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where yxyx ,,   and are emittance and tune in horizontal 

and vertical planes correspondingly and yx,  for each 

particle has own value
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Omitting the intermediate steps, we obtain the solution 
for first approach:  
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Substituting (11, 12) in xxxx 10
2/1  and

yyyy 10
2/1 , we have: 
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 (13) 
and: 
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Finally we should substitute (13, 14) with /2
xxD  in 

the common expression for the orbit lengthening: 
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As we can see it consists of two terms. The first is: 
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and the second one for the case yx  and yx 00  
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In the second term both quadrupoles and sextupoles 
introduce the orbit lengthening, but the sextupoles have 
the contribution several orders of magnitude less because 

of the factor 2/1)( xS  and we can take that finally: 
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Obviously in order to compensate the orbit lengthening 
we have to fulfil conditions: 
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Following once again Courant-Snyder formalism with the 
new variable for the horizontal plane only in order 
simplify the final expression we can reduce the equation 
to the general form: 
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with coefficients: 

DOSDx ~  ;~  ;~  ;~  ;~ 432
2
010  

where  is momentum spread, Dx is dispersion, S, O, D 
are sextupole, octupole and decapole terms 
correspondingly. It is no reason to repeat all routine 
calculations which have been done for the sextupole in 
previous section, and we will write the final solution for 
the tune shift affected on chromaticity and change of 
average position affected on the orbit lengthening: 
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where 2/1)( xxa is amplitude of radial oscillation. 

 
Thus, we can see that any multipole changes the 

betatron tune and simultaneously it shifts the average 
position of the orbit, extending or shortening it. By the 
latter we can change the average level of energy, and 
hence the spin tune. 
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