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Abstract

Non-integrable special geometrlc structures in
dimensions six and seven
Alberto Raffero — XXVIII ciclo

Scuola di Dottorato in Scienze della Natura e Tecnologie Innovative
Universita degli Studi di Torino — March 4th, 2016

Six-dimensional manifolds admitting an SU(3)-structure and seven-dimensional man-
ifolds endowed with a Go-structure are the main object of study in this thesis.

In the six-dimensional case, we consider SU(3)-structures (w, ;) satisfying the
condition dw = ¢4, ¢ € R — {0}, known in literature as coupled. They are half-flat
and generalize the class of nearly Kéhler SU(3)-structures. We study their properties
in the general case and in relation with the role they play in supersymmetric string
theory, the conditions under which the associated metric is Einstein, their behaviour
with respect to the Hitchin flow equations and various classes of examples.

In the seven-dimensional case, we focus on Gs-structures defined by a stable 3-
form ¢ which is locally conformal equivalent to a closed one. We study the restrictions
arising when the underlying metric is Einstein, we use warped products and the
mapping torus construction to provide noncompact and compact examples of 7-
manifolds endowed with such a structure starting from 6-manifolds with a coupled
SU(3)-structure and, finally, we prove a structure result for compact 7-manifolds.

We conclude studying a generalization of the Hitchin flow equations and a geomet-

ric flow of spinors on 6-manifolds. The latter gives rise to a flow of SU(3)-structures.
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Introduction

“If I have seen further,
it is by standing on the shoulders of Giants”

I. Newton

In Riemannian geometry, the study of special geometric structures is closely related
to holonomy theory. Let (M, g) be an m-dimensional Riemannian manifold, it is well-
known that the Riemannian holonomy group Hol(g), namely the holonomy group of
the Levi Civita connection VY associated with the Riemannian metric g, is a subgroup
of the orthogonal group O(m).

The classification of the possible Riemannian holonomy groups when (M, g) is
simply connected and complete began with Cartan’s classification of simply con-
nected Riemannian symmetric spaces [36, 37] in the twenties of the last century and
was achieved with the results of de Rham [58] and Berger [21] in the 1950s. In [58], it
was shown that (M, ¢) is isometric to a product (Mo x My X -+ X My, goX g1 X -+ X gk)
of simply connected and complete Riemannian manifolds such that (My, go) is flat,
Hol(g;) acts irreducibly on the tangent spaces of M; for every i = 1,...,k, and
Hol(g) is isomorphic to Hol(g1) x --- x Hol(gx), while in [21] the list of all possi-
ble holonomy groups for irreducible and non-symmetric Riemannian manifolds was
obtained. In detail, Hol(g) must be one of SO(m),U(n),SU(n) when m = 2n > 4,
Sp(n)Sp(1),Sp(n) when m = 4n > 8, Go when m = 7 and Spin(7) when m = 8.
The proof that all of the groups appearing in Berger’s list actually occur as Rieman-
nian holonomy groups was completed in the 1980s with Bryant and Salamon’s first

examples of (complete) metrics with holonomy Gg and Spin(7) [29, 32].
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Given a Lie subgroup G of GL(m,R), a G-structure on M is by definition a
reduction of the structure group of the frame bundle FM from GL(m,R) to G, that
is, a principal subbundle @ of FM with typical fiber G. If G is one of the groups
appearing in Berger’s list except SO(m), the corresponding G-structures are called
special geometric structures.

Whenever G C O(m), a G-structure Q on M gives rise to a Riemannian metric g
on it and some extra geometric data, which are usually represented by certain tensor
fields on M whose common stabilizer at each point of the manifold is G. Actually,
the existence of such tensor fields is equivalent to a reduction of the structure group
of FM to G. This is exactly what happens for every special geometric structure.

The obstruction for the Riemannian holonomy group Hol(g) to reduce to G is
represented by the so-called intrinsic torsion T of the G-structure, which is a section
of a vector bundle over M with typical fiber the G-module (R™)* ® g+, being g+
the orthogonal complement of the Lie algebra g of G in so(m) with respect to the
Killing form. More precisely, such a reduction is characterized by the vanishing of
7. Furthermore, when the G-structure is defined by some tensor fields, 7 can be
identified with their covariant derivatives with respect to the Levi Civita connection
V9 and, consequently, the holonomy reduction holds when they are all VI-parallel.
A G-structure with identically vanishing intrinsic torsion is called torsion-free, while

it is said to be non-integrable otherwise.

In this thesis, we are mainly interested in 6-manifolds endowed with an SU(3)-
structure, evolution equations of SU(3)-structures and 7-manifolds admitting a Ga-
structure. In the following, we briefly review these topics explaining the motivations
of our study.

An SU(3)-structure on a six-dimensional manifold M can be defined by the data
of a 2-form w and a 3-form v, which are stable in the sense of [101, 161]: at each
point p of M their orbit under the action of the general linear group GL(T,M) is

open and there exists a basis (e!,...,e%) of the cotangent space Ty M such that

w=el? 4 0 g, = 135 M6 _ 236 245

he

where e’ is a shorthand for the wedge product e’ A el AeF A --- of 1-forms.
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On the manifold M, the pair (w,14) gives rise to an almost complex structure
J, to a complex volume form ¥ = ¢, + i) of nonzero constant length, where
_ := Ji,, and to a Riemannian metric defined by g(-,-) = w(-, J-).

The intrinsic torsion 7 of an SU(3)-structure (w,14) is a section of a rank 42
vector bundle W over M with typical fiber (R®)* ® su(3)% and can be identified
with the covariant derivatives VIw, VIW. The decomposition of the SU(3)-module
(R%)* @ su(3)* into SU(3)-irreducible summands induces a splitting

W=W oW, aWs5 oW, @Ws & W, dWs

and the intrinsic torsion decomposes accordingly. This gives rise to 128 classes of
SU(3)-structures, which are defined in terms of the identically vanishing components
of 7 and can be characterized by the expressions of dw, diy4 and di_, as shown by
Chiossi and Salamon in [40]. When w, ¥4 and ¢_ are all closed, the SU(3)-structure
is torsion-free, the Riemannian holonomy group Hol(g) is a subgroup of SU(3) and
g is Ricci-flat, i.e., its Ricci tensor Ric(g) vanishes identically.

One of the most remarkable classes of SU(3)-structures is defined by the equations
doNw=0, dyi =0,

which constrain the intrinsic torsion to lie in the rank 21 vector bundle W, @ W, @
Ws. Since the rank is exactly half of the rank of W, such structures have been
named half-flat [40] or half-integrable [42]. By [40, 102], every oriented hypersurface
of a Riemannian 7-manifold with holonomy in Gs is naturally endowed with a half-flat
SU(3)-structure and, conversely, a six-dimensional manifold with a real analytic half-
flat SU(3)-structure can be realized as a hypersurface of a 7-manifold with holonomy
in Gg [31, 102]. The latter result is proved studying the following system of evolution
equations for an SU(3)-structure (w(t), 14 (t)) depending on a parameter t € I C R

by (t) = dw(t)
Lw(t) Aw(t) = —dy_(t)

Such evolution equations, introduced by Hitchin in [102] and now commonly known

as Hitchin flow equations, are not a geometric flow in the usual sense, as the evolution
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of w(t) and 14 (t) is not described by partial differential equations of the form

0 0

—w(t)=1L t — t) =K t

Colt) = Lu(wl®), -+ (1) = K@ (1),

where L;, K; are certain differential operators depending smoothly on ¢. In fact, to
our knowledge, up to now in literature there are no known examples of geometric
flows evolving SU(3)-structures.

An almost Hermitian manifold (M, g, J) is said to be strict nearly Kdhler if
(V%)X =0,

for every X € X(M), and V%.J # 0 for all non-vanishing X € X(M). By [162], in
dimension six the structure group of FM admits a natural reduction to SU(3) and

the corresponding SU(3)-structure (w, ;) can be characterized by the conditions
dw =31y, dip_ =—2w>

Since 1, is exact and the compatibility condition w A ¥4 = 0 always holds, nearly
Kéhler SU(3)-structures are half-flat and their intrinsic torsion belongs to W; . More-
over, the associated Riemannian metric g is Einstein [90, 144], that is, Ric(g) = pg
for some real number pu.

Nearly Kéahler manifolds have been widely studied in literature, for instance in
[88, 90], and the relevance of the six-dimensional case is evident from the results of
[149, 150], where the author proved that a complete and simply connected nearly
Kahler manifold is locally a Riemannian product of Kéahler manifolds, twistor spaces
over Kéhler manifolds and six-dimensional nearly Kahler manifolds.

Up to now, very few examples of manifolds endowed with a nearly Kahler SU(3)-
structure are known. In the homogeneous case there are only finitely many of them
by [34], namely the 6-sphere S%, the product of 3-spheres S® x S2, the complex
projective space CP? and the flag manifold F(1,2), and each one carries a unique
invariant nearly Kahler SU(3)-structure up to homothety. Moreover, the existence
of new non-homogeneous examples was recently proved on S% and S% x S2 in [73].

Because of the rareness of examples, one may weaken the defining conditions of

the class W, and study the resulting SU(3)-structures in relation to the properties of
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nearly Kahler SU(3)-structures. In the half-flat class there are two natural subclasses
allowing to do this: the class W, @ Ws of double half-flat and the class W, & Wy
of coupled SU(3)-structures.

Properties and explicit examples of double half-flat SU(3)-structures were studied
for instance in [42, 137, 165, 167]. By [42, 167], they are defined by the conditions

dps =0, dip_ = ku?,

for some nonzero real number k, and can be characterized as the half-flat SU(3)-
structures having totally skew-symmetric Nijenhuis tensor.

Natural spaces motivating the study of coupled SU(3)-structures, named in this
way in [164], are S® x S3 and the twistor spaces over self-dual Einstein 4-manifolds
of positive scalar curvature, where also nearly Kéhler SU(3)-structures exist [147].
Moreover, a further motivation comes from supersymmetric string theory, since a
necessary and sufficient condition for N/ = 1 compactifications of Type ITA string
theory on spaces of the form AdSy x M, where AdSy is the four-dimensional anti-de
Sitter space, is that the internal compact 6-manifold M is endowed with a coupled
SU(3)-structure satisfying some additional properties [118, 136]. We will see later
that coupled SU(3)-structures are also useful to construct examples and to study the
properties of manifolds endowed with a certain class of Ge-structures.

A Gg-structure on a seven-dimensional manifold M is defined by a stable 3-form

¢ which can be pointwise written as

— 6127 347 567 + 6135 _ 146 236 245

(% +e' +e e —e —eT

with respect to a basis (e!,...,e") of T »M. Such a 3-form induces a Riemannian

metric g, and a volume form dV,, on the manifold via the identity

1
9o(X,Y)dV,, = g (tx@) A (by o) A,

for every pair of vector fields X,Y on M.
The intrinsic torsion of a Go-structure ¢ can be identified with the covariant
derivative V9. In [67], Ferndndez and Gray showed that the Gg-module X of

tensors satisfying the same symmetries as V92 decomposes into a direct sum of
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four Go-irreducible submodules
X=X XD X3 D Ay,

allowing to divide Ge-structures into 16 classes characterized by the identically van-
ishing components of V9¢¢. Denoted by *, the Hodge operator determined by g,
and dV, it is also possible to show that each class can be completely character-
ized by the expressions of dy and d *, ¢, as they contain the same informations on
the intrinsic torsion as V9% ¢ [30, 40, 141]. Torsion-free Go-structures ¢ are then
equally defined by the condition V9¢¢ = 0 or by dp = 0,d *, ¢ = 0, their underlying
Riemannian metric g, has holonomy contained in Go and is Ricci flat [26].

Noncompact examples of 7-manifolds endowed with a Gg-structure can be con-
structed starting from a 6-manifold M endowed with an SU(3)-structure (w, ;) and
considering the warped product M x I endowed with the metric f(t)g + dt?, where
g is the metric induced by (w, ), t is the coordinate on the interval I C R and
f is a positive real-valued function defined on I. For instance, M x R admits the
Go-structure

po=wAdt+ 1y

inducing the cylindrical metric g, = g+ dt?, while M x (0, +00) is endowed with the
Go-structure
o =trwAdt+t3,,

whose underlying metric is the conical one, namely g, = t2 g + dt?.

Compact examples can be obtained considering the mapping torus of a diffeo-
morphism v of a compact 6-manifold M, that is, the compact 7-manifold M, defined
as the quotient of M x R by the infinite cyclic group of diffeomorphisms generated
by

v: MxR — M xR
(p,t)  +— (v(p),t+1)

In detail, when v is an automorphism of an SU(3)-structure (w, 1) on M, i.e., when

V'w = w and v*iy = ¢, then a 2-form w and a 3-form @Z+ are naturally induced

by w and 4 on the mapping torus M, and the 3-form

p=wAn+iy
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defines a Ga-structure on it, where 7 is the closed 1-form on M, induced by the
1-form dt on R. In this case, M, is the total space of a fibration over the circle S*
and each fiber is endowed with an SU(3)-structure. Observe that if v is the identity
diffeomorphism, then M, is none other than the product M x S!.

The intrinsic torsion of a Ga-structure defined by a closed 3-form ¢ lies in A5. In
this case, the Ga-structure is called closed or calibrated, as it defines a calibration on
the manifold by [95], and can be seen as the Ga-analogue of an almost Kdhler struc-
ture, i.e., an almost Hermitian structure (g, J) whose fundamental form w is closed.
The first example of compact 7-manifold endowed with a calibrated Ga-structure was
given by Ferndndez in [64], while, more recently, examples of invariant calibrated
Go-structures were obtained in [50] on compact nilmanifolds, i.e., compact quotients
of simply connected nilpotent Lie groups by a lattice. Examples of calibrated Go-
structures on mapping tori of 6-manifolds endowed with an SU(3)-structure whose
defining forms w and 4 are both closed, known as symplectic half-flat, were con-
structed in [140].

The geometry of calibrated Ga-structures was studied in [47] by Cleyton and
Ivanov. Furthermore, Bryant proved in [30] that the scalar curvature of the metric
underlying a calibrated Ga-structure is nonpositive and vanishes identically if and
only if the Go-structure is torsion-free.

A Go-structure ¢ is said to be Einstein if the underlying Riemannian metric g,
is Einstein. As an analogous of Goldberg conjecture for almost-K&hler manifolds
[83], in [30, 47] it was proved that on a compact manifold every Einstein calibrated
Go-structure is necessarily torsion-free. In the noncompact homogeneous case, it was
recently shown that a seven-dimensional solvmanifold cannot admit any left-invariant
Einstein calibrated Ga-structure unless g, is flat [65].

A Go-structure whose defining 3-form ¢ is locally conformal equivalent to a closed
stable 3-form is called locally conformal calibrated and is characterized by the condi-
tion

dp=—0Nep,

for a unique closed 1-form 6, known as the Lee form of . In this case, the intrinsic

torsion belongs to Xo @ Xy and the Go-structure generalizes both calibrated and
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locally conformal parallel Go-structures, namely those satisfying

4
dp=—0Np, d*@(p:—ge/\*w(p

and whose intrinsic torsion lies in X4. Seven-dimensional manifolds endowed with a
locally conformal calibrated Go-structure are called locally conformal calibrated Go-
manifolds and represent the Go-analogue of locally conformal symplectic manifolds
[176], that is, even-dimensional manifolds endowed with a non-degenerate 2-form w
which is locally conformal equivalent to a symplectic 2-form. In literature, properties
of locally conformal calibrated Ge-manifolds were studied in [69].

Because of the local conformal equivalence between 3-forms defining a calibrated
Go-structure and those defining a locally conformal calibrated one, it is natural to ask
whether the results of [30, 47, 65] previously recalled extend to manifolds endowed
with an Einstein locally conformal calibrated Ga-structure. It is also interesting to
study the conditions for which the mapping torus of a 6-manifold endowed with an
SU(3)-structure is a locally conformal calibrated Ga-manifold and to describe the
geometry of a compact locally conformal calibrated Gs-manifold. Known results
motivating this are for instance those of [104], where a characterization of compact
locally conformal parallel Go-manifolds as fiber bundles over S with compact nearly
Kaéhler fiber was obtained, and those of [13, 176], where fibration results for compact

locally conformal symplectic manifolds were established.

We now summarize the content of the thesis, describing the main results.

The first chapter is mainly an overview of well-known topics on which the con-
tent of the thesis is based. We begin recalling basic definitions and properties about
manifolds, vector bundles, principal bundles and holonomy theory, in order to fix
the notations and clarify some conventions we use. We then review G-structures,
explaining more in detail the results outlined in the first part of this introduction
and describing some explicit examples. After doing this, we consider homogeneous
Riemannian manifolds, focusing our attention on the properties of (compact) nil-
manifolds and solvmanifolds. Moreover, we introduce the notations used for real Lie
algebras and we make some observations on metric Lie algebras. We conclude the

chapter with a review of Einstein and Ricci soliton metrics. Related results by Heber
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[98] and Lauret [127] on Einstein solvmanifolds and by Lauret [124, 125] on Ricci
nilsolitons, i.e., left-invariant Ricci soliton metrics on simply connected nilpotent Lie

groups, are also recalled.

In the second chapter, we consider 6-manifolds endowed with an SU(3)-structure.
General results on this topic are reviewed in detail in the first part, while in the second
part we focus on special half-flat SU(3)-structures, namely SU(3)-structures whose
class is contained in W @ W, @ Ws. In Section 2.3, we discuss the results on
nearly Kéhler manifolds previously sketched and we add some details for those on
double half-flat. Then, in Section 2.4, we consider the class W, @ W, of coupled
SU(3)-structures, proving that on a connected manifold M it is characterized by the

condition

dw =cyy

for some real constant ¢ (Proposition 2.4.2). It is then evident that coupled SU(3)-
structures with nonzero coupled constant ¢ are a natural generalization of nearly
Kahler SU(3)-structures and, as it happens for nearly Kéhler, they are completely
determined by the 2-form w. Consequently, a diffeomorphism v of M such that
v*w = w is an automorphism of the coupled SU(3)-structure (Corollary 2.4.3). More-
over, the almost Hermitian structure (g,.J) underlying a coupled structure is quasi
Kihler, i.e., its fundamental form w is O-closed (Proposition 2.4.6). In Section 2.4.1,
we look for examples of manifolds endowed with a coupled SU(3)-structure. We clas-
sify six-dimensional non-Abelian nilpotent Lie algebras admitting a coupled SU(3)-
structure, showing that up to isomorphism only two cases occur (Theorem 2.4.12).
One of them, namely the real Lie algebra underlying the complex Heisenberg group
of complex dimension three, is endowed with a coupled SU(3)-structure whose as-
sociated metric is a Ricci nilsoliton. We prove that this is the unique example of
this kind (Proposition 2.4.14). We conclude giving an example of left-invariant cou-
pled SU(3)-structure on the Lie group SU(2) x SU(2). As the half-flat condition is
preserved by the Hitchin flow equations, in Section 2.4.2 we examine the behaviour
of coupled SU(3)-structures with respect to this flow. We characterize solutions
of the Hitchin flow equations starting from a coupled SU(3)-structure and remain-

ing coupled as long as they exist (Proposition 2.4.17), we review a known example
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in the light of this characterization and we prove that such solutions need not to
exist in general (Proposition 2.4.19). In Section 2.4.3, we study the properties of
coupled SU(3)-structures which are of interest in supersymmetric string theory, dis-
cussing also explicit examples. The chapter ends with Section 2.5, where we consider
the problem of finding (special) half-flat SU(3)-structures whose associated metric
is Einstein. We begin with the homogeneous manifold S® x S2 identified with the
Lie group SU(2) x SU(2), proving that it does not admit any left-invariant coupled
SU(3)-structure inducing one of the currently known Einstein metrics existing on it
(Theorem 2.5.5) and giving an example of a left-invariant half-flat SU(3)-structure
with intrinsic torsion in W, & W, @ W3 and whose associated metric is Einstein.
Then, we consider twistor spaces over oriented Riemannian 4-manifolds, reviewing
some known results which allow to prove the existence of coupled SU(3)-structures
whose underlying metric is Einstein. Finally, we move to the noncompact homoge-
neous case, where we prove that there are no coupled SU(3)-structures inducing the
Einstein metric on Einstein solvmanifolds (Theorem 2.5.16) and on homogeneous
Einstein manifolds of nonpositive sectional curvature (Corollary 2.5.19). In some

cases, the result is stronger and holds for all half-flat SU(3)-structures.
The third chapter is devoted to the study of locally conformal calibrated Go-

manifolds. After reviewing the general properties of Go-structures, their classifica-
tion and their relation with SU(3)-structures in Sections 3.1 and 3.2, we focus our
attention on the class Xo @ X;. In Section 3.3, we discuss the main properties of
locally conformal calibrated Go-structures and we look for new examples. We show
that noncompact examples of locally conformal calibrated Gs-manifolds can be con-
structed on the cylinder over a 6-manifold endowed with a coupled SU(3)-structure
and also on the cone when the coupled constant c is not 3, generalizing known results
for nearly Kéhler SU(3)-structures (Proposition 3.3.8). We then study the conditions
under which the mapping torus of an automorphism of an SU(3)-structure is a locally
conformal calibrated Go-manifold, proving that it suffices to consider a 6-manifold
M endowed with a coupled SU(3)-structure (w,%4) and a diffeomorphism v of M
such that v*w = w to obtain the result (Proposition 3.3.11). When the coupled
SU(3)-structure is nearly Kéhler, we prove that the same hypothesis gives rise to

a mapping torus endowed with a locally conformal parallel Go-structure (Proposi-
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tion 3.3.14). Finally, we state necessary and sufficient conditions guaranteeing the
existence of a locally conformal calibrated Go-structure on seven-dimensional Lie
algebras obtained as rank-one extensions of six-dimensional Lie algebras endowed
with a coupled SU(3)-structure (Propositions 3.3.17 and 3.3.20). Using these results,
we are able to give two new examples of invariant locally conformal calibrated Go-
structures on compact solvmanifolds, namely compact quotients of simply connected
solvable Lie groups by a lattice. In Section 3.4, we study the restrictions imposed
by requiring that the Riemannian metric underlying a locally conformal calibrated
Go-structure ¢ is Einstein. In the compact case, we show that the scalar curvature
of g, is nonpositive (Theorem 3.4.4) and, as a consequence, we prove that a seven-
dimensional compact homogeneous manifold cannot admit any invariant Einstein
locally conformal calibrated Ga-structure unless the underlying metric is flat (Corol-
lary 3.4.5). In contrast to the compact case, we construct a noncompact example
of left-invariant Einstein (non-flat) locally conformal calibrated Ga-structure on a
seven-dimensional solvmanifold and we give a noncompact example of a locally con-
formal calibrated Ge-structure whose associated metric is Ricci-flat. The geometry
of compact locally conformal calibrated Go-manifolds is studied in Section 3.5. Here,
we first discuss the conditions under which the 3-form ¢ defining a locally conformal
calibrated Go-structure with Lee form 6 can be expressed as ¢ = df + 0 A 8 for
some 2-form S. This requirement, which implies in particular that dp = —0 A ¢, is
motivated by the results of [13, 176] mentioned earlier, as they are proved for locally
conformal symplectic manifolds whose non-degenerate 2-form w satisfies a similar
identity. Then, we prove that a compact locally conformal calibrated Gs-manifold
(M, ) with non-vanishing Lee form @ such that Ly = 0 is fibered over S! and each
fiber is endowed with a coupled SU(3)-structure (Theorem 3.5.17). This is a partial

converse of the mapping torus construction stated above.

In the last chapter, we study evolution equations of SU(3)-structures. In Section
4.1, we consider a generalization of the Hitchin flow equations introduced in the
physical paper [57] and we show that it can be used to define a system of evolution
equations for an SU(3)-structure preserving the class Wi & W, of coupled SU(3)-
structures (Proposition 4.1.7). Geometric flows are reviewed in Section 4.2, where we

recall the fundamental definitions and a result guaranteeing the short-time existence

xx1



and uniqueness of solutions of an initial value problem. In Section 4.3, we explain
some ideas which could be useful to study the open problem regarding the existence of
geometric flows evolving SU(3)-structures, we summarize them here. It is well-known
that a Riemannian 6-manifold (M, g) is endowed with an SU(3)-structure if and only
if it is orientable and admits a spin structure [129]. As a consequence, it is possible
to consider the spinor bundle XM over M, which is a complex vector bundle with
typical fiber C®, and show that there is a correspondence between the differential
forms (w, ;) defining an SU(3)-structure and unit real spinor fields ¢ € I'(XM).
Since the correspondence is one-to-one up to a sign in the definition of ¢, instead of
studying evolution equations for the differential forms w and 4, we look for flows
evolving ¢. The advantage of this approach is that we have to control only one
object instead of two objects and the compatibility conditions they have to satisfy.

The evolution equation we consider is the following

0

—6(t) = —D*6(t),

where D is the Dirac operator of the Riemannian spin manifold (M, g). As —D?is a
strongly elliptic second-order differential operator, the previous equation is strictly
parabolic and the short-time existence and uniqueness of solutions for a given unit
real spinor field ¢y € I'(X M) is guaranteed on compact manifolds (Theorem 4.3.16).
The solution ¢(t) is non-vanishing as long as it exists, as it depends smoothly on
t and being non-vanishing is an open condition. It is then possible to normalize
it using the real metric of XM and get an SU(3)-structure on M depending on t.
Therefore, the flow at the spinor level translates into a flow of SU(3)-structures on
M leaving the metric g fixed. This argument fails when ¢y is an eigenspinor of
the Dirac operator with constant eigenfunction. Indeed, in this case the solution
@(t) is just a rescaling of ¢y and the normalization is ¢q itself (Proposition 4.3.18).
This happens, for instance, when ¢ corresponds to a coupled SU(3)-structure with

coupled constant c¢, as it satisfies

D¢y = —c ¢p.

We conclude the section discussing two examples of solutions on Lie algebras.

xxii



The computations on Lie algebras have been done with the aid of the software
Maple 18, its packages difforms, LinearAlgebra, Polynomialldeals (only for the proof
of Theorem 2.5.5), and some Maple procedures written by the author.

The original results collected in this thesis are contained in the papers [66, 70,

71, 160] and in the work-in-progress [72].
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Chapter 1

Preliminaries

In this chapter, we review the main topics on which the content of this thesis is
based. After recalling some basic facts about manifolds and fiber bundles, we describe
the foremost properties of G-structures and of homogeneous Riemannian manifolds,
paying particular attention to the case of nilmanifolds and solvmanifolds. Finally, we
consider two classes of Riemannian metrics satisfying remarkable properties, namely
Einstein and Ricci soliton metrics, and we discuss some related results.

Since most of the results appearing here are well-known, instead of proving every
assertion, we will suggest one or more references where the reader can find the proofs

and more details on the topics.

1.1 Basics, notations and conventions

This section is mainly a summary of fundamental definitions and properties in dif-
ferential and Riemannian geometry. Several notations and conventions used in this

thesis are introduced here.

1.1.1 Smooth manifolds, vector bundles and tensor fields

A smooth manifold M of dimension m is an m-dimensional topological manifold
admitting a (maximal) differentiable atlas of class C°°. The manifolds considered in

this thesis will be always assumed to be smooth.
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A wector bundle E of rank k over M is a fiber bundle 7 : £ — M whose fibers
are vector spaces of the same dimension k. In particular, each point p of M has an
open neighborhood & C M such that 7= (i) is diffeomorphic to U x V, where the
k-dimensional vector space V' is the typical fiber of E. The space of (smooth) sections
of E, i.e., the smooth maps ¢ : M — FE such that o, := o(p) belongs to the fiber
E, := 77 1(p) of E over p, is denoted by I'(E). A section o € I'(E) is said to be
vanishing at a point p of M if o(p) = 0, identically vanishing if it is vanishing at each
point of the manifold and non-vanishing if it is nowhere vanishing.

Tp,M denotes the tangent space to M at a point p, while T7M denotes the
cotangent space at p, namely the dual vector space of T,,M. The bundle T M of r-
contravariant s-covariant tensors, or (r, s)-tensors for short, is the vector bundle over
M whose fiber over each point p is the vector space Ty (T, M) = (T, M)*" @ (T,; M )®*
of (r, s)-tensors on T, M. The tangent bundle is TM = Tg M and the cotangent bundle
is T*M = TOM, while TOM = M x R.

The space I'(T7 M) of smooth sections of T M is alternatively denoted by T7% (M)
and its elements are called (r, s)-tensor fields on M. In particular, X(M) := T4 (M) is
the space of vector fields on M and Q' (M) := T9(M) is the space of covector fields (or
1-forms) on M. More in general, it is possible to consider the vector bundle A*(T* M)
of antisymmetric (0, k)-tensors over M for each 0 < k < m, where A°(T*M) = M xR
and A (T*M) = T*M, and define the space of differential k-forms on M as QF(M) :=
['(A*(T*M)). Clearly, a O-form is just a smooth real valued function defined on M,
thus Q°(M) = C°(M). The wedge product of two differential forms w € QF(M) and
ne QM) is a (k+1)-form w A n on M defined by

(k+1)!
Kl

(wAn)pzprpz Alt (wp @ 1mp)

being Alt : T)(T,M) — Ak(T;M) the alternating projection sending a (0, k)-tensor

op on T, M to its antisymmetric part

Alt(op) il Z sgn(¢) Sy,
Ce6y,

where sgn(() is the sign of the permutation ( € & and, for any k vectors X;,, ..., X;,
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of T,M, Cap (Xirs -, Xip) = 0p (Xi<(1>’ e 7Xi§(k))' We use the notation

W= wA---Aw
—_——

n

as a shortening for the wedge product of a k-form w by itself for n-times.

The vector bundle of symmetric (0, k)-tensors is denoted by S*¥(T*M) and the
space of its sections by S¥(M). Given two symmetric tensor fields o € S¥(M) and
B € SYM), their symmetric product is the symmetric tensor field af € SKT{(M)
defined as

(aB)p = apfp = Sym(ap @ By),
where Sym : T)(T,M) — Sk(T;M) is the symmetrization
Sym(op) 7l Z Cap
(e

The shortening

is used to denote the symmetric product of a symmetric tensor by itself for n-times.
The differential at p € M of a smooth map F': M — N between two manifolds
M and N is denoted by Fyy : TpyM — Tp,) N, while the pullback is denoted by

F* T;(p)N — TyM. If wis a (0, s)-tensor field on N, then its pullback by F' is a

(0, s)-tensor field on M defined in the following way
(F*w)p(Xl,...,Xs):wF(p)(F*le,...,F*st), peM, XiETpM.

A (linear) connection on a vector bundle F over M is an R-linear map V : I'(E) —
I'(T*M ® E) such that for all f € C*(M) and 0 € I'(E)

V(fo) = fVo+df ®@o.
Given X € X(M), the covariant derivative of o € T'(FE) in the direction of X is

Vxo:=Vo(X)eTI'(E).



4 Chapter 1. Preliminaries

A connection V on the tangent bundle TM over M induces a connection on
every vector bundle 77 M, which is denoted by the same symbol. In particular, it is
possible to compute the covariant derivative of any tensor field on M.

The torsion T (V) of a connection V on T'M is the (1, 2)-tensor field on M defined
by

T(V)(X,Y):=VxY - VyX — [X,Y],

for all X,Y € X(M). Since T(V)(X,Y) = —=T(V)(Y,X), it is actually a section
of the bundle A?>(T*M) ® TM. A connection V is said to be torsion-free if T(V)
vanishes identically.

A Riemannian metric on M is a symmetric tensor field g € S?*(M) such that g,
is an inner product on the vector space T, M for each point p of M. The pair (M, g)
is called Riemannian manifold. On its tangent bundle there always exists a unique
connection V9, the Levi Civita connection, which is metric (or compatible with g),
ie.,

(V%9) (Y, 2) =V%(9(Y,2)) —g (VLY. Z) — g (Y, V% Z) =0,
for all X,Y,Z € X(M), and has identically vanishing torsion T'(V9).
The Riemannian curvature endomorphism of (M, g) is the (1,3)-tensor field de-
fined by
RI(X,Y)Z :=V% (V}.2) - VY, (V% Z) — VixnZ
for all X,Y,Z € X(M). The manifold (M,g) is flat, i.e., locally isometric to the
Euclidean space R™, if and only if RY vanishes identically.

The Ricci curvature tensor of g is the symmetric (0, 2)-tensor field on M
Ric(g)(Y, Z) := tr(X = RY(X,Y)Z).

Moreover, it is possible to define a (1, 1)-tensor field Re(g) from Ric(g), called Ricci

operator, via the identity

Ric(g)(Y, Z) = g(Re(g)(Y), Z).

Finally, the scalar curvature of g is a smooth function obtained taking the trace of

Ric(g) with respect to the metric g

Scal(g) := trg(Ric(g)).
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A Riemannian metric g can be extended to a fiber metric on each tensor bundle

TIM over M. It is defined in any local coordinate system by
iy isjs k1-kr alily
9(0-7 B) = glljl o gZ ! 0-7;11"'1'5 Bjijsgklll e gkrlr7

for all 0,8 € T,(M), where the Einstein summation convention is used. The norm

induced by this metric is denoted by
o] := g(o,0)%.

Remark 1.1.1. Unless specified otherwise, we always use the Einstein summation

convention over repeated indices.

If the Riemannian manifold (M, g) is oriented and dV, denotes its Riemannian
volume form, that is, the unique m-form on M satisfying dVy(e1,...,e,) = 1 when-
ever (e1,...,en) is an oriented orthonormal basis of T, M, then it is possible to

introduce the Hodge operator
w: QN (M) - QR (M), k=0,1,...,m,
uniquely defined in such a way that for each pair of forms w,n € QF(M)

w A = g(w,n)dVj.

k(m=k),  As a

The Hodge operator is an R-linear map satisfying *(xw) = (—1)
consequence, it is also an isometry with respect to the fiber metric induced by g
on AF(T*M).
Let d : QF(M) — QF1(M) denote the exterior derivative on M, the coderivative
d* - QF (M) — QF 1 (M) is d* := (=1)F" 7+ 4 d x. Tt obviously satisfies (d*)? = 0.
For more details on the topics of this section, the reader may refer for example
to [110, 130, 131].

1.1.2 Principal bundles and connections

Let G be a Lie group, a principal G-bundle over a manifold M is the data of a manifold

P, on which G acts smoothly and freely on the right, and a smooth projection
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m: P — M such that (P,7, M) is a locally trivial fibration with fibers the orbits of
the G-action. Each fiber is then diffeomorphic to the group G, which is called the
structure group of the principal bundle, and the base manifold M is diffeomorphic
to the orbit space P/G of the G-action on P. As customary, we refer equally to
(P,m,M), m: P — M or, simply, to P as the principal G-bundle over M.

A reduction of the structure group G of P to a closed subgroup K C G is a
principal subbundle @ of P with structure group K, that is, a submanifold @ of P
which is invariant under the restriction to K of the G-action on P and such that
(Q,7|g, M) is a principal K-bundle over M.

Consider a principal G-bundle P over M and suppose that G also acts smoothly
on the left on a manifold N. Then, G acts smoothly on the right on the product
manifold P x N as

1

(u,p)-a=(u-a,a " -p),

for all a € G, u € P and p € N, where the symbol - denotes indifferently the various
actions. The quotient space of P x N by this action is denoted by P xg IV, it is
the total space of a fiber bundle over M with standard fiber N and structure group
G. P Xg N is called the fiber bundle associated with P with standard fiber N. If 7
denotes the projection of this bundle, a cross section of P xg N is a smooth map
0: M — P Xxg N such that 7o ¢ is the identity map of M.

As a particular case of the previous construction, we can consider a vector space
V and a representation p : G — GL(V), that is, a Lie group homomorphism between
G and the Lie group GL(V') of invertible linear transformations of V. G acts on the
left on V' via the representation as a - v = p(a)(v), for all a € G and v € V. We
can then construct the fiber bundle p(P) := P xg V, which turns out to be a vector
bundle over M with fiber V. If Q) is a reduction of the structure group G of P to K,
then the vector bundle p|k(Q) associated with @ using the restriction to K of the
representation p is isomorphic to p(P) (see for instance [17, Thm. 2.14]).

The vector bundle with fiber the Lie algebra g of G obtained starting from the
adjoint representation Ad : G — GL(g) is called adjoint bundle of P over M and is
usually denoted by Ad(P) or by g(P).

If #: P — M is a principal G-bundle, it is possible to define the vertical subbundle
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C of TP as the vector subbundle of T'P obtained taking the union of the vector spaces
Cy = ker(mwy) = Tyu(n1(p)) C T,P, where u € P and 7(u) = p. A G-principal
connection on P is a vector subbundle H of TP, called the horizontal subbundle,
which is invariant under the action of G on P and satisfies T,,P = C,, & H, for
each v € P. The map 7y, : T,P — T,M induces an isomorphism between H, and
T,M, while the Lie algebra g of G is isomorphic to C, via the map sending A € g
to Al = %‘t:O (u - exp(tA)). If (Q,m|g, M) is a principal K-subbundle of P, a
connection H on P reduces to @ if H is a subbundle of T'Q.

Let X be a vector field on M, there is a unique vector field X on P which is
horizontal, i.e., X, € H,, and satisfies w*u(f(u) = Xr(u) for each u € P. X, called
horizontal lift of X, is invariant under the action of G (see for example [116, Ch. II,
Prop. 1.2]).

Given a principal G-bundle 7 : P — M and a representation p of G on a
vector space V, there exists a correspondence between G-principal connections on
P and connections on the vector bundle p(P). In order to make this explicit,
we first observe that there exists a C°°(M)-module isomorphism identifying every
o € I'(p(P)) with the G-equivariant smooth map ¢ : P — V defined uniquely by
o(m(u)) = [(u,0F (w))] € p(P) (see e.g. [17, Thm. 2.8]). Then, if H is a connection
on P, the corresponding connection V7 on p(P) is defined in the following way for

every u € P with 7(u) =p
(Vga)p = o*fu ()N(u) .

Therefore, a map H — VH from the set of G-principal connections on the principal
G-bundle P to the set of connections on the vector bundle p(P) is defined. In general,
this map is not a bijection.

We refer the reader to [17, 110, 116] for more informations on principal bundles

and principal connections.

1.1.3 The holonomy group of a connection

Let E be a vector bundle of rank k£ over M with a connection V. The set of parallel

transport maps P, : E, — E, along loops 7 : [0,1] — M based at a point p of M
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is a subgroup of GL(E),) called the holonomy group of V based at p and denoted by
Hol, (V). If M is connected, Hol,(V) can be viewed as a subgroup of GL(k,R) =
GL(RF) defined up to conjugation. In this sense, it does not depend on the base point
and we can refer to it as the holonomy group Hol(V) of the connection V. If M is
also simply connected, Hol(V) is a connected Lie subgroup of GL(k,R). More in
general, we can consider the restricted holonomy group Hol’(V), first defined at each
point p considering only the contractible loops at p, and then viewed as a subgroup
of GL(k,R) defined up to conjugation. Hol’(V) is always a connected Lie subgroup
of GL(k,R). In particular, it is the connected component of Hol(V) containing the
identity and coincides with it when M is simply connected.

If we consider a principal G-bundle 7 : P — M with a connection H, we can define
an equivalence relation ~ on P by declaring two points u1,us € P to be equivalent
if and only if there exists a piecewise smooth horizontal curve 7 : [0,1] — P such
that 7(0) = wy and v(1) = ua, where horizontal means that §(t) := 4~(t) € H
for each ¢ belonging to the open and dense subset of [0, 1] where 7 is smooth. The
holonomy group of (P, H) based at u € P is then defined as the subgroup Hol, (P, H)
of G whose elements are the a € G such that 4 ~ v -a. When M is connected,
the holonomy groups of (P, H) based at two different points of P are conjugated by
an element of G. Thus, we can define the holonomy group Hol(P, H) of (P, H) as
the equivalence class of these subgroups under conjugation. The restricted holonomy
group Hol® (P, H) of (P, H) at a point u € P is defined in a similar way, requiring in
addition that the piecewise smooth horizontal curve v appearing in the definition of
~ is such that 7o~ is contractible in M. The restricted holonomy group HolO(P, H)
of (P, H) is then defined as the equivalence class of subgroups Hol% (P, H) of G under
conjugation. It is a connected Lie subgroup of G and the connected component of
Hol(P, H) containing the identity. The groups Hol’(P, H) and Hol(P, H) coincide
when M is simply connected.

The two definitions of holonomy group of a connection are closely related. Indeed,
if P is a principal G-bundle over M, p is a representation of G on a vector space V
and p(P) is the vector bundle over M with fiber V, then given a connection H on
P and considered the corresponding connection V' on p(P), the holonomy groups
Hol(P, H) and Hol(V#) are subgroups of G and GL(V'), respectively, both defined
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up to conjugation, and p(Hol(P, H)) = Hol(V).
More details on the holonomy group of a (principal) connection and the proofs

of the properties we have just described can be found for instance in [110, 116, 163].

1.2 G-structures

1.2.1 Definition, properties and examples

Let M be a connected manifold of dimension m. A linear frame at p € M is an
ordered basis (Ey, ..., Ey,) of the tangent space 1), M or, equivalently, an isomorphism
u : R™ — T, M sending each vector e; of the canonical basis (eq,...,ey) of R™ to
the vector E;. Let F'M,, denote the set of all these isomorphisms, there is a free and

transitive right action of the Lie group GL(m,R) on F'M,, given by
U-a=1uoa, (1.1)

for all w € FM, and a € GL(m,R). If we consider the matrix associated with
a € GL(m,R) with respect to the canonical basis of R™ and we denote by a’ i its

entries, this right action on any ordered basis (E1, ..., Ep,) of T,M reads
(Br,...,En)-a= (Eqa'y,...,Ead,,). (1.2)

As a consequence of the previous equivalence, there exists a bijection between the
GL(m,R)-orbit of the action (1.1) on F'M, and the GL(m,R)-orbit of the action
(1.2) on the set of ordered basis of the tangent space 7),M. The smooth structure of

M induces a smooth structure on the set

FM = [] FM,,
peEM
which is therefore a smooth manifold. Together with the smooth projection 7 :
FM — M sending each v € F'M, to the point p, (FM,n, M) becomes a principal
GL(m, R)-bundle over M, called the frame bundle of M.

Definition 1.2.1. Let G be a closed subgroup of GL(m,R). A G-structure on M is
a reduction of the structure group GL(m,R) of FM to G.
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Observe that if @ is a G-structure on M, then each fiber Q, := (7|g)~!(p) is a
G-orbit in F'M,, with respect to the restriction of the action (1.1) to G. Equivalently,
@, can be thought as a G-orbit in the space of ordered basis of T, M with respect to
the restriction of the action (1.2) to G.

It follows from a general result of principal bundles theory (see for example [116,
Ch. I, Prop. 5.6]) that G-structures on M are in one-to-one correspondence with
cross sections of the bundle FFM X, ) (GL(m,R)/G) = FM/G associated with
FM with standard fiber GL(m,R)/G. Moreover, the existence of such cross sections
is usually a topological matter. It is guaranteed, for instance, whenever GL(m,R)/G
is diffeomorphic to some Euclidean space R* (cf. [116, Ch. I, Thm. 5.7]).

Before giving the statement of the next result, we first need to recall some def-
initions. Let us consider the vector space R™ with canonical basis (eq,...,e,) and
let us denote by (el,...,e™) its dual basis. The group GL(m,R) acts linearly on the
left on the space 77 (R™) of (r, s)-tensors on R™ via the action uniquely defined on
any basis tensor f=¢;, ®---Qe; ® el ®--- @ els by

a-B=ale;)® - ®ale;,)® (" oa )@ @ (e 0at),

for every a € GL(m,R). The usual linear maps a, and a* from T, (R™) to itself

induced by a can be defined uniquely in terms of this action in the following way
a-f=a.(B)=(a"") (B).

The stabilizer of a tensor og € T7 (R™) in GL(m,R) is the subgroup of GL(m,R)

defined equivalently as
{a € GL(m.R) | a- 09 =00} = {a € GL(m,R) | a*og = 00} .

When G is the stabilizer of one or more tensors defined on R™, the existence of

a G-structure is related to the existence of certain global tensor fields defined on M.

Proposition 1.2.2. Let a closed subgroup G C GL(m,R) be the stabilizer of a
tensor o9 € Tr(R™). Then, og gives rise to a one-to-one correspondence between
G-structures on M and tensor fields o € T,(M) such that at each point p of M there
exists w € F M, satisfying u*(op) = 0g.
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Proof. First, suppose that @ is a G-structure on M, where G is the stabilizer of og.

Then, we can define the (7, s)-tensor field o on M as
o:prrop = (u_l)*ao,

where u € Q. The definition does not depend on the choice of u. Indeed, any other
element of the fiber @, is of the form w o a, for some a € G, and ((uo a)_l)* o9 =
(u_l)* (a-00) = (u_l)* 09.
Conversely, we can define the principal G-bundle @) as the disjoint union of the
G-invariant sets
Qp={ue FM, | u*(op) =00}, peM.

With this choice, (@, 7|qg, M) becomes a G-structure on M (we omit the details). [

When a G-structure is defined by a tensor field as in the previous proposition,

each tangent space to M has a distinguished basis.

Definition 1.2.3. Let o € T (M) be a tensor field on M and let u : R™ — T},M be
an isomorphism such that uv*(o},) = 09, where og € T (R™) has stabilizer G. Then,
the basis (u(e1),...,u(en)) of T,M is called adapted basis for o or G-basis.

The previous results can be easily extended to the case where G is the common
stabilizer of a finite number of tensors on R”. We can then refer to the corresponding
family of tensor fields o1, ...,0, on M as a G-structure and to the tensors on R™

from which they are defined as their model tensors. This motivates the

Definition 1.2.4. Let @ be a G-structure on M which can be defined by a family
of tensor fields o1,...,0, in the sense described above. An automorphism of the
G-structure is an automorphism of the principal fiber bundle Q or, equivalently, a

diffeomorphism v : M — M such that v*o; = oy, for every i = 1,..., k.

We describe now some examples of G-structures for G = O(m), SO(m) and
G = GL(n,C), Sp(2n,R), when m = 2n, while in the next chapters we study more
in depth the cases G = U(n), SU(n) and G = Ga. The description is based essentially
on the result of Proposition 1.2.2 and the details can be worked out following its proof.
In what follows, (e1, ..., en) still denotes the canonical basis of R™ and (e!,...,e™)

denotes its dual basis.
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Example 1.2.5. Consider the inner product on R™ given by

m
go=Y ()
i=1
where (e!)? = e’e’ is the symmetric product of covectors. The basis (e1, ..., en) is

orthonormal with respect to gy and the stabilizer of gq is the orthogonal group
O(m) = {a € GL(m,R) | go(a-,a-) = go(-,-)} -

O(m)-structures on a manifold M are then in one-to-one correspondence with Rie-
mannian metrics defined on it. If  denotes an O(m)-structure and ¢ is the cor-
responding metric, then for each p € M the fiber @, consists of all isomorphisms
sending the canonical basis of R™ to a g-orthonormal basis of T),M and the model

tensor of g is go.

Remark 1.2.6. Since GL(m,R)/O(m) is diffeomorphic to the space R, with k =

m(m+1)
2

an O(m)-structure, that is, a Riemannian metric.

, it follows from a result previously recalled that a manifold M always admits

Example 1.2.7. The common stabilizer of the inner product gy on R™ introduced

in the previous example and of the volume form
dVo=e' N---Ne™
is the special orthogonal group
SO(m) = {a € O(m) | det(a) = 1} = O(m) N SL(m, R).

Therefore, a manifold M admits an SO(m)-structure if and only if it is an oriented
Riemannian manifold, that is, if and only if there exist on it a Riemannian metric g

and a nowhere vanishing m-form dV whose model tensors are gg and dVp, respectively.

Example 1.2.8. We recall that a 2-form w on a vector space V of dimension 2n is
non-degenerate if w(v,w) = 0 for all v € V' implies w = 0 or, equivalently, if w™ # 0.

A 2-form w € Q%(M) is non-degenerate if wj, is non-degenerate at each point p of M.
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Consider on R?" the non-degenerate 2-form

n

wo = Zezk—l Ae2k
k=1

its stabilizer is the symplectic group
Sp(2n,R) = {a € GL(2n,R) | w(a-,a-) = w(-,-)}.

Moreover, every a € Sp(2n, R) fixes the volume form %T}L = el A---Ae? on which acts
as multiplication by det(a), realizing in this way the inclusion Sp(2n,R) C SL(2n,R).
An Sp(2n, R)-structure on a 2n-dimensional manifold M is then a non-degenerate

differential form w € Q2(M) with model tensor wy.

Example 1.2.9. A complex structure on R™ is an endomorphism J : R™ — R such
that J? = —1I, where [ is the identity isomorphism. From the equation (det(J))? =
(—=1)™, we get that m = 2n is necessarily even.

The real vector space R?" endowed with J admits a natural structure of complex
vector space obtained by defining the multiplication of a vector v € R?" by a complex
number x + iy € C as (z + iy)v = zv + y J(v). An isomorphism a € GL(2n,R) is
then a complex linear isomorphism of the complex vector space (R?",.J) if and only

if it belongs to the group
GL(n,C) = {a € GL(2n,R) | aJ (a ) = J(-)}.

Observe that J can be thought as a (1,1)-tensor on R?*" whose stabilizer is exactly
GL(n,C). From this follows that a GL(n, C)-structure on a manifold M of dimension
2n is none other than an almost complex structure J on M, that is, an endomorphism
J : TM — TM such that J? = —Id.

If (e1,...,e2,) is the canonical basis of the vector space R?", we can choose as
model tensor for .J the complex structure Jy on R?” defined on the basis vectors with
odd index by

Jo(eak—1) = ear, 1<k <n,

and on the remaining basis vectors in such a way that (Jy)? = —1I.
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Remark 1.2.10. With the choice of Jy just described, at the matrix level the in-
clusion GL(n,C) C GL(2n,R) can be realized associating to a nonsingular complex
n X n matrix a with complex entries @’ ; the real 2n x 2n matrix a obtained by

replacing each entry of the first one with the 2 x 2 matrix

( éR(aJ:k) —%(ij) ) '
%(ajk) %(ajk)

Their determinants satisfy the identity det(a) = |det(a)|> = det(a)det(a).

1.2.2 The intrinsic torsion of a G-structure

Consider the frame bundle FM over M, if p is the standard representation of
GL(m,R) on R™, then p(F M) is a vector bundle over M isomorphic to the tangent
bundle T'M. In this case, the correspondence between GL(m, R)-principal connections
on F'M and connections on p(F'M) = TM described in Section 1.1.2 is one-to-one
and the holonomy group of a GL(m,R)-principal connection on F'M coincides, as
subgroup of GL(m,R) defined up to conjugation, with the holonomy group of the
corresponding connection on T M.

Since the correspondence between connections on T'M and connections on F'M

is one-to-one, it makes sense to introduce the

Definition 1.2.11. Let @ be a G-structure on M. A connection V on T'M is called
a G-connection (or compatible with the G-structure) if the corresponding connection
on F'M reduces to Q.

If H is a G-principal connection on (), then there exists a unique connection
on F'M which reduces to H on @ (see for instance [17, Thm. 4.1]) and the set of
G-principal connections on @ is an affine space modeled on I'(T*M ® g(Q)) (cf. [163,
p. 16]), where g(Q) is the adjoint bundle of @ over M. Thus, G-connections on T'M

always exist.

Remark 1.2.12. From the general theory of principal bundles, we know that if p is
the standard representation of GL(m,R) on R™ and @ is a G-structure on M, then
the vector bundle with fiber R™ associated with @ with respect to p|g is isomorphic
to p(FM) =TM (see also Section 1.1.2).
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It follows from [163, Lemma 1.3] that when a G-structure is defined by one or more
tensor fields o1, ...,0, on M as described in Proposition 1.2.2, then a connection V
on T'M is a G-connection if and only if the o; are parallel with respect to V, that is,
Vo, =0fori=1,...,k.

Example 1.2.13. Let @ be an O(m)-structure on M. Then, M is endowed with a
Riemannian metric ¢g (see Example 1.2.5) and a connection V on T'M is an O(m)-

connection if and only if it is metric.

The tensor fields which are parallel with respect to a given connection V on T'M
can be characterized in terms of the holonomy group Hol(V) in the following way
(cf. [110, Prop. 2.5.2]).

Proposition 1.2.14. Let M be a connected manifold and let V be a connection on
TM. Fiz a point p of M, the holonomy group Hol, (V) is a subgroup of GL(T,M)
and there exists a natural representation of it on each fiber Ty (T, M) of the bundle of
(r,s)-tensors over M. If a tensor field o € TL(M) is parallel with respect to V, then
o(p) is fized by the action of Hol,(V) on T (T,M). Conversely, if o, € Ti(T,M)
is fized by the action of Hol,(V), then there exists a unique tensor field o € T (M)

which is parallel with respect to V and whose value at p is exactly op.

The previous result, known in literature as the holonomy principle, has the fol-

lowing important consequence

Corollary 1.2.15. Let p € M be a given point and let GV be the subgroup of
GL(T,M) that fizes o, for all tensor fields o on M which are parallel with respect to
V. Then, Hol,(V) is a subgroup of GV .

Thus, if a G-structure on M is defined by certain tensor fields o1,...,0; and V is
a connection on 7'M, the non-vanishing of the covariant derivatives Vo; constitutes
an obstruction for V to be a G-connection and for Hol(V) to be a subgroup of G.

When V is torsion-free, the latter obstruction can be also expressed in terms
of the so-called intrinsic torsion of a G-structure. To introduce this object, we
begin considering the adjoint representation of the group GL(m,R) on its Lie algebra
gl(m,R) = (R™)*®R"™. We can construct the adjoint bundle gl(m, R)(F M), which is
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isomorphic to the space End(T'M) = T*M @ T M. Furthermore, if @ is a G-structure
on M, we can also consider the adjoint bundle g(Q), which is clearly a subbundle of
T*M®TM. Tt then makes sense to define the map 6 : T* M ®g(Q) — A*(T*M)RT M

which acts as antisymmetrization in the first two arguments.

Definition 1.2.16. Let @ be a G-structure on M and let V be a G-connection on
TM. Denoted by T(V) its torsion tensor, the intrinsic torsion 7(Q) of @ is defined
by

7(Q) == [T(V)] € T (A(T*M) ® TM/Im(5)) .

Q is said to be torsion-free if 7(Q) vanishes identically.

Observe that the previous definition is well-posed. Indeed, if V, V are two G-
connections on TM, then V —V is a smooth section of T*M ®g(Q) C T*M @ T*M ®

T'M and, using this fact, the difference of their torsion tensors 7'(V) —T'(V) is easily
seen to belong to Im(d), since for every X,Y € X(M) it holds

(T(V) =T(V))(X,Y) = (Vx—Vx)Y —(Vy - Vy)X
= —(T(V)-T(V))(Y,X).
By [163, Prop. 1.6], the existence of a G-connection with identically vanishing
torsion is guaranteed when the G-structure @) is integrable, that is, when around each
point of M there exists a local coordinate frame {%, e amim} which is also a local

section of (). This motivates the
Definition 1.2.17. A G-structure Q on M is called non-integrable if 7(Q) # 0.

We can now give the statement of the aforementioned result, for the proof we
refer the reader to [110, Prop. 2.6.5].

Proposition 1.2.18. M admits a torsion-free G-structure if and only if there exists
a connection V on TM with identically vanishing torsion such that Hol(V) is a

subgroup of G.

Example 1.2.19. Consider an O(m)-structure on M. As we saw in Example 1.2.13,

V is an O(m)-connection on T'M if and only if it is compatible with the Riemannian
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metric g on M. The existence of a unique O(m)-connection with identically vanishing
torsion on M, the Levi Civita connection VY, implies that every O(m)-structure is

torsion-free.

1.2.3 Riemannian holonomy groups

Let (M,g) be a connected Riemannian manifold with Levi Civita connection V9.
By definition, VI¢g = 0, therefore the holonomy group of V9 is a subgroup of O(m)
uniquely defined up to conjugation by Proposition 1.2.14.

Definition 1.2.20. The (Riemannian) holonomy group Hol(g) of g is the holonomy
group of the Levi Civita connection VY. It is a subgroup of O(m) defined up to
conjugation in O(m). The restricted holonomy group Hol’(g) of g is the restricted
holonomy group Hol?(V9), it is a connected Lie subgroup of SO(m) defined up to

conjugation in O(m).

Suppose now that G is a closed subgroup of O(m). Then, a G-structure @ on M
gives rise to a Riemannian metric g on M and some extra geometric data (think for
instance about Example 1.2.7, where we saw that an SO(m)-structure is equivalent
to the existence of a Riemannian metric g and a volume form dV on the manifold).
In particular, each point w € @, which is (in correspondence with) a linear frame of
T, M for some p € M, is g-orthonormal and the principal O(m)-bundle corresponding
to g can be reconstructed from @ as @ - O(m). For sake of simplicity, let us denote
it by O(M).

In this situation, the Lie algebra so(m) of O(m) can be decomposed as so(m) =
g @ g, where g is the subspace of so(m) orthogonal to g = Lie(G) with respect
to the Killing form. The restriction to G of the adjoint representation of O(m) on
s50(m) induces an action of G on the spaces g and g’ and, as a consequence, we can
construct the vector bundle associated with @ with fiber g, which we denote by
g1 (Q). The bundle so(m)(O(M)) associated with O(M) with respect to the adjoint
representation of O(m) on so(m) splits according to the decomposition of so(m) as
a(Q) ® g+ (Q). Moreover, it follows from the isomorphism so(m) = A%((R™)*) that

the map ¢ introduced in the previous section is an isomorphism between the vector
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bundles T* M ®@s0(m)(O(M)) and A2(T*M)QT M. We then get the following bundle
isomorphisms
T*M ® so(m)(O(M)) _ A*(T*M)® TM

* 1L (]
TMee Q)= —7rarew@) - s MesQ)

Consequently, the intrinsic torsion 7(Q) of @ can be seen as a section of T* M ®g*(Q),
the vector bundle over M associated with () with respect to the action of G on
(R™)* ® gt. Moreover, there exists a unique metric G-connection V, called the

minimal connection of @), such that

T(Q) = v - vg7
where VY is the Levi Civita connection of the Riemannian metric g induced by the
G-structure ). Using this result, it is possible to prove the

Proposition 1.2.21. Let a closed subgroup G C O(m) be the stabilizer of a tensor
oo € T (R™), let Q be a G-structure on M and denote by o € TL(M) the correspond-
ing tensor field with model tensor oy. Then, there exists an injective vector bundle
homomorphism

F:T"M®g-(Q) = T"M @ T M

mapping the intrinsic torsion 7(Q) of Q to —V9o, where VY is the Levi Civita con-

nection of the Riemannian metric g induced by the G-structure.
Proof. Consider the map
f:0(m) = TIR™),  f(a) = a- oo,

its differential is a linear map fi : so(m) — 77 (R™) with kernel g. Thus, it induces
an injective map fifg1 gt — T7(R™) which can be used to construct an injective

vector bundle homomorphism
F:T"M®gH(Q) = T*M @ T" M.

Now,
F(r(Q)) = (V -V =Vo -V =-Vo,

since the minimal connection V of () is a G-connection. O
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A first consequence of the previous proposition is the possibility to classify the
G-structures on a manifold M in two standard ways when G C O(m). The first
one consists in decomposing the G-module (R™)* ® g* into the direct sum of G-
irreducible submodules. This induces a decomposition of the bundle T*M ® g*(Q)
and the intrinsic torsion 7(Q) can be decomposed accordingly. The G-structures
can then be divided into classes according to the vanishing components of 7(Q).
The second way works in a similar manner, starting with the decomposition into
G-irreducible summands of the G-module of tensors satisfying the same identities as
V9¢ and then defining the classes of G-structures according to the vanishing of the
components of V9. This result extends in the obvious way to the case where the
G-structure is defined by a finite number of tensor fields o1, ...,0, on M.

Furthermore, an immediate consequence of propositions 1.2.14 and 1.2.21 is the

following

Proposition 1.2.22. Let G C O(m) be a closed subgroup and let @ be a G-structure
on M defined by the tensor fields o1,...,0r and inducing a Riemannian metric g.
Then, 7(Q) = 0 if and only if V90; =0 for alli =1,..., k. Whenever this happens,
Hol(g) is a subgroup of G.

Remark 1.2.23. When a G-structure is defined by certain tensor fields o, ..., oy,
we denote the intrinsic torsion simply by 7 and the corresponding bundle by T M ®
g, being understood that there exists a reduction @ of GL(m,R) to G such that
T=7(Q) and T*M ® g+ = T*M ® g-(Q).

A natural question arising for Riemannian manifolds is which subgroups of O(m)
can occur as holonomy groups of a Riemannian metric. A classification of the possi-
ble holonomy groups for simply connected and complete Riemannian manifolds was
achieved with the results of Cartan [36, 37|, de Rham [58] and Berger [21]. We recall
it here.

First of all, observe that Hol(g) = Hol’(g) € SO(m) when M is simply connected.

A Riemannian manifold (M, g) is said to be irreducible if it is not locally isometric
to a Riemannian product (M x Ma, g1 X g2), where (M;, g;) are Riemannian manifolds
of dimension at least one. In this case, the natural representations of Hol(g) and

Holo(g) on R™ are irreducible. By [58], a simply connected, complete Riemannian
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manifold (M, g) is isometric to a product (Mo X M7y X -+ X Mg, go X g1 X - X gg)
of simply connected and complete Riemannian manifolds such that (My, go) is flat,
thus Hol(go) = {1}, the representation of Hol(g;) on the fiber of T'M; is irreducible
for every i = 1,...,k, and Hol(g) is isomorphic to Hol(g;) x - -- x Hol(gk).

A Riemannian manifold (M, g) is called locally symmetric if VIRY = 0 and non-
symmetric otherwise. When a simply connected and complete (M, g) is locally sym-
metric and irreducible, Hol(g) is isomorphic to its isotropy group [22, Prop. 10.79]
and the classification follows from Cartan’s classification of simply connected Rie-
mannian symmetric spaces [36, 37] (see e.g. [110, Sect. 3.3] for more details).

In view of the previous results, to complete the classification it is sufficient to

study the problem when (M, g) is irreducible and non-symmetric.

Theorem 1.2.24 ([21]). Let (M,g) be a complete, simply connected, irreducible,
non-symmetric Riemannian manifold of dimension m. Then, Hol(g) is one of the

following groups:
i) SO(m);
ii) U(n), with m = 2n > 4;

iii) SU(n), with m = 2n > 4;

iv) Sp(n)Sp(1l), with m = 4n > 8;
v) Sp(n), with m = 4n > §;

vi) Go, with m =17;

vii) Spin(7), with m = 8.

Remark 1.2.25. The list of groups in the previous theorem originally contained
also Spin(9) for m = 16. However, it was proved later that a Riemannian manifold
with Hol(g) = Spin(9) is symmetric (see [3, 28]).

Remark 1.2.26. After the publication of [21], it took about thirty years to complete
the proof that all of the groups appearing in Berger’s Theorem actually occur as
holonomy group of a Riemannian metric g. For an exhaustive list of references on
this topic, the reader may refer to [110, Sect. 3.4.1].
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1.3 Homogeneous Riemannian manifolds

Consider a connected m-dimensional Riemannian manifold (M, g), it is a classical

result (see for instance [115, 148]) that the group of isometries of M
Isom(M, g) = {v € Diff(M) | v*g = g}

is a Lie group of dimension at most which acts smoothly on M and is compact

m(m+1)
2

if M is compact as well. Moreover, the isotropy subgroup (or stabilizer) at a point p

of M

I,(M,g) ={v € Isom(M, g) | v(p) = p}
is a closed, compact subgroup of Isom(M, g).

Definition 1.3.1. A Riemannian manifold (M, g) is homogeneous if the group of
isometries Isom(M, g) acts transitively on M, that is, for each pair of points p,q of

M there exists an isometry v € Isom(M, g) such that v(p) = gq.

If (M, g) is homogeneous, then all isotropy subgroups are isomorphic via the map
sending v € L,(M, g) to voyor™! € 1,(M, g), where v € Isom(M, g) satisfies v(p) = q.
In general, the group Isom(M, g) may contain proper subgroups acting transi-

tively on M, this motivates the following

Definition 1.3.2. If G is a closed subgroup of Isom(M, g) acting transitively on M,
then (M, g) is said to be G-homogeneous.

If (M, g) is G-homogeneous, then it is diffeomorphic to the quotient G/G,, where
G, ={v € G | v(p) = p} is a compact subgroup of I,(M, g).

The homogeneous manifolds we will be mostly interested in are the (compact)
nilmanifolds and solvmanifolds. To introduce them, we first need to recall the defi-

nitions of nilpotent and solvable Lie groups.

Definition 1.3.3. Consider a Lie group G with Lie algebra g and define

Cl(g) = [g,9]

Ci(g) = [g,CNg), i>2
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Each C(g) is an ideal in C*~1(g). G is called (k-step) nilpotent if there exists an
integer k such that C*(g) = {0} and C¥(g) # {0} if i < k.

Define now
DYg) = l[o.9],
Di(g) = [D"Ng),D"(g)], i>2

Also in this case each D(g) is an ideal in Di~!(g). G is called (k-step) solvable if
there exists an integer k such that D¥(g) = {0} and D'(g) # {0} for i < k.

Clearly, since for each i it holds D%(g) C C¥(g), every nilpotent Lie group is also
solvable, but the converse is not true in general.

If g is a real Lie algebra of dimension m with Lie bracket [-,:], we can consider
a basis (eq,...,en) of it and define its structure equations with respect to this basis
by

lei, ;] = Cijer

The real numbers cfj = —cgi

the dual basis (e!,...,e™) of g* and compute the exterior derivative of each basis

are called the structure constants of g. If we consider

1-form (thought as a left-invariant 1-form on G), we get

de” (ei, e5) = ei(e’(e5)) — ej(e”(e:)) — €"([ei, 5]) = —€"([es, €5]) = —cij.
As a consequence, the structure equations can also be written in the following way

1 S S

r_ _ . (2 J — _ar (2 J

de" = 5 Cij © Nel = E (—cij)e" Ne.
1<i<j<m

This defines a linear map d : A'(g*) — A?(g*), which can be extended to linear maps
d: A¥(g*) — A*1(g*), 2 < k < m — 1, by requiring that

d(aAB) = (do) A B+ (—D)Fan(dB), «€A¥(g"), B €A (g").

From the Jacobi identity for the Lie bracket [, -] and the previous rule, it follows that
dod = 0 always holds. Therefore, {A'(g*),d} is a differential complex which can
be naturally identified with the complex of left-invariant forms on G. {A'(g*),d} is
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usually called the Chevalley-Filenberg complex of g and d is known as the Chevalley-
FEilenberg differential.

If (e1,...,em) is a basis of g, we denote the structure equations with respect to
its dual basis (e!,...,e™) by

1 o 1 S
(—2c}jez/\e],...,—zcg-‘el/\e]) .
For example, (0,...,0) are the structure equations of the m-dimensional Abelian Lie
algebra, while (0,...,0,e'?) means that de’ =0 fori =1,...,m — 1, and de™ = e'2,

where e!2 = el A €2,

Remark 1.3.4. From now on, we use the notation e’ as a shortening for the

wedge product e’ A --- A e’ of the covectors e, ..., e%.

A connected Riemannian manifold (M, g) is called homogeneous nilmanifold if
the group Isom(M, g) contains a nilpotent Lie subgroup acting transitively on M. It
follows from the proof of [180, Thm. 3] that (M, g) can be identified with a simply
connected nilpotent Lie group endowed with a left-invariant metric. This motivates

the following

Definition 1.3.5. A (homogeneous) nilmanifold is a simply connected, nilpotent Lie

group N endowed with a left-invariant Riemannian metric g.
Solvmanifolds are defined in a similar way

Definition 1.3.6. A solvmanifold is a simply connected, solvable Lie group S en-

dowed with a left-invariant Riemannian metric g.

Observe that when G is a Lie group endowed with a left-invariant Riemannian

metric g, by definition for every a € G and any pair of vectors X,Y € T,G it holds
ga(X7 Y) = ge((Lafl)*X7 (La71)*Y),

where L, : G — G is the left-multiplication map L, (b) = ab and e € G is the identity
element. Then, a left-invariant Riemannian metric is completely determined by the

inner product g. on the Lie algebra g = T.G of G and, if G is simply connected, the
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pair (G, g) can be identified with the metric Lie algebra (g, ge). The same result holds
more in general for left-invariant tensor fields on G, which can then be identified with
tensors of the same type defined on g. For brevity, we may use the same symbol to
denote a tensor on g and the left-invariant tensor it defines on G. That being so, a
nilmanifold (N, g) can be identified with its metric nilpotent Lie algebra (n,g) and a
solvmanifold (S, g) can be identified with its metric solvable Lie algebra (s, g).

A classical problem consists in classifying nilpotent and solvable Lie algebras up
to isomorphism. For instance, the solution is known in dimension seven and lower
in the real nilpotent case (see [84, 138]), and up to dimension six in the real solvable
case, while in higher dimensions the problem is still open and only some partial
results are known. Since the result will be useful later, we recall that in dimension
six there are 34 non-isomorphic real nilpotent Lie algebras overall (including the
Abelian one). They are listed with their structure equations with respect to a given
basis in Table 1.1.

Besides the definition of nilmanifolds, we can introduce the compact nilmanifolds

as follows

Definition 1.3.7. Let N be a simply connected, nilpotent Lie group and I' a cocom-
pact discrete subgroup (lattice) of N. The compact quotient manifold N/I" is called

compact nilmanifold.

In this case, every left-invariant tensor on N passes to the quotient defining an
invariant tensor on the compact nilmanifold N/T". In particular, if (N,g) is a nil-
manifold and we denote by 7 : N — N/I' the projection (universal covering) to the
quotient, then the left-invariant metric g on N induces an invariant metric on N/T"

whose pullback by 7 is exactly g.

Example 1.3.8. Consider the Heisenberg group

1 21 <3
H= 0 1 2 7Zkec7k:1>2>3 5
0 0 1

it is a complex Lie group of complex dimension 3. H can be seen as a real Lie group:

areal basis (e!, ..., e%) of b*, the dual space of the Lie algebra b of H, can be obtained
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by setting
el +ie? = dz1, e3 +iet = dzo, ed +ieb = —dz3 + z1dz9,

where the forms appearing in the right-hand side of the identities are all left-invariant
on H. The structure equations of § can then be computed from this definition,
obtaining

(0,0,0,0,e" —e**, ! + %) .

In particular, b is a 2-step nilpotent Lie algebra (it is exactly the algebra nasg of Table
1.1). Moreover, H admits a cocompact discrete subgroup I', defined as the subgroup
for which the z; are Gaussian integers, that is, zp = zp + iy with zp,yr € Z.
The quotient space H/T" is then a compact nilmanifold, known in literature as the
Twasawa manifold. The left-invariant 1-forms e* on H pass to the quotient defining
a frame of invariant 1-forms on H/I'. A tensor on H/I" is then invariant if it can be

expressed in terms of this frame using constant coefficients.

The following result of Malc¢ev gives a necessary and sufficient condition for the

existence of a lattice of a nilpotent Lie group.

Proposition 1.3.9 ([139]). Let N be a simply connected, nilpotent Lie group with
Lie algebra n. Then, there exists a basis of n such that the structure constants are
rational numbers if and only if there exists a lattice ' of N such that N/T" is a compact

nilmanifold.

For instance, six-dimensional compact nilmanifolds can be constructed from all
of the non-isomorphic six-dimensional nilpotent Lie algebras, since they all satisfy
the hypothesis of the previous proposition, as one can check directly in Table 1.1.

A further result, proved by Nomizu in [155], states that the de Rham cohomology
of a compact nilmanifold N/T" is completely determined by the cohomology of the
Chevalley-Eilenberg complex {A'(n*),d}. More in detail

Theorem 1.3.10 ([155]). Let N/T" be a compact nilmanifold. Then, the natural
inclusion {A"(n*),d} C {Q(N/T"),d} induces an isomorphism between every de Rham
cohomology group Hé"’R(N/F) of the compact nilmanifold and the cohomology group
H*(n*) of the Chevalley-Eilenberg complex of n.
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n. (del,de?, de?, de*, de®, de®) n. (del,de?, de?, de*, de®, de®)
ny | (0,012, e13,eM 12 ¢34 e2) || nig | (0,0,0,e12, e — €24 et 4 ¢23)
o (0,0,¢12, 13, 11, 34— ¢25) o (0,0,0,¢12, el 13 — 24
ns (0,0,¢12, 13 14, ¢15) 90 (0,0,0, 12, 13 4 14, ¢24)
ng | (0,012, e13,eM 12 244 e15) || nyy (0,0,0,¢12, 13 14 4 ¢23)
ns (0,0, 12, ¢13, 14, 623 | 1) - (0,0,0,¢'2, 13, ¢24)
ng (0,0, 12, ¢13, 23 ¢14) o3 (0,0,0,¢'2, 13, 14)

.- (0,0, 12, ¢13, 23 14 _ ¢25) oy (0,0,0,¢'2, 13, ¢23)
ng (0,0,e12 13,23 el 4 €29) Nos (0,0,0,0,el2 !5 4 e34)
ng | (0,0,0,e2 el —e23 !5 4 e34) || nogg (0,0,0,0,e!2 el5)
nio (0,0,0,e'2, e'4 el® + 23) no7 (0,0,0,0,e'? el* + 2%)
nip | (0,0,0,e'2,eM e 4623 4 e24) || ngg | (0,0,0,0,e!® — et 1 4 ¢23)
nio (0,0,0,e'2, el el® + e24) nog (0,0,0,0,e'2 et 4 ¢23)
nis (0,0,0,el2 el el?) nso (0,0,0,0,e!2 e34)
nyy (0,0,0,e'? '3 el 4 €3%) n3; (0,0,0,0,e?, e3)
nis (0,0,0,e'?,e23 el 4 €3%) n3o (0,0,0,0,0,e'? 4 ¢34)
Nig (0,0,0,e'2,e23 14 — £39) nss (0,0,0,0,0,e'2)
nyy (0,0,0,e'2, et e24) N34 (0,0,0,0,0,0)

Table 1.1: Non-isomorphic, real nilpotent Lie algebras of dimension six.

Similarly to the definition of compact nilmanifolds, we have the

Definition 1.3.11. Let S be a simply connected, solvable Lie group and I' a cocom-

pact discrete subgroup (lattice) of S. The compact quotient manifold S/T" is called

compact solvmanifold.

The results previously recalled for compact nilmanifolds do not extend in general

to the case of compact solvmanifolds. For instance, there are no sufficient conditions

guaranteeing the existence of a lattice of a simply connected solvable Lie group.
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Anyway, a general result [145, Lemma 6.2] states that if a Lie group G admits a

lattice, then it must be unimodular, i.e., the trace of the adjoint operator
ady :g =g, adx(Y)=[X,Y]

has to be zero for every X € g.

Moreover, as shown by Hattori in [96], if a Lie group S is completely solvable,
that is, if adx has only real eigenvalues for every X € s = Lie(S), then a result
similar to Nomizu’s Theorem can be proved for compact solvmanifolds obtained as
the quotient of simply connected, completely solvable Lie groups by a lattice.

We conclude this section with some observations on metric Lie algebras. Consider
two metric Lie algebras (g1,¢91) and (ge, g2), they are said to be isometric if the
corresponding simply connected Lie groups are isometric as Riemannian manifolds
endowed with the left-invariant Riemannian metrics induced by ¢; and go, while they
are called isomorphic if there exists a Lie algebra isomorphism f : g; — go satisfying
f*g92 = g1. Clearly, isomorphic metric Lie algebras are isometric, but the converse
is not true in general (cf. [5]). However, by [4], if g1 and go are completely solvable,
then (g1, 1) and (g2, g2) are isometric if and only if they are isomorphic. This is the
case, for instance, of metric nilpotent Lie algebras, since nilpotent Lie algebras are

in particular completely solvable.

1.4 Einstein and Ricci soliton metrics

In Riemannian geometry there exist some types of Riemannian metrics whose prop-
erties distinguish them from others. In this section, we consider two cases, namely
Einstein and Ricci soliton metrics, reviewing also related results on solvmanifolds

and nilmanifolds.

1.4.1 Einstein metrics

Definition 1.4.1. A Riemannian metric g on a manifold M is said to be an Finstein
metric if it is proportional to its Ricci tensor at each point of M. In this case, (M, g)

is called FEinstein manifold.
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Thus, if g is an Einstein metric, there exists a smooth function f € C°°(M) such
that
Ric(g) = fg.
Taking the trace of both sides of the previous identity with respect to the metric,

one easily gets that g is Einstein if and only if
1
Ric(g) = — Scal(g) g. (1.3)
m

The property of being Einstein for a Riemannian metric is relevant in dimension
m > 3. Indeed, in dimension m = 1 the Ricci curvature is zero, while in dimension
m = 2 the identity (1.3) always holds. Moreover, when m > 3, taking the covariant
derivative of both sides of (1.3) and tracing it with respect to g in a proper way gives
d(Scal(g)) = 0. This proves the

Proposition 1.4.2. Let (M, g) be a connected Einstein manifold of dimension m >

3. Then, Scal(g) is constant.

On a connected manifold of dimension m > 3 it is then possible to write the

Einstein condition (1.3) as

Ric(g) = pg, (1.4)
for the real constant p := %Scal(g), usually called Einstein constant. In particular,
when g = 0 the metric g is Ricci-flat.

The role of Einstein metrics was widely discussed in [22], where the reader can
find more details on the subject and some good motivations explaining why they can
be considered as “best” or “distinguished” metrics on a Riemannian manifold.

In the general case, Einstein metrics may not exist. The following result by

Milnor describes a typical example where this happens (see also [108]).

Theorem 1.4.3 ([145]). Let G be a Lie group with nilpotent, non-Abelian Lie algebra.
Then, for every left-invariant metric on G there exists a direction of strictly negative

Ricci curvature and a direction of strictly positive Ricci curvature.

Remark 1.4.4. We stress that the non-existence of Einstein metrics in the setting
of the previous theorem follows from the obvious fact that for any Einstein metric
g and any non-vanishing vector field X, the quantity Ric(g)(X,X) = u/X|? has a

definite sign.
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1.4.2 Einstein solvmanifolds

Milnor’s result does not extend to the solvable case and, moreover, the simply con-
nected solvable Lie groups endowed with a left-invariant Einstein metric, or Einstein
solvmanifolds for short, are of particular interest. Indeed, they constitute the only
currently known examples of noncompact homogeneous Einstein manifolds and a
conjecture attributed to D.V. Alekseevskii states that every noncompact homoge-
neous Einstein manifold might be of this kind when the group acting transitively on
it is linear (cf. [22, 7.57]). As reviewed in [107], this conjecture is known to be true in
several cases, like for instance the case of homogeneous Einstein spaces of negative
sectional curvature, the case of four- and five-dimensional noncompact homogeneous
Einstein manifolds and also in dimension up to ten if the Einstein manifold is G-
homogeneous with G non-semisimple, as shown in [8, 9]. For more details on this
problem and the most recent results concerning it, we refer the reader to the works

just cited and the references therein.

Consider now an Einstein solvmanifold (S, g) and identify it with its Einstein
metric solvable Lie algebra (s, g). In [127], Lauret showed that every Einstein solv-
manifold is standard, i.e., the orthogonal complement a to n := [s,s] is always an
Abelian subalgebra of s = n @ a, whose dimension is called the (algebraic) rank of
(5,9)-

The properties of standard Einstein solvmanifolds were studied earlier by Heber
in [98], who proved many structural and uniqueness results for them. By the afore-

mentioned result of Lauret, they are valid for every Einstein solvmanifold.

Unlike what happens in the compact homogeneous case, if a simply connected
solvable Lie group admits a left-invariant Einstein metric, then this is unique up
to isometry and scaling [98, Thm. 5.1]. Moreover, since any unimodular Einstein
solvmanifold is flat by [60], we can restrict our attention to the nonunimodular
case, where it is possible to prove that any nonunimodular standard Einstein metric
solvable Lie algebra (s = n @ a,g) is an Iwasawa-type algebra up to isometry [98,
Thm. 4.10]. This means that every ad,4 is symmetric with respect to g and nonzero
for each A € a — {0} and that there exists some A° € a such that the restriction

ad o], is positive definite. As a consequence, n = [s,s] is the maximal nilpotent



30 Chapter 1. Preliminaries

ideal of 5. A canonical choice of A? is the vector H € a defined by requiring that
tr(adx) = g(X, H) holds for all X € s, since there exists a positive number %k such
that the eigenvalues of ady|, are all positive integers nq, ..., n, with multiplicities
dy,...,d,, respectively, and without common divisors (cf. [98, Thm. 4.14]). The col-
lection (n1 < -+ < ny;dy, ..., d,) is called the eigenvalue type of (S, g), it is invariant
under isometries and scaling and in each dimension only finitely many eigenvalue
types occur. Finally, by [98, Thm. 4.18], the study of standard Einstein metric solv-
able Lie algebras can be reduced to the rank-one case. Indeed, if (s = n @ a,g)
is the metric solvable Lie algebra of an Einstein solvmanifold (S, g), then the solv-
able metric Lie algebra (s¢ := n @ RH, g) is Einstein of Iwasawa-type and S can be

reconstructed from it.

Remark 1.4.5. Observe that an Iwasawa-type algebra (s, ¢) is nonunimodular, since
tr(ad40) # 0, and completely solvable. Consequently, two metric solvable Lie alge-

bras of Iwasawa-type are isometric if and only if they are isomorphic.

1.4.3 Ricci soliton metrics

A natural generalization of Einstein metrics is given by Ricci soliton metrics. To
define them, we first need to recall briefly some results about the Ricci flow. The
reader can find more details on this topic for example in the introductory book [46],
in its sequels [43-45] and in the references cited in this section.

Let gg be a fixed Riemannian metric on a manifold M, the Ricci flow is the second

order, non-parabolic flow

59(t) = —2Ric(g(t))

9(0) = go

(1.5)

A solution of the Ricci flow is a family of Riemannian metrics g(¢) defined on M
and depending on a real parameter ¢, the time, which satisfies the PDE in (1.5) with
initial condition ¢g(0) = go. The Ricci flow was introduced in [94] by Hamilton, who
developed a program, later completed by Perelman’s works [157-159], aiming to solve

Thurston’s Geometrization Conjecture for compact 3-manifolds using it.
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Remark 1.4.6. Unless stated otherwise, compact manifolds are always assumed to

have empty boundary.

Although the flow equation is not strictly parabolic, it is possible to prove local

existence and uniqueness for solutions of (1.5) on compact manifolds.

Theorem 1.4.7 ([94]). Let (M, go) be a compact Riemannian manifold. Then, there
exists a unique solution for the Ricci flow defined on some interval [0,e) and such
that g(0) = go.

This theorem was first proved by Hamilton in [94] using the complex machinery
of Nash-Moser inverse function Theorem, while an alternative proof of it was given
shortly after by DeTurck in [59]. The latter consists in modifying the flow equation
by adding on the right-hand side the Lie derivative of the metric with respect to a
suitable vector field. The new equation is a strictly parabolic PDE for which the local
existence and uniqueness of solutions is guaranteed by standard PDEs theory (see
also Section 4.2); the unique local solution of the Ricci flow is then obtained by pulling
back the solution of the modified flow by an appropriate family of diffeomorphisms
depending on t. Furthermore, the solution can be extended to a unique one, called
singular solution, defined on a maximal time interval [0,7"), where T" < 400 is the
singularity time (see [43, Thm. 6.45]).

Even if short-time existence and uniqueness of solutions of (1.5) on an arbi-
trary Riemannian manifold cannot be proved, they still hold in the case of complete
noncompact manifolds with bounded curvature (see [39, 170]). Moreover, in the
Riemannian homogeneous case there always exists a homogeneous solution of (1.5)
starting at a given homogeneous metric and which is unique among homogeneous
metrics. For a proof the reader may refer to [106, 128].

A distinguished family of solutions of the Ricci flow is given by the so called self-
similar solutions, which are obtained by rescaling and pulling back the initial metric

go by a family of diffeomorphisms of M depending on ¢. More formally

Definition 1.4.8. A solution ¢(¢) of the Ricci flow with initial metric go is said

to be self-similar if there exist a positive real valued smooth function o(¢) and a
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1-parameter family of diffeomorphisms v, : M — M such that

g9(t) = a(t)v; (g0)- (1.6)

Observe that differentiating a solution of the form (1.6) with respect to ¢ and

evaluating the result in ¢t = 0, we get

Ric(g0) = pgo + Lx g0, (1.7)

where y = —25(0) and X = —%U(O))?(O), being X (¢) the time-dependent vector
field such that )A(,,t(p) = %(ut(p)). Conversely, if we consider a Riemannian metric

go satisfying (1.7), define o(t) = 1 — 2ut, Y (t) = —% X, and let v; denote the

1-parameter family of diffeomorphisms generated by Y (¢) with vy = Id,s, then
g9(t) = a(t)v; (90)
is a solution of the Ricci flow. These results can be summarized as follows.

Proposition 1.4.9. g(t) is a self-similar solution of the Ricci flow with initial con-

dition go if and only if gy satisfies
Ric(go) = ngo + Lx 9o,
for some real constant p and some vector field X € X(M).
In light of the previous proposition, it is possible to introduce the

Definition 1.4.10. A Riemannian metric g on a manifold M is said to be a Ricci

soliton if there exist a real number p and a vector field X € X(M) such that

Ric(g) = pg + Lxg.

If the vector field X appearing in the definition of a Ricci soliton g is everywhere
zero or if it is a Killing vector field for it, i.e., Lxg = 0, then g is actually an Einstein
metric. Therefore, Ricci soliton metrics are a generalization of Einstein metrics,

which can be considered as trivial Ricci solitons.
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Example 1.4.11. Let gy be an Einstein metric with Ric(gg) = pgo. It is a trivial

Ricci soliton and the self-similar solution of (1.5) associated with it starting at go is
g(t) = (1 = 2ut)go.

The interest for Ricci solitons is motivated not only by the fact that they are (in
correspondence with) self-similar solutions of the Ricci flow and they generalize the
Einstein condition (1.4), but also because they are singularity models for the Ricci
flow, namely complete non-flat solutions of (1.5) which occur as limits of dilations
of a singular solution. The reader can find further details and properties of Ricci

solitons for example in [43, Ch. 1].

1.4.4 Ricci soliton metrics on nilpotent Lie groups

We now focus our attention on left-invariant metrics on nilpotent Lie groups. As
we already recalled, if the nilpotent Lie algebra is not Abelian, then there are no
left-invariant Einstein metrics on the Lie group. Since Ricci solitons are a natural
generalization of Einstein metrics, it makes sense to consider left-invariant Ricci soli-
tons as distinguished left-invariant metrics on nilpotent Lie groups. Lauret studied
the properties of these metrics in [124], we recall here some of his results.

Consider a simply connected nilpotent Lie group N endowed with a left-invariant
Riemannian metric g, which we identify with (n, g) as explained in Section 1.3. Ob-
serve that the Ricci operator Re(g) of the inner product g on n is the restriction to
n = TN of the Ricci operator on N. If g is a left-invariant Ricci soliton on N, Lauret
proved that its Ricci operator on n differs from a constant multiple of the identity
automorphism I : n — n only by a derivation of n, that is, an element belonging to

the Lie algebra Der(n) of the Lie group Aut(n) of automorphisms of n, where
Aut(n) = {4€GLm) | Al = (4, A]),
Der(n) = {D S End(n) ‘ D[7 ] = [Dv ] + [7D]}

More in detail

Proposition 1.4.12 ([124]). A left-invariant Riemannian metric g on a simply con-

nected nilpotent Lie group N is a Ricci soliton if and only if the Ricci operator on n
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has the following form
Re(g) = pl + D, (1.8)

for some p € R and some derivation D € Der(n).

Proof. First, suppose that Rc(g) = ul + D. Then, for every pair X,Y € n we have
Ric(9)(X,Y) = g(Re(9)X,Y) = pug(X,Y) + g(DX,Y).

Now, if 14 € Aut(N) denotes the unique t-depending automorphism of N such that
(Vt)xe = exp (—ED) for each t, and X € X(N) is the vector field defined by X, =
%! oVt (p), p € N, then it follows from the definition of Lie derivative that

d .
EXg('ﬁ') = % Ve g = g(Da)
t=0

Therefore, g is a Ricci soliton.

Conversely, if g is a Ricci soliton, then there exist a family v; of diffeomorphisms of
N and a real valued function o(t) such that g(t) = o(t)v/(g) is a self similar solution
of the Ricci flow with g(0) = g. By the uniqueness of solutions of (1.5), v (g) has
to be left-invariant for all ¢. Using this fact and the results of [180, Thm. 2], it
follows that there exists a family of automorphisms g; of N such that v/ (g) = 0} (g)
for all t. In particular, g.. = exp (—%D) for some derivation D € Der(n). Now, a

computation similar to the previous one proves the assertion. ]

Remark 1.4.13. It follows from the proof that an inner product satisfying (1.8)
on a Lie algebra g always induces a left-invariant Ricci soliton metric on the simply
connected Lie group G with Lie(G) = g, while the converse is not true in general. In
literature, a detailed study of Ricci solitons in the more general setting of homoge-
neous Riemannian manifolds was carried out by many authors, the interested reader
may refer to the works [97, 105, 106, 121, 122] and the references therein for more

details on this topic.
Motivated by the previous result, it is possible to give the

Definition 1.4.14. A left-invariant Riemannian metric g on a nilmanifold N is said

to be a nilsoliton if its Ricci operator on n belongs to the space RI @ Der(n).
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The existence of a nilsoliton metric on a simply connected nilpotent Lie group
N clearly implies the existence of a nonzero symmetric derivation of its Lie algebra
n. This provides an obstruction to the existence of nilsoliton metrics. For instance,
if N is characteristically nilpotent, i.e., Der(n) consists only of nilpotent elements,
then there are no symmetric derivations of n and N cannot admit nilsoliton met-
rics. Therefore, in the general case nilsolitons may not exist. However, when they
exist, they are unique up to isometry and scaling among left-invariant metrics [124,
Thm. 3.5].

We conclude this section recalling a characterization of Einstein solvmanifolds in
terms of nilsolitons proved in [125]. Consider an Einstein solvmanifold of dimension
m + 1, it is standard and we can always suppose that it has rank one (cf. Section
1.4.2). Let n be a vector space of dimension m and consider an inner product
vector space (§ = n @ RH,g) with g(H,n) = 0 and g(H, H) = 1. Then, the metric
Lie algebra of any (m + 1)-dimensional rank-one solvmanifold S can be modeled
on (s = n® RH,g) for some nilpotent Lie bracket [-, ], on n and some symmetric
derivation D € Der(n). Indeed, using them it is possible to define a solvable Lie

bracket [-,-]s on s by
[HvX]SZDXu [X,Y]EZ[X,Y]]“

for all X,Y, € n. The rank-one solvmanifold S is then obtained as the simply con-
nected solvable Lie group with solvable Lie algebra (s, [, |s) endowed with the left-

invariant Riemannian metric determined by g.

Proposition 1.4.15 ([125]). Let D be a symmetric derivation of (n, |-, |n), let (S,q)
be the solumanifold with metric solvable Lie algebra (s = n ® RH,g) and denote by
g the restriction of the inner product g on n. Then, (S,q) is Einstein if and only if

the Ricci operator of g on n satisfies

Re(g) = pl +tx(D)D,

where p = %. In that case, the Ricci operator of g on s equals pl.

Remark 1.4.16. When the solvmanifold corresponding to the metric solvable Lie al-
gebra (s = n®RH, g) is Einstein, its eigenvalue type is determined by the eigenvalues
of the operator adgy|n = kD, for some k > 0.
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In the setting of the previous theorem, s is said to be a rank-one solvable extension
of the nilpotent Lie algebra n. Using a variational method developed in [125], the
existence of a rank-one solvable extension for every nilpotent Lie algebra of dimension
less or equal than five was proved in [126], while in the six-dimensional case it was
proved in [179]. Thus, all non-isomorphic nilpotent Lie algebras of dimension up to
six admit a unique nilsoliton metric and their rank-one solvable extensions admit an
Einstein metric. As an example, we write the details in the case of the Lie algebra

of the Iwasawa manifold examined in Example 1.3.8.

Example 1.4.17. Consider the Lie algebra

h = nog = (0,0,0,0,e™ — e, e 4 ¢23)

and endow it with the inner product g for which the basis (e!, ..., %) is orthonormal.

A simple computation shows that with respect to the basis (eq, ..., es) we have
1111
R = —31 + 4di - ==, =11
C(g) + lag<2727272’ ) >’
and D = diag (%, %, %, %, 1, 1) is a symmetric derivation of h with tr(D) = 4. Thus,
the rank-one solvable extension s := h @ Re; endowed with the inner product g =
g+ (e7)2, where €7 is the covector of s* dual to e7, is Einstein with Re(g) = —31. In

particular, its structure equations with respect to the basis (el, o..,e8, 67) are

1 1 1 1
<2€17’ 56277 56377 5647’613 e T el ey 667’0>

and the eigenvalue type of the corresponding solvmanifold is (1 < 2;4,2).
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Special half-flat SU(3)-structures

Six-dimensional manifolds endowed with an SU(3)-structure are the subject of this
chapter. We begin in a more general setting, recalling the definition of U(n)- and
SU(n)-structures on manifolds of dimension 2n and some related results, which will be
useful in the sequel. Then, we focus on the six-dimensional case, describing equivalent
definitions of SU(3)-structures and the classification in terms of the intrinsic torsion.
Among all of the classes, we consider the one of half-flat SU(3)-structures and certain
special subclasses, namely nearly Kéahler, double half-flat and coupled. For the first
two we recall some known results, while for the third we describe the results obtained

in the papers [70, 71, 160] and we discuss further properties.

2.1 SU(n)-structures

2.1.1 Almost complex manifolds

In Example 1.2.9 of Chapter 1, we introduced almost complex structures on manifolds

as GL(n, C)-structures. We recall the definition here.

Definition 2.1.1. An almost complex structure on an even-dimensional manifold M
is a vector bundle endomorphism J : TM — TM such that J? = —Id, where Id is
the identity map. The pair (M, J) is called almost complex manifold.

As we observed in the same example, the structure group of the frame bundle of

37
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a 2n-dimensional almost complex manifold (M, J) reduces to GL(n,C). Moreover,
at each point p of M it is always possible to find a real basis (ei,...,ea,) of T, M
which is adapted for J, i.e., such that at p

J(eap—1) = ez

, 1<k<n.
J(ear) = —egp—1

A manifold M of real dimension 2n is said to be complex if it admits a holomorphic
atlas, that is, an atlas {(Uy, ¢r) } whose charts are of the form ¢y : Uy, — ¢r(U) C C"
and whose transition functions are holomorphic maps between open sets of C™. A
complex manifold always admits an almost complex structure (see for example [103,
Prop. 2.6.2]), while the presence of an almost complex structure is not sufficient to
guarantee the existence of a holomorphic atlas. Indeed, by Newlander-Nirenberg
Theorem [152], an almost complex manifold (M, J) is complex if and only if the
Nijenhuis tensor Nj € T3(M), defined for every X,Y € X(M) as

NJ(X,)Y) = [X,Y]+J[JX, Y]+ J[X,JY]-[JX,JY], (2.1)

vanishes identically. In this case, the almost complex structure J is said to be
integrable or complex.

For every almost complex manifold (M, .J), the complexification of the tangent
bundle Tc M := TM ®g C splits into a direct sum T1OM @ T M, where the two
summands are complex vector bundles over M whose fibers over each point p of M

are the eigenspaces of the C-linear extension of J :

T,°M = {XeT,M®C|JX =iX},
T'M = {XeT,M®C|JX =—iX}="Ty"M.

As a consequence, the vector bundles A*(TcM*) of complex k-forms admit the nat-
ural decomposition
A(TeM*) = @ A (T*M (2.2)
r+s=k
where A™*(T*M) := A" ((TLOM)*) ®c A® ((To’lM)*). The sections of A™*(T*M)
are called (r, s)-forms or forms of type (r, s) (with respect to J) and the space of (r, s)-
forms is denoted by Q*(M). According to (2.2), the space QF (M) := D'(AR(TcM*))
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splits as

k() = @) ()
r4+s=k
and Qms(M) = Q*"(M). Every complex form o € QX (M) decomposes accordingly
and the symbol ()™ is used to indicate its component in Q™*(M).

The bundles A™*(T*M) @ A" (T*M), for r # s, and A" (T*M) are complexifi-
cations of real vector bundles, denoted by [A™*(T*M)] and [A™"(T*M)], respec-
tively. A real differential form is said to be of type (r,s) + (s,r) if it belongs
to [Q*(M)] := T([JA™*(T*M)]), while it is called of type (r,r) if it belongs to
Q7" (M)] := T([A""(T*M)]). In particular, the spaces of real differential forms on
M can be written as

r—1
O7"(M) = P an]e (M), r=1,...,n,
j=0
QM) = é [[QZT+1_j’j(M)]] , r=0,...,n—1.
j=0

The almost complex structure J extends to an operator on real k-forms as
(Ja) (X1, ..., Xp) = a(J Xy, ..., JXp),

for « € QF(M) and X; € X(M). Furthermore, it is possible to intoduce the operators
Jay QF(M) — QF(M), for I = 1,...,k, defined by

(Joyo) (X1,..., X)) = (X1, ..., JX, ..., Xp).

Using them, a characterization of real forms of type (r,s) + (s,r) and (r,r) can be

given. For instance,
[Ql’l(M)] ={ac Q*(M) | Ja = o}

and
[[QT7O(M)]] = {Oé e Q" (M) | Ja (J(l)a) = —q, for all k # l} )

The C-linear extension of the exterior derivative d : QF (M) — Q(]EH(M ) satisfies

d: QT,S(M) N Qr+2,571(M) D Qr+1,5(M) @ Qr,s+1(M) D Qr71,5+2(M).
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Consequently, it decomposes in the obvious way as d = A+ 0 4+ 0 + A and the
following result can be proved (see for instance [103, Prop. 2.6.15] and subsequent

results).

Proposition 2.1.2. Let (M, J) be an almost complex manifold. Then, the following

are equivalent:

i) J is integrable;

ii) da = O + v for all o € Q™5 (M);
iii) Aa = (da)®? =0 for all « € QYO (M).

When one of the previous conditions holds, the identity d*> = 0 gives 0% = 0, =0
and 00 = —00.

2.1.2 The group SU(n) as stabilizer of tensors on R*"

As matrix group, the special unitary group SU(n) is defined as the subgroup of the
unitary group U(n) whose elements are n x n unitary matrices having determinant
equal to 1. SU(n) is a compact, connected, simply connected, real Lie group of real
dimension n? — 1, subgroup of SO(2n). Here, following the philosophy of Section
1.2.1, we describe SU(n) as the stabilizer of certain tensors defined on R?".

We recall that an inner product g on the vector space R?" is said to be compatible
with a complex structure .J : R?" — R?" if .J is g-orthogonal, i.e., g(J-, J-) = g(,").

In this case, the tensor

w(e-):=g(J) (2.3)
is skew-symmetric and, thus, w € A%((R?")*).
Let us consider the canonical basis (e1, . . ., e2,) of R?" with dual basis (e?,. .., e?").

It is orthonormal with respect to the inner product
2n

go = Z(ei)Q.

=1

As we did in the first chapter, we can choose

Jo(ea—1) = ean

, 1 <k<n.
Jo(ear) = —ean—1
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and it is easy to check that g is compatible with Jy. From (2.3), we then get the

2-form .
wp = Ze%—l A ek,
k=1

which is exactly the non-degenerate 2-form of Example 1.2.8 whose stabilizer is the
symplectic group Sp(2n,R).

On the complex vector space (R?", .Jy), we can define a positive Hermitian inner
product

ho(.7 ) = go(.7 ) — in(.7 )

Since its stabilizer is the unitary group U(n), it follows from this description that

U(n) = O(2n) N Sp(2n,R)

is the stabilizer of the pair (go,wp). Moreover, from the fact that any two objects
in the triple (go, Jo,wo) determine the third via (2.3), it is possible to obtain these

further equivalent descriptions of the unitary group
U(n) = O(2n) N GL(n,C) = GL(n,C) N Sp(2n,R)
and, from the inclusion Sp(2n,R) C SL(2n,R), it is clear that U(n) can be embedded
into SO(2n) as
U(n) = {a € SO(2n) | wo(a-,a) = wo(-,)}.

Summarizing, the stabilizer of the triple (go, Jo,wp) constituted by the inner
product gg, the gp-orthogonal complex structure Jy and the non-degenerate 2-form
wp is the unitary group U(n).

Allowing complex coefficients via the usual identification R?® = C", the form

Uy = (er +ie2) A (2 +ie*) Ao A (21 i)

is a complex form of type (n,0) with respect to Jp and an element a € GL(n,C)
acts on it by multiplication with det(a), making evident that the stabilizer of ¥y in
GL(n,C) is the group SL(n,C). The common stabilizer of the tensors (go, Jo,wo, Vo)

is then the special unitary group
SU(n) = U(n) N SL(n, C),

which is clearly a subgroup of SO(2n).
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Remark 2.1.3. When R?” is identified with C", using the common notation dzj, =
e?k=1 i L =1,...,n, for the standard basis of complex linear 1-forms on C", it

is also possible to write

i — —
wy = 2;(dzk/\dzk),
Uy = dzi A... ANdzy, (2.4)
go = dzpdzy, ) -

k=1
2.1.3 Special almost Hermitian manifolds
We are now ready to define U(n)- and SU(n)-structures.

Definition 2.1.4. An almost Hermitian structure or U(n)-structure on a real mani-
fold M of dimension 2n is the data of a Riemannian metric g and an almost complex

structure J satisfying
9(JX,JY) =g(X,Y), (2.5)
for any pair of vector fields X,Y on M. A manifold M endowed with an almost

Hermitian structure (g, J) is called almost Hermitian manifold and is denoted by
(M,g,J).

If follows from (2.5) that the tensor

w('?') = g(J-,-) (2'6)

is a real 2-form of type (1,1) with respect to J, that is, w € [QU(M)] The 2-form
w is moreover non-degenerate, since g is, and it is called fundamental form or Kahler
form of the almost complex structure (g, J). Its exterior power w™ is proportional to

the Riemannian volume form dV, of g

Clearly, any two of the three tensors g, J, w determine the remaining one via the
relation (2.6). Thus, an almost Hermitian structure can be alternatively defined as

the data of any two of them.
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The minimal connection V of an almost Hermitian structure (g,.J) on M is given
by [63, 82]
= 1
VxY = V%Y — 37 (V%) Y, (2.7)

for every pair of vector fields X,Y on M. It is metric, satisfies V.J = 0 (cf. Section
1.2.2) and, consequently, Vw = 0. The intrinsic torsion of (g,J) is then 7 = V —
V9 € T(T*M @ u(n)t) and it can be identified with the covariant derivative of the
fundamental form w with respect to the Levi Civita connection of g by the general
result recalled in Proposition 1.2.21. As a consequence, it is possible to classify almost
Hermitian manifolds in terms of V9w, which is exactly what Gray and Hervella did
in [91]. In detail, starting from a real vector space V' of dimension 2n endowed with
an inner product g compatible with an almost complex structure J, they considered
the subspace of (V*)®3

W:={aec (V| aX,Y,2)=—-a(X,2,Y) = —a(X,JY,J2)}, (2.8)

whose dimension as subspace of (V*)®3 is 2n%(n — 1) = dim((R?*")* ® u(n)*), and
showed that it decomposes under the action of U(n) into the direct sum of irreducible
U(n)-representations

W =W; & Wy d W3 Wy,

where the summands Wy, W5 are trivial if n = 2 and W = {0} for n = 1. Then,
on an almost Hermitian manifold (M, g, J), they considered the space W of tensors
satisfying the same identities as V9w. This space is pointwise given by the subspace
W, of (T;M)®3, defined as in (2.8) with (V, g, J) replaced by (T, M, gp, J), and splits

according to the decomposition of W), as
W=W; & Wy d Ws S Ws.

When n > 3, this decomposition allows to divide almost Hermitian manifolds into
sixteen classes. For instance, W; denotes the set of all almost Hermitian manifolds
such that (VYw), € W), for all p € M, and so on. Moreover, the classes can be all
alternatively described in terms of the exterior derivative dw and of the Nijenhuis

tensor Ny, since they contain the same informations on the intrinsic torsion as VYw.
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This result follows from the identity (see e.g. [151, Prop. 2.2])
2AV%w)(Y, Z) = dw(X,Y, Z) — dw(X, JY, JZ) — g(JX, N, (Y, Z)). (2.9)

For our purposes, we recall the definition of only six classes in Table 2.1. Usually,
the name appearing in the table is used to indicate both the manifold and the almost

Hermitian structure.

Class Name Defining conditions
{0} Kéhler VIw=00r V9J =0o0rdw=0and N;y=0
Wy nearly Kéhler (V%)X =0 or dw = 3Vw
Ws almost Kahler dw =20
Wi & Ws quasi Kéahler 0w =0or (V) (Y) = —(VIJ)(JY)
Ws & Wy Hermitian N;=0
Wi & W3 @ Wy g1 g(NJ(X,Y), X)=0

Table 2.1: Some classes of almost Hermitian manifolds for n > 3.

It is worth observing here that the manifolds (M, g,J) in the class W = {0},
known as Kdahler manifolds in literature, have a torsion-free U(n)-structure and,
then, Hol(g) € U(n) by Proposition 1.2.22. The equivalence between the defining

conditions can be proved using (2.9), the identities

(V4e) (2) = o((V)¥.2), 210
dw(X,Y,Z) = Gxyz(Viw)(Y,Z2) (2.11)
= (ngw)(Y, Z)+ (V%’/w)(Z, X) + (Vng)(X, Y),

and the expression of the Nijenhuis tensor in terms of the covariant derivative V9J
N;(X,Y) = (VI J)X + J(VL DY — (V9 )Y — J(V§J)X. (2.12)

For the complete classification of almost Hermitian manifolds, the description of

the summands W; and more details on the construction, we refer the reader to the
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paper [91]. The properties of some classes of manifolds appearing in Table 2.1 were
also studied by Gray in [86, 89], where it is possible to find explicit examples.
We can now introduce SU(n)-structures, also known as special almost Hermitian

structures in literature.

Definition 2.1.5. An SU(n)-structure on a real manifold M of dimension 2n is the
data of an almost Hermitian structure (g, J) and a complex (n, 0)-form ¥ of nonzero

constant length satisfying the normalization condition

YAT = (—1)"% (2i)

w™,

n!

where w is the fundamental form of (g, J).

Since w is of type (1,1) and ¥ is of type (n,0), their wedge product is zero. The

equation w AW = 0 is sometimes called the compatibility condition between w and V.

Remark 2.1.6. Observe that given an SU(n)-structure, we can take the tensors
go, Jo, wo, ¥g introduced in the previous section as model tensors for g, J,w and ¥,

respectively.

The intrinsic torsion of an SU(n)-structure (g, J, ¥) is a section of the vector
bundle W = T* M ®su(n)* and is completely determined by the covariant derivatives
V9w and VIW¥. The decomposition of W into SU(n)-irreducible components depends
on n. In [40], Chiossi and Salamon studied the case n = 3, while in [142], Martin
Cabrera described the case n > 4, generalizing some results of [40]. When n > 4,

the SU(n)-irreducible decomposition is
W =W & Wy ®Ws3 D W4 D Ws,

where the first four summands are exactly those appearing in Gray and Hervella’s
description previously recalled and W5 = T*M. When n = 3, the spaces W and
W further decompose into the direct sum of two SU(3)-irreducible components. We
describe this situation more in detail in the next section, while we refer the reader
to [142] for the case n > 4.
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2.2 SU(3)-structures and their classification

2.2.1 SU(3)-structures revisited

Let M be a six-dimensional manifold endowed with an SU(3)-structure. M admits
an almost Hermitian structure (g, J) with fundamental form w and a complex (3,0)-

form ¥ of nonzero constant length. We can write

v :¢++i¢—7

where 94 = R(¥) and ¢_ = (V) are real forms of type (3,0) + (0,3). The

compatibility condition then reads
wA P =0,
the normalization condition is

Yy Ap_ = S wP =4dV,

W N

and the 3-forms 14 and ¢_ are related by

Vo= T, o= Ty

Moreover, the metric g and the volume form dV, = %3 determine the Hodge operator
1 QF(M) — Q5~%(M), k =0,...,6, which is an isometry of the metric induced by
g on A¥(T*M), satisfies ¥2a = (—1)Fa for every o € QF(M) and commutes with the
almost complex structure J

Jx = xJ.

At each point p of M, it is always possible to find a g-orthonormal basis (e, ..., eg)
of T,M with dual basis (e!,...,e%) which is adapted for the SU(3)-structure. This

means that at p one can always write

w = el? 4 3% 4 56 = %wjkejk,
_ 135 _ 146 _ ,236 _ 245 _ 1 ikl
vy = e —e?t—e* —e = ¥jue’™, (2.13)

wi — 6136 + 6145 + 6235 _ 6246,
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where the symbols wj, and 1 are skew-symmetric in their indices and uniquely

defined via the previous identities, and
J(€2k,1) = €2k, J(egk) = —€2k—1, k= 1, 2, 3. (2.14)

In particular, ¥ = ¢, + i) = (e! +ie?) A (e +ie*) A (e + ieb) at p.

We call equally the basis (eq,...,es) and its dual (e!,...,e%) an SU(3)-basis for
the SU(3)-structure at the point p.

Using the local expressions (2.13), it is easy to show that the Riemannian metric
g can also be described in terms of w and 1 as

w3_ 1

6 = gx@) Ay te) Ao,
for all X,Y € T),M, where ¢ denotes the contraction of differential forms by vectors,
and that for every a € Q(M) and X € X(M)

9(X,Y)

ahNw=0 <= a=0,
ahNw?=0 < a=0,
aANYr =0 <= a=0,

ixthy =0 <— X =0.

Furthermore, the Hodge operator applied to w and to ¥, gives

1
W = 5 WQ,
*¢+ = w—a

from which follows in particular that W+|2 = |¢1,|2 = 4. Indeed, the norms of ¥

and 1_ are the same, since * is an isometry, and

[P dVy = g(vr, 1 )dVy = by Axipy = oy A =44V,

The Riemannian metric g is not the only tensor depending on w and .. In fact,
the whole SU(3)-structure is completely determined by these differential forms. This
is a long-standing result, which follows from Reichel’s thesis [161] of 1907 and which
was later reformulated by Hitchin in [101]. The starting point is the observation that

the differential forms w and 1, are stable in the sense of the following
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Definition 2.2.1. Let V be a real vector space of dimension m, a k-form o € AF(V*)
is stable if its orbit under the action of GL(V') is open in A¥(V*). A k-form o € QF(M)
on a manifold M is stable if the k-form o(p) on T,M is stable for every p € M.

Stability occurs in very few cases, namely for £ = 2,m — 2 when m is even and

= 3,m — 3 when m = 6,7,8. Moreover, given a stable form it is always possible to
define a volume form from it. We shall describe the case m = 6 in what follows and
m = 7 in the next chapter. The reader may refer to [53, 102] for a complete picture.
Stable 2-forms on a six-dimensional vector space represent a special case of a
more general situation: a 2-form on a 2n-dimensional vector space V is stable if and
only if it is non-degenerate. Indeed, A?(V*) contains only one open orbit, which
must coincide with the orbit GL(2n,R)/Sp(2n,R) of a non-degenerate 2-form by
dimension counting. Given a 2n-manifold M, this implies that w € Q2(M) is stable

if and only if w™ # 0. The volume form defined by w is the so-called Liouville volume

1

form = w™.
n:
Suppose now that V' is an oriented, six-dimensional real vector space with volume

form © € AS(V*). There is a canonical isomorphism
AN (V) = VoAV,

defined for every a € A°(V*) by A(a) = v ® Q, where v € V is the unique vector
such that 1,2 = a. Fix a 3-form p € A3(V*) and define

K,: Vo VeAT*), K v)=A((wp) A p)

and

A A3 (V) = (AG(V*))®2, Ap) = é (trKﬁ) .

A(p) is said to be positive and is denoted by A(p) > 0 if there exists 3 € AS(V*) such
that A(p) = B ® B, while A(p) < 0 if —A(p) is positive. By [101],

p is stable <= A(p) # 0.

In this case, the positively oriented squared root 1/|A(p)| € AS(V*) defines a volume

form on V. Moreover, the space A3(V*) contains an invariant quartic hypersurface
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A(p) = 0 which divides it into the open subsets

Ot = {peA’(V*) | Ap) >0},
O~ = {pe (V") [ Ap) <0}

If (vl ..., %) is an oriented basis of V*, O~ is the open GL(V)-orbit of the 3-form

p135 _ 146 _ 236 245

and the identity component of the stabilizer of a 3-form lying in it is conjugated to
SL(3,C). As a consequence, p € O~ defines a complex structure J, on V, which is
given by

Jy=——=-—K,. (2.19)

Moreover, p is the real part of the complex (3,0)-form

p+i(Jpp).

Remark 2.2.2. Observe that the complex structure induced by a stable 3-form
p € O does not change if p is rescaled by a nonzero real constant, i.e., J, = J;, for

every r € R — {0}.

Remark 2.2.3. The expression (2.19) for J, differs from that given in the papers
[53, 101, 102] by a sign. This is due to the fact that here we are using a convention
in the definition of SU(3)-structures which is slightly different from the one used by

the authors in the aforementioned papers.

Given a stable 2-form w and a stable 3-form p on V, it is possible to consider the
orientation defined by the volume form € := % w? and define J ,» in the way previously

described. The forms w and p are said to be compatible if
WwAp=0<=we [Al’l(V*)]

and normalized if

2
p A (Jop) = §W3-

When the symmetric tensor g(-,-) := w(-,J,-) is positive definite, the pair of com-
patible and normalized stable forms (w, p) defines an SU(3)-structure on the vector

space V.
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Referring to the description of the group SU(n) given in Section 2.1.2 and using
the previous results, we shall see in the next example that for n = 3 the 2-form wy
and the 3-form R(¥y) on R® are sufficient to determine the data (go, Jo,wo, ¥o). As

a consequence, the group SU(3) can be described as
SU(3) = Sp(6,R) N SL(3,C).

Example 2.2.4. On the vector space R® with canonical basis (e, ...,es) and dual

basis (e!,...,e%), consider the stable 2-form wg = e!2 + €3* 4 €56 and the 3-form

po = R(Tg) = 1% — o146 _ 236 _ 245

The pair (wg, po) is compatible, wp induces the volume form Q = %wg = 123456 and

a simple computation shows that for £ =1,2,3
Kpo (62]9,1) = —2e9, ® €, Kpo (6%) =2e91_1 ® €,

from which follows
)\(po) =—-4Q®Q<O0.

Then, the 3-form pg is stable, it defines the volume form /|\(pg)| = 2 and the

complex structure J,, given on the basis vectors by
Jpo(€2k—1) = €any  Jpp(ear) = —eap—1, k=1,2,3.

Therefore, go(-,-) = wo(:, Jp,-) is the inner product

6
g =3 ("7,
k=1
and
JpoP0 = 136 | Q145 | (235 246 _ I(Wy).

The previous construction extends in the obvious way to the manifold level with
V replaced by the tangent spaces. Thus, if a 6-manifold M is endowed with a pair
of stable forms w € Q*(M) and p € Q3(M), with A(p(p)) < 0 for each p € M,
then J : TM — TM, J, = J,y), defines an almost complex structure on it and
the following alternative definition of SU(3)-structures can be given (see also [167,
Prop. 3.3])
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Definition 2.2.5. Let M be a six-dimensional manifold. An SU(3)-structure on
M is a pair of stable forms (w,p) € Q2(M) x Q3(M), with A(p(p)) < 0 for each
point p of M, which are compatible, normalized and induce a Riemannian metric
g(-, ) = w('v JP’)'

To be consistent with the notations introduced earlier, form now on we use ¥4
instead of p to denote the stable 3-form appearing in the definition of an SU(3)-
structure. The almost complex structure associated with (w,;) is then J = Jy_,
the complex (3,0)-form is ¥ = ¢4 + it)_, where ¢y = Ji,, and the Riemannian
metric is g(-,-) = w(-, J-).

As observed in [165], since the construction of the tensors J,¢_ and g from the
pair (w,?4) defining an SU(3)-structure is invariant, a diffeomorphism v : M — M
preserving the stable forms w and v preserves also J,v¢_ and g. Thus, it is an
automorphism of the SU(3)-structure and, in particular, an isometry.

In this thesis, when we consider SU(3)-structures we mainly refer to Definition
2.2.5. Nevertheless, it is worth mentioning here that an alternative description
of SU(3)-structures can be given using the spinorial approach. Indeed, any six-
dimensional Riemannian manifold (M, g) admits an SU(3)-structure if and only if it
is orientable and has a spin structure [129]. It is then possible to consider the spinor
bundle M over (M, g), which is a complex vector bundle with typical fiber C8, and
show that there is a correspondence between SU(3)-structures and unit real spinor
fields, that is, global sections ¢ € I'(XM) of length one satisfying ¢ = ¢. Moreover,
up to a sign in the choice of ¢, the correspondence is one-to-one. We will review
this result in detail in Section 4.3.2 of Chapter 4. For more informations on spin

structures and related topics, the reader may refer for instance to [16, 18, 76, 129].

2.2.2 The classification of SU(3)-structures

Let M be a 6-manifold endowed with an SU(3)-structure (w,ty). The intrinsic
torsion 7 of (w,%4) is a section of the rank 42 vector bundle W pointwise modeled
on the space W = (R%)* @ su(3)+, which by [40] decomposes into SU(3)-irreducible

summands as

W=W/eW eWeW;, e Wsa Wy Ws,
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where Wit = R, Wi = su(3), W3 = [[Ag’l((RG)*)], the space of real forms of type
(2,1)+(1,2) whose wedge product with wy is zero, and Wy, W5 = (R®)*. Accordingly,

W=W]eW, e WS eW; @ Ws e Wy e Ws.

Moreover, by [40, Thm. 1.1], 7 is completely determined by the exterior derivatives
of w,1; and 1_. In detail, the irreducible decompositions of the SU(3)-modules
A3((R%)*) and A*((R%)*) induce on (M,w, ) the g-orthogonal decompositions

BM) = CX(M)y, & C®(M)yp_ @ HQ%’I(M)]] @ QM) Aw,

(3,0)+(0,3) (2,1)+(1,2) (2.20)
QNM) = C®(M)w? [Qé’l(M)} Awd QL (M) Ay,
23 (3,1)+(1,3)
where

HQSI(M)H ={ae [Q*'(M)] |aAw=0}
is the space of primitive real forms of type (2,1) + (1,2) and
25" ()] = {8 € [2M ()] | BAw? =0}

is the space of primitive real forms of type (1,1). Consequently (see also [19]), there
exist unique differential forms w € C*°(M), wy € [Qé’l(M)}, w3 € [[Qg’l(M)H,
wy € QY(M) and ws € QY (M), such that

dw = —%wﬁ/;.,_ + %wfd)_ + w3 + wy A w,
dpy = wiw?—w Aw+ws Ay, (2.21)
Ay = wiw?—wy Aw+ Jws Ay,

and the component of 7 in W,gi) vanishes identically if and only if w,(ci) does.

Definition 2.2.6. The differential forms w,ii), uniquely defined via (2.21), are called

intrinsic torsion forms of the SU(3)-structure (w, 14 ).

The classification of SU(3)-structures can then be stated in terms of the identi-

cally vanishing intrinsic torsion forms. This gives rise to 27 = 128 classes overall,
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which are denoted by the corresponding decomposition of WW. When wlii) = 0 for all

k=1,...,5, the intrinsic torsion vanishes identically and the class is W = {0}. The
next proposition, whose proof follows from the previous observations and Proposition

1.2.22, summarizes the equivalent defining properties of this class.

Proposition 2.2.7. Let M be a connected siz-dimensional manifold endowed with
an SU(3)-structure (w,v) inducing a Riemannian metric g. Then, the following

are equivalent:

i) the SU(3)-structure is torsion-free;

()

ii) the intrinsic torsion forms w, ' vanish identically;
iii) the differential forms w, ¥4, 1¥_ are closed;

iv) the differential forms w and ¥ are parallel with respect to V9.
When one of the previous conditions holds, Hol(g) C SU(3).

A further property of a torsion-free SU(3)-structure is that the Riemannian metric
g induced by it is Ricci-flat, that is, Ric(g) = 0. This result holds true for all metrics
with holonomy in SU(n), as shown for instance in [110, Prop. 7.1.1]. In the case
n = 3, a simple proof can be obtained using the description of the Ricci tensor in
terms of the intrinsic torsion forms given in [19]. We shall recall it later.

As one would expect from the more general case of almost Hermitian manifolds
(cf. Table 2.1), the integrability of the almost complex structure .Jy,, depends on the
intrinsic torsion forms wljE and wéc. Indeed, wljE = 0 and wéﬁ = 0 if and only if the
(2,2) part of the exterior derivatives of ¥4 and 1 _ is zero and this happens if and
only if AU = (d¥)?? = 0. The assertion then follows from

Proposition 2.2.8. Let (w,¢y) be an SU(3)-structure on a 6-manifold M. The

almost complex structure J = Jy_ is integrable if and only if AU = 0.

Proof. We know from Proposition 2.1.2 that J is integrable if and only if Ao = 0
for every o € QM0(M). Since ¥ € Q39(M), a A ¥ = 0 and applying the exterior
derivative d to both sides of this identity we obtain

AaANT =a A AD.
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Since Ao A U = 0 implies A = 0, we get that Aa = 0 for all o € QVO(M) if and
only if AV = 0. O

Furthermore, from the description of Gray and Hervella’s class Wy & W3 & Wy
given in [91], it is possible to deduce the following property

Proposition 2.2.9. Let (w, 1) be an SU(3)-structure on a 6-manifold M and let
Ny be the Nijenhuis tensor of the corresponding almost complex structure J = Jy,, .
Then, the intrinsic torsion forms in vanish identically if and only if Ny is totally

skew-symmetric, namely g(Ny(-,-),-) is a 3-form on M.

Proof. By [91], we have that the component of the intrinsic torsion in W, vanishes
identically if an only if g(N;(X,Y),X) =0 for all X,Y € X(M). Thus, g(N;(-,-),")
is a 3-form, since N;j(X,Y) = —N;(Y, X) (see (2.1)). O

The next definition was introduced in [40] to denote a distinguished class of
SU(3)-structures.

Definition 2.2.10 ([40]). A six-dimensional almost Hermitian manifold is half-flat
if its structure group admits a reduction to SU(3) for which di; = 0 and dw? = 0.
In this case, the SU(3)-structure (w, ) is called half-flat.

Using the expressions of the exterior derivatives of w and v, it is easy to
show that the half-flat condition is equivalent to require that the only possibly
non-identically vanishing intrinsic torsion forms are w;, w, and ws. Indeed, from

dip; = 0 we get that the forms w]", wy and ws vanish identically, while from
0=dwAw=wsAw?

and (2.16) we obtain wy = 0. Thus, the intrinsic torsion of a half-flat SU(3)-structure
is a section of the vector bundle W;" ® W, @ W3, whose rank 1 + 8 + 12 = 21 is
exactly half of the rank of WW. In this sense the name half-flat refers to the fact that
the SU(3)-structure is “half torsion-free” or “half-integrable”.

Half-flat SU(3)-structures can be used to construct metrics with holonomy in Ga.
This remarkable property was first observed in [102] by Hitchin, who introduced a

system of evolution equations for the differential forms w and ¥, which allows to
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prove it. To explain how this system is obtained, we need to recall some facts about
Ga-structures, therefore we will do this in the next chapter (see Section 3.2.1). For
the moment, we review the definition and the main properties.

Suppose that the forms w, 14 ,1_ defining an SU(3)-structure on a 6-manifold

M depend on a real parameter t. Then, the system is the following

Dby (t) = duw(t)

(2.22)
Lw(t) Aw(t) = —dy_(t)

and the equations are usually called Hitchin flow equations in literature. (2.22) is
not a geometric flow in the usual sense (cf. Section 4.2), but it can be obtained as
the Hamiltonian flow of a certain functional (see [102]).

A solution of (2.22) starting from a given SU(3)-structure (w, 1) at tp € Ris a
one-parameter family of SU(3)-structures (w(t), 14 (t)) with parameter ¢ belonging to
an interval I C R containing ¢y, which solves the Hitchin flow equations and satisfies
(w(to),¥+(to)) = (w,v4). If the initial condition is half-flat, then the solution is
half-flat as long as it exists. Indeed, differentiating d (¢4 (t)) with respect to ¢ and

using the first evolution equation of (2.22) we get

0 0
S0 (0) = (5040)) = dlde(v) =0,
from which follows d (¢4 (t)) = d (¢4 (tg)) = 0, while differentiating d(w(t))? with

respect to t and using the second evolution equation we obtain

i OF) =24 () A (0)) = ~2a(av- () =0,

and, then, d(w(t))? = d(w(tp))? = 0. Moreover, a family of stable forms (w(t), ¢ (t))
defined for ¢ in a real interval I and satisfying the Hitchin flow equations is an SU(3)-
structure for all ¢ € I if the initial condition (w(to), ¥+ (t0)) = (w,?4) is a half-flat
SU(3)-structure. This result was proved in [102] for compact 6-manifolds and was
later generalized in [53] in the noncompact case. Finally, it is possible to show that a
solution of (2.22) with initial condition a given SU(3)-structure (w,v4) exists when
the latter is half-flat and analytic, but may not exist when the analytic hypothesis
is dropped (see [31]).
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Clearly, torsion-free SU(3)-structures trivially satisfy the equations defining a
half-flat SU(3)-structure. Thus, we may refer to them as trivial half-flat. Moreover,
we may call special half-flat the SU(3)-structures belonging to a subclass of W, &
W, @ W3, since they satisfy the conditions di; = 0 and dw? = 0 but have smaller
intrinsic torsion. For instance, the symplectic half-flat structures introduced in [56]
and defined by dw = 0 and di); = 0 are special half-flat, as their class is W, . We
will consider further special half-flat structures and study their properties in the next

sections.

Remark 2.2.11. When SU(3)-structures are described using the spinorial formalism
outlined at the end of Section 2.2.1, the classification can be stated in terms of the
unit real spinor field and the spinorial field equations it satisfies, as shown in [2].

Some results will be recalled in Section 4.3.2.

2.2.3 The Ricci tensor of an SU(3)-structure

As shown by Bedulli and Vezzoni in [19], the Ricci tensor and the scalar curvature of
the Riemannian metric g induced by an SU(3)-structure (w, ) can be completely
expressed in terms of the intrinsic torsion forms and their derivatives. We recall here

their results.

Theorem 2.2.12 ([19]). The scalar curvature of the metric g induced by an SU(3)-
structure is expressed in terms of the intrinsic torsion forms as

15 15 _ 1
Scal(g) = 5 (wIL)2 + 5 (wl )2 —5 ‘

+2d*ws + 2d*wy — |wa|? + 4g(wy, ws).

_ 1 1
wpl? — 5 fu P~ Shos?

It is then possible to obtain informations on the scalar curvature of certain classes

of manifolds admitting an SU(3)-structure. For example

Corollary 2.2.13 ([19]). The scalar curvature of a symplectic half-flat manifold is
Scal(g) = —%]wz_lz. Thus, it is everywhere nonpositive and vanishes identically if

and only if the SU(3)-structure is torsion-free.

The Ricci tensor belongs to the space S?(M) of symmetric 2-covariant tensor

fields on M, whose decomposition, induced by the SU(3)-irreducible decomposition
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of S%((R%)*), is
S*(M) = C=(M) g & ST(M) & §2(M),
where

S3 (M) = {o€8*M)|Jo=o0andtrgoc =0},
SE(M) = {ce€S*(M)|Jo=—0c}.

We can write

1
Ric(g) = & Scal(g)g + Ric%(g),

and the traceless part Ric(g) of the Ricci tensor belongs to S2(M)® S2(M). Using
the map it : S (M) — [Qé’l(M )] induced by the pointwise SU(3)-module isomor-
phism

Ly (Ujkejek) = Ujrwrkejk7

the map i_ : S2(M) — [[le(M)]] induced by the pointwise SU(3)-module isomor-
phism

: ik ikl
i (Ujkeje ) = 0jrrpe’™,

and the projections E; : Q%(M) — [Q(l]’l(M)} and Eg : Q3(M) — [[Qg’l(M)ﬂ defined

as

Bi(B) = 5(8+J8)— o x (((3+JB)+ (6 +J6) nw) Aw)w,

1 1 1
Ex(a) = a-— 5*(Ja/\w)/\w— i (a ANY_)hy — i (Yy Na)
the result for the Ricci tensor can be stated as follows

Theorem 2.2.14 ([19]). The traceless part of the Ricci tensor of the metric g induced
by an SU(3)-structure is

Ric®(g) = i3 (E1(®1)) + 121 (E2(®2)), (2.23)
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where the 2-form ®1 and the 3-form ®5 are given by

1 1
o, = —*(w4/\Jw3)+1*(w;/\w;)—i—z*(wg/\wz_)
1 1 1 1
+d(Jws) + id*w?’ + §d*(w4 Aw) — Zd* (wﬁ/ur) + Zd* (wl_er) ,
Py = —2wjws— 4wy, Awy— 2Jdws — 2% Jdwy — 4d x (wg A ¥1by)

—2d * (Jws A hy) + 2wi Jws — 2Jd * (ws Aby) — dwy A Jws

+awy A #(Jws A )y) — 2(Jwy) A x(wg Apy) — é Q(ws, ws),

and Q : [[Q(QJI(M)]] X [[Q(QJI(M)]] — Q3(M) is the bilinear map defined by Q(a,n) =
Viki(Leyte; o) A (L), being (e1,...,e) an adapted basis for (w,1y).

From this description of Ric(g) and Proposition 2.2.7, the following result is

immediate

Proposition 2.2.15. Let M be a 6-manifold endowed with a torsion-free SU(3)-

structure. Then, the associated Riemannian metric is Ricci-flat.

Moreover, using (2.23) it is possible to characterize the Einstein condition for ¢
in terms of the intrinsic torsion forms. Indeed, g is Einstein if and only if Ric’(g)
vanishes identically and this happens if and only if both E;(®;) and Ey(®3) are
zero. In the general case, these conditions are not very useful to draw conclusions.
Nevertheless, some interesting results can be obtained for certain classes of SU(3)-

structures. For instance

Proposition 2.2.16 ([19]). A symplectic half-flat manifold is Einstein if and only

if its intrinsic torsion vanishes identically.

2.3 Nearly Kéahler SU(3)-structures

We recall that an almost Hermitian manifold (M, g, J) of dimension 2n is said to be

nearly Kahler if
(V4J) X =0, (2.24)
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for all X € X(M) (cf. Table 2.1). The Gray and Hervella’s class of nearly Kéhler
manifolds is WW; and, using identity (2.10), the defining condition is easily seen to be

equivalent to
(V4w) (X,Y) =0.

Since Kéhler manifolds, defined by V9J = 0, satisfy (2.24) trivially, it is usual to call
strict nearly Kéhler those manifolds in W, for which V% .J # 0 for all non-vanishing
X e xX(M).

Remark 2.3.1. In literature, nearly Kahler manifolds are also called K-spaces (see

for instance [114]) or almost Tachibana spaces (see e.g. [144]).

In [90], Gray proved that every complete, simply connected, nearly Kédhler man-
ifold is the Riemannian product of a Kéhler and a strict nearly Kahler manifold. In
particular, in dimension two and four nearly Kéahler manifolds are actually Kéhler

[87], while in dimension six are either Kéhler or strict nearly Kahler satisfying
2
‘(v!)](‘]) Y‘ =r (|X’2|Y|2 - g(X)Y)Q - Q(JX, Y)Z) ’ X: Y e %(M)’

for some positive constant r (see also [88]). Moreover, the Riemannian metric of
a strict nearly Kéhler manifold of dimension six is always Einstein [90, 144]. The
relevance of the six-dimensional case is clear from the results of [149, 150], where it
was proved that any complete, simply connected, nearly Kahler manifold is locally a
Riemannian product of Kéhler manifolds, twistor spaces over Kahler manifolds and
six-dimensional nearly Kéhler manifolds.

As noticed by Reyes Carrién in [162], in dimension six the structure group of the
frame bundle of a strict nearly Kéhler manifold always admits a reduction from U(3)
to SU(3) and the intrinsic torsion of the corresponding SU(3)-structure is constrained

to lie in W, . We give an idea of the proof here. First, using (2.10) and the identity
(V&) JY = —J (V4J)Y, (2.25)

from which follows that
(V4w) (JY,JZ) = — (Viw) (Y, 2), (2.26)

it is possible to prove the following
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Proposition 2.3.2. Let (M,g,J) be a 2n-dimensional almost Hermitian manifold
with fundamental form w. Then, the following conditions are equivalent and define

a nearly Kahler manifold:
i) (V&J)X =0 for all X € X(M);
ii) dw = 3Viw;
iii) dw is of type (3,0) + (0,3) and Ny is totally skew-symmetric.
Proof. Observe that condition i) is equivalent to
(VY = —=(V§JI)X

and also to (V%w)(Y, Z) = —(V§w)(X, Z) by (2.10). Then, the equivalence between
i) and ii) follows from (2.11).
Assume now that i) holds. Then, using (2.26) and the equivalence between i) and

ii), we get that
dw(X,JY,JZ) = 3(V4w)(JY, ] Z) = —~dw(X,Y, Z).

Thus, dw is a real form of type (3,0) + (0,3). Moreover, from the expression of the
Nijenhuis tensor in (2.12) and identity (2.25), it follows that

Ny(X,Y) = =2(V%J)JY +2(V§J)JX = 4J (V% I)Y.
Consequently, g(Ny(+,+),-) is a 3-form, since N;(X,Y) = —N;(Y, X) and
gINJ(X)Y), Z) = 49(J(VLJI)Y, Z)

= —4(V%w)(Y,JZ)
= _g(NJ(Xa Z),Y)

Conversely, if iii) holds, then using both the expressions of N; in (2.1) and (2.12)

and identity (2.26), we have

= _g(NJ(XaY)’JX)

= (V4) (Y, TX) — (o) (X, TX) + (V) (¥, TX) — (V) (X, T X)
= (Vg(w)(X, Y) + (V%Xw)(y7 JX)v
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since (V9yw)(X,JX) =0 for all X,Y € X(M). Now, using (2.26) again,

0 = dw(X,X,Y)
—dw(X,JX,JY)
= (VR@)(IX,JY) — (V43w)(JY, X) — (Vyw)(X, JX)
= (V) (X.Y) — (V) y)(Y, TX).

Comparing these two results, we obtain that (V%w)(X,Y) = 0 for all X € X(M)

and the equivalence between i) and iii) is proved. O

Furthermore, the covariant derivative V9w of the fundamental form of a nearly
Kihler manifold is parallel with respect to the minimal connection V defined in (2.7)

(see for instance [20]).

Lemma 2.3.3. Let (M, g,J) be a nearly Kdhler manifold and consider the minimal
connection V. Then,

V(Viw) = 0.

As a consequence, by condition ii) of Proposition 2.3.2 and the compatibility of
V with the Riemannian metric g, the real form dw of type (3,0) + (0, 3) has constant
norm. When the nearly Kahler manifold is strict, there is then a natural way to
define v, namely

1
vy = gdw.

With this choice, the (3,0)-form ¥ = ¢, +iJ1 defines a reduction of the structure
group of the nearly Kéhler manifold to SU(3). The corresponding SU(3)-structure
is half-flat, indeed 14 is obviously closed and dw A w = 0, since w is of type (1,1).
Moreover, by Proposition 2.2.9, the Nijenhuis tensor N is totally skew-symmetric if

and only if the intrinsic torsion forms wzi vanish identically. Consequently,
dip_ = aw?,

for some a € R. Applying now the exterior derivative to both sides of the identity
w A tp— = 0 and requiring that the normalization condition is satisfied, we obtain

a = —2. Thus, (w,®y) is characterized by the following differential system

dw = 31/}-"-7

o — o (2.27)
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and the only non-identically vanishing intrinsic torsion form is w; = —2. Observe
now that an SU(3)-structure (w,t;) with only non-identically vanishing intrinsic
torsion form w; can be rescaled to obtain (2.27). Indeed, in this case the exterior

derivatives of w, ¥4, _ are

3 _
dw = —5’[01 1;[)+>
d1/1+ = 07
dy_ = wwa,

and w; is constant on connected manifolds, since
3, _
0 =d(dw) = —§dw1 ANty

and wedging 1-forms by 4 is injective by (2.17). We can then consider the pair & =

(wy)? (wy )

—w, 'IZJF = ——%—, which defines an SU(3)-structure satisfying the differential

system (2.27) (see the proof of Lemma 2.4.5 for more details). This motivates the

Definition 2.3.4. An SU(3)-structure (w, ) is called nearly Kdhler if the intrinsic

torsion forms wf, wzi, ws, w4 and ws vanish identically.

Nearly Kéhler SU(3)-structures belong then to the class W, and are special
half-flat in the sense of the definition introduced earlier. Observe that the intrinsic
torsion form w; is a real constant on connected manifolds and that it is equal to
zero if and only if the nearly Kéhler SU(3)-structure is torsion-free. Moreover, when
wy is nonzero the almost Hermitian structure (g,.J) underlying a nearly Kahler
SU(3)-structure is strict nearly Kéhler. Indeed, dw is of type (3,0) + (0,3), since
it is proportional to ¥4, and Ny is totally skew-symmetric, as in = 0. Then, by
Proposition 2.3.2, the almost Hermitian structure (g, J) is nearly Kéhler and VIw is
proportional to 1. Now, from identity (2.10) and the fact that tx = 0 implies
X =0 (cf. (2.18)), we get that V% .J # 0 for all non-vanishing X € X(M). This

result together with the previous discussion proves the

Proposition 2.3.5. Let M be a connected siz-dimensional manifold endowed with
an almost Hermitian structure (g,J) with fundamental form w. Then, M is strict
nearly Kdahler if and only if there is a reduction ¥ = 14 + itp_ to SU(3) such that

(w,¥4) is a nearly Kdhler SU(3)-structure with nonzero wy .
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We already recalled that the Riemannian metric g of a nearly Kahler manifold is
Einstein by [90, 144]. A simple proof of this fact for nearly Kéhler SU(3)-structures
can be obtained using the expression (2.23) of Ric’(g). Indeed

Ric%(g) = i;"(E1(®1)) + 12 (Eo(D2)),
where

1., _ 1,
o = Zd (wl ¢+) = —§(w1 )QWa
Py, = 0.

Thus, E1(®1) = 0, Ric’(g) = 0 and g is an Einstein metric. In particular, the scalar
curvature is non-negative, 5

Scal(g) = 5 (wf)2,

and vanishes identically if and only if the SU(3)-structure is torsion-free.
As shown by Grunewald in [93], the existence of a strict nearly Kéhler structure
on a Riemannian 6-manifold (M, g) is related to the existence of a real Killing spinor,

that is, a non-vanishing spinor field ¢ € I'(X¥M) solving the equation

for every vector field X on M, where I € R, V is the lifting of the Levi Civita
connection VY to the spinor bundle and the dot denotes the Clifford multiplication
(cf. Section 4.3.1). In detail, every real Killing spinor defines an almost complex
structure J on (M, g) such that (M, g, J) is strict nearly Kéhler and, conversely, on
every connected, simply connected strict nearly Kéhler 6-manifold (M, g,.J) there
exists a real Killing spinor.

Up to now, in literature only few examples of nearly Kéhler manifolds are known.

In [34], Butruille showed that they are finitely many in the homogeneous case.

Theorem 2.3.6 ([34]). Siz-dimensional, nearly Kdihler homogeneous Riemannian

manifolds are isomorphic to one of the following spaces:
i) the 6-sphere S® = Go/SU(3);

ii) the product of 3-spheres S® x S3 = SU(2) x SU(2);
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iii) the complex projective space CP3 = Sp(2)/SU(2)U(1);
iv) the flag manifold F(1,2) = U(3)/U(1) x U(1) x U(1).

Moreover, each of these spaces admits a unique invariant nearly Kdahler structure up

to homothety.

Observe that the manifolds appearing in the previous theorem are all compact.
There are different ways to define the homogeneous nearly Kéhler structure on S°,
some of them are summarized in [34]. We will describe one of the possible construc-
tions in Example 3.2.1 of next chapter. The manifolds CP? and F(1, 2) are the twistor
spaces of the self-dual Einstein manifolds S* and CP? endowed with their standard
metrics. As we will see in detail in Section 2.5.2, they admit a non-integrable almost
complex structure J, a one-parameter family of metrics g; compatible with J for
each positive real number ¢, and for a suitable choice of ¢ the pair (g, J) defines a
nearly Kahler structure on them. An alternative description in terms of real Killing
spinors on the homogeneous spaces Sp(2)/SU(2)U(1) and U(3)/U(1) x U(1) x U(1)
can be found for instance in [18, Sect. 5.4]. Finally, the left-invariant nearly Kahler
structure on the Lie group SU(2) x SU(2) will be described in Section 2.5.1.

Remark 2.3.7. Recently, the existence of new non-homogeneous examples on 5%

and S3 x S3 was proved by Foscolo and Haskins in [73].

Among special half-flat structures there are two classes which generalize the class

Wy of nearly Kédhler. The corresponding SU(3)-structures can be defined as follows

Definition 2.3.8. Let (w,%+) be a half-flat SU(3)-structure on a 6-manifold M. It
is called coupled if wz = 0, while it is called double half-flat, or co-coupled, if w, = 0.

Thus, coupled structures belong to the class Wi @W, , double half-flat structures
belong to W, @ W3 and the nearly Kahler can be thought as the half-flat structures
which are are both coupled and double half-flat.

Remark 2.3.9. To our knowledge, the name coupled was introduced by Salamon in
[164], while the names double half-flat and co-coupled were used in [167] and [137],
respectively. In physical literature, coupled structures were also called restricted
half-flat in [123].
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As it happens in the nearly Kéhler case, the intrinsic torsion form w; € C*(M)

of coupled and double half-flat structures is constant on connected manifolds.

Lemma 2.3.10. Let M be a siz-dimensional, connected manifold endowed with a
coupled or a double half-flat SU(3)-structure (w,14). Then, the intrinsic torsion

form wy s constant.

Proof. If (w,14) is coupled, the proof is the same as in the case of nearly Kéhler

SU(3)-structures. Indeed, taking the exterior derivative of both sides of

3 _
dw = W1 (o

and using the fact that 1 is closed, we obtain 0 = dw; A 4. Therefore, dw; = 0,
since wedging 1-forms by 4 is injective by (2.17), and the thesis follows from the
connectedness of M. In the double half-flat case, we can argue in a similar way:

starting from

dip_ = wy w?,
we take the exterior derivative of both sides obtaining
0= dw; A w? +wfdw2

and conclude observing that dw? = 0 and that wedging 1-forms by w? is injective by
(2.16). O

The rareness of examples of six-dimensional nearly Kéahler manifolds provides
a first motivation to study manifolds endowed with a coupled or a double half-flat
SU(3)-structure, as both generalize nearly Kéhler structures.

Double half-flat SU(3)-structures were considered for instance in [42, 137, 165,
167], where also explicit examples on compact nilmanifolds and on S% x S3 were
provided. By [167], they can be characterized as the half-flat structures having totally
skew-symmetric Nijenhuis tensor. Thus, as nearly Kéahler manifolds, 6-manifolds
endowed with a double half-flat structure admit a U(3)-connection whose torsion is

totally skew-symmetric by the general result
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Theorem 2.3.11 ([78]). Let (M,g,J) be a 2n-dimensional almost Hermitian man-
ifold. Then, there ezists a U(n)-connection with totally skew-symmetric torsion if
and only if the Nijenhuis tensor Ny is totally skew-symmetric. In this case, the

connection s unique.

Remark 2.3.12. In the case of 2n-dimensional nearly Kéahler manifolds, the con-
nection is exactly the minimal connection given in (2.7) (see for instance [1, Lemma

2.2] and the references therein).

Natural spaces motivating the study of coupled SU(3)-structures are S% x S® and
the twistor spaces over self-dual Einstein 4-manifolds of positive scalar curvature,
since they all admit such structures. Moreover, further motivations come from su-
persymmetric string theory in physics. In the remaining part of this chapter, we
shall discuss the properties of manifolds endowed with a coupled structure, explain
in detail the previous motivations and study some additional problems. Most of the
content is based on the papers [70, 71, 160].

2.4 Coupled SU(3)-structures

Let us consider a six-dimensional connected manifold M endowed with a coupled
SU(3)-structure (w, ). The exterior derivatives of w, 14 and ¢_ = Ji; are

dw = _%wl_ w-‘ra
vy = 0, (2.28)
dy- = w] w?—w, Aw,

where w; is a real constant and w, a primitive real 2-form of type (1,1). The former
is zero if and only if the coupled structure is symplectic half-flat, while the latter van-
ishes identically if and only if the coupled structure is nearly Kéhler. Consequently,

using Proposition 2.2.9, we get

Proposition 2.4.1. Let (w,14) be a coupled SU(3)-structure. Then, it is nearly
Kadahler if and only if the Nijenhuis tensor of the corresponding almost complex struc-

ture J = Jy, is totally skew-symmetric.
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The previous observations clarify which are the possible subclasses of W, © Wy
and how they are characterized in terms of the intrinsic torsion forms w; and w, .
That being so, instead of using the adjective strict as in the nearly Kahler case,
from now on we reserve the name coupled for those SU(3)-structures satisfying the
differential system (2.28) with nonzero w; and non-identically vanishing w, . They

can be described as follows

Proposition 2.4.2. Let (w,¢y) be an SU(3)-structure on a connected 6-manifold
M. Then, it is coupled if and only if there exists a nonzero real constant ¢ such that
dw = cpy. In particular, a coupled SU(3)-structure is completely determined by w

and the almost complex structure J induced by it is never integrable.

Proof. If (w,%4) is coupled, then by Lemma 2.3.10 the nonzero real constant is
c= —%wl_ . Conversely, if there exists a nonzero real constant ¢ such that dw = ¢4,
then the 3-form v, is closed and the SU(3)-structure is coupled.

Since 14 is proportional to dw, the 2-form w determines the whole SU(3)-structure
and, by the discussion preceding Proposition 2.2.8, the almost complex structure in-

duced by it is not integrable. O

An immediate consequence is the next result, which was observed in [165].

Corollary 2.4.3. Let (w,vy) be a coupled SU(3)-structure such that dw = ci4,
where ¢ # 0. Then, a diffeomorphism v : M — M such that v'w = w is an

automorphism of the SU(3)-structure and, in particular, an isometry.
For the sake of brevity, we introduce the

Definition 2.4.4. Let (w, 1) be a coupled SU(3)-structure such that dw = c4.

The nonzero real number c is called coupled constant.

Observe that it is alway possible to rescale a coupled structure in order to obtain

a different coupled constant.

Lemma 2.4.5. Let (w,¢y) be a coupled SU(3)-structure with coupled constant c,
denote by g the associated Riemannian metric and fix a nonzero real number r.
Then, the pair @ = r*w, 7@_ = 13p, is a coupled structure with coupled constant

~

¢ = . Moreover, Jq@ = Jy, and the Riemannian metric g induced by @, 12+ isT2g.
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Proof. First, notice that the forms & and 1Z+ are still stable, since @2 = r6w3 #£ 0
and A(iZJr) = r12\(¢p4) < 0. As we observed in Remark 2.2.2, the almost complex
structure J o induced by @Z+ is the same as the one induced by ¥4, thus

Vo = J5 0 = T, (rPy) =104

The forms & and 12+ are clearly compatible and the normalization condition is sat-
isfied, indeed 0 )
1/p\+/\$_ =70 Ay :r6§w3 = 563.
Moreover,
3, =8 (Jg, ) =r?w (Jur) =129()

is a Riemannian metric. Thus, the pair @,LZ+ defines an SU(3)-structure. It is

moreover coupled with coupled constant ¢ = ¢, since

d@:rzdw:cr2w+:g$+.
0

In Proposition 2.3.5, we reviewed that the almost Hermitian structure (g,.J)
underlying a nearly Kéhler SU(3)-structure with nonzero wy is strict nearly Kéahler.
When (w, ) is coupled, we only have that the exterior derivative of w is a real form
of type (3,0) + (0, 3). Therefore:

Proposition 2.4.6. The almost Hermitian structure (g,J) underlying a coupled
SU(3)-structure (w, )y ) is quasi-Kdhler, i.e., 0w = (dw)? = 0.

Unlike the nearly Kéhler and the symplectic half-flat case, the scalar curvature
of the Riemannian metric ¢ induced by a coupled structure does not have a definite
sign, indeed
Scal(g) = % (wl_)2 - % }wﬂz

Moreover, we know that nearly Kéhler SU(3)-structures always induce an Einstein

(2.29)

metric, while symplectic half-flat structures induce an Einstein metric if and only
if they are torsion-free. Thus, since coupled structures generalize both, a natural

question is to ask under which conditions on the torsion forms w; and w, the
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metric induced by a coupled structure is Einstein. In this case, the differential forms

appearing in the traceless part of the Ricci tensor are

P = L (wy Awy)+ Twid g
= Tx(wy Awy) — F(wy ) w — Fwp wy, (2.30)
Oy = —-2xJdw,,

where we have used the identity
* (wy Aw) = —w, , (2.31)

which holds for every 2-form belonging to [Qé’l(M )} A straightforward computa-

tions gives then

1 _ _ 1 - 1 _
Ei(®y) = 1% (wy Awy) — 71 W + E\wQ 1w,

while Eg(®2) depends on the component of dw; in HQg’l(M)ﬂ. From the de-
composition of the space Q3(M) given in (2.20), we know that there exist unique
ht h= € C®(M), ;1 € Q'(M) and o3 € [[Qg’l(M)ﬂ such that

dwy =hT Yy +h™ Y- +m Aw + o3, (2.32)
and we can prove the

Lemma 2.4.7. Let (w, 1) be a coupled SU(3)-structure on a 6-manifold M. Then,
the intrinsic torsion form ws is co-closed. Moreover, the function h™ appearing in
(2.32) wvanishes identically, while the function h™ vanishes identically if and only if
the SU(3)-structure is nearly Kdhler.

Proof. Taking the exterior derivative of both sides of
dy_ :wfw2 —wy ANw

and using (2.31) and dw? = 0, we get d*w, = 0. Moreover, since the decomposition
(2.20) of Q3(M) is g-orthogonal, using xi = 1_, dipy = 0, wy APy = 0, wy Aw? =0
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and xw; = —w,; Aw, we have
hdV, = g o)AV, = gldwywo)dv,
= dwy N *1_ = —dwy Ny

= —d(wy NYy) +wy Ndpy = 0

and
WAV, = g pdV, = gldwy, )V,
= dws N *y = dwy NY_
= d(wy AY) —wy Add_ = wy Awg Aw
= —wy A *wy = —|w, [2dVj.
Then, h~ =0 and ht = —@ vanishes identically if and only if w, does. O

Thus, in the general case coupled structures inducing Einstein metrics can be in
principle characterized by two equations involving the intrinsic torsion forms w; and
Wy .

In Section 2.4.3, we will see that a under the (well-justified) hypothesis dw, o 9,
the characterization is rather simple, while in Section 2.5.2 we will discuss an explicit
example of coupled SU(3)-structure inducing an Einstein metric and satisfying that

hypothesis.

Remark 2.4.8. In [146], the authors proved that when an SU(3)-structure is nearly
Kahler, then every co-closed a € [Qél(]\/[)} is such that da € Hﬁgl(M)ﬂ This
result does not extend to the coupled case, since from Lemma 2.4.7 we would get

that every coupled structure is nearly Kéhler.

2.4.1 Examples

We can now look for examples of coupled SU(3)-structures. We begin with the
classification of invariant coupled structures on compact nilmanifolds and, then, we
describe an example of left-invariant coupled structure on the manifold S3 x S3, while

we shall give further examples in the next sections.
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First of all, we recall that an SU(3)-structure (w,14) on a Lie group G is left-
invariant if the differential forms w, 14 (and, consequently, the tensors J,9_, g) are
left-invariant. In this case, the pair (w,1) determines an SU(3)-structure on the
Lie algebra of G. Conversely, an SU(3)-structure on a six-dimensional Lie algebra g
is defined by a pair of compatible and normalized stable forms (w,v) € A?(g*) x
A3(g*), with A(¢4) < 0, such that g(-,-) = w(Jy,,-) is an inner product, and it
induces a left-invariant SU(3)-structure on the corresponding simply connected Lie
group. Thus, there is a one-to-one correspondence between left-invariant SU(3)-
structures on six-dimensional simply connected Lie groups and SU(3)-structures on
the corresponding Lie algebras. Clearly, an SU(3)-structure (w,%y) on g is half-
flat if and only if dw? = 0 and d¢, = 0, where d denotes the Chevalley-Eilenberg
differential on g, while it is coupled if and only if w and dw are stable and v is
proportional to dw.

In Section 1.3, we defined a compact nilmanifold as the quotient of a simply
connected nilpotent Lie group N by a lattice I' C N. In the six-dimensional case, a
left-invariant SU(3)-structure (w, ) on N passes to the quotient, defining an invari-
ant SU(3)-structure on the compact nilmanifold N/I". Moreover, up to isomorphism,
there exist 34 six-dimensional nilpotent Lie algebras and each of them gives rise to
a compact nilmanifold. Consequently, there is a one-to-one correspondence between
invariant SU(3)-structures (w,¢4) on compact nilmanifolds and pairs (w, ) defin-
ing an SU(3)-structure on their nilpotent Lie algebras. Thus, the classification of
six-dimensional compact nilmanifolds admitting an invariant SU(3)-structure of a
certain type can be obtained working only with SU(3)-structures on nilpotent Lie
algebras.

By Milnor’s result stated in Theorem 1.4.3, it follows that there are no strict
nearly Kéhler SU(3)-structures defined on non-Abelian nilpotent Lie algebras, since
the metric induced by a nearly Kahler is always Einstein.

In [49], Conti classified six-dimensional nilpotent Lie algebras admitting a half-
flat SU(3)-structure up to isomorphism. In detail, starting from the list of 34 non-
isomorphic six-dimensional nilpotent Lie algebras, he gave an explicit example of a
half-flat SU(3)-structure on 24 of them and introduced an obstruction to the existence

of half-flat structures on Lie algebras, which allowed him to show that the remaining



72 Chapter 2. Special half-flat SU(3)-structures

10 cases do not admit any. The obstruction was later refined by Freibert and Schulte-
Hengesbach in [74]. We recall it here.

Proposition 2.4.9 ([74]). Let g be a real siz-dimensional Lie algebra with volume

form Q € AS(g*). If there exists a nonzero o € g* such that
a A jpa No=0

for all closed 3-forms p € A3(g*) and closed 4-forms o € A*(g*), where for every
Xeg
Joa(X)Q =a A (txp) A p,

then g does not admit any half-flat SU(3)-structure.

Referring to the list of six-dimensional nilpotent Lie algebras given in Table 1.1,

we can state the result of Conti as follows

Theorem 2.4.10 ([49]). Let n be a siz-dimensional nilpotent Lie algebra admit-
ting a half-flat SU(3)-structure. Then, n is isomorphic to ng for k = 4,6,7,8,9,
10,11,12,13,14, 15,16, 21, 22,24, 25,27, 28, 29, 30, 31, 32, 33, 34.

Further classifications of six-dimensional nilpotent Lie algebras admitting special
half-flat SU(3)-structures were studied in literature. For instance, in [42] the authors
classified those admitting a double half-flat SU(3)-structure, while the result for
symplectic half-flat structures was obtained in [52]. The more general classification
of six-dimensional Lie algebras admitting half-flat SU(3)-structures was obtained in
[74, 168] in the decomposable case and in [75] for indecomposable Lie algebras with
five-dimensional nilradical.

We now focus on the case of coupled SU(3)-structures on nilpotent Lie algebras.
Since coupled are in particular half-flat, to classify six-dimensional nilpotent Lie
algebras admitting a coupled structure we start from the list given in Theorem 2.4.10
and use the following obstruction, which holds in the more general case of Lie algebras

and whose proof is immediate.

Lemma 2.4.11. Let g be a siz-dimensional real Lie algebra with volume form Q) €
AS(g*). If AM(do) > 0 for all o € A%(g*), then g does not admit any coupled SU(3)-

structure.
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Observe that on the six-dimensional Abelian Lie algebra every differential form
is closed with respect to the Chevalley-Eilenberg differential. Thus, if we look for
coupled SU(3)-structures on nilpotent Lie algebras, we have to exclude the Abelian

case. We are now ready to prove the classification result.

Theorem 2.4.12 ([71]). Let n be a siz-dimensional, non-Abelian, nilpotent Lie al-
gebra admitting a coupled SU(3)-structure. Then, n is isomorphic to one of the

following
ng = (0,0,0,e'2, e — e 15 4 e34),  nyg = (0,0,0,0,e® — €24 el 4 €23).

Proof. Let n be one of the six-dimensional, non-Abelian, nilpotent Lie algebras ad-
mitting a half-flat SU(3)-structure and denote by (e, .. ., €%) the basis of n* for which
the structure equations of n are those given in Table 1.1. A 2-form w on n can be

written with respect to the corresponding basis of A?(n*) as

w = bie'? +bye’ + bye't + bye'® + bsel® + bge?® + bre®t + bge?®

+b9€26 + b10634 + b11635 + b12636 + b13645 + b14646 + b15656,
where b; € R,i = 1,...,15. We fix the volume form = e'23%56 and compute the
quartic invariant A\(dw) for each nilpotent Lie algebra (observe that the sign of A(dw)
does not depend on the choice of 2). The expression of A(dw) in each case is given in

Table 2.2. Among the 24 nilpotent Lie algebras admitting a half-flat SU(3)-structure

we have:

- 1 case (ngg) for which A\(dw) < 0 if by5 # 0,

- 2 cases (ng and ng) for which the sign of A(dw) depends on w,
- 21 cases for which \(dw) cannot be negative.

Therefore, the 21 algebras having A(o) > 0 do not admit any coupled SU(3)-structure
by Lemma 2.4.11.

Consider ny, it has structure equations

12 13 _14 | 23 24 | _15
(0,0,e e, e + e e +e?),
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the sign of A\(dw) depends on the coefficients b; and, thus, we cannot apply the
obstruction used before. However, we can show that there are no coupled structures
on ny in the following way. From the expression of A(dw), we get that dw is stable
if and only if b5 # 0 and by5(b1a + b13) > b?,. Imposing the compatibility condition
dw Aw = 0, we obtain four polynomial equations in the b; which can be solved using

the constraint b5 # 0. We can now compute J = Jg,, the matrix associated with

g(+,+) = w(J-, ) with respect to the basis (e1, ..., es) and observe that for the nonzero
vector v = eq — %65 + %86 it holds g(v,v) = 0. Therefore, g cannot be an inner

product and, as a consequence, it is not possible to find a coupled SU(3)-structure
on ny.

The Lie algebra ng has structure equations
(0,0,0,6127614 _ 623,615 + 634)
and the pair of stable forms

w = —eld g2 | 26 56

¢+ — —6125 _ e146 + 6236 + 6234 + 6345,

defines a coupled SU(3)-structure on it with ¢4 = —dw.

On the Lie algebra nog, whose structure equations are
(0,0,0,0,e'3 — e el 4+ 23),
the pair of stable forms

W o= 24 34 56

Wy = 36 145 _ o235 _ 246

defines a coupled SU(3)-structure such that 1), = —dw. In particular, it induces the

inner product

which is a nilsoliton (cf. Example 1.4.17). O
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n. A(dw) Sign of A(dw)
ny | 4b35(—bis(b12 + bi3) + b3y)

g b4115 =
ny (b4 — bi5)° >0
ns (b4 — b%5)? >0
Ng 46%5(—1)15(139 +bi13) + b%4)

N0 5%5 > 0
ni b4115 > 0
ni2 0

ni3 0

N4 b4114 Z 0
nis (5%4 - 5%5)2 >0
ni6 (014 + bi5)? >0
no1 0 0
N992 6%5 > 0
noy 0 0
Nog béll5 > 0
na7 0 0
nag —4bi; <0
29 0 0
n3o bil5 > 0
ns1 0

LED) 0 0
N33 0 0

Table 2.2: Expression of A(dw) for six-dimensional nilpotent Lie algebras admitting

a half-flat SU(3)-structure.



76 Chapter 2. Special half-flat SU(3)-structures

Remark 2.4.13. The examples of half-flat SU(3)-structures on ng and nsg given in
[49] are of type Wi @ W, @ W3 and W, respectively. Thus, the two examples of
coupled structures contained in the proof of the previous theorem did not appear in
[49]. Moreover, the fact that nag admits a coupled structure was also noticed in the

physical paper [136], we will discuss this later in Section 2.4.3.

Observe that the coupled SU(3)-structure on nyg described before induces an in-
variant coupled structure on the Iwasawa manifold (Example 1.3.8) whose associated
Riemannian metric is a Ricei soliton (cf. Section 1.4.4). It is the unique example of
this kind by the next result.

Proposition 2.4.14 ([71]). Let n be a siz-dimensional, non-Abelian, nilpotent Lie
algebra admitting a coupled SU(3)-structure inducing a nilsoliton. Then, n is iso-

morphic to nog.

Proof. 1t is clear from the classification of nilpotent Lie algebras admitting a coupled
SU(3)-structure that to prove the assertion it suffices to show that ng does not admit
any coupled structure inducing a nilsoliton inner product. If we consider the basis

(e!,...,€8) of n§ for which the structure equations are
) 5)
(0,0,0, \5612’614 — B \5615 i 634> 7

then by [179] the inner product g = 3% (¢/)? is a nilsoliton on ng and by [124] it
is unique up to isometry and scaling. Let w be a generic 2-form on ng, we can write
it with respect to the basis {eij } of A%(n}) as in the proof of the previous theorem.
Using this expression, we compute A(dw) and impose that it is negative, obtaining the
constraints b5 # 0 and \/5b%4—2bl5bg—2bl5b13 < 0. From the compatibility condition
dwAw = 0, we get three polynomial equations in the unknowns b; which can be solved
using b15 # 0. We then compute Jy,, and the matrix G associated with w(Jg,-, -) with
respect to the considered basis. By the uniqueness of the nilsoliton up to scaling,
we have to impose that G is proportional to the identity matrix. The associated
equations do not have solutions under the constraints on the b; imposed by A(dw),
as one can check considering for instance the equations G5 = 0,G46 = 0,G25 = 0,

where G; j = w(Jaué€i, €5). d
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Since it is usually more convenient to work with an adapted frame for the SU(3)-
structure, we observe that for the nilpotent Lie algebras ng and nsg there exists a basis
(el,...,eb) of their dual spaces which is adapted for the coupled SU(3)-structure and

such that the structure equations become

ng = (0, 0,0,e3, el 4+ &2 13 — !5 — 624) , (2.33)
ngg = (0,0,0,0,eM e ! — ). (2.34)
In both cases, w and 14 can be written as in (2.13) and dw = —v.

We give now an example of left-invariant coupled SU(3)-structure on the homo-
geneous manifold S2 x S3. As a Lie group, it is SU(2) x SU(2) and any left-invariant
SU(3)-structure on it can be identified with a pair of stable forms (w, ) defining
an SU(3)-structure on its Lie algebra su(2) @ su(2). The standard basis of su(2) is

given by the matrices
B 0 (0 =3 (0
€1 = i ) €2 = 1 0 ) €3 = i )
2 2 2

and it is easy to check that the only non-vanishing structure constants are cj, =

N

O Nl
(e

3= —1=—cfs.

Consider su(2) & su(2), denote by (eq, e2, e3) the standard basis of the first copy
of 5u(2), by (e4, e5,¢e6) the standard basis of the second copy and by (e!,e?,e3) and
(e, e7,¢e%) their dual bases. Then, the Lie algebra su(2) @ su(2) has the following

structure equations:
de! = e?, de? =e3, ded =el?,
de* = €0, ded® = e84, deb = e,

Example 2.4.15. The pair

w = _\/5616 _ 624 —625 —635,
¢+ — \‘l/g(_\/g€236 + \/§€145 + 6134 + 6256 + 6135 _ 6246 _ e125 o 6346>,

defines a coupled SU(3)-structure on su(2) @ su(2) such that ¢, = v/3dw.
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2.4.2 Coupled SU(3)-structures and the Hitchin flow

As we observed earlier, a solution of the Hitchin flow equations starting from a half-
flat SU(3)-structure is half-flat as long as it exists. We may rephrase this by saying
that the torsion class Wi @W, ®Ws is preserved by the Hitchin flow equations. When
we restrict our attention to special half-flat structures, in general it is not possible to
show that their torsion class is preserved. Anyway, there are some examples proving
that in certain situations this happens. For instance, if we consider a nearly Kéhler
SU(3)-structure (w, 14 ) with w; = —2 and we look for solutions of the Hitchin flow
equations starting from it at ¢ = 0 and preserving the nearly Kahler condition, then

we always find

wit) = (t+1) w,
Yi(t) = (t+1)° 9y,

which is however quite trivial, since it evolves only by a rescaling of the starting
condition. Moreover, in the double half-flat case a solution preserving the torsion
class W, @ W; was given on the manifold S3 x S3 in [137]. It is then a natural
question to ask whether there exist examples of solutions of the Hitchin flow equations
preserving the torsion class W, @ W, , which we may call coupled solutions. More

precisely, we introduce the

Definition 2.4.16. Let (w(t),14(t)) be a solution of the Hitchin flow equations
defined on an interval I C R containing 0 and starting from a coupled structure at
t=0. If (w(t),1+(t)) is a coupled structure for each ¢ € I, that is,

deo(t) = ()4 (1
for some smooth and nowhere zero function ¢ : I — R, we call it a coupled solution.

Coupled solutions can be easily characterized and induce an almost complex

structure not depending on ¢. Indeed

Proposition 2.4.17 ([70]). Let M be a connected 6-manifold and suppose that there
exists on it a solution (w(t),v4(t)) of the Hitchin flow equations starting from a

coupled structure (w(0),14(0)) and defined on some interval I C R containing 0.
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If (w(t), ¥4 (t)) is a coupled solution, then there exists a smooth, non-constant and

nowhere zero function f :1— R such that

Yy (t) = f(t)Y+(0).

Conversely, if the pair (w(t),v+(t)) is a solution of the Hitchin flow equations with
Yy (t) = f(t)4(0), then it is a coupled solution.

Proof. If (w(t),v4(t)) is a solution of the Hitchin flow equations with ¢ (t) =
f(t)1¥+(0) and non-constant, nowhere zero f(t), then from %1/4 (t) = dw(t) we obtain

alt) = 5 (F10) = ( 570) 0400

Thus, the solution is a coupled structure with ¢(t) = 4 (In f(t)). Suppose now that
the solution is coupled, dw(t) = ¢(t)1+(t). Then, from the flow equation we obtain

0

adhr(t) = c(t)y+ (1)

Working in local coordinates on M, it is easy to show that

Yo (t) = f(£)¥4.(0),
where f(t) = elo e(s)ds, O

Corollary 2.4.18. Let (w(t), v+ (t)) be a coupled solution of the Hitchin flow equa-
tions on a connected 6-manifold M. Then, the associated almost complex structure
is J(t) = J(0). Thus, it does not depend on t.

Proof. We know that ¢ (t) = f(t)14(0), therefore

J(t) =y, 1y = Jrwyp0) =y 0) = J(0),

since the almost complex structure induced by 1y does not change if this 3-form is

rescaled by a real constant. O

The case of six-dimensional nilpotent Lie algebras allows us to conclude that

coupled solutions may not exist. Indeed, if we consider the nilpotent Lie algebras ng
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and ngg with the structure equations given in (2.33) and (2.34), respectively, then in

both cases the pair

12 4 .34 | 56
w = e“+e"+e,
(2.35)
Yy = 35 _ 6 _ (236 245
is a coupled SU(3)-structure with dw = —1)4 and we can prove the following

Proposition 2.4.19 ([70]). Consider the Hitchin flow equations on the nilpotent Lie
algebras ng and ngg. Then, on ngg there exists a coupled solution starting from (2.35)

at t = 0, while on ng there are no coupled solutions starting from (2.35).

Proof. First of all, observe that in the case of Lie algebras the Hitchin flow equations
become a system of ordinary differential equations.

Let us start with nsg, a solution of the Hitchin flow equations which is coupled in
the sense of our definition was given in [41], we recover it in our setting starting from
a suitable pair (w(t), v+ (t)) and using our previous observations. From Proposition
2.4.17, we know that (w(t),v+(t)) is a coupled solution if and only if

i (8) = F(E00(0) = F(£)(e" — MO — 296 _ 249,

with f(0) = 1. It is also clear that ¥_(t) = f(t) (' + €'*° 4 €235 — ¢2%6). More-
over, we consider three smooth functions a;(t), az(t),as(t) with a;(0) = 1 and such
that

w(t) = a1 (t)e'? + az(t)et + as(t)e®.

From now on, we omit the ¢t-dependence of the functions for sake of brevity. The
forms w(t) and 14 (t) are compatible for each ¢ and from the normalization condition,

we get

f? = arasas. (2.36)

From the first Hitchin flow equation in (2.22) we obtain

d
- _ 2.
dtf as, (2.37)
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while from the second one we have

d
%(alag) = 0, (238)
d
a(azag) = 0, (2.39)
%(alag) = —4f. (2.40)
From (2.38), (2.39) and the initial conditions at ¢t = 0 we deduce that
1
ay = ag = —.
as

Using this result and (2.36), it holds necessarily

Thus, the ODE (2.37) becomes
d 202
—ag = 2a3\/a
e~ TV
and solving it with initial condition a3(0) =1 we get
2
az = (1 — 3t>_§.

It is then easy to check that also (2.40) is satisfied. Then, the pair

wN

e+ (1- 3t)§e34 + (1 - 3t)7%656,

(135 — o146 _ ;236 _ 6245)

w(t) = (1—3t)
vi(t) = (1-31)

W=

)

is a coupled solution of the Hitchin flow equations.
Consider now ng, we shall show that there are no coupled solutions starting from

(2.35). Also in this case, we need

Ui t) = FO1(0) = F(1)(eF — 10 — (350 — 219),

with f(0) = 1, while we introduce 15 smooth real valued functions b;; = b;;(t),
1 <i < j <6, such that

w(t) = Z bij(t)eij,

1<i<j<6
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b12(0) = b34(0) = bs6(0) = 1 and b;;(0) = 0 for the remaining functions. We first
impose that the equations resulting from the compatibility condition w(t) Avy(t) =0
are satisfied. Then, we consider the Hitchin flow equations and we compute the ODEs

deriving from them. From %er (t) = dw(t) we obtain
bas = bog = bys = bgg = 0

and p
L = —bse.
dtf 56

Among the ODEs coming from %w(t) Aw(t) = —dip_(t), we have

d

g (b2bss) =0, (2.41)
d
g (b2sbaa) = 0, (2.42)
d
7 (basbs) = —f. (2.43)

(2.41) and (2.42) give bag bsg = 0 and bes bgg = 0 for all ¢, since by3(0) = bes(0) =0
and b34(0) = bs6(0) = 1. From these results and the expression

(W(t))3 _ 6b12 b34 b56 6123456,

we get that bog and bos are identically zero, since bsy and bsg must be nowhere
vanishing. That being so, (2.43) becomes f(t) = 0, which is not possible. O

2.4.3 Coupled SU(3)-structures and supersymmetry

Starting from the seminal work [173] of Strominger, six-dimensional manifolds en-
dowed with a non-integrable SU(3)-structure have been frequently considered in su-
persymmetric string theory, giving rise to a broad literature in this area. We do not
claim here to give a rigorous introductory description of this theory, but just some
hints which are useful to understand how coupled SU(3)-structures appear in this
setting. The reader may refer to the references we cite for more informations.

The space-time of the five consistent superstring theories existing in theoretical

physics is modeled on a real ten-dimensional pseudo-Riemannian manifold (M1, g1¢)
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endowed with a spin structure and certain spinor fields. This manifold splits into
the product of a four-dimensional Lorentzian manifold (M*, g4) and a compact six-
dimensional manifold M® through a process called compactification. The requirement
that part of the supersymmetry is preserved implies the existence of a globally-defined
complex spinor field on the internal manifold M6, which provides a reduction of the
structure group of FM® to SU(3). The spinor field has to solve certain equations,
which constrain the intrinsic torsion of the corresponding SU(3)-structure to lie only
in some subclasses of W. The classes of SU(3)-structures which are relevant in the
various theories were recently reviewed in [123], among these we find W, @ Wy, i.e.,
coupled SU(3)-structures.

In [136], the authors considered the problem of finding necessary and sufficient
conditions for N’ = 1 compactifications of Type ITA string theory on spaces of the
form AdS; x M5, where AdS, is the four-dimensional anti-de Sitter space. As a
result, they obtained a set of constraints that the intrinsic torsion forms of the
SU(3)-structure (w, ;) on the internal manifold have to satisfy. We recall them
here briefly. Supersymmetry equations and the so-called Bianchi identities constrain
the intrinsic torsion to lie in W, @ W, . Furthermore, in absence of sources, the

Bianchi identities provide a further constraint on the exterior derivative of wj :
dwy o<y, (2.44)
and the norms of w; and w; have to satisfy the following inequality [118]
3(wy)® > |wy [, (2.45)

where | - | denotes the norm with respect to the metric ¢ induced by the SU(3)-
structure. In the massless limit, the solutions reduce to AdS; x M9, being M a
compact 6-manifold endowed with a coupled SU(3)-structure for which only (2.44)
holds. Moreover, it was observed in [118] that the conditions (2.44) and (2.45) can
be relaxed in the presence of sources. A remarkable property of this result is that
the constraints are not only necessary, as usually happens, but also sufficient to
guarantee the existence of solutions to the problem.

It is then worth studying the properties of 6-manifolds endowed with coupled
SU(3)-structures satisfying (2.44) and (2.45) and look for possible examples. The
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forthcoming discussion is based on the first part of our work [70]. As we did before,
we always assume that the considered manifolds are connected.

First, using Lemma 2.4.7, it is possible to show that condition (2.44) forces the
proportionality factor between dw, and 11 to be constant and proportional to the

squared norm of w; .

Proposition 2.4.20. Let M be a 6-manifold endowed with a coupled SU(3)-structure
(w,4) such that dw, is proportional to ¢,. Then, it holds

|wy |

dw, = — .
Wy 4 (/s
Moreover, the norm of wy is constant.
—12
Proof. The identity dw, = — ‘wi | 14 follows directly from the proof of Lemma 2.4.7

and the hypothesis on dw, . Thus, we only need to prove that |w; | is constant. To
do this, observe that if dw, = f 1)y for some function f € C*°(M), then f has to be
constant. Indeed, taking the exterior derivatives of both sides and using that 1 is

closed, we get

df/\¢+:O>

which implies df = 0 since wedging 1-forms by 4 is injective. O

Remark 2.4.21. The expression of the proportionality factor between dw, and v
given in the previous result was also obtained in [136] in terms of certain quantities

coming from the physical situation.

From Proposition 2.4.20 and the fact that w] is constant, we obtain the following

constraint.

Proposition 2.4.22. Let M be a 6-manifold endowed with a coupled SU(3)-structure
(w,4) such that dwy is proportional to 4. Then, the scalar curvature of the metric

g induced by (w,y) is constant.

Proof. Consider the expression (2.29) of the scalar curvature of g and conclude using

the fact that both w; and |wy | are constant. O
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Consider now condition (2.45), this implies a further constraint on the scalar

curvature.

Proposition 2.4.23. Let M be a 6-manifold endowed with a coupled SU(3)-structure
(w,14) whose intrinsic torsion forms satisfy 3(wy)? > |wy [*. Then, the scalar
curvature of the associated metric g is positive. Moreover, it is also constant if dws

s proportional to V. .

Proof. Using (2.29) and the inequality 3(w; )% > |w, |, we get

15 1
Scal(g) = ?(wf)2 — §|w5|2 > 2|w§|2 > 0.

Moreover, if dw, is proportional to vy, then the scalar curvature is constant by
Proposition 2.4.22. [

Finally, when dw, is proportional to 14, an easy characterization for coupled

structures inducing an Einstein metric can be given.

Proposition 2.4.24. Let M be a 6-manifold endowed with a coupled SU(3)-structure
(w,y) such that dwy is proportional to ¢y. Then, the induced metric g is Finstein
if and only if the following identity holds

jwy |”
3

*(wy Nwy ) =wy wy —
Proof. From the expression of ®; in (2.30), we already got that

1 _ _ T - _ 1, _
Ei(®1) = Z*(w2 /\wQ)—iw1 wy —i—ﬁ\wQ 2 w.

When dw, is proportional to 14, from (2.30) we obtain

Jwy
2

Dy = —2x J(dwy ) = Yy

and Eq(®2) = 0, since ¢ does not have components in [[Qg’l(M )H Therefore, g
is Einstein if and only if Ric’(g) = i{'(E1(®1)) is zero, and from this the assertion
follows. O
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In physical literature, examples of manifolds endowed with coupled structures
satisfying the conditions (2.44) and (2.45) were studied for instance in [38, 118, 136,
175]. The case of compact nilmanifolds is a bit scattered through the literature
and only some partial results are stated, sometimes without proofs. Therefore, we
consider the problem of finding invariant coupled structures on compact nilmanifolds
satisfying (all or in part) the conditions (2.44) and (2.45) and we give a unified
description of its solution.

From the classification of nilpotent Lie algebras admitting a coupled structure
obtained in Theorem 2.4.12, we know that we have to study only two cases, namely
ng and ngg. Since every nilpotent Lie group is solvable, the following result by Milnor

holds in the case we are considering.

Theorem 2.4.25 ([145]). Let S be a solvable Lie group. Then, every left-invariant

metric on S is either flat or has strictly negative scalar curvature.

In particular, if a nilpotent Lie algebra is endowed with an inner product g, then
Scal(g) is nonpositive. Consequently, using Proposition 2.4.23 it is immediate to
show the

Proposition 2.4.26. There are no siz-dimensional nilmanifolds admitting an in-

variant coupled structure whose intrinsic torsion forms satisfy 3(wy)? > |wy 2.

Thus, we can only look for nilpotent Lie algebras endowed with a coupled struc-
ture (w,14) having dw, proportional to ¢;. Let us examine the two examples on

ng and ngg obtained earlier.

Example 2.4.27. Consider the Lie algebra nag, its structure equations with respect

to an adapted basis for the coupled SU(3)-structure are
nog = (0,0,0,0, et 4 €23, 13 — e24).
The pair

w = e'?4e¥ 4 e

by 135 _ 146 _ ;236 _ 245
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defines then a coupled SU(3)-structure and its coupled constant is ¢ = —1. The only
non-vanishing intrinsic torsion forms are

2

3

— 419 4 34 T 8 56

w2 = —ge — §€ 3 ,

and it is easy to check that condition (2.44) is satisfied:

_ 8
de = —g 1/)+.

—%, as we expected from Proposition 2.4.20. Finally, the inner

product ¢ induced by (w,4) is such that the considered basis is orthonormal and

Moreover, —|wj; | =

its scalar curvature is Scal(g) = —2.

Example 2.4.28. The structure equations of the Lie algebra ng with respect to an

adapted basis for the coupled SU(3)-structure are
ng = (0,0,0,¢13, 1 4 23 13 — (15 _ ¢24)

Thus, the pair

w = e?4e¥ 4 e
by = el35 QM6 286 245
is a coupled SU(3)-structure on ng and satisfies dw = —14. The only non-vanishing

intrinsic torsion forms are

4 4 8
wy = _§612_5634+e36_e45+§e56’

and dw, is not proportional to t;. Moreover, the inner product induced by (w, 1)
is g =>0_,(e")? and Scal(g) = —3.

The coupled structure on nsgg gives rise to an invariant coupled structure on the
Iwasawa manifold and, as we recalled in Remark 2.4.13, the fact that this manifold

admits an invariant coupled structure was also observed in [136], where the authors
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wrote it was the unique nilmanifold admitting a coupled structure they knew. From
Theorem 2.4.12, we know that the non-Abelian nilpotent Lie algebras admitting a
coupled structure are, up to isomorphism, ng and nsg. Moreover, as observed in
Example 2.4.27, the coupled structure on nog satisfies condition (2.44), i.e., dw,
is proportional to 1. Thus, we may ask whether ng admits a coupled structure
satisfying (2.44) or not. In [38], the authors looked for the possible nilmanifolds
admitting an invariant coupled structure satisfying (2.44) and concluded (without
giving an explicit proof) that a systematic scan of all of the possible six-dimensional
nilmanifolds yields two possibilities: the six-torus and the Iwasawa manifold. The
six-torus has Abelian Lie algebra, so it is not considered in Theorem 2.4.12; since
every differential form defined on it is closed. Anyway, this result seems to answer

negatively our question and we can prove this is actually what happens.

Proposition 2.4.29. There are no coupled SU(3)-structures on ng for which the

exterior derivative of the intrinsic torsion form wy s proportional to ¥y.

Proof. The idea is to describe all of the possible coupled SU(3)-structures on ng and
see whether there exists one whose intrinsic torsion form w, satisfies the required
condition. We begin considering the frame (e!, ..., %) of n} for which the structure
equations of ng are those written in Example 2.4.28. Let w € A?(ng) be a generic
2-form on ng, we can write it as
w = Z bijeij ,
1<i<j<6
where b;; are real numbers. We may think the 15-tuple (bi2,...,bss) =: (b;;) as a
point in the affine space Aﬁ{’ — {0}. The homogeneous polynomial P, of degree 3

123456 ip the expression of w? has

in the unknowns b;; appearing as coefficient of e
to be non-vanishing, this gives a first constraint for (b;;). Since we want a coupled
structure, we consider a 3-form ¢4 on ng given by ¥4 = cdw, for some nonzero real

number ¢. Assuming
A1) = —4c*b3g(bssbss — basbse — big + b3g) < 0,

that is, bsg # 0 and B := b3gbsg — basbsg — b?m + bgﬁ > 0, we can compute the almost

complex structure J induced by the stable form ;. Now, we change the basis from
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(e1,...,e6) to a basis (E1,..., Eg) which is adapted for J. To do this, it suffices
to define E; = e; and E;jy1 = Je; for i = 1,3,5. With respect to (Ei,..., FEs),
the matrix associated with J is skew-symmetric with non-vanishing entries given by
J? =1 = J% = J%. We can then compute the new structure equations with
respect to the dual basis (E*, ..., E%), obtaining

dE' = 0, i=1,2,3

bs6
et = —E"%,
VB
dE5 _ _%E13+@(E14+E23)7
bs6 bs6
dES — _%Eu_%Em_bﬂEm_ @Em
bse bse VB bse

~ b3gbsg + basbse — bis — b3 £

bs6V/ B

Moreover, we have

by = _Cbﬁ (E135 _ pl46 _ 236 _ E245),
56

b = _Cbﬁ (E136+E145 | g2 _E246)'
56

We can write w with respect to the new basis and impose it is of type (1,1) with
respect to J, obtaining 3 equations in the variables b;; which can be solved under the
constraint A(¢4) < 0. We can then consider the symmetric matrix G associated with
g(-,+) = w(-, J-) with respect to the basis (E1, ..., Fg) and denote by P C AL the set
on which it is positive definite. It is immediate to check that P, # 0 when (b;;) € P.
Now, if we let (b;;) vary in the non-empty set Q := PN {(b;;) | A(¢4) < 0}, we have all
of the possible non-normalized coupled SU(3)-structures on ng. The intrinsic torsion
form w; is always —%, while w; can be computed from its defining properties and
the expression of di)_. We are interested in the coupled structures having dwy
proportional to 1. Thus, we can start with a generic 2-form w of type (1,1) with

respect to J and write it as

w = w12E12 + ’LU34E34 + w56E56 + wlg(E13 + E24) + w14(E14 — E23)
+’LU15(E15 + E26) + 'UJ16(E16 _ E25) + ’LU35(E35 + E46) + UJ36(E36 _ E45),
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where w;; are real numbers. Then, we have to impose that w is primitive with respect

to w, i.e., w Aw? =0, and fulfills

2
dp. = ——w—wAw
3c

and that dw is proportional to ¥;.. The last condition gives rise to a set of polynomial
equations in the variables w;; with coefficients depending on b;; which can be solved
in @. The condition on di_ gives thirteen equations of the same kind as before.
We can solve four of them, namely those obtained comparing the coefficients of
E3456 p2356 1256 p2345 hyut then we get that some of the remaining equations can

be solved only if ¢ = 0 or A(¢p4) = 0. The assertion is then proved. O

The previous results can be summarized as follows

Proposition 2.4.30. Let n be a siz-dimensional, non-Abelian, nilpotent Lie alge-
bra endowed with a coupled SU(3)-structure (w, 1) having dwy, proportional to 1.

Then, n is isomorphic to the Lie algebra nag.

2.5 Half-flat SU(3)-structures and Einstein metrics

As we saw in Section 2.2.3, requiring that the Riemannian metric induced by an
SU(3)-structure is Einstein gives rise to some constraints on the intrinsic torsion
and, in certain cases, allows to obtain non-existence results, like the one recalled in
Proposition 2.2.16.

In literature, conjectures regarding the existence of certain classes of manifolds
endowed with special geometric structures inducing an Einstein metric have been
formulated. For instance, it was conjectured by Goldberg in [83] that every compact
almost Ké&hler manifold (M, g,J) whose metric is Einstein is actually Kéhler. In
[169], Sekigawa showed that this is true when the scalar curvature is non-negative.
Moreover, there exists a noncompact example of Einstein almost Kahler manifold
with negative scalar curvature [7], which is the unique example of six-dimensional
Einstein almost Kéhler (non-Kéhler) solvmanifold by the results contained in [99]
and [65].
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Motivated by the fact that the metric induced by a strict nearly Kéahler structure
is always Einstein, we may look for examples of double half-flat and coupled SU(3)-
structures inducing Einstein metrics and see whether obstructions to the existence
occur. Using some results already appeared in literature together with ours contained
in [160], we are able to conclude that in both cases it is possible to find such examples,

but there are various situations in which coupled Einstein structures cannot exist.

2.5.1 5% x S% and its Ad(S!)-invariant Einstein metrics

In this section, based on [160, Sect. 3], we consider the problem of finding left-
invariant special half-flat structures inducing Einstein metrics on S® x S3, identified
with the Lie group SU(2) x SU(2).

As we discussed in Section 2.4.1, every left-invariant SU(3)-structure on S3 x S3
can be identified with an SU(3)-structure defined on the Lie algebra su(2) & su(2),
whose structure equations with respect to a certain basis (e!, ..., %) of its dual space

are
(623,631,612,656,664,645).

By Butruille’s result recalled in Theorem 2.3.6, we know that on S3 x S there
exists an example of left-invariant nearly Kéahler SU(3)-structure which is unique
up to homothety. With respect to the considered basis of su(2) @ su(2), it can be

described as follows

Example 2.5.1. The pair of compatible and normalized stable forms on su(2)®su(2)

_\/3 (614 125 +€36)’

18
3
by = \5£ (_6234 1186 4 135 246 126 | 6345) ’
defines a nearly Kihler SU(3)-structure, since dw = 31, and dp_ = —2w?.

The inner product g induced by the nearly Kéhler SU(3)-structure on su(2)@su(2)
gives rise to a left-invariant Einstein metric on S x $2, known in literature as Jensen

metric. With respect to the basis (e1,...,es) of su(2) @ su(2) and up to a scalar
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constant, the matrix associated with the Jensen metric is

2 0 0 -1 0 O

0o 2 0 0 -1 0

(2.46)

0 -1 0 0 2 O

o 0 -1 0 0 2

Together with the standard metric Z?:l(ei)Q, they constitute the unique known ex-
amples of left-invariant Einstein metrics on S3 x S3 and the problem of classifying all
of the left-invariant Einstein metrics existing on this manifold is still open. Moreover,

these two examples are unique in the following sense

Theorem 2.5.2 ([154]). Let g be a left-invariant Einstein metric on the Lie group
SU(2) x SU(2) which is Ad(S')-invariant for some embedding S* C SU(2) x SU(2).
Then, g is isometric up to homothety either to the standard metric or to the Jensen

metric.

In [167], the author gave an example of left-invariant double half-flat SU(3)-

structure on S® x S% inducing the standard metric, we recall it here.

Example 2.5.3 ([167]). The pair of compatible, normalized stable forms on su(2) &
su(2)

w o= —eM

1
by = (€128 — 196 | o246 _ o345 | o126 _ (135 | o234 _ (456)

V2
induces the standard metric. Thus, it defines an SU(3)-structure. Moreover, di); =
0,dw? =0, dy_ = %uﬂ and dw is not proportional to ¢y, i.e., it is a double half-flat
SU(3)-structure.

Moreover, in [160] we gave an example of half-flat SU(3)-structure of class Wy &
W, @ Ws inducing the Jensen metric.
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Example 2.5.4 ([160]). The pair
V4V/3
\g\f (—el + €2 4 %) |

by = o123y elB5 26 (126 4 (345 456

defines an SU(3)-structure on su(2) @ su(2) and induces a metric which is (propor-
tional to) the Jensen metric. Moreover, this SU(3)-structure is half-flat, since both
¢, and w? are closed, and it is neither coupled nor double half-flat, since dw is not

proportional to ¢4 and di_ is not proportional to w?.

Summarizing, on S? x S3 there exist left-invariant half-flat (W, ©@W, & Ws) and
nearly Kéahler SU(3)-structures (J; ) inducing the Jensen metric and left-invariant
double half-flat SU(3)-structures (W; @& Ws) inducing the standard metric. It is
then natural to ask whether there are left-invariant coupled structures inducing any
of the two Ad(S1)-invariant Einstein metrics existing on this manifold. The answer
is negative and it is possible to show this using the theory of algebraic varieties. We
shall introduce the objects which are useful for our aim directly in the proof, the

reader may refer for instance to [55] for more details.

Theorem 2.5.5 ([160]). S®x.S3 does not admit left-invariant coupled SU(3)-structures

(w,y) inducing an Ad(S')-invariant Einstein metric.

Proof. Let us consider a left-invariant coupled SU(3)-structure (w,4) on S3 x S3,
which we identify with a 2-form w and a 3-form ¢, defined on su(2) @ su(2) and such
that ¢ = cdw, ¢ € R — {0}. Since w? is closed and the Lie algebra su(2) is simple,
it follows that w € su*(2) ® su*(2) (cf. [167, Ch. 5, Lemma 1.1]). Thus,

14 15 16 24 25 26 34 35 36
w=ai4e " +aize " +ajee + age” + asse” + agse” + agqe” + agse” + agge”,

where a;; are real coefficients. From this expression, we obtain that of ¢, = cdw and
from the closedness of w?, we know that the compatibility condition wA, = 0 holds.
It is now possible to compute A = A(¢)1), which turns out to be a homogeneous
polynomial of degree 4 in the coefficients a;;, the almost complex structure J =
Jy, and g(-,-) = w(:,J-). With respect to the basis (ei,...,es), the matrix G

associated with g is symmetric. Moreover, up to a global sign depending on whether

+
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the considered basis is positively oriented or not and not affecting the computations

afterwards, the nonzero entries are the following:

Gig
Goa
Gas
Gag
G34

G35

Gs6

)

—2c2 _ _

\/_—/\(0146125&36 14026035 — (15024036

+a15a26a34 + a16024a35 — A16G25a34), 1 =1,...,6
2

—C

ﬁ(a:ﬂ + a14a%5 + a14a%6 + a14a§4 - a14a§5 - a14a%6 + a14a§4 - a14a§5
—61461%6 + 2a15a24a95 + 2a15a34a35 + 2016024026 + 2016034036 ),
%(aﬂaw + 2a14a24a25 + 2a14a34a35 + @35 + a1503 — a1503, + a15035
—611561%6 - a15a§4 + a15a§5 - al5a§6 + 2a16a25026 + 2a16a35036),
%(aﬂalﬁ + 2a14a24a26 + 2a14a34a36 + a35a16 + 2015025026 + a3
+2a15a35036 — A1603, — a16a§5 + (116a36 - a16a§4 — a16a§5 + a16a§6)7
%(aﬂam + 2a14a15a25 + 2a14a16026 — a%5a24 — a%6a24 + a%4 + a24a%5
+a24a%6 + a24a§4 - a24a§5 - a24a;»2,6 + 2ag5a34a35 + 2az6a34a36),
\/%(aﬂa% — 2a14a15a24 — A35a25 — 2a15a16a26 + A3a25 — A34a25
—2ag4a34a35 — a5 — A25a36 + a25a3, — a2sa3s + azsads — 2a26a35a36),
\/%(aﬂa% — 2a14016G24 + A75026 — 2015016025 — Q16026 — 434026
—2a24a34a36 — a35026 — 2025035036 — A3 + A26a3, + a26a35 — a26a36),
%(aﬂa&; + 2a14a15a35 + 2014016036 — a%5a34 - a%6a34 + a§4a34
+2a24a25a35 + 202426036 — A35034 — Q36034 + A3y + 34035 + azeads),
\/%(aﬂa% — 2a14a15a34 — a35a35 — 2415016036 + A15a35 + a3,a35
—2a24a95a314 — a35a35 — 2a25026a36 + A36a35 — a3,a35 — A35 — A35036),
\/%(aﬂa% — 2a14a16a34 + a35a36 — 2015016035 — A36aA36 + A34436

2 2 2 2 3
—2a24026034 + A55036 — 2025026035 — U56036 — A5,036 — A55036 — (3g),

where G ; = g(e;, e;). Observe that up to multiplication by v/—A, the nonzero terms

are all homogeneous polynomials of third degree in the a;;.

We are looking for coupled SU(3)-structures inducing either the standard metric

or the Jensen metric, which with respect to the considered basis can be written as

the identity matrix and as (2.46), respectively. Thus, since w Ay = 0,dy1 = 0 and

dw? = 0, we first have to solve the system obtained by imposing that the matrix G

is proportional to the identity matrix or to the matrix (2.46) under the assumption

A < 0 and then, if we find solutions of it, we need to impose that the normalization
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condition is satisfied in order to obtain what we want.

Case 1: the standard metric.
Since rescaling a metric with a positive constant does not change the Ricci tensor,

we are looking for solutions of the equation
G=rl,

where r is a positive real number.
Since the entries in the diagonal of G are all equal, we only have to solve the
system of equations
G;j=0, i=1,2,3, j=4,5,6,

under the assumptions G111 # 0 and A < 0.
Fori,j=1,...,6, we let
éi,j = \/TAGM.
Then, as already observed, éw are homogeneous polynomials of degree 3 in a;; and,
under our assumptions, G; ; = 0 if and only if é” =0fori=1,2,3, j =4,5,6.
Since we have a system of equations involving homogeneous polynomials of the
same degree and we are looking for solutions defined up to a multiplicative constant,

let us consider the projective space CP® with coordinate ring

Claia, a15, a16, a24, azs, a6, aza, a3s, a3ze)

P = <(~}'171> ,

Q= <él,4762,4763,47él,k’);62,5763,576'1,6;@2,6; é3,6> :

and the homogeneous ideals

What we are looking for is the set of points [a14 : ... : asg] lying in the projective
variety

V(Q) = {[a14 ©... ase) € CP* | Gij(aw,. .. a36) =0, i =1,2,3, j = 4,5,6}
but not in

V(P) = {[a14 t...:asg) € CP® | é1,1((114a---7a36) = O}
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and for which A < 0. By [55, Ch. 4, Thm. 7], we know that
V(Q) - V(P)CV(Q:P),
where @ : P is the ideal quotient of ) by P. In our case,
Q : P = (a1, a15, a16, az4, azs, a6, a4, a3s, ase)-

Therefore, V(Q : P) = (). This proves that on S x S3 there are no left-invariant

coupled SU(3)-structures inducing the standard metric.

Case 2: the Jensen metric.
Following the same idea of the previous case and looking at the entries of the matrix

(2.46), we have now to consider the ideals P and
= <él,5, ém, é2,4, 62,6; é3,4, 63,5, 6275 - CNTY?),Ga é3,6 - 61747 6171 + 26174>

and look for those points lying in the projective variety V(R) but not in V(P) and
for which A < 0. Now,

R : P = (a5, a16, a24, 026, a34, 035, 425 — A14, A36 — G14),

then
V(IR:P)={[7:0:0:0:4:0:0:0:~]|v€C—-{0}}

is a point in CP® and, since C is algebrically closed and R is a radical ideal,
V(R:P)=V(R)-V(P)
by [55, Ch. 4, Thm. 7]. Moreover, the requested condition on \ is satisfied, indeed
A= -3ct <.

The coupled SU(3)-structures we are interested in are defined when ~ is a negative

real number. In this case, we have

w o= (e e 4 39,

284 _ 156 _ 135 4 (246 4 (126 _ (345)

b = cq(eP—e

C
¢7 — i (26123 _ 6126 + 6135 _ 6156 _ 6234 + 6246 _ 6345 + 26456).

V3



2.5. Half-flat SU(3)-structures and Einstein metrics 97

The forms w and v are stable and the normalization condition implies

c==4/——.
V3
In both cases, the SU(3)-structure is nearly Kahler. O

2.5.2 Twistor spaces

The theory of twistor spaces is not new and there are several long-standing results on
this topic in literature. In this section, we recall those which are useful to show that
examples of coupled SU(3)-structures arise from this construction, paying particular
attention to their properties.

Let (M%,g) be an oriented, four-dimensional Riemannian manifold and denote
by (Q,mg, M*) the corresponding principal SO(4)-bundle. The set of all almost
complex structures on M* which are compatible with ¢ and preserve the orientation
is parametrized by the bundle Z := @ xgo(4) SO(4)/U(2) associated with @ with
fiber SO(4)/U(2).

Definition 2.5.6. Z is called the twistor space of (M*, g).

Remark 2.5.7. The twistor space Z can be equivalently defined as the 2-sphere
bundle over M* consisting of the unit (—1)-eigenvectors of the Hodge operator acting
on A?(T*M) (see for instance [147] for the details).

Denote by 7 : Z — M* the bundle projection. The vertical subbundle TVZ =
ker(7,) of TZ inherits a complex structure J¥ from the canonical complex structure
on the fiber SO(4)/U(2) = CP. Moreover, the Levi Civita connection V9 on (M*, g)
induces a decomposition TZ = T™Z @ TV Z of the tangent bundle T'Z into hori-
zontal and vertical subbundles and the former is endowed with a tautological almost
complex structure J* defined at the point (p,.J) of Z by J(?;:J) =rloJom, :
Tl 2 =T},
preserving the considered decomposition of T'Z: the first one is [10]

)Z . It is then possible to define two almost complex structures on Z

J=Jt+JY,
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and the second one is [61]
Jy=J"—JV.

By [10], J; is integrable if and only if (M*, g) is a self-dual Riemannian manifold,
i.e., the negative part of the Weyl tensor W vanishes identically, while it was shown
in [61] that J3 is never integrable.

The decomposition of T'Z into horizontal and vertical subbundles also allows to

define a 1-parameter family of Riemannian metrics on Z given by
P %
g=mg+tg, t>0.

where ¢V is the standard metric of constant curvature 1 on the fiber CP.

It is immediate to check that g; is compatible with the almost complex structures
J1, Jo for all ¢ > 0, thus both (Z, g, J1) and (Z, g4, J2) are six-dimensional almost
Hermitian manifolds. Their possible types in Gray and Hervella’s classification were
determined in some particular cases in [10, 61] and were completely described by
Muskarov in [147], who characterized them in terms of the properties of the Rie-
mannian manifold (M?, g). For instance, (Z, g, .Jo) is quasi Kihler, i.e., belongs to
Wi @ Wy, if and only if (M*?,g) is a self-dual Einstein manifold.

n [77], the authors studied the conditions for which the Riemannian manifold

(Z,g:) is Einstein, obtaining the following result.

Theorem 2.5.8 ([77]). Let (M*,g) be an oriented self-dual Einstein j-manifold
with positive scalar curvature Scal(g) > 0. Ift = Wl() ort = Scil(g), then g¢ is an
FEinstein metric on the twistor space Z. Conversely, if the twistor space (Z,g;) of a
four-dimensional, oriented Riemannian manifold (M*,g) is Einstein, then (M?*,g)

s a self-dual Finstein manifold with positive scalar curvature and either t = Scils(g)

Moreover, it was proved independently in [81] and in [100] that the twistor space
(2,9, J1) is Kéhler if and only if (M*,g) is Einstein self-dual with positive scalar
curvature and t = o 1( L while it was shown in [147] that (Z, g, J2) is nearly Kahler if

and only if (M4, g) is Einstein self-dual with positive scalar curvature and ¢ = Scal( ik

Observe that, using the properties of the scalar curvature, the identity ¢ = Scaq(g)
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can be rewritten as Scal (%) = r for every real number r and ¢ > 0. Thus, since

0t (- (9)+9)

instead of seeing g as a fixed metric on M*, we may think of it as a varying metric

on the base 4-manifold and restate the previous results as follows

Proposition 2.5.9. The twistor space (Z, g¢, Jo) over a self-dual Einstein 4-manifold
(M*, g) with positive scalar curvature is quasi Kihler. Moreover, it is nearly Kihler
if the metric g is rescaled so that Scal (%) = 24, while for the rescaling Scal (%) =48

the corresponding Riemannian metric is Finstein.

By [61, Prop. 8.1], for every oriented Riemannian 4-manifold (M*, g), the first
Chern class of the almost complex manifold (Z, J3) is zero. Therefore, there exists
on Z a globally defined (3, 0)-form and, using this, it is possible to define a reduction
of the structure group of (Z, g4, J2) from U(3) to SU(3) (see also [163, Ch. 7]). When
(M*, g) is self-dual Einstein with positive scalar curvature, the corresponding SU(3)-
structure is coupled for all values of ¢ > 0 but the one giving Scal (%) = 24, which
is exactly the nearly Kéahler case. There are different ways to show this, a simple
one consists in considering the principal SU(3)-bundle over Z and working with the
first structure equations determined by Xu in [181]. This was done for instance in
[175] and reviewed in our work [70] with some additional details. Let us now write
explicitly the computations.

Denote by mp : P — Z the SU(3)-structure on the twistor space. For every u € P
such that mp(u) = p € Z, we can consider u™! : T,Z — R 2 C? and define

eu(w) = (™) (@) o (xp),, . k=123,

where (dz1,dz2,dz3) is the standard basis of complex linear 1-forms on C? intro-
duced in Remark 2.1.3. This gives three differential 1-forms £1,e9,e3 on P called
tautological 1-forms. In particular, if w(-,-) = g(Jo-,-) and ¥ are the differential
forms associated with the SU(3)-structure on Z, then their pullbacks on P have the
following expressions in terms of the frame (1,9, €3)

7

W = 5 <51A§+52A?+53A?3>,

wi=m
U=7p(0) = i(es'Ae?Aed).

vk
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Remark 2.5.10. The imaginary unit ¢ appearing in the expression of ¥ is due to
the fact that we are using a convention which is different from the one used in [181].
In detail, —R(¥) here is I(¥) there and (V) here is R(¥) there.

When the base manifold (M 4 %) is self-dual and Einstein, the first structure
equations of P are [181]

el 0 el €2 A g3
o -

d| &2 =—< ) Al g2 |+ e3nel ,
€ € oel Ne?

where « is a 2 x 2 skew-Hermitian matrix of 1-forms and o := %. The pullbacks

'w,(f) of the intrinsic torsion forms w,(f)

can then be computed from dw and dW.
By a straightforward computation, we get that only two of them are non-identically

vanishing, namely

2
— 2. 1A T, . 2,3 o3x3
w, = —gz(a—l) (5 Nel+e" Ne? — 2 /\5),
and that it holds .
dw, = —3 (0 —1)?R(P).

Therefore, the SU(3)-structure (w, 14 ) on Z is nearly Kéhler for o = 1 and is coupled
for the remaining positive values of ¢. In the second case, the intrinsic torsion form
w, is proportional to 14 and this result can be used to provide examples of manifolds
satisfying the conditions discussed in Section 2.4.3, as it was observed in the physical
paper [175].

Let us now go back to Z. At each point p € Z, we can consider the linear
frame u € 7' (p) and the basis (e!,...,e%) of T, Z defined in such a way that
(u™1)*(dzy,) = €271 +ie?* k =1,2,3. Tt is adapted for the SU(3)-structure and at

p the differential forms w, ¥4, ¥_ can be written as follows
w = e'?4e¥ e
by o246 _ 136 _ 145 _ 235

b = el QM6 _ 236 _ 245
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Moreover, 1, induces the almost complex structure .Jo, the complex 1-forms e! +ie?,
e3 +iet, €5 +ieb are of type (1,0) with respect to it and the Riemannian metric g; is
such that the considered frame is orthonormal. Using the results of [19] recalled in
Section 2.2.3, we can then compute the Ricci and the scalar curvature of g; in terms
of the non-vanishing intrinsic torsion forms. We obtain the following expression for
the scalar curvature

Scal(g;) = —202 + 240 + 8,

while the matrix associated with the traceless part of the Ricci tensor of g with

respect to the basis (eq, ..., eg) is
. 0 2 .
Ric”(g¢) = —3 (0 —1)(o — 2)diag(1,1,1,1, -2, —2).

Thus, the metric g; is Einstein if and only if ¢ = 1 or ¢ = 2, that is, if and only
if the scalar curvature of the Riemannian metric % on M*% is 24 or 48, respectively.
These results are consistent with Theorem 2.5.8. As we noticed before, the coupled
structure is nearly Kéahler for ¢ = 1, while for 0 = 2 we get an example of a coupled
SU(3)-structure inducing an Einstein metric. More in detail, with respect to the

adapted frame, the latter has the following non-identically vanishing intrinsic torsion

forms
_ 8
wy = =,
! 3
4
wy, = -3 (e12 +e3t — 2656) ,
the coupled constant is ¢ = —4 and the scalar curvature is Scal(g;) = 48. Working

with this frame, it is also easy to check that this example satisfies the characterization
given in Proposition 2.4.24.
When (M*, g) is compact, there exist essentially two examples of manifolds sat-

isfying the properties considered in the previous discussion. Indeed

Theorem 2.5.11 ([81, 100]). Let (M*,g) be a four-dimensional, compact, self-dual
FEinstein manifold with positive scalar curvature. Then, it is isometric either to the
sphere S* or to the complex projective plane CP?, both endowed with their standard

metric.
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Consequently, the possible manifolds admitting a coupled SU(3)-structure arising
from this construction are the complex projective space Z = CP3 when M* = S* and
the flag manifold Z = F(1,2) when M* = CP?. When the coupled SU(3)-structure
is nearly Kahler, we obtain the two examples already mentioned in Theorem 2.3.6

(see also the detailed discussion in [34]).

Remark 2.5.12. An alternative way to show that the SU(3)-structure defined via
the twistor construction on CP? and F(1,2) is coupled consists in considering the
associated spinor field and determine its spinor field equations. The computations

were worked out in [2, Ex. 3.15].

2.5.3 Six-dimensional Einstein solvmanifolds

The homogeneous examples of (special) half-flat structures inducing Einstein metrics
we considered until this moment are all defined on compact manifolds. Now, we move
to the noncompact case, where the only currently known examples of homogeneous
Einstein manifolds are Einstein solvmanifolds. We discussed the main results on this
topic in Section 1.4.2, here we concentrate on the six-dimensional case.
Six-dimensional Einstein solvmanifolds were classified by Nikitenko and Nikonorov
in [153]. The result is recalled in the next theorem. Instead of the Lie algebra
structure equations given (in the original formulation of [153]) by the nontrivial Lie
brackets of the basis vectors, we write here the structure equations in terms of the
Chevalley-Eilenberg differential of the basis 1-forms, since we will use these in our

next computations.

Theorem 2.5.13 ([153]). Let (s, g) be a siz-dimensional nonunimodular metric solv-
able Lie algebra with Einstein inner product g such that Ric(g) = —r2g, where r > 0.
Then, (s,g) is isomorphic to one of the metric Lie algebras contained in Table 2.3.

For each Lie algebra, (e1, ..., eg) is a g-orthonormal basis with dual basis (e!, ... e®).

Remark 2.5.14. All of the metric solvable Lie algebras appearing in Table 2.3 are
of Iwasawa-type. In particular, the rank of s; is equal to 1 for k =1...9, to 2 for
k =10,11,12 and to 3 for k = 13. It is worth emphasizing here that for each s;, the
inner product g, with respect to which the basis (ey,...,eg) is orthonormal, is the

only one having the property of being Einstein up to scaling (cf. Section 1.4.2).
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5 Structure equations (de',de?, de3, de*, de®, de)

51 ( ’2\7‘/5626,2\7‘/563672:‘/5646,_%512_%6344_\%656,0)

59 ( 105 12+T\/7 QT\/i 16, % _2r 23+7.\/g85670)

53 (\/%5616, 2;'5626,_74\/» 12_._\/5; 3?)_74\/: 1%_._\;1; 46’_%614_\% 23_,,_\31 067())

Sy (%6167%6267_%6124_%636,_74\/g61:3+1i5+(;/66467_%614+%656’0)

55 (39561672&562672&5636,_%6124_65\;55467_%613+651;§656,0)

56 (25/{3616,25/6626, r %elz-&- r_e36 T2613+T‘§646,— T2623+r§e56,0)

S7 (\/7;3616\3;;9626’77, %612+%e3677T@613+%64ﬁ}\;;;9656’0)

58 (r %elﬁ,r %626,77‘ §612+2r %836,7‘ 13—4646,7 13—4656,0)

S (%616’%6267%636’%646’%856,0)

$10 (%el5+rtel6+r\/ﬁe%,%el@rr\/ﬁel6+rte%,fr\/ge]2+%635+2rt636,%64574rte46,0,0>
611 ( e 15+\3L 167\5;706257 4;062677,'"\/7 12+\3L &35 _ We 36 77”\/7 13+\;1L 4°+5L 461070)
519 <5615+T 114:5;—15 e16,2e25 4y - 11—:;;;2 62675635+,’,2 tl—Jrst;iSZ 83675645+T2 sl::t;l“z 646707())
513 (\%614_%616,% 24+f 25+f %634_%6354_%636,07070)

Table 2.3: Six-dimensional nonunimodular metric solvable Lie algebras with Einstein

inner product g = Y% ,(e!)2. The Lie algebra s19 depends on a real parameter
p g =1

0<t< \/% and s15 depends on two real parameters 0 < s <t < 1.
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Since every connected, simply connected homogeneous Riemannian space of non-
positive sectional curvature is isometric to a standard solvmanifold by [5], the previ-

ous classification allowed the authors to prove the

Theorem 2.5.15 ([153]). Let (M,g) be a siz-dimensional connected, simply con-
nected homogeneous Finstein manifold of nonpositive sectional curvature. Then, it
is symmetric or isometric to one of the solvmanifolds of negative sectional curvature
generated by the metric Lie algebras ss5, s3. Moreover, in the symmetric case, (M, g)
s obtained as the solvmanifold corresponding to the metric Lie algebras s1, 9,510 for

t = \/%,511,512 for (s,t) = (0,0) and (s,t) = (1,1) and s13.

Now, we focus on the problem of finding left-invariant half-flat structures on
six-dimensional Einstein solvmanifolds inducing the Einstein, non Ricci-flat, metric.
They are in one-to-one correspondence with half-flat structures inducing the Einstein
inner product on six-dimensional nonunimodular metric solvable Lie algebras.

In [74, 75], the authors completely classified the left-invariant half-flat structures
on six-dimensional decomposable Lie groups (using also the classification contained
in [168]) and on six-dimensional indecomposable Lie groups with five-dimensional

nilradical. These classifications will be useful in the proof of the following

Theorem 2.5.16 ([160]). There are no half-flat SU(3)-structures inducing the Ein-
stein metric on the rank 1 metric solvable Lie algebras s,k =1...9, and on the rank
2 metric solvable Lie algebra s12. Moreover, there are no coupled SU(3)-structures
inducing the Einstein metric on the rank 2 metric solvable Lie algebras s10,811 and

on the rank 8 metric solvable Lie algebra s13.

Proof. We prove the theorem as follows: in the list of Einstein metric solvable Lie
algebras we first exclude those not admitting a half-flat structure using the results
of [74, 75], then we show the result by direct computations in the remaining cases.
The rank 1 metric Lie algebra sg is indecomposable and has Abelian nilradical,
therefore it does not admit any half-flat structure by [75, Prop. 4]. This happens also
for the 2-parameter family of metric Lie algebras s12, since it satisfies the hypothesis

of Proposition 2.4.9 with a = €. Using the same notations of [74, 75], we have the
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following isomorphisms of Lie algebras

5 Aéjg’go _ (2f16 4 £24 4 £35 £26 £36 £46 £56 0)

5y = 14%17/9341 _ (% £16 4 £25 4§34, 7f26_|_f35 4f36 2f46_£56 () )

§53 As 99 = (Bf10 4 25 4 34 4£20 4 £35 330 4 £45 2f46 56 0)
sy = AZ’,/% _ (§ 1 £25 13f26+f35 11f36 f45’%f467f5670)’
PR A?s,/554’1 _ (f 1 £35 £26 4§45 3f36 3f46 2f56 0)

55 o Alze = (3F10 4 £25 226 | 45 24 4 3¢36 £46 56 ()

s7 = AYSy = (Bf104£15£15 4 426 3¢%6 216 £56 ()

P Aé{f§2/3’1 — (4116 423 2426 2636 §46 £56 ()

s 2 nendn = (0,2,0,84,0,(),

where in each case the structure equations are written with respect to a basis
(f',...,f5) of the dual Lie algebra. Consequently, by [75, Thm. 2] the Lie alge-
bras s with kK = 1,2,4,5,7,8 do not admit any half-flat structure, whereas the Lie
algebras s3, 56 do. Moreover, by [74, Thm. 1], on s13 there exist half-flat structures,
too.

We can now start with the second part of the proof. For k = 3,6, let w € A?(s})
and ¢4 € A3(s}) be generic forms. With respect to the basis (e!,...,e5) given in

Theorem 2.5.13, we can write

w = be'? + byel3 4+ bgel* + bye!® 4 bsel® + bge?? + bret + bge?® (2.47)
+bge?6 + bgedt + by1e3° + b1ge30 + bize®® + biged + byse® '
and
Yy = a1e'® + ase'® + aze!® + age!? + azel® + age! + azel30

+a86145 +CL96146 4 a106156 + a116234 + a12€235 + a136236 +a146245

246 256 345 346 356 456
“+ai5e + aig€ + ayre + aige + aige + agpe™",
(2.48)

where a; and b; are real constants.
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Let Bi,..is and 7;,. 4 denote the components of the 5-forms w A 14 and dw?,

respectively, so that

_ E RPN 3 PO 13
w N ¢+ = 611.--156 )
1<11<12<...<15<6
2 21...0
dw® = g Viy..is€ .

1<41<19<...<i5<6

Observe that the non-vanishing g are always homogeneous polynomials of degree 2
in a;, b;, while the non-vanishing v are always homogeneous polynomials of degree 2
in b;.

For each Lie algebra s;, we impose the conditions the forms (2.47) and (2.48)
have to satisfy in order to be a half-flat SU(3)-structure inducing the Einstein metric.

What we have to do is to solve the equations obtained from

W/\T,[)Jr = 0
d, =0 (2.49)
dw? =0

under the assumptions A = A(1;) < 0, w? # 0. Moreover, since we are considering a
basis which is orthonormal with respect to the Einstein metric (see Theorem 2.5.13),
we have also to impose that the entries G; ; = g(e;, e;) of the matrix G associated

with g(-,-) = w(-, Jy, -) with respect to the basis (e1,...,eq) satisfy

Gij = 0, for1<i,j<6andi##j

(2.50)
Gii—Giy1541 = 0, for 1 <7 <5,

with G;; > 0. These conditions give us a system of polynomial equations in 35
unknowns to solve under some constraints on them we will specify case by case.
Since the expressions of the unknowns we obtain solving the equations are often too
long to be written down, in what follows we will point out only from which equation
a certain unknown is obtained, specifying its value only if it is zero.

Let us start with the Lie algebra sg, whose structure equations are given in Table
2.3. We solve all of the linear equations in the a; deriving from di; = 0. Then,

looking at the expression of A\, we deduce that ag # 0. We can then solve all of the



2.5. Half-flat SU(3)-structures and Einstein metrics 107

equations obtained from w A, = 0, dw? = 0 and G;,j = 0 for ¢ # j using ag # 0 and
comparing case by case each equation with G;; and w®. After doing this, G becomes
a diagonal matrix and we have to solve the remaining five equations of (2.50), which
do not have any solution under the constraints G;; # 0 and A # 0.

For the Lie algebra s3, we can argue in a similar way, but instead of working
on it, we can show the result on the Lie algebra Agg9 = s3, since the computations
are less involved. In this case, we consider the generic forms w and 14 as in (2.47)
and (2.48) with e’ replaced by fi. Observe that the matrix G associated with the
Einstein inner product with respect to the basis (fy, ..., fs) is not proportional to the
identity anymore, but it is still diagonal. Thus, we still have to solve the equations
G;,j = 0 for © # j. First of all, we solve the linear equations in the a; obtained from
dy4 = 0. Then, we observe that having by = 0 or ag = 0 leads to a contradiction
after solving some equations: if by = 0 we can use G1,1,G22 # 0 to solve G2 = 0,
G13 =0, B12345 = 0, y12346 = 0, 712356 = 0, B12346 = 0, but then 12456 cannot be
zero; if ag = 0 we use G1,1,G22 # 0 to solve G12 =0, G1,3 =0, Bi2zas = 0, G15 = 0,
Bi23s6 = 0, v12356 = 0, Ga3 = 0, Bi2346 = 0 and obtain that yi2346 = 0 if and only
if G1,1G33 = 0. Thus, we assume b; # 0 and ag # 0. Under these constraints
and comparing case by case the polynomial we want to be zero with G;; and X, we
can get the expression of by from the equation G12 = 0, by from G 3 = 0, by from
B12345 = 0, b1 from 712346 = 0, b11 from 12356 = 0, a1g from B12346 = 0, b2 = 0 from
Bi2sse = 0, bg = 0 from G13 = 0, ag = 0 from G34 = 0, a;4 = 0 from G35 = 0,
ai7 = 0 from G36 = 0, ajg0 = 0 from G14 = 0, a9 = 0 from G16 = 0, b4 = 0 from
Biaase = 0, ago from G5 = 0, b3 from G4 = 0, bg from Gog = 0. Now, Gy = 0
implies w? = 0.

We can now turn our attention to the Lie algebras s19, 511 and s13, we shall show
that none of these admits a coupled structure inducing the Einstein metric. The way
in which we proceed is similar to the one followed for sg and s3, but in this case,
we consider a generic w of the form (2.47) and ¢4+ = cdw for ¢ € R — {0}. Observe
that the second condition of (2.49) is satisfied, since 1 is now an exact 3-form, and
that the first and the third condition are actually the same. For each Lie algebra,
we consider the structure equations given in Table 2.3.

Consider s1g, this is a 1-parameter family of Lie algebras depending on a real
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parameter t € [0, \/%} Since G3 3 cannot be zero, we have that big # 0, by # +bs

7
24/330
or not. If t # 2\/%, we can use byjg # 0 to obtain b; from 719345 = 0, by5 from

and t # \/% The way in which we solve the equations depends on whether ¢ =

vi2456 = 0, bs from 713456 = 0 and by from 723456 = 0. Then, b1y from G334 = 0,
b3 = 0 from G13 =0, by = 0 from G2 3 = 0, by1 = 0 from G4 5 = 0, bg from G4 = 0,
by from Goy = 0, b1z = 0 from G35 = 0. Now, Gz = 0 if and only if A = 0. If
t= 2\/%, the computations are the same until we arrive to the equation Go4 = 0,
which has no solutions since G2 4 is proportional to A.

For 511 we have that bjg # 0 and V/Bbsbr — biobis — 3biobia # 0, since otherwise
Gsa = 0. Using bjp # 0, we can obtain by, by, bg, b15 from yi2345 = 0,713456 =
0,723456 = 0,7v12456 = 0, respectively, byy from G34 = 0, bg from Go4 = 0 and bs
from G'14 = 0. Then, using also the other constraint, we get b2 from G4 6 = 0. Now,
G5 = 0 if and only if by = 0 or b1y = —2b13. If by = 0, from G5 = 0 and A # 0 we
have b3 = 0 but then G2 = 0 only if either A = 0 or G1; = 0. Thus, b7 # 0 and
bia = —2by3. Moreover, bg # 0, otherwise A would be proportional to G2 3. Thus,
we can solve G 3 = 0 to get b3 and use A # 0 to solve G2 = 0 and obtain bs. Now,
G35 is proportional to A, therefore it cannot be zero.

In the last case s13, we can see that by, by, bg # 0 and bg # /2 bs from the fact
that the entries in the diagonal of G cannot be zero. Solving the equations 12456 =
0,712345 = 0,712346 = 0,713456 = 0,723456 = 0 under the previous constraints, we
obtain the expressions of by, bg, by, b13, b15, respectively. Then, we get b2 from G2 =
0, bip from G113 =0, b1y from G5 = 0, b5 from G5 = 0 and by = 0 from Ga6 = 0.
Now, G4 = 0 if and only if A = 0. O

Remark 2.5.17. In the previous proof, it is in principle possible to use the properties
of algebraic varieties to find solutions as we did in the proof of Theorem 2.5.5.
However, the computations here are more involved, since we have more unknowns
(35 or 15 instead of 9) and more equations arising from the fact that some defining
conditions for an SU(3)-structure that were easily verified in the case of S® x S3 have

to be imposed in this case.

From the fact that the class of coupled SU(3)-structures is a subclass of the half-

flat one, we can use the result of the previous theorem together with Theorem 2.5.13
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to obtain the

Corollary 2.5.18. Let (s, g) be a siz-dimensional nonunimodular metric solvable Lie
algebra with g Einstein. Then, on s there are no coupled SU(3)-structures inducing

the FEinstein inner product.

Moreover, from the previous theorem and the Theorem 2.5.15, we obtain a con-
straint for the existence of coupled structures inducing Einstein metrics on homoge-

neous spaces.

Corollary 2.5.19. Let (M, g) be a siz-dimensional connected, simply connected ho-
mogeneous Einstein manifold of nonpositive sectional curvature. Then, there are no

left-invariant coupled SU(3)-structures on M inducing the Einstein metric.






Chapter 3

Locally conformal calibrated

Go-manifolds

In this chapter, we focus on seven-dimensional manifolds endowed with a Ga-structure.
The main properties are reviewed in the first part, while the second part is devoted
to the study of locally conformal calibrated Ga-manifolds, for which we show the

results obtained in the papers [66, 70, 71].

3.1 Gg-structures

3.1.1 The group G, as stabilizer of tensors on R’

Let us begin considering the real vector space R7 endowed with an inner product g
inducing the norm |v| = g(v, ’U)%, v € R”. On (R7, g) there exists an analogue of the

usual vector cross product defined on three-dimensional vector spaces:

Definition 3.1.1. A two-fold vector cross product on (R7,g) is a bilinear map P :
R” x R” — R7 satisfying the following properties for every v,w € R”

i) 9(Pv,w),v) = 0 = g(P(v,w), w);

i) [P(v,w)]* = [vPlwl* — g(v,w)?.

111
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It follows from the definition that P is skew-symmetric in its two entries, i.e.,

P(v,w) = —P(w,v), and that the 3-covariant tensor ¢ defined as
(v, w,2) = g(P(v,w),2), v,w,zeR",

is a 3-form on R, called the fundamental 3-form of P. Moreover, the inner product
on R7 is completely determined by the two-fold vector cross product. Indeed, from
the identity [67, Cor. 2.2]

P(v, P(v,P(v,w))) = =[]’ P(v,w), v,w e R,

it is possible to obtain |v|? by choosing v and w linearly independent and, then, to

get the inner product g by means of
1
g(v,w) = 1 (|v + w\2 —|v— w|2) .

Unlike the three-dimensional case, a two-fold vector cross product on R7 is not
unique up to sign. For instance, R” can be endowed with the inner product go for
which the canonical basis (ey,...,e7) is orthonormal and with the two-fold vector

cross product Py described in Table 3.1.

Po (J,, —)) el €9 es €y €5 € er
(&1 0 er €5 —€6 —€3 €4 —€9
) —e7 0 —eg | —es e4 es el
es —es5 | eg 0 er el —eo | —eyq
€4 €g €5 —e7 0 —€9 —€] €3
€5 €3 —€4 —e] €2 0 er —€g
e —eq4 | —€3 | es el —ery 0 es
e €s —e1 | e4 | —e3 | eg —es 0

Table 3.1: Example of two-fold vector cross product on R”.

With this choice of Pg, the fundamental 3-form g associated with it is

o = 127 4 BT | (56T | (135 _ 146 _ 236 _ 245 (3.1)
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where (e!,...,e") is the dual basis of (e1,...,e7), and if we introduce the symbol
©ijk which is skew-symmetric in its three indices and whose values are uniquely
determined via the identity

Yo = é@ijkeijkv

then with respect to the considered basis we have
7
Po(ei,ej) = > @ijker-
k=1

The group Ga can be defined equivalently in terms of Py or in terms of ¢g as

follows.

Definition 3.1.2 ([30, 67]).

Ga

{a€O() | aPy(a ' a ") =Py(-,-)}
= {a € GL(T,R) | a*po = po} .

By [29], G2 is a connected, simply connected, compact, simple Lie group of
dimension 14 and it is a subgroup of SO(7). In particular, Gy preserves the inner
product go and the volume form dVy on R” for which (eq,...,e7) is an oriented

orthonormal basis, and the 4-form

1 g
BA56 | 1256 | 1234 _ 2467 4 2357 | 1457 | 1367 _ ijkl

*poP0 = € ﬂ%‘jkl@ )

where x,, is the Hodge operator determined by go and dVy and @;;; is the skew-
symmetric symbol uniquely defined via the previous identity.

The GL(7,R)-orbit A3 ((R7)*) of ¢ in A3((R")*) is open, since it is isomorphic to
GL(7,R)/Gsa. Thus, ¢q is a stable form in the sense of Definition 2.2.1. The volume
form determined by it is dVp, which can be obtained together with gg from

go(v,w) dVo = = (opo) A (twpo) A po, v, w € RT.

1
6
Moreover, every stable 3-form belonging to A3 ((R7)*) defines an inner product and

a volume form as above and has stabilizer isomorphic to Ga.
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Remark 3.1.3. We recalled in the previous chapter that in dimension seven stability
occurs for 3-forms and 4-forms. In the setting we are considering, ..o is a stable
4-form with open GL(7,R)-orbit A% ((R7)*). The stabilizer of any element in this
orbit is isomorphic to G U {a o (—Idg7) | @ € G2} and, consequently, every stable
4-form belonging to A4 ((R7)*) defines an inner product but not an orientation. This
is due to the fact that the map A3 ((R7)*) — A4 ((R7)*) given by ¢ — *,0 is a double

covering.

Gy acts irreducibly on R” and, then, also on A'((R7)*) and AS((R7)*), while the
action is not irreducible on A*((R7)*), k = 2,3,4,5. The Go-irreducible decomposi-
tions of these spaces are completely described by the irreducible decompositions of
A%((R7)*) and A3((R7)*), since the Hodge operator ., is an isomorphism between
the Go-modules A*((R7)*) and A7=*((R7)*). By [29, 67], it holds

A(RT)) = AH(RT)") @ AL ((RT)),

A(RT)) = AF(RT)") & AF((RT)") @ A ((RT)"),
where A¥((R7)*) denotes an irreducible Gg-module of dimension r and the irre-
ducible summands in the cases k = 4,5 are obtained from these as AF((R7)") =

%o (AT7F((R7)™)). The Go-modules appearing in the decompositions above can be

described as follows.
AZ(RT)) = {r € A((RT)") | #g (KA @0) =2k}
= {R €A ((R)) | *pp (ko0 A (¥ (ko100 A K))) = 3K},
AL(RY)Y) = {r € A((RT)) | K A*popo = 0}
= {K € A2((R7)*) | ¢y (KA o) = —K},
and
A(RT)) = {po) = Ry,
AR = {*p(ano) | o€ A((RT))}
= {BEeN(RT)) | *po (90 A #go(o A B)) = —4 8},
A(RT)Y) = {BeN((RT)") [ BAwo=0, BA*pp0=0}.
Moreover, A2,((R7)*) is isomorphic to the Lie algebra go of Go and A3, ((R7)*) is
isomorphic to the space of traceless symmetric (0, 2)-tensors SZ((R")*) (see [30]).
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3.1.2 Gy-structures and their classification

Let M be a seven-dimensional manifold. A Go-structure on M is by definition a
reduction of the structure group of the frame bundle FM from GL(7,R) to Ga.
By the results of the previous section and Proposition 1.2.2, the existence of a Go-
structure on M is equivalent to the existence of a 3-form ¢ which is a global section
of the open subbundle A3 (T*M) C A3(T*M) defined as the union of the spaces
A% (T M). This motivates the following

Definition 3.1.4. A Gs-structure on a seven-dimensional manifold M is a stable
3-form ¢ € Q3 (M) :=T'(A3(T*M)). A 7-manifold M endowed with a Go-structure
¢ is denoted by (M, ¢).

Since Gg is a connected, simply connected subgroup of SO(7), every 7-manifold M
endowed with a Ga-structure is orientable and has a spin structure (see for instance
[110, Prop. 3.6.2]). Moreover, using an observation due to Gray [87], it is possible
to prove that these two necessary conditions are also sufficient, as shown in [30].
In particular, there is a one-to-one correspondence between Geo-structures and real
spinor fields of length one on M. For more details on the description of Ga-structures
from the spinorial point of view we refer the reader to [2, 80].

Starting from a Go-structure ¢, it is possible to define a Riemannian metric g,

and a volume form dV,, on M via

9 (X, Y) AV, = S(1x9) A (v ) A 3.2

for every pair of vector fields X,Y € X(M). The Hodge operator determined by
g, and dV,, is denoted by *,. Moreover, on M there exists a two-fold vector cross

product P € T3(M) defined from ¢ and gy in the following way
o(X,Y,Z)=g9,(P(X,Y),Z), X,Y,ZecX(M).

Remark 3.1.5. Clearly, the existence of a two-fold vector cross product P on a
seven-dimensional Riemannian manifold (M, g) provides a reduction of the structure

group of F'M from O(7) to Gg. This yields an equivalent definition of Ge-structures.
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The 3-form ¢o on R” described in (3.1) can be chosen as model tensor of ¢.
Thus, at each point p of M there exists a basis (e1,...,e7) of T,M with dual basis

(el,...,e") which is adapted for ¢, i.e., at p we can write

© = e127 + €347 + 6567 + 6135 o 6146 _ 6236 o 6245

and g, = Zzzl(ei)Q. We call equally (e, ...,e7) and (e!,...,€") a Go-basis for the
Go-structure ¢ at the point p. A simple computation with respect to such a basis

proves that for every a € Q' (M) the following useful identities hold

*o(kp(@NQ)Np) = —da, (3.3)
ko (ko0 N xp(kpp ANt)) = 3o (3.4)
Furthermore, for every o € Q'(M) and x € Q*(M)
aNp=0 <= a=0, (3.5)
kANp=0 <— k=0, (3.6)
alNx,p=0 < a=0. (3.7)

The decompositions of the spaces A¥((R7)*) into irreducible Ga-modules induce
the following decompositions of the spaces of differential forms on the manifold
(M) = QHM) @ Q4(M),
P(M) = Q}(M)® QM) ® (M),

where QF(M) is the space of sections of the bundle A¥(T*M) defined as the union
of the spaces Aqlf(TZ;k M). For instance,

O3,(M) = {keQ*(M) | kAxpp=0}
= {k € PM) | *4 (kA @) =K},
and
Q3. ={BeQPM)|BAp=0, BAx,p=0}.

The decompositions of the spaces Q*(M) and Q°(M) are obtained applying the
Hodge operator *, to Q3(M) and Q*(M), respectively.
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The classification of manifolds endowed with a Ga-structures was first described
by Fernandez and Gray in [67], where the authors considered the space X’ of tensors
satisfying the same symmetries as V9, which is pointwise the subspace of TyM ®
A TxM)

Xp={aeTyMN(T;M) | o(X,Y, Z,P(Y,2)) =0V X,Y,Z € T,M},

and showed that, according to the decomposition of &}, into the sum of irreducible
Go-modules, it splits as
X=X 0 XD XD Ay,

where X1, Xop, X3, Xyp have dimension 1, 14, 27 and 7, respectively. The covariant
derivative of ¢ can then be decomposed accordingly and 7-manifolds endowed with
a Gg-structure are divided into sixteen classes depending on which summands of
V9 vanish identically. For instance, (M, ¢) belongs to the class X; if and only if
(V9¢p), € &), for every p € M. In this case, ¢ is said to be of Ga-type A7.

In a similar way to what happens for SU(3)-structures, the components of V9 ¢
are completely determined by those of dy and d *, ¢ arising from the irreducible
decompositions of Q*(M) and Q3(M), let us see how. Following Bryant’s notations
of [30], we have

Proposition 3.1.6 ([30]). Let ¢ be a Go-structure on a 7-manifold M. Then, there
exist unique differential forms o € C°(M), 1 € QY(M), 7 € Q3 (M) and 73 €
Q3. (M) such that

dp = To*p @+ 371 NQ+ *,73, (3.8)

dxpp = 471 N*xp0+ T2 Ao,
Proof. The only non-trivial part consists in proving that the 1-form 7 appears in
both dy and d*,¢. A priori, dp = To*, p+aANp+*,73 and dx, 0 = BA*,0+Ta A,
for unique 7 € C®(M), o, B € QY (M), 72 € Q3,(M) and 73 € Q3;(M). Using the
identity [29]

o0 N *p(d xp @) + xp(dp) A =0,
together with (3.3) and (3.4), it follows that 33 = 4a. Thus, 71 1= 18 = 3o O
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Moreover, it is possible to show (see e.g. [141]) that dyp = s4(V92¢) and d*, ¢ =

s5(V92p), where s4 and s5 are induced by the Go-equivariant maps
set (RT)* @ A3((RT)Y) — AY((RT)Y), ¢ @ ekl s ¢iikl
and
s5: (RN)* @ A3((R7)*) — AS((RT)), €' @ e s x(6;; e — i ! + 6;67%),

being (e!,...,e") a Go-basis of R” for ¢g. Applying now Schur’s Lemma to the
restrictions of s4 and s5 to X, it follows that the component of V9 in X} corresponds
to 79, the component in X5 to 7, the component in X3 to 73 and the component in

X, to 11. This motivates the

Definition 3.1.7. The differential forms 79, 71, 72, 73 uniquely defined by (3.8) are

called intrinsic torsion forms of the Ga-structure .

By the correspondence above, the sixteen classes of manifolds endowed with a
Go-structure ¢ can be completely characterized in terms of dy and d*, ¢, that is, in
terms of the identically vanishing intrinsic torsion forms. The full list can be found
in [67, 141], while in Table 3.2 are summarized the classes of Ga-structures appearing
in this thesis. We conclude this section with some remarks on them.

From general results on G-structures (see Section 1.2.3), the correspondence be-
tween the components of V9 ¢ and the intrinsic torsion forms and [87, Thm. 4.1],

we obtain the following equivalent defining properties for the class X = {0}.

Proposition 3.1.8. Let M be a connected 7-manifold endowed with a Ga-structure
© with Riemannian metric g, and two-fold vector cross product P. Then, denoted by

V9¢ the Levi Civita connection of g,, the following are equivalent:
i) the Go-structure is torsion-free;

ii) the intrinsic torsion forms vanish identically;

iii) the differential forms ¢ and *,¢ are closed;

iv) the differential form ¢ is parallel with respect to V9 ;
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v) the tensor P is parallel with respect to V9% ;
vi) Hol(gy) is a subgroup of Go.

Manifolds endowed with a Go-structure satisfying one of the previous properties
are usually called Go-manifolds and the corresponding Ga-structure is called parallel.
By a result of Bonan [26], every Gg-manifold (M, ¢) is Ricci-flat, i.e., Ric(g,) = 0.

In literature, the first examples of complete metrics with holonomy Gy were con-
structed by Bryant and Salamon in [32], while compact examples of Riemannian
manifolds with holonomy Go were obtained first by Joyce [109] and then by Kovalev
[119] and by Corti, Haskins, Nordstrém, Pacini [54]. As we mentioned in the previ-
ous chapter, noncompact examples of Go-manifolds can also be constructed starting
from 6-manifolds endowed with a half-flat SU(3)-structure. We will examine this

construction in detail in Section 3.2.1.

Class Name Defining conditions
dp = 0
{0} Parallel
dx,o = 0
dp = 79 *p P
Xy Nearly parallel
d*x,p = 0
Xo Closed, calibrated de =20
dp = 31 A
Xy Locally conformal parallel 4 LAY
d*,p = 47 N*yp
dp = To*, @+ 3711 A
X B Ay Locally conformal nearly parallel 4 0% ¥ LAY
dxp,p = 4T N*,0
Xo ® Xy Locally conformal calibrated dp=311 N
X1 D Xs Co-closed, co-calibrated dx,p =0
XX Xy Go with (skew) torsion dxpo =471 N*pp

Table 3.2: Some classes of manifolds endowed with a Go-structure.
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The function 7y is the only possibly non-identically vanishing intrinsic torsion
form of a nearly parallel Ga-structure ¢. Using (3.5), it is immediate to show that

Tp is constant on connected manifolds, since
0 = d(dyp) = dmy N *,¢.

As we will see later, the Riemannian metric underlying a nearly parallel Go-structure
is always Einstein. Moreover, it is Ricci-flat if and only if 7y vanishes identically.
The name calibrated for the Ga-structures of type Xs is due to the fact that a
closed 3-form ¢ € Q3 (M) defines a calibration on M by [95]. This means that for
every p € M and for all oriented three-dimensional subspaces W), of T,,M, it holds

¢ |w, <dv,

where dV' is the volume form of W,,. Properties of manifolds endowed with a cali-
brated Go-structure were studied for instance in [30, 47] and examples were provided
in [50, 64, 140]. We will recall some results in Section 3.1.3.

By [78], a Go-structure ¢ on a 7-manifold is of Go-type X; & A5 @ Xy if and only
if there exists a linear connection with totally skew-symmetric torsion preserving ¢.
Moreover, such a connection is unique. This class of manifolds can then be seen as
the Go-analogue of the class G; of almost Hermitian manifolds (see Table 2.1 and
Theorem 2.3.11).

Finally, it is possible to prove that a manifold (M, ) belonging to one of the
classes Xy, X1 @ Xy and Ao @ Xy has closed intrinsic torsion form 7. Consequently,
by Poincaré Lemma, on a neighborhood U of each point p of M there exists a local
function f € C°°(U) such that 7 = df and the local conformal change @ = e3¢
gives rise to a Ga-structure on U which is parallel if (M, ¢) € Xy, nearly parallel if
(M, ) € X1 @ Xy and calibrated if (M, p) € X5 @ Xy. This motivates the names of
the structures having these Go-types. In the second part of this chapter we study
more in depth the class Xy @ Xj.

3.1.3 The Ricci tensor of a Gy-structure

In [30], Bryant proved that the Ricci tensor and the scalar curvature of the Rieman-

nian metric g, induced by a Ga-structure ¢ can be expressed in terms of the intrinsic
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torsion forms and their derivatives. More precisely

Theorem 3.1.9 ([30]). Let M be a 7-manifold endowed with a Go-structure p. Then,
the scalar curvature and the Ricci tensor of the Riemannian metric g, are expressed

in terms of the intrinsic torsion forms as

21 1 1
Scal(g,) = 12d*1 + ng + 30\7’1\2 — §|Tg\2 — §]Tg|2,
. 3. 3 1 1
Ric(g,) = — <2d T — §7'02 + 15|72 - Z|7‘2|2 + 2|7'3|2> G

1 1
+j <—id(>{<¢(7'1 A *wgo)) — ZdTg + 1 *, dT3

5 1 1
-1—57'1 A *‘p(rl A *w‘P) ——107T3+-T1 AT

8 4
3 1 1
+—x, (T1 AT3) + 3 (T2 A1) + 6*4Q(T3,T3) ,

4

where d* = — %, d*, on 1-forms, the map j : Q3(M) — S?*(M) is defined for every
Be(M) and X,Y € X(M) as

JBNXY) =%y ((Lxp) Aty ) A B)
and Q : Q3 (M) x B(M) — Q3(M) is given for a, 3 € QB3(M) by
Qer, B) = x4y (@ijht (te; (te; %o @) A (te, (tey ¥4 B)))
being (e1,...,er) a Ga-basis for o,

Remark 3.1.10. The description of the Ricci tensor of an SU(3)-structure in terms
of the intrinsic torsion forms obtained in [19] and recalled in Section 2.2.3 is the
SU(3)-analogue of the previous theorem and was obtained following Bryant’s ap-

proach in the Ga-case.

As a consequence, using Proposition 3.1.8, it is immediate to get an alternative

proof of Bonan’s result mentioned earlier.

Proposition 3.1.11 ([26]). Let (M, p) be a Go-manifold. Then, g, is Ricci-flat.
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Further properties of the metric underlying non-integrable Go-structures and non-
existence results can be obtained using these expressions of Ric(g,) and Scal(g,,). For

instance

Proposition 3.1.12. Let ¢ be a nearly parallel Go-structure. Then, g, is an Einstein

metric, as 5
Ric(g,) = 3 8 9y
Moreover, it is Ricci-flat if and only if the Ga-structure is parallel.

Proposition 3.1.13 ([30]). Let (M, ) be a manifold endowed with a calibrated Go-

structure @. Then, the scalar curvature of the associated metric g, is nonpositive,
1
SC&I(Q«p) = _§|7'2’27
and vanishes identically if and only if the Go-structure is parallel.

Moreover, as an analogous of Goldberg conjecture in almost Kéahler geometry
(cf. Section 2.5), one may ask whether there exist compact seven-dimensional man-
ifolds endowed with a calibrated Ga-structure whose underlying Riemannian metric

is Einstein. In [47], Cleyton and Ivanov showed that the answer is negative.

Proposition 3.1.14 ([30],[47]). Let M be a compact 7-manifold endowed with a
calibrated Go-structure ¢. If g, is Einstein, then dx, ¢ = 0, that is, the Go-structure

s parallel.

An alternative proof was given by Bryant in [30] using the above description of
the Ricci tensor. In detail, the metric g, induced by a calibrated Ga-structure ¢ is

Einstein, i.e., Rico(gw) = 0, if and only if the intrinsic torsion form 7o satisfies

3 1
dro = 7 ]Tg|2tp+ 5 %, (T2 A T2),

from which follows that

1 2
d (37’3) = ? ‘7'2’4 dVSD’

since |19 A 2|2 = |72|*. When M is compact, Stokes’ Theorem gives

/M ||t dV,, = /Md <Z57'23> =0,
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as OM = (). Consequently, 75 must vanish identically and the Go-structure is parallel.

By [47], the previous result can be extended to the noncompact case under the ad-
ditional assumption that the Einstein metric induced by the calibrated Go-structure
is also x-Finstein, that is, the traceless part of the x-Ricci tensor p* vanishes identi-

cally, where
Prs = Rijki Pijr Pkls- (3.9)

Up to now, there are no known examples of (even incomplete) Einstein non-Ricci-
flat metrics underlying calibrated Go-structures. Recently, some negative results
were proved in the case of noncompact homogeneous spaces in [65], where the au-
thors showed that a seven-dimensional solvmanifold cannot admit any left-invariant

calibrated Ga-structure ¢ inducing an Einstein metric g, unless g, is flat.

3.2 The relation between Go- and SU(3)-structures

In this section, we review the relation between 6-manifolds endowed with an SU(3)-
structure and 7-manifolds endowed with a Gs-structure. In order to make no confu-

sion with the symbols, from now on we use the following

Notation. A six-dimensional manifold endowed with an SU(3)-structure (w, ) is
denoted by M. The Riemannian metric induced by (w,%) is denoted by g, the
associated almost Hermitian structure by J and ¥_ = Ji is the imaginary part
of the complex volume form ¥ = 14 + i1)_. The Riemannian volume form of g is
dVvy = %3 and the corresponding Hodge operator is denoted by .

A seven-dimensional manifold endowed with a Ga-structure ¢ is denoted by M,
the underlying Riemannian metric and volume form are g, and dV,,, respectively,

and the associated Hodge operator is *.,.

3.2.1 Hypersurfaces of 7-manifolds with a Gy-structure

It is well-known that the group Go acts transitively on the 6-sphere S® ¢ R” with
isotropy subgroup SU(3), reflecting the fact that S% = G5/SU(3) as Ga-homogeneous
space. Here, considering R7 = R® @ R with basis (e1,...,eg) for RS and e7 for R,
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SU(3) is embedded into G as the subgroup whose elements fix e’, since

oo = (€243 4 eB) AT 4 el35 _ (116 _ (236 _ (245
= wo e+ R(¥y)

and SU(3) can be defined as the stabilizer in GL(6,R) of the pair (wo, ®(¥¢)) by
the results of Section 2.2.1. As a consequence of this fact, a Go-structure on a
seven-dimensional manifold induces an SU(3)-structure on every oriented hypersur-
face. This is a long-standing result, due to Calabi [35] and Gray [86, 87]. In their
papers, the authors studied the properties of the almost Hermitian structure under-
lying the SU(3)-structure, while a detailed study of the latter was carried out by
Martin Cabrera in [143], where some of the possible classes of Ga-structures on the
ambient manifold were described in relation with the classes of SU(3)-structures on
the hypersurfaces and the second fundamental form.

To see how the SU(3)-structure is defined, let us consider a seven-dimensional
manifold M endowed with a Gg-structure ¢ with associated Riemannian metric g,
and two-fold vector cross product P. Let M be an oriented hypersurface of M,
dim(M) = 6, denote by ¢ : M — M the inclusion map and by N a unit normal
vector field to M with respect to 9o Then, M is a Riemannian manifold with

Riemannian metric g = ¢*(g,), the almost complex structure on it is defined by
JX =P(N,u.X),
for all X € X(M), the fundamental form associated with (g, J) is
w="1"(tnp) (3.10)

and the real and imaginary part of the complex volume form are

vy = 1y,
N (3.11)
Yo = =N ke ).
Furthermore, the following identity holds

w? = 205 (*,0). (3.12)
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The proof that the previous data define an SU(3)-structure on M consists in consid-
ering at each point p of M C M a Ga-basis (e1, ... ,e7) of T,M such that N, = e7 and
observing that, with respect to the previous definitions, (eq, ..., eg) is an SU(3)-basis
of T,M.

As an example, we describe the invariant nearly Kéhler SU(3)-structure on the
6-sphere S% = G5 /SU(3) appearing in Butruille’s Theorem 2.3.6.

Example 3.2.1. Consider the vector space R” and let (z¥) = (z',...,27) denote its

standard coordinates. The Go-structure on R is then given by the 3-form
0 = de'?T 4 T 4+ de®T 4 '3 — dpt6 — 42?30 — g2,

where dz’* is a shorthand for the wedge product dz? A da* A dz!, and induces the
Riemannian metric g, = ZZ:1 (dz*)2. The 6-sphere is embedded in R” as the set

S6z{xER7] (x1)2+---+($7)2:1},

and the unit normal N at each point x of S® is the restriction of the radial vector

field of R7 to the 6-sphere, i.c.,
0

oxt’
If . : S — R7 is the standard embedding, then the differential forms

N, =2'

w=1(ne), Pr =100 o ==y %o ),

obtained as pullback of Go-invariant forms on R”, define the invariant SU(3)-structure

on S%. A straightforward computation in coordinates on R7 gives

ding) =3¢, d(in *pp) = 4%, .
Consequently,
dw = di (inp) = dne) = 3070 =3¢y

and

dp— = —di*(1y *p ) = =1 d(in *p @) = =415 %y @ = —20w%

Thus, the SU(3)-structure is nearly Kéahler.
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Among the results of [143] mentioned before, we recall that when (M, ¢) is a Ga-
manifold, its oriented hypersurfaces are endowed with a half-flat SU(3)-structure, as
one can check immediately using the definitions (3.11), (3.12) and the fact that both
¢ and ¢ are closed. Moreover, special half-flat SU(3)-structures arise from this
construction and are characterized by the scalar second fundamental form s(X,Y) =
—go(VSEN,Y) of the hypersurface. For instance, the SU(3)-structure on a hyper-
surface M of a Go-manifold is coupled if and only if the second fundamental form is
J-invariant, it is double half-flat if and only if s + Js = 2 Hg, where H is the mean
curvature, while it is nearly Kéhler if and only if M is totally umbilic, that is, if and
only if the shape operator s* is pointwise a multiple of the identity on the tangent
space to M.

At this point, the obvious question is whether every SU(3)-structure on a six-
dimensional manifold M is induced by an embedding into a Gg-manifold M. In the
general case the answer is negative and some additional hypothesis on the SU(3)-
structure are needed.

As observed by Bryant in [31], when M is an embedded and normally oriented
hypersurface of M, there is an open neighborhood 4/ C M of M which can be
identified with M x I, being I an open interval of R containing 0. Consequently, at
least locally the Go-structure ¢ on M can be thought as a 1-parameter family of
SU(3)-structures on M. Indeed, if ¢t denotes the coordinate on I and h: M x I — U
is the map defined by h(p,t) = exp,(t)Ny), then from (3.10) and (3.11) we get

1
(o) =wAdt + 4, h*(xpp) = §w2 + Y Adt,

where w, 1, and 9_ are differential forms on M depending on ¢. Now, requiring

that the Go-structure is parallel for each t fixed, we have
0=dh*(p) = dipy, 0=dh*(x,0) = %de
and the SU(3)-structure is half-flat. If we let ¢ vary, then the same request gives
0=dh*(¢) =dwANdt — %¢+ Adt

and 5
0= dh*(x,0) = pr Aw Adt+dip_ Adt,
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from which we obtain the Hitchin flow equations introduced in Section 2.2.2

Ly (t) = dw(t)
Sw(t) Aw(t) = —dip(t)

A solution of the previous system starting from a given SU(3)-structure gives then
rise to a parallel Go-structure on M x I and can be interpreted as an SU(3)-structure
induced on an oriented hypersurface of a Ga-manifold (M, ) by the parallel Ga-
structure ¢. Such a solution exists when the initial condition (w(0),14(0)) is a
real-analytic half-flat SU(3)-structure by [31, Thm. 4], while it need not to exist
when (w(0),14(0)) is non-analytic and half-flat by [31, Thm. 5].

3.2.2 Construction of Gy-structures from SU(3)-structures

Until now, we have considered SU(3)-structures induced on hypersurfaces of 7-
manifolds by a Go-structure. It is possible to reverse the point of view, starting
from a 6-manifold endowed with an SU(3)-structure and constructing examples of
7-manifolds with a Gg-structure, possibly with non-identically vanishing torsion.
Noncompact examples can be achieved in the following way (see for instance

[113], paying attention to the different convention used for (3.2)).

Proposition 3.2.2. Let M be a siz-dimensional manifold endowed with an SU(3)-
structure (w, 1) with associated Riemannian metric g and complex volume form
U =1y +ip_. Consider an open interval I C R and two smooth functions F : 1 —
C— {0} and G :1— (0,+00). Then, the following 3-form defines a Go-structure on
M x1

p=G|IFPwAdt+R(F*V), (3.13)

where t is the coordinate on 1 and |F|> = F F. Moreover,
9o = |FPPg+G*as,
vV, = GI|F|%adVv, Adt,
1
*pp = G%(F3\I!)/\dt—|—§|F|4w2,

3

where dVy = %.
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Remark 3.2.3. Observe that the situation in the previous definition is different
from the one described at the end of Section 3.2.1. Indeed, here the differential
forms defining the SU(3)-structure do not depend on t.

For suitable choices of the interval I and the functions F' and G, the following

noncompact manifolds endowed with the Go-structure (3.13) are obtained:

- the cylinder Cyl(M) over M with metric g, = g + dt?, if I = R and G(t) = 1,
F(t) =1, where
o =wAdt+ 1y

- the cone C(M) over M with metric g, = t? g + dt?, if I = (0, +00) and G(t) = 1,
F(t) =t, where
o=twAdt+ 3,

- the sine-cone SC(M) over M with metric g, = sin®(t) g + dt?, if I = (0,7) and
G(t) =1, F(t) = sin(t)e’s, where

@ = sin?(t) w A dt + sin®(t) cos(t) ¥4 — sin?(t) ¢_.

Clearly, the intrinsic torsion of the Go-structure defined via this construction depends
on the intrinsic torsion of the SU(3)-structure. Thus, it is in principle possible to get

plenty of examples of non-integrable Go-structures.

Remark 3.2.4. The correspondence between the irreducible components of the in-
trinsic torsion of an SU(3)-structure (w, ;) on M and the irreducible components of
the intrinsic torsion of the Ga-structure induced by (w, ) on Cyl(M) was described
in [40, Thm. 3.1].

Observe that with the choice G(t) = 1, the manifold M x I with metric |F'|? g+ dt?
is the warped product of M and I with warping function |F|. Using the expression of
the Ricci tensor of a warped product metric [156], it is possible to show the following

general properties (see also [27]).

Proposition 3.2.5. Let (M™,g) be a Riemannian manifold of dimension m. Then,
the cone metric t> g + dt? is Ricci-flat if and only if the metric g is Finstein with
Ric(g) = (m —1)g.
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Proposition 3.2.6. Let (M™,g) be a Riemannian manifold of dimension m with
Einstein metric g such that Ric(g) = (m—1) g. Then, the sine-cone metric sin?(t)g+

dt? is Einstein with Finstein constant m.

As we will see, these results are useful to provide noncompact examples of non-
integrable Goa-structures inducing Einstein metrics.

Compact examples can be obtained, for instance, starting from a compact 6-
manifold M endowed with an SU(3)-structure (w,;) and considering the product
manifold M x S! with the Gy-structure

Y =wAdt+ 1,

where t denotes the angle coordinate on the circle defined by identifying each point
of St C C with e?™. This example can be seen as a particular case of a more general

construction, let us introduce it.

Definition 3.2.7. Let M be a connected manifold of dimension m, let v : M — M
be a diffeomorphism and let I'; denote the infinite cyclic group of diffeomorphisms
of M x R generated by

vV: MxR — M xR
(p,t) — (v(p),t+1)

I'; acts freely and proper discontinuously on the product manifold M x R, thus the
quotient
M, := (M xR) /T3

is a smooth manifold of dimension m + 1, called the mapping torus of v.

Observe that when v = Id,;, then M, = M x S'. The properties of the mapping

torus are summarized in the next

Proposition 3.2.8. Let M be a connected manifold and let M, be the mapping torus
of a diffeomorphism v : M — M. Then,

i) If M is compact, then also M, is compact.



130

Chapter 3. Locally conformal calibrated Go-manifolds

ii)

iii)

iv)

M, is the total space of a locally trivial fiber bundle over S' with typical fiber
M, monodromy v and projection 7 : M, — S' defined by w(p,t) = *™. In

particular, we have the following diagram
M & MxR L M,

1 p2 b

R L g

where p1 and po are the projections from M x R onto the first and the second

2mit

factor, respectively, q is the quotient map, and II(t) = e 1s the universal

covering map.

Every differential form o € QF(M) which is v-invariant, i.e., v*a = «, defines a
differential form & € QF(M,), since the pullback pia € QF(M x R) is invariant
by the diffeomorphism v.

The 1-form p3(dt) on M x R is invariant by v, thus it induces a closed 1-
form n € QY(M,), called characteristic 1-form of M,. Moreover, there exists a
distinguished vector field & € X(M,) induced by the vector field % on R and such

that n(&) = 1.

Using these properties, we can prove the following result (see also [140]).

Proposition 3.2.9. Let M be a siz-dimensional connected manifold endowed with an
SU(3)-structure (w,y) and let v: M — M be a diffeomorphism such that v*w = w
and v*ipy = 4. Then, the 3-form

o=wAn+y

defines a Go-structure on the mapping torus M, with associated metric 9z =9+ n2.

Proof. We recalled in Section 2.2.1 that a diffeomorphism v preserving the stable

forms w and 14 is an automorphism of the SU(3)-structure and preserves, in partic-

ular, the associated Riemannian metric g. We also know that on the product M x R

there is a Ga-structure defined by the 3-form

e =wAdt+ s
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and inducing the Riemannian metric g, = g +dt%. Now, both ¢ and g, are invariant
by v, thus they define a 3-form ¢ = w A7 —HZJF and a Riemannian metric g, = g+ n?
on M, respectively. Moreover, at each point of M x R there exists a Go-basis for ¢,
which gives rise to a Ga-basis for ¢ on the corresponding point of M,. Consequently,

$ is a Gg-structure on M, inducing the Riemannian metric 95 = Jp- O

3.3 Locally conformal calibrated Gso-structures

We now focus on the class of locally conformal calibrated Go-structures and study

some related problems. Let us start recalling the

Definition 3.3.1. A Ga-structure ¢ is called locally conformal calibrated if the in-
trinsic torsion forms 79 and 73 vanish identically.
A 7-manifold endowed with a locally conformal calibrated Ga-structure is said to

be a locally conformal calibrated Go-manifold.

Every locally conformal calibrated Ge-manifold (M, ¢) belongs then to Ferndndez
and Gray’s class Xy @ Xy and its only possibly non-identically vanishing intrinsic
torsion forms are 71 € QY(M) and 7 € Q%,(M). When 71 = 0 the Gao-structure
is calibrated (Ga-type &%), while when 7 = 0 the Gg-structure is locally conformal
parallel (Ga-type Xy). Thus, we may sometimes emphasize when the intrinsic torsion
forms 7 and 79 are both non-identically vanishing to distinguish this case from X,
and Ajy.

The condition given in Definition 3.3.1 can be completely characterized in terms
of the exterior derivative of . Before writing the precise statement of the result, it

is convenient to introduce the

Definition 3.3.2. The Lee form of a Go-structure ¢ is the 1-form
1
0 .= 1% (xpdp A ).

Using identity (3.3) and the definition of Q3.(M), a simple computation shows

that 6§ = —3 7 for every Go-structure ¢. It is then immediate to prove the



132 Chapter 3. Locally conformal calibrated Go-manifolds

Proposition 3.3.3. Let M be a 7-manifold endowed with a Ga-structure p. Then,

© 1is locally conformal calibrated if and only if
dp =—0 Ao, (3.14)
where 0 is the Lee form of ¢. In this case, 6 is closed.

Proof. The characterization follows comparing (3.8) with (3.14). Taking the exterior
derivative of both sides of (3.14), we get

0=d(dp)=—dONp+0Ndp=—dINp
and by (3.6) the previous identity holds if and only if df = 0. O
Corollary 3.3.4.
i) The Lee form of a locally conformal parallel Go-structure is closed.

ii) A locally conformal calibrated Go-structure is calibrated if and only if the Lee

form vanishes identically.

Remark 3.3.5. In view of Proposition 3.3.3, locally conformal calibrated Gs-structures
represent the Go-analogue of locally conformal symplectic structures on even-dimensional
manifolds, i.e., Sp(n, R)-structures whose defining non-degenerate 2-form w satisfies

the identity dw = —6 A w for some closed 1-form 6 (see for instance [176]).

As we mentioned in Section 3.1.2, the name locally conformal calibrated refers
to the fact that, at least locally, the Go-structure is conformally equivalent to a
calibrated one. Let us see the computation in detail. Since the Lee form of a locally
conformal calibrated Go-structure ¢ on a 7-manifold M is closed, by Poincaré Lemma
we have that for each point p of M there exist an open neighborhood & C M of p and
a smooth function f € C*°(U) such that § = df on U. Now, considering 3 := e/,

which is a stable form defined on U, we have
dp=eldf N\p+eldp=e0Nnp—el(BAp)=0

and the claim is proved.
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When we consider a conformal change 3 = el of the stable 3-form ¢ defining
a Go-structure, the Riemannian metric and orientation of the Go-structure @ can
be obtained from those of ¢ by an appropriate conformal change, as the next result

shows.

Lemma 3.3.6. Let M be a 7-manifold endowed with a Go-structure ¢ inducing a
Riemannian metric g, and volume form dV,, and consider a smooth function f €
C°(M). Then, the 3-form
pi=eyp
is still stable and the associated Riemannian metric gz and volume form dVz are
related to those of ¢ via
2

g5 = e3lg,,

vy = eslay,.

Proof. First, observe that for every X,Y € X(M) we have

9p(X,Y)dV; = §x@) A (v@)A G (3.15)
= €3 g,(X,Y)dV,.
From this relation, working in local coordinates we get
(det(g))* g5 = ¢/ (det(g,))? g,
Taking the determinant of both sides, it follows that
(det(gp))? = €57 (det(g,))? -
Thus, dV; = e%deW and from (3.15) we obtain gz = e%fgw. O

Remark 3.3.7. By [79, Thm. 3.1], given a compact 7-manifold M admitting a Ga-
structure ¢, there exists a unique (up to homothety) conformal Go-structure e3fp
such that the corresponding Lee form is co-closed. A Ga-structure with co-closed

Lee form is also called a Gauduchon Go-structure.
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Properties of locally conformal calibrated Ga-manifolds were studied for instance
by Ferndndez and Ugarte in [69], where such manifolds were characterized as those
endowed with a Go-structure ¢ for which the following sequence is a complex, called

Go-coeffective complex,
0 — B3 (M) - B -% b () - oS -% QT(M) — 0,

where BF(M) = {a € Q¥(M) | @ A ¢ = 0} and d denotes the restriction to B*(M)
of the exterior derivative d for k = 3,4. Moreover, in the same paper the ellipticity
of the Ga-coeffective complex was studied and the relations between its cohomology

groups and the de Rham cohomology groups were established.

3.3.1 Examples

We now use the constructions described in Section 3.2.2 to provide examples of locally
conformal calibrated Ga-manifolds. As we will see, coupled SU(3)-structures play a

central role.

Proposition 3.3.8. Let M be a connected 6-manifold endowed with a coupled SU(3)-
structure (w, ) with coupled constant ¢ € R — {0} and intrinsic torsion form wy

non-identically vanishing. Then

i) The Go-structure ¢ = w A dt + 1, defined on the cylinder Cyl(M) is locally
conformal calibrated of type Xo @ Xy. Its Lee form is 0 = —3 11 = cdt and the

intrinsic torsion form T is —w, .

ii) The Go-structure o = t>w A dt + t31), defined on the cone C(M) has intrinsic
torsion forms T = %dt, To = —twy, 70 = 0, 73 = 0. Thus, it is locally
conformal calibrated when ¢ # 3, while it is calibrated when ¢ = 3.

Proof. In order to distinguish the exterior derivative on M and on the 7-manifolds
Cyl(M) and C(M), we use a subscript containing the dimension. For instance, the
coupled condition reads dgw = cy.

Let us begin our computations with the cylinder Cyl(M).

dryp = di(wANdt+1y) = dewANdt+deips

= cp Ndt = —cdt .
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Thus, by Proposition 3.3.3, ¢ is locally conformal calibrated with Lee form 6 = cdt.

Moreover,
drxp o = dr (V- Adt+3w?) = dep— Adt+ % dsw?
= (—%cwz —wy Aw)Adt = —%«9/\*@0—1112_ A @,
from which follows that 7 = —w; .

Consider now the cone C(M).

dro =  di(PwAndt+t39y) = tPdgw Adt+3t2dt Ny
= ct?y Ndt+32dt Ay = —ding
and
dixop = di (By-Adt+5t7w?) = Bdgp- Adt+ 213 dt A w?
= 3 (%wz—wz_/\w)/\dt = —%C;fdt/\*wgo—th_/\go.

Consequently, ¢ is locally conformal calibrated with Lee form 6 = % dt and intrinsic

torsion form 7o = —tw, . Moreover, the Ga-structure is calibrated if ¢ = 3. L]

Since a coupled SU(3)-structure with nonzero coupled constant ¢ and identically
vanishing w, is nearly Kahler with w; = —% ¢, the following result can be seen as a

consequence of the previous proposition.

Corollary 3.3.9. Let M be a connected siz-dimensional manifold endowed with a
nearly Kdhler SU(3)-structure (w, ). Then

i) The Ga-structure ¢ = w A dt + v, defined on the cylinder Cyl(M) is locally
conformal parallel.
ii) The Ga-structure ¢ = t>w A dt + t31, defined on the cone C(M) is locally

conformal parallel if wi # —2, while it is parallel otherwise.

Remark 3.3.10. In fact, it is possible to prove (cf. [14, Lemma 7]) that an SU(3)-

structure (w, ;) on a 6-manifold M is nearly Kihler with w] = —2, i.e., satisfies
dw:3¢+a ¢— :_2w27

if and only if the Go-structure induced by it on the cone C(M) is parallel.
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If we consider the mapping torus construction, we can provide compact examples

of locally conformal calibrated Ga-manifolds.

Proposition 3.3.11 ([66]). Let M be a siz-dimensional compact, connected manifold
endowed with a coupled SU(3)-structure (w, 1) with nonzero coupled constant ¢ and
letv: M — M be a diffeomorphism such that v*w = w. Then, the mapping torus M,
admits a locally conformal calibrated Ga-structure @ with Lee form 68 = cn. Moreover,
Lep = 0 and the vector field & is the gz-dual of the closed 1-form n.

Proof. By Corollary 2.4.3, we know that a diffeomorphism preserving the 2-form w

is an automorphism of the coupled SU(3)-structure (w, 1 dw). Thus, by Proposition

c
3.2.9, the 3-form
G=m AN+ Dy
defines a Ga-structure on the mapping torus M, with associated metric 9 =g+ n?.
Observe that & and ¢, are obtained gluing up the pullbacks pi(w) € Q2(M x R)
and pi(v4) € Q3(M x R), as v preserves both w and 1. Consequently, since
d(pjw) = c¢pj+, we have

dw = C{Z;-i-v
and using this identity we get
dg =doAn+aANdy+diby = —cnAhy = —cn A 3.

Therefore, ¢ is locally conformal calibrated with Lee form 6 = ¢n. Moreover, since
both w and 1Z+ derive from differential forms defined on M, we have (@ = 0 and
Lg%. = 0. From these conditions, it follows that

Lep = tew An+wn() + ey = @.

Then,

Lep = Le(d@) + d(Le®) = e(—cnh@)+do

= —cFHenA ) ety = —cF+cepAT+Yy) = 0.
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Remark 3.3.12. In [140], Manero showed that the mapping torus of a diffeomor-
phism preserving a symplectic half-flat SU(3)-structure is endowed with a closed
Go-structure. This situation corresponds to the case ¢ = 0 in the previous proposi-

tion.

The previous result can be applied, for instance, to compact nilmanifolds admit-

ting an invariant coupled SU(3)-structure.

Example 3.3.13 ([66]). Let us consider the Iwasawa manifold H/I" introduced in
Example 1.3.8, where

1 Z1 Z3
H= 0 1 Z9 7Zk€(c7k:17273
0 1

is the complex Heisenberg group and I' is the lattice defined as the subgroup of H
for which z; are Gaussian integers. H can be seen as a real Lie group of dimension

six with basis of left-invariant 1-forms (e', ..., e%) obtained from

el +ie? = dz1, e3 +iet = dzo, ed +ieb = —dz3 + 21 N dzs,

and the pair

W= el2 g B 56 by = el Q45 235 246

9 i

defines an invariant coupled SU(3)-structure on the compact nilmanifold H/T" with
coupled constant ¢ = —1, as we saw in the proof of Theorem 2.4.12. It is easy to

check that the automorphism

1 Z1 %3 1 Z1 —iZ3
v:H—H, 0 1 =2 S 0 1 —iz9 ’
0 1 0 0 1
is such that
vtel =l vre? =¢?, vl =et, vret= 63, vt =¢b vl =6

Consequently, v*w = w and it is possible to apply Proposition 3.3.11 obtaining
that the mapping torus (H/T"), is a compact manifold admitting a locally conformal

calibrated Go-structure with Lee form 6 = —n.
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If we start with a 6-manifold endowed with a nearly Kéahler SU(3)-structure and
we consider the mapping torus of a certain diffeomorphism preserving the defining

differential forms, we obtain the following

Proposition 3.3.14 ([66]). Let M be a siz-dimensional compact, connected manifold
endowed with a nearly Kdhler SU(3)-structure (w, ) withw, = —2 and letv : M —
M be a diffeomorphism such that v*w = w. Then, the mapping torus M, admits a

locally conformal parallel Ga-structure.

Proof. As in the proof of Proposition 3.3.11, we can define the differential forms
& € Q2(M,) and ¢ € Q3(DM,,), which in this case satisfy the relations

do = 34y,
dp_ = —23°
The stable 3-form
=G AN+
defines a Go-structure on M, with Hodge dual

o~ 1.
*5@21/}_/\77—{'5002

It follows from computations that

dxz 9 = 4(-n) A *z0.
Therefore, @ is a locally conformal parallel Ga-structure defined on M. 0

Example 3.3.15 ([66]). In Example 2.5.1, we described the left-invariant nearly
Kahler SU(3)-structure on SU(2)xSU(2). It is induced by the nearly Kéahler structure

w o= —‘1/—3 (eM + e® +e%9)
by, = g (=€ 4 (16 4 (135 _ (216 _ 126 4 345)

defined on the Lie algebra su(2) & su(2) and having w; = —2.
Let v : SU(2) x SU(2) — SU(2) x SU(2) be the diffeomorphism such that
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it preserves the 2-form w. Therefore, the mapping torus (SU(2) x SU(2)), is endowed

with a locally conformal parallel Gs-structure by the previous proposition.

We consider now locally conformal calibrated Go-structures defined on seven-
dimensional Lie algebras. We will show that they are closely related to coupled
SU(3)-structures on six-dimensional Lie algebras, generalizing the result proved in
[140] for calibrated Go-structures obtained from symplectic half-flat structures on
Lie algebras. As we did before, we fix the notations to distinguish easily the six-

dimensional case from the seven-dimensional one in what follows:

Notation. g denotes a six-dimensional real Lie algebra and d its Chevalley-Eilenberg
differential, while g denotes a seven-dimensional real Lie algebra with Chevalley-
Eilenberg differential d.

From the discussion at the beginning of Section 2.4.1, we know that an SU(3)-
structure on a six-dimensional Lie algebra § is a pair (w, 1) € A%(g*) x A3(g*) of

differential forms which can be expressed as

w= e+ 3 4 by = el QM6 236 _ 245

with respect to some basis (el, e 66) of the dual space g*, called SU(3)-basis for
(w,1+). An SU(3)-structure (w, ) on g is coupled if

dw = Cerv

for some nonzero real constant c.
Similarly, a Ga-structure on a seven-dimensional Lie algebra g is a 3-form ¢ €

A3(g*) which can be written as

@ = 127 4 BT 4 (56T | (135 _ 146 _ 286 _ 245

with respect to some basis (el, .. .,67) of g*, called Ga-basis for ¢. ¢ is a locally

conformal calibrated Go-structure on g if
dp =—0 Ao,

for some d-closed 1-form 6 on g.
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If g is a six-dimensional Lie algebra with Lie bracket [-,-]; and D € Der(g) is a

derivation of g, then the vector space
g=9g®p R
is a Lie algebra with the Lie bracket [-,-]4 given by
(X, Y]y = [X,Y];, €, X]g = DX, (3.16)
for every X,Y € g. It is useful to observe how the Chevalley-Eilenberg differential
of g is related to that of g.

Lemma 3.3.16. Let g be a siz-dimensional real Lie algebra with Chevalley-FEilenberg
differential d, consider D € Der(g) and let d denote the Chevalley-Eilenberg differ-
ential of g = g ®p RE. Then, for every o € AF(g*)

da =da+ B A,

for a certain 3 € A*(g*), where n is the 1-form on g such that n(X) = 0 for all
X egandn(é) =1.

Proof. Let (e1,...,eg) denote a basis of § with dual basis (e',...,e®). Then, the
7-tuple (e1,...,eq,€) is a basis of g with dual basis (e!,...,e% n). To simplify the
computations, let e; := ¢ and e’ := 7. If we denote by c,il the structure constants
of g with respect to the considered basis and by é};l those of g, it follows from (3.16)

that ¢}, = Djk for every j,k =1,...,6, since

le7,ex] = Dey, = Djkej,

and that for all 5, k,l=1,...,6

Consequently,

and for j =1,...,6,

de? = Y i<rer<r(—c)er = Zlgkdgﬁ(_clil)@kl+Zg:1(_cg¢7)ek7

= de’ + <22=1 Djkek> Ae.
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The assertion follows then writing every a € A*(g*) with respect to the considered
basis of g* and applying the properties of the differential d together with the previous

expressions. O

It is clear from the discussion in Remark 1.2.10 that there exists a real represen-

tation of 3 x 3 complex matrices

which sends a matrix a € gl(3,C) to the matrix p(a) obtained by replacing each

complex entry @’ i of a with the 2 x 2 real matrix

( R(a) ~S(ay) )
%(a]k) §R(a]k)

Now, suppose that (w,4) is a coupled SU(3)-structure on a six-dimensional Lie
algebra g and let D be a derivation of § such that D = p(a), where a € sl(3,C).

Then, the matrix associated with D with respect to an SU(3)-basis (eq,...,es) of g
for (w,v4) is of the form

b1 —bia | b1z —big bis —big
b2 b1 | ba D13 bis b1s
D— bar  —bag | baz  —boy b2s —bag ’ (3.17)
baa  bo1 | b2a Do b2 bas
b31  —bsa | b3z —b3s | —bi1 —baz D12+ boy
bsz  bsr | bza bz | —bi2 —baa —b11 —bos

where b;, € R. This gives a sufficient condition for the existence of a locally conformal

calibrated Ga-structure on g ®p RE:

Proposition 3.3.17 ([66]). Let (w, ) be a coupled SU(3)-structure on a Lie algebra
g of dimension siz and let D = p(a), a € sl(3,C), be a derivation of § whose matriz
representation with respect to an SU(3)-basis (e1,...,eqs) of §° for (w,v4) is as in
(3.17). Then, the Lie algebra

g=09@p R¢,

with the Lie bracket given by (3.16), has a locally conformal calibrated Go-structure.
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Proof. On g =g ®p RE consider the 3-form

p=wAn+hy, (3.18)

where 7 is the 1-form on g introduced in Lemma 3.3.16 and defined in such a way
that n(X) = 0 for all X € g and n(§) = 1. ¢ defines a Ga-structure on g, since
(e',...,e% n) is a Go-basis of g*. We shall see that

dp=dwAn+dipy =—cnAp,

where c is the coupled constant of the coupled SU(3)-structure on g, i.e., dw = cy.
Suppose that X,Y, Z, W € g. Then, it is clear that

(dwA0)(X,Y,Z,W) =0.
Consequently, by Lemma 3.3.16, we have
dp(X,Y,Z,W) =dip(X,Y,Z,W) =dip(X,Y,Z,W) =0,
as Yy is d-closed. Let us consider X,Y, Z € §. Using (3.18), we obtain

dp(X,Y,2,§) = —o([X,Y],Z,§) +¢([X,Z],Y,€) — o([X,£].Y, Z)
—o([Y, Z], X, &) + o([Y, €], X, Z) — o([Z,£], X, Y)
= —w([X,Y],Z) +w(X,Z],Y) - w([Y, Z], X)
v ([X,8.Y. Z2) + ¥ ([V, €], X, Z) — v ([Z,€], X, Y)
= U (D(X),Y,Z) + ¢4 (X, DY), Z) + 4 (X, Y, D(Z))
+dw(X,Y, Z).

Taking into account the expressions of D and 4 in terms of the SU(3)-basis, it is

easy to check that

Y (D(ej), ek, er) + i (ej, D(ex), er) + 1 (ej, ex, D(er)) = 0,

for every triple {e;, ey, e;} of elements of the SU(3)-basis. Therefore,

dp(X,Y, 2,) = dw(X,Y, Z) = dw(X,Y, Z) = c o+ (X, Y, Z).
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Using (3.18) again, we get
dp(X,Y, Z,§) = —(en AN ) (X, Y, Z,§),

which completes the proof that the 3-form ¢ given by (3.18) defines a locally confor-

mal calibrated Ga-structure on g. O

As an application of the previous proposition, we describe two examples of non-
isomorphic solvable Lie algebras endowed with a locally conformal calibrated Go-
structure. They are obtained considering two different derivations on the nilpotent
Lie algebra ngg (cf. Table 1.1).

Example 3.3.18 ([66]). Consider the six-dimensional nilpotent Lie algebra n := ng.
We know that it admits a coupled SU(3)-structure and that its structure equations

with respect to the corresponding SU(3)-basis (el, ..., e%) of n* are (see (2.34))
(0,0,0,0, ! + 2, e!3 — 24,
The coupled SU(3)-structure is then defined by the pair
w= e+ 34 by = €135 _ o146 _ 236 _ 245

and has coupled constant ¢ = —1.
Let D be the derivation of n defined as follows

D61 = —e€s3, D€2 = —é4, Deg = €1, D64 = €9, D65 = 0, D66 =0.

The Lie algebra s = n ®p Re7 has the following structure equations with respect to

the basis (el, o..,e8 67) of 5*
(6377647’ el 2T M4 2B 13 62470) .
By Proposition 3.3.17, the 3-form
p=wAe +i

defines a locally conformal calibrated Go-structure on s with Lee form 6 = —e”.
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Let S denote the simply connected solvable Lie group with Lie algebra s, let N
denote the simply connected nilpotent Lie group such that Lie(N) = n and let e € N
denote the identity element. Observe that S = R x, N, where y is the unique smooth
action of R on N such that ()« = exp(tD), for every ¢t € R, and where exp denotes
the map exp : Der(n) — Aut(n). Hence, being S the semi-direct product of R and
its nilradical N, it is almost nilpotent in the sense of [85].

Now, in order to show a lattice of S we proceed as follows. The considered

SU(3)-basis (e, ..., eq) is a rational basis of n and with respect to it we have
[ cos(t) 0 sin(¢() 0 0 0]
0 cos(t) 0 sin(¢) 0 0
— sin(t) 0 cos(t) 0 00
exp(tD) =
0 — sin(t) 0 cos(t) 0 O
0 0 0 0 10
0 0 0 0 0 1

In particular, exp(7D) is an integer matrix. Therefore, denoted by expN : n — N
the exponential map, exp™(Z{ey,...,eg)) is a lattice of N preserved by u(rm) and,

consequently,
T = nZ x, exp" (Z{e1, ..., eq)) (3.19)

is a lattice in S (see [25]). Thus, the compact quotient S/T" is a compact solvmanifold

endowed with an invariant locally conformal calibrated Go-structure ¢.

Example 3.3.19 ([66]). Let us consider the coupled SU(3)-structure (w,14) on

n := ngg described in the previous example and the derivation D € Der(n) given by
Dey =2e3, Des =2e4, Des=-e;, Deg=e3, Des=0, Deg=0,

with respect to the SU(3)-basis (eq,...,eg) of n. Then, the Lie algebra q = n®p Rer

has the following structure equations with respect to the basis (el, o.,e8 67) of q*

(637, e477 2617, 2627, 614 + 623, 613 o 624, 0) )
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The 3-form
o=wAhe +1p,

defines a locally conformal calibrated Ga-structure on q with Lee form § = —e” by
Proposition 3.3.17.

As in the previous example, we have an almost nilpotent Lie group Q = R x,, N,
where Q is the simply connected Lie group with solvable Lie algebra q and y is the
unique smooth action of R on N such that p(t).. = exp(tD), for every ¢t € R. With
respect to the rational basis (X1,...,Xg) of n given by X; = —%62 + eq, X9 =
—\%261 + e3, X3 = %61 +e3, Xy = %62 + eq4, X5 = \/565,X6 = \/566, the matrix
associated with exp (\/§D) is integer. More in detail, we have

exp(ViD)::dmgC—Z—Q,ZQJLO)

Thus, exp™(Z(X1,...,Xg)) is a lattice of N preserved by u (v/2) and, as a conse-
quence,
I =2 Zx,expN(Z(Xy,..., Xq))

is a lattice in Q. The compact quotient Q/T" is then a compact solvmanifold endowed

with an invariant locally conformal calibrated Ga-structure .

Further results on the existence of locally conformal calibrated Ga-structures on
Lie algebras can be obtained using Lemma 3.3.16 also when the derivation D is not

of the form p(a) for some a € sl(3,C). In detail

Proposition 3.3.20 ([71]). Let g be a siz-dimensional Lie algebra admitting a cou-
pled SU(3)-structure (w,¥4) with coupled constant ¢ € R—{0} and let D be a deriva-
tion of §g. Consider the seven-dimensional Lie algebra g = § ®p RE with Lie bracket
given by (3.16) and Chevalley-Filenberg differential d. Then, the 3-form

p=wAn+iy

defines a Ga-structure on g. Moreover, there exists B € A3(g*) such that dip, = BAn

and

i) B =0 if and only if ¢ is locally conformal calibrated with Lee form 6 = cn.
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i) B = —2cty if and only if ¢ is locally conformal calibrated with Lee form 6 =
—cn.

Proof. We already know from the proof of Proposition 3.3.17 that ¢ is a Go-structure
on g = g ®p RE. By Lemma 3.3.16, there exists 3 € A3(g*) such that

dpy = dys +BAn=BAn,

since dy4 = 0. Moreover,

dp = dwoAn+dpy = doAn+BAn (3.20)
= ¢y An+BAn = —enNp+BAn
and from this the first point follows immediately.
Let us now prove the second point. First, suppose that § = —2c. Then, from
(3.20) we obtain
de=—cnNp+BAn=—(—cn) A
Conversely, if dp = —0 A ¢ with 6 = —cn, then from (3.20) we get
nNg=dp=—cnNp+BAn,
which implies 8 = —2c¢4. O

3.4 Einstein locally conformal calibrated Gs-structures

From the results recalled in Section 3.1.3, we know that calibrated Gs-structures
inducing an Einstein metric cannot exist on compact 7-manifolds [30, 47] and that
the same holds true in the noncompact case for left-invariant calibrated Go-structures
inducing an Einstein non-flat metric on solvmanifolds [65]. It is then natural to ask
whether these results extend to manifolds endowed with an Einstein locally conformal
calibrated Go-structure, that is, a Go-structure of type Xo & Xy whose underlying
metric is Einstein.

A useful tool to study the problem is the conformal Yamabe constant, let us recall

its definition.
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Definition 3.4.1. Let (M, g) be a Riemannian manifold of dimension m > 3, let
A, = %,pm = % and let C2°(M) denote the set of compactly supported
smooth real valued functions on M. Then, the conformal Yamabe constant of (M, g)

is

dul? + u* Scal(g)) dV,
Qurg= e il uSealy) d,
uECC (M)vuzo (fM ‘u|pmd‘/jg) Pm
The sign of Q(M, g) is a conformal invariant. In particular, the following charac-

terization holds.

Proposition 3.4.2 ([166]). Let (M, g) be a compact Riemannian manifold of dimen-
sion m > 3. Then, Q(M, g) is negative/zero/positive if and only if g is conformal to

a Riemannian metric of negative/zero/positive scalar curvature.
Moreover, it is possible to show the

Proposition 3.4.3 ([132]). Let (M,g) be a complete Riemannian manifold of non-
positive scalar curvature. If the volume of M is finite, then Q(M,g) < 0.

We are now ready to prove the first result.

Theorem 3.4.4 ([71]). Let M be a seven-dimensional compact manifold endowed
with an Finstein locally conformal calibrated Go-structure ¢. Then, Scal(g,) < 0.

Moreover, if M is connected, Scal(g,) is either zero or negative.

Proof. Suppose that Scal(g,) > 0, then the Lee form 6 € Q'(M) is exact. Indeed,
since df) = 0, we can consider the de Rham class [0] € Hl (M) and take the harmonic
1-form o representing [f], that is, § = a + df, where Aa = (dd* + d*d)a = 0 and
f € C®(M). « has to vanish everywhere on M, since it is compact, oriented and
has positive Ricci curvature (cf. [24]). Then, § = df. Let us consider  := e/, by
Lemma 3.3.6 and the discussion preceding it, we know that ¢ is a closed Go-structure
on M with associated Riemannian metric g5 = ei ! g, conformal to the metric g, of
positive scalar curvature. Consequently, the conformal Yamabe constant Q(M, g5)
is positive by Proposition 3.4.2. Since (M, g3) is compact, it has finite volume and
is complete. Moreover, it has nonpositive scalar curvature by Proposition 3.1.13.
Therefore, by Proposition 3.4.3, we have Q(M, g3) < 0, which is in contrast with the

previous result. O
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As a consequence, we obtain the

Corollary 3.4.5 ([71]). A seven-dimensional compact, homogeneous manifold M
cannot admit any invariant Einstein locally conformal calibrated Go-structure o, un-

less the underlying metric g, is flat.

Proof. A homogeneous Einstein manifold with negative scalar curvature is noncom-
pact by [22, Thm. 7.56]. Thus, every seven-dimensional compact, homogeneous
manifold M with an invariant Ge-structure ¢ whose associated metric is Einstein
has Scal(g,) > 0. Combining this with the previous theorem, we have Scal(g,) = 0
and, in particular, g, is Ricci-flat. The statement then follows recalling that in the

homogeneous case Ricci-flatness implies flatness [6]. O

That being so, in the compact homogeneous case there are no invariant locally
conformal calibrated Go-structures whose underlying metric is Einstein non-flat. We
show now that this is not true in the noncompact case, providing an example of a
left-invariant Einstein (non-flat) locally conformal calibrated Go-structure on a seven-
dimensional solvmanifold. This tells us, in particular, that the aforementioned result

of [65] does not extend to the case of locally conformal calibrated Go-structures.
Example 3.4.6 ([71]). Consider the six-dimensional nilpotent Lie algebra

nog = (0,0,0,0,e'® — €24, ! 4 ¢23)
endowed with the coupled SU(3)-structure

w2 4B B0 = 136 45 235 246

whose coupled constant is ¢ = —1. As we observed in the proof of Theorem 2.4.12,
the inner product g = ZZ:1(€k)2 induced by (w, 1) is a nilsoliton (cf. Section 1.4.4)

with Ricci operator

1111
R'C(g) = _3I+4dlag <27 57 57 ia 17 1> )

1111
2120202
recalled in Proposition 1.4.15, the metric rank-one solvable extension s = nog @ Rer

where D = diag ( 1, 1) is a symmetric derivation of nog. By Lauret’s result
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of ngg with structure equations
1 1 1 1
<2617’ 5627’ 5637’ 5647’613 B2 SIS P I 667’0>
is endowed with the Einstein inner product g+ (e”)2. This is exactly the inner product
gy induced by the 3-form
p=wne iy,

which defines a locally conformal calibrated Go-structure on s with Lee form 6 = €7
by the second point of Proposition 3.3.20, as di; = 21, Ae’. A simple computation

shows that the non-vanishing intrinsic torsion forms of ¢ are

1 5 ) 10
T = —567, T2 = — <3€12 + §€34 + 3656> .

Moreover, ¢ is not *-Einstein, since by direct computation with respect to the or-

thonormal basis (eq,...,e7), we get the following expression of the *-Ricci tensor
(cf. (3.9))
1000 0 0 O
0100 0 0 O
0010 0 0 O
pP=10001 0 0 O
000 022 0 O
0000 0 22 0
0000 0O 0 -6

Summarizing, ¢ gives rise to a left-invariant Einstein (non-flat) locally conformal
calibrated Geo-structure on the simply connected solvable Lie group S with Lie algebra
s, which is not unimodular (tr(ade,) # 0) and, so, does not admit any compact
quotient by [145, Lemma 6.2].

We can also give an example of noncompact homogeneous manifold admitting an

Einstein (non-flat) locally conformal parallel Go-structure.

Example 3.4.7 ([71]). The Einstein rank-one solvable extension of the Abelian Lie
algebra a = (0,0,0,0,0,0) of dimension six is the solvable Lie algebra e with structure

equations

(ae”, a627, ae37, ae47, ae57, a667, O) ,
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where a is a nonzero real number. The inner product on e
7
k\2
g=> ("
k=1
is Einstein with Ricci tensor given by Ric(g) = —6a? g. The 3-form

= —el2D _ Q136 _ T 28T 26 | (345 _ 567

defines a Geo-structure on e with Go-basis (—61, et e? e3 e’ —eb, 67) and such that

g, = g. From the expressions

dp = 3a (_62467 4 345 _ 1257 _ 61367) :
dx, o = da (623567 4 12347 _ 614567) ’
it is immediate to see that 71 = —ae” and 79 = 0,7 = 0,73 = 0. Then, the Go-

structure ¢ is locally conformal parallel.

Starting from a 6-manifold endowed with a suitable coupled SU(3)-structure in-
ducing an Einstein metric, it is possible to construct a noncompact manifold endowed
with a locally conformal calibrated Ga-structure inducing a Ricci-flat metric. To our

knowledge, the next example is the first of this kind.

Example 3.4.8 ([70]). Let us consider the coupled Einstein SU(3)-structure (w, ¢+ )

obtained on the twistor space Z in Section 2.5.2. First of all, we rescale it in the

3
. 8 ~ 8\ 2
w = gw) ¢+ = (5> w+‘

following way

Then, by Lemma 2.4.5, the pair c’\u,z/p\+ is a coupled SU(3)-structure with coupled
constant ¢ = —+/10 and inducing the metric § = % g. Consequently, since g is
Einstein with Einstein constant 48, we have Scal(g) = 30 and Ric(g) =57.

If we consider the Ga-structure ¢ induced on the cone C(Z) by @, {b\_l,_, then the
metric g, = t2g + dt? is Ricci-flat by Proposition 3.2.5. Moreover, by Proposition
3.3.8, the only non-identically vanishing intrinsic torsion forms of the Go-structure

are
3++/10
_-2+vI0 dt,

T = To = —tw, .
1 3¢ 2 2
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Therefore, the coupled Einstein SU(3)-structure @,1Z+ induces a locally conformal

calibrated Ga-structure on the cone C(Z) whose underlying metric is Ricci-flat.

Remark 3.4.9. It is worth observing here that calibrated Ga-structures inducing a
Ricci-flat metric are actually parallel as a consequence of Proposition 3.1.13. The
previous example shows that a result of this kind is not true anymore for locally

conformal calibrated Ga-structures.

Since the sine-cone over an m-dimensional Einstein manifold with Einstein con-
stant (m — 1) is still Einstein by Proposition 3.2.6, on the sine-cone over the coupled
Einstein manifold of the previous example there exists a Gg-structure inducing an

Einstein metric. Its Go-type is described in the next example.

Example 3.4.10. Let &, 1, be the coupled Einstein SU(3)-structure on Z consid-
ered in Example 3.4.8. Then, the Riemannian metric g, underlying the Go-structure
@ = sin?(t) D A dt + sin®(t) cos(t) Py — sin*(t) ¢

on the sine-cone SC(Z) is Einstein by Proposition 3.2.6.

A long but straightforward computation gives the following expressions for the
intrinsic torsion forms of the Ga-structure ¢ induced on the sine-cone by a cou-
pled SU(3)-structure (w,;) with coupled constant ¢ and possibly non-identically

vanishing wj :

8c+4
T =
0 7
c
T o= (1 - §> cot(t)dt,
sin(2t) _
— 4
T = ¢ - 5 <sin4(t)¢) — sin3(t) cos(t)vy + 3 sin?(t)dt A w> — sin?(¢)dt A ws .

It is possible to crosscheck this result computing dy and d *, ¢ and comparing
them with the expression of the right-hand side of (3.8) when the differential forms
appearing there are those written above.

Thus, since in our case ¢ = —/10 and w; # 0, the sine-cone SC(Z) is endowed
with a Ga-structure of type X1 & Ao @ X3 & Xy and inducing an Einstein metric.



152 Chapter 3. Locally conformal calibrated Go-manifolds

Moreover, observe that from the above expressions of the intrinsic torsion forms
we get that a nearly Kéhler SU(3)-structure with w; = —2 induces a nearly parallel

Ga-structure with 79 = 4 on the sine-cone, recovering a result of [23].

3.5 A structure result

In Proposition 3.3.11, we proved that, given a compact, connected 6-manifold M
endowed with a coupled SU(3)-structure (w, ;) preserved by a diffeomorphism v
of M, there exists a locally conformal calibrated Ga-structure @ on the compact
mapping torus M, of v. Moreover, we observed that the Lee form of ¢ is ¢n, where ¢
is the coupled constant of (w,4) and 7 is the characteristic 1-form of M,, L¢p =0
and the vector field & is the gz-dual of 7. In addition to this, we emphasize here also
that the fibers of the fibration = : M, — S! are compact 6-manifolds endowed with
a coupled SU(3)-structure.

A natural question arising from this result is whether it is possible to find a con-
verse and, more precisely, under which conditions a compact, connected 7-manifold
M endowed with a locally conformal calibrated Gs-structure is fibered over S! with
fibers endowed with a coupled SU(3)-structure. Our purpose in this section is to find
a solution to this problem.

Similar problems have been studied in literature before. For instance, in [13]
Banyaga showed that special types of exact locally conformal symplectic manifolds
are fibered over S' with each fiber carrying a contact form. In this context, exact

means dg-exact in the sense of the following

Definition 3.5.1. Let M be a manifold and consider a closed 1-form 6 on it. A
differential form o € Q¥(M) is said to be dy-ezact if there exists some 8 € QF~1(M)
such that

a:d5+0/\,8::d9ﬂ.

Examples of exact locally conformal symplectic structures are given by those
called of the first kind in Vaisman’s paper [176], where the author proved that a

manifold M?" endowed with such a structure is a 2-contact manifold and has a
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vertical two-dimensional foliation. Moreover, when this foliation is regular, he showed
that M?" is a T?-principal bundle over a symplectic manifold.

More in general, by [12, Prop. 3.3], every compact manifold of dimension 2k + 2
admitting a generalized contact pair of type (k,0), that is, a pair of 1-forms («, /)
such that aA(da)* A is a volume form, d3 = 0 and (da)*+! = 0, fibers over the circle
with fiber a contact manifold and the monodromy acting by a contactomorphism.
Conversely, every mapping torus of a contactomorphism admits a generalized contact
pair of type (k,0) and an induced locally conformal symplectic form. Note also that
a contact pair («a, ) of type (k,0) gives rise to a locally conformal symplectic form
defined by da 4+ a A 5.

In [133], Li proved that odd-dimensional co-symplectic and co-Kéhler manifolds
can be characterized as mapping tori over symplectic and Kéhler manifolds, respec-
tively.

Finally, a characterization of compact locally conformal parallel Go-manifolds as
fiber bundles over S! with compact nearly Kéhler fiber was obtained in [104] (see also
[177]). It was also shown there that for compact seven-dimensional locally conformal
parallel Go-manifolds (M, ) with co-closed Lee form 6, the Lee flow preserves the
Gauduchon Go-structure, i.e., Ly = 0, where 6" is the dual of @ with respect to Jp-

3.5.1 dy-exact Go-structures

Some of the results just recalled suggest that having a Ga-structure whose defining
3-form is exact in the sense of Definition 3.5.1 might be a good hypothesis for our
aim. This observation is strenghtened by the fact that every dg-exact Go-structure

is locally conformal calibrated.

Proposition 3.5.2. Let M be a 7-manifold endowed with a Go-structure o which is
dy-ezxact for a certain closed 1-form 6 on M. Then, ¢ is locally conformal calibrated
with Lee form 6.

Proof. We know that ¢ = dyf3 = df3 + 0 A 3 for some 3 € Q%(M). Then,
dp=ddB+0NB)=dOINB—ONdB=—0AN¢p

and the assertion is proved. ]
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We already encountered an example of dy-exact Go-structure, namely that con-
structed on the mapping torus in the proof of Proposition 3.3.11 and recalled at the
beginning of this section. Indeed, it satisfies

F=GAN+y :C;/\n+%d&:dcn (‘;’) .
Remark 3.5.3. Given a locally conformal calibrated Ga-structure ¢, we can consider
the class
{efo | e c=(m)}
of locally conformal calibrated Ga-structures which are conformally equivalent to .

As dp = —0 A ¢, we have
d(efgo) =(df —0)nelp

and ¢ is dg-exact if and only if ey is d(p—ap)-exact. Thus, being dg-exact is a

conformal property for locally conformal calibrated Ge-structures.

It is a general fact that the R-linear map
do : QF(M) — QFTY(M), deB=dB+6 A B,

satisfies the property dg o dg = 0 when 6 is a closed 1-form. Thus, {Q'(M),dp} is a

differential complex and gives rise to the cohomology groups
HE(M) = ker [dg QP (M) — Qk“(M)] / Im [de QP L) - Qk(M)} :

which are conformal invariants of a locally conformal calibrated Gg-manifold (M, ¢)
with Lee form 6 as a consequence of Remark 3.5.3. Moreover, when ¢ is locally
conformal calibrated with dp = —0 A ¢, it is immediate to check that dgp = 0. Then,
the obstruction for ¢ to be dp-exact is represented by the group HS(M ), meaning
that ¢ is dp-exact when Hy(M) = {0}, while it might not be dg-exact otherwise.

Now, we look for conditions guaranteeing the dg-exactness of a locally conformal
calibrated Ga-structure with Lee form 6.

Recall that a vector field X on M is a conformal infinitesimal automorphism of
¢ if an only if there exists a smooth function hx € C*°(M) such that Lx¢ = hxe.
If hx is identically zero, then X is an infinitesimal automorphism of p. We start

proving the following
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Lemma 3.5.4 ([66]). Let (M, p) be a locally conformal calibrated Ga-manifold with
Lee form 6. A wvector field X on M is a conformal infinitesimal automorphism of
@ if and only if there exists a smooth function fx € C°(M) such that dgo = fxp,

where o := 1xp. Moreover, if M is connected, fx is constant.

Proof. Let us compute the expression of the Lie derivative of ¢ with respect to X

Lxp = dixy)+ix(dy)
= do+ix(—0 N )
do —0(X)p+ 0N (txp)
= do+0No—0(X)p
= dgo —0(X)y,

where o := tx¢. Therefore, X is a conformal infinitesimal automorphism of ¢ with
Lxp = hxy if and only if dgo = fxp, where fx is a smooth real valued function on
M such that fx = hx + 6(X).

Suppose now that M is connected and let X be a conformal infinitesimal auto-
morphism of ¢. We have just shown that dgo = fx¢ for some fx € C°(M). Using
the general property dg o dg = 0, we have

0 = dy(dgo)
= do(fxp)
d(fxe) +0A(fxp)
= dfx Ao+ fxde+ fx(0A )
dfx N+ fxdp — fxde
= dfx Ao.

By (3.5), we obtain dfx = 0 and from this the assertion follows. O

Corollary 3.5.5. If X € X(M) is a conformal infinitesimal automorphism of a

locally conformal calibrated Go-structure ¢ with fx a monzero constant, then ¢ is

1 o
#= o =do <fx>

Recall the integral identity shown in [135].

dg-exact. Indeed,
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Lemma 3.5.6 ([135]). Let M be a seven-dimensional compact manifold. Then, for
every Go-structure ¢ on M, every vector field X on M and f € C*>°(M), it holds

/ Lxp A*pfp = —3/ df Axp X, (3.21)
M M

From (3.21) with f identically equal to 1 and X conformal infinitesimal automor-

phism of ¢ with Lx¢p = hxp, we have

/ hxdV, = 0.
M

Thus, thinking at the proof of Lemma 3.5.4, we get

/ H(X)dV@:/ fxdV, = fxVol(M),
M M

which proves the following

Lemma 3.5.7. Let (M, ) be a compact, connected locally conformal calibrated Go-
manifold with Lee form 0 and let X € X(M) be a conformal infinitesimal automor-

phism of ¢. Then, the Riemannian integral of the function 0(X) over M is constant.

In conclusion, we can show a characterization for dg-exact locally conformal cal-

ibrated Ga-structures.

Proposition 3.5.8 ([66]). Let (M, ) be a connected locally conformal calibrated Ga-
manifold with non-vanishing Lee form 6. Let X = 6% be the 9p-dual vector field of 0,
i.e., 0(-) = g,(X,-), and define the 2-form o := 1x¢. Then, Lxyp = 0 if and only if
0(X)p = dga. Moreover, if Lxp =0, then 0(X) = | X|? is a nonzero constant.

Proof. We have
Lxp = d(xp)+ixde
= do+ux(—0N)
= do—0(X)p+6ANo0.
Therefore, Lx¢ = 0 if and only if (X )¢ = dgo.
If Lxo = 0, from Lemma 3.5.4 we have that §(X) = |X|? is a nonzero con-
stant, since 8(X)p = dgo and X = 6%, where the map - : Q1(M) — X(M) is an

isomorphism. ]
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Remark 3.5.9. Notice that the locally conformal calibrated Go-structure on the
mapping torus studied in Proposition 3.3.11 satisfies the previous characterization.
It is then quite natural to presume that Ly = 0 with 6 non-vanishing might be the
right hypothesis to find a solution to the problem we are studying.

The examples given at the end of Section 3.3.1 are useful to understand better
how restrictive is the situation described in the previous result. Indeed, they allow us
to conclude that locally conformal calibrated Go-structures satisfying the character-
ization of Proposition 3.5.8 constitute a subset of the set of dg-exact Ga-structures.

In detail:

Example 3.5.10. Consider the seven-dimensional Lie algebra introduced in Exam-
ple 3.3.18

5 — (63776477 el 2T oM 28 13 624’0) .
It admits a locally conformal calibrated Ga-structure defined by

— e127 + 6347 + 6567 + 6135 _ e146 _ 6236 _ 6245,

¥

and whose Lee form is 6 = —¢.

 gives rise to an invariant locally conformal
calibrated Ga-structure on the compact solvmanifold S/T', where S is the simply
connected solvable Lie group with Lie algebra s and T is the lattice (3.19). If X = —er
denotes the g,-dual vector field of the Lee form 6 = —e7, then it is easy to check
that Lx¢ = 0 and ¢ = dgo, where 0 = ixp. Thus, S/T" is an example of manifold

satisfying the results of Proposition 3.5.8.
Example 3.5.11. The seven-dimensional Lie algebra introduced in Example 3.3.19
q= (637,647’ 2617 2627 o4 4 23 13 _ 624,0)

is endowed with the locally conformal calibrated Go-structure

— 6127 347 567 135 146 236 245

%) +e +e te e —e —e

with Lee form § = —e”. If X = —e7 denotes the go-dual vector field of 0, a simple
computation shows that £x¢ # 0 and, according to Proposition 3.5.8, ¢ # dy(tx ).
However, ¢ is dg-exact. Indeed, ¢ = dyy, where

5 3 3 1
**612—7614—%*623—?634—656.

7 7 7
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3.5.2 The main theorem

Let us now consider a seven-dimensional compact, connected manifold M endowed
with a locally conformal calibrated Ga-structure ¢. We shall show that when the
Lee form 6 is non-vanishing and Ly = 0, the manifold M is fibered over S! and
each fiber is endowed with a coupled SU(3)-structure.

We begin recalling some known results which we will use in the proof. The first

one follows immediately from the discussion of Section 3.2.1.

Proposition 3.5.12 ([53]). Let V be a seven-dimensional real vector space endowed
with a Ga-structure ¢ inducing the inner product g,. Moreover, let n € V be a unit
vector with g,(n,n) =1 and let W := (n)* denote the gep-orthogonal complement of
the subspace (n)y C V. Then, the pair (w,11) defined by

w=(mp)|lw, vr=0¢lw
is an SU(3)-structure on W inducing the inner product g = g, |w

A result due to Tischler [174] characterizes compact manifolds which are fibered

over the circle.

Theorem 3.5.13 ([174]). Let M be a compact manifold of dimension m. Then,
M is the total space of a fiber bundle over the circle if and only if there exists a

non-vanishing closed 1-form on it.

Proof. We give an idea of the proof focusing only on the results which are of interest
for us. The reader can refer to [174] for the details.

If 7: M — S' is a fiber bundle and ¢ denotes the angle coordinate on S*, then
the pullback 7*(dt) defines a non-vanishing closed 1-form on M.

Conversely, let § € Q'(M) be a non-vanishing closed 1-form on M. Since M is
compact, § is not exact and its de Rham cohomology class [6] € HJg (M) is nonzero.
Let a,...,ax be closed 1-forms on M defining a basis {[a1], ..., [ax]} of Hiz(M).
We can write

k
0= Z zio; + dh
=1
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for certain z; € R and h € C°°(M). S! is an Eilenberg-Maclane space, as it has only
one non-trivial homotopy group, namely 71 (S') = Z. In this case, there is a bijection
between the set of homotopy classes of maps from M into the circle and H'(M,Z),
i.e., the first singular cohomology group of M with coefficients in Z. Using this
fact and the de Rham isomorphisms of M and S?, it is possible to obtain k& smooth
functions f; : M — S, 1 <i < k, such that f7(dt) = o; + dh;, where h; € C®(M).
Then,

k k
0=>> wiff(dt)+ ) zidh; + dh
=1 =1

and the last two summands can be absorbed in the first one, since for every smooth
function f: M — S' and h € C°°(M) it holds

fr(dt) + dh = (f + 1o h)” (dt),

where IT : R — S! is the universal covering map and the addition in the right-hand
side of the identity is induced by the group structure on S*. Now, for an appropriate

choice of rational numbers %, 1 <1 < k, the quantity

k
1
q;:l fi (dt)

can be made arbitrarily small, where the norm |- | is induced by some Riemannian
metric on M (cf. Remark 1.2.6). Consequently, the closed 1-form with integral

periods
R k
0= niff(dt)
=1

is non-vanishing. Since n; € Z, the smooth map f : M — S' given by f = Zle n; fi
is well-defined and satisfies f*(dt) = 0. f is then a smooth submersion between the
compact manifold M and the connected manifold S'. Thus, by Ehresmann’s result

[62, Prop. p. 154], f is a fiber map whose fibers are compact and connected. O

Now, we state some further lemmas which will be also useful in the proof of the

theorem.
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Lemma 3.5.14. Let (M, g) be a Riemannian manifold and consider two differential
forms o € QY (M), k € Q*(M). Then,

o A K[ = 3laf |k — 6]y,

where | - | is the pointwise norm induced by g and v € QY (M) is defined locally as

v =yidat, vi = g akji. From this follows
la A k|2 < 3laf?|k]%

When M is compact, with respect to the L?-norm ||-|| induced by the L?-inner product
of differential forms («, 5) = fM ax*f = fM g(a, B) * 1, we then have

la A k|? < 3/ 2]k * 1.
M

Proof. Using the conventions introduced in Section 1.1.1, in local coordinates we
have

(N K)ijr = Qikjr — QK + 0 Rij.
We can now start with the computations:
laAE? = (@A K)irggg(a A K)abe
= 30ikjrg" g’ g  akive — 6 aikjrg g7 g  Cpkige
= 3(aig"aa)(Kjrg? g ki) — 6 (9" tikiac) g (9" pkijr)
= 3laf’[s* — 6797

= 3la?|s]> =67

For manifolds endowed with a Ga-structure, we can prove the following

Lemma 3.5.15. Let M be a 7-manifold endowed with a Go-structure . Consider
a vector field X € X(M) and define the 2-form o := vx¢. Then,

o] = 31X,

where | - | is the norm induced by g,.
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Proof. Using the identity ¢ A (txp) =2 *, (tx¢) (see [111] for a proof), we have

1
0%, l=0A%p0 =0 Ao Ao == (1xp) A(xe) Ap=3|X[**, 1.

(
1
2 2

Finally, we show the following result on vector spaces

Lemma 3.5.16. Let V be a real vector space of dimension m endowed with an inner
product g inducing the norm |v| = g(v,v)%, v € V. Consider two vector subspaces
Wi, Wy C V of dimension m — 1 defined as the g-orthogonal complement of two unit
vectors ny and ng, respectively. If the angle between ny and no is close to zero, then
the subspaces W1 and Wy thought as points in the Grassmannian Gr(m — 1,V) are

close with respect to the distance induced by the operator norm

dGr(m—l,V) (Wl? WQ) = HerI — P, Hop

= sup {|er1U - er2U|} )
VeV, |v|=1

where pry,. : V. — W, is the projection pry,v = v — g(v,n;)n;, i = 1,2. Moreover,
there exists an tnvertible linear map a : V. — V which is close to the identity with

respect to the operator norm and satisfies a |y, : W1 — Wa.

Proof. By hypothesis, the angle between n; and ny is a certain € > 0 which is close
to zero. Then,

g(n1,ny) = cos(e),

since both n; and ny have unit norm. In particular, cos(¢) is close to one and sin(e)
is close to zero.

Let (e1,...,em) be a g-orthonormal basis of V. Without loss of generality, we can
assume that

ny = ey, N =sin(e)e,—1 + cos(e)en,.

Let us now compute the distance dGr(m_l,V)(Wl, W5). Consider a generic unit

vector v of V, we can write v = v'e;, where v* are m real numbers such that

of = () 4 =1
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Now,
m—1
pryy, v =v —g(v,ny)n; = v — g(v,em)emn = Z v'e;,
i=1
and
pryy,v = v—g(v,na)ny = v — (v sin(e) + v cos(e))ns
m—2

= v'e; + (V™ — Bsin(e))em—1 + (v™ — Beos(e))em,

where B := v™ !sin(e) + v™ cos(g). Thus,

lpryy,v — er2v‘2 = |Bsin(e)epm_1 — (v™ — Bcos(e))em|?

= BZsin%(e) + (v™ — Bcos(e))?

= B%4 (v™)% = 20™ Bcos(e)
(™ 12 sin%(e) — (v™)% cos?(e) + (v™)?
(62 + (7)) i)

< |vf?sin(e) = sin?(e).

Consequently, for every unit vector v of V, we get
‘erlv - erQQ)‘ < sin(e),
which clearly implies
dGrm-1,v) (W1, W) = [[pryy, — pry, |, < sin(e).

Since sin(e) is close to zero, the first assertion is proved.

We have now to prove that there exists an invertible linear map a :

V —

V' which is close to the identity with respect to the operator norm and satisfies

alw, : W1 — Wy. Let us consider the vector space Wi, if (wi,...,wm-1) is g¢-

orthonormal basis of it, then it is clear that (wq,...,wy,—1,n1) is a g-orthonormal

basis of V. Notice that if we choose n; = e,, as we did before, then, up to an orthog-

onal transformation, (wi,...,wmn—1)is (e1,...,em—1). Fori=1,...,m —1, consider

the vectors of Ws

2i 1= Pryy, Wi,
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they define a basis of Wy. Moreover, since the vectors w; have unit norm, by the

computation above we have

lwi — 2| = [pry, wi — pryy,w;| < sin(e),
that is, the vectors z; and w; are close for every ¢ = 1,...,m — 1. The invertible
linear map a : V' — V is then defined by sending the basis (w1, ..., wm—1,n1) to the
basis (z1,...,2m—1,1n2) in the following way

a:w; — z;, a:njt— nNo.

The proof that ||a — I|op is close to zero is obtained by computations similar to those

worked out previously. d

We can now prove the main result of this section.

Theorem 3.5.17. Let M be a compact, connected seven-dimensional manifold en-
dowed with a locally conformal calibrated Go-structure ¢ with non-vanishing Lee form
0 and such that Lxyp = 0, where X is the g,-dual vector field of 6. Then

i) M is the total space of a fiber bundle over S' and each fiber is endowed with a
coupled SU(3)-structure.

ii) M has a locally conformal calibrated Go-structure @ such that its Lee form is a

1-form with integral periods.

Proof.
i) First of all, observe that the distribution ker(6) is integrable, since the closed 1-
form 6 is nowhere vanishing. Thus, it gives rise to a foliation Fy. We shall prove

that the pair

1

1
wi=—1txp, Yy:i=-——=dw
RY X

defines a coupled SU(3)-structure when restricted to each leaf of this foliation. To

do this, at each point of the leaves of Fy we consider the tangent space and apply

Proposition 3.5.12.
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Under our hypothesis, we have a stable 3-form ¢ such that dp = -0 A p, X = 6*
and 0(X)p = do+6 Ao, where o :=ixp and §(X) = | X|? is a nonzero constant (see
Proposition 3.5.8). Let L be a leaf of the foliation Fy, then for every point p of L

T,L = ker(6;) = {¥, € T,M | 6,(Y;) = 0} € T,M
and, as 0(-) = g,(X,-), it is clear that
ker(d) = (X)*.

Therefore, T,L = (X,)* is a six-dimensional subspace of T,M with unit normal
Np = % Since ¢, defines a Go-structure on the vector space 1, M, by Proposition
3.5.12 we have that the pair

w = (iN,,@) ‘TpL ;o hri=p ‘TpL

defines an SU(3)-structure on 7,,L. Now,

. 1
(ZNp(p) ‘TPL = m Op ‘TPL

and for every choice of tangent vectors Up,Y), Z, € T),L we have
1
op(Up, Yp, Zp) = W (dop + 0p N op)(Up, Yy, Zpp)

1
= W (dap)(UPa Y;?v Zp)7

since 0, evaluated on any vector of T},L is zero. Consequently,

1
= —dw.
(pp’TpL |X| w

Summarizing, the pair (w, ;) defines a coupled SU(3)-structure with coupled con-
stant | X | when restricted to each leaf L of the foliation.

Let us now observe that M is the total space of a fiber bundle f : M — S' by
Tischler’s result recalled in Theorem 3.5.13. In particular, there exist a closed 1-form
b Q!(M) with integral periods and an integer ¢ such that, by construction, qg can

be made arbitrarily close to ¢ with respect to the norm induced by g,.
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For every point p of M, we can then consider the fiber F' of f containing p and
the leaf L of the foliation Fy such that p € L. The tangent space to the former at p
is defined by ker(qu), while the tangent space to the latter by ker(6,). Moreover, as
we did before, it is easy to check that T,F = <9Af,>{ T,L = <91ﬂ,)L and that the angle
between the vectors 02 and ég is close to zero, since 6 and ¢f can be made arbitrarily
close. Consequently, up to normalizing these two vectors, we can apply Lemma 3.5.16
and get that, for every point p of M, the tangent space to the fiber containing p is
close to the tangent space to the leaf through p, when they are thought as points in
the Grassmannian Gr(6,7,M) with the distance induced by the operator norm.

We can now show that the restriction of w and v, to the fibers of f defines a
coupled SU(3)-structure. Let F" and L be defined as above, consider the exponential
map exp,, : T,M — M and the invertible linear map a : T,M — T, M which is
arbitrarily close to the identity map of T, M and satisfies a ‘Tp r:T,F — T,L. Since
(exp,)«p = Idr, 0, there exist an open neighborhood U of the origin in 7, M and an
open neighborhood V of p in M such that exp, : Y — V is a local diffeomorphism.
The composition

exppoaoexpgl:V—H/,

restricted to the open set VNF' of F, defines a smooth map from an open neighborhood
of p in F to an open neighborhood of p in L which fixes p and whose differential
at p is close to the identity. Then, we can apply the inverse function theorem to
obtain a local diffeomorphism T from a neighborhood Dg of p in the fiber F' to
a neighborhood Dy, of p in the leaf L such that Y(p) = p and Y, is close to the
identity. Since (w, 1+ ) defines a coupled SU(3)-structure when restricted to the leaf
L, there exists an SU(3)-basis (61, . ,66) of Ty L such that

W= el? 4 p 0 g, = 135 Gl6 236 245

Considering the basis (Y*e',..., T*e%) of T4 F, we then have that (T*(w), T*(¢4))
defines a coupled SU(3)-structure on T}, F.

ii) From Lemma 3.5.15, we know that

jof* = 3|X*.
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Define the 3-form ¢ := do + q§ A o, it is a positive 3-form. Indeed, using Lemma
3.5.14 and the previous observation we have
~ 2 N 2
6—¢l” = ‘(qH—HMU(
< 3 ‘qé - 9\ o2
. 2
— 9|X[? ‘q@—@’ .
Then

~ N 2
16— o2 = /M 16— P ol < Q’X’Z/M 06— 0 5 1 = 912 a6 — ]

and ||@ — ¢|| is close to zero, since by construction ‘qg— 9‘ can be made arbitrarily
small. Therefore, ¢ is stable, as it lies in an arbitrarily small neighborhood of the
stable form ¢ and being a stable form is an open condition. Since dp = —q§ A,
the 3-form @ defines a locally conformal calibrated Go-structure with Lee form q@,

which is a 1-form with integral periods. O

Remark 3.5.18. By Tischler’s theorem, we have that M is the mapping torus of a
diffeomorphism v of a certain 6-manifold (see also [133]), but v in general does not

preserve the coupled SU(3)-structure on the fiber.

The previous theorem applies for instance to the compact locally conformal cali-
brated Go-manifold (S/T", ¢) obtained in Example 3.3.18, Indeed, the Lee form 6 is
non-vanishing and Ly = 0, as we also observed in Example 3.5.10. Therefore, S/T"

is fibered over S' and each fiber is endowed with a coupled SU(3)-structure.



Chapter 4
Perspectives on flows

In this final chapter, we consider evolution equations (flows) of special geometric
structures. We begin with the study of a generalization of the Hitchin flow, then we
review the definition of geometric flows and related properties and, finally, we explain
some ideas which could be useful to study a currently open problem regarding the

existence of geometric flows evolving SU(3)-structures.

4.1 Generalized Hitchin flow

In Section 3.2.1, we reviewed how the Hitchin flow equations of a t-depending SU(3)-
structure (w(t),¥4(t)), t € I C R, are obtained. Leaving aside the problem of
existence of solutions and using the notations fixed in that section, we may rewrite

the result in the following way

Proposition 4.1.1. An SU(3)-structure (w(t), v (t)) defined on a 6-manifold M and
depending on a real parameter t € 1 C R can be evolved to a parallel Go-structure
on M x I defined by o = w A dt + ), if and only if it is half-flat for each t and the

following evolution equations hold

Sy = dw

o B (4.1)
HW Aw = —di_

167
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Furthermore, since the half-flat condition
dipy =0, dwAhw=0,

is preserved by the Hitchin flow equations, in Section 2.4.2 we restricted our attention
to special half-flat SU(3)-structures, observing that there are examples of solutions
of (4.1) belonging to the same subclass of W, @ W, @ Ws as long as they exist, but
that in general this need not to be true. Indeed, it is not possible to show that the
conditions defining a special half-flat SU(3)-structure (e.g. dw = ¢t in the coupled
case) are preserved by the evolution equations (4.1), as long as we do not know how
w and 1_ evolve. We may then try to consider a suitable generalization of these
evolution equations and study the behaviour of a certain class of SU(3)-structures
with respect to it. First of all, we need to specify what does generalization mean in
this context. Let us consider a result of [68] which is explanatory for this aim.
Recall that an SU(3)-structure (w, 4 ) is said to be nearly half-flat if its intrinsic
torsion belongs to W, @ Wi @ W, @ Ws. This is equivalent to the requirement

dw-‘r = ka,

where k = w; is a real constant which is zero if and only if the SU(3)-structure is

half-flat. In a similar way as in Proposition 4.1.1, it is possible to show that nearly

half-flat SU(3)-structures can be evolved to nearly parallel Go-structures. In detail

Proposition 4.1.2 ([68]). An SU(3)-structure (w(t), 4 (t)) defined on a 6-manifold
M and depending on a real parameter t € I C R can be evolved to a nearly parallel
Ga-structure on M x I defined by o = w A dt + 1)y if and only if it is nearly half-flat
with dip, = kw? for each t and the following evolution equations hold

2y, =dw— 2k

9 B (4.2)
Hw Aw=—di_

Proof. Denoted by dy the exterior derivative on M xI and by d the exterior derivative

on M, we have

dro = dr(wAdt+¢y) = dw/\dt—f—dw_;_-i-dt/\gtd)_;r

9
= s+ <dw - a#ﬁ*) Adt



4.1. Generalized Hitchin flow 169

and

1 1 0
d7 *p p = dy <2w2 + /\dt) = §dWQ + (atw/\w—l—dw_) A dt.

Now, if ¢ is nearly parallel with dy = 79 *, ¢ and d *, ¢ = 0, then (w, ) is nearly
half-flat for each ¢ with diypy = 37pw? and it satisfies the evolution equations (4.2)
with k = %7‘0. Conversely, if the pair (w, ) satisfies the evolution equations (4.2),

then it is nearly half-flat for each ¢, as

0 0 0
gi (1+ — k) <8tw+> o M=
and ¢ is nearly parallel with 7p = 2k. O

It is clear that the evolution equations (4.2) obtained in the last result are a
generalization of the Hitchin flow equations which arise when the Geo-structure ¢ =
w A dt + 14 is non-integrable. In this sense, we may call generalized Hitchin flow
equations those obtained requiring that a t-dependent SU(3)-structure defined on a

6-manifold M can be evolved to a non-integrable Go-structure on M x I.

Remark 4.1.3. As shown in [165], a half-flat SU(3)-structure (w,y) has totally
skew-symmetric Nijenhuis tensor if and only if the pair (w, 1_) is nearly half-flat. The
SU(3)-structures which are contemporarily half-flat, nearly half-flat and have totally
skew-symmetric Nijenhuis tensor are precisely the double half-flat SU(3)-structures,
which can then be evolved both to parallel and nearly parallel Go-structures by the

previous results (see also [167]).

4.1.1 An example from physics

In this section, based on [70, Sect. 5.2], we consider a generalization of the Hitchin
flow equations introduced in [57] and we show that it can be used to define a system of
evolution equations for an SU(3)-structure which preserves the SU(3)-type W, @W,
of coupled SU(3)-structures.

In the paper [57], a generalized Hitchin flow was used to study the moduli space
of manifolds endowed with an SU(3)-structure. The starting point to define the gen-
eralization is to consider the embedding of an SU(3)-structure into a noncompact

7-manifold with a Go-structure with torsion, i.e., having Go-type X1 @ X3 @ Xy. This
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is motivated by the subject the authors are interested in, namely four-dimensional
domain wall solutions of heterotic string theory that preserve N = % supersymmetry
(see also [92] and refer to it and to [57] for more details on the objects coming from
supersymmetric string theory mentioned in this section). In this case, the internal
six-dimensional manifold is endowed with an SU(3)-structure and one can combine
it with the direction perpendicular to the domain wall in the four-dimensional non-
compact space-time to get a seven-dimensional noncompact manifold endowed with
a Go-structure. The physical setting provides further constraints on the intrinsic
torsion forms of the Go-structure, which we will recall in due course. One can then
study under which conditions a certain class of SU(3)-structures is preserved by this
generalized flow. In [57], this was done for instance for torsion-free, nearly Kéhler,
half-flat and symplectic half-flat SU(3)-structures. We investigate here the case of
coupled SU(3)-structures.

Let M be a connected 6-manifold endowed with an SU(3)-structure (w(t), 1 (t))
depending on a real parameter ¢ € I C R. Following [57], on the 7-manifold M :=
M x I we consider the Go-structure defined by

o =mndt Nw + R(FY),

where ny € C°°(M) is nowhere zero and F' is a nonzero complex valued smooth
function defined on I and having constant module 1 (see also Proposition 3.2.2).

Observe that the Riemannian metric defined by ¢ is
g@ =g + n%dtzv

where g = g(t) is the metric induced by (w(t), ¥ (t)).
In the case of N' = % domain wall solutions, the possibly non-identically vanishing
intrinsic torsion forms of the considered Ga-structure are 7g, 7, 73. On the product

manifold M x I, i and 73 can be decomposed as

T = T1+ wdt,
T3 = T3+ dt A Fky,

where u; is a smooth function on M, 7y is a 1-form on M, k; is a 2-form depending

on t and defined on M and 73 is a 3-form on M. Moreover, the following constraints
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hold Lo )
= §E¢7 T1 = §d¢7 d7T0 = 07

where ¢ denotes the ten-dimensional dilaton, d; denotes the exterior derivative on
M and d denotes it on M.

A general argument similar to that used in the proof of Proposition 4.1.2 allows

Ut

one to write down the flow equations for the SU(3)-structure, namely the gener-
alized Hitchin flow equations associated with the considered embedding, and some
relations between the intrinsic torsion forms of the SU(3)-structure and those of the

Go-structure. In particular, it is possible to show that
wy = 27T1.

Therefore, if we have an SU(3)-structure with identically vanishing intrinsic torsion
form wy, we get dp =271 = 0.
As in [57], we work in the gauge F' = 1. In this case, the embedding of the
SU(3)-structure on M into the integrable Go-structure on M x I is given by
p=mdt Nw+ 1.
If we suppose that the SU(3)-structure is coupled for each t, i.e.,

dw(t) = c(t)y (D),

dypy(t) = 0, (4.3)
dy—(t) = —Fe(®)(w(t)? —wy (t) Awl(t),
where ¢ : I — R is a nonzero smooth function such that w; (t) = —2¢(t), then the

intrinsic torsion forms 71 and 73 take the following expressions

-
T = wdt, ng?g——odt/\w.

nt
Moreover, the 2-form w(t) evolves as
0
5 () = frw(t) + he, (4.4)
t
where
fr = 2u —nawy (t), (4.5)

he = mngwy () —*(dng A x4 (1)). (4.6)
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It follows from a general argument involving the flow equations that
dfy =0,

and using one of the constraints recalled earlier, we get

1 0 10

Taking the exterior derivative of both sides of (4.5), we then have
dnt = 0.
Thus, n; is actually a function of ¢ and (4.6) becomes h; = nyw, .

Remark 4.1.4. With our convention, w; here is —w, in the paper [57].

The flow equations for ¢ (t) and ¥_(t) determined in [57] from the embedding

and the results of [117] reduce to the following in the coupled case

Dl = S fabe ) — Lo (1) — i, (1.7
Oy = Tromase () + 2 s () 4 (48)

where v is the component of 73 € Q3(M) in HQ%’I(M)H.

We derive now all of the conditions that arise requiring these flow equations to
preserve the coupled condition. We may sometimes omit the t-dependence of the
forms for brevity.

First of all, suppose that for each t the coupled condition dw(t) = ¢(t)¥4(t) holds.

Differentiating both sides with respect to ¢, we have
0 . 3 7
d <8tw> =&y +c (2ft¢+ — ZTont@b_ — nw) .

Moreover, taking the exterior derivative of both sides of (4.4), using dn; = 0 and the

hypothesis on the coupled condition, we obtain

0 -
d <atw> = fthJr + ntde .



4.1. Generalized Hitchin flow 173

Comparing the two equations, it follows
. 1 7
ndwy = cy + icftdLF - ZCTONHZJ— —cngy.

Wedging both sides by ¥_ and using the fact that vy Av_ =0, since v € [[le(ﬁ)]] ,

we get

2 1
nydwy ANY_ = géw?’ + gcftw3. (4.9)
Since for each ¢ it holds dwy, AY_ = —|w5|2%3 (cf. Lemma 2.4.7), where the norm

is induced by ¢(t), equation (4.9) becomes

and the following result is proved.

Proposition 4.1.5. Suppose that the generalized Hitchin flow preserves the coupled
condition dw(t) = c(t)y4+(t). Then, the function c(t) must evolve in the following

way
0 1 1 _
ac(t) = —ic(t)ft - Znt’wz ()50

Moreover, for each t, it must hold

_ 1, 7
dw, = —Z|w2 9, — 107'0111, —cy.

In order to preserve the closedness of ¥4 (t), we need

0

Moreover, taking the exterior derivative of both sides of the flow equation (4.7) of

Yy, we have

0 7
d (athr) = —ZT()ntdw_ — nydry.

Comparing the two equations, it follows

dy = —gTontdw,. (4.10)
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Observe now that dy A w = 0, since ~ is a primitive real form of type (2,1) + (1,2).
Therefore, wedging both sides of (4.10) by w and recalling that dy_ Aw = —%c w3,
we get

Tontc = 0,

and then 79 = 0, since both ¢ and n; cannot be zero. In particular, v is closed and,
by [57, Prop. 2],
*T3 = 7.

We can summarize the results in the following

Proposition 4.1.6. If the closedness of 1 is preserved by the generalized Hitchin
flow, then the intrinsic torsion form Tty vanishes identically and the 3-form ~ is closed

and satisfies xy = —T3.

Let us now consider the expression of di)_ in (4.3) and differentiate it with respect

to ¢, having in mind the results already obtained:

0 2. 4 4 _ o _ _ _
d <(’3t¢) = (30 3cft> Wi <3cntft> wy Nw — §w2 AW —ngwy N wy .

Taking the exterior derivative of both sides of the flow equation (4.8), we get

0 3
d ((9751[)) = —fiew? — iftwg ANw ~+ nd(J7).

Comparing the two identities, we obtain that the evolution of w, must satisfy the

following equation

0 1 4 1
gwg Aw= gnt|w2_|2w2 + <—3cnt + 2ft> wy Aw —nwy Awy — ngd(J7y).

We also know that the following conditions deriving from the Bianchi identity

d7ﬁ = 0 must hold

dS = 0, (4.11)
dsS; = =8, (4.12)
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where H = dt A S; + S is the component of the ten-dimensional fluz along M. Using

the previous results, it follows from [57] that for a coupled SU(3)-structure
S =n up_ + J, S, = 0.
From the identity (4.11), we then get
d(Jv) = —n; fugdip_. (4.13)

Observe that d(Jv) Aw = 0. Thus, if we wedge both sides of (4.13) by w, we obtain

Yuge = 0,

ny
from which follows u; = 0 and, as a consequence, d(Jv) = 0. The identity (4.12)

now reads

0

Summarizing, after imposing all of the conditions, we get that the only possibly

non-identically vanishing intrinsic torsion form of the Go-structure is 73 = — %y, the
3-form v is closed and satisfies d(J7y) = 0, fy = 2n4c(t) and the evolution equations

of the differential forms defining the coupled SU(3)-structure become

%w(t) = %ntc(t)w(t) + nywy (1),

D0it) = me(t)s (1) e,
0
a@/;_(t) = ne(t)Y_(t) + neJ.

Moreover, the intrinsic torsion forms of the coupled SU(3)-structure must evolve as

Delt) = —milelt))? — ez ()
Sz (Al = gnuluwy (1) () — mee(t)wg (1) A () — na(wg (1)),

and for each t it must hold

_ 1 _
dwy = —7|w; by — e
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As a particular case, if we suppose that n; = 1 and v = 0, then
p=dt Nw+ 11
is a parallel Go-structure on M x I. Under these hypothesis, the evolution equations
of the differential forms w(t), ¥4 (t),—_(t) read
grwt) = Fe(®w®) +wy (1),
S = c®)yi(), (4.14)
Gu-(t) = c)p-(®),

the evolution equations of the intrinsic torsion forms of the coupled structure must
be

o) 1 2 1,,,— 2
=c(t) = —z(c(t))” — glwy (T )
2e(t) = —3e®)? - Huz (O, s
Suy () Awlt) = Ly ()2 @1)? — ety (1) Awt) — (wg (1),
and for each ¢ the 2-form w, has to satisfy the following identity
- 1
dwy =~ Py, (4.16)

which is one of the conditions widely discussed in Section 2.4.3.

It is easy to check that a solution of these equations which is coupled for each
t is also a coupled solution of the Hitchin flow equations in the sense of Definition
2.4.16 and vice-versa. For instance, the coupled solution of the Hitchin flow on the
Lie algebra ngg obtained in the proof of Proposition 2.4.19 satisfies (4.14) and the
conditions (4.15), (4.16). In the general case, the presence of w; () in the flow
equations makes rather complicated any attempt to solve them. However, we can
show that a solution of them starting from a coupled SU(3)-structure stays coupled

as long as it exists.

Proposition 4.1.7. Let (w(t),v4(t), c(t), w, (t)) be a solution of the equations (4.14),
(4.15), (4.16), with initial condition a coupled SU(3)-structure (w(0),+(0)) with
coupled constant ¢(0). Then, (w(t), v+ (t)) is a coupled SU(3)-structure as long as it

exrists.
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Proof. Consider dw(t) — c(t)14(t), differentiating it with respect to ¢ and using the
hypothesis, we get (omitting the t-dependence for brevity)

0 0 0
a(dw —cpy) = d <8tw> — g — Co ¥+

2 1 1
= gcdw + dwy + §c21/1+ + Z]wz_\Qer — PPy

= %c(dw —chy).

Thus, if we let 5(t) := dw(t) — c(t)14(t), we have that %B(t) = 2¢(t)B(t). Therefore,
B(t) = q(t)B(0), where ¢q(t) = elo 3e(s)ds, Moreover, 3(0) = dw(0) — ¢(0)14(0) =
0, since (w(0),14(0)) is coupled. Then, 0 = B(t) = dw(t) — c(t)+(t) and, as a
consequence, di (t) = 0. O

4.2 Geometric flows

Geometric flows are partial differential equations describing the evolution of geomet-
ric structures on manifolds. We already encountered an example in the first chapter,
namely the Ricci flow
2 (1) = ~2Rieg(1)),

where ¢g(t) is a family of Riemannian metrics depending smoothly on a real parameter
t (cf. Section 1.4.3). Since the geometric structures we have considered so far can all
be defined by global sections of vector bundles over a manifold (possibly satisfying
certain compatibility conditions), we recall in this section how it is possible to de-
scribe the evolution of these objects and which hypothesis guarantee the (short-time)
existence and uniqueness of solutions of an initial value problem. For more details
on this topic, the reader may refer for instance to Aubin’s book [11].

Let m : E — M be a rank k vector bundle over a Riemannian manifold (M, g)

and let V be a linear connection on E which is compatible with g.

Definition 4.2.1. A differential operator of order r acting on sections of F is an
operator L : I'(E) — I'(E) such that for every u € I'(E) and p € M

L(u)(p) = F (p,u(p), Vu(p), ..., V'u(p)) € Ep.
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L is called smooth if the function F' is smooth in its arguments. L is called linear if
it is linear in u and nonlinear otherwise. A smooth family of differential operators
L; : Dom(L;) — I'(F) depending on t € [0,T"), where Dom(L;) C I'(E), is defined in

a similar way as before with the function F' depending smoothly also on t.

If L is a linear differential operator of order r, in any local coordinate chart on

M inducing local coordinates (x%) = (x!,...,2™) and trivializing E, we can write
87‘
_ ..o
L= Z L (p)—&val T haor + lower order terms,
la|=r
where the sum is over all of the possible multi-indices « = (a1, ..., ;) of length

la| = r, each L* " (p) belongs to End(£),) and lower order terms gathers all of the
summands appearing in the local expression of L and involving derivatives of order

less or equal than r — 1.

Definition 4.2.2. The principal symbol of a linear differential operator L of order
r is a bundle map o(L) : T*M x E — E defined for each p € M by

o(L)p(&p) = Y Lo (p)éay -+~ &a, € End(E,),
loe|=r
where §, € Ty M is a nonzero covector having the expression §jd:L‘j in local coordi-

nates on M.

It is possible to show that the previous definition does not depend on the coor-
dinates, thus it is well-posed. Moreover, it is also possible to give a coordinate-free

definition as follows

Proposition 4.2.3. Let f be a smooth, real valued function defined around a point
p of M and such that df, = &, € TyM. Then, the principal symbol of a linear
differential operator L : T'(E) — T'(E) of order r is given for every u € I'(E) by
1
o(L)p(&)ulp) = lim — e TP L u)(p). (4.17)
5—00 §

Using (4.17), it is easy to show that given two differential operators Lj, Ly such
that the composition Lj o Lo is defined, then for every nonzero £ € T*M

(Lo La)(§) = o(L1)(§) 0 o(L2)(E)- (4.18)
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Definition 4.2.4. Let E be a vector bundle over a Riemannian manifold (M, g) and
let L be a linear differential operator of order r acting on sections of F. L is said
to be elliptic if for each point p of M and each nonzero §, € T,;M the linear map
o(L)p(&p) is invertible.

When the order r is even, L is called strongly elliptic if there exists a real constant
C > 0 such that

9(o(L)(E)u,u) > Cle[|uf?
for all nonzero £ € T*M and u € I'(E).

When a differential operator L is nonlinear, it is possible to define the lineariza-
tion of it at w € I'(E) in the direction of v € I'(E) as
d L(u+ sv) — L(u)

Loy(v) := T s:oL(u + sv) = 21_1}[1] .

and the principal symbol of L as the principal symbol of its linearization. A nonlinear
differential operator L is strongly elliptic at w € T'(E) if its linearization L., is

strongly elliptic in the sense of Definition 4.2.4.

Example 4.2.5. The Ricci tensor Ric(g) of a Riemannian manifold (M, g) can be

regarded as a second order nonlinear differential operator
Ric : Met(M) — S*(M), Ric: g — Ric(g),

where Met(M) C S?(M) denotes the space of Riemannian metrics on M. It is
possible to show that Ric is not elliptic, as its principal symbol has non-trivial kernel
(see [94]).

Let u be a smooth section of ' depending smoothly on a real parameter ¢ € [0,7),
we can see it as a smooth map u : M x [0,7') — E such that u(p,t) = w(p) € E,
for every point p of M. The evolution equation (flow equation) of u(-,t) in terms of a

smooth family of differential operators L; is defined by

0
au(W t) = Lt(u('v t))
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and is called strictly parabolic if L; is a smooth family of strongly elliptic operators.
An initial value problem consists in considering a given section ug € I'(F) and looking

for solutions of the system

%u("t) = Lt(u('vt))
u(-,0) = up

(4.19)

A sufficient condition guaranteeing short-time existence and uniqueness of solutions
of (4.19) is given in the next result (see for instance [11, Thm. 4.51] and the references

following it).

Theorem 4.2.6. Let m : E — M be a vector bundle over a compact Riemannian
manifold (M, g), let Ly : Dom(L¢) — I'(E) be a smooth family of differential operators
and let ug € T'(E) be a smooth section of E. If Ly is strongly elliptic at ug, then
there exists a unique smooth solution of the system (4.19) defined on M x [0,¢€) for

some € > 0.

Remark 4.2.7. The previous result cannot be applied in the case of the Ricci flow,
as the operator Ric is not elliptic. This explains why it is necessary to use Nash-
Moser inverse function Theorem or to modify the flow equation in order to prove

short-time existence and uniqueness of solutions (see the discussion in Section 1.4.3).

When a special geometric structure is defined by one or more tensor fields, a
geometric flow of it consists in a set of evolution equations for (at least one of) the
defining tensors. Clearly, in this case the solution of an initial value problem has to
define the same kind of special geometric structure as long as it exists.

In the last decades, after the introduction of the Ricci flow in [94] and the de-
velopment of the Kéhler-Ricci flow on complex manifolds (see [43, Ch. 2] and the
references therein for more informations), geometric flows have widely been consid-
ered in literature and it is arduous to provide an exhaustive list of references. For
instance, in [171] Streets and Tian introduced a geometric flow for the Riemannian
metric of a Hermitian manifold (M, go, Jo) such that the solution ¢(¢) is compatible
with the complex structure Jy for each ¢ and is moreover Kéhler if (go, Jy) is Kéhler.
The generalization of this flow in the almost Hermitian case was obtained by Vezzoni
in [178]. In [172], the same authors of [171] studied a family of flows evolving the
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fundamental form w and the almost complex structure J of an almost Hermitian
manifold, generalizing the flow contained in their previous work. Moreover, they
defined a flow for almost Hermitian structures which preserves the almost Kéhler
condition dw = 0. In the Ga-case, examples of flows have been studied by Bryant
and Xu [30, 33|, by Karigiannis [112] and by Kozhasov [120].

A currently open question is whether it is possible to define a geometric flow for
SU(n)-structures. The main problem in this context is to find a suitable system of
evolution equations for the tensors defining such a structure which has local existence
and uniqueness of solutions for a given initial data and preserves all of the compati-
bility conditions between the tensors. In what follows, we explain some ideas aiming
to provide a way to study this problem for SU(3)-structures. This is based on a joint
work-in-progress with A. Fino and L. Vezzoni [72].

4.3 A spinor flow

In this section, after reviewing the definition of spin structures on Riemannian man-
ifolds and the correspondence between spinor fields and SU(3)-structures in the six-
dimensional case, we study a geometric flow for spinors on 6-manifolds and discuss

related properties and consequences.

4.3.1 Spin structures on Riemannian manifolds

We summarize here the main definitions and properties concerning spin structures
on Riemannian manifolds. A detailed description and the proofs of the results can
be found for instance in [16, 76, 129].

Consider the Euclidean space (R™,g) and let (e1,...,e,) be a g-orthonormal
basis of it. The real Clifford algebra Cy, of R™ with quadratic form —g(v,v), v € R™,

is an algebra over R multiplicatively generated by the basis vectors with the relations

ep-e = —e ey, k#I

ep-e, = —1,

where - denotes the product on C,,.
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The complexification C;,, = Cp, ®r C of the Clifford algebra C,, is isomorphic to
End(C?") when m = 2n is even and to End(C?") @ End(C?") when m = 2n + 1 is
odd.

Definition 4.3.1. The vector space A,, := C?", defined for m = 2n,2n + 1, is the

vector space of complex m-spinors.

The group Spin(m) can be defined as a subgroup of C,, in the following way
Spin(m) :={v1 - ... v | v; € R™, |v;| =1} CCp, CC,.

For m > 3, Spin(m) is the universal (double) covering of the group SO(m) and the

covering map is defined by
Ad : Spin(m) — SO(m), Ad(s)v =cv¢},

for every ¢ € Spin(m) and v € R™. In particular, Ad is surjective and ker(Ad) =

(£1}.

The spinor representation of Spin(m) on A,,
p : Spin(m) — GL(A,)

is a faithful representation defined as the restriction to Spin(m) of the isomorphism
pm : CS, — End(A,,) when m = 2n and of the composition of the isomorphism
pm : Cs, — End(A,,) ® End(A,,) with the projection p; onto the first factor when
m = 2n + 1.

In the even-dimensional case m = 2n, the endomorphism
z'"p(el et 6277,) : Agn — Agn (420)

is an involution. Thus, it induces a decomposition As, = A @ A, , where A;En
are the eigenspaces of complex dimension 27! corresponding to the eigenvalues +1.
Moreover, A3, are irreducible representations of the group Spin(2n).

Since R™ C C,y, it is possible to introduce a multiplication of vectors and spinors

using the isomorphism py,.
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Definition 4.3.2. The Clifford multiplication of vectors and spinors is the linear

map u: R™ x A,, — A,, defined as follows

pm<v)¢7 m = 271
pi(pm(v))p, m=2n+1

’l)'gbI:,Uz('U,(b):

The Clifford multiplication u is equivariant with respect to the action of Spin(m)
and for m = 2n it satisfies v - ¢F € A for every v € R?™ and ot € A;tn.

Finally, we recall the

Proposition 4.3.3. On the vector space A, there exists a positive definite Hermi-

tian product {-,-) with the property

(V- ¢1,¢2) = —(¢1,v - P2),

for every v € R™, ¢1, 02 € Ay,. With respect to this Hermitian product, the spinor

representation p becomes a unitary representation satisfying p : Spin(m) — SU(A,,).
We can now introduce spin structures on Riemannian manifolds.

Definition 4.3.4. Let (M, g) be an oriented Riemannian manifold of dimension m
and let SO(M) denote the principal SO(m)-bundle over M. A spin structure on (M, g)
is a pair (@, ©), where @ is a Spin(m)-principal bundle over M and © : Q — SO(M)

is a double covering of SO(M) for which the following diagram commutes

Q@ X Spin(m) — Q Y
l@ x Ad l@ lId

TSO(M)
—

SO(M) x SO(m) —— SO(M) M

where the dots denote the right actions of Spin(m) and SO(m) on the corresponding
principal bundles. A Riemannian manifold with a spin structure is called Riemannian

spin manifold.

Remark 4.3.5. It is worth recalling here that a Riemannian manifold (M,g) is

orientable if and only if its first Stiefel- Whitney class w1 (M) vanishes, while it admits
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a spin structure if and only if its second Stiefel- Whitney class wa (M) vanishes. Both
w1 (M) and wy(M) are homotopy invariant, thus the existence of a spin structure on

an oriented Riemannian manifold depends only on its topology.

Using the spinor representation p, it is possible to define the complex vector
bundle
XM = Q X Spin(m) AV

over M with fiber A,,, which is called the spinor bundle of (M, g). XM is endowed
with a complex scalar product (-,-) defined from the Hermitian product on A, and
with a real scalar product (-,-) := R(:,-). Moreover, when m = 2n it splits into the
direct sum of two subbundles XM = T M @ ¥~ M, where

EiM = Q XSpin(Qn) Ag:n

Definition 4.3.6. A smooth section ¢ € I'(XM) of ¥M is called (complex) spinor
field on M.

The Clifford multiplication on the fibers of the vector bundle 7 : XM — M gives

rise to a bundle map
w:TM x XM — XM, pnX,¢)=X"-a,

which satisfies the following properties

Proposition 4.3.7. For every X, Y € X(M) and ¢, ¢1,p2 € T'(EM) the following
results hold:

i) If ¢ is a spinor field without zeroes, then X - ¢ = 0 implies X = 0;
i) X-Y-¢4+Y -X-¢p=-29(X,Y)¢;
i) (X - ¢1,d2) = —(d1, X - ¢2);
) (X ¢,V ¢) =g(X,Y)|¢]*

v) if m is even, p: TM x X*M — ST M.
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The Levi Civita connection VY on (M, g) induces a connection on the spinor
bundle, which we denote by V : I'(XM) — I'(T*M @ XM ). The covariant derivative
associated with V is called spinor derivative and has the following local expression

with respect to a local orthonormal frame (e, ..., e, ) for TM
1
Vx¢=X(@)+5 D, 9(Vier.eer e o.
1<k<I<m
Proposition 4.3.8. The spinor derivative satisfies the following properties for every

X,Y € X(M) and ¢, ¢y, b5 € T(SM)

i) X{(¢1,02) = (Vxo1,P2) + (61, Vxp2), i.e., V is metric;
i) Vx(Y -¢) :V%Y'¢+Y~VX¢.

Using the Riemannian metric g to identify the tangent bundle T'M with the
cotangent bundle T*M, we can see V : I'(XM) — I'(T'M ® X M). It is then possible

to introduce the following differential operator

Definition 4.3.9. The Dirac operator of (M, g) is the first order linear differential
operator
D:T(XM)—-T(XM), D:=poV.

Its expression in terms of a local orthonormal frame (eq, ..., e,,) for TM is
m
Dé=> ep-Ve,o.
k=1

Proposition 4.3.10. Let D be the Dirac operator of a Riemannian manifold (M, g)
of dimension m. Then, for every f € C*°(M) and ¢ € T'(XM) the following results
hold:

1) D(f¢) = fDo + grad(f) - ¢;

ii) if m is even, D exchanges the positive and the negative part Xt M and X~ M of
XM;

iii) D is elliptic with principal symbol o(D)(&)p = &F - ¢.
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Proof. Points i) and ii) follow from the local expression of D and the properties of
the Clifford multiplication and of the spinor derivative. We prove here the assertion
iii) using the definition (4.17) for the principal symbol and the identity i). Let
p be a given point of M, consider a smooth function f defined around p and let
dfp = & € Ty M. Then, for every ¢ € I'(XM) we have

s(D)y(&)op) = lim — eI D(esf 6)(p)

S§—00 S

= lim 0 (D + grad(e”) - 0) (1)

s—00 8§

= lim (D)) + lim o0 ((de)f - 5) ()

$—00 § —00 S

= (@7-9) @)
= & o),

since grad(f)(p) = (df)!(p) = &, O

The square of the Dirac operator D? : T'(XM) — I'(XM) is a second order linear
differential operator. By [134], it satisfies the identity

1
D? =AM 4 4 Scal(g),

where A¥M : (X M) — I'(XM) is the Bochner-Laplace operator on spinors defined

in terms of any local orthonormal frame (e, ..., e,,) for TM by
APM = =N " (V,, Ve, + div(e)Ve,) .
k=1

The operator —D? is strongly elliptic. Indeed, using the property (4.18), point iii) of
Proposition 4.3.10 and point ii) of Proposition 4.3.7, we get that its principal symbol
is

0(=D?)(€)¢ = —a(D)(€)(0(D)(§)9) = —& - & - ¢ = [¢* .
Consequently, we have

(0(—D?)(&)¢, ¢) = [€]*[8]*.
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4.3.2 The spinors - SU(3)-structures correspondence

We already recalled at the end of Section 2.2.1 that on 6-manifolds there is a cor-
respondence between SU(3)-structures and real spinor fields of length one, which is
one-to-one up to a sign in the definition of the spinor field. Here, following in part
the notations of [2], we review how the differential forms defining an SU(3)-structure
can be obtained starting form a unit real spinor. The reader may refer also to [48,
Sect. 2.7].

In dimension six, the real Clifford algebra Cg is isomorphic to End(R®) and the
spinor representation is real and eight-dimensional. Denoted by A := R® the corre-

sponding vector space, we have
AerC=As=Af @Ay,

and
A={peNs|o=0}.

Consider the vector space R® endowed with an inner product g and let (eq, ..., eg)
be an orthonormal basis of it. One possible realization of the real representation of
Cs on A is the following (cf. [18])

e1 = +F1g + For — E36 — Ey5, €2 = —Fi7 + Eog + E35 — Eyg,
e3 = —Ei6 + Eos — E3g + FEyr, e4 = —F15 — Eog — E37 — Eug, (4.21)
es = —H13 — Eoy + Es7 + Eeg, eg = +F14 — Fao3 — Esg + Egr,

where Ej; € s0(8) is the standard basis element mapping ey, to e;, ¢; to —ey and the
remaining basis vectors to zero.

The space A is endowed with the inner product (-, -) and with a Spin(6)-invariant

endomorphism j : A — A defined by the element j := €1 - ... e € Cg. The latter
satisfies j2 = —Ida, and anti-commutes with the Clifford multiplication by vectors
of RS, ie., j(v-¢) = —v-j(¢). In particular, j is the Spin(6)-invariant complex

structure on A realizing the well-known isomorphism Spin(6) = SU(4).

Remark 4.3.11. Comparing j with (4.20), it follows that the spaces Aﬁi correspond
to the +i-eigenspaces of the C-linear extension of j to Ag = A ®gr C.
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Fix a nonzero real spinor ¢ € A of length one, i.e., (¢,¢) = 1. With respect to

the scalar product (-,-), there is an orthogonal decomposition of A given by
A=RpaRj(¢)d{v-¢|veR’}. (4.22)

The endomorphism j preserves the subspace {v- ¢ | v € RS} = RS and it is possible
to define an R-linear map J : RS — R® depending on ¢ in the following way

J is well-defined by point i) of Proposition 4.3.7, it is a complex structure on R,
as j2 = —Ida, and it is g-orthogonal by point ii) of Proposition 4.3.7. Moreover, ¢

induces a stable 3-form on R® given for every v, w, z € RS by

¢+(Uywaz) - _(U Wz ¢7](¢))7

and (g,J,%y) is an SU(3)-structure on RY. Tts fundamental form is w(v,w) =

g(J(v),w) and the corresponding complex (3,0)-form ¥ has imaginary part

’QD,(’U,U),Z) = J1/}+(U,U},Z) = —¢+(JU,U],Z) = —(7} Wz, ¢)

Conversely, starting from an SU(3)-structure (w, ) it is possible to construct a

unit real spinor, which turns out to be unique up to a sign.

Remark 4.3.12. The previous definitions are consistent with our conventions fixed
in Chapter 2, but differ slightly from those given in [2]. In particular, J here is —J
there, and the complex volume form there is g + iqpé with ¥y = 1_ and wi =Y.

Consider now a Riemannian spin manifold (M, g) of dimension six with a real
spinor field ¢ of length one. The differential forms defining the SU(3)-structure
associated with ¢ are obtained from it as described before. Moreover, it follows
from decomposition (4.22) that there exist a unique 1-form € Q!(M) and a unique
A eI (T*M ® TM) such that for every X € X(M)

Vx¢ =n(X)i(9) + AX) - ¢. (4.23)

The intrinsic torsion of the SU(3)-structure corresponding to ¢ is determined by 7

and A and all of the classes of SU(3)-structures can be characterized using them.



4.3. A spinor flow 189

This was done for several classes in the recent paper [2], while some partial results
have been shown before. Let us recall some of them pointing out their relation with
(4.23).

The SU(3)-structure induced by ¢ is nearly Kahler (SU(3)-type W ) if and only
if A=11d, 1 € R — {0}, and n = 0, that is, if and only if

Vo =1X - ¢.

Thus, ¢ is a real Killing spinor and the result of [93] is recovered. In this case, ¢ is

an eigenspinor of the Dirac operator with constant eigenfunction, indeed
6 6
Dp=) ep - Vedp=1Y er-ep-¢=—61¢.
k=1 k=1

When A is symmetric and n = 0, ¢ is called generalized Killing spinor (cf. [15]).
The corresponding SU(3)-structure is half-flat, as shown in [51], while it is coupled
if and only if A also commutes with J, as one can deduce from [2, Lemma 3.5].

Furthermore, the spinor defining a half-flat SU(3)-structure is an eigenspinor of D,

D¢ = [ o,

and from the general expression of D¢ given in [2] and [2, Lemma 3.11], we deduce

that f = %wf From Lemma 2.3.10, we then have the following

Proposition 4.3.13. Let ¢ be a unit real spinor field defining a coupled SU(3)-
structure with coupled constant ¢ on a connected Riemannian 6-manifold (M, g).
Then, Dp = —c ¢.
Remark 4.3.14. Given a real spinor ¢, the general expression of D¢ has the form
3 .
Do =" wi ¢+ Bi(®)
+

where 3 depends on the intrinsic torsion forms w;", ws and ws (cf. [2]). In particular,

D¢ is still a real spinor.
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4.3.3 The (—D?)-flow

Due to the correspondence between real spinor fields and SU(3)-structures on a Rie-
mannian 6-manifold (M, g), instead of studying evolution equations for the differen-
tial forms w and ¥4, we may look for flows evolving a spinor field. The advantage of
this approach is that we have to control only one object instead of two objects and
the compatibility conditions they have to satisfy. We describe here some preliminary
results of [72].

Let (M,g) be a compact Riemannian spin manifold and let ¢(t) € I'(XM) be
a family of real spinor fields depending smoothly on a real parameter t. It is quite
natural to consider the evolution equation for ¢(t) (see also [76, Ch. 4] for the four-

dimensional case)

9
ot
which we may call the (—D?)-flow.

(t) = —D2(1),

Definition 4.3.15. Let ¢ be a real spinor field of length one on M. A one-parameter
family of real spinor fields ¢(t) € T'(XM) is a solution of the (—D?)-flow with initial

condition ¢q if
Fio(t) = —D?(t)
¢(0) = ¢o

Since —D? is a strongly elliptic second order linear differential operator, the proof

(4.24)

of the following result is immediate

Theorem 4.3.16. Given a compact Riemannian spin manifold (M,g) and a real
spinor field of unit length ¢o € T'(XM), there exists a unique solution of the (—D?)-
flow defined on [0,¢€) for a certain € > 0.

Observe that, under the hypothesis of the previous theorem, the solution ¢(t)
of (4.24) is non-vanishing for each ¢ € [0,¢), as ¢(t) depends smoothly on ¢ and
being non-vanishing is an open condition. When M is six-dimensional, we can then
normalize ¢(t) using the metric (-, -) and get an SU(3)-structure on M depending on
t. Therefore, the flow at the spinor level translates into a flow of SU(3)-structures on

M leaving the metric g fixed. Using the general identities relating the spinor field to
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J and v, we should then be able to obtain the evolution equations of the tensors
defining the SU(3)-structure.
The main problem with (4.24) and this kind of approach is represented by the

following type of solutions

Definition 4.3.17. We say that a solution ¢(t) of (4.24) is self-similar if there exists

a smooth non-vanishing function A : [0,e) — R such that

In this case, the normalization of ¢(t) is exactly ¢¢ and the corresponding SU(3)-

structure does not evolve.

Proposition 4.3.18. Suppose that ¢g is an eigenspinor of the Dirac operator D with
constant eigenfunction «, i.e., Dpg = agpy and o € R. Then, the solution of (4.24)

starting from ¢g is still an eigenspinor of D with eigenfunction .

Proof. Let ¢(t) be the unique solution of the flow (4.24) starting from ¢ and consider
the spinor ¢(t) = Dd(t) — ap(t) + ¢(t). Observe that ¢(0) = ¢o and

£.6(1) = D(=D%(1)) + aD?p(t) — D(t) = ~D*(H(1).

as D does not depend on ¢t. By the uniqueness of solutions of (4.24), we then get
D(t) = ag(t). O

Corollary 4.3.19. If ¢g is an eigenspinor of the Dirac operator D with constant
eigenfunction o € R, then the solution of (4.24) starting from ¢q is self-similar with
h(t) = et

Proof. We know that D¢(t) = a¢(t), thus from the flow equation we obtain

0
500 = —a%6(t)

and from this follows that
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As a consequence of this result, on 6-manifolds solutions of (4.24) starting from
an eigenspinor ¢g of D with constant eigenfunction cannot be used to construct
a family of SU(3)-structures depending on ¢ in the way previously described. In
particular, if ¢g induces a coupled SU(3)-structure, then we do not get a family of
SU(3)-structures depending on t and starting from the coupled SU(3)-structure by
Proposition 4.3.13.

We examine now some examples on six-dimensional real Lie algebras. First,
observe that if g is a six-dimensional metric Lie algebra with inner product g and
(e1,...,eq) is a g-orthonormal basis of g, then for a fixed spinor ¢ € A = R®, we
have

Ve, ¢ = % > Theer-er¢.
1<k<I<6
Moreover, the expression of the Christoffel symbols ank on g with respect to the basis

(é1,...,eg) can be obtained from the identity

It is

1
Flrk:§

where ¢, are the structure constants of g with respect to the considered basis.

gnl(cikgsn + Cfm«gsk + Cf;,kgsr)a

Example 4.3.20. Consider the Lie algebra nsg with structure equations

(0’ 07 07 07 e14 4 623, 613 _ 824)

with respect to a basis (el,...,e%) of ni;. Endow ngg with the inner product g for
which the dual basis (e1,...,eg) of (el,... €% is orthonormal. The corresponding
Clifford algebra is multiplicatively generated by ey, ..., eg and we can choose the real

representation of it on A = R described in (4.21). The spinor

¢ —<11000000>T6A
0 \/57\/5”,7,’ ’

where T denotes matrix transposition, is an eigenspinor of D with eigenfunction

a = 1. A simple computation shows that the SU(3)-structure on nyg associated with
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¢o is the coupled SU(3)-structure we widely considered in the previous chapters,
namely

W= el 40 g, = 135 QM6 236 245

with coupled constant ¢ = —1 = —a.
In this situation, we know that the solution of the (—D?)-flow starting from ¢y

is self-similar. More precisely, it is

p(t) = e ' o.

Remark 4.3.21. Observe that in the case of Lie algebras the flow equation in (4.24)
is a system of linear ODEs. Therefore, the solution starting from a given spinor
oo € A'is

6(t) = exp(—tD?)g,

where we have identified D? with the matrix associated with it with respect to
the canonical basis of A = R®. In particular, if ¢g is an eigenspinor of D with
eigenfunction a € R, we obtain again that
+00
B(t) = exp(—tD%) gy = 3 —(—a?)Fthgy = e~y

k!
k=0

We conclude examining a non-trivial example and the behaviour of the solution.

Example 4.3.22. Consider the nilpotent Lie algebra ng with structure equations

(0,0,0,613,614 LB el 15 624)

with respect to a basis (e!,...,e%) of ng, and endow it with the inner product g =

S0 _,(e*)2. The spinor

¢—<10001000>T€A
0 — \/57777\/?777

induces the following SU(3)-structure on ngy

w = —el® et e

by = el 136 o285 | o456

W _e123 16 _ 245 _ 356
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and the corresponding almost complex structure is

0 10 0 0 O

It is easy to check that the only vanishing intrinsic torsion form of this SU(3)-
structure is w; and that ¢¢ is not an eigenspinor of the Dirac operator.
Let ¢ = (a1, a2,a3,a4,as,aq,a7,as)’ € A be a generic real spinor, where a; =

a;(t) are real valued functions depending on ¢t. Then,

1 1 1 1
D2¢ = (ala a2, Za37 Za47 10157 Zaﬁa 07 0)

and from the flow equation in (4.24) we obtain the following system of ODEs

d
%ak:aku k= ]-727

%ak = iaky k= 37475767

day=0, k=18

The solution of the (—D?)-flow starting from ¢q is then

1 1
t) = ( —=¢',0,0,0, —e%,0,0,0 | ,
) <\/§ V2 >

it is defined for every t € R and normalizing it, we get

ek

2t
- L,o,o,o, .0,0,0 | .
\/m \/2e +2e%

®(t) gives rise to a one-parameter family of SU(3)-structures on ng inducing the inner

B(t) Ve
2t
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product g for each t. We summarize the corresponding tensors here:

3 3¢
—1 1
w(t) = e;i(e12 +e%%) — 2 ;t (e — ) 4 &34,
e2" +1 e2! 4+ 1
ei! est —1
¢+(t) = 9 T (6124 + 6456) o 6136 _ 6235 + T(_6145 + 6246),
e2" +1 ea’ +1
ei! ezt — 1
Do(t) = —2 (12 356) 146 _ o245 L O T 7135 236y
eﬁt —|— 1 egt + 1
[ e%tfl e%t .
O -3 0 0 2 3 0
e7t+1 e§t+1
3, 3,
e 0 0 0 0o -—2-¢
e2 "+1 ez "41
0 0 0 -1 0 0
J(t) =
0 0 1 0 0 0
e%t e2'—1
-2 o 0 0 0 -
e2 "+1 e2 '+1
e%t e%tfl
0 2 — 0 O E 0
L e2t41 e2ty1 J

Observe that for every t € R we have
1

SO0 = J0r (1) A (1) = 120

and
AW (£)) = —4 (12490) 7

Moreover,
wy (t) = 0.

If we let t — +o00, the limit solution is

S S R, S U]
Y = (M5 _ 136 _ (235 _ 246
PP = 135 46 _ 245 | 236

and its vanishing intrinsic torsion forms are wf, wy, w; , Wy.
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