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1. Introduction

In recent years, Kaluza-Klein unification schemes have resurged. In a simple
scenario, a higher dimensional space is compactified to the direct product of flat
four dimensional Minkowski space with a two sphere. If the four dimensional
metric contains the gauge fields, there is an SO(3) gauge theory on the product
(1]

space at low energies.

As a model of this low energy theory, I consider an SU(2) gauge theory on
the direct product of a flat two dimensional Minkowski space M? with a two
sphere S? and neglect gravitational effects. In this theory, a background vector
potential preserving two dimensional Lorentz invariance is allowed. I choose an

’t Hooft-Polyakov monopole on S 2(23]

where r and é, are the radius of is the outward normal to the sphere. This back-
ground gauge field, or any topologically non-trivial one in any compactification
scheme, will induce a multiplet of massless chiral fermions and massive gauge
bosons and fermions on the uncompactified space. If the compactification scale
is very large compared with the weak scale, only the massless fermions can be-
come the observed quarks and leptons. No one has examined in detail how they

might obtain the correct masses.

This paper develops the perturbative analysis of this problem on M? x §2.
It is shown that chiral symmetry preservation on the total space implies chiral
symmetry preservation in the uncompactified space. However,on M 2 the ground

state monopole vector potential couples to fermions as a pseudoscalar boson and



can act as a Higgs field. Only the massless fermions in the field of the lowest
charged (z = 1) SU(2) doublet monopole receive tree level Higgs mass insertions.
For higher charged (z > 2) doublet backgrounds, the massless fermions obtain
masses from one loop fermion-Higgs Yukawa couplings. All these techniques can
be easily generalized to arbitrary M™. But then one must confront the usual
problems of perturbative non-renormalizability in higher dimensions which I will

not address.

In the next chapter, I find the vector potential and fermion eigenmodes in
the field of a monopole. In chapter three, I find the induced fermion-vector and
fermion-pseudo-scalar couplings on M? by integrating out the S? dependence of
the fermion-gauge field coupling on the total space. I verify that chiral symmetry
is preserved on M? in chapter four and calculate the one loop fermion-Higgs

couplings to obtain a mass heirarchy in chapter five.
2. Quantum Fluctuations

2.1 GAUGE BOSONSs

In this section, I will find the fluctuation states about the monopole back-

ground. The Yang-Mills action on a curved space

S = —41—2 / A"t TrF* By,
g

F;u/ - VuAV - VVA[I.
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yields the inverse propagator

628
Ay = m = (=D®Duguy + 2Fu + Ru)® (2.1)

in the background field gauge
DREAL = (Va — 1Aa)P6AT =0 (2.2)

where a, b, are group indices. The variation operator (2.1) is manifestly diagonal
for u,v = 1,2 and will be diagonalized for u,v = 3,4 = 0, ¢. All terms with one
index in M? and one index in S? are zero. When acting on its eigenvectors A%

has the form Agpguv.

The D, D, terms in the numerators of the gauge boson propagators

D”,Dy

(88)7 = At — (1= §—2]

are zero in the one loop diagrams of chapters four and five by Ward identities.
Therefore, I only need to find the eigenvalues and eigenvectors of the variation
operator in the background field gauge (2.2) and assume that the boson prop-
agators are proportional to gy, to obtain gauge invariant results. The relevant

Ward identities will be proved in chapters four and five.

Vectors Polarized in M2

The variation operator for vectors polarized in M? is™

628

W = (Va - iAa) (Va - iAa)nij
104

[4]

#1 A discussion of collective angular momenta and monopoles has been given by D. Olive.



Ins (2.3)

The conserved monopole charge, e, - T, commutes with (J2); . In the adjoint,
(é; - T) has eigenvalues 0,+1. Equation (2.3) is the gauge covariant Laplacian
for scalars times 7,, whose spectrum is bounded below; the J; = O state has
é&-T = 0. (If G/H = S? = SO(3)/S0O(2) with SO(2) generated by & - T ,
these operators have the form C3(G) — C2(H) = C3(G/H), where C; denotes the
(5]

second Casimir invariant.)

By separation of variables, the fluctuations polarized in the M 2 directions
are generalized scalar harmonics Y(¢, 1)1y, times plane waves times unit vectors

1 'E’ ._"—>
Ale,-T)zm = ;( 0 )C’ k-z Yo, Tyim (9, 4)

- o — 2 : 2
where k ,¢ and z are on M?, 0, ¢ are coordinates on S*, and lower component
is on S2. In M? they represent two infinite towers of very massive gauge bosons

2=l(l+1)—1

m
r2

l=1,...,00

and another tower of very massive gauge bosons with one massless gauge boson

Henceforth ! will denote the gauge field angular momentum.



It will far easier to compute in chapters three and four in the Abelian
gauge. 16,7] The rotation from the previous notation to the abelian gauge essen-

tially rotates €, - T to 2-T. The rotation matrix is
U(0,¢) — ciGTy ei¢T,
The gauge covariant derivative
—* ~
D=¢éxL+T

is transformed to

D=2gyx1+ ¢ (6¢x1+Tz{cosa_1}{NH})
r rsind

cosf + 1 SH

where NH and SH denote the northern and southern hemispheres. In compo-

nents,
pi™ o o p§t) o o
=% o DO o |+-2 o D o
r _1) rsin g (=1)
0 0 D o o D

I can now add SU(2) monopoles colinearly, or put a @ in front of T, to change

the charge of one SU(2) monopole. I will henceforth use @ to denote this factor.

Scalar eigenfunctions of D®D, in the adjoint are now just the Wu-Yang

monopole harmonics 18] Y um with ¢ = 0,+Q. In the northern hemisphere

Voim = My S0 (1= 2)F (14 ) Feitmd Ty pyetn(a 4z

Im~Y5, 71 2n ' xn

__p
2

zz+1 (- )'(l+m)']1( 1)

L = e e e

(1-2)F(1+2)



di::ﬁ (1-— x)a+n(1 + m)ﬂ+n] x et(m+a)é

20 +1(1 —m)! (I +m)

It 3 £ pa,f t(m
4r (I-q)! (z+q)!]’(l‘m)”(lﬂ)an”’e( 09

= (-1)"2"|

a=—q—m fB=g-—-m n=Il+m z=cosl

P,f"ﬂ is a Jacobi polynomial. The southern hemisphere harmonics are related to
the northern hemisphere ones by by (Ygim)sz = e“izqd’qum. and obey the same

derivative formulas.

The fluctuations on M? are Ygim times plane waves times unit vectors

1/7¢ ."".—-)
A;[m = ;( 0 )e' k- z qum(0,¢) (2.4)

Vectors Polarized in S?2

For vectors polarized in S%, defining T, = & - T, Ty = & - T and Ty = é; - T,

the variation operator ist2 [9-13]

(_.DaDagﬂ,y —_ ZiFI‘y + R“V)AV =

(k2 -ve Vo Guv + Rp,u)AV

+(T2 —Trz)

A
r2 K

+2i§§1[T¢BaAa — cscfTy(8yAg — cotfAg)]

#2 Related calculations have been performed by Horvath et al, A. Schellekens, and M. Evans
and B. Ovrut.[®



€ '
+2i—5[T% (9 ~ coth) Ay — Ty(eschdy Ag + cot 8.Ag)]

21csclTy Ay

215107, Ay
r2 €

€9
r2

u,v=20,¢

This formula should be compared with

(L+T 487~ (6T

2
K+ 2

+k2[8gAg + E5A4)
+§g_[(ag + ¢sc?083) Ag + 2 cscf cot (84 — i sin 0T Ay)
+csc? 0Ag + 2T csch0yAg — 2T? 0y Ag + (T} + Tj) Ay
~2iT, Ag + icot 6T? Ag + 24,)]
+f—'£[—(6§ + csc? 033) — 2¢sclcotf(dy — iT%sinf) Ay
+escP9Ay — 2T09 Ay + 2iT%csc004 Ay + (TF + T}) Ay

+2iT, Ag + icotdT? Ay + 244

If c and s denote the first and second equations, they are equal under the rescaling

T 4
A (A;cscﬂ

é

o

— pC

sinf s

S SE—
As before, [, - T,L+T]=0=[¢ -T,L+T+ S|
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Once again, I will assume separation of variables and focus on the angular
dependence. The solutions of the angular equation will be called SU(2) vector
spherical harmonics and denoted by V)qlm . They are vectors on S? but scalars
on M?. Hence, the fluctuations polarized in the S? directions are SU(2) vector

spherical harmonics times plane waves

1 0 —I: —
A%, = —<_> )e’ 'z (2.5)
aim r\V qlm(a, ¢)

In the Abelian gauge, the SU(2) vector spherical harmonics are
V gim = E Ia(m—i)&i{J2 (M — i)1|J;1UM)
with ¢ = £@Q,0 in exact analogy with the usual vector spherical harmonics
- ~ . .
Y iim =Y Yyimoiéi(d M — i 1i|JLM)
)

Both of these vectors are in three dimensions and must be specialized to the the

sphere by imposing

e,--qum=0=e,--Y1m

It will be extremely convenient to rotate these harmonics into a ‘spin Abelian

gauge’. Recalling the monopole harmonic addition theorem

Youtmy () Yaatam, (2) = Z(ll q1l2g2|ll1l2l3 (@1 + g2))
ls

X (ly ma lp mally 213 (ma + m2)) Y(g, 445)i15 (ma-+ms) ()

9



the vector potential is rotated by

e Y1 e %Yo e ¥Yin
1= Yo1 1 Yo10 Yo11
e¥Y_11-1 €?Y_110 €Yo

to

V. i a R —i¢ R
Vgim = €°Y,_11m€-1 + Yanéo + e Y 11mE+1

for each Js.

Let’s specialize to a @ = +1 (or equivalently @ = —1) background and find
the angular momentum degeneracies. Continuous Wu-Yang harmonics cannot
have [ less than q. Consequently, ‘_;ium has 3 x (2! + 1) states for I > 2. At
[ = 1, there are only 2 x (2! + 1) because J; cannot be zero. At/ = 0, there are
two unstable states with eigenvalues

0x(0+1)—1 1
r2 )

They correspond to tachyonic bosons on M?2. (The existence of these two insta-
bilities substantiates a claim by Hosotani and refutes another by Schellekens.lg]
[15] ) T;'ozm has 3 x (2! + 1) states for ! # 0 and one zero mode. This degeneracy
analysis can be done for any @ background.

Since I know that I can impose the é, - ‘_’) = 0 condition before the rotation
and still have an eigenfunction of the variation operator, I can also impose it

after the rotation. Since

— —
€ = —V4m Y 010 = V 000

10



in spin abelian gauge is

N>

=)
fl
N>

forcing the vector potential to lie on the sphere implies

7 idv A —igvs A
Vam = €Yo 1imé-1+ € Y0841

Now there are 2 x (2/ + 1) states for ! >1,q=0and for! > 2, g = +1. For

I =1, ¢ = %1 there are (2! + 1) eigenvectors.

2.2 FERMIONS

The gamma matrices on M2 x S? may be written asl® 116l

TJ (M2 7 (M?
I#(M? x §%) = <z"75'(M(2) 8)> i(lsz)> = (ivngz)) zi‘)

with 7 = 1,2 and s = 3,4. The Dirac Operator on M2 x §2 is!®! [17,18]
; . 1 .
Dg:(A) = k;T7 (M?) + 2’75(M2)698I‘8(52)[;89 — igAy)

1

By —igAy) — ivs(M?)e,s T8 (S?) -

+17s (M2)6¢srs(52)[

1
rsind
; . N 1 .
= k,;T7 (M?) + iy5(M?)ég - ??[—;Bg — 19 Ay]

1
rsind

<R | =

+i95(M?)éy - O[04 — igAg] — iv5(M*), - T

It will be convenient to rewrite this operator such that the rotational symmetry

is obscured. Let’s rotate to spin abelian gauge again by taking é, to 2. The Dirac

11



operator becomes

ij‘j(M )+ 0301[ (Gp + —cot0)] + 0302[ 0y —igAY " — igos6 A°

Now let’s find the solutions for 6A; = 0. Let B = +2 and z for fermions in a
doublet be the analogues of ¢ = 0,+Q and Q for gauge bosons in the adjoint. By
separation of variables, the solutions are direct products of two two-component

spinors
Vpim(2) =uBs(z) @ ¥vBIMm(Y) (2.6)

zeM? x S%, zeM?, yeS? . Using the monopole harmonic addition theorem, the

eigenspinors are rotated by €1792¢'%93 from
1 1
(BsM)NE =D Yorar—pu (05 8) Xu(L (M ~ u)3 ulLzIM)
" .

to
1 ( C%YB—éJM(o"ﬁ) )
)

Wpsve = —|  _
BIM Var \£e3*Yp, 1,0,

1 < “YB 17m(0,9) )
- Ve YB+;‘JM(0 )

for B greater than zero, and

1 (]—[“YB 1rm (0, ¢))
T Ver\ s YB+§JM(9s¢)

for B less than zero, with eigenvalues

J(J+1)+1- B2 (J+1)2-
=i\/ - 4 =;}:\/ :

12



and
(VE a)sH = €2 (V50 )NH

Once again B is an isospin index. For fermions in an isodoublet, B = +z and
z is the charge of the SU(2) background. Positive and negative 2’s have zero
modes with zero upper and lower components, respectively. Henceforth, fermion

angular momenta will be labeled J or J;.

Fermions in an arbitrary isospin background can be written as direct products

of doublets or triplets. For example, a background of

3
20 0 o0
0 7 0 O
o 0 -1 o (2.7
T2
3
00 o -3

in a quadruplet is equivalent to doublet monopoles of charge 2 =3 and z=1 or
to four abelian monopoles of charge B = i% and B = :1:%.
3. Induced Tree Level Yukawa Couplings
3.1 DECOMPOSITION OF THE INTERACTION

Fluctuations depending on @ and ¢ induce effective coupling constants on
M? through integrals over 6§ and ¢ of the fermion-gauge field interaction on
M?*xS§ 2.[19] For gauge fields in an isotriplet and fermions in an isodoublet, the

decompostion (2.6) implies

Li= —ig/d4zTIl—AJzM2 (2) Agm7ac Yo (2)

13



= —ig / a2 A%, (2)780Tan (D) T (M) ucs, (2)¥h 1, 0, (V)00 (V)

—ig / 42 A% (2)78 6T, (2)ivs (M2 )ucs, (2) Pl ar (W) 0 Yo uum, (V)

For our fluctuations (2.4) and (2.5) these reduce to

. N —) 1:
—'g / &y Yqim (V)8 01, W) 0,04, () X / d*xtigg,(z)e- T (M?)e*ucy,(z)
—i% / Pyl ;s Vim0 besm (y) X / A’z 47, (z)ivs (M*)ucy, (2)
- 2, 2 T (A2) ik
= —igac [ d*zuay,(z)é- T (M*)e* ucy, (z)

—iMAC / d2 TUAJ, (2:) 5’75 (Mz)uc'J1 (1:)

I am taking the gauge fields to be in an isotriplet and the fermions in an isodou-
blet. However, using the decompositions similar to (2.7), the fermions can be in

any isopsin representation and in the presence of a monopole of arbitrary charge

. The first term will induce an effective two dimensional vector interaction while

the second will induce an effective pseudo-scalar interaction.

3.2 EFFECTIVE VECTOR COUPLING CONSTANTS

The vector coupling constant matrix only picks up contributions from Aglm

and A;lm' The triple overlap integral I need to evaluate is

gac = g / A2y Y gm (U) ¥ 5, 0r, W) P70, (V)

14



The Dirac equation was solved for a background -
O A = —2(1 — cos )Y aymTacO1¥CIM

with A;g =0 = A_q. It is convenient to make the definitions

1
g 2 §¢132J2M2Y01m¢+21J1M1 ¢3—z2J2M2Y—le¢—21J1M1
gAC = — dy t ~1..4
¢—22J2M2Y+le¢+zllel T¢—2212M2Y01m¢—21J1M1

=g§++) 0 +00+0g_
0o g g+ 0 0 0

Note that |2;| and |22| are not necessarily equal. So, explicitly,
=2 [ @yYiqmb!,, ran¥
g4+ = 2r y +QIm —zoJ2 M, +21J1M1

g9

2 9.3 d yY‘l’le[!E I z3+3 1J; - M2Y21-——J1Ml

E,

Y,
|E IY_22—-12—M2Y21+1J1M1]X( 1) A

(++) (=),

with similar expressions for g_,g5" '’ and g;
To evaluate these integrals, I use a formula of Edmonds. 20l ¢ D’ (aﬂ'y)

is an angular momentum matrix element

2T

/
0

2m

™
//D ‘,ml (aB) DJ2 ' o (aﬂ’Y)Df:';,s’m3(aﬂq)dasinﬂdﬁdq
00

I L U T nooJz 53
m'1 mlz m; mp mz M3

15



A bit of algebra shows that this implies

21r1r27r

SWZ///H{ : ++"Z :l —Z:;)} 2mi(1 — 2) ¥ (1 + 2) % PP ()

x e~ "Mi$ Y ddsinfdfdy

ll 12 13 ll 12 13
my mgz ms3 qaq 492 g3

The last integral is non-zero if and only if the exponentials go away. This means
that all of the m’s and ¢’s must separately add to zero on the left hand side. So,

for m1+m2+m3=0=q1+<12+¢I3,[14]

2
/ d yY0111m1Y0212m2YQalsms

(11+12+13)\/ 211 -+ 1)(2[2 + 1)(213 + 1) < I I I3 ) (11 2 13)

my mz ms3 Q1 92 43

The e~*24¢ coming from switching hemispheres will not matter. The minus one
factor for us will always be (—1)" 1+72+ | Tt will henceforth be implicitly assumed
in all our coupling constants and will eventually cancel out of the one loop cal-

culations below.

Using our overlap formula

_ @h+1)QRL+1)20+1) (N S «
9+ = 2r 4T M -M; M

E J1 J2 l E J1 Ja l 1
(o 1 1 + E_l 1 1 }(—1)7= M
IE2| zZ—3 32+§ Q | 1| zl+§ 22— 3 Q

16



_ g J@h+)eR+nE@+Y) (1 2 g
T 2r AT M -M; M

{—E}_ J1 Jg l +ﬂ_ Ji J2 l }
| | —z1—1 —m+i —Q | B | —z+1 —m»-1 -Q

% (_1)—22'—%+M2

JHH 9 \/(2J1+1)(2J2+1)(2l +1) (N T2 y
0 4r 47 M, —-M, M

1 J2 l E, E, J1 J2 l w1
{ . . _ _E_E_ . . }(_1) z2—5+M;
a—% —n+3 0) |E||Bf\a+] -2z—3 0

g((,") =

—_g\ﬂ2J1+1)(2J2+1)(2l+1) S T2 y
4r 47 M My M

J1 Jz l El E2 J1 J2 l o
{ . . _ FE . . }(_1) Za—3+M;
—21— 5 22tz 0 l 1” 2| —21t+3 %22-—3 0

Note that I have used = (—=1)**™Y_,;_m. The g+ are non-zero if and only

*

zlm
if Q = —2z. This is the same constraint required for the interaction to be gauge
invariant. On the other hand, the go’s are potentially non-zero for any value of

Q and 2q.

If I only want to know how the light particles couple amongst themselves,

then Iset J; = |z1]| — % Jo = |z2] — % Since there are no light gauge bosons with

17



+Q charge

g+(light)(z1, 22, M1, M2) (A1) = 0

g-— (lzght) (21, 22, Ml, Mg)(Al) =0
But

() (light) (21, 72, M, My) (A1) = 221 — _1=2]
90 ( g )(Z]_, 2,4v11, 2)( 1) 4rm 47_\/&;

(~=)light M, M>)(4,) = — glz] = - 22|
90 (Zg )(zl,zz, 1, 2)( 1) 4T\/‘G 4T\/4_7l:

The U(1) (massless) gauge boson does indeed couple to the light (massless)

fermions. This light boson is the zero mode polarized in M? with é, - T = 0.

3.3 [EFFECTIVE PSEUDO SCALAR COUPLING CONSTANTS

By the Ward identity, I do not need to find the explicit solutions to the back-
ground field gauge. Thus, I can consider the two independent spatial fluctuations
of A:‘;lm simultaneously and the corresponding induced pseudoscalar coupling con-

stant.

The coupling constant matrix is

My = g / Y8} 7,20, OV g (W) 050001 (1)

It is convenient to make the definitions

1
g 2 §¢122J2M2V081m03¢+21‘I1M1 wlZQJgMQV-}s-leoszp_zl‘IlMl
Mac== [ d%

t 1,1 s
w_ZZJ,MQVfQImas¢+sz1M1 —§¢_32]2M2Vozm08¢—z111M1

MY o 0 0 0 M_
= (=) |+ +
0 M My 0 0 o
Explicitly, using the previous solutions to the Dirac equation and the vector

18



potential fluctuations

2 g —l.M El E,
M+=/d y2r( ) w 2[|-E'1||-E |Y22+1J2—M2YQ 11MY1+1J1M1

+Yz2—%J2 —M2YQ+1 le 1——J1M1J
with similar expressions for M_,M(g++) and Mé_—).

Once again the overlap formula gives

4

g \/(2.71 +1)(2Jz +1)(2 +1) ( Lo J >
M+ = - X
2r M1

(=2 E; E J1 Ja ! + J1 J2 ! H 1)—21--,17+M2
Bof[Bil\z1+} m+} Q-1 n—3 2-3 Q+1

M= 2r\/(le +1)(2J; +1)(2 + 1) ( N A ) )

4 M, M, M

{Ez E; J1 J2 l
B2l [Ba| \ ~21+ ) -2+ -@-1

J1 J2 l _1
+ . . Hp)tematha
—ZI—E —29 — 5 "Q'*‘].

2

M = \/(2J1+1)(2J2+1)(2l+1) S L 8
4r 41 My, M, M

{ El Jl J2 ! E2 Jl J2 ! (_1)+22—%+M2
| E1| 21+% —Z2+% -1 | E2| : 1

1
Z1—5 —22— 3

M) = \/(211 +1)(2 + 1) (20 +1) (Ml B ) §

47 -M; M

19



{ﬂ- J1 J2 l B S N ! (_1)—z2—§+Mz
| B —z1+% zz+% -1 | Ez| —21— 3 22—% +1

4. One Loop Chiral Symmetry Preservation on M?
4.1 POSITIVE CHIRALITY SPINORS AND GAMMA MATRIX STRUCTURE

Chiral symmetry preservation on M2 x S? implies its preservation on M?2.

Positive chirality spinors on M? x S? have the form

V(B=tz)dM = “S;)J(-") ® ¢-(+_QIM(y) = ug;)_,(:c) ® ’»[’E;)JM(y)

_—cy (z) ® l(e%Yz—%(-)’M(o’qs)) + () (z) ® 1( —ig 0 )

+2J r +eJ r\e= Y, 150(60,9)

and

¥(p—syone = ) (2) ® ¥\ (v) £ w0, (2) @ 1)) (0)

id
—u ) (@ L (T -t L ) el L, O )
=u_(2)® r ( B tuile) e r e—;¢Y—z+%JM(0a¢)

where (+) and (-) superscripts denote positive and negative chirality spinors on

20



the subspaces, and

Ts(M? x §%) = v5(M?) ® 03
The 22z zero modes for B = +z are

1 (C%Yz_%(z_%)M(aa ¢))

Y(B=t2)(z-})M = w2 ® r 0

_ 1 0
NG YRS (9 )
(B )JM u zJ( ) r e_th_z_*_%(z_%)M(o,QS)

By looking at the gamma matrix structure of the interaction, on can see that gac
vertices leave the chirality on both subspaces unchanged while the M4¢ vertices
flip both chiralities. Hence, the zero mode massless fermions cannot obtain mass

corrections from self energy diagrams.

As a check that no mass counterterms are gernerated for the massless fermions
on M2, I now calculate the one loop self energy diagrams for a 2 = % background.
In general, the graphs for the =M states of the 2z massless multiplet are equal by

the symmetry relating the 3-j symbols with the signs in the bottom row reversed.

4.2 A WARD IDENTITY

Consider the diagram in figure 1(a). Let’s introduce the notation
[¥;) = Wgjm(2)

(v 9| =wl. (2)T°(M? x §?)

Then for incoming and outgoing zero modes, second order perturbation theory

21



equates the first diagram to

2 8y, e 1 1 1 1
(¥ g TulY, ) = (7P Ao T Y H)
j=1 pjz

Now operate on this diagram with D(©)# and symmetrize the boson legs

1 1 1 1 1
(V| DO 43, D YD) — (v Agim T V3D
1 @)

J

M

<
Il

had 1 101 1 1
+ 3V 1ALV ) — = (VDD ATl ¥ )
j=1 p;

Next integrate each vertex by parts and note that

1 1 V .7' j +1) - ! 1
pyy - VD75 gy,

r

(Dl(‘a)Yj(a)uw - _E(Yj(a)l

We then get that D) acting on the symmetric sum of diagrams is
_ Y(%) A* A r Y(%) Y(%) A* I\ A Y(';') —
(Y [Agim Aoim T [Yy?') + (Y * | Agim Ty Aoim [Y5*') = 0

Similarly, it’s easy to show that the symmetric divergence of the diagram of
figure 1(b) is zero. This proves that the results of the next section are gauge
invariant, since the D, D, terms in the boson propagators are automatically
zero. A similar identity will be derived for the one loop fermion-higgs Yukawa

couplings calculated below.
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4.3 SELF ENERGY DIAGRAMS

For fluctuations polarized in the M? directions, conservation of the z com-
ponent of isopspin only permits two diagrams. (See figure 2). In this case,
2 = % = 2;. Therefore, either the incoming or outgoing g+ or g_ in figure 2 (b)
is zero. But the diagram in figure 2 (a) is non-zero. The clebsches in g(()++) en-
force J; = . Although the incoming and outgoing couplings interchange J; and
Js, the minus signs from switching the columns of the 3-j symbols will cancel to
give the same expression for each vertex. So summing over the positive internal

fermion eigenvalues, the negative internal fermion eigenvalues, and the internal

fermion zero mode, we get the contribution to the self energy
Z(p, Al) =

29 [ d% f:(21+1)7 ' 5 :
arier | (2m)7 & PE+isI0+1) | (k+p)2+10+1)

29 [ &k i(21+ 1) : .
4m16r | (2m)% = T i i+ 1)'7”(16 +p)2+1(+1)

2 g2 d’k 1 1

anier | m)? Mk Pk + p)?

where p is the external M? momentum. Bringing the gamma matrices into the
numerator of the first two terms causes the mass terms proportional to 5 to

cancel. Then

3

1
1 &k & Tl k= o)y
S(p,A') = _E/dx/ (27)? &= (3 +1) k2 + l(zi 1) + 102-’13(‘1 - z)?
J =
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d*k  yu(= pz)7
27r 16r /dz/ )2 [k2 -l:pz (1 —I:::)]2

Similarly, the two fluctuations polarized on S? give zero M, and M_ but
non-zero Mé++). Neglecting the tachyons, and taking the special degeneracies at

l =1 into account,

Z(p, 4gim) 27r 167'

> (k- pz)V*
d””/ e 2 T+ 7 eGP

1
1 g° / / dk & Vu(f— pz)y*
—— [/ d — 20+1
tarter | ) @y z_:( MR g
5 =
In this graph, two T%[ factors from the couplings cancelled on the internal fermion
line.
5. One Loop Yukawa Couplings and Mass Heirarchies
5.1 A PSEUDOSCALAR HIGGS

A slight extension of the results of chapter three shows that a vector potential

of the form

1 0
Aqlm =7 (“‘;*qlm(o’qs))qSQ(z)

induces a pseudoscalar coupling for ¢q(z) on M? for each q. More explicitly, the
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Yang-Mills Lagrangian on M? x §2% induces the Lagrangian for the triplet

L(#4(2)) = 5 Tr(Dy)! (DH6) + Barsct} (8% 000

= —%T?‘(D”¢) (D”¢) + ansuctpa( QIm) 8Tgc¢c¢‘1(z)

It is reasonable for this scalar to obtain a vacuum expectation value. The
scale of this vacuum expectation value must be well below the compactification
scale since we are neglecting gravity. For simplicity, I will give a vev to the z

dependent part of the ground state hedgehog

—,q=+1 —2 T
(A o) = () = 202

implying

T e'?
((514100) ) @Lf')l (e'(')id’ 0 )

We now have gauge boson and fermion mass insertions on M?

M} = 292 AT A ($2*) (62) €qeathac

- %z-l(¢+(z))|2 / dPyA™* A" = f—:l<¢+(z)>l2

2
= L1+ [ ol ¥isgrmYe-pms
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By

for A,C greater than zero and

(o] *
MAC = 216+ @] | PUVysaa Yoo ras

E, E, *
AR R

for A less than zero and C greater than zero.

Since opposite chirality zero modes have opposite charge, Mff can only
generate tree level masses for the massless fermions with A = —%,C’ = % To

obtain a family mass splitting for higher charged fermions, we must go to one

loop.
5.2 ANOTHER WARD IDENTITY

Consider the diagrams in figure 3. The graphs (a), (b), and (c) give the three

respective expressions:

N (=8 EEV | ~1 1
aw = Y0 P AcunTul¥ ) = (Pl v )
j=1 pJ ‘EJ

X (YJ(%) IA—ller 'Yl(%)>

(o]

—y, 1 1 N
L= Y( 2)|A—llmru|Y ) (_l)<Y}(2)|A——11er| 1 (1)
J=1 p]’ ’ by

x(v{P g, {3
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ad 1

_3 -1 -1) H, 1
Cuy = Z(Yl( 2)|¢+|Y1( 2))__(__1)<Y1( 2)|A—11mruly}(2)>""—(l_)
j=1 p] : 'pjz
X<Y7(%)|A—llmFV|Y1(§)>

In analogy with the previous case, one can show that

DI [apy + ayu] = 0

D [by + 4] = 0

D(_l)y[bvu +ew] =0

These three equations imply that the one loop results of the next section are

gauge invariant.
5.3 FERMION-HIGGS YUKAWA COUPLINGS

The simplest one loop diagram changing M? chirality is shown in figure 4.
I have now put the fermions in an isospin g multiplet. The external massless

fermions are now in a triplet. The couplings I need are
VaglaTy,
2

\/3—¢T_§A_*¢—%

The explicit calculation of the one loop diagrams is straightforward but te-
dious. See figure 5. Since the fermions have half integer charge and integer angu-

lar momenta the gauge bosons have integer charge and integer angular momenta.
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The external zero modes have J = 1 and will be labeled by their z-component of
angular momenta mg = 0,+1. I leave the internal fermion angular momenta at
J and let the boson momenta vary over J,J = 1. For simplicity, I will completely

ignore the two tachyonic gauge bosons at | = 0.

The outgoing and incoming vertices are related

(9+)out = (g+)in (_1)2l+1

where | is the boson momenta. Although the process reverses charge, it conserves
the z-component of angular momenta. Also since the incoming and outgoing
flavor states have the same sign of the z-angular momenta the g vertices will
not induce ]—% factors on the propagators but the M vertices will. All annoying

factors of (—1)™ cancel.

The diagrams for mg = +1, as are all diagrams with the opposite external 2
angular momenta, are equal by the reversal of the sign the bottom row of the 3-j
symbols. Coincidentally, for the case at hand, they equal the mg = 0 diagrams
because the sums over internal m make the squared 3j symbols coming from the
conservation of isospin equal. Diagrams with different magnitudes of external z-
angular momenta are generally not equal for a higher charged background (more
families).

Keeping these facts in mind, let’s now calculate the diagrams with an internal
fermion insertion. The insertion itself on these diagrams with two M vertices

gives zero. It is

g . Ey E
M;, = §|(¢+($)>| / dan—ugMzYlJlM;WI—E‘;l =0
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So consider the graphs with two g vertices. The insertion is

g g
My, = 216D [ POrrtYoran = 26+ () Ensrne
If p is the external Minkowski momentum, figure 5(a) for mg = 0,/ = j,is

M(p,l = J,mg=0) =

1

S 4(k* — p?)
4m 1 |<¢+( / Z ;J!dx(k2 +I(l+1) +p?z(1 —z) — z)*

x{(J J 1)(J I )}2 (27 +1)2
0 -1 1 -m —-m O

For mg = +1
M(p,l =J,mg=+1) =
OO +J 1 2 2
2 (64 (2) > [a A —p)
4 p O (27r)2 (k2 +1(1 + 1) + p2z(1 — z) — z)*

X{(J J 1)(.} J 1)}2x(2J+1)2
0 -1 1/)\-m -m—-1 1

All of three of these terms equal

1
_ 6y 2k k% — p?
= |<¢+ (=) / @n)? ng 0/ @I+ ) T T T 1) + 7% - 2) — )"

At p=0, this is

s o @I @+ D= - )

This expression is finite.
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Similarly,the graph in figure 5(b) for | = J + 1, mg =0, is

M(P,l =J+1,mE=0) =

1

co +J (k2_p)
|(¢>+ )>|3/ Zl Z_JO/‘“’ K+ 1+ 1)+ p2z(l —z) + (2J + 1)z)*
JT TP Yexerrner+s
0o -1 1 m -m 0

For mg = £1
M(p,l =J+1,mg ::tl) =

1

oo +J 4(k2 _ p2)
|(¢+ ()P / @) Zl M;JO/ AT ) + pPe(l— ) + (27 + D)a)

J J+1 1\ (J T 1)\,
x{( )( 1)} x (20 +1)(2J +3)

0 -1 1 m -m-—1

At p=0, all of three of these terms equal

1
6 ¢° o k* - p?
—Z“;K¢+($)>‘3/ (2m)? 20/ dz(2J +1) (k2 + J(J +1) + p2z(l —z) — 7)4

. 1 1
() (4 'Z("“ JTr -1 T+’

Also for part (c) of figure 5 with I =J — 1, mg =0,

M(p,l=J—-1,mg=0) =
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[e] +J 1

2L [ o Y

=lm=-J

(J J—-1 1)(] J—1 1)
x{ ¥x(@2J+1)(2J -1)

Formp = +1

/dz 4(k* — p’)
) (k2 +1(l+1)+p2z(1 — z) — (2J + 1)z)*

Mpl=J-1mg+1)=

1
4(k2 _p2)
ar r |(¢+ / (2m)2 &= Z Z /dz k2+1(1+1)+ p2z(1 —z) — (2J + 1)z)4

=-J%
{ J J-1 1 J J—-1 1 }2 (2J 1)(2J 1)
X X + —
0 -1 1 m —-m-—1 1
At p=0, all three of these terms equal
3 o 1 k2_p2
_ETK"S +@) / 2;/“ 2J+1) (k2 + J(J +1) + p2z(1 — z) — z)*
=lg

1 1

= G B DU Vi - )

Putting all of these contributions together and summing for the first few

hundred J gives a mass for each fermion of

J+1
Ma,ss(Aq,m) = Z M(p=0,l,mg =(0,£1) =
I=J-1
o (51

1
for A ,,, gauge boson loops.
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There are two other generic graphs (figure 6) to this order. They are similar
in structure to the self energy diagrams I considered earlier in this chapter. Both

sets of graphs with two g vertices and two M have factors of

2 ¥ 1 1

P+2 ¢+i75\/§+ﬂ—i75\/§]

from the internal fermion propagator attached to the Higgs insertion. Thus they
are zero at zero external momenta and (5.1) is the total mass correction for each

massless fermion in the triplet.

6. Conclusions

I have presented a formalism for calculating loop corrections in two generic
dimenionally reduced theories with non-trivial vector potential vacuum expecta-
tion values before reduction. These techniques may be useful in any Kaluza-Klein
theory where the holonomy group of the extra dimensions can contain SU(2) or
SO(3) monopoles in a subgroup with the corresponding gauge group in M™.
In these theories, it should be possible to calculate the mass splitting between
families. For example, with a fermion monopole background of charge 4, one
should find four pairs of particles with four distinct masses, corresponding to

mg = £7/2,+5/2,+3/2,+1/2 when coupled to a pseudoscalar Higgs.
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FIGURE CAPTIONS

. Diagrams for the Ward identity of chapter four

. Self energy diagrams for a z = —I—% background

. Diagrams for the Ward identity of chapter five

. A correction to the fermion-Higgs Yukawa couplings

. Three specific corrections for each of the three incoming massless fermions

. Two more sets of fermion-Higgs coupling corrections

34



10.

11.

12.

13.

14.

15.

16.

REFERENCES

. e.g. A. Chodos, in High Energy Physics 1985, edited by M. Bowick and F.

Gursey (World Scientific Publishing Company, Singapore, 1986)
G. ’t Hooft Nuc. Phys. B79, 276 (1974)

A.M. Polyakov Soviet JETP 41, 988 (1974)

D. Olive, Nuc. Phys. B113, 413 (1976)

K. Pilch and A. N. Schellekens, J. Math. Phys. 25,3455 (1984)

Z. Horvath, L. Palla, E. Cremmer and J. Scherk, Nuc. Phys. B127, 57
(1977)

J. Arafune, P.G.O. Freund and C.J. Goebel, J. Math. Phys. 16,433 (1975)

. T.T. Wu and C.N. Yang, Nuc. Phys. B107 (1976) 365

A. N. Schellekens, Phys. Lett. 143B,121 (1984)
A. N. Schellekens, Nuc. Phys. B250, 252 (1985)
M. Evans and B. Ovrut, Phys. Lett. 174B, 63 (1986)

M. Evans and B. Ovrut, in ’86 Massive Neutrinos in Astrophysics and Par-
ticle Physics, edited by O. Fackler and J. Tran Thanh (Editions Fontieres,

Gif-Sur-Yvette, France, 1986)

B. Ovrut, Prog. Theor. Phys. Suppl. 86, 185, (1986)
T.T. Wu and C. N. Yang, Phys. Rev. 16, 1018 (1977)
Y. Hosotani, Phys. Rev. D29,713 (1984)

E. Witten, in Shelter Island II, edited by R. Jackiw, N. Khuri, S. Weinberg
and E. Witten (M.LT. Press, Cambridge, 1985)

35



17. L. Palla, Proceedings of the 19th International Conference on High Energy
Physics, Tokyo, (1976), 619

18. M. Berrondo and H. V. MacIntosh, J. Math. Phys. 11,125 (1970)
19. A. Strominger and E. Witten, Comm. Math. Phys. 101 , 341 (1985)

20. A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton

University Press, Princeton, 1974)

36



o
®
<

q:+| q:"l

|-

B:+—% B:-El 8=+

3-87 5409A8

Fig. 1






q=-1

EXAVAVAVAV S|

INNNNY 8

q=-I

(a)

A

3"\ NNNY

(b)

q=-|

Ml
"

MmN

5409A9

Fig. 3






(c)

(J=1l;-m,-mz*])

ma
(J+1s-m,-m¥I|)
J,m
=(0,*1)
n1¢{* \\<:\E (
MmAa

(J=1;-m,-m¥%FI)

mE=(O,tly

12-86

T, \"e0:)

5409A6

Fig. 5



-3/2 -1/2 1/2 3/2

12-86 <¢+> 5409A5

Fig. 6



