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Abstract

We consider the six-dimensional hypermultiplet, vector and tensor multiplet models in (1, 0) harmonic
superspace and discuss the corresponding superfield actions. The actions for free (2, 0) tensor multiplet
and for interacting vector/tensor multiplet system are constructed. Using the superfield formulation of the
hypermultiplet coupled to the vector/tensor system we develop an approach to calculation of the one-loop
superfield effective action and find its divergent structure.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The construction of the non-Abelian (1,0) and (2,0) superconformal theories in 6D has
attracted much attention for a long time (see e.g. [1,2]). Such models are considered as the can-
didates for dual gauge theories of the interacting multiple M5-branes [3] and can be related to
near-horizon AdS7 geometries. A crucial ingredient of this construction is the non-Abelian ten-
sor multiplet gauge fields [4]." A solution to this problem has been found [6] in the framework of
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a tensor hierarchy [7] which, besides the Yang—Mills gauge field and the two-form gauge poten-
tials of the tensor multiplet, contains the non-propagating three- and four-forms gauge potentials.
Construction of the (2, 0) models can be realized on the base of coupling the (1, 0) non-Abelian
tensor/vector models to the superconformal hypermultiplets [8]. We also mention the work [9]
where the Killing spinor equations of 6-dimensional (1, 0) superconformal theories have been
solved and the solutions for the configuration of the background fields preserving 1,2, 4 and 8
supersymmetries have been found.

Superfield formulation of the tensor hierarchy has been studied in the paper [10] where a set
of constraints on the super-(p + 1)-form field strengths of non-Abelian super- p-form potentials
in (1,0) D6 superspace has been proposed. These constraints restrict the field content of the
super- p-forms to the fields of the non-Abelian tensor hierarchy. The superfield formulation of
the tensor hierarchy sheds light on a supersymmetric structure of the theory and can serve as
a base for the various generalizations. They can be useful for searching the superfield action
[11] and for studying the (2, 0) superconformal theory by superspace methods. However, the
superfield Lagrangian formulation of the theory under consideration has not been constructed so
far.

In this paper we are going to develop the superfield methods for studying the open problems
related to superfield formulation of the vector/tensor system and calculating the quantum effec-
tive action. Our consideration is based on the harmonic superspace technique formulated for four
dimensions in [12,13] and extended to six dimensions in [14,15]. The superfield realization of the
unitary representations of (#, 0) superconformal algebras OSp(8*/2n) in six dimensions [16] has
been found in [17] and it was shown that the D6, (1, 0) and (2, 0) tensor multiplets are described
by the analytic superfields in appropriately defined harmonic superspaces [18]. In this paper we
are going to demonstrate that a harmonic superspace formalism can be efficiently implemented
for the superfield Lagrangian construction of the tensor hierarchy models.

The paper is organized as follows. Section 2 is devoted to the basic notations of the 6D har-
monic superspace. In Section 3 we are going to review the superfield formulations of the 6D
(1, 0) hypermultiplet [15], the vector multiplet [14] and the tensor multiplet [19], in harmonic
superspace. We also discuss the structure of the (2, 0) tensor multiplet. The material of Section 3
is used in the other sections to formulate the new superfield models. Section 4 is devoted to
the superfield Lagrangian construction of the (2, 0) tensor multiplet in terms of the (1, 0) hy-
permultiplet and the (1,0) tensor multiplet. In Section 5 we are going to study the superfield
Lagrangian formulation for the non-Abelian vector/tensor system. We begin with a harmonic
superspace reformulation of the results of the paper [10], then we propose the superfield action
for the superconformal models of tensor hierarchy and, using the results of Section 5, we derive
the component structure of the superfield action and show that it coincides with the component
Lagrangian which was constructed in [6]. Section 6 will demonstrate a power of superfield meth-
ods. This section is devoted to a study of the quantum effective action in the (1, 0) hypermultiplet
theory coupled to the Abelian vector/tensor system. We are going to develop the superfield proper
time technique, which will allow us to calculate the effective action in manifestly supersymmetric
and gauge invariant form, and calculate the divergent part of the effective action. We will prove
that this divergent part contains a term, providing the charge renormalization in the vector/tensor
action from Section 5, and a higher derivative action, found in [20]. In conclusion we will sum-
marize the results obtained. In Appendix A we will describe the basic notations and conventions

which explored the 3-algebra gauge structure and used a non-propagating vector field of negative scaling dimension
which transforms nontrivially under the non-Abelian gauge symmetry.
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of 6D supersymmetry. Appendix B contains some details of deriving the component action from
superfield action of vector/tensor system.

2. 6D, N = (1, 0) harmonic superspace

Harmonic superspace is a powerful formalism for the off-shell construction of extended su-
persymmetric field theories in four and six dimensions [12—15]. In this section we will briefly
describe the basic notations and conventions which are used in this paper (see the details of
D = 6 superspace e.g. in [21]).”

It is well known that in six dimensions there are two independent supersymmetry generators.
Therefore, the representations of the 6D superalgebra are defined by two integers (p, q) [21].
The corresponding supersymmetries are generally denoted as N = (p, g) or simply (p,g). In
this paper we will construct the harmonic superfield models corresponding to A = (1, 0) and
N = (2, 0) supersymmetries.

The six-dimensional superspace is parameterized by the coordinates z = {x*f = xmyaﬂ 07}
Here the odd coordinates 67 (¢ =1,...,4) are the right-handed chiral spinors of the group
SU*(4) ~ SO(1, 5) (left-handed spinors are denoted as ¥ ). The index [ is the spinor one of the
group USp(2n) (below we use n = 1,2) and n corresponds to the N = (n, 0) supersymmetry.
The properties of the matrices yn‘fﬂ are given in Appendix A. The index [ is raised and lowered
with the help of the USp(2n) matrix 277 (see the properties of this matrix e.g. in [25]), ¥ =
Qi Yyl =2y, QU 2,k = 81 The Grassmann coordinates obey the reality condition

6F =6 = 21799 The basic spinor derivatives of the 6D, N = (n, 0) superspace are

D! = %—19”38& {DL. Dy} =—-2i2" yon (2.1)
The symmetry group of the superspace involves USp(2n) transformations of the R-symmetry.

The harmonic D6, A = (1, 0) superspace was introduced in [14 15,20] and it is parameter-
ized by the coordinates (x™, 8%, u*"), where harmonics u*’ (u =u®, +"ui_ =13G=1,2)
live on the coset R-symmetry of the group SU(2)/U (1). Bemdes the standard (or central) basis
x™, 07, ul.i) one can introduce the analytical basis ({ﬁ’[ = {x}, oty uii, 0~%):

X4 =x"+i0"yet,  oFr=uFev. (2.2)

The important property of the coordinates ¢ fl"’ li is that they form a subspace closed under
N = (1, 0) supersymmetry transformations. The covariant harmonic derivatives which form the

Lie algebra of SU(2) group ([D*+, D~~]= DY) in the analytic basis have the form

) .
DT =yt 3 +9+aag —. fozuf’8 e YRR
u- u
.0 .0 0 0
0 __  +i o, +a _p—a
D =m0 e T

By using the analytic subspace, one can define the analytical superfields, which do not depend
on 67, i.e. they satisfy the condition of the Grassmann analyticity D¢ = 0, where the spinor
derivatives in the analytic basis have the form

2 Harmonic superspace is closely related to projective superspace which is also successfully applied to off-shell for-
mulations of extended supersymmetric theories (see e.g. the recent papers [22-24]).
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il d
Dy =—2mp  Dy=—go0g —2idepl k {Df, Dy} =2idyp. (2.3)
The possibility to formulate the theory in terms of G-analytic superfields is a crucial advantage
of the harmonic superspace formalism.’

3. Harmonic superfields and their interactions

It is known that the massless conformal (1, 0) and (2, 0) superfields in six dimensions are
divided into two classes: (i) the superfields whose first component carries any spin but it is an
USp(2n) singlet; (ii) the ‘ultrashort’ analytic superfields in harmonic superspace, their first com-
ponent is a Lorentz scalar but it carries USp(2n) indices [17]. All these superfields satisfy some
superspace constraints. In this paper we will consider the simplest superfields from both of the
above classes, which correspond to the following three types of (1, 0) 6D multiplets: the hyper-
multiplet, the vector multiplet and the tensor multiplet.

3.1. Hypermultiplet

The (1,0) and (2, 0) hypermultiplets are described by the superfields ¢ (x, #) and their con-
jugate g;(x,0), g; = (¢")T, both in the fundamental representation of USp(2n) group. Here
i=1,2forthe (1,0) caseand I =1, ..., 4 for the (2, 0) case. The corresponding constraint is

DU q”) (x,0)=0. 3.1

In the case of N = (1, 0) supersymmetry, the superfield ¢’ (x, 6) has a short expansion ¢’ (z) =
Fi(x) + 0% (x) + .... The doublet of scalars f and the spinor v, satisfy the equations
of =0, 9p ¥g = 0. As aresult, the N = (1, 0) hypermultiplet in six dimensions has 4 bosonic
+ 4 fermuinic real degrees of freedom.

The off-shell Lagrangian formulation of the hypermultiplet is based on the use of the analytic
superfields in harmonic superspace. In this formulation the hypermultiplet is described by an un-

constrained analytic superfield q}({, u) satisfying the reality condition (g14) = qX =eapq TPt
Diq; (. u)=0. (3.2)

Here A =1, 2 is a Pauli—Giirsey index lowered and raised by €43, A8 After the expansion of
gt in 8T and u we obtain an infinite set of auxiliary fields which vanish on-shell due to the
equations of motion

D q* (5, u) =0. (3.3)
The equations of motion follows from the action
1 -
S, = —E/dg( Vdugt™ Dt gt (3.4)

3 In some cases it may be helpful to use an anti-analytic basis in which

ad a
- 999~ - _ +_ ia a0+
X% =x%—i0 }/a9 s Da ——W, Da = 36—« _2laaﬁ9 ﬁ,
;0 ad ;0 d
++ T +o _iptapt —— — ! —o —i0— 80—
D =u 3u‘i+9 99—a 07060, D =u ot +6 YT 000" .
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Here d¢™* = d%xd*0*. This formulation allows us to write down the most general self-
couplings in the form of the arbitrary potential £+ (g™, ") [13]. The corresponding sigma
models have the complex hyper-Kihler manifolds as their target manifolds [26].

3.2. Vector multiplet

The off-shell (1, 0) non-Abelian vector supermultiplet is realized in 6D conventional super-
space as follows.* As usual one introduces the gauge-covariant derivatives

Dy =Dy + Aum. [Dm, Dn1 = Tun"Dr + Fun,

with Dy = {D,,, Dfx} being the flat covariant derivatives obeying the anticommutation relations
(2.1), and Ay being the gauge connection taking the values in the Lie algebra of the gauge group.
The gauge-covariant derivatives under consideration obey the constraints F’ ;73 =0and

(D Di} = —2ii Do, [D),. Dup] = —2icap,s W™. (3.5)

Here W'¢ is the superfield strength of the anti-Hermitian superfield gauge potential obeying the
Bianchi identities.

The constraints are solved in the framework of the harmonic superspace. In this case, the
integrability condition {D}, D;} = 0 yields D} = e~"*D}e'® with some Lie-algebra valued
harmonic superfield b(z, u) of zero harmonic U (1) charge. In the A-frame, the spinor covariant

derivatives D coincide with the flat ones, D = D = 5L, while the harmonic covariant
derivatives acquire the connection V7,
DYt =p*tt v+, (3.6)

The connection is an unconstrained analytic potential of the theory. In the Wess—Zumino gauge,
the component expansion of V1 (¢, u)
3, - 4,
Virs =070 Aag(xp) + (67),27 () +3(67)' Y (), 37

involves the physical gauge fields and the auxiliary fields.
The other non-analytic harmonic connection V™" (z, u) is uniquely determined in terms of
V++ as a solution of the zero-curvature condition [27,13]

DYtV —DTVvTr 4Vt v =0. (3.8)

The connection V™~ transforms as V™~ = —D~~ A under gauge transformations. Here the
gauge parameter A is an analytic anti-Hermitian superfield.

Using the connection V™~ one can build the spinor and the vector superfield connections as
follows

A;=—DIV™",  Ayp= ’ED;D;V”.
This yields

Wi = —%(D+)3°‘v——, (3.9)

4 An incomplete list of the references includes [14,15,20,21,27,28,31].
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where W)‘f‘i is the field strength in the A-frame. The Bianchi identities lead to relations
DW= =D ;W DEF.,=iDy(ye)ep WP, (3.10)

The vector superfield strength is defined as follows: Ff = (D; WHP — DFW=F). The other
useful consequences of the Bianchi identities are

1
D;W-'_a — Zagy-ﬁ--l-, ytt = _(D+)4V__, pttyt+ — 0,
1
W, =D "W, ED__Y++ =D, Wte,
DYTTwTe =0. (3.11)

These relations define the superfield Y+ which will be used further.
The superfield action of 6D SYM theory is written in the form

1 o (=Dt 14 VIt un) .. Vi uy)
Ssym = — 4&/(1 zduy ...du . 3.12)
12 r; n " (u]"u;) ...(u,TuT)

Here f is the dimensional coupling constant ([ f] = —1). The corresponding equations of motion
have the form Y+* = (D*)*V~~ = 0. The component fields of W+ and V*+* are related to
each other with help of the zero-curvature condition (3.8) and due to the definition (3.9).

It is known that the superfield action with dimensionless coupling constant [20] has the form

1 2
_ =4 gy, (y++

It possesses the superconformal symmetry and contains the higher derivatives.
To conclude this section, we give the decomposition of the superfield V™~ in terms of the
component fields

Vo (04, 07,07, 1) =070 Pugg (x4, 0F) + (67) 0T (xa, 67) + (67) 0t (x4, 07),
Ve = Agp + %saﬂygeﬂr‘s — %saﬁyaeﬂe“y——,

1 - - 3 (- 4 (-
+o _ + +oy+ +8; +yp+s + 2 + 3
v = AT 0TV 0P 0TV 0706] oy + (07) gk TP 4 (07) 0 T,

1 . .
Efg:(ymn)%anv Fon = 0m Ay — 03 Ay — i[Aw, Ay, DaﬁZHaﬁ_l[Aaﬁ»']s

_ . _ 1 _ . 1 IRV
3w, =iDyph ﬂ, ESaﬁy(sK( 2)ys =2iDepY ™~ + Zealg},g{)\ VoA 8},
v =yt peteyt potegtho,, 4+ (9+)zp—a + (9*)4n(_2),

1

Xa =iDaphtP, V0@, 5= —2iD*Fyt= —plov ghl Z{A“", APy,

8 pB)
D(Oz f5 :0’

1

p Y= 21'7)“/3;(/; + E[ﬁ“, ol B VA S PR g )

7D =D Dypy " — %{r“, Dopr PY+3[Y+ v 7). (3.14)
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The relation (3.14) defines the complete component structure of the superfield V™ in terms
of the components of the superfield potential V*++. The component at (6)*(@1)* has already
been calculated in [20] (at the different conventions). Further we will need all the components of
V=" (x4,07,07,u).

3.3. Linear multiplet in harmonic superspace

In this subsection we will briefly review a self-dual tensor multiple and its description in
harmonic superspace [19].

As it is well known, the so-called self-dual tensor multiplet contains a scalar ¢, a spinor V;
and an antisymmetric tensor B, subject to the self-dual constraint

1
0[a Bbc] — ggubcdefadBef =0. (3.15)

There are two ways to describe the self-dual tensor multiplet in harmonic superspace.
Firstly, one introduces the superfield @ (x, 6) subject to the constraint

DYDY o =0. (3.16)

Such a superfield is also called a linear. This superfield has no external indices and obey the
reality condition @ = @. In the case of A" = (1, 0) supersymmetry, the component expansion of
the superfield @ (x, 0) has the form

D= +0%Y. +6%6 Gy + ..., (3.17)

where the component fields satisfy the massless equations of motion. Note that the field G ug) is
related to 3-form field Gape, Gop)(x) = (y“bc)aﬂ G 4pc(x) and is self-dual by definition. We see
that on shell, the linear superfield contains all components of self-dual tensor multiplet.

The above (1, 0) self-dual tensor multiplet (with the constraint (3.16)) is formulated in har-
monic superspace [ 19] with the help of real superfield, which satisfy the constraints

DyDy;® =0, Do =0. (3.18)

The first of them means that @ (x, 01,6, u) is linear in 6 ~:

D =1(xp, 0", u) +07foF (xa.0",u), (3.19)
where the coefficient functions are the analytic superfields

I=¢p+0% Y™,  fF=—yl —0"Pidesd + 0T Gup) —idup0POT Y, (320)

The dynamical equations follow from the second constraint (3.18) which reduces the har-
monic dependence of [ and fT to a polynomial and thus produces a finite supermultiplet. It
leads to the following harmonic constraints

DYt fF =0, D=0, (3.21)

from which we obtain the equations of motion for the components of the self-dual tensor multi-
plet

0Py f =0,  Dp=0, 397Gy =0.
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Note that all these components are the field strengths. Besides, the kinematical constraints (3.18)
is solved [19] by introducing the prepotential

®= (D)o . (3.22)

Another way to formulate the tensor multiplet in superfield form is based on the superfield
V" subject to the kinematical constraints [19]

o 1 L
DY/ — 285DV =0. (3.23)

In the harmonic superspace one gets the superfield V7% (x, 0%, 6™, u) under the following con-
straints

1
DfVTF — 155 DIV =0, DTyt =, (3.24)
In the analytic basis we have
VI (xa, 07,07 u) = v (0F) + 070D (67), (3.25)

here v+ and v(*? are the arbitrary analytic superfields. The second dynamical constraint
DTTVY*T¥ =0 then becomes

DTty =, Dyt 4 gtey+2) —q, (3.26)
The component expansions of these superfields are obtained from the above relations in the form

v = pOED pgtait 4 (0%) P ags + (01)) e+ (67) €2,

v = ot 0P (B + 85 5) + (01) wpt + (07)ECVP 4 (07) o

The kinematical constraints (3.24) are solved by introducing the prepotential [19]:

vt = (D%)* V2, (3.27)
where

VD = (07) vt + (07) 2. (3.28)
This prepotential is defined up to the Abelian gauge transformations

AV =—D7 A, (3.29)
If

A~ 4 %9""9*’31%(“3 + ea,gy(;@*"‘e*ﬂeﬂp% + (97)29+af++ +...
then

1
SV~ 0P Ay — p T =07 f T2 SBE =07 Ayp— ZagayaAay.

The fields £ (x), p{ form a multiplet of gauge degrees of freedom, they can be excluded by an
appropriate gauge choice, i.e. one can use the Wess—Zumino gauge.
By substituting the quantities v+, v+?) in (3.26) we find the general solution
ia _n:aaf i
' =2i0 Kgs

1 i
-« _ _ “s0,.— af _ _ " glay pBl _ ;qap
wg, = 28[/3/(]/], a*t = 28 By 0% X,
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as well as the on-shell conditions
0r=0, 3“7B)=0, 3*ky=0. (3.30)
At the same time the fields C(—2), (=3 E(2B yre eliminated by the choice of gauge [/ =0,

,0(’;[ =0.
The free action for the dynamical equations (3.26), (3.21) has been proposed in [19]

St = / d®x d®0 dud ) Dyt = / dx d¥0 du® DTV, (3.31)

This action is invariant under the above gauge transformations of the V(=2 together with the
gauge invariant condition for @ (64 @ =0),

3STM=/d89duq>D++D"A =/d89duD++q>D"A=o,

where the on-shell equation D™ @ = 0 has been used. Note also that all the constraints (3.23),

(3.16) for the superfields V™% = D=~ V** and @ can be solved in the anti-analytic basis of the

harmonic superspace, where D, = -0

90+
V¥ (x5,67,0%,u) =v0(67) + 00D (67) = (D7) VT2, (3.32)
and
®(xz,07,0%,u)=1(07)+67f (67) = (D7) D). (3.33)

This BF-type action (3.31) describes two tensor multiplets one of which acts as a Lagrange
multiplier for the equations of motion of the other multiplet:

§= /d%(G;ﬂawBﬁ) + iwrja‘*f‘k; +¢0X). (3.34)

We see that the superfield <Dé73) describes those degrees of freedom, which are killed in 3-form
Gape by the self-duality condition. According to the work [19] the self-dual fields do not exist
off-shell on their own.’

In the analytic subspace of the harmonic superspace the analytic superfields

1
Gttt =Dlovte 4 Z<1>D(;fv+0‘, D}Gtt =0, (3.35)

allow us to rewrite the action (3.31) in the form
1
§= /d;(4>du{D;¢D++v+a + ZquHD;V*" } (3.36)

This expression completely corresponds to the standard recipe for constructing the superfield
action in harmonic/projective superspace (see e.g. [13,23,24]) and will be used below for con-
structing the interacting superfield action of the vector/tensor system.

5 It would be interesting to quantize such a theory and study the effective action analogously to the self-dual YM theory
[32]. One can expect that these fields can be propagating due to quantum corrections.
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3.4. (2,0) Tensor multiplet

The field content of the six-dimensional (2, 0) tensor multiplet consists of a self-dual 3-form
curvature Gg)(x) = (y“b”)aﬁ G 4pc with three on-shell degrees of freedom, four left-handed
spinors ¥/ (x) and five scalars ¢!’ (x) = —¢”! (x) which satisfy the condition £2; ;¢! =0[17].
All these component fields can be encoded into the §2-traceless scalar superfield LU//1(x, 67)
(I,J =1,2,3,4; 5 of USp(4)), subject to the differential constraints

2 1
pkplv — gDaL<.QK1LLJ —KILE 5Q“LLK> =0. (3.37)

One can also impose the reality condition lTJ =Q1xk82)L LXL The constraints on the trace-free
part of DXL!/ arise as a consistency condition on the embedding an M5-brane in an eleven-
dimensional superspace [29]. Using the spinor derivative algebra (2.1) it is not difficult to show
that this superfield has the following 6 expansion

1
L[J :¢11 + (Qa[ll/f&]] + EQIJQaKwaK>
1
2

The corresponding component fields satisfy the massless equations of motion

1
+ (9““9/3” + 59”9“9,‘?) Gapy+---- (3.38)

o¢!’ =0, Py =0, 3% Gyp = 0.

The latter equation implies that the 3-form Gy is the cutl of a 2-form Gupe = 01q Bpe], OF
Gap = Oy Bg). The gauge transformations now take the form Bg — 0%V Ag, — i(SgBV‘SAWs.
There are various complications in formulation of (2, 0) interacting theories with non-Abelian

gauge group [2,3,5]. It is still unclear whether a superfield action for this multiplet actually exists.
4. (2, 0) tensor multiplet in D6, (1, 0) harmonic superspace

In this section we are going to show that the (2, 0) tensor multiplet can be formulated in (1, 0)
harmonic superspace in terms of the (1, 0) tensor multiplet and hypermultiplet.

It is easy to see that the total on-shell field contents of the (1, 0) hypermultiplet and the (1, 0)
tensor multiplet exactly coincides with one of the (2, 0) tensor multiplet. Therefore it seems
natural that the dynamical theory of the (2, 0) tensor multiplet can be constructed in the (1, 0)
harmonic superspace in terms of the (1, 0) hypermultiplet and the (1, 0) tensor multiplet. Con-
sider a sum of actions for hypermultiplet (3.4) and (1, 0) tensor multiplet (3.26). We show that
this total action possesses by extra hidden (1, 0) supersymmetry. Taking into account the mani-
fest (1, 0) supersymmetry of the actions (3.4) and (3.26), one gets a (2, 0) supersymmetry of the
total action.

Let us write the above total action in the form

1
§CO =g, +§r= / dSxd®0du® DTtV 4+ 5 f d¢"Ydugi Dt gt 4.1

Here A = 1,2 is the index of the Pauli-Giirsey rigid SU(2) symmetry. As mentioned in the
previous section, there are two ways to interpret the action St. Therefore we can define two
types of hidden supersymmetry transformations.
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First, we treat the superfield @ in action Sy as Lagrangian multiplier and V(=2 as the basic
superfield. We define the hidden supersymmetry transformations in the form

sqf=(Dh)'eGal™, VD =—€4(07)iq™. 80 =0, 4.2)

where €4 is the transformation parameter. Then, the variation of the hypermultiplet action is
88, = / dOxd®0dues® I Dt Hg A (4.3)
The variation of the tensor multiplet action looks like
88y = / d®xd®0dud DV = / d®xd%0dudy D (D) 5V
=— / d®xd®0due @ Dt rgTA. (4.4)

We see that §S; + 657 = 0.

Second, we treat the superfield V=2 in action S as the Lagrangian multiplier and the super-
field @ as the basic superfield. In this case we define the hidden supersymmetry transformations
in the form

sqi = (DY) gDy VD, VD=0, 80 =—c""D q]}. (4.5)
Then

88, = / dSxd®0due Dy V=P D g A, (4.6)
and
8Sr = — / dSxd*0due* D gt D VP = / d®xd®0ducq™ DT DLV (47)

We see again that 65, + 857 =0.

As a result we have constructed the free action for the (2, 0) tensor multiplet in the (1, 0)
harmonic superspace in terms of the (1, 0) hypermultiplet and the (1, 0) tensor multiplet. This
action is invariant under the manifest (1, 0) supersymmetry transformations and under the hidden
(1, 0) supersymmetry transformations.

It is interesting to study whether the supersymmetry algebra is closed. Let us begin with for-
mulation on the base of superfields gt and V(~2). The transformation laws for these superfields
are given by (4.2). Then it is not difficult to obtain that

82,8110 = 2iel ¢S, g . (4.8)

Here we have used the identity (D} Dy + D, D;)CD = 0, which follows from the constraints
(3.16). For the hypermultiplet we have

[82,811q 7 =2i€Bel oupq. (4.9)

We see that the algebra of the hidden supersymmetry transformations is closed. An analogous
consideration can be carried out for the formulation with basic superfields g™ and @. The corre-
sponding algebra is also closed.



32 LL. Buchbinder, N.G. Pletnev / Nuclear Physics B 892 (2015) 21-48

5. The interacting D6 (1, 0) vector and tensor multiplets in harmonic superspace
5.1. Non-Abelian vector/tensor system

In this subsection we will briefly mention the general non-Abelian couplings of vectors and
antisymmetric p-form fields in six dimensions following [6]. The (1, 0) superconformal 6D
field theory of [6] (vector/tensor system) describes a hierarchy of non-Abelian scalar, vector and
tensor fields {¢I JALY ijr, Béb, Cabe r» Cabed A} and their supersymmetric partners that label
by the indices » = 1,...,ny and I =1, ..., n7t. To label the C, , field a dual index r is used
since the vector fields are dynamically dual to the antisymmetric three-form tensors. The full

non-Abelian field strengths of vector and two-form gauge potentials are given as
Fop = 0aApy — fo AZ AL + h}Bl,.

1 1
Hae = 5 DlaBrel + dis Al ALy = 3 fpq dfy Af Ay ALy + 8" Cabe - (.1

rs

Here fis;)" are the structure constants, d(Irs) are the d-symbols, defining the Chern—Simons cou-

plings, and A, g!" are the covariantly constant tensors, defining the general Stiickelberg-type

couplings among forms of different degrees. The existence of the non-degenerate Lorentz-type
metric 17y, so that k), = n;;87" = g4, birs = 2n7yd; = dj, is also assumed. The covariant
derivatives are defined as D, = d,, — A/ X, with the gauge generators X, acting on the differ-
ent fields as follows: X, - A* = —(X,)f A", X, - Al = —(X,)gAJ. The covariance of the field
strengths (5.1) requires that the gauge group generators in the various representations should
have the form

(Xr)é = _frst + g;drlsa (Xr){ = Zdrjsg; - gjsdlsra
in terms of the invariant tensors parameterizing the system (see the details in [6]). The field
strengths (5.1) are defined such that they transform covariantly under the set of non-Abelian
gauge transformations

8Ap =Dy A" —hiA!

m?’
SBL =Dy, AL —2d! [ A" FS —lA’ SAS ) —g" A (5.2)
mn — H[my] rs mn " 5 [m°n] 8 mnr- .

The superspace realization of the tensor hierarchy has been developed in the paper [10] in
conventional 6D, (1, 0) superspace. In the next subsection we are going to consider the general-
ized Bianchi identities from [10] for the superfield vector/tensor system, reformulate them in the
harmonic superspace and study the consistency conditions for the generalized Bianchi identities.
For further use, it is convenient to introduce the generalized superfield strength

Wioz r_ Wiot r + g;Viot I’ (53)

where the W% " is the superfield strength of the super Yang—Mills theory (defined in Subsec-
tion 3.2) and V'*/ is the superfield of the tensor multiplet (defined in Subsection 3.3), and write
the generalized Bianchi identities in its terms. Then one can see that the conventional strength
Fun of the vector multiplet and the conventional strength By, of the tensor multiplet enter into
Wi in the form F,,, + gBun.

Using the generalized Bianchi identities and their consistency conditions we will formulate
the superfield action for vector/tensor system and find its component form.
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5.2. A harmonic superspace description of non-Abelian vector/tensor system

In this subsection we are going to formulate the superfield version of non-Abelian vec-
tor/tensor system using the harmonic superspace technique. A complete set of the constraints
on superfield strengths of the p-form potentials has been proposed in [10] in conventional 6D,
(1, 0) superspace. Our aim is to reformulate these constraints in harmonic superspace and study
their consistency conditions.

First of all, the SYM constraint ,/," = 0 is not deformed, therefore we can use a harmonic
superfield technique. Then we consider the dimension 2 component of the generalized Bianchi
identities

(v*) @ PHW™? " =26 (v?) g iy = %8 'vis®' gl (5.4)

This relation leads to the covariant derivatives of generalized superfield strength (5.3) in the form
DLWk =sf (y” "+ 2e”d> ) +- s”(yab) (5.5)
This equation is equivalent to the following set of relations
— 1 N S
D(()[‘Wf)ﬁ — Zgﬁpj(/le)yy Vi = §D§ZWW’

1 , 1 .
ol = ZD"“WW " Fab = _g(Vab)gpiﬂWm- (5.6)

We turn now to harmonic superspace formulation. In terms of the harmonic superfields, the
relations (5.6) take the form

_ _ 1, 1
D;—w+/3r=85y++ T D, W+ﬁr=5£(y+ ’+E@ g;>+§f£ r
DWW —DIwW P =sbalgr 4 FPT,
1
Z(D;WJ“” —-Diw ") =olgl. (5.7
Consider the dimension 5/2 component of the generalized Bianchi identities
DLl +i(Va)as DWW " = l()/ab)'3 M. (5.8)

It yields 3w/  g" b= ILODE}}/? +Dyp Wi " In addition, the above deformed identity determines
the transformation law for the potential of 2-forms

SBéb:ieiyablI/”.

The self-consistency conditions {D,, D’ WK = —2ie!i DygWH leads to

Dol =2iwil iDupWPI T = —gpaly” T+ D!l (5.9)

DAV T = i (DupWFD 7 — 20Dl gh). (5.10)
By rewriting the above relations in terms of harmonic projection, one gets D Y+ " =0,

Dy VT = 2i (DWW =20 gh),

DIV =£i(DopW*F " — 20 g}). (5.11)
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Acting on the relation D&@I =2i 'I/él by the spinor derivative, one obtains

1
Dud' = 2 Daivi vy, (5.12)
The dimension 3 component of the generalized Bianchi identities is
DiaFoer =Hlpegi.  Have=(HD +HT), . (5.13)
In the spinor notations it has the form
L 75 Lo L s@sepr_ 1 1
SPasFp =3 g gl DT = H g (5.14)
The symmetric in (7, j) parts of Egs. (5.8) have the form
' N 1 N ey psi i s
Do a3 = 24dL WV Ty WS SDEyPw = 2w Ty v,
The antisymmetric in (i, j) parts of the same equations have the form
- 1
H = Zd,’éwa W M = Dy vy (5.15)
The above equations for symmetric and antisymmetric parts together imply
o 1. 1
D) = — 5 Dyp®’ — ¢ Tyaben )+ igapy s WY TWI Sl (5.16)

In terms of the harmonic superﬁelds these relations take the form

1
DZZW;:I ZZFE’Daﬂ(DI :F abCHab

+8
12)/06/3 +l8‘xﬂ)’3w rTwTed rw

C

Dy Dy ®' = —2e05,s W SWH " d!

ST
-p—yt++r _ rr, Lo, _ Y +—r
D, Dgy =—i| Dop® g; + = 3 Vap H, 81 —Dpy F o r —2Dop) . (5.17)
The spinor derivative of the 3-rank tensor superfield Hzlz be 18

DiHl,, = iylgWiP rFrelsal D[“( Nl iy dbewibsplay, gl (5.18)
This relation also determines the transformation law of the 3-form potential
3Caper = —i€; Vabcwi séjd.lsr-
The corresponding degrees of freedom are not dynamic since the generalized 4-form field
strength satisfies the duality conditions
| ‘
=318 Havea r = (FL2 @1+ Wy S0l )dy 1. (5.19)

As shown in the paper [10], all other relations among the main superfield strengths and the
equations of motion can be derived from the following relations

6 An important feature of these equations is that the anti-self-dual part of the field strength 7 is fixed in terms of the
dynamical vector multiplet.
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(Visol —2iwli Sw!')’)d, rs =0,
d,,s{cb’paﬂwf‘ ’ 7—[( 5 WES 4+ %Dalg@]Wiﬁ *+ %faﬂ W+ VW f}
= +%llfofi¢1(4g§d Jrs — &5dirs) + %saﬂwwﬁﬁwf”wf“d{vdw
D (@ Fe S +iW Sy )dp,s + ée“bcdef FoeHierdirs
+ (—%qﬁ“pacb” + %w”yw/)x,n - %(DIW”)/“W;(X,)”[SdI qu=0. (5.20)
They lead to the Dirac equation for the fermions of the tensor multiplet
DPYl = YT TWe val + %W"“ "o (4dyrs8" — g5d),) — —Wl/’ TFpYCdl, (5.21)
to scalar superfield equation of motion
= d(Fop 0 = VYT — W "DegW'P %) + %qbfg;qng;(dr’s
—iIW T (4ghal — g"idy 1), (5.22)

and to the second order equations for the 3-form field strength ’Ha be

DCHabL =

1 .
Zgabcdef]:Cd ol Sdl +]:rb(P djrgg
+ W Yabe DW' S dl — iW' Ty g dl

These equations of motion allow us to construct a component action of the theory in the form
Z/dﬁ { D@D, ®" + &,d], ( YU Y5+ FOOTFS, — iWE "D WP S

1
+ §Q§J¢Lg;g2> +@iwr Wl (4ghdl — g'5dy )

+iwl Dl —2iwi, (WY a4 iw) WP sl + H“bcHabc

_'_LWiozr ahcvvl3 Sy

1 ,
> abedirs = 3Eapys Wi "W W] W J“d’dzuv} (5.23)

Here we assume the existence of the non-degenerate symmetric metric 1;; = g;,£’;. Also the
first components of the superfields are denoted the same way as the corresponding superfields,
e.g. WY |g—o = W%, Yilg_o=Y", .. .. The action (5.27) coincides (up to field redefinition)
with the component action of the superconformal vector/tensor system constructed in the papers
[6,30].

The other set of equations given in [10] includes supersymmetrizations of the Hodge-duality
relations between the 3-form potential and the non-Abelian vectors and scalar-4-forms relations.
All the relations of this subsection are used in the next subsection for finding the component form
of superfield action of the vector/tensor system.
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5.3. Superfield Lagrangian formulation of the vector/tensor system

In this subsection we are going to propose the superfield action for the non-Abelian vector/ten-
sor system in harmonic superspace and find its component form.
Let us introduce the superfield

1
ri=0!+ Ed,’S(D;v——’WW +2V oY), (5.24)
where
1
y++s — Y++S + ZD;V—H”' (525)

One should remember that the Y*+ is defined in Subsection 3.2 and the V1% is defined
in Subsection 3.3. The expression 1! (5.24) is the only extension of @ preserving linearity,
D} D;T =0, i.e. the T/ is a linear superfield. By using the superfield (5.24), one can define the
superfield action in harmonic superspace as follows

SZ/dg(—4)duglr{T1D++y++r+D;-T1D++W+Olr}. (526)

The invariant tensor gj, has already been defined in [6]. The integrand of the expression (5.26)
is the only (up to common coefficient) analytic superfield constructed from Y/, Y™+, W+ and
contains no higher derivatives of D™+, D}. The action (5.26) depends both on superfields of
the vector multiplet and superfield @ responsible for the tensor multiplet. If @ is a constant
1/f2, this action takes the form (3.12) of SYM action § ~ # [ d®xd0duv++Vv——_ Besides,
the proposed action possesses supersymmetry and gauge syrﬁmetries of vector/tensor system.

The action (5.26) is the natural generalization of the free action (3.36). Indeed if we put in
(5.24) T = @ and use the relations (5.25), (5.3) and the identities DTTY T+ =0, DTTWT® =,
one gets the action (3.36). Thus, the action (5.26) is the only possible superfield action for the
non-Abelian vector/tensor system which has the free action (3.36) in the Abelian limit.

Now we will derive the component form of the action (5.26). For simplicity we are only going
to consider the Abelian case. By integrating over the anticommuting coordinates, one gets

§= % / d*xadu(D7) g1 [T/ DY L DT DWW (5.27)

Further we act by the derivatives D, and put all the theta’s equal to zero. Then act by the har-
monic derivative 37, After the cumbersome enough calculations,” we obtain all the functional
structures which are present in the component action of the vector/tensor system (5.23).%

6. One-loop effective action in the hypermultiplet theory

In this section we will consider a calculation of the superfield quantum effective action in the
hypermultiplet theory coupled to the external field of vector/tensor system. We will show that
the (1, 0) super Yang—Mills action (3.12), the vector/tensor multiplet action (3.36) or (5.27) and
higher derivative vector multiplet action [20] are generated as the divergent parts of the effective
action. For simplicity we will assume that the background is Abelian.

7 The intermediate calculations are given in Appendix B with use of the relations from the Subsection 5.2.
8 Derivation of a component action in a non-Abelian case requires an additional study.
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The classical conformal invariant action for a massless hypermultiplet of canonical dimension
2 coupled to a background 6D N = (1, 0) vector/tensor system is written as

1
S= —E/dudﬁ(_4)q+AD++61X = _/d”df(_4)67+77++q+, 6.1)

with DT+ = Dt + gV '+ the analyticity-preserving covariant derivative and V™ the analytic
potential. We want to emphasize that the superfield V™ here is not one for pure vector multiplet,
the superfield strengths, involving the superfield V7, obey the Bianchi identities which contain
the superfield @ related to tensor multiplet (see Subsection 5.2). As a result the action (6.1)
describes interaction of hypermultiplet with vector/tensor system. The dynamical variable g™ is
a covariantly analytic superfield and ¢ is the > conjugate of g™ with respect to the analyticity
preserving conjugation [13] g4t = eABq}t = (¢1), ¢ = (¢T, ™).
The hypermultiplet effective action I” is defined by

eiF[V++] :fDq+Dq+eXp(_i/dé-(—4)é+'D++q+>_ 6.2)
The expression (6.2) yields
r[v]=iTrnD* = —i Trin GV, (6.3)

Here GV (g1, u1|¢2, un) = (G (¢1,u1)q T (2, uz)) is the superfield Green function in the
t-frame. This Green function is analytic with respect to both arguments and satisfies the equation

3,1
D6V =s0"ap). (6.4)
Here 85‘3’1)(1 |2) is the appropriate covariantly analytic delta-function

_ 4 _
5041 = (D3) 6" @1 — 228"y, uz)
4 —4.4—
= (D)"8" (21 — 220894 (uy, uz). (6.5)

The formal solution to this equation can be found analogously to four-dimensional case [33—35]
and looks” like

1 4 4 1
G V(1D = ——(Df)(D3) 6" 1 — 22) 3. (6.6)
: 4D( ) (P7) @l
2’

where 1/ (u?'u is a special harmonic distribution. In Eq. (6.6) the Ois the covariantly analytic

d’Alembertian ([D, 0] = 0) which arises when (DT)*(D~)?2 acts on the analytical superfield

9 As well as in the work [34] we will act by the operator (Dl__)2 on both sides of (6.4)

48"z - 22)

__\2 ——\2.(3,1
Dt (07 7) 6 DA = (07 7)% V) = o2 (D)) whaby

Now, since the equation DT f —l41 = 0 has only the trivial solution f —lal = 0, after the action of the operator (DT)4
we obtain:

484z - )

(P T 6 i =-sB 6" Vap =20 () =
Uy
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and has the form
D=~ (D) (D )| = DD 4 WHD, 41D (D W ) — 1a. (67)

Pay attention to the fact that the term @ in the above relation is responsible for the tensor multiplet
contribution. Like in four- and five-dimensional cases [35] one can obtain the useful identity

(O (D7) s

Here

(uyud)?

1 — __ ~ (U
= o1 f) @) - (ru)a -5 L2 6
172

(ul )3

AT =iDD Dy +4W D, — (D).

This identity is used later for computing the effective action.

The definition (6.3) of the one-loop effective action is purely formal. The actual evaluation of
the effective action can be done in various ways (see e.g. [34,35]). Further we will follow [35]
and use the relation

1 1
r'(V)y=rIy- 0+/dyayr(yV)=—iTr/dy(v++c<1~1>(y)), (6.9)
0 0

where

Te(v+GUD) =/duldgl(_4)V++(1)G(]’])(1|2) (6.10)

1=2

Here G'1 (yV) means the Green function depending on the superfield y V.

The effective action in local approximation is represented as a series in powers of the back-
ground fields and their derivatives. Further we will consider the calculation of the effective action
on the base of the superfield proper-time technique.

It is obvious that the leading non-vanishing contribution on the diagonal (z1, u1) = (22, u2)
of the two-point function

I awacHvirr Loy o)t - ! 6.11
1 1d¢ 1 al(l)(2) (z1 ZZ)(IM)3 ’ (6.11)

arises when D[~ from o 1 hits on (u;’u;ﬂul:uz and in addition at least eight spinor deriva-
tives acting on the Grassmann delta-function are required to produce a non-vanishing result,
(DHHDT)*88(61 — 62)19,=0, = 1. On the right hand side of (6.8) the third term contains a har-
monic distribution which is singular at coincident points. However, this singular terms does not
contribute to I"(") in the leading approximation since there is no necessary degree of D, .

In the framework of the proper-time technique, the inverse operator - is defined as follows

[m]
o
L / d(is)e’™S, (6.12)
= 0

To avoid the divergences on the intermediate steps it is necessary to introduce a regularization.
We will use a variant of dimensional regularization (so-called w -regularization) accommodative
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for regularization of the proper-time integral (see e.g. [36]). The w-regularized version of the
relation (6.12) is

d

—(i) =/d(is)(isu2)“’e”a, (6.13)
reg 0

where w tends to zero after renormalization and p is an arbitrary parameter of mass dimension.
Taking into account the relation (6.13) and the relations (6.6), (6.9) one gets for effective action

1

4 1=2

(6.14)

_ il o isE 1
/duldé'l( 4)V++(1)/d(ls)(lS/,L2) e“Dl (DT)4(D;)4WBI4(Z1 - Z2)
0 172

Here §'%(z1 — 22) = 8%(x; — x2)54(91+ — 6’;)84(9f — 6, ). We use now the representation of the
delta function

d6p . a
14 _ a 8
3 (z1 —zz)—f (271)66”7 78%(pf),
where
pl = —x) =2i(0f -6 )yl0m.  pM =1 -6,

and i = +, —. In the expression (6.14) we commute the exponent expip,p® through all the

operator factors to the left and then use the coincidence limit. This yields to eSO . 589, — 6,)
where X, =D, +ipq, Xy =D, +2pag p~P . In order to get the expansion of effective action in

o
background fields and their derivatives we should expand ¢/*71(*) and calculate the momentum
integrals. All these integrals have the standard Gauss form.
We will now concentrate on calculating the divergent part of the effective action. In the reg-
ularization scheme under consideration, the divergences mean the pole terms of the form % By

expanding the ¢5910) i the (6.14) and leaving only the terms relating to divergences one gets
isO 4/ N4
O (ufuy) (DY) (D7) 8% (01 — 02)11=2
o
d(is) (is)?

= [ L sy {isy++ + &5, y++]}. (6.15)
0

Here m? = &. By calculating the proper-time integral and extracting the pole terms one gets for
the right hand side of the above expression
Voot L T Y
—m YT - —0Y"T - —WTD, YT, (6.16)
1) 2w 2w
By using the conditions (5.11), we obtain finally the divergent part of the effective action in the
form

1

—3S157. 6.17
3 @) 15 (6.17)

— | dudc OV (Df oW L @y t) —
4(47r)3a)/ na (P rorT)
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In principle there is also the term % f dudt PV Hwte; DagW+/3. However it is cancelled
F )2

out with the corresponding term —i D*/ D, Dy %Wﬂ’ D, wti Dy from the second order ex-

pansion A“e”a.

The divergent part of the effective action contains two contributions. The first of them is
the part of the Abelian action (5.26) of the vector/tensor system proposed in Section 5. If we
consider a sum of the action (5.26) and first term in (6.17), we will see that this term from (6.17)
determines a renormalization of the coupling constant in the (5.26)'" The second contribution is

the Ivanov—Smilga—Zupnik Abelian higher derivative action of the vector multiplet [20]"!

1
Sisz = Efdudé(“‘)Y”Y“ (6.18)

One should emphasize once more that we have considered only the divergent parts of the ef-
fective action. Of course, the effective action contains the finite part, the calculation of which is
extremely interesting, but is a more difficult and delicate problem.

The divergent part of the effective action has been calculated within the w-regularization. If
we use the other regularization schemes, we can expect some extra terms in the divergent part
of the effective action. For example, the application of the cut-off regularization results in the
same two terms as in (6.17) only with a replacement of the term % with ~ log L? where L? is the
cut-off on the lower limit of the proper-time integral (see the details e.g. in [36]). However, within
this regularization we will get the extra contribution to divergent part of the effective action in
the form

1 _
Sy ~L24(4n)3 /d; fAduvttytt, (6.19)

This term is generated from (6.15) when we take only the Y+ in the integrand, put m? = 0,
o = 0 and cut the integral on the lower limit by L. It is easy to see that this result is (up to a
coefficient) the Abelian (1, 0) vector multiplet action (3.12).

As a result we see that the classical actions (3.12) and (5.26) of the Abelian theory are gen-
erated in quantum theory as the one-loop counterterms. The Abelian higher derivative action
introduced in [20] is also generated as the one-loop counterterm. We emphasize once more that a
coupling to tensor multiplet is stipulated by the superfield @, at @ = 0 such a coupling vanishes
and (6.17) gives us the divergent part of the effective action for the hypermultiplet in a pure vec-
tor multiplet background. It is worth pointing out that the superfield calculation of the divergent
part of the effective action is simple enough in comparison with the component calculation and
demonstrates the power of superfield methods.

10 Coupling constant g is defined through the covariant derivative DT+ = DT+ 4 gv++,
11" The action (6.18) can be written in the different superfield forms

1
Sisz :/dud;<*4>v++uy++ =3 /d6xdsev++(0”)zy++

:_é/d%dsev**[D**,D”]YH.
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7. Conclusion

‘We have considered the superfield formulations of a class of six-dimensional supersymmetric
models related to the low-energy dynamics of M5 branes. These models possess the A = (1, 0)
supersymmetry and describe the hierarchy of interacting scalar, vector and tensor fields and their
superpartners [6]. Our main aim was to construct the superfield actions for the above models.
‘We have shown that this aim has been achieved in the framework of a six-dimensional harmonic
superspace. As a demonstration of the power of the harmonic superspace approach we have
considered the problem of effective action in the hypermultiplet model coupled to the background
field of the vector/tensor system.

We have constructed the harmonic superfield Lagrangian formulation of the free N' = (2, 0)
tensor multiplet in N = (1, 0) superspace. The system of the (1, 0) hypermultiplet and (1, 0)
tensor multiplet was considered. The corresponding action is a sum of actions for the correspond-
ing (1, 0) harmonic superfields. We have found the hidden (1, 0) supersymmetry transformation
which mixes the hypermultiplet and the tensor multiplet and have shown that this transformation
leaves the action invariant.

We have proposed the superfield Lagrangian formulation of the non-Abelian tensor hierarchy
in (1, 0) harmonic superspace. The superfield action has been formulated in terms of harmonic
superfields of vector and tensor multiplets. We reformulated the constraints on the superstrengths
[10] in terms of harmonic superspace and by using these constraints we computed the component
action corresponding to the proposed superfield action. It was shown that in an Abelian case this
component action is analogous to the action of the tensor hierarchy [6].

To demonstrate a power of superfield methods we have considered a problem of quantum
effective action in Abelian hypermultiplet theory coupled to background fields of vector/tensor
system. Such an effective action is generated by hypermultiplet loop and depends on vector and
tensor multiplet superfields. We have constructed the second order differential operator with co-
efficients, depending on background superfields, which acts on harmonic superfields and defines
a form of effective action. The superfield proper-time technique for evaluating the effective action
is developed. Such a technique allows to compute the effective action in manifestly supersym-
metric and gauge invariant manner. We calculated the divergent part of the effective action and
showed that it has a structure analogous to one of vector/tensor multiplet superfield action and
defines a renormalization of coupling constant. Also it was shown that the actions of vector and
tensor multiplet are generated as the parts of divergences of the effective action.

There are various ways to generalize and apply the obtained results. We will point out two
of them. Firstly, in Section 4 we constructed the action of free (2, 0) tensor multiplet in terms
of (1,0) hypermultiplet and tensor multiplets. The main element of this construction was the
existence of hidden (1, 0) supersymmetry transformations. We hope that such transformations
can also be found in the non-Abelian case which allows us to construct the non-Abelian superfield
action for the (2,0) tensor multiplet. Secondly, in Section 6 we began to study the effective
action of the (1, 0) hypermultiplet coupled to the Abelian background field of the vector/tensor
system. We developed the superfield proper-time technique for evaluating the effective action
and calculated the divergent part of the effective action. It would be extremely interesting to
find the finite part of this effective action since it be could a new 6D superconformal functional
written in terms of harmonic superspace. Also, it would be interesting to study the effective
action for the hypermultiplet in non-Abelian vector/tensor background. We hope to consider the
above problems in the forthcoming papers.
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Appendix A. Notations and conventions

In six dimensions the (1, 0) and (0, 1) Weyl spinors belong to the fundamental representation
of SU*(4) ~ §O(1,5) group and to the transpose representation, respectively. The 8 x 8 Dirac
matrices I'* (where a =0, 1, ..., 5) satisfy the Clifford algebra

rer’ + rore =y, (A.1)

The Dirac matrices for even dimensions can be chosen in the form

a __ 0 (Va)aﬁ>
r _<()7“)'3°‘ o )

witha=1,...,4.

Our notation and conventions follow to [ 10]. We use the metric n“b =diag(+, —, —, —, —, —)
as well as eabcdef-s“"‘za»‘def = —68[aa1 822 8?13 Everywhere the antisymmetrization with the weight
1 is used. We chose the antisymmetric representation of the 6D Weyl 4 x 4 y-matrices y;ﬂ =
—yga and

7l = -y = %e"ﬁ”(ya)ga, Vag = %eaﬁa(s(fa)"‘i (A2)

where the SU*(4) invariant £¢*£?9 is the totally antisymmetric symbol (g1234 = el234 = 1). The
matrices Vo?ﬁ obey the relation

(7" + 99, F =218 [Vab. vel = 20 va.- (A3)

The six-dimensional Pauli-type matrices {y“} and {y“} are two separate bases of 4 x 4 antisym-
metric matrices so that

a a

VT = <2 vt = deapmss  TPTI = =2, (A%

The normalized antisymmetrized product of Pauli-type matrices

1 . . .
v =7 =Y, Gan)®p = —(van) s,

2
1
Yabc = ?V[ayb)/c] = Ya¥Yb¥c — Yallbc + NacVb — NabVe
=¥“Poe — 1"y = vavye + neta ¥,
X X 1 )
(yabc)m/3 — (yabc)ﬁa — 5Eabcdef(ydef)o[ﬂ’

- - 1 - - .
Fabe)™® = Fabe)"™ = —§8abcdef(3/def)aﬂ = Va¥be — Naib Vel
(yabcdef) B _ _Sabcdefa b

o - o
(yabcde)m3 _ _Sadeef()/f)aﬂa (J;abcde)ﬂtﬂ — gabedef (f;f)aﬂ’
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1 . - 1 -
abcd)m3 _ Egabcdef(yef)aﬁ, (yabcd)ﬂtﬂ _ —ESadeef()/ef)aﬁ, (A.5)

form the basis of general 4 x 4 matrices with the completeness relation

(v

- § . .
(r"), P ap)o® = 25885 — 882 8¢ Vb T = —2480 8y yaryse =0,

oo’

Vs an)y =200y ] + 2808 + 85yl TP (van) =285 7 + 2687 — 8577

b ~ ~y$
Vils (Vabe)ys = 2apyo (Ybe)s” — VagVess Vil (Fabe)”® = =280, (vbe)y) — Vibap Vo »
Fabe)™ (vap)f =2070% v Fabe)™ = 4(ve)f.
)
(Yav)ap (v?'),, = 480¥5, + 485V, (A.6)

The trace relations are

tr(ya);b) = 47)ab, tr VabVCd = _48[6,185],

tr(yabcj;def) = —48ubcdef — 45{2823;}],

w(y 7y 7)) =40 = 0™ +0"0"), o eTabe) =0,
faybfa = _4)7b’ YeVabYe = 2Vab,

def

YeVabeYe =0, YeV Vabve = —ZV[aJ/def

Vbl (A7)

A Minkowski six-vector can be written as the bi-spinor:

N 1 8 1.
Xap = Vsﬁxa’ x = V;ﬁxa’ x?= Zxaﬁxﬁot, Xa = 2 tr(yqx) = Zygﬂxﬂa’
Oup =VigOar  Oupx”’ =—=200'83,  BapXys = —2eapys. (A.8)

The supersymmetric covariant derivatives in the central basis of the (1, 0) D6 harmonic super-
space have the form

+_
Do = 35
The definition of the vector superfield strength looks like

—idep0™, D, =

w ="5p5a —i0ap0", DI Dy} =2ibus. (A9)

[Da. Do) =Fap.  {DY. D))} =0,
1
Fap = —g(yawaﬂ Fg®  Ff = (van)d  F*. (A.10)

The field strength of the 2-form potential can be decomposed as follows
HE = X(Hype £4H Hape = » HYS Al
abe — E( abe £ *Hape), *Hgpe = Egabcdef ) (A.11)
where in the spinor representation the (anti-)self-dual parts of a 3-form H satisfy the relations

HOEE) = Hype ()/“bc)aﬁ, H(+)aﬂ = Habc(yabc)aﬁ-

We also used the following notations and conventions
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4 1 3
(D%)" = —Ig“ﬁﬂy Dy Dy D;Dy, (DY) =

+ntnt +\3y
DaDﬁDngaﬂpy(D) ’

1
_ 2 apydntptnpt
e’ DI DYDY

4
Dy Dy Dy D = —¢apys(DT)’,

DE(D*) =5 (DF), (A.12)
and also

gEagEBoEy — _apys (Q:t);” (Q:t)z _ ésaﬂywiﬁeimﬂ’

gEegtBoLy gEd — _cabys (Q:I:)“r’ (91)4 _ _%!SaﬂyaeiaeiﬁeiygiS’

gE (9:{:)3 _ —82‘ (Q:I:)4’

(D*)*(67), _‘Sﬂ’ (D)He7) =1,

(D*)*(67) =" (A.13)

Appendix B. Component expansion of the action (5.26)

We will now consider the main steps to derive the component decomposition of the action
S~ [d ¢Ydu L™ in the Abelian case. Here £ is given by (5.26). To do that, we should
integrate over harmonics and over all anticommuting coordinates.

Let us begin with the integration rule over anticommuting coordinates

_ 1 I
/d;( 4)du=/d6xdu<—ﬂ)8“’sy‘sl)a Dy D, Dj . (B.1)

First, we act by spinor derivatives and kill all the theta’s and then integrate over harmonics
uljE It is obvious that D, does not act on 8%, therefore the dependence on them in (5.26)
can be omitted from the very beginning. Using the rules [D*", D, ] = D in the expression
D, Dlg D, Dg£(+4) we get a number of terms which are conveniently grouped into

—®(Df Dy Dy Dy Y™ + Dy Dy D, Dy Y™ + Dy Dy DS Dy Y ) (B.2)
+4D, @D Dy D Dy YT — 4D, @(Dy D, Dy YT + Dy D Dy YY)

+ Dy ®Dy D, Dy Y™t — Dy & (DS Dy D, Dy + Dy Dy D, Dy

+ Dy Dg D) Dy )W™F (B.3)

{+6D, Dy @ D* "D, Dy YT — 6D, Dy @ DS Dy Y ) +4D Dy & D, Dy YT
+4D; Df@(Dy D, Dy + Dy D Dy )W — 4D Df @ D" Dy Dy Dy W (B.4)
{+6D; Dy DroD*T D, Dy WP

+op-y+t -p-
5Dy @Dy YT 46D, Dy

-D-prentp-wt
—6D, Dy Dy ®D; Dy WP}
D, Df®Y*" + @D D, Dy

+4D, Dy
+dpttp-p-
+DfeD™ D, D;

+3D, Dy D, @D DY

D, Dy W™’ +D; Dy

-D=p-ptepttp-wt
—4DaDﬁDpr<PD Dy WP
- p-y++ -D-p-D-dpttytt
Dy DyY*t 4+ D, Dy D, Dy @Dty

-pD—pte pttwte
D, Dy DYoDTTW

B

B
(B.5)

Further we will investigate each of these expressions separately.
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First, note that the set of terms (B.5) obviously vanishes if we recall the properties of harmonic
superfields. In order to transform the expression (B.2) to the component form we should commute
the spinor derivative D} to the right, use the fact that D} Y™+ = 0 and take into account that
[D;, Dopl = —2iggpys W3, As a result one gets

1 _ P o
Ie“ﬂ”a@(lﬁDaﬁD;Da + 32648y, W P Dy + 12e4,5,(Dy WP))Y .
Egs. (5.11), (5.17) of Subsection 5.2 allow us to rewrite this equation as follows:

@ (D“/’ Dog® — 16iW Do WP

1
—12Y YT 2wy — Efaﬁfﬂ“ - 2D“5Daﬂy+—).

The last term of the above relation vanishes after integration over the harmonic variables

&ij Y/ = 0. The obvious transformations of the other terms under the integral f d uul"’u]_ = %ei s

Jdu uFuug = Leqrejy give

/ d°x{4D" @D + O (AF " Fop — 4YVY;; — 8iWP Do WP + 16i W W)} (B.6)

The other terms in the expression (B.3) are considered analogously. As a result, one gets
. __ . _ -1 ) - A
—24iWS WY T + 161w, W “<Y+ + E<1>> + 161w, DPw, — 161w, DPwS
—8iw, D Dy, WV — 4w D’ Doy WP + 8iW, D*F Dy, W7 .
Integrating over harmonics leads to
. . . 3.
+4iv, Wr P + 16ilI/;D“’3lI/,»/3 + 4il1/éWl.ﬂ]-"ﬁ“ — ?idfo’( W/ey;;. (B.7)

The expression (B.4) has a complicated structure. However, bear in mind that we have the
properties W Wi’s = whi W in the Abelian case. This allows us to make cancellations of the
potentially admissible terms eqp,s W *WHFW =Y W D,sd@ W*WTP_ As a result, we have

1 8i
—SH DT é%fw)w—”‘wﬂ8 + DP® Dy, Fof — Dup® D FsP

where the last two terms disappear. Finally, after using the identity (5.14) this expression takes
the form

1 4 .
/déx{—ﬁﬂ(_)aﬂﬂ(ﬂaﬂ—éHéﬁ)W,quﬁ}- (B.8)

Thus we see that all the functional structures of the component action (5.23) are obtained from
the superfield action (5.26).
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