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Pot quantum deformation of classical finite-dimensional Lie super- 

algebras we give an explicit formula for the universal R-matrix. This 

formula generalizes the analogous formulae for classical quantum 

groups obtained by M. Rosso, A.N. Kirillov and N. Reshetikhin, Ya. 

Soibelman and S. Levendorskii. Our approach is based on careful analy- 

sis of rank two algebras, a combinatorial structure of the root sys- 

tems and algebraic properties of q-exponential functions. We don't use 

quantum Weyl group. 

I. Introduction 

V.G. Drinfeld [I ] and M. Jimbo [2] introduced the notion of quantum 

group that gives a number of examples for solutions of Yang-Baxter 

(YB) equation. Later, Drinfeld [3,4] defined the quasitriangular Hopf 

algebras with the universal solution of YB equation. Namely, quasi- 

triangular Hopf algebra is a Hopf algebra A with an additional element 

R E A®A such that 

A" (z) = RA(z)R -I, z E A , (1.1) 

(A®~d)R = R~aR 23, (~d@A)R = R~3R ~2. (I .2) 

This element R satisfies the YB equation and is called "the universal 

R-matrix". The method of oonstrttotion the quasitriangular Hopf al- 

gebx~s is based on the quantum double notion [3]. If A is any Hopf al- 

gebra then the quantum double W(A) is a quasitmiangulam Hopf algebra 

(~ A@A" as a vector space) with the canonical R-matrix 

R = ~ e¢ ® e ¢ , (1.3) 

where e¢ and e ~ are dual bases in A and A'. For  ~ quantum group 

Uq(g) (the D~infeld-Jimbo defox~m~tion of Kao-Mood¥ algebra g) there 

exists an epimol~phism to Uq(g) from quantum double of the oo~espon- 

ding Bor~l subalgebra: W(Uq(D+)) 4 Uq(E). Thus any quantum group Uq(g) 
is a quasitriangular Hopf algebra. 
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The problem is to obtain an explioit expression for the universal 

R-matrix direetly in terms of U(g). General form of sueh an expres- 

sion was found by Drinfeld [3,4]. M.Rosso [5] obtained the explieit 

factorized expression of the universal R-matrix for U (s~(~J) by exa- 

mining the identifioation of U~(s~(~J) with quantum double of U (b+J. 

This formula was generalized in [6,7] to quantum deformation of semi- 

simple Tie algebras usir~ q-Weyl group. 

We deduoe the analogous fozmmAla for quantum supergroups (q-deforma- 

tion of finite-dimensional simple Lie superalgebras). Our proof is 

different to that of [5-7]. We don't use quantum Weyl group. Our ap- 

proach is based on oareful analysis of rank two algebras, a combinato- 

rial struoture of root systems and algebraio properties of q-exponen 

tial funetions. 

2. The Oar%an-Weyl basis for quantum supergroups 

Let g(A,8) be a oontragredient finite-dimensional superalgebra with 

a symmetrizable Caftan matrix A (i.e. A = DA (e), where A(e)=(a Cs)) is 
a sy-mmetrio Oartan matrix,and D=D~(d I ,... ,d~), ~#0) and with a par- 

ity funotion 8: {simple roots}-~{0,1}. We define the quantum supergroup 

UqCgCAoe))=UqCg) as the Drinfeld-Jimbo deformation of U(g). The defi- 

nition differs from that of [3,4] by replaoing the Lie braokets [ , ] 

with superoom~nutator [G,D] = ab-- (-l)sCa)eCb)bC~ and superoommutati- 
vity of tensor produot [8]. For the oomultiplioation we use the follo- 

wing formulas: 

-~¢ Aq(e_~ =e_~® q + I ® 1) Aq (e~  = e ® I + q ® I ,  e _ ~ .  (2. 

To def ine the Oartan-Weyl bas is  in  Uq(g) we ohoose a normal o rder  
~++ in the reduoed system of positive roots Y+ and define root veotors 

on induotion as follows [8]: If 7=~I+~, ~<7<~ and there are no other 

positive roots 5', ~' between ~ and ~ suoh that 7=a '+~' then we set 

e z = [e~,e~]q := e~e~ - (-1)ec~)e(f~)q(~'l~)e~e~ , (2.2a) 

e_z = [e_~,e_~]~ := e_f~e_a-(-1)e(~)e(f~)q-(~'f~)e_~e_f~ . (2.2b) 

We have the following properties of the Oartan-Weyl generators. 

Propos i t i on  1. [8]  ( i )  For any 7E~+ Jeo~ow~ng re~c~t~on ~s va~d 

[ e ~ , e ~ ]  = (q- - -  q )/ev(q),  (2.3)  

~heve %(q)  ~s ~ ;/~mct~on 02" q. 
( i f )  For an9 a,~ ~ Y+, a<~, we have 
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[ea,e/~] q = ~,, O~,t,,z t ez,,ez, z. ..ez,,, ' , (2.4)  

whePe F,~ ~{7{  = a+~. 

3.  The tm ive rsa l  f a c t o r i z e d  R-matr ix  f o r  quanttan supergroups 

We set 

e~pq(X) := ~ ;r,~'/(rr)q! , (3.1a) 
~ o  

where 

(n)q!  ~ ( l ) q  (2)q . . .  (n)q , (l~)q =- ( 1 -q '~ ) / ( l - q ) .  (3.1b) 

~or ar~ 7e~+ we set also 

Bz:= expq z (q)e e , (3.2) 

where e zl = ez®l ' e2_z = ICe_z, qr = (-1)e(z)q-(z'z)" 

Theorem. For c~y quantum 8upergroup Uq(g) the un~uersa~ R-met~'~x 
con be ~-ttten ~n the j'oZZowtng j'or~ 

-~ = [ FI , ( 3 . 3 )  ,~z+~) q z~ ' J ' '®b  

• h~re the or~ tn the product corncobs wfth the chosen norvna~ order 
~n E+, d =r~t's)~ -1 f,s the '/,nuer'se to symme/;'r-f,c Car'tan matr'f,x. -{j --%, ,.,, 

Proof. Let R=NR z and £0: Uq(1~+) ~ Uq(r~_), (g=n_@~+), be isomor- 
Z 

phism defined by ~(ea )=e_~ ~ for simple root veotors. We oan prove the 

following lemma by dil~eot oomputations in rank two supergl~oups. 

I~mam. For any vara~ two quontua 8upevgnoup we have: 

tj" the norv~Z order Y+ ts (a,7~,...,7~,#), 

(ii) the equet~on 8~]stem 

Aq'(e~)~ X = X A-'(e~ ) , q  ~=1,...,n (3.5) 

has the unique solution ~n the space (I~) Uq(n+). 

Here the oomultiplloation A'q (A~') is opposite to Aq (A~).As a oo- 
rollaz-J we p#ove that the faotorized R-matrix satisfies the equation 

(I .I ) A'=F~J~ -I and does not depend on the normal ol~derir~ of the lOOt 

system. Note that the statements of the lemma are valid for amy quan- 

tum supergroup and we may oonsider the reduoed R-matrix 

-7.d{jh¢®hj 
= R q (3.6) 
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as the unique solution of equations (3.5) in the speoies (It(p) Uq(rt+). 
The remainir~ properties (I .2) of R-matrix we are able to oheok direo- 

tly for quantum super~oups of A-type using the following properties 

of q-exponential funotions. 

Proposltlon 2. Let x and y are ~-conyau~r~ uortob~es,xg=~yx, Kl=q-~ 
ths~ 

expq(x+y) = expq(x) expq(y), (expq(x))-~= e~p_(-x) (3.7a,b) 
q 

Proposition 3. (q-Analog oj" H'Adamar identity) Let x t8 any 
e~ement of .4 then 

e,Tpq(x) y (eXpq(X))  -I-- Ad el:'pq(2:) (y )  = 

r I ~dnq X] (y), (3.8) = expq(o~z) (y) = y + ~ ~ 
Ca)q! n>l; 

wher'e 

o.d ~q x (y) =Ix, y] ,  acZZxq (y) ~ [x , [x ,y]]q ,  ... , 

~ f ' + ~ x  ( y )  = [x ,  aa~ x ( y ) ] . ,  ( I x ,  z ]  ~ = x z  - q~zx). (3 .9)  
q q q 

U s i r ~  q - a n a l o g  o f  the  H'hdamam fo~nu ta  we show t h a t  (1 .1 )  i s  j u s t  

an additive property of q-exponents for q-oommuting variables. For 

other type of quantum supergroups we prove the equality 

(3.10) 

in induotion on the height of root 7E~+ and then repeat Rosso's quan- 

tum double arguments [5 ], [7 ]. 
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