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Abstract

This thesis is devoted to explore stellar structures as well as evolution, gravitational

waves and viscous cosmology in the framework of modified theories of gravity. Firstly,

we study physical characteristics of stellar structures in the absence as well as presence

of electromagnetic field in the framework of f(R, T ) theory. We consider the compact

stars whose pressure and density are related through polytropic equation of state

and MIT bag model. The energy conditions are satisfied and stellar configurations

are found stable for the assumed values of free parameters. Secondly, we discuss

anisotropic non-static charged spherical as well as cylindrical sources describing the

phenomena of collapse and expansion in f(R, T ) theory. We analyze the behavior of

density, pressures, anisotropic parameter as well as mass and examine the influence

of charge as well as model parameter on these quantities.

Thirdly, we find the polarization modes of gravitational waves for some f(R)

dark energy models with the help of Newman-Penrose formalism and find two extra

modes than general relativity. We also investigate the propagation of axial gravita-

tional waves in the background of flat FRW universe in f(R, T ) theory through axial

perturbations. It is found that axial waves can induce velocity memory effect.

Finally, we consider viscous modified Chaplygin gas interacting with f(R, T ) grav-

ity in flat FRW universe. We investigate the behavior of total energy density, pressure

and equation of state parameter for emergent, intermediate as well as logamediate

scenarios of the universe with two interacting models. It is found that bulk viscos-

ity enhances the expansion for the intermediate and logamediate scenarios. We also

study the evolution using LRS Bianchi type-I model and discuss the behavior of scale

factors as well as deceleration parameter in dark energy dominated era for different

bulk viscosity models. We conclude that expansion is faster when bulk viscosity is

proportional to the Hubble parameter.
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Introduction

Human beings have been trying to resolve mysteries of the universe since ancient

times and the discovery of accelerated expansion of cosmos is a big achievement in

this respect. The observations of high redshift supernova search team [1] as well

as supernova cosmology project [2] indicate this expanding phase of the universe.

The origin of this expansion is still unknown and a hypothetical term dark energy

is introduced to represent its cause. Another mystery refers to gravitationally inter-

acting matter within galaxies which does not have interaction with electromagnetic

radiation. Its presence is confirmed by observing the motion of stars and galaxies

[3]. According to Planck data, currently our universe is composed of approximately

ninety five percent of these dark components, i.e., majority part of the universe is

unknown to us. Therefore, it would be interesting to unveil these secrets as well as

their consequences on various existing phenomena.

Different theoretical approaches have been introduced to investigate these dark

puzzles like modification in matter or geometric part of the EH action leading to

modified matter models or modified theories of gravity, respectively. These modi-

fied theories mainly involve higher order curvature terms as well as different forms of

curvature-matter couplings. The higher order curvature terms have also been intro-

duced in the EH action to deal with the renormalization issue of GR long before the

1
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discovery of accelerated expansion. Among the plethora of these modified theories,

f(R) theory is the simplest modification of GR. It is obtained by replacing R with

its generic function f(R) in the EH action. There exist f(R) gravity models that can

explain the early inflation [4], discuss cosmological constraints [5] as well as late-time

cosmic expansion [6]. Many astrophysical as well as cosmological aspects have been

investigated within the framework of this theory [7].

Harko et al. [8] proposed a curvature-matter coupling theory, i.e., f(R, T ) gravity

where T denotes trace of the energy-momentum tensor. Consideration of curvature-

matter coupling in the EH action yields interesting consequences such as covariant

derivative of the energy-momentum tensor is no longer zero implying the existence

of an extra force as well as non-geodesic path of particles [9]. The theory of GR

breaks down near the Planck length 1.6 × 10−35m and this issue can be resolved by

considering such coupling [10]. In cosmological scenario, it can explain the problem

of galactic flat rotation curves as well as dark matter and dark energy interactions.

Stars or stellar structures are one of the constituents of the universe representing

the primary building blocks of galaxies. A star is luminous sphere of plasma bonded

with the help of its self-gravitation and this inward gravity is balanced by the out-

ward directed thermal pressure originated by fusion reactions. When this balance

is disturbed, the star does not remain stable and under goes collapse when gravity

overcomes pressure while faces expansion when gravity is dominated by pressure. Op-

penheimer and Snyder [11] were the first to work on gravitational collapse for dust

configuration. Misner and Sharp discussed the dynamics of perfect [12] as well as

dissipative fluid collapse [13]. Later on, many researchers investigated the collapsing

process for different fluid configurations [14]. Glass [15] examined solutions of the
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field equations which yield collapse and expansion in GR.

The consequence of collapse is a compact object classified as white dwarf, neutron

star and black hole. For a compact object having isotropic fluid distribution the

mass-radius ratio cannot exceed 4
9

[16]. The upper bound for the masses of white

dwarfs is 1.4M¯ [17] while for the masses of neutron stars is 3M¯ [18]. For static

spherical configurations, the maximum bound for the surface redshift parameter is

found as zs ≤ 2 with perfect fluid distributions [16] while for anisotropic models it

is zs ≤ 5.211 [19]. The stability of compact object is an important issue and can be

observed by perturbation technique as well as speed of sound. The system remains

stable if small perturbations do not change its equilibrium structure or if the sound

speed falls between zero and one.

Zubair et al. [20] discussed energy conditions, gravitational redshift as well as

stability of some observed compact objects in f(R, T ) gravity with the help of Krori

and Barua solution. Moraes et al. [21] worked on the equilibrium states of compact

objects using polytropic EoS and MIT bag model in this theory. Carvalho et al. [22]

analyzed white dwarfs using an EoS describing ionized atoms embedded in a rela-

tivistic Fermi gas of electrons in curvature-matter coupling scenario. They observed

that white dwarfs have larger radius and mass in f(R, T ) gravity than those observed

in GR and f(R) theory.

Rosseland and Eddington [23] figured out the presence of electric charge in stars

and after that the role of electromagnetic field is extensively observed in literature.

Sharif and Abbas [24] investigated charged collapse in modified Gauss-Bonnet gravity

showing that charge term does not provide source of gravity. Abbas and his co-authors

extended the analysis of [15] for plane symmetric geometry [25], charged spherical
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configurations [26] and for charged cylindrical source [27] in GR. Bhatti and Yousaf

[28] examined charge effects on plane symmetric anisotropic dissipative fluid in the

framework of Palatini f(R) gravity. Abbas and Ahmed [29] discussed the collapsing

and expanding solutions for charged sphere in f(R, T ) theory of gravity.

The compact binary systems and their mergence produce fluctuations in the cur-

vature of spacetime known as GWs. The significance of GWs comes from the fact that

they lead to new techniques to explore cosmic issues. After a long history of strug-

gles (from Weber bars to advanced laser interferometers), scientific efforts came true

and GWs are finally detected by earth-based detectors. Some of the observed GWs

signals by the LIGO scientific collaboration (LIGO stands for laser interferometer

gravitational wave observatory) are GW150914 [30], GW170104 [31] and GW170817

[32]. The most recent signal [32] of GWs is consistent with the binary neutron star

inspiral. It has an association with gamma ray burst signal GRB170817A detected by

gamma-ray burst monitor and provides the first direct evidence of gamma-ray bursts

during the mergence of two neutron stars.

Thus being an observable phenomenon GWs has become a topic of central impor-

tance. The PMs of a GW provide information regarding geometrical orientation of

the source. Generally, these modes are discussed in vacuum via perturbations around

Minkowski metric called the linearized theory. To discuss the radiation theory, New-

man and Penrose [33] developed the tetrad and spinor formalism. This method is

further considered by Eardley et al. [34] in linearized gravity concluding that the

PMs of plane null waves are represented by six NP parameters as well as they pro-

posed the Lorentz invariant E(2) classification of these waves.

Capozziello et al. [35] found a massive longitudinal mode other than GR in f(R)



5

theory and discussed the response function of laser interferometer space antenna for

these waves. Alves et al. [36] showed that for the quadratic gravity with L =

R + αR2 + γRµνR
µν all PMs are non-zero. Kausar et al. [37] found two extra

modes than GR for f(R) gravity models. Alves et al. [38] obtained these modes for

curvature-matter coupling theories, i.e., f(R, T ) and f(R, T φ) theory. They concluded

that in vacuum f(R, T ) theory produced the results of f(R) while for f(R, T φ) gravity

these modes depend upon the choice of f(T φ). Kausar [39] examined these modes for

scalar-tensor theories and found the same result as for f(R) theory.

Malec and Wylȩżek [40] investigated Huygens principle for cosmological GWs in

Regge-Wheeler gauge and found that this principle is satisfied in radiation domi-

nated era while it does not hold in matter dominated universe. Kulczycki and Malec

[41] studied perturbations induced by axial and polar GWs in FRW universe. They

concluded that Huygens principle has the same status for both types of waves, it is

valid for radiation era while it is broken elsewhere. The same authors [42] discussed

cosmological rotation of matter induced by axial GWs.

The detection of GWs gives motivation to study the stellar structures with an ex-

terior consisting of GWs. However, according to Bhirkoff’s theorem vacuum solution

of the Einstein field equations for a sphere does not have gravitational radiation and

cylindrical systems are the next option. In case of cylindrical systems, Einstein and

Rosen formulated exact solutions of the field equations showing the propagation of

cylindrical GWs. Sharif and Bhatti [43] studied cylindrical system with expansion-

free condition as well as in the presence of charge. Sharif and Farooq discussed the

dynamics of collapse for charged perfect cylindrical system [44] with bulk viscous

dissipative fluid [45].
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This thesis explores some cosmological and astrophysical issues in the context of

f(R) and f(R, T ) theories of gravity.

• Chapter One comprises the essential preliminaries to understand this thesis.

• In chapter Two, we investigate physical characteristics of compact stars in the

absence and presence of electromagnetic field.

• Chapter Three studies the collapsing and expanding solutions for charged

spherical as well as cylindrical configurations.

• In chapter Four, we explore PMs of GW for some f(R) models and the prop-

agation of axial GWs in f(R, T ) background.

• Chapter Five discusses the evolution of isotropic as well as anisotropic universe

for bulk viscous fluid.

• Finally, we conclude the results in the last chapter.



Chapter 1

Preliminaries

This chapter covers the basic concepts of all terminologies that will be helpful to

understand the research work.

1.1 Modified Theories of Gravity

In the current cosmological and astrophysical research, modified theories of gravity

have gained much interest to explain the current accelerated expanding behavior of

the universe. Any modification in GR is obtained by modifying its action defined by

S =

∫ √−g

(
R

2κ2
+ LM

)
d4x,

with R as the Ricci scalar, g the determinant of spacetime matrix, LM the matter

Lagrangian density and κ2 = 8πG with G = 1. An action basically tells us about

the dynamical attribute of a physical system as well as gives its equations of motion.

In GR, these equations are Gµν = 8πTµν , where Gµν denotes the Einstein tensor and

Tµν represents the energy-momentum tensor. Physically, these equations depict how

the presence of matter induces curvature in spacetime fabric. Here, we would like to

discuss f(R) and f(R, T ) theories of gravity and their field equations.

7
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1.1.1 f(R) Gravity

An obvious generalization of GR is the f(R) theory of gravity with the EH action

S =

∫ √−g

(
f(R)

2κ2
+ LM

)
d4x, (1.1.1)

where f(R) is a generic function of R. The corresponding field equations are

fRRµν − 1

2
fgµν −∇µ∇νfR + gµν2fR = 8πTµν , (1.1.2)

where fR denotes derivative of f with respect to its argument R, 2 = ∇µ∇µ is

the d’ Alembertian operator. These are fourth-order dynamical equations whereas

in GR, the field equations are of second-order. These higher-order curvature terms

are supposed to mimic the effects of dark energy in order to discuss the expanding

universe. Also, any viable f(R) model should avoid the Ostrogradski [7] and Dolgov-

Kawasaki instabilities [46] yielding the following constraints

fR > 0, fRR > 0, R ≥ R0,

with R0 denotes current value of the Ricci scalar.

1.1.2 f(R, T ) Gravity

A curvature-matter coupling theory helps to study the nature of gravity at quantum

level as well as non-geodesic motion of particles. Harko et al. [8] introduced f(R, T )

gravity which is a generalization of f(R) gravity. The action for f(R, T ) gravity is

given by

S =

∫
d4x

√−g

[
1

2κ2
f(R, T ) + Lm

]
. (1.1.3)

It yields the following field equations

fRRµν − 1

2
gµνf + (gµν2−∇µ∇ν)fR = 8πTµν − fT (Tµν + Θµν), (1.1.4)



9

with f = f(R, T ), fR = ∂f
∂R

, fT = ∂f
∂T

and Θµν is evaluated by

Θµν = gγσ δTγσ

δgµν
, Tµν = gµνLm − ∂Lm

∂gµν
. (1.1.5)

The matter Lagrangian density can be defined by pressure or density, i.e., Lm = p

or Lm = −ρ. These two Lagrangian densities are equivalent for a perfect fluid if

the curvature-matter coupling is minimal and if this coupling is non-minimal, they

give rise to two distinct results of any problem [47]. Harko et al. suggested different

functional forms of f(R, T ) defining minimal/non-minimal coupling between matter

and geometry.

• f(R, T ) = R + 2λT ,

• f(R, T ) = f1(R) + f2(T ),

• f(R, T ) = f1(R) + f2(R)f3(T ),

where f1(R), f2(R), f3(T ) are arbitrary functions of their arguments and λ is constant

called model parameter. The first two types of models define minimal coupling while

the last one has non-minimal coupling. The first model reduces to GR for λ = 0 and it

corresponds to ΛCDM model with time dependent cosmological constant. Following

the same arguments as in f(R) case, the constraints on the viability of f(R, T ) gravity

models are

fR > 0, 1 +
fT

8π
> 0, fRR > 0, R ≥ R0. (1.1.6)

1.2 Electromagnetic Field Theory

The electromagnetic field contains the combine effects of electric and magnetic fields

produced by charged objects. The area in the surrounding of a charged particle
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within which it can exert the electrostatic force on other particles is the electric field.

Magnetic field is similar to electric field and describes the effects of nearby magnetized

material and electric currents at a point. When charged particles are in motion

then magnetic field is also produced such that both fields (electric and magnetic)

are orthogonal to each other as well as to the direction of motion. Mathematically,

Maxwell field equations describe the evolution of electromagnetic field. The covariant

form of Maxwell equations is given as follows

∇[γFµν] = 0, (1.2.1)

∇νFµν = 4πjµ, (1.2.2)

where jµ gives the source of electromagnetic field and Fµν is the electromagnetic field

tensor also called Faraday’s tensor. This is a second rank antisymmetric tensor with

the following expression in the form of four potential ϕµ

Fµν = ϕν,µ − ϕµ,ν . (1.2.3)

The four potential is given by

ϕµ = (ϕ0, ϕi); i = 1, 2, 3, (1.2.4)

where ϕ0 is the electrostatic potential associated with electric field and ϕi is the

magnetic potential related to magnetic field. The four current has the following

expression

jµ = ξ(r)Vµ, (1.2.5)

with ξ(r) representing charge density. The energy-momentum tensor of electromag-

netic field is defined by

Eµν =
1

4π

(
F α

µ Fνα − 1

4
FαβFαβgµν

)
. (1.2.6)
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1.3 Energy Conditions

The energy-momentum tensor of any realistic matter configuration satisfies some

constraints, like positivity of energy density and dominance of energy density over

pressures, known as energy conditions. The violation of these conditions suggest the

presence of exotic fluid. These conditions are derived from the famous Raychaud-

huri equation which describes the motion of matter through evolution of expansion

scalar ϑ for the congruence of non-spacelike vectors. For non-geodesic motion, the

Raychaudhuri equation for timelike congruences has the following form [48]

ϑ̇ +
1

3
ϑ2 − ωµνωµν + σµνσµν −∇µ(vν∇νv

µ) + Rµνv
µvν = 0, (1.3.1)

where dot represents the derivative with respect to t, vµ is a timelike vector field,

ωµν and σµν stand for vorticity and shear tensors of the corresponding congruence,

respectively. Similarly, for null congruence the above equation is

ϑ̇ +
1

3
ϑ2 − ωµνωµν + σµνσµν −∇µ(vν∇νv

µ) + Rµνl
µlν = 0, (1.3.2)

and lµ is a null vector.

Considering gravity to be attractive, i.e., ϑ < 0 as well as neglecting the quadratic

terms with the assumptions of rotation-free motion (ω2 = 0) and negligible distortions

(σ2 = 0), we have from Eqs.(1.3.1) and (1.3.2)

Rµνv
µvν − At ≥ 0, Rµνl

µlν − At ≥ 0,

where At = ∇µ(vν∇νv
µ) is the acceleration term. The above constraints are further

transformed in terms of the energy-momentum tensor through the field equations as

(Tµν − 1

2
gµνT )vµvν − At ≥ 0, Tµνl

µlν − At ≥ 0.

These inequalities provide the following constraints on the energy-momentum tensor
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• WEC: This condition states that the energy density measured by an observer

having timelike tangent vector vµ should be positive, given by

Tµνv
µvν − At ≥ 0. (1.3.3)

• NEC: The above condition for a null vector instead of timelike gives the NEC

Tµνl
µlν − At ≥ 0, (1.3.4)

which is the second expression obtained from Raychaudhuri equation.

• SEC: According to this condition, gravity should be attractive as derived by

Raychaudhuri equation

(Tµν − 1

2
gµνT )vµvν − At ≥ 0. (1.3.5)

• DEC: This condition states that the speed of energy flow in a matter distrib-

ution satisfies the causality condition

Tµνv
µvν − At ≥ 0, TµνT

ν
δ lµlδ − At ≥ 0. (1.3.6)

Now we consider the anisotropic energy-momentum tensor, timelike and null vec-

tors in the following form [49]

T µν = ρeµ
0e

ν
0 + p1e

µ
1e

ν
1 + p2e

µ
2e

ν
2 + p3e

µ
3e

ν
3,

vµ =
1√−1 + a2 + b2 + c2

(eν
0 + aeν

1 + beν
2 + ceν

3),

lµ = eν
0 + âeν

1 + b̂eν
2 + ĉeν

3,

where ρ is the energy density, pi denote pressures and a, b, c, â, b̂, ĉ are arbitrary

functions of coordinates. The vectors eν
α form an orthonormal basis and satisfy the
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relation

gµνe
µ
αeν

β = ηαβ. (1.3.7)

Using the above expressions of Tµν , vµ and lµ, we have the following energy conditions

for perfect fluid matter distribution

• WEC: ρ− At ≥ 0, ρ + p− At ≥ 0,

• NEC: ρ + p− At ≥ 0,

• SEC: ρ + 3p− At ≥ 0, ρ + p− At ≥ 0,

• DEC: ρ− At ≥ 0, ρ± p− At ≥ 0.

In the presence of electromagnetic field, Tµν is replaced by Tµν + Eµν .

1.4 Compact Objects

The end of nuclear fusion processes in a star leads to the stellar death whose remnants

are referred to compact objects depending upon the original mass of the star. A

compact object will be a white dwarf if initial mass of the star is less than eight times

the solar mass while it will be a neutron star or black hole for more massive stars.

White dwarfs and neutron stars have been observed in the universe while the existence

of black holes is supported by some ground-based observations. Compact objects have

their own physical features including density, pressure, mass, radius, compactness,

surface redshift and luminosity. The surface gravitational redshift is defined as the

decrease in frequency and increase in wavelength of the electromagnetic radiation

as they travel from high to low gravity regime, compactness means denseness and

luminosity gives the emitted amount of energy per unit time.



14

1.4.1 Degeneracy Pressure

Here, we discuss degeneracy pressure which halts the collapse in these compact objects

except black holes. In particle physics, a particle which has no further substructure is

called an elementary particle. Elementary fermions and bosons are considered as the

fundamental particles. Fermions can further be classified into six quarks named as up

(u), down (d), strange (s), charm (c), top (t), bottom (b) and leptons consisting of

Electron, Positron, Muon, Tau and Neutrinos. Similarly, bosons are further classified

into gauge and scalar bosons.

For both types of particles (fermions and bosons), the governing way of particle

distribution over various energy levels is different. One of these ways is the Fermi-

Dirac statistics for spin half particles and the other one is the Bose-Einstein statistics

for integer spin particles. Fermions are distributed according to Fermi-Dirac statistics

and obey the Pauli exclusion principle, i.e., no two identical fermions can occupy the

same energy state while bosons are dispersed via Bose-Einstein statistics and do not

obey the Pauli exclusion principle. Degenerate matter is a type of very dense matter

whose particles follow the Pauli exclusion principle and pressure exerted by such kind

of matter is the degeneracy pressure, e.g., electron and neutron degeneracy pressures.

1.4.2 White Dwarfs

The term dwarf is generally used for a star of smaller mass while its color indicates

its surface temperature like hot star emits blue-white light and cooler ones red light.

White dwarfs have masses comparable with the solar mass while radius with that of

the Earth making it dense [17]. Alven Clark in 1862 discovered the first white dwarf

named as Sirius B. In a normal star, the fusion reaction converting hydrogen into
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helium produces pressure against gravity but in white dwarfs, no fusion processes

exist instead gravity is opposed by electron degeneracy pressure.

1.4.3 Neutron Stars

These are one of the outcomes of stellar collapse and are more massive as well as

smaller in size than white dwarfs. Their constituents are neutrons (a combination

of two down and one up quark) whose degeneracy pressure stops further collapse by

balancing gravitational pull. A neutron star can also collapse to form a black hole if

it is dense enough. If it is not much dense to form a black hole there is a possibility

to turn into a quark star.

1.4.4 Quark stars

Six quarks and their antiparticles make up composite particles like protons and neu-

trons. Quarks themselves have fractional charges and combine to form electrically

charged particles with integer charge. Quark stars are hypothetical compact objects

composed of up, down and strange quarks. It is supposed that due to extreme tem-

perature and pressure nuclear matter dissolves into quarks. The transition of neutron

stars into quark stars has been discussed in the literature [50].

1.4.5 Black Holes

Black holes are totally collapsed objects in which a huge amount of matter is packed

in a very small region making the gravitational field so strong that nothing even light

cannot escape from it and hence we have no information about interior of a black

hole. Black holes are characterized by their mass, charge and angular momentum.
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The famous black hole solutions are Schwarzschild, Reissner-Nordström, Kerr and

Kerr-Newman.

1.4.6 Equation of State for Degenerate Matter

The temperature of a white dwarf or neutron star drops to zero. With the passage

of time, the only pressure supporting the inward force of attraction is the pressure

produced by degenerate matter composed of electrons and neutrons. Consider an

ideal situation of a single non-interacting fermions specie at zero temperature, the

resulting EoS is of the polytropic form, i.e., p = σ1ρ
σ2 , where σ1 and σ2 represent

polytropic constant and index, respectively [17]. In general, the polytropic EoS for

σ2 = 5
3

can well describe the non-relativistic neutron stars and white dwarfs while

p = σ1ρ
2 can be used to describe the Bose-Einstein condensate stars or properties of

dark matter. At low temperature, particles form quantum degenerate condensate in

a dilute Bose gas by occupying the same quantum state. In neutron stars and white

dwarfs, the Bose-Einstein condensed core can be formed as a result of dark matter

accretion [51].

1.4.7 Equation of State for Quark Matter

A satisfactory EoS for quark matter should predict the nature of a color charge,

i.e., enhancement of a color charge with increasing distance while its ineffectiveness

on other color charges within a smaller range. To obtain such an EoS is a difficult

task, not obtained yet. However, several searches indicate that some confinement

mechanism for quarks is required for this purpose and the term bag is referred to

the region where quarks are supposed to be confined. In this respect, Bogoliubov
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[52] in 1967 formulated the first bag model for the quarks confined in a spherical

cavity giving some accurate predictions but suffer some flaws. After that in 1974, five

scientists from MIT proposed another bag model known as the MIT bag model [53].

This model is an extension of Bogoliubov bag model and simulate the quark matter

kinematics within the nucleon as well as it covers most of Bogoliubov’s drawbacks by

introducing bag constant B which gives the confining pressure. The EoS representing

MIT bag model is p = ã(ρ− 4B), with ã and B as constants.

1.5 Gravitational Waves and Polarization Modes

General relativity predicts the existence of a massless spin-2 field called graviton that

mediates force of gravity and this further implies the existence of GWs. Gravitational

wave is a ripple in the curvature of spacetime produced by a moving object. These

waves are invisible, travel with nearly speed of light and stretch as well as squeeze

an object as they travel. Any object having mass and moving with some acceleration

produces GWs but the GWs produced by objects on earth are too hard to detect due

to their small masses. However, binary systems of compact objects are important

source to observe GWs. These waves help to understand outer space phenomena

and can provide information of different cosmic events which cannot be conveyed by

electromagnetic radiation, e.g., electromagnetic radiation cannot provide information

about black holes but GWs emitted by black holes are source of information about

them.

Polarization of a wave is an expression showing the orientation of the wave, it

may be constant or can rotate with wave cycle. To find PMs of GWs faraway from

their sources or in vacuum, a negligible self-gravity matter is considered such that the
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relative tidal acceleration between any two points is only observable and measurable

field. Considering a coordinate system with observer P as origin, the acceleration is

defined in terms of Riemann tensor as [34]

aGrav
i = −Ri0j0x

j,

where Ri0j0 are components of the Riemann tensor showing external gravitational

effects. To deal with the issue of gravitational radiation, Newman and Penrose [33]

introduced tetrad formalism for the decomposition of Riemann tensor. They defined

the following relations between the Cartesian basis (t, x, y, z) and complex null-tetrad

(k, l, n, ñ)

k =
1√
2
(t + z), l =

1√
2
(t− z), (1.5.1)

n =
1√
2
(x + iy), ñ =

1√
2
(x− iy), (1.5.2)

satisfying the relations

−k.l = n.ñ = 1, k.n = k.ñ = l.n = l.ñ = 0. (1.5.3)

Following formula is used to transform any tensor from Cartesian to null basis

Sabc... = Sαβγ...a
αbβcγ..., (1.5.4)

where (a, b, c, ...) vary over the set {k, l, n, ñ} and (α, β, γ, ...) vary over {t, x, y, z}.
For plane null waves, independent components of the Riemann tensor defining

PMs have the following form in terms of null-tetrad [34]

Ψ2 = −1

6
Rlklk, Ψ3 = −1

2
Rlklñ, Ψ4 = −Rlñlñ, Φ22 = −Rlnlñ. (1.5.5)
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Figure 1.1: Ψ4 represents plus and cross tensorial modes.

These are some helpful relations of null-tetrad components of the Riemann and Ricci

tensors

Rlk = Rlklk, Rll = 2Rlnlñ, Rln = Rlkln, Rlñ = Rlklñ, R = −2Rlk. (1.5.6)

The classification of weak plane null waves defined by Eardley et al. [34] is given in

Table 1. The expressions of Ψ3 and Ψ4 are complex and each one corresponds to two

independent modes associated with real and imaginary parts as well as the change

induced by these modes on a sphere of test particles is shown in Figures 1.1-1.3,

respectively.

Table1: The E(2) Classes of Weak Plane Null Waves

Classes Condition for NP Parameters
II6 Ψ2 6= 0
III5 Ψ2 = 0 and Ψ3 6= 0
N3 Ψ2 = 0 = Ψ3, Ψ4 6= 0 and Φ22 6= 0
N2 Ψ2 = 0 = Ψ3 = Φ22 and Ψ4 6= 0
O1 Ψ2 = 0 = Ψ3 = Ψ4 and Φ22 6= 0
O0 Ψ2 = 0 = Ψ3 = Φ22 = Ψ4

1.6 Regge-Wheeler Perturbations

The study of GWs for perturbed Schwarzschild background is significant because the

emission of GWs from black holes carry information about their mass, spin as well as
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Figure 1.2: Left figure represents Φ22 the breathing scalar mode and right one repre-
sents Ψ2 the purely longitudinal mode.

Figure 1.3: Ψ3 represents the mixed mode.
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charge and the analysis of perturbations tells about the stability of the object. Regge

and Wheeler [54] explored this phenomenon by perturbing the metric coefficients of

Schwarzschild metric as gµν + hµν and then proceeded to have an explicit solution

of hµν in four coordinates (t, r, θ, φ). For this purpose, they consider hµν in terms of

spherical harmonics Y m
l in which the subscript l denotes the angular momentum and

superscript m is its projection on z-axis. Spherical harmonics are defined by

Y m
l (θ, φ) = (−1)m

√
2l + 1

4π

(l −m)!

(l + m)!
Pm

l (cos θ)eimφ; l = 0, 1, 2, ... ,

m = −l,−l + 1,−l + 2, ..., l,

where Pm
l (cos θ) stand for Legendre polynomials (with the superscript showing the

order not power) and are defined by

Pm
l (x) =

(−1)m

2ll!
(1− x2)

m
2

dl+m

dxl+m
(x2 − 1)l.

Spherical harmonics are introduced in obtaining the solution of Laplace equation

in spherical coordinates and have different parities with respect to an inversion of

the system about origin. If the sign of wave function remains the same under the

reflection of spacial coordinates, it is of even parity, otherwise odd parity wave. Hence,

this decomposition of hµν in spherical harmonics leads to even as well as odd parity

solutions. Here we consider only odd parity waves (due to simplicity as compared to

even parity waves) for which the perturbation matrix is given by

hµν =




0 0 −k0
∂

sin θ∂θ
Y m

l k0
sin θ∂

∂θ
Y m

l

0 0 −k1
∂

sin θ∂φ
Y m

l k1
sin θ∂

∂θ
Y m

l

sym sym k2

(
∂2

sin θ∂θ∂φ
− cos θ∂

sin2 θ∂φ

)
Y m

l sym

sym sym 1
2
k2

(
∂2

sin θ∂θ∂φ
+ cos θ∂

∂θ− sin θ∂2

∂θ∂θ

)
−k2

(
sin θ∂2

∂θ∂φ
− cos θ∂

∂φ

)
Y m

l




,
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where k0, k1 and k2 are functions of t and r while sym means that the entry comes

from symmetric property of the tensor hµν . Considering the special case of m = 0

such that φ disappears from calculations and assuming the function k2 = 0 simplifies

the odd-parity perturbation matrix as

hµν = e−imφ sin θ
∂

∂θ
Pl(cos θ)




0 0 0 k0

0 0 0 k1

0 0 0 0

k0 k1 0 0




, (1.6.1)

known as odd-parity perturbations in the Regge and Wheeler gauge where Pl(cos θ)

is the lth order Legendre polynomial.

1.7 Cosmological Models and Parameters

A cosmological model provides mathematical interpretation of the universe and helps

to understand cosmic evolution as well as other cosmic phenomena. Our universe is

homogeneous and isotropic on large scales according to the cosmological principle and

this concept is mathematically encoded as standard cosmic model. Firstly, Alexander

Friedmann in 1922 proposed this model while Howard Percy Robertson and Arthur

Geoffrey Walker made some improvements and the modified model is known as FRW

universe model whose mathematical form is given as

ds2 = dt2 − a(t)2

1−Kr2
(dx2 + dy2 + dz2), (1.7.1)

where a(t) denotes the scale factor and K is the spatial curvature such that K =

−1, 0, 1 correspond to open, flat and closed universe. The FRW spacetime can well

describe cosmic dynamics on large scales but on small scales where inhomogeneities
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are inevitable, FRW model is not a suitable choice [55]. In this regard, the simplest

generalization of flat FRW universe is the Bianchi type-I model having different scale

factors in each spatial direction. Its line element is given by

ds2 = −dt2 + a2
1dx2 + a2

2dy2 + a2
3dz2, (1.7.2)

where ai are the scale factors. Bianchi type-I metric becomes locally rotationally

symmetric (LRS) when the scale factors in any two directions are considered to be

equal, i.e, the expansion in two directions is same.

In the following, we briefly explain some parameters that help to explore evolution

of the universe.

• First one is the scale factor which indicates expansion. For the standard cos-

mological model, it is same in all the three directions.

• The next is Hubble parameter defined by the quotient of temporal derivative

of a scale factor by itself, i.e., Hi = ȧi

ai
or H =

P3
i=0 Hi

3
, the mean Hubble

parameter and H = ȧ
a

for FRW model. It gives expansion rate of the universe

and is equivalent to Hubble law that the velocity with which two galaxies are

moving apart from each other is directly proportional to the distance between

them with the Hubble parameter as constant of proportionality.

• A quantity providing information about increase and decrease in the expansion

of the universe is the deceleration parameter denoted by q̃ and is defined by

q̃ = −aä

a2
.

Its positive value shows deceleration while negative one indicates acceleration

in expansion rate of the universe.
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• The parameter which describes different evolutionary phases of the universe is

known as EoS parameter defined by ω = p
ρ
. It shows existence of stiff fluid, dust

and radiation for ω = 1, 0, 1
3
, respectively while its negative values correspond

to dark energy dominated phase which is subdivided into phantom and non-

phantom phases according to ω < −1 and ω > −1.

1.8 Chaplygin Gas Model

The Russian Mathematician Sergey Alexeyevich Chaplygin proposed the following

EoS [56]

p =
−b2

ρ
; b2 > 0, (1.8.1)

to describe the force on a wing of airplane. Kamenshchik et al. [57] considered this

EoS in cosmology to discuss accelerated expansion of the universe. Further, a GCG

model with the EoS

p =
−b2

ρδ
; b2 > 0, 0 < δ ≤ 1, (1.8.2)

is considered as a unified model of dark energy and dark matter [58]. In fact, the GCG

model could replace both the dark matter a pressureless fluid and dark energy having

huge negative pressure. From this EoS, pressure becomes negligible as compared

to density at the epoch when energy density is very very large (early epoch during

evolution of the universe) such that GCG EoS corresponds to dark matter while if

energy density is very small, its negative power gives a huge negative pressure and the

EoS represents dark energy dominated era. Benaoum [59] proposed another extended

model of CG EoS known as MCG defined by

p = b1ρ− b2

ρδ
. (1.8.3)
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Here b1, b2 are positive constants and 0 < δ ≤ 1. The MCG is compatible with

accelerated expansion of the universe. For b2 = 0, this model reduces to barotropic

EoS and for b1 = 0, it reduces to GCG model.



Chapter 2

Stellar Structures in f (R, T )
Gravity

This chapter is devoted to study physical features of perfect fluid stellar configurations

in the absence and presence of electromagnetic field. We discuss the behavior of

pressure, density, mass function as well as gravitational redshift of stellar objects

and investigate their stability through speed of sound. The chapter has following

format. Section 2.1 contains the field equations and physical features of compact

objects obeying polytropic EoS as well as MIT bag model. In section 2.2, we discuss

physical characteristics of charged stellar objects via polytropic EoS. This work has

been published in the form of two research papers [60, 61].

2.1 Physical Features of Compact Objects

We consider spherically symmetric compact object whose geometry is described by

the metric

ds2 = −B(r)dt2 + A(r)dr2 + r2(dθ2 + sin2 θdφ2). (2.1.1)

26
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The energy-momentum tensor of perfect fluid in comoving coordinates is

Tµν = (ρ + p)VµVν + pgµν , (2.1.2)

where Vµ is the four velocity satisfying VµV
µ = −1 and T = 3p− ρ. We take Lm = p

and consequently Θµν = −2Tµν + pgµν . Here we consider the model f(R, T ) =

f1(R) + f2(T ) = R + αR2 + λT [62]. The f(R, T ) theory is reduced to f(R) gravity

for T = 0 which happens in the radiation dominated era. Thus discussion of this era

in the evolution of universe within f(R, T ) scenario is an issue. This model solves the

issue and describes the radiation dominated era. This model is reduced to GR when

α and λ approach to zero and to f(R) Starobinsky model [4] when only λ = 0. It

simplifies the field equations (1.1.4) as

(1 + 2αR)Gµν + 2α(gµν2R−∇µ∇νR) +
α

2
R2gµν = 8πTµν + λTµν − λpgµν +

λ

2
Tgµν ,

(2.1.3)

and the trace equation is

6α2R−R = 8πT + 3λT − 4λp, (2.1.4)

which indicates the propagation of a new degree of freedom, i.e., R. Thus we consider

R as an independent dynamical variable [63].

Equation (2.1.3) leads to the following field equations

A′

rA2
+

1

r2
− 1

r2A
− R(3αR + 2)

6(1 + 2αR)
+

αR′B′

AB(1 + 2αR)
=

1

1 + 2αR[
16

3
πρ + 8πp +

11

6
λρ +

7

6
λp

]
, (2.1.5)

B′

rAB
− 1

r2
+

1

r2A
+

2αR′

(1 + 2αR)

(
B′

2AB
− 2

rA

)
+

αR2

2(1 + 2αR)
=

1

(1 + 2αR)

[
8πp +

λ

2
(3p− ρ)

]
, (2.1.6)
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r2

2A

(
B′

B

)′
− r2A′

A2

(
2

r
+

B′

4B

)
+

r2B′

2AB

(
1

r
+

B′

2B

)
+

2αr2

(1 + 2αR)[
A2

4
+

R

6α
− A′

Ar

]
=

r2

(1 + 2αR)

[−2

3
λp +

1

2
λρ +

8

3
πρ

]
, (2.1.7)

where prime denotes differentiation with respect to r. In further calculations, we

substitute B̃ = B′
B

. Adding Eqs.(2.1.5) and (2.1.6), we obtain

A′ =
2rA2

3(1 + 2αR)

[
8π(ρ + 3p) + 2λ(ρ + 2p) + R

(
1

2
− 3αB̃

rA

)

− 3B̃

2rA
− 3αR′

A

(
B̃ − 2

r

)]
. (2.1.8)

Similarly, Eq.(2.1.7) can be rewritten as

B̃′ =
2A′

A

(
2

r
+

B̃

4

)
− B̃

(
1

r
+

B̃

2

)
− 4αA

(1 + 2αR)

[
A2

2
− A′

Ar
+

R

6α

]

+
2A

(1 + 2αR)

[
8

3
πρ + λ

(
ρ

2
− 2p

3

)]
, (2.1.9)

while the trace equation gives

R′′ =

(
A′

2A
− B̃

2
− 2

r

)
R′ +

A

6α
(R + 2(4π + λ)(3p− ρ)− (ρ + p)λ) . (2.1.10)

The covariant divergence of the field equations yields [64]

∇µTµν =
fT

8π − fT

[
(Tµν + Θµν)∇µ ln fT +∇µΘµν − 1

2
gµν∇µT

]
.

For the model f(R, T ) = R + αR2 + λT , this gives

∇µTµν =
λ

8π − λ

[
∇µΘµν − 1

2
gµν∇µT

]
,

which yields the hydrostatic equilibrium equation as

p′ + (ρ + p)
B̃

2
=

λ

2(8π − λ)
(ρ′ − p′).
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This can also be written as

p′ = − (ρ + p)B̃

2
[
1− λ

2(8π−λ)

(
dρ
dp
− 1

)] . (2.1.11)

To study the compact objects in the framework of f(R, T ) gravity, we consider poly-

tropic EoS and MIT bag model.

2.1.1 Equilibrium Configuration of Polytropic Stars

Here we discuss polytropic star having EoS p = σ1ρ
5
3 and the constant σ1 is assigned

the value σ1 = 1.475 × 10−3(fm3/MeV )2/3 [21]. Equations (2.1.8)-(2.1.11) for ρ =
(

p
σ1

) 3
5

become

A′ =
2rA2

3(1 + 2αR)

[
8π

((
p

σ1

) 3
5

+ 3p

)
+ 2λ

((
p

σ1

) 3
5

+ 2p

)

+ R

(
1

2
− 3αB̃

rA

)
− 3B̃

2rA
− 3αR′

A

(
B̃ − 2

r

)]
, (2.1.12)

B̃′ =
2A′

A

(
2

r
+

B̃

4

)
− B̃

(
1

r
+

B̃

2

)
− 4αA

(1 + 2αR)

[
A2

2
− A′

Ar
+

R

6α

]

+
2A

(1 + 2αR)

[
8

3
π

(
p

σ1

) 3
5

+ λ

(
1

2

(
p

σ1

) 3
5

− 2p

3

)]
, (2.1.13)

R′′ =

(
A′

2A
− B̃

2
− 2

r

)
R′ +

A

6α

(
R + 2(4π + λ)

(
3p−

(
p

σ1

) 3
5

)

−
((

p

σ1

) 3
5

+ p

)
λ

)
, (2.1.14)

p′ =

−
((

p
σ1

) 3
5

+ p

)
B̃

2

[
1− λ

2(8π+λ)

(
3

5σ1

(
p
σ1

)−2
5 − 1

)] . (2.1.15)

Now we discuss the initial conditions required to integrate the above system of

differential equations. The pressure and density of a compact object are regular and
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finite at all points. Imposing this condition at the center r = 0, we have from the

field equations A(0) = 1, A′(0) = 0, B̃(0) = 0 and R′(0) = 0 [63]. Also, ρ(0) = ρi

and p(0) = pi, where ρi and pi are some initial values at the center which we fix for

numerical analysis. To solve the system, we also require the value of Ricci scalar at

the center, i.e., R(0). Thus we have three free initial conditions, ρ(0), p(0) and R(0).

The EoS reduces one condition such that we require only the values of p(0) and R(0).

For both cases, we use the following initial conditions

A(0) = 1, B̃(0) = 0, P (0) = 100, R(0) = 104, R′(0) = 0. (2.1.16)

Here, we are taking the units of radius as km, mass as M¯ and density (pressure,

Ricci scalar) as MeV/fm3 [21]. We solve Eqs.(2.1.12)-(2.1.15) numerically using the

above mentioned initial conditions and investigate the effects of model parameters

α and λ. The plots of the metric functions, Ricci scalar, energy density, pressure,

energy condition, mass function, redshift parameter and speed of sound for this EoS

are shown in Figures 2.1-2.5.

In the left columns of these figures, λ = −10 and α is varied whereas in the right

columns, α = 10 and λ is varied. The initial conditions and the values of constants

are chosen such that we have positive values of density, pressure and mass as well as

maximum values of density, pressure and curvature scalar at the center of the star.

The viability condition for our model yields λ > −4π, hence for graphical analysis

we consider this range. The plots of the metric functions A, B and Ricci scalar are

shown in Figure 2.1. From the first row, we observe that B decreases as α increases

while increase in λ yields larger values of B but as the radial coordinate increases, B

attains smaller values for larger λ. Similarly, the second row shows that A decreases

with increase in α and increases with increase in λ. The Ricci scalar decreases with



31

0 2 4 6 8 10

12

13

14

15

16

r

B

0 2 4 6 8 10
11

12

13

14

15

16

17

r

B

0 2 4 6 8 10
1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

r

A

0 2 4 6 8 10
1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

r

A

0 10 20 30 40
0

2000

4000

6000

8000

10 000

r

R

0 10 20 30 40
0

2000

4000

6000

8000

10 000

r

R

Figure 2.1: Plots of B, A and R versus r for p = σ1ρ
5
3 , σ1 = 1.475× 10−3. In the left

column λ = −10, α = 10 (red), α = 11 (blue), α = 12 (green) and α = 13 (purple)
while in the right column α = 10, λ = −10 (red), λ = −9 (blue), λ = −8 (green) and
λ = −7 (purple).
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Figure 2.2: Plots of ρ and p versus r for p = σ1ρ
5
3 , σ1 = 1.475 × 10−3. In the left

column λ = −10, α = 10 (red), α = 11 (blue), α = 12 (green) and α = 13 (purple)
while in the right column α = 10, λ = −10 (red), λ = −9 (blue), λ = −8 (green) and
λ = −7 (purple).
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Figure 2.3: Plots of ρ−At (red), ρ+ p−At (blue), ρ+3p−At (green) and ρ− p−At

(purple) for p = σ1ρ
5
3 , σ1 = 1.475× 10−3, λ = −10, α = 10.

the increase in radius of the star but it decreases rapidly till the boundary of the star

as compared to its exterior. Also, it increases for the increase in α as well as λ.

The first row of Figure 2.2 shows that energy density increases with the increase

in α while it decreases with increase in λ. The plots in the second row shows that

p = 0 for α = 10 and λ = −10 at r ≈ 11.4km. Thus the polytropic star with

α = 10 and λ = −10 has the radius approximately 11.4km. The authors [21] showed

that the star has the radius approximately r ≈ 12km for the same EoS and model

f(R, T ) = R + 2λT with different values of λ. For our model, pressure increases with

increase in α and decreases with increase in λ. However, the radius of the star remains

the same for different values of λ and vary as α varies. For curvature-matter coupled

gravity, particles follow non-geodesic trajectories for which the energy conditions are

given in section 1.3. Here we use these conditions and the term At (which is the

covariant derivative of acceleration) is obtained as

At =
1

2AB

[
B′′ − B′2

2B
− A′B′

2A
+

B′

r

]
. (2.1.17)

Figure 2.3 shows that all the energy conditions are satisfied for the considered values
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of parameters in this case.

The first row of Figure 2.4 indicates the behavior of mass function

m(r) =
r

2

(
1− 1

A(r)

)
, (2.1.18)

which increases with radius of the star. Also, mass of the star decreases with increase

in α while for increase in λ, it first shows an increase but for larger values of r, it shows

an opposite behavior. The compactness factor and surface gravitational redshift are

defined as

u(r) =
m(r)

r
, (2.1.19)

zs = (1− 2u(Rb))
− 1

2 − 1, (2.1.20)

here Rb is the total radius of the star. The second and third rows of this figure give

the behavior of compactness u(r) and surface gravitational redshift zs, respectively.

Both increase with radial coordinate and λ while decrease with α. The speed of

sound (v2
s = dp

dρ
) for this EoS lies within the range 0 ≤ v2

s ≤ 1 as shown in Figure 2.5

implying that the polytropic stars are stable (for the chosen initial conditions and

model parameters) in f(R, T ) gravity.

2.1.2 Equilibrium Configuration of Quark Stars

This section deals with the physical properties of quark stars governed by EoS p =

ã(ρ − 4B) with constants ã = 0.28 and B = 60MeV/fm3 [21]. Substituting ρ =
(

p
ã

+ 4B)
, Eqs.(2.1.8)-(2.1.11) give

A′ =
2rA2

3(1 + 2αR)

[
8π

((p

ã
+ 4B

)
+ 3p

)
+ 2λ

((p

ã
+ 4B

)
+ 2p

)

+ R

(
1

2
− 3αB̃

rA

)
− 3B̃

2rA
− 3αR′

A

(
B̃ − 2

r

)]
, (2.1.21)



35

0 2 4 6 8 10
0

1

2

3

4

5

r

m

0 2 4 6 8 10
0

1

2

3

4

5

r

m

0 2 4 6 8 10
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

r

u

0 2 4 6 8 10
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

r

u

0 2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

r

z s

0 2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

r

z s

Figure 2.4: Plots of m, u and zs versus r for p = σ1ρ
5
3 , σ1 = 1.475× 10−3. In the left

column λ = −10, α = 10 (red), α = 11 (blue), α = 12 (green) and α = 13 (purple)
while in the right column α = 10, λ = −10 (red), λ = −9 (blue), λ = −8 (green) and
λ = −7 (purple).
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Figure 2.5: Plots of v2
s versus r for p = σ1ρ

5
3 , σ1 = 1.475 × 10−3. In the left graph

λ = −10, α = 10 (red), α = 11 (blue), α = 12 (green) and α = 13 (purple) while in
the right graph α = 10, λ = −10 (red), λ = −9 (blue), λ = −8 (green) and λ = −7
(purple).

B̃′ =
2A′

A

(
2

r
+

B̃

4

)
− B̃

(
1

r
+

B̃

2

)
− 4αA

(1 + 2αR)

[
A2

2
− A′

Ar
+

R

6α

]

+
2A

(1 + 2αR)

[
8

3
π

(p

ã
+ 4B

)
+ λ

(
1

2

(p

ã
+ 4B

)
− 2p

3

)]
, (2.1.22)

R′′ =

(
A′

2A
− B̃

2
− 2

r

)
R′ +

A

6α

(
R + 2(4π + λ)

(
3p−

(p

ã
+ 4B

))

−
((p

ã
+ 4B

)
+ p

)
λ
)

, (2.1.23)

p′ =
− ((

p
ã

+ 4B)
+ p

)
B̃

2
[
1− λ

2(8π+λ)

(
1
ã
− 1

)] . (2.1.24)

Imposing the same initial conditions, we obtain numerical solution of the above system

of differential equations. The values of model parameter α remain the same while the

values of λ are taken different from the previous case so that we have viable pressure,

density and curvature scalar. The effect of model parameters (α, λ) on A, B and

R is similar to the previous case as shown in Figure 2.6. The pressure is zero at

r ≈ 10.2km as observed from the first row of Figure 2.7 for α = 10 and λ = −10.

This indicates that increase in α increases density and pressure while increase in
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Figure 2.6: Plots of B, A and R versus r for p = ã(ρ− 4B), ã = 0.28, B = 60. In left
column λ = −10, α = 10 (red), α = 11 (blue), α = 12 (green) and α = 13 (purple)
while in right column α = 10, λ = −10 (red), λ = −10.5 (blue), λ = −11 (green) and
λ = −11.5 (purple).
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Figure 2.7: Plots of ρ and p versus r for p = ã(ρ − 4B), ã = 0.28, B = 60. In left
column λ = −10, α = 10 (red), α = 11 (blue), α = 12 (green) and α = 13 (purple)
while in right column α = 10, λ = −10 (red), λ = −10.5 (blue), λ = −11 (green) and
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39

0 2 4 6 8 10
200

300

400

500

600

r

E
ne

rg
y

C
on

di
tio

ns

Figure 2.8: Plots of ρ−At (red), ρ+ p−At (blue), ρ+3p−At (green) and ρ− p−At

(purple) for p = ã(ρ− 4B), ã = 0.28, B = 60, λ = −10, α = 10.

λ produces opposite effects by decreasing pressure and density. Figure 2.8 shows

that energy conditions are satisfied for quark star EoS with the considered model.

The behavior of mass function, compactness and gravitational redshift are shown in

Figure 2.9 where the model parameters affect in the same way as in the previous case.

However, the speed of sound remains constant (v2
s ≈ 0.28) with respect to radius for

α = 10 as well as λ = −10 and increase or decrease in these parameters does not

affect v2
s .

2.2 Physical Features of Charged Compact Ob-

jects

The action for f(R, T ) theory in the presence of electromagnetic field is defined as

S =

∫
d4x

√−g

[
1

16π
f(R, T ) + Lm + Le

]
. (2.2.1)
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Figure 2.9: Plots of m, u and zs versus r for p = ã(ρ− 4B), ã = 0.28, B = 60. In left
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while in right column α = 10, λ = −10 (red), λ = −10.5 (blue), λ = −11 (green) and
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Here Le = lFµνF
µν , l is an arbitrary constant. The corresponding field equations are

fRRµν − 1

2
gµνf + (gµν2−∇µ∇ν)fR = 8πTµν − fT (Tµν + Θµν) + 8πEµν . (2.2.2)

In this section, we consider the same spherical symmetric spacetime as well as the

energy-momentum tensor as taken in section 2.1. We are considering comoving frame

in which charges are at rest and hence no magnetic field is produced. The four

potential and four current in comoving coordinates are defined as

ϕµ = ϕ(r)δ0
µ, jµ = ξ(r)Vµ, (2.2.3)

ϕ stands for electric scalar potential and ξ represents charge density. For the metric

(2.1.1), the Maxwell field equations give

ϕ
′′

+ ϕ
′
(

2

r
− A′

2A
− B′

2B

)
= 4πξ(r)A

√
B, (2.2.4)

whose integration yields

ϕ
′
=

√
ABq

r2
; q = 4π

∫ r

0

ξ(r)
√

Ar2dr, (2.2.5)

q denotes the total charge on the sphere with ϕ′(0) = 0 [65]. We consider the model

R + 2λT which simplifies the field equations as

Gµν = 8πTµν + 2λTµν − 2λpgµν + Tgµν + 8πEµν , (2.2.6)

leading to the following set of field equations

A′

rA2
+

1

r2
− 1

r2A
= 8πρ +

ϕ′2

AB
+ λ(3ρ− p), (2.2.7)

B′

rAB
− 1

r2
+

1

r2A
= 8πp− ϕ′2

AB
+ λ(3p− ρ), (2.2.8)

−1

4rA2B2

(
2A′B2 − 2B′AB − 2rB′′BA + rB′2A + rB′A′B

)
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= 8πp +
ϕ′2

AB
+ λ(3p− ρ). (2.2.9)

The first two field equations can be written as

A′ = rA2

[
1

r2A
− 1

r2
+ 8πρ + λ(3ρ− p) +

ϕ′2

AB

]
, (2.2.10)

B′ = rAB

[
− 1

r2A
+

1

r2
+ 8πp + λ(3p− ρ)− ϕ′2

AB

]
. (2.2.11)

For the model f(R, T ) = R+2λT , the equation of hydrostatic equilibrium becomes

p′ + (ρ + p)
B′

2B
=

λ

(8π + 2λ)

[
ρ′ − p′ +

2ϕ′

r2
√

AB

(
r2ϕ′√
AB

)′]
.

This can also be written as

p′ =
−(ρ + p) B′

2B
+ 2λ

(8π+2λ)
ϕ′

r2
√

AB

(
r2ϕ′√
AB

)′
[
1− λ

(8π+2λ)

(
dρ
dp
− 1

)] . (2.2.12)

We have four equations (2.2.4), (2.2.10), (2.2.11) and (2.2.12) in six unknowns A, B,

ρ, p, ϕ′ and ξ. The charge density in terms of energy density can be expressed as [66]

ξ = γρ, (2.2.13)

where γ is a constant. Further, the energy density is written in terms of pressure

via EoS so that we have four differential equations in four unknowns (A, B, p and

ϕ′). Now we discuss the initial conditions required to solve this system of equations

((2.2.4), (2.2.10), (2.2.11) and (2.2.12)). Imposing the condition of finiteness of pres-

sure and density at the center r = 0, we have from the field equations A(0) = 1,

A′(0) = 0 and B′(0) = 0. We have already defined the initial condition for ϕ′ i.e.,

ϕ′(0) = 0. Thus we have two initial conditions A(0) = 1 and ϕ′(0) = 0 while B(0)

and p(0) are free to choose. For both cases, we use the following initial conditions

A(0) = 1, B(0) = 5, p(0) = 100, ϕ′(0) = 0. (2.2.14)
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In the following, we consider the polytropic EoS for σ2 = 5
3

and 2, to investigate

the evolution of charged spherically symmetric configurations.

2.2.1 Polytropic Star for σ2 = 5
3

Equations (2.2.4), (2.2.10), (2.2.11) and (2.2.12) for ρ =
(

p
σ1

) 3
5

become

ϕ
′′

+ ϕ
′
(

2

r
− A′

2A
− B′

2B

)
= 4πγ

(
p

σ1

) 3
5

A
√

B, (2.2.15)

A′ = rA2

[
1

r2A
− 1

r2
+ 8π

(
p

σ1

) 3
5

+ λ(3

(
p

σ1

) 3
5

− p) +
ϕ′2

AB

]
, (2.2.16)

B′ = rAB

[
− 1

r2A
+

1

r2
+ 8πp + λ(3p−

(
p

σ1

) 3
5

)− ϕ′2

AB

]
, (2.2.17)

p′ =
−(

(
p
σ1

) 3
5

+ p) B′
2B

+ 2λ
(8π+2λ)

ϕ′

r2
√

AB

(
r2ϕ′√
AB

)′
[
1− λ

(8π+2λ)

(
3

5σ1

(
p
σ1

)−2
5 − 1

)] . (2.2.18)

We solve Eqs.(2.2.15)-(2.2.18) numerically using the above mentioned initial condi-

tions and investigate the effects of model parameter λ. The plots of the metric func-

tions, energy density, pressure, speed of sound, mass function, redshift parameter,

charge, electric field intensity and energy conditions are shown in Figures 2.10-2.13.

The plots of the metric functions B, A, ρ, p and v2
s are shown in Figure 2.10. The first

graph shows that B increases with increase in radial coordinate and decrease in λ.

The scale in the plot of A is greater than 1 but A(0) = 1 so, it first increases and then

starts decreasing with the radius. Also, as λ decreases, A increases. The pressure is

zero at r ≈ 1.5km suggesting that this is the radius of charged polytropic star in this

case. The speed of sound for this EoS lies within the range 0 ≤ v2
s ≤ 1 implying that

the polytropic star with σ2 = 5
3

is stable (for the chosen initial conditions and model
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Figure 2.10: Plots of B, A, ρ, p and v2
s versus r for p = σ1ρ

5
3 , σ1 = 0.003, γ = 1,

λ = −0.3 (red), λ = −0.301 (blue) and λ = −0.302 (green).
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Figure 2.11: Plots of ρ+ ϕ′2
8πAB

−At (red), ρ+ p−At (blue), ρ− p+ ϕ′2
4πAB

−At (green)

and ρ + 3p− ϕ′2
4πAB

− At (purple) for p = σ1ρ
5
3 , σ1 = 0.003, γ = 1, λ = −0.3,.

parameters) for our model. The decrease in model parameter increases the quantities

ρ, p and v2
s . In the presence of charge, the energy conditions become

• WEC: ρ + ϕ′2
8πAB

− At ≥ 0, ρ + p− At ≥ 0,

• NEC: ρ + p− At ≥ 0,

• SEC: ρ + 3p− ϕ′2
4πAB

− At ≥ 0, ρ + p− At ≥ 0,

• DEC: ρ + ϕ′2
8πAB

− At ≥ 0, ρ± p + ϕ′2
4πAB

− At ≥ 0.

All energy conditions are satisfied as shown in Figure 2.11.

The second graph in the first row of Figure 2.12 indicates the behavior of mass

function obtained by

m(r) =
r

2

(
1− 1

A

)
+

r3ϕ′2

2AB
, (2.2.19)

which increases with the radius of star as well as with the decrease in λ. The surface

gravitational redshift

zs =

(
1− 2m(Rb)

Rb

)− 1
2

− 1, (2.2.20)
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(m(Rb) is the total mass of the star) increases with increase in radial coordinate and

decrease in λ as shown in the first graph of Figure 2.12. The left graph in the second

row of Figure 2.12 indicates that the derivative of electric scalar potential is negative

and increasing while the right graph shows that the total charge of polytropic star

is also negative but decreasing. The relation between electric field intensity Eα and

electromagnetic field tensor is defined as

Eα = FαβV β. (2.2.21)

We have only one non-zero component of Fαβ i.e., F10 = ϕ′ yielding only one

component of electric field intensity E1 = ϕ′√
B

or we can simply write E = ϕ′√
B

. Figure

2.13 shows that E has negative values. Since the electric field (E) and gravitational

field are analogous, it can be interpreted that negative E is opposite to the gravita-

tional pull and can resist or slow down the collapse. Moreover, the negative charge

shows a dominance of electrons. Thus cumulatively we can say that the star is stable

because electron degeneracy pressure balances gravity. The charge density has the

same behavior as energy density (using Eq.(2.2.13)) as we take γ = 1 for graphical

analysis.

2.2.2 Polytropic Star for σ2 = 2

In this case, the density takes the form ρ =
(

p
σ1

) 1
2

and Eqs.(2.2.4), (2.2.10), (2.2.11)

and (2.2.12) become

ϕ
′′

+ ϕ
′
(

2

r
− A′

2A
− B′

2B

)
= 4πγ

(
p

σ1

) 1
2

A
√

B, (2.2.22)

A′ = rA2

[
1

r2A
− 1

r2
+ 8π

(
p

σ1

) 3
5

+ λ(3

(
p

σ1

) 1
2

− p) +
ϕ′2

AB

]
, (2.2.23)
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B′ = rAB

[
− 1

r2A
+

1

r2
+ 8πp + λ(3p−

(
p

σ1

) 1
2

)− ϕ′2

AB

]
, (2.2.24)

p′ =
−(

(
p
σ1

) 1
2

+ p) B′
2B

+ 2λ
(8π+2λ)

ϕ′

r2
√

AB

(
r2ϕ′√
AB

)′
[
1− λ

(8π+2λ)

(
1

2σ1

(
p
σ1

)−1
2 − 1

)] . (2.2.25)

Imposing the same initial conditions, the numerical solution of the above system of

equations is obtained. The first row of Figure 2.14 shows similar change in the metric

functions with radius and model parameter λ as in the previous case. The second

row of this figure represents decreasing energy density and pressure. The zoomed

graph of pressure indicates that it is zero at r ≈ 0.06km. Also, the speed of sound

lies between zero and one showing stability of the stellar structure.

Figure 2.15 represents how redshift parameter, mass function, derivative of elec-

tric scalar potential, charge and electric field intensity grow with radius and exhibit

change with parameter λ. Mass and redshift parameter are inversely related with λ

while ϕ′, q as well as E have a direct relation with λ. These behavior are in agree-

ment with the previous case. Here again ϕ′ yields negative electric field to counteract

gravitational pull and charge is negative showing that the origin of this force is elec-

tron degeneracy pressure. The plots of four energy conditions are combined in Figure

2.16.
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Figure 2.14: Plots of B, A, ρ, p and v2
s versus r for p = σ1ρ

2, σ1 = 0.001, γ = 1,
λ = −0.3 (red), λ = −0.32 (blue) and λ = −0.34 (green).



50

0.01 0.02 0.03 0.04 0.05 0.06
0.0

0.5

1.0

1.5

2.0

r

z s

0.00 0.01 0.02 0.03 0.04 0.05 0.06
0.000

0.002

0.004

0.006

0.008

0.010

0.012

r

m

0.01 0.02 0.03 0.04 0.05 0.06

-120

-100

-80

-60

-40

r

j
'

0.00 0.01 0.02 0.03 0.04 0.05 0.06

-0.012

-0.010

-0.008

-0.006

-0.004

-0.002

0.000

r

q

0.00 0.01 0.02 0.03 0.04 0.05 0.06

-0.0025

-0.0020

-0.0015

-0.0010

-0.0005

0.0000

r

E

Figure 2.15: Plots of zs, m, ϕ′, q and E versus r for p = σ1ρ
2, σ1 = 0.001, γ = 1.

In first graph λ = −0.3 (red), λ = −0.29 (blue) and λ = −0.28 (green) while in
remaining three λ = −0.3 (red), λ = −0.32 (blue) and λ = −0.34 (green)

.



51

0.00 0.01 0.02 0.03 0.04 0.05 0.06
0

100

200

300

400

r

E
ne

rg
y

C
on

di
tio

ns

Figure 2.16: Plots of ρ+ ϕ′2
8πAB

−At (red), ρ+ p−At (blue), ρ− p+ ϕ′2
4πAB

−At (green)

and ρ + 3p− ϕ′2
4πAB

− At (purple) for p = σ1ρ
2, σ1 = 0.001, γ = 1 and λ = −0.3.



Chapter 3

Collapsing and Expanding Models
of Charged Configurations

In this chapter, we generate collapsing and expanding solutions for anisotropic non-

static charged stellar objects in f(R, T ) gravity. We formulate the Einstein-Maxwell

field equations and consider an auxiliary solution of these equations. Further, we

evaluate expansion scalar whose negative values lead to collapse and positive values

give expansion. In both cases, we explore the influence of charge as well as model

parameter on density, pressures, anisotropic parameter and mass through graphs. We

also check the energy conditions for both type of solutions. The chapter is organized

in two sections. In section 3.1, we formulate Einstein-Maxwell equations for spherical

symmetric configurations and discuss the cases of collapse and expansion . Section 3.2

investigates the same phenomenon for cylindrically symmetric sources. The results

of section 3.1, have been published [67] and that of section 3.2 are submitted for

publication [68].
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3.1 Spherical Symmetric Models

The non-static spherically symmetric spacetime is taken as

ds2 = −W 2(t, r)dt2 + X2(t, r)dr2 + Y 2(t, r)(dθ2 + sin2 θdφ2). (3.1.1)

The energy-momentum tensor of anisotropic source (with no thermal conduction) is

given by

Tµν = (ρ + pt)VµVν + p⊥gµν + (pr − pt)XµXν , (3.1.2)

where Xµ, pr and pt stand for four-vector, radial and tangential pressures, respectively.

For the above metric, the four-vectors Vµ and Xµ have the expressions

V µ = (W−1, 0, 0, 0), Xµ = (0, X−1, 0, 0), (3.1.3)

satisfying the relation XµXν = 1. Using Eqs.(1.2.1)-(1.2.3) and (2.2.3), we have

following Maxwell equations

ϕ
′′

+ ϕ
′
(

2Y ′

Y
− X ′

X
− W ′

W

)
= 4πξWX2, (3.1.4)

ϕ̇
′
+ ϕ

′
(

2Ẏ

Y
− Ẋ

X
− Ẇ

W

)
= 0. (3.1.5)

Integration of Eq.(3.1.4) gives

ϕ
′
=

√
XWq

Y 2
, q = 4π

∫ r

0

ξXY 2dr, (3.1.6)

q denotes the total charge on the sphere with ϕ′(0) = 0.

We consider the model f(R, T ) = R+2λT to study the effects of curvature-matter

coupling on stellar evolution. This model and the assumption Lm = −ρ simplify the

field equations defined in Eq.(2.2.2) as

Gµν = (8π + 2λ)Tµν + 2λρgµν + λTgµν + 8πEµν , (3.1.7)
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which leads to the following set of field equations

1

Y 2
− 1

X2

[
2Y ′′

Y
− 2X ′Y ′

XY
+

Y ′2

Y 2

]
+

1

W 2

[
ẊẎ

XY
+

Ẏ 2

Y 2

]

= (8π + λ)ρ− λpr − 2λpt +
q2

Y 4
, (3.1.8)

Ẏ ′

Y
− Ẏ

Y

W ′

W
− Ẋ

X

Y ′

Y
= 0, (3.1.9)

1

X2

[
2Y ′W ′

Y W
+

Y ′2

Y 2

]
− 1

Y 2
+

1

W 2

[
2Ẏ Ẇ

Y W
− Ẏ 2

Y 2
− 2Ÿ

Y

]

= (8π + 3λ)pr + λρ + 2λpt − q2

Y 4
, (3.1.10)

1

X2

[
W ′′

W
+

Y ′′

Y
+

Y ′W ′

Y W
− X ′Y ′

XY
− X ′W ′

XW

]
+

1

W 2

[
ẊẆ

XW
+

Ẏ Ẇ

Y W

−ẊẎ

XY
− Ẍ

X
− Ÿ

Y

]
= (8π + 4λ)pt + λρ + λpr +

q2

Y 4
. (3.1.11)

Solving the field equations simultaneously, we obtain the following explicit expressions

of density, radial and tangential pressures

ρ =
1

8(2π + λ)(4π + λ)W 3X3Y 4

[
2λX2Y 3Ẇ (Y Ẋ + 2XẎ ) + WX2Y 2

×
{

4(2π + λ)XẎ 2 − 2λY 2Ẍ + Y (8π + 3λ)ẋẏ − 4λXŸ
}

+ 2λW 2Y 3

× {2XW ′Y ′ + Y (XW ′′ −W ′X ′)} − 2W 3
{
X3

{
q2(4π + 3λ)− 2(2π+

× λ)Y 2
}− 4(2π + λ)Y 3X ′Y ′ + 2(2π + λ)XY 2(Y ′2 + 2Y Y ′′)

}]
, (3.1.12)

pr =
1

8(2π + λ)(4π + λ)W 3X3Y 4

[
2X2Y 3Ẇ (2(4π + λ)XẎ − λY Ẋ)

+ WX2Y 2
{
−4(2π + λ)XẎ 2 + 2λY 2Ẍ + Y (λẊẎ − 4(4π + λ)XŸ )

}

+ 2W 3X
{
X2(q2(4π + 3λ)− 2(2π + λ)Y 2) + 2(2π + λ)Y 2Y ′2}

+ 2W 2Y 3 {2(4π + λ)XW ′Y ′ + λY (W ′X ′ −XW ′′)}] , (3.1.13)

pt =
1

8(2π + λ)(4π + λ)W 3X3Y 4

[
2X2Y 3Ẇ

{
(4π + λ)Y Ẋ + 4πXẎ

}
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− WX2Y 3
{

(8π + 3λ)ẊẎ + 2(4π + λ)Y Ẍ + 8πXŸ
}

+ 2W 2Y 3
{

4πXẆ Ẏ − (4π + λ)Y (W ′X ′ −XW ′′)
}

− 2W 3
{
q2(4π + λ)X3 + 2(2π + λ)Y 3X ′Y ′ − 2(2π + λ)XY 3Y ′′}]

. (3.1.14)

The anisotropic parameter is defined as

4 = pr − pt. (3.1.15)

To discuss the phenomena of collapse and expansion, we evaluate the expansion scalar

given by

ϑ =
1

WXY

(
ẊY + 2XẎ

)
. (3.1.16)

We take an auxiliary solution of Eq.(3.1.9) as

W =
Ẏ

α1Y γ1
, X = α1Y

γ1 , (3.1.17)

where γ1 and α1 > 0 are arbitrary constants, which leads to

ϑ = α1(2 + γ1)Y
γ1−1. (3.1.18)

When ϑ is positive we have an expanding solution otherwise a collapsing one. The

value of ϑ depends on α1, γ1 and Y in which α1 and Y are always positive implying

that we have collapse for γ1 < −2 and expansion for γ1 > −2. We discuss these cases

in the following subsections.

3.1.1 Collapse for γ1 < −2

If the collapse of a self-gravitating object results into a black hole, trapped surfaces

(horizons) are formed. We assume that collapse of spherically symmetric charged

source results into a charged black hole. This concept is further used to find the
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unknown metric coefficient Y . The mass function for the considered source is given

by [12]

m(t, r) =
Y

2X2W

(
X2W 2 + X2Ẏ 2 −W 2Y ′2

)
+

q2

2Y
. (3.1.19)

The solution (3.1.17) simplifies the mass expression as

m(t, r) =
Y

2

(
1 + α2

1Y
2γ1 − Y ′2

α2
1Y

2γ1
+

q2

Y 2

)
. (3.1.20)

When Y ′ = α2
1Y

2γ1 , this implies that we have inner and outer horizons Y − =

m −
√

m2 − q2, Y + = m +
√

m2 − q2, respectively which are consistent with the

horizons of regular Reissner-Nordström and Vaidya-Reissner-Nordström spacetimes,

also known as marginally trapped tubes [69]. The expression Y ′ = α2
1Y

2γ1 yields

Ytrap =
(
α2

1(1− 2γ1)r + H1(t)
) 1

1−2γ1 , (3.1.21)

where H1(t) is an integration function. Hence the collapsing solution has the form

W =
1

α1(1− 2γ1)
Ḣ1

(
α2

1(1− 2γ1)r + H1(t)
) γ1

1−2γ1 , (3.1.22)

X = α1

(
α2

1(1− 2γ1)r + H1(t)
) 1

1−2γ1 , (3.1.23)

Ytrap =
(
α2

1(1− 2γ1)r + H1(t)
) 1

1−2γ1 . (3.1.24)

We take H1(t) = t
α2

1
and obtain the following values of ρ, pr and pt for the collapse

solution

ρ =
−

(
t

α2
1

+ r(1− 2γ1)α
2
1

) 2(2+γ1)
2γ1−1

8(2π + λ)(4π + λ)(t + r(1− 2γ1)α4
1)

2

[
8π

{
−

(
t + r(1− 2γ1)α

4
1

α2
1

) 2γ1
1−2γ1

×
(
−q2 +

(
t + r(1− 2γ1)α

4
1

α2
1

) 2
1−2γ1

)
(4γ2

1α
8
1r

2 + (t + rα4
1)

2)

+ γ1α
4
1

{
α2

1

(
t + r(1− 2γ1)α

4
1

α2
1

) 4
1−2γ1

+

(
t + r(1− 2γ1)α

4
1

α2
1

) 2γ1
1−2γ1
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×
(
−q2 +

(
t + r(1− 2γ1)α

4
1

α2
1

) 2
1−2γ1

)
(4rt + 4r2α4

1)

}}
+ λ

×
{
−

(
t + r(1− 2γ1)α

4
1

α2
1

) 2γ1
1−2γ1

(
−q2 +

(
t + r(1− 2γ1)α

4
1

α2
1

) 2
1−2γ1

)

× (8γ2
1α

8
1r

2 + 2(t + rα4
1)

2) + rα4
1

{
5α2

1

(
t + r(1− 2γ1)α

4
1

α2
1

) 4
1−2γ1

+

(
t + r(1− 2γ1)α

4
1

α2
1

) 2γ1
1−2γ1

(
−q2 +

(
t + r(1− 2γ1)α

4
1

α2
1

) 2
1−2γ1

)

× (8rt + 8r2α4
1)

}}]
, (3.1.25)

pr =
−

(
t

α2
1

+ r(1− 2γ1)α
2
1

) 2(2+γ1)
2γ1−1

8(2π + λ)(4π + λ)(t + r(1− 2γ1)α4
1)

2

[−(8γ2
1α

8
1r

2 + 2(t + rα4
1)

2)

×
{
−4πq2 − 3λq2 + (4π + 2λ)

(
t + r(1− 2γ1)α

4
1

α2
1

) 2
1−2γ1

}
+ γ1α

4
1

×
{

32πr

(
t + r(1− 2γ1)α

4
1

α2
1

) 2γ1
1−2γ1

(
−q2 +

(
t + r(1− 2γ1)α

4
1

α2
1

) 2
1−2γ1

)

× (t + rα4
1) + λ

{
α2

1

(
t + r(1− 2γ1)α

4
1

α2
1

) 4
1−2γ1

+

(
t + r(1− 2γ1)α

4
1

α2
1

) 2γ1
1−2γ1

×
(
−3q2 +

(
t + r(1− 2γ1)α

4
1

α2
1

) 2
1−2γ1

)
(8rt + 8r2α4

1)

}}]
, (3.1.26)

pt =
−

(
t

α2
1

+ r(1− 2γ1)α
2
1

) 2(2+γ1)
2γ1−1

8(2π + λ)(4π + λ)(t + r(1− 2γ1)α4
1)

2

[
−2q2

(
t + r(1− 2γ1)α

4
1

α2
1

) 2γ1
1−2γ1

× (4π + λ)(4r2γ2
1α

8
1 + (t + rα4

1)
2) + γ1α

4
1

{
32πrq2(t + rα4

1)

×
(

t + r(1− 2γ1)α
4
1

α2
1

) 2γ1
1−2γ1

+ λ

{
α2

1

(
t + r(1− 2γ1)α

4
1

α2
1

) 4
1−2γ1

+ 8rq2

(
t + r(1− 2γ1)α

4
1

α2
1

) 2γ1
1−2γ1

(t + rα4
1)

}}]
. (3.1.27)
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Figure 3.1: Plot of ϑ versus r and t for γ1 = −2.5, α1 = 1.

For the collapse solution, the anisotropic parameter and mass function take the form

4 = −




(
t+r(1−2γ1)α4

1

α2
1

) 2
1−2γ1 (−1 + 2q2

(
t+r(1−2γ1)α4

1

α2
1

) 2
1−2γ1 )

2(4π + λ)


 , (3.1.28)

m =
1

2

(
t + r(1− 2γ1)α

4
1

α2
1

) 1
1−2γ1

+
q2

(
t+r(1−2γ1)α4

1

α2
1

) 1
1−2γ1

. (3.1.29)

Here we discuss the graphical behavior of different physical quantities for this col-

lapse solution. The graph of expansion scalar (Figure 3.1) shows increasing behavior

with radius but no change with time. Figures 3.2-3.5 show the graphs of density, ra-

dial/tangential pressure and anisotropy. We observe that density is decreasing while

radial and tangential pressures as well as anisotropy are increasing with r but re-

main unchanged with time. The mass function is increasing with radial coordinate as

shown in Figure 3.6. The effects of charge and model parameter λ are summarized

in Table 2.
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Figure 3.2: Plots of ρ versus r and t for γ1 = −2.5, α1 = 1. The left graph is for
q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 and the right graph is for
λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

Figure 3.3: Plots of pr versus r and t for γ1 = −2.5, α1 = 1. The left graph is for
q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 while the right graph is for
λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.
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Figure 3.4: Plots of pt versus r and t for γ1 = −2.5, α1 = 1. The left graph is for
q = 0 (pink), q = 0.1 (blue), q = 0.15 (purple) with λ = 1 and the right graph is for
λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

Figure 3.5: Plots of 4 versus r and t for γ1 = −2.5, α1 = 1. The left graph is for
q = 0 (pink), q = 0.4 (blue), q = 0.8 (purple) with λ = 1 while the right graph is for
λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.
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Table 2: Effects of increasing q and λ for collapsing solution

Physical Parameter ρ pr pt 4 m

As q Increases decreases increases decreases increases increases
As λ Increases decreases increases increases increases no change

The energy conditions are

• NEC: ρ + pr − At ≥ 0, ρ + pt + q2

4πY 4 − At ≥ 0,

• WEC: ρ + q2

8πY 4 − At ≥ 0, ρ + pr − At ≥ 0, ρ + pt + q2

4πY 4 − At ≥ 0,

• DEC: ρ− pr + q2

4πY 4 − At ≥ 0, ρ− pt − At ≥ 0,

• SEC: ρ + pr + 2pt + q2

4πY 4 − At ≥ 0.

The term At is found as

At =
1

X2

[
W ′′

W
+

W ′2

W 2
− W ′

W

(
X ′

X
− 2Y ′

Y

)]
+

Ẇ 2

W 4
. (3.1.30)

The collapsing solution yields

At =
γ1(1 + 4γ1)α

6
1

(
t

α2
1+r(1−2γ1)α2

1

) 2γ1
2γ1−1

(t + r(1− 2γ1)α4
1)

2
. (3.1.31)

All the expressions of energy conditions defined above are plotted in Figure 3.7.

These plots show that all the energy conditions are satisfied for the collapse solution

as well as considered values of the free parameters.

3.1.2 Expansion for γ1 > −2

To discuss the evolution of density and pressures in the expanding case, the value of

metric function Y is needed. For non-static spherical symmetric metric, Y can either
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Figure 3.6: Plot of m versus r and t for γ1 = −2.5, α1 = 1, q = 0 (pink), q = 0.4
(blue), q = 0.8 (purple).

be a function of r + t or r − t [70]. We consider Y = r + t and check the values of ϑ

through graph (Figure 3.8) which are positive (i.e., the solution is expanding). Thus

the expanding solution is given by

W =
1

α1(r + t)γ1
, X = α1(r + t)γ1 , Y = r + t. (3.1.32)

Consequently, the expressions of ρ, pr and pt take the form

ρ =
1

8(r + t)4(2π + λ)(4π + λ)

[
(r + t)2(8π + 4λ)− q2(8π + 6λ)

+
(r + t)2−2γ1

α2
1

(16πγ1 − 8π − 4λ + 6γ1λ + 4γ2
1λ) + α2

1(r + t)2+2γ1

× (8π + 8πγ1 + 4λ + γ1λ− 4γ2
1λ)

]
, (3.1.33)

pr =
1

8(r + t)4(2π + λ)(4π + λ)

[
(r + t)2(8π + 4λ)− q2(8π + 6λ)

+
(r + t)2−2γ1

α2
1

(16πγ1 − 8π − 4λ + 6γ1λ + 4γ2
1λ) + α2

1(r + t)2+2γ1

× (8π + 16πγ1 + 4λ + 5γ1λ− 4γ2
1λ)

]
, (3.1.34)

pt =
(r + t)−2(2+γ1)

8(α1)2(2π + λ)(4π + λ)

[−8π
{
q2(r + t)2γ1α2

1 + γ1t
2 {1− 2γ1
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Figure 3.7: Plots of (1) ρ + pr − At, (2) ρ + pt + q2

4πY 4 − At, (3) ρ + q2

8πY 4 − At,

(4) ρ + pr + 2pt + q2

4πY 4 − At, (5) ρ − pr + q2

4πY 4 − At, (6) ρ − pt − At for γ1 = −2.5,
α1 = 1, q = 0.5 and λ = 1.
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Figure 3.8: Plot of ϑ versus r and t for γ1 = 0.05, α1 = 1.

+ (r + t)4γ1α4
1(1 + 2γ1)

}
+ r2γ1(1 + 2γ1rt)

{
1 + (r + t)4γ1α4

1

+ 2γ1(−1 + (r + t)4γ1α4
1)

}}{
2q2(r + t)2γ1α2

1 + γ1t
2 {2− 4γ1

+ (r + t)4γ1α4
1(1 + 4γ1)

}
+ r2γ1(1 + 2γ1rt)

{
2 + (r + t)4γ1α4

1

+ 4γ1(−1 + (r + t)4γ1α4
1)

}}]
. (3.1.35)

The anisotropic parameter and mass function for expanding solution are evaluated as

4 =
(r + t)−2(2+γ1)

2(4π + λ)α2
1

[−2q2(r + t)2γ1α2
1 + (r2 + t2) {−1 + γ1

+ (r + t)2γ1α2
1 + (r + t)4γ1α4

1(1 + γ1) + γ2
1(2− 2(r + t)4γ1α4

1)
}− 2γ1t

× {
1− 2γ2

1 − γ1 − (r + t)2γ1α2
1 + (r + t)4γ1α4

1(2γ
2
1 − γ1 − 1)

}]
, (3.1.36)

m =
1

2

[
(r + t) +

q2

r + t

]
. (3.1.37)

The evolution of physical parameters during expansion is represented through

graphs. Figures 3.9-3.13 show the plots of density, radial as well as tangential

pressure, anisotropic parameter and mass function, respectively. It is found that

in contrast to the collapsing case, here the quantities vary with time coordinate. The
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Figure 3.9: Plots of ρ versus r and t for γ1 = 0.05, α1 = 1. The left graph is for q = 0
(pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 and the right graph is for λ = 1
(brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

increase (or decrease) in charge does not induce a measurable fluctuations in physical

quantities. The graphical analysis is summarized in Tables 3 and 4. The solution

(3.1.32) yields the value of At as

At =
(r + t)−2(1+γ1)γ1

α2
1

(−1 + γ1(3 + (r + t)4γ1α4
1)). (3.1.38)

The energy conditions for this case are also satisfied as shown in Figure 3.14.

Table 3: Change in physical parameters with respect to r and t for the expanding

solution

Coordinate ϑ ρ pr pt 4 m

r decreases decreases increases increases increases increases
t decreases decreases increases increases increases increases
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Figure 3.10: Plots of pr versus r and t for γ1 = 0.05, α1 = 1. The left graph is for
q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 while the right graph is for
λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

Figure 3.11: Plots of pt versus r and t for γ1 = 0.05, α1 = 1. The left graph is for
q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 and the right graph is for
λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.
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Figure 3.12: Plots of 4 versus r and t for γ1 = 0.05, α1 = 1. The left graph is for
q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 while the right graph is for
λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

Figure 3.13: Plot of m versus r and t for γ1 = 0.05, α1 = 1, q = 0 (pink), q = 0.5
(blue), q = 1 (purple).
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Figure 3.14: Plots of (1) ρ + pr − At, (2) ρ + pt + q2

4πY 4 − At, (3) ρ + q2

8πY 4 − At,

(4) ρ + pr + 2pt + q2

4πY 4 − At, (5) ρ − pr + q2

4πY 4 − At, (6) ρ − pt − At for γ1 = 0.05,
α1 = 1, q = 0.5 and λ = 1.
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Table 4: Effects of increasing λ for the expanding solution

Physical Parameter ρ pr pt 4
As λ Increases decreases increases increases decreases

3.2 Cylindrical Symmetric Models

The non-static cylindrically symmetric spacetime is taken as

ds2 = −A2(t, r)dt2 + B2(t, r)dr2 + C2(t, r)dθ2 + dz2. (3.2.1)

The energy-momentum tensor for anisotropic fluid is given by

Tµν = (ρ + pr)VµVν + prgµν − (pr − pz)SµSν − (pr − pθ)KµKν , (3.2.2)

where Sµ, Kµ are unit four-vectors, pr, pθ, pz are the pressures in r, θ and z directions,

respectively. The four-vectors Vµ, Sµ and Kµ have the expressions

V µ = (A−1, 0, 0, 0), Kµ = (0, 0, C−1, 0), Sµ = (0, 0, 0, 1), (3.2.3)

which satisfy the following relations

V µVν = −1, KµKν = SµSν = 1, SµKν = V µKν = V µSν = 0.

The Maxwell equations for the metric (3.2.1) yields

ϕ
′′

+ ϕ
′
(

C ′

C
− A′

A
− B′

B

)
= 4πξAB2, (3.2.4)

ϕ̇
′
+ ϕ

′
(

Ċ

C
− Ȧ

A
− Ḃ

B

)
= 0. (3.2.5)

Integration of Eq.(3.2.4) gives

ϕ
′
=

AB

C
q, q = 4π

∫ r

0

ξBCdr, (3.2.6)
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where q is the total charge of the cylinder. The corresponding field equations for

f(R, T ) = R + 2λT and Lm = −ρ are

1

B2

[
B′C ′

BC
− C ′′

C

]
+

1

A2

ḂĊ

BC
+

A2q2

C2
= 8πρ− λ(−ρ + pr + pθ + pz), (3.2.7)

Ċ ′

C
− Ċ

C

A′

A
− Ḃ

B

C ′

C
= 0, (3.2.8)

1

A2

[
ȦC ′

AC
− C̈

C

]
+

1

B2

A′C ′

AC
+

B2q2

C2
= 8πpr + λ(ρ + 3pr + pθ + pz), (3.2.9)

1

A2

[
ȦḂ

AB
− B̈

B

]
+

1

C2

(
Ċ

B

)2 [
A′′

A
− A′B′

AB

]
− q2

C2
= 8πpθ

+λ(ρ + pr + 3pθ + pz), (3.2.10)

1

A2

[
−B̈

B
− C̈

C
− ḂĊ

BC
+

Ȧ

A

(
Ḃ

B
+

Ċ

C

)]
+

1

B2

[
A′′

A
+

C ′′

C
− A′B′

AB

−C ′

C

(
B′

B
+

A′

A

)]
− q2

C2
= 8πpz + λ(ρ + pr + pθ + 3pz), (3.2.11)

A simultaneous solution of the field equations give the following explicit expres-

sions of density and pressure components

ρ =
1

8(8π2 + 6πλ + λ2)A3B3C2

[
q2(8π + 5λ)A5B3 − 2AB2C(−2(2π

+ λ)ḂĊ + λ(CB̈ + BC̈)) + λB2CȦ(2CḂ + B(Ċ + 2C ′))− λA2

× (C2 + Ċ2)(A′B′ −BA′′) + A3(−2q2λB3 + q2λB5 + 4(2π + λ)

× CB′C ′ − 4(2π + λ)BCC ′′)] , (3.2.12)

pr =
1

8(2π + λ)(4π + λ)A3B3C2

[−q2λA5B3 + q2A3B3(2λ + (8π

+ 3λ)B2)− 2AB2C(−λCB̈ + (4π + λ)BC̈) + B2CȦ(−2λCḂ

+ B(−λĊ + 2(8π + 3λ)C ′)) + A2(4(2π + λ)BCA′C ′ + λ(C2

+ Ċ2)(A′B′ −BA′′))
]
, (3.2.13)

pθ =
1

8(2π + λ)(4π + λ)A3B3q2

[−q2λA5B3 − q2A3B3(8π + 2λ
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+ λB2)− 2AB2C((4π + λ)CB̈ − λBC̈) + B2CȦ(2(4π + λ)CḂ

− λB(Ċ + 2C ′)) + A2(λC2 − (8π + 3λ)Ċ2)(A′B′ −BA′′)
]
, (3.2.14)

pz =
−1

8(2π + λ)(4π + λ)A3B3C2

[
q2λA5B3 + 2AB2C(2(2π + λ)ḂĊ

+ (4π + λ)(CB̈ + BC̈))−B2CȦ(2(4π + λ)CḂ + B((8π + 3λ)

× Ċ − 2λC ′)) + A2(4(2π + λ)BCA′C ′ + (8π + 3λ)C2(A′B′

− BA′′) + λĊ2(−A′B′ + BA′′)) + A3(2q2(4π + λ)B3 + q2λB5

+ 4(2π + λ)CB′C ′ − 4(2π + λ)BCC ′′)] . (3.2.15)

The anisotropic parameter is 4 = pr − pθ. The expansion scalar is evaluated as

ϑ =
1

A

(
Ḃ

B
+

Ċ

C

)
, (3.2.16)

and an auxiliary solution of Eq.(3.2.8) is

A =
Ċ

α2Cγ2
, B = α2C

γ2 , (3.2.17)

where γ2 and α2 > 0 are arbitrary constants. The above solution leads to

ϑ = α2(1 + γ2)C
γ2−1. (3.2.18)

The value of ϑ depends on α2, γ2 and C in which α2 and C are always positive

implying that we have collapse for γ2 < −1 and expansion for γ2 > −1. We explore

these cases one by one in the following subsections.

3.2.1 Collapse for γ2 < −1

For collapsing solution, we find the unknown metric function C in the solution (3.2.17)

such that the collapse leads to the formation of trapped surfaces. The mass function
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for the cylindrically symmetric charged source is obtained as

m(t, r) =
1

8


1−

(
C ′

B

)2

+

(
Ċ

A

)2

 + qC. (3.2.19)

Equation (3.2.17) simplifies the mass expression as

m(t, r) =
1

8

(
1 + α2

2C
2γ2 − C ′2

α2
2C

2γ2

)
+ qC. (3.2.20)

For trapped surface formation m = 1
8

+ qC [27], which yields

Ctrap =
[
α2

2(1− 2γ2)r + H2(t)
] 1

1−2γ2 , (3.2.21)

where H2(t) is an integration function and the collapsing solution becomes

A =
1

α2(1− 2γ2)
Ḣ2

(
α2

2(1− 2γ2)r + H2(t)
) γ2

1−2γ2 , (3.2.22)

B = α2

(
α2

2(1− 2γ2)r + H2(t)
) γ2

1−2γ2 , (3.2.23)

Ctrap =
(
α2

2(1− 2γ2)r + H2(t)
) 1

1−2γ2 . (3.2.24)

For the sake of simplicity, we consider H2(t) as a linear function of t, i.e., H2(t) =

t
α2

2
and obtain the following expressions of density and pressures

ρ =

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+4γ2
2γ2−1

8(1− 2γ2)2(8π2 + 6πλ + λ2)α6
2)

[
q2(8π + 5λ)

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 6γ2
1−2γ2

− 1

(t + r(1− 2γ2)α4
2)

2

(
2(1− 2γ2)

2γ2(−4π + (−1 + 3γ2)λ)α12
2

×
(

t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
1−2γ2

)
+

γ2(−1 + 2γ2)λα12
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
1−2γ2

(t + r(1− 2γ2)α4
2)

4

× (1 + t2(1− 2γ2)
2 − 2rt(−1 + 2γ2)

3α4
2 + r2(1− 2γ2)

4α8
2)−

1

(t + r(1− 2γ2)α4
2)

2

×
(

(1− 2γ2)
2γ2λα12

2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
1−2γ2

(−1− 2α4
2 + γ2(−2 + 4α4

2))

)
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+ (1− 2γ2)
2α3

2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) γ2
1−2γ2

{
−2q2λα3

2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 3γ2
1−2γ2

+ q2λα5
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 5γ2
1−2γ2

+ 4γ2(2π + λ)α5
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 5γ2
1−2γ2

− 1

(t + r(1− 2γ2)α4
2)

2
8γ2(2π + λ)α9

2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+γ2
1−2γ2

}]
, (3.2.25)

pr =

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+4γ2
2γ2−1

8(1− 2γ2)2(2π2 + λ)(4π2 + λ)α6
2)

[
−q2λ

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 6γ2
1−2γ2

+
1

(t + r(1− 2γ2)α4
2)

2

(
2(1− 2γ2)

2γ2(−8π + 3(−1 + γ2)λ)α12
2

×
(

t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
1−2γ2

)
+ (q − 2qγ2)

2α6
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 4γ2
1−2γ2

× (2λ + (8π + 3λ)α2
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2γ2
1−2γ2

)− (−8π(−1 + 2γ2)

× (t + r(1− 2γ2)α
4
2)

2 + λ(1 + t2(5− 12γ2 + 4γ2
2)− 2rt(1− 2γ2)

2(−5 + 2γ2)α
4
2

+ r2(−5 + 2γ2)(−1 + 2γ2)
3α3

2))((t + r(1− 2γ2)α
4
2)

4γ2(−1 + 2γ2)α
12
2

×
(

t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
1−2γ2

)− 1

(t + r(1− 2γ2)α4
2)

2
(1− 2γ2)

2γ2α
12
2

×
(

t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
1−2γ2

(16π(−1 + 2γ2)α
4
2

+ λ(1− 6α4
2 + 2γ2(1 + 6α4

2)))
]
, (3.2.26)

pθ =

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+4γ2
−1+2γ2

8(1− 2γ2)2(2π + λ)(4π + λ)α6
2

[
−q2λ

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 6γ2
1−2γ2

−
2(1− 2γ2)

2γ2(4π(−1 + 3γ2) + 3(−1 + γ2)λ)α12
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
1−2γ2

(t + r(1− 2γ2)α4
2)

2

+
(1− 2γ2)

2γ2α
12
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
1−2γ2

(t + r(1− 2γ2)α4
2)

2
(8πγ2 + (−1 + 2γ2)λ(1 + 2α4

2))
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+
(1− 2γ2)

3γ2α
12
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
1−2γ2

(t + r(1− 2γ2)α4
2)

2

(
λ− 8π + 3λ

(1− 2γ2)2(t + r(1− 2γ2)α4
2)

2

− q2(1− 2γ2)
2α6

2

) (
t

α2
2

+ r(1− 2γ2)α
2
2

) 4γ2
1−2γ2 (

8π + λ
(
2 + α2

2

×
(

t

α2
2

+ r(1− 2γ2)α
2
2

) 2γ2
1−2γ2

))]
, (3.2.27)

pz =
α6

2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
−1+2γ2

8(1− 2γ2)2(2π + λ)(4π + λ)


8π(1− 2γ2)

2



−2γ2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2
1−2γ2

(t + r(1− 2γ2)α4
2)

2

−
q2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2γ2
1−2γ2

α6
2


 + λ



−q2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2γ2
1−2γ2

α12
2

×
(

2(1− 2γ2)
2α6

2 +

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2γ2
1−2γ2

+ (1− 2γ2)
2α6

2

×
(

t

α2
2

+ r(1− 2γ2)α
2
2

) 2γ2
1−2γ2

)
+ (−1 + (4rt(1− 2γ2)

2α4
2 + 2r2(−1 + 2γ2)

3α8
2)

× (−3 + γ2 − α4
2 + 2γ2α

4
2 + 2t2(3 + α4

2 + γ2
2(2 + 4α4

2)− γ2(7 + 4α4
2))))

×
(

(t + r(1− 2γ2)α
4
2)

4γ2(−1 + 2γ2)

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2
1−2γ2

)−1




 . (3.2.28)

For the solution (3.2.22)-(3.2.24), the anisotropic parameter and mass function be-

come

4 =
α6

2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2+2γ2
−1+2γ2

8(1− 2γ2)(4π + λ)

[
−q2(−1 + γ2)α

−6
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2γ2
1−2γ2

×
(

1 + α2
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2γ2
−1+2γ2

)
+

(
1− 4rt(1− 2γ2)

2α4
2(1− α4

2

− γ2(−1 + 2α4
2)) + 2r2(−1 + 2γ2)

3α8
2(1− α8

2 − γ2(−1 + 2α4
2))
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Figure 3.15: Plot of ϑ versus r and t for γ2 = −1.5, α2 = 0.1.

+
2t2(−1 + α4

2 + γ2(3− 4α4
2) + γ2

2(−2 + 4α4
2))

(t + r(1− 2γ2)α4
2)

4γ2

(
t

α2
2

+ r(1− 2γ2)α2
2

) 2
−1+2γ2





 , (3.2.29)

m =
1

8
+ q

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 1
1−2γ2

. (3.2.30)

For the collapsing case, the graphical representation of different parameters is

given in Figures 3.15-3.21. We observe that the quantities are changing with respect

to temporal coordinate while no change is observed with respect to radial coordinate.

The change in different quantities with respect to time is given in Table 5 while the

effects of charge as well as model parameter λ are summarized in Table 6.

Table 5: Change in parameters with respect to t for the collapse solution

Parameter ρ pr pθ pz 4 m

As t increases decreases decreases increases decreases decreases increases
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Figure 3.16: Plots of ρ versus r and t for γ2 = −1.5, α2 = 0.1. The left graph is for
q = 0 (pink), q = 0.00005 (blue), q = 0.0001 (purple) with λ = −0.1 and the right
graph is for λ = −0.1 (brown), λ = −0.2 (red), λ = −0.3 (yellow) with q = 0.0001.

Figure 3.17: Plots of pr versus r and t for γ2 = −1.5, α2 = 0.1. The left graph is for
q = 0 (pink), q = 0.01 (blue), q = 0.02 (purple) with λ = −0.1 while the right graph
is for λ = −0.1 (brown), λ = −0.2 (red), λ = −0.3 (yellow) with q = 0.01.
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Figure 3.18: Plots of pθ versus r and t for γ2 = −1.5, α2 = 0.1. The left graph is for
q = 0 (pink), q = 0.005 (blue), q = 0.01 (purple) with λ = −0.1 and the right graph
is for λ = −0.1 (brown), λ = −0.15 (red), λ = −0.2 (yellow) with q = 0.01.

Figure 3.19: Plots of pz versus r and t for γ2 = −1.5, α2 = 0.1. The left graph is for
q = 0 (pink), q = 0.01 (blue), q = 0.02 (purple) with λ = −0.1 and the right graph is
for λ = −0.1 (brown), λ = −0.2 (red), λ = −0.3 (yellow) with q = 0.01.
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Figure 3.20: Plots of 4 versus r and t for γ2 = −1.5, α2 = 0.1. The left graph is for
q = 0 (pink), q = 0.01 (blue), q = 0.02 (purple) with λ = −0.1 and the right graph is
for λ = −0.1 (brown), λ = −0.2 (red), λ = −0.3 (yellow) with q = 0.01.

Table 6: Effects of q and λ for the collapse solution

Parameter ρ pr pθ pz 4 m

As q increases increases increases decreases decreases increases increases
As λ decreases increases increases increases increases increases no change

For charged cylindrical anisotropic source, the energy conditions are

• NEC: ρ + pr − At ≥ 0, ρ + pθ + q2

4πC2 − At ≥ 0, ρ + pz + q2

4πC2 −A ≥ 0,

• WEC: ρ+ q2

8πC2−At ≥ 0, ρ+pr−A ≥ 0, ρ+pθ+
q2

4πC2−At ≥ 0, ρ+pz+
q2

4πC2−At ≥
0,

• SEC: ρ + pr + pθ + pz + q2

4πC2 − At ≥ 0.

• DEC: ρ− pr + q2

4πC2 − At ≥ 0, ρ + pθ − At ≥ 0, ρ− pz − At ≥ 0,

The term At is obtained as

At =
1

B2

[
A′′

A
+

A′

A

(
−B′

B
+

C ′

C
+

A′

A

)]
+

Ȧ2

A4
.
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Figure 3.21: Plot of m versus r and t for γ2 = −1.5, α2 = 0.1, q = 0 (pink), q = 0.01
(blue), q = 0.02 (purple).

For the collapse solution, we have

At =
4γ2

2α
6
2

(
t

α2
2

+ r(1− 2γ2)α
2
2

) 2γ2
−1+2γ2

(t + r(1− 2γ2)α4
2)

2
.

All the energy conditions defined above are plotted in Figures 3.22 and 3.23, the

repeated expressions are shown only once. From these plots, it can be easily seen that

all the energy conditions are satisfied for the considered values of free parameters of

the collapse solution.

3.2.2 Expansion for γ2 > −1

In this case, we require an expression of the metric coefficient C for expanding so-

lution. For convenience, we assume it a linear combination of r and t such that the

expansion scalar remains positive for the resulting solution as shown in Figure 3.24.
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Figure 3.22: Plots of (1) ρ + pr − At, (2) ρ + pθ + q2

4πC2 − At, (3) ρ + pz + q2

4πC2 − At,

(4) ρ + q2

8πC2 − At for γ2 = −1.5, α2 = 0.1, q = 0.01 and λ = −0.1.
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Figure 3.23: Plot of (5) ρ+pr+pθ+pz+ q2

4πC2−At, (6) ρ−pr+
q2

4πC2−At, (7) ρ−pθ−At,
(8) ρ− pz − At, for γ2 = −1.5, α2 = 0.1, q = 0.01 and λ = −0.1.

Figure 3.24: Plot of ϑ versus r and t for γ2 = 0.0001, α2 = 1.
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Thus the expanding solution is given by

A =
1

α2(r + t)γ2
, B = α2(r + t)γ2 , C = r + t. (3.2.31)

Consequently, the expressions of ρ, pr, pθ and pz take the form

ρ =
(r + t)−2(2+γ2)

8(8π2 + 6πλ + λ2)α2
2

[
8π(r + t)2(q2 + γ2 + (r + t)4γ2γ2C

4)

+ λ(q2(r + t)2(5− 2(r + t)2γ2α2
2 + (r + t)4γ2α4

2)− γ2(−1− 2γ2

+ t2(−5− 2γ2 − 3(r + t)4γ2α4
2 + 4(r + t)4γ2γ2α

4
2) + r2(−5

− 3(r + t)4γ2α4
2 + γ2(−2 + 4(r + t)4γ2α4

2))))
]
, (3.2.32)

pr =
1

8(r + t)2(2π + λ)(4π + λ)

[−q2(r + t)−2γ2λ

α2
2

− (r + t)−2(1+γ2)γ2

α2
2

× (8π(r + t)2 + (1 + 2γ2 + r2(5 + 2γ2) + 2rt(5 + 2γ2) + t2(5 + 2γ2))λ)

+ 2(r + t)2γ2(−1 + γ2)γ2λα2
2 + (r + t)2γ2γ2(−16π + (−5 + 2γ2)λ)α2

2

+ q2(2λ + (r + t)2γ2(8π + 3λ)α2
2)

]
, (3.2.33)

pθ =
1

8(r + t)2(2π + λ)(4π + λ)

[−q2(r + t)−2γ2λ

α2
2

+
(r + t)−2(1+γ2)γ2(1 + 2γ2)

α2
2

× (−8π + (−3 + r2 + 2rt + t2)λ) + 2(r + t)2γ2(−1 + γ2)γ2(4π + λ)α2
2

+ (r + t)2γ2γ2(8πγ2 + (−3 + 2γ2)λ)α2
2 + q2(8π + λ(2 + (r + t)2γ2α2

2))
]
,(3.2.34)

pz =
(r + t)−2(2+γ2)

8(2π + λ)(4π + λ)α2
2

[−8π(r + t)2(q2(r + t)2γ2α2
2 + (γ2 + 2γ2

2)(−1

+ (r + t)4γ2α4
2)− λ(q2(r + t)2(1 + (r + t)2γ2α2

2)
2 + γ2(1 + 2γ2 + t2

× (−3− 6γ2 + 3(r + t)4γ2α4
2 + 4(r + t)4γ2γ2α

4
2) + (r2 + 2rt)(−3

+ 3(r + t)4γ2α4
2 + γ2(−6 + 4(r + t)4γ2α4

2)))))
]
. (3.2.35)

The anisotropic parameter and mass function are obtained as

4 =
(r + t)−2(2+γ2)

2(4π + λ)α2
2

[
q2(r + t)2+2γ2α2

2(1 + (r + t)2γ2α2
2) + 2γ2

2

× (−1 + (r2 + 2rt + t2)(r + t)4γ2α4
2)− γ2(1 + t2 + 3t2(r + t)4γ2α4

2
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Figure 3.25: Plots of ρ versus r and t for γ2 = 0.0001, α2 = 1. The left graph is for
q = 0 (pink), q = 0.01 (blue), q = 0.02 (purple) with λ = −0.001 and the right graph
is for λ = −0.001 (brown), λ = −1 (red), λ = −2 (yellow) with q = 0.01.

+ (r2 + 2rt)(1 + 3(r + t)4γ2α4
2))

]
, (3.2.36)

m =
1

8
+ q(r + t). (3.2.37)

The evolution of physical parameters during expansion is represented through Figures

3.25-3.30. It is found that the quantities vary with both time and radial coordinates.

The graphical analysis is summarized in Tables 7 and 8.

Table 7: Change in parameters with respect to r and t for the expanding solution.

Parameter ρ pr pθ pz 4 m

As r increases decreases decreases increases increases decreases increases
As t increases decreases decreases increases increases decreases increases

Table 8: Effects of q and λ for the expanding solution.

Parameter ρ pr pθ pz 4 m

As q increases increases increases decreases decreases increases increases
As λ decreases increases increases decreases decreases increases no change

The acceleration term At in this case becomes

At =
(r + t)−2(1+γ2)γ2

2

α2
2

(3 + (r + t)4γ2α4
2).
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Figure 3.26: Plots of pr versus r and t for γ2 = 0.0001, α2 = 1. The left graph is
for q = 0 (pink), q = 0.01 (blue), q = 0.02 (purple) with λ = −0.001 while the right
graph is for λ = −0.001 (brown), λ = −1 (red), λ = −2 (yellow) with q = 0.01.

Figure 3.27: Plots of pθ versus r and t for γ2 = 0.0001, α2 = 1. The left graph is
for q = 0 (pink), q = 0.01 (blue), q = 0.02 (purple) with λ = −0.001 while the right
graph is for λ = −0.001 (brown), λ = −1 (red), λ = −2 (yellow) with q = 0.01.
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Figure 3.28: Plots of pz versus r and t for γ2 = 0.0001, α2 = 1. The left graph is for
q = 0 (pink), q = 0.0001 (blue), q = 0.0002 (purple) with λ = −0.001 while the right
graph is for λ = −0.001 (brown), λ = −1 (red), λ = −2 (yellow) with q = 0.01.

Figure 3.29: Plots of 4 versus r and t for γ2 = 0.0001, α2 = 1. The left graph is
for q = 0 (pink), q = 0.01 (blue), q = 0.02 (purple) with λ = −0.001 while the right
graph is for λ = −0.001 (brown), λ = −1 (red), λ = −2 (yellow) with q = 0.5.
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Figure 3.30: Plot of m versus r and t for γ2 = 0.0001, α2 = 1, q = 0 (pink), q = 0.001
(blue), q = 0.002 (purple).

The graphs for energy conditions for expanding solutions are given in Figures 3.31

and 3.32 showing that all the energy conditions are satisfied.
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Figure 3.31: Plots of (1) ρ + pr − At, (2) ρ + pθ + q2

4πC2 − At, (3) ρ + pz + q2

4πC2 − At,

(4) ρ + q2

8πC2 − At for γ2 = 0.0001, α2 = 1, q = 0.01 and λ = −0.001.
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Figure 3.32: Plot of (5) ρ+pr+pθ+pz+ q2

4πC2−At, (6) ρ−pr+
q2

4πC2−At, (7) ρ−pθ−At,
(8) ρ− pz − At, for γ2 = 0.0001, α2 = 1, q = 0.01 and λ = −0.001.



Chapter 4

Some Aspects of Gravitational
Waves in Modified Theories

This chapter presents PMs of GWs in f(R) theory and a study of axial GWs in

f(R, T ) theory. The layout of the chapter is as follows. In first section, we find

PMs of GWs for some viable f(R) models. In second section, we introduce wave

like perturbations in FRW spacetime as well as in the background material field and

obtain unknown perturbation parameters by solving the corresponding f(R, T ) field

equations. The results of this chapter have been published in the form of two papers

[71, 72].

4.1 Polarization Modes in f (R) Gravity

To discuss PMs of GWs, one needs to investigate linearized far field vacuum field

equations. The vacuum field equations for the f(R) gravity action (1.1.1) are

F (R)Rµν − 1

2
f(R)gµν −∇µ∇νF (R) + gµν2F (R) = 0. (4.1.1)

The trace of the above equation is

RF (R)− 2f(R) + 32F (R) = 0. (4.1.2)

89
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We assume that waves are traveling in z-direction, i.e., each quantity can be a func-

tion of z and t. Amendola et al. [73] derived the conditions for cosmological viability

of some dark energy models in f(R) gravity. They divided f(R) models into four

classes according to the existence of a matter dominated era and the final accelerated

expansion phase. They concluded that models of class I are not physical, class II

models asymptotically approach to de Sitter universe, class III contains models show-

ing strongly phantom era and models of class IV represent non-phantom acceleration

(ω > −1). They argued that only models belonging to class II are observationally

acceptable with the final outcome of ΛCDM model. Here we consider these obser-

vationally acceptable models among which the model R + αR−n has already been

discussed by Alves et al. [36], so we discuss the remaining three.

4.1.1 Polarization Modes for f(R) = R + βR2 − Λ

We consider the model f(R) = R + βR2 − Λ, it is assumed that β (an arbitrary

constant) and Λ (cosmological constant) have positive values. This model corresponds

to ΛCDM model in the limit β → 0 and Starobinsky inflationary model for Λ → 0.

In this case, Eq.(4.1.2) yields

R(1 + 2βR)− 2(R + βR2 − Λ) + 32(1 + 2βR) = 0, (4.1.3)

which on simplification gives

2R− 1

6β
R = − Λ

3β
. (4.1.4)

Equation (4.1.4) can be interpreted as a non-homogeneous two-dimensional wave

equation or Klein-Gordon equation and its solution can be found using different

methods like Fourier transform and Green function etc. Here we obtain its solution
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following the technique used to solve Klein-Gordon and Sine-Gordon equations given

in [74] which is simple as compared to other methods. According to this method,

any static solution is a wave with zero velocity and for the systems with Lorentz

invariance, once a static solution is known, moving solutions are trivially obtained by

boosting, i.e., transforming to a moving coordinate frame. Since we are considering

the vacuum field equations and the background metric is Minkowski, so we can apply

Lorentz transformations to the Ricci scalar R (a Lorentz invariant quantity). Hence

static solution of Eq.(4.1.4) is obtained by solving

d2R

dz2
− 1

6β
R = − Λ

3β
, (4.1.5)

whose solution is

R(z) = c1e

q
1
6β

z
+ c2e

−
q

1
6β

z
+ 2Λ, (4.1.6)

where c1, c2 are constants of integration.

Since our system is Lorentz invariant, the time dependent solution is obtained

from the static solution through Lorentz transformation as

R(z, t) = c1e

q
1
6β

z−vt√
1−v2 + c2e

−
q

1
6β

z−vt√
1−v2 + 2Λ, (4.1.7)

where
√

1− v2 is the Lorentz factor and v represents the velocity of wave propagation.

Also, Eq.(4.1.1) can be rewritten as

Rµν =
1

F (R)

[
1

2
f(R)gµν +∇µ∇νF (R)− gµν2F (R)

]
. (4.1.8)

Replacing the values of f(R) and F (R), we obtain its linearized form as

Rµν =
1

2
(R− Λ + 2βΛR)gµν + 2β∇µ∇νR− 2βgµν2R. (4.1.9)

The non-zero components of Ricci tensor are

Rtt =
1

6(1− v2)
[3v2(R− Λ)− (R + 3Λ)]− βΛR, (4.1.10)
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Rxx =
1

6
(R + Λ) + βΛR = Ryy, (4.1.11)

Rzz =
1

6(1− v2)
[3(R− Λ)− v2(R + Λ)] + βΛR, (4.1.12)

Rtz = − vR

3(1− v2)
. (4.1.13)

With the help of Eqs.(1.5.5) and (1.5.6), we have

Ψ2 =
1

12
R, Ψ3 =

1

2
Rlñ, Φ22 = −1

2
Rll. (4.1.14)

Now, we find the expressions of Ψ3 and Φ22 using Eq.(1.5.4). For Ψ3, it yields

Ψ3 =
1

2
Rlñ =

1

2
Rµνl

µñν , (4.1.15)

which can also be written as

Ψ3 =
1

2
(Rttl

tñt + Rxxl
xñx + Ryyl

yñy + Rzzl
zñz + Rtzl

tñz). (4.1.16)

From Eqs.(1.5.1) and (1.5.2), the component form of vectors k, l, n and ñ can be

written as

kµ =
1√
2
(1, 0, 0, 1), lµ =

1√
2
(1, 0, 0,−1), (4.1.17)

nµ =
1√
2
(0, 1, i, 0), ñµ =

1√
2
(0, 1,−i, 0). (4.1.18)

Substituting all the required values in Eq.(4.1.16), we obtain Ψ3 = 0. Similarly,

Eq.(1.5.4) for Φ22 yields

Φ22 = −1

2
Rll = −1

2
Rµνl

µlν = −1

2
(Rttl

tlt + 2Rtzl
tlz + Rzzl

zlz).

Replacing the Ricci tensor components and components of lµ, the above equation

leads to

Φ22 = −R

12

(
1 + v

1− v

)
+

Λ(2v2 + 3)

12(1− v2)
. (4.1.19)
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Notice that Ψ4 6= 0 represents the tensor modes of GWs. Since there is no expression

of Ψ4 in terms of Ricci tensor, so it cannot be evaluated with the help of available

values of the Ricci tensor and Ricci scalar [38]. It can be observed that for ΛCDM

model (when β → 0) Ψ2 and Φ22 remain non-zero.

The model, f(R) = R + βR2 − Λ, is always viable and reduces to GR when

both β as well as Λ approach to zero. In GR, there are only two tensor modes of

polarization associated with ReΨ4 and ImΨ4, i.e., we have only Ψ4 non-zero among

six NP parameters. From Eq.(4.1.3), we have R = 0 for β → 0, Λ → 0, hence GR

results are retrieved.

4.1.2 Polarization Modes for f(R) = Rp1(ln χR)q1

This model is observationally acceptable for p1 = 1 and q1 > 0. Here we assume that

q1 = 1 such that the model becomes f(R) = R ln χR. Substituting the values of f(R)

and F (R) in Eq.(4.1.2), it gives

32 ln χR−R ln χR + R = 0. (4.1.20)

Assuming ln χR = $, this equation transforms to

2$ =
e$

3χ
($ − 1), (4.1.21)

which can also be written as

2$ =
∂U

∂$
; U($) =

e$

3χ
($ − 2). (4.1.22)

First we seek for a static solution, i.e., consider $ = $(z) such that integration of

Eq.(4.1.22) gives

1

2

(
d$

dz

)2

= U($). (4.1.23)
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Substituting the value of U($) and then integrating, it follows that

$(z) = 2

[
1 + InverseErf

[
ez√
3χπ

+
ec3√
2χπ

]2
]

, (4.1.24)

where c3 is a constant of integration, e = 2.71828 and Erf is defined by

Erf(z) =
2√
π

∫ z

0

e−s2

ds. (4.1.25)

Using Lorentz transformation, we obtain time dependent solution given by

$(z, t) = 2

[
1 + InverseErf

[
e(z − vt)√
1− v2

√
3χπ

+
ec3√
2χπ

]2
]

. (4.1.26)

The expression for Ricci scalar is obtained as

R(z, t) =
1

χ
exp

(
2

[
1 + InverseErf

[
e(z − vt)√
1− v2

√
3χπ

+
ec3√
2χπ

]2
])

. (4.1.27)

The non-zero components of the Ricci tensor have the form

Rtt = − R

6(v2 − 1)

[
(3v2 − 1) ln χR− 2

ln χR + 1

]
,

Rxx =
R

6

(
ln χR + 2

ln χR + 1

)
= Ryy,

Rtz =
Rv(ln χR− 1)

3(v2 − 1)(ln χR + 1)
,

Rzz =
R

6(v2 − 1)

[
(v2 − 3) ln χR + 2v2

ln χR + 1

]
.

Finally, the NP parameters for this case are

Ψ2 =
1

12
R, Ψ3 = 0, Φ22 = −R

12

(
1 + v

1− v

)
(ln χR− 1)

ln χR + 1
. (4.1.28)

Here Ψ4 is also a non-vanishing NP parameter as discussed in the previous case.
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4.1.3 Polarization Modes for f(R) = Rp2e
q2
R

This model is observationally acceptable for p2 = 1, so we take f(R) = Re
q2
R . This

model reduces to GR when q2 = 0 and consequently gives no additional PMs. Thus

to find extra PMs, we consider q2 6= 0 in further calculations. For this model, the

trace equation (4.1.2) becomes

Re
q2
R

(
1− q2

R

)
− 2Re

q2
R + 32

(
e

q2
R

(
1− q2

R

))
= 0. (4.1.29)

In low curvature regime, we have R << q2 which reduces the above equation to the

following

2

(
1

R
e

q2
R

)
+

1

3
e

q2
R = 0. (4.1.30)

Replacing 1
R

= ũ and ũ = ũ(z) for static solution, we obtain

d2

dz2
(ũeq2ũ) +

1

3
eq2ũ = 0. (4.1.31)

Solving the double derivative of the above equation, it becomes

(1 + q2ũ)
d2ũ

dz2
+ q2(q2ũ + 2)

(
dũ

dz

)2

+
1

3
= 0.

This is a non-homogeneous non-linear second order differential equation and does

not provide an exact analytic solution unless we make some assumptions to simplify

it. Since we are working in the weak-field regime, so R is very small. Assuming q2 to

be very large, we have q2ũ = q2

R
(as ũ = 1

R
) to be very large such that (q2ũ + 1) ≈ q2ũ

as well as (qũ + 2) ≈ qũ and the above equation reduces to

ũ
d2ũ

dz2
+ q2ũ

(
dũ

dz

)2

+
1

3q2

= 0.
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Here 1
3q2
→ 0 as q2 is very large, hence it reduces to

ũ
d2ũ

dz2
+ q2ũ

(
dũ

dz

)2

= 0, (4.1.32)

whose solution yields (ũ = 1/R)

R(z) =

(
1

q2

ln[q2(c4z + c5)]

)−1

, (4.1.33)

where c4 and c5 are integration constants. The non-static solution becomes

R(z, t) =

(
1

q2

ln

[
q2

(
c4

(z − vt)√
1− v2

+ c5

)])−1

. (4.1.34)

The non-vanishing components of the Ricci tensor are

Rtt =
q2

[
q2(z − vt)2 + 2 ln

[
q2

(
c4

(z−vt)√
1−v2 + c5

)]]
c2
4

2(ln
[
q2

(
c4

(z−vt)√
1−v2 + c5

)]
)2((tv − z)c4 −

√
1− v2c5)2

+
q2

[
2q2

√
1− v2(z − vt)c4c5 − q2c

2
5(v

2 − 1)
]

2(ln
[
q2

(
c4

(z−vt)√
1−v2 + c5

)]
)2((tv − z)c4 −

√
1− v2c5)2

, (4.1.35)

Rxx = Ryy =
−q2

[
q2(z − vt)2 − 2(v2 − 1) ln

[
q2

(
c4

(z−vt)√
1−v2 + c5

)]]
c2
4

2(ln
[
q2

(
c4

(z−vt)√
1−v2 + c5

)]
)2((tv − z)c4 −

√
1− v2c5)2

− q2

[
2q2

√
1− v2(z − vt)c4c5 − q2c

2
5(v

2 − 1)
]

2(ln
[
q2

(
c4

(z−vt)√
1−v2 + c5

)]
)2((tv − z)c4 −

√
1− v2c5)2

, (4.1.36)

Rzz =
−q2

[
q2(z − vt)2 − 2v2 ln

[
q2

(
c4

(z−vt)√
1−v2 + c5

)]]
c2
4

2(ln
[
q2

(
c4

(z−vt)√
1−v2 + c5

)]
)2((tv − z)c4 −

√
1− v2c5)2

− q2

[
2q2

√
1− v2(z − vt)c4c5 − q2c

2
5(v

2 − 1)
]

2(ln
[
q2

(
c4

(z−vt)√
1−v2 + c5

)]
)2((tv − z)c4 −

√
1− v2c5)2

, (4.1.37)

Rtz = − q2vc2
4

(1− v2)
(

(z−vt)√
1−v2 c4 + c5

) . (4.1.38)

The corresponding NP parameters are

Ψ2 =
1

12
R, Ψ3 = 0, (4.1.39)
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Φ22 = − Rc2
4(v − 1)2

4((tv − z)c4 −
√

1− v2c5)2
. (4.1.40)

Ψ4 is also non-zero.

4.2 Axial Perturbations in FRW Model

We consider FRW cosmological model for the flat universe in (η, r, θ, φ) coordinates

ds2 = a2(η)(−dη2 + dr2 + r2dθ2 + r2 sin2 θdφ2), (4.2.1)

where η is the conformal time coordinate related to the ordinary time by the relation

η =

∫
dt

a
, (4.2.2)

such that the conformal Hubble parameter H is related with the ordinary Hubble

parameter H by

H =
H
a

. (4.2.3)

We consider perturbations producing odd waves or axial waves in flat FRW universe

introduced by Regge and Wheeler [54]. The axially perturbed FRW universe in

Regge-Wheeler gauge is given by

ds2 = −a2(η)dη2 + 2êk0 sin θ∂θY
m
l dηdφ + a2(η)dr2 + 2êk1 sin θ∂θY

m
l drdφ

+ a2(η)r2dθ2 + a2(η)r2 sin2 θdφ2 + O(ê2), (4.2.4)

where ê is a small parameter (it measures strength of perturbations and the terms

involving O(ê2) are neglected), k0 = k0(η, r), k1 = k1(η, r). Here we are considering

the odd waves corresponding to m = 0, which are discussed by Regge and Wheeler

[54] so that φ disappears in calculations. Also, for the wavelike solution the index l

exceeds one, i.e., we have Y 0
l = Yl0; l = 2, 3, ....
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We consider matter as perfect fluid given in Eq.(2.1.2) and the perturbations in

the material quantities are defined as follows [42]

ρ = ρ0(1 + ê∆(η, r)Yl0) + O(ê2), (4.2.5)

p = p0(1 + êΠ(η, r)Yl0) + O(ê2), (4.2.6)

where ρ0 and p0 are the background density and pressure. The fluid may or may not

be comoving in the perturbed scenario so the perturbed components of four velocity

are taken as [42]

V0 =
2g

(0)
00 + êk00

2a(η)
+ O(ê2), (4.2.7)

V1 = êa(η)u1(η, r)Yl0 + O(ê2), (4.2.8)

V2 = êu2(η, r)∂θYl0 + O(ê2), (4.2.9)

V3 = ê sin θu3(η, r)∂θYl0 + O(ê2), (4.2.10)

where VµV
µ = −1 + O(ê2).

Here, we consider f(R, T ) = R + 2λT to investigate the role of curvature-matter

coupling on the propagation of GWs. The assumption Lm = p and the model

f(R, T ) = R + 2λT simplify the field equations as

Gµν = (8π + 2λ)Tµν − 2λpgµν + λTgµν . (4.2.11)

This yields the following independent field equations for the metric (4.2.1)

3H2 = (8π + 3λ)ρ0a
2 − λp0a

2, (4.2.12)

−2∂ηH−H2 = (8π + 3λ)p0a
2 − λρ0a

2. (4.2.13)

The field equations for the perturbed metric (4.2.4) are

3H2 = [(8π + 3λ)ρ0 − λp0 + (8π + 3λ)ρ0ê∆Yl0 − λp0eΠYl0]a
2, (4.2.14)
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u1(8π + 2λ)(ρ0 + p0) = 0, (4.2.15)

u2(8π + 2λ)(ρ0 + p0) = 0, (4.2.16)

−2∂ηH−H2 = a2[(8π + 3λ)p0 − λρ0 + (8π + 3λ)p0êΠYl0 − λρ0ê∆Yl0],

(4.2.17)

k′1 = ∂ηk0, (4.2.18)

∂ηk
′
1 − k′′0 +

2

r
∂ηk1 − 2Hk′1 +

4

r
k1H− 4k0∂ηH− 2H2k0 +

k0

r2
l(l + 1)

= −2a3(8π + 2λ)u3(ρ0 + p0) + [(8π + 3λ)p0 − λρ0]2a
2k0

+2a2ê(8π + 4λ)k0p0ΠYl0 − 2a2êλk0ρ0∆, (4.2.19)

∂η∂ηk1 − ∂ηk
′
0 +

2

r
∂ηk0 − 2

r2
k1 − 2H∂ηk1 − 6∂ηHk1 − 2H2k1 +

k1

r2
l(l + 1)

= 2a2k1p0(8π + 2λ) + 2λa2k1(−ρ0 + p0)− 2a2êλk1ρ0∆

+2a2ê(8π + 4λ)k1p0ΠYl0, (4.2.20)

where we have used the relation

∂θ∂θYl0 = −l(l + 1)Yl0 − cot θ∂θYl0.

4.2.1 Rotation Induced by Axial GWs

In this section, we find expressions for the perturbation parameters k0, k1, ∆, Π, u1,

u2 and u3. Equation (2.1.6) implies that either the factor (8π+2λ) = 0, i.e., λ = −4π

or u1(ρ0 + p0) = 0. However, the viability conditions for f(R, T ) gravity models are

fR > 0, 1 +
fT

8π
> 0 and fRR > 0,

and give the constraint λ > −4π for our model implying that (8π + 2λ) 6= 0. Hence

Eqs.(4.2.15) and (4.2.16) yield that u1 = 0 and u2 = 0. Substituting the unperturbed
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field equations in perturbed one, we obtain the following equations from (4.2.14),

(4.2.17), (4.2.19) and (4.2.20), respectively.

(8π + 3λ)ρ0∆− λp0Π = 0, (4.2.21)

(8π + 3λ)p0Π− λρ0∆ = 0, (4.2.22)

∂ηk
′
1 − k′′0 +

2

r
∂ηk1 − 2Hk′1 +

4

r
k1H +

k0

r2
l(l + 1)

= −2a3(8π + 2λ)u3(ρ0 + p0) + 2a2ê[(8π + 4λ)k0p0ΠYl0 − λk0ρ0∆],(4.2.23)

∂η∂ηk1 − ∂ηk
′
0 +

2

r
∂ηk0 − 2

r2
k1 − 2H∂ηk1 − 2∂ηHk1 +

k1

r2
l(l + 1)

= 2a2ê[−λk1ρ0∆ + (8π + 4λ)k1p0ΠYl0]. (4.2.24)

Solving (4.2.21) and (4.2.22) simultaneously for Π, we obtain

((8π + 3λ)2 − λ2)p0Π = 0, (4.2.25)

which implies that either

((8π + 3λ)2 − λ2) = 0 or Π = 0. (4.2.26)

The first factor in the above equation yields λ = −4π and −2π. However, keep-

ing in mind the viability conditions for the assumed model, we exclude λ = −4π.

Hence if λ = −2π, then there is a possibility that Π 6= 0 and similarly ∆ 6= 0, i.e.,

the axial GWs can affect the background matter in curvature-matter coupling sce-

nario. Assuming EoS for radiation dominated era p0 = 1
3
ρ0, we obtain the following

relationship between Π and ∆

Π = 3

(
8π

λ
+ 3

)
∆. (4.2.27)

Substituting the above relation in Eqs.(4.2.23) and (4.2.24), we are left with four

unknowns k0, k1, ∆, u3 with three equations (4.2.18), (4.2.23), (4.2.24). Thus in
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order to have the system closed, we assume that GWs do not perturb the matter

field, i.e., ∆ = 0 = Π. Now introducing a new quantity Q(η, r) such that

k1(η, r) = ra(η)Q(η, r). (4.2.28)

Using this equation with Eq.(4.2.18) in (4.2.24), we obtain

∂η∂ηQ−Q′′ +
l(l + 1)

r2
Q− a2[

(4π + 3λ)

3
ρ0 − (12π + 5λ)

3
p0]Q = 0. (4.2.29)

For p0 = ρ0

3
, the field equations (4.2.12) and (4.2.13) lead to

2∂ηH +
6π + λ

3π + λ
H2 = 0,

which yields the scale factor

a(η) = c6η
6π+2λ
6π+λ , (4.2.30)

where c6 is a constant of integration.

The covariant derivative of the field equations is

∇µTµν =
fT

8π − fT

[
(Tµν + Θµν)∇µ ln fT +∇µΘµν − 1

2
gµν∇µT

]
. (4.2.31)

Using Eq.(4.2.1), (2.1.2), the model f(R, T ) = R + 2λT and p0 = ρ0

3
, Eq.(4.2.31)

produces the following differential equation in ρ

∂ηρ0 + 3
8π + λ

6π + λ
Hρ0 = 0,

whose solution is

ρ0 = c7a
−3(8π+λ)

6π+λ , (4.2.32)

c7 is another integration constant. Inserting these values of p0, a(η) and ρ0 in

Eq.(4.2.29), it follows that

∂η∂ηQ−Q′′ + [
l(l + 1)

r2
− 4c2

6c7b̂1λ

9
η

6π+2λ
6π+λ

(−3)(8π+λ)
6π+λ ]Q = 0, (4.2.33)
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where b̂1 = c
−3(8π+λ)

6π+λ

6 . Let us define Â =
4c26c7b̂1λ

9
and take l = 2 such that the above

equation becomes

∂η∂ηQ−Q′′ + [
6

r2
− Âη

6π+2λ
6π+λ

(−3)(8π+λ)
6π+λ ]Q = 0. (4.2.34)

This equation can be solved through separation of variables by assuming Q(η, r) =

T (η)R(r). Introducing the separation constant −z2, we obtain the following two

differential equations

∂η∂ηT −
(
Âη

6π+2λ
6π+λ

(−3)(8π+λ)
6π+λ −z2

)
T = 0, (4.2.35)

R′′ −
(

6

r2
−z2

)
R = 0. (4.2.36)

These are second order homogeneous linear differential equations with variable

coefficients. Equation (4.2.35) can yield some solution if the power of η is fixed. So,

we consider 6π+2λ
6π+λ

(−3)(8π+λ)
6π+λ

= n̂ and check that for what values of n̂ the values of λ

are consistent with viability criteria. We find that the values of λ for n̂ > 1 are not

consistent with λ > −4π (the viability criteria) and n̂ < −2 yields imaginary values

of λ. Hence, n̂ can have the values within the limit −2 ≤ n̂ < 1. For n̂ = −2, we

have λ = 0 which is the case of GR. For the sake of convenience, we take n̂ = 0,−1,

to find the solution of Eq.(4.2.35). For n̂ = 0, the solution is

T (η) = c8 coszη + c9 sinzη, (4.2.37)

where c8 and c9 are constants of integration and for n̂ = −1, we have

T (η) = c10ηe−izηHypergeometric1F1

[
1 +

Â

2iz
, 2, 2izη

]
(4.2.38)

+ c11te
−izηHypergeometricU

[
1 +

Â

2iz
, 2, 2izη

]
,
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where c10, c11 are constants and Hypergeometric1F1, HypergeometricU are the con-

fluent hypergeometric functions of the first and second kind, respectively. These

functions are defined by

Hypergeometric1F1(α; β; z) =
Γ(β)

Γ(β − α)Γ(α)

∫ 1

0

eztt(α− 1)(1− t)β−α−1dt,

HypergeometricU(α, β, z) =
1

Γ(α)

∫ ∞

0

e−ztt(α− 1)(1 + t)β−α−1dt,

where “Γ” indicates the gamma function. The solution of Eq.(4.2.36) is obtained as

R(r) =

√
2

zπ
c12

(−3 coszr

zr
− sinzr +

3 sin mr

z2r2

)

+

√
2

zπ
c13

(−3 coszr

z2r2
− 3 sinzr

zr
+ coszr

)
, (4.2.39)

where c12 and c13 are integration constants.

Replacing the values of Q(η, r) and a(η) in Eq.(4.2.28), we obtain k1 while the

expression for k0 is obtained from Eq.(4.2.18) as follows

k0 = B̂(r) +

∫ η

η0

k′1(τ, r)dτ, (4.2.40)

where η0 is the conformal time at the hypersurface originating GWs. Assuming

k0(η, r) = 0, we have B̂(r) = 0 and k0 becomes

k0 = (rR(r))′
∫ η

η0

a(τ)T (τ)dτ. (4.2.41)

Finally, replacing the values of k0, k1 and ∆ = 0 = Π in Eq.(4.2.23), we obtain for

n̂ = 0

u3(η, r) =
η

λ
6π+λ c6

(zr)
5
2

√
2r

π
[(3zrc12 +z3r3c12 + 3c13) coszr + (−3c12 +zr

(3 +z2r2)c13) sinzr][(c8 −zηc9) coszη + (zηc8 + c9) sinzη]. (4.2.42)
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For n̂ = −1, we have

u3(η, r) =
η

6π+2λ
6π+λ e−izηc6

(zr)
5
2

√
r

2π

[
(1− 6π + 2λ

6π + λ
+ izη) {2c10

× Hypergeometric1F1

[
1 +

Â

2iz
, 2, 2izη

]
+ 2c11

× HypergeometricU

[
1 +

Â

2iz
, 2, 2izη

]}
+ (Â + 2iz)η

×
{

2c11Hypergeometric1F1

[
1 +

Â

2iz
, 3, 2izη

]
− c10

× Hypergeometric1F1

[
1 +

Â

2iz
, 3, 2izη

]}]
[(3zrc12 +z3r3c12

+ 3c13) coszr + (−3c12 +zr(3 +z2r2)c13) sinzr]. (4.2.43)

Thus the final expression for four velocity in radiation dominated phase becomes

Vα = (−c6η
6π+2λ
6π+λ , 0, 0, ê∂θY20u3(η, r) sin θ). (4.2.44)

Also, Y20(θ) = 1
4

√
5
π
(3 cos2 θ − 1) leads to ∂ηY20 = 1

4

√
5
π

cos θ sin θ and hence

Vα = (−c6η
6π+2λ
6π+λ , 0, 0,

ê

4

√
5

π
u3(η, r) cos θ sin2 θ). (4.2.45)

Thus the azimuthal velocity of any point P having coordinates (η, r, θ, φ) is V3 =

ê
4

√
5
π
u3(η, r) cos θ sin2 θ, where u3(η, r) is given in Eq.(4.2.42) and (4.2.43) for n̂ =

0,−1, respectively. The angular (Ω) and linear rotational (V ) velocities of the fluid

are

Ω =
V 3

V 0
=

Ĉu3

ar2
cos θ; Ĉ =

ê

4

√
5

π
,

V = ar sin θΩ =
Ĉu3 sin 2θ

2r
.

These expressions of velocities show that the fluid remains no more comoving after

passing the GW.
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Currently, our universe is in expansion phase for which EoS is p0 = −ρ0. Using

this EoS, we can observe how such types of GWs can perturb the flat cosmos in the

recent era. For p0 = −ρ0, the scale factor and density have the expressions

a(η) =
c̃6

η
, ρ = c̃7a

−3λ
2π , (4.2.46)

where c̃6 and c̃7 are integration constants. It is found that this EoS can yield non-

vanishing u1 and u2 (from (4.2.15) and (4.2.16)) while the remaining expressions

remain the same with Â = 8(2π+λ)
3

c̃2
6c̃7b̂2, b̂2 = c̃

−3λ
2π

6 and 3λ−4π
2π

= n̂. In dark en-

ergy dominated phase, n̂ can take positive and negative values, however, similar to

radiation dominated phase, n̂ = −2 yields the GR case.



Chapter 5

Evolution of Viscous Fluid in
f (R, T ) Theory

This chapter investigates some aspects of evolution of the universe consisting of vis-

cous fluid. There are two main sections of this chapter. In the next section 5.1, we

study the evolution of bulk viscous MCG interacting with f(R, T ) gravity in flat FRW

universe. The field equations are formulated for the model f(R, T ) = R + 2λT and

constraints for the conservation of the energy-momentum tensor are obtained. We dis-

cuss the behavior of total energy density, pressure and EoS parameter for emergent,

intermediate as well as logamediate scenarios of the universe with two interacting

models. In section 5.2, we study the evolution in the background of LRS Bianchi

type-I model with bulk viscous fluid. We discuss scale factors as well as deceleration

parameter in dark energy dominated era for different models of bulk viscosity. The

occurrence of big-rip singularity is also examined. The results of this chapter have

been published in two papers [75, 76].

106
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5.1 Interaction of Viscous MCG with f (R, T ) Grav-

ity

The flat FRW universe model is given by

ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2). (5.1.1)

We consider a matter which consists of MCG with bulk viscosity for which the energy-

momentum tensor can be written as [77]

Tµν = (ρ + p− 3ξH)VµVν + (p− 3ξH)gµν , (5.1.2)

where ρ denotes density of MCG, p represents pressure of MCG and ξ denotes bulk

viscosity coefficient. Using Eq.(1.1.4), we obtain the following field equations for the

model f(R, T ) = R + 2λT and κ2 = 1

3H2 = ρ− λT + 2λ(ρ + p− 3ξH) = ρtot, (5.1.3)

−2Ḣ − 3H2 = p− 3ξH + λT = ptot, (5.1.4)

where H = ȧ
a

and the trace of energy-momentum tensor is

T = −ρ + 3p− 9ξH. (5.1.5)

Also,

ρtot = ρDE + ρ, ptot = pDE + p. (5.1.6)

Consequently, the energy density and pressure of dark energy become

ρDE = −λT + 2λ(ρ + p− 3ξH), (5.1.7)
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pDE = −3ξH + λT. (5.1.8)

The equation of state for MCG is defined in Eq.(1.8.3).

The conservation equation holds in f(R, T ) gravity provided that the following

constraint holds [78]

(ρ + p− 3ξH)ḟT − 1

2
fT ((p− 3ξH)· − ρ̇) = 0, (5.1.9)

with f = f(T ). Here f(T ) = λT and the above equation gives

(p− 3ξH)· = ρ̇ ⇒ p− 3ξH = ρ + c14, (5.1.10)

where c14 is the constant of integration. Adding Eqs.(1.8.3) and (5.1.10), we have

p =
b1 + 1

2
ρ− b2

2ρδ
+

3

2
ξH +

c14

2
. (5.1.11)

This equation can be written in the form of the EoS of MCG as

p = b̃1ρ− b̃2

ρδ
, (5.1.12)

where b̃1 = b1+1
2

, b̃2 = b2
2

and

3

2
ξH +

c14

2
= 0, (5.1.13)

which gives ξ(t) in terms of H and c14. We take the conservation of T tot
µν with the

above mentioned constraints.

The equation of continuity for interacting dark energy and MCG gives

ρ̇DE + 3H(ρDE + pDE) = −Q̃, (5.1.14)

ρ̇ + 3H(ρ + p) = Q̃, (5.1.15)
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where Q̃ is the interaction term. The interaction between f(R, T ) and MCG is con-

sidered to study the interaction of dark energy and dark matter. The physical sig-

nificance of considering an interaction between dark energy and dark matter is that

it introduces an energy flow between two components of the universe [79, 80]. The

interaction term Q̃ is usually considered either Q̃ = 3Hbρ, or Q̃ = 3HbρDE, or

Q̃ = 3Hbρtot, where b is the coupling constant [80, 81]. There are also other interact-

ing models containing time derivative of energy density but these interactions cannot

change sign. Wei [82] proposed a sign changeable interaction Q̃ = q̃(ερ̇ + 3bHρ),

where ε is constant. He explored that the cosmological coincidence problem can be

alleviated by some scaling attractors and showed that this interaction model can bring

new features to cosmology.

In the following, we study the interactions Q̃ = 3Hbρ as well as Q̃ = q̃(ερ̇+3bHρ)

and compare their results for the following three scenarios.

1. Emergent scenario [83], where the scale factor has the form a(t) = b0(b3 +

eb4t)b5 , b0 > 0, b3 > 0, b4 > 0, b5 > 1.

2. Intermediate scenario [84], where a(t) = eb6tb7 with b6 > 0, 0 < b7 < 1.

3. Logamediate scenario [85], where a(t) = eb8(ln t)b9 with b8 > 0, b9 > 1.

The sum of Eqs.(5.1.14) and (5.1.15) gives

ρ̇tot + 3H(1 + ωtot)ρtot = 0,

which shows that for ωtot > −1, ρtot is decreasing and for ωtot < −1, ρtot is increasing.

For graphical analysis, the parameters in all cases are fixed such that

1. ρtot and ωtot satisfy the above relation,
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2. ptot remains negative,

3. c14 is taken negative such that bulk viscosity becomes positive because large

positive value of bulk viscosity can produce negative pressure [86].

4. The values of b̃1 = b1+1
2

and b̃2 = b2
2

are chosen such that the corresponding

values of b1 and b2 remain positive.

5. The value of b is taken negative to have an energy flow from MCG to dark

energy [79].

5.1.1 Interaction Q̃ = 3Hbρ

We replace Q̃ = 3Hbρ and Eq.(5.1.12) in (5.1.15), it follows that

ρ̇ + 3H(ρD − b̃2

ρδ
) = 0; D = 1 + b̃1 − b. (5.1.16)

For the emergent universe, the Hubble parameter becomes

H =
b5b4e

b4t

(b3 + eb4t)
, (5.1.17)

and Eq.(5.1.16) gives the solution

ρ =

[
b̃2 − eD(1+δ)c15(b3 + eb4t)−3Db5(1+δ)

D

] 1
1+δ

, (5.1.18)

where c15 is the constant of integration. Equation (5.1.12) then leads to

p = b̃1

[
b̃2 − eD(1+δ)c15(b3 + eb4t)−3Db5(1+δ)

D

] 1
1+δ

− b̃2

[
b̃2 − eD(1+δ)c15(b3 + eb4t)−3Db5(1+δ)

D

] −δ
1+δ

. (5.1.19)
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Inserting these values in Eqs.(5.1.7) and (5.1.8), we obtain energy density and pressure

of dark energy. Consequently, Eq.(5.1.6) gives the values of total energy density and

pressure. The total EoS parameter is obtained as

ωtot =
ptot

ρtot
. (5.1.20)

Equation (5.1.13) yields

ξ =
−c14(b3 + eb4t)

3b5b4eb4t
. (5.1.21)

The graphs of ρtot, ptot and ωtot for the emergent universe with first interaction

model are shown in Figure 5.1. We see that the total density decreases while the

total pressure increases with time. In all cases, the value of model parameter λ cannot

be negative as it leads to negative values of ρtot which is not physical. The effect of

model parameter λ on ρtot, ptot and ωtot is observed. The first graph shows that ρtot

increases, second indicates a decrease in ptot and third graph depicts that the model

has a tendency towards quintessence era with the increase in model parameter. We

find that large λ increases ρtot and decreases ptot but ωtot does not cross the phantom

divide line and always lies in matter dominated or quintessence era. Figure 5.2

indicates that the behavior of bulk viscosity with respect to time is decreasing while

it decreases with the increase in c14.

For the intermediate scenario, the Hubble parameter is H = b6b7t
b7−1 for which

Eq.(5.1.16) yields

ρ =

[
b̃2 − e(−3b6tb7+c16)D(1+δ)

D

] 1
1+δ

, (5.1.22)

where c16 is another integration constant and Eq.(5.1.13) gives

ξ =
−c14

3b6b7tb7−1
. (5.1.23)
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Figure 5.1: Plots of ρtot, ptot and ωtot versus time in emergent universe for Q̃ = 3Hbρ,
b̃1 = 3, b̃2 = 10, δ = 0.5, b = −1, b3 = 0.1, b4 = 0.03, b5 = 15, c14 = −0.1, c15 = 1,
λ = 1 (red), λ = 1.1 (blue) and λ = 1.2 (green).
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Figure 5.2: Plot of ξ versus time in emergent universe for Q̃ = 3Hbρ, b̃1 = 3, b̃2 =
10, δ = 0.5, b = −1, b3 = 0.1, b4 = 0.03, b5 = 15, λ = 1, c15 = 1, c14 = −0.1 (red),
c14 = −0.101 (blue) and c14 = −0.102 (green).
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Figure 5.3: Plots of ρtot, ptot, ωtot and ξ versus time in intermediate universe for
Q̃ = 3Hbρ, b̃1 = 3, b̃2 = 10, δ = 0.5, b = −1, b6 = 0.05, b7 = 0.8, c14 = −0.1 c16 = 1,
λ = 1 (red), λ = 1.1 (blue) and λ = 1.2 (green).

Following the same procedure as above, we obtain the values of total energy density,

pressure and EoS parameter. The graphical behavior is shown in Figure 5.3. The

effect of model parameter remains the same as in emergent while the behavior of ξ

observed from Figure 5.4 with respect to time is opposite. It increases with increase

in time and decrease in c14.

The Hubble parameter, bulk viscosity and solution of Eq.(5.1.16) for the logame-

diate universe are given by

H =
b8b9(ln t)b9−1

t
, (5.1.24)
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Figure 5.4: Plots of ρtot, ptot, ωtot and ξ versus time in intermediate universe for
Q̃ = 3Hbρ, b̃1 = 3, b̃2 = 10, δ = 0.5, b = −1, b6 = 0.05, b7 = 0.8, c16 = 1,
c14 = −0.1 (red), c14 = −0.11 (blue) and c14 = −0.12 (green).
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Figure 5.5: Plots of ρtot, ptot and ωtot versus time in logamediate universe for Q̃ =
3Hbρ, b̃1 = 3, b̃2 = 10, δ = 0.5, b = −1, b8 = 0.3, b9 = 1.5, c14 = −0.1 c17 = 1
λ = 1 (red), λ = 1.1 (blue) and λ = 1.2 (green).
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Figure 5.6: Plot of ξ versus time in logamediate universe for Q̃ = 3Hbρ ,b̃1 = 3, b̃2 =
10, δ = 0.5, b = −1, b8 = 0.3, b9 = 1.5, c17 = 1 c14 = −0.1 (red), c14 = −0.11 (blue)
and c14 = −0.12 (green).

ξ =
−c14t

3b8b9(ln t)b9−1
(5.1.25)

ρ =

[
b̃2 − eD(1+δ)(c17−3b8(ln t)b9 )

D

] 1
1+δ

, (5.1.26)

where c17 is the integration constant. In this case, Figure 5.5 indicates the same

effect of model parameter as in the previous cases and from Figure 5.6, it is observed

that the behavior of bulk viscosity is increasing with time as in intermediate case but

with a rapid rate.

5.1.2 Interaction Q̃ = q̃(ερ̇ + 3bHρ)

In this case, we use Eq.(5.1.12) in (5.1.15) and obtain

(1− q̃ε)ρ̇ + 3H(Dρ− b̃2

ρδ
) = 0. (5.1.27)
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We evaluate the following solutions of Eq.(5.1.27) for the emergent as well as inter-

mediate universe, respectively

ρ =




b̃2 − e

−3Deb4tb5(1+δ)
1+ε

+
3(1+δ)D

√
b3b5ε arctan(

eb4t√b5(1+ε)√
b3ε

)

(1+ε)
3
2

+(1+δ)Dc18

D




1
1+δ

, (5.1.28)

ρ =


 b̃2 − e

D(1+δ)

b7(1+ε)2
(γc19(1+ε)2−3b7b6tb7 (1+ε)+3ε ln(−(1+b7)ε+tb7b7b6(1+ε))(b7−1))

D




1
1+δ

,(5.1.29)

where c18 and c19 are constants of integration. For the logamediate scenario, Eq.(5.1.27)

gives complicated solution, so we solve it numerically. For this interaction model,

the graphical behavior for all cases is shown in Figures 5.7-5.12. The behavior of

ρtot, ptot, ωtot as well as effect of model parameter λ is similar to the first interaction

model for emergent and intermediate scenarios. The behavior of pressure and EoS

parameter for logamediate scenario is reversed in this model. Moreover, bulk viscosity

also has the same behavior.

5.2 Viscosity Effects on Anisotropic Universe

The LRS Bianchi type-I universe model is taken as

ds2 = −dt2 + a2
1(t)dx2 + a2

2(t)(dy2 + dz2). (5.2.1)

We assume that shear and expansion scalars are proportional to each other (σ ∝ ϑ)

which gives a1 = am̃
2 (where m̃ 6= 0 is a constant). The mean Hubble parameter then

becomes

H =
1

3

(
m̃ + 2

m̃

)
ȧ1

a1

. (5.2.2)
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Figure 5.7: Plots of ρtot, ptot and ωtotversus time in emergent universe for Q̃ = q̃(ερ̇ +
3bHρ) b̃1 = 3, b̃2 = 10, δ = 0.5, b = −1, b3 = 1, b4 = 0.05, b5 = 2, ε = 2, c14 =
−0.1, c18 = 1, λ = 1 (red), λ = 1.1 (blue) and λ = 1.2 (green).
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Figure 5.8: Plot of ξ versus time in emergent universe for Q̃ = q̃(ερ̇ + 3bHρ), b̃1 =
3, b̃2 = 10, δ = 0.5, b = −1, b3 = 1, b4 = 0.05, b5 = 2, ε = 2, c18 = 1, c14 = −0.1
(red), c14 = −0.11 (blue), and c14 = −0.12 (green).
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Figure 5.9: Plots of ρtot, ptot and ωtot versus time in intermediate universe for Q̃ =
q̃(ερ̇ + 3bHρ), b̃1 = 8, b̃2 = 10, δ = 0.5, b = −1, b6 = 0.1, b7 = 0.8, ε = 2, c14 =
−0.1 c19 = 1, λ = 1 (red), λ = 1.1 (blue) and λ = 1.2 (green).
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Figure 5.10: Plot of ξ versus time in intermediate universe for Q̃ = q̃(ερ̇ + 3bHρ),
b̃1 = 8, b̃2 = 10, δ = 0.5, b = −1, b6 = 0.1, b7 = 0.8, ε = 2, c19 = 1, c14 = −0.1
(red), c14 = −0.11 (blue), and c14 = −0.12 (green).
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Figure 5.11: Plots of ρtot, ptot and ωtot versus time in logamediate universe for Q̃ =
q̃(ερ̇+3bHρ), b̃1 = 0.6, b̃2 = 1, δ = 0.5, b = −1, b8 = 0.5, b9 = 1.5, ε = 2, c14 = −0.1,
λ = 1 (red), λ = 1.005 (blue) and λ = 1.01 (green).
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Figure 5.12: Plot of ξ versus time in logamediate universe for Q̃ = q̃(ερ̇ + 3bHρ),
b̃1 = 0.6, b̃2 = 1, δ = 0.5, b = −1, b8 = 0.5, b9 = 1.5, ε = 2, c10 = −0.1, c14 = −0.1
(red), c14 = −0.11 (blue), and c14 = −0.12 (green).
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The energy-momentum tensor of viscous fluid is given in Eq.(5.1.2). The field equa-

tions for the metric (5.2.1) are

9(2m̃ + 1)

(m̃ + 2)2
H2 = (1 + 3λ)ρ− λ(p− 3ξH), (5.2.3)

−6Ḣ

(m̃ + 2)
− 9(2m̃ + 1)(H)2

(m̃ + 2)2
= (1 + 3λ)(p− 3ξH)− λρ, (5.2.4)

−(1 +
1

m̃
)

3m̃Ḣ

(m̃ + 2)
− (1 +

2

m̃
)

9m̃2H2

(m̃ + 2)2
= (1 + 3λ)(p− 3ξH)− λρ. (5.2.5)

The anisotropy parameter is given by

Ap =
1

3

3∑
i=1

(4Hi

H

)2

; 4Hi = H −Hi, (5.2.6)

where Hi represent directional Hubble parameters. We evaluate Ap as

Ap =
2(m̃− 1)2

(m̃ + 2)2
. (5.2.7)

The relation between m̃ and Ap is given in Table 9.

Table 9: Relation of m̃ and Ap

Range for m̃ Behavior of Ap

−∞ < m̃ < −2 increasing
−2 < m̃ ≤ 1 decreasing
1 ≤ m̃ < ∞ increasing

The first two field equations produce the differential equation in H

6Ḣ

(m̃ + 2)
+ (ρ + p)(1 + 2λ)− 3ξH(1 + 2λ) = 0. (5.2.8)

To solve this equation for H, we consider the following EoS

p = (γ − 1)ρ; 0 ≤ γ ≤ 2, (5.2.9)

and an expression for bulk viscosity of the form [87]

ξ = ξ0 + ξ1H, (5.2.10)
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where ξ0 and ξ1 are constants. The matter density is evaluated using Eqs.(5.2.9) and

(5.2.10) in (5.2.3) as

ρ =
3H

(1 + 4λ− γλ)

[(
3(2m̃ + 1)

(m̃ + 2)2
− λξ1

)
H − λξ0

]
. (5.2.11)

In the following, we consider four different viscosity models and evaluate the ex-

pressions for H, a1, a2, ρ and q̃.

5.2.1 Fluid With Zero Viscosity (ξ = 0)

For a non-viscous fluid, Eq.(5.2.8) becomes

2(m̃ + 2)Ḣ +
3γ(1 + 2λ)(2m̃ + 1)

(1 + 4λ− γλ)
H2 = 0, (5.2.12)

where we have used Eqs.(5.2.10) and (5.2.11). The solution of this equation for γ 6= 0

is given by

H =
1

c20 + 3
2

γ(1+2λ)(1+2m̃)t
(m̃+2)(1+4λ−γλ)

, (5.2.13)

where c20 is a constant of integration. The Hubble parameter yields

a1 =

(
c21

[
c20 +

3

2

γ(1 + 2λ)(1 + 2m̃)t

(m̃ + 2)(1 + 4λ− γλ)

] 2(m̃+2)(1+4λ−γλ)
3γ(1+2λ)(1+2m̃)

) 3m̃
m̃+2

, (5.2.14)

here c21 is another integration constant. This represents a power-law type solution of

the scale factor. The scale factor a2 can be found using a1 = am̃
2 ⇒ a2 = a

1
m̃
1 . The

deceleration parameter is obtained as

q̃ = −1− Ḣ

H2
= −1 +

3

2

γ(1 + 2λ)(1 + 2m̃)

(m̃ + 2)(1 + 4λ− γλ)
. (5.2.15)

which is time independent and its value varies with γ, λ and m̃.
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Figure 5.13: Plots of a1 and a2 versus t for ξ = 0 and fixing c̃20 = 0.1, c̃21 = 1, m̃ =
0.25 (red), m̃ = 0.5 (blue), m̃ = 0.75 (green) and m̃ = 1 (purple).

For different values of γ, we have different evolutionary eras. Here, we present

a discussion for the dark energy dominated era corresponding to γ = 0. Solving

Eq.(5.2.12) for γ = 0, we have

H = c̃20, q̃ = −1, a1 = (c̃21e
c̃20t)

3m̃
m̃+2 , a2 = (c̃21e

c̃20t)
3

m̃+2 , (5.2.16)

c̃20 > 0 and c̃21 > 0 are constants of integration. The scale factors are of exponential

form. For m̃ = 1, the above values correspond to the de Sitter universe. The plots

for a1 and a2 in Eq.(5.2.16) are given in Figure 5.13. The behavior of both graphs

is increasing with time while anisotropy has opposite effects (it increases a1 and

decreases a2). Equation (5.2.11) yields the expression for density as

ρ =
9(2m̃ + 1)c̃2

20

(m̃ + 2)2(1 + 4λ)
. (5.2.17)

There is a big-rip singularity when ρ → ∞, i.e., for a non-viscous fluid, a big-rip

is expected only if m̃ = −2 or λ = −1
4
. For m̃ = −2, the anisotropy parameter Ap

defined in (5.2.7) also approaches to infinity.
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Figure 5.14: Plots of a1, a2 and q̃ versus t for ξ = ξ0 and fixing λ = 1, c̃22 = 0.1, c̃23 =
1, ξ0 = 0.01, m̃ = 0.25 (red), m̃ = 0.5 (blue), m̃ = 0.75 (green) and m̃ = 1 (purple)
in the left panel and fixing m̃ = 0.25, ξ0 = 0.01 (red), ξ0 = 0.011 (blue), ξ0 = 0.012
(green) and ξ0 = 0.013 (purple) in the right panel.
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5.2.2 Fluid With Constant Viscosity (ξ = ξ0)

In this case, for γ 6= 0 Eq.(5.2.8) yields the solution

H =

(
ξ0(1+2λ)(1+4λ)(m̃+2)

2(1+4λ−γλ)

)
e

�
ξ0(1+2λ)(1+4λ)(m̃+2)

2(1+4λ−γλ)

�
(t+c22)

1 +
(

3γ(1+2λ)(1+2m̃)
2(m̃+2)(1+4λ−γλ)

)
e

�
ξ0(1+2λ)(1+4λ)(m̃+2)

2(1+4λ−γλ)

�
(t+c22)

, (5.2.18)

where c22 is an integration constant. Using the above equation, q̃ and a1 become

q̃ = −1− e

�−ξ0(1+2λ)(1+4λ)(m̃+2)
2(1+4λ−γλ)

�
(t+c22), (5.2.19)

a1 =

[
c23

(
1 +

3γ(1 + 2λ)(1 + 2m̃)

2(m̃ + 2)(1 + 4λ− γλ)

× e
ξ0(1+2λ)(1+4λ)(m̃+2)(t+c22)

2(1+4λ−γλ)

) 2(m̃+2)(1+4λ−γλ)
3γ(1+2λ)(1+2m̃)

] 3m̃
m̃+2

, (5.2.20)

where c23 is another integration constant. The scale factors become exponential type.

For γ = 0, we have

H = c̃22e
ξ0(1+2λ)(m̃+2)t

2 , (5.2.21)

q̃ = −1− ξ0(1 + 2λ)(m̃ + 2)c̃22

2e
ξ0(1+2λ)(m̃+2)t

2

, (5.2.22)

a1 =

(
c̃23e

2c̃22
ξ0(1+2λ)(m̃+2)

e
ξ0(1+2λ)(m̃+2)t

2

) 3m̃
m̃+2

, (5.2.23)

here c̃22 and c̃23 are positive constants of integration. The graphical behavior of q̃,

a1 and a2 are shown in Figure 5.14. The decrease in anisotropy has the same effects

as for zero viscosity fluid while increase in bulk viscosity shows decrease in both a1

and a2. The deceleration parameter is negative and does not cross the line q̃ = −1.

The decrease in m̃ as well as increase in ξ0 decreases the value of q̃. For a constant

viscous fluid, the matter density in dark energy dominated era is obtained as

ρ =
3c̃22e

ξ0(1+2λ)(m̃+2)t
2

(1 + 4λ)

[
3(2m̃ + 1)

(m̃ + 2)2
c̃22e

ξ0(1+2λ)(m̃+2)t
2 − λξ0

]
. (5.2.24)
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Again ρ → ∞ or big-rip occurs when m̃ = −2 or λ = −1
4
. This also holds for the

next two cases and we can obtain an expression of time for the big-rip occurrence

there.

5.2.3 Fluid With Viscosity Proportional to H (ξ = ξ1H)

In this case, the solution of Eq.(5.2.8) for 0 ≤ γ ≤ 2 is

H =
1

(1+2λ)(m̃+2)
2(1+4λ−γλ)

[
3(2m̃+1)γ
(m̃+2)2

− ξ1 − 4λξ1

]
t + c24

, (5.2.25)

c24 represents constant of integration. Similarly, q̃ and a1 can be obtained as

q̃ = −1 +
(1 + 2λ)(m̃ + 2)

2(1 + 4λ− γλ)

[
3(2m̃ + 1)γ

(m̃ + 2)2
− ξ1 − 4λξ1

]
, (5.2.26)

a1 =

[
c25

(
(1 + 2λ)(m̃ + 2)

2(1 + 4λ− γλ)

[
3(2m̃ + 1)γ

(m̃ + 2)2
− ξ1 − 4λξ1

]
t

+ c24)
2(1+4λ−γλ)
(1+2λ)(m̃+2)

h
3(2m̃+1)γ

(m̃+2)2
−ξ1−4λξ1

i] 3m̃
m̃+2

, (5.2.27)

c25 denotes another integration constant. We see that q̃ has a time independent

expression as in the first case and a1 is of power-law type. The scale factor a2 is

obtained in a similar manner. For γ = 0, the above expressions reduce to

H =
1

c24 − (1+2λ)(m̃+2)ξ1t
2

, (5.2.28)

q̃ = −1− (1 + 2λ)(m̃ + 2)ξ1

2
, (5.2.29)

a1 =

[
c25

(
c24 − (1 + 2λ)(m̃ + 2)ξ1t

2

) −2
(1+2λ)(m̃+2)ξ1

] 3m̃
m̃+2

. (5.2.30)

The value of q̃ depends on λ, m̃ as well as ξ1 and remains less than −1 for positive

values of all these constants. The plots of a1 are shown in Figure 5.15. Here, the

decrease in m̃ and increase in ξ1 yield an increase in a1. We see that the effects of
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Figure 5.15: Plots of a1 versus t for ξ = ξ1H and fixing λ = 1, c24 = 1, c25 = 1, ξ1 =
0.01, m̃ = 0.25 (red), m̃ = 0.5 (blue), m̃ = 0.75 (green) and m̃ = 1 (purple) in the
left graph and fixing m̃ = 0.25, ξ1 = 0.01 (red), ξ1 = 0.012 (blue), ξ1 = 0.014 (green)
and ξ1 = 0.016 (purple) in the right graph.

viscosity are same on both a1 and a2 while anisotropy has opposite effects on both.

So, we only show the graphs of a1 in this case as well as in next one. For this viscosity

model and γ = 0, ρ becomes

ρ =
1

1 + 4λ

[
9(2m̃ + 1)

(m̃ + 2)2
− 3λξ1

]
1(

c24 − (1+2λ)(m̃+2)ξ1t
2

)2 . (5.2.31)

In this case, there is an additional term as compared to the previous cases whose zero

value makes density infinite i.e.,

(
c24 − (1 + 2λ)(m̃ + 2)ξ1t

2

)2

= 0,

giving the time of big-rip occurrence

tbr =
2c24

(m̃ + 2)(1 + 2λ)ξ1

.
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5.2.4 Fluid With Viscosity of the Form ξ = ξ0 + ξ1H

For this viscosity model and 0 ≤ γ ≤ 2, Eq.(5.2.8) has the following solution

H =

ξ0(1+2λ)(1+4λ)(m̃+2)
2(1+4λ−γλ)

e
ξ0(1+2λ)(1+4λ)(m̃+2)(t+c26)

2(1+4λ−γλ)

1 +
(1+2λ)(m̃+2)

�
3(2m̃+1)γ

(m̃+2)2
−ξ1−4λξ1

�

2(1+4λ−γλ)
e

ξ0(1+2λ)(1+4λ)(m̃+2)(t+c26)
2(1+4λ−γλ)

, (5.2.32)

leading the expressions of q̃ and a1 to

q̃ = −1− e
−ξ0(1+2λ)(1+4λ)(m̃+2)(t+c26)

2(1+4λ−γλ) , (5.2.33)

a1 =


c27


1 +

(1 + 2λ)(m̃ + 2)
(

3(2m̃+1)γ
(m̃+2)2

− ξ1 − 4λξ1

)

2(1 + 4λ− γλ)

× e
ξ0(1+2λ)(1+4λ)(m̃+2)(t+c26)

2(1+4λ−γλ)

) 2(1+4λ−γλ)

(1+2λ)(m̃+2)

�
3(2m̃+1)γ

(m̃+2)2
−ξ1−4λξ1

�



3m̃
m̃+2

, (5.2.34)

where c26 and c27 are integration constants. Here a1 has an exponential form and for

γ = 0, we obtain

H =
ξ0(1+2λ)(m̃+2)

2
e

ξ0(1+2λ)(m̃+2)(t+c26)
2

1− (1+2λ)(m̃+2)ξ1
2

e
ξ0(1+2λ)(m̃+2)(t+c26)

2

, (5.2.35)

q = −1− e
−ξ0(1+2λ)(m̃+2)(t+c26)

2 , (5.2.36)

a1 =

[
c27

(
1− (1 + 2λ)(m̃ + 2)ξ1

2
e

ξ0(1+2λ)(m̃+2)(t+c26)
2

) −2
(1+2λ)(m̃+2)ξ1

] 3m̃
m̃+2

. (5.2.37)

The behavior of scale factor a1 is shown in Figures 5.16 and 5.17. The effects of

anisotropy and viscosity on scale factors are the same as in the previous case. The

plots of deceleration parameter in Figure 5.18 indicate that it increases with decrease

in anisotropy and increase in viscosity. Also, its value does not cross the line q̃ = −1.
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Figure 5.16: Plot of a1 versus t for ξ = ξ0 + ξ1H and fixing λ = 1, c26 = 1, c27 =
1, ξ0 = 0.01, ξ1 = 0.01, m̃ = 0.25 (red), m̃ = 0.5 (blue), m̃ = 0.75 (green) and m̃ = 1
(purple).
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Figure 5.17: Plots of a1 versus t for ξ = ξ0 + ξ1H and fixing λ = 1, c26 = 1, c27 =
1, ξ1 = 0.01, m̃ = 0.25, ξ0 = 0.01 (red), ξ0 = 0.02 (blue), ξ0 = 0.03 (green) and
ξ0 = 0.04 (purple) in the left graph and fixing m̃ = 0.25, ξ0 = 0.01, ξ1 = 0.01 (red),
ξ1 = 0.02 (blue), ξ1 = 0.03 (green) and ξ1 = 0.04 (purple) in the right graph.
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Figure 5.18: Plots of q̃ versus t for ξ = ξ0 + ξ1H and fixing λ = 1, c26 = 1, c27 =
1, ξ0 = 0.01, m̃ = 0.25 (red), 0.5 (blue), 0.75 (green) and 1 (purple) in the left
graph and fixing m̃ = 0.25, ξ0 = 0.01 (red), ξ0 = 0.02 (blue), ξ0 = 0.03 (green) and
ξ0 = 0.04 (purple) in the right graph.

Similarly, ρ is obtained as

ρ =

3
ξ0(1+2λ)(m̃+2)

2
e

ξ0(1+2λ)(m̃+2)(t+c26)
2

1− (1+2λ)(m̃+2)ξ1
2

e
ξ0(1+2λ)(m̃+2)(t+c26)

2

(1 + 4λ− γλ)

[(
3(2m̃ + 1)

(m̃ + 2)2
− λξ1

)

×
ξ0(1+2λ)(m̃+2)

2
e

ξ0(1+2λ)(m̃+2)(t+c26)
2

1− (1+2λ)(m̃+2)ξ1
2

e
ξ0(1+2λ)(m̃+2)(t+c26)

2

− λξ0

]
, (5.2.38)

and the time of big-rip is given by

tbr =
2

ξ0(1 + 2λ)(m̃ + 2)
ln

[
2

ξ1(1 + 2λ)(m̃ + 2)

]
− c26. (5.2.39)

The graphical analysis of all cases is summarized in the following tables.

Table 10: Evolution of scale factors

Viscosity model When anisotropy decreases When bulk viscosity increases
ξ = 0 A increases, B decreases A, B remain the same
ξ = ξ0 A increases, B decreases A, B decrease

ξ = ξ1H A increases, B decreases A, B increase
ξ = ξ0 + ξ1H A increases, B decreases A, B increase
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Table 11: Evolution of deceleration parameter

Viscosity Model When Anisotropy Decreases When Bulk Viscosity Increases
ξ = 0 constant (q = −1) constant, (q = −1)
ξ = ξ0 decreases decreases

ξ = ξ1H decreases decreases
ξ = ξ0 + ξ1H increases increases



Chapter 6

Concluding Remarks

This chapter provides a brief summary and conclusions of all the results.

In Chapter 2, we have investigated physical features of stellar structures for

the model f(R, T ) = R + αR2 + λT via polytropic EoS and MIT bag model as

well as characteristics of charged stellar objects for the model f(R, T ) = R + 2λT

using polytropic EoS. We have solved the system of differential equations numerically

assuming some initial conditions. This numerical solution provides the graphical

behavior of different geometrical as well as physical quantities of stellar structures.

We have also discussed the effect of model parameters on these quantities.

For the first model, with assumed initial conditions and constants, it is found that

the star observed through polytropic EoS has approximately radius Rb ≈ 11.4km,

mass m(Rb) ≈ 5M¯, compactness u(Rb) ≈ 0.36 and gravitational redshift zs ≈ 0.84.

In the same scenario, MIT bag model leads to a quark star having Rb ≈ 10.2km,

m(Rb) ≈ 3M¯, u(Rb) ≈ 0.30 and zs ≈ 0.57. The redshift parameter and compactness

factor for polytropic as well as quark stars lie within the limit defined for perfect

fluid configurations [16]. The mass and gravitational redshift tend to decrease with

increase in α which is consistent with the behavior of α as discussed in [63].
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The mass function grows for quark stars with the increase of λ while for polytropic

stars, it first enhances mass but as r increases, it exhibits an opposite behavior. The

growing mass with enhancement of λ can cross the observational limits in f(R, T )

theory [21]. For both EoS, pressure increases with λ while radius only increases

for quark stars and remains the same for polytropic stars. However, for the model

f(R, T ) = R + 2λT , it is observed that [21] for neutron stars, increase in λ enhances

mass as well as radius while for quark stars, it produces larger mass but smaller

radius. This difference may be due to the presence of the term αR2 in the model.

We have found that the energy conditions are satisfied as well as speed of sound lies

between zero and one implying the stability of observed compact stars. We conclude

that the observed polytropic star has greater radius, mass and redshift parameter

than quark star for the assumed fluid configuration as well as considered values of

free parameters.

The model f(R, T ) = R + 2λT and the inclusion of electromagnetic field yield

the compact star with Rb ≈ 1.5km, m(Rb) ≈ (0.0094530)M¯, zs ≈ 0.005 as well as

q(Rb) ≈ (−0.0060178)M¯ for p = σ1ρ
5
3 , with same initial conditions but different

values of constants. Similarly, for p = σ2ρ
2, the polytropic star has Rb ≈ 0.06km,

m(Rb) ≈ (0.014)M¯, zs ≈ 2 and q(Rb) ≈ (−0.014)M¯. The redshift parameter is

less than or equal to two for both cases which lies within the limit defined for perfect

fluid configurations [16]. We observed from graphical analysis that any change in λ

produces opposite change in mass however in the absence of charge, λ induces similar

change in mass as shown in [21].

The resulting electric field intensity is negative causing a force which helps to

counter balance the gravity consistent with [24, 26]. The total charge in both cases is
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negative demonstrating the supremacy of electrons. We have found that the energy

conditions are satisfied and speed of sound lies between zero and one implying that

the stars are stable. We have found that charged polytropic star with large radius has

less mass, charge and surface redshift than the star with small radius. It is observed

that the radius of the observed stable charged polytropic star whose matter satisfies

the energy conditions is very small as compared to the observed radius of compact

objects (white dwarfs and neutron stars). We have also compared our results with

those of charged polytropic spheres in f(R) theory [88]. For f(R, T ) = R + 2λT

gravity model, charged polytropic spheres could have very small masses and radii

while for f(R) = R+ β
2
R2, they have very large masses and radii. In [88], the authors

deal only with weakly charged spheres however, we have checked that the polytropic

charged spheres are stable for our model in strong as well as weak electromagnetic

field by assigning large and small values to γ, respectively.

Chapter 3 discusses solutions of the coupled Einstein-Maxwell field equations

governing the phenomena of collapse and expansion during stellar evolution in the

framework of f(R, T ) theory for both spherical as well as cylindrical celestial bodies.

In case of spherical systems, the expansion scalar, density, pressures, anisotropy and

mass do not change with time for collapse solution. However, for expanding solution,

the change remains same for both coordinates, i.e., if one quantity is decreasing with

respect to r, it is also decreasing with respect to t. The behavior of these parameters

(except expansion scalar) with respect to radius remains the same for both cases.

The energy conditions are satisfied for both solutions implying that our solutions are

physically acceptable. Also, the graphical analysis for collapsing solution shows that

charge slows down the collapsing process by decreasing density and increasing radial
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pressure. The effect of charge on the collapsing process is consistent with those given

in literature [24, 26]. In expansion, the effect of electromagnetic field is very weak as

seen in graphs of expanding solution where the effect of charge is not considerable.

Abbas and Ahmed [29] discussed the collapsing and expanding solutions without

charge and with H1(t) = 1, such that all the quantities are functions of r only. We

have taken the effect of charge and dependence of H1(t) on t. This leads to different

behavior of pressures as well as anisotropy but the effect of λ is similar for density

while differs for pressures.

For cylindrical system as well as collapse solution, the expansion scalar, density,

pressures (pr, pθ and pz), anisotropy and mass do not change with radial coordinate

while for expanding solution, change remains the same for both coordinates. For

both cases, the behavior of these parameters except pz remains the same with respect

to time. The anisotropy is positive during collapse and expansion which enhances

the compactness of the system as discussed in [89]. In both cases, the increase in

total charge has the same effects on physical quantities. It is found that the energy

conditions are satisfied in both cases showing physical viability of our solutions for

the considered values of constants.

Finally, we compare our results with those found in GR or λ = 0 [27]. For our

collapse solution, the change in physical quantities is related with change in time

not with radius while in GR, the quantities vary with radial coordinate but do not

vary with temporal one. In case of expanding cylinder, physical parameters vary

with increase in both time and radius for our solution while in GR, the solution only

induces a change with respect to t. In both cases, the anisotropy decreases for our

solutions while it increases in GR. The increase in anisotropy can distort the geometry
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of the system. On the other hand, for our solutions the anisotropy decreases leading

to geometry preservation which is due to the dark source terms.

In Chapter 4, firstly we have found PMs of GWs for f(R) dark energy models.

In each case, we have found four non-zero PMs of GWs Ψ2 (longitudinal scalar mode),

Ψ4 (+,× tensorial modes) and Φ22 (breathing scalar mode) which is in agreement with

the results of [37]. We have non-vanishing Ψ2 for each model implying that GWs for

f(R) dark energy models correspond to class II6 (as mentioned in Table 1).

Secondly, we have explored the effects of GWs on the flat universe in the context

of curvature-matter coupling. We have found that axial GWs in f(R, T ) theory can

perturb the background matter in contrast to GR. However, here we suppose ∆ and

Π equal to zero in order to find the remaining functions k0, k1 and u3. The resulting

k0 and k1 are different from those of GR and depend upon the coupling constant

λ. The function u3 appearing in the azimuthal velocity component has non-zero

expression showing that fluid exhibits a rotation due to axial GWs similar to GR.

But the expression of u3 here depends upon λ and differs from GR. According to

velocity memory effect, particles at rest initially gain non-vanishing velocity after

passing a GW. We have found that comoving fluid particles (i.e., particles at rest)

gain non-zero linear as well as angular velocities after passing the axial GWs. When

the expression of u(η, r) is continuous at the wave front, the smooth wave profile does

not induce any cosmological rotation [42]. Hence we conclude that the axial GW can

induce a cosmological rotation if u(η, r) is discontinuous at the wave front. If the

freely falling particles are displaced by a GW, it is called memory effect of the GW.

Hence the axial GW in f(R, T ) gravity induces memory effect when the wave profile

has discontinuity at the wave front.



136

In Chapter 5, we have investigated cosmological evolution by considering in-

teraction between MCG and f(R, T ) gravity. We have discussed the evolution in

emergent, intermediate as well as logamediate scenarios and the behavior of bulk vis-

cosity for two interacting models. For the first interaction model, we have found that

the bulk viscosity decreases for emergent universe while it increases for intermediate

and logamediate cases. For the second interaction model, the bulk viscosity enhances

expansion of the universe for intermediate and logamediate scenarios as shown in [86],

that large values of bulk viscosity can produce expansion of the universe. We con-

clude that the interaction of MCG and f(R, T ) gravity leads to quintessence phase

of dark energy for the three considered scenarios.

We have also observed the evolution for LRS Bianchi type-I model through scale

factors and deceleration parameter in dark energy dominated era with different forms

of bulk viscosity. The graphical analysis is summarized in Tables 10 and 11. The

evolution of scale factors with the decrease in anisotropy remains the same in all cases

as shown in Table 10. It is observed from Table 11 that decrease in anisotropy as

well as increase in viscosity decreases q̃ for second and third bulk viscosity models

while increases for the last model. We would like to mention here that for m̃ = 1,

our results reduce to that of isotropic case [87]. It is concluded that the accelerated

expansion is faster for ξ = ξ1H as compared to other models.

Related to this thesis, there are several issues which can be taken into account for

future research work.

• To study the structure and evolution of stellar objects with tilted congruence

in f(R, T ) gravity.

• To investigate the effects of polar GWs in modified theories.
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• To study the axial GWs in f(R) and other modified theories.

• To study the interactions of viscous cosmic CG with f(R, T ) gravity.

• To explore stellar and cosmic evolution for non-minimally coupled models of

f(R, T ) gravity.
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[52] Bogolioubov, P.N.: Sur un Modéle á Quarks Quasi-Indépendants, Ann. Inst.

Henry Poincaré 8(1968)163.
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This paper is devoted to study the compact objects whose pressure and density are
related through polytropic equation-of-state (EoS) and MIT bag model (for quark stars)
in the background of f(R, T ) gravity. We solve the field equations together with the
hydrostatic equilibrium equation numerically for the model f(R, T ) = R + αR2 + λT
and discuss physical properties of the resulting solution. It is observed that for both
types of stars (polytropic and quark stars), the effects of model parameters α and λ
remain the same. We also obtain that the energy conditions are satisfied and stellar
configurations are stable for both EoS.
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1. Introduction

Compact objects are remanent of gravitational collapse of massive stars. The final

outcome of the collapse depends upon the initial mass of the star. Stars having mass

less than 8M⊙ (M⊙ denotes solar mass) form a white dwarf while more massive

stars form neutron stars and black holes after collapse. White dwarfs and neutron

stars exist in our universe and can be observed directly but the existence of black

holes is confirmed by some ground-based observations. Astronomers provided the

first evidence of the existence of black holes in Andromeda galaxy and later in

M104, NGC3115, M106 and Milky Way galaxies.1

The pair of these compact objects (accreting each other) can merge together

and produce gravitational waves. Hawking2 found an upper bound for the energy

of gravitational radiation emitted by the collision of two black holes. Wagoner3

investigated gravitational radiation emitted by accreting neutron stars. The elec-

tromagnetic radiation are redshifted or reduced in frequency when observed in

a region at higher gravitational potential. This phenomenon is named as surface
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gravitational redshift (zs) which helps to understand physics of the strong inter-

action between particles inside the star and its equation-of-state (EoS).4 Another

important quantity for the compact objects is the mass-radius ratio called the com-

pactness factor (u(r)). For a compact object having isotropic fluid distribution, the

mass-radius ratio of a compact object cannot exceed 4
9
.5 For static spherical config-

urations, the maximum bound for the surface redshift parameter is found as zs ≤ 2

for perfect fluid distributions5 while for anisotropic models it is zs ≤ 5.211.6 Böhmer

and Harko7 evaluated the upper and lower bounds for some physical parameters

in the background of anisotropic matter distribution as well as in the presence of

cosmological constant. They obtained redshift and total energy bounds in terms

of anisotropic parameter and claimed that the redshift parameter is 2 ≤ zs ≤ 5

for anisotropic configurations. Boshkayev et al.8 found an approximate analytic

solution to the field equations for a slightly deformed and slowly rotating stellar

object.

A direct generalization of general relativity (GR) is the f(R) gravity, the Ricci

scalar R in the Einstein–Hilbert action is replaced by its generic function f(R).

De Felice and Tsujikawa9 presented a comprehensive study on various applications

of f(R) theory in cosmology and astrophysics. Harko et al.10 proposed f(R, T )

gravity as a generalized modified theory, where T denotes trace of the energy–

momentum tensor. The coupling of curvature and matter leads to a source term

which may yield interesting results. It can produce a matter-dependent deviation

from geodesic motion and also help to study dark energy, dark matter interactions

as well as late-time acceleration.11 Jamil et al.12 introduced some cosmic models

and found that ΛCDM model is reproduced by dust fluid in this gravity. Sharif

and Zubair13 explored validity of the second law of thermodynamics for phantom

as well as nonphantom phases. Sharif and Nawazish14 worked on the existence of

Noether symmetries interacting with generalized scalar field model in the same

gravity. They found that dust fluid leads to decelerated expansion while perfect

fluid yields current cosmic expansion for quintessence model.

The stability of compact objects is a key issue in astrophysics and cosmology.

There are different methods to discuss stable fluid configurations like perturba-

tion technique and speed of sound. The matter is in stable state if 0 ≤ v2
s ≤ 1,

where vs is the speed of sound.15 Abreu et al.16 provided an alternative approach

to check the instability of anisotropic matter distributions. They showed that for

unstable regions, the radial speed of sound is less than its tangential part. Jiang and

Gleiser17 found an accuracy in stability regions of astrophysical compact objects

using configurational entropy greater than those obtained via perturbation method.

Abbas and Sarwar18 investigated the stability of expansion-free self-gravitating

systems in the context of Einstein Gauss–Bonnet gravity and showed that sta-

bility holds for chosen values of parameters otherwise it is disturbed. Sharif and

Yousaf19 discussed the stability of spherically symmetric stellar objects through

perturbation technique in f(R, T ) gravity and also investigated the role of matter

variables. Noureen and Zubair20 investigated stability of anisotropic spherical star
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in this gravity yielding some constraints for physical quantities. Zubair et al.21

studied stability, energy conditions and surface redshift for three observed models

of compact stars in the same gravity using Krori and Barua solution. Yousaf et al.22

investigated the stability of cylindrical symmetric stellar configurations by induc-

ing perturbations and found that it depends on the stiffness parameter, matter

variables as well as f(R, T ) dark source terms.

The hydrostatic equilibrium equation is of fundamental importance in the study

of celestial objects. Moraes et al.23 studied hydrostatic equilibrium condition for

neutron stars with a specific form of EoS and found that the extreme mass can

cross observational limits. Astashenok et al.24 examined the existence of realistic

models of stars for f(R) = R + αR2 gravity model. Carvalho et al.25 examined

white dwarfs for the model f(R, T ) = R + 2λT and found that mass can cross the

Chandrasekhar limit.

In this paper, we study compact objects and their physical features in the frame-

work of f(R, T ) gravity. The behavior of Ricci scalar, pressure, density, mass func-

tion, compactness factor and gravitational redshift of stellar objects are discussed.

We also study energy conditions and stability of the resulting solution. The paper is

organized as follows. In the next section, the field equations and hydrostatic equilib-

rium equation are formulated for f(R, T ) = R+αR2 +λT gravity model. Section 3

investigates physical features using two EoS. Finally, we conclude our results.

2. Field Equations in f(R, T ) Gravity

The action for f(R, T ) theory is defined as

S =

∫

d4x
√
−g

[

1

16π
f(R, T ) + Lm

]

. (1)

The field equations are obtained by varying this action with respect to gµν

fRRµν − 1

2
gµνf + (gµν� −∇µ∇ν)fR = 8πTµν − fT (Tµν + Θµν), (2)

where f = f(R, T ), fR = ∂f
∂R

, fT = ∂f
∂T

and Θµν is evaluated by

Θµν = gγσ δTγσ

δgµν
, Tµν = gµνLm − ∂Lm

∂gµν
. (3)

We consider a spherically symmetric compact object whose geometry is described

by the metric

ds2 = −B(r)dt2 + A(r)dr2 + r2(dθ2 + sin2 θdφ2). (4)

The energy–momentum tensor of perfect fluid in comoving coordinates is

Tµν = (ρ + p)VµVν + pgµν , (5)

where ρ represents energy density, p denotes pressure of the fluid, Vµ is the four

velocity satisfying VµV µ = −1 and T = 3p − ρ. We take Lm = p and consequently
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Θµν = −2Tµν +pgµν . Considering f(R, T ) = f1(R)+f2(T ) as introduced by Harko

et al.10 as well as the Starobinsky model26 for f1 and λT for f2, we have the model

f(R, T ) = f1(R) + f2(T ) = R + αR2 + λT .27

The f(R, T ) theory is reduced to f(R) gravity for T = 0 which happens in

the radiation dominated era. Thus, the discussion of this era in the evolution of the

universe within f(R, T ) scenario is an issue. It is shown27 that the model f(R, T ) =

R +αR2 + λT solves this issue and describes the radiation dominated era. This

model is reduced to GR when α and λ approach zero and f(R) Starobinsky model

when λ = 0 only. In this paper, we consider this model to study stable configurations

of compact objects in f(R, T ) gravity. It simplifies the field equations as

(1 + 2αR)Gµν + 2α(gµν�R −∇µ∇νR) +
α

2
R2gµν

= 8πTµν + λTµν − λpgµν +
λ

2
Tgµν, (6)

and the trace equation is

6α�R − R = 8πT + 3λT − 4λp, (7)

which indicates the propagation of a new degree of freedom, i.e. R. Thus, in the

present work, we consider R as an independent dynamical variable.24 We have also

checked the alternative when R is not taken independently rather its value in terms

of metric coefficients is replaced. However, the procedure to solve the differential

equations becomes complicated in this way. Equation (6) leads to the following field

equations:

A′

rA2
+

1

r2
− 1

r2A
− R(3αR + 2)

6(1 + 2αR)
+

αR′B′

AB(1 + 2αR)

=
1

1 + 2αR

[

16

3
πρ + 8πp +

11

6
λρ +

7

6
λp

]

, (8)

B′

rAB
− 1

r2
+

1

r2A
+

2αR′

(1 + 2αR)

(

B′

2AB
− 2

rA

)

+
αR2

2(1 + 2αR)

=
1

(1 + 2αR)

[

8πp +
λ

2
(3p − ρ)

]

, (9)

r2

2A

(

B′

B

)′

− r2A′

A2

(

2

r
+

B′

4B

)

+
r2B′

2AB

(

1

r
+

B′

2B

)

+
2αr2

(1 + 2αR)

[

A2

4
+

R

6α
− A′

Ar

]

=
r2

(1 + 2αR)

[

−2

3
λp +

1

2
λρ +

8

3
πρ

]

. (10)
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In further calculations, we substitute ϕ = B′

B
. Adding Eqs. (8) and (9), we

obtain

A′ =
2rA2

3(1 + 2αR)

[

8π(ρ + 3p) + 2λ(ρ + 2p) + R

(

1

2
− 3αϕ

rA

)

− 3ϕ

2rA
− 3αR′

A

(

ϕ − 2

r

)]

. (11)

Similarly, Eq. (10) can be rewritten as

ϕ′ =
2A′

A

(

2

r
+

ϕ

4

)

− ϕ

(

1

r
+

ϕ

2

)

− 4αA

(1 + 2αR)

[

A2

2
− A′

Ar
+

R

6α

]

+
2A

(1 + 2αR)

[

8

3
πρ + λ

(

ρ

2
− 2p

3

)]

, (12)

while the trace equation gives

R′′ =

(

A′

2A
− ϕ

2
− 2

r

)

R′ +
A

6α
(R + 2(4π + λ)(3p − ρ) − (ρ + p)λ). (13)

The covariant divergence of the field equations yields28

∇µTµν =
fT

8π − fT

[

(Tµν + Θµν)∇µ ln fT + ∇µΘµν − 1

2
gµν∇µT

]

.

For the model f(R, T ) = R + αR2 + λT , this gives

∇µTµν =
λ

8π − λ

[

∇µΘµν − 1

2
gµν∇µT

]

,

which yields the hydrostatic equilibrium equation as

p′ + (ρ + p)
ϕ

2
=

λ

2(8π − λ)
(ρ′ − p′).

This can also be written as

p′ = − (ρ + p)ϕ

2

[

1 − λ

2(8π − λ)

(

dρ

dp
− 1

)] . (14)

3. Physical Features of Compact Objects

White dwarfs have masses close to solar mass as well as radii that are 100 times

less than that of the sun while neutron stars can have masses upto 3M⊙ and radii

close to 10km.15 In white dwarfs, the gravitational attraction is balanced by the

degeneracy pressure of electrons while in neutron stars, it is balanced by neutrons’

degeneracy pressure. A neutron star can also collapse to form a black hole if it is

dense enough. If it is not much dense to form a black hole, there is a possibility of
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it turning into a quark star. The transition of neutron stars into quark stars has

been discussed in the literature.29 Quark stars are hypothetical compact objects

composed of up, down and strange quarks. It is supposed that due to extreme

temperature and pressure the nuclear matter dissolves into quarks.

In white dwarfs and neutron stars, pressure against the gravitational pull has

the same origin, namely quantum pressure (Pauli principle). To study the compact

objects in the framework of f(R, T ) gravity, we consider polytropic EoS p = ωρ
5

3 ,

where ω is a constant (for white dwarfs and neutron stars) and MIT bag model

p = a(ρ − 4B), where a and B are constants (for quark stars). These are the fre-

quently used EoS for such compact objects in the literature.23,24,30 In the following

subsection, we discuss physical properties of these stars. Since we have a set of four

differential equations (11)–(14) in five unknowns A, B, R, p and ρ, so EoS will be

helpful to reduce one unknown.

3.1. Equilibrium configuration of polytropic stars

Here we discuss a polytropic star having EoS p = ωρ
5

3 and the constant ω is assigned

the value ω = 1.475×10−3(fm3/MeV)
2

3 .23 Equations (11)–(14) for ρ = ( p
ω
)

3

5 become

A′ =
2rA2

3(1 + 2αR)

[

8π

(

( p

ω

)
3

5

+ 3p

)

+ 2λ

(

( p

ω

)
3

5

+ 2p

)

+R

(

1

2
− 3αϕ

rA

)

− 3ϕ

2rA
− 3αR′

A

(

ϕ − 2

r

)]

, (15)

ϕ′ =
2A′

A

(

2

r
+

ϕ

4

)

− ϕ

(

1

r
+

ϕ

2

)

− 4αA

(1 + 2αR)

[

A2

2
− A′

Ar
+

R

6α

]

+
2A

(1 + 2αR)

[

8

3
π

( p

ω

)
3

5

+ λ

(

1

2

( p

ω

)
3

5 − 2p

3

)]

, (16)

R′′ =

(

A′

2A
− ϕ

2
− 2

r

)

R′ +
A

6α

(

R + 2(4π + λ)

(

3p−
( p

ω

)
3

5

)

−
(

( p

ω

)
3

5

+ p

)

λ

)

, (17)

p′ =

−
(

( p

ω

)
3

5

+ p

)

ϕ

2

[

1 − λ

2(8π + λ)

(

3

5ω

( p

ω

)
−2

5 − 1

)] . (18)

Now, we discuss the initial conditions required to integrate the above system

of differential equations. The pressure and density of a compact object are regular

and finite at all points. Imposing this condition at the center r = 0, we have from
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the field equations A(0) = 1, A′(0) = 0, ϕ(0) = 0 and R′(0) = 0.24 Also, ρ(0) = ρi

and p(0) = pi, where ρi and pi are some initial values at the center which we fix for

numerical analysis. To solve the system, we also require the value of Ricci scalar at

the center, i.e. R(0). Thus, we have three free initial conditions, ρ(0), p(0) and R(0).

Consideration of EoS reduce one condition such that we require only the values of

p(0) and R(0). For both cases, we use the following initial conditions

A(0) = 1, ϕ(0) = 0, P (0) = 100 MeV/fm3,

R(0) = 104 MeV/fm3, R′(0) = 0.
(19)

Throughout this paper, we are taking the units of radius as km, mass as M⊙ and

density (pressure, Ricci scalar) as MeV/fm3.23

We solve Eqs. (15)–(18) numerically using the above-mentioned initial condi-

tions and investigate the effects of model parameters α and λ. The plots of met-

ric function, Ricci scalar, energy density, pressure, dominant energy condition,

mass function, redshift parameter and speed of sound for this EoS are shown in

Figs. 1–3.

In the left columns of these figures, λ = −10 and α is varied whereas in the

right columns, α = 10(MeV/fm
3
)−1 and λ is varied. The initial conditions and

the values of constants are chosen such that we have positive values of density,

pressure and mass as well as maximum values of density, pressure and curvature

scalar at the center of the star. The plots of the metric functions A, B and Ricci

scalar R are shown in Fig. 1. From the first row, we observe that B decreases as α

increases while increase in λ yields larger values of B, but as the radial coordinate

increases, B attains smaller values for larger λ. Similarly, the second row shows that

A decreases with increase in α and increases with increase in λ. The Ricci scalar

decreases with increase in radius of star but it decreases rapidly till the boundary

of star as compared to the exterior of star. Also, it increases for an increase in α as

well as λ.

The first row of Fig. 2 shows that energy density increases with the increase

in α while it decreases with increase in λ. The plots in the second row show that

p = 0 for α = 10(MeV/fm
3
)−1 and λ = −10 at r ≈ 11.4 km. Thus, the polytropic

star with α = 10(MeV/fm
3
)−1 and λ = −10 has the radius approximately 11.4 km.

The authors23 showed that the star has the radius approximately r ≈ 12 km for the

same EoS with model f(R, T ) = R+2λT with different values of λ. For our model,

pressure increases with increase in α and decreases with increase in λ. However, the

radius of the star remains the same for different values of λ and vary as α varies.

The energy conditions are ρ + p ≥ 0 (null energy condition), ρ ≥ 0, ρ + p ≥ 0

(weak energy condition), ρ − p ≥ 0 (dominant energy condition) and ρ + 3p ≥ 0

(strong energy condition) which confirm the viability of matter. The null, weak and

strong energy conditions are satisfied in this case because ρ and p are positive as

shown in first and second rows of Fig. 2. Moreover, the dominant energy condition

is also satisfied as observed from the last row of Fig. 2.

1850065-7



M. Sharif and A. Siddiqa

0 2 4 6 8 10

12

13

14

15

16

r

B

0 2 4 6 8 10

11

12

13

14

15

16

17

r

B

0 2 4 6 8 10

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

r

A

0 2 4 6 8 10

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

r

A

0 10 20 30 40

0

2000

4000

6000

8000

10 000

r

R

0 10 20 30 40

0

2000

4000

6000

8000

10 000

r

R

Fig. 1. (Color online) Plots of A, B and R versus r for p = ωρ
5

3 , ω = 1.475 × 10(−3)

(fm3/MeV)(2/3) . In the left column λ = −10, α = 10(MeV/fm3)−1 (red), α = 11(MeV/fm3)−1

(blue), α = 12(MeV/fm3)−1 (green) and α = 13(MeV/fm3)−1 (purple) while in the right column
α = 10(MeV/fm3)−1, λ = −10 (red), λ = −9 (blue), λ = −8 (green) and λ = −7 (purple).

The first row of Fig. 3 indicates the behavior of mass function

m(r) =
r

2

(

1 − 1

A(r)

)

, (20)

which increases with radius of the star. Also, mass of the star decreases with increase

in α while for increase in λ, it first shows an increase but for larger values of r,

it shows an opposite behavior. The compactness factor and surface gravitational

redshift are defined as

u(r) =
m(r)

r
, (21)

zs = (1 − 2u(Rb))
−

1

2 − 1, (22)
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Fig. 2. (Color online) Plots of ρ, p and ρ − p versus r for p = ωρ
5

3 , ω = 1.475 × 10(−3)

(fm3/MeV)(2/3) . In the left column λ = −10, α = 10(MeV/fm3)−1 (red), α = 11(MeV/fm3)−1

(blue), α = 12(MeV/fm3)−1 (green) and α = 13(MeV/fm3)−1 (purple) while in the right column
α = 10(MeV/fm3)−1, λ = −10 (red), λ = −9 (blue), λ = −8 (green) and λ = −7 (purple).

here Rb is the total radius of the star. The second and third rows of this figure give

the behavior of compactness u(r) and surface gravitational redshift zs, respectively.

Both increase with radial coordinate and λ while decrease with α. The speed of

sound (v2
s = dp

dρ
) for this EoS lies within the range 0 ≤ v2

s ≤ 1 as shown in Fig. 4

implying that the polytropic stars are stable (for the chosen initial conditions and

model parameters) in f(R, T ) gravity.

3.2. Equilibrium configuration of quark stars

This section deals with the physical properties of quark stars governed by EoS

p = a(ρ − 4B) with constants a = 0.28 and B = 60 MeV/fm
3
.23 Substituting
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Fig. 3. (Color online) Plots of m, u and zs versus r for p = ωρ
5

3 , ω = 1.475 × 10(−3)

(fm3/MeV)(2/3) . In the left column λ = −10, α = 10(MeV/fm3)−1 (red), α = 11(MeV/fm3)−1

(blue), α = 12(MeV/fm3)−1 (green) and α = 13(MeV/fm3)−1 (purple) while in the right column
α = 10(MeV/fm3)−1, λ = −10 (red), λ = −9 (blue), λ = −8 (green) and λ = −7 (purple).
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Fig. 4. (Color online) Plots of v2
s versus r for p = ωρ

5

3 , ω = 1.475×10(−3)(fm3/MeV)(2/3) . In the
left graph λ = −10, α = 10(MeV/fm3)−1 (red), α = 11(MeV/fm3)−1 (blue), α = 12(MeV/fm3)−1

(green) and α = 13(MeV/fm3)−1 (purple) while in the right graph α = 10(MeV/fm3)−1, λ = −10
(red), λ = −9 (blue), λ = −8 (green) and λ = −7 (purple).
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Fig. 5. (Color online) Plots of A, B and R versus r for p = a(ρ − 4B), a = 0.28, B =
60MeV/fm3. In left column λ = −10, α = 10(MeV/fm3)−1 (red), α = 11(MeV/fm3)−1

(blue), α = 12(MeV/fm3)−1 (green) and α = 13(MeV/fm3)−1 (purple) while in right column
α = 10(MeV/fm3)−1, λ = −10 (red), λ = −10.5 (blue), λ = −11 (green) and λ = −11.5 (purple).

ρ = ( p
a

+ 4B), Eqs. (11)–(14) give

A′ =
2rA2

3(1 + 2αR)

[

8π
((p

a
+ 4B

)

+ 3p
)

+ 2λ
((p

a
+ 4B

)

+ 2p
)

+ R

(

1

2
− 3αϕ

rA

)

− 3ϕ

2rA
− 3αR′

A

(

ϕ − 2

r

)]

, (23)

ϕ′ =
2A′

A

(

2

r
+

ϕ

4

)

− ϕ

(

1

r
+

ϕ

2

)

− 4αA

(1 + 2αR)

[

A2

2
− A′

Ar
+

R

6α

]

+
2A

(1 + 2αR)

[

8

3
π

(p

a
+ 4B

)

+ λ

(

1

2

(p

a
+ 4B

)

− 2p

3

)]

, (24)

1850065-11



M. Sharif and A. Siddiqa

0 2 4 6 8 10

200

300

400

500

600

r

0 2 4 6 8 10

200

300

400

500

600

r

0 2 4 6 8 10

0

20

40

60

80

100

r

p

0 2 4 6 8 10

0

20

40

60

80

100

r

p

0 2 4 6 8 10

200

250

300

350

400

450

500

r

p

0 2 4 6 8 10

200

250

300

350

400

450

500

r

p

Fig. 6. (Color online) Plots of ρ, p and ρ − p versus r for p = a(ρ − 4B), a = 0.28,
B = 60MeV/fm3. In left column λ = −10, α = (MeV/fm3)−1 (red), α = 11(MeV/fm3)−1

(blue), α = 12(MeV/fm3)−1 (green) and α = 13(MeV/fm3)−1 (purple) while in right column
α = 10(MeV/fm3)−1, λ = −10 (red), λ = −10.5 (blue), λ = −11 (green) and λ = −11.5 (purple).

R′′ =

(

A′

2A
− ϕ

2
− 2

r

)

R′ +
A

6α

(

R + 2(4π + λ)
(

3p−
(p

a
+ 4B

))

−
((p

a
+ 4B

)

+ p
)

λ
)

, (25)

p′ =
−

((p

a
+ 4B

)

+ p
)

ϕ

2

[

1 − λ

2(8π + λ)

(

1

a
− 1

)] . (26)

Imposing the same initial conditions, we obtain numerical solution of the above

system of differential equations. The values of model parameter α remain the same

while the values of λ are taken different from the previous case so that we have
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Fig. 7. (Color online) Plots of m, u and zs versus r for p = a(ρ − 4B), a = 0.28, B =
60MeV/fm3. In left column, λ = −10, α = 10(MeV/fm3)−1 (red), α = 11(MeV/fm3)−1

(blue), α = 12(MeV/fm3)−1 (green) and α = 13(MeV/fm3)−1 (purple) while in right column,
α = 10(MeV/fm3)−1, λ = −10 (red), λ = −10.5 (blue), λ = −11 (green) and λ = −11.5 (purple).

viable pressure, density and curvature scalar. The effect of model parameters (α,

λ) on A, B and R is similar to the previous case as shown in Fig. 5. The pressure is

zero at r ≈ 10.2km as observed from the first row of Fig. 6 for α = 10(MeV/fm
3
)−1

and λ = −10. This indicates that increase in α increases density and pressure

while increase in λ produces opposite effects by decreasing pressure and density.

This also shows that energy conditions are satisfied for quark star EoS with the

considered model. The behavior of mass function, compactness and gravitational

redshift are shown in Fig. 7 where the model parameters affect in the same way

as in the previous case. However, the speed of sound remains constant (v2
s ≈ 0.28)

with respect to radius for α = 10(MeV/fm
3
)−1 as well as λ = −10 and increase or

decrease in these parameters does not affect v2
s .
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4. Concluding Remarks

This paper is devoted to explore physical features of compact objects for f(R, T ) =

R + αR2 + λT gravity model with two EoS (polytropic and MIT bag model).

The geometrical and physical quantities for polytropic as well as quark stars have

been examined for different values of model parameters. The mass function grows

for quark stars with the increase of λ while for polytropic stars, it first enhances

mass but as r increases, it exhibits an opposite behavior. In both cases, pressure

increases with λ while radius only increases for quark stars but remains the same

for polytropic stars. However, for the model f(R, T ) = R + 2λT , it is observed

that23 for neutron star, larger values of λ enhance mass as well as radius while for

quark star, it produces larger mass but smaller radius. This difference may be due

to the presence of the term αR2 in our model. The values of constants appearing

in EoS of polytropic (white dwarfs and neutron stars) and quark stars remain the

same as in Ref. 23 for the sake of comparison. The mass and gravitational redshift

tend to decrease with increase in α which is consistent with the behavior of α as

discussed in Ref. 24.

It is found that the star observed through polytropic EoS has approximately

the radius Rb ≈ 11.4km, mass m(Rb) = 5M⊙, compactness u(Rb) ≈ 0.36 and

gravitational redshift zs ≈ 0.84 (for α = 10(MeV/fm3)−1 and λ = −10). On the

other hand, the MIT bag model in the same scenario leads to a quark star having

radius Rb = 10.2km, mass m(Rb) = 3M⊙, u(Rb) ≈ 0.30 and zs ≈ 0.57. The

redshift parameter and compactness factor for polytropic as well as quark stars lies

within the limit defined for perfect fluid configurations.5 We have found that the

energy conditions are satisfied for both EoS and speed of sound is between zero

and one. This means that the stars for both cases are stable. We conclude that the

polytropic star has greater radius, mass and redshift parameter than quark star for

the assumed fluid configuration as well as initial conditions in this theory.

There are upper limits on the masses of white dwarfs and neutron stars in

GR. According to Chandrasekhar,15 the maximum mass limit of a white dwarf to

produce sufficient electron degeneracy pressure against collapse is 1.4M⊙. Similar

to this, the Tolman–Oppenheimer–Volkoff limit31 gives an upper bound of 3M⊙

for the mass of a neutron star to counter balance gravity by neutron degeneracy

pressure. However, our analysis provides a possibility that there may exist stable

stellar structures having masses above these limits. Also, it is shown in Ref. 23

that the growing mass with enhancement of λ can cross the observational limits in

f(R, T ) theory.
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Abstract. This paper explores charged stellar structures whose pressure and density are related through
polytropic equation of state (p = ωρσ; ω is polytropic constant, p is pressure, ρ denotes density and
σ is polytropic exponent) in the scenario of f(R, T ) gravity (where R is the Ricci scalar and T is the
trace of energy-momentum tensor). The Einstein-Maxwell field equations are solved together with the
hydrostatic equilibrium equation for f(R, T ) = R + 2λT where λ is the coupling constant, also called
model parameter. We discuss different features of such configurations (like pressure, mass and charge)
using graphical behavior for two values of σ. It is found that the effects of model parameter λ on different
quantities remain the same for both cases. The energy conditions are satisfied and stellar configurations
are stable in each case.

1 Introduction

A star is a luminous sphere of plasma held together by its self-gravitation that undergoes gravitational collapse when
it burns up its nuclear fuel. The end product of this collapse is a compact object depending upon the initial mass of
the star. The compact object does not burn nuclear fuel and has extremely small size as compared to normal star.
Stars with mass less than 8M⊙ (M⊙ denotes solar mass) form a white dwarf while more massive stars form a neutron
star or a black hole after collapse. White dwarfs and neutron stars exist in our universe and can be observed directly
while the existence of black holes is confirmed by some ground based observations. Two compact objects orbiting each
other can merge together and produce gravitational waves. Hawking [1] studied the gravitational radiation emitted by
two merging black holes while Wagoner [2] explored the radiation produced by accreting neutron stars.

A polytropic star is a spherical symmetric self-gravitating stellar object satisfying the equation of state (EoS)
p = ωρσ. These polytropic models provide a better approximation to reality in some situations like when the system is
adiabatic (no heat transfer). In compact objects, there is a degeneracy pressure (a form of quantum degeneracy pressure
following the Pauli exclusion principle that no two identical half-integer spin particles can have the same quantum
state) of electrons or neutrons instead of thermal pressure to counter balance gravity. Thus polytropic EoS can be used
to study compact objects. Tooper [3] was the first who discussed polytropic stars by formulating differential equations
governing the stellar structure. He used the numerical method to solve these equations and found mass, pressure and
density of polytropes. Polytropic EoS has frequently been discussed to study compact objects in literature [4–7].

Rosseland and Eddington [8] were the first who figured out that stars may have a net electric charge. After that
many researchers explored the effects of an electromagnetic field on self-gravitating systems [9–11]. The electromagnetic
radiations are redshifted or reduced in frequency if the observer is in a stronger gravitational field than the source
producing the radiation. The maximum bound for the surface redshift parameter of static spherical configuration with
perfect fluid is found to be z ≤ 2 [12] while it is z ≤ 5.211 for anisotropic models [13]. Böhmer and Harko [14] evaluated
the upper and lower bounds for some physical parameters in the background of anisotropic matter distribution as well
as in the presence of cosmological constant. They obtained redshift and total energy bounds in terms of anisotropic
parameter and claimed that the redshift parameter is 2 ≤ z ≤ 5 for anisotropic configurations.

A simple generalization of general relativity (GR) is the f(R) gravity in which the Einstein-Hilbert action is modified
by replacing the Ricci scalar with f(R). Harko et al. [15] proposed f(R, T ) gravity as a generalized modified theory. The
coupling of curvature and matter leads to a source term which may yield interesting results. It can produce a matter-
dependent deviation from geodesic motion and also helps to study dark energy, dark matter interactions as well as

a e-mail: msharif.math@pu.edu.pk
b e-mail: aisha.siddiqa17@yahoo.com
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late-time acceleration [16]. Sharif and Nawazish [17] worked on Noether symmetries interacting with a generalized scalar
field model in this gravity. They found that dust fluid leads to decelerated expansion while perfect fluid yields current
cosmic expansion for the quintessence model. We have studied the interaction of a modified Chaplygin gas with f(R, T )
gravity and found that the expansion is enhanced by bulk viscosity in intermediate as well as logamediate scenarios [18].

The stability of compact objects is an important issue in astrophysics and different methods like perturbation
technique as well as speed of sound have been proposed to discuss stable fluid configurations. The matter is in stable
state if 0 ≤ v2

s ≤ 1, where vs is the speed of sound [19]. Abreu et al. [20] provided an alternative approach to check
the instability of anisotropic matter distributions. They showed that for unstable regions, the radial speed of sound
is less than its tangential part. Sharif and Yousaf [21] investigated the stability of spheres in f(R, T ) gravity through
perturbation technique and also discussed the role of matter variables. Jiang and Gleiser [22] found an accuracy in
stability regions of astrophysical compact objects using configurational entropy than those obtained via perturbation
method. Noureen and Zubair [23] explored the stability of anisotropic spherical star in the context of f(R, T ) yielding
some constraints on physical quantities. Zubair et al. [24] studied stability, energy conditions and surface redshift for
three observed models of compact stars in the same gravity using the Krori and Barua solution.

The physical features of compact objects in modified theories have widely been observed. Moraes et al. [25] studied
the equilibrium configurations of neutron as well as quark stars and found that the extreme mass can cross observational
limits. Astashenok et al. [26] discussed the existence of realistic models of stars in f(R) = R + αR2 gravity model.
Carvalho et al. [27] investigated white dwarfs for the model f(R, T ) = R + 2λT and found that mass can cross the
Chandrasekhar limit.

In this paper, we study the physical features of charged compact objects having polytropic EoS in the framework
of f(R, T ) gravity. The behavior of pressure, density, mass function, charge, electric field intensity and gravitational
redshift of stellar objects is discussed. We also study energy conditions and stability of the resulting solution. The
paper is organized as follows. In the next section, the Einstein-Maxwell equations are formulated for f(R, T ) = R+2λT
gravity. Section 3 investigates physical features of stellar objects considering polytropic EoS. Finally, we conclude our
results in the last section.

2 Einstein-Maxwell field equations

The action for f(R, T ) theory in the presence of an electromagnetic field is defined as

S =

∫

d4x
√
−g

[

1

16π
f(R, T ) + Lm + Le

]

. (1)

Here Le = mFµνFµν , m is an arbitrary constant, Fµν = φν,µ − φµ,ν stands for electromagnetic field tensor, φµ

represents the four-potential. The following field equations are obtained by varying this action with respect to gµν :

fRRµν − 1

2
gµνf + (gµν� −∇µ∇ν)fR = 8πTµν − fT (Tµν + Θµν) + 8πEµν , (2)

where f = f(R, T ), fR = ∂f
∂R

, fT = ∂f
∂T

, Θµν is evaluated by

Θµν = gγσ δTγσ

δgµν
, Tµν = gµνLm − ∂Lm

∂gµν
(3)

and Eµν is the electromagnetic energy-momentum tensor defined by

Eµν =
1

4π

(

F α
µ Fνα − 1

4
FαβFαβgµν

)

. (4)

The spherically symmetric stellar configuration is described by the metric

ds2 = −B(r)dt2 + A(r)dr2 + r2(dθ2 + sin2 θdφ2), (5)

the energy-momentum tensor of a perfect fluid is

Tµν = (ρ + p)VµVν + pgµν , (6)

where p denotes pressure and ρ represents energy density of the fluid, Vµ is the four-velocity satisfying VµV µ = −1
and T = 3p − ρ. We take Lm = p and consequently Θµν becomes Θµν = −2Tµν + pgµν .

The Maxwell field equations are given by
Fµν

;ν = 4πjµ, (7)
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where jµ represents the four-current. We are considering a comoving frame in which charges are at rest and hence no
magnetic field is produced. The four-potential and four-current in comoving coordinates are defined as

φµ = φ(r)δ0
µ, jµ = ξ(r)V µ, (8)

φ(r) stands for electric scalar potential and ξ(r) represents charge density. For the metric (5), the Maxwell field
equations give

φ′′ + φ′

(

2

r
− A′

2A
− B′

2B

)

= 4πξ(r)A
√

B, (9)

whose integration yields

φ′ =

√
ABq

r2
, q = 4π

∫ r

0

ξ(r)
√

Ar2dr, (10)

where q denotes the total charge on the sphere with φ′(0) = 0 [28].
We consider the model R+2λT (which reduces to GR for λ = 0) proposed by Harko et al. [15] to study the effects

of curvature-matter coupling. The term 2λT induces time-dependent coupling (interaction) between curvature and
matter. It also corresponds to ΛCDM model with a time-dependent cosmological constant. This model simplifies the
field equations as

Gµν = 8πTµν + 2λTµν − 2λpgµν + Tgµν + 8πEµν , (11)

which leads to the following set of field equations:

A′

rA2
+

1

r2
− 1

r2A
= 8πρ +

φ′2

AB
+ λ(3ρ − p), (12)

B′

rAB
− 1

r2
+

1

r2A
= 8πp − φ′2

AB
+ λ(3p − ρ), (13)

−1

4rA2B2

(

2A′B2 − 2B′AB − 2rB′′BA + rB′2A + rB′A′B
)

= 8πp +
φ′2

AB
+ λ(3p − ρ). (14)

The first two field equations can be written as

A′ = rA2

[

1

r2A
− 1

r2
+ 8πρ + λ(3ρ − p) +

φ′2

AB

]

, (15)

B′ = rAB

[

− 1

r2A
+

1

r2
+ 8πp + λ(3p − ρ) − φ′2

AB

]

. (16)

The covariant divergence of the field equations yields [29]

∇µTµν =
fT

8π − fT

[

(Tµν + Θµν)∇µ ln fT + ∇µΘµν − 1

2
gµν∇µT − 8π

fT

∇µEµν

]

. (17)

For the model f(R, T ) = R + 2λT , the above equation gives

∇µTµν =
λ

8π + 2λ

[

∇µΘµν − 1

2
gµν∇µT − 4π

λ
∇µEµν

]

,

which yields the equation of hydrostatic equilibrium

p′ + (ρ + p)
B′

2B
=

λ

(8π + 2λ)

[

ρ′ − p′ +
2φ′

r2
√

AB

(

r2φ′

√
AB

)′
]

.

This can also be written as

p′ =
−(ρ + p) B′

2B
+ 2λ

(8π+2λ)
φ′

r2
√

AB

(

r2φ′

√
AB

)′

[

1 − λ
(8π+2λ) (

dρ
dp

− 1)
] . (18)

We have four eqs. (9), (15), (16) and (18) in six unknowns A, B, ρ, p, φ′ and ξ. The charge density in terms of
energy density can be expressed as [30]

ξ = γρ, (19)
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where γ is a constant. Further, the energy density is written in terms of pressure via EoS so that we have four
differential equations in four unknowns (A, B, p and φ′). Now we discuss the initial conditions required to solve this
system of eqs. (9), (15), (16) and (18). The pressure and density of a compact object are regular and finite at all points.
Imposing this condition at the center r = 0, we have from the field equations A(0) = 1, A′(0) = 0 and B′(0) = 0.
We have already defined the initial condition for φ′, i.e., φ′(0) = 0. So, We have two initial conditions A(0) = 1 and
φ′(0) = 0 while B(0) and p(0) are free to choose. For both cases, we use the following initial conditions

A(0) = 1,

B(0) = 5,

p(0) = 100,

φ′(0) = 0. (20)

Throughout this paper, we are taking the units of radius as km, mass (and charge) as M⊙ and density (and pressure)
as MeV/fm3 [25].

3 Polytropic stars

The polytropic EoS represents different stellar structures by varying σ. In this section, we consider the polytropic EoS
for σ = 5

3 and 2, to investigate the evolution of charged spherically symmetric configurations in f(R, T ) scenario. In

general, for σ = 5
3 , it can correspond to stars in adiabatic convective equilibrium and the range 2 ≤ σ ≤ 3 can well

describe the neutron stars [31]. We study the stellar structures modeled by these values in f(R, T ) theory.

3.1 Polytropic star for σ =
5
3

Here we discuss polytropic star having EoS p = ωρ
5

3 . Equations (9), (15), (16) and (18) for ρ = ( p
ω
)

3

5 become

φ′′ + φ′

(

2

r
− A′

2A
− B′

2B

)

= 4πγ
( p

ω

)
3

5

A
√

B, (21)

A′ = rA2

[

1

r2A
− 1

r2
+ 8π

( p

ω

)
3

5

+ λ

(

3
( p

ω

)
3

5 − p

)

+
φ′2

AB

]

, (22)

B′ = rAB

[

− 1

r2A
+

1

r2
+ 8πp + λ

(

3p −
( p

ω

)
3

5

)

− φ′2

AB

]

, (23)

p′ =
−

(

( p
ω
)

3

5 + p
)

B′

2B
+ 2λ

(8π+2λ)
φ′

r2
√

AB

(

r2φ′

√
AB

)′

[

1 − λ
(8π+2λ)

(

3
5ω

( p
ω
)

−2

5 − 1
)] . (24)

We solve eqs. (21)–(24) numerically using the above-mentioned initial conditions and investigate the effects of model
parameter λ. The plots of the metric functions, energy density, pressure, speed of sound, mass function, redshift
parameter, charge, electric field intensity and energy conditions for this EoS are shown in figs. 1–4.

The initial conditions and values of constants are chosen such that we have positive values of density, pressure
and mass as well as maximum values of density and pressure at the center of the star. The viability condition for
our model yields λ > −4π, hence for graphical analysis we consider values of λ within this range. The plots of the
metric functions B, A, ρ, p and vs are shown in fig. 1. The first graph shows that B increases with increase in radial
coordinate and decrease in λ. The scale in the plot of A is greater than 1 but A(0) = 1 , so it first increases and then
starts decreasing with the radius. Also, as λ decreases, A increases. The pressure is zero at r ≈ 1.5 suggesting that
this is the radius of a charged polytropic star in this case. The speed of sound (v2

s = dp
dρ

) for this EoS lies within the

range 0 ≤ v2
s ≤ 1 implying that the polytropic star with σ = 5

3 is stable (for the chosen initial conditions and model
parameters) for our model. The decrease in model parameter increases the quantities ρ, p and vs.

The energy conditions for the curvature-matter coupled gravity are modified as [32] ρ + p − A ≥ 0 (null energy
condition), ρ−A ≥ 0, ρ+p−A ≥ 0 (weak energy condition), ρ−p−A ≥ 0 (dominant energy condition) and ρ+3p ≥ 0
(strong energy condition) which confirm the viability of matter. The term A is the covariant derivative of acceleration
which appears due to non-geodesic trajectories of massive particles (due to the presence of non-gravitational force).
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Fig. 1. Plots of B, A, ρ, p and vs versus r for p = ωρ
5

3 , ω = 0.003, γ = 1, λ = −0.3 (red), λ = −0.301 (blue) and
λ = −0.302 (green).

Here we obtain A
A =

1

2AB

[

B′′ − B′2

2B
− A′B′

2A
+

B′

r

]

. (25)

We have checked that all energy conditions are satisfied and their graphs are almost the same as well as overlap. Thus
we show only the graph of null energy condition in fig. 2.

The second graph in the first row of fig. 3 indicates the behavior of the mass function obtained by

m(r) =
r

2

(

1 − 1

A

)

+
r3φ′2

2AB
, (26)

which increases with the radius of star as well as with the decrease in λ. The surface gravitational redshift (denoted by z)

z =

(

1 − 2M

R

)−
1

2

− 1 (27)

(M and R are total mass and radius of the star) increases with increase in radial coordinate and decrease in λ as shown
in the first graph of fig. 3. The left graph in the second row of fig. 3 indicates that the derivative of the electric scalar
potential is negative and increasing while the right graph shows that the total charge of a polytropic star is also negative
but decreasing. The relation between electric field intensity Eα and the electromagnetic field tensor is defined as [33]

Eα = FαβV β . (28)

We have only one non-zero component of Fαβ , i.e., F10 = φ′ yielding only one component of electric field intensity

E1 = φ′

√
B

or we can simply write E = φ′

√
B

. Figure 4 shows that E has negative values. Since the electric field (E)
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Fig. 4. Plot of electric field intensity versus r for p = ωρ
5

3 , ω = 0.003, γ = 1, λ = −0.3 (red), λ = −0.301 (blue) and
λ = −0.302 (green).

and gravitational field are analogous, it can be interpreted that negative E is opposite to gravitational pull and can
resist or slow down the collapse. Moreover, the negative charge shows a dominance of electrons. Thus cumulatively
we can say that the star is stable because electron degeneracy pressure balances gravity. The charge density has the
same behavior as energy density (using eq. (19)) because we consider the constant γ = 1 for graphical analysis.
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3.2 Polytropic star for σ = 2

In this case, the density takes the form ρ = ( p
ω
)

1

2 and eqs. (9), (15), (16) and (18) become

φ′′ + φ′

(

2

r
− A′

2A
− B′

2B

)

= 4πγ
( p

ω

)
1

2

A
√

B, (29)

A′ = rA2

[

1

r2A
− 1

r2
+ 8π

( p

ω

)
3

5

+ λ

(

3
( p

ω

)
1

2 − p

)

+
φ′2

AB

]

, (30)

B′ = rAB

[

− 1

r2A
+

1

r2
+ 8πp + λ

(

3p −
( p

ω

)
1

2

)

− φ′2

AB

]

, (31)

p′ =
−

(

( p
ω
)

1

2 + p
)

B′

2B
+ 2λ

(8π+2λ)
φ′

r2
√

AB

(

r2φ′

√
AB

)′

[

1 − λ
(8π+2λ)

(

1
2ω

( p
ω
)

−1

2 − 1
)] . (32)

Imposing the same initial conditions, the numerical solution of the above system of equations is obtained for this case.
The first row of fig. 5 shows the similar change in metric functions with radius and model parameter λ as in the
previous case. The second row of this figure represents decreasing energy density and pressure. The zoomed graph of
pressure indicates that it is zero at r ≈ 0.06. Also, the speed of sound lies between zero and one showing the stability
of stellar structure in this case. The plots of four energy conditions are combined in fig. 6.
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Fig. 6. Plots of NEC (red), WEC (blue), DEC (green), SEC (purple) for p = ωρ2, ω = 0.001, γ = 1 and λ = −0.3.
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Figure 7 represents how redshift parameter, mass function, derivative of electric scalar potential, charge and electric
field intensity grow with radius and exhibit change with parameter λ. Mass and redshift parameter are inversely related
with λ while φ′, q as well as E have a direct relation with λ. These behaviors are in agreement with the previous case.
Here again φ′ yields a negative electric field to counteract the gravitational pull and the charge is negative showing
that the origin of this force is electron degeneracy pressure.
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4 Concluding remarks

This paper is devoted to study the physical features of charged polytropic stars (with σ = 5
3 , 2) for f(R, T ) = R+2λT

gravity model. The equation of hydrostatic equilibrium for such configuration is affected by the model parameter (as
in [25]) and electromagnetic field. Our analysis shows that mass increases with decrease in λ while in the absence of
electromagnetic field, mass and λ are directly proportional as given in [25]. The model parameter produces different
changes in the physical features of stars but these changes are similar in both cases. The resulting electric field intensity
is negative, causing a force which counterbalances the gravity consistent with [34,35]. The total charge in both cases
is negative, demonstrating the supremacy of electrons.

For the first case, the star has radius r ≈ 1.5 km, mass M ≈ (0.0094530)M⊙, gravitational redshift zs ≈ 0.005
as well as q ≈ (−0.0060178)M⊙ under the assumed initial conditions and constants. In the second case, under the
same initial conditions but with different ω, the polytropic star has r ≈ 0.06 km, M ≈ (0.014)M⊙, zs ≈ 2 and
q ≈ (−0.014)M⊙. The redshift parameter is less than or equal to two for both cases which lies within the limit defined
for perfect fluid configurations [12,13]. We have found that the energy conditions are satisfied and speed of sound lies
between zero and one, implying that the stars are stable. A realistic toy model ζ = 2χ + 5.29355 has been considered
for neutron stars in f(R) gravity [36]. We have also checked this model in our framework and found that it is not
stable.

We have found that a charged polytropic star with a large radius (first case) has less mass, charge and surface
redshift than the star with a small radius (second case). It is observed that in this gravity, the radius of a stable
charged polytropic star whose matter satisfies the energy conditions is very small as compared to the observed radius
of compact objects (white dwarfs and neutron stars). We conclude that this analysis provides a possibility of the
existence of such small compact objects which have not been observed until today due to their small sizes. We have
also compared our results with those of charged polytropic spheres in f(R) theory [37]. In contrast with [37], we deal
with φ′ instead of q in the set of equations and explored the behavior of total charge as well as electric field intensity
of the sphere. For f(R, T ) = R + 2λT gravity model, charged polytropic spheres could have very small masses and

radii while for f(R) = R + β
2 R2, they have very large masses and radii. In [37], the authors deal only with weakly

charged spheres; however, we have checked that the polytropic charged spheres are stable for our model in a strong
as well as weak electromagnetic field by assigning large and small values to γ, respectively.

We would like to thank the Higher Education Commission, Islamabad, Pakistan for its financial support through the Indigenous

PhD 5000 Fellowship Program Phase-II, Batch-III.
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We discuss anisotropic non-static charged spherical source describ-
ing the phenomena of collapse and expansion in the context of f(R, T )
theory (R is the Ricci scalar and T is the trace of energy momen-
tum tensor). The Einstein-Maxwell field equations are formulated
and an auxiliary solution is considered. We evaluate the correspond-
ing expansion scalar (Θ) and investigate the cases of collapse (Θ < 0)
and expansion (Θ > 0). In both cases, we explore the influence of
charge as well as model parameter on density, radial/tangential pres-
sure, anisotropic parameter and mass through graphs. It is observed
that the physical parameters vary with time for expansion while re-
main constant for collapse, however the change with respect to radial
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is the Ricci scalar andis the Ricci scalar and T is the trace of energy momen-is the trace of energy momen-
tum tensor). The Einstein-Maxwell field equations are formulatedtum tensor). The Einstein-Maxwell field equations are formulated
and an auxiliary solution is considered. We evaluate the correspond-and an auxiliary solution is considered. We evaluate the correspond-
ing expansion scalar (Θ) and investigate the cases of collapse (Θing expansion scalar (Θ) and investigate the cases of collapse (Θ

0). In both cases, we explore the influence of0). In both cases, we explore the influence of
charge as well as model parameter on density, radial/tangential pres-charge as well as model parameter on density, radial/tangential pres-
sure, anisotropic parameter and mass through graphs. It is observedsure, anisotropic parameter and mass through graphs. It is observed
that the physical parameters vary with time for expansion while re-that the physical parameters vary with time for expansion while re-
main constant for collapse, however the change with respect to radialmain constant for collapse, however the change with respect to radial
coordinate is same for both cases. The model parameter has the samecoordinate is same for both cases. The model parameter has the same
impact in both cases while charge affects only in the case of collapse.impact in both cases while charge affects only in the case of collapse.
The energy conditions are satisfied for both solutions with particularThe energy conditions are satisfied for both solutions with particular
values of the parameters.values of the parameters.
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1 Introduction

Gravitational force is amenable for governing many astrophysical phenom-
ena like formation of stars, keeping stars together in galaxies, gravitational
collapse and restricting the heavenly bodies in their respective orbits. Self-
gravitating objects like stars, clusters of stars and galaxies are held together
under the influence of mutual gravitation. When a star burns up its nuclear
fuel under the fusion reaction, it undergoes gravitational collapse whose end
product is called compact object. Two compact objects orbiting each other
can produce gravitational waves by loosing their energy and merging together
under the gravitational pull. In a self-gravitating system, if the pressure (di-
recting opposite to gravity) exceeds gravity, the system expands.

General relativity (GR) is the most effective theory of gravity described
by curvature of spacetime rather than a force. The discovery of accelerat-
ing expansion of cosmos leads to the existence of an unknown force called
dark energy. Another challenging issue is dark matter expected to exist in
clusters of galaxies. To resolve these puzzles, alternative approaches includ-
ing modification of GR are proposed. A simple generalization of GR is the
f(R) gravity in which the Einstein-Hilbert action is modified by replacing the
Ricci scalar with f(R). Various applications of this theory to astrophysics
and cosmology are discussed in literature [1]. Cembranos et al. [2] investi-
gated spherical dust collapse and showed that collapsing process slows down
due to the contribution of f(R) terms. Sharif and Yousaf [3] discussed the
collapse with metric and Palatini f(R) gravity by considering early and late
time models.

Harko et al. [4] proposed f(R, T ) gravity as a generalized modified the-
ory. The coupling of curvature and matter leads to a source term which
may yield interesting results. It can produce a matter dependent devia-
tion from geodesic motion and also helps to study dark energy, dark matter
interactions as well as late-time acceleration [5]. Sharif and Zubair [6] ex-
plored thermodynamics of this gravity and concluded that the generalized
second law of thermodynamics is valid for phantom as well as non-phantom
phases. The evolution process for different symmetries with different condi-
tions (expansion-free, shear-free) have been studied by different authors [7].
In literature [8]-[10], the higher dimensions are also explored in this frame-
work. Moraes et al. [11] studied the equilibrium configurations of neutron as
well as quark stars and found that the extreme mass can cross observational
limits. Sharif and Nawazish [12] explored Noether symmetries interacting
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with generalized scalar field model. They found that dust fluid leads to de-
celerated expansion while perfect fluid yields current cosmic expansion for
quintessence model. We have studied the interaction of modified Chaply-
gin gas with f(R, T ) gravity and found that expansion is enhanced by bulk
viscosity in intermediate as well as logamediate scenarios [13].

Rosseland and Eddington [14] were the first who figured out that stars
may have a net electric charge. After that many researchers explored the
effects of electromagnetic field on self-gravitating systems. Bekenstein [15]
discussed charged spherical collapse with perfect fluid and hydrostatic equi-
librium. The effects of charge on spherical collapse [16] as well as on the
stability of compact objects [17] have been investigated with the conclusion
that presence of charge halts the collapse and increases the stability regions.
The impact of electromagnetic field on various astrophysical phenomena has
also been discussed in modified theories. Sharif and Abbas [18] explored
the effects of charge on collapse in modified Gauss-Bonnet gravity and con-
cluded that gravity is much stronger than GR as well as charge term does
not act as a source of gravity. Bhatti and Yousaf [19] investigated the effects
of charge on anisotropic dissipative plane symmetric fluid configuration in
Palatini f(R) gravity. They found that matter inhomogeneity is increased
with charge while decreased due to modified gravity terms. The same authors
[20] studied the influence of electromagnetic field on the evolution of cylin-
drical compact objects in f(R) theory and observed more massive objects
with small radii as compared to GR for three different models.

In [21], the collapsing and expanding solutions for a non-static anisotropic
source have been found while the effects of charge for these solutions are dis-
cussed in [22] within the scenario of GR. Abbas and Ahmed [23] explored
these solutions in the framework of f(R, T ) gravity. In this paper, we in-
vestigate the electromagnetic effects on the evolution of collapsing as well
as expanding non-static source. We study some physical features of charged
spherical stellar object for positive and negative expansion. The paper is
organized as follows. In the next section, we formulate the Einstein-Maxwell
equations for f(R, T ) = R+2λT (λ is the coupling constant, also called model
parameter) gravity model and discuss the cases of collapse and expansion.
We conclude our results in the last section.
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2 Einstein-Maxwell Field Equations

The action for f(R, T ) theory in the presence of electromagnetic field is
defined as

S =

∫

d4x
√−g

[

1

16π
f(R, T ) + Lm + Le

]

. (1)

Here Le = mFµνF
µν , m is an arbitrary constant, Fµν = φν,µ−φµ,ν stands for

electromagnetic field tensor, φµ represents the four potential. The following
field equations are obtained by varying this action with respect to gµν

fRRµν −
1

2
gµνf + (gµν!−∇µ∇ν)fR = 8πTµν − fT (Tµν +Θµν) + 8πEµν , (2)

where f = f(R, T ), fR = ∂f

∂R
, fT = ∂f

∂T
, Θµν is evaluated by

Θµν = gγα
δTγα

δgµν
, Tµν = gµνLm − ∂Lm

∂gµν
, (3)

and Eµν is the electromagnetic energy-momentum tensor defined by

Eµν =
1

4π

(

F α
µ Fνα − 1

4
F αβFαβgµν

)

. (4)

The non-static spherically symmetric spacetime is taken as

ds2 = −W 2(t, r)dt2 +X2(t, r)dr2 + Y 2(t, r)(dθ2 + sin2 θdφ2). (5)

The energy-momentum tensor of anisotropic source (with no thermal con-
duction) is given by

Tµν = (ρ+ pt)VµVν + p⊥gµν + (pr − pt)XµXν , (6)

where Vµ, Xµ, ρ, pr and pt stand for four velocity, four-vector, density, radial
and tangential pressures, respectively. For the above metric, the four-vectors
Vµ and Xµ have the expressions

V µ = (W−1, 0, 0, 0), Xµ = (0, X−1, 0, 0), (7)

satisfying the following relation

V µVν = −1, XµXν = 1. (8)
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]]
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The non-static spherically symmetric spacetime is taken asThe non-static spherically symmetric spacetime is taken as

dt2 +X2(t, r))drdr

The energy-momentum tensor of anisotropic source (with no thermal con-The energy-momentum tensor of anisotropic source (with no thermal con-
duction) is given by

µνµνT = (= (ρρ++ pptt))VV

ρρ, ppr andand pptt stand for four velocity, four-vector, density, radialstand for four velocity, four-vector, density, radial
and tangential pressures, respectively. For the above metric, the four-vectorsand tangential pressures, respectively. For the above metric, the four-vectors

µ have the expressionshave the expressions

V µ = (= (

satisfying the following relationsatisfying the following relation
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The Maxwell equations are given by

F µν
;ν = 4πjµ, (9)

where jµ represents the four current. We are considering comoving frame in
which charges are at rest and hence no magnetic field is produced. The four
potential and four current in comoving coordinates are defined as

φµ = (φ, 0, 0, 0), jµ = (ξ, 0, 0, 0), (10)

φ, ξ (both are functions of t and r) represent electric scalar potential and
charge density. For the metric (5), the Maxwell equations give

φ
′′

+ φ
′

(

2Y ′

Y
− X ′

X
− W ′

W

)

= 4πξWX2, (11)

φ̇
′

+ φ
′

(

2Ẏ

Y
− Ẋ

X
− Ẇ

W

)

= 0. (12)

Integration of Eq.(11) gives

φ
′

=

√
XWq

Y 2
, q = 4π

∫ r

0

ξXY 2dr, (13)

q denotes the total charge on the sphere with φ′(0) = 0 [24]. We consider the
model f(R, T ) = R + 2λT proposed by Harko et al. [4] to study the effects
of curvature-matter coupling on stellar evolution. This model has been fre-
quently used in literature [11, 13, 25]. It yields a power-law type scale factor
[4] and is able to discuss the accelerated expansion of the universe. It also
corresponds to ΛCDM model with trace dependent cosmological constant or
Λ(T ) gravity discussed by Poplawski [26]. This model and the assumption
Lm = −ρ simplify the field equations as

Gµν = (8π + 2λ)Tµν + 2λρgµν + λTgµν + 8πEµν , (14)

which leads to the following set of field equations

1

Y 2
− 1

X2

[

2Y ′′

Y
− 2X ′Y ′

XY
+

Y ′2

Y 2

]

+
1

W 2

[

ẊẎ

XY
+

Ẏ 2

Y 2

]

= (8π + λ)ρ− λpr − 2λpt +
q2

Y 4
, (15)
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= (8= (8ππ ++
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Ẏ ′

Y
− Ẏ

Y

W ′

W
− Ẋ

X

Y ′

Y
= 0, (16)

1

X2

[

2Y ′W ′

YW
+

Y ′2

Y 2

]

− 1

Y 2
+

1

W 2

[

2Ẏ Ẇ

Y W
− Ẏ 2

Y 2
− 2Ÿ

Y

]

= (8π + 3λ)pr + λρ+ 2λpt −
q2

Y 4
, (17)

1

X2

[

W ′′

W
+

Y ′′

Y
+

Y ′W ′

YW
− X ′Y ′

XY
− X ′W ′

XW

]

+
1

W 2

[

ẊẆ

XW
+

Ẏ Ẇ

Y W

−ẊẎ

XY
− Ẍ

X
− Ÿ

Y

]

= (8π + 4λ)pt + λρ+ λpr +
q2

Y 4
, (18)

where dot and prime denote differentiation with respect to t and r, respec-
tively.

Solving the field equations simultaneously, we obtain the following explicit
expressions of density, radial and tangential pressures

ρ =
1

8(2π + λ)(4π + λ)W 3X3Y 4

[

2λX2Y 3Ẇ (Y Ẋ + 2XẎ ) +WX2Y 2

×
{

4(2π + λ)XẎ 2 − 2λY 2Ẍ + Y (8π + 3λ)ẋẏ − 4λXŸ
}

+ 2λW 2Y 3

× {2XW ′Y ′ + Y (XW ′′ −W ′X ′)} − 2W 3
{

X3
{

q2(4π + 3λ)− 2(2π+

× λ)Y 2
}

− 4(2π + λ)Y 3X ′Y ′ + 2(2π + λ)XY 2(Y ′2 + 2Y Y ′′)
}]

, (19)

pr =
1

8(2π + λ)(4π + λ)W 3X3Y 4

[

2X2Y 3Ẇ (2(4π + λ)XẎ − λY Ẋ)

+ WX2Y 2
{

−4(2π + λ)XẎ 2 + 2λY 2Ẍ + Y (λẊẎ − 4(4π + λ)XŸ )
}

+ 2W 3X
{

X2(q2(4π + 3λ)− 2(2π + λ)Y 2) + 2(2π + λ)Y 2Y ′2
}

+ 2W 2Y 3 {2(4π + λ)XW ′Y ′ + λY (W ′X ′ −XW ′′)}
]

, (20)

pt =
1

8(2π + λ)(4π + λ)W 3X3Y 4

[

2X2Y 3Ẇ
{

(4π + λ)Y Ẋ + 4πXẎ
}

− WX2Y 3
{

(8π + 3λ)ẊẎ + 2(4π + λ)Y Ẍ + 8πXŸ
}

+ 2W 2Y 3
{

4πXẆ Ẏ − (4π + λ)Y (W ′X ′ −XW ′′)
}

− 2W 3
{

q2(4π + λ)X3 + 2(2π + λ)Y 3X ′Y ′ − 2(2π + λ)XY 3Y ′′
}]

.(21)

6

A
C

C
E
P
T
E
D

M
A

N
U

S
C

R
IP

T

(16)(16)

ŸY
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YY

]]

]]

++
11

A
C

C
E
P
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M
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N
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R
IP

T

WW 2

[[

Ẋ ˙̇WW

A
C

C
E
P
T
E
D

M
A

N
U
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C

R
IP

T

XWXW

λρλρ++ λpλprr ++
q2
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C
E
P
T
E
D

M
A

N
U

S
C

R
IP

T

YY 44

where dot and prime denote differentiation with respect towhere dot and prime denote differentiation with respect to

Solving the field equations simultaneously, we obtain the following explicitSolving the field equations simultaneously, we obtain the following explicit
expressions of density, radial and tangential pressuresexpressions of density, radial and tangential pressures
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E
P
T
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M
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N
U
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R
IP

T

3YY 44

[[

2λX22YY 3W

λY 2Ẍ ++ YY (8(8ππ

XWXW ′′′′ −WW ′′XX ′′))} −} −
λ)Y 3X ′Y ′′ + 2(2+ 2(2

A
C

C
E
P
T
E
D

M
A

N
U

S
C

R
IP

T
++ λ)W 3XX33Y 4

−4(24(2ππ ++ λλ))XXẎY
{

XX2(q22(4(4ππ + 3+ 3
3 {{2(42(4ππ ++ λ))XWXW

1

A
C

C
E
P
T
E
D

M
A

N
U

S
C

R
IP

T
8(28(2ππ ++ λλ)(4)(4π ++ λ

WXWX22YY 3
{

(8ππ

+ 2+ 2WW 2YY 3
{{

4πX

−− 22WW 3
{{

qq22
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The anisotropic parameter is defined as

△ = pr − pt. (22)

To discuss the phenomena of collapse and expansion, we evaluate the expan-
sion scalar given by

Θ =
1

WXY

(

ẊY + 2XẎ
)

. (23)

We take an auxiliary solution of Eq.(16) as

W =
Ẏ

αY γ
, X = αY γ, (24)

where γ and α > 0 are arbitrary constants, which leads to

Θ = α(2 + γ)Y γ−1. (25)

When Θ is positive we have an expanding solution otherwise a collapsing one.
The value of Θ depends on α, γ and Y in which α and Y are always positive
implying that we have collapse for γ < −2 and expansion for γ > −2. We
discuss these cases in the following subsections.

2.1 Collapse for γ < −2

If the collapse of a self-gravitating object results into a black hole, trapped
surfaces (horizons) are formed. We assume that collapse of our spherically
symmetric charged source results into a charged black hole. This concept is
further used to find the unknown metric coefficient Y . The mass function
for the considered source is given by [27]

m(t, r) =
Y

2X2W

(

X2W 2 +X2Ẏ 2 −W 2Y ′2
)

+
q2

2Y
. (26)

The solution (24) simplifies the mass expression as

m(t, r) =
Y

2

(

1 + α2Y 2γ − Y ′2

α2Y 2γ
+

q2

Y 2

)

. (27)

When Y ′ = α2Y 2γ, this implies that we have inner and outer horizons Y − =
m−

√

m2 − q2, Y + = m+
√

m2 − q2, respectively which are consistent with
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(22)(22)

To discuss the phenomena of collapse and expansion, we evaluate the expan-To discuss the phenomena of collapse and expansion, we evaluate the expan-

.

αYαY γ,

0 are arbitrary constants, which leads to0 are arbitrary constants, which leads to

(2 + γ)Y γ−11.

When Θ is positive we have an expanding solution otherwise a collapsing one.When Θ is positive we have an expanding solution otherwise a collapsing one.
andand Y in whichin which

implying that we have collapse forimplying that we have collapse for γ <γ < −2 and expansion for2 and expansion for
discuss these cases in the following subsections.discuss these cases in the following subsections.

γ <γ < −22

If the collapse of a self-gravitating object results into a black hole, trappedIf the collapse of a self-gravitating object results into a black hole, trapped
surfaces (horizons) are formed. We assume that collapse of our sphericallysurfaces (horizons) are formed. We assume that collapse of our spherically
symmetric charged source results into a charged black hole. This concept issymmetric charged source results into a charged black hole. This concept is
further used to find the unknown metric coefficientfurther used to find the unknown metric coefficient
for the considered source is given by [27]for the considered source is given by [27]

m((t, rt, r) =) =
Y
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22XX22

The solution (24) simplifies the mass expression asThe solution (24) simplifies the mass expression as

m(t, r
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√√
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the horizons of regular Reissner-Nordström and Vaidya-Reissner-Nordström
spacetimes, also known as marginally trapped tubes [28]. The expression
Y ′ = α2Y 2γ yields

Ytrap =
(

α2(1− 2γ)r +H(t)
) 1

1−2γ , (28)

where H(t) is an integration function. Hence the collapsing solution has the
form

W =
1

α(1− 2γ)
Ḣ

(

α2(1− 2γ)r +H(t)
)

γ

1−2γ , (29)

X = α
(

α2(1− 2γ)r +H(t)
) 1

1−2γ , (30)

Ytrap =
(

α2(1− 2γ)r +H(t)
) 1

1−2γ . (31)

We take H(t) = t
α2 and obtain the following values of ρ, pr and pt for the

collapse solution

ρ =
−
(

t
α2 + r(1− 2γ)α2

)
2(2+γ)
2γ−1

8(2π + λ)(4π + λ)(t+ r(1− 2γ)α4)2

[

8π

{

−
(

t+ r(1− 2γ)α4

α2

)
2γ

1−2γ

×
(

−q2 +

(

t+ r(1− 2γ)α4

α2

)
2

1−2γ

)

(4γ2α8r2 + (t+ rα4)2)

+ γα4

{

α2

(

t+ r(1− 2γ)α4

α2

)
4

1−2γ

+

(

t+ r(1− 2γ)α4

α2

)
2γ

1−2γ

×
(

−q2 +

(

t+ r(1− 2γ)α4

α2

)
2

1−2γ

)

(4rt+ 4r2α4)

}}

+ λ

×
{

−
(

t+ r(1− 2γ)α4

α2

)
2γ

1−2γ

(

−q2 +

(

t+ r(1− 2γ)α4

α2

)
2

1−2γ

)

× (8γ2α8r2 + 2(t+ rα4)2) + rα4

{

5α2

(

t+ r(1− 2γ)α4

α2

)
4

1−2γ

+

(

t+ r(1− 2γ)α4

α2

)
2γ

1−2γ

(

−q2 +

(

t+ r(1− 2γ)α4

α2

)
2

1−2γ

)

× (8rt+ 8r2α4)
}}]

, (32)
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the horizons of regular Reissner-Nordström and Vaidya-Reissner-Nordströmthe horizons of regular Reissner-Nordström and Vaidya-Reissner-Nordström
spacetimes, also known as marginally trapped tubes [28]. The expressionspacetimes, also known as marginally trapped tubes [28]. The expression

) is an integration function. Hence the collapsing solution has the) is an integration function. Hence the collapsing solution has the

)rr +H((tt))
))

γγ

A
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E
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T

1−2γ

t))
)) 11
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1−2γ ,

(t))
)) 1
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T

1−2γ ..

and obtain the following values ofand obtain the following values of

))
2(2+γ)
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R
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T

2γ−1

A
C

C
E
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T
E
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M
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N
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S
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R
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T

(1(1−− 22γγ))α4))22

[

8

2γγ))α4

A
C

C
E
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E
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M
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N
U

S
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R
IP

T
))

2

A
C

C
E
P
T
E
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R
IP

T
11−−2γ

))

(1− 2γ)α4

A
C
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E
D

M
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U

S
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R
IP

T
αα22

)
44
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((

++ rr(1(1− 2γ))αα4
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T
α22

((

++ rr(1(1−− 2γ))αα44
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D
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T
αα22

(8γγ22αα8r22 + 2(+ 2(tt

++

((

tt++ r(1−
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αα

×× (8(8rt+ 8+ 8
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pr =
−
(

t
α2 + r(1− 2γ)α2

)
2(2+γ)
2γ−1

8(2π + λ)(4π + λ)(t+ r(1− 2γ)α4)2
[

−(8γ2α8r2 + 2(t+ rα4)2)

×
{

−4πq2 − 3λq2 + (4π + 2λ)

(

t+ r(1− 2γ)α4

α2

)
2

1−2γ

}

+ γα4

×
{

32πr

(

t+ r(1− 2γ)α4

α2

)
2γ

1−2γ

(

−q2 +

(

t+ r(1− 2γ)α4

α2

)
2

1−2γ

)

× (t+ rα4) + λ

{

α2

(

t+ r(1− 2γ)α4

α2

)
4

1−2γ

+

(

t+ r(1− 2γ)α4

α2

)
2γ

1−2γ

×
(

−3q2 +

(

t+ r(1− 2γ)α4

α2

)
2

1−2γ

)

(8rt+ 8r2α4)

}}]

, (33)

pt =
−
(

t
α2 + r(1− 2γ)α2

)
2(2+γ)
2γ−1

8(2π + λ)(4π + λ)(t+ r(1− 2γ)α4)2

[

−2q2
(

t+ r(1− 2γ)α4

α2

)
2γ

1−2γ

× (4π + λ)(4r2γ2α8 + (t+ rα4)2) + γα4
{

32πrq2(t+ rα4)

×
(

t+ r(1− 2γ)α4

α2

)
2γ

1−2γ

+ λ

{

α2

(

t+ r(1− 2γ)α4

α2

)
4

1−2γ

+ 8rq2
(

t+ r(1− 2γ)α4

α2

)
2γ

1−2γ

(t+ rα4)

}}]

. (34)

For the collapse solution, the anisotropic parameter and mass function take
the form

△ = −







(

t+r(1−2γ)α4

α2

) 2
1−2γ

(−1 + 2q2
(

t+r(1−2γ)α4

α2

) 2
1−2γ

)

2(4π + λ)






, (35)

m =
1

2

(

t+ r(1− 2γ)α4

α2

)
1

1−2γ

+
q2

(

t+r(1−2γ)α4

α2

) 1
1−2γ

. (36)

Here we discuss the graphical behavior of different physical quantities for
this collapse solution. The graph of expansion scalar (Figure 1) shows in-
creasing behavior with radius but no change with time. Figures 2-5 show
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For the collapse solution, the anisotropic parameter and mass function takeFor the collapse solution, the anisotropic parameter and mass function take
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


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Here we discuss the graphical behavior of different physical quantities forHere we discuss the graphical behavior of different physical quantities for
this collapse solution. The graph of expansion scalar (Figurethis collapse solution. The graph of expansion scalar (Figure
creasing behavior with radius but no change with time. Figurescreasing behavior with radius but no change with time. Figures
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Figure 1: Plot of Θ versus r and t for γ = −2.5, α = 1.

Figure 2: Plots of ρ versus r and t for γ = −2.5, α = 1. The left graph is for
q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 and the right graph
is for λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.
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andand tt forfor γ =

Figure 2: Plots ofFigure 2: Plots of ρ versusversus
= 0 (pink),= 0 (pink), qq = 0.5 (blue),5 (blue),

λλ = 1 (brown),= 1 (brown),
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Figure 3: Plots of pr versus r and t for γ = −2.5, α = 1. The left graph is
for q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 while the right
graph is for λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

Figure 4: Plots of pt versus r and t for γ = −2.5, α = 1. The left graph is
for q = 0 (pink), q = 0.1 (blue), q = 0.15 (purple) with λ = 1 and the right
graph is for λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.
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Figure 4: Plots ofFigure 4: Plots of pt versus
= 0 (pink),= 0 (pink), q = 0

graph is forgraph is for λλ = 1 (brown),= 1 (brown),
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Figure 5: Plots of △ versus r and t for γ = −2.5, α = 1. The left graph is
for q = 0 (pink), q = 0.4 (blue), q = 0.8 (purple) with λ = 1 while the right
graph is for λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

Figure 6: Plot of m versus r and t for γ = −2.5, α = 1, q = 0 (pink), q = 0.4
(blue), q = 0.8 (purple).
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the graphs of density, radial/tangential pressure and anisotropy. We observe
that density is decreasing while radial and tangential pressures as well as
anisotropy are increasing with r but remain unchanged with time. The mass
function is increasing with radial coordinate as shown in Figure 6. The ef-
fects of charge and model parameter λ are summarized in Table 1.

Table 1: Effects of increasing q and λ for collapsing solution

Physical Parameter ρ pr pt △ m

As q Increases decreases increases decreases increases increases

As λ Increases decreases increases increases increases no change

For the curvature-matter coupled gravity, the energy conditions are [29]

• Null energy condition: ρ+ pr −A ≥ 0, ρ+ pt −A ≥ 0,

• Weak energy condition: ρ−A ≥ 0, ρ+ pr −A ≥ 0, ρ+ pt −A ≥ 0,

• Dominant energy condition: ρ− pr −A ≥ 0, ρ− pt −A ≥ 0,

• Strong energy condition: ρ+ pr + 2pt −A ≥ 0.

The term A = (V βV α
;β );α appears due to non-geodesic motion of massive

particles and is found as

A =
1

X2

[

W ′′

W
+

W ′2

W 2
− W ′

W

(

X ′

X
− 2Y ′

Y

)]

+
Ẇ 2

W 4
. (37)

The collapsing solution (24) yields

A =
γ(1 + 4γ)α6

(

t
α2+r(1−2γ)α2

)
2γ

2γ−1

(t+ r(1− 2γ)α4)2
. (38)

All the expressions of energy conditions defined above are plotted in Figure 7.
These plots show that all the energy conditions are satisfied for the collapse
solution as well as considered values of the free parameters.
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For the curvature-matter coupled gravity, the energy conditions are [29]For the curvature-matter coupled gravity, the energy conditions are [29]

−A ≥−A ≥ 00, ρ, ρ+ pt −A ≥

−A ≥−A ≥ 00, ρ, ρ+ pr −A ≥−A ≥

ρ− prr −A ≥−A ≥

ρ++ pprr + 2+ 2pt −A ≥−A ≥
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All the expressions of energy conditions defined above are plotted in FigureAll the expressions of energy conditions defined above are plotted in Figure
These plots show that all the energy conditions are satisfied for the collapseThese plots show that all the energy conditions are satisfied for the collapse
solution as well as considered values of the free parameters.solution as well as considered values of the free parameters.
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Figure 7: Plots of Energy Conditions versus r and t for γ = −2.5, α = 1,
q = 0.5 and λ = 1.
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Figure 7: Plots of Energy Conditions versusFigure 7: Plots of Energy Conditions versus
..5 and5 and λλ = 1.= 1.
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Figure 8: Plot of Θ versus r and t for γ = 0.05, α = 1.

2.2 Expansion for γ > −2

To discuss the evolution of density and pressures in the expanding case, the
value of metric function Y is needed. For non-static spherical symmetric
metric, Y can either be a function of r+ t or r− t [30]. We consider Y = r+ t

and check the values of Θ through graph (Figure 8) which are positive (i.e.,
the solution is expanding). Thus the expanding solution is given by

W =
1

α(r + t)γ
, X = α(r + t)γ, Y = r + t. (39)

Consequently, the expressions of ρ, pr and pt take the form

ρ =
1

8(r + t)4(2π + λ)(4π + λ)

[

(r + t)2(8π + 4λ)− q2(8π + 6λ)

+
(r + t)2−2γ

α2
(16πγ − 8π − 4λ+ 6γλ+ 4γ2λ) + α2(r + t)2+2γ

× (8π + 8πγ + 4λ+ γλ− 4γ2λ)
]

, (40)

pr =
1

8(r + t)4(2π + λ)(4π + λ)

[

(r + t)2(8π + 4λ)− q2(8π + 6λ)

+
(r + t)2−2γ

α2
(16πγ − 8π − 4λ+ 6γλ+ 4γ2λ) + α2(r + t)2+2γ

× (8π + 16πγ + 4λ+ 5γλ− 4γ2λ)
]

, (41)

pt =
(r + t)−2(2+γ)

8(α)2(2π + λ)(4π + λ)

[

−8π
{

q2(r + t)2γα2 + γt2 {1− 2γ
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Figure 9: Plots of ρ versus r and t for γ = 0.05, α = 1. The left graph is for
q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 and the right graph
is for λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

+ (r + t)4γα4(1 + 2γ)
}

+ r2γ(1 + 2γrt)
{

1 + (r + t)4γα4

+ 2γ(−1 + (r + t)4γα4)
}}{

2q2(r + t)2γα2 + γt2 {2− 4γ

+ (r + t)4γα4(1 + 4γ)
}

+ r2γ(1 + 2γrt)
{

2 + (r + t)4γα4

+ 4γ(−1 + (r + t)4γα4)
}}]

. (42)

The anisotropic parameter and mass function for expanding solution are
evaluated as

△ =
(r + t)−2(2+γ)

2(4π + λ)α2

[

−2q2(r + t)2γα2 + (r2 + t2) {−1 + γ

+ (r + t)2γα2 + (r + t)4γα4(1 + γ) + γ2(2− 2(r + t)4γα4)
}

− 2γt

×
{

1− 2γ2 − γ − (r + t)2γα2 + (r + t)4γα4(2γ2 − γ − 1)
}]

, (43)

m =
1

2

[

(r + t) +
q2

r + t

]

. (44)

The evolution of physical parameters during expansion is represented
through graphs. Figures 9-13 show the plots of density, radial as well as
tangential pressure, anisotropic parameter and mass function, respectively.
It is found that in contrast to the collapsing case, here the quantities vary
with time coordinate. The increase (or decrease) in charge does not induce
a measurable fluctuations in physical quantities. The graphical analysis is
summarized in Tables 2 and 3.

16

A
C

C
E
P
T
E
D

M
A

N
U

S
C

R
IP

T

= 0.05,05, αα = 1. The left graph is for= 1. The left graph is for
= 1 (purple) with= 1 (purple) with λλ = 1 and the right graph= 1 and the right graph

= 3 (yellow) with= 3 (yellow) with
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The anisotropic parameter and mass function for expanding solution areThe anisotropic parameter and mass function for expanding solution are
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The evolution of physical parameters during expansion is representedThe evolution of physical parameters during expansion is represented
through graphs. Figuresthrough graphs. Figures
tangential pressure, anisotropic parameter and mass function, respectively.tangential pressure, anisotropic parameter and mass function, respectively.
It is found that in contrast to the collapsing case, here the quantities varyIt is found that in contrast to the collapsing case, here the quantities vary
with time coordinate. The increase (or decrease) in charge does not inducewith time coordinate. The increase (or decrease) in charge does not induce
a measurable fluctuations in physical quantities. The graphical analysis isa measurable fluctuations in physical quantities. The graphical analysis is
summarized in Tablessummarized in Tables
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Figure 10: Plots of pr versus r and t for γ = 0.05, α = 1. The left graph is
for q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 while the right
graph is for λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

Figure 11: Plots of pt versus r and t for γ = 0.05, α = 1. The left graph is
for q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 and the right
graph is for λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.
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Figure 12: Plots of △ versus r and t for γ = 0.05, α = 1. The left graph is
for q = 0 (pink), q = 0.5 (blue), q = 1 (purple) with λ = 1 while the right
graph is for λ = 1 (brown), λ = 2 (red), λ = 3 (yellow) with q = 0.5.

Figure 13: Plot of m versus r and t for γ = 0.05, α = 1, q = 0 (pink), q = 0.5
(blue), q = 1 (purple).

18

for γ = 0= 0.05, α
= 1 (purple) with= 1 (purple) with

= 2 (red),= 2 (red), λλ = 3 (yellow) with= 3 (yellow) with

Figure 13: Plot ofFigure 13: Plot of m
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Figure 14: Plots of Energy Conditions versus r and t for γ = 0.05, α = 1,
q = 0.5 and λ = 1.
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Figure 14: Plots of Energy Conditions versusFigure 14: Plots of Energy Conditions versus
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Table 2: Change in physical parameters with respect to r and t for the
expanding solution

Coordinate Θ ρ pr pt △ m

r decreases decreases increases increases increases increases

t decreases decreases increases increases increases increases

Table 3: Effects of increasing λ for the expanding solution The solution

Physical Parameter ρ pr pt △
As λ Increases decreases increases increases decreases

(39) yields the value of A as

A =
(r + t)−2(1+γ)γ

α2
(−1 + γ(3 + (r + t)4γα4)). (45)

The energy conditions for this case are also satisfied as shown in Figure 14.

3 Concluding Remarks

It is well-known that accelerated expansion of the universe initiates the pres-
ence of an unknown force (dark energy) with huge negative pressure. To
unveil this mystery of dark energy, alternative theories are of much inter-
est. This dominating factor of our universe could also overwhelm the as-
trophysical processes. The aim of this analysis is to discuss the solutions of
Einstein-Maxwell field equations governing the phenomena of collapse and
expansion during stellar evolution in the framework of f(R, T ) theory. We
study the effects of curvature-matter coupling on the physical features of
evolving spherical celestial bodies. We also discuss the consequences of elec-
tromagnetic field and the role of model parameter on the physical features.

For collapsing solution, the expansion scalar, density, pressure (radial and
tangential), anisotropy and mass do not change with time. For expanding
solution, the change remains the same for both coordinates, i.e., if one quan-
tity is decreasing with respect to r, it is also decreasing with respect to t.
The behavior of these parameters (except expansion scalar) with respect to
radius remains the same for both cases. The energy conditions are satisfied
for both solutions implying that our solutions are physically acceptable.
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The energy conditions for this case are also satisfied as shown in FigureThe energy conditions for this case are also satisfied as shown in Figure

3 Concluding Remarks3 Concluding Remarks

It is well-known that accelerated expansion of the universe initiates the pres-It is well-known that accelerated expansion of the universe initiates the pres-
ence of an unknown force (dark energy) with huge negative pressure. Toence of an unknown force (dark energy) with huge negative pressure. To
unveil this mystery of dark energy, alternative theories are of much inter-unveil this mystery of dark energy, alternative theories are of much inter-
est. This dominating factor of our universe could also overwhelm the as-est. This dominating factor of our universe could also overwhelm the as-
trophysical processes. The aim of this analysis is to discuss the solutions oftrophysical processes. The aim of this analysis is to discuss the solutions of
Einstein-Maxwell field equations governing the phenomena of collapse andEinstein-Maxwell field equations governing the phenomena of collapse and
expansion during stellar evolution in the framework ofexpansion during stellar evolution in the framework of
study the effects of curvature-matter coupling on the physical features ofstudy the effects of curvature-matter coupling on the physical features of
evolving spherical celestial bodies. We also discuss the consequences of elec-evolving spherical celestial bodies. We also discuss the consequences of elec-
tromagnetic field and the role of model parameter on the physical features.tromagnetic field and the role of model parameter on the physical features.

For collapsing solution, the expansion scalar, density, pressure (radial andFor collapsing solution, the expansion scalar, density, pressure (radial and
tangential), anisotropy and mass do not change with time. For expandingtangential), anisotropy and mass do not change with time. For expanding
solution, the change remains the same for both coordinates, i.e., if one quan-solution, the change remains the same for both coordinates, i.e., if one quan-
tity is decreasing with respect totity is decreasing with respect to
The behavior of these parameters (except expansion scalar) with respect toThe behavior of these parameters (except expansion scalar) with respect to
radius remains the same for both cases. The energy conditions are satisfiedradius remains the same for both cases. The energy conditions are satisfied
for both solutions implying that our solutions are physically acceptable.for both solutions implying that our solutions are physically acceptable.
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During collapse, charge particles come closer to each other and enhance
the electromagnetic field. The graphical analysis for collapsing solution shows
that the charge slows down (or it can halt) the collapsing process by de-
creasing density and increasing radial pressure. The effect of charge on the
collapsing process is consistent with those given in literature [18, 22]. In
expansion, charge particles move away from each other and consequently,
electromagnetic field becomes weaker. This effect could be seen in graphs
of expanding solution in which the effect of charge is not considerable (as
the graphs overlap for different values of q). In both cases, the increase in
model parameter has the same effect on physical quantities. In particular, it
reduces density and increases pressure which enhance expansion and dimin-
ish collapse. Abbas and Ahmed [23] discussed the collapsing and expanding
solutions without charge and with H(t) = 1, hence all the quantities are
functions of r only. We have taken the effect of charge and H(t) depends on
t. This leads to different behavior of pressures as well as anisotropy but the
effect of λ is similar for density while differs for pressures.
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We discuss the collapsing and expanding solutions of anisotropic charged cylinder in the context of �(�, �) theory (� represents
the Ricci scalar and � denotes the trace of energy-momentum tensor). For this purpose, we take an auxiliary solution of Einstein-
Maxwell �eld equations and evaluate expansion scalar whose negative values lead to collapse and positive values give expansion.
For both cases, the behavior of density, pressure, anisotropic parameter, and mass is explored and the e	ects of charge as well as
model parameter on these quantities are examined. �e energy conditions are found to be satis�ed for both solutions.

1. Introduction

Gravitational force is amenable for governing many astro-
physical phenomena like formation of stars, keeping stars
together in galaxies, gravitational collapse, and restricting
the heavenly bodies in their respective orbits. A star is in
equilibrium state under the balance of pressure (directed
outward) and gravity (directed inward). It undergoes collapse
if gravity exceeds pressure and experiences expansion when
pressure overcomes gravity. During the life, a star experiences
both of these phenomena. Oppenheimer and Snyder [1]
are pioneers to study the gravitational collapse for dust
matter. Misner and Sharp worked on the collapse of a
star considering isotropic [2] as well as anisotropic 
uid
[3].

A�er that, many researchers studied the process of
collapse for di	erent con�gurations. Stark and Piran [4]
examined the gravitational waves emitted by the gravitational
collapse of rotating relativistic polytropes. Herrera et al. [5]
examined the dynamical instability of spherical symmetric
collapsing 
uid su	ering heat dissipation and showed that
dissipation increases the instability. Harada [6] investigated
the �nal outcome of gravitational collapse of a sphere with
perfect 
uid distribution and discussed the limits when the
singularity is naked or not. Joshi and Dwivedi [7] explored
the �nal outcome of spherical symmetric dust collapse.

Depending upon the initial pressure and density distribution,
they discussed di	erent new black hole solutions.

�e �(�) gravity is a direct generalization of general
relativity (GR) obtained by replacing � with �(�) in the
Einstein-Hilbert action. Many astrophysical and cosmolog-
ical phenomena have been explored within the scenario of�(�) theory. �e contributions of �(�) terms can lead to
di	erent consequences on various phenomena. Sharif and
Kausar [8] discussed the perfect 
uid collapse in this theory
and solved the equations assuming constant Ricci scalar.�ey
showed that �(�) terms play the role of antigravitational
force. Cembranos et al. [9] worked on spherical dust collapse
and showed that the contribution of �(�) terms slows down
the collapsing process. Hence in general, it can be deduced
that the inclusion of higher order curvature terms reduces
the collapse rate. Also in GR, a gravitational wave has two
polarization modes while in �(�) theory it is shown that
gravitational wave has two extra modes compared to GR [10].

Harko et al. [11] proposed a more generalized gravita-
tional theory known as�(�, �) gravity.�e curvature-matter
coupling produces a deviation from geodesic motion which
may yield interesting results and help to explore dark side
of the universe [12]. Shabani and Farhoudi [13] investigated
cosmological viability of some �(�, �) gravity models using
solar system constraints. Moraes et al. [14] studied the
equilibrium con�gurations of neutron and quark stars in
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this theory concluding that mass can cross observational
limits. Noureen and Zubair [15] investigated the stability
of anisotropic spherical star in the framework of �(�, �)
yielding some constraints on physical quantities. Carvalho
et al. [16] analyzed white dwarfs using an equation of state
describing ionized atoms embedded in a relativistic Fermi
gas of electrons in curvature-matter coupling scenario. �ey
observed that white dwarfs have larger radius and mass
in �(�, �) gravity than those observed in GR and �(�)
theory.

Recent detection of gravitational waves has broughtmoti-
vation to study the collapse phenomenon with the existence
of gravitational waves in the exterior. It is well known
by Bhirko	 ’s theorem that a spherical symmetric vacuum
spacetime cannot have gravitational radiation. In this context,
the next assumption is cylindrical system, because Einstein
and Rosen found exact solution of the �eld equations which
models the propagation of cylindrical gravitational waves.
Sharif andBhatti [17] discussed charged expansion-free cylin-
drical system and found that stability is controlled by charge,
density, and pressures. Yousaf et al. [18] discussed the stability
of cylindrical stellar system through perturbation technique
and found its dependence on the sti	ness parameter, matter
variables, and �(�, �) dark source terms. Sharif and Farooq
investigated the dynamics of charged cylindrical collapse
in �(�) gravity with perfect [19] as well as bulk viscous
dissipative 
uid [20] and concluded that collapse rate slows
down due to dark source terms.

Rosseland and Eddington [21] were the �rst who �g-
ured out the possibility that stars can have electric charge.
A�er that, the presence of electromagnetic �eld in self-
gravitating systems is explored by many researchers. �e
e	ects of charge on spherical collapse [22] and on the stability
of compact objects [23] have been investigated with the
conclusion that charge halts the collapse and increases the
stability regions. Bhatti and Yousaf [24] explored the e	ects
of electromagnetic �eld on plane symmetric anisotropic
dissipative 
uid con�guration in Palatini �(�) gravity. �ey
concluded that matter inhomogeneity is enhanced with
charge while it is decreased due to modi�ed gravity terms.
Mansour et al. [25] analyzed the features of compact stars
in the presence of weak electromagnetic �eld in �(�)
gravity.

Glass [26] studied the collapsing and expanding solutions
for a nonstatic anisotropic spherical source within the sce-
nario of GR. Abbas extended this work for plane symmetric
con�guration [27], for charged spherical source [28], and
for charged cylindrical geometry [29] in GR as well as for
sphere in �(�, �) gravity [30]. We discussed these solutions
for charged spherical con�guration in �(�, �) theory [31]. In
this paper, we investigate the e	ects of charge on the evolution
of a nonstatic cylindrical source in �(�, �) gravity. �e paper
is planned as follows. In the coming section, we discuss the
outline of work done; then in the next one, we formulate
the Einstein-Maxwell equations for �(�, �) = � + 2��
gravitymodel (where� is coupling constant also called model
parameter) and discuss the cases of collapse and expansion.
In the last section, we summarize our results.

2. Physical Goals

In this section, we �rst discuss physical goals of the research
work presented in this paper and then elaborate the technique
to achieve these objectives. Here, we would like to explore
physical characteristics of a cylindrical star during the phases
of collapse and expansion in the dark energy dominated era.
When a star starts to loose the hydrostatic equilibrium, �rstly,
its outer layers expand and it becomes a red-giant. However,
a�er some time, the star su	ers a supernova explosion and
experiences a collapse. In order to discuss the whole scenario
in an expanding universe, we consider �(�, �) theory of
gravity as discussed in the Introduction as an alternative to
GR. Also, to extend our discussion, we observe the e	ects
of electromagnetic �eld and consider a charged star. We
aim to discuss the behavior of density, pressures, pressure
anisotropy, and mass of the star as well as check the energy
conditions for the obtained solutions. We also investigate
the e	ects of curvature-matter coupling and presence of
charge on the collapse and expansion phases of the star’s
life.

For this purpose, we generate collapsing and expanding
solutions for our cylindrically symmetric model. We then
analyze the physical parameters graphically such that the
density and mass remain positive. Also, the obtained values
of density and pressures must satisfy the energy conditions
for the viability of the solution; otherwise there is a possibility
of existence of exotic 
uid that is an unrealistic situation. �e
value of curvature-matter coupling constant is taken such that
our model�(�, �) = �+2�� satis�es the viability conditions

�� > 0,
1 + ��8� > 0
and ��� > 0,

(1)

which yield the constraint � > −4� for the considered
model. In the graphical analysis, free parameters appearing
in the solution are �xed such that our solution is physically
acceptable; i.e., mass and density are positive and energy
conditions are satis�ed. In order to examine the e	ects of
electromagnetic �eld and curvature-matter coupling con-
stant, we vary the values of the total charge and � in the plots
and check the corresponding increase and decrease in the
respective quantity.

3. Einstein-Maxwell Field Equations

�e �(�, �) gravity action with the contribution of electro-
magnetic �eld is de�ned as

� = ∫	4
√−� [ 116�� (�, �) +L� +L�] . (2)

�e electromagnetic Lagrangian density L� has the form
L� = ���]��], � is an arbitrary constant, ��] = �

],� − ��,]
represents the electromagnetic �eld tensor, and �� represents
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the four potentials. �e �eld equations for the above action
are

����] − 12��]� + (��]◻ − ∇�∇])��
= 8���] − �� (��] + Θ�]) + 8���], (3)

where �� and �� denote the derivatives of �(�, �) with
respect to � and �, respectively. �e expression for Θ�] is
given by

Θ�] = ��� �������] ,
��] = ��]L� − �L����] ,

(4)

and the electromagnetic energy-momentum tensor ��] is
de�ned by

��] = 14� (����]� − 14��	��	��]) . (5)

�e nonstatic cylindrically symmetric spacetime is taken as

	�2 = −�2 (�, �) 	�2 +  2 (�, �) 	�2 + !2 (�, �) 	"2 + 	#2. (6)

�e energy-momentum tensor for anisotropic 
uid is given
by

��] = (% + &
) *�*] + &
��] − (&
 − &�) ���]
− (&
 − &�)-�-]

, (7)

where *� denotes the four velocities, ��, -� are unit four-
vectors, % stands for density, and &
, &�, &� are the pressures
in �, ", and # directions, respectively. �e four-vectors *�, ��,
and -� have the expressions

*� = (�−1, 0, 0, 0) ,
-� = (0, 0, !−1, 0) ,
�� = (0, 0, 0, 1) ,

(8)

which satisfy the following relations:

*�*
]
= −1,

-�-
]
= ���

]
= 1,

��-
]
= *�-

]
= *��

]
= 0.

(9)

�e Maxwell equations are given by

��];] = 4�/�, (10)

where /� represents the four currents. In comoving frame, the
four potentials and four currents are de�ned as

�� = (�, 0, 0, 0) ,
/� = (3, 0, 0, 0) , (11)

�, 3 (both are functions of � and �) represent electric
scalar potential and charge density, respectively. �eMaxwell
equations for the metric (6) yield

�

 + �
 (!
! − �
� −  
 ) = 4�3� 2, (12)

̇�
 + �
 (!̇! − �̇� −  ̇ ) = 0. (13)

Integration of (12) gives

�
 = � ! :, : = 4�∫

0
3 !	�, (14)

where : is the total charge of the cylinder. We take �(�, �) =�+ 2�� proposed by Harko et al. [11] to explore the e	ects of
curvature-matter coupling on collapsing and expanding solu-
tions. �is model has frequently been used in literature [32–
35] which yields a power-law type scale factor and is able to
discuss accelerated expansion of the universe. It corresponds
toΛCDMmodel with trace dependent cosmological constant
or Λ(�) gravity discussed by Poplawski [36]. �e above-
mentioned expression of �(�, �) and L� = −% simplify the
�eld equations as

<�] = (8� + 2�)��] + 2�%��] + ����] + 8���], (15)

which produces the following set of equations:

1 2 [ 

!
 ! − !

! ] + 1�2  ̇!̇ ! + �2:2!2 = 8�%

− � (−% + &
 + &� + &�) ,
(16)

!̇
! − !̇! �
� −  ̇ !



! = 0, (17)

1�2 [�̇!



�! − !̈!] + 1 2 �

!
�! +  2:2!2 = 8�&


+ � (% + 3&
 + &� + &�) ,
(18)

1�2 [�̇ ̇� −  ̈ ] + 1!2 (!̇ )
2 [�

� − �
 
� ]

− :2!2 = 8�&� + � (% + &
 + 3&� + &�) ,
(19)

1�2 [− ̈ − !̈! −  ̇!̇ ! + �̇� ( ̇ + !̇!)]
+ 1 2 [�





� + !

! − �
 
� − !
! ( 
 + �
� )]
− :2!2 = 8�&� + � (% + &
 + &� + 3&�) ,

(20)
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where dot and prime represent di	erentiation with respect to� and �, respectively.
A simultaneous solution of the �eld equations gives

the following explicit expressions of density and pressure
components:

% = 18 (8�2 + 6�� + �2) �3 3!2 [:2 (8� + 5�)�5 3
− 2� 2!(−2 (2� + �)  ̇!̇ + � (! ̈ +  !̈))
+ � 2!�̇ (2! ̇ +  (!̇ + 2!
)) − ��2 × (!2 + !̇2)
⋅ (�
 
 −  �

) + �3 (−2:2� 3 + :2� 5 + 4 (2� + �)
× ! 
!
 − 4 (2� + �)  !!

)] ,

(21)

&
 = 18 (2� + �) (4� + �)�3 3!2 [−:2��5 3
+ :2�3 3 (2� + (8� + 3�)  2) − 2� 2!(−�! ̈
+ (4� + �)  !̈) +  2!�̇ (−2�! ̇
+  (−�!̇ + 2 (8� + 3�) !
))
+ �2 (4 (2� + �)  !�
!

+ � (!2 + !̇2) (�
 
 −  �

))] ,

(22)

&� = 18 (2� + �) (4� + �)�3 3:2 [−:2��5 3
− :2�3 3 (8� + 2� + � 2) − 2� 2! ((4� + �)! ̈
− � !̈) +  2!�̇ (2 (4� + �)! ̇ − � (!̇ + 2!
))
+ �2 (�!2 − (8� + 3�) !̇2) (�
 
 −  �

)] ,

(23)

&� = −18 (2� + �) (4� + �)�3 3!2 [:2��5 3
+ 2� 2!(2 (2� + �)  ̇!̇ + (4� + �) (! ̈ +  !̈))
−  2!�̇ (2 (4� + �)! ̇ +  ((8� + 3�) × !̇ − 2�!
))
+ �2 (4 (2� + �)  !�
!

+ (8� + 3�) !2 (�
 
 −  �

) + �!̇2 (−�
 
 +  �

))
+ �3 (2:2 (4� + �)  3 + :2� 5 + 4 (2� + �) ! 
!

− 4 (2� + �)  !!

)] .

(24)

�e anisotropic parameter is de�ned as

△ = &
 − &�. (25)

To investigate the collapse and expansion of considered
cylindrical source, the expansion scalar is evaluated as

Θ = 1� ( ̇ + !̇!) , (26)

and an auxiliary solution of (17) is

� = !̇H!� ,
 = H!�, (27)

where I and H > 0 are arbitrary constants. �e above solution
leads to

Θ = H (1 + I)!�−1. (28)

�e positive values of Θ provide expansion and its negative
values correspond to collapse.�e value ofΘ depends onH, I,
and ! in which H and ! are always positive implying that
we have collapse for I < −1 and expansion for I > −1. We
explore these cases one by one in the following subsections.

3.1. Collapse for I < −1. For collapsing solution, we �nd the
unknown metric function ! in the solution (27) such that
the collapse leads to the formation of trapped surfaces. �e
mass function for the cylindrically symmetric charged source
is obtained as

� (�, �) = 18 [1 − (!



 )2 + (!̇�)
2] + :!. (29)

Equation (27) simpli�es the mass expression as

� (�, �) = 18 (1 + H2!2� − !
2H2!2�) + :!. (30)

For trapped surface formation � = 1/8 + :! [29], which
yields

!�
�� = [H2 (1 − 2I) � + � (�)]1/(1−2�) , (31)

where �(�) is an integration function and the collapsing
solution becomes

� = 1H (1 − 2I) ̇� (H2 (1 − 2I) � + � (�))�/(1−2�) , (32)

 = H (H2 (1 − 2I) � + � (�))�/(1−2�) , (33)

!�
�� = (H2 (1 − 2I) � + � (�))1/(1−2�) . (34)

For the sake of simplicity, we consider �(�) as a linear

function of �, i.e., �(�) = �/H2 , and obtain the following
expressions of density and pressures:



Advances in High Energy Physics 5

% = (�/H2 + � (1 − 2I) H2)(2+4�)/(2�−1)
8 (1 − 2I)2 (8�2 + 6�� + �2) H6) [[:

2 (8� + 5�) ( �H2 + � (1 − 2I) H2)
6�/(1−2�)

− 1(� + � (1 − 2I) H4)2 (2 (1 − 2I)2 I (−4� + (−1 + 3I) �) H12 × ( �H2 + � (1 − 2I) H2)
(2+2�)/(1−2�))

+ I (−1 + 2I) �H12 (�/H2 + � (1 − 2I) H2)(2+2�)/(1−2�)
(� + � (1 − 2I) H4)4 × (1 + �2 (1 − 2I)2 − 2�� (−1 + 2I)3 H4 + �2 (1 − 2I)4 H8)

− 1(� + � (1 − 2I) H4)2 × ((1 − 2I)2 I�H12 ( �H2 + � (1 − 2I) H2)
(2+2�)/(1−2�) (−1 − 2H4 + I (−2 + 4H4))) + (1 − 2I)2

⋅ H3 ( �H2 + � (1 − 2I) H2)
�/(1−2�) {−2:2�H3 ( �H2 + � (1 − 2I) H2)

3�/(1−2�) + :2�H5 ( �H2 + � (1 − 2I) H2)
5�/(1−2�) + 4I (2�

+ �) H5 ( �H2 + � (1 − 2I) H2)
5�/(1−2�) − 1(� + � (1 − 2I) H4)2 8I (2� + �) H9 ( �H2 + � (1 − 2I) H2)

(2+�)/(1−2�)}]] ,

(35)

&
 = (�/H2 + � (1 − 2I) H2)(2+4�)/(2�−1)
8 (1 − 2I)2 (2�2 + �) (4�2 + �) H6) [−:2� ( �H2 + � (1 − 2I) H2)

6�/(1−2�)

+ 1(� + � (1 − 2I) H4)2 (2 (1 − 2I)2 I (−8� + 3 (−1 + I) �) H12 × ( �H2 + � (1 − 2I) H2)
(2+2�)/(1−2�)) + (: − 2:I)2 H6 ( �H2

+ � (1 − 2I) H2)4�/(1−2�) × (2� + (8� + 3�) H2 ( �H2 + � (1 − 2I) H2)
2�/(1−2�)) − (−8� (−1 + 2I) × (� + � (1 − 2I) H4)2

+ � (1 + �2 (5 − 12I + 4I2) − 2�� (1 − 2I)2 (−5 + 2I) H4 + �2 (−5 + 2I) (−1 + 2I)3 H3))
⋅ ((� + � (1 − 2I) H4)4 I (−1 + 2I) H12 × ( �H2 + � (1 − 2I) H2)

(2+2�)/(1−2�)) − 1(� + � (1 − 2I) H4)2 (1 − 2I)2 IH12 × ( �H2
+ � (1 − 2I) H2)(2+2�)/(1−2�) (16� (−1 + 2I) H4 + � (1 − 6H4 + 2I (1 + 6H4)))] ,

(36)

&� = (�/H2 + � (1 − 2I) H2)(2+4�)/(−1+2�)
8 (1 − 2I)2 (2� + �) (4� + �) H6 [

[−:
2� ( �H2 + � (1 − 2I) H2)

6�/(1−2�)

− 2 (1 − 2I)2 I (4� (−1 + 3I) + 3 (−1 + I) �) H12 (�/H2 + � (1 − 2I) H2)(2+2�)/(1−2�)
(� + � (1 − 2I) H4)2

+ (1 − 2I)2 IH12 (�/H2 + � (1 − 2I) H2)(2+2�)/(1−2�)
(� + � (1 − 2I) H4)2 (8�I + (−1 + 2I) � (1 + 2H4))

+ (1 − 2I)3 IH12 (�/H2 + � (1 − 2I) H2)(2+2�)/(1−2�)
(� + � (1 − 2I) H4)2 (� − 8� + 3�(1 − 2I)2 (� + � (1 − 2I) H4)2 − :2 (1 − 2I)2 H6)( �H2

+ � (1 − 2I) H2)4�/(1−2�) (8� + �(2 + H2 × ( �H2 + � (1 − 2I) H2)
2�/(1−2�)))]] ,

(37)
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&� = H6 (�/H2 + � (1 − 2I) H2)(2+2�)/(−1+2�)
8 (1 − 2I)2 (2� + �) (4� + �) [

[8� (1 − 2I)
2(−2I (�/H2 + � (1 − 2I) H2)2/(1−2�)

(� + � (1 − 2I) H4)2
− :2 (�/H2 + � (1 − 2I) H2)2�/(1−2�)H6 ) + �(−:2 (�/H2 + � (1 − 2I) H2)2�/(1−2�)H12
× (2 (1 − 2I)2 H6 + ( �H2 + � (1 − 2I) H2)

2�/(1−2�) + (1 − 2I)2 H6 × ( �H2 + � (1 − 2I) H2)
2�/(1−2�))

+ (−1 + (4�� (1 − 2I)2 H4 + 2�2 (−1 + 2I)3 H8) × (−3 + I − H4 + 2IH4 + 2�2 (3 + H4 + I2 (2 + 4H4) − I (7 + 4H4))))
× ((� + � (1 − 2I) H4)4 I (−1 + 2I) ( �H2 + � (1 − 2I) H2)

2/(1−2�))−1)]] .

(38)

For the solution (32)-(34), the anisotropic parameter and
mass function become

△ = H6 (�/H2 + � (1 − 2I) H2)(2+2�)/(−1+2�)8 (1 − 2I) (4� + �) [−:2 (−1 + I)
⋅ H−6 ( �H2 + � (1 − 2I) H2)

2�/(1−2�) × (1
+ H2 ( �H2 + � (1 − 2I) H2)

2�/(−1+2�)) + (1
− 4�� (1 − 2I)2 H4 (1 − H4 − I (−1 + 2H4))
+ 2�2 (−1 + 2I)3 H8 (1 − H8 − I (−1 + 2H4))
+ 2�2 (−1 + H4 + I (3 − 4H4) + I2 (−2 + 4H4))
(� + � (1 − 2I) H4)4 I (�/H2 + � (1 − 2I) H2)2/(−1+2�))] ,

(39)

� = 18 + : ( �H2 + � (1 − 2I) H2)
1/(1−2�) . (40)

For the collapsing case, the graphical representation of
di	erent parameters is given in Figures 1–7. We observe
that the quantities are changing with respect to temporal
coordinate while no change is observed with respect to radial
coordinate. �e change in di	erent quantities with respect to
time is given in Table 1 and the e	ects of charge as well as
model parameter � are summarized in Table 2.

To observe physical viability of our solution, we plot the
null (NEC), weak (WEC), strong (SEC), and dominant (DEC)
energy conditions for the curvature-matter coupled gravity
[37]:

(i) NEC: %+&
 −A ≥ 0, % +&� −A ≥ 0, % +&� −A ≥ 0.
(ii) WEC: % − A ≥ 0, % + &
 − A ≥ 0, % + &� − A ≥0, % + &� −A ≥ 0.

(iii) SEC: % + &
 + &� + &� −A ≥ 0.
(iv) DEC: %−&
−A ≥ 0, %+&� −A ≥ 0, %−&� −A ≥ 0.

�e term A = (*	*�;	);� is due to nongeodesic motion of

massive particles. We evaluate A as

A = 1 2 [�




� + �
� (− 
 + !
! + �
� )] + �̇2�4 . (41)

For the collapse solution, we have

A = 4I2H6 (�/H2 + � (1 − 2I) H2)2�/(−1+2�)
(� + � (1 − 2I) H4)2 . (42)

All the energy conditions de�ned above are plotted in Figures
8–11; the repeated expressions are shown only once. From
these plots, it can be easily seen that all the energy conditions
are satis�ed for the considered values of free parameters of
the collapse solution.

3.2. Expansion for I > −1. In this case, we require an
expression of the metric coe�cient ! for expanding solution.
For convenience, We assume it a linear combination of �
and � such that the expansion scalar remains positive for the
resulting solution as shown in Figure 12. �us the expanding
solution is given by

� = 1H (� + �)� ,
 = H (� + �)� ,
! = � + �.

(43)

Consequently, the expressions of %, &
, &�, and &� take the
form

% = (� + �)−2(2+�)8 (8�2 + 6�� + �2) H2 [8� (� + �)2 (:2 + I + (� + �)4� I!4) + � (:2 (� + �)2 (5 − 2 (� + �)2� H2 + (� + �)4� H4) − I (−1 − 2I
+ �2 (−5 − 2I − 3 (� + �)4� H4 + 4 (� + �)4� IH4) + �2 (−5 − 3 (� + �)4� H4 + I (−2 + 4 (� + �)4� H4))))] ,

(44)
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Figure 1: Plot of Θ versus � and � for I = −1.5, H = 0.1.
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Figure 2: Plots of % versus � and � for I = −1.5, H = 0.1. �e le� graph is for : = 0 (pink), : = 0.00005 (blue), and : = 0.0001 (purple) with� = −0.1 and the right graph is for � = −0.1 (brown), � = −0.2 (red), and � = −0.3 (yellow) with : = 0.0001.
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Figure 3: Plots of &
 versus � and � for I = −1.5, H = 0.1. �e le� graph is for : = 0 (pink), : = 0.01 (blue), and : = 0.02 (purple) with� = −0.1 while the right graph is for � = −0.1 (brown), � = −0.2 (red), and � = −0.3 (yellow) with : = 0.01.
Table 1: Change in parameters with respect to � for the collapse solution.

Parameter % &
 &� &� △ �
As � increases decreases decreases increases decreases decreases increases
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Figure 4: Plots of &� versus � and � for I = −1.5, H = 0.1. �e le� graph is for : = 0 (pink), : = 0.005 (blue), and : = 0.01 (purple) with� = −0.1 and the right graph is for � = −0.1 (brown), � = −0.15 (red), and � = −0.2 (yellow) with : = 0.01.
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Figure 5: Plots of &� versus � and � for I = −1.5, H = 0.1. �e le� graph is for : = 0 (pink), : = 0.01 (blue), and : = 0.02 (purple) with� = −0.1 and the right graph is for � = −0.1 (brown), � = −0.2 (red), and � = −0.3 (yellow) with : = 0.01.
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Figure 6: Plots of △ versus � and � for I = −1.5, H = 0.1. �e le� graph is for : = 0 (pink), : = 0.01 (blue), and : = 0.02 (purple) with� = −0.1 and the right graph is for � = −0.1 (brown), � = −0.2 (red), and � = −0.3 (yellow) with : = 0.01.
Table 2: E	ects of : and � for the collapse solution.

Parameter % &
 &� &� △ �
As : increases increases increases decreases decreases increases increases

As � decreases increases increases increases increases increases no change
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Figure 7: Plot of � versus � and � for I = −1.5, H = 0.1, : = 0 (pink), : = 0.01 (blue), and : = 0.02 (purple).
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Table 3: Change in parameters with respect to � and � for the expanding solution.

Parameter % &
 &� &� △ �
As � increases decreases decreases increases increases decreases increases

As � increases decreases decreases increases increases decreases increases

&
 = 18 (� + �)2 (2� + �) (4� + �) [−:
2 (� + �)−2� �H2 − (� + �)−2(1+�) IH2 × (8� (� + �)2 + (1 + 2I + �2 (5 + 2I) + 2�� (5 + 2I)

+ �2 (5 + 2I)) �) + 2 (� + �)2� (−1 + I) I�H2 + (� + �)2� I (−16� + (−5 + 2I) �) H2 + :2 (2� + (� + �)2� (8� + 3�) H2)] ,
(45)

&� = 18 (� + �)2 (2� + �) (4� + �) [−:
2 (� + �)−2� �H2 + (� + �)−2(1+�) I (1 + 2I)H2 × (−8� + (−3 + �2 + 2�� + �2) �) + 2 (� + �)2� (−1

+ I) I (4� + �) H2 + (� + �)2� I (8�I + (−3 + 2I) �) H2 + :2 (8� + � (2 + (� + �)2� H2))] ,
(46)

&� = (� + �)−2(2+�)8 (2� + �) (4� + �) H2 [−8� (� + �)2 (:2 (� + �)2� H2 + (I + 2I2) (−1 + (� + �)4� H4) − � (:2 (� + �)2 (1 + (� + �)2� H2)2
+ I (1 + 2I + �2 × (−3 − 6I + 3 (� + �)4� H4 + 4 (� + �)4� IH4) + (�2 + 2��) (−3 + 3 (� + �)4� H4 + I (−6 + 4 (� + �)4� H4)))))] .

(47)

�e anisotropic parameter and mass function are obtained as

△ = (� + �)−2(2+�)2 (4� + �) H2 [:2 (� + �)2+2� H2 (1 + (� + �)2� H2)
+ 2I2 × (−1 + (�2 + 2�� + �2) (� + �)4� H4) − I (1 + �2
+ 3�2 (� + �)4� H4 + (�2 + 2��) (1 + 3 (� + �)4� H4))] ,

(48)

� = 18 + : (� + �) . (49)

�e evolution of physical parameters during expansion is
represented through Figures 13–18. It is found that the
quantities vary with both time and radial coordinates. �e
graphical analysis is summarized in Tables 3 and 4.

�e acceleration termA in this case becomes

A = (� + �)−2(1+�) I2H2 (3 + (� + �)4� H4) . (50)

�e graphs for energy conditions for expanding solutions are
given in Figures 19–22 showing that all the energy conditions
are satis�ed.

4. Concluding Remarks

Accelerated expansion of the universe is an observed phe-
nomenon which can a	ect astrophysical processes. To study
the consequences of the expanding universe on collapsing
and expanding scenarios of a stellar object, we consider
charged anisotropic cylindrical source in �(�, �) framework.
�e solutions of Einstein-Maxwell �eld equations governing
the phenomena of collapse and expansion during stellar evo-
lution are discussed. We explore the role of electromagnetic
�eld and model parameter on the physical features.

In case of collapse solution, the expansion scalar, density,
pressures (&
, &�, and&�), anisotropy, andmass donot change
with radial coordinate. For expanding solution, the change
remains the same for both coordinates. �e behavior of these
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Table 4: E	ects of : and � for the expanding solution.

Parameter % &
 &� &� △ �
As : increases increases increases decreases decreases increases increases

As � decreases increases increases decreases decreases increases no change
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parameters with respect to time remains the same for both
cases, except &�. �e anisotropy is positive for both cases
which enhances the compactness of the system as discussed
in [38]. In both cases, the increase in total charge has the same
e	ects on physical quantities. �e e	ect of model parameter
is di	erent for &� and &� in both cases while it is same
for the remaining quantities. We conclude that the collapse
rate increases for the collapse solution while the expansion
rate decreases for the expanding solution. It is found that
the energy conditions are satis�ed in both cases showing
physical viability of our solutions for the considered values
of constants.

Finally, we compare our results with those found in GR
or � = 0 [29]. For our collapse solution, the change in
physical quantities is related with increase in time not with
radius while in GR the quantities vary with radial coordinate
but do not vary with temporal one. In case of expanding
cylinder, the physical parameters vary with increase in both
time and radius for our solution while in GR the solution
only induces a change with respect to �. In both cases, the
anisotropy decreases for our solutions while it increases in
GR. �e increase in anisotropy can distort the geometry of
the system; i.e., solutions in GR can deform the shape of the
system. On the other hand, for our solutions the anisotropy
decreases leading to geometry preservation which is due to
the dark source terms. It is worthwhile to mention here
that our solutions satisfy the energy condition for chosen
values of constants which are not shown in the similar works
[26–29].
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Abstract In this paper, we study the gravitational wave

polarization modes for some particular f (R) models us-

ing Newman-Penrose formalism. We find two extra scalar

modes of gravitational wave (longitudinal and transversal

modes) in addition to two tensor modes of general relativity.

We conclude that gravitational waves correspond to class II6
under the Lorentz-invariant E(2) classification of plane null

waves for these f (R) models.

Keywords f (R) gravity · Gravitational wave polarizations

1 Introduction

Gravitational waves (GWs) are fluctuations in the fabric of

spacetime produced by the motion of massive celestial ob-

jects. The scientific curiosity and struggles to detect these

waves by the Earth based detectors lead to the invention of

laser interferometer detectors such as LIGO, VIRGO, GEO

and LISA (Bassan 2014). The most promising source for

these detectors is merging the compact binaries composed of

neutron star-neutron star, neutron star-black hole and black

hole-black hole. These orbiting systems loose their energy

in the form of GWs which speed up their orbital motion

and this process ends up at the merging of orbiting objects.

Recently, LIGO scientific and Virgo collaborations (Abbott

et al. 2016) detected these waves and provided two obser-

vational evidences (with signals known as GW150914 and
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A. Siddiqa
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GW151226) for GWs each of which is the result of a pair of

colliding black holes.

Polarization of a wave gives information about the ge-

ometrical orientation of oscillations. A common method to

discuss polarization modes (PMs) of GWs is the linearized

theory consisting of metric perturbations around Minkowski

background. Newman and Penrose (1962) introduced tetrad

and spinor formalism in general relativity (GR) to deal with

radiation theory. Eardley et al. (1973) used this formalism

for linearized gravity and showed that six Newman-Penrose

(NP) parameters for plane null waves represent six polariza-

tion modes (amplitudes) of these GWs. They also introduced

Lorentz-invariant E(2) classification of plane null waves.

Hawking (1971) found an upper bound for the energy

of gravitational radiation emitted by the collision of two

black holes. Wagoner (1984) investigated gravitational ra-

diation emitted by accreting neutron stars. Cutler and Flana-

gan (1994) explored the extent of accuracy of the distance to

source and masses as well as spin of two bodies measured by

the detectors LIGO and VIRGO from the gravitational wave

signal. Turner (1997) worked on GWs produced by infla-

tion and discussed the potential of cosmic microwave back-

ground anisotropy as well as laser interferometers (LIGO,

VIRGO, GEO and LISA) for the detection of GWs. Lan-

glois et al. (2000) studied the evolution of GWs for a brane

embedded in five-dimensional anti-de Sitter universe and

showed that a discrete normalizable massless graviton mode

exists during slow roll inflation.

Recent indications of accelerated expansion of the uni-

verse caused by dark energy introduced much interest in

cosmology. The mysteries of dark energy and dark mat-

ter (invisible matter) leads to modified theories of grav-

ity obtained by either modifying matter part or geometric

part of the Einstein-Hilbert action. A direct generalization

of GR is the f (R) theory in which the Ricci scalar R in
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the Einstein-Hilbert action is replaced by its generic func-

tion f (R). De Felice and Tsujikawa (2010) presented a

comprehensive study on various applications of f (R) the-

ory to cosmology and astrophysics. Starobinsky (1980) pro-

posed the first inflationary model in f (R) gravity compati-

ble with anisotropies of cosmic microwave background ra-

diation. Hu and Sawicki (2007) proposed a class of f (R)

models without cosmological constant that satisfy cosmo-

logical and solar system tests for small field limit of the

parameter space. Tsujikawa (2008) explored observational

consequences of f (R) models that satisfy the local grav-

ity constraints. Bamba et al. (2010) introduced f (R) model

which explains inflation and late cosmic expansion at the

same time.

A lot of work has been done for PMs of GWs in f (R) as

well as in other modified theories. Capozziello et al. (2008)

investigated PMs of GWs in f (R) gravity and concluded

that for every f (R) model there is an extra mode than GR

called massive longitudinal mode. They also worked out the

response function of GWs with LISA. Alves et al. (2009)

discussed PMs of GWs for particular f (R) model conclud-

ing the same results. They showed that five non-zero PMs

exist for a specific form of quadratic gravity. The topic of

gravitational radiation for linearized f (R) theory has also

been discussed in literature Berry and Gair (2011), Näf and

Jetzer (2011). Capozziello and Stabile (2015) studied GWs

in the context of general fourth order gravity and discussed

the states of polarization and helicity. Kausar et al. (2016)

found that for any f (R) model there are two extra modes as

compared to GR. Alves et al. (2016) explored these modes

in f (R,T ) as well as f (R,T φ) theories concluding that the

earlier one reduces to f (R) in vacuum while PMs for the

later depend on the expression of T φ .

Herrera et al. (2015a, 2015b) studied the presence of

gravitational radiation in GR for perfect as well as dissi-

pative dust fluid with axial symmetry using super-Poynting

vector and showed that both fluids do not produce gravita-

tional radiation. We have investigated that the axial dissipa-

tive dust acts as a source of gravitational radiation in f (R)

theory (Sharif and Siddiqa 2017). This paper is devoted to

find PMs for some viable dark energy models of this grav-

ity. The paper is organized as follows. In the next section,

we write down field equations and dark energy models of

f (R) gravity. We then find PMs of GWs for three models in

its subsections. Finally, we conclude our results.

2 Dark energymodels in f (R) gravity

The f (R) gravity action is defined as

S = 1

16π

∫ √
−gf (R)d4x + SM , (1)

where SM =
∫ √−gLMd4x denotes the matter action and

LM represents the matter Lagrangian. To discuss PMs of

GWs, one needs to investigate the linearized far field vac-

uum field equations. The vacuum field equations for the ac-

tion (1) are given by

F(R)Rβγ − 1

2
f (R)gβγ − ∇β∇γ F(R) + gβγ¤F(R) = 0,

(2)

where F = df
dR

= fR and ¤ = ∇α∇α is the D’Alembertian

operator. The trace of this equation is

RF(R) − 2f (R) + 3¤F(R) = 0. (3)

We assume that waves are traveling in z-direction, i.e., each

quantity can be a function of z and t .

Various models of f (R) gravity have been proposed in

literature Starobinsky (1980), Hu and Sawicki (2007), Tsu-

jikawa (2008), Bamba et al. (2010) describing the phenom-

ena of early inflation and late cosmic expansion. The model

proposed by Hu and Sawicki (2007) is reduced to the model

considered by Alves et al. (2009) in the weak field regime

(i.e., when R ≪ m2, m stands for mass). Thus Hu and Saw-

icki model which satisfies the cosmological and solar sys-

tem tests has been indeed examined for PMs of GWs in the

low curvature case or Minkowski background. Similarly, the

Starobinsky model having consistency with the temperature

anisotropies measured by CMBR (De Felice and Tsujikawa

2010) has also been analyzed for PMs of GWs by Kausar

et al. (2016).

Amendola et al. (2007) derived the conditions for cosmo-

logical viability of some dark energy models in f (R) grav-

ity. They divided f (R) models into four classes according to

the existence of a matter dominated era and the final acceler-

ated expansion phase or geometrical properties of the m(r)

curves where m(r) = Rf,RR

f,R
. They concluded that models of

class I are not physical, class II models asymptotically ap-

proach to de Sitter universe, class III contains models show-

ing strongly phantom era and models of class IV represent

non-phantom acceleration (ω > −1). They argued that only

models belonging to class II are observationally acceptable

with the final outcome of ΛCDM model. Here we consider

these observationally acceptable models having the similar

geometry of m(r) curves to discuss the PMs of GW. There

are four models among the considered models that fall in

class II while the model R + αR−n has already been dis-

cussed by Alves et al. (2009) so we discuss the remaining

three models in this paper.

2.1 Polarizationmodes for f (R) = R + ξR2
− Λ

We consider the model f (R) = R + ξR2 − Λ, it is assumed

that ξ (an arbitrary constant) and Λ (cosmological constant)
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have positive values (Amendola et al. 2007). This model cor-

responds to ΛCDM model in the limit ξ → 0 and Starobin-

sky inflationary model for Λ → 0. In this case, Eq. (3) yields

R(1 + 2ξR) − 2
(

R + ξR2 − Λ
)

+ 3¤(1 + 2ξR) = 0, (4)

which on simplification gives

¤R − 1

6ξ
R = − Λ

3ξ
. (5)

For the sake of simplicity, we consider gravitational waves

moving in one direction, i.e., z-direction. Thus Eq. (5) can

be interpreted as a non-homogeneous two-dimensional wave

equation or Klein-Gordon equation and its solution can be

found using different methods like Fourier transform and

Green’s function etc. Here we obtain its solution follow-

ing the technique used to solve Klein-Gordon and Sine-

Gordon equations given in Rajaraman (1982) which is sim-

ple as compared to other methods. According to this method,

any static solution is a wave with zero velocity and for the

systems with Lorentz invariance, once a static solution is

known, moving solutions are trivially obtained by boosting,

i.e., transforming to a moving coordinate frame. Since we

are considering the vacuum field equations and the back-

ground metric is Minkowski, so we can apply Lorentz trans-

formations to the Ricci scalar R (a Lorentz invariant quan-

tity). Hence static solution of Eq. (5) is obtained by solving

d2R

dz2
− 1

6ξ
R = − Λ

3ξ
, (6)

whose solution is

R(z) = c1e
√

mz + c2e
−√

mz + 2Λ, (7)

where c1, c2 are constants of integration and m = 1
6ξ

.

Since our system is Lorentz invariant, the time dependent

solution is obtained from the static solution through Lorentz

transformation as

R(z, t) = c1e

√
m z−vt√

1−v2 + c2e
−√

m z−vt√
1−v2 + 2Λ, (8)

where
√
1 − v2 is the Lorentz factor and v represents the

velocity of wave propagation. Also, Eq. (2) can be rewritten

as

Rβγ = 1

F(R)

[

1

2
f (R)gβγ + ∇β∇γ F(R) − gβγ¤F(R)

]

.

(9)

Replacing the values of f (R) and F(R), we obtain its lin-

earized form as

Rβγ = 1

2
(R − Λ + 2ξΛR)gβγ + 2ξ∇β∇γ R − 2ξgβγ¤R.

(10)

The non-zero components of Ricci tensor are

Rt t = 1

6(1− v2)

[

3v2(R − Λ) − (R + 3Λ)
]

− ξΛR, (11)

Rxx = 1

6
(R + Λ) + ξΛR = Ryy, (12)

Rzz = 1

6(1 − v2)

[

3(R − Λ) − v2(R + Λ)
]

+ ξΛR, (13)

Rtz = − vR

3(1 − v2)
. (14)

With the help of Eqs. (47) and (48), we have

Ψ2 = 1

12
R, Ψ3 = 1

2
Rlm̃, Φ22 = −1

2
Rll . (15)

Now, we find the expressions of Ψ3 and Φ22 using

Eq. (46). For Ψ3, it yields

Ψ3 = 1

2
Rlm̃ = 1

2
Rµν l

µm̃ν, (16)

which can also be written as

Ψ3 = 1

2

(

Rt t l
t m̃t + Rxx l

xm̃x + Ryy l
ym̃y + Rzzl

zm̃z

+ Rtzl
t m̃z

)

. (17)

From Eqs. (43) and (44), the component form of vectors k,

l, m and m̃ can be written as

kµ = 1√
2
(1,0,0,1), lµ = 1√

2
(1,0,0,−1), (18)

mµ = 1√
2
(0,1, i,0), m̃µ = 1√

2
(0,1,−i,0). (19)

Substituting all the required values in Eq. (17), we obtain

Ψ3 = 0. (20)

Similarly, Eq. (46) for Φ22 yields

Φ22 = −1

2
Rll = −1

2
Rµν l

µlν

= −1

2

(

Rt t l
t lt + 2Rtzl

t lz + Rzzl
zlz

)

.

Replacing the Ricci tensor components and components

of lµ, the above equation leads to

Φ22 = − R

12

(

1 + v

1 − v

)

+ Λ(2v2 + 3)

12(1− v2)
. (21)

Notice that Ψ4 6= 0 represents the tensor modes of GWs.

Since there is no expression of Ψ4 in terms of Ricci tensor,

so it cannot be evaluated with the help of available values of

Ricci tensor and Ricci scalar (Alves et al. 2016). It can be
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observed that for ΛCDM model (when ξ → 0) Ψ2 and Φ22

remain non-zero.

The model, f (R) = R + ξR2 − Λ, is always viable and

reduces to GR when both ξ as well as Λ approach to zero.

In GR, there are only two tensor modes of polarization asso-

ciated with ReΨ4 and ImΨ4, i.e., we have only Ψ4 non-zero

among six NP parameters. From Eq. (4), we have R = 0 for

ξ → 0, Λ → 0, hence GR results are retrieved.

2.2 Polarizationmodes for f (R) = Rp(lnαR)q

This model is observationally acceptable for p = 1 and

q > 0 (Amendola et al. 2007). Here we assume that q = 1

such that the model becomes f (R) = R lnαR. Substituting

the values of f (R) and F(R) in Eq. (3), it gives

3¤ lnαR − R lnαR + R = 0. (22)

Assuming lnαR = φ, this equation transforms to

¤φ = eφ

3α
(φ − 1), (23)

which can also be written as

¤φ = ∂U

∂φ
; U(φ) = eφ

3α
(φ − 2). (24)

First we seek for a static solution, i.e., consider φ = φ(z)

such that integration of Eq. (24) gives

1

2

(

dφ

dz

)2

= U(φ). (25)

Substituting the value of U(φ) and then integrating, it fol-

lows that

φ(z) = 2

[

1 + InverseErf

[

ez√
3απ

+ ec3√
2απ

]2]

, (26)

where c3 is a constant of integration, e = 2.71828 and Erf is

defined by

Erf (z) = 2√
π

∫ z

0

e−s2ds. (27)

Using Lorentz transformation, we obtain time dependent so-

lution given by

φ(z, t) = 2

[

1+ InverseErf

[

e(z − vt)√
1 − v2

√
3απ

+ ec3√
2απ

]2]

.

(28)

The expression for Ricci scalar is obtained as

R(z, t) = 1

α
exp

(

2

[

1 + InverseErf

[

e(z − vt)√
1− v2

√
3απ

+ ec3√
2απ

]2])

. (29)

The non-zero components of the Ricci tensor have the form

Rt t = − R

6(v2 − 1)

[

(3v2 − 1) lnαR − 2

lnαR + 1

]

,

Rxx = R

6

(

lnαR + 2

lnαR + 1

)

= Ryy,

Rtz = Rv(lnαR − 1)

3(v2 − 1)(lnαR + 1)
,

Rzz = R

6(v2 − 1)

[

(v2 − 3) lnαR + 2v2

lnαR + 1

]

.

Finally, the NP parameters for this case are

Ψ2 = 1

12
R, Ψ3 = 0,

Φ22 = − R

12

(

1 + v

1 − v

)

(lnαR − 1)

lnαR + 1
.

(30)

Here Ψ4 is also a non-vanishing NP parameter as discussed

in the previous case.

2.3 Polarizationmodes for f (R) = Rpe
q
R

This model is observationally acceptable for p = 1, so we

take f (R) = Re
q
R (Amendola et al. 2007). This model re-

duces to GR when q = 0 and consequently gives no addi-

tional PMs. Thus to find extra PMs, we consider q 6= 0 in

further calculations. For this model, the trace equation (3)

becomes

Re
q
R

(

1− q

R

)

− 2Re
q
R +3¤

(

e
q
R

(

1− q

R

))

= 0. (31)

In low curvature regime, we have R ≪ q which reduces the

above equation to the following

¤

(

1

R
e

q
R

)

+ 1

3
e

q
R = 0. (32)

Replacing 1
R

= u and u = u(z) for static solution, we obtain

d2

dz2

(

uequ
)

+ 1

3
equ = 0. (33)

Solving the double derivative of the above equation, it be-

comes

(1 + qu)
d2u

dz2
+ q(qu + 2)

(

du

dz

)2

+ 1

3
= 0.

The is a non-homogeneous non-linear second order differen-

tial equation and does not provide an exact analytic solution

unless we make some assumptions to simplify it. Since we

are working in the weak-field regime, so R is very small. As-

suming q to be very large, we have qu = q
R

(as u = 1
R
) to be
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very large such that (qu+ 1) ≈ qu as well as (qu+ 2) ≈ qu

and the above equation reduces to

u
d2u

dz2
+ qu

(

du

dz

)2

+ 1

3q
= 0.

Here 1
3q

→ 0 as q is very large, hence it reduces to

u
d2u

dz2
+ qu

(

du

dz

)2

= 0 (34)

whose solution yields (u = 1/R)

R(z) =
(

1

q
ln

[

q(c4z + c5)
]

)−1

, (35)

where c4 and c5 are integration constants. The non-static so-

lution becomes

R(z, t) =
(

1

q
ln

[

q

(

c4
(z − vt)√
1 − v2

+ c5

)])−1

. (36)

The non-vanishing components of the Ricci tensor are

Rt t =
q[q(z − vt)2 + 2 ln[q(c4

(z−vt)√
1−v2

+ c5)]]c24
2(ln[q(c4

(z−vt)√
1−v2

+ c5)])2((tv − z)c4 −
√
1− v2c5)2

+
q[2q

√
1 − v2(z − vt)c4c5 − qc25(v

2 − 1)]
2(ln[q(c4

(z−vt)√
1−v2

+ c5)])2((tv − z)c4 −
√
1 − v2c5)2

,

(37)

Rxx = Ryy =
−q[q(z − vt)2 − 2(v2 − 1) ln[q(c4

(z−vt)√
1−v2

+ c5)]]c24
2(ln[q(c4

(z−vt)√
1−v2

+ c5)])2((tv − z)c4 −
√
1− v2c5)2

−
q[2q

√
1 − v2(z − vt)c4c5 − qc25(v

2 − 1)]
2(ln[q(c4

(z−vt)√
1−v2

+ c5)])2((tv − z)c4 −
√
1− v2c5)2

,

(38)

Rzz =
−q[q(z − vt)2 − 2v2 ln[q(c4

(z−vt)√
1−v2

+ c5)]]c24
2(ln[q(c4

(z−vt)√
1−v2

+ c5)])2((tv − z)c4 −
√
1− v2c5)2

−
q[2q

√
1− v2(z − vt)c4c5 − qc25(v

2 − 1)]
2(ln[q(c4

(z−vt)√
1−v2

+ c5)])2((tv − z)c4 −
√
1− v2c5)2

,

(39)

Rtz = −
qvc24

(1− v2)(
(z−vt)√
1−v2

c4 + c5)
. (40)

The corresponding NP parameters are

Ψ2 = 1

12
R, Ψ3 = 0, (41)

Φ22 = −
Rc24(v − 1)2

4((tv − z)c4 −
√
1− v2c5)2

. (42)

Ψ4 is also non-zero.

3 Final remarks

Observations suggest that our universe is facing an acceler-

ated expansion phase due to a mysterious factor of dark en-

ergy. Moreover, direct observation of GWs opens up a new

window of research. It would be worthwhile to discuss com-

bine effect of both dark energy and GWs. In this paper, we

have found PMs of GWs in the context of f (R) dark energy

models. For each of the three models, we have first obtained

a static solution of differential equation in R and then ap-

plied Lorentz transformation to obtain a time dependent so-

lution. It is observed that due to Lorentz transformation, a

factor of ( 1+v
1−v

) appears in the value of Φ22 mode in first and

second case but it has negligible effect because the speed of

GW is comparable with the speed of light. It can be seen that

the expressions of Ψ2 and Φ22 in all cases are directly pro-

portional to R implying that increase in R enhances these

modes or amplitudes. The mode Φ22 for the first model (21)

depends directly on the model parameter Λ, for the second

model (30), it depends on lnα (as lnαR = lnα+ lnR) while

for the third model (41), this depends on constants c4 and c5.

In each case, we have found four non-zero PMs of GWs

Ψ2 (longitudinal scalar mode), Ψ4 (+, × tensorial modes)

and Φ22 (breathing scalar mode) which is in agreement with

the results of Kausar et al. (2016). We have non-vanishing

Ψ2 for each model implying that GWs for f (R) dark energy

models correspond to class II6 (as mentioned in Table 1).

This is the only observer dependent mode, remaining modes

are all observer independent (Eardley et al. 1973). These ex-

pressions of NP parameters representing the amplitudes of

GWs are significant due to the presence of dark energy dom-

inated era.

Here we elaborate the PMs of GW for some modified the-

ories. The six non-zero PMs are found only for the quadratic

gravity with Lagrangian density L = R + αR2 + γRµνR
µν

in Alves et al. (2009). For F(T ) theory (where T is torsion

scalar in teleparallelism), there are no extra PMs from GR

as shown in Bamba et al. (2013) and in f (R,T φ) theory the

number of PMs of GW depend on the functional form of

f (R,T φ) (Alves et al. 2016). On the other hand, the PMs

of GW in scalar-tensor theory (Kausar 2017) and massive

Brans-Dicke theory (Sathyaprakash and Schutz 2009) are

same as in f (R) theory.

The LIGO instruments in Livingston and Hanford have

similar orientations and the possibility of extra PMs than

GR cannot be excluded. Moreover, with two detectors hav-

ing no electromagnetic and neutrino counterpart, a large un-

certainty is expected about the source of event and conse-

quently in the speed of GW. Thus the possibility that speed

of GW is less than the speed of light cannot be excluded.

Hence from this perspective, the modified theories of grav-

ity cannot be ruled out. The improvements to automated
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pipelines and analysis techniques for the detection of fu-

ture GW events are continuously made for accurate mea-

surements. Recently, two more events of GWs, GW170104

(Abbott et al. 2017a) and GW170817 (Abbott et al. 2017b)

have been detected by the advanced interferometers. The

event GW170104 is consistent with merging black holes

of masses 31 M⊙ and 19 M⊙ in GR while the second one

GW170817 is consistent with the binary neutron star inspi-

ral having masses in the range 1.17 M⊙–1.60 M⊙. The sig-

nal GW170817, has the association with GRB170817A de-

tected by Fermi-GBM and provides the first direct evidence

of a link between these mergers and short γ -ray bursts. It

is expected that future GW observations made by a network

of the Earth based interferometers could actually measure

the polarization of GWs and thus constrain f (R) deviations

from GR.
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Appendix

In this appendix, we first briefly describe the Newman-

Penrose formalism (Newman and Penrose 1962) to discuss

gravitational waves and then PMs as well as classification of

null waves is developed (Eardley et al. 1973).

Newman and Penrose developed a new technique in GR

with the help of tetrad formalism and applied this to resolve

the issue of outgoing gravitational radiation. They defined

the following relations between the Cartesian (t̂ , x̂, ŷ, ẑ) and

null-tetrads (k, l,m, m̃)

k = 1√
2
(t̂ + ẑ), l = 1√

2
(t̂ − ẑ), (43)

m = 1√
2
(x̂ + iŷ), m̃ = 1√

2
(x̂ − iŷ), (44)

which satisfy the relations

−k.l = m.m̃ = 1, k.m = k.m̃ = l.m = l.m̃ = 0. (45)

Any tensor can be transformed from Cartesian to null basis

by the formula (Alves et al. 2009)

Sabc... = Sαβγ ...a
αbβcγ ..., (46)

where (a, b, c, . . .) vary over the set {k, l,m, m̃} and

(α,β, γ, . . .) vary over the set {t, x, y, z}. In Newman and

Penrose (1962), the irreducible parts of the Riemann ten-

sor, also called the NP parameters, are defined by ten Ψ ’s,

nine Φ’s and a term Λ (these are all algebraically inde-

pendent). Eardley et al. (1973) showed that for plane null

Table 1 The E(2) classes of weak plane null waves

Classes Condition for NP parameters

II6 Ψ2 6= 0

III5 Ψ2 = 0 and Ψ3 6= 0

N3 Ψ2 = 0 = Ψ3, Ψ4 6= 0 and Φ22 6= 0

N2 Ψ2 = 0 = Ψ3 = Φ22 and Ψ4 6= 0

O1 Ψ2 = 0 = Ψ3 = Ψ4 and Φ22 6= 0

O0 Ψ2 = 0 = Ψ3 = Φ22 = Ψ4

waves (due to differential and symmetry properties of the

Riemann tensor) these NP quantities are reduced to the set

{Ψ2,Ψ3,Ψ4,Φ22}. This set consists of six NP parameters

or PMs because Ψ3 and Ψ4 are complex and thus represent

two independent modes. They also give formulas of these

NP quantities in terms of null-tetrad components of the Rie-

mann tensor as

Ψ2 = −1

6
Rlklk, Ψ3 = −1

2
Rlklm̃,

Ψ4 = −Rlm̃lm̃, Φ22 = −Rlmlm̃.

(47)

Following are some helpful relations of null-tetrad compo-

nents of the Riemann and Ricci tensors

Rlk = Rlklk, Rll = 2Rlmlm̃,

Rlm = Rlklm, Rlm̃ = Rlklm̃, R = −2Rlk.
(48)

The classification of weak plane null waves (Eardley et al.

1973) obtained for standard observer (i.e., each observer

sees the waves traveling in z-direction and each observer

measures the same frequency) is given in Table 1.
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Abstract In this paper, we investigate propagation of axial

gravitational waves in the background of flat FRW universe

in f (R, T ) theory. The field equations are obtained for unper-

turbed as well as axially perturbed FRW metric. These field

equations are solved simultaneously to obtain the unknown

perturbation parameters. We find that the assumed perturba-

tions can affect matter as well as four velocity. Moreover,

ignoring the material perturbations we explicitly obtain an

expression for four velocity. It is concluded that axial gravi-

tational waves in the curvature-matter coupling background

can produce cosmological rotation or have memory effect if

the wave profile has discontinuity at the wave front.

1 Introduction

The discovery of cosmic expansion is a big achievement as

well as the most fascinating area of research. Researchers

introduced different approaches to investigate the reason

behind this phenomenon by modifying matter or geometric

part of the Einstein–Hilbert action leading to modified matter

models or modified theories of gravity, respectively. Exam-

ples of modification in geometric part are f (R) [1], f (G)

[2] and f (R, T ) [3] theories of gravity where R, G and T

denote Ricci scalar, Gauss–Bonnet invariant and trace of the

energy-momentum tensor. While examples of modified mat-

ter models are quintessence [4,5], phantom [6], K-essence

[7], holographic dark energy [8,9] and Chaplygin gas mod-

els [10–12].

The simplest generalization of general relativity (GR) is

obtained by replacing R with its generic function named as

f (R) in the Einstein–Hilbert action leading to f (R) theory.

Many astrophysical as well as cosmological aspects have

been investigated within the framework of this theory [13,

14]. Harko et al. [3] proposed f (R, T ) gravity which is a

a e-mail: msharif.math@pu.edu.pk

b e-mail: aisha.siddiqa17@yahoo.com

curvature-matter coupling theory. This can produce a matter

dependent deviation from geodesic motion and also help to

study dark energy, dark matter interactions as well as late-

time acceleration [15].

Different aspects of cosmic and stellar evolution have been

studied in f (R, T ) gravity. Sharif and Zubair [16] investi-

gated the validity of second law of thermodynamics for phan-

tom as well as non-phantom phases. Shabani and Farhoudi

[17] explored viability of some f (R, T ) gravity models by

solar system constraints. Yousaf et al. [18] investigated the

stability of cylindrical symmetric stellar configurations by

inducing perturbations in this theory. We have studied physi-

cal characteristics of charged [19] as well as uncharged stellar

structure [20] in this gravity.

The fluctuations in the fabric of spacetime produced by

massive celestial objects are known as gravitational waves

(GWs). The significance of GWs comes from the fact that

they lead to new techniques to explore cosmic issues. The

observations of GWs can help us to study the individual

sources of GWs that give information about structure as

well as kinematics of the cosmos. The observation of a

stochastic background of GWs of cosmological origin can

provide information about initial structure formation. These

detections have inaugurated a new era of astronomy as well

as the possibility to investigate gravity in extreme gravity

regimes.

After a long history of struggles (from Weber bars to

advanced laser interferometers), scientific efforts came true

and GWs are finally detected by earth-based detectors. Some

of the observed GWs signals by the LIGO-VIRGO collabo-

ration are GW150914 [21], GW170104 [22] and GW170817

[23]. The origin of these signals is the merging binaries of

black holes and neutron stars which release energy in the form

of GWs. The most recent signal (GW170817) [23] is consis-

tent with the binary neutron star inspiral. It has an associa-

tion with gamma ray burst signal GRB170817A detected by

Fermi-GBM and provides the first direct evidence of gamma

ray bursts during the mergence of two neutron stars.

0123456789().: V,-vol 123
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The phenomenon of GWs has become a topic of cen-

tral importance in cosmology nowadays. The polarization

of a GW provides information for its geometrical orienta-

tion. Kausar et al. [24] explored polarization modes of GWs

in f (R) theory and found two modes other than GR. Alves

et al. [25] evaluated these modes for f (R, T ) and f (R, T φ)

theories (here φ represents scalar field). They concluded that

in vacuum the former one produces the same results as f (R)

while the polarization modes in f (R, T φ) gravity depend

upon the expression of T φ . We have shown that axially sym-

metric dust fluid with dissipation behave as a source of grav-

itational radiation in f (R) theory [26]. We have also studied

polarization modes of GWs for some viable f (R) models

[27].

Regge and Wheeler [28] studied the stability of

Schwarzschild singularity by introducing small perturbations

in the form of spherical harmonics producing odd and even

waves. They found that these disturbances oscillate around

equilibrium state and do not grow with time showing the sta-

bility of Schwarzschild singularity. Zerilli [29] analyzed the

emission of gravitational radiation when a black hole swal-

lows a star. He did this analysis by considering the problem

of a particle falling into a Schwarzschild black hole and per-

turbations introduced by Regge and Wheeler as well as cor-

rected the even wave propagation equation derived in [28].

The energy carried by GWs is the gravitational radiation.

Hawking [30] investigated gravitational radiation produced

by colliding black holes and Wagoner [31] discussed these

radiation for accreting neutron stars.

Malec and Wylȩżek [32] used the wavelike perturbations

proposed by Regge and Wheeler in the Schwarzschild space-

time to study the GW propagation in cosmological context.

They investigated Huygens principle for cosmological GWs

in Regge–Wheeler gauge and found that this principle is sat-

isfied in radiation dominated era while it does not hold in mat-

ter dominated universe. Otakar [33] explored the GW prop-

agations in higher dimensions using axial perturbations pro-

posed by Regge–Wheeler. They showed that in braneworld

scenario the Huygens principle seems to be satisfied for high

multipoles in contrast with four dimensions. Viaggiu [34]

studied propagations of axial and polar GWs proposed in

[28], in de Sitter universe using the Laplace transforma-

tion. Kulczycki and Malec also [35] studied the perturbations

induced by axial and polar GWs in FRW universe. They con-

cluded that Huygens principle has the same status for both

types of waves, it is valid for radiation era while it is broken

elsewhere. The same authors [36] discussed cosmological

rotation of radiation matter induced by axial GWs. How-

ever, axial and polar perturbations have also been studied

using gauge-invariant quantities [37–40]. In [40], the authors

investigated the cosmological perturbations in the context of

Lemaitre–Tolman spacetime. In case of axial modes, their

equations (restricted to FRW metric) coincide with that of

[35].

The issues of cosmological rotation induced by GWs and

validity of Huygens principle in Regge–Wheeler gauge have

not yet been studied in the framework of modified theories.

In the present work, we induce the axial perturbations (which

change the geometry from spherical to axial) introduced by

Regge and Wheeler [28] in the flat cosmological as well as

curvature-matter coupling backgrounds. Since the FRW uni-

verses are conformally flat, these distortions are linked with

the axial GWs. These disturbances are may be the conse-

quence of non-gravitational forces (electromagnetic forces,

nuclear forces) associated with brutal astrophysical events.

The non-symmetric explosion of a supernova could be an

example for the production of such type of waves. We focus

on the axial wave perturbations induced in flat cosmos con-

sisting of perfect fluid. The paper is arranged as follows. In

the coming section, we discuss the background FRW cosmol-

ogy in f (R, T ) theory. In Sect. 3, we define the perturbations

in FRW metric as well as matter variables and formulate

the corresponding field equations. The unknown perturba-

tion parameters are found in Sect. 4. Finally, we summarize

and conclude the results in the last section.

2 FRW cosmology and f (R, T ) gravity

In order to discuss the wave propagation in FRW uni-

verse, we consider the FRW metric in conformal coordinates

(η, r, θ, φ) as

ds2 = a2(η)(−dη2 + dr2 + r2dθ2 + r2 sin2 θdφ2), (1)

where η is the conformal time coordinate related to the ordi-

nary time by the relation

η =
∫

dt

a
, (2)

such that the conformal Hubble parameter H is related with

the ordinary Hubble parameter H by

H = H

a
. (3)

We consider matter as perfect fluid defined by the energy-

momentum tensor

Tµν = (ρ0 + p0)VµVν + pgµν, (4)

where Vµ, ρ0 and p0 stand for four-velocity as well as back-

ground unperturbed density and pressure, respectively.
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The action integral for f (R, T ) theory is

S =
∫

d4x
√

−g

[

1

16π
f (R, T ) + Lm

]

. (5)

where g is the determinant of the metric tensor and Lm is the

matter Lagrangian density. The field equations for this action

are

fR Rµν − 1

2
gµν f − (∇µ∇ν − gµν�) fR

= 8πTµν − fT (�µν + Tµν), (6)

where fR = ∂ f
∂ R

, fT = ∂ f
∂T

and �µν = −2Tµν + Lm gµν . In

this paper, we consider f (R, T ) = R + 2λT [3] to investi-

gate the role of curvature-matter coupling on the propagation

of GWs. This model can discuss the accelerated expansion

by producing a power-law like scale factor. It also has a cor-

respondence with �CDM model by considering the cosmo-

logical constant as a function of trace T or �(T ) gravity by

Poplawski [41]. The choices for matter Lagrangian density

Lm are p0 or −ρ0. However, it is shown that these two densi-

ties yield the same results for minimal curvature-matter cou-

pling if the matter under discussion is perfect fluid [42]. So

the assumption Lm = p0 and the model f (R, T ) = R+2λT

simplify the field equations as

Gµν = (8π + 2λ)Tµν − 2λpgµν + λT gµν . (7)

This yields the following independent field equations for the

metric (1)

3H2 = (8π + 3λ)ρ0a2 − λp0a2, (8)

−2Ḣ − H2 = (8π + 3λ)p0a2 − λρ0a2, (9)

here dot denote the derivative with respect to the conformal

time η.

In further discussion, we consider the GWs in radiation

dominated era so using the equation of state (EoS) p0 = ρ0

3
,

the field equations (8) and (9) give the following differential

equation in H

2Ḣ + 6π + λ

3π + λ
H2 = 0,

which yields the scale factor

a(η) = c1η
6π+2λ
6π+λ , (10)

where c1 is constant of integration. The covariant derivative

of the field equations is

∇µTµν = fT

8π − fT

[

(Tµν + �µν)∇µ ln fT

+∇µ�µν − 1

2
gµν∇µT

]

. (11)

Using Eqs. (1), (4), the model f (R, T ) = R+2λT and p0 =
ρ0

3
, Eq. (11) produces the following differential equation in

ρ0

ρ̇ + 3
8π + λ

6π + λ
Hρ0 = 0,

whose solution is

ρ0 = c2a
−3(8π+λ)

6π+λ , (12)

c2 is again an integration constant. These values of scale

factor and density are used in the further mathematics.

3 Axial perturbations in FRW spacetime

In this section, we first briefly discuss perturbations used

to study the effects of GWs. Here, the background metric

gµν is the FRW spacetime and hµν are the corresponding

perturbations in the metric tensor due to GWs such that we

have

g(perturb)
µν = g( f lat)

µν + ehµν + O(e2), (13)

where e is a small parameter (it measures strength of pertur-

bations and the terms involving O(e2) are neglected).

We follow the Regge–Wheeler [28] perturbation scheme

to investigate the wavelike fluctuations. To obtain explicit

expressions for the components of hµν in terms of four coor-

dinates (x0 = η, x1 = r, x2 = θ, x3 = φ), they expressed

them in the form of spherical harmonics. The symmetry of

the metric tensor allows the angular momentum to be defined.

The angular momentum is discussed by assuming the rota-

tions on a 2D-manifold with η = constant and r = constant.

The components of hµν have different transformations under

a rotation of the frame. Among the ten independent compo-

nents of the tensor hµν , the components h00, h01, h11 trans-

form like scalars (as x0 = η and x1 = r are constants and

do not change during rotation), h02, h03, h12, h13 change

like vectors (as x2 and x3 are changed during rotation) while

h22, h23, h33 transform like tensors. Further, these scalars,

vectors and tensors are expressed in terms of spherical har-

monics Y M
L where L is the angular momentum with the

projection M on z-axis. After this, they expressed the pertur-

bation matrix hµν in terms of odd and even parity waves. In

this paper, we only consider the odd or axial wave perturba-

tions defined by the matrix [28]

hµν = ∂θ Y sin θ









0 0 0 k0

0 0 0 k1

0 0 0 0

k0 k1 0 0









, (14)

with k0 = k0(η, r) and k1 = k1(η, r). Here we are con-

sidering the odd waves corresponding to m = 0, which are
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discussed by Regge and Wheeler [28] so that φ disappears

in calculations. Also, for the wavelike solution the index l

exceeds one, i.e., Y = Yl0; l = 2, 3, . . .. The resulting axi-

ally perturbed FRW spacetime in Regge–Wheeler gauge is

defined by

ds2 = −a2(η)dη2 + 2ek0∂θ Y sin θdηdφ + a2(η)dr2

+ 2ek1∂θ Y sin θdrdφ

+ a2(η)r2dθ2 + a2(η)r2 sin2 θdφ2 + O(e2). (15)

The perturbations in the material quantities are defined as

follows [35]

ρ = ρ0(1 + e�(η, r)Y ) + O(e2), (16)

p = p0(1 + e
(η, r)Y ) + O(e2), (17)

where ρ0 and p0 are the background density and pressure.

The fluid may or may not be comoving in the perturbed sce-

nario so the perturbed components of four velocity are taken

as [35]

V0 = 2g
(0)
00 + ek00

2a(η)
+ O(e2), (18)

V1 = ea(η)w(η, r)Y + O(e2), (19)

V2 = ev(η, r)Y ′ + O(e2), (20)

V3 = e sin θu(η, r)Y ′ + O(e2), (21)

where VαV α = −1+ O(e2). The field equations for the per-

turbed metric (15) as well as corresponding perturbed matter

are

3H2 = [(8π + 3λ)ρ0 − λp0 + (8π + 3λ)ρ0e�Y

− λp0e
Y ]a2, (22)

w(8π + 2λ)(ρ0 + p0) = 0, (23)

v(8π + 2λ)(ρ0 + p0) = 0, (24)

−2Ḣ − H2 = a2[(8π + 3λ)p0 − λρ0

+ (8π + 3λ)p0e
Y − λρ0e�Y ], (25)

k′
1 = k̇0, (26)

k̇′
1 − k′′

0 + 2

r
k̇1 − 2Hk′

1 + 4

r
k1 H − 4k0 Ḣ

− 2H2k0 + k0

r2
l(l + 1)

= − 2a3(8π + 2λ)u(ρ0 + p0)

+[(8π + 3λ)p0 − λρ0]2a2k0

+ 2a2e(8π + 4λ)k0 p0
Y − 2a2eλk0ρ0�, (27)

k̈1 − k̇′
0 + 2

r
k̇0 − 2

r2
k1 − 2Hk̇1 − 6Ḣk1

− 2H2k1 + k1

r2
l(l + 1)

= 2a2k1 p0(8π + 2λ) + 2λa2k1(−ρ0 + p0)

− 2a2eλk1ρ0�

+2a2e(8π + 4λ)k1 p0
Y, (28)

where prime indicates the derivative with respect to r and

also, we have used the relation [35]

∂θ∂θ Y = −l(l + 1)Y − cot θ∂θ Y.

4 Effects of axial gravitational waves

In this section, we find expressions for the perturbation

parameters k0, k1, �, 
, w, v and u. Equation (23) implies

that either the factor (8π + 2λ) = 0, i.e., λ = −4π or

w(ρ0 + p0) = 0. However, the viability conditions for

f (R, T ) gravity models are

fR > 0, 1 + fT

8π
> 0 and fR R > 0,

and give the constraint λ > −4π for our model implying that

(8π + 2λ) �= 0. Hence Eqs. (23) and (24) yield that w = 0

and v = 0. Substituting the unperturbed field equations in

perturbed one, we obtain the following equations from (22),

(25), (27) and (28), respectively.

(8π + 3λ)ρ0� − λp0
 = 0, (29)

(8π + 3λ)p0
 − λρ0� = 0, (30)

k̇′
1 − k′′

0 + 2

r
k̇1 − 2Hk′

1 + 4

r
k1 H + k0

r2
l(l + 1)

= − 2a3(8π + 2λ)u(ρ0 + p0)

+ 2a2e[(8π + 4λ)k0 p0
Y − λk0ρ0�], (31)

k̈1 − k̇′
0 + 2

r
k̇0 − 2

r2
k1 − 2Hk̇1 − 2Ḣk1 + k1

r2
l(l + 1)

= 2a2e[−λk1ρ0� + (8π + 4λ)k1 p0
Y ]. (32)

Solving (29) and (30) simultaneously for 
, we obtain

((8π + 3λ)2 − λ2)p0
 = 0, (33)

which implies either

((8π + 3λ)2 − λ2) = 0 or 
 = 0. (34)

The first factor in the above equation yields λ = −4π

and −2π . However, keeping in mind the viability conditions

for the assumed model, we exclude λ = −4π . Hence if

λ = −2π , then there is a possibility that 
 �= 0 and similarly

� �= 0, i.e., the axial GWs can affect the background matter

in curvature-matter coupling scenario. Assuming the EoS for

radiation dominated era p0 = 1
3
ρ0, we obtain the following

relationship between 
 and �


 = 3

(

8π

λ
+ 3

)

�. (35)

Substituting the above relation in Eqs. (31) and (32), we are

left with four unknowns k0, k1, �, u with three equations

(26), (31), (32). Thus in order to have the system closed,

we assume that GWs do not perturb the matter field, i.e.,
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� = 0 = 
. Now introducing a new quantity Q(η, r) such

that

k1(η, r) = ra(η)Q(η, r). (36)

Using this equation with Eq. (26) in (32), we obtain

Q̈ − Q′′ + l(l + 1)

r2
Q − a2

[

(4π + 3λ)

3
ρ0 − (12π + 5λ)

3
p0

]

Q = 0. (37)

Inserting p0 = ρ0

3
, the values of a(η) as well as ρ0 from

Eqs. (10) and (11) into (37), it follows that

Q̈ − Q′′ +
[

l(l + 1)

r2
− 4c2

1c2b1λ

9
η

6π+2λ
6π+λ

(−3)(8π+λ)
6π+λ

]

Q = 0,

(38)

where b1 = c
−3(8π+λ)

6π+λ

1 . Let us define A = 4c2
1c2b1λ

9
and take

l = 2 such that the above equation becomes

Q̈ − Q′′ +
[

6

r2
− Aη

6π+2λ
6π+λ

(−3)(8π+λ)
6π+λ

]

Q = 0. (39)

This is a wave equation and can be solved through separation

of variables by assuming Q(η, r) = T (η)R(r) and the initial

conditions.

Q(0, r) = �1(r), ∂η Q(0, r) = �2(r),

Introducing the separation constant −m2, we obtain the

following two differential equations

T̈ −
(

Aη
6π+2λ
6π+λ

(−3)(8π+λ)
6π+λ − m2

)

T = 0, (40)

R
′′ −

(

6

r2
− m2

)

R = 0. (41)

These are second order homogeneous linear differential

equations with variable coefficients. Equation (40) can yield

some solution if the power of η is fixed. So, we consider
6π+2λ
6π+λ

(−3)(8π+λ)
6π+λ

= n and check that for what values of n,

the values of λ are consistent with viability criteria. We find

that the values ofλ for n > 1 are not consistent withλ > −4π

(the viability criteria) and n < −2 yields imaginary values of

λ. Hence, n can have the values within the limit −2 ≤ n < 1.

For n = −2, we have λ = 0 which is the case of GR. For

convenience, we consider the integer values in this interval,

i.e., n = 0,−1, to find the solution of Eq. (40). For n = 0,

the solution is

T (η) = c3 cos mη + c4 sin mη, (42)

where c3 and c4 are constants of integration and for n = −1,

we have

T (η) = c5ηe−imηHypergeometric1F1

[

1 + A

2im
, 2, 2imη

]

+ c6ηe−imηHypergeometricU

[

1 + A

2im
, 2, 2imη

]

,

where c5, c6 are constants and Hypergeometric1F1, Hyper-

geometricU are the confluent hypergeometric functions of

the first and second kind, respectively. These functions are

defined by

Hypergeometric1F1(α;β; z) = Ŵ(β)

Ŵ(β − α)Ŵ(α)

∫ 1

0

ezt t

(α − 1)(1 − t)β−α−1dt,

HypergeometricU(α, β, z) = 1

Ŵ(α)

∫ ∞

0

e−zt t (α − 1)

(1 + t)β−α−1dt,

where “Ŵ” indicates the gamma function. The solution of

Eq. (41) is obtained as

R(r) =
√

2

mπ
c7

(−3 cos mr

mr
− sin mr + 3 sin mr

m2r2

)

+
√

2

mπ
c8

(−3 cos mr

m2r2
− 3 sin mr

mr
+ cos mr

)

,

(43)

where c7, c8 are integration constants. Inserting the values of

R(r) and T (η) in Q(η, r) = T (η)R(r), we obtain Q(η, r)

for both values of n. Furthermore, using initial conditions

one can find the expressions for �1(r) and �2(r) for n = 0

as well as n = −1.

Replacing the values of Q(η, r) and a(η) in Eq. (36), we

obtain the value of k1 while the expression for k0 is obtained

from Eq. (26) as follows

k0 = B(r) +
∫ η

η0

k′
1(τ, r)dτ, (44)

where η0 is the conformal time at the hypersurface originat-

ing GWs. Assuming k0(η, r) = 0, we have B(r) = 0 and k0

becomes

k0 = (rR(r))′
∫ η

η0

a(τ )T (τ )dτ. (45)

Finally, replacing the values of k0, k1 and � = 0 = 
 in

Eq. (31), we obtain for n = 0

u(η, r) = η
λ

6π+λ c1

(mr)
5
2

√

2r

π
[(3mrc7 + m3r3c7 + 3c8) cos mr

+ (−3c7 + mr(3 + m2r2)c8) sin mr ]
[(c3 − mηc4) cos mη + (mηc3 + c4) sin mη].

(46)
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For n = −1, we have

u(η, r) = η
6π+2λ
6π+λ e−imηc1

(mr)
5
2

√

r

2π

[(

1 − 6π + 2λ

6π + λ
+ imη

)

×
{

2c5Hypergeometric1F1

[

1 + A

2im
, 2, 2imη

]

+ 2c6HypergeometricU

[

1 + A

2im
, 2, 2imη

]}

+ (A + 2im)η {2c6HypergeometricU

×
[

2 + A

2im
, 3, 2imη

]

− c5

×Hypergeometric1F1

[

2 + A

2im
, 3, 2imη

]}]

×[(3mrc7 + m3r3c7 + 3c8) cos mr

+ (−3c7 + mr(3 + m2r2)c8) sin mr ]. (47)

Thus the final expression for four velocity in radiation dom-

inated phase becomes

Vα = (−c1η
6π+2λ
6π+λ , 0, 0, e∂θ Y u(η, r) sin θ). (48)

Also, Y = Y20(θ) = 1
4

√

5
π
(3 cos2 θ − 1) leads to ∂θ Y =

1
4

√

5
π

cos θ sin θ and hence

Vα =
(

−c1η
6π+2λ
6π+λ , 0, 0,

e

4

√

5

π
u(η, r) cos θ sin2 θ

)

. (49)

Thus the azimuthal velocity of any point P having coordinates

(η, r, θ, φ) is V3 = e
4

√

5
π

u(η, r) cos θ sin2 θ , where u(η, r)

is given in Eqs. (46) and (47) for n = 0,−1, respectively.

5 Final remarks

According to rough approximate, a pair of massive black

holes merge in every 223352
−115sec and a binary of neutron star

merge in every 1349
−9sec [43]. Among these mergers a small

fraction is detected by advance interferometers of LIGO-

Virgo collaboration and can be associated to some individual

GW event. The rest of the events contribute to make a stochas-

tic background which is a random GW signal originated by

various independent, weak and unresolved sources. These

sources include for instance, the supernova explosions at the

end of a massive star’s life (including non-symmetric explo-

sions), a rapidly rotating neutron star, cosmic strings etc.

Mathematical and statistical approaches have been devel-

oped to observe these stochastic background of GWs and

extract information from them [44,45]. These GWs signals

have great influence on cosmic evolution and hence the study

of different aspect of GW phenomenon is very significant.

The main goal of this manuscript is to explore the changes

produced by axial GWs in geometry as well as matter of a

flat universe during evolution and in the context of curvature-

matter coupling theory. For this purpose, we assume the pres-

ence of these waves and find the corresponding geometrical

and material changes produced by these waves in f (R, T )

gravity. We have introduced axial perturbations in the flat

FRW spacetime, the background matter is also perturbed as

well as the four velocity is allowed to be non-comoving. We

then proceed to find all unknown parameters of perturbations

with the help of perturbed and unperturbed field equations.

It is mentioned here that all field equations reduce to GR

equations [36] for λ = 0.

The factors w, v, appearing in V1 and V2 are zero showing

that axial waves do not change these components of velocity

which is similar to that in GR. We have found that axial

GWs in f (R, T ) theory can perturb the background matter

in contrast to GR. However, here we suppose � and 
 equal

to zero in order to find the remaining functions k0, k1 and

u. The resulting k0 and k1 are different from those of GR

and depend upon the coupling constant λ. The function u

appearing in the azimuthal velocity component has non-zero

expression showing that fluid exhibits a rotation due to axial

GWs similar to GR. But the expression of u here depends

upon λ and differs from GR.

Currently, our universe is in expansion phase and it is cru-

cial to investigate the propagation of GWs in this expanding

universe. In this regard, we expand our analysis using the EoS

p0 = −ρ0 for expanding matter and observe how such types

of GWs can perturb the flat cosmos in the recent era. For

p0 = −ρ0, the scale factor and density have the expressions

a(η) = c̃1

η
, ρ0 = c̃2a

−3λ
2π , (50)

where c̃1 and c̃2 are integration constants. It is found that

this EoS can yield non-vanishing w and v (from (23) and

(24)) while the remaining expressions remain the same with

A = 8(2π+λ)
3

c2
1c2b1, b1 = c̃

−3λ
2π

6 and 3λ−4π
2π

= n. In dark

energy dominated phase, n can take positive and negative

values, however, similar to radiation dominated phase, n =
−2 yields the GR case.

The angular (�) and linear rotational (V ) velocities of the

fluid are

� = V 3

V 0
= Cu

ar2
cos θ; C = e

4

√

5

π
,

V = ar sin θ� = Cu sin 2θ

2r
.

When the expression of u(η, r) is continuous at the wave

front, the smooth wave profile does not induce any cosmo-

logical rotation [36]. Hence we conclude that the axial GW

can induce a cosmological rotation if u(η, r) is discontinuous

at the wave front. If the freely falling particles are displaced

by a GW, it is called memory effect of the GW. Hence the
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axial GW in f (R, T ) gravity induces memory effect when

the wave profile has discontinuity at the wave front. Also,

the model considered here describes the simplest curvature-

matter coupling and we assume this model to reduce the cal-

culation work. However, this work can be extended for other

minimally coupled models containing nonlinear power of R

or T or non-minimally coupled models leading to interest-

ing results. Such models may yield the non-vanishing values

of the perturbation parameters which are zero in the present

scenario.

When a GW without memory passes through a detector, it

produces an oscillatory deformation and returns the detector

back to its equilibrium state. On the other hand, a GW with

memory can induce a permanent deformation in an idealized

detector, i.e., a truly free falling detector [46]. The detectors

like Weber bars and LIGO are not sensitive to the memory

effect. However, the detectors of the type like LISA (Laser

interferometry space antenna) or advanced LIGO can detect

the memory due to its sensitivity and with strong memory

sources [47,48]. Also, the ground-based detectors are not

truly free falling and cannot store a memory signal while

LISA like detectors are able to maintain the permanent dis-

placement because these are free floating.
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We study the evolution of viscous modified Chaplygin gas (MCG) interacting with
f(R, T ) gravity in flat FRW universe, where T is the trace of energy–momentum tensor.
The field equations are formulated for a particular model f(R, T ) = R + 2χT and con-
straints for the conservation of energy–momentum tensor are obtained. We investigate
the behavior of total energy density, pressure and equation of state (EoS) parameter
for emergent, intermediate as well as logamediate scenarios of the universe with two
interacting models. It is found that the EoS parameter lies in the matter-dominated
or quintessence era for all the three scenarios while the bulk viscosity enhances the
expansion for the intermediate and logamediate scenarios.
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1. Introduction

The most striking and fascinating area in cosmology is the current accelerated

expansion of the universe suggested by different observations. The factor generat-

ing this expansion is named as dark energy violating the strong energy condition

(i.e. ρ+ 3p < 0). The simplest model explaining this expansion is the Λ cold dark

matter (CDM), but it suffers from two issues called fine-tuning (large difference

between its observed and theoretical predicted values) and coincidence (between

observed vacuum energy and current matter density). This promotes the alterna-

tive models of dark energy proposed by either modifying the matter or geometric

part of the Einstein–Hilbert action. The modified matter models are quintessence,1,2

phantom,3 K-essence,4 holographic dark energy5 and Chaplygin gas (CG). Some ex-

amples of modification in geometric part are scalar–tensor theory, f(R) and f(R, T )

theories of gravity.
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Chaplygin6 introduced an exotic equation of state (EoS) to describe the force

on the wing of airplane. After the observational evidences for expansion of the uni-

verse, the CG model is used in cosmology7,8 to describe the exotic fluid causing

expansion of the universe. The extended models known as generalized CG (GCG),9

modified CG (MCG)10 and generalized cosmic CG (GCCG)11 are widely investi-

gated in the literature. It is observed that pure CG model is not compatible with

the observational data.12,13

Sadeghi and Farahani14 investigated the interaction between viscous varying

MCCG and tachyonic fluid for emergent, intermediate as well as logamediate

scenarios. They found phantom-like behavior of emergent universe (a universe

whose starting point is not a singularity) and quintessence region for the other

two scenarios. Naji et al.15 studied MCG interacting with matter and explored the

effects of bulk and shear viscosities on cosmological parameters. Sharif and Sarwar16

examined the stability of GCCG model and found that it is stable adiabatically but

it cannot be observed for isothermal condition. CG models are also considered in

literature to discuss inflation.17–19

Harko et al.20 proposed f(R, T ) gravity as a generalized modified theory. Jamil

et al.21 introduced some cosmic models in this gravity and found that the ΛCDM

model is reproduced by dust fluid. Houndjo22 discussed the matter-dominated and

accelerated phases of the universe for the models linear in T while the power of R

depends on input parameters. Sharif and Zubair23 explored thermodynamics of this

gravity and concluded that the second law of thermodynamics is valid for phantom

as well as non-phantom phases. The same authors24 established energy conditions

and constraints for the stability of power-law models.

The effects of viscosity cannot be separated from fluids in cosmology and inter-

esting conclusions can be drawn by exploring the effects of bulk as well as shear

viscosity on cosmological evolution. Johri and Sudharsan25 investigated the effects

of bulk viscosity on the evolution of FRW universe and found that the time inde-

pendent bulk viscosity can drive a steady state universe. Ren and Meng26 presented

a study on scalar field with bulk viscosity and proposed a model for which ΛCDM

is a special case. They concluded that the bulk viscosity enhances expansion of the

universe. Gagnon and Lesgourgues27 discussed a bulk viscous model as an alter-

native to dark energy. Baffou et al.28 studied the cosmological evolution of viscous

GCG interacting with f(R, T ) gravity for power-law model.

The interaction between modified theories and CG models have also been in-

vestigated in the literature28–30 to study the interaction of dark energy and dark

matter. The interacting models of dark energy and dark matter may provide a pos-

sible solution to the problems associated with the ΛCDM model.31,32 The physical

significance of considering an interaction between dark energy and dark matter is

that it introduces an energy flow between the two components of the universe.33,34

In this paper, we analyze the evolution of MCG interacting with f(R, T ) gravity

under the effects of viscosity. This analysis is done for three different models of
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the universe namely emergent universe, intermediate and logamediate scenarios of

inflation. The paper has the following format. In Sec. 2, the field equations are

formulated for a particular model. Section 3 explores the evolution of interacting

MCG and dark energy. The last section contains the concluding remarks.

2. f(R, T ) Gravity and Viscous Cosmology

The action for f(R, T ) gravity is defined as

S =

∫

d4x
√
−g

[

1

2κ2
f(R, T ) + Lm

]

. (1)

Variation of the above action with respect to gµν gives the field equations

fRRαβ − 1

2
gαβf + (gαβ¤−∇α∇β)fR = κ2Tαβ − fT (Tαβ +Θαβ) , (2)

where f = f(R, T ), fR = ∂f
∂R

, fT = ∂f
∂T

and Θαβ is evaluated by

Θαβ = gγµ
δTγµ

δgαβ
, Tαβ = gαβLm − ∂Lm

∂gαβ
. (3)

Harko et al.20 introduced the model f(R, T ) = R + 2f(T ) while f(T ) = χ(T )n is

taken in Refs. 35 and 36, where χ and n are real constants. Thus we can write

f(R, T ) = R+ 2χT ,37 which simplifies the field equations as

Rαβ − 1

2
Rgαβ = κ2Tαβ − 2χ(Tαβ + Θαβ) + χgαβT = T tot

αβ . (4)

The flat FRW universe model is given by

ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) , (5)

where a(t) is the scale factor.

We consider a matter which consists of MCG with bulk viscosity for which the

energy–momentum tensor can be written as38,39

Tαβ = (ρ+ p− 3ξ(t)H)VαVβ + (p− 3ξ(t)H)gαβ , (6)

where ρ denotes density of MCG, p represents pressure of MCG, Vα is four velocity

and ξ(t) denotes the bulk viscosity coefficient. Thus we can write the field equations

as (κ2 = 1)

3H2 = ρ− χT + 2χ(ρ+ p− 3ξH) = ρtot , (7)

−2Ḣ − 3H2 = p− 3ξH + χT = ptot , (8)

where H = ȧ
a
is the Hubble parameter and the trace of the energy–momentum

tensor is

T = −ρ+ 3p− 9ξH . (9)
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Also,

ρtot = ρDE + ρ , ptot = pDE + p . (10)

Consequently the energy density and pressure of dark energy become

ρDE = −χT + 2χ(ρ+ p− 3ξH) , (11)

pDE = −3ξH + χT . (12)

The EoS for MCG is given by10

p = Bρ− C

ρα
, (13)

where B, C are positive constants and 0 < α ≤ 1.

3. Viscous Modified Chaplygin Gas Interaction

The conservation equation holds in f(R, T ) gravity provided that the following

constraint holds:40

(ρ+ p− 3ξH)ḟT − 1

2
fT ((p− 3ξH)· − ρ̇) = 0 . (14)

When f(T ) = χT , the above equation gives

(p− 3ξH)· = ρ̇ ⇒ p− 3ξH = ρ+ c1 , (15)

where c1 is constant of integration. Adding Eqs. (13) and (15), we have

p =
B + 1

2
ρ− C

2ρα
+

3

2
ξH +

c1

2
. (16)

This equation can be written in the form of the EoS of MCG as

p = B̃ρ− C̃

ρα
, (17)

where B̃ = B+1
2 , C̃ = C

2 and

3

2
ξH +

c1

2
= 0 , (18)

which gives ξ(t) in terms of H and c1. We take the conservation of T tot
µν with the

above mentioned constraints. The equation of continuity for interacting dark energy

and MCG gives

ρ̇DE + 3H(ρDE + pDE) = −Q , (19)

ρ̇+ 3H(ρ+ p) = Q , (20)

where Q is the interaction term which is usually considered either Q = 3Hbρ, or

Q = 3HbρDE, or Q = 3Hbρtot, or b is the coupling constant.14,15 There are also

other interacting models containing time derivative of energy density but these

interactions cannot change sign.
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Wei41 proposed a sign changeable interaction Q = q(µρ̇ + 3bHρ), were µ is

constant and q is the deceleration parameter given by

q = −1− Ḣ

H2
. (21)

This is positive for the deceleration phase and negative for the acceleration phase.

He explored that the cosmological coincidence problem can be alleviated by some

scaling attractors and showed that this interaction model can bring new features

to cosmology. In the following, we study the interactions Q = 3Hbρ as well as

Q = q(µρ̇+ 3bHρ) and compare their results for the following three scenarios.

1. Emergent scenario,42 where the scale factor has the form a(t) = a0(A + ekt)m,

a0 > 0, A > 0, k > 0, m > 1.

2. Intermediate scenario,43 where a(t) = eλt
γ

with λ > 0, 0 < γ < 1.

3. Logamediate scenario,43 where a(t) = eν(ln t)σ with ν > 0, σ > 1.

The sum of Eqs. (19) and (20) gives

ρ̇tot + 3H(1 + ωtot)ρtot = 0 ,

which shows that for ωtot > −1, ρtot is decreasing and for ωtot < −1, ρtot is

increasing. For graphical analysis, the parameters in all cases are fixed such that

1. ρtot and ωtot satisfy the above relation,

2. ptot remains negative,

3. c1 is taken negative such that the bulk viscosity becomes positive because large

positive value of bulk viscosity can produce negative pressure.27

4. The values of B̃ = B+1
2 and C̃ = C

2 are chosen such that the corresponding

values of B and C remain positive.

5. The value of b is taken negative to have an energy flow from MCG to dark

energy.33

3.1. Interaction Q = 3Hbρ

We replace Q = 3Hbρ and Eq. (17) in (20), it follows that

ρ̇+ 3H

(

ρD − C̃

ρα

)

= 0 , D = 1 + B̃ − b . (22)

For the emergent universe, the Hubble parameter becomes

H =
mkekt

(A+ ekt)
(23)

and Eq. (22) gives the solution

ρ(t) =

[

C̃ − eD(1+α)c2(A+ ekt)−3Dm(1+α)

D

]
1

1+α

, (24)
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Fig. 1. Plots of ρtot, ptot, ωtot and ξ vs. time in emergent universe for B̃ = 3, C̃ = 10, α = 0.5,
b = −1, A = 0.1, k = 0.03, m = 15, c1 = −0.1, c2 = 1 and Q = 3Hbρ.

where c2 is the constant of integration. Equation (17) then leads to

p(t) = B̃

[

C̃ − eD(1+α)c2(A+ ekt)−3Dm(1+α)

D

]
1

1+α

− C̃

[

C̃ − eD(1+α)c2(A+ ekt)−3Dm(1+α)

D

]
−α
1+α

. (25)

Inserting these values in Eqs. (11) and (12), we obtain the energy density and

pressure of dark energy. Consequently, Eq. (10) gives the values of total energy

density and pressure. The total EoS parameter is obtained as

ωtot =
ptot

ρtot
. (26)

Equation (18) yields

ξ(t) =
−c1(A+ ekt)

3mkekt
. (27)

The graphs of ρtot, ptot, ωtot and ξ for the emergent universe with the first

interaction model are shown in Fig. 1. We see that the total density decreases

while the total pressure increases with time. In all cases, the value of the model

parameter χ cannot be negative as it leads to negative values of ρtot which is not
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physical. The effect of the model parameter χ on ρtot, ptot and ωtot is observed.

The first graph shows that ρtot increases, second indicates a decrease in ptot and the

third graph depicts that the model has a tendency towards quintessence era with

the increase in model parameter. We find that large χ increases ρtot and decreases

ptot but ωtot does not cross the phantom divide line and always lies in the matter-

dominated or quintessence era. The behavior of bulk viscosity with respect to time

is decreasing while it decreases with the increase in c1.

For the intermediate scenario, the Hubble parameter is H = λγtγ−1 for which

Eq. (22) yields

ρ(t) =

[

C̃ − e(−3λtγ+c3)D(1+α)

D

]
1

1+α

, (28)

where c3 is another integration constant and Eq. (18) gives

ξ =
−c1

3λγtγ−1
. (29)

Following the same procedure as above, we obtain the values of total energy density,

pressure and EoS parameter. The graphical behavior is shown in Fig. 2. The effect

of the model parameter remains the same as in emergent while the behavior of ξ

with respect to time is opposite. It increases with the increase in time and decrease

in c1.
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Fig. 2. Plots of ρtot, ptot, ωtot and ξ vs. time in intermediate universe for B̃ = 3, C̃ = 10,
α = 0.5, b = −1, λ = 0.05, γ = 0.8, c1 = −0.1c3 = 1 and Q = 3Hbρ.
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Fig. 3. Plots of ρtot, ptot, ωtot and ξ vs. time in logamediate universe, for B̃ = 3, C̃ = 10,
α = 0.5, b = −1, ν = 0.3, σ = 1.5, c1 = −0.1, c4 = 1 and Q = 3Hbρ.

The Hubble parameter, bulk viscosity and solution of Eq. (22) for the logame-

diate universe are given by

H =
νσ(ln t)σ−1

t
, (30)

ξ =
−c1t

3νσ(ln t)σ−1
, (31)

ρ(t) =

[

C̃ − eD(1+α)(c4−3ν(ln t)σ)

D

]
1

1+α

, (32)

where c4 is the integration constant. In this case, Fig. 3 indicates the same effect

of the model parameter as in the previous cases. The behavior of bulk viscosity is

increasing with time as in the intermediate case but with a rapid rate.

3.2. Interaction Q = q(µρ̇ + 3bHρ)

In this case, we use Eq. (17) in (20) and obtain

(1− qµ)ρ̇+ 3H

(

Dρ− C̃

ρα

)

= 0 . (33)
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We obtain the following solutions of Eq. (33) for the emergent as well as intermediate

universe, respectively,

ρ(t) =













C̃ − e

−3Dektm(1+α)
1+µ

+
3(1+α)D

√

Amµ arctan

(

ekt
√

m(1+µ)
√

Aµ

)

(1+µ)
3
2

+(1+α)Dc5

D













1
1+α

, (34)

ρ(t) =





C̃ − e
D(1+α)

γ(1+µ)2
(γc6(1+µ)2−3γλtγ(1+µ)+3µ ln(−(1+γ)µ+tγγλ(1+µ))(γ−1))

D





1
1+α

,

(35)

where c5 and c6 are constants of integration. For the logamediate scenario, Eq. (33)

gives a complicated solution, so we solve it numerically. For this interaction model,

the graphical behavior for all cases is shown in Figs. 4–6, respectively. The behavior

of ρtot, ptot, ωtot as well as the effect of model parameter χ is similar to the first

interaction model for the emergent and intermediate scenarios. The behavior of

pressure and EoS parameter for the logamediate scenario is reversed in this model.

Moreover, bulk viscosity also has the same behavior.
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Fig. 4. Plots of ρtot, ptot, ωtot and ξ vs. time in emergent universe for B̃ = 3, C̃ = 10, α = 0.5,
b = −1, A = 1, k = 0.05, m = 2, µ = 2, c1 = −0.1, c5 = 1 and Q = q(µρ̇+ 3bHρ).
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Fig. 5. Plots of ρtot, ptot, ωtot and ξ vs. time in intermediate universe for B̃ = 8, C̃ = 10,
α = 0.5, b = −1, λ = 0.1, γ = 0.8, µ = 2, c1 = −0.1, c6 = 1 and Q = q(µρ̇ + 3bHρ).
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4. Concluding Remarks

In this paper, we have investigated the cosmological evolution by considering the

interaction between MCG and f(R, T ) gravity. We have discussed the evolution in

emergent, intermediate as well as logamediate scenarios and the behavior of bulk

viscosity for the two interacting models. The range of the model parameter χ is

0 < χ < ∞ for all cases. For the first interaction model, we have found that the

increase in χ leads to a decrease in total energy density and an increase in total

pressure. The total EoS parameter falls in the non-phantom phase for the three

considered scenarios. The bulk viscosity decreases for the emergent universe while

it increases for the intermediate and logamediate cases.

For the second interaction model, the effect of χ as well as the behavior of ξ is

similar to the first for all three scenarios. The behavior of the total EoS parameter

and total pressure for the logamediate scenario is reversed in this case. Hence we

deduce that emergent and intermediate scenarios lead to the same results for both

interaction models, while the logamediate case shows a difference. It is shown27

that large values of bulk viscosity can produce an expansion of the universe. Thus,

we can conclude that for the intermediate and logamediate scenarios bulk viscosity

enhances the expansion of the universe. Also, the decreasing value of the integration

constant c1 boosts this expansion. Finally, it is concluded that the interaction of

MCG and f(R, T ) gravity leads to quintessence phase of dark energy for the three

considered scenarios.
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Abstract In this paper, we study evolution of the universe in the background of f(R, T ) gravity using LRS Bianchi

type-I model. We discuss scale factors as well as deceleration parameter in dark energy dominated era for different bulk

viscosity models. The occurrence of big-rip singularity is also examined. It is concluded that expansion is faster when

bulk viscosity is proportional to Hubble parameter as compared to other models.
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1 Introduction

The accelerating expansion of the universe is a revolu-
tionary discovery which provides a milestone in cosmology.
The reason behind this expansion is assumed to be a hypo-
thetical form of negative pressure named as dark energy.
This is the most dominated factor in the energy budget of
the universe. There have been many proposals to resolve
the puzzling nature of dark energy. One of these proposals
is to modify geometric part of the Einstein-Hilbert action
leading to modified theories of gravity.

A simple generalization of general relativity is obtained
by replacing the Ricci scalar R by f(R) in the Einstein-
Hilbert action. Harko et al.[1] proposed f(R, T ) gravity
as a generalized modified theory, where T denotes trace
of the energy-momentum tensor. The dependence on T

is included due to the considerations of exotic fluids or
quantum effects. The coupling of curvature and matter
leads to a source term which is expected to yield inter-
esting results. It can produce a matter-dependent devia-
tion from geodesic motion and also worthwhile to discuss
dark energy, dark matter interactions as well as late time
acceleration.[2]

Jamil et al.[3] introduced some cosmic models in this
gravity and found that ΛCDM model is reproduced by
dust fluid. Houndjo[4] discussed matter dominated and
accelerated phases of the universe for the models linear
in T while the power of R depends on input parame-
ters. Sharif and Zubair[5] explored thermodynamics of
this gravity and concluded that the second law of ther-
modynamics is valid for phantom as well as non-phantom
phases. In Refs. [6]–[8], the higher dimensions are also
explored in the framework of f(R, T ) gravity. Moraes et

al.[9] studied hydrostatic equilibrium condition for neu-
tron stars with a specific form of equation of state (EoS)
and found that the extreme mass can cross observational
limits. Sharif and Nawazish[10] worked on the existence

of Noether symmetries interacting with generalized scalar
field model in f(R, T ) gravity. They found that dust fluid
leads to decelerated expansion while perfect fluid yields
current cosmic expansion for quintessence model.

Recent experimental data supports anisotropic nature
of the universe which tends towards isotropic with the pas-
sage of time.[11−13] To study the anisotropic background
of cosmos, Bianchi type models have frequently been con-
sidered in Refs. [14]–[17]. Bianchi type-I model is the
simplest generalization of FRW spacetime. Sharif and
Waheed[18] investigated this model in Brans-Dicke the-
ory and concluded that anisotropic fluid tends to become
isotropic at later times. Reddy and Kumar[19] examined
Bianchi type-III model in f(R, T ) theory and observed
no initial singularity as well as late time cosmic expan-
sion. Sharif and Saleem[20] studied warm inflation for LRS
Bianchi type-I model and showed that this model is con-
sistent with observational data.

Bulk viscosity plays a significant role in cosmology as
dissipative processes are thought to be present in any vi-
able theory of cosmic evolution, which may lead to inter-
esting conclusions. Johri and Sudharsan[21] investigated
the effects of bulk viscosity on the evolution of FRW uni-
verse and found that time independent bulk viscosity can
drive a steady state universe. Ren and Meng[22] presented
a study on scalar field with bulk viscosity and proposed
a model for which ΛCDM is a special case. They con-
cluded that bulk viscosity enhances expansion of the uni-
verse. Gagnon and Lesgourgues[23] discussed a bulk vis-
cous model as an alternative to dark energy. Singh and
Kumar[24] explored the role of bulk viscosity in f(R, T )
gravity for FRW model with perfect fluid and found that
bulk viscosity provides a supplement for expansion.

This paper deals with the evolution of viscous fluid in
f(R, T ) gravity with LRS Bianchi type-I model. The plan
of paper is as follows. In the next section, we formulate
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the field equations and an evolution equation for H. We
discuss the scale factors as well as deceleration parameter
and conditions for the occurrence of big-rip singularity for
different viscosity models. The last section summarizes
the obtained results.

2 Anisotropic Universe with Viscous Fluid

The action for f(R, T ) gravity is defined as

S =

∫

d4x
√
−g

[ 1

2κ2
f(R, T ) + Lm

]

. (1)

Variation of the above action with respect to gαβ gives the
field equations

fRRαβ − 1

2
gαβf + (gαβ�−∇α∇β)fR

= κ2Tαβ − fT (Tαβ +Θαβ) , (2)

where f = f(R, T ), fR = ∂f/∂R, fT = ∂f/∂T , and Θαβ

is evaluated by

Θαβ = gγµ
δTγµ

δgαβ
, Tαβ = gαβLm − ∂Lm

∂gαβ
. (3)

Harko et al.[1] introduced the model f(R, T ) = R+2f(T )
while f(T ) = χ(T )n is taken in Ref. [25], where χ and
n are real constants. Thus we can write f(R, T ) =
R+ 2χT ,[24] which simplifies the field equations as

Rαβ − 1

2
Rgαβ = κ2Tαβ − 2χ(Tαβ +Θαβ) + χgαβT . (4)

The LRS Bianchi type-I universe model is taken as

ds2 = −dt2 +A2(t)dx2 +B2(t)(dy2 + dz2) . (5)

We assume that shear and expansion scalars are propor-
tional to each other (σ ∝ Θ), which gives A = Bm (where
m 6= 0 is a constant).[26] The mean Hubble parameter then
becomes

H =
1

3

(m+ 2

m

) Ȧ

A
. (6)

The field equations for this metric are

9(2m+ 1)

(m+ 2)2
H2 = (1 + 3χ)ρ− χ(p− 3ξH) , (7)

−6Ḣ

(m+ 2)
− 9(2m+ 1)(H)2

(m+ 2)2

= (1 + 3χ)(p− 3ξH)− χρ , (8)

−
(

1 +
1

m

) 3mḢ

(m+ 2)
−
(

1 +
2

m

) 9m2H2

(m+ 2)2

= (1 + 3χ)(p− 3ξH)− χρ . (9)

The anisotropy parameter is given by[18]

Ap =
1

3

3
∑

i=1

(△Hi

H

)2

, △Hi = H −Hi , (10)

where Hi represent directional Hubble parameters. We

evaluate Ap as

Ap =
2(m− 1)2

(m+ 2)2
. (11)

The relation between m and Ap is given in Table 1.

Table 1 Relation of m and Ap.

Range for m Behavior of Ap

−∞ < m < −2 Increasing

−2 < m ≤ 1 Decreasing

1 ≤ m < ∞ Increasing

The energy-momentum tensor of viscous fluid is con-

sidered as[24]

Tαβ = (ρ+ p− 3ξH)VαVβ + (p− 3ξH)gαβ , (12)

where ρ denotes matter density, p represents pressure, Vα

is four velocity and ξ denotes bulk viscosity. The trace of

energy-momentum tensor is

T = −ρ+ 3p− 9ξH . (13)

The first two field equations produce the differential equa-

tion in H

6Ḣ

(m+ 2)
+ (ρ+ p)(1 + 2χ)− 3ξH(1 + 2χ) = 0 . (14)

To solve this equation for H, we consider the following

EoS

p = (γ − 1)ρ , 0 ≤ γ ≤ 2 , (15)

and an expression for bulk viscosity of the form[24]

ξ = ξ0 + ξ1H , (16)

where ξ0 and ξ1 are constants. The matter density is eval-

uated using Eqs. (15) and (16) in Eq. (7) as

ρ =
3H

(1 + 4χ− γχ)

[(3(2m+ 1)

(m+ 2)2
− χξ1

)

H − χξ0

]

. (17)

In the following, we consider four different viscosity

models and evaluate the expressions for H, A, B, ρ, and

q.

2.1 Fluid with Zero Viscosity (ξ = 0)

For a non-viscous fluid, Eq. (14) becomes

2(m+ 2)Ḣ +
3γ(1 + 2χ)(2m+ 1)

(1 + 4χ− γχ)
H2 = 0 , (18)

where we have used Eqs. (16) and (17). The solution of

this equation for γ 6= 0 is given by

H =
1

c1 + (3/2)γ(1 + 2χ)(1 + 2m)t/(m+ 2)(1 + 4χ− γχ)
, (19)

where c1 is a constant of integration. The Hubble parameter yields

A =

(

c2

[

c1 +
3

2

γ(1 + 2χ)(1 + 2m)t

(m+ 2)(1 + 4χ− γχ)

]2(m+2)(1+4χ−γχ)/3γ(1+2χ)(1+2m)
)3m/(m+2)

, (20)
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here c2 > 0 is another integration constant. This repre-

sents a power-law type solution of the scale factor. The

scale factor B can be found using A = Bm ⇒ B = A1/m.

The deceleration parameter is obtained as

q = −1− Ḣ

H2
= −1 +

3

2

γ(1 + 2χ)(1 + 2m)

(m+ 2)(1 + 4χ− γχ)
, (21)

which is time independent and its value varies with γ, χ

and m.

For different values of γ, we have different evolution-

ary eras. Here, we present a discussion for the dark energy

dominated era corresponding to γ = 0. Solving Eq. (18)

for γ = 0, we have

H = c′1 , q = −1 , A = (c′2e
c′1t)3m/(m+2) ,

B = (c′2 e
c′1t)3/(m+2) , (22)

c′1 > 0 and c′2 > 0 are constants of integration. The scale
factors are of exponential form. For m = 1, the above
values correspond to de Sitter universe. The plots for A

and B in Eq. (23) are given in Fig. 1. The behavior of
both graphs is increasing with time while anisotropy has
opposite effects (it increases A and decreases B). Equa-
tion (17) yields the expression for density as

ρ =
9(2m+ 1)c′21

(m+ 2)2(1 + 4χ)
. (23)

There is a big-rip singularity when ρ → ∞, i.e., for a
non-viscous fluid, big-rip is expected only if m = −2 or
χ = −1/4. For m = −2, the anisotropy parameter Ap

(11) also approaches to infinity.

Fig. 1 (Color online) Plots of A and B versus t for ξ = 0 and fixing c′1 = 0.1, c′2 = 1, m = 0.25 (red), 0.5 (blue),
0.75 (green) and 1 (purple).

2.2 Fluid with Constant Viscosity (ξ = ξ0)

In this case, for γ 6= 0 Eq. (14) yields the solution

H =

(

ξ0(1+2χ)(1+4χ)(m+2)
2(1+4χ−γχ)

)

exp
[

ξ0(1+2χ)(1+4χ)(m+2)
2(1+4χ−γχ) (t+ c3)

]

1 +
( 3γ(1+2χ)(1+2m)
2(m+2)(1+4χ−γχ)

)

exp
[

ξ0(1+2χ)(1+4χ)(m+2)
2(1+4χ−γχ) (t+ c3)

]
, (24)

where c3 is an integration constant. Using the above equation, q and A are evaluated as

q = −1− exp
[−ξ0(1 + 2χ)(1 + 4χ)(m+ 2)

2(1 + 4χ− γχ)
(t+ c3)

]

, (25)

A =

{

c4

(

1 +
3γ(1 + 2χ)(1 + 2m)

2(m+ 2)(1 + 4χ− γχ)
exp

[ξ0(1 + 2χ)(1 + 4χ)(m+ 2)(t+ c3)

2(1 + 4χ− γχ)

])

2(m+2)(1+4χ−γχ)
3γ(1+2χ)(1+2m)

}3m/(m+2)

,

(26)

c4 > 0 is another integration constant. The scale factors
become exponential type. For γ = 0, we have

H = c′3 exp
(ξ0(1 + 2χ)(m+ 2)t

2

)

, (27)

q = −1− ξ0(1 + 2χ)(m+ 2)c′3
2 eξ0(1+2χ)(m+2)t/2

, (28)

A =
{

c′4 exp
[ 2c′3
ξ0(1 + 2χ)(m+ 2)

× exp
(ξ0(1 + 2χ)(m+ 2)t

2

)]}3m/(m+2)

, (29)

here c′3 and c′4 > 0 are constants of integration. The

graphical behavior of q, A and B are shown in Fig. 2. The

decrease in anisotropy has the same effects as for zero vis-

cosity fluid while increase in bulk viscosity shows decrease

in both A and B. The deceleration parameter is negative

and does not cross the line q = −1. The decrease in m

as well as increase in ξ0 decreases the value of q. For a

constant viscous fluid, the matter density in dark energy

dominated era is obtained as
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ρ =
3c′3 exp

[

ξ0(1 + 2χ)(m+ 2)t/2
]

(1 + 4χ)

{3(2m+ 1)

(m+ 2)2
c′3 exp

[ξ0(1 + 2χ)(m+ 2)t

2

]

− χξ0

}

. (30)

Again ρ → ∞ or big-rip occurs when m = −2 or χ = −1/4. This also holds for the next two cases and we can obtain
an expression of time for the big-rip occurrence there.

Fig. 2 (Color online) Plots of A, B and q versus t for ξ = ξ0 and fixing χ = 1, c′3 = 0.1, c′4 = 1, ξ0 = 0.01,
m = 0.25 (red), 0.5 (blue), 0.75 (green) and 1 (purple) in (a), (b), (c) and fixing m = 0.25, ξ0 = 0.01 (red), 0.011
(blue), 0.012 (green) and 0.013 (purple) in (d) (e) (f).

2.3 Fluid with Viscosity Proportional to H (ξ = ξ1H)

In this case, the solution of Eq. (14) for 0 ≤ γ ≤ 2 is

H = 1
/{ (1 + 2χ)(m+ 2)

2(1 + 4χ− γχ)

[3(2m+ 1)γ

(m+ 2)2
− ξ1 − 4χξ1

]

t+ c5

}

, (31)

c5 represents constant of integration. Similarly, q and A can be obtained as

q = −1 +
(1 + 2χ)(m+ 2)

2(1 + 4χ− γχ)

[3(2m+ 1)γ

(m+ 2)2
− ξ1 − 4χξ1

]

, (32)

A =
{

c6

[ (1 + 2χ)(m+ 2)

2(1 + 4χ− γχ)

(3(2m+ 1)γ

(m+ 2)2
− ξ1 − 4χξ1

)

t+ c5

]

2(1+4χ−γχ)
(1+2χ)(m+2)

[

3(2m+1)γ

(m+2)2
−ξ1−4χξ1

]

}3m/(m+2)

, (33)

c6 > 0 denotes another integration constant. We see that q has a time independent expression as in the first case and
A is of power-law type. The scale factor B is obtained in a similar manner. For γ = 0, the above expressions reduce to

H =
1

c5 − (1 + 2χ)(m+ 2)ξ1t/2
, (34)
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q = −1− (1 + 2χ)(m+ 2)ξ1
2

, (35)

A =
[

c6

(

c5 −
(1 + 2χ)(m+ 2)ξ1t

2

)−2/(1+2χ)(m+2)ξ1]3m/(m+2)

. (36)

The value of q depends on χ, m as well as ξ1 and remains less than −1 for positive values of all these constants. The
plots of A are shown in Fig. 3. Here the decrease in m and increase in ξ1 yield an increase in A. We see that the effects
of viscosity are same on both A and B while anisotropy has opposite effects on both. So, we only show the graphs of
A in this case as well as in next one. For this viscosity model and γ = 0, ρ becomes

ρ =
1

1 + 4χ

[9(2m+ 1)

(m+ 2)2
− 3χξ1

] 1

(c5 − (1 + 2χ)(m+ 2)ξ1t/2)2
. (37)

In this case, there is an additional term as compared to the previous cases whose zero value makes density infinite i.e.,
(

c5 −
(1 + 2χ)(m+ 2)ξ1t

2

)2

= 0 ,

giving the time of big-rip occurrence

tbr =
2c5

(m+ 2)(1 + 2χ)ξ1
.

Fig. 3 (Color online) Plots of A versus t for ξ = ξ1H and fixing χ = 1, c5 = 1, c6 = 1, ξ1 = 0.01, m = 0.25
(red), 0.5 (blue), 0.75 (green) and 1 (purple) in (a) and fixing m = 0.25, ξ1 = 0.01 (red), 0.012 (blue), 0.014
(green) and 0.016 (purple) in (b).

2.4 Fluid with Viscosity of the Form ξ = ξ0 + ξ1H

For this viscosity model and 0 ≤ γ ≤ 2, Eq. (14) has the following solution

H =

ξ0(1+2χ)(1+4χ)(m+2)
2(1+4χ−γχ) exp

[

ξ0(1+2χ)(1+4χ)(m+2)(t+c7)
2(1+4χ−γχ)

]

1 +
(1+2χ)(m+2)

(

3(2m+1)γ

(m+2)2
−ξ1−4χξ1

)

2(1+4χ−γχ) exp
[

ξ0(1+2χ)(1+4χ)(m+2)(t+c7)
2(1+4χ−γχ)

]

, (38)

leading the expressions of q and A to

q = −1− exp
[−ξ0(1 + 2χ)(1 + 4χ)(m+ 2)(t+ c7)

2(1 + 4χ− γχ)

]

, (39)

A =

{

c8

[

1 +
(1 + 2χ)(m+ 2)[3(2m+ 1)γ/(m+ 2)2 − ξ1 − 4χξ1]

2(1 + 4χ− γχ)

× exp
[ξ0(1 + 2χ)(1 + 4χ)(m+ 2)(t+ c7)

2(1 + 4χ− γχ)

]]

2(1+4χ−γχ)

(1+2χ)(m+2)(3(2m+1)γ/(m+2)2−ξ1−4χξ1)

}3m/(m+2)

, (40)

where c7 and c8 are integration constants with c8 > 0. Here A has an exponential form and for γ = 0, we obtain

H =
[ξ0(1 + 2χ)(m+ 2)/2] exp[ξ0(1 + 2χ)(m+ 2)(t+ c7)/2]

[1− (1 + 2χ)(m+ 2)ξ1/2] exp[ξ0(1 + 2χ)(m+ 2)(t+ c7)/2]
, (41)

q = −1− exp
[−ξ0(1 + 2χ)(m+ 2)(t+ c7)

2

]

, (42)

A =

{

[

c8

[

1− (1 + 2χ)(m+ 2)ξ1
2

exp
[ξ0(1 + 2χ)(m+ 2)(t+ c7)

2

]]

−2
(1+2χ)(m+2)ξ1

}3m/(m+2)

. (43)
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The behavior of scale factor A is shown in Figs. 4 and 5. The effects of anisotropy and viscosity on scale factors are
the same as in the previous case. The plots of deceleration parameter in Fig. 6 indicate that it increases with decrease
in anisotropy and increase in viscosity. Also, its value does not cross the line q = −1. Similarly, ρ is obtained as

ρ =

{

3
[ξ0(1 + 2χ)(m+ 2)/2] exp[ξ0(1 + 2χ)(m+ 2)(t+ c7)/2]

1− [(1 + 2χ)(m+ 2)ξ1]/2 exp[ξ0(1 + 2χ)(m+ 2)(t+ c7)/2]

/

(1 + 4χ− γχ)

}{

(3(2m+ 1)

(m+ 2)2
− χξ1

)

× [ξ0(1 + 2χ)(m+ 2)/2] exp[ξ0(1 + 2χ)(m+ 2)(t+ c7)/2]

1− [(1 + 2χ)(m+ 2)ξ1/2] exp[ξ0(1 + 2χ)(m+ 2)(t+ c7)/2]
− χξ0

}

, (44)

and the time of big-rip is given by

tbr=
2

ξ0(1 +2χ)(m+ 2)
ln
[ 2

ξ1(1 +2χ)(m+ 2)

]

− c7. (45)

Fig. 4 (Color online) Plot of A versus t for ξ = ξ0+ξ1H
and fixing χ = 1, c7 = 1, c8 = 1, ξ0 = 0.01, ξ1 = 0.01,
m = 0.25 (red), 0.5 (blue), 0.75 (green) and 1 (purple).

Fig. 5 (Color online) Plots of A versus t for ξ = ξ0+ξ1H
and fixing χ = 1, c7 = 1, c8 = 1, ξ1 = 0.01, m = 0.25,
ξ0 = 0.01 (red), 0.02 (blue), 0.03 (green) and 0.04 (pur-
ple) in (a) and fixing m = 0.25, ξ0 = 0.01, ξ1 = 0.01
(red), 0.02 (blue), 0.03 (green) and 0.04 (purple) in (b).

Fig. 6 (Color online) Plots of q versus t for ξ = ξ0+ξ1H
and fixing χ = 1, c7 = 1, c8 = 1, ξ0 = 0.01, m = 0.25
(red), 0.5 (blue), 0.75 (green) and 1 (purple) in (a) and
fixing m = 0.25, ξ0 = 0.01 (red), 0.02 (blue), 0.03 (green)
and 0.04 (purple) in (b).

3 Concluding Remarks

Our universe is homogeneous and isotropic on large
scale but there are anisotropies present on small scales.
Also, the bulk viscosity is an important candidate in de-
scribing early and late time expansion. Thus it would be
worthwhile to explore a deviation from isotropy as well as
the effects of bulk viscosity on the evolution of cosmos. In
this paper, the evolution of scale factors and deceleration
parameter in dark energy dominated era with different
forms of viscosity is discussed. The graphical analysis is
summarized in Tables 2 and 3. The evolution of scale fac-
tors with the decrease in anisotropy remain the same in
all cases as shown in Table 2. On the other hand, the
increase in viscosity has different effects on scale factors.
It produces a decrease in scale factors for ξ = ξ0 while
an increase for ξ = ξ1H as well as ξ = ξ0 + ξ1H. The
increase in scale factors with time supports accelerated
expansion while an increase in their value with decrease
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in anisotropy or increase in viscosity show an enhancement
in expansion.

It is observed from Table 3 that decrease in anisotropy
as well as increase in viscosity decreases q for second and
third bulk viscosity models while increases for the last
model. The negative value of q indicates an accelerated
expansion of the universe and we have q ≤ −1 for all
cases. Hence, the expansion is enhanced due to bulk vis-

cosity for ξ0 and ξ = ξ1H. For each case, m = −2 and
χ = −1/4 are the common conditions for the occurrence
of big-rip. For the last two viscosity models, we have also
an expression of time at which big-rip could occur. We
would like to mention here that for m = 1, our results re-
duce to that of isotropic case.[24] It is concluded that the
accelerated expansion is faster for ξ = ξ1H as compared
to other models.

Table 2 Evolution of scale factors.

Viscosity model When anisotropy decreases When bulk viscosity increases

ξ = 0 A increases, B decreases A, B remain the same

ξ = ξ0 A increases, B decreases A, B decrease

ξ = ξ1H A increases, B decreases A, B increase

ξ = ξ0 + ξ1H A increases, B decreases A, B increase

Table 3 Evolution of deceleration parameter.

Viscosity model When anisotropy decreases When bulk viscosity increases

ξ = 0 Constant (q = −1) Constant, (q = −1)

ξ = ξ0 Decreases Decreases

ξ = ξ1H Decreases Decreases

ξ = ξ0 + ξ1H Increases Increases
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