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Abstract

The subject matter of the present thesis has been the investigation of the hadronic
properties in dense nuclear matter (DNM) with neutron-proton (n-p) density asym-
metry. As a result we find many interesting and amusing phenomenon in the char-
acteristic behavior of the mesons, particularly in the isovector sector, giving rise
to phenomena like mode splitting of the different charge states of mesons like pion
and p-meson or the mixing of different isospin states etc. which is not observed in
symmetric nuclear matter.

In particular, the present work deals mostly with pion propagation in asym-
metric nuclear matter (ANM) at high density within the framework of Quantum
Hadrodynamics (QHD). We expose how such asymmetry in neutron-proton density
can induce mixing of mesons having different isospins. Such matter driven phenom-
ena are akin to spontaneous symmetry breaking where the Hamiltonian respects
the symmetry, it is broken by the ground state. We estimate mixing amplitudes of
m-n and p-w mixing with this additional contribution in ANM which actually win
over the corresponding vacuum mixing amplitudes. With this mixing amplitudes,
in this thesis, various charge symmetry violating (CSV) potentials have been con-
structed. In this case, apart from the density dependent effects, new sources of
vacuum symmetry breaking phenomena has been identified which also modifies pre-
viously known free space charge symmetry violating nucleon-nucleon potential. In
addition, calculation determining the effect of medium on hadron masses in nuclear
matter have also been performed including the effect of nuclear asymmetry on the

effective masses of various mesons.






Notations

i, v
Guv

Space-time index of four vector

Metric tensor, diag(1, —1, —1, —1)

Nucleon index, (N = n for neutron, & p for proton )
Effective nucleon mass

Mixing modified meson mass

Fermi momentum of nucleon

Fermi energy with nucleon mass My (M};)
Vertex factor

Asymmetry parameter

Neutron (proton) density

Scalar meson propagator in momentum space
Vector meson propagator in momentum space
Nucleon propagator in medium with My
Nucleon propagator in medium with My,
Mixing self-energy

Transverse component of mixing polarization

Longitudinal component of mixing polarization
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Chapter

Introduction

The properties of hadrons in dense nuclear matter has been at the core of high
energy nuclear physics research for quite some time now [1-4]. Such investigations
are important to provide answers to some of the pertinent queries involving nuclei,
nuclear matter, astrophysical objects like neutron stars, their evolution, structure,
supernovae explosion [5,6] and several other issues related to the laboratory based
heavy ion collisions [7,8]. In astrophysical context, particularly many of the neutron
star properties are sensitive to the underlying nuclear the equation of state (EOS)
at densities much higher than those observed in ordinary nuclei [9]. Many models
have been proposed over time to calculate the nuclear EOS at high densities starting
from basic nuleon-nucleon interactions [10,11]. The EOS is an essential ingradient
for calculating the balance between the gravitational pull and nuclear pressure in
neutron stars. Construction of such models are guided by the various observed
phenomena of ordinary nuclei, nuclear saturation properties, incompressibility etc.
[10-14].

Extrapolations of these models to higher densities can be tested against astro-
physical data or in the laboratory based measurements involving heavy ion collisions
where nuclear matter can be produced temporarily at densities few times higher
than that of the ordinary nuclei. This also includes the possibility of forming quark
gluon plasma (QGP) state of matter at extremely high temperature and/or densi-
ties. The experiments at relativistic heavy ion collider (RHIC) and large hadron
collider (LHC) have provided further impetus in this context where mainly the high
temperature effects have been the main focus [15]. The proposed experiments at

GSI, on the other hand, are geared to uncover the properties of compressed baryonic
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matter (CBM) where the baryonic chemical potential is likely to be much higher

compared to the temperature [16].

The nucleon-nucleus (N-A) and nucleus-nucleus (A-A) collisions also offer oppor-
tunities to measure various hadronic spectral functions both at normal and higher
nuclear matter densities. Such measurements allow one to study the effective masses
and the widths of the various hadronic resonances like o, w, 7 etc. In particular, the
dilepton invariant mass spectra, provide penetrating probe to pin-down the prop-
erties of the light vector mesons i. e. p, w and ¢ in nuclear medium. Several
theoretical models have been advanced to study the in-medium properties of these
mesons [17,18]. Many experiments have also measured the vector meson mass shifts
in dense nuclear matter [19-22]. These apart, pion sprectral function in nuclear

matter has also been a subject of intense research for quite some time [23].

The basic input of all these studies are the two body nucleon-nucleon interaction
both in vacuum and in medium. Several investigatons have addressed these issues
using both non-relativistic [24-31] and relativistic models [32-37]. In particular,
the non-relativistic investigations like Brueckner-Hartree-Fock and Bathe-Salpeter
formalisms have been very successful to describe the properties of dense nuclear
matter [38—44].

To deal with nuclear matter at very high density such as what is found in neu-
tron stars, one must describe hydrodynamic flow of nuclear matter at velocity that
approaches to the speed of light and requires transport properties under extreme
conditions. It is more appropriate to use the relativistic nuclear many body formal-

ism in this regime [32-37].

The usual argument which is given in favour of using the non-relativistic model
has been that the nuclear binding energy is small compared to the nucleon mass.
But this small nuclear binding energy is a consequence of the cancellation between
two large Lorentz scalar and four-vector potentials, each of which is approximately
several hundred MeV even at ordinary densities [45]. In view of the above mentioned
points, it has been argued by several authors to use relativistic formalism in order
to study even ordinary nuclear systems. The evidence of such strong potentials
came from the one boson exchange potential (OBEP) analysis of nucleon-nucleon
scattering [46,47]. Furthermore, at high density nucleon mass reduces than its value
in free space which makes the lower component of the Dirac spinor larger. This

provides additional support in favour of using the relativistic models.
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1.1 Nucleon-Nucleon interaction

Yukawa, in 1935 proposed that the nucleon-nucleon interaction is generated by the
exchange of a massive particle, called meson [48]. He derived two body nuclear force
considering a charged scalar meson exchanged between proton and neutron [48-52].
In 1937 muon was discovered in the cosmic ray and it was thought as the Yukawa’s
particle. But, Pancini and Piccioni showed that muon does not interact strongly
with nuclei and therefore was not the proposed meson [53]. Later, a meson of mass
about 140 MeV was discovered in the cosmic ray which interacts strongly with
nucleon. This was the Yukawa’s particle and it was named ‘pion’.

Proca extended Yukawa’s original idea of scalar meson exchange to the vector
meson exchange [54] which provided a tensor force leading to the quadrupole mo-
ment of the deuteron with wrong sign. The correct sign of the quadrupole moment
can be obtained by the exchange of the isovector and pseudoscalar mesons [55,56].
The nucleon-nucleon interaction mediated by different mesons operate at different
distance scale. In view of this Taketani, Nakamura and Sasaki proposed to subdivide

the range of nuclear force into three regions [57]:

1. Classical (or long-range) region: Distance between the centers of two
nucleons, r 2 2 fm. In this region one-pion exchange (OPE) plays the dominant

role.

2. Dynamical (or intermediate) region: 1 fm < r < 2 fm. Two-pion ex-

change (TPE) becomes important in the intermediate region.

3. Phenomenological (or core) region: r < 1 fm. In this region multi-
pion exchange, heavy mesons of various kinds and the quark-gluon exchange

contribute.

This kind of subdivision may be helpful for developing the theory of nucleon-
nucleon interaction stepwise, that means it permits one different derivation for the
different regions of nuclear force.

It was well-established that the one-pion exchange accounts for the long-range
part of the nuclear force [58-64]. But serious problems appeared in the case of
two-pion exchange [65-70]. The discovery of heavy meson, specially the vector
meson, rescued from that problem leading to the construction of the one-boson ex-

change (OBE) models for nucleon-nucleon interactions [71]. The basic assumption
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Figure 1.1: Mesons in NN interaction.

of these models are that the multi-pion exchange could be replaced by the appro-
priate multi-pion resonances as if they form a single particle with definite mass and
definite intrinsic quantum numbers. For instance, the correlated two-pion S-wave
contribution can be well approximated as the exchange of scalar meson of mass is
about 500 MeV [72-79]. The p meson is a two-pion resonance in the P-state and
the w meson is a three-pion resonance. In the OBE models isoscalar scalar mesons
like sigma (o) meson or eta (7) meson dominate in the intermediate range of nuclear
force. On the other hand, rho (p) and omega (w) mesons had been included for the
core region. Inclusion of other mesons were found to give negligible contribution.

The various meson parameters given in Table.1.1 have been borrowed from Ref. [80]:

Table 1.1: Meson parameters.

Meson JP T % Mass (MeV) A (MeV)
T 0~ 1 14.6 138.6 1300
n 0~ 0 5.0 048.0 1500
P 1~ 1 0.95 769.0 1400
w 1 0 20.0 782.6 1500

J = total spin, P = Parity, T" = isospin and g = coupling constant.
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1.2 Classification of nuclear forces

For the construction of nucleon-nucleon potential one usually neglects the isospin
dependence. In general the nucleon-nucleon forces can have isospin dependence
also. According to the isospin dependence Henley and Miller listed four classes of
NN forces [81-84]. One of which is isospin neutral and others break this symme-
try. Before listing these four classes of nucleon-nucleon forces, we first discuss two
main issues viz. the charge independence and charge symmetry of the interacting

Hamiltonian.

Charge independence (CI) implies the equality between the neutron-neutron
(nn), proton-proton (pp) and neutron-proton (np) interactions. The charge sym-
metry (CS) implies that the interaction between two neutrons or two protons are
equal. The violation of CS automatically violates the charge independence (CI),
however, the converse might not be always true [85-87|. It is possible to have CS
even if the CI is violated which actually is a higher symmetry. In nature, both the

symmetries are broken.

The CI requires that the Hamiltonian (H) of the system will be invariant under

any rotation in isospin space i. e.
[H,T|=0, (1.1)

where, T is the isospin operator. Actually, the above relation implies isospin in-
dependence of the system. But, the term “charge independence” is often used to

indicate “isospin invariance” (II). The CS operator may be defined as
PCS = GMTQ s (12)

if the third (or z) component of T is considered to be associated with the charge of
the particle. This definition of the CS operator was first introduced in Ref. [88] in
the context of CS of the up (u) and down (d) quarks. Since isospin is an additive
quantum number and for hadrons it is expressed equivalently from the quark content,
allows one to apply the quark based definition of CS to the hadronic systems. The
CS is expressed as

[H,Pcs] = 0. (1.3)

Thus CS implies the invariance of the system under 180° rotation about the T} axis
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in the isospin space, that means the charge-reflected system must be identical to the

original one under reflection on the 731-T5 (or T,-1,) plane in isospin space.

e Class (I): Class (I) forces are isospin or charge independent and the general
form is
VAN = a4+ br(1) - 7(2), (1.4)

where a and b are isospin independent operators and 7 is the Pauli’s isospin
operator. This force obeys [V, T] =0 .

e Class (II): This type of forces are charge symmetric but violate charge inde-

pendence:

VAN = ¢ [m(1)m3(2) — %7(1) -7(2)] . (1.5)

e Class (III): This force breaks both charge independence and charge symme-

try:
Vil =d [ms(1) + 7(2)] - (1.6)
where ¢ and d are Hermitian operators. Since, [V, T? = 0, it does not

causes isospin mixing in the two-body system. A class III interaction distin-
guishes nn and pp systems, but vanishes in the np system. An example of
charge symmetry violating class III interaction is the Coulomb force which

also contains class I and class II forces.

e Class (IV): The general form the Class IV NN force is
Vi = elms(1) = m(2)]lo(1) —o(2)]- Lor f[r(1) x7(2)]slo(1) xo(2)] L, (1.7)

where e, f are scalar operators and o(1), o(2) are the spin operators for
nucleons. This type of forces break charge symmetry and therefore charge
independence. The class IV forces have no effect on the nn and pp systems, but
causes spin-dependent isospin mixing effects in the np system. The magnetic

interaction between two nucleons is an example of class IV force.
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1.3 Outline of the thesis

The thesis is structured into seven chapters. A short introduction into the field and
important topics related to our study have been presented in Chapter 1. In chapter
2, we discuss about quantum hadrodynamic (QHD) models and consequently present
the Walecka model which is based on mean field (MF) approximation. This model
was the first of its kind where the field theoretic approach to describe the bulk
properties of nuclear matter had been formulated [10]. Here we also present a

derivation of in-medium nucleon propagator.

Chapter 3 has been devoted to the study of pion propagation in asymmetric
nuclear matter (ANM). Pions in nuclear physics assume a special status. It is re-
sponsible for the spin-isospin dependent long range part of the nuclear force as
mentioned before. In addition, there are variety of physical phenomena related to
the pion propagation in nuclear matter. One of the fascinating ideas in relation to
the pion-nucleon dynamics in nuclear matter is the pion condensation [89]. This
might happen if there exists space like zero energy excitation of pionic modes. The
short-range correlation, on the other hand, removes such a possibility at least upto
densities near the saturation densities. In relativistic heavy ion collision, the im-
portance of medium modified pion spectrum was discussed by Mishustin, [90] where
it was shown that due to the lowering of energy, pion, in nuclear matter, might
carry a bulk amount of entropy. Subsequently, Gyulassy and Greiner studied pionic
instability in great detail in the context of RHIC [91]. The production of pionic

modes in nuclear collisions was also discussed in [92].

In experiments, medium dependent pion dispersion relation can also be probed
via the measurements of dilepton invariant mass spectrum. The lepton pairs pro-
duced with invariant mass near the p pole are sensitive to the slope of the pion
dispersion relation in matter [7]. Particularly the softening of momentum depen-
dence of the pion dispersion relation in matter leads to higher yield of dileptons. Gale
and Kapusta were first to realize that the in-medium pion dynamics can be studied
by measuring lepton pair productions [93]. Most of the earlier studies of in-medium
pion properties were performed in the non-relativistic frame work [94-96]. A quasi-
relativistic approach was taken in [97-99] where the calculations were extended to
finite temperature. In particular, [99] discusses various non-collective modes with
the possibility of pion condensation. In [7], on the other hand, the dilepton produc-

tion rates were calculated using non-relativistic pion dispersion relations. Ref. [100]
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treated the problem relativistically but free Fermi gas model was used, while in [101]
pion propagation was studied by extending the Walecka model [10] including delta
baryon.

In recent years, there has been significant progress to calculate dilepton produc-
tion rates involving pionic properties in a more realistic framework [7,93,99,102-104].
The importance of relativistic corrections and density dependent pion mass split-
ting in ANM in the context of deriving pion-nucleus optical potential was discussed
in [105]. The formalism adopted in [105] was that of chiral perturbation theory.
Recently, in the context of astrophysics, pionic properties in ANM has also been
studied by involving Nambu-Jona-Lasinio model [106,107].

The other aspect which we address in chapter 4 is the mixing of various meson
states due to symmetry violation. For example, it is known that, in nature, isospin
is not an exact symmetry and this leads to the mixing of isoscalar w and isovector
p meson in vacuum. At the quark level this is driven by the mass splitting of the
up and down quark. At the hadronic level such mixing can be attributed to the
neutron and proton mass difference. Other well known example is the mixing of the
7w and 1 meson.

The nuclear medium can permit even another class of mixing which does not
happen in vacuum. Matter induced o-w meson can here be cited as one of the
classic examples [108-110]. Such a scalar (o)-vector (w) mixing cannot take place
in vacuum because of Lorentz symmetry, which in medium is lost. There could be
additional sources of mixing in ANM driven by the asymmetric neutron and proton
density difference. This is akin to the spontaneous symmetry breaking where the
Hamiltonian respects the symmetry but the ground state does not. In this case, as
we shall see, even when M, = M, various isospin states can mix. Here M, and
M, denote the neutron and proton masses respectively. The physical consequence
of this phenomenon constitutes a major part of the present thesis.

Physically, in dense hadronic system, intermediate mesons might be absorbed
and re-emitted from the Fermi spheres. In symmetric nuclear matter (SNM) the
emission and absorption involving different isospin states like 7 and n or p and
w cancel when the contributions of both the proton and neutron Fermi spheres
are added provided the nucleon masses are taken to be equal. In ANM, on the
other hand, the unbalanced contributions coming from the scattering of neutron
and proton Fermi spheres, lead to the mixing which depends both on the baryon

density (p) and the asymmetry parameter, o = (p,, —p,)/pp, where p,, and p, denote
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neutron and proton densities. This density driven mixing of 7-n or p-w and their
importance in nuclear physics will be elucidated further in chapter 4.

In chapter 5 we construct various charge symmetry violating (CSV) potentials
clearly delineating the difference between vacuum induced mixing due to the n-p
mass difference and density dependent modification of such mixing in ANM. We
include here few corrections to the existing two-body CSV potentials in vacuum. It
is to be noted that the mixing amplitudes calculated in chapter 4 are required to
construct such potentials which we accomplish in chapter 5.

In chapter 6, we present how the mixing further modifies the effective m and
7 meson masses in ANM. Here we also present relevant pion dispersion relations.

Finally we summarize and conclude in chapter 7.






Chapter

Dense Nuclear Matter

Nuclear matter is a hypothetical uniform system with infinite number of nucleons
(A) in absence of Coulomb interaction. In the past several years, many theoretical
models have been proposed to study the bulk properties of nuclear matter [24-31].
Such studies find main applications in astrophysical contexts, particularly to study
the neutron star properties as mentioned already in the introduction. For finite
nuclei, the material at the center of 2°® Pb-nucleus may be considered as nuclear

matter.

For basic theoretical understanding of the bulk properties of nuclear matter,
one takes equal densities of neutron and proton i.e. p, = p,. This is known as
symmetric nuclear matter (SNM) where the neutron and proton Fermi momenta
which determine the density are the same i.e. k, = k,. In many cases, however, one
can deal with the asymmetric nuclear matter (ANM) i.e. when p, # p,. We shall
here first outline the formalism for the SNM and then in the next chapter issues
related particularly to ANM will be addressed.

A proper framework to describe nuclear matter at high densities and tempera-
tures is relativistic quantum field theory based on a local Lagrangian density. Among
these theories, the ones considering hadronic degrees of freedom are represented by
a generic name: quantum hadrodynamics (QHD). In this framework, the mean field
theory, or the Walecka model [10], was first introduced in the early seventies to study
dense nuclear matter in the context of neutron stars [11]. This model explains the
bulk nuclear matter such as the experimentally accessible observables: density and
binding energy [111], the strong spin-orbit splitting in finite nuclei [10,45,112,113].

In this approach, one also obtains the well-known feature of nucleon-nucleon inter-

11
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action known from nucleon-nucleon scattering experiments: a short range repulsion
and a long range attraction [46,114]. We will explain these features gradually as we

review the formalism of the Walecka model.

2.1 Walecka model

We start with the Lagrangian of QHD-I model, where nucleons interact via the

exchange of o and w mesons as shown in Fig.2.1:

L= Pl (0" — V")~ (My — g0)] 0+ 5 (0,60 — mig?)

1
— F,F"™ + §m3VuV“ + 4L, (2.1)

where 1 represents the baryon field with mass My, ¢ and V# are the neutral scalar
and vector meson fields with masses m, and m,, respectively. F* = V¥ — 9"V H
is the field tensor for spin-1 particle and §£ contains the counter terms required for
renormalization of the model. In Eq.(2.1), the scalar meson couples to the scalar
density of baryon g, U W¢ and vector meson couples to the conserved baryon current
through g, W+, ¥V#. This was motivated by the large Lorentz scalar and four-vector
components observed in the nucleon-nucleon interaction [46,47].

The Feynman amplitude for nucleon-nucleon interaction as shown in Fig.2.1 is

given by

Mi(¢?) = [an(ps)Ti(q)un(p1)] Di(q®) [an (pa)T;(—q)un(p2)], (2.2)

where, uy, I';i(¢?) and A;(¢?) denote the Dirac spinor, vertex factor and meson

propagator, respectively. The non-relativistic limit of Eq.(2.2) yields the one boson

Figure 2.1: NN interaction is generated via the exchange of a scalar meson (o) and
a vector meson (w) in QHD-I.
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exchange potential in momentum space. The coordinate space potential can be
obtained by Fourier transformation of the momentum space potential. Thus one

obtains the following nucleon-nucleon interaction potential:

2 —myT 2 —mgTr
g\ €7 g\ ¢
Vier(r) = (22 (= . 2.
s1(r) (47r) r <47T) r (2:3)

The well-known feature of nucleon-nucleon interaction as found from nucleon-

nucleon scattering experiment i.e. a short range repulsion and long range attraction
[46,47,114] is clearly understood from the above expression of V.;¢(r). The short
range repulsion between nucleons comes from vector meson (w) exchange and scalar
meson (o) exchange generates the long range attraction. With an appropriate choice
of the values of coupling constants g, and g, can give quantitative description of

nuclear matter which will be discussed later. First we focus on the field equations.

2.1.1 Field equations

The field equations of motion can be found from the following Lagrange’s equation

of motion:
0 oL oL
Our [a (—aim] " 24

One obtains the field equations of motion replacing the generalized coordinate ¢ by
the fields ¢, V* and 1.

00, +m3] ¢ = gy (2.52)
oMF,, + mivr = gv@/_)%ﬂ/) (2.5Db)
[ifyuau - MN] ?/f = [gU’YMVM - g5¢] ’17/) (2'5C)

Eq.(2.5a) and Eq.(2.5b) represent the Klein-Gordon equation with the ) as the
source and equation for the spin-1 particle with @E%ﬂ/) as the current source. Eq.(2.5¢)

is the Dirac equation for baryon interacting with mesons.

2.1.2 MF approximation

It is clear from Eqgs.(2.5a)-(2.5¢), the exact solutions are very complicated and the
perturbative approaches can not be applied because of the large value of the coupling

constants, g; and g,. One may solve these equations considering the mean field
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approximation. In this approach the meson fields are replaced by their ground state

expectation values.

p — < P>= (2.6a)
Ve, — <V,>=0,W (2.6Db)

Now derivative of the meson field vanishes and the field equations (2.5a)-(2.5¢) read

as
gs - gs

¢o = 2 < YPp >= Wﬂm (2.7a)
_ gv T . gv

Vo = m2 < w w >= mefH (27b)

[i7,0" — My = g,V (2.7¢)

where, p, and p, are the scalar density and baryon density, respectively. My, is the

effective nuclear mass given by
My = My — gsoo (2.8)

Now the field equations (2.7a)-(2.7c) become exactly solvable and in the mean field

approximation the Lagrangian given in Eq.(2.1) and the Hamiltonian reduces to

—r. N 1 1
Lyr = ¢ [Wuau - My — gUVOVO} Y+ §m3V02 - §m§gb% ) (2.9)
oL )
Hyr = aMF Gi — Lmr
q;
1

1 - . Z *
:—Emﬂﬁ+?ﬁ%—wkw&+&%%+Mﬂw- (2.10)

2.1.3 Solution of Dirac equation

To solve Eq.(2.7c) one may consider the solution of the form ¢ = ®(k,s)e” *2

where k - = k,a* = koz® — k- x = e(k)t — k- x and s denotes the spin index.
(0 K+ BM3) Dk, ) = (=(K) — gVo) Dk, 5) (211)

where of = %%, B = +% and y#s are the Dirac’s gamma matrices. Multiplying 3
to the both sides of Eq.(2.11) one obtains
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(Y, — M) (k. s) =0, (2.12)

where ko = e(k) — g,Vo. Multiplying Eq.(2.12) by (v*k, + My) yields,

e(k) =g, Vo £ K2+ M2 =g,Vh £ Ejk) =ex(k). (2.13)

Thus, for positive and negative energies i.e. for e1(k), Eq.(2.11) reduces to

(a-k+ My UKs) = (e4(k) — g Vo) Ulk,s)

= Bk Uk,s), (2.14a)
(a -k — BM]tf) V<k7 S) = - (5* (k) - gv%) V(kv S)

= Eyk) Vk,s), (2.14b)

where U(k,s) and V(k,s) represent the corresponding Dirac spinors with the fol-

lowing normalization condition:

> Uk s)Uk,s') =) V(k ) V(k,s) = 2E5(K) bs - (2.15)

s, s’ s, s/

The general solution is the superposition of the positive energy and negative energy

solutions:

1 . .
U(x) = _— [ak,s U(k,s) e= (EEkx) L pE Pk s) e’l(s‘(k)”k'x)] .
ng JV 2EL(K) ,

(2.16)
Here al s and ay ¢ are creation and annihilation operators for particles and likewise
blT(S and by ¢ are the creation and annihilation operators for antiparticles. The only

non-vanishing anticommutation relations are

{salyg b = {bs. B } = (k= K) 0,0 (2.17)

The scalar and baryonic density operators may be written as

R 1
py = Php= v Z (aLSak’S — bstks) : (2.18a)
k,s

Ps = Q/}’g/) = — Erravr (a sOk,s + b sbk,s) s (218b)
% kZ B (k) Kk k,
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Thus the Eq.(2.10) reduces to

. 1 1 L1 *

Hyr =— 57”3 V02+§m§ Do +2.Vo Pty ZEN(k) (al,s@k,sﬂLbL,sbk,s) - (2.19)
k,s

In medium, the vacuum |0) is replaced by the ground state |V, ) which contains

positive-energy particles with same Fermi momentum ky and no antiparticles. Since

|Wy ) contains only positive-energy particles, the operators follow that

bxs|to) =0 for all Kk, (2.20a)
axslto) =0 for |k| > ky, (2.20b)
af Jto) =0 for [k| <k, (2.20¢c)
aksaf  |To) = n(k)|T). (2.20d)

The value of n(k) is either 0 or 1 depending upon |k| is greater than or less than
kn. This can be accomplished with the step function 6(ky — |k|).

2.1.4 Scalar and Baryon densities

The ground state of nuclear matter is obtained by filling up momentum space states
up to Fermi momentum ky and spin-isospin degeneracy «. In nuclear matter v = 4

and v = 2 in pure neutron matter. For infinitely large volume V,
1 d’k
=y — :
v [ Gy

Therefore, the ground state expectation values of g, p, and £ yield the scalar density,

(2.21)

baryon density and energy density, respectively:

Y M3,

ps =< tho|ps|to > = CE E}Vﬁ{)dsk 0(kn — |KkI),

- 74]\7@ [kNE}‘V — My In (LNA;EE?V )} ,  (222)
=< ol > = s [ @ 0lk K,

= T3, (2.23)

672
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gg 2 mg * 1\ 2 d3k *
E = 2 m? (pp)” + 2—g§<MN — My +7 (27T>3EN(k) O(ky — |k|) . (2.24)

Note that Ey = \/k% + M;? denotes the Fermi energy of nucleon. From Egs.(2.7a)

and (2.22) one obtains the self-consistency condition for the effective nucleon mass:

M, ky + E-
M = My — BEME T e ey (Bt BT (2.25)
m? dn? M

It is clear from Eq.(2.25) and (2.22) that AM* = M — My = M,,— M, = AM as
the nucleon masses are modified by the scalar mean field, which does not distinguish
between neutron and proton. The Eq.2.25 can also be obtained by minimizing the

energy density £ at fixed baryon density i.e.

o0&
=0. 2.2
<6va)pb 0 (2.26)

2.1.5 Coupling constants

The coupling constants g, and g, are chosen in such a manner to reproduce the

saturation properties of uniform nuclear matter. We use the values from Ref. [45],
o M% , M
Ci=gi—% m2 =2671, C?=g2— L = =195.9 , (2.27)

which provide a binding energy,

£ My = —15.75 MeV. (2.28)

P
for a Fermi momentum ky = 1.42 fm~! corresponds to the baryonic density p, =
0.1934 fm~3. This small nuclear binding energy arises from the cancellation between
large attractive and repulsive contribution of scalar and vector fields, respectively.
We present the saturation curve in Fig.2.2. With this choice of coupling constants,
M7, /My = 0.56 at the saturation density.
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€/pp-Mn(MeV)

0.1 0.2 0.3 0.4 0.5
Pu(fm?)

-30

°orT

Figure 2.2: Saturation curve for symmetric nuclear matter.

2.2 Nucleon propagator in medium

The in-medium nucleon propagator which is one of the basic ingredient of our calcu-
lation, is different from the usual nucleon propagator. Here we present a derivation
of in-medium nucleon propagator. The position space nucleon propagator in vacuum
is given by the vacuum expectation value of the time ordered product of Fermion
fields.

iGy(z — ') = (0] Tl (x)P()] 0) . (2.29)

In medium, |0) is to be replaced by |¢y ) and we denote the nucleon propagator in

medium, G to distinguish it from that in vacuum, G . Thus,

Gy —a') = (Uob(a)i(@)Wo) (t — ¢)
— (Dol )| Wo ) O 1) . (2.30)

Note that the time-ordered product in Eq.(2.30) involves negative sign for Fermions
(nucleons). To derive the nucleon propagator in medium we neglect the modification
due to vector mean field (Vp) [2,45] implies that ei(k) = +£FE% (k). Therefore,
Eq.(2.16) reduces to

[ak,s Uk,s) e ™ + b;s V(k,s) e™| . (2.31)

P
vl = / NP Z
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Now the ground state expectation values reads

d*k’
(ol (2)(a")|Wo ) /¢%ﬁﬁw /¢Z&M*k

X Z ‘I’o|ak,5ak,75,|\lfo) (k,s)U (K, s )e ke k')

s,s’

B / m@é + M) ™1~ Ok — [K|)] , (2.32)

<\DO|’J}("E,)¢(1‘)|\I’0> = /\/ 32E* /\/ 2ﬂ_d32k;* k/

Z [< \I/0|ak/75/ak7s|\110>u(k/,s Uk, s)e  kak"2)

s,s’

+ (olbw wbl|Wo) V(K 8 )V(k,s)) e*i(k-mfk/-m/)]

::/@ﬂ%%ﬂﬁi%+M@Wm“IM@N—mb

+ (- My)e ) (2.33)

X

The theta functions can be written as

; / . dk/ —ik{ (t—t")
H(t o t/)e—zk-(m—x ) e_lk.(x 2! Z/ 07.
2m ko + 1€
; dk, e~ ko +EY (K)(t—t')
— ,iezk-(x x') .
2 ko + e
_ ’ieik'(xixl) % efiko(tft/)
2m | ko — Ex (k) + i€
- [ dkg e~ ik (z—a)
- o : 2.34
Z/ 2 {ko—Ejv(k)+ie (2.34)
Similarly,
; ' dk etk (z—a')
0 t/ —¢ —ik-(x—2x') _ _/_0 5 35
( )e ! 21 ]{IO — EX[(k) — 7€ ) ( )

(ot dk gil-(a—a')
Ot —t ik-(z—z') _ / 0 . 5
o 2 | ko — Ex (k) + e (2.36)
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Eqgs.(2.33), (2.35) and (2.36) yields

(Wl (@)% 0 1) = =i [ s
e—ik~(x—a:’)
o L]

. d*k i} eik-(:vf:r/)
T / (2m)42E7%, (k) [(k B MN)ko — E3(k) HJ
. d4k —ik-(z—2' *
= 1 g )

O(ky — |K|) 1
[ko — Ey(k) —ie  ko+ Ef(k) — Z-J - (2.37)

To arrive at the last line of Eq.(2.37) we have changed k& — —Fk in the last integral
of the second line of that equation. Similarly, from Eqgs.(2.32) and (2.34) we obtain

(Wb W)t =) = i [ e e 1)

0EL )
1= 0(ky — k)
. 2.
Substituting Eq.(2.37) and (2.38) in Eq.(2.30) one obtains
d*k < /
(* _ 2 = 5 v —ik(x—a) M*
iGy(r — 1)) Z/(27r)42Eke (K+ My)

The first term of Eq.(2.39) represents particle propagation above the Fermi sea and
the second term indicates the propagation of holes inside the Fermi sea. The last

term shows the propagation of holes in the infinite Dirac sea. Here,

1 B 1 _ 2F% (k) (2.40)
ko — Ex(k) +ie ko + Exy(k) — ie k? — M2 +iC ' '
1 1
= 2ind(ko — Ex(k)) . (2.41)

ko — E%(K) —ie ko — Ex(K) + ie
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From Eqs.(2.39)-(2.41),

- v / . d*k —ik-(x—x’)
iGy(x—2a') = i (27T)4e Gy(k), (2.42)

where G (k) represents the in-medium nucleon propagator in momentum space

which consists of

G (k) = GEE (k) + GEP (k) | (2.43)

Explicitly,
GiE(k) = % , (2.44a)
GO = (4 M3) 0k — BR(Q) 0k — k). (2440

The superscript F' and D denotes the free and dense parts, respectively. Note that
delta function in Eq.(2.44b) indicates the nucleons are on-shell while 0(ky — |k|)

ensures that propagating nucleons have momentum less than k.






Chapter

Pions in Asymmetric Nuclear Matter

In this chapter we investigate the pion propagation in asymmetric nuclear matter
(ANM) using relativistic models [10,45]. The importance of relativistic corrections
and density dependent pion mass splitting in ANM in the context of deriving pion-
nucleus optical potential was discussed in [105]. The formalism adopted in [105] was
that of chiral perturbation theory. Such investigations are important to understand
the pion-nucleon dynamics at finite density. Medium modifies the pion masses. Such
mass shifts in nuclear matter can be used to calculate the pion-nucleus optical po-
tential [20,21,105,115-120] which are different for different charged states. Recently,
in the context of astrophysics, pionic properties in ANM has also been studied by
involving Nambu-Jona-Lasinio model [106,107]. Furthermore, in-medium pion dis-
persion relations also determine the low mass dilepton yields in relativistic heavy
ion collisions which has been mentioned in the introduction [99, 102].

With this motivation, here we focus on the propagating modes of various charged
states of pions which are non degenerate in ANM. This is in sharp contrast with
most of the previous calculations which mostly deal with symmetric nuclear matter

(SNM) [98,100].

3.1 Pion-Nucleon interaction

Pion is the least massive meson which is responsible for the long range nucleon-
nucleon interaction. The pion-nucleon interaction is strongly spin and isospin de-
pendent. To study the pion dispersion in ANM, we consider both the pseudoscalar

and pseudovector couplings of pion with nucleon.

23
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3.1.1 Pseudoscalar 7N interaction

Historically, pion (7) and rho (p) mesons were first included by Serot [121] into
the original Walecka model for the realistic description of dense nuclear matter
(DNM). However, the calculation was restricted to the mean field (MF) level. The
renormalizibility of the theory was preserved by considering the pseudoscalar (PS)

7N interaction. Our starting point is the following Lagrangian [122]:

- o 1 - .
L = V(0" — M)V —ig V(7 D)V — §gp\IlfyH(T SO — g, Uy, DLV
1 _ 1 5o, 1 1 ﬁ
+ 5@@0%5 — m2®?) + g Vo, — 5mfrcpi + §m3q>wq>g + 5gqb,rmscbscpfr
1, - - . - Lo 1 ,» =
1 i(aﬂcmr — 2, Pp X Or) - (0P — g, Ph X D) + §m§q>pu - o1
1 4 1 ] >3 174
_ ZGWGM — 4B B (3.1)
where,

GMV = auq)wu_au(bwu (32&)

By = 0,8, —0,8,, — 2,8, X P, (3.2b)

Here, U, cf)m D, Cf>p and P, represents the nucleon, pion, sigma, rho and omega
fields respectively and their masses are denoted by M, m., ms, m, and m,,. In the
present chapter we neglect the explicit symmetry breaking i.e. M, = M, = M and
My = My = M*. In Eq.(3.1), the pion-nucleon dynamics is described by

Ef]ffN - _igﬂ@75 (7? 5#) \I/’ (33)

where, g, is the pion-nucleon coupling constant [123].

This model successfully reproduces the saturation properties of nuclear matter
and yields accurate results for closed shell nuclei in the Dirac-Hartree approxima-
tion [112]. But, the appearance of tachyonic mode for pions even at density as low
as 0.1pg, (po denotes normal nuclear matter density) poses a serious problem [124].
Such a non-propagating mode for the pions can be removed by extending the calcu-
lation beyond the MF level as showed by Kapusta [124].

This model has an added advantage because of the presence of 7-0 coupling in

addition to the usual PS coupling of the pion with the nucleons which is responsible
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for the generation of small s-wave pion nucleon interaction in vacuum. This is
consistent with the observed characteristics of the pion-nucleon interaction which
is dominated by the p-wave scattering while the s-wave scattering length is almost
zero. In matter, however, as argued in [122,124], such subtle cancellation does not
occur and pion gets unrealistically large mass in matter. To circumvent this problem
it was suggested in [124] to use the pseudovector coupling even though it makes the

theory non-renormalizable.

3.1.2 Pseudovector 7N interaction

The theoretical challenge, therefore, is to construct a model with 7N pseudovector
(PV) interaction which preserves the renormalizibility of the theory. This was ac-
complished in Ref. [122] following the technique developed by Weinberg [125-127]
and Schwinger [128]. Here one starts with the PS coupling and subsequently in-
vokes non-linear field transformations to obtain PV representation. Unlike straight
forward inclusion of PV interaction in this method one requires only finite number
of counter terms which makes the theory renormalizable.

We, here, start with this model developed by Matsui and Serot [122] to study
the pion propagation in ANM. Clearly, the model adopted here is different from
what we had invoked in our previous work [129]. Furthermore, in [129], for the
determination of pion self-energy in matter only the scattering from the Fermi sphere
was considered and the vacuum part was completely ignored. The latter gives rise
to a large contribution to the pion self-energy in presence of strong scalar density
(ps)-

To obtain the PV representation of 7N interaction we start from the Lagrangian

given in Eq.(3.1) and perform the following nonlinear chiral transformation [122]:

; (3.4a)

a
I

g, = M- \/(M — g, ®,)% + 202 . (3.4¢)
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The last two equations (3.4b) and (3.4c) are used to express the old fields ®,

and @, in terms of new fields @ and ..

g - 1—2(f7r/m7r)ii>’s]q;;’ (3.5a)
1+ (fw/mﬂ)Qq);rQ
o, _ (L= Un/mal T+ (/) (/)87 (3.5D)

Lt (fr/ma) 2P

After the above transformations the Lagrangian Eq.(3.1) reduces to

_ 1 = = _ _
L= W(iy,0" — M)V — §gp\Il’fyu(F- PN + g W'DV — g, W'y, OHT

1 1 = = g - =g =g
+ 5(8,}1%8“‘1% - m?‘bi) + é(auq)ﬂ - gpq)pu x (IDW) ) (al‘cpﬂ - gpq’ﬁ X (IDW)

1,2 1 S, 1 1 ,- =
— §m3rc1>$r + §g¢mmsq>sq>§ + §mi®w<bfj + §miq>,m - o1

2
- - ((];j// mﬂ)z@ V(7 8,) x (048, — g, 8% x & )0’
+ w/ My T
f7r my - - =g =g =g

14 Ef jm ;2*/2 Wy - (0" D7 — g, ®f x &)W

]- 1 — —
— 7GwG" = B B" (3.6)

It is seen from the Eq.3.6 that the 7N PS coupling has disappeared and instead the
pion-nucleon dynamics is now governed by the last term of the above mentioned

equation. At the leading order one obtains the usual PV coupling represented by,
5y = g, (78 w (3.7

Here f, is the pseudo vector coupling constant and % = 0.08 [23]. The factor f, is
related to g, with

Jr r
— = 3.8
M 2MN ( )

The above mentioned model has various shortcomings too. In fact, the Ref. [122]
itself discusses its limitations in describing many body wN dynamics. For exam-
ple, the successful description of the saturation properties of nuclear matter in this
scheme requires higher scalar mass which gives rise to larger in-medium nucleon

mass compared to the MFT. In addition, it also fails to account for the observed
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pion-nucleus scattering length at finite density [122]. In the same work, chiral 7-o
model has also been discussed to which we shall come later. In the end, we present
results calculated using this non-chiral model together with what we obtain from a

chirally invariant Lagrangian.

3.2 Pion self-energy

It is well known that the particle dispersion changes in matter because of scatter-
ing with the medium constituents. This is characterized by the density dependent
self-energy of the particle. At low density, this can be calculated by multiplying
the forward scattering amplitude with the density, which, however fails at higher
density where multiple scattering becomes important. To incorporate the higher or-
der effects one needs to calculate the full self-energy by evaluating loops at various
orders. The real and imaginary parts of the self-energy determine the in-medium
mass and decay width of the particle.
The the one-loop contribution as shown in Fig.3.1, to the pion self-energy reads
d*k
L) = [ G TG )G+ ] (9)
where the subscript N stands for nucleon index (i.e. N = p or n), k = (ko, k)
denotes the four momentum of the nucleon in the loop and ¢ = (g, q) is the four
momentum of the meson. I'; is the vertex factor. For PS coupling I', = —ig,vs and

I, = Z.’75’)/ﬂqu1£—: for PV coupling.

The essential ingredient to calculate in-medium pion self-energy is the in-medium

nucleon propagator G% which consists of free (or vacuum) part,G%f and a density

p n n,p
7r0 7T0 7r0 7r0 T , ot~
---»--O—-»—-- —|---->---O-->--- E -p -
p n p,n

(a) (0)

Figure 3.1: One-loop self-energy diagram for 7° (a), and (b) represents the same for

T,
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Figure 3.2: Cutting of nucleon loop implied by the product of two delta functions (a),
and the decay of pion into nucleon-antinucleon (b).

dependent (or medium) part, G3P as shown in Eq.(2.44). Now the self-energy given
in Eq.(3.9) in terms of G} and G3P reads
d*k

M) = [ T LG W06 (+0)

+ Ta(q)GN (BT (—)GN (k+q) + Tx(q)GY (F)T(—q)GN (k+q)

+ Ta(@)GN (BT (—q)GY (k+q) | . (3.10)

Here the last term of Eq.(3.10) contains the product of two delta functions (G3P (k)
GP(k+ q)) which puts both the loop-nucleons on-shell implying the cut in the loop
(Fig.3.2a). This means that pion can decay into nucleon-antinucleon (Fig.3.2b) pair
which happens only in the high momentum limit i.e |q| > 2k,,, and also ¢ > 2E}
where £, = \/m is the Fermi energy for proton (or neutron). Under
this conditions only last term of Eq.(3.10 contributes to the self-energy. But in the
present calculation, we investigate low momentum (of pion) collective excitations
only [11]. Thus the total self-energy consists of F'F' and (F'D+ DF') parts. The FF
part of the self-energy contains the Dirac sea contribution, while (F D+ DF') contains

the Fermi sea contribution. We denote them by H;Siﬁ,’ac and H;;Ngw 4> respectively.

) = [ ST [ LG WG ()] G

(N 2 - d4k *F *D
M) = [ T [ TG (T~ G5 (k)
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d*k i} .

/ (27T)4Tr [T:()GY (k)T (—q)Gy (k+q) | . (3.12)
Once the full self-energy IT*_(¢?) is calculated, one should use the Dyson-Schwinger
equation,

An(@®) = An(@®) + An(PT () AR(4) | (3.13)

to find the in-medium dispersion relation. Diagrammatically this has been shown
in Fig.3.3. The poles of the dressed (meson) propagator, A, (¢?) of Eq.(3.13) gives

the dispersion relations .e.
1= An(@)ITE (q?) = 0, (3.14)

where A, (q¢?) is the bare meson propagator given by

Ar(¢?) = . (3.15)

2 2
q= —mz

e Qe OO

Figure 3.3: Dressed meson propagator.

3.2.1 Tachyonic mode of pion

The interaction Lagrangian Eq.(3.1) has a term involving the coupling of pions with

the scalar meson (¢ meson) given by

1 —
Low = §g¢wm3<bs<bi (3.16)

Here, g4 is the coupling constant of the scalar to pion field. The 7N scattering
amplitude would now involve both nucleon and ¢ meson in the intermediate state
causing sensitive cancellation between the two that gives reasonable value of the s-
wave scattering length [124] as mentioned before. At the self-energy level Eqgs.(3.3)
and (3.16) will generate the exchange and the tadpole diagram as shown in Fig.3.4b
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Figure 3.4: Tadpole contribution to the pion self-energy.

and 3.4a. First we consider the tadpole diagram whose contribution to the self-
energy is given by
Htad = _g(bwms(bOu (317>

where,

8s
(bO = w(ps,p + ps,n>- (318)

Note that ps y(IN = p,n) represents the scalar density given in Eq.(2.22). It is to be
noted that in the mean field theory (MFT), only the tadpole diagram (see Fig.3.4a)
contributes, while Fig.3.4b is neglected. The origin of tachyonic mode can now easily

be understood. The pion mass in matter due to the tadpole is given by [124]

mf = mi + g
= M2 — gexMsPo
Zopn8s
= m72r - fn (p&p + ps,n) . (319)

S

The second term of the last equation is quite large even at densities far below pg

density viz. m:? < 0 for p ~ 0.1py, where p denotes the nuclear matter density.

3.2.2 Self-energy for PS coupling

Now we proceed to calculate the pion self-energies for different charge states of pion.
First we calculate the vacuum contribution (Dirac sea contribution) to the pion self-
energy using Eq.(3.11). For n* the coupling constant g, gets replaced by v/2g;.

After calculating the trace we obtain

d*k [ M* — k- (k+q) (3.20)

H;krfr)f)ac<q2) = Sigi/ 2m)% | (k2 = M=) ((k + q)2 — M*2)



31 3.2 Pion self-energy

From Eq.(3.20) it is observed that II*2° (¢?) is quadratically divergent. To elim-

T, vac

inate these divergences we need to renormalizes II*29 (¢?). Here we adopt the

TT,vac

dimensional regularization [130-132] technique to regularize TIP3 (¢%) with the

T, vac

following results (details are discussed in Appendix B).

N 2 1 M2
PSS (o2) — & | M2 — M2 2 oy (L M7
Wﬂ,vac(q ) 27T2 3( ) + (q mﬂ') 6 + m72r
M* SM?*(M — M*)?
— 2M*In(—
' ( M) (402 = m2)

_MrAMR g ( q )
i

8M? . My
X tan~ | ———
Myy/AM? — m2 VAM? —m2

n /01 dz 3z(1 — 1)¢? In (A]Z;__Tz;g :”3)] . (3.21)

It is found that the result given in Eq.(3.21) is finite and no divergences appear
further. In the appropriate kinematic regime it might generate imaginary part:

1

2
Im I8 (%) = S dz (M —3¢°z(1 — x))

T, vac - 272 o
x Im[In (M* - ¢@x(1 — ) —if)]

2
_ i_ﬂ [q 7 — 4M*2] 0 (q2 — 4M*2) ) (3.22)
m

If we consider that (M* — M) is small enough then the last term of Eq.(3.21) can
be approximated to 2In(M* /M) and the integral can be easily evaluated to give

s (?) ~ —é+dd, (3.23)

TT,vac
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where
2 *
~ gT( 2 *2 *2 M
= = 2M* — M 2M* 1 24
¢ 53 [3( )+ n<M)}, (3.24a)
. 3g2 [ M\?
d = == | —1 . .24b
272 (mﬂ) (3:24b)

Now we calculate the medium contribution (Fermi sea contribution) to the pion-self
energies using Eq.(3.12). After calculating the trace and performing integration over

ko we obtain

X >k
L mald®) = _Sgi/WAPS (3.25)

X >k

wafifd(QQ) = —8g’ / W[APS:FBPS]
= 205 (%) F OIEES (d?), (3.26)
where,

SIIPS (%) = —8g? ﬂB 3.27
7r7r,med<q ) - Er (27T)3E* PS- ( . )

The self-energies of 7 and 7% are denoted by the superscripts 0 and £ as shown

in Eqs.(3.25) and (3.26). The explicit expression for Apg and Bpg are presented

below:
B (k- q)?
Aps = {—(f 10k q)2} (6, + 6,), (3.28)
Brs = 5 {%} (6, — 6,). (3.29)

with 6,,, = 0(k,.,— |k|). We restrict ourselves in the long wavelength limit i.e. when
the pion momentum (q) is small compared to the Fermi momentum (%, ,) of the
system where the many body effects manifest strongly. In this case particle propa-
gation can be understood in terms of collective excitation [11] of the system which
permits analytical solutions of the dispersion relations [11,133]. But in the short
wavelength limit 7.e. when the pion momentum (q) is much larger than the Fermi

momentum (k,,), particle dispersion approaches to that of the free propagation.
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Note that for SNM, Bpg = 0 implying

nmwomed — Towmw,med *

In the long wavelength limit we neglect the term ¢* compared to the term 4(k - ¢)2
from the denominator of both Apg and Bpg in Egs.(3.28) and (3.29). Explicitly,

after a straight forward calculation we get,

2 1 1+w
Tors 2y = B |k pr o S|t
ﬂw,med(q ) 271'2 p Hp 2 n 1 — Up
2
gﬂ' * 1 *2 1+Un
== |k, B, — =M™ In|——|]| , 3.31
" 2n2[ "D nh—vn} (3:31)
and
S 2y _ B 1o fetv| M [ Ry /B -1 q_2
5H7r7r med(q ) - ) Ep In tan _
| 22 |27 o=l /G- 1 oM+ )| ]dl

2 1 N M* kn 2 1 2
o A pan~' | T2V O 2N L3 39)
27 _2 Co—Un| +/c2—1 coM* q

where vy, = kyn/E,, and ¢ = qo/|q|. The approximate results of Eqgs.(3.31)
and(3.32) are given below:

e () ~ Q8 (3.33a)
2
SRS (7)) = =2 L. (3.33b)
qo
where
2 k,3 k3
PS o g * * 1 *2 P n
Qﬂw,med - 2—71_2 |:(k:p Ep + kn En) - gM (E;?’ + E:Lg)
1 kK> kD k, k
. _M*Q D n . M*2 'p n ) 4
5 (E;:5 " E:;S) <E;; " E)] | (3.342)

2 3 3
. g2 [1 [ k k3
¢ T o {5 <MI’)‘2 - M*Qﬂ ' (3.34b)
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Thus the total pion self-energy with the tadpole contribution reads

H*(O,i)PS(q2> _ [ﬁ*PS (¢%) + H*(Oﬁi)P5<q2)] 4 Myaa(q?) . (3.35)

nm,total TT,vac ww,med

3.2.2.1 Dispersion without Dirac sea

In this subsection we use the self-energies of Eq.(3.58) to find the pion dispersion
relations. We obtain the dispersion relations solving the Dyson-Schwinger Eq.(3.14)
which reads

(" —mios) — H*(O’i)PS(QQ) =0 (3.36)

77, total

Here m,o+ are the masses of 7° and 7%. Substituting every thing in Eq.(3.36) and
performing algebraic manipulation and after simplification the dispersion relations

can be cast into the following form:
g5 ~mipe +q’. (3.37)

The medium modified masses or effective masses of pions can be presented as

myp o mio + Mg + Q07 mea 5 (3.382)
2 PS

%2 mo+ + Hmd + Qﬂ'ﬂ' med
: 3.38b
mﬂi 1 - 5Qf7§,med ) ( )

where,

5L = ¢ . (3.39)

\/mii + Htad + Qf;rs:med

3.2.2.2 Dispersion with Dirac sea

Solving the Eq.(3.36) and after simplification we obtain the following pion dispersion
relation:
g ~m5e +q’. (3.40)
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The medium modified masses or effective masses of different charged states of pions

in presence of Dirac sea can be presented as

1
m;kr% — 3‘ [er;itotal - m?r0:| ) (341&)
QPS _ m2
ma o~ ol | (3.41D)
(]‘ + 5Qﬂ7r,total) d
where,
Qf:,ztmﬁatl = Cc— Htad - Qff,med? (342&)
SOES, = — ‘ —|. (3.42b)
\/(Qﬂw,total - mﬂi)d
In the PS coupling the asymmetry driven mass splitting is of O(k;(n) J/M*?). The
terms 5(257;5: totar ad 597]:7*2 meq are non-vanishing in ANM and responsible for the pion

mass splitting.

320 200
L —° -
- a— + : _ P
300— 1[_ 190_ Tl?t //
- e : —_
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S 260 f= | I -
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Figure 3.5: Pion dispersions for PS coupling at p = 0.17fm ™3 and o = 0.2.

Pion dispersions (for PS coupling) at p = 0.17fm ™2 and « = 0.2 are shown in
Fig.3.5. The dispersions for various charge states of pion without the effect of Dirac
sea are displayed on the left figure and on the right figure the same are displayed
with the contribution of Dirac sea. Without the Dirac sea, dispersions are found

to be different for different charge states of pion while, with Dirac sea contribution,
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Figure 3.6: Density dependent effective masses of pion at o = 0.2 for PS coupling.

the 7+ and 7~ dispersions are not distinguishable from each other. In Fig.3.6 and
Fig.3.7 we present, the density (p) and asymmetry parameter («) dependent medium
modified masses for the various charged states of pions. In the left figure we present
the results without vacuum correction (Dirac sea). Here we include both the tadpole
and N N-loop.
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Figure 3.7: Asymmetry parameter () dependent pion masses at normal nuclear
matter density for PS coupling.

It is evident that the inclusion of (3.4b) diagram removes the tachyonic mode but
gives rise to effective pion masses unrealistically large as discussed by Kaputa [124].
This is shown in the left figure of Fig.3.6. It is found that with the increase of
asymmetry, «, effective mass of 7 decreases and for 7~ it increases rapidly. But

in presence of Dirac sea, the in-medium masses of 7+ and 7~ are almost degenerate
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Table 3.1: Effective pion masses including the tadpole contribution to the self-energy
in PS coupling. Kapusta corresponds to ref. [124] and BDM corresponds to the
present calculation.

*2 *2
ms mL
2 2
MFT mﬂo + Htad mﬂ_i + Htad
(in + Htad) + Qfmfmed
Kapusta ( Mo + Htad) + er med 1 F 6QF% ,med
l -~ 2 PS ¢ - (m ot + Htad + Q7'r7'r med
BDM J[C (mwo + Htad + QT(ﬂ' med)] (1F 5Q7m total) d

below a = 0.4 as evident from the (right) Fig.3.7.

It is to be noted that the inclusion of the vacuum part reduces the effective
pion masses and gives reasonable value for the density dependent pion masses in
medium at normal nuclear matter density. The reason for this could be understood
from the Table 3.1 which enumerates expressions for the effective pion masses that
we obtain in three different cases. The top row represents effective pion masses
for the case considered in [121] which gives rise to the tachyonic mode, the second
row corresponds to the case discussed by Kapusta [124] and in the last row we
present results of the present work as by BDM. The presence of the additional term
d somewhat tames the dispersion curve bringing the masses down compared to [124].
This can be noted that at the MFT level Il;,4 involves sum of the scalar densities p; ,,
and ps,. Therefore, in MFT, as expected, the masses are insensitive to asymmetry

parameter «.

3.2.3 Self-energy for PV coupling

First we calculate the Dirac sea contribution to the pion self-energy. After calculat-

ing trace we obtain from Eq.(3.11),

PV 2 fr d'k [M2@+k-(k+q)¢® =2k -q)(k+q)-q
w2 = (e ) [ [ e o



Chapter 3: Pions in Asymmetric Nuclear Matter 38

Direct power counting shows that the term H;ﬁ}gac(qQ) is divergent. The appro-

priate renormalization scheme for the present model has been developed in Ref. [122].

We first consider a simple subtraction scheme described in Appendix B to obtain

9 2 1 «2 2

~ M** — ¢*z(1 — )

v 2y _ q Ja 2M*2/ dr 1 . 3.44
ww,vac(q ) 22 <m7r 0 v M*2 — m?rx(l — IL') ( )

Now ITI*V  (¢?) can be approximated to

T, vac

Y (?)~ec—dg?. (3.45)

T, vac

On the other hand borrowing results from [122] one has,

(@) = d +d ¢ (3.46)
Here,
(Y )
c = <\/67T> ’ (347)
_ o\
d = (Jéwmﬂ) : (3.47D)
d = (%) EM(M—M*)}, (3.47¢)

J = (j—;W)Q [2M*21n (j‘]@ ) qﬂ | (3.47d)

It might be mentioned, although ITI*2V (¢?) are different their effect on the effective

TT,vac

pion masses and corresponding dispersion relations are found to be marginal as we

discuss later. II*EV  (¢?) develops the following imaginary part:

T, vac

2
Im H;kr];};ac(qZ) — (ﬁ) |:22M*2 /qZ _ 4M*2] 2] (q2 _ 4M*2) ) (348)

My s

It is observed from Eq.(3.48) that Im IT*2V  (¢?) is non-vanishing only if ¢® > 4M*2.

TT,vac

Now we proceed to calculate the density dependent (Fermi sea contribution) pion
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self-energy. After calculating trace and performing the kg integration we obtain

0, -\ 43k
Hw?r,]:n‘;d<q2) = -8 (m—7r WAPV ) (3.49)

., i\ a3k

mo(d®) = -8 (m—w @B [Apy F Bpy]
20 () F 0T 4(d) (3.50)
where,

SIEY  (¢?) = —8g? ﬂB 3.51
7T7T,m€d(q ) - Er (27T)3E* PV - ( . )

The superscripts 0 and £ denote the self-energies of 7° and 7*. The explicit ex-

pressions for Apy and Bpy are presented below:

B M*2q4

Apy = [—q4—4(k-q)2] (6, +6,) , (3.52)
_ L[ AMPE ]

Brv = 5 |14 ooyt ()0, — ) (3.53)

In the long wavelength limit considering collective excitations near the Fermi surface,
Fermi sea contribution to the pion-self energy can be evaluated analytically. In this
case we can neglect the term ¢* compared to the term 4(k-q)? from the denominator
of Apy and Bpy in Egs.(3.52) and (3.53). This is called hard nucleon loop (HNL)

approximation [133]. Explicitly, after a straight forward calculation, we get,

1 T\ 2 1
H;kr(:r’fnZd(QQ) = M < / ) [(111’ ) ¢oln ot v )]
2 TMy 1 —w, Co — Up
1 2 1
+ Ly In | ot |2 ) | (3.54)
2 Ty 1—w, Co — Up

Co+Up
Co — Up

. ERNE Mg [
5H7r]7:,‘7/ned<q2> = < gk;’ qo — ‘q| EP In

My

Mk /E ]
d—1 coM~
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Co + U

2
- 2 M*2 2
— / kS g — a E’In
My 3 lq| Co — Un
2M* kon/2 — 1
— = tan~! HUAVA ) (3.55)
N coM*

The results of Eqgs.(3.54) and (3.55) are approximated to

4

oad®) ~ a q_2 +bq*, (3.56a)
’ 4o
ST ead®) = € qo- (3.56b)
where,
MNP T (RS kBT
™ L D n |
FMN? L (K, kD]
b= (7? m. ) |5 \E; TEs)| (3.57b)
= \'[2
= (meae) -] (3.57¢)
The total pion self-energy for PV coupling is
It (0°) = T (6%) + 1000 (6) - (3.58)

3.2.3.1 Dispersion without Dirac sea

Solving the Dyson-Schwinger Eq.(3.36) replacing H*(O’i)PS(qQ) with H*(O’i)Pv(qz)

7 total 7, med

and performing some algebraic manipulation we obtain the algebraic dispersion re-

lations for 7%* without the Dirac sea effect.

2 2 2 ’72 q*
Go = M o,+ + Yrrq + |:T + Oé7r7r:| m:—%i ; (359)
where
a
Gnr = T PV (3.60a)

7w,med
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Qrv b
Yom = 1 —omed (3.60b)
I Qmeed 1 - er:zmed
and m’3 . is the effective pion masses without Dirac sea effect:
2
x2 Mo
m.o = m s (361&)
2 M (3.61b)
m ~ , .
ﬂi I - (Qf)r/,med * 595Xmed)
where,
/
QLY = a+b, and sQLv = °< . (3.62)
’ ’ Myt

3.2.3.2 Dispersion with Dirac sea

The dispersion relations including the effect of Dirac sea can be found by solving
Eq.(3.36) replacing H*(O’i)PS(QQ) with H*(O’i)PV(qQ). The dispersion relations for

7w, total nm,total
7%% can be written as,
12 4
@ o~ mita+ [%’m + Qm;%,i&m} q’ + % + ol — Onr (m;%,i — 2%’W) ?—2 )
m. o+
(3.63)

The effective masses (m) of different charged states of pion are found from Eq.(3.63)

in the limit |q| = 0.

2

*2 m_o
me ~ (3.64a)
1 - Qf;—fztmﬁatl
2 Mg (3.64b)
mwi ~ . .
1 - <Q£Xtotal + 5Q£Xmed)
where,
Qthotal = er::med +c ) (365&)
a;m = 1 — SPV ) (365b)

7 total



Chapter 3: Pions in Asymmetric Nuclear Matter 42

d
57r7r = vattl s (365C)
QPV b c
/ 7, total
Yor = 1= ’ + + . (3.65d)
I - Qf;—fztmﬁatl I - Qf;—fztmﬁatl I - Qf;—fztmﬁatl

This is to be noted that, if one uses Eq.(3.46) instead of Eq.(3.45); m2, . and d will
be replaced by

m2oe — mios +c and d — d. (3.66)

and 0., will vanish. Numerically, as mentioned before, Eq.(3.45) and Eq.(3.46) give

results very close to each other.

180

0 20 40 60 80 100
q(MeV) q(MeV)

Figure 3.8: Pion dispersion relations (PV coupling) without (left) and with (right)
the effect of Dirac sea at p = 0.17fm =3 and o = 0.2.

The pion dispersions in ANM for various charge states of pion are presented in
Fig.3.8 for PV coupling. Unlike to the PS coupling, the dispersions for 7 and 7~
are found to be clearly distinguishable even with Dirac sea contribution as shown

on right figure.

In Fig.3.9 we show results for the density dependence of effective pion masses for
various charge states at « = 0.2. It is observed that the 7~ mass increases in matter
while 7+ decreases at higher density. The mass splitting is quite significant even at

density p 2> 1.25p,. The in-medium masses of 77 and 7° are found to be equal at
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Figure 3.9: Density dependence of effective masses for PV coupling without Dirac
sea (left) and with Dirac sea (right) at o = 0.2.

density p 2 1.6pg. In the right figure we present results with vacuum corrections.

Evidently the effect of vacuum corrections is found to be small.

We also present results of asymmetry parameter dependence effective masses for
different charge states of pion in Fig.3.10 at normal nuclear matter density. The
left and right figures present the effective pion masses without and with vacuum
correction. It can be observed that the asymmetry parameter dependent pion mass

splitting is insensitive to the vacuum correction.
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Figure 3.10: Asymmetry parameter () dependent effective pion masses (for PV
coupling) at p = 0.17fm™3, without (left) and with (right) vacuum correction.
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Table 3.2: Pion mass shifts in Pb-like nuclei.

mass shift (MeV)

Dirac sea Am,— Amo Am+

without 139.2 120.7 102.0
PS

with 17.41 16.8 17.37

without 6.82 4.95 3.47
PV

with 8.02 6.07 4.6

It should however be mentioned that unlike to the PS coupling, the vacuum
correction part for PV coupling is rather small. For loops involving heavy baryons
it could be quite high. We refer the readers to [134, 135] for detailed discussion.
In present case we have taken only the nucleon-loop in presence of the scalar mean
field. Typical values of the pion mass shifts in ANM for PS and PV couplings at
p=0.17fm™3 and a = 0.2 i. e. for Pb-like nuclei are presented in Table3.2.

3.3 Modern Technique

In the previous sections we have discussed pion propagation in ANM using both
the PS and PV interaction within the framework of non-chiral model. However,
the interactions as represented by Eq.3.1 and Eq.3.6, fail to describe in-medium 7N
dynamics as shown in [122]. Tt was also observed that the chirally symmetric model
(linear) has also various limitations [122]. For example, as mentioned before, it fails
to account for the pion-nucleus dynamics in nuclear matter both in the PS and PV
representations. In fact, it gives too strong pion nucleon interaction in matter which
cannot be adjusted by fixing the s-wave 7N interaction in free space even in PV
case. In this context the Dirac vacuum involving baryon loops was found to play a
significant role. If one uses the chiral model and breaks the symmetry explicitly, the
results are found to be very sensitive to the renormalization scheme [122]. In [136]
it was shown that the relativistic chiral models with a light scalar meson appear to
provide an economical marriage of successful relativistic MF'T and chiral symmetry.

It, however, fails to reproduce observed properties of finite nuclei, such as spin-orbit
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splittings, shell structure, charge densities and surface energies. Since then, there
has been series of attempts to construct a model which has the virtue of describing
both the properties of nuclear matter and finite nuclei [134, 137-141].

Currently, the non-linear chiral effective field theoretic approach seems to be
quite successful in this respect. It might be recalled here, that, in such a frame-
work, the explicit calculation of the Dirac vacuum is not required, rather, on the
contrary, here, the short distance dynamics are absorbed into the parameters of the
theory adjusted phenomenologically by fitting empirical data [135,140,141]. Now
we proceed to calculate the effective pion masses in ANM in this approach.

By retaining only the lowest order terms in the pion fields, one obtains the

following Lagrangian from the chirally invariant Lagrangian [141]:
L= T(in,0" — M)V + g, T, U — g, T, BT — i—f‘\p%%aﬂﬁ &,
1 1 - - - 1
+ 3 (0,2,000, — m0?) + (0,8, - 08, — m28?) + S, O

1
ZGHVGuV + Ly +0L. (3.67)

The terms Ly, and 0L contain, respectively the nonlinear terms of the meson sector
and all of the counter terms. The explicit expressions for £y and §£ can be found
in [141]. Tt is to be noted that the meson self-energy can be found by differentiating
the energy density [141] at the two-loop level with respect to the meson propagator as
indicated in Fig 3.11. One may therefore, identify the F'F'; F'D and DD parts of the
self-energy with the vacuum-fluctuation (V' F'), Lamb-shift(LS) and exchange (EX)
contributions to the self-energy respectively. The VF and LS terms are related to
the short-range physics while £ X part is related to the long-range physics. The
detailed discussion about this short and long distance separation can be found in
[135,140,141]. The diverging F'F part of the self-energy and LS can be expressed as a

sum of terms which already exists in the effective field theoretical Lagrangian and can

(a) (b)
Figure 3.11: Two-loop self-energy diagram.
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be absorbed into the counter terms. The short distance physics, as shown in [141],
while calculating exchange energies, are either removed by field redefinitions or the
coefficients are determined by fitting with the empirical data. The long-range part is
computed explicitly that produce modest corrections to the nuclear binding energy
curve. This can be compensated by a small adjustment of the coupling parameters.

Recently in Ref. [141] the exchange energy contributions of pion has been calculated

400

350
— 300
>
()
£ 250
e

200

150

Figure 3.12: Pion mass in medium at different densities and oo = 0.2.

within this theoretical framework. We adopt the same parameter set as designated
by MOA in [141] to calculate the 7 self-energy explicitly. The corresponding results
are presented in Fig.3.12. Here we simply depict the final results as the expressions,
at this order, for the pion self-energy and density dependent masses of 7° and 7=
remain same as those of Eq.3.64b except for the coupling parameters. Quantitatively,
it is found that, for the lower density, i.e p ~ pg, the effective masses for 7= (dotted
curve), ¥ (solid curve) and 7 (dashed curve) states are comparable with that of
PV coupling (Fig.3.9), while at higher density the mass splitting is significantly
enhanced. The charged states, i.e. 7 show stronger density dependence compared

to PV coupling. We also observe that the density dependence of 7° is rather weak.



Chapter

Mixing of Hadrons in ANM

Mixing of hadrons, as we have mentioned in the introduction, is an effect of
symmetry violation of the strong interaction. Neutral mesons with the same spin-
parity but of different isospins can mix at the fundamental level’ due to the finite
mass difference between up (u) and (d) quark [142]. At the hadronic level, neutron
(n) - proton (p) mass difference i.e. M, # M, causes various isospin pure resonant
states like -7, p-w etc. to mix without violating any conservation principles dictated
by other symmetries. On the other hand, if the ground state contains unequal
number of neutrons and protons i.e. p, # p,, ground state induced mixing takes
place even in the limit M, = M, [143].

Such matter induced mixing was first studied in Ref. [143] and was subsequently
studied in Refs. [129,144-147]. The calculations are mostly confined to the time-like
region where the main motivation is to investigate the role of such matter induced
mixing on the dilepton spectrum observed in heavy ion collisions, pion form factor.
It is also to be noted that such mixing amplitudes, in asymmetric nuclear matter
(ANM), have non-zero contribution even if the quark or nucleon masses are taken
to be equal. Interestingly, such mixing, as we shall show in the next chapter, can
modify the nucleon-nucleon interaction considerably giving rise to charge symmetry
violating (CSV) effects in various observables where medium corrections are relevant.

Here we present the study of 7-n and p-w mixing in ANM based on a purely
hadronic model. Such hadronic model has some added advantage. All the parame-
ters like masses, coupling constants etc. are well known in the hadronic description.

Furthermore, hadronic models are relatively successful for describing various nuclear

tsee Appendix A

47
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properties. The main assumption of our calculation is that the mixing is generated
by the N N-loops and the mixing amplitude is driven by the difference between pro-
ton and neutron loop contributions as shown in Fig.4.1. We, in this chapter, neglect
medium modification of the nuclear mass due to scalar and vector mean field (MF)
and, consider both pseudoscalar (PS) and pseudovector (PV) representations for 7-n
mixing.

To understand the origin of relative sign between p and n loops, we invoke the
meson-nucleon interaction Lagrangians of one-boson exchange (OBE) model where
the NN interaction is generated via the exchange of various mesons. One may
write the general form of isovector (i) meson-nucleon interaction and isoscalar (j)

meson-nucleon interaction explicitly as

'Ci NN — \I/pf‘,@,\pr - \I/nf‘,@ﬂlfn, (41&)
Liny = V00,9, + 0,00, (4.1b)

where U, (V,) is the proton (neutron) wave function, ®; (or®;) represents the
meson field and I'; (orl';) denotes the meson-nucleon vertex factors. From the above
Egs.(4.1a) and (4.1b), it is clear that the isovector mesons like 7 or p couple to p
and n with opposite sign while the isoscalar mesons like 7 or w, couple to p and n
with the same sign. This brings in a relative sign between the p and n loops.

Hij,total (qQ) = H(p)

ij,total

(@) — T (), (4.2)

where Hz(‘%otaz@Q) or Hgﬁgtal(qZ) is the contribution of total mixing self-energy due

to p-loop or n-loop.

Figure 4.1: The mixing amplitude is generated by the difference between proton and
neutron loops. The crossed blob represents the CSV piece i.e. the mizing of mesons.
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The one-loop contribution to the mixing self-energy reads

4
M) = | G TN @CN BT (G k)] (43
where the subscript N stands for nucleon index (i.e. N = p or n), k = (ko, k) and
q = (qo,q) denote the four momenta of the nucleon and meson, respectively. Here
G n denotes in-medium nucleon propagator instead of G as we use the free nucleon
mass My instead of mean field modified nucleon mass M3,. The nucleon propagator
Gy consists of a free (or vacuum) part G% and a density dependent (or medium)
part GX [45]:

GE(k) = % (4.4a)
GRUK) = -+ My) 6(ko — Ex)o(kx — [k, (4.4b)

where Ey = \/M% + k% is the energy of a nucleon with the Fermi momentum

kn. Substituting the full in-medium nucleon propagator like in previous chapter,

Gy = G§ + G%, in Eq.(4.3), one may identify a vacuum part, Hgﬁac(qQ) which
()

ij,med
GLGR + GRGE + GRGER. In the present study, the term proportional to GRGE

does not contribute as it vanishes for low energy excitation [11]. Thus the Eq.(4.3)

involves G§G% and a density dependent part, II (¢*) with the combination of

reduces to

H(N) (qQ):H(N) <q2)—|—H(N) <q2). (45)

ij,total ij,vac ij,med

Now explicitly the vacuum and density dependent parts read, respectively,

N e [ % . .
M) = [ G [ LR (—acht+a) ] . @)

and

M) = [ G5 [ TG B (0GR -+ ]
= [ G T@OGRBN (e ] . (@)
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(a) Hp(n> p(n) Hp<n)

w1, total Hﬂr/‘vac n,med
‘V\MI\< g)VV\N\' = ‘V\NV\< MM + ‘VV\N\< MMN
P w P w P w
p(n) p(n)
(b) H/)&;Atotal Hgin\zac H/)w'.med

Figure 4.2: Total mixing amplitude contains a vacuum part and a medium part.

4.1 771 mixing : PS coupling

In this section we discuss 717 mixing considering the pseudo scalar coupling (PS)
of mesons to nucleons to describe 7NN and nNN interactions which are represented

by the following Lagrangians:

‘ijffN = _igﬂ\II’YST.@ﬂ\I/) (48&)
CnPf?N = —igy P, P, (4.8b)

where U and ® represent the nucleon and meson fields, respectively, and g denotes
the meson-nucleon coupling constants. For PS coupling the vertex factors are I', =

—18x7s5 and Fn - _ign%’)-

After calculating the trace, one obtains from Eqgs.(4.6) and (4.7), the vacuum

and density-dependent parts of 7-1 mixing self-energy given by

N . d*k M2 —k-(k+q)
M00le) = tises [ G (oo N o) O

and

(V) oy b dk (k- q) _
1L mea(d”) = 8gﬂgn/0 @n)PEx {q4_4<k.q)2}e(m k).  (4.10)

Eq.(4.10) is obtained after the ky integration. From the dimensional counting it is

found that the integral of Eq.(4.9) is divergent. We use dimensional regularization
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[130-132] to isolate the singularities in Eq.(4.9) which reduces to [148]:

2 2
N 2y _ &8y |4 2 4 1 2
ngn,)vac(q ) - 47'('2 [g + <MN - 5) (]- + E —YE -+ 1n(477,u ))

— /0 dz[My — 3¢*z(1 — 2)]| In(My — ¢*x(1 — x))] . (4.11)

In Eq.(4.11) p is an arbitrary scale parameter, g is the Euler-Mascheroni constant
and € = 2 — D /2, where D stands for the dimension of the integral. Notice, € in
Eq.(4.11) contains the singularity and it diverges as D — 4. The divergences of
Eq.(4.11) can be removed by adding appropriate counter terms [122]. However, in

the present calculation we use subtraction method to remove the these divergences.

It is clear from Eq.(4.11) that unlike p-w mixing amplitude, as we shall see in the
subsection 4.3, the singularities cannot be removed completely by simply subtracting
the neutron loop contribution from the proton loop contribution. This is because of
the singular term proportional to the mass term i.e. My /e. But one can eliminate
this singular term by subtracting Hg}wc(qQ =0) from ngj,\;)wc(f) which yields

M ac(@®) = T0(@®) =TI (d* = 0)

m™n,vac m™n,vac m™n,vac

- 2 2 1
- iﬁ%ﬂ {% + M%1In M3 — % (1 + — + ln(47m2))

- /0 dz[My — 3¢°z(1 — )] In (M} — ¢*z(1 — x))] . (4.12)

Note that ﬂg}mc(qZ), however, is not finite but the divergent part proportional to
the mass term has been removed. Now one can easily obtain finite 7-n mixing

amplitude in vacuum by subtracting ﬂ%),mc(qQ) from ﬁﬁr’;’,mc(q%.

M q
es 2y _ &8y 21 [ 22 AM? — ?tan—t | —— 21
rnac(d”) G |G ) Ty AMy — ¢ tan T

_ 2_ 2 -1 q
q\/4M?2—q? tan (JW)] (4.13)

Eq.(4.13) represents the ¢? dependent vacuum part of 7-n mixing amplitude which
has no divergences and is finite. We obtain I1F% (¢ = m%) = —1197 MeV 2, while

vac

experimentally it is found that IIZ7 . .(¢* = m?) = —4200 MeV~? [148].

m™n,vac
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Substituting go = 0 in Eq.(4.13) to obtain three momentum, q, dependent mixing
amplitude TIEY  (q?). We have expanded the mixing amplitude 112  (q?) in terms

m™n,vac m™n,vac

of g%/ M3, and keeping the lowest order we obtain

5 (@) ~ —ad’, (4.14)
where

a = i’fj In (%) . (4.15)
If M, = M,, mixing amplitude in vacuum i.e. Hfﬁq’wc(qQ) vanishes. Now we

calculate the density dependent part of the m-n mixing self-energy. Substituting
En ~ My and go = 0, and carried out the integration Eq.(4.10) reads

™) oy 88y [kY kv a ., o q+ 2ky
Hanmed ) = W2MN{3 s s\ o) g Ty ) 9

The above Eq.(4.16) represents three momentum dependent medium part of the -
n mixing self-energy. After suitable expansion Eq.(4.16)in terms of 1, the mixing
amplitude, as mentioned earlier, generated by the difference between contributions
from the proton and neutron loops reduces to

Hymea(d?) = ap —ayd?, (4.17)

mn,med

where the leading order contribution has been considered and

3 3
: g8 (K Ky
- o n 4.18
e 372 (Mp Mn)’ (4.18)
/ 8e8n [ kp Ky
= BB (G O ) 4.18b
“ An? (M,, Mn) (4.18b)

From Eq.(4.18), it is clear that the medium part of -1 mixing amplitude given in
Eq.(4.17) does not vanish in ANM (k, # k) even if M, = M, while the vacuum
part vanishes as evident from Eqs.(4.14) and (4.15).

4.2 w-n mixing : PV coupling

In this section we consider pseudo vector (PV) coupling for meson-nucleon interac-

tion [45,122]. The pseudo vector representation of 7NN and nNN interactions are
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given by the following effective Lagrangians:

8 -
Lovn = —gpr- V7 0T - 810, (4.19a)
g —
Lovy = ~3 AZN U579, P, W, (4.19b)

where U, ® and g have been defined in the previous subsection. 7 is the isospin

vector. The factor Tfl—’; (7{1—7;) has been replaced by 737 (2]%/’[’N). The vertex factors
are I'y = igv57"q,/2My and I, = ig,757"q,/2Mn. The vacuum part and density

dependent part of 7-n mixing self-energy for PV coupling are given by

d*k
) 2y oy gr &n /
ﬂn,UaC(q ) t <2MN 2MN (27T)4

[qz(M?v —k-(k+q) —2q- (k+q)(k- Q)}
(k2 — MZ)((k + q)? — MR) '

X (4.20)

and

) a(@®) = =8 (2;%) (2%)/@:;;‘% {q4 i?ﬁ@?}@(m “al). (4.21)

Note that the integral Eq.(4.21) is divergent. We use dimensional regularization,

similar to PS coupling, to isolate the singularities.

x 1 !
1e(4?) = 25 [— — 47 — In(dmp’ )t / drin(M}, — ¢*a(1 - x>>] 7. (4.22)
0

where €, ;1 and g have been discussed earlier. It is important to note that unlike PS
coupling, there is no divergent term in Eq.(4.22) proportional to the nuclear mass
My . Therefore, like p-w mixing [149], simple subtraction of the n-loop contribution
from the p-loop contribution, will remove all the divergent parts yielding H%{,@C(q%

finite which reads

M q
ev 2y _ &8y | 2 In [ 222 AM? — g2 tan~t
rnwac(q) e |4\ 3 ) Hay A — ¢ tan NOET:

— M2 —@tan ! | —L )] 4.23

It is to be noted from Eq.(4.23) and Eq.(4.13), the vacuum parts of the mixing




Chapter 4: Mixing of Hadrons in ANM 54

amplitude for both PS and PV couplings are identical at the one-loop level. Similar
to the PS coupling, the leading order vacuum contribution of 7-n mixing amplitude
is obtained

Y (q?) ~ —a:1q*. (4.24)

m™n,vac

The three momentum dependent medium part of 7-n mixing self-energy can now be
obtained from Eq.(4.21) substituting Ey ~ My and go = 0.

2
(N) 2y _ _ 88y 2 2 q° q + 2ky
L mea(d) = Ry [q ky +q <kN 1 ) In (7(1 i )| (4.25)

Similarly, the leading order medium contribution of the mixing amplitude reads

Y mea(d?) = —aiq® . (4.26)

Notice, the leading order density dependent mixing amplitude in PV coupling differs

with that of PS coupling only by the term ag given by Eq.(4.18a). Thus
HPStotal(qQ) = a6 + HPV (q2) . (427)

™, mn,total

4.3 p-w mixing

In this section we revisit the problem of p-w mixing driven by the asymmetry of
the nuclear matter. To calculate the p-w mixing amplitude we use the following

meson-nucleon interaction Lagrangians:

LoNN = gw\iffyuq)fj\lf (4.284a)

_ C 5

‘CPNN = gp\I[ |:/7,u + ﬁawﬁu} T - i)p\p (428b)
where ¥ and ® denote nucleon and meson fields, respectively, and C, = f,/g, is the
ratio of vector to tensor couplings. The tensor coupling of w is not included in the
present calculation because it is negligible in comparison to the vector coupling. All

the parameters used in the present calculation are taken from those given by the

Bonn group [80]. In this case the vertex factors are:
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c,
=g " and TN =g, {7“ — 2]wzcr,wq ] (4.29)
Once the interaction Lagrangians are given, one may proceed to to calculate the
polarization tensor of p-w mixing. The total polarization tensor,

M) () = W) (¢2) + W) (2) (4.30)

pw,total pw,vac pw,med

where H%:S,ac)( %) and 7

e d( %) represent the vacuum and density dependent parts

of the polarization tensor of p-w mixing.

@) = [ %T[ HOCEMT(—CE(k + )], (4.31)

and

uv(N 2 _ d*k " F D
M) = [ ™ PG BTG+ )

4
b [ T RGO aGh (). (32
Since, p and w being the vector mesons, their propagation through matter should
have longitudinal (L) and transverse (7') components depending upon whether their
spins are parallel or perpendicular to the direction of propagation. However, in the
static limit 7.e. q = 0, both the longitudinal and transverse components coincide.
We choose z-axis as the direction of propagation so that one may define the longi-

tudinal and transverse polarization:

L,(N) 33,(N) 00,(N
pr(,total = pr (total - pr (tot)al (433&)
T,(N 11,(N) 22,(N
pr(,tozﬁal - pr (total - pr (tot)al (433b)

Note that the polarization tensor Hﬁw(wt)al(qQ) can be expressed as the sum of longi-

tudinal component, II pw(toial(qQ), and transverse component, qu’)(,ﬁial( 2):
v,(N L,(N) v T,(N v
ng gOt()ll (q ) pr(total( )AM + pr(,tozfal(QQ)Bu ’ (434)

where A" and B are the longitudinal and transverse projection operators [150].

We, in the present calculation, use the average of longitudinal and transverse com-
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ponents of the polarization tensor instead of 11 L) and 1% The average

pw, total pw, total

mixing amplitude is denoted by

1
T ar(0®) = 5 |6 + 21 (6?)

p,w,total 3 pw,total pw,total
= T5000) + 1,2l (4.35)
In Eq.(4.35), T )ec(¢?) and Hiw ' a(@*) denote the average p-w mixing amplitudes

of vacuum and density dependent parts, respectively.

Now Eqgs.(4.31) and (4.32) can be used to calculate various components of the
polarization tensor. The polarization tensor contains two parts one corresponding
to vector-vector (vv) and other the tensor-vector (tv) interactions. This is because

of the vertex factors shown in Eq.(4.29). Hence the polarization tensor reads

M (@) = [ (@) + s (@3] ™ (4.36a)
v,(N v,ov(N v,tv
Hﬁw g”rLe)cl(qQ) = [Hﬁw méd : ( ) + Hﬁw l;n(ed ) <q2)] : (436b)

After evaluating the trace, one may find the vv and tv terms:

1 Ak ¢* x(1— )
posne(4°) = Bigyg o J @Mt (k2 - M3+ ¢? 2(1 - 1)) e

d4]€ QQMN
) = 4 w( ) / / . (4.37b
pw, Uac(q ) gpg IM M]2V + q2 x<1 . x))Q ( )
and
Pk [PE — (g kPQ™
U (?) = 16 w/ O(ky — |K|), (4.38
pw,med (q ) Eo8 (27T)32EN q4 _4(q ] ]{3)2 ( N | D ) ( 3 a)
d3k 4Q;w
e () = 4 / O(ky — |k 4.38b
pw,med (q) pr’ (27T)32EN 4(qk)2 ( N | |) ) ( 38 )

To derive Eqs.(4.37a) and (4.37b) we use Feynman parametrization. Here

y L 4"
Q" = (—g" +?), (4.39a)
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K = (k“—(q-k)Z—Z) (kv—(q-k)%) | (4.39D)

q
yielding,
Q" = ¢Q" =0 and K" =q K" =0. (4.40)
It is clear from Eqs.(4.37)-(4.38), both T4 (42) and Hﬁ:’,%)d(qZ) obey the current
conservation:
g M) (¢%) = ¢, TN (g?) = 0, (4.41a)
g T2 (%) = g T2 (%) = 0, (4.41b)

The dimensional counting shows that both the integrals given in Eqs.(4.37a) and
(4.37b) are ultraviolet divergent and dimensional regularization [130-132] is used to

isolate the divergent parts which are found to be

1 1 M2 _ 1 — 2
V) (g2) — _8e8e {_ _0E _/ dr(1 — z)zIn ( v =l =) )} 7, (4.42a)
0

pe,vac 22 |6e 6 A2
v Zp8uw 1 ! ]\42 —z(l—=x q2
Htpd%)c(f) = — 8pﬂ-2 C, {E —YE —/ dxIn ( N A<2 ) 7, (4.42b)
0

where A is an arbitrary renormalization constant; v is the Euler-Mascheroni con-
stant. € = 2 — D/2 contains the singularity; ¢ — 0 as D — 4. Since the mixing
amplitude is generated by the difference between the proton and neutron loop con-
tributions, the divergent parts cancel out yielding the vv and tv parts finite.

e (q2) _ va(p) (q2) . va(n) (q2)

pw,vac pw,vac pw,vac

1
— Bobe dz(l — x)zln ( q°, (4.43a)

22 Jo
tv 2 _ tv(p) 2\ _ 11tv(n) 2
pr,vac(q ) - prg)ac(q ) pr,vac(q )

1 2 2
2,8.C, M; —z(1—x)q )
= 2==F dz 1 4.43b

872 /0 :En(]\/[g—a:(l—x)q2 7 (4.43D)

Thus the full vacuum part of the polarization tensor reduces to

ng,vac<q2) = ij [sz,vac(q2> + Ht)z),vac<q2>} = QMVHP%UGC(qQ)’ (444>



Chapter 4: Mixing of Hadrons in ANM 58

where

1 2 2
88 C M; —x(1 —x)q
I 2y _ op 2/ de (1= Zr ) P . (44
pwwac(q) 524 i x | (1—x)z+ A P (1= 2)g (4.45)

From the above Eqgs.(4.44) and (4.45), one may now calculate the longitudinal com-

L T

2 ..
pw,vac p%wc(q ), of the vacuum mixing

ponent, IT (q2), and the transverse component, I1

amplitude. Since, IT%, ..(¢*) = I, ,,.(¢°), the average vacuum mixing amplitude

is found to be

_ 1

HP%UGC(QQ) = g [Hﬁw,vac(qQ) + 2sz,vac(q2)] = HP%UGC(qQ)' (446)

Thus, Eq.(4.45) represents the four-momentum dependent vacuum part of the p-w

mixing amplitude. We obtain Il,, vec(¢> = m2) = —4314 MeV? and I,y pac(¢* =

m%) = —4152 MeV?. These are within the limit of experimentally extracted values

(~ —4520 & 600 MeV?) [151].

The three momentum dependent vacuum part of p-w mixing amplitude can be

obtained from Eq.(4.44) substituting gy = 0. Keeping the lowest order terms in q?,

we find
pr,vac(qQ) = _bl q27 (447)
where \
gpgw p
b = 2 In{—+). 4.4
= B0 m (37 (449

From Eq.(4.48), it is observed that the vacuum mixing amplitude IT,, ,o.(q*) van-
ishes if M, = M,

To calculate density dependent mixing amplitude from Eq.(4.38a) and (4.38a)

we consider Fy ~ My. In the limit ¢y — 0, one finds following expressions:

SOV 208w 4 1
Hgg,mgc\l[) (q2) = _47T5MN [gk?v — §k3Nq2 + ZkNMJQV
3 2 M2 M2 2 _9
- (% - ql;N - q2N +2 NkN) In (q”ZNH . (4.492)
q q N

,v 8r8.C, q’ q— 2k
Mot (q?) = e {qQkN + (Z = qk:?v) In (q+72k]; . (4.49D)
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and
_]. 3 3 k?4 q2k’N q— 2]{3]\7
Mol g2y — 88w 1153 9 op (2 3 NN 1
pw,med (q ) 47T2MN _3 N 8q N 32q + 2q + 4 n q+ 2]{/’]\[ s
(4.50a)
tw,IL(N) 2y _ £:8.Cp | 2], q_3 —ak2 )1 q — 2kn 4.50b
pr,med (q ) 87T2MN _q N + ( 4 q N n q+2—kN . ( 50 )

Note that the terms in the Eqs.(4.49a) and (4.50a) arise from the vector-vector
interaction while the terms in the Eqgs.(4.49b) and (4.50b) arise from tensor-vector

interaction. The 33 component of the density dependent polarization tensor vanishes
ie. T2 (%) = 0. Now

pw,med
Mpmea @) = 5 [0 a0+ 211L )] (4.51)
where
U ea(@?) = = [0 (a®) = 0200 (a%)| (4.52)
U eal@®) = = [ILY)(a) — L0 (a”)] (4.52b)

With the suitable expansion of Egs.(4.49) and (4.50) in terms of |q|/kp(») and keeping
O(a?/k2,)) terms we get

ﬁpw,med(qQ) = b{) - bll q27 (453)
where
3 3
/ go8uw ky K,
_ _ Ak M, — k,M,)| | 4.54
b = Bl (2 - m )+ ata, - k) (4.54)
, €5, k, k.\ 1(M, M,
_ 1 SN IR (e L
o= e [3< ) (Mp Mn) 3\% T (4.540)

Clearly, ﬁpw,med(qQ) is three momentum dependent medium part of p-w mixing and
it vanishes in SNM if M,, = M,,, but it is non-vanishing in ANM.
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The ratio of vacuum part of p-w mixing amplitude to that of 7-n mixing ampli-

tude is found to be

M vac (9°) (gpgw) [2 }
’ = -+ C,| = 3.476. 4.55
Hfr)ﬁs:vac(qQ) gﬂgn 3 g ( )

In Fig.4.3 three momentum dependent mixing amplitudes at normal nuclear
matter density are presented. On the left panel 7-n mixing amplitudes are shown
and p-w mixing amplitude on the right panel. The medium part of the mixing
amplitude for PS coupling (solid curve) is found to be negative compared to that of
PV coupling (dashed curve) for the momentum q < 500 MeV and both are positive
for g > 500. The magnitude of the medium part for PV coupling is found to be
larger compared to that for PS coupling. Clearly, the q? dependent medium part of

p-w mixing amplitude is negative compared to that of 7-n mixing for PV coupling.

600 -
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Figure 4.3: Three momentum dependent mizing amplitudes normal nuclear matter
density and at o = 0.2.



Chapter

CSV Potential in ANM

The study of charge symmetry violation (CSV) in nucleon-nucleon (N N) inter-
action is an important area of research in nuclear physics. Because the small but
observable effects of CSV, as discussed earlier, might provide significant insight into

the dynamics of isospin symmetry breaking in the NN interactions.

Experimentally CSV can be observed at various levels [152-158]. For instance,
in NN interaction, the effect of CSV is traditionally inferred from the difference
of the pp and nn scattering lengths in the 'S, state. The most recent scattering
data [88,159,160] observes that the amount of CSV in the 'Sj state is Aacsy =
alj)\; —al = 1.6 +0.6 fm, where the superscript N indicates the ‘nuclear’ effect
obtained after the electromagnetic (EM) corrections. Other convincing evidence
of CSV NN interaction comes from the binding energy difference of mirror nuclei
which is known as Okamoto-Nolen -Schifer (ONS) anomaly [161-163]. The modern
manifestation of CSV includes difference of neutron-proton form factors, hadronic
correction to g — 2 [164] and the observation of the decay of ¥'(3686) — (J/W¥)n°

ete. [164].

The charge symmetry phenomena giving rise to neutron-proton mass splitting
causes mixing of pure isospin states of various mesons like m-n or p-w as we have
discussed in the last chapter. These issues had although been addressed earlier,
had some ingredient missing while constructing the vacuum level CSV potentials.
Most of the earlier calculations performed to construct CSV potential considered
the on-shell [165] or constant p-w mixing amplitude [151], which are claimed to be
successful in explaining various CSV observables [151,166]. This success has been

called into question [149,167] on the ground of the use of on-shell mixing amplitude

61
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Figure 5.1: Feynman Diagrams for CSV potential due to w-n mixing (a) and p-
w mizing (b). The crossed blobs represent symmetry breaking piece. Nucleons are
indicated by the solid lines and dashed and wavy lines represent mesons.

for the construction of CSV potential.

First in [149] and then in [142,168-171], it has been shown that the p-w mixing
has strong momentum dependence which even changes its sign as one moves away
from the p (or w) pole to the space-like region which is relevant for the construction
of the CSV potential. Therefore inclusion of off-shell corrections are necessary for
the calculation of CSV potential. In this chapter we construct CSV NN potential

in ANM which might be important to calculate various CSV observables.

5.1 CSV potential

The construction of CSV potential involves the evaluation of NN scattering dia-
grams with the intermediate states that include mixing of various isospin states
such as 7-n and p-w mesons. The relevant Feynman diagrams for the construction
of two-body CSV potential have been shown in Fig.5.1 where the crossed blobs
represent the CSV pieces in ANM i.e. the mixing of isovector-isoscalar mesons in
ANM. The mixing is assumed to be generated by the NN loops. We will use the
three momentum dependent mixing amplitudes constructed in the previous chap-
ter to construct the CSV nucleon-nucleon potential in ANM. We start with the
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nucleon-nucleon scattering amplitudes obtained from the Feynman diagrams shown
in Fig.5.1:

M (@) = [un(ps)ms(DTi(q)un(p1)] Ai(g*) (%) A (4°) [an (pa)T5(=q)un(p2)]
+ [ﬂN(ps)Fj(Q)UN(pl)] AJ(QQ)Hz‘j(QQ)Ai(QQ) [ﬂN(p4)T3(Q)Fi(_Q)UN<p2)]-
(5.1)

where ¢ denotes 7, p mesons and j denotes 1, w mesons. uy’s represent Dirac spinors,
Pk, (K =1—4) and ¢ are the four momenta of nucleons and mesons, respectively.
73(1) and 73(2) are isospin operators at vertices ‘1" and ‘2’ (see Fig.5.1). The vertex
factors I';(q) (or I'j(¢q)) can be found in chapter 4 (see 4.1, 4.2 and 4.3). The meson
propagators A;(¢*) (or A;(¢?)) are given by

1
A (@?) = ——— (5.2a)
m(m\q 2 _ .2
= Ma)
jrpw %
A () = gg qq/q (5.21)
p(w)

Eq.(5.1) in the limit ¢ggo — 0 leads to the CSV potential in momentum space
VN (g?) i.e
M (g0 = 0) — V7™ (a?). (5.3)

Since the mixing amplitudes II;;(¢*) contain a vacuum part and a medium part,
the momentum space CSV potentials, therefore, contain a medium contribution,

VNN

we(d?), together with the usual vacuum contribution, VN ;(q?).

V;] total( ) V;évzf;fc( ) + V] med( 2) (54)

To derive the potential in momentum space, it is customary to expand the relativistic
energy Fy of the Dirac spinor’s in powers of q> and P?. Here, P = %(pQ +p1) =
—%(pl + p3) and is the average three momentum of the nucleon and the three
momentum transfer is denoted by q = (p1 — p3) = (P4 — p2). Keeping the lowest
orders in q*/M3 and P?/M%, one obtains Ey ~ My + P?/2My + q*>/8My. Thus
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the Dirac spinor’s reads

P2 q? 1
UN(pl) = <]' - 8M]2V - 32M]2\/') < o1 (P+q/2) ) ’ (55)

2Mpn

where 0y(2) is the nucleon spin. The relevant expressions which will be needed to

construct the momentum space potential are the following:

p? q’ o1 (@xP)
u ’ ~ 1 - / 5.6
un(p3)y un(p1) + |:4MJ2\7 e +1 Iz } , (5.6a)
O' . O' .
avs)yi(pn) = lal ( ;le) i ( 21M§3> 01] ’ (5:60)
Q2
N (Pa)owod un(p2) = Z(m), (5.6¢)
Uy (pa)owqun(p2) ~ —(02xq),, where (l,k)=1,2,3. (5.6d)

The potential in coordinate space is obtained by Fourier transformation of the mo-

mentum space potential.

1 —iq-r
Vigiotar(r) = e / Vima(d?) €79 dq. (5.7)

5.1.1 CSV potential due to 7-17 mixing

First we construct the CSV potential in momentum space for -1 mixing considering
pseudo scalar (PS) coupling of 7NN and nNN interactions. The three momentum

dependent mixing amplitudes (see chapter 4) are

Hfgvac(qz) = _a1q27 (58&)
55 ea(d®) = af —diq? (5.8b)
where
- M,

a; = —ifzn In (—Mp) s (59&)

3 3

: Sy ( Ky K,
= — = 5.9b
o 32 (Mp Mn)’ (5.9b)
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’ gr8n kp kn
N U 5.
“ An? (M,, Mn) (5.9¢)

After a straight forward calculation on obtains the momentum space CSV potential

given by
VNN,PS(q2) _ T+ gn8n Hfiva(:(qQ) Hfr)i:med(qQ)
romtetel T\MR) | (@ m2) (@ +mY)  (q? +m2)(q? +m])
2 2
q P
<L oo = | oo (5.10)

where T3 = 73(1) + 73(2). It is evident from Eq.(5.10) presents CSV class (I11)
potential in momentum space [148,149,164]. Note that the terms within the square
bracket are the contributions coming from the external nucleon legs because of the
expansion of relativistic nucleon energy Ey in the Dirac spinors as discussed in
section 5.1.1. This expansion is important as it contains nucleon mass My, which

is also a source of CSV.

VNN,PS(q2) — _ T+ & 8n o g (01-q)(o2-q)
mivac P \AMR) (@ +m2)(q? +m3)

2 2

T+ grg a; q q
B 77 : ° . -1]—
’ <4M]2V) (q? m7r2)(q2+m37) ( 8M]%f)( 1-a)(02-q)- )

In Eq.(5.11) the —23"722 dependent term is the correction over the central part due to
N

the contribution of the external nucleon legs. Notice that we drop the term 3P?/2M%

from Eq.(5.11) as this term is not important in the present context. However, it
should be noted that to fit the 1Sy and 3P, phase shifts simultaneously this term is
necessary as P? gives the operator V% in coordinate space. The usual vacuum CSV

potential in momentum space reads

/ 12
VNN,PS 2y _ gr8n ag —a; q ) )
wn,med (q ) 3 4M]2V (qg + mgr)(qg + m%) (0‘1 q)(o‘2 q)

gr8 ay — ay o q>
T > . : -q). (5.12
- T (58) @ (- ) 0 612

Eq.(5.12) represents the purely density dependent CSV potential in momentum

space. It is important to note that in the limit M, = M, vacuum CSV potential

does not exists as a; = 0, but the density dependent part does not vanish in ANM.
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Figure 5.2: CSV potential in momentum space for m-n mizing.

Fig.5.2 shows the vacuum CSV potential (for 'Sy state) in momentum space. It is
observed that the potential is positive for on-shell mixing amplitude and is negative
for off-shell mixing amplitude (left). The magnitude of the potential is found to be
large for on-shell mixing amplitude compared to that for off-shell mixing amplitude
in the long range region. The figure in the right panel shows the effect of form

factor.

Now the potential in coordinate space can be easily obtained following Eq.(5.7).

First we present the potential in coordinate space with the on-shell mixing amplitude

given by
VNN’PS(T) - _ T+ gﬂgn HPS (qg _ m2>
™,vac 3 4871 MJQ\[ ™,vac n
md Ulxy) —mj Ulz,) L] 2 m3 U(zy) —md Ula,) (513
mz2 —m32 8M% m2 —m32

Clearly the second term within the square bracket of Eq.(5.13) is the correction term

due external nucleon legs and the first term is the central part of the potential. Here

U(z;)) = Yo(x;)(o1 - 02) + S12(r)Ya(z;) (5.14a)
Yo(z;) = (1 + g + %) Yo(zi) , (5.14b)
S12(t) = 3(op-1)(og 1) — (01 02), (5.14c)

with z; = myr, i = m,n and Yy(z;) = e * /z;. Now the CSV potential in coordinate
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space with the three momentum dependent mixing amplitude reads

- 5 5
NN,PS ot &r&n me@w)_an(%)
Vﬂn,vac (T) - T3 <487TM]2V) _al ( m% — m% s (515&)
NN,PS( ) = — Ty gx8n _a’ m?rU@w)_mgU(xn)
mn,med # \ 487 M3 0 m2 —m2
5 5
aj, , myU(zr) —myU ()
) .15b
+ <8M§,+a1)( 2 —m2 (5.15Db)

Since mesons and nucleons are not point particles and they have internal structures
one needs to incorporate vertex corrections which, in principle, can be calculated
using renormalizable models based on hadronic degrees of freedom. In the present
calculation following phenomenological form factors have been used to incorporate

the vertex corrections,

A2 —m2
2 i i _
g1<q ) — g <W) , L=T,m. (516)
Here A; is the cut-off parameter. In fact, form factors were originally introduced
in the meson theory in a purely ad hoc manner. Now it is a theoretically well-
established concept [172]. With the inclusion of form factors Eq.(5.13) reduces to

NN,PS _ + Er8n PS 2 _ .2
Vﬂn,vac (T) - T3 (m> Hﬂ'n,vac(q _mn)
y ax M3 Ulr) — ay my U(xy)
mz2 —m32
1 ax m2 Ulr) — ay my Ul(zy)
* 8M% m2 —m32
b m3 U(X,) — by, m% U(X,)
= Am 2 2
m; —m;
1 b,rm;r’rUX,T —b, m® U(X
+ — Xe) =00 g DBV 541
S8My, mz2 —m2

where

A2 —m2
ar = (M), (5.184a)

2 _ 2
An m2
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A% — m%
bﬂ— == m 5 (5.18b)
m2 — m?

and X; = A;r. Note that a, and b, can be found by replacing A, — A;, m, — m;
and m, — m,, in Eq.(5.18a) and Eq.(5.18b), respectively.

The CSV potential with three momentum dependent mixing amplitude and form

factors reads

™ 5U T) 5U
) = - 1 i) o (4220t

487 M% m2 —m?
b,m2U(X,) — bym>U (X,
(o
n T
and
3 3
NN,PS + gr8n / aﬁme("L‘W) - anan("En)
= —T
Vﬂn,med (T) 3 (487TM]2V) |:{a’0 ( m% _ ,’n72T
! a,m>U(x,) — a,m2U(x
n a02+a/1 7r<2) 772n<77>
SMy my — mz
N brmiU(Xz) — bymiU(X,)
e m% —m2
@\ (bemiU(X,) - bymiU(X,)
) 2
+ (SMJZV +a1) ( - (5.20)

It is to be mentioned that the vacuum CSV potential for PV coupling is the same as
found in Egs.(5.15a) and (5.19). The density dependent part of for PV coupling can
be obtained by substituting aj, = 0 in Eqgs.(5.15b) and (5.20). In Fig.5.3 we present
the difference between CSV nn and pp potentials at 'Sy state without form factors
(left) and with form factors (right). To obtain density dependent CSV potential we
consider nuclear matter density p = 0.148 fm ™3 and asymmetry parameter a = 1/3.
The dotted and dashed curves represent density dependent contributions of PS and
PV couplings, respectively. The difference in the contributions of density dependent
part of CSV potential for these two types of coupling arises because of the term
ap. The vacuum contribution (solid curve) of CSV potentials for both PS and PV

couplings are same.
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Figure 5.3: Difference between CSV nn and pp potentials at 1Sy state.

Notice, both the vacuum and medium parts contribute with the same sign. Note
that CSV potentials change sign with the inclusion of form factors. The medium
contribution near the core region is found to be much larger than the vacuum con-

tribution.

5.1.2 CSV potential due to p-w mixing

In this section we will use the three momentum dependent p-w mixing amplitudes
calculated in section 4.3 of chapter 4 to construct the CSV two-body potentials in

ANM. We will use average mixing amplitudes which read

Mo vac(@®) = — b1 d, (5.21a)
Mo mea(a@®) = by — by o, (5.21b)
where
b = fgi‘; In (%) (2+30C,), (5.22a)
b, = fgi‘; [3 (AZ—’?; - z\%) + Ak, M, — ann)] , (5.22b)
s = gEpe-a(G-a) (R o

After calculation of the amplitude in Eq.(5.1) and taking the limit gy — 0 one

arrive at the CSV potential in momentum space given by
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ﬁ w,vac 2 ﬁ W, T1NE: 2
hanld) =~ | R e D)
P w p w
3P2 q2 q2
X T+{<1—|— — — (0'1'0'2)
{ 3 oM%  8MZ  4M?
3 1 1,
+ —QM]%S‘(QX P) + 4M]%(01'Q)(U2'Q)+M—]2V(Q‘P)
c, ([ o q? 2
_ ) _~g. P
oM <2MN oy o)~ 3 S (axP)
1 B C q2 q2
_ — . . - T P — .
TR U Q))} 5 OM {(QM 5771 02)
1 AM(1,2) i
+ m(al -q) (02 - Q)) # — M<Jl —03) - (q % P)H .(5.23)

Here T; = 73(1) — 73(2) and S = (01 + 02) is the total spin of the interacting
nucleon pair. The spin dependent terms in Eq.(5.23) appear from the contribution
of the external nucleon legs. On the other hand, 3P?/2M% and —q?/8M?% arise due
to expansion of the relativistic energy En of the Dirac spinors. We define average

nucleon mass and neutron-proton mass difference as

M = (M,+M,)/2, (5.24a)
AM = (M, — M,)/2, (5.24b)
AM(1,2) = — AM(2,1) = AM. (5.24c)

Note that unlike the m-n mixing, p-w mixing generates both class (I11) and class
(IV') potentials as found in Eq.(5.23), and both these class (/1]) and class (IV)
potentials break the charge symmetry of NN interactions. The class (I1]) NN
interaction differentiates between nn and pp systems but vanishes for np system.
On the other hand, class (IV') interaction exists for np system only. In the present

thesis we focus on the class (/1) NN potential only.

Now we present the spin independent central part of the CSV potential consid-

ering the on-shell p-w mixing amplitude:

pr,vac (q2 = mi)

Q> +m2)(q> +m2)’

Vihae(@®) = = T3 B8 (5.25)
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and in the coordinate space it becomes

NN (o T %) 2oy [ meYo(z,) — muYo(zw)
vaw,vac(r) - T3 ( 47T pr,vac(q - mw) mg) _ m% 5 (526)

where Yy(z;) is already defined in 5.1.1 and z; = m;r, (i = p,w). The potential
in Eq.(5.26) diverges near the core. This can be avoided by the inclusion of form

factors. The potential with the form factors of the type given in Eq.(5.16) with

1= p,w:
NN - + gpgw 2 2 apmp%<xp) - awmeb(azw)
AYo(X,)) —b,A,Yy(X,
>\pw (bﬂ p 0( P)Q waW 0( w)):|’ (527)
mg, — mg
where
A2 —m,
ap = <A2 — m2) R (528&)
w p
A2 —m2
b — w w .28b
) <ma—Az)’ (5.28b)
m2 —m?
)\pw = ( p w) (5.280)
AZ A2

where X; = A;r. One can find a, and b, replacing A, — A,, m, — m, and
m, — m,, in Eq.(5.28a) and Eq.(5.28b), respectively. It is to be noted that in the
limit A,y — 00, Eq.(5.27) reduces to Eq.(5.26).

From Eq.(5.23) we extract a piece which, in coordinate space, gives rise to J-
function potential. This is known as contact term. The appearance of such term

can be avoided by inclusion of form factors. In momentum space it is given by

1420\ [14C
Voo = T3 b K 8M?vp> i < 4M?Vp> (Ul'ag)]’ (5:29)

142C 1+C
WVimed = T3 88,01 [( SMJQV”) + ( 4M]2V”) (01~02)]. (5.29b)
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Figure 5.4: Central part of CSV potential in momentum space. The mizing amplitude
is taken to be three momentum dependent as found in Fq.(5.30).

The potentials with three momentum dependent p-w mixing amplitudes are pre-
sented below. The spin independent central part neglecting the contributions due

to external nucleon legs and the p/N/N tensor coupling, reduces to

- q2
VINO(a?) = —T5 g - . 5.30
pw,vac(q) 3 8&p8 (qg_'_mg)(qg_'_mz}) ( )
and in the coordinate space without form factor
3 3
8pBu mpYo(x,) — myYo(x.)

VAN = 7y () [o (T NCEY

w p

The importance of the relativistic correction (left figure) and the effect of form
factor (right figure) to the central part of the CSV potential are shown in Fig.5.4.
The three momentum dependent p-w mixing amplitude is considered. It is found
that the relativistic correction, as expected, is marginal at low momentum (below
|q| ~ 500 MeV). In the short distance regime i.e. near the core region, this correction

becomes significant which is clearly seen in Fig.5.4.

If one includes the contribution of the external legs and pNN tensor coupling,

then the central part simplifies to

(r) = -1 (gpgw> {51 { (miYO(g;p) — mf’JYO(%))

2 _ 2
dr mg, —ms

NN
‘/pw,vac
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(5.32)

1420, (miyo(%) - miy‘)(%)) H :

2 2 _ 2
SMy mg —ms

In the above equation the first term in the bracket is same as one would have obtained
from Eq.(5.30) by taking the momentum dependent mixing amplitude, while the
second term contains the contribution coming from the Dirac spinors of the external
nucleon legs. The latter, clearly involves p/N/N vector and tensor interactions, and,
as we shall see, the term containing the tensor coupling (C,) is significantly larger

compared to the vector interaction at distances below 0.75fm or so.
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Figure 5.5: Central part in the coordinate space (left) considering the constant on-
shell mizing amplitude (dotted curve) and three momentum dependent mizing ampli-
tude (solid curve). On the right side, the central part (dotted curve), the contribution
of external nucleon legs (dashed curve) and the pNN tensor coupling (dot-dashed
curve) are shown. Form factors are not included.

It is to be noted that p/N NV tensor contribution is present only when the external
legs are taken into account. We leave out the coordinate space contact terms from
Eq.(5.32). In Fig.5.5 we show the central part of CSV potential in coordinate space
due to both on-shell and off-shell mixing amplitudes (left figure). It is seen that the
contribution of the off-shell p°-w mixing amplitude to the NN potential is opposite
in sign relative to the contribution obtained from using the on-shell value. This,
again, is consistent with the observation made in Ref. [149].

The individual contribution of different parts of the central potential given in
Eq.(5.32) are presented in Fig.5.5 (right figure). Clearly the contribution of pN N
tensor coupling to the CSV potential is found to be much larger than the contribu-
tion of the first part (i.e. the central part without external legs and pNN tensor
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contribution). Now we use the q* dependent mixing amplitude instead of constant
on-shell value and for this we consider terms up to O(q*/M%). We drop the q*/2M%
term as it is not important in the present context. Taking all this into consideration

we obtain, after some algebraic manipulations, the coordinate space CSV potential

as
3 3
NN _ 2p8uw myYo(z,) —mYo(zw)
%w,vac<r> - T?jr( Zﬂ' ) |:b1 {( s mg} _m%
1 mivz)v@p) - mi’)Vw(l’w)
* M3 m2 —m2
C m3Vi(2,) — m2 Vi (24,
4 0 Pt(”z_ Qt( ) . (5.33)
2M5, ms —mg,
and
NN . + (8p8w mpyb<xp) —my,Yo(7,,)
V;)w,med(r) - T3 ( AT ) |:b6 {< mz) _ mg
1 mg%v(l‘p) - mi%v(xw)
* M% m2 — m?
+ Cp mp%v<xp> - mi%v(£u})
2M%, m2 — m?
[ (mYoln,) - mdYo(e.)
+ m2 — m2
w P
1 mi‘/vv(xp) - mz‘/vv(xw)
M% m2 —m2
C m>Vi(x,) — meVv T,
+ =2 pt(pi Qt() : (5.34)
2My mg —ms;

The spin-spin, tensor and spin-orbit interaction terms are explicitly contained in
Vow(2) and Vi, (z) which are as follows:

Vielt) = S¥(@)+ 5¥o(@)(on - 2) — Vi) S0a(8) — SVo(a)L- S, (5350)

12

[\ORGV]

Vie(z) = %Yo(x)+%Yo(:E)(crl - 09) —éYl(x)Su(f')—ZYg(x)L - S. (5.35b)
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with,

Yi(z) = (1 + g + i) Yo(x) (5.36a)
Ya(z) = (1 + i) Yo(z) (5.36b)

S12(t) = 3(o1-1t)(0g-1T) — (07 - 09) (5.36¢)

In deriving both Eqs.(5.33) and (5.34) we have neglected the contact terms. The
first part of Eq.(5.33) represents the central part without contributions from external
legs. In addition, the last two terms of Eq.(5.33) are the contributions coming from
the external nucleon legs as discussed earlier. It is also to be noted that the central
part also receives contributions due to the presence of the first terms in Eq.(5.35a)
and Eq.(5.35b). The tensor contribution (C,) of p meson is contained in the third
term of Eq.(5.33).

Notice both Egs.(5.33) and (5.34)does not include form factors. It diverges near
the core. This divergence can be removed by incorporating form factors. Thus the

complete CSV potentials with form factors reduces to

V) = -1y (22 [ { (A i)
N 1 (apmf)Vw(:cp) — awmf’JVw(a:w))
M% m2 —m2
N c, <apm2\/w(xp) — awmf}VtU(xw)) }
2M% m2 —m?
. )\pwbl { <pr§YO(Xp)2 - bw‘;\?uYO(Xw))
m2 — m?
L (priwap)—bwAzwxw))
M3, m2 — m?
5 5
and
Vilhar) = = 17 (%) [ { (eemeloten —eotile))
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1 apmg‘/;w(xp) - awmi%v(ffw)
* M3 m2 —m2
i Cp apm2%v(xp) - awmi%v(l’w)
2M3, m2 — m?
" a,miYo(x,) — almy,Yo(w,)
+ 0 mz, —m?2
1 [ a,mdVi(x,) — awm? Vi (2.,)
+ M% mZ —m?
.G apm) Vi () — aym Vi ()
2M% m2 —m2
o L (BAYO(X) — b A JYo(X,
pero mz, —m?2
1 (0N Vi(X,) — A3 o Vo (X
+ M3 m2 —m2
+ Cp pri‘/tv( ) - b A3 ‘/tv
2M%, m2 — m?
[ (A, hAY(X
Pl m2 —m?
1 (b,A3V,u(X,) — b, A5 5V (X
M% mZ —m?
C, [(b,A3V,(X,)—b A5VU w)
o (e wl )2 A . (5.38)
2M5, mg, —msg

Note that Eqgs.(5.37) and (5.38) contain the contribution of contact terms. Thus
potentials with form factors take care of the diverging behavior near the core region.

The 1S, state CSV potential for pp system due to p°-w mixing is shown in Fig.5.6
(left figure). The importance of the central part with relativistic correction (dashed
curve) and tensor contribution (dashed-dotted curve) are clearly revealed. The mag-
nitude of the contribution of tensor coupling is comparable with that of the central
part with relativistic correction in the core region. On the other hand, magnitude of
the contribution of tensor coupling is found to be much larger than the contribution
of the central part (dotted curve) without relativistic correction in the core region.
In the dynamical region, it is seen that all the contributions are comparable. The
solid curve in this figure represents the total contribution together with the rela-

tivistic correction.
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Figure 5.6: Different parts of CSV potential in coordinate space (without form fac-
tors) i.e. the central (dotted), central with external legs plus the pNN tensor con-
tribution (dashed) and the spin dependent (dashed-dotted) parts at 'Sy state are
presented (left). On the right panel, total CSV potential with form factors for pp
system is presented by the solid curve and dotted curve shows the same without 0VEP.
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Figure 5.7: Difference between CSV nn and pp potentials at 'Sy state without (left
panel) and with (right panel) formfactors.

The 1S, CSV potential with form factors is displayed in on the right panel of the
Fig.5.6. It is seen that the inclusion of 5\/%\1 modifies the CSV potential dramati-
cally. It is to be noted that, with its inclusion, the CSV potential changes sign. We
show the difference of CSV potentials between nn and pp systems in Fig.5.7 for 'S
state without form factor (left) and with form factor (right). To draw the density

dependent part we consider nuclear matter density p = 0.148 fm ™3 with o = 1/3.
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Figure 5.8: Zero energy wave function.

5.2 Contribution to Aa

The vacuum part of the CSV potential given in Eqgs.(5.33) and (5.33)can be now
used to calculate the difference between nn and pp scattering lengths at 1S, state.
The difference between scattering lengths, Aa = a,, — a,,. The difference between
CSV nn and pp potential, AVjjac = V14, — Vi, are related by

Aa = —azM/ AVij vac ud(r) dr (5.39)
0

where a® = a,,a,, and uy(r) is the zero energy wave function, normalized to ap-
proach 1 —r/a as r — oo and u(0) = 0. To calculate Aa we use the following zero
energy wave function [173]:

—r

uo(r) = [1_5} - [7(1—)\)g+(1+)\)

; (5.40)

1+ der
where A = (1 — 2ro/a)™Y2, v = 2(1 + \)/(ro)) and 7y is the effective range.
In the present calculation we take ro = 2.8 fm to calculate the Aa. The dif-
ference in scattering length Aa, was computed using the vacuum CSV potentials
constructed using q? dependent m-n and p-w mixing amplitudes. The results are
presented in Table 5.1. It is found that the contribution of -1 mixing to Aa is
negligible compared to that of p-w mixing. Aa changes sign with the inclusion of
form factors. The value of Aa when calculated using the potential of Eq.(5.37)
is markedly different from that calculated ignoring the term 5V§UJN . It would be
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Table 5.1: Difference between pp and nn scattering lengths at *.Sj.

Aa fm
without form factor with form factor
-1 MiXing 0.00082 —0.0001
C,=0 0.31 —0.06
p-w mixing
C,=6.1 2.14 —0.08

interesting to apply the potential presented here to calculate various other CSV

observables to delineate the role of tensor interaction further.






Chapter

Effective Hadron Mass with Mixing

In this chapter we shall discuss the effect of isovector-isoscalar meson mixing on
the mass and dispersion of hadrons in ANM. Such mixing of isospin pure states like
-1, p-w is observed in vacuum due to m-p mass difference and has been studied
in Ref. [148,149]. But the mechanism we propose here for mixing is generically
different. Here, as we shall see, it is driven by the difference of the proton and
neutron Fermi momentum i.e. k, # k,, and thus it is a purely density dependent
effect. We show that how the mixing modifies the 7 and 7 meson masses. This

above phenomenon, to the best of our knowledge, has not been addressed before.

To focus exclusively on the density dependent effect we neglect explicit symmetry
breaking and take M, = M,,. Moreover, we consider the modification of in-medium
nuclear mass, M*, due to scalar mean field while neglecting the contribution of
vector mean field. We consider the PV coupling for 7NN and nNN interactions. In
this representation, the density dependent part of the self-energy is given by

) . 1 Bk q2 M*2
PV 2y = —g (L) (& / O(ky — [k|). (6.1
e @)= =8 (507) (537) | oy |7 s g Ok —IkD- (6

Here, i(j) = m,n and N denotes the particle index and E% = /ki + M3?. We

restrict ourselves in the long wave length limit i.e. when the pion or eta momentum

(lq]) is small compared to the Fermi momentum(k, ) of the system. In this situation
the concept of individual scattering breaks and the many body effects manifest
strongly. In this condition we may neglect the ¢* term compared to 4(k - ¢)? from

the denominator of Eq.(6.1) as we have seen before in [129]. In effect this captures

81



Chapter 6: Effective Hadron Mass with Mixing 82

the spirit of hard nucleon loop approximation [133].

x L/ g g; 1+on 1+ 2
TPV (2) = = ( i ) ( j ) 1 — ¢yl co 6.2
amed () =5\ 537 ) o 21) |1 =y R (6:2)
where ¢y = % and vy = E—N To find the in-medium meson mass, we substitute
N

q = 0 in Eq.(6.2) and making suitable density expansion we obtain the total 7 and
7 self-energy, and 7-n mixing amplitude in ANM.

T mea(@0) = Qenmea @ (6.3a)
H;S,‘rjzed(qg) = ann‘,/med qg ) (63b)
H;kr];,‘;zed<qg) = Qf:;fmed qg ) (63C)
where,
M\ (g M*\ [1 [/ kX & 1/ k]
0PV _ Er ™ 1L P n L P n 6.4
mmed <27r M) <27r M) (3 <E;;3 TEs) TS I TEs)| (6.42)

Wl =

M*N (g, M*\ [1 [ k3 k3 1/ Kk k]
QP (& 1 p n — (=2 n 6.4b
mmed <27TM) (QWM) i <E;3+E;;3 T3 E;5+E;;5 |’ (6.4b)
M*N (g, M*\ [1 [ k3 k3 1/k K
QPV (& " S (s S22 ) (64
o med (27r M) (27? M) {3 (E;3 Es) "5\ EF B (6.4c)

Note the difference of sign in Eq.(6.4c) and Eq.(6.4a) or (6.4b). Clearly QLY . is

™,me

non-zero in ANM and vanishes for E; =L

In presence of mixing the pion and eta propagation gets coupled with each other

and can be represented by 2 x 2 matrix [45, 143]

* PV * PV

1 _ 7w, med 7n,med
2 2
qg — m2 a5 — m3
H*PV *PV
7n,med 1 _ nn,med
2 — m2 2 2
45 n 45 n

Shifted masses are obtained by solving the following equation.

(2 —m2 — T2V (@) (8 —m2 —TIEY (g2)) — (I2Y (@) =0.  (6.6)
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The above equation Eq.6.6 can be simplified to

qé(l —An) — @ (m3 + mf) + mfr%m;;z =0, (6.7)
where,
QPV QPV
By = | 5 ”g;@vd ] ’”g)“;@j : (6.8)
o ww,med - mm,med
and m7, and m; are the effective masses of 7% and 7 given by
2 2
*2 o *2 mn
m” = ———5— , m’- = ———7a—". (6.9)
1 — er)Xmed ! 1 — QnPn‘,/med

These in-medium masses, m7, and m, are further modified by m-n mixing and the

mixing modified effective masses can be found by solving Eq.6.7 which read

1 mr miomr
m;O(l + §A7r77) - 717 [ Ul

12

m o

*2} Ap, (6.10a)

*2
mn m;

*

u } Ap. (6.10b)

*2 *2
mn my

0

2

1 m* m’om
my, =~ my(l+ §A7rn) + [ s

100
S so0f
w =
5 -
-kE - —
-

|
(Y
IIIIIIII

_2 -IIIIIIIIIIIIIIIIIIIIIIII
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Figure 6.1: Mizing modified mass shift in ANM.
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Here, mo (1,0) denotes the mixing modified pion (eta) mass. Note that in SNM,
PV 0.

mn,med =

From Eq.(6.10a) and Eq.(6.10b), it is clear that, in ANM, due to mixing the effective

masses of 7 increases and that of 1 decreases.In Fig.6.1 we show the mixing modified

mixing does not further modify the in-medium masses as A;, = 0 or 2

mass shift, Am* =m — m* at « = 0.2 as a function of density.
Finally we present pionic dispersion relation along with the dispersion relation

of eta in ANM with the possible -1 mixing:

*2 *2 *2
9 -9 m_o (’7n7r + Yom — 57rn) (fymrmn + ’Vnnmno) 2
W~ _ | P _ . (6.11
(g0)e Mox0 [(1 — Apy) (M2 —m’3) (m2 — m??) 4 (6.11a)

n n 0

*2 *2 *2
9 ~9 my, (’77r7r + Yo — 57”7) (’77r7rmn + ’Ynnmﬂo) 9
o~ — : 6.11b
@B = R - T @ e
Where,
QPV - BT( med
57”7 =4 er)vmed mmed - ’ (612>
" (1 - Qmeed) (1 - Qﬁn‘,/med)
- M* M* k5 E*5 _ kg E;;5
Bwn,med = <g2 M) <g2n M) p/ d QP\Z (613)
T T 10 (1 — ﬂmmed)
The pure density dependent mixing at the n—pole is estimated to be er};}/ned =
—1217.475 MeV?, H;ﬁ‘{ned = —1661.11 MeV?, at @ = 0.2 and a = 0.3, respectively

at normal nuclear matter density with coupling parameters same as those of [148]. It
is seen that even at normal nuclear matter density the mixing amplitudes are of the
same order as that of the vacuum mixing amplitude, IT*2Y —4200 MeV? [148].

7n,med =



Chapter

Summary and Conclusion

In this thesis we have investigated the hadronic properties in nuclear matter
(NM), in particular we focus on the asymmetric nuclear matter (ANM) where the
results for symmetric nuclear matter (SNM) appear as a limiting case. First we
have examined the properties of pion in ANM, in particular the mass splitting of
different charge states of pion is clearly revealed along with their full dispersion
characteristics.

The in-medium modifications of pion properties in ANM has been studied in
chapter 3 within the framework of relativistic hadrodynamics in presence of the
scalar mean field. We start with the model developed in [122] and present analytical
results for the pion dispersion relations by making HNL approximation and suitable
density expansion of the pion self-energy calculated at the one-loop level. We also
discussed the contribution of Dirac vacuum to the dispersion relations as well as its
contribution to the in-medium pion masses. Subsequently, we invoke the chirally
invariant Lagrangian [174,175] by retaining only the lowest order terms in pion field
and compare the results with non-chiral model calculations.

The splitting of various isospin modes of pion in ANM is found to be quite
significant even at normal nuclear matter density. Such mass splitting is important
as it is related to the pion-nucleus optical potential [105,129]. It is found that the
7~ in neutron rich matter experiences more repulsion than 7° and 7% in agreement
with the chiral perturbation theory calculation [105]. Such mode splittings in ANM
is, in fact, a generic feature of all the isovector mesons. Therefore, it would be

interesting to estimate similar splitting for the p meson and other isovector states.
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In addition to the isospin mode splitting of pion, we have studied the mixing of
hadrons in chapter 4 which is an isospin symmetry breaking effect resulting from
the asymmetry in the number of protons and neutrons in the ground state. We have
concentrated on 7-n and p-w mixing via nucleon-nucleon excitations in ANM. In
principle such mixing should be derived from Quantum Chromodynamics (QCD).
We, in the present work, restrict ourselves to the hadronic model which has rea-
sonable phenomenological success. It would be interesting to compare the present
estimates of the mixing amplitude with calculations from other models, for example,
QCD in large N, limit or QCD sum rule etc.

The mixing amplitude in ANM is found to be non-vanishing even if M, = M,,.
In SNM, with degenerate nucleon mass the proton and neutron loop contributions
exactly cancel. It is found that the estimated values of on-shell vacuum mixing
amplitudes for both 7-n and p-w mixing are in well agreement with the experimental
values. We have studied the effect of density dependent 7-n mixing on 7° and 7
meson masses in chapter 6, considering the scalar mean field to understand the effect
of interacting ground state. It is shown that the mixing further modifies the masses
of pion and eta mesons. The effective pion mass is found to decrease by the 7m-n
mixing while eta mass increases. Though the mixing effect in this case is not large.

In chapter 5, we constructed various charge symmetry violating (CSV) poten-
tials with corrections due to n-p mass difference coming from the external legs. This
modifies the existing potential and contribution is found to be significant. Then
we incorporate the medium effect with the density dependent mixing amplitudes
calculated in chapter 4 to determine CSV potential in ANM. It is to be noted that
here we use three momentum dependent mixing amplitudes to construct CSV po-
tentials within the framework of one boson exchange (OBE) model. It is observed
that density dependent contribution of 7-7 mixing is larger than the vacuum con-
tribution near the core region. In case of p-w mixing it is found that the vacuum
mixing amplitude and the density dependent mixing amplitude are of similar order
of magnitude and both contribute with the same sign. We have shown that the
contribution of density dependent CSV potential is not negligible in comparison to
the vacuum CSV potential. Various CSV observables will be able to probe such
effects.

It is observed in this work that the contributions coming from the external legs
are important, particularly in the isovector sector, because of the strength of the

pN N tensor interactions. The charge symmetry violation at the external legs were
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ignored in the previous work [149]. The strength of the CSV interaction could
be significantly larger even when the off-shell amplitude for the p° -w mixing is
considered. It is important to note that contribution from the spinors also modifies
the central part of the two-body potential. It is observed that both for the density
dependent and vacuum parts, the role of 7m-n mixing is smaller than that of p-w
mixing. We have estimated the contribution of 7-n and p-w mixing to the difference
of pp and nn scattering lengths at 'Sy state, where only the vacuum part of the CSV
potential contributes. The 7-7 contribution is found negligible compared to that of
p-w mixing. We have shown explicitly the contribution of §V3Y and it is found that
Aa changes sign with the inclusion of §V[Y.

As a future outlook, it might be noted that in-medium properties of pion in
asymmetric nuclear matter find major applications in astrophysics where there are
enough scope to extend the present investigation. In particular, the inclusion of A
resonance might be an important step forward in this direction. On the other hand
the two-body CSV potential as presented here might be applied to see its conse-
quences on experimental observables and on existing calculations. Furthermore, the
mixing phenomena, particular the p-w mixing can have important contribution to
the dilepton spectra in experiments with high baryon density. Therefore this might
be relevant for the compressed baryonic matter studies - an area which remains

relatively unexplored.






Appendix l \

Mechanism of mixing

Mixing at QCD level
The mixing of hadrons can be understood at the QCD level. In the presence of

charge independence, the neutral mesons of u-d flavor are pure isospin states viz.

1 ~ - 1
T=1)= ﬁ(\uu) —ldd)), and |T'=0)=

Now consider the interaction Hamiltonian

(|uu) + |dd)) . (A1)

Sl

2

H = mg dd + m, uu . (A.2)
The mixing matrix element
(T=1|H,|T=0)=m, —mgq#0 . (A.3)

It is clear from the above equation that the mixing of |T'= 1) and |T' = 0) states
yields non-vanishing mixing matrix element as m, # mg. The neutral mesons are

mixtures of |[T'=0) and |7 = 1) states, for example
1P°)=aiT=0)4+aT=1) and |w)=uT=0)+b|T=1), (A.4)
Thus the matrix element of p°-w mixing at the QCD level is found to be
(P | Hplw) ~ my — my. (A.5)

which is non vanishing.
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Appendix B

Dimensional regularization

% PS coupling

After using Feynman parametrization, the term H;ﬁf}ac(qz) in Eq.(3.20) can be writ-

ten as

de; M*2 —k-(k+q)
H*PS 2 — 2 26/ d /
e vac(q ) 8Zg X (k; + qx) + q2:L‘(1 — {L‘) — M*2)2

- _/ o (4 [M*2—3q:p1—x)+26qx(1—x)}

272 M*2? — ¢?x(1 —x))°
2 2 2
I AR S GV
212 3 27% € 2
2 2
Er *2 q / 2
~ 50 <M — 5) (7E —In (47w ))

Here e = 2 — % and p is an arbitrary scaling parameter. yg is the Euler-Mascheroni
constant and v = (yg — 1). The imaginary part of IT:2S
by simply replacing In (M*? — ¢?x(1 — x)) with In (M*? — ¢*z(1 — x) —i&) where £

is an arbitrarily small parameter and the term ¢ comes from the denominator of

(¢%) can easily be found

GAE when Feynman parametrization is performed considering i¢ in the denominator
of the propagator.
Here the term In (M*? — ¢?x(1 — x)) has branch cut only for M**—¢?z(1—x) < 0
and it begins at ¢ = 4M*? i.e. the threshold condition for nucleon- antinucleon pair
1

production. So the limit of z-integration changes from (0,1) to (3 — 3,3 + 30)

91



Chapter B: Dimensional regularization 92

where a = /1 — 4]\(1/[;2 and we used ImIn (Z — i) = —m.Now,
1.1ln
273 AM*2
2 *2 2 *2
/1 dad (= ad?) = (1= 0@ - . (B2)

The imaginary part of II*29  (¢?) is,

T, vac

I [25,(¢7) = —55 [ do (M =3¢2(1—2))
0
x Im [ln (M*2 — (1 —2) — Zf)]
— _g_72r 2 _ *2i| 2 *2
= [q ¢ —4AM*2| 0 (¢* —4M*?) . (B.3)

It is clear from the expression of Eq.(B.1) that the second term is divergent in
the limit ¢ — 0 (as N — 4). To remove the divergences we need to add the
counterterms [122] in the original Lagrangian interaction . The diverging part of
Eq.(B.1) is

2 2

g7r1 *2 q

Dps = == = (M2-L
s 27‘(‘26( 2)

2 2 2
g | M 2 L yo 4

= | — — —Mg, - - = . B4
W[e  Mado + Letei - L (B.4)
In Eq.(B.4) we substitute the effective nucleon mass M* = (M — gspq) where M
is the nucleon mass and ¢, is the vacuum expectation value of the scalar field ¢,.
The expression given in Eq.(B.4) tells us that we need to be added four counter

terms [122] with the original interaction Lagrangian to remove the divergences from

125 (¢?). Therefore the counter term Lagrangian [122] is denoted as

T, vac

1

1 2 2 1 2 1 2
Lor = — iﬁl‘bw : (8 + mn) - Or + 552‘19 + iﬁsﬁbs‘bw + 5191

B40°®% . (B.5)
The value of the counterterms (1, f2, #3 and (B, are determined by imposing the

appropriate renormalization conditions.

aH*PS (q2)

— T, Vac B

b <78q2 » (B.6)
qe=mz

62 _ (H*PS

7r7r,vac) q2=m2
™

(B.7)
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OIS e (d?)
Bs = —gs (07]\4 (B.8)
¢2=m2
OIS o (d?)
By = —6A+g <—aM2 (B.9)
q?=m2

Here (5, and (8, are the wave function and pion mass renormalization counterterms
respectively while 3 and (4 are the vertex renormalizaton counterterms for the
¢s®2 vertex and ¢?®?2 vertex respectively. The conditions of Eq.(B.6)-(B.7) implies
that the pion propagator A, = [¢? — m2 — IIPS (¢%)]7! reproduces the physical
mass of pions in free space. The counterterm 3, determines the strength of coupling
of the ¢2®2 vertex. In fact IIZT5 . (¢?) is found by simply replacing M* with M in
Eq.(B.1). We can set 6\ = 0 to minimize the effects of many-body forces in the
nuclear medium [122] which is consistent with the renormalization scheme for scalar

meson. Using the onditions given in Eqs.(B.6)-(B.9) the following results are found:
¢
b= 2=

1 /1 ,
2 | —5(2—7}5+1n(47w ))]

1
3
a2 [ !
s 2 2
+ 2—7T2/0 dz 3z(1 — z)In (M —mﬂx(l—x))]
J

2 [ ol 2 2,2 2
g M?z(1 —x) —3miz*(1 — x)
= d - B.10
T oom I v M? —m2x(1 — x) ’ ( )
2,2 2
Er mx 2 mey 1 / 2
S AL (5 Ve S I N A O
Ba 2W2_2+< 3)<6 7E+n(7w))}
g2 [
- 2—7:2 i de (M? —3m2z(1l —x))
x In(M? —mZz(1 — 1)), (B.11)
g | 1 / 2
b= 25 w1 - o+ tne) )|

r 1
+ B le2M) / d In(M? — m2z(1 — x)}
0

¢l [ ()] o
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gﬂ' 2 g72r ]' / 2
By = _2—7r26g3+2—7r2 28 E—7E+ln<47rﬂ)

2 1
o 2 2 2

— == (2 In(M* —mZz(1l —
o2 { gs/o dx n( 7r37< 5’7))}

2 1 2.2 (1 _
— & {Zgif dx AM a1 - ) 2} . (B.13)
71' o (M?2—m2z(1—2))

The renormalized II:2°  (¢?) is

~ . 1
H;ﬁf)ac(qz) = Hﬂif}ac(qz) - 61(q2 - m72r) - BQ - B3¢0 - §B4¢(% : <B14)

Substituting II*2% . (¢?) from Eq.(B.1) and 1, Ba, (3, B4 from Egs.(B.10)- (B.13) in

TT,vac

Eq.(B.14) it is found that divergences in IT*£% (¢?) are completely eliminated by

T, vac

the counterterms. After simplification IT*25_ (¢?) reduces to

TT,vac

. 2 1 M? M~
PS (o2 = I7 | _g(m2 - M2 2 _ o2y (22 ) o [ 2
ww,vac(q ) 27T2 3( ) _'_ (q mﬂ) 6 + m72r n M
N SMP(M — M*?  2M2\AM2 — ¢ q
(M2 —m2) 4 N

N 2M2\/4M2—m72rt . My
an _
ze \/4M2—m72r
mfr(M—M*)z M? 2 2
e —mz) "zl ‘m"))

+ ((M2 — M)+

SM? 1 My
X tan ——
M/ 4M? —m2 VAM? —m?2

+ /01 dr 32(1 — )¢’ In (Aj\j;__nz;(é :g)] . (B.15)

% PV coupling

After Feynman parametrization Eq.(3.43) reduces to

Fo\ oo [
L) = si(d) e [
) mﬂ_ 0

/ Ak {(M*z + (1 —2) + k) ¢* = 2(k - )”
(2m)N ((k+ qx)? + ¢?x(1 — ) — M*?)?
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= () [ om0 [y
= & M™ (if {—% + (e = In (47p7))

+ /Oldx ln(M*:—CJQx(l_x))} : (B.16)

* PV
T, vac

The imaginary part of II (¢*) can be found as

Im I770..(6%) = —2q M*2< . ) V@ —4M2 0 (¢ —4M*?) . (B.I7)

It is clear from Eq.(B.17) that IT:7Y  (¢*) vanishes for ¢* < 4M*?. With the same

argument as stated for P.S coupling, we excluded the imaginary part. The diverging
part of II*EV  (4?) is

T, vac

DPV = — q2 ]\4';‘<2 <i) 1 (Blg)

™ My €

Here we use simple subtraction method to remove the divergence. So, the finite F'F

part of the self-energy is

H*PV (q2) — H*PV (q2) H*PV (q2:m2)

T, vac T, vac T, vac ™

2 1 *2 2
. M* — ¢*z(1 — x)
= ¢ M* f— / dz 1 B.1
1 <7rm7r) 0 T\ m2z(l — x) (B-19)
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