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Abstract. We study modified f(R) gravity theory with kinetic scalar curvature reducible to
chiral cosmological model of a special type. New method of cosmological parameters calculation
based on reduction of two-fields model to standard one with single scalar field is proposed.
Parametric correspondence to observational data is shown for massive scalar field, power-law
and intermediate inflation.

1. Introduction
The need of modification of Einstein gravity closely connected with discovery of the acceleration
in the expansion of the Universe [1, 2]. After this discovery it became clear that GR could not
explain this phenomena by natural way without introduction of additional fields (dark energy).
Therefore there were studied modifications of gravity theory such as the Einstein-Gauss-Bonnet
theory, scalar-tensor theory of gravity, f(R) gravity and gravity theories with non-minimal
coupling of a scalar field to the scalar curvature [3, 4].

Special attention should be paying to modifications of GR with higher-order corrections to the
scalar curvature in the Einstein-Hilbert action. Such inclusion is dictated by quantum effects in
the low-energy limit of string theory, superstrings, and supergravity, needed for the construction
of a quantum theory of gravity [5].

Modified theories of gravity (MTG) should pass verifications on few levels. First of
all, on cosmological level, the theory should admit inflationary stage as well as the later
accelerated expansion of the Universe. For inflationary stage there need to have de Sitter
and power-law solutions to be consistent with general description of the early inflationary and
radiative-dominated stages. The following step is correspondence of theoretical predictions to
observational data from cosmic missions WMAP, Planck and terrestrial ones BISEP2 and Keck
Array CMB experiments. Generally speaking, the search of exact or approximated solutions and
calculation of cosmological parameters are rather complicated and technically difficult tasks (see,
for ex., [6, 7]). Therefore the reduction of MTG to GR with scalar fields (to chiral cosmological
models [8, 9]) by virtue of Weyl conformal transformation is very useful and it simplifies the
tasks of searching inflationary solutions and calculation of cosmological parameters.

General way of reducing the MTG with higher derivatives of the type

S =

∫
d4x
√
−g
[
f(R, (∇R)2,2R)

]
(1)
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to Einstein gravity with two scalar fields was proposed in [10]. Cosmological applications and
exact and approximate solutions were found in the work [11]. Also the simplified model with
the action

S =

∫
d4x
√
−g
[
f(R, (∇R)2)

]
, (2)

where
f(R, (∇R)2) = f1(R) +X(R)R,µR

,µ, (3)

was investigated in [6, 7, 9].
In the present work we continue analysis of the model (2), in terms of chiral cosmological

model [9], with the aim to present connection to observational data.
An important criterion for checking the correctness of cosmological inflation models is the

comparison of the spectral characteristics of cosmological perturbations in these models and
the observational data obtained from measurements of the CMB anisotropy [12]. Also, the
possibilities of direct detection of relic gravitational waves by various methods [13-20] are
considered, which will significantly reduce the number of possible evolution scenarios of the
early universe. However, at the moment, the criterion for verification of the inflationary models
is the upper limit on the ratio of the squares of the amplitudes of tensor and scalar cosmological
perturbations (tensor-to-scalar ratio) r < 0.065 [12]. To show viable property of modified
f(R) gravity with kinetic scalar curvature we proposed new method of cosmological parameters
calculation based on the reduction of the initial chiral cosmological model to a single-filed
cosmological one.

The paper is organized as follows: in section 2 we present the model equations. Section 3 is
devoted to reduction of the chiral cosmological model, as the equivalent model of (2), to one-field
model. In section 4 we demonstrate the algorithm of cosmological parameters calculation and
confronting them with observational data using the example of massive scalar field model. In
section 5 we study power-law inflation. Section 6 is devoted to study of cosmological parameters
from ”Intermediate” inflation. Conclusion is presented in section 7.

2. The model equations
In the work [9] it was studied the model with the action

S1 =

∫
d4x
√
−g f

(
R, (∇R)2

)
, (4)

where (∇R)2 = gµν∇µR∇νR, f(R, (∇R)2) = f1(R) + X(R)∇µR∇µR. Following by Naruko’s
approach [10] the model (4) have been reduced to the Chiral Cosmological Model (CCM) [8]
with the action

S =

∫ √
−gd4x

(
R

2
− 1

2
hAB(ϕ)∂µϕ

A∂νϕ
Bgµν − V (ϕ)

)
, (5)

considering in 2D metric of the target space

ds2 = dχ2 − e
−

√
2

3
χ
X(φ)dφ2, ϕ1 = χ, ϕ2 = φ (6)

and having the potential of interaction

V (χ, φ) =
1

4
e
−
√

2
3
χ
(
φ− e−

√
2
3
χ
f1(φ)

)
. (7)
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The CCM presentation of the model (5) give us possibility to apply the results of the work [8]
to represent the equation of cosmological dynamics in the Friedmann-Robertson-Walker metric
ds2 = −dt2 + a(t)2(dr2 + r2(dθ2 + sin(θ)2dϕ2)) in the following way

3H2 =
1

2
χ̇2 − 1

2
e
−
√

2
3
χ
X(φ)φ̇2 +

1

4
e
−
√

2
3
χ
(
−φ+ e

−
√

2
3
χ
f1(φ)

)
, (8)

Ḣ = −1

2
χ̇2 +

1

2
e
−
√

2
3
χ
X(φ)φ̇2, (9)

χ̈+ 3Hχ̇− 1

2
φ̇2
√

2

3
e
−
√

2
3
χ
X(φ) +

1

4

√
2

3
e
−
√

2
3
χ
(
φ− 2e

−
√

2
3
χ
f1(φ)

)
= 0, (10)

X(φ)

(
−3Hφ̇− φ̈+

√
2

3
χ̇φ̇

)
− 1

2
φ̇2X ′(φ)− 1

4
+

1

4
e
−
√

2
3
χ
f ′1(φ) = 0. (11)

In the work [9] there were presented examples of exact solutions of the model (5) -(7) and
providing the model by additional material source.

To show a correspondence to observational data of the model (4) we develop the method of
reduction of 2D CCM to a single field model.

3. Reduction to one-field model
To apply the standard method of cosmological parameters calculation (power spectrum, spectral
indexes, tensor-to-scalar ratio) we reduce two scalar fields model to single field inflationary model
assuming simple linear dependence between fields:

φ(t) = kχ(t), k = const. (12)

Evident relations between derivatives with respect to cosmic time

φ̇(t) = kχ̇(t), φ̈(t) = kχ̈(t) (13)

and derivatives wrt the field φ

dX

dφ
= k−1

dX

dχ
,
df1
dφ

= k−1
df1
dχ

(14)

there need to take into account in the action (5). The resulting action is

S =

∫
d4x
√
−gE

RE
2
− 1

2

1− k2X(χ)e
−

√
2

3
χ

 gµνE χ,µχ,ν +
1

4
f1(χ)e

−2

√
2

3
χ
− 1

4
kχe

−

√
2

3
χ

 .

(15)
Then the equations of cosmological dynamics (8)-(11) are:

3H2 =
1

2
χ̇2 − 1

2
k2e
−
√

2
3
χ
X(χ)χ̇2 +

1

4
e
−
√

2
3
χ
(
−kχ+ e

−
√

2
3
χ
f1(χ)

)
, (16)

Ḣ = −1

2
χ̇2

(
1− k2e−

√
2
3
χ
X(χ)

)
, (17)
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χ̈+3Hχ̇−1

2
k2χ̇2e

−
√

2
3
χ

[
−
√

2

3
X(χ) +

dX

dχ

]
+

1

4
e
−
√

2
3
χ

(
e
−
√

2
3

(
2

√
2

3
f1(χ)− df1

dχ

)
−
√

2

3
kχ+ k

)
= 0.

(18)
From equations (16) and (17) one can find, as in the case of standard GR cosmology, the

consequence

3H2 + Ḣ = V (χ, kχ) =
1

4
e
−
√

2
3
χ
(
−kχ+ e

−
√

2
3
χ
f1(χ)

)
. (19)

To apply Ivanov-Salopek-Bond (ISB) method [21] we use (16)-(17) and freedom of choice the
kinetic function X(χ). Passing to the dependence of the Hubble function on the field χ from
(17) we have:

H ′ = −1

2
χ̇

(
1− k2e−

√
2
3
χ
X(χ)

)
. (20)

Then, the choice of the function X(χ) can lead to an increase or decrease in the rate of the
Hubble parameter change with a change in the field χ. We consider the case that allows us to
use the ISB approach without significant modification. To this end, we select the function X(χ)
in the following form:

X(χ) = ±e
√

2
3
χ
. (21)

This choice allows us to reduce the equation (19) to the following

3H2 − 2(H ′)2

1± k2
=

1

4
e
−
√

2
3
χ
(
−kχ+ e

−
√

2
3
χ
f1(χ)

)
. (22)

If we set k = 0 the ISB equation for standard Friedmann cosmology with the potential (19)
is reproduced.

4. Algorithm of cosmological parameters calculation
Let us consider the algorithm of cosmological parameters (scalar spectral index ns , tensor-
to-scalar ratio r and power spectrum PS ) calculation using the example of exact solution for
massive scalar filed [21]. The action for the single scalar field model is

Ssf =

∫
d4x
√
−g
{
R

2
− 1

2
ϕ,µϕ,νg

µν − V (ϕ)

}
. (23)

We will use the set of exact solutions for scalar field model (23) which listed in the
monograph [21].

The exact solution for massive scalar field defined by the potential

V (ϕ) =
m2ϕ2

2
− m2

3
(24)

and the Hubble parameter

H(ϕ) = m

√
1

6
ϕ. (25)

Scalar field evolution is

ϕ(t) = −m
√

2

3
t+ ϕc = −m

√
2

3
(t− t∗), (26)
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where t∗ is time of the ending of Universe expansion, wherein (t − t∗) < 0. Note that the
acceleration of the Universe is ending earlier. Considering inflationary stage of Universe evolution
we assume that time is sufficient close to zero and, for the sake of simplicity, we assume
(t− t∗) = t < 0.

Correspondence to the model (15) attains with the choice of the kinetic function X(χ) from
(21) and the function f1(ϕ) of the following form:

f1(ϕ) = 4 exp

(
k2
√

2ϕ√
3(1− k2)

)(
m2ϕ2

2
− m2

3

)
+ exp

(
k
√

2ϕ√
3(1− k2)

)
k2ϕ√
1− k2

. (27)

Note the relations between fields are like follow:

φ = kχ; ϕ =
√

1− k2χ; φ =
kϕ√

1− k2
. (28)

Reminding of the formal correspondence φ = kχ to scalar curvature R we note that f1(R) is
the part of standard representation containing the following terms Aec1RR2+Bec1R/2R−Cec1R,
which appearing in the string theory [22, 23].

Now we are searching for the exact inflationary parameters, defined in [21]. First parameter
one can find from the relation

ε = 2

(
H ′ϕ
H

)2

= − Ḣ

H2
. (29)

The result for the model (24)-(26) is

ε =
3

m2t2
. (30)

Next, we turn to Hubble parameter dependence on the number of e-foldings N(t) =

−
∫
H(t)dt = m2t2

6 . Using (29) in H = H(N) representation

ε = −dH
dN

Ṅ

H2
(31)

and using dependencies on time we obtain dH
dN in the form:

dH

dN
=

1

t
(32)

Taking into account the Hubble parameter dependence on time H(t) = m2

2 t we find the

dependence t(N) =
√
6N
m . Thus we found the dependence ε = ε(N) in the form ε = 1

2N . If
we take N = 60 then ε = 0.0083. Calculation of the second exact inflationary parameter

δ = 2H
′′

H = − Ḧ
2HḢ

gives us δ = 0.

To define the scalar spectral parameter nS we will use the refined formula [21, 24]

nS − 1 = 2

(
δ − 2ε

1− ε

)
. (33)

As the result we obtain nS ' 0.9664. Such a way we see that the result corresponds with good
accuracy to the observational data of the Planck space mission.

Tensor spectral parameter for this model is defined from the relation

nT = − 2ε

1− ε
(34)
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and equal to nT = −0.0167.
Tensor-to-scalar relation we define by formula

r = 4sε, (35)

where s = 1 or s = 4 is the value of normalization of the tensor perturbations. If s = 1 we
obtain r = 0.0332 < 0.1 and r = 0.0332 < 0.065 in the correspondence with observational data.
If s = 4, r = 0.1328 , this result does not correspond to observations.

To coordinate the model according to the power spectrum of scalar perturbations, we use the
refined formula [21, 24]

PS(k) =
1

2ε

(
H

2π

)2

(36)

and the experimental value PS(k) = 2.14 × 10−9. As a result, we obtain that the mass of the
scalar field ϕ is determined from the relation m2 = 6.25 × 10−11. From the comparison of the
action (15), taking into account (21), we determine the relationship between the masses of the
fields ϕ and χ : mϕ = mχ/

√
1∓ k2. That is, if it is necessary to coordinate with a specific

particle mass, the mass mϕ can be decreased or increased. This fact emphasizes the difference
between the single-field and multi-field models, that is, due to the presence of other fields, an
effective change in mass for a single-field model is possible.

5. Power-law inflation
Let us consider the case of power-law inflation, the exact solution for which is represented as
follows:

a(t) = ast
m, H(t) = m/t, (37)

ϕ = ±
√

2m ln t+ ϕs, t(ϕ) = exp

(
ϕ

±
√

2m

)
, (38)

V (ϕ) = (m+ 3m2) exp

(
−
√

2

m
ϕ

)
+ V0. (39)

To make correlation with the model (15) we set the function f1(ϕ) in the following form

f1(ϕ) =
kϕ√

1∓ k2
exp

(√
2

3

ϕ√
1∓ k2

)
−4V0 exp

(
2

√
2

3

ϕ√
1∓ k2

)
−(m+3m2) exp (kmϕ) , (40)

where km = 2
√

2/3
1∓k2 −

√
2κ
m .

The exact inflationary parameters for the power law inflation are

ε = − Ḣ

H2
=

1

m
, (41)

δ = − Ḧ

2HḢ
=

1

m
. (42)

Suggesting the value m = 65, from the relation (33) we obtain

nS − 1 = − 2ε

1− ε
= 0.968, (43)
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The result is corresponded to observation data [12].
Next, following by general algorithm we define the dependence of e-folds number on time and

inverse dependence

N(t) =

∫
H(t)dt = m ln

(
t

C

)
, t(N) = C exp

(
N

m

)
, (44)

where C is an integration constant, taking in given case the sense of beginning of the inflation
time C = ti.

Then using the relation (36), we obtain

PS(k) =
m

2

(
m

2πti

)2

exp

(
−2N

m

)
= 2.14× 10−9. (45)

Thus, in choosing system of units, from relation (45) for N = 60 we obtain ti = 5×105, what
in terms of Planck time (tpl = 5.4× 10−44c) gives

ti = 5× 105 × tpl. (46)

Also, from the equation (44) we determine the time of ending of the inflation stage

te = 1.6× 106 × tpl. (47)

Further we calculate tensor-to-scalar ratio

r = 4sε =
4s(nS − 1)

nS − 3
, r(s = 1) = 0.063 < 0.065, r(s = 4) = 0.25 > 0.065. (48)

Thus, for the normalisation s = 1 (unlike s = 4) the amplitudes of primordial gravitational
waves correspond to observation for the power law inflation.

6. Intermediate inflation
Intermediate inflationary models was introduced into consideration in the work [25] and recently
there were investigation of cosmological parameters and confrontation them to observational
data in [26]. We consider intermediate inflation in another presentation. Namely, we consider
the case of an inflationary model based on the polynomial potential with the Hubble parameter
H(ϕ) = Aϕm that is verified by observational data, as we will see, regardless of the choice of
the parameter s. The solution is

V (ϕ) = 3A2ϕ2m − 2A2m2λϕ2(m−1), (49)

ϕ(t) = [c1 + 2Am(m− 2)t]
1

2−m , (50)

H(t) = A [c1 + 2Am(m− 2)t]
m

2−m , (51)

a(t) = as exp

(
− 1

4m
[c1 + 2mA(m− 2)t]

2
2−m

)
, (52)

where A, m and c1 are an arbitrary constants.
To comply with these solutions, the function f1(ϕ) is selected in the following form

f1(ϕ) = 4 exp

(
2

3

√
6

1∓ k2
ϕ

)(
3A2ϕ2m − 2A2m2λϕ2(m−1)

)
+ exp

(
1

3

√
6

1∓ k2
ϕ

)
kϕ√

1∓ k2
.

(53)
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The inflationary parameters for this model are

ε = − Ḣ

H2
= 2m2 [c1 + 2Am(m− 2)t]

2
m−2 , (54)

δ = − Ḧ

2HḢ
= 2m(m− 1) [c1 + 2Am(m− 2)t]

2
m−2 , (55)

with the following connections between them

δ =

(
m− 1

m

)
ε. (56)

From the e-folds number

N = − 1

4m
[c1 + 2mA(m− 2)t]

m
m−2 , (57)

we obtain the following equation

c1 + 2mA(m− 2)t = −(4mN)1−
m
2 . (58)

From the inverse dependence t = t(N) one has

PS(N) = 16
2m−1
2−m

(
A

4πm

)2 [
2−m+2(mN)1−

m
2

] 2(m+1)
2−m

, PS(N = 60) = 2.14× 10−9. (59)

From this condition for m = 1/3 we obtain A = 10−5.
The tensor-to-scalar ratio is

r =
4sm(nS − 1)

m(nS − 3)− 2
. (60)

For example, for m = 1/3 and nS = 0.968 one has r(s = 4) = 0.064 < 0.065 and
r(s = 1) = 0.016 < 0.065.

Thus, this type of inflationary model corresponds to observational constraint for both
normalization of the amplitude of relict gravitational waves.

7. Conclusion
In this paper, we proposed the verification procedure based on observational data for
cosmological inflation models founded on modified theories of gravity with a kinetic scalar
curvature. The procedure means reduction of two-fields model to one-field version for standard
Friedmann cosmology and calculation of cosmological parameters in it.

The original models with higher derivatives, through conformal transformations of the metric,
were reduced to the chiral cosmological models with fixed target space metric and the potential
of interaction [10, 21]. We use the CCM (5) - (7) with a special choice of the relation between
scalar fields φ(t) = kχ(t). This approach gives a correspondence with single-field models which
can be performed on the basis of the expressions (19)–(22).

Therefore, on the basis of this representation, one can calculate the parameters of cosmological
perturbations for the inflationary models based on the modified f(R) gravity with a kinetic
scalar curvature. We showed that inflationary model for massive scalar field can be matched
to observation data and moreover the influence of the second field may drastically change the
effective mass of the scalar particle. Also in the framework of this approach, a power-law inflation
model was analyzed, for which compliance with observational data depends on the normalization
of the tensor of relic gravitational waves s = 1, 4. Also, a model of intermediate inflation was
considered, which is verified regardless of the choice of parameter s.



XXI International Meeting of Physical Interpretations of Relativity Theory

Journal of Physics: Conference Series 1557 (2020) 012016

IOP Publishing

doi:10.1088/1742-6596/1557/1/012016

9

Acknowledgments
S.V.C., I.V.F. and T.I.M. note that the reported study was funded by RFBR according to the
research project No. 18-52- 45016 IND a. S.V.C. is grateful for support by the Program of
Competitive Growth of Kazan Federal University.

Information about the authors
Chervon Sergei Viktorovich – Dr.Sci., Professor, Department of Physics and Technical
Disciplines, USPU; Head of the Laboratory of Gravitation, Cosmology, Astrophysics UNIiID
USPU, Lenin’s Square, 4/5, Ulyanovsk, 432071, Russia; Professor, Department of Physics,
BMSTU, 2nd Baumanskaya st., 5, str. 1, Moscow, 105005, Russia; Leading Researcher, SAU
”Astrochallenge”, KFU (Kazan); chervon.sergey@gmail.com; (8422) 44-30-43.

Fomin Igor Vladimirovich – Ph.D., Associate Professor of Physics Department; researcher in
the Laboratory of Electrodynamics of Moving Media, BMSTU, 2nd Baumanskaya st., 5, str. 1,
Moscow, 105005, Russia; ingvor@inbox.ru; +7 (499) 263-63-68, +7 (499) 263-64-25.

Mayorova Tatyana Igorevna – Assistant, Department of Physics and Technical Disciplines
USPU, Lenin’s Square, 4/5, Ulyanovsk, 432071, Russia; majorova.tatyana@mail.ru; (8422) 44-
30-43.

References
[1] Perlmutter S et al [The Supernova Cosmology Project] 1999 Astrophys. J. 517 565
[2] Riess A et al 1998 Astron. J. 116 1009
[3] Nojiri S and Odintsov S 2008 Phys. Lett. B 659 821
[4] Clifton T, Ferreira P, Padilla A and Skordis C 2012 Phys. Rept. 513 1
[5] Baumann D and McAllister L 2014 Inflation and String Theory (Cambridge: Cambridge University Press)

p 349
[6] Chervon S, Nikolaev A and Mayorova T 2017 Space, Time and Fundamental Interactions 1 30
[7] Chervon S, Nikolaev A, Mayorova T, Odintsov S and Oikonomou V 2018 Nucl. Phys. B 936 597
[8] Chervon S 2013 Quantum Matter 2 71
[9] Chervon S, Fomin I and Mayorova T 2019 Gravitation and Cosmology 25 205

[10] Naruko A, Yoshida D and Mukohyama S 2016 Class. Quant. Grav. 33 09LT01
[11] Saridakis E and Tsoukalas M 2016 Phys. Rev. D 93 124032
[12] Ade P et al [PLANCK Collaboration] 2016 Astron. Astrophys. 594 A13
[13] Gladyshev V and Morozov A 2000 Measurement Techniques 43 741
[14] Cruise A and Ingley R 2006 Class. Quant. Grav. 23 6185
[15] Nishizawa A, Kawamura S, Akutsu T and Arai K 2008 Phys. Rev. D 77 022002
[16] Armano M et al 2016 Phys. Rev. Lett. 116 231101
[17] Gladyshev V 2016 J. Phys. Conf. Ser. 731 012008
[18] Morozov A 2016 J. Phys. Conf. Ser. 731 012010
[19] Fomin I and Morozov A 2017 J. Phys. Conf. Ser. 798 012088
[20] Gorelik V, Pustovoit V, Gladyshev V, Morozov A, Kauts V, Sharandin E , Fomin I and Portnov D 2018

J. Phys. Conf. Ser. 1051 012001
[21] Chervon S, Fomin I, Yurov V and Yurov A 2019 Scalar field cosmology (Singapore: World Scientific) p 288
[22] Nojiri S and Odintsov S 2010 Phys. Rep. 505 59
[23] Sotiriou T and Faraoni V 2010 Rev. Mod. Phys. 82 451
[24] Fomin I and Chervon S 2019 Phys. Rev. D 100 023511
[25] Barrow J 1990 Phys. Lett. B 235 40
[26] del Campo S 2014 Intermediate inflation under the scrutiny of recent data Preprint 1404.1649


