﬁL = —in Z (/ Vf%x,y)da) Tt(w’A) (aia,)
to

z,yel,|z—y|=1

+° Z Z DI ()TN (ahagy.) (4.108)

IGAL z€8L,|2|<1

and
DAL (s)=0(1),  9,D"™ (s)=0(1), (4.109)

x,r+z T, r+z

uniformly for all z, z € £ such that |z| < 1, any small parameter n € (0, 7], and
allw e Q,\ € ]R(J{, B, L € Rt and A € C. Therefore, we insert (4.108)-(4.109)
in Equation (4.107) and use Corollary 4.3.4 to arrive at the equality

S Ty
to

X,yeR
w w,A * w,A *
VALV (7)o ([ (s aym), 7570 (@ ag0)])
+O(Ln?) (4.110)

uniformly for 3 € RT, w € Q and A € R . Note that (4.100) yields

VA (x) =V 0, 2®) = VA @) x= (@, 2P) e 22, 1 eR,

(4.111)
whereas (4.12) and (4.36) combined with the group property of (") = {Tt(w”\) Her
imply that

w W, W, W w
oP ([ T (By), 7% (Bl)D = PN ([rN(By), 7N (By)]) (4.112)

for any By, By € U and all sy, sy € R. Therefore, by (4.111) and (4.112), Equa-
tion (4.110) is equal to

el / dsy / ds / ds VAL (x)V AL (y)
to

xyeﬁ

x 0PN (i[r@N (L), TN (L)]) + O(PLY) | (4.113)

see (4.102). By (4.105) we obtain that

1 w - w w
180 Gl (1), i (1)

852C)(:}}2 (817 82) - 4 S1
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forany x,y € £, 3 € Rt,w € Qand \ € Rf{ . As a consequence, the assertion
follows from (4.113) and an integration by parts using the AC-condition (4.16) for
t>t. ]

4.5.2 Microscopic AC-conductivity

Recall that, for any x,y € £2, the map (&) = ¢4 from R? to R defined by

(4.105) is an energy production coefficient, by Theorem 4.5.2. First, we observe
that the function Q,((w; can be reduced to a real-valued function defined on the real
line, only. This function is called microscopic AC-conductivity in the following.
Then we relate the microscopic AC-conductivity to the complex-time two-point
correlation functions defined in (4.65).

Lemma 4.5.3 (Microscopic AC-conductivity).
Forany B € R*,w € O, A € R andx,y € £, there is a function o) = o3
from R to R such that

Q(:,J}Z (81752> = Oxy (52—81) s S1,S2 ceR.

Proof. The assertion follows by combining (4.105) with (4.12) and (4.36). O

Therefore, by (4.105) and Lemma 4.5.3, forany S € R, w € Q, A € Rar and
X,y € £2,

t
a;j;(t) = / 0PN (i1, TN (1,)]) ds teR. (4.114)
0

The latter directly implies that 0,((“,})), is symmetric w.r.t. time-reversal, provided one

exchanges x and y:

Corollary 4.5.4.
Forany B € R*, w € Q, XA € R} and x,y € £2, the function o) = o3
obeys

Jx(‘f)),(t) =0y% (=), teR.

Proof. We use again (4.12) and (4.36) in (4.114) to check that, for all x,y € £2
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andt € R,
—t

0PN (i[Ly, TN (Iy)]) ds

XQ
“&
—

|

~
N—

I
] =
O\,.

1 t
= 1 [ e (il SV ) ds
4 Jo
I . )
= ZL/O Q(ﬁv ) (’L[Ix, TS( A) (Iy)]) dS = O-gr’))((t) . (4.115)
[
The microscopic AC-conductivity a,((‘j’)), = a,((@“”*) defined in Lemma 4.5.3

can be expressed in terms of complex-time two-point correlation functions (4.39)
c“ = PN defined by

t+ic t+ia
C¥) (%) 1= 0PN (@ N (a,0)), x o= (2D, 2?) e £2, (4.116)

forall 3 € RY,w e Q, A € Rj,t € Rand « € [0, ]. Thisis done in Lemma 4.5.6
below. The space-decay properties of complex-time two-point correlation func-
tions Ct(iga, specified already in Section 4.3.2 and in particular Lemma 4.3.5, turn
out to be very convenient in the proof of AC-Joule’s Law, i.e. Theorem 4.5.1.

First, we derive a useful identity relating the microscopic AC-conductivity

0,((‘3), to Duhamel two-point correlation functions of currents:

Lemma 4.5.5.
Let e R, we O \e Ry andx,y € £% Then, forall t € R,

1 [P . . y
Uibfs)'(t) = Z_l/ <9(5’w’)\) (IyTt(+£;\4)<Ix)> - Q(B’ ) (IyTi(oc ’)\)(Ix>>> da
0

i {(Iy, 7L~ — (I, IX)N} ,

where, for any self-adjoint By = B, By = B; € U,

~

g
(By, By). = (By, By) PN = / 0B (Bﬂg*”(&» da.  (4.117)
0
Proof. The KMS property (4.40) implies that, for any 3 € RT,w € Q, A € R,
X,y € £2and 51,5 € R,
oM ([rle M (Iy ), 78N (L))

w w w w w w,A
= 0PN (7@ (1 )TN (1)) — olPe) <TS(1 VA)(Iy)Ts(Jriﬁ)(]x)) ’
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whereas the map
21 g0 (e (1) (1)

is holomorphic on the strip R + i(0, ), see for instance [14, Proposition 5.3.7].
As a consequence, by using (4.12) and (4.36), we obtain from (4.114) that

1 (8 . 1 4o .
o) = 1 [ (25 (1 1) = 300 (17 (1)) ) da

1 (7 . 1
= Z/O 9(67 A (IyTt(+éa)([x)> da — Z(IwIX)N

forany f € RY,w € Q, A € R{ and x,y € £2. The group property of 7«

yields

o5 (LN (1) ) = 09 (I, (V1)) ) (4.118)

for all z € R. On the other hand, the KMS property (4.40) of o/***») and the
group property of 7(“*») together with [14, Proposition 5.3.7], that is here,

w w,A w W,
Q(ﬁ’ ) (IyTt(er)(]x)) = Q(B’ ) (Tt( )(Ix)ly> )

lead to Equation (4.118) for all z € R +i/3. Together with the Phragmen-Lindel6f
Theorem [14, Proposition 5.3.5], this implies that, for any 8 € R*, w € Q,
A € Rf and x,y € £2, (4.118) can be extended to all = € R + [0, 5]. In
particular,

B
w w,A wsA
/ Q(ﬁ» 7>‘) <[y7_t(+ia) (IX)> dOé - (Iy;Tt( )<IX))’\‘ :
0

It is not difficult to check that
S (B1(B)) 3

for any selfadjoint B = B* € U and all « € [0, 3]. So (B1, Ba) — (B, B2)~
is a positive bilinear form in the real linear space of self-adjoint elements of /.
Indeed, the Duhamel two-point function (-, -).. is also called Bogoliubov or Kubo-
Mari scalar product for observables. Its use in the context of linear response theory
is well-known, see for instance [14, Discussion after Lemma 5.3.16 and Section
5.4]. Note finally that our definition of (-, ). is slightly different from the usual
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one because of the missing normalization factor 3~! in front of the integral in
(4.117).

Now, we can express the microscopic AC-conductivity a,(<°3), = a,(f ;”A) defined
in Lemma 4.5.3 in terms of complex-time two-point correlation functions:

Lemma 4.5.6.
Let e RT, weQ \€e R andx,y € £% Then,

B
0= [ (€uey) - € xy))dacr,  ter.
’ 0
where Qgi)m = Qiﬁ’;”\) is the map from £* to C defined by

w 1 w i T w T i
Q:Ig-l—la(X’y) = Z Z 87"€7T'Cl€(+2a(y (1)7'T (1))0(_&_1»(6_&)(37 (2)73/ (2)>

! €Sy

4.119)
for any x == (M, 2?) € €2y .= (yM,y?) € £2. Here, m, 7' € S, are by
definition permutations of {1, 2} with signatures c,,e, € {—1,1}.

Proof. From Lemma 4.5.5,

1

B
o(t) = /0 (@(5’“’” (Tyn(iéi)(fx)) — BN (Iyri(;””([x))) da (4.120)

forany € R, w e QL ANE RS, x,y € £2and 51,5, € R.
By (4.12) and (4.102), forany 8 € Rt,w € Q, A\ € R(J{, teR, ae]|0,p],
x = (W 2@) € 22 and y := (yV,y?) € £2,

L () = (awaye = awayn ) 750 (@e)ns) (am) @121)

* * (w7)\) * (w»)‘)
- <a’y(1)ay(2) - a’y<2) ay(1)> Titia (ax(1)>7—t+ia (az(z))'

Note that, for all x € £2, # € £ the maps z — 7V (L), z = 7V (a2),

X
Z > TZ(w”\) (az), z € R, have unique analytic continuations for z in whole C.

Meanwhile, using the canonical orthonormal basis ¢, (y) = ., of *(£), we
get that, forany w € Q, A € R{,t € R, € [0, 8] and x,y € £2,

Byw,A * (Wv/\) * (w:)‘)
o\ (ay(l)ay<2) Toria (@0)Tiyla (Az2)
[ (57“}7)\) * (w7)‘) * (w,)\)
=0 Ay Tetia (%(1>>ay<2>7t+m (%(2))

+ 0% ({aym, 750 (@50)}) 09 (a3 7 (@) (4122)
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since the anticommutator is a multiple of the identity, i.e.,
(w,N) o (w,N)
{aye, 7 (ap0)} = <€y<2> , Uttia %<1>>

from the CAR (4.4) and (4.11). Since p®“ is by construction a quasi-free state,
we use [14, p. 48], that is here,

Q(ﬁ’w’/\)(a* (fi)a" (f2)a
= 0N (a* (fi
(Byw,\) (a*

a

(91) a(g2))
)a(g2)e" N (a* (f2) a(gr)
(f1) a(g1))e?N(a* (f2) algz)) ,

g1

-0

to infer from (4.122) that

w * w,)\ * wv)‘
Q(B’ ) <ay(1)ay(2)7—t(+ia)(acc(l))Tt(+ia)<a€E(2)>>
w * w UJ,A * w7>‘
= o ’A)(ayu)ay(m)g(ﬁ’ ’A)(Tt(+m)(%<1>>7t(+m)(aw<2’))
+ B (a;‘;mn(féi) (%(2))) P <“y<2>7t(f%3)(a2<1>)> (4.123)

forany 3 e RT,w e Q, A€ R{,t € R, a € [0,5] and x,y € £2. Using (4.36),
(4.39) and (4.41), we then deduce from Equation (4.123) that

(B:wz)‘) * (UJ,)\) * (w’A)
0 ay(l)ay(z)Tt—f—ia (a’x(l))Tt-i-ioc (az(2))

— S (yM O (2D 2®) 4+ ¢ (y D, $(2))C(_°;)+i(6_a)<w(1)7 y@)

forany € R, w e O, XN e R, t € R, aec 0, andx,y € £2. We then
combine this last equality with (4.121) to arrive at

o) (Iyre (L)

== D excw (Ct(iga(yﬂ/(l)v$ﬂ(2)>c(jﬁri(ﬁfa)($ﬂ(l)7yﬂl@))

7, €S2

HO) (D) T @Yo (1) xw@))) (4.124)

forany 3 € RY,w € Q, A € R{,t € R, a € [0,8], x := (V) 2) ¢ €2
andy := (yM, y®) € £2. Therefore, the assertion follows by combining (4.120)
with (4.124). 0
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Remark 4.5.7.

Observe that, for each f € RY, w € Q, A € Rf, t € Rand a € |0, 3], the
coefficient @Efm defined by (4.119) can be seen as the kernel (w.r.t. the canonical
basis {ew®ez}m weg) of a bounded operator on (*(£) @02 (L) that is again denoted

by Qt Yia = Qti;/\ By (4.60), its operator norm can be uniformly bounded w.r.t.

BER,weLNeR], teRanda € |0,0]:

We are now in position to give the proof of the main result, that is, a rigorous
derivation of AC-Joule’s law for lattice fermions with random chemical potential.

o(—it+a)(Aq+AV.) olit+B-a) (Ag+AVL)

1 + eﬁ(Ad‘i’)\Vw)

¢

<1. (4125

1 + eB(Aa+AL) o

op

4.5.3 Derivation of AC-Joule’s law

The main aim of this section is to prove Theorem 4.5.1, this is essentially done
in Theorem 4.5.19. Its proof uses several arguments. We present them in various
lemmata which then yield the final result.

Note that, by Theorem 4.5.2, Lemmata 4.5.3 and 4.5.6 as well as Equation
(4.17), we already obtain that for any A € C° and t > ¢;, there is 9 € R such
that, for all n € (0,10] and L € R, the energy increment exists, is positive and
equals

uniformly for 3 € RT, w € Q and A\ € R{. Here, X(Lwl)) = X(Lﬁ “AA) s defined,
forany v € [0, 3/2) and s1, 52 € R, by

X (s1,92) = 77 3 / ) a6 YIVAL () VA (y)dar . (4.127)

X, yER

Recall that the definition of the set & C £? of nearest neighbours is given by
(4.101). Note also that the integral in (4.127) can be exchanged with the (finite)
sum because A € C{°.

The first important result of the present subsection will be a proof that X(Lw())
almost surely converges to a deterministic function, as L — oo, this is achieved in
Corollary 4.5.17. Then we will use Lebesgue’s dominated convergence theorem to
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get the energy increment J\“*"2) in the limit (n, L~) — (0,0), see Theorem
4.5.19.
By Lemma 4.3.5, note that, foralle, 3 € RT, A € R{,t € R,v € (0, 3/2) and

a € [v, 8 —v], the complex-time two-point correlation functions ) = ¢/«
can be written as the sum
Ol () = Ale () + Bl (0, x:=(@,2®) e £, (4128)

B(W)

t—i—za v,e)? t—i—za V,E

of two maps Al from £2 to C. This decomposition has the fol-

can be seen as the kernel (w.r.t. the canonical

€ B((*(£)), with arbi-

trarily small operator norm || A} Ha’U’EHOp < ¢, whereas Bt( +2a v 18 fast decaying,

as |tV — 2| — oco. This is however only verified if o € [v, 3 — v] with fixed
€ (0,3/2), cf. Lemma 4.3.5.

As a consequence, the first step is to approximate X(L“’()) with X(L“’i for small
v > 0. This 1s done by using the following lemma:

lowing useful property: AW

t+w¢ V,E

basis {¢, }.ce) of an operator, again denoted by At Viawe

Lemma 4.5.8 (Approximation I).
Let A € C. Then,

X(ng) (81,82) = X(qu); (s1,82) + O(v) ,
uniformly for L, 3 € RT, w € O, A € R} and 51,5, € R.

Proof. The canonical orthonormal basis of /2(£)®@£%(£) is {e,1) Qe 2 e 2@)eg2
with
ex 1= 1) ® ey , x = (2, 2?) e g%,

Recall that ¢, (y) = 0., € £*(£). Then, using Remark 4.5.7 observe that

Z Qt52 s1+ia X Y)‘/;?L (X)VS?L (Y) = Z <ex’ QS: sl+za >‘/5§L (X)‘/;?L (Y) :

X, yER X,yER

(4.129)
In particular, via (4.125) we arrive at the upper bound

1
i 2
X, yER

< 24| VA{Zmax [supp(A(t, )| + O(1) (4.130)

€ VIV () V()|
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forany A € C, L, e RT,w e U, A€ R, a €[0,0], and s1, 55 € R, where
VAo := max {|Ea, (t,7)| : (t,7) € supp(A)} € RT . (4.131)
Therefore, the assertion follows from (4.127) combined with (4.130). O

Because of (4.128) and Lemma 4.3.5, it is natural to define, at any ¢, 8 € R™,

teR,ve(0,8/2)and a € [v, 8 — v], the map ‘Bii)m’w = %gi“;?g from £* to
C by

B oe(X.Y) (4.132)

1 w ﬂ-’ T w ™ w’
::Z Z 87F€7T'Bt(+2a,v,6(y (1),33 (1))8(—15)—‘,—7:(5—&),1),6(1: (2)7y (2))

7, €Sy

for any x := (¢, 2?) € £2andy := (yM,y?) € £2. In other words, this
map is defined by replacing in (4.119) the complex-time two-point correlation
functions C't(_fza by their approximations Bt(izow,a coming from the decomposition
(4.128).

Similarly, we define the function Y(Lwl),6

0 = Yéé;f;:\dA) of times sy, s2 € R by

: 1 Y e
Yoo =gz 3 [ B VA (VM (v)da
x,yeR VY

(4.133)
We show in the next lemma that it is a good approximation of (4.127), provided

v # 0.
Lemma 4.5.9 (Approximation II).
Lete € RT and A € CJ°. Then,
X (s1,82) = Y17, (s1,52) +O(e)
uniformly for L, 3 € RT, w € Q, A € R}, v € (0,3/2) and sy, s5 € R.

Proof. Lete,3 € R, w € O, A € Ry and A € C§. By Lemma 4.3.5 (i),
note that A“) B“ can be seen as the kernels (w.r.t. the canonical basis

t+ia,v,e) “ttia,v,e

{e,}sce) of two bounded operators on ¢*(£). In particular, similar to (4.129),

Agi)ioe,v,a(yv l’) = <eya Ag(—d&-)ia,v,ae$> ) Bt(izoz,v,a(y’x) = <ey7 Bt(:zoa,v,ae$> )
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where ¢, (y) = 4., € (*(£). Therefore, Lemma 4.3.5 (i) and the Cauchy-Schwarz
inequality yield the existence of a finite constant D € R™ independent of o €
[v,8—v],t € R,w € Qand e € RT such that, forall ¢, c,, € C, y € £,

Z EC;Aii?ia,v,s(y7x) S H t+ia,v,e Z |C5U| ‘Cy}
z,yeL z,yeL
2
< ¢ Z ]cz\2|c’y’ ,
z,yel

Z QC;Bt(:J—za,U,s(yv (L’) S HBt—Ha v, Z |C$| |Cy‘
z,yel z,yel

<

D [ lel gl
z,yel

It obviously follows that, for all ¢, € C, x € &, and some D € R*

— w w 2
D> ey Bl W e A @Dy )| < eDY e
xyeR XER

— w w 2
Z CxcyAngza,v,s(y( )a @ ))Bgtlz(ﬁ a)v (x(l), y(2)) S eD Z |Cx|
xy€R XER
> Gy A (0, 2@ AY L @D ) < 2D e,
X,YyER XER

provided a € [v, 3—v] withv € (0,3/2). Here, x = (z1), 2?),y = (yV, y?).

Similar to (4.130), we then use this three above bounds to get the existence of a

finite constant D € R™ not depending on o € [v, 8 — V], 51,82 € R, w € ,
€ (0,1) and L € N such that

X(Lq)J<51752) Yg‘,}z)),s,o(‘ﬁ"g?) <eD.

O
The (approx1mat1ng) correlatlon functlons Bt( +Za ve 1N (4.132) decay fast, as
ly™ M — 27@)| - oo or [2™M — @) = oo, see Lemma 4.3.5(ii). This de-

cay is uniforrn for ¢t on compact intervals. We can divide the (compact) support
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supp(A(t,.)) C R? of the vector potential A € CZ in small regions to use
later a piecewise-constant approximation of the smooth electric field o (4.15) in
(4.133). Then, because of the space decay of Bt( +Za v+ the contributions to the
total heat production coming from each region of constant electric field behave
additive, at large L.

To do this, let us assume w.l.o.g. that, for all ¢ € R,

supp(A(t,.)) € [~1/2,1/2]¢
For n € N, we divide the elementary box [—1/2,1/2]¢ in n? boxes {b;}ep, of
side-length 1/n, where

D,={-(n-1)/2,—(n—3)/2,---,(n—=3)/2,(n—1)/2}¢. (4.134)
Explicitly, for any j € D,,,
b :=jn ' +n'[-1/2,1/2]* and [-1/2,1/2) U b; . (4.135)
JE€Dn

Then, foralle, L, € R, w € 2, A € R}, v € (0, 3/2), we extend the definition
on( ) cotoalln € Nas

Y(ifl,e,n(sl, 82) (4.136)
:8_
DD B (¥ VAL () VAL (y)da
JE€Dn x,ycRN(Lbj)2

for all 51, s € R. In fact, the acumulation points of Y(LfT))’s’T’n, as L — oo, do not

depend on n:

Lemma 4.5.10 (Approximation III).
LetneN, g, L, eRT, weQ NeRS,ve(0,8/2) and A € C. Then, for
all s1,s9 € R,

hm Y co(51,82) — Y(L“?)M (s1,82)] = 0.
Proof. We observe from (4.133), (4.135) and (4.136) that
Yéu,)z);,s,o(sh S2> - Yéwl)} JEs n(817 52)
1
= > > 2
J;k€Dn,j#k x€RN(Lb;)? yeRN(Lby)?
B—v
B i (5 Y)Vir (x) VA (y)dar (4.137)
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Meanwhile, for any j, k € D,,, j # k, every
x:= (z,2®) e &N (Lb;)?, y = (yW,y@) € &N (Lb)?,

(cf. (4.101)) and all sufficiently large L € R™, one clearly has the lower bound

min |z — y™® y(l)} - 2‘ .
7, €Sy

Therefore, we use the last estimate together with (4.131) and Lemma 4.3.5 (i1)
to obtain from (4.132) and (4.137) that, for any fixed 7 € R" and all s;,s5 €
[_T’ T]’

Y(Lueo (51,52) — (31,32)) (4.138)

1 1
= Dﬁ Z Z Z oyl 2|)2d2+2 ’

5,ED,j#k 2€£N(Lb;) yeSn(Lby) y (L4 [z

where D € R is a finite constant only depending on d, &, T, 5, \, v € (0, 5/2)
and A € Cg°. Note that, for any small § > 0,

1 1[|lz —y| > L] 1
I Z Z Z | — 2|2 =0 [ 22 —d+2 524712

J,k€Dn,j#k z€£N(Lb;) yeLn(Lby) (1 + | |x

and

1 1|z —y| <L
L Z [l — y| < 0L] -0 (5d+1Ld) .
d (1] Iz — gl = 2
k€D, j#k 2€LN(Lb;) yeLn(Lby) r=Y

24242 _ d%—d+42 .
Then, for § = L 2#+d+3, the last two sums are both of order O(L 242+d+3) with

d> —d + 2 > 2 for all d € N. Combining this two asymptotics with (4.138) we
arrive at the assertion. O]

As already mentioned above, we now consider piecewise-constant approxima-
tions of the (smooth) electric field (4.15), that is,

Ea(t,z) = —0,A(t,z), teR, xR, (4.139)
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For any j 6 Dn, let 20) € b; be any fixed point of the box b;. Then, define the
_ Y ﬁ w,A A)

Lven Lwvemn

Y(quan<81782 = Ld Z Z / do %S; s1+zava(X7 y)

J€Dn x,ycRN(Lbj)2

[EA(S%Z(J))] (:v( ) a:(Q)) [EA(Sl’z(j))} (y(l) _ y(2)) )
(4.140)

function Y of times sy, $2 € R by

Recall that in this definition x := (z(V), 2?)) € £2and y := (y(V,y?) € £2, see
(4.101). This new function aproximates (4.136) arbitrarily well, as L — oo and
n — oo:

Lemma 4.5.11 (Approximation V).
LetneN g, L,eR,we O \Ne RS, ve (0,3/2) and A € Cg. Then, for
all 51,59 € R,

lim {hmsup Y225n<31752) Y(Lz)jsn
n—o0 L—oo

(31,52)‘}:0.

Proof. By taking an orthonormal basis {e;, }¢_, of the lattice £, we directly infer
from (4.77), (4.100) and (4.139) that, forany L € R*, A € C, j € D,, t € R,
ke{l,---,d}and x € Lb,,

‘VAL (z,x te) — [Ealt, z(]))} (:i:ek)}
/ | [0:AL(t, 2U } k) — [OA(tz £ (1 — a)er)] (er) | dev
< sup |[ALE29)] (er) — (DAL )] (e0)] < 0

yEBN

where

b = {ZB €R? : min|z —y| < L_l} .
yebj

In particular, since A € C{, there is a finite constant D independent of j € D,,,
teR,ke{l,---,d} and x € b; such that

|V;AL($,95 +ep) — [EA(t,z(j))} (£er)| < D"+ L7 .
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Therefore, using (4.131) and Lemma 4.3.5(ii) as in (4.138), one gets that, for any
fixed T € R and all sy, 55 € [-T,T],

(4.141)
1
-1
S D(n + L Ld Z Z . 2|>2d2+2 )

JEDn w,yeen(Lb;) (I+ ][]z —yl

where D € R™ is a finite constant depending on d, &, T, 3, A\, v € (0, /3/2) and
A € Cf°. For all j € D, note that

1 1 D
Id Z 2d2+2 = nd Z ’>2d2+2 = nd

z,yeLn(Lbj) (L4 [z —y|—2]) ves L+ ]|z ’

for some finite constant D € R*. Therefore, we arrive at the assertion by com-

bining this last bound with (4.141). O
By taking again some orthonormal basis {e; }¢_, of the lattice £ and setting
e_p:= —ey foreach k € {1,--- | d}, we rewrite the function (4.140) as
Jj€Dn k,ge{l,-1,-,d,—d}

x[EA(SQ,zU)}( )[EA(sl, 29N (e,) (4.142)

for any s;,s9 € R, where, foralln € N, ¢,L,8 €¢ RY, w € Q, A € R,
ve(0,8/2),j € Dpk,qge{l,—1,--- d,—d} and t € R,

nd

B—v
w Bw,A L
Z(L,j)',kq() Z(Lverzjkq ﬁ Z / %t—&-mve Y Y—€q; T, T— ek)da

x,yeLN(Lbj)

Notice that we have neglected terms related to x, y on the boundary of S ﬂ (Lb;),
since these are irrelevant in the limit L — oo. Here, for any x := (21, 2®?) € £2
andy := (yV,y®) € £2,

5

So—S1+1ta,v,E

(x,y) =B

Sg—81+1ia,v,E

(:U(l)7 @y, y(2)) ’ (4.143)

see (4.132). Hence, it remains to analyze the limit of Z(ij) kg a8 L — o0.
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Lemma 4.5.12.
Lete, L, € RT, \e R}, t € Rand v € (0,3/2). Then, there is a measurable

subset Q, . (t) = Qi(f?) (t) C Q of full measure such that, for anyn € N, j € D,
k,qe{l,—1,--- ,d,—d} and any w € Q, (1),

B—v
Lhm Zijq ZE < %tJrzavs( T — Gq, )da)

zel

Here, IE is the expectation value associated with the probability measure ag, (4.7).

Proof. Fix first in all the proof the parametersn € N, e, 3 € R, w € O, A € R,
t e R,ve(0,8/2),j € D,and k,q € {1,—1,--- ,d,—d}. To avoid trivial
technical complications in this proof we will, moreover, assume w.l.o.g. that n is
a odd natural number. For any € £, let

{LE} Z %l(f:)—za,v,s(yv Y—€¢,T,T — ek)dOz < 0.

yeg vvv

This sum is finite because of (4.132) and Lemma 4.3.5 (i1). We now define an
additive process {§., (A) }acp,(e) (cf. [20, Definition V1.1.6]) by

for any finite subset A € P;(£) with cardinality |A| < oco. Indeed, it is not
difficult to show that the map w — §, (A) is bounded and measurable w.r.t. the
o-algebra 2, for all A € P;(£). Obviously, for all A € P;(L),

AT E (B (M) =E (3. ({0})) (4.144)

because the probability measure aq, (4.7) is translation invariant. Then, for any
regular sequence {AP} cy C P;(L) (cf. [20, Remark VI.1.8]), the Ackoglu-
Krengel (superadditive) ergodic theorem [20, Theorem VI.1.7, Remark VI.1.8]
tells us that, almost surely, the limit

i (15 ()

L—oo

exists and, by (4.144), is equal to

Jim {[A®] 75, (AP) } =B (5. ({0}) - (4.145)
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Observe however that {£ N (Lb;)} ey is not a non-decreasing sequence, and is
thus a non-regular sequence, if j # (0,...,0). To overcome this difficulty, we
take first the regular sequences {A"7)} <y and {A(")} oy defined, for any L €
Nand j € D,\{(0,...,0)}, by

AED) = {(z1,...,20) € L : Vk € {1,...,d}, |wg| < L(|jk| +1/2)n " + 1}

and A7) = ABD\{€ N (Lb;)}. Notice that {AL7}y and {AED} oy are
regular sequences for all j € D, \{(0,...,0)} because we assumed that n is odd.
Note indeed that {£ N (Lb;)} C A%9) and hence, for any j € D,

xeLN(Lby) zeAL.d) zeA(L.d)

see (4.134) and (4.135). Therefore, we apply (4.145) twice to the regular se-
quences { A5} oy and {AF9)Y ), respectively, to get that

lim { = Z > %Eiéa,v,e<y, y— e,z —ex)da p = E (5, ({0}))
z€LN(Lb;) yeL v'¥
(4.146)
for any j € D,,. Note that we have used here that the intersection of two sets of
full measure has of course full measure. In the way one proves Lemma 4.5.10, we
obtain

gggo Ld Z Z / %H—zava Y, Y —€q; T, T — ek)da =0.

x€LN(Lb;) yeL\{LN(Lb;)}

Using this with (4.146) and observing that

E (5. ({0))) ZE(/ Bl 0,0 - e)da ) |

zel

we arrive at the assertion for any realization w within a measurable set

Quening®) = QY (1) cQ

V,E,Mm,],k,q

of full measure that still dependsonn € N, j € D,,and k,q € {1,—1,--- ,d, —d}.
To remove this dependency and obtain the lemma, define

=M A Qe jikg(t)

neN jeDy k,qe{l,~1,- d,—d}
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and observe that any countable intersection of measurable sets of full measure has
full measure. O

Foralle,f € RY, A\ € R}, v € (0,3/2) and k,q € {1,—1,---,d,—d},
define the functions

5 - B—v
Poeiat) = FON (1) = ( B (rw g0, —e@da)
rEeL v

(4.147)
for any ¢t € R, and

Yoo,v,s(sla 32) = Z fv,s,k,q(sl - 32)

k7q€{17717 7d7id}

« /R [Ba(sn, )] (o) [Ba(or, )] (eg)d% (4.148)

for any s1,s, € R. We show next that the function Yﬁ*jiw defined by (4.133)
almost surely converges to the deterministic function Y, ., as L — oc:

Lemma 4.5.13.
Lete,f € RT, A e R{, v € (0,3/2) and sy, sy € R. Then, there is a measurable

subset QM (51,82) = QE,@A) (s1,82) C Q of full measure such that, for any A €
Cyr and w € Q, (),

lim Y(qu)) 20 (81, 82) = Yoo,v,s<317 52) :
L—oo B

Proof. Lete, 3 € RT, A € Rj, v € (0,8/2), A € C¥ and s1,s, € R. Us-
ing Lemmata 4.5.10-4.5.12 and (4.142), we obtain the existence of a measur-
able subset Qw (s1,892) = Q,(JB M) (s1,82) C € of full measure such that, for any
w € QM (81, 82),

: (w) _ r
Hm Y5 o (s1,80) = ) Ly kq(s2 — 51)
kvqe{lv_lv 7d7_d}

X lim {% Z [EA(SQ’Z(j))} (ex) [EA(Sl,Z(j))] (eq)} '

n—00 4
Jj€Dy,

The latter implies the assertion because the term within the limit n — oo is a
Riemann sum and E4 € C{° for any A € C°, see (4.139). O
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This last limit depends on the two arbitrary parameters ¢ € R and v €
(0,3/2), where § € R*. Therefore, the next step is to remove this dependency,
by considering the limits ¢ — 0% and v — 0.

As a preliminary, we first observe that the functions fw,k,q (4.147) are ap-
proximations of the function I';, , = F,(f é’\) defined, for any 3 € R™, A € R,
k,ge{l,—1,--- d, —d}andteR by

Z E (/ €t+m —eq, Y, Y — ek)doz> . (4.149)

z,yEAy

Fk,q( )

n—oo |

Observe that, forall z,y € £, k,q € {1,—1,--- ,d, —d} and t € R, the map

wr—>/ Hza T —eq, Y,y — er)da

is bounded and measurable w.r.t. the o-algebra 2lg,. Here we use the convention

for the arguments of th tia as described in (4.143) for %t “iawe Recall also that E
is the expectation value associated with ag. This function is well-defined and it is
the limit of I',, . 4, a8 € — 0T and v — 07

Lemma 4.5.14.
Lete, € RN, Ne R, t e Rand k,q € {1,—1,--- ,d,—d}. Then T, ,(t) exists
and equals .

Fig(t) =Thcpq(t) +O(w)+ O(e) .
Proof. Lete,f € RT, A\ e Ry, v € (0,3/2),t € Randk,q € {1,—1,--- ,d,—d}.
Then using similar arguments to the proof of Lemma 4.5.9, one shows that

Z ]E(/ ‘%t—‘rzava(‘r‘r_emyy )

z,yEAy

lim sup——
n—oo | n|

_Q:zgji)ia(x7 T —€,Y,Y — ek)’ dQ) = O<5)

uniformly for any v € (0, 3/2). Moreover, by Lemma 4.3.5 (ii) and the translation
invariance of ag observe that

1 v
lim E (/ %(wzavs( — €YY — ek)da>
o {g S o[ otk

—ZE</ B —eq,0,0—ek)doz)}zo (4.150)

zel
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fort € Rand v € (0, 5/2). Then one uses the same arguments as in Lemma 4.5.8
to obtain the assertion, see (4.147) and (4.149). [l

We can now consider the limit of the integrand X(Lf’()) in (4.126), as L — oo,

see also (4.127). In fact, we show in the theorem below that X(Lw()) converges

almost surely to the deterministic function X, = XA defined, for any § € R,
A € R} and sy, 52 € R, by

Xalons) = Y Tiglsas)

k,ge{l,—1, d,—d}
X / [Ea(s2,2)] (ex) [Ea(s1, )] (eq)dd:n . (4.151)
R4

Lemma 4.5.15.
Let B € R+,~)\ € Ry and si,so € R. Then there is a measurable subset
Q(s1,80) = QBN (s1,80) C Q of full measure such that, for any A € C

and w € Q) (81, 52),

lim X(Lw()) (s1,82) = Xoo($1, S2) -

L—oo

Proof. Fix the parameters 3 € R*, A\ € R{ and s;,s, € R. Define also the
sequences {vy, fnen and {€,, }men by v, := n7! and g, := m~! for n,m €

N. Then, by Lemma 4.5.13, for any n,m € N, there is a measurable subset
Qo (51,82) = Qq(f,{l\) (s1,82) C € of full measure such that, for any A € C
and w € Q,,, (51, 52),

Llim Y(Lwi o o (s1,82) = Yoo, e (51, 52) (4.152)
300 yYnHsems

Thus, we define the subset

Q(s1,80) == ) Qi (s1,52) - (4.153)

n,meN

It has full measure, since it is a countable intersection of measurable sets of full
measure. Now, we always assume w € Q (s1,82) C Q.

Fix any strictly positive parameter ¢ € R*. Then, by Lemmata 4.5.8, 4.5.9
and 4.5.14, there is N, € N such that, for all n,m > N, and any L, € RT,
w € Q(s1,s2) and A € RY,

XLUj()) (51,82) — Xoo (51, 82)’ < -+ ‘Y(ﬂmamp (51,52) = Yoo v .em (51, 52)

€
2
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Therefore we prove this theorem by combining the bound above with (4.152)-
(4.153) for any realization w € 2 (sq, S2). O

In order to obtain the energy increment ’Jgﬂ wAmAL) given by (4.126) in the
limit (n, L=') — (0,0), we use below Lebesgue’s dominated convergence theo-
rem and it is crucial to remove the dependence of the measurable subset Q2 (81, 82)
on s1,S, € R, see Lemma 4.5.15. In order to achieve this, we first need to
show some uniform boundedness and continuity of the function X(Lw()) defined by
(4.127):

Lemma 4.5.16.
LetT,3 € RT and X € R]. The family

— X(W) }
{(81’ 52) Lols1,52) LER+ weQ

of maps from [—T,T| x [T, T] to C is uniformly bounded and uniformly contin-
uous.

Proof. The uniform boundedness of this collection of maps is an immediate con-
sequence of (4.130)-(4.131), see (4.127). To prove the uniform continuity on
any compact set, it suffices, by Lemmata 4.5.8-4.5.9, to verify that, for any fixed
T.3eR,ANER], e € R and v € (0, 3/2), the family

YW }
{(31752) L,v,s,0(81752) LeR+ wen
of maps from [T, 7] to C is uniformly continuous, see (4.133). This property
immediately follows from Lemma 4.3.5 (iii). O

Lemma 4.5.15 and Lemma 4.5.16 imply two corollaries: The first one al-
lows us to eliminate the (si, s2)-dependency of the measurable set Q (s1,$2) of
Lemma 4.5.15. The second one concerns the continuity of the function I'y, , which
is in fact related to a matrix-valued AC-conductivity as explained after Theorem
4.5.19.

Corollary 4.5.17. 3 )
Let 3 € RT and A € R{. Then there is a measurable subset ) = QBN c Qof
full measure such that, for any s1,s, € R, A € Ci° and w € (),

lim X (s, 50) = Xoo(s1, 52) - (4.154)

L—oo ’
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Proof. First, fix 3 € RT and A € R;. By Lemma 4.5.15, for any s, sy € Q, there
is a measurable subset ) (s1,s,) C € of full measure such that (4.154) holds.
Let Q) be the intersection of all such subsets () (s1,82). Since this intersection
is countable, ) is measurable and has full measure. By Lemma 4.5.16 and the
density of Q in R, it follows that (4.154) holds true for any sy, s, € R, A € Cf°
and w € Q. []

Corollary 4.5.18.
Foranyk,q € {1,—1,--- ,d, —d}, the functionI'y, , = Fff(f) from R to C defined
by (4.149) is continuous.

Proof. Foreachk,q € {1,—1,--- ,d,—d} andt € R, choose A € C&° such that,
a fixed neighborhood of ¢, the map s — E (s, x) is constant for any x € R¢ and

[ [Batt.)] (e0) (Ba0.)] (e)a% £ 0.
R
Then we combine the uniform continuity of the family

{5 X860}

of maps from R to C given by Lemma 4.5.16 with Corollary 4.5.17 to show that
the function I';,, is continuous at ¢t € R foreach k,q € {1,—1,--- ,d, —d}. O

LeRT,we

Because of Lemma 4.5.16 and Corollary 4.5.17, we can now use Lebesgue’s

dominated convergence theorem to get the energy increment Jgﬁ “AAL) in the
limit (n, L™') — (0,0):

Theorem 4.5.19 (Matrix-valued AC-conductivity). ) 3
Let 3 € RY and X € RY. Then there is a measurable subset Q = QPN C Q of
full measure such that, foranyt > t;, A € C and w € (2,

t S1
I { L ‘13<5W’”AL>}: / / Xoo(s1, 82)ds2 dsy € Ry .
(1 L-D)>(00) (rLe) o to Jto (51, 52)dsy dsi € Ry

Proof. Recall (4.126), that is, for any ¢ > 14,

t S1
(7’]2Ld)_1 ,jgﬂ,w,)\,’f]AL) = / / X%‘j&(sh 32)d32 ds; + O(n) .
to Jto

The assertion then follows from Lemma 4.5.16 and Corollary 4.5.17 together with

Lebesgue’s dominated convergence theorem. Note that 3774 ¢ R for all

L € R and sufficiently small € R™ because of Corollary 4.4.5. O
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Notice at this point that the theorem above together with Equation (4.151)
means that the continuous functions I';, , define the entries of a matrix-valued AC-
conductivity. Below we obtain a scalar AC-conductivity under the assumption
that the probability measure ag, is invariant by permutations of the axis, by trans-
lations and by reflections.

Indeed, let o = oM be the deterministic function defined by

o(t) =4 (t) —T1.(0) €R, teR, (4.155)

and named here the macroscopic energy production coefficient. Observe that, by
Corollary 4.5.18 and (4.155), for any 5 € R* and A € R, 0(®* is a continuous
map from R to R satisfying o (0) = 0. In fact, it is the function appearing in
Theorem 4.5.1:

Lemma 4.5.20 (Scalar AC-conductivity).
Forany B € RY, A\ € R{ and A € C, the (deterministic) function X, defined
by (4.151) equals

Xo(81,82) = 0(s9 — 81)/ (Ea(s2,7), Ep(s1,2)) d% | s1,80 € R
R4
Proof. By (4.7), the probability measure ag, is invariant by permutations of the

axis and by reflections. Consequently, the functions {T'; ¢ }x gef1,1,. 4,—q} defined
by (4.149) satisty:

Prq(t) = Tar(t) , Thu(t) = Loq(t) Thp(t) = Tp—p(t) , To—r(t) =Tq—q(t),

(4.156)
for any k,q € {1,—1,--- ,d, —d} and all t € R. Straightforward computations
using the invariance of ag under translations, reflections and permutations of axes
show that the function I'y ,(¢) vanishes for all k,q € {1,—1,---,d,—d} with
k ¢ {q,—q} and that

Ppr(t) = =Tk —x(t) . (4.157)
Therefore, we deduce from (4.155) that

o(t) =4[l11(t) —T'1,1(0)] (4.158)

forany t € R}, 3 € RT and A € R{. Using this together with (4.14), (4.151) and
(4.156), we arrive at the assertion. O
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Note, that there is an intuitive connection between the (macroscopic) AC-
conductivity o and the microscopic AC-conductivity introduced in Section 4.5.2,
which we prove in the following. Therefore, let the averaged microscopic AC-
conductivity 6l(w) in the box A; be defined by

@)y 4 (@)
W@WQZ%wmeEK teR, (4.159)

xvyeAl

forany [, 3 € R, w € Qand A € RS. We show that, at large /, 6l(w) is the energy
production coefficient at macroscopic space scales. Indeed, the pointwise limit
[ — oo of 6l(w) exists almost surely and it is the deterministic function o = ¢(¥-))

defined in (4.155):

Theorem 4.5.21 (Macroscopic AC-conductivity). ) .
Let 3 € RY and X € RY. Then there is a measurable subset Q2 = QPN C Q of
Sfull measure such that, for anyt € R and w € (),
lim 5 (t)=0o(t) eR. (4.160)
—00

Proof. Forany B e RT e RT,w e Q, A € R and x,y €
fL?, recall that

B
9= [ (etey) —exy)dack,  rek.

see Lemma 4.5.6. Therefore, by (4.159) the pointwise limit of 6'l(°’) as [ — oo
follows from Corollary 4.5.17 by taking (smooth approximations of) an electric
field Fa(t,-) which is constant in space, supported on the unit box [—1/2,1/2]¢,

and such that [F4 (0,0)] (ex) = 0for k € {2,...,d} as well as

[Ea(0,0)] (e1) [Ea(t, 0)] (e2) = 1.
[l

Combined with Corollary 4.5.4, Theorem 4.5.21 immediately yields the time-
reversal symmetry of the AC-conductivity o:

Corollary 4.5.22 (Time-reversal symmetry of o).
Forany B € RY, A€ R andt € R, o(t) = o(|t]).

Thus, Theorem 4.5.1 is a consequence of Corollary 4.5.18, Theorem 4.5.19,
Lemma 4.5.20 and Corollary 4.5.22.
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4.6 The AC-conductivity measure

In this section we introduce the notion of an AC-conductivity measure and show
its existence in the model presented here as well as important properties, as the
asymptotics for small and large randomness A and its strict positivity in the case
of moderate randomness.

In order to illustrate the physical meaning of our results on the AC-conductivity
measure presented below, we first discuss some heuristics: Recall that computa-
tions using Drude’s model predict that the AC-conductivity op,uqe(t) behaves like

Dexp(—=T7't), te Ry,

where 1" > 0 is related to the mean time interval between two collisions of a
charged carrier with defects in the crystal, whereas D € R™ is some positive
constant. In particular, for any electromagnetic potential A € Cg°, the heat pro-
duction is in this case equal to

/. [ /t: /t exp (— T (51 — 53)) (Ea(s1, ), EA(Sg,destsl} dly

(4.161)
for any ¢ > to. Then, since s — Ea (s, x) is smooth and compactly supported for
all x € RY, we deduce from (4.161) at sufficiently large ¢ € R that

t S1
/ / [O-Drude(sl - 82)/ <EA(31;J7>’EA(327$)> dd%} dsaodsy
to Jto R4

_ %/R M(EA(V, 2), Ea(v, 2))0r (v) du} diy

where v — E4 (v, ) and

. DV2T
vi— dr (v) = T

are the Fourier transforms of the maps
s+ Ea(s, ) and s exp (=T 's]) ,

respectively, at any fixed # € R® Thus, the restriction of the (positive) measure
Yr(v)dv on R\{0} can be interpreted as the (real part of the) “AC-conductivity
measure” of Drude’s model. In the limit of the perfect insulator (T' — 0) and
perfect conductor (' — oo) the AC-conductivity measure of Drude’s model, as
defined above, converges in the weak*-topology to the trivial measure (0 - dv) on
R\{0}. The same phenomenology is found in our many-body quantum system.
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4.6.1 Derivation of the AC-conductivity measure

In order to derive the AC-conductivity measure, we observe that Theorem 4.5.21
can be combined with Lemma 4.5.5 to prove that the production coefficient o is -
up to a constant - a function of positive type (see, e.g., [33, Section [X.2]):

Theorem 4.6.1.
Forany 3 € R" and A € R{, there is D € R{ such that {o(t; — t;) + D}, isa
positive matrix on C" for eachn € N and all (t;,...,t,) € R™

Proof. Fix 3 € RT and A\ € R{. Forany w € Q and [ € R define the constant
1

D) .= I,I). € RS
! ] (I, 1) € Rg
where I, = I € U is the macroscopic current observable in the box A; defined by
I =Y ITgpre) €U (4.162)
$€Al

Recall also that (-, -). is the Duhamel two-point function defined in Lemma 4.5.5.
It is a scalar product on the set of self-adjoint elements of ¢/, as discussed after
Lemma 4.5.5. Note additionally that we show within the proof of Lemma 4.5.5
that (4.118) can be extended to all z € R +4[0, 3].

Then, using this together with (4.159), (4.12), (4.36) and Lemma 4.5.5, we
obtain that, foranyw € Q,l € R, n € N, (t;,...,t,) € R"and all (31,...,3,) €
R™,

> (5z(w)(fz’ —t4)+ Dz(w)) 3j3i

ij—1
=1 (Z N W)sy, Y rY (Hz)3j> >0. 4.163)
Jj=1 j=1

~

Note that it suffices to consider n real numbers 31, . .., 3, € R" instead of complex
ones.
From (4.124) observe now that

DY = Z / (@2 + 1), (9, + e1))da

x yeA

|Az > (e gy +e)) (4.164)

RISV
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for any w € Q and I € R*. Thus, in order to compute the limit [ — oo of
the positive constant Dl(w) € R} we do exactly the same as in the proof of The-
orem 4.5.17: One uses approximations like in Lemmata 4.5.8-4.5.9 and 4.5.14
with Lemma 4.3.5 and the Ackoglu-Krengel (superadditive) ergodic theorem [20,
Theorem VI.1.7, Remark VI.1.8] to obtain the existence of a measurable subset
Q C Q of full measure such that, for all w € Ql,

oua(0) = lim —— 30 / (@, + 1), (3 + e1))da

=00 ‘Al| egeh,

(cf. (4.149)), whereas

limﬁ Z Qi(()w)((x,a:—l—a),(y,y—ka))

l—00 |Al| syeh,
_hm— Z ( $$+€1),(yay+€1)>>ER
l—00 |Al| sye,

forallw € Ql. As a consequence, by (f1.164), there is a measurable subset Ql cQ
of full measure such that, for all w € €4,

Dy := lim D) € Ry . (4.165)
—00

By Theorem 4.5.21, there is also a measurable subset QQ C  of full measure
such that, for all w € €y, the functions 5(w) R — R converge point-wise to o, as
[ — oo. Then the assertion with D = D follows from (4.163) and (4.165), by
using the non-empty measurable subset  := Q; N Qy. O]

By using o (0) = 0 (cf. (4.155)) and Theorem 4.6.1 forn = 2,t; =t € R and
to = 0, one obviously obtains:

Corollary 4.6.2.
For any 3 € RTand A € R{, there is D € R{ such that o(t) € [—2D, 0] for all
te R

Note that if the constant of Theorem 4.6.1 is zero, i.e., D = 0, then clearly o = 0.

By Corollary 4.5.18 and (4.155), for any 3 € R* and A € R, the non-positive
bounded function o is also continuous. Therefore, we deduce from Theorem 4.6.1
the existence of a non-negative constant D € R such that (0 + D) : R — R is
a function of positive type. Using Bochner’s theorem [33, Theorem IX.9] and the
condition o(0) = 0, we thus directly obtain the following corollary:
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Corollary 4.6.3 (AC-conductivity measure).
Forany 3 € RT and \ € R, there is a positive measure |1, = ugﬁ ™ that is finite,
ie., ii,(R) < oo, such that

o(t) = /R (™ —1) du,(v) , teR.

Remark 4.6.4.

It is also possible to obtain the AC-conductivity measure already by the fact that
the heat production is positive and A is compactly supported, see [16] for more
details. In this case one uses the Bochner-Schwartz Theorem and obtains the
weaker assertion that the measure is of at most polynomial growth.

4.6.2 Asymptotics of the AC-conductivity

In the present section, we study the asymptotics properties of the AC-conductivity
o =0cBNas A — 0" and A — oo, that are summarized in Theorem 4.6.5 below.
Physically, the case A = 0 can be interpreted as the perfect conductor and the limit
A — oo corresponds to the perfect insulator. Both cases lead to a vanishing heat
production, as will be proved in the following.

Theorem 4.6.5 (AC-conductivity - Asymptotics).

For any B € RY, BN (t) converges uniformly on compact sets to zero, as A —
0F. If ag is absolutely continuous w.r.t. the Lebesgue measure, then the same is
true for X — oo. In particular, the AC-conductivity measure [i,5.») converges in
the weak*-topology to the trivial measure in these two cases.

Proof. The assertion follows from Lemma 4.6.8 and Lemma 4.6.9, that we prove
in the following. [

The crucial observation for the proof of Theorem 4.6.5 is that by Lemma
4.5.14 and Equation (4.158), it suffices to obtain the asymptotics of the func-
tions T, .1, defined for all ¢, 3 € R*, A € R and v € (0, 3/2), by (4.147). By
(4.150), this functions equals

fv,s,l,l(t lli{{.}) ‘Al| Z (/ %t-l,-zavg :U - 617 y? y - el)de)

T, YyEN;
(4.166)
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with B, = B72") being defined by (4.132), that is,
w 1 w i s
B e(6¥) = 7 Y Enew Bl 7 2™ )

7,/ €Sy
% B(U;Lz(,é’ ., 8(l,7r(2)7 Y (2))
forany w € Q, x := (21, 2?) € €2 and y := (yV,y?) € £%
Note furthermore that B is given by (4.71), that is,

t+ia,v,e
B e (%) = / » FY (1) (g, e BN hdy (4.167)
VI<MB v,e

for all x € £%. Here, M, . is a constant only depending on 3, v, e. To analyze
the asymptotics A — 0% and A\ — oo we use the finite sum approximation

A N-1 . - |
55“;?‘\; itV g Z(—Z)”/ dyy - - / du, e itV A
n=1 v

% efi(ulfug))\VwAdefi(ugflfg))\Vw . 71(1/” 1—Un )\V“’A e —i(vn—V)AV,,
of the unitary operator e~*(!=")(A2a+AVe) for any w € O, A € Ry, N € N and
v,t € R. Indeed, using Duhamel’s formula one gets that

w,\) fz' —v w
élit’ (t—v)(Ag+AVL,)

=0 (4.168)

op

hm

uniformly forw € Q, A € R}, v € [-Mp,., M) and t € [T, T], where
T € R* is arbitrarily but fixed. Hence, we replace e *(!=»)(2a+AVo) by jts approx-
imation fl,t v in (4.167) and define

Bt(:ilz)vaN( )= / Ff (v) <ea:(2)7€1(:;:}\\;em(1)>dy (4.169)
|V|<Mﬁ v,e
and
(WA i -
%§+io¢),u,s,N( >y Z €ﬂ€ﬂ/B§+zaU€N(y (1)’:5 (1))
7,/ €Sy
(w) (2 7' (2
X B—t-i-%(ﬂ Ot),v,a,N(x ( )7y ( ))

forany £, 3 € R, A € R and x := (21, 2?) € £2and y := (yV,y?) € £2.
Indeed, one has:
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Lemma 4.6.6.
Lete,f € RY, t e Rand v € (0,5/2). Then,

]\}I—{I}mm Z / ‘%t+mvex$_elyy )

z,yeN;
_%giﬁx),v,a,N(xa r—enyy— 61) da=0
uniformly forl € RT, w € Q and \ € R.
Proof. The map (o, v) — F? (v) is absolutely integrable in (o, v) € [v, § — v] X
[—Mg e, Mg, ] forany e, 5 € RT and v € (0, 3/2). Therefore, the assertion is

directly proven by using (4.168) to compute the difference between (4.167) and
(4.169). O

As a consequence, we only need to study, for any ¢, 8 € R*, v € (0,3/2),
and [, N € N, the asymptotics of the function

WA 1 v 4 (WA
qvﬁaNl) (t> - T Z E ( %E—i-ia),v,e,N(xu r—enLY,Yy— 61)dOé )

as A — 0" and A\ — oo.

Lemma 4.6.7.
Lete,Be R, Ne R, t € R, v e (0,8/2), and N € N. Then,

; (Bw;A) (Byw,0)
;\IE%E(quNZ()) E(q’UENl(t)>

uniformly for all | € R*. If the probability measure a, is additionally absolutely
continuous w.r.t. the Lebesgue measure, then

lim E (q0257(1)) = 0

A—00

uniformly for all | € R,
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Proof. The function q,, (B o fvz (t) is a finite sum of terms of the form

B—v
Y Y e[ / wf
V‘<Mﬁva |u|<Mﬁ,v,5

z,yeN; T, €S>

Vnq—1 - Ung—1 ~
/ dvy - / dl/m/ dul---/ du,, F? (v )Fgfa (u)

<ea: € =rDAV A o1 —12)AVe L o™ i(vm-1— ””1))‘V“A e im V)Wweyﬁ/(l)>

m +n2

n A " w
X <eyﬂ/(z)>e Utmu) AV A o i (ma— WV gi(tmg=1=tny ) Vi A g~ umy mwAV w<2>>

forny, ny € Ny. Here, (21, x2) := (z,x—e1), (y1,92) := (y, y—e1). From this and
the translation invariance of the probability measure ag, we get that E(qvﬁ EWNAZ) (1))
is a finite sum of terms of the form

nl +ng

B—v
EnEnt da/ / du (4.170)
4 |Al Z Z / V|<M,g v,e ‘U‘<Mﬁ,u,5

zel m,m’' €Sy

t Vnq—1 Unoy—1 R
/ duy -+ / dynl/ duy - / . du,, FP (v )F/?—a (u) 1z € Ay

E <<e$ﬂ<1)veﬂ(twl»v“Adeﬂ(urw/\v“' :Ageme V)/\V%yﬂ/u)>

% <ey e—z( t—uq AVWA e—z(u1 u2) AV, | A e—z(un2 ))\\/Luem >>
7! (2)? 7(2) ?

where (21, x2) := (x,x — e1), (y1,y2) := (0, —e;p ). Note that
B—v
/ da/ dl// du ()FB ()’<oo
|V|<Mﬂve |u‘<MB’US
and the volume of integration in (4.170) of the v,- and u-integrals, a = 1, ..., nq,
b=1,...,ny, gives a factor % By developing the Laplacians Ay, note

that, whenever t # v, t # —u,
1z € AJE <<exﬂ<1>ae VDAV A gem i)WV A ge i m V)/\Vweyﬁ/<1)>

X <eyﬁ/(2)7e i(—t— ul)/\VwA e —i(ur—u2) AV, | A e —i(Uny— u))\Vwexﬂ(2)>>

is a sum of (2d + 1)™ ™" terms of the form (up to constants bounded in absolut
value by (2d)"1"2)

1[$ c AZ]E (eii’q)\Vw(Il) L. eiitn)\vw(xn)) (4171)
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withn € N, n < n; + no, and where t;,....t, € R" and z,...,z, € £ with
xj # x, for j # p. By Lebesgue’s dominated convergence theorem, it suffices to
analyze (4.171) either in the limit A — oo or A — 07. By (4.7),

F (eﬂh)\Vw(wl) . 'eiitn/\Vw(zn)) . ) (eiin)\vm(m)) ... F (eiz‘tn/\vw(zn)) (4.172)
foranyn € N, ty,...,t, € Rt and xy,..., 2, € £with z; # z, for j # p. Since

lim E (eiit)\Vw(x)) -1
A—0

forall z € £ and t € R*, we deduce from (4.172) that

limE (e:lzih)\vw(xl) .. 'e:titn)\Vw(;pn)) —1
A—=0 :

and one gets the first assertion of the lemma by Lebesgue’s dominated conver-
gence theorem.
If the probability measure a, is in addition absolutely continuous w.r.t. the
Lebesgue measure, then from the Riemann-Lebesgue lemma we have the limit
lim E (eii’t)\Vw(I)) =0

A—00

forall z € £ and t € R*. From (4.172), we then obtain that

lim E (1[m c Al]eﬂtp\vw(m) .. _eﬂtn,\vw(a:n)) -0

A—00
uniformly for all [ € R*. Using this and Lebesgue’s dominated convergence
theorem, one thus gets the second assertion. OJ

We are now in position to compute the asymptotics, as A — 07 and A — oo,
of the AC-conductivity o = ¢(®Y), which is defined by (4.158).

Lemma 4.6.8.
Let 3 € RT, A € R} and t € R. Then,

lim oV (t) = a0 (¢) .
A—=0
If additionally the probability measure ay is absolutely continuous w.r.t. the Lebesgue

measure, then
lim oM (t) = 0.

A—00
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Proof. Let 8 € RT, \ € R(‘f and t € R. By Lemmata 4.6.6 and 4.6.7, one gets
that

(Bew)
/l\lgém_ﬂ Z (/ BT, — ey, y—el)da)

T, yeEN;

| ] ZE(/ %ﬁ;%exx—elyy—el)da)

xz,yeN;
uniformly for all [ € R™, whereas
im o S B ([ B - )aa) =0
A—00 |Al| o yeAl

provided the probability measure a, is absolutely continuous w.r.t. the Lebesgue
measure. Therefore, by using these limits together with Lemma 4.5.14, (4.158)
and (4.166) we arrive at the assertions. L]

Finally, to get Theorem 4.6.5, we need to compute explicitly the macroscopic
AC-conductivity ¢(®* at A\ = 0. This is done in the next lemma:

Lemma 4.6.9 (AC-conductivity at constant potential).
Forany 3 € Rt andt € R, c#0)(t) = 0.

Proof. Let 8 € R*. By (4.159), Lemma 4.5.6 and Theorem 4.5.21, note that

O'(B’O)< = lim — Z / ®t+za xz y gia(may»daa (4173)

z,yEN;

where

©t+io¢(x7y) Qtiizo;zo (l’,$ —€,9,Y — 61)‘

Observe also that Qlti“;O , which is defined by (4.119), does not depend on w € 2.
Explicit computations show that ©, ;. (x, y) equals

1 d L eEselemin(EEy)
D A ~ 5/o.\2d d d
wia(TY) = 3 /[] ! /[] (1 ) (14 75

X (1= cos (pr — p}) V)
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forany t € R, o € [0,] and z,y € £, with E, being the dispersion relation of
Ayq, that is,
E, :=2[d — (cos(py) + - - - + cos(pa))] , p € [-m, 7%, (4.174)

Since E), = E_,, it follows that
B )
/ Ditia(2,y)da = / 0, (p) e Wa’p (4.175)
0 [—m,7]¢

forallt € R and z,y € £, with 0, being the function defined on [—, r]* by

Py ot (By_p—Eyip)

1

0 = ddy’

¢ (p) 2(2m)2 /[mr]d p <1+eﬁEp,7g> <1+eBE”'+%>
(e/s(E,,,ng,%) - 1)

Consequently, using (4.175) one gets, for any [ € R™ and ¢ € R, the equality

(1 — cos (2p))) -

1 B
1A Z /0 ©t+m(9€,y)da:/{ ]d% (p) 0, (p) d%p (4.176)

T,yeEN;

where the function +; is defined on [—7, 71]¢ by

2
1 . 1 .
ipx| ip-(z—y)
|Az|1/2 Zep o Ay Z e

TEN; T,yeEN;

Y (p) =

Observe that, for any [ € R and all ¢ € R™,

/[ ’ v (p) dip =1 and lim Y (p) dip =0,

1700 J [—7,m]9\B(0,¢)

where B (0,¢) C R? is the ball of radius ¢ centered at 0. From this we infer that

=0 4.177)

l—o0

lim ‘ / Y (p) ¢ (p) d%p — / % (p) o (p) dp
[—7,m]e B(0,¢)
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forall e € R" and any ¢t € R. Meanwhile, remark that

0: (p) =00 (p) = O (|tp]) -

Then, using the continuity of the function 0, (-) together with (4.173), (4.176) and
(4.177), it follows that o(®%) () = 0 for all ¢ € R. O

Therefore, Theorem 4.6.5 follows from Lemma 4.6.8 and Lemma 4.6.9.

4.6.3 On the strict positivity of the heat production

In this subsection we show, that the heat production is in general strictly positive.
By Theorem 4.5.1, the fermion system cannot transfer any energy to the electro-
magnetic field, as expected. This is not so, because 11,5, 1s the trivial measure
Lo (R\{0}) = 0 for any choice of 5, A. In fact, the fermion system generally
absorbs some non-vanishing amount of electromagnetic energy:

Theorem 4.6.10 (Absorption of electromagnetic energy).

There are By, \o € RT and a meager set Z C C{° such that, for any 5 € (0, By),
A€ (Ao/2,X), all A € CP\Z and every t > t,, the AC-conductivity o €
C (]R, Ry ) defined in Theorem 4.5.1 satisfies

t S1
/ / {0(51 — 82)/ (Ea(s1,7), Ea(s2,2)) d%: | dsyds; > 0.
to Jto Rd

Here, C3° is seen as a subspace of the Fréchet space S(R?) (space of Schwartz
functions R? — R?) endowed with the corresponding relative topology.

Proof. Use Lemmata 4.6.11 and 4.6.12. ]

To prove Theorem 4.6.10 we expand the AC-conductivity o at 3, \,t = 0.
Then we show that the behavior of ¢ near this point implies strict positivity of the
heat production, at least for short pulses of the electric field and small 5, A > 0.
This result corresponds to Lemma 4.6.11. The latter can, at small 5, A\ > 0, be
extended by an analyticity argument to all electric fields outside a meager? set,
this will be done in Lemma 4.6.12.

%in the sense of the usual metric of the space of Schwartz functions.
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Lemma 4.6.11.
Let A € CP\{0} be such that, for some k € {1,...,d},

/Rd (/R sEa(s, ) (ek)d8>2dd:c >0

and define, for all T € R™, the time-rescaled potential
AD(t 2):= AT ', z), teR, zeRe.

There are By, Ao, Ty € RT such that, for 5 € (0,50), A € (Mo/2,X0) and T €
(To/2,Ty), the AC-conductivity o € C' (R; R) defined in Theorem 4.5.1 satisfies

// [ Sy — 51 / (Epr) (s1,2), Exr (59, 7)) d%| dsydsy > 0
Rd

forallt > Tt,.
Proof. Recall (4.119), (4.149) and (4.158), that are, respectively,

Qi(ﬁi)za X y Z 67“'8” t+za ( )C(—":—H(B )(:Cﬂ-(Z)?yﬂ- (2))

! €Sy

for any x := (zV, 2?)) y := (y),4?)) € £2,

[ya(t) llgilo |Al| Z E (/ Qf,gﬁa(x,x —e,Y,y — el)doz> (4.178)

z,yeN;

and

o(t) =4(T11(t) — T'11(0)) (4.179)
forany § € RT, A\ € R} and ¢ € R. In the first equation, 7,7’ € S, are, by
definition, permutations of the elements {1, 2} with signatures ¢,,e,» € {—1,1}.
Ct(iza = C’t(ff;’” is the complex-time two-point correlation function (4.39). It is
equal to (4.66), that is, forall S € RT,w € Q, A e R}, t € Rand « € [0, 3],

C) (%) = (eym, e MAFNVD RO (A 4 AV, o), x = (W, 2?) € 22

where the real function F? is defined, for any 8 € R* and a € R, by

(6724

(§]
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Using Duhamel’s formula note first that

1
e(a—it)(Ad+>\Vw) — e(a—it)Ad +/ e(a—it)(l—'y)Ad (a . Zt) )\Vwe(a—it)'y(Ad-i-)\Vw)d,y
0

(4.180)
for any @ € [0,5] and ¢ € R. Since all operators in this last equation are
bounded, it follows that, if X\, 3 € R™ are sufficiently small, the Neumann se-

ries for (1 + eB(Ad“Vw)) - converges absolutely:

(1 +eﬁ(Ad+M))—1 (4.181)

[e.9] n

1
= {_6/\ (1 +65Ad)_1/ eﬂ(l—W)AdVweﬂW(Ad-&-)\Vw)d,Y} (1 +eﬁAd)_1
n=0 0

By (4.180) and (4.181), one then gets the existence of a constant D such that, for
any sufficiently small A, 5 € (0, 1) and any «a € [0, 5], w € €,

[FZ (Aa+AV,) = F7 (Ag)]],,, < DBX. (4.182)

Therefore, we define the approximated complex-time two-point correlation
function C’fﬁa = CN forany f € RY,we QA€ RE, t € Rand a € [0, ],
by

Ol (x) = (g, e A ES (Ag) ), x o= (2D, 2P) € 22

(4.183)
For any x := (z(V, x(2)) € L2andy := (yV,y?) € £2, let
ngj_)m (x,y) Z 5ﬂ5W/Cé_‘:Za (1 ’ 27 ))é«(_‘«;l_i(ﬁ_a)(mw@)’ yw/(2)) )
7w, €S
From (4.178) and (4.182) we thus deduce that
4(t) = lim — / Q:Hw —e1,y,y —e)da | +O(B%N) .
l— 00 |Al|
z,yeN;
(4.184)

Next, we define an approximation C’t H)a = C’t f;; A of C’t(f:m

N

C) (%) = (eg, e AIFP (Ag) eyn)

1 t2
— 5 <e$(2), A <ZtV + = (V Agq + A4V, + )\V )) e$<1>> (4.185)
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forall f € RY,w € QA€ RS, t €R, ac0,p]and x := (M), 2?)) € €2,
Indeed, by (4.180) and an expansion of F? (A4) at a, 3 = 0, note that there is a
constant D such that, forany A\, 5 € (0,1),a € [0, 5], w € Qand t € R,

1
(efit(Ad+)\Vw) . efitAd) Ff (Ad) + %/ efit(lf’y)Ad,L't)\vwefit’y(AdJr/\Vw)d,y
0

op

< DBAt| . (4.186)
Meanwhile, note that

1
/ e~ Aa g\ 7 o (BatAVe) ]y (4.187)
0

2

£2)
=iAV, + — (VoAd + AqV, + AV2) + O(A Jt])

uniformly for A € (0,1) and w € 2. Therefore, by combining (4.183) and (4.185)
with (4.184), (4.186) and (4.187), we arrive at the equality

Iia(t) = llggo ‘A| (/ ¢t+za —e1,Y,Y — el)da)
! z,yeN;
O(B2\) + OB t]) (4.188)

for sufficiently small |t|, where

ng)m (x,y) Z gwgﬂfCHw ) x )C’(_“;ﬂ(ﬁ a)( 2@y (2))

7,/ €Sy

forall x := (z(V,2?) € £2and y := (yV,y?) € £2.

We use now that V, is an i.i.d. potential satisfying E (V,,(z)) = Oforallz € £
to compute that, for any x := (z(!), 2®)) and y := (y1,y?) € £2, (V) #£ 2@
yW £ y@)

B B 0
E ( / Q:,Eﬂa(x,y)da) _ / ¢l (x, y)dao (4.189)
0 0
N ? —itAq 8
= —1—6E (V ) /ZES Ema 0 <2x7"<1) , € dFa (Ad) ey”,(1)>da 5x77(2),y"/(2)
T, >

g itAg 8 At
+ (A <€y,r/(2),el dFﬂfa (Ad) exw(2)>d05> 5y"',<1),x“<1)} + 64 D (X, y> s
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where, for any x = (z(M, 2®),y = (yV), y@) € €2, 2V £ 52 y) £ 42

D (Xv Y) = Z Enlq! {)\2 (E (VUJQ))Q 57477’(1)@#(1)5xn(2)7y7r’(2>

T, €So

+E ((eprtr, (ViAd + AdVe) eyw) (€ (Vi la + AdVi) e4n)) } -

Note that, for each \ € R(J{ andt € R, D = DW can be seen as the kernel (w.r.t.
the canonical basis {¢, ® ¢,/ }, »ce) of a bounded operator on ?(£) ® (*(£) with
operator norm uniformly bounded w.r.t. A on compact sets. Similar to (4.130), it
follows that

1
lim — D(z,x —e1,y,y —e1) = O(1 4.190)
ISoo |Al’ xyze:[\l ( LYY 1) ( ) (

uniformly for \ in compact sets.
Because of Lemma 4.6.9 and (4.179), note that

1 B
lim — Z / Qg?r)m(a:,x —e1,y,y — e )da
0

B
= lim — Z / Q:Eg)(x,x—el,y,y—el)doz

does not depend on ¢ € R. Using this we infer from (4.179) and (4.188)-(4.190)
the existence of a constant D € R™ such that the AC-conductivity o is of the form

o(t) = —DN?Bt* + O(B*N) + O(BA [t]*) (4.191)

for sufficiently small 3, A, [¢].

Now we choose sufficiently small Ay, Sy, 7o > 0 and estimate the energy incre-
ment caused by the time-rescaled potential A") € C¥\{0} for T' € (Ty/2,Tp),
A€ (Xo/2, ), B € (0,5). We assume w.l.o.g. that E is zero in all but the first
component which equals a function & € Cg° (R%;R) for any t € R. Then, by
(4.191) and Fubini’s theorem, we have

t S1
/ / [0(52 — 31)/ (Exm)(s1,), Epar)(s2,2)) ddx} ds;ds,
to Jto R4

2 2
_ _% /R d { /R /R (50— sl)zgsl(x)SSQ(a:)dsldsz] dz
+ O(B*A) + O(BAT?) . (4.192)
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Because of the AC-condition (4.16), observe that, for all z € R¢,

_ /R /R (s2 = 51)%Es, (2)Es, (x)ds1dsy = 2 ( /R SES(x)ds>2 : (4.193)

As a consequence, if
2
/ (/ Sgs(x)ds) diz >0,
R \JR

then (4.192)-(4.193) yield the lemma, provided \gT¢ > By, AT > T3 . O

Note that Lemma 4.6.11 implies that, for sufficiently small A, 5 > 0, the
AC-conductivity measure y, on R\{0} is non-zero. This property implies the
following result:

Lemma 4.6.12.
Assume that the AC-conductivity measure (i, on R\{0} is non-zero. Then the set

Z .= {cp €S (R;R): / / o(se — s1)p(s1)p(s2)dsidse = O}
R JR
is meager in the (Fréchet) space S (R; R) of Schwartz functions equipped with the
usual locally convex topology.

Proof. Since i, is by assumption non-zero, there is at least one point v, € R\{0}
such that y,, (V) # 0 for all open neighborhoods V of 1. To see this, observe that

R\{0} = [ ] {%n} U {—n,—%} ,

neN

and thus there is n € N such that

—
=
o
B
on
<
(@]
o
3
=]
o
2
=
a
9]
»
=
j=p
o
[m]
a
—
75]
S
m
3=
Iil
C
|
S
|—=
2]
(et
(e]
=
=
=
oo
-

(o[-t

for all open neighborhoods V of 1.
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Take now any non-zero function ¢ € Cg° (R;R) C S(R;R). Its Fourier
transform ¢ obeys

d™o
dvm

(v)| < DDy, neN,veR,

for some constants Dy, Dy € R*. In particular, there is a unique continuation of
¢ : R — C to an entire function, again denoted by ¢ : C — C. Hence, the set of
zeros of ¢ has no accumulation points.

If ¢ (1) # 0 then, by continuity of ¢,

/ /0(32 — $1)p(s1)p(s2)ds dsy = / p(W) ] dptg (V) > 0. (4.194)
R JR R\{0}

If ¢ (vp) = O then, for all « € (0,1), we define the rescaled function ¢, (1) by
¢ (av), which is the Fourier transform of o' (a~'z). For sufficiently small
ceRTandalla € (1 —¢,1),

/ o () dpty () > 0,
R\{0}

because the set of zeros of ¢ has no accumulation points. On the other hand,
aty (a'x) converges in S (R;R) to ¢ (), as o — 1. Thus, the complement of
Z is dense in S (R; R), by density of the set C§° (R;R) in S (R;R). Since y, is
bounded (see Section 4.6), note that the map

G 16(v)* dpo (v)
R\{0}

is continuous on S (R; R). Because the Fourier transform is a homeomorphism of
S (R; R), by the first equation in (4.194), the map

- /R /R (55 — 51)0(51)0(52)ds1ds

is also continuous on S (R; R) and the complement of Z is hence an open set. [
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