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This paper gives the Lie transformation of order 3 for a dipole including quadrupole and sextupole
components. From these the first and second order TRANSPORT coeflicients are derived for a set of
canonical variables. The paper shows which changes have to be made to the conventional TRANS-
PORT formalism in order to use canonical variables. The transformations for drifts, homogeneous
field dipoles, quadrupoles, and sextupoles can be found by putting the irrelevant coefficients to zero.
When doing so, the results agree with the results found in earlier papers. The third-order Lie
transformations for fringing fields in the hard-edge approximation are included.

1. INTRODUCTION

Lie transformations have been recommended®* for tracking charged particles.
The transformation coefficients are listed in Ref. 3 for various magnetic elements.
To complement the catalog, this paper gives the Lie coefficients of order 3 for a
dipole including quadrupole and sextupole components. From these the first and
second order TRANSPORT coefficients’> are derived for a set of canonical
variables. The paper shows which changes have to be made to the conventional
TRANSPORT formalism in order to use canonical variables. The transformations
for drifts, homogeneous field dipoles, quadrupoles, and sextupoles can be found
by putting the irrelevant coefficients to zero. When doing so, the results agree
with the results found in earlier papers.'?

Section 2 derives the fourth-order Hamiltonian for a combined-function dipole.
Section 3 lists the definitions used. Section 4 presents the Lie transformation to
order 3 for the body of a combined function dipole. Section 5 displays the
corresponding TRANSPORT coefficients, and Section 6 compares these results to
the original TRANSPORT.! Finally, Sections 7 and 8 present the TRANSPORT
coefficients and the third-order Lie transformations for entrance and exit fringe
fields in the hard-edge approximation.

2. THE HAMILTONIAN TO ORDER 4 FOR A COMBINED FUNCTION
DIPOLE

This paper uses the conventions of the MAD program® with the following
canonical variables:
x  The local horizontal axis pointing to the left,
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px The horizontal canonical momentum, divided by the reference momentum p,,
y The local vertical axis pointing up,
p, The vertical canonical momentum, divided by the reference momentum p,,
7 The velocity of light times the negative time difference: 7= —cét,
8 The positive energy difference, divided by the reference momentum times the
velocity of light: § = 8E/(cp,),
s  The arc length along the reference orbit.
Except for the signs adopted here for v and 8, Refs. 3 and 4 use the same
variables. In the limit of fully relativistic particles (v =c, E = pc), the variables T
and & used here agree with those used in TRANSPORT."? This means that T
becomes the negative path length difference, while 8 becomes the fractional
momentum error. The reference momentum p, must be a constant in order to
keep the system canonical.
The MAD program uses the following Taylor expansion for the field on the
midplane (y =0)
B,(x,0)=By+ B;x/1!+ B,x?*/2!+ B3x>/31+- - -
Note the factorials in the denominators which are not present in TRANSPORT.
The meanings of the field coefficients are
B, The dipole field, with a positive value in the positive y direction, i.e. a
positive field bends a positively charged particle to the right.
B, The quadrupole strength=9B,/dx, with a positive value corresponding to
horizontal focusing of a positively charged particle.

B, The sextupole strength =9°B,/dx>.
B; The octupole strength = 9>B,/ox>.

Using this expansion and the curvature h of the reference orbit, the longitudinal
component of the vector potential to order 4 is

Ay =—Bg[x —hx?/2+h*x3/2—h3x*/2+- - -]
—By[(x2—y?)/2— hx3/6 + h*(4x* — y*)/24 +- - -]
—B,[(x*—3xy?)/6— h(x*—y*)/24+- - -]
— B3[(x*—6x2y%+y%)/24+- - -]+ -+
Taking the curl of A, in curvilinear coordinates the field components can be
computed as
B.(x, y)=B[y+h%y36+- -]
+ B,[xy—hy?*/6+- - -]
+B5[(3x%2y—y*)/6+- -]+ -
B,(x, y) = Bo
+B,y[x —hy?/2+h%xy?/2+- - -]
+By[(x*~ y?)/2— hxy?/2+- - -]
+ B3[(x*—3xy?)/6++ - -]+ -
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It can be easily verified that the curl and divergence of the magnetic field are both
zero to order 2. If we now introduce the particle charge e and the relativistic
constants 8 = v/c, the relative velocity of the reference particle, and y = E/mc?,
the relative mass of the reference particle, the Hamiltonian for a curved reference
system can be written* as
H=+1+8)—(1+hx)(e/py)A,
— (1+ h)[(1+28/8 +8%) — (p2+ p) 2.

Note the sign change for 28/8 with respect to Ref. 4. In order to find the Lie
transformation, we expand the Hamiltonian as a power series and separate the

terms of equal orders:
H=H,+H;+H,

Defining the multipole coefficients as
K, = eB,/po= B,/Bp = (1/Bp)(3"B,/dx"),
where Bp is the magnetic rigidity and h = K, the resulting homogeneous polyno-
mials are
H,= +(hKy+ K,)x?*/2—K,y?/2
+[pi+p3+(8/By)*1/2— hxs/B
H;= +(K,+2hK,)x>/6 — (K, + hK,)xy?/2
+(hx = 8/B)[p:+ p3+(8/BY)°)/2
H,= +(K53+3hK,)x*/24 — (K3 +2hK,)x?y?/6 + (K5 + hK, — h?K,)y*/24
—(hx = 8/B)[p3+p3+(8/8v)*18/28
+[p2+p3+(8/By)°TI8

3. DEFINITIONS

In order to simplify numerical evaluations, the transformation equations are given
in terms of a few simple integrals. Using the magnet length L, we define the
focusing functions as

c(k, L)=cos (kL) = cosh (ikL)

L
s(k,L)= J c(k, s) ds =sin (kL)/k = sinh (ikL)/ik
0

dk,L)= J’ ‘s(k, s)ds=[1—c(k,L)]/k?

(4]

f(k,L)= j “d(k, s)ds =[L —s(k, L)]/k?
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For the horizontal plane, we also use the definitions

kZ=h>+K,

¢x =c(ky, L)
se = s(ke, L)

d,=d(k,, L),

and for the vertical plane

k2=-K,

¢y, =c(ky, L)
sy =s(ky, L).

Finally, we use the integrals

oL

Ji=| d.ds=(L—s,)/k>

Yo

rL

J,=| d?ds= (3L —4s,+s,c,)/(2k?)

Jo

rL

Js=1| d3ds=(15L—22s, +9s,.c, —2s.c2)/(6kS)
“0

J. =[c(2ky, L)—c(k,, L)]/(kZ—4k3)

‘L

Jo=| J.ds=[sQk,, L)—s(k,, L))/(kZ—4k3)
“0

‘L

J,=| Jods=[dQ2ky,, L)—d(k,, L)]/(kZ—4k3)

r L

J= A Jyds =[f(2ky, L)—f(k,, L)]/(k2—4k2)

For k,=0, k,=0, or (k§—4k3)=0 some of these integrals are indeterminate.
Formulas to evaluate these integrals are given in Appendix A.

4. THE LIE TRANSFORMATION FOR A COMBINED-FUNCTION
DIPOLE

In the following we refer to the phase-space vector

x vy
Px Uy
y U3

V —3 =
py Uy
Us
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The linear transformation is given by
6
@_ )]
vy = Z Ryvi”.
k=1

Using this notation, the transfer matrix R for the body of the dipole is

Cy Sx 0 0 O +(h/B)d,
—kZs, Cy 0 0 0 +(h/B)sy
0 0 <y s, O 0
R= 0 0 —k2s, ¢, O 0
—(h/B)sx  —(h/B)d, 0 0 1 —(WB)PJ+LIB*y?
0 0 0 0 0 1

The third-order Lie Polynomial F; is found according to the method given in Ref.
3. First we transform the Hamiltonian using

V(s)=R(s)V®.

The transfer matrix R is written as a function of the arc length s. After this
transformation, the polynomial H, vanishes and the Hamiltonian becomes

H=H,[R'(s)V]+H,JR '(s)V].

In Ref. 3, it is shown that the third-order Lie Polynomial is
L
F3= —J Hi[R (s)V]ds.
0

We rewrite F; in the form

™Mo

Il

6
F;=Y,
i=1j

The coefficients of F; form a fully symmetric array. This implies that the
coefficients must be completed by the symmetry condition

Fy = Fikj =Fy = kai =Fy= Fkij-

6
Z Fv00,/3.
k=1

1

The values of the Fj; are the partial derivatives of order 3 of the F; polynomial.
This is different from Ref. 3 where the F; are defined as the coefficients of the
polynomial. In this paper they are thus larger by a factor 3! than in Ref. 3 if all
three indices are equal. They are larger by a factor 2! if two indices are equal, and
they are the same if all indices are different. The non-zero coefficients of F; are
listed below.

Fii1= —(1/3)(K;+2hK))s, (2 + c3) — hkis3
Fi1o=+(1/3)(K,+2hK,)(d, +s2c,) — hk2s2c,
Fi2=—(1/3)(K,+2hK;)s3— hs.c3

Fop= +(1/3)(K,+2hK)d2(2 +¢,)+ h(d, + s2c,)
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Fi16= —(h/6B8)(K,+2hK)(3], — 3s,d, +253) + (h?/B)k3s3
+(1/2B)K1(L — sxcx)

Fi56= +(h/6B)(K,+2hK)dZ(1+ 2¢,)+ (h?IB)szex
+(1/2B8)K 53

Faye= — (h3B)(K,+2hK,)(s,d3+ T,) — (h*/2B)[J; +5,d, (1 +2c¢,)]
+(1/2B)(L + 5,c,)

Figs = —(h?/3B%)(K,+2hK,)(s,d3—2J,) — (h*/B?)s3;
—(h/B*)K1(J1+ 5,dy) — (h/B?Y?)s,

Faes= +(h?/3B%)(K,+2hK,)d3+(h*/B)sid,
= (h/B?)s3+ (h/B*y?)d,

Fee=—(h*|B>)(K,+2hK ) T3~ (h*1B>)(s d3+T5)
+(3h?2B%)(J1+5.d,) + (3/By*) (L — h*J))

Fiss= + 2K Ky(kisJy + cJi) + (Ky + hK))s,

Fi3s=—Ky(kisJs +cJ.)

Fiaa=+2K5(k3sJ; +cJ,) — hs,

Fasz= + 2K Ky(c JJy —s.J) — (Kp + hKy)d,

Fpza=—Ky(cJs—s,.J.)

Fou= +2K5(cJy —s,J)+ hd,

F336= +2(h/B)K 1 Kr(J; + dJs — 5.J4) + (W B) (K2 + hK1)J,
= (1/2B)K4(L — sycy)

Fa.6= —(hB)K,(Jy + dJ. —s.J;)
"(1/23)K135

Fass= +2(hB)Ko(Jp + dJ, —s,.Ja) — (R?/B)],
+(1/2B)(L +s,c,)

5. THE TRANSPORT COEFFICIENTS FOR A COMBINED-FUNCTION
DIPOLE

From the third-order Lie transformation given above, the second-order TRANS-
PORT coefficients can be derived using the cascade of transformations*
V(2) — Rv(l)
V(3) — [F3 V(2)].
This leads to the expressions for the TRANSPORT coefficients
6 6
Ty =—(1/2) Z Z FopinRii Ry

m=1n=1
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6 6

Tou = +(1/2) Z Z Fipn R R
m=1n=1

6 6

Taae=—(1/2) Y Y FameRoiRo
m=1n=1

6 6

Tu = +(1/2) Z Z F3nRiRoi
m=1n=1
6 6

TSik = —(1/2) Z Z F6maniRnk

m=1n=1
6 6

Toa = +(1/2) Y Y FspuRuiRouc
m=1n=1

In order to simplify notation, the elements of T have been defined here as a
symmetric rectangular array. The elements of the T matrix whose second and
third index are different have thus half the value of those listed in Ref. 1. Using
the MAD conventions, the second-order equations read

v = 26: R’ + 26: i Ty i,
=1 i=1lk=1
The T array is now square rather than triangular. The non-zero coefficients are
listed below. We refer to section 3 above for definitions.
T11=—(1/6)(K,+ 2hK1)(Si +d,)— (h/2)k383
Ti12= —(1/6)(K;+2hK)s,d, + (h/2)s.c,
T12n=—(1/6)(K,+ 2hK1)d§ +(h/2)c,d,
Ti6= — (W12B)(K,+2hK1)(3sJ1 —d3) + (h?/2B)s2
+(1/4B)K,Ls,
Tioe= — (W12B)(Kx+2hK ) (s,d3—2¢,J5) + (W?/4B8)(s,dy + ¢, J1)
—(1/4B)(s. + Lc,)
Tie6= — (h2/632)(K2 + 2hK1)(d3 —2s.J5)+ (h3/232)3x-’1
—(h/2B?)Ls, — (h/2B%y?)d,
T3 = + K KoJy +(1/2)(K, + hK 1)d,
Tiza= +(1/2)K,J,
Ty44= +KoJy;—(h/2)d,

T51= —(1/6)(K,+2hK)s, (1 +2c¢,)
Ts1o= —(1/6)(K,+2hK;)d, (1+2c,)
Tozp = —(1/3)(K, +2hK))s,d, — (h/2)s,
Tre= — (W12B)(Kz+2hK ) (3¢, J; +s5,d,)
—(1/4B)K (s, — Lc,)
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T = — (h/12B)(K,+ 2hK1)(3s,J, + df)
+(1/4B)K,Ls,
Tass= — (h?/6B%)(K,+2hK ) (s d%~2¢,J>)
— (hI2B7)K, (1 = 5:d,) = (h/2B>y?)s,
Tosz= + KK, J, +(1/2)(K,+ hK,)s,
Taas= +(1/2)K5J,
Tous= + KyJ,—(h/2)s,

Ts13= +(1/2)Kx(c,J. —2Ky5,J,) + (h2)Ks,s,

T31a= + (1/2)Kx(s,J. —2¢,J;) + (h/2)s,cy

Tso3= +(1/2)Ky(c,J, —2K;8,J4) + (h/2)K d,s,

Ts24= +(1/2)Ky(s,J, —2¢,J4) + (h/2)d,c,

T336= +(h/2B)Ky(cyJa — 2K 5,Jp) + (h*[2B)K T s,
—(1/4B)K,Ls,

Taae = +(W2B8)Ka(s,Ju —2¢,0;) + (R22B)J ¢,
—(1/4B)(sy + Lcy)

T3 = +(1/2) K, K,(2c J, —s,J.) +(1/2) (K, + hK)s,c,

Tya= +(1/2)Kr2K;s,J; — ¢ J.) +(1/2)(K, + hK))s,s,

Ta2s = +(1/2)K;1 K (2¢,J; — s,J5) + (1/2)(K + hKy)dyc,

Tas= +(1/2)Kr2K, 8,04 — ¢, Jo) +(1/2)(K, + hK;)d,s,

Taze = +(h/2B)K,K>2c J; — s,Jy) + (h2B) (K, + hK,y) T cy
+(1/4B)K (s, —Lcy)

Tas6= +(h/2B)K>2K;s,J; — cyJy) + (h2B) (K, + hKy)J s,
—(1/4B)K, Ls,

Tsyy = +(h/12B)(K,+2hK,)(s.dy +3J1)
—(1/4B)Ky(L —sccy)

Tsi2= +(W12B)(K,+2hK )d3
+(1/4B)K;s%

Ts», = +(h/6B)(Ky+2hK,)J,—(1/2B)s,
—(1/4B) K (J; —s,d,)

Ts16= +(h?/12B%)(K,+2hK,)(3d, J, —4T>,)
+(h/4B*) K J1(1+¢,) + (h/2B>y?)s,

Tsz= +(h*/12B%)(K,+2hK,)(d3 —25,J2)
+(h4B?)K s.J1 + (h/2B>y?)d,
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Tses = +(h/6B>)(K,+2hK,)(3]5—2d,J,)
+(h?[6B%)K [s,d%—To(1+2¢,)]+ (3/28%y*)(h*J, — L)
Tszz= — (h/B)KlKZJf —(h/2B)(K;+ hKy)J,
+(1/4B)K4(L —cysy)
Tsss= —(h/2B)K3J,
~(1/4B)K;s3
Tssa= — (h/B)KZJf + (h2/23)]1
—(1/4B)L + cys,)

6. COMPARISON WITH TRANSPORT

From the Hamiltonian given in section 2, we find the canonical equations of

motion
dx/ds = p,(1+hx — §/B) (1)

dylds = p,(1+hx —8/B) )
dp/ds = — (K, + hKy)x + hé/B
— (K, +2hK)x?/2+ (K, + hK1)y*/2— h[pZ+p3+(8/8v)*)/2
dp,/ds = + K1y +(K, + hK;)xy.
By differentiation and substitution, we find the second-order equations
d?x/ds*= — (K, + hKy)x + hd/B
— (K, +4hK,+2h%K)x%/2+ (K, + hK ) y?/2
+(h?+ hKo+K,)x8/B + (h/2)(p; —p3) — h8%/B>— h8?%/2B%y*>  (3)
d?y/ds®>= + Ky + (K,+2hK,)xy — K,y8/8 + hp,p,. 4)
Putting B =1, 1/y =0 and making the replacements
Ko=h
K,=—-h’n
K,=2h%B,
Egs. (3) and (4) become identical to those given in Ref. 1.

The TRANSPORT coefficients listed in this paper may also be found directly as
follows:

1. Find the initial conditions for the derivatives at the entrance using Eqgs. (1)
and (2):
dx/ds = p,(1+hx —8/B)

dy/ds = py,(1+hx —8/8)

2. Solve the second-order equations of motion (3) and (4) to step through the
dipole using these initial conditions.
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3. Convert the derivatives at the exit back to canonical momenta by inverting
Egs. (1) and (2) to second order:

p. =(1—hx +8/B) dx/ds
p, =(1—hx +8/B) dy/ds

This procedure reproduces the T matrix elements found above, but by
different means. The particular choice of canonical variables in this paper adds the
8/B terms in Egs. (1) and (2) as compared to Ref. 1. These terms, together with
the relativistic limit, account for the entire difference of the results contained in
this paper and those in Ref. 1.

7. TRANSPORT COEFFICIENTS FOR HARD-EDGE FRINGING FIELDS

Following the TRANSPORT conventions, we define the fringe field angles ¢, and
Y, as positive if they cause the outward normal of the pole face to be rotated
away from the centre of curvature, i.e. if the fringing field causes an additional
horizontally defocusing quadrupole. The pole face curvatures m; and m, are
positive if the pole face is convex, i.e. if there is an additional negative sextupole
effect in the fringing field. The first-order transfer matrix for an entrance or exit
fringing field is then in the hard-edge approximation®

1 0 0 0 00

+htany 1 0 0 0O

R = 0 0 1 000
0 0O —htanyy 1 0 O

0 0 0 010

0 0 0 0 0 1

The second-order coefficients must be modified with respect to Ref. 1 using Egs.
(1) and (2) of Section 6 when using canonical variables. This causes the coeffi-
cients T,;4 and T,3¢ to vanish. The non-zero coefficients for the entrance fringing
field are

Ty1,=—(h/2) tan” ¢,

Ti33=+(h/2) sec® ¢,

T, =+(h/2)n,sec® ¥+ K, tan ¢,

Ts12 = +(h/2) tan® ¢,

Ta33=—(h/2)n, sec® ¢, — K, tan s, + (h?/2) tan ¢, (1 +sec? ¢,)
To34=—(h/2) tan® s,

T35 =+(h/2) tan® ¢,

Ty413=—(h/2)n; sec® ¥, — K, tan ¢,

T414=—(h/2) tan® ¢s,

Tans=—(h/2) sec? ¢;.
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For the exit fringing field, the non-zero second-order coefficients are
Ty, = +(h/2) tan® s,
T3 =—(h/2) sec® ¢,
T2, =+(h/2)n, sec® Y, + K, tan ¢, — (h?/2) tan> ¢,
To1,=—(h/2) tan® ¢,
Ta33=—(W2)m, sec® Y, — K tan ¢, — (h?/2) tan® s,
Ta34 = +(h/2) tan® ¢,
Ts15=—(h/2) tan® ¢,
Ta13=—(W2)m, sec® ¥, — K tan ¢, + (h?/2) tan ¢, sec® ¢,
Ty1a=+(h/2) tan® ¢,
Typs = +(h/2) sec® ,.
Thus in both cases there is an effective sextupole with the strength
S =—hnsec® y —2K, tan ¢

The terms of the T array without n or K; depend on the edge angle ¢ and the
curvature h only.

8. LIE TRANSFORMATIONS FOR HARD-EDGE FRINGING FIELDS

The Lie transformations for fringing fields are found by inversion of the formulas
given in section S. The linear transfer matrix is the same as in section 7. The third
order Lie polynomial for the entrance fringing field has the non-zero coefficients

Fi1,= +(h/6)n, sec® Y, + (K,/3) tan ¢, — (h?/3) tan> ¢,
F15=+(h/6) tan” ¢,

Fi33=—(h/6)n, sec® ¥, — (K,/3) tan s, + (h?/6) tan ¢,
Fy3,= —(h/6) tan® ¢,

Fy33= —(h/6) sec® ;.

For the exit fringing field, the polynomial has the non-zero coefficients
Fi11= +(h/6)n, sec® ¥, + (K,/3) tan ¢, + (h?/6) tan> ¢,
F11,=—(h/6) tan® ¢,

Fi33= —(h/6)n, sec® Y, + (K,/3) tan ¢, + (h2/6) tan> ¢,
Fy3,= +(h/6) tan® s,
F,33= +(h/6) sec® ¢,
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APPENDIX A

Evaluation of the Key Integrals

The formulas below guarantee a relative error smaller than 1072 for all integrals,
when evaluated to 12 significant digits.

Consider the integrals J;, J,, and J5. For (k,L)*< 1072 use the first three terms
of the three Taylor series

J,=L? i (—k2L>"/(2n +3)!

n=0

J,=2L% ), (4"'—1)(—k2L>"/(2n+5)!

n=0
J3=(L"/4) i [9"*3—6(4"*3)+15](—k2L?*"/2n +7)!
n=0
For (k,L)?>>1072 use the formulas
Ji= (L—sx)/ki
=[L —s(k,, L)J/kZ
J,=@L —4s, +s.¢,)/(2kD)
=[3L —4s(k,, L)+s(2k,, L)]/(2k%)
J3=(15L —22s, +9s.c, —25,c2)/(6k?)
=[10L —15s(k,, L)+ 6s(2k,, L) —s(3k,, L)]/(4k®)

Now consider the four integrals J,, J, J, and J;. For max (k2, 4k3) <1072 use
the first three terms of the four Taylor series

J.= ) CL>?2(2n+2)!

n=0

JI.= Y CL>*3(2n+3)!

n=0
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Jy= Y CL>™/(2n+4)!

n=0
— S 2n+5
J=Y CL>™5/2n+5)!
n=0

with the coefficients
Co=(D" Y (k)" ™(4k2)m
m=0

Note that k3 and k3 cannot be negative at the same time. For k2<0 or k2<0 use
Je =[cQk,, L)—c(k,, L))/(kZ—4k3)
J, =[sQk,, L) = s(k,, L)]/(kz—4k3)
Ji=[dQ2k,, L)—d(k,, L)]/(ki—4k3)
Jp=[fQ2ky, L)~ f(ky, L)]/(k3—4k3)
For k2>4k2>0 use
J.=s[(k, +2k,)/2, L]s[(k, —2k,)/2,L]/2
Jo ={sl(ky +2k,)/2, L]c[(k, —2k,)/2, L]
—cl(ky +2ky)/2, LIs[(k, —2k,)/2, L}/4k,k,
Ja=[dQ2ky, L)—J )k
J=[fQk,, L) = J ks
For 4k2>k2>0 use
J. = s[(k +2k,)/2, L]s[(k, —2k,)/2, L]/2
Jo ={sl(ky +2ky)/2, L]c[(k, —2k,)/2, L]
—c[(k, +2k,)/2, L1s[(k, —2k,)/2, LT}/4k,k,
Ja=[d(ky, L)—J J/4k3
Jp=[f(ky, L)—J J/4k3





