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Summary. — Clusters are copiously formed in heavy-ion collisions. This has
been a challenging problem for transport models which are usually based on single-
nucleon motions. Even in molecular dynamics approaches, clusters should be ex-
plicitly treated as quantum correlations. I will review how clusters are introduced
in antisymmetrized molecular dynamics, and discuss the strong impacts of cluster
correlations on reaction dynamics and observables.

1. – Clusters in excited nuclear systems and in heavy-ion collisions

Clusters appear in various situations in nuclear physics, in particular when a nucleus
or nuclear matter is excited [1]. Some low-lying states and resonances of nuclei have solid
or molecular structures composed of several clusters, such as α clusters, while some other
states can be explained by gas-like structures of clusters that are almost freely moving in
a common potential well [2]. These cluster structures are linked with α decays, molecular
resonances and fission etc. An interesting point of view is what happens if the excitation
energy is further raised from ∼10MeV (of the total excitation energy), around which
cluster structures typically appear in nuclei, to more than several MeV per nucleon. If a
nucleus is excited by ∼10MeV per nucleon, it is energetically possible that the nucleus
is broken completely into free nucleons, but it does not actually happen. This energy
domain has been studied by heavy-ion collisions intensively and extensively over the last
few decades. Even at these high excitation energies, we know well that the system breaks
up into clusters and fragments [3], namely into light clusters (deuterons, tritons, 3He
and α) and heavier nuclei with some emitted nucleons. Thus the cluster correlations play
important roles in a wide range of nuclear physics.

In head-on collisions of two nuclei at the incident energies of a few tens of MeV/nucleon
and more, the system is compressed at an early stage and then it expands so that
fragmentation occurs in the low-density system. The number of nucleons emitted as free
particles is not very large. For example, the INDRA data for the Xe + Sn collisions at
50 MeV/nucleon [4] show that only about 10% of the total protons in the system are
emitted as free particles. At higher energies, in Au + Au collisions, the FOPI data [5, 6]
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Fig. 1. – Time evolution of density profiles obtained by the AMD (upper) and SMF (lower)
models, for the head-on collision of 112Sn + 112Sn at 50 MeV/nucleon. Taken from ref. [8].

show that the free proton fraction is still 21% at 250 MeV/nucleon. On the other hand,
the fraction of the protons bound in emitted light clusters (d, t, 3He and α) is 61%. This
experimental fact suggests that cluster correlations are still very important even at these
high excitation energies (or high beam energies) that are much more than the threshold
energy for the system to completely break into free nucleons. The importance of clusters
in highly excited systems can also be found in the data of ref. [7] which show the cluster
mass fractions as functions of the excitation energy of the “vaporized” projectile nucleus.

2. – Approaches of nucleon-based transport models

Transport models play important roles to describe the dynamics of heavy-ion colli-
sions. All the practically available models are more or less based on the approximate
time evolution of the distribution function f(r,p, t) in the one-body phase space or the
one-body density matrix. The effects of the mean field and the two-nucleon collisions are
taken into account in general, but many-body correlations are inevitably truncated at
some level. The Vlasov term in the BUU equation treats the nucleon motions in the mean
field faithfully as the semiclassical approximation of the time-dependent Hartree-Fock
theory. A problem is, however, that many-body correlations are missing. In particular,
the deterministic time evolution of f(r,p, t) is not likely to describe the dynamical for-
mation of clusters and fragments. On the other hand, molecular dynamics models may
be more suitable for the description of clusters and fragments because each nucleon is
represented by a wave packet that is ensured to be localized in one of the fragments
at the end of the reaction. The single-particle motion, however, is not as precise as in
the BUU type approaches, because the distribution is restricted to a Gaussian form in
molecular dynamics approaches.

Introducing fluctuation or randomness has been a way to go beyond the
above-mentioned limitations of both the BUU-type and the molecular dynamics
approaches. Here I will choose two examples of such extensions: the stochastic mean
field (SMF) model and the antisymmetrized molecular dynamics (AMD) model with
wave-packet splitting. These models can describe fragmentation at least qualitatively as
shown in fig. 1 which is a typical example of the time evolution of 112Sn + 112Sn head-on
collisions at 50 MeV/nucleon [8].

SMF is based on the BUU equation, but the fluctuation term is also taken into
account [9]. The fluctuations were introduced based on the principle that the variance of
the occupation of each phase-space cell should follow σ2

f = f̄(1 − f̄), which is equivalent
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Fig. 2. – The charge distribution of the produced clusters in 129Xe + Sn collisions at
50 MeV/nucleon with the impact parameter 0 < b < 4 fm, after calculating the secondary
decay of excited clusters and applying the experimental filter for the detector setup. Solid his-
togram (labeled AMD/DS) shows the result of AMD with the coherence time τ = τNN, while the
dotted histogram (labeled AMD/D) shows the result with the strongest decoherence τ → 0. The
INDRA experimental data are shown by solid points. Taken from ref. [11].

to requiring that each cell should be fully occupied (f = 1) or empty (f = 0). If a
phase-space cell is identified with a Gaussian wave packet, SMF and molecular dynamics
models are conceptually similar, but the results (as in fig. 1) can be different due to the
different approximate treatments of fluctuations. More recently the fluctuation term in
SMF was improved in the BLOB approach by considering the complete fluctuation in
the phase space at every two nucleon collision [10]. The new BLOB calculation shows
the onset of fragmentation at relatively low energies compared to the SMF case.

In this version of AMD [11, 12], the single-particle wave functions are restricted to
the form of Gaussian wave packets with the centroids Z1,Z2, . . . ,ZA and with a width
parameter ν = (2.5 fm)−2, so that f(r,p) is limited to the form

(1) f(r,p) = 8
A∑

j=1

A∑

k=1

e−2ν(r−Rjk)2−(p−Pjk)2/2�
2νBjkB−1

kj

with Rjk = (Z∗
j + Zk)/

√
ν, Pjk = 2i�

√
ν(Z∗

j − Zk) and Bjk being the overlap matrix of
two wave packets. The time evolution is determined by the deterministic motions of the
wave-packet centroids in the mean field and the stochastic collisions of two wave packets
like the standard molecular dynamics models. Furthermore, the effect of the change of
the shape of each wave packet is treated by giving fluctuation to the centroid (wave
packet splitting).

The results of AMD with wave-packet splitting for the fragment charge distribu-
tion have been compared with the experimental data with a reasonable success [11]. In
fig. 2, the AMD results are compared with data for central Xe + Sn collisions at
50 MeV/nucleon. We find a strong dependence on the choice of the coherence time τ ,
namely, how long the coherence of the single-particle wave function is kept before co-
herence is lost due to many-body correlations. If the coherence is assumed to be lost
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when the nucleon collides with another nucleon (τ = τNN), the fragment yields for Z � 3
are well reproduced. However, a problem is found in the yields of light particles. The
α-particle multiplicity Mα ≈ 7 is too small and the proton multiplicity Mp ≈ 20 is too
large compared to the experimental data Mα ≈ Mp ≈ 10. Compared to the very early ver-
sion of AMD without wave packet splitting [13], the reproduction of fragment yield was
improved very much in many cases by introducing wave-packet splitting [11,12,14]. How-
ever, a consistent reproduction of the yields of light clusters and light intermediate mass
fragments has not been achieved by a single set of model parameters for all the reac-
tion systems. This may suggest that the correlations to produce light clusters should be
treated more explicitly.

The overestimation of proton multiplicity is a common problem in semiclassical trans-
port models. To the best of my knowledge, no nucleon-based transport models have ever
successfully explained the proton multiplicities of different reactions consistently. In the
case of SMF, for example, the proton multiplicity is overestimated by a factor of 2 in the
central Xe + Sn collisions at 50 MeV/nucleon [15].

3. – Explicit consideration of clusters

As we have seen examples in the previous section, it is difficult for nucleon-based
transport models to describe cluster formation in heavy-ion collisions. To predict cluster
observables, coalescence prescriptions have been often applied to the result of transport
calculations [16], though they are not treating cluster correlations and collision dynamics
consistently., i.e., these prescriptions assume that correlations do not influence the time
evolution of the single-nucleon distribution.

When clusters are produced in reactions, they are still surrounded by other parti-
cles. The properties of a cluster in nuclear medium were recently calculated with an
inmedium Schrödinger equation by Röpke [17, 18]. A medium effect appears due to the
Pauli blocking. The existence of a bound state of the cluster depends on the density of
the medium and the momentum of the cluster relative to the medium. Then, in actual
systems, many clusters may coexist and influence the nuclear matter properties and the
collision dynamics. During the time evolution, clusters will be created and destroyed
repeatedly by reactions such as p + n + X ↔ d + X ′, p + n + d + X ↔ α + X ′ and so on.

In an extended version of BUU by Danielewicz et al. [19], clusters (2H, 3H and 3He)
are treated as new particle species and the equations for the distribution functions are
coupled by the collision terms corresponding to various reaction channels of clusters and
nucleons. A recent calculation by this model demonstrates that collision dynamics is
influenced by the clusters [20]. However, α clusters have not been introduced in this
specific model.

In the case of AMD, recently improved versions take into account the creation of
clusters in the final states of each two-nucleon collision [21, 22]. Some details of the
method will be reviewed in the next section with some updates for the the most recent
version. Here I will explain why a special extension is necessary in molecular dynamics
to treat clusters. In fact, clusters should be already well described by the AMD wave
function or eq. (1) in the ground state and low-lying excited states of nuclei [1]. When
a cluster is placed in a nucleus within AMD, a reasonable value of the cluster binding
energy is obtained depending on the location and the center-of-mass momentum of the
cluster (see fig. 1 of ref. [23]). An important question is, however, whether such clusterized
states are realized with the correct probabilities during the reactions. After a two-nucleon
collision, one (or both) of the scattered nucleons may accidentally form a cluster with
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surrounding nucleon(s) if the wave packet centroids are close in phase space. The prob-
ability is determined by the classical phase space or the classical density of states D̃(E)
for the internal degrees of freedom of a formed cluster. The density of states starts at
E = Egs with D̃(E) = 0 for E ≤ Egs. Since the cluster binding energy |Egs| is small due
to the cancellation of the potential and kinetic energies, the bound phase-space volume∫ 0

Egs
D̃(E)dE cannot be as large as (2π�)3(A−1) corresponding to a single quantum bound

state. This can be considered to be the reason why cluster correlations do not emerge
dynamically with reasonable probabilities in a usual version of AMD without explicit
treatment of clusters. It should be noted that irreversible stochastic processes, such as
the wave packet splitting, can change the phase-space weights and improve the cluster
multiplicities as in the case of the strongest decoherence (τ → 0) in fig. 2. However, a
fully consistent reproduction of fragmentation is difficult by adjusting only the coherence
time.

4. – Formulation of AMD with clusters

In molecular dynamics approaches for heavy-ion collisions, many two-nucleon colli-
sions occur during the time evolution of a reaction. Each two-nucleon collision is treated
as a random transition process. This should be interpreted as simulating quantum tran-
sitions with the rates

(2) vdσ =
2π

�
|〈Φf |V |Φi〉|2δ(Ef − Ei)

p2
reldpreldΩ
(2π�)3

.

In the case of AMD, both the initial state |Φi〉 and the final state |Φf 〉 of this collision
are AMD wave functions corresponding the Winger functions of the form of eq. (1), and
(prel,Ω) specifies the relative momentum between the two nucleons in the final state. Usu-
ally, medium modification is considered for the scattering matrix elements. The Pauli
blocking is considered for the scattered nucleons.

When two-nucleon collisions are introduced in a usual way, the wave-packet mo-
mentum centroids of only the colliding two nucleons are changed by a collision (in the
“physical coordinate” representation) [13]. This method was generalized in refs. [21, 22]
to allow the possibility that each colliding nucleon may form a cluster of mass numbers
A = 2, 3 or 4 with some other wave packets in the final state |Φf 〉. Namely, when two
nucleons N1 and N2 collide, we consider the process

(3) N1 + N2 + B1 + B2 → C1 + C2

in which each of the scattered nucleons Nj (j = 1, 2) may form a cluster Cj with a
spectator particle Bj . This process includes the collisions without cluster formation as
the special case of Cj = Nj with empty Bj for each of j = 1, 2. The formulation was
given in refs. [21, 22]. The essential ideas are repeated below with some updates for the
most recent calculations.

The transition rate of the cluster-forming process is given by eq. (2) with the suitable
choice of the set of final states |Φf 〉. When a cluster is formed, the corresponding wave
packets are placed at the same phase-space point, i.e., the cluster internal state is rep-
resented by the harmonic-oscillator (0s)n configuration. Denoting the initial and final
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states of the Nj + Bj system by |ϕj〉 and |ϕ′
j〉, respectively, we have the transition rate

(4) vdσ =
2π

�
|〈ϕ′

1|ϕq
1 〉|2|〈ϕ′

2|ϕ−q
2 〉|2|M |2δ(Ef − Ei)

p2
reldpreldΩ
(2π�)3

,

where |ϕ±q
j 〉 = e±iq·rj |ϕj〉 are the states after the momentum transfer ±q to the nucleons

Nj (j = 1, 2), and (prel,Ω) is the relative momentum between N1 and N2 in these states.
The matrix element |M |2 is essentially the same as for the usual two-nucleon collisions.

The actual situation of a two-nucleon collision requires more considerations because
there are many possible ways of forming a cluster for each N of the scattered nucleons
N1 and N2. For a scattered nucleon N , we first consider the possibility that N may form
a cluster with one of the nucleons {Bk; k = 1, 2, . . . } which have the same spin-isospin
state. This spin-isospin state that is studied first is randomly decided. The cluster-formed
state is denoted by |Φ′

k〉 which is obtained, by first changing the state to |Φq〉 by the
momentum transfer q to N , and then moving the two wave packets of N and Bk to the
same phase-space point without changing their center of mass. Since the different final
states are not orthogonalx Nkl = 〈Φ′

k|Φ′
l〉 
= δkl, the probability that N forms a cluster

with one of {Bk} should be calculated as

(5) P =
∑

kl

〈Φq|Φ′
k〉N−1

kl 〈Φ′
l|Φq〉.

This probability is calculated with an approximation that the many-body state is a direct
product of wave packets centered at the “physical coordinates” [13]. With the calculated
probability P , a cluster will be formed with one of {Bk} and, with the rest of the
probability (1−P ), N does not form a cluster with a nucleon of this spin-isospin state. The
procedure is repeated for other spin-isospin states for {Bk}. Therefore the formation of
light clusters is considered up to an α particle. The factor |〈ϕ′

1|ϕq
1 〉|2|〈ϕ′

2|ϕ−q
2 〉|2 in eq. (4)

should be replaced by the probability determined by this prescription.
Even when the cluster formation is introduced, the many-body state is always repre-

sented by an AMD wave function which is a Slater determinant of nucleon wave pack-
ets. The time evolution of the many-body state is solved just as usual without depending
on whether some of the wave packets form clusters due to collisions in the past (except
for the inter-cluster binding process and the momentum fluctuation upon particle emis-
sion in the next paragraphs). A nucleon in a formed cluster may collide with some other
nucleon so that the cluster is broken. It may be the case that the scattered nucleon forms
the same cluster as before, so that an elastic scattering of the cluster is possible. All of
these kinds of processes are based on the nucleon-nucleon scattering matrix elements,
without introducing parameters to control individual channels of cluster formation. It
is, of course, possible to modify the cluster formation probabilities. For example, in the
calculation of ref. [22], we suppressed the overall cluster production probability when
the momentum transfer is small, by a factor 1 − exp[−q2/(50MeV/c)2]. In some recent
calculations, however, this suppression has been turned off.

It has been realized that the correlations to bind light clusters to form heavier frag-
ments should be taken into account on top of the usual time evolution of AMD [21]. Many
of light nuclei (Li, Be etc.) have only one or a few bound states which may be regarded
as bound states of internal clusters. By the same reason for the issue of light clusters,
the quantum-mechanical probability of forming such a nucleus is not consistent with
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Fig. 3. – Fragment charge distribution in central Xe+Sn collisions (0 < b < 2 fm) at the incident
energies of 50 (left) and 35 (right) MeV/nucleon, calculated by AMD with cluster correlations.
The inset shows the multiplicities of light particles multiplied by the mass number. The INDRA
experimental data are taken from ref. [4].

the semiclassical phase space with which it can be formed in the standard treatment
of AMD. Therefore, for a better description, inter-cluster correlation is introduced as a
stochastic process of binding clusters. The basic idea is to replace the relative momen-
tum between clusters by zero if moderately separated clusters are moving away from each
other with a small relative kinetic energy. It is important how to ensure the total energy
conservation.

The momentum distribution in a wave packet is also a long-standing problem in
molecular dynamics approach for quantum systems. Due to the uncertainty principle,
any single-particle state has a certain momentum width Δp as far as the particle is
localized in coordinate space like a Gaussian wave packet. This is a reasonable description
of nucleons in a nucleus. When a particle is emitted, however, it is reasonable to project
the many-body state onto the states in each of which the emitted particle has a definite
momentum. In recent versions of AMD with cluster correlations, we employ the simplest
method proposed in ref. [24] with a straightforward extension to clusters. A particle
(a nucleon, a cluster or a combined system of clusters) is regarded as emitted if there
are no other particles within a distance in coordinate space or in the phase space. When
a particle is emitted, a momentum fluctuation is randomly given to it according to the
momentum distribution of the wave packet. The energy and momentum conservations
are treated.

5. – Multifragmentation by AMD with clusters

A recent version of AMD with clusters reproduces multifragmentation data very well
as in fig. 3 which shows the comparison with the INDRA data [4] for Xe + Sn central
collisions at 50 and 35 MeV/nucleon. Not only the fragments with A � 5 but also the
light clusters and protons are well reproduced. The fragments in other reactions such
as Ca + Ca at 35 MeV/nucleon and Au + Au at several hundred MeV/nucleon are also
reproduced reasonably well. With the AMD with clusters, consistent reproduction of this
wide range of reactions was first achieved by the calculation in ref. [25]. The quality of
the reproduction reported here is similar to ref. [25] even with more simple and natural
model prescriptions.
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Fig. 4. – The nucleon ratios (N/Z)2ρ and (N/Z)2ρ,p in high-density region without and with
high-momentum condition, respectively, the Δ−/Δ++ production ratio, the pion-like ratio at
t = 20 fm/c, and the final π−/π+ ratio. Each line connects the ratios for each of the five cases
of calculation for central collisions of 132Sn + 124Sn at 300 MeV/nucleon. The horizontal line
represents the (N/Z)2sys ratio of the total system. Taken from ref. [22].

In these multifragmentation reactions, the emission of nucleons and light clusters are
very much influenced by cluster correlations. For example, in neutron-rich systems, the
neutron-to-proton spectral ratio becomes very large due to the strong cluster correlations
that produce many low-velocity α particles. See the results and discussion in ref. [26].

6. – Nucleon dynamics and pion production at 300 MeV/nucleon

Let us turn to the central collisions of neutron-rich nuclei 132Sn + 124Sn at
300 MeV/nucleon. This system was recently studied by AMD in ref. [22] to relate emitted
pions and the dynamics of neutrons and protons which carries important information of
symmetry energy at high densities ρ ∼ 2ρ0 [27]. The essential idea is that the π−/π+

ratio is approximately related to the (N/Z)2 ratio of nucleons in high density region.
A unique character of ref. [22] is that the effect of cluster correlations was studied as well
as that of symmetry energy. A hadronic cascade model called JAM [28] was used for the
treatment of Δ resonances and pions on top of the nucleon dynamics calculated by AMD.

Figure 4 summarizes various isospin-related ratios for different AMD+JAM calcula-
tions, with soft (L = 46 MeV) or stiff (L = 108 MeV) symmetry energies and with or
without cluster correlations in AMD. The simple JAM calculation without any mean-field
term is also shown for comparison. See ref. [22] for the exact definitions of these ratios.
The leftmost column represents the neutron-to-proton squared ratio (N/Z)2ρ in the high
density region with ρ > ρ0. The value of (N/Z)2ρ is lower than the (N/Z)2sys ratio of the
total system because of the symmetry energy effect. The difference between soft and stiff
symmetry energies, for each calculation with and without clusters, shows the degree of
the sensitivity to the density dependence of symmetry energy. An important question is
how this symmetry energy effect may be reflected in the final observables such as the
π−/π+ ratio that is shown in the rightmost column of fig. 4. The final pion ratio is larger
than (N/Z)2sys at this incident energy, as also observed in the Au + Au experiment [6]
and in other transport calculations [29-31]. The value of the final pion ratio does not
actually agree with the (N/Z)2ρ ratio in the high-density region.

A new point of view was introduced in ref. [22] for the relation between the nucleon
dynamics and the pion ratio, by looking at the phase space region of high density and
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Fig. 5. – The time evolution of the squared ratio of neutrons and protons (N/Z)2 calculated for
the selected nucleons that exist in the high density region ρ(r) ≥ ρ0 and have high momenta
|p − prad| ≥ 480 MeV/c. Taken from ref. [22].

high momentum. The high-momentum condition is natural because the Δ-resonance
production is possible only if enough energy is available. The second column of fig. 4 shows
the (N/Z)2ρ,p ratio for the nucleons that are in the high-density and high-momentum
phase-space region of ρ > ρ0 and |p − prad| > 480MeV/c, where the collective radial
momentum prad has been subtracted. We find that the high-momentum region is more
neutron-rich in all the cases of calculations. Furthermore, this (N/Z)2ρ,p ratio well agrees
with the Δ−/Δ++ ratio of the Δ production reaction rates of nn → pΔ− and pp →
nΔ++, as shown in the third column of the figure. This agreement is confirmed by the
comparison of figs. 5 and 6 which show the time evolution of these two kinds of ratios,
respectively. Due to the dynamics after t = 20 fm/c, the final pion ratio is modified from
the Δ−/Δ++ production ratio as shown in fig. 4.

In these results, effects of cluster correlations are observable in several aspects. First
of all, the sensitivity to the symmetry energy is weaker with clusters than without them
in the neutron-to-proton ratios, (N/Z)2ρ and (N/Z)2ρ,p in fig. 4. This can be understood
because the cluster correlation forces some neutrons and protons to move together and
therefore the symmetry forces acting differently on the neutrons and the protons are
averaged out to some degree. By comparing the difference of (N/Z)2ρ and (N/Z)2ρ,p,
we also notice that the high-momentum part is more neutron-rich when the cluster
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Fig. 6. – The time evolution of the Δ−/Δ++ ratio of the Δ production rates. The five differ-
ent lines show the calculations. The horizontal line represents the (N/Z)2sys ratio of the total
system. Taken from ref. [22].
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correlations are turned on. A plausible reason may be as follows. If clusters are formed,
they tend to have smaller velocities on average than non-clustered nucleons, as in ther-
mal equilibrium. In addition, clusters tend to contain similar number of neutrons and
protons like α clusters. Therefore, due to clusters, the low-momentum part of the phase
space becomes more symmetric (N ≈ Z) and thus the high-momentum part becomes
more neutron-rich if the numbers of neutrons and protons are conserved. We also notice
that the final pion ratio is larger than (π−/π+)like at t = 20 fm/c in the calculations
with cluster correlations. This implies that the exterior region of the expanding system
that the created pions have to pass through is more neutron-rich in the calculations with
cluster correlations.

7. – Summary

Clusters are important in heavy-ion collisions, not only simply because they are emit-
ted, but also because formation and existence of light clusters influence the global reaction
dynamics and the nuclear matter properties. AMD has been extended to include clus-
ter correlations in the final states of two-nucleon collisions. A consistent reproduction of
basic characters of fragmentation by recent calculations is much more satisfactory than
before. This suggests that the excited nuclear many-body systems realized in heavy-
ion collisions have stronger cluster correlations than usually described by nucleon-based
transport models. A recent calculation with the AMD+JAM approach [22] showed that
Δ resonances and pions are actually good probes for the neutron-proton dynamics at
high densities in collisions of neutron-rich nuclei at 300 MeV/nucleon. Even at this high
energy, clusters are playing important roles in collision dynamics.
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