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RADIATIVE CORRECTIONS TO MUON AND B QUARK DECAY WIDTHS

A. Ali1,a, E. A. Kuraev2,b, Yu. M. Bystritskiy2,c,

1DESY, D-22603 Hamburg, Germany 2Joint Institute for Nuclear Research, Dubna, Russia

QED radiative correction to muon width is calculated in leading and next-to leading approximations using the
factorization hypothesis. QED and QCD radiative corrections are calculated for b → clνl quark decay. The
QCD correction in c-quark jet averaged experimental set-up is finite at zero c-quark mass and have the same
order as the QED correction in leading logarithmical approximations.

1 Introduction

B-meson factories are the laboratories to study the b quark nature. Another possibility is provided by such an
equipment as collider LHC.

The estimation of counting rated of top-antitop production at LHC is one pair per second permits to obtain
a rather good statistics for top-quark production to study it’s decay channels and the subsequent b quark decay.

Keeping in mind large b-quark mass M compared with c-quark mass, as well as muon mass large compared
with electron mass, the problem of radiative corrections arises to be relevant.

Really the logarithms of mass ratios

Le = ln
(

M2
b

m2
e

)
≈ 18.07, Lc = ln

(
M2

b

m2
c

)
≈ 2.4, Lµ = ln

(
M2

µ

m2
e

)
≈ 10.7, (1)

are large and typical radiative corrections contribution in leading logarithmical approximation (LLA), i.e. keep-
ing the terms proportional to

α

π
Leµ ∼ 1,

αs

π
Lc ∼ 1, (2)

will be of order of several percents.
Below we consider leptonic channel of b-quark decay associated with the c-quark production. There are

two types of radiative corrections: QCD corrections arise from gluon exchange between c and b quarks, QED
corrections mainly associated of emission of photons from light charged particles. Considering the emission
of real gluons by quarks (this corresponds to gluon jet production) we can not restrict our investigation by
elastic case only. In experiments the averaged of gluon jets accompanying c-quarks can be measured. In this
experimental set-up the energy distributions will not suffer of ”mass singularities” (i.e. in the limit Mc → 0),
which is the consequence of Kinoshita-Lee-Nauenberg theorem [1, 2]. The cancellation of this singularities was
shown in explicit calculations in frames of one loop QCD calculations by [3, 4]. The result of their calculations
was taken into account by the so called QCD K-factor. This is important because this K-factor can be rather
large, comparable with QED LLA contributions.

It is the motivation of this paper to consider the radiative corrections.
We consider only leptonic channel of b-quark decay, namely b → cW+ → c(l+ν̄l).
As a first step we reproduce the known results for muon decay [5, 6, 7, 8, 9] and generalize it to all orders

of perturbation theory (see Section 2). We as well consider the polarized muon decay case. The radiative
corrections to decay channels τ → lνlντ (where l = e−, µ) can be written in a standard way by Structure
Function (SF) approach [10].

We note that the intermediate state of W+ contribution and H+ in intermediate state leads to different
chiral states of final leptons, thus the relevant amplitudes do not interfere.

2 The muon decay

As we know the electron energy spectrum in µ → eν̄eνµ decay in Born approximation is given by the following
formula [11]:

dΓB

dx
= 6Γµ

[
2x2 (1− x)− 4

9
ρx2 (3− 4x)

]
, (3)
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where x = 2Ee/mµ is the energy fraction of final electron and ρ is the well-known Michel parameter [12] and Γ
is the total decay width:

Γµ =
G2

F m5
µ

192π3
. (4)

Using the Structure Function (SF) approach [10] (based on factorization hypotheses [15]) we can immediately
write out the formulae for this spectrum with radiative corrections taking into account all orders of large
logarithms contribution:

dΓRC

dx
=

1∫

x

dy

y
D

(
x

y
, β

)
dΓB

dy

(
1 +

α

2π
K (y)

)
, βµ =

α

2π
(Lµ − 1) , (5)

where ΓB

dx is the electron spectrum in Born approximation (3) which is considered as hard subprocess. D (x, β)
is the so-called structure function, which describes the process of virtual and real photon emission in leading
logarithmical approximation and have the form [10]:

D (x, β) = δ (1− x) + βP (1) (x) +
1
2!

β2P (2) (x) + · · · (6)

The quantities P (1) (x) is the evolution equation kernel which is defined by the following relation:

P (1) (x) =
(

1 + x2

1− x

)

+

= lim
∆→0

[
1 + x2

1− x
θ (1− x−∆) +

(
2 ln (∆) +

3
2

)
δ (1− x)

]
; (7)

P (n) (x) =

1∫

x

dy

y
P (1) (y)P (n−1)

(
x

y

)
, n = 2, 3, · · ·

The structure function D (x, β) defined in that way automatically satisfies the condition of Kinoshita-Lee-
Nauenberg (KLN) theorem [1, 2] of mass singularities cancellation in the total decay width:

1∫

0

dxD (x, β) = 1. (8)

There is also a smoothed form for structure function D (x, β):

D (x, β) = 2β (1− z)2β−1

(
1 +

3
2
β

)
− β (1 + z) + O

(
β2

)
, (9)

which sums radiative corrections in all orders of perturbation theory which enhanced by ”big logarithm” factor
Lµ and is more convenient for numerical evaluation.

The quantity K (x) in (5) is the so-called K-factor which takes into account the contributions of radiative
corrections which are not enhanced by big logarithms and have rather complicated form (see [5] or [16], §147).
We note that contrary to singular behavior (∼ ln (1− x)) of K (x) in the limit when x → 1 the quantity

1∫

x

dy

y
D

(
x

y
, β

)
K (y) (10)

have a finite limit at x → 1 [9].
Thus applying general form of corrected spectrum (5) we obtain the following form of electron energy

spectrum in first order of big logarithms (leading logarithmical approximation (LLA)):

1
6Γ

dΓ
dx

= 2x2

[
1− x− 2

9
ρ (3− 4x)

]
+

αL

2π

[
4F1 (x)− 8

9
ρF2 (x)

]
, (11)

where functions F1,2 (x) are the results of structure function application to Born electron spectrum:

F1 (x) =

1∫

x

dy

y
y2 (1− y)P (1)

(
x

y

)
= 2x2 (1− x) ln

(
1− x

x

)
+

1
6

(1− x)
(
1 + 4x− 8x2

)
, (12)

F2 (x) =

1∫

x

dy

y
y2 (3− 4y)P (1)

(
x

y

)
2x2 (3− 4x) ln

(
1− x

x

)
+

16
3

x3 − 8x2 + x +
1
6
, (13)
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and satisfy the following property:

1∫

0

dxF1,2 (x) = 0, (14)

which is the specific form of general KLN theorem [1, 2].
In conclusion of this section we give give the distribution for the case of polarized muon decay with RC of

lowest order LLA (here we put ρ = 3/4):

dΓ
Γdxd cos θ

(µ → eνµν̄e) = x2 [3− 2x− Pµ(1− 2x) cos θ] +
αL

2π
[F3(x)− Pµ cos θF4(x)] , (15)

with Pµ, θ- the degree of muon polarization and the angle between muon polarization vector and the electron
momentum (rest frame of muon implied). The functions

F3 = 2 (6F1 − F2) , F4 = 2 (−2F1 + F2) , (16)

have a form:

F3(x) = 4x2 (3− 2x) ln
1− x

x
+

5
3

+ 4x− 8x2 +
16
3

x3,

F4(x) = 4x2 (1− 2x) ln
1− x

x
− 1

6
− 4x2 + 8x3.

3 The decay b → c(e+ν̄e) in Born approximation

Let us consider the decay

b (pb) → c (pc) + e+ (pe) + ν̄e (pν) (17)

within Standard Model (SM). Matrix element of this process in Born approximation has the form:

M b→ce+ν̄e

B = i
g2Vbc

4
√

2
1

q2 −M2
W

(
gµν − qµqν

M2
W

)
[ūc (pc) γµ (1− γ5)ub (pb)] [ūe (pe) γν (1− γ5) uνe (pν)] , (18)

where g2 = 4πα
sin2 θW

= 8πM2
W GF /

√
2 is the electroweak interaction constant and Vbc is the element of Cabib-

boKobayashiMaskawa matrix of quark mixing. We note that the contribution of second term in brackets are
proportional to electron mass due to conservation of lepton current and can be omitted. The matrix element
square summed over spin states than reads:

∑

spins

∣∣∣M b→ce+ν̄e

B

∣∣∣
2

=

(
g2Vbc

4
√

2 (q2 −M2
W )

)2

28 (pbpν) (pcpe) . (19)

Let us introduce the following notation for kinematical values:

xc =
2Ec

Mb
, xe =

2Ee

Mb
, xν =

2Eν

Mb
, ξ =

M2
b

M2
W

, η =
M2

c

M2
b

,

where Ec, Ee and Eν are the energies of c-quark, positron and neutrino in the b-quark rest frame.
Thus using the standard formulae for double spectra of b-quark decay b → ce+ν̄e we obtain

dΓb→ce+ν̄e

B

dxcdxe
= 12Γb

B (2− xe − xc) (xe + xc − 1) , (20)

Γb
B is the total width of b → ce+ν̄e decay:

Γb
B =

G2
F M5

b V 2
bc

192π3
. (21)
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Here we replaced the W -boson propagator by it’s point-like approximation (q2 ¿ M2
W ). Single particle energy

spectra can be obtained from (20) by integration over all possible energies of unseen particles:

dΓb→ce+ν̄e

B

dxe
=

1∫

1−xe

dxc
dΓb→ce+ν̄e

B

dxcdxe
= 2Γbx

2
e (3− 2xe) , (22)

dΓb→ce+ν̄e

B

dxc
=

1∫

1−xc

dxe
dΓb→ce+ν̄e

B

dxcdxe
= 2Γbx

2
c (3− 2xc) , (23)

dΓb→ce+ν̄e

B

dxν
=

1∫

0

dx
dΓb→ce+ν̄e

B

dxcdxe
= 12Γbx

2
ν (1− xν) . (24)

Following the SF method illustrated in Section 2 we can write double spectrum (20) with QCD and QED
radiative corrections:

dΓb→ce+ν̄e

dxcdxe
=

1∫

xc

dyc

yc

1∫

xe

dye

ye

dΓb→ce+ν̄e

B

dycdye
DQCD

(
xc

yc
, Lc

)
DQED

(
xe

ye
, Le

) (
1− αs

3π
G (yc)

)
, (25)

where function G (x) is the result of calculation of QCD-radiative corrections which was performed in [4].
Function DQED (x, Le) is the structure function defined in (6) and DQCD (x, Lc) can be obtained from it by
replacements α → 4αs

3 , Le = ln
(
M2

b /m2
e

) → Lc = ln
(
M2

b /M2
c

)
.

The explicit form of G (x) ≡ G (x, η, ξ)|η,ξ→0 is:

G (x) = ln2 (1− x) + 2Li2 (x) +
2
3
π2 +

+
1

12x2 (3− 2x)

{
2x

(
49x2 − 159x + 86

)
+ 27

(
1− 4x2

) (
Li2

(
2
3

(1− x)
)
− Li2

(
2
3

))
+

+
[

2
(−16x3 + 114x2 − 153x + 86

)
+ 27

(
1− 4x2

)
ln

(
1 + 2x

3

)]
ln (1− x)

}
. (26)

In the case of averaging over the c-quark induced jet we have:

dΓb→ce+ν̄e

dxe
=

1∫

xe

dye

ye

1∫

0

dyc

yc

dΓb→ce+ν̄e

B

dycdye
DQED

(
xe

ye
, Le

) (
1− αs

3π
G (yc)

)
. (27)
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RADIATIVE MUON DECAY

O. M. Boyarkina, Boyarkina G.G.

Belarus State Pedogogical University, Minsk, Belarus

The effect of the neutrino dipole magnetic moment (MM) on the width of the radiative muon decay is investigated
within the standard model (SM) and the left-right model (LRM). It was shown that this decay is an unobservable
process from the point of view of the SM. In the LRM there are two kind of diagrams: (i) diagrams caused
by the neutrino MM (Mn); (ii) diagrams which do not take into account neutrino MM. The latter involve
contributions coming both from virtual charged gauge bosons MW and singly charged Higgs boson Mh. At
identical values of the model parameters, the contributions of the diagrams MW and Mh are four orders of
magnitude greater than the contributions of the diagrams Mn. In this case the experimental upper limit on
the radiative muon decay could be obtained under assumption of mass quasidegeneracy in the heavy neutrino
sector. Since the contributions of MW and Mh have opposite signs, the situation is possible, however, in which
they compensate each other. In this case, the contributions of the diagrams that take into account the neutrino
MM become dominant. At specific parameter values that are consistent with experimental data, it is then
possible to obtain, for Br(µ− → e−γ), a value that is equal to the experimental upper limit on this branching
ratio.

1 Introduction

The neutrino plays a key role in particle physics and cosmology. For example, neutrino oscillations, whose
existence was conclusively confirmed at the SNO [1] and KamLAND boyarkin:KAML neutrino telescopes, are a
source of a number of exotic phenomena in the lepton sector, such as resonance transitions, partial and complete
flavor violation, CP and CPT violation. The discovery that the neutrino has a mass makes it a natural candidate
for the role of a hot-dark-matter particle and enables us to estimate the mean matter density of the Universe, the
age of the Universe, and its further fate. Not only does the introduction of heavy neutrinos in the theory help
us to explain the smallness of the mass of the left-handed neutrinos via the ”see-saw” mechanism, but this also
makes it possible to relate baryogenesis with leptogenesis. Also, the neutrino is widely in applied investigations
[2]. Neutrino astronomy provides a number of unique opportunities in relation to ordinary astronomy. The basis
distinction of the former from the latter is that it carries a nearly invariable information about a progenitorial
object. Even at the present time, it is feasible to obtain images (neutrinographs) of some closely lying cosmic
objects. One can hope that, in the near future, it will even become possible to obtain neutrinographs of
supernovae that belong to the type used to determine the properties of a cosmic vacuum and which lie at
enormously large distances. Neutrino geotomography, which studies the internal structure of the Earth by means
of a well-controlled neutrino beam, is yet another field of neutrino applications. However, neutrino astronomy
and neutrino geotomography are both still in their infancy and will reach maturity only after the properties of
the neutrinos are conclusively established and after highresolution neutrino telescopes are created. In the present
study, we focus our attention on the neutrino dipole magnetic moment and its influence on the muon properties.
The neutrino is a neutral particle, and its total bare Lagrangian does not involve any multipole moments. The
appearance of the neutrino dipole magnetic moment is due to neutrino interaction with the vacuum, whose
structure is determined by the choice of model. Our investigation will be performed within the standard model
of electroweak interactions (SM) and within the theory based on the SU(2)L×SU(2)R×U(1)B−L gauge group
(left-right model) [3]. In the SM supplemented with a SU(2)L right-handed neutrino singlet, the neutrino is a
Dirac particle, the diagonal elements of its dipole magnetic moment being given by [4]

µνl
=

3eGF

8
√

2π2
mνl

= 3× 10−19µB

( mνl

1 eV

)
, (1)

where µB is the Bohr magneton. By way of example, we indicate that, for the electron neutrino, whose mass is
a few eV units according to modern experimental data, the dipole magnetic moment is µνe ∼ 10−19µB that is,
it is of no physical interest. However, upper limits on the neutrino dipole magnetic moment that follow from
experimental observations appear to be much higher. Laboratory experiments give the following values at a

e-mail: aboyarkin@front.ru
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90% C.L. (for an overview, see [5])

µνe
≤ 1.9× 10−10µB , µνµ

≤ 6.8× 10−10µB , µντ
≤ 3.9× 10−7µB . (2)

The left-right model (LRM) involves a set of extra particles not present in the SM. A traditional choice of
Higgs sector that ensures the Majorana nature of the neutrino is the bidoublet

Φ
(

1
2
,
1
2
, 0

)

and two triplets
∆L(1, 0, 2), ∆R(0, 1, 2),

where the quantum numbers of the SU(2)L, SU(2)R, and U(1)B−L gauge groups are indicated parenthetically.
Upon spontaneous symmetry breaking, 14 physical Higgs bosons arise in the theory: four doubly charged
scalars ∆(±±)

1,2 , four singly charged scalars h(±) and δ̃(±), four neutral scalars Si (i = 1, 2, 3, 4), and two neutral
pseudoscalars P1,2. Available experimental data admit that some of these bosons have masses at the electroweak
scale and that their coupling constants are on the same order of magnitude as the electroweak coupling constants.
The LRM also includes three additional gauge bosons, W±

2 and Z2, the W±
1,2 bosons being related to the WL

and WR bosons as
W1 = WLcξ −WRe−iφsξ, W2 = WLeiφsξ + WRcξ (3)

where WL and WR appear in the left- and right-handed currents, respectively; that is,

LL
CC =

gL

2
√

2
l(x)γλ(1 + γ5)νl(x)WLλ(x) +

gR

2
√

2
l(x)γλ(1− γ5)Nl(x)WRλ(x), (4)

where ξ is the mixing angle; cξ = cos ξ; sξ = sin ξ and φ is the phase that is responsible for CP violation. The
theory also involves three extra particles. These are three right-handed neutrinos Ne, Nµ, and Nτ , which are
mixtures of the three mass eigenstates N1,2,3. It was shown in [6] that one of these heavy neutrinos can have a
mass at the electroweak scale. It is obvious that, in the LRM, the contributions of the aforementioned particles
lead to changes in the neutrino dipole magnetic moment. For the first time, the non-diagonal elements of the
neutrino dipole magnetic moment were calculated in [7], where only the contributions of virtual gauge bosons
were taken into account. The dipole magnetic moments µνaνb

associated with light neutrinos exclusively are on
the order of 10−22µB and are of no interest from the physical point of view. Thus, we are interested in µNaNb

and µNaνb
, which are given by

µNaNb
≈ −3eg2

L(mNa + mNb
)

27π2

(
s2

ξm
2
τ

m4
W1

+
c2
ξm

2
τ

m4
W2

)
Im [V ∗

τaVτb] , (5)

µNaνb
≈ eg2

L

8π2
sξcξ

mτ

m2
W1

Im
[
e−iφV ∗

τaUτb

]
, (6)

where
νa =

∑

l=e,µ,τ

Ualνl, Na =
∑

l=e,µ,τ

ValNl. (7)

We recall that the present-day constraints on the W2 boson mass and the mixing angle ξ are

mW2 ≥ 736 GeV,

|ξ| < 3× 10−3.

Setting
mNa = mNb

= 1 TeV, ξ = 3× 10−3, mW2 = 736 GeV, (8)

we then obtain the constraints

|µNaNb
| < 10−13µB , |µNaνb

| ≤ 4× 10−12µB (9)

(hereafter, we assume that gL = gR). In the LRM, the neutrino can also possess a Dirac nature. In this case,
the Higgs sector includes two doublets χL(2, 1, 1), χR(1, 2, 1) and one pseudoscalar real singlet σ(1, 1, 0). Upon
spontaneous symmetry breaking, the theory has two singly charged and six neutral physical Higgs bosons. In
this version of the theory, the diagonal elements of the neutrino dipole magnetic moment are no longer zero and
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can be considerably larger than non-diagonal elements. The neutrino dipole magnetic moment associated with
the heavy neutrino is given by [7]

µNaNa =
3eg2

LmNa

64π2

(
s2

ξ

m2
W1

+
c2
ξ

m2
W2

)
+

eg2
L

8π2m2
W1

sξcξmτRe(e−iψV †
aτVτa). (10)

Substituting the numerical values from (8) into the above formula, we obtain

µNaNa
≈ 3.7× 10−9µB . (11)

We note that there are presently no experimental limits on the neutrino dipole magnetic moment of heavy
neutrinos.

The objective of the present study is to examine the effect of the neutrino dipole magnetic moment on the
radiative muon decay. Without allowance for the electromagnetic properties of the neutrino, this decay width
was calculated within the SM [8], in various supersymmetric GUT [9], and in the LRM involving a Majorana
neutrino (for an overview, see [10]]).

2 Calculation of branching ratio

In order to seek muon decays through the channel

µ− → e−γ (12)

the MEGA Collaboration was organized at the Los Alamos Meson Physics Facility (LAMPF, USA). To date,
this collaboration obtained the following upper limit on the branching ratio for radiative muon decay [11]:

Br(µ → eγ) =
Γ(µ → eγ)

Γ(µ → νµeνe)
< 1.2× 10−11, (13)

where

Γ(µ → eνµνe) =
G2

Fm5
µ

192π2
. (14)

Since 2006, the investigations of decay (12) have been performed by the MEG Collaboration at the Paul
Scherrer Institut (Switzerland). The goal of the MEG experiment is to improve the sensitivity in measuring
Br(µ → eγ) to 10−14 [12]. If the decay µ → eγ is detected in that experiment, it will be possible to measure the
angular distribution of decay products and to obtain thereby additional criteria for establishing a true model
of electroweak interactions.

First we perform calculation of the radiative muon decay within the LRM. We will use the LRM involving
a Dirac neutrino. Let us consider diagrams that are generated by the neutrino dipole magnetic moment (MM).
The neutrino MM induces the effective Lagrangian describing the electromagnetic interaction of the neutrino
and having the form

Leff =
∑

i,k

[
µνiνk

νi(p)σλτqτνk(p′) + µNiNk
N i(p)σλτqτNk(p′)+

+µνiNk
νi(p)σλτqτNk(p′) + µNiνk

N i(p)σλτqτνk(p′)
]
Aλ(q), (15)

where
σλτ =

i

2
(γτγλ − γλγτ ) , qτ = (p′ − p)τ .

For the sake of simplicity, we assume that only the electron and muon neutrinos are mixed, that is,



νeL

νµL

NeR

NµR


 = O




ν1

ν2

N1

N2


 , (16)

where

O =
(

U 0
0 V

)



cϕe 0 sϕe 0
0 cϕµ 0 sϕµ

−sϕe 0 cϕe 0
0 −sϕµ 0 cϕµ


 , (17)

U =
(

cθν eiβν sθν

−e−iβν sθν cθν

)
, V =

(
cθN eiβN sθN

−e−iβN sθN cθN

)
, (18)
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Figure 1. Figure 2.

ϕl is the angle of mixing between the light and heavy neutrinos in the lth generation, θν (θN ) is the angle of
mixing between light (heavy) neutrinos belonging to different generations, βν(βN ) is the CP violating phase for
the light (heavy) neutrino, sϕµ = sin ϕµ, cϕµ = cos ϕµ etc. We restrict ourselves to determining the contributions
of only the diagonal elements of the neutrino dipole magnetic moment. In the third order of perturbation
theory, the corresponding Feynman diagrams are shown in Figs.1 and 2. One can see that there are two types of
diagrams. The first is induced by the Lagrangians in (4) and (15), while the second is induced by the Lagrangian
in (15) and the Lagrangian

Ln
h = [αlhνl

νl(x)(1− γ5)l(x) + αlhNl
Nl(x)(1 + γ5)l(x)]h+(x). (19)

The results of the calculations show that a dominant contribution comes from the diagrams in which the
virtual lines are associated with heavy neutrinos. Moreover, only the diagrams involving W2-boson exchange
contribute substantially among all diagrams of the type in Fig.1. Summing the contributions of the diagrams
in Figs.1 and 2, we obtain the following expression for the decay width:

Γn(µ → eγ) =
32m5

µ

(4π)5
(
IW2
N c2

ξ + Ih
N

)2

(cθN sθN )2. (20)

Here, IW2
N and Ih

N are the contributions of, respectively, the W2 boson and the Higgs h-boson. Specifically, we
have

IW2
N =

g2
L

8

(
DW2

N1
mN1µN1N1c

2
ϕµ
−DW2

N2
mN2µN2N2c

2
ϕe

)
,

Ih
N = αehNαµhN

(
Dh

N1
mN1µN1N1c

2
ϕµ
−Dh

N2
mN2µN2N2c

2
ϕe

)
,

DWk
j =

∫ 1

0

{
2x(1− x)
b + m2

µx2
ln

∣∣∣∣
LWk

j + b + m2
µx2

LWk
j

∣∣∣∣ +
x(3x− 1)

m2
Wk

[
LWk

j

b
ln

∣∣∣∣
LWk

j + b

LWk
j

∣∣∣∣−

− LWk
j

b + m2
µx2

ln
∣∣∣∣
LWk

j + b + m2
µx2

LWk
j

∣∣∣∣ + ln
∣∣∣∣

LWk
j + b

LWk
j + b + m2

µx2

∣∣∣∣
]

+

+
m2

µx3(1− x)
m2

Wk
(b + m2

µx2)2

(
b + m2

µx2 − LWk
j ln

∣∣∣∣
LWk

j + b + m2
µx2

LWk
j

∣∣∣∣
)}

dx,

b = x(m2
e −m2

µ), LWk
j = (m2

j −m2
Wk

)x + m2
Wk

, k = 1, 2, j = N1, N2,

Dh
j =

∫ 1

0

x(1− x)
b + m2

µx2
ln

∣∣∣∣
Lh

j + b + m2
µx2

Lh
j

∣∣∣∣dx, Lh
j = LWk

j (mWk
→ mh).

We note that the quantities IW2
N and Ih

N are of the same sign.
In the LRM, radiative muon decay also receives contributions from the diagrams in Fig.3.
Among these, dominant contributions come from the diagrams involving heavy-neutrino exchanges. The

corresponding decay width is given by

Γb(µ → eγ) =
e2m5

µ

(4π)5
(
AW2

N c2
ξ +Ah

N

)2

(cθN
sθN

)2, (21)



Radiative muon decay 13

Figure 3.

where AW2
N and Ah

N are determined by the diagrams involving a W−
2 boson and a Higgs boson h(−), respectively.

Specifically, we have

AW2
N =

g2
L

2

(
BW2

N1
c2
ϕµ
−BW2

N2
c2
ϕe

)
, Ah

N = 4αehNeαµhNµ

(
Bh

N1
c2
ϕµ
−Bh

N2
c2
ϕe

)
,

BWk
j = −

∫ 1

0

[
x2

b + m2
µx2

ln
∣∣∣∣
Lj

Wk
+ b + m2

µx2

Lj
Wk

∣∣∣∣ +
x2(1− 2x)

(b + m2
µx2)2

(
b + m2

µx2−

−Lj
Wk

ln
∣∣∣∣
Lj

Wk
+ b + m2

µx2

Lj
Wk

∣∣∣∣
)]

dx, Lj
Wk

= (m2
Wk

−m2
j )x + m2

j ,

Bh
j =

∫ 1

0

x2(1− x)
(b + m2

µx2)2

(
b + m2

µx2 − Lj
hln

∣∣∣∣
Lj

h + b + m2
µx2

Lj
h

∣∣∣∣
)

dx, Lj
h = Lj

Wk
(mWk

→ mh).

Because the sign of AW2
N is opposite to the sign of Ah

N , the interference between the diagrams associated
with charged gauge bosons and the diagrams generated by singly charged Higgs bosons is destructive. From
expressions (20) and (21), it follows that the widths Γn(µ → eγ) and Γb(µ → eγ) are functions of ∆mij =
mi −mj , that decreases with decreasing ∆mij and are zero in the limit of degenerate heavy neutrino masses.

In order to find the expression for the radiative decay width of the muon in the SM supplemented with an
SU(2)L right-handed neutrino singlet, we must set Ah

N to zero in (21) and perform the following substitutions
there:

BW2
N1

→ BW1
ν1

, BW2
N2

→ BW1
ν2

, ϕµ, ϕe, ξ → 0, θN → θν . (22)

Setting ∆mν = mν1 −mν2 = 10−3 eV and taking into account relation (14), we obtain a hopelessly small
value of (Brb)SM (µ → eγ) ∼ 10−50. The inclusion of the neutrino MM does not change situation. Indeed, one
can easily see that, upon making in (20) the substitutions

DW2
N1

→ DW1
ν1

, DW2
N2

→ DW1
ν2

, ϕµ, ϕe, ξ → 0, θN → θν (23)

and setting Ih
N = 0, the result becomes

(Brn)SM (µ → eγ) ≈ 4× 10−47.

Using Eqs.(20) and (21), one can obtain the expression for the radiative-decay width in the model relying on the
same gauge group as the SM and involving two doublets of Higgs fields (2HDM). In this case, we must make,
in the above formulas, the substitutions specified in Eqs.(22) and (23) and employ, in Ah

N , 2HDM parameters
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— namely, the H− boson mass; the leptonic couplings of the H− boson αlHνl
and neutrino-magnetic-moment

value of about 10−10µB . An analysis shows that, in this case, the branching ratio for radiative muon decay is
so small that this process cannot be detected experimentally. It follows that, from the point of view of the SM
involving a Dirac neutrino, muon radiative decay is an unobservable effect.

It turns out that, at identical values of the model parameters, the contributions of gauge and Higgs bosons
are on average four orders of magnitude greater than the contributions of the neutrino dipole MM. It should be
stressed to obtain values in the range Br(µ → eγ) < 1.2× 10−11 it is necessary to have quasidegeneracy in the
heavy neutrino sector.

However, there is one important case where the contributions of the neutrino MM play a leading role. Since
AW2

N and Ah
N have opposite signs, they can cancel each other. One can readily show that, under the condition

4αehNe
αµhNµ

∫ 1

0

(x2 − x3)

[
c2
ϕµ

LN1
h

− c2
ϕe

LN2
h

]
dx ≈ g2

L

∫ 1

0

(x2 − x3)

[
c2
ϕµ

LN1
W2

− c2
ϕe

LN2
W2

]
dx (24)

the width Γb(µ → eγ) vanishes. In this case, an analysis reveals that, if only the term IW2
N is taken into

account in (20), a value of 10−12 or less can be obtained for branching ratio for radiative muon decay in the
experimentally allowed region of the parameters of the left-right model [21]. But if Ih

N is on the same order of
magnitude as IW2

N , Brn(µ → eγ) may reach values of order 10−11.

3 Conclusion

The objective of the present study was to determine the effect of the neutrino MM on the properties of the
muon in the SM and in the LRM. We have investigated the radiative muon decay taking into account the
neutrino MM. In the LRM involving a Dirac neutrino, this decay is described in the third order of perturbation
theory by Feynman diagrams of two classes: (i) diagrams involving the neutrino electromagnetic vertex (Figs.1
and 2, Mn) and (ii) diagrams disregarding the electromagnetic properties of the neutrino (Fig.3). The set of
the latter diagrams in turn can be partitioned into diagrams involving virtual charged gauge bosons (MW )
and diagrams involving a virtual singly charged Higgs boson (Mh). It has been shown that, both in the SM
supplemented with an SU(2)L right-handed neutrino singlet and in the SM supplemented with two doublets
of Higgs fields, the branching ratio for the radiative muon decay is negligible. In other words, radiative muon
decay is an unobservable process from the point of view of the SM. In the LRM involving a Dirac neutrino,
the situation is the following. At identical values of the model parameters, the contributions of the diagrams
in Fig.3 are four orders of magnitude greater than the contributions of the diagrams in Figs.1 and 2 (Mn).
In this case we can obtain the experimental upper limit on the radiative muon decay only under assumption
of mass quasidegeneracy in the heavy neutrino sector. Since the contributions of MW and Mh have opposite
signs, the situation is possible, however, in which they compensate each other. In this case, the contributions
of the diagrams that take into account the neutrino MM become dominant. At specific parameter values that
are consistent with experimental data, it is then possible to obtain, for Br(µ− → e−γ), a value that is equal to
the experimental upper limit on this branching ratio.
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Within an exactly solvable model I discuss the influence of the medium dependent finite width of quark gluon
plasma (QGP) bags on their equation of state. It is shown that the large width of the QGP bags not only
explains the observed deficit in the number of hadronic resonances, but also clarifies the reason why the heavy
QGP bags cannot be directly observed as metastable states in a hadronic phase. I show how the model allows
one to estimate the minimal value of the width of QGP bags being heavier than 2.5 GeV from a variety of
the lattice QCD data and to get the minimal resonance width at zero temperature of about 600 MeV. The
Regge trajectories of large and heavy QGP bags are established both in a vacuum and in a strongly interacting
medium. It is shown that at high temperatures the average mass and width of the QGP bags behave in
accordance with the upper bound of the Regge trajectory asymptotics (the linear asymptotics), whereas at
low temperatures (below a half of the Hagedorn temperature TH [1]) they obey the lower bound of the Regge
trajectory asymptotics (the square root one). Thus, for temperatures below TH/2 the spin of the QGP bags is
restricted from above, whereas for temperatures above TH/2 these bags demonstrate the typical Regge behavior
consistent with the string models.

1 Introduction

Recently several ground shaking results in statistical mechanics of strongly interacting matter are obtained
[2, 3, 4, 5, 6]. All of them are derived within the exactly solvable models. In [2, 3, 4, 5, 6] the surface tension
of large QGP bags was included into the statistical description of the QGP equation of state (EOS). Such an
inclusion not only allowed one to formulate the analytically solvable statistical models for the QCD tricritical
[2] and critical [6] endpoint, but also to develop the finite width model of QGP bags [3, 4, 5] and to bring up
the statistical description of the QGP EOS to a qualitatively new level of realism by establishing the Regge
trajectories of heavy/large QGP bags both in a vacuum and in a medium [4, 5] using the lattice QCD data.

Here I would like to summarize the main results obtained in [2, 3, 4, 5, 6] and discuss the theoretical and
experimental perspectives to study the properties of the strongly interacting matter EOS.

2 From the MIT Bag Model EOS to Finite Width Model

From its birth and up to now the MIT bag model [7] remains one of the most popular model EOS to describe the
confinement phenomenon of the color degrees of freedom. It gives a very simple picture of a color confinement
by considering the freely moving massless quarks and gluons inside the bubble with negative pressure, −Bbag,
(for vanishing baryonic charge). Then the total pressure of a bag is

pbag ≡ σ T 4 −Bbag , εbag ≡ T
d pbag

d T
− pbag = 3 σ T 4 + Bbag , (1)

where 3 σ is the usual Stefan-Boltzmann constant which can be trivially found for a given number of elementary
degrees of freedom. The non-trivial feature of the bag model EOS is that the vacuum pressure, −Bbag, generates
positive and large contribution to the bag energy density εbag.

In addition to a simplicity of the EOS (1) its other attractive features are based on the fact that the bag
model also leads [8] to the Hagedorn mass spectrum of bags which was the first signal about the new physics
above the Hagedorn temperature TH . The easiest way to understand a special role of the Hagedorn mass
spectrum, i.e. an exponentially increasing with mass m density of hadronic states ρH(m) ∼ exp

(
m
TH

)
for

m À TH , is to consider the microcanonical ensemble of the test particles being in a thermal contact with the
resonance of the exponential spectrum [9]. Then one can easily show that the exponential spectrum behaves
as the perfect thermostat and perfect particle reservoir, i.e. it imparts its temperature TH to particles which
are in thermal contact with it and forces them to be in chemical equilibrium [9]. Therefore there is simply no
reason to study such a system in the canonical ensemble or in grand canonical ensemble, i.e. to bring it into
the contact with an external thermostat that has other temperature than TH , since two thermostats of different
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temperatures cannot be in equilibrium. Perhaps these properties can explain the fast chemical equilibration of
hadrons in an expanding fireball [10].

The first successful statistical model explaining the deconfinement phase transition (PT) from hadronic
matter to QGP, gas of bags model (GBM) [8], is based on the MIT bag model and it interprets such a PT as
a formation of the infinitely large bag. Further development in this direction led to many interesting findings
[11, 12, 13], including an exact analytical solution for finite systems with a PT [11], but the most promising
results were obtained only recently. The most hopeful of them are an inclusion of the quark gluon bags surface
tension into statistical description [2, 6] and taking into account the finite width of large/heavy QGP bags
[3, 4, 5]. Thus, the surface tension of QGP bags introduced in the quark gluon bag with surface tension model
(QGBSTM) allows one to simultaneously describe the 1-st and 2-nd order deconfinement PT with the cross-over
and generate the tricritical (QGBSTM1) [2] or critical endpoint (QGBSTM2) [6] at the vanishing value of the
surface tension coefficient as required for the PT of liquid-vapor type [14, 15]. The finite width model (FWM)
[3, 4, 5] naturally resolved two conceptual problems which, so far, were ignored by other statistical approaches
for almost three decades: on one hand, the volume dependent width of large QGP bags easily explains a huge
deficit in the number of observed hadronic resonances [16] with masses above 2.5 GeV predicted by the Hagedorn
model [1] and used, so far, by the GBM and all its followers; and, on the other hand, the FWM shows that there
is an inherent property of the strongly interacting matter EOS, the subthreshold suppression, which prevents the
appearance of large QGP bags and strangelets inside of the hadronic phase even as metastable states in finite
systems which are studied in nuclear laboratories. The latter effect explains the negative results of searches for
strangelets and for not too heavy QGP bags, say with the mass of 10− 15 GeV, in various physical processes.

The most convenient way to study the phase structure of any statistical model similar to the GBM or
QGBSTM is to use the isobaric partition [2, 6] and find its rightmost singularities. Hence, I assume that after
the Laplace transform the FWM grand canonical partition Z(V, T ) generates the following isobaric partition:

Ẑ(s, T ) ≡
∞∫

0

dV exp(−sV ) Z(V, T ) =
1

[s− F (s, T )]
, (2)

where the function F (s, T ) contains the discrete FH and continuous FQ mass-volume spectrum of the bags

F (s, T ) ≡ FH(s, T ) + FQ(s, T ) =
n∑

j=1

gje
−vjsφ(T, mj) = +

∞∫

V0

dv

∞∫

M0

dm ρ(m, v) exp(−sv) φ(T, m) . (3)

The density of bags of mass mk, eigen volume vk and degeneracy gk is given by φk(T ) ≡ gk φ(T,mk) with

φk(T ) ≡ gk

2π2

∞∫

0

p2dp exp
[
− (p2 + m2

k)1/2

T

]
= gk

m2
kT

2π2
K2

(
mk

T

)
. (4)

The mass-volume spectrum ρ(m, v) is the generalization of the exponential mass spectrum introduced by Hage-
dorn [1]. Similar to the GBM, the QGBSTM1 and the QGBSTM2, the FWM bags are assumed to have the hard
core repulsion of the Van der Waals type which generates the suppression factor proportional to the exponential
exp(−sv) of bag eigen volume v.

The first term of Eq. (3), FH , represents the contribution of a finite number of low-lying hadron states
up to mass M0 ≈ 2.5 GeV [3] which correspond to different flavors. This function has no s-singularities at
any temperature T and can generate only a simple pole of the isobaric partition, whereas the mass-volume
spectrum of the bags FQ(s, T ) is chosen to generate an essential singularity sQ(T ) ≡ pQ(T )/T which defines
the QGP pressure pQ(T ) at zero baryonic densities [2]. Very recently our group discovered [6] absolutely new
way to generate the rightmost singularity of the QGP which is a simple pole too. The latter is achieved by
matching the deconfinement PT curve in the baryonic chemical potential and temperature plane with the curve
of vanishing surface tension coefficient [6].

Here I use the parameterization of the spectrum ρ(m, v) introduced in [3]. It assumes that

ρ(m, v) =
ρ1(v) NΓ

Γ(v) ma+ 3
2

exp
[

m
TH

− (m−Bv)2

2Γ2(v)

]
, with ρ1(v) = f(T ) v−b exp

[
−σ(T )

T vκ
]
. (5)

In fact, the FWM divides all hadrons into two groups depending on their width: the long (short) living hadrons
belong to FH (to FQ). As one can see from (5) the mass spectrum has a Hagedorn like parameterization and
the Gaussian attenuation around the bag mass Bv (B is the mass density of a bag of a vanishing width) with
the volume dependent Gaussian width Γ(v) or width hereafter. I will distinguish it from the true width defined
as ΓR = α Γ(v) (α ≡ 2

√
2 ln 2 ). It is necessary to stress that the Breit-Wigner attenuation of a resonance mass



Quark Gluon Plasma Bags as Reggeons 17

cannot be used in the spectrum (5) because in case of finite width it would lead to a divergency of the mass
integral in (2) or temperatures above TH [3, 4, 5].

The normalization factor is defined as

N−1
Γ =

∞∫

M0

dm

Γ(v)
exp

[
− (m−Bv)2

2Γ2(v)

]
. (6)

Such a choice of mass-volume spectrum (5) is a natural extension of early attempts [11, 12, 13] to explore the
bag volume as a statistically independent degree of freedom to derive an internal pressure of large bags. As
it will be shown below such a simple parameterization not only allows one to resolve both of the conceptual
problems discussed above, but, what is very important, it also gives us an exactly solvable model.

The volume spectrum in (5) contains the surface free energy (κ = 2/3) with the T -dependent surface tension

which is parameterized as σ(T ) = σ0 ·
[

Tc−T
Tc

]2k+1

(k = 0, 1, 2, ...) [2, 17], where σ0 > 0 can be a smooth function
of temperature. For T being not larger than the (tri)critical temperature Tc such a parameterization is justified
by the usual cluster models like the FDM [14, 18] and SMM [19, 20, 21], whereas the general consideration for
any T can be driven by the surface partitions of the Hills and Dales model [17]. In Refs. [2, 6] it is argued
that at low baryonic densities the first order deconfinement phase transition degenerates into a cross-over just
because of negative surface tension coefficient for T > Tc. The other consequences of such a surface tension
parameterization and the discussion of the absence of the curvature free energy in (5) can be found in [2, 5, 22].

The spectrum (5) has a simple form, but is rather general since both the width Γ(v) and the bag mass
density B can be medium dependent. It clearly reflects the fact that the QGP bags are similar to the ordinary
quasiparticles with the medium dependent characteristics (life-time, most probable values of mass and volume).
Now one can readily derive the infinite bag pressure for two choices of the width: the volume independent width
Γ(v) ≡ Γ0 and the volume dependent width Γ(v) ≡ Γ1 = γv

1
2 . As will be seen below the latter resolves both of

the conceptual problems discussed earlier, whereas the former parameterization I use for a comparison.

3 Subthreshold Suppression of Large and Heavy QGP Bags

Consider first the free bags. For large bag volumes (v À M0/B > 0) the factor (6) can be found as NΓ ≈ 1/
√

2π.
Similarly, one can show that for heavy free bags (m À BV0, V0 ≈ 1 fm3 [3], ignoring the hard core repulsion
and thermostat)

ρ(m) ≡
∞∫

V0

dv ρ(m, v) ≈ ρ1(m
B )

B ma+ 3
2

exp
[

m
TH

]
. (7)

It originates in the fact that for heavy bags the Gaussian in (5) acts like a Dirac δ-function for either choice of Γ0

or Γ1. Thus, the Hagedorn form of (7) has a clear physical meaning and, hence, it gives an additional argument
in favor of the FWM. Also it gives an upper bound for the volume dependence of Γ(v): the Hagedorn-like mass
spectrum (7) can be derived, if for large v the width Γ increases slower than v(1−κ/2) = v2/3.

Similarly to (7), one can estimate the width of heavy free bags averaged over bag volumes and get Γ(v) ≈
Γ(m/B). Thus, for Γ1(v) the mass spectrum of heavy free QGP bags must be the Hagedorn-like one with the
property that heavy resonances have to develop the large mean width Γ1(m/B) = γ

√
m/B and, hence, they

are hardly observable. Applying these arguments to the strangelets, I conclude that, if their mean volume is
a few cubic fermis or larger, they should survive a very short time, which is similar to the results of Ref. [23]
predicting an instability of such strangelets.

Note also that such a mean width is essentially different from both the linear mass dependence of string
models [24] and from an exponential form of the nonlocal field theoretical models [25]. Nevertheless, as it will
be demonstrated while discussing the Regge trajectories, the mean width Γ1(m/B) leads to the linear Regge
trajectory of heavy free QGP bags for large values of the invariant mass squared.

Next let’s calculate FQ(s, T ) (3) for the spectrum (5) performing the mass integration. There are, however,
two distinct possibilities, depending on the sign of the most probable mass:

〈m〉 ≡ Bv + Γ2(v)β , with β ≡ T−1
H − T−1 . (8)

If 〈m〉 > 0 for v À V0, one can use the saddle point method for mass integration to find the function FQ(s, T )

F+
Q (s, T ) ≈

[
T

2π

] 3
2
∞∫

V0

dv
ρ1(v)
〈m〉a exp

[
(p+−sT )v

T

]
(9)

and the pressure of large bags

p+ ≡ T

[
βB +

Γ2(v)
2v

β2

]
, for Γ(v) = Γ1(v) ⇒ p+ = T

[
βB +

1
2
γ2β2

]
(10)
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To get (9) one has to use in (3) an asymptotic form of the K2-function φ(T, m) ' (mT/2π)3/2 exp(−m/T ) for
m À T , collect all terms with m in the exponential, get a full square for (m − 〈m〉) and make the Gaussian
integration.

Since for s < s∗Q(T ) ≡ p+(v → ∞)/T the integral (9) diverges at its upper limit, the partition (2) has an
essential singularity that corresponds to the QGP pressure of an infinite large bag. One concludes that the
width Γ cannot grow faster than v1/2 for v →∞, otherwise p+(v →∞) →∞ and F+

Q (s, T ) diverges for any s.
Thus, for 〈m〉 > 0 the phase structure of the FWM with Γ(v) = Γ1(v) is similar to the QGBSTM1 [2], but it
can be also reformulated to have the phase structure of QGBSTM2 [6] by proper choice of the surface tension
temperature dependence and value of the index τ > 2. Comparing the v power of the exponential pre-factor
in (9) to the continuous volume spectrum of bags of the QGBSTM1 and QGBSTM2, one finds that a + b ≡ τ .
The volume spectrum of bags F+

Q (s, T ) (9) is of general nature and has a clear physical meaning. Choosing
different T dependent functions 〈m〉 and Γ2(v), one obtains different equations of state.

It is possible to use the spectrum (9) not only for infinite system volumes, but also for finite volumes V À V0.
In this case the upper limit of integration should be replaced by finite V (see Refs. [11, 12] for details). This
will change the singularities of partition (2) to a set of simple poles s∗n(T ) in the complex s-plane which are
defined by the same equation as for V → ∞. Similarly to the finite V solution of the GBM [11, 12], it can be
shown that for finite T the FWM simple poles may have small positive or even negative real part which would
lead to a non-negligible contribution of the QGP bags into the total spectrum F (s, T ) (3). In other words, if the
spectrum (9), was the only volume spectrum of the QGP bags, then there would exist a finite (non-negligible)
probability to find heavy QGP bags (m À M0) in finite systems at low temperatures T ¿ Tc. Therefore, using
the results of the finite volume GBM and SMM, one should conclude that the spectrum (9) itself cannot explain
the absence of the QGP bags at T ¿ Tc and, hence, an alternative explanation of this fact is required.

Such an explanation corresponds to the case 〈m〉 ≤ 0 for v À V0. From (8) one can see that for the volume
dependent width Γ(v) = Γ1(v) the most probable mass 〈m〉 inevitably becomes negative at low T , if 0 < B < ∞.
In this case the maximum of the Gaussian mass distribution is located at resonance masses m = 〈m〉 ≤ 0. This
is true for any argument of the K2-function in FQ(s, T ) (3). Since the lower limit of mass integration M0 lies
above 〈m〉, then only the tail of the Gaussian mass distribution may contribute into FQ(s, T ). A thorough
inspection of the integrand in FQ(s, T ) shows that above M0 it is strongly decreasing function of resonance
mass and, hence, only the vicinity of the lower limit of mass integration M0 sizably contributes into FQ(s, T ).
Applying the steepest descent method and the K2-asymptotic form for M0T

−1 À 1 one obtains

F−Q (s, T )≈
[

T

2π

]3
2
∞∫

V0

dv
ρ1(v)NΓ Γ(v) exp

[
(p−−sT )v

T

]

Ma
0 [M0 − 〈m〉+ aΓ2(v)/M0]

, with p−
∣∣
vÀV0

= T
v

[
βM0 − (M0−Bv)2

2 Γ2(v)

]
(11)

where p− defines the pressure of QGP bag.
It is necessary to stress that the last result requires B > 0 and it cannot be obtained for a weaker v-growth

than Γ(v) = Γ1(v). Indeed, if B < 0, then the normalization factor (6) would not be 1/
√

2π, but would become
NΓ ≈ [M0 − 〈m〉] Γ−1(v) exp

[
(M0−Bv)2

2 Γ2(v)

]
and, thus, it would cancel the leading term in pressure (11). Note,

however, that the inequality 〈m〉 ≤ 0 for all v À V0 with positive B and finite p−(v → ∞) is possible for
Γ(v) = Γ1(v) only. In this case the pressure of an infinite bag is

p−(v →∞) = −T B2

2 γ2 . (12)

Also it is necessary to point out that the only width Γ(v) = Γ1(v) does not lead to any divergency of the bag
pressure in thermodynamic limit. This is clearly seen from Eqs. (10) and (11) since the multiplier Γ2(v) stands
in the numerator of the pressure (10), whereas in the pressure (11) it appears in the denominator. Thus, if one
chooses the different v-dependence for the width, then either p+ or p− would diverge for the bag of infinite size.

The new outcome of this case with B > 0 is that for T < TH/2 [3, 4, 5] the spectrum (11) contains the
lightest QGP bags having the smallest volume since every term in the pressure p− (11) is negative. The finite
volume of the system is no longer important because only the smallest bags survive in (11). Moreover, if such
bags are created, they would have mass about M0 and the width about Γ1(V0), and, hence, they would not be
distinguishable from the usual low-mass hadrons. Thus, the case 〈m〉 ≤ 0 with B > 0 leads to the subthreshold
suppression of the QGP bags at low temperatures, since their most probable mass is below the mass threshold
M0 of the spectrum FQ(s, T ). Note that such an effect cannot be derived within any of the GBM-kind models
proposed earlier. The negative values of 〈m〉 that appeared in the expressions above serve as an indicator of a
different physical situation comparing to 〈m〉 > 0, but have no physical meaning since 〈m〉 ≤ 0 does not enter
the main physical observable p−.

The obtained results give us a unique opportunity to make a bridge between the particle phenomenology,
some experimental facts and the LQCD. For instance, if the most probable mass of the QGP bags is known
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along with the QGP pressure, one can estimate the width of these bags directly from Eqs. (10) and (11). To
demonstrate the new possibilities let’s now consider several examples of the QGP EOS and relate them to the
above results. First, let’s study the possibility of getting the MIT bag model pressure pbag ≡ σT 4 − Bbag [7]
by the stable QGP bags, i.e. Γ(v) ≡ 0. Equating the pressures p+ and pbag, one finds that the Hagedorn
temperature is related to a bag constant Bbag ≡ σT 4

H . Then the mass density of such bags 〈m〉
v is identical to

B = σTH(T + TH)(T 2 + T 2
H) , (13)

and, hence, it is always positive. Thus, the MIT bag model EOS can be easily obtained within the FWM, but,
as was discussed earlier, such bags should be observable.

The key point of the width estimation is based on the fact that the low T pressure (12) resembles the linear
T dependent term in the LQCD pressure reported by several groups (for the full list of references see [4]). In
[4] it is argued that the ansatz

B(T ) = σT 2
H(T 2 + TTH + T 2

H) , (14)

not only gives the simplest possibility to fulfill all the necessary requirements to the mass density of QGP
bags, but it also reproduces the LQCD pressure. Moreover, comparing ansatz (14) with the mass density (13)
obtained for the pure MIT bag model pressure, one can see that they differ only by a term σTHT 3 which at low
T ≤ 0.5 TH is a negligible correction to (14). Therefore, for low T the ansatz (14) looks quite reasonable because
in this region it corresponds to the mass density of the most popular EOS of modern QCD phenomenology.

Using (14) it was possible to find out that the true width is independent for the number of quark flavors

and of the color group number and is ΓR(V0, T = 0) ≈ 1.22 V
1
2

0 T
5
2

c α ≈ 600 MeV and ΓR(V0, T = TH) =√
12ΓR(V0, T = 0) ≈ 2000 MeV. These estimates clearly demonstrate that there is no way to detect the decays

of such short living QGP bags even, if they are allowed by the subthreshold suppression.

4 Asymptotic Behavior of the QGP Bag Regge Trajectories

The behavior of the width of hadronic resonances was extensively studied almost forty years ago in the Regge
poles method what was dictated by an intensive analysis of the strongly interaction dynamics in high energy
hadronic collisions. A lot of effort was put forward [26, 27, 28] to elucidate the asymptotical behavior of the
resonance trajectories α(S) for |S| → ∞ (S is an invariant mass square in the reaction). Since the Regge
trajectory determines not only the mass of resonances, but their width as well, it is worth to compare these
results with the FWM predictions. Note that nowadays there is great interest in the behavior of the Regge
trajectories of higher resonances in the context of the 5-dimensional string theory holographically dual to QCD
[29] which is known as AdS/CFT.

In what follows I use the results of Ref. [28] which is based on the following most general assumptions: (I)
α(S) is an analytical function, having only the physical cut from S = S0 to S = ∞; (II) α(S) is polynomially
restricted at the whole physical sheet; (III) there exists a finite limit of the phase trajectory at S →∞. Using
these assumptions, it was possible to prove [28] that for S → ∞ the upper bound of the Regge trajectory
asymptotics at the whole physical sheet is

αu(S) = −g2
u [−S]ν , with ν ≤ 1 , (15)

where the function g2
u > 0 should increase slower than any power in this limit and its phase must vanish at

|S| → ∞.
On the other hand, in Ref. [28] it was also shown that, if in addition to (I)-(III) one requires that the

transition amplitude T (s, t) is a polynomially restricted function of S for all nonphysical t > t0 > 0, then the
real part of the Regge tragectory does not increase at |S| → ∞ and the trajectory behaves as

αl(S) = g2
l

[
− [−S]

1
2 + Cl

]
, (16)

where g2
l > 0 and Cl are some constants. Moreover, (16) defines the lower bound for the asymptotic behavior

of the Regge trajectory [28]. The expression (16) is a generalization of a well known Khuri result [30]. It means
that for each family of hadronic resonances the Regge poles do not go beyond some vertical line in the complex
spin plane. In other words, it means that in asymptotics S → +∞ the resonances become infinitely wide, i.e.
they are moving out of the real axis of the proper angular momentum J and, therefore, there are only a finite
number of resonances in the corresponding transition amplitude. At first glance it seems that the huge deficit of
heavy hadronic resonances compared to the Hagedorn mass spectrum supports such a conclusion. Since there is
a finite number of resonance families [31] it is impossible to generate from them an exponential mass spectrum
and, hence, the Hagedorn mass spectrum cannot exist for large resonance masses. Consequently, the GBM and
its followers run into a deep trouble. However, it was possible to show [4] that the FWM with negative value of
the most probable bag mass 〈m〉 ≤ 0 can help to resolve this problem as well.
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Note that the direct comparison of the FWM predictions with the Regge poles asymptotics is impossible
because the resonance mass and its width Γ(v) are independent variables in the FWM. Nevertheless, one can
relate their average values and compare them to the results of Ref. [28]. To illustrate this statement, let’s
recall the result on the mean Gaussian width of the free bags averaged with respect to their volume by the
spectrum (7) (see two paragraphs after Eq. (7) for details)

Γ1(v) ≈ Γ1(m/B) = γ

√
m

B
. (17)

Using the formalism of [28], it can be shown that at zero temperature the free QGP bags of mass m and mean
resonance width α Γ1(v)|T=0 ≈ α γ0

√
m
B0

precisely correspond to the following Regge trajectory

αr(S) = g2
r [S + ar(−S)

3
4 ] with ar = const < 0 , (18)

with γ0 ≡ γ(T = 0) and B0 ≡ B(T = 0) from (14). Indeed, using S = |S|ei φr in (18), and expanding the second
term on the right hand side of (18) and requiring Im [αr(S)] = 0, one finds the phase of physical trajectory (one
of four roots of one fourth power in (18)), which is vanishing in the correct quadrant of the complex S-plane,
and going to the complex energy plane E =

√
S ≡ Mr − iΓr

2 , one can also determine the mass Mr and the
width Γr

φr(S) → ar sin 3
4π

|S| 14 → 0− , Mr ≈ |S| 12 and Γr ≈ −|S| 12 φr(S) =
|ar||S| 14√

2
=
|ar|M

1
2
r√

2
, (19)

of a resonance belonging to the trajectory (18).
Comparing the mass dependence of the width in (19) with the mean width of free QGP bags (17) taken at

T = 0, it is natural to identify them

afree
r ≈ −α γ0

√
2

B0
= −4 γ0

√
ln 2
B0

, (20)

and to deduce that the free QGP bags belong to the Regge trajectory (18). Such a conclusion is in line both
with the well established results on the linear Regge trajectories of hadronic resonances [31] and with theoretical
expectations of the dual resonance model [32], the open string model [33, 24], the closed string model [33] and
the AdS/CFT [29]. Such a property of the FWM also gives a very strong argument in favor of both the volume
dependent width Γ(v) = Γ1(v) and the corresponding mass-volume spectrum of heavy bags (5).

Next I consider the second way of averaging the mass-volume spectrum with respect to the resonance mass

m(v) ≡
∞∫

M0

dm

∫
d3k

(2π)3
ρ(m, v) m e−

√
k2+m2

T



∞∫

M0

dm

∫
d3k

(2π)3
ρ(m, v) e−

√
k2+m2

T



−1

, (21)

which is technically easier than averaging with respect to the resonance volume. The latter can be found in [4].
Using the results of Sect. 3 one can find the mean mass (21) for T ≥ 0.5 TH (or for 〈m〉 ≥ 0 ) to be equal

to the most probable mass of bag from which one determines the resonance width:

m(v) ≈ 〈m〉 and ΓR(v) ≈ 2
√

2 ln 2 Γ1

[ 〈m〉
B + γ2β

]
= 2 γ

√
2 ln 2 〈m〉
B + γ2β

. (22)

These equations lead to a vanishing ratio ΓR

〈m〉 ∼ 〈m〉− 1
2 in the limit 〈m〉 → ∞. Comparing (22) with the mass

and width (19) of the resonances described by the Regge trajectory (18) and applying absolutely the same logic
which was used for the free QGP bags, I conclude that the location of the FWM heavy bags in the complex
energy plane is identical to that one of resonances belonging to the trajectory (18) with

〈m〉 ≈ |S| 12 and ar ≈ −4γ

√
ln 2

B + γ2β
. (23)

The most remarkable output of such a conclusion is that the medium dependent FWM mass and width of the
extended QGP bags obey the upper bound for the Regge trajectory asymptotic behavior obtained for point-like
hadrons [28]!

The extracted values of the resonance width coefficient along with the relation (14) for B(T ) allow us to
estimate ar as

ar ≈ −4
√

2 T TH

2 T − TH
ln 2 . (24)
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This expression shows that for T → TH/2+0 the asymptotic behavior (18) breaks down since the resonance width
diverges at fixed |S|. I think such a behavior can be studied at NICA (Dubna) and/or FAIR (GSI, Darmstadt)
energies. This can be seen from the following estimates. From (24) it follows that a2

r(T = TH) ≈ 22.18 TH and
a2

r(T À TH) ≈ 11.09 TH . In other words, for a typical value of the Hagedorn temperature TH ≈ 190 MeV (24)
gives a reasonable range of the invariant mass |S| 12 À a2

r(T = TH) ≈ 4.21 GeV and |S| 12 À a2
r(T À TH) ≈ 2.1

GeV for which Eq. (18) is true. But then at |S| 12 ≈ a2
r(T = TH) ≈ 4.21 GeV the asymptotic behavior (18)

should be broken down and, hence, one may see the resonances widening at fixed S values and decreasing T .
Now it is possible to find the spin of the FWM resonances J = Re αr(〈m〉2) ≈ g2

r 〈m〉
[
〈m〉 − a2

r

4

]
, which

has a typical Regge behavior up to a small correction. Such a property can also be obtained within the dual
resonance model [32], within the models of open [33] and closed string [33, 24], and within AdS/CFT [29]. These
models support the relation between the spin and mass and justify it. Note, however, that in addition to the
spin value the FWM determines the width of hadronic resonances. The latter allows one to predict the ratio of
widths of two resonances having spins J2 and J1 and appearing at the same temperature T to be as follows

ΓR

[ 〈m〉
∣∣
J2

(B + γ2β)

][
ΓR

[ 〈m〉
∣∣
J1

(B + γ2β)

]]−1

≈
√

v
∣∣
J2

[√
v
∣∣
J1

]−1

≈
√
〈m〉

∣∣
J2

[√
〈m〉

∣∣
J1

]−1

≈
[
J2

J1

] 1
4

, (25)

which, perhaps, can be tested at LHC.
Now let’s analyze the low temperature regime, i.e. T ≤ 0.5TH . Using previously obtained results from (21)

one finds
m(v) ≈ M0 , (26)

i.e. the mean mass is volume independent. Taking the limit v →∞, one gets the ratio Γ(v)
m(v) →∞ which closely

resembles the case of the lower bound of the Regge trajectory asymptotics (16). Similarly to the analysis of
high temperature regime, from (16) one can find the trajectory phase and then the resonance mass Mr and its
width Γr

φr(S) → −π +
2|Cl|| sin(arg Cl)|

|S| 12 , Mr ≈ |Cl|| sin(arg Cl)| and Γr ≈ 2|S| 12 . (27)

Again comparing the averaged masses and width of FWM resonances with their counterparts in (27), one finds
a similar behavior in the limit of large width of resonances. Therefore, I conclude that at low temperatures the
FWM obeys the lower bound of the Regge trajectory asymptotics of [28].

The above estimates demonstrate that at any temperature the FWM QGP bags can be regarded as the
medium induced Reggeons which at T ≤ 0.5TH (i.e. for 〈m〉 ≤ 0) belong to the Regge trajectory (16) and
otherwise they are described by the trajectory (18). Of course, both of the trajectories (16) and (18) are valid
in the asymptotic |S| → ∞, but the most remarkable fact is that, to my knowledge, the FWM gives us the
first example of a model which reproduces both of these trajectories and, thus, obeys both bounds of the Regge
asymptotics. Moreover, since the FWM contains the Hagedorn-like mass spectrum at any temperature, the
subthreshold suppression of QGP bags removes the contradiction between the Hagedorn ideas on the exponential
mass spectrum of hadrons and the Regge poles method in the low temperature domain! Furthermore, the FWM
opens a possibility to apply the Regge poles method to a variety of processes in a strongly interacting matter
and account, at least partly, for some of the medium effects.

5 Conclusions

Here I present the novel statistical approach to study the QGP bags with medium dependent width. It is a
further extension of the ideas formulated in [34]. I argue that the volume dependent width of the QGP bags
Γ(v) = γ v

1
2 leads to the Hagedorn mass spectrum of heavy bags. Such behavior of a width allows us to explain a

huge deficit of heavy hadronic resonances in the experimental mass spectrum compared to the Hadegorn model
predictions. The key point of our treatment is the presence of Gaussian attenuation of bag mass.

Then it is shown that the Gaussian mass attenuation also allows one to “hide” the heavy QGP bags for
T ≤ 0.5 TH by their subthreshold suppression. The latter occurs due to the fact that at low temperatures
the most probable mass of heavy bags 〈m〉 becomes negative and, hence, is below the lower cut-off M0 of the
continuous mass spectrum. Consequently, only the lightest bags of mass about M0 and of smallest volume V0

may contribute into the resulting spectrum, but such QGP bags will be indistinguishable from the low-lying
hadronic resonances with the short life-time. On the other hand the large minimal width, about 600 MeV, of
bags being heavier than M0 and large than V0 prevents their experimental behavior for T > 0.5 TH , even, if
they are allowed by the subthreshold suppression. Thus, the FWM naturally explains the absence of directly
observable QGP bags and strangelets in the high energy nuclear and elementary particle collisions even as
metastable states in hadronic phase.
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Using the formalism of [28] it was shown that the average mass and width of heavy/large free QGP bags
belong to the linear Regge trajectory (18). Similarly, it was found that at hight temperatures the average mass
and width of the QGP bags behave in accordance with the upper bound of the Regge trajectory asymptotics (15)
(linear trajectory), whereas at low temperatures they obey the lower bound of the Regge trajectory asymptotics
(16) (square root trajectory). Such results create a new look onto the large and/or heavy QGP bags as the
medium induced Reggeons and provide us with an alternative to the AdS CFT picture on the QGP bags. I would
like to stress that it can be used not only to describe the deconfinement or cross-over and the corresponding
phases, but for the metastable states of strongly interacting matter as well. Also as shown above such a coherent
picture not only introduces new time scale into the heavy ion physics, but also naturally explains the existence
of the tricritical or critical QCD endpoint due to the vanishing of the surface tension coefficient. Therefore, I am
sure that further development of such a reach direction will lead to the major shift of the low energy paradigm
of heavy ion physics and will shed light on the modification of the QCD (tri)critical endpoint properties in finite
systems.
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We discuss our recent results demonstrating that very strong external magnetic fields lead to (1) the enhancement
of the chiral symmetry breaking [the quark condensate rises with the increase of the external magnetic field];
(2) the chiral magnetization of the QCD vacuum [spins of the quarks turn parallel to the external field]; (3) the
chiral magnetic effect [a CP-odd generation of the electric current of quarks directed along the magnetic field].

1 Introduction

Noncentral heavy-ion collisions may create very strong magnetic field due to relative motion of electrically
charged ions and the products of the collision. This fact ignited the interest of the scientific community towards
an investigation of the properties of the strongly interacting matter exposed to the magnetic field. The QCD
effects should be visible because the strength of the created magnetic field may be of the order of the hadron-
scale, or higher. For example, at first moments (τ ∼ 1 fm/c) of Au-Au collision at Relativistic Heavy Ion
Collider (RHIC) the strength of the magnetic field may reach eB ∼ (10−100MeV)2 [1, 2]. The strong magnetic
fields will also be created in the future experiments at Facility for Antiproton and Ion Research (FAIR) at GSI,
ALICE experiment at LHC, and at Nuclotron-based Ion Collider fAcility (NICA) at Dubna.

There are various vacuum effects associated which appear due to the presence of the strong magnetic fields
(here we do not discuss interesting effects that may appear in a dense quark matter). Theoretically, the very
strong magnetic fields may significantly modify the QCD phase diagram [3, 4, 5]. The magnetic fields increases
the transition temperature and enhances the strength of the (phase) transition from the chirally broken (low
temperature) phase to the chirally restored (high temperature) phase. Moreover, in the external magnetic field
the transition – which is a smooth crossover in the absence of the fields – becomes a first order transition [3, 4, 5].

Also, the magnetic field stabilizes the chirally broken (low-temperature) phase of QCD enlarging the value
of the chiral condensate and enhancing the chiral symmetry breaking. This result was obtained in various
approaches using the chiral perturbation theory [6, 8], the Nambu-Jona-Lasinio model [9, 10, 11], the linear
sigma model [12] and the AdS/QCD dual description [13]. In lattice simulations this effect was observed in our
recent work [29]. In Section 3 we discuss essential results of [29].

Another effect of the strong enough magnetic field is a (para)magnetic response of the QCD vacuum: the
external fields polarize the magnetic moments of the quarks and antiquarks, leading to appearance of the chiral
magnetization of the vacuum. At relatively low magnetic fields the chiral magnetization is proportional to the
strength of the magnetic field. The coefficient of the proportionality, the chiral magnetic susceptibility, was
first discussed in Ref. [14] in order to analyze phenomenologically interesting nucleon magnetic moments. The
value of the magnetic susceptibility – which was estimated using various analytical approaches [15, 16, 17, 18,
19, 21, 22, 23, 24] – can be measured in experiments on lepton pair photoproduction [25, 26], in radiative heavy
meson decays [27] etc. As the strength of the field increases, the magnetization deviates from a linear function
as it gets affected by logarithmic corrections [28]. At very strong fields the magnetization reaches an upper
bound. The first lattice investigation of the chiral magnetization was performed in Ref. [30] (we discuss them
in Section 4).

The magnetic fields may also lead to quite unusual effects due to nontrivial topological structure of the
QCD vacuum [1, 31, 32, 33]. We discuss a particular realization of the Chiral Magnetic Effect (CME), which
leads to a generation of an electric current along the direction of the magnetic field in a nontrivial topological
backgrounds of gluons [1, 31]. The CME leads to a non-statistical asymmetry in the number of positively and
negatively charged particles emitted on different sides of the reaction plane in the heavy ion collisions [34].
There are preliminary indications that this CP-odd effect has been indeed observed by the STAR collaboration
in experiments at RHIC [35, 36]. In our lattice studies we found the existence of the CME both at thermalized
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ensembles of gluon fields and at specially prepared configurations with nontrivial topological charge [37]. A
brief account of our results [37] is given in Section 5.

2 Physical setup and technical details of simulations

We utilize lattice QCD with the simplest SU(2) gauge group because all studied effects originate in the chiral
sector of QCD so that the number of colors is not crucial. In our simulations only valence quarks interact with
the electromagnetic field, and the effects of the virtual quarks on gluons are neglected. Indeed, the inclusion
of dynamical (sea) quarks makes the simulations computationally difficult, while the essential features of all
mentioned effects remains intact in the quenched limit as well (an extended discussion is given in [29, 30, 37, 39]).

The chiral effects are best studied with massless fermions. In order to implement chirally symmetric massless
fermions on the lattice, we use Neuberger’s overlap Dirac operator [40]. We reduce the ultraviolet lattice artifacts
using the tadpole-improved Symanzik action for the gluons. We introduce the magnetic field Bµ = Bδµ3 into
the Dirac operator by substituting su (2)-valued vector potential Aµ with u (2)-valued field. In infinite volume
such substitution is,

Aij
µ → Aij

µ + Cµδij , Cµ =
B

2
(x2δµ1 − x1δµ2) , (1)

where Cµ is the U(1) field. In the finite volume L4 with periodic boundary conditions an additional x-dependent
boundary twist for the fermion fields should be introduced [41], and the uniform magnetic field is forced to take
quantized values [42],

qB =
2π k

L2
, k ∈ Z , q =

1
3
|e| , (2)

where q is the absolute value of the electric charge of the d-quark. Note that in all Figures of this article we
indicate the magnetic field strength in units of qB ≡ eB/3 and not in eB. In our simulations the lowest magnetic
field takes values

√
eB ∼ (400− 600MeV)2. Such fields are stronger than those expected at RHIC, while they

are of the same order compared to the fields that will presumably be created at the LHC collisions [2].
In order to check the finite-volume effects we use two spatial lattice volumes, 143 and 163. We study the

system at three different temperatures, T/Tc = 0, 0.82, 1.12 (the critical temperature in SU(2) gauge theory is
Tc ≈ 310MeV). In order to make sure that the influence of the finite ultraviolet cutoff is under proper control,
we utilize three lattice spacings, a = 0.089 fm, 0.103 fm, 0.128 fm. Our spatial volumes are L3 = [(1.4 . . . 2) fm]3.

3 Enhancement of chiral condensate

The chiral condensate

Σ ≡ −〈0| q̄q |0〉 , (3)

is commonly used order parameter for the chiral symmetry breaking in the theory with massless quarks. The
condensate is zero if the chiral symmetry is unbroken. If the strength of magnetic field is larger than the pion
mass (which is zero for massless quarks) but is still much smaller than the hadronic scale, one can use the
chiral perturbation theory to calculate the field dependence of the chiral condensate. According to the original
work [6], in a leading order in B, the chiral condensate Σ (B) rises linearly with the field strength:

Σ (B) = Σ (0)
(

1 +
eB ln 2
16π2F 2

π

)
, (4)

where Fπ ≈ 130MeV is the pion decay constant. The corrections due to nonvanishing pion mass may also be
calculated [8].

The condensate (3) can be calculated using the Banks-Casher formula [43],

Σ = lim
λ→0

lim
V→∞

πρ (λ)
V

(5)

where V is the total four-volume of Euclidean space-time. The density ρ (λ) of eigenvalues λn of the Dirac
operator D = γµ (∂µ − iAµ) is defined by

Dψn = λnψn , ρ (λ) = 〈
∑

n

δ (λ− λn)〉 , (6)

where ψn are the eigenmodes of the Dirac operator.
According to Eq. (5) the enhancement of the chiral condensate in the magnetic field means that the Dirac

eigenvalues in the vicinity of λ = 0 should become denser as the magnetic fields increases. In order to check
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Figure 1. (left) Lowest twelve eigenvalues (including a zero mode) of the Dirac operator in a background of
a typical gluon configuration vs. the magnetic field qB. (right) The chiral condensate vs. qB at two different
temperatures T . The solid lines are the linear fits by the function (7). Figures are from Ref. [29].

this fact we plot in Figure 1(left) the dependence of lowest Dirac eigenvalues on the strength of the magnetic
field. One can clearly see that the stronger the field, the smaller eigenvalues of the Dirac operator and the
larger the density of the near-zero modes. This configuration has topological charge equal to one, and therefore
the configuration contains one exact zero mode, λ = 0, in agreement with the Atyah-Singer theorem. The
presence of the zero mode does not depend on the strength of the external field because the number of zero
Dirac eigenmodes is equal to the topological charge of the gauge field configuration, while the topological charge
is not affected by the Abelian magnetic field.

In Figure 1(right) we show the chiral condensate as the function of the magnetic field qB at zero temperature
and at T = 0.82 Tc. Following (4) we fit the chiral condensate by the linear function,

Σ (B) = Σ0

(
1 +

eB

Λ2
B

)
, (7)

where Σ0 and ΛB are the fitting parameters.
The best fits are shown in Figure 1(right) by the solid lines. The best fit parameters at zero and nonzero

temperatures are [29]:

T = 0 : Σfit
0 = [(320± 5) MeV]3 , Λfit

B = (1.53± 0.11)GeV, (8)

T = 0.82 Tc : Σfit
0 = [(291± 1) MeV]3 , Λfit

B = (1.74± 0.03)GeV. (9)

We see that the increase of temperature leads to a decrease the chiral condensate (as expected), and to a
decrease the slope of the B-dependence.

The zero-field zero-temperature best fit value (8) of the chiral condensate, Σfit
0 , agrees very well with other

numerical estimations in quenched SU(2) gauge theory [44]. Surprisingly, the numerical value of the slope
parameter ΛB is quite close to the T = 0 result of the chiral perturbation theory (4), Ref. [6]:

Λth
B =

4πFπ√
ln 2

= 1.97GeV . (10)

The similarity between the theoretical prediction (10) and first principle T = 0 result (8) should be taken with
care. Firstly, we are studying the quenched theory, in which the virtual charged pions are absent, and what
we observe is the effect of the gauge fields. Secondly the strength of our weakest magnetic fields is still greater
than the scale imposed by the zero-field chiral condensate, Σ1/3

0 . In this regime the prediction (4) of Ref. [6]
should not work, in general, as the linear behavior is expected to be realized for much weaker fields. Thus, the
observed linear enhancement of the chiral condensate even in the absence of the pion loops is intriguing feature
of the non-Abelian gauge theory.

4 Magnetization of QCD vacuum

Quarks are spin-1/2 particle carrying magnetic moments. The magnetic moments are polarized by the external
magnetic field. A natural quantitative measure of the polarization is given by the expectation value:

〈Ψ̄ΣαβΨ〉 = χ(F ) 〈Ψ̄Ψ〉 qFαβ , (11)
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Figure 2. The magnetization µ vs. the magnetic field, qB. (left) Check of the factorization (14): the empty
squares and the full circles show the nonfactorized (13) and factorized (15) definitions, respectively. (right) The
magnetization µ at two temperatures. The lines correspond to the best fits (17). Figures are from Ref. [30].

where Σαβ = 1
2i [γαγβ − γβγα] is the relativistic spin operator, Fµν = ∂µaν − ∂νaµ is the strength tensor of the

electromagnetic field. Note that flavor and spinor indices are omitted in (11). Below we consider one quark
flavor for simplicity.

The right hand side of Eq. (11) is proportional to the electromagnetic field strength tensor due to the Lorenz
covariance. The proportionality to the chiral condensate 〈Ψ̄Ψ〉 (evaluated at the external electromagnetic field
F ) allows us to disentangle nonlinear effects of the enhancement of the chiral condensate in the external magnetic
field (discussed in the previous Section) from the effects of the quark’s spin polarization. The strength of the
vacuum polarization is characterized by a chiral magnetic susceptibility χ(F ).

The (chiral) magnetization of the QCD vacuum in the external magnetic field B = F12 = −F21 can be
described by the dimensionless quantity

µ(qB) = χ(qB) qB ⇐⇒ 〈Ψ̄Σ12Ψ〉 = µ(qB)〈Ψ̄Ψ〉 . (12)

In [30] we derived a magnetization analogue of the Banks-Casher formula (5):

〈Ψ̄ΣαβΨ〉 = lim
λ→0

〈πν(λ)
V

∫
d4xψ†λ(x)Σαβ ψλ(x)

〉
. (13)

Moreover, we have proven theoretically in [30] and also checked numerically, that the following factorization
rule holds:

〈Ψ̄Σαβ Ψ〉 =
〈
Ψ̄Ψ

〉〈∫
d4xψ†λ(x) Σαβ ψλ(x)

〉
. (14)

The comparison of this formula with Eqs. (11) and (12) gives

µ(qB) ≡ χ(qF ) qFαβ = lim
λ→0

〈∫
d4xψ†λ(x; B) Σ12 ψλ(x; B)

〉
, (15)

where ψλ(x;F ) is the eigenmode of the Dirac operator in the external (magnetic) background field B = F12.
We established the factorization property (14) for all studied values of the magnetic fields. The comparison

of the left and right sides of Eq. (14) evaluated at the same set of configurations is shown in Figure 2(left).
While both estimations agree with each other within error bars, the factorized definition (15) is much more
accurate compared to the nonfactorized one (13).

We show in Figure 2(right) the magnetization for two different temperatures, T = 0 and T = 0.82 Tc. The
behavior of the magnetization is consistent with general expectations: at low magnetic fields the magnetization
is linear indicating the existence of a nonzero susceptibility at vanishingly small external magnetic field. At
high magnetic fields the quarks are fully polarized and the magnetization approaches the saturation regime,

µ(qB) → −1 . (16)

We fit our data by the function:

µtrig
fit (B) =

2µ∞
π

arctan
πχ0qB

2µ∞
, (17)



Very strong magnetic fields in lattice QCD 27

with two fitting parameters: the zero-field susceptibility χ0 and the infinite-field saturation parameter µ∞. The
fits – shown by the lines in Figure 2(right) – give the following values for the chiral susceptibility:

χ0 =
{ −1.547(6) GeV−2 ΛUV ∼ 2 GeV T = 0
−1.53(3) GeV−2 ΛUV ∼ 1.5GeV T = 0.82Tc

(18)

where T is the temperature, and ΛUV is the momentum scale, at which the susceptibility is evaluated (the
momentum dependence is discussed, e.g., in [19]).

Other fitting functions were also discussed in [30]. For example, the specific (i.e., per atom) magnetization
of a classical ideal paramagnetic gas is given by [20]

µclass(B) = µ

[
coth α(B)− 1

α(B)

]
, α(B) =

µB

kBT
, (19)

where µ is the magnetic moment of a single molecule, T is temperature and kB is the Boltzmann constant. The
function in the brackets in Eq. (19) is often called the Langevin function.

The quantum analogue of the Langevin function (19) for a spin 1/2-particle is described by the Brillouin
behavior:

µquant(B) = µ [2 coth 2α(B)− cothα(B)] . (20)

The atoms are supposed to be electrically neutral otherwise the paramagnetic magnetization – either classi-
cal (19) or quantum (20) – should be supplemented by a diamagnetic contribution due to Landau quantization
(the motion of the atoms in transverse direction to the magnetic field is to be constrained to the Landau lev-
els). In an electron gas the diamagnetic contribution provides an essential part of the total magnetization [20].
However, we do not consider the diamagnetic contribution of the quark’s motion because of the paramagnetic
nature of the condensate (11).

Our simulations show that the conventional functions, either classical formula (19) or quantum function (20)
do not describe our numerical data.

An experimentally relevant and phenomenologically interesting quantity is the product χ〈Ψ̄Ψ〉 at vanishing
field [25, 26]. Our data gives the following result:

−χ 〈Ψ̄Ψ〉 = 46(3)MeV [quenched limit] . (21)

which is surprisingly close to the estimation based on the QCD sum rules techniques [15, 16, 17, 18]:

−χ 〈Ψ̄Ψ〉 = 50 MeV [QCD sum rules] . (22)

5 Chiral Magnetic Effect

In brief, the physical mechanism behind the Chiral Magnetic Effect (CME) is as follows [1, 31]. A strong
magnetic field forces the magnetic moment of quarks to turn parallel to the direction of the field. If the quarks
are light (massless) then the left-handed quarks will move, say, towards the direction of the field while the
right-handed quarks will move backwards. If there is an imbalance between left- and right-handed quarks, then
a net electric current

jµ (x) = ψ̄(x)γµψ(x)

appears along the magnetic field [45, 46, 32, 33, 1, 31]. This longitudinal electric current may lead also to a
spatial separation of the electric charges. The longitudinal current and the spatial charge separation are the
consequences of the CME. The chiral imbalance may be created by topologically nontrivial configurations of
gluon fields. Generally, the CME is a reflection of the CP-odd structure of the vacuum.

In Ref. [37] we studied a spatial excess of the charge density due to the applied magnetic field,

j0 (x;B) = 〈j0 (x)〉B − 〈j0 (x)〉B=0 .

The subtraction of the zero-field density removes all ultraviolet contributions providing us with a nonpertur-
bative quantity originating due to the external magnetic field. In Figure 3 we demonstrate that the magnetic
field applied to a typical gluon configuration leads to a spatial separation of the electric charges in an agreement
with the CME. The effect increases as the magnetic field gets stronger.

In Figure 4 the profile of the longitudinal (parallel to the magnetic field) and transverse (perpendicular to the
field) components of the quark’s electric current in a background of a specially-prepared smooth instanton-like
(Q = 1) configuration subjected to an external magnetic field. The CME is characterized by enhancement of
the longitudinal current with respect to the transverse one. This property is clearly seen in the case of the
instanton, Figure 4.
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Figure 3. A visual evidence of the CME: A typical T = 0 gluon configuration: the excess of the positive
(red) and negative (blue) electric charge due to magnetic field (directed vertically) qB = 0.7GeV2 (left) and
qB = 1.8GeV2 (right). From Ref. [37].

Figure 4. An instanton-like configuration with unit topological charge: a magnetic field induces the electric
current (shown in arbitrary units). The upper (green) and lower (violet) surfaces are the longitudinal (j2

‖ =
j2
0 + j2

3) and the transverse (j2
⊥ = j2

1 + j2
2) currents in the 12-plane (left) and in the 30-plane (right), Ref. [37].
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temperatures T . Figures are from Ref. [37].
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Coming back to real quantum configurations of the gluonic fields, we plot in Figure 5(left) the expectation
values of the fluctuations of each component of the electric current at zero temperature. We do not distinguish
the global topological charge of each configuration since the CME effect appears also locally (an extended
discussion of this point is given in Ref. [37]). In agreement with the CME features, we observe the dominance
of the longitudinal components of the electric current with respect to the transverse ones.

The CME crucially depends on the (local) imbalance between the left and right chiral modes given by the
local chiral charge

ρ5 (x) = ψ̄ (x) γ5ψ (x) .

The local strength of the chiral imbalance is characterized by the value of the chirality fluctuations, 〈ρ2
5〉,

which is shown in Figure 5(right) for three different temperatures. At T = 0 the fluctuations quickly grow
with the increase of the magnetic field. As the temperature increases the growth rate gets smaller, and in
the deconfinement phase the rate is almost zero. Note that in the confinement phase (T = 0) the chirality
fluctuations at strong enough magnetic fields are as large as the fluctuations in the deconfinement phase. This
allows us to suggest that the CME may be observed in a cold nuclear matter as well.

6 Conclusion

We have numerically demonstrated that the strong external magnetic fields reveal various nonperturbative
properties of the QCD vacuum. We observed the enhancement of the chiral condensate in the external magnetic
field. We calculated the chiral magnetization of the QCD vacuum. Finally, we demonstrated the existence of
the chiral magnetic effect, which is an experimentally relevant feature of heavy ion collisions.
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The status of the Large Hadron Collider ( LHC), ATLAS and CMS detectors commissioning is shortly reviewed.
Both experiments are waiting for the promising signal hunting. The early data from LHC will first allow the
check of the Standard Model (SM) predictions at

√
s = 10 and later at 14 TeV. The perspectives for early

analyses are discussed, mainly as standard candles for detector understanding and simulation tuning. Few new
physics searches are also presented. The high available energy will permit to be competitive with the past and
ongoing experiments. Prospective searches about Higgs physics and the Beyond Standard Model (BSM) are
presented for the CMS and ATLAS experiments as well as the searches for some supersymmetric and exotic
particles predicted by several theoretical models.

1 Introduction

The LHC [1] assembled at CERN is a pp collider with a design center-of-mass energy of 14 TeV. LHC will
collide protons or lead ions. Its first operation started in September 2008. The first collisions will be delivered
in 2009. The gain in center of mass energy compared to the Tevatron will result in a large cross section increase
[2] for high mass resonances as well as for SM processes. Hence, soon after LHC start-up, studies of Standard
Model processes will not be limited by statistics. New processes, not yet excluded by past experiments, could
become observable. Assuming successful operation, a delivered integrated luminosity of 10-20 pb−1 for 2009 can
be foreseen.
The LHC has been built with the purpose of exploring new frontiers of particle physics. Possible excesses of
events in real data, even with few hundred pb−1 of integrated luminosity, could be an indication of the existence
of new particles. Larger luminosity will be required to have evidence of the existence of the Higgs boson and/or
a wide spectrum of new particles predicted by supersymmetry and exotic models.
In general, the experiments at the LHC could provide answers or ingredients to answer some of the most
fundamental open questions in particle physics, such as: the reality of the Higgs mechanism for generating
gauge bosons and fermions masses, the problem of the hierarchy between the electroweak gauge boson scale and
the Grand Unification or Planck scale, the existence of a supersymmetry, the existence of extra dimensions as
predicted by various models inspired e.g. by string theory.

CMS [3] and ATLAS [4] are the two general purpose experiments built at the LHC to provide answers to
those fundamental questions. Prospective studies have been performed in the physics groups of the CMS [2]
and ATLAS [5] collaborations to optimize strategies for the search of the Higgs boson(s), of the supersymmetric
particles and of some exotic particles, both with low and high integrated luminosity. Some of these studies will
be developed in the present paper.

2 The experimental environment

Figure 1 present the layout of the experimental environment at CERN. The 27 km LHC underground ring will
provide pp and lead-lead collisions to four experimental setup: ALICE, ATLAS, CMS, LHCb. In addition, two
detectors devoted to access to the forward physics issued from the collisions: Totem and Castor are completing
the experimental setups. The ATLAS and CMS are general purpose detectors designed to explore physics at
the TeV energy scale. Each of them has a large acceptance and hermetic coverage. The various sub-detectors
are: a silicon tracker with pixels and strips, electromagnetic and hadronic calorimeters, and muon chambers.
Both detect with the highest precision leptons and both charged and neutral hadrons.

Both experiments, on 11 September 2008, have performed observation of the First Beam Induced Muons.
At start-up the LHC machine provided single shots of LHC beam onto a collimator placed about at 150 m
upstream of the detectors. These shots were used to synchronize the detectors beam monitoring system to the
beam timing. Using the beam monitoring system as Trigger, Atlas and CMS recorded events in all sub-detectors
except the silicon pixel and strip tracker which were left out of the run. In these shot events, more than 100
muons cross the volume of the detectors and illuminated a large fraction of all channels in the central detectors.
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Figure 1. Overview of the CERN experimental environment.

Figure 2. CMS detector energy response to
muons produced by a LHC beam dumped onto
collimators Figure 3. Response of the CMS detector to cos-

mics muons.

The first analysis results show clear correlations between sub-detectors in the energy recorded, as well as the
angular predicted distribution of the deposited energy. In some of the events the energy recorded in ECAL and
HCAL exceeded 1000 TeV. Figure 2 gives for the CMS detector a pattern view of the deposited energy.

In addition, current commissioning of the detectors with and without magnetic field uses cosmics tracks
triggered by the muon system. Electronics alignment, timing improvements, calorimeter cell intercalibration
are performed improving the detector response knowledge. Figure 3 shows a CMS view traversed by a cosmics
track [7].

3 Standard Model process study at
√

s = 10 and 14 TeV.

The study of already known particles properties at a new accelerator is an important commissioning tool and
interesting goal by testing the Monte Carlo predictions. Known resonances can be used as standard candles for
calibration. Moreover, given the new kinematical regime due to the unprecedented center-of-mass energy, many
expectations for standard phenomena, being extrapolated from measurements at much lower energy, have large
uncertainties. Only the LHC data themselves will be able to constrain the empirical models used in these cases.
This is essential to estimate the SM backgrounds to searches of new physics. This section presents a far from
exhaustive list of SM topics which will be addressed with the early LHC data. Their impact to the detector
knowledge or the MC tuning will also be addressed.
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Figure 4. dN/dη at η = 0 as function of the
center of mass energy. The lines correspond to
different model predictions.

Figure 5. Total pp cross section as function of
the center of mass energy. The lines correspond to
different model predictions.

3.1 Soft hadronic physics

The study of charged hadron spectra [6] will probably be the first physics result with LHC pp collisions. Apart
from its intrinsically importance for the models, it will define the number of charged tracks participating to each
bunch crossing at the working LHC luminosity and defining how many extra particles from soft interactions will
provide noise to the study of the hard process. Only the information from the Tracker will be needed for the
analysis, but the track sample for this study should go as low as possible in pT . Exclusive measurements can
also be performed, thanks to the good capability of the Silicon Pixel and Strip Tracker to measure dE/dx, which
can discriminate protons and kaons from pions in the low pT region. Figure 4 shows our present knowledge of
the charged hadron abundance and the large model dependent uncertainties at the LHC energy.

3.2 Total cross section measurement

A precise measuremnt of the pp total cross section is an important goal. As shown on figure 5 there is still an
large uncertainty on the total pp cross section at high energy. Does the cross section continue to rise or are
we approaching to some asymptotical region at the LHC energy. LHC results will discriminate between the
models.

3.3 Underlying event [8]

The study of the underlying event deals with all the activities of a single pp interaction on top of the interesting
hard process. Hence it covers several mechanisms: initial and final state radiation, the spectators, and multiple
parton interactions, which is of particular interest today. While there are many sets of generator tunes describing
Tevatron data, they have several differences when extrapolated to LHC energy.
The region transverse to the jet is expected to be particularly sensitive to the characteristics of the underling
event. The study of the underlying event helps to tune energy dependence models, understand multiple parton
interactions and improve the QCD understanding of pp collisions. The strategy, for comparing different models
describing the underlying event, is to select events with two back-to-back jets and count the number of charged
particles in the region transverse to the jets axis. Different models presented in figure 6 show significant
differences at LHC energies when the average number of charged particles is drawn as a function of the leading
charged jet transverse momentum.

3.4 Jet at LHC

Jets are the experimental signature of quarks and gluons. Jet algorithms are used to reconstruct unambiguously
the jet properties. Inclusive dijet production is the most abundant hard scattering process at the LHC. The
jets expected pT spectrum [9] is shown in figure 7. In early running (< 10pb−1), this is expected to be known
within 10%.
The invariant mass of two leading cross section has at LHC large uncertainty. As shown on figure 8, we will
reach at LHC, dijet masses up to 6 TeV about an order of magnitude higher as what can be observed at the
Tevatron. Even a small amount of data is enough to exceed the Tevatron mass reach (1.4 TeV). Consequently
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Figure 6. Densities dN/dηdφ for tracks with pT

> 0.9GeV/c, as a function of the leading charged
jet pT , in the transverse region, for an integrated
luminosity of 100 pb−1.

Figure 7. Jet pT spectra : generator-level jets
(black dots), raw reconstructed jets (black trian-
gles), calibrated jets (open circles). The inset
shows deviation from SM expected for contact in-
teractions at a scale of 3 TeV (dots) and 5 TeV
(brocken line), the grey band correspond to a scale
uncertainty of 10 % on the jet calibration.

at LHC we will be sensitive to objects decaying to two jets (dijet resonances : q∗, Z ) as shown on figure 9 [10].
With 100 pb−1 a 2 TeV excited quark can be clearly seen. Present Tevatron limit for such resonances is M<
0.87 TeV.
Errors are expected to be dominated by the jet energy scale uncertainty which will be the dominant experimental
systematic uncertainty.

3.5 J/Ψ

The observation of J/Ψ and its resonances at LHC will be important, as a test of QCD mechanisms, and as a
commissioning tool for the detector. The main physics motivations for J/Ψ studies lies in the fact that none
of the theory models for quarkonium production at hadron colliders explains successfully both polarization and
differential cross section measurements [11]. LHC data, will allow to probe transverse momenta much higher
than currently studied at the Tevatron. The reconstruction of the J/Ψ by selecting track pairs in a window
around the known mass, will provide a very pure sample of muons providing the efficiency of muon selection in
addition to a pure sample of muonic tracks. This could measure and correct the relative misalignment of the
Tracker to the muon detectors. The peak position will be compared to the precisely known J/Ψ mass, used as
a standard candle, in order to spot eventual biases in the momentum measurement due to a mismeasurement
of the magnetic field. Figure 10, from Ref. [8], shows the expected peak in dimuon mass, for a statistics
corresponding to 3 pb−1,

3.6 W/Z production [12]

The W and Z production cross section at 14 TeV is about 180 nb and 60 nb respectively, and is theoretically one
of the best understood cross sections at hadron colliders. This, combined with the very clean signature for the
electronic and muonic decay channels, makes W/Z production one of the best ways to determine the luminosity
at the few % level, where most of the uncertainty will come from the imprecise knowledge on the Parton
Distribution Functions (PDF), which can be in turn constrained by measurements of the rapidity distributions
of W and Z, and of the W+/W− ratio. Furthermore, inclusive W/Z production serves as the starting point
for more detailed analyses, such as measuring the boson pT spectrum or looking for additional jets, which are
important to understand the background to many low cross section channels. Moreover, Z → l+l− (l = e, µ )
events provide a precious calibration reference, given the precise knowledge of the Z mass and width as measured
at LEP, and a way to select pure e/µ/τ samples useful for tag-and-probe methods. In the Z analysis as shown
in figure 11 the main variable is the dileptonic invariant mass and the effect of detector misalignments.
ATLAS [5] has investigated the possibility of further constraining parton density functions (PDFs) using W
decays into electrons. Re-fitting the ZEUS-S PDF to the e+ and e− rapidity distributions from Monte Carlo
events the biggest improvement is seen in the parameter controlling the low-x gluon. This is not surprising as
we will have access to x values down to about 10−4 with W and Z bosons at

√
s = 14 TeV and the gluon being

the dominant parton at this Q2 ∼ (100GeV )2.
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Figure 8. Dijet mass at LHC compared to what
the Tevatron provide. Figure 9. Dijet resonances as predicted by some

models.

Figure 10. Heavy quark J/Ψ and Υ resonances
in the ATLAS detector.

Figure 11. Muon pair effective mass in CMS
for Z0 events. The resolution evolution is stud-
ied as function of the tracker and muon chambers
alignement.
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Figure 12. Top signal in ATLAS for 100 pb−1.

Figure 13. Top mass in CMS from dilepton
events for 1 fb−1 integrated luminosity.

3.7 Top at LHC [13]

The top pair production cross section is more than hundred times larger at LHC compared to Tevatron (830
pb−1 at NLO [13] for LHC and 8pb−1 at the Tevatron [16]).The LHC will become rapidly a top factory at LHC
and should allow to study the properties of top quarks in great detail.

The final states of top pair events are determined by the fact that the decays are almost exclusively into a
W and a b quark and by the branching ratios of the W boson. Due to the fact that top pair events have all
kinds of objects in the final state (electrons, muons, light and b jets and missing transverse energy), they will
help to improve a large variety of reconstruction aspects: i.e. jet energy scale for instance. Furthermore, they
are a background to many searches for new physics and therefore must be understood before a new signal can
be claimed.

With 20 pb−1, about 800 di-lepton and about 4700 semi-leptonic (e/µ) events are produced which should
allow the observation of top pair events [13] rapidly (Figure 12). The analysis, described in [18] as shown on
figure 13, starts from events triggered by the single or di-lepton trigger. At least two jets and two reconstructed
isolated leptons with opposite charge have to be present in the event. The presence of the two neutrinos from
the W decays induce a large missing transverse energy and a b-tag criterion for both b jets in the event. A
kinematic fit imposing W mass allows to reconstruct a clear top mass peak (Figure 13). At starting even with
1 pb−1 one can already observe a signal as shown on Figure 14.

With more data, the production cross section can be measured as well as the measurements of the top mass
and the other top properties.

4 Searches

The search for Higgs and supersymmetric particles have been the major guide to define the detector requirements
and performance that are detailed in Ref. [1] and [2] for CMS and ATLAS. Detailed simulations of the detector
closest to the real experimental set-up with miscalibration/misalignment conditions at start-up luminosity are
used in the CMS and ATLAS studies presented here after. Advanced Monte Carlo physics generators have been
used for signal and background simulation with the estimation of NLO for QCD and electroweak corrections.

4.1 BSM

ATLAS [5] and CMS [2] have a very rich program of searches, and LHC itself is commonly considered as a
discovery machine in the HEP community, but most of the potential discoveries would require: high statistics;
very good detector control (calibration, alignment); and very reliable prediction of the SM backgrounds in the
signal region. All these three conditions will require a long running before being achieved. Nevertheless, a few
examples exist of new particles or phenomena that could show up relatively early, with limited statistics and
detector still far from ideal conditions.
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Figure 14. Top rediscovery in CMS for an integrated luminosity of 1pb−1. Left plot is the effective mass of
the two highest energy jets giving a peak around the W mass. The right plot is the effective masss of the W
jets and the third highest energy one providing a peak at the top mass.

Contact interactions and dijet resonances

Deviation from the SM in the jet spectra, or the appearance of peaks signaling resonances in the invariant mass
distribution for dijet events are predicted from theories such as Technicolor [16], Extra Dimensions [17] and
Contact Interactions [14], [18].
The inclusive cross section as a function of jet pT is a first simple measure of QCD dijets which is sensitive to a
3 TeVcontact interaction with only 10 pb−1. With the dijet mass distribution we expect to be able to observe
resonances [10] with large cross sections, such as a 2 TeV excited quark which produces a convincing signal with
only 100 pb−1. Figure 9 shows, for Z0 masses of 0.7, 2.0 and 5.0 TeV and cross section normalized to the q
cross section, the expected signal for a Z0 like spin 1 resonance, compared to the statistical uncertainty of the
expected QCD background.

Exotics

New heavy neutral (Z’) or charged (W’) gauge bosons are predicted by several extensions of the Standard Model,
such as E6 based GUTs [23], Little Higgs Models [18], Extra Dimensions [17]. A very useful benchmark for
experimentalists is the Altarelli Reference Model [22] , also known as Sequential Standard Model (SSM) [26]
In this model, the new gauge bosons are simply more massive replicas of the corresponding SM ones, with the
same coupling constants.

As in the case of SM, the cleanest signatures for heavy gauge bosons are W′ → lν [23] and Z → l+l− (l = e,
µ). CMS prospects for W’ search in the electronic [19] and muonic [24] channels are shown in figure 15 for the
case of a 1 TeV W’ with the same couplings as the W. Figure 16 shows the heavy Z’ decay into τ τ leptons.

Other exotic massive gauge bosons are also expected in several theoretical models beyond the SM. In the
sequential Standard Model [22], [26] (SSM) a Z-like boson, called Z’, with the same couplings of the Z to fermions
and gauge bosons and with O(TeV) mass is predicted. Other exotic scenarios based on extra dimension [17]
predict the existence of a graviton with O(TeV) mass decaying in e+e−.

Search for di-muon resonances at O(1 TeV) mass were addressed too by CMS [?] and ATLAS [5]. Sources
of background are di-muons from Drell Yan events and W+jets, Z+jets. The cross section times the branching
ratio is between few fb−1 to few hundred fb−1 depending on the mass of the resonance and the theoretical
model. Main backgrounds for those searches were di-electron events produced via Drell Yan mechanism, tt
events with two electrons in the final state, QCD with jets faking electrons, W+jets, γ+jet and γγ. The di-
electron invariant mass spectrum for signal and background at 100 pb−1 is reported in figure 17. At high mass
only few background events survive the selection giving an optimal signal to background rejection.

At the end of the analysis, after computing the integrated luminosity for 5 σ discovery at
√

s = 14TeV as a
function of the Z mass, it could be shown that few hundred pb−1 of integrated luminosity are needed to discover
the Z with O(1 TeV) mass. Figure 18 gives the mass discovery potential as function of the required collected
luminosity and for various models.
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Figure 15. W’ resonances production for differ-
entes masses with the CMS detector

Figure 16. Z′ → ττ resonance producton in the
Atals experiment.

Figure 17. e+e− invariant mass spectrum for
a 100 pb−1 integrated luminosity with 1, 1.5 and
2 TeV/c2 Z signal, compared to SM background
estimates for the Drell-Yan process, tt, QCD di-
jet, W+jet, γ+jet and γγ.

Figure 18. Z’ mass sensibility, for viarious mod-
els, as function of the integrated luminosity
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Figure 19. The 5σ discovery reach in the plane
(m0; m1/2) in the case of four jets with one or
more leptons in the final state and missing energy

Figure 20. The 5sigma discovery reach in the
plane (m0; m1/2) in the case of four jets with one or
more leptons in the final state and missing energy

4.2 Susy

Hints of supersymmetry [20] are looked for at LHC via the production of squarks and gluinos, the supersymmetric
partners of quark and gluons of the SM. The final state topologies of the supersymmetric events at LHC consist
of multiple jets, often very energetic, with possibly some leptons and missing energy in the final state or simply
with many leptons and missing energy. Most of the studies performed in CMS and ATLAS were done in the
context of the Minimal Supersymmetric Standard Model (MSSM) with R-parity conservation and in the scenario
of heavy squarks and gluinos. In order to reduce the number of free parameters of MSSM the hypotheses of
minimal Supergravity (mSUGRA [21]) are used, in particular by assuming a common sfermion mass at GUT
scale (m0) and a common gaugino mass (m1/2). Prospective analyses were developed to search for final states
including jets, leptons and missing energy both in CMS [10] and in the ATLAS collaboration [25]. Typically
some benchmark points of the parameter space of MSSM with mSUGRA hypotheses are used as starting points
and scans of parameters around them is performed to derive conservative limits.

Concerning ATLAS [31] analyses, one possible inclusive signature consist of four jets and missing energy.
The main backgrounds are tt and W/Z+jets events. Simple selection cuts are applied on the total transverse
momentum of the jets, on the missing transverse energy, on the angle between the jet and the missing energy
directions and on the effective mass of transverse momentum of the jets and leptons and missing transverse
energy. Final state topologies with less than four jets and with one or more leptons were also studied. In figure
19 is reported the 5σ discovery reach in the plane (m0; m1/2) in the case of four jets with one or more leptons
in the final state and missing energy; zero-lepton mode can probe close to 1.5 TeV for the minimum between
the squark and the gluino mass, with 1 fb−1 of integrated luminosity; the four-jets topology seems to give the
best results in zero-lepton mode, as derived from figure 20. Therefore ATLAS could discover signals with gluino
and squark masses less than O(1 TeV) after having accumulated an integrated luminosity of about 1 fb−1.

4.3 Higgs hunting

Direct searches for the SM Higgs particle at the LEP e+e− collider have led to a lower mass bound of mH >
114.4GeV/c2 at 95% C.L. [27]. On-going direct searches at the Tevatron pp collider by the D0 and CDF
experiments set constraints on the production cross-section for a SM-like Higgs boson in a mass range extending
up to about 200 GeV/c2 and allow to exclude his existence [28] with mass between 160 and 170 GeV/c2. The
main production mechanisms for SM Higgs particle at LHC are the gluon-gluon fusion mechanism, the associated
production with W/Z bosons, the weak vector boson fusion processes and the associated Higgs production with
heavy top or bottom quarks, as detailed in Ref. [29]. SM Higgs couples to fermions, gauge bosons and to itself.
In the low mass region (namely mH < 130GeV/c2) the dominant decay is in bb with a branching ratio between
60 and 90 %; H → τ+τ−, cc, γγ contribution to the total width is less that few %. In the high mass range the
decay channels H → WW ∗ and H → ZZ∗ play the main role given a clear signature of multi leptons in the
final state. A prospective analysis about the H → WW → llνν decay chain was performed both in CMS [30]
and in ATLAS [5]. The signature consists of two isolated high momentum leptons and missing energy related
to the neutrinos escaping the detection. No hard jet in the central region of the acceptance is expected and it
is not possible to reconstruct the Higgs mass peak due to the neutrinos. The main background comes from tt
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Figure 21. 2e2µ invariant mass after the full se-
lection corresponding to an integrated luminosity
of 1 fb−1.

Figure 22. Significance for the signal observation
in the H → ZZ → 4l channel with an integrated
luminosity of 1fb−1.

and di-boson events, di-leptons Drell-Yan type, tW and W+jets events in the topologies including two leptons
in the final state. The analysis mainly consists of selecting events with high transverse momentum leptons and
sufficient missing energy; a central jet veto strategy is used to select events with no hard jet in central rapidity
region and the angular correlation between the leptons coming from Higgs decays is used as a discriminating
observable.

In the case of H → ZZ decay channel, the topology of four leptons in the final state (electron and/or
muons) was studied with an integrated luminosity of 1 and 30 fb−1 for CMS [32] and ATLAS [5] respectively;
the irreducible background comes from the ZZ events with four leptons in the final state while contribitions
from Zbb and tt events could be reduced. The four-lepton invariant mass spectrum obtained in the case 2e2µ
final state at the end of the selection is reported in figure 21. The significance for the signal observation with
an integrated luminosity of 1 fb−1 is reported in figure 22, as obtained by the CMS collaboration.
Even if the branching ratio of the decay in two photons H → γγ is less than % at low Higgs mass the clear
signature of the final state makes that topology very promising. Background events come from the production
of two isolated photons, which are usually referred to as irreducible, while reducible background sources are
events with at least one fake photon. Fake photons are mostly due to the presence of a leading π0 resulting
from the fragmentation of a quark or a gluon.

5 Conclusions

The LHC is foreseen to deliver the first pp collisions in 2009. The ATLAS and CMS detector are ready for the
first collision. Both luminosity and energy, hence cross sections, at the LHC will be much higher with respect to
earlier experiments, meaning that soon very high statistics will be available, and the experiments will be soon
sensitive to rare processes, including non-SM ones. To exploit the data it is important to understand rapidly the
data and detectors response. For this, known particles will act as standard candles. Before claiming eventual
discoveries, the CMS and ATLAS collaborations will have first to re-establish the SM, e.g., parameters related
to Parton Distribution Functions, or to soft hadronic physics, or particular regions of kinematics for some final
states which are also explored in beyond-SM searches.

Several interesting physics topics which can be pursued with both ATLAS and CMS with integrated lumi-
nosities between 10 and 1000 pb−1 have shortly been described. We all look forward to seeing the first data at
energies never accessible before at a collider !

Acknowledgements. I thank all the authors of the specific CMS and Atlas studies reported in this paper, I
would like also to thank the conference organizers for the invitation to give this talk.
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Experimental and theoretical progress concerning the rare decay π0 → e+e− is briefly reviewed. It includes the
latest data from KTeV and a new model independent estimate of the decay branching which show the deviation
between experiment and theory at the level of 3.3σ. The predictions for η and η′ decays into lepton pair are
presented. We also comment on the impact on the pion rare decay estimate of the data of BABAR collaboration
on the pion transition form factor at large momentum transfer.

1 Introduction

Astrophysics observables tell us that 95% of the matter in the Universe is not described in terms of the Standard
Model (SM) matter. Thus, the search for the traces of New Physics is a fundamental problem of particle physics.
There are two strategies to look for the effects of New Physics: experiments at high energy and experiments at
low energy. In high-energy experiments it is considered that due to a huge amount of energy the heavy degrees of
freedom presumably characteristic of the SM extension sector are possible to excite. In low-energy experiments
it is huge statistics that compensates the lack of energy by measuring the rare processes characteristic of such
extensions. At present, there is no any evidence for deviation of SM predictions from the results of high-energy
experiments and we are waiting for the LHC epoch. On the other hand, in low-energy experiments there are
rough edges indicating such deviations. The most famous example is the muon (g − 2). Below it will be shown
that due to recent experimental and theoretical progress the rare process π0 → e+e− became a good SM test
process and that at the moment there is a discrepancy between the SM prediction and experiment at the level
of 3.3σ deviation.

2 KTeV data

In 2007, the KTeV collaboration published the result [1] for the branching ratio of the pion decay into an
electron-positron pair

BKTeV
no−rad

(
π0 → e+e−

)
= (7.48± 0.38) · 10−8. (1)

The result is based on observation of 794 candidate π0 → e+e− events using KL → 3π0 as a source of tagged
π0s. Due to a complicated chain of the process and a good technique for final state resolution used by KTeV
this is a process with low background.

3 Classical theory of π0 → e+e− decay

The rare decay π0 → e+e− has been studied theoretically over the years, starting with the first prediction of
the rate by Drell [2]. Since no spinless current coupling of quarks to leptons exists, the decay is described in the
lowest order of QED as a one-loop process via the two-photon intermediate state, as shown in Fig. 1. A factor
of 2 (me/mπ)2 corresponding to the approximate helicity conservation of the interaction and two orders of α
suppress the decay with respect to the π0 → γγ decay, leading to an expected branching ratio of about 10−7.
In the Standard Model contributions from the weak interaction to this process are many orders of magnitude
smaller and can be neglected.

To the lowest order in QED the normalized branching ratio is given by

R
(
π0 → e+e−

)
=

B
(
π0 → e+e−

)

B (π0 → γγ)
= 2

(
α

π

me

mπ

)2

βe

(
m2

π

) ∣∣A (
m2

π

)∣∣2 , (2)

where βe

(
q2

)
=

√
1− 4m2

e

q2 , B
(
π0 → γγ

)
= 0.988. The amplitude A can be written as
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π0(q)
Fπ

e+(p′)

γ(k − q)

e−(p)

γ(k)

Figure 1. Triangle diagram for the π0 → e+e− process with a pion π0 → γ∗γ∗ form factor in the vertex.

A (
q2

)
=

2i

q2

∫
d4k

π2
Fπγ∗γ∗

(
k2, (k − q)2

) q2k2 − (qk)2

(k2 + iε)
(
(k − q)2 + iε

)(
(k − p)2 −m2

e + iε
) , (3)

(4)

where q2 = m2
π, p2 = m2

e. Fπγ∗γ∗ is the form factor of the transition π0 → γ∗γ∗ with off-shell photons.
The imaginary part of A is defined uniquely as

ImA (
q2

)
=

π

2βe (q2)
ln

(
ye

(
q2

))
, (5)

ye

(
q2

)
=

1− βe

(
q2

)

1 + βe (q2)
.

It comes from the contribution of real photons in the intermediate state and is model independent since
Fπγ∗γ∗ (0, 0) = 1. Using inequality |A|2 ≥ (ImA)2 one can get the well-known unitary bound for the branching
ratio [3]

B
(
π0 → e+e−

) ≥ Bunitary
(
π0 → e+e−

)
= 4.69 · 10−8. (6)

One can attempt to reconstruct the full amplitude by using a once-subtracted dispersion relation [5]

A (
q2

)
= A (

q2 = 0
)

+
q2

π

∫ ∞

0

ds
ImA (s)
s (s− q2)

. (7)

If one assumes that Eq. (5) is valid for any q2, then one arrives for q2 ≥ 4m2
e at [6, 7, 8]

ReA (
q2

)
= A (

q2 = 0
)

+
1

βe (q2)

[
1
4

ln2
(
ye

(
q2

))
+

π2

12
+ Li2

(−ye

(
q2

))]
, (8)

where Li2 (z) = − ∫ z

0
(dt/t) ln (1− t) is the dilogarithm function. The second term in Eq. (8) takes into account

a strong q2 dependence of the amplitude around the point q2 = 0 occurring due to the branch cut coming from
the two-photon intermediate state. In the leading order in (me/mπ)2 , Eq. (8) reduces to

ReA (
m2

π

)
= A (

q2 = 0
)

+ ln2

(
me

mπ

)
+

π2

12
. (9)

Thus, the amplitude is fully reconstructed up to a subtraction constant. Usually, this constant containing
the nontrivial dynamics of the process is calculated within different models describing the form factor Fπ(k2, q2)
[4, 5, 7, 9, 10]. However, it has recently been shown in [10] that this constant may be expressed in terms of the
inverse moment of the pion transition form factor given in symmetric kinematics of spacelike photons

A (
q2 = 0

)
= 3 ln

(
me

µ

)
− 5

4
− 3

2

[∫ µ2

0

dt
Fπγ∗γ∗ (t, t)− 1

t
+

∫ ∞

µ2
dt

Fπγ∗γ∗ (t, t)
t

]
. (10)

Here, µ is an arbitrary (factorization) scale. One has to note that the logarithmic dependence of the first term
on µ is compensated by the scale dependence of the integrals in the brackets. In this way two independent
processes becomes related.
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4 Importance of CLEO data on Fπγ∗γ

In order to estimate the integral in Eq. (10), one needs to define the pion transition form factor in symmetric
kinematics for spacelike photon momenta. Since it is unknown from the first principles, we will adapt the
available experimental data to perform such estimates. Let us first use the fact that Fπγ∗γ∗ (t, t) < Fπγ∗γ∗ (t, 0)
for t > 0 in order to obtain the lower bound of the integral in Eq. (10). For this purpose, we take the experimental
results from the CELLO [11] and CLEO [12] Collaborations for the pion transition form factor in asymmetric
kinematics for spacelike photon momentum which is well parameterized by the monopole form [12]

FCLEO
πγ∗γ∗ (t, 0) =

1
1 + t/sCLEO

0

, (11)

sCLEO
0 = (776± 22 MeV)2 .

For this type of the form factor one finds from Eq. (10) that

A (
q2 = 0

)
> −3

2
ln

(
sCLEO
0

m2
e

)
− 5

4
= −23.2± 0.1. (12)

Thus, for the branching ratio we are able to establish the important lower bound which considerably improves
the unitary bound given by Eq. (6)

B
(
π0 → e+e−

)
> BCLEO

(
π0 → e+e−

)
= (5.84± 0.02) · 10−8. (13)

It is natural to assume that the monopole form is also a good parametrization for the form factor in symmetric
kinematics

Fπγ∗γ∗ (t, t) =
1

1 + t/s1
. (14)

The scale s1 can be fixed from the relation for the slopes of the form factors in symmetric and asymmetric
kinematics at low t [13],

−∂Fπγ∗γ∗ (t, t)
∂t

∣∣∣∣
t=0

= −2
∂Fπγ∗γ∗ (t, 0)

∂t

∣∣∣∣
t=0

, (15)

that gives s1 = s0/2. Note that a similar reduction of the scale is also predicted by OPE QCD from the large
momentum behavior of the form factors: sOPE

1 = sOPE
0 /3 [14]. Thus, the estimate for A (0) can be obtained

from Eq. (12) by shifting the lower bound by a positive number which belongs to the interval [3 ln(2)/2, 3 ln(3)/2]

A (
q2 = 0

)
= −3

2
ln

(
s1

m2
e

)
− 5

4
= −21.9± 0.3. (16)

With this result the branching ratio becomes

B
(
π0 → e+e−

)
= (6.23± 0.09) · 10−8. (17)

This is 3.3 standard deviations lower than the KTeV result given by Eq. (1).

5 Other decay modes

The η → l+l− decay can be analyzed in a similar manner. As in the pion case, the CLEO Collaboration has
parameterized the data for the η-meson in the monopole form [12]:

FCLEO
ηγ∗γ∗ (t, 0) =

1
1 + t/sCLEO

0η

, (18)

sCLEO
0η = (774± 29 MeV)2 ,

which is very close to the relevant pion parameter. Then following the previous case (with evident substitutions),
one finds the bounds for the q2 → 0 limit of the amplitude η → µ+µ− as

Aη

(
q2 = 0

)
> −3

2
ln

(
sCLEO
0η

m2
µ

)
− 5

4
= − (7.2± 0.1) , (19)

and for η → e+e− one gets again Eq. (12). The obtained estimates allow one to find the bounds for the
branching ratios

B
(
η → µ+µ−

)
< (6.23± 0.12) · 10−6, (20)

B
(
η → e+e−

)
> (4.33± 0.02) · 10−9.
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It is important to note that for the decay η → µ+µ− we get the upper limit for the branching. This is because
the real part of the amplitude for this process taken at the physical point q2 = m2

η for the parameter sCLEO
0η

remains negative and a positive shift due to the change of the scale s0η → s1η reduces the absolute value of
the real part of the amplitude

∣∣ReA (
m2

η

)∣∣. At the same time, considering the decays of π0 and η into an
electron-positron pair, the evolution to physical point (8) makes the real part of the amplitude to be positive for
the parameter sCLEO

0 and the absolute value of the real part of the amplitude increases in changing the scales
of the meson form factors.

The predicted branchings are given in the Table and compared with existing experimental data. The so-
called unitary bound appears if in (2) only the imaginary part of the amplitude which is model independent is
taken into account. The CLEO bound corresponds to the estimate of the real part of the amplitude basing on
the CELLO and CLEO data on the meson transition from factors [10]. The fourth column of the Table contains
the predictions where in addition the constraint from OPE QCD on the transition form factor for arbitrary
photon virtualities is taken into account[10].

The results that take into account the mass corrections to the amplitude [20], mainly due to powers (M/Λ)2,
where M is the pseudoscalar meson mass and Λ ≈ Mρ is characteristic scale of the pion transition form factor, are
given in the fifth column of the Table. They are essentially visible for η (η′) meson decays. It is interesting that
for η decay to muons the mass correction shifts the theoretical prediction in the direction to the unitary bound
and thus opposite to the experimental result [16]. Thus, it would be very desirable to check experimentally
the predicted bounds for the process η → µ+µ−. Also note the recent measurement by the WASA/Celcius
Collaboration [15] which improves the upper limit for the branching η → e+e−.

For η′ decays there appear new thresholds in addition to the two-photon one. In general, this violates the
unitary bound because the correction Az gains an imaginary part at z = (M/Λ)2 > 1

∆=A = −π

β

(
1− 1

z

)2

ln
(

1 + β

1− β

)
Θ(z − 1). (21)

As it is seen from the table, this happens for the η′ → µµ channel. Nevertheless, it turns out that the predictions
for this channel are quite accurate.

Table 1. Values of the branchings B (P → l+l−) obtained in our approach and compared with the available
experimental results.

R0 Unitary bound CLEO bound CLEO+OPE [10] [20] Experiment

R0

(
π0 → e+e−

)× 108 ≥ 4.69 ≥ 5.85± 0.03 6.23± 0.12 6.26 7.49± 0.38 [1]
R0 (η → µ+µ−)× 106 ≥ 4.36 ≤ 6.23± 0.12 5.12± 0.27 4.64 5.8± 0.8 [16]
R0 (η → e+e−)× 109 ≥ 1.78 ≥ 4.33± 0.02 4.60± 0.09 5.24 ≤ 2.7 · 104 [15]
R0 (η′ → µ+µ−)× 107 ≥ 1.35 ≤ 1.44± 0.01 1.364± 0.010 1.30
R0 (η′ → e+e−)× 1010 ≥ 0.36 ≥ 1.121± 0.004 1.178± 0.014 1.86

6 Possible explanations of the effect

Therefore, it is extremely important to trace possible sources of the discrepancy between the KTeV experiment
and theory. There are a few possibilities: (1) problems with (statistic) experiment procession, (2) inclusion of
QED radiation corrections by KTeV is wrong, (3) unaccounted mass corrections are important, and (4) effects
of new physics. At the moment, the last possibilities were reinvestigated. In [17], the contribution of QED
radiative corrections to the π0 → e+e− decay, which must be taken into account when comparing the theoretical
prediction (17) with the experimental result (1), was revised. Comparing with earlier calculations [18], the main
progress is in the detailed consideration of the γ∗γ∗ → e+e− subprocess and revealing of dynamics of large and
small distances. Occasionally, this number agrees well with the earlier prediction based on calculations [18] and,
thus, the KTeV analysis of radiative corrections is confirmed. In [19, 20] it was shown that the mass corrections
are under control and do not resolve the problem. So our main conclusion is that the inclusion of radiative and
mass corrections is unable to reduce the discrepancy between the theoretical prediction for the decay rate (17)
and experimental result (1).

7 π0 → e+e− decay as a filtering process for low mass dark matter

If one thinks about an extension of the Standard Model in terms of heavy, of an order of 100 GeV or higher,
particles, then the contribution of this sort of particles to the pion decay is negligible. However, there is a class
of models for description of Dark Matter with a mass spectrum of particles of an order of 10 MeV [26]. This
model postulates a neutral scalar dark matter particle χ which annihilates to produce electron/positron pairs:
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χχ → e+e−. The excess positrons produced in this annihilation reaction could be responsible for the bright 511
keV line emanating from the center of the galaxy [27]. The effects of low mass vector boson U appearing in such
model of dark matter were considered in [28] where the excess of KTeV data over theory put the constraint on
coupling which is consistent with that coming from the muon anomalous magnetic moment and relic radiation
[29]. Thus, the pion decay might be a filtering process for light dark matter particles.

8 Constraints from BABAR data

Let us now consider the amplitude π0 → e+e− in the context of the constituent quark model [22, 23]. Within this
model, the pion form factor is given by the quark-loop (triangle) (Fig. 1) diagram with momentum independent
constituent quark mass. The result for the form factor in symmetric kinematics is given by [23]

Fπγ∗γ∗(t, t) =
2M2

Q

βQt
ln

βQ + 1
βQ − 1

, (22)

where βQ =
√

1 +
4M2

Q

t , and the amplitude at zero is

A (0) =
3
2

ln(
m2

e

M2
Q

)− 17
4

. (23)

It is interesting to remind that in asymmetric kinematics the form factor has double logarithmic asymptotics
at large momentum transfer log2(Q2/M2

q ) [23]

Fπγγ∗(t, 0) =
m2

π

m2
π + t

1
2 arcsin2( mπ

2MQ
)
{2 arcsin2(

mπ

2MQ
) +

1
2

ln2 βQ + 1
βQ − 1

}. (24)

Recently BABAR collaboration announced new data [21] on pion transition form factor Fπγγ∗(t, 0) at very
large t up to 40 GeV2. The data are in strong contradiction with massless QCD predicting asymptotic 1/t
behavior with single logariphmic modulation in leading order. However, the BABAR data are well fitted by
(24) if the parameter MQ is taken as MQ = 135 MeV. Then the amplitude at zero is A (0) = −20.98 which is
still far from numbers corresponding to KTeV: A (0) = −18.6 ± 0.9. In [24] it was also noted that in order to
get reasonable estimate of the hadronic vacuum polarization to the anomalous magnetic moment of muon it is
necessary to take the quark mass rather small MQ = 180 MeV, the value which is close to the pion mass.

Within perturbative QCD one possible scenario to explain the form factor growth faster than expected is
to assume that the full resummation of perturbative logarithms is important1. Indeed, sometime ago Manohar
augmented [25] that for the pion transition form factor in kinematics when one photon is virtual and other is
quasireal the resummation effects dominate its behavior at large fixed Q2 and probably BABAR (if confirmed)
observes these effects (logarithmic or powerlike).

5
Further independent experiments at KLOE, NA48, WASAatCOSY, BES III and other facilities will be

crucial for resolution of the problem with the rare leptonic decays of light pseudoscalr mesons. Also it is
important to confirm the theoretical base for maximally model independent prediction of the branchings by
getting more precise data on the pion transition form factor in asymmetric as well in symmetric kinematics in
wider region of momentum transfer that is soon expected from BABAR and BELLE collaborations.

Acknowledgements. We are grateful to the Organizers and personally professor V. Skalozub for a nice meeting
and kind invitation to present our results.
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The energy dependence of hadron production in relativistic nucleus-nucleus collisions reveals the anomalies
– kink, horn, and step. They have been predicted as the signals of the deconfinement phase transition and
observed recently by NA49 collaboration in Pb+Pb collisions at the CERN SPS. This indicates the onset of
the deconfinement in nucleus-nucleus collisions at about 30 A·GeV. The QCD critical point is expected to be
experimentally seen as a non-monotonic dependence of the multiplicity fluctuations on atomic number A and/or
bombarding energy Elab.

1 Introduction

The data on nucleus-nucleus (A+A) collisions suggested that there is a significant change in the energy de-
pendence of the pion and strangeness yields which is located between the top AGS (11 A·GeV) and SPS
(158 A·GeV) energies. Based on the statistical approach it was speculated that the change is related to the
onset of deconfinement at the early stage of A+A collisions, and a simplified quantitative model was developed,
the Statistical Model of the Early Stage (SMES) [1]. The SMES predicted a sharp maximum in the multiplicity
ratio of strange hadrons to pions at the beginning of the transition region. This prediction triggered a new
experimental programme at the SPS – the energy scan programme – in which the NA49 experiment recorded
central Pb+Pb collisions at several energies: 20, 30, 40, 80 and 158 A·GeV [2, 3]. The energy scan program
at the CERN SPS results an observation of several ‘anomalies’ in the energy dependence of hadron production
in the same domain of the collision energy. These ‘anomalies’ are interpreted as signals of the deconfinement
phase transition in A+A collisions.

2 Signals of deconfinement: SMES predictions

An exact nature of the deconfinement phase transition may be different in different regions of the plane of
temperature T and baryon chemical potential µB : a smooth crossover between hadron and quark-gluon phases
at µB = 0, and a 1-st order phase transition at large µB . A crossover seen from the lattice QCD at µB = 0
corresponds to strong changes of the energy density ε in a narrow temperature interval ∆T ≈ 10 MeV. The
energy density changes by about an order of magnitude, whereas the pressure remains approximately unchanged.
Thus, even at µB = 0, the deconfinement resembles a 1-st order transition. One may refer to the transition
temperature interval as a ‘generalized mixed phase’.

The Kink in Pion Multiplicity. The majority of all particles produced in high energy interactions are pions.
Thus, pions carry basic information on the entropy created in the collisions. On the other hand, the entropy
production should depend on the form of matter present at the early stage of collisions. A deconfined matter is
expected to lead to the final state with higher entropy than that created by a confined matter. Consequently, it
is natural to expect that the onset of creation of a deconfined matter should be signalled by an enhancement of
the pion production. The simple intuitive argumentation can be further quantified within SMES assuming the
generalized Fermi–Landau initial conditions: the initial volume is Lorenz-contracted, V ∝ 〈NW 〉 · (√sNN )−1,
where

√
sNN is the c.m.s. energy of the nucleon pair. Clearly, a trivial dependence of the pion multiplicity

on the size of colliding nuclei should be removed and thus a relevant observable is the ratio of the mean
pion multiplicity 〈π〉 to the mean number of wounded nucleons 〈NW 〉. The initial energy density is given by
ε ∝ gT 4 ∝ (

√
sNN − 2mN ) · √sNN , where g is an effective number of internal degrees of freedom at the early

stage and mN is the nucleon mass. The pion multiplicity is proportional to the initial entropy, and the 〈π〉/〈NW 〉
ratio can be thus calculated outside the transition region as

〈π〉
〈NW 〉 ∝ V g T 3

〈NW 〉 ∝ g1/4(
√

sNN −mN )3/4(
√

sNN )−1/4 ≡ g1/4 F . (1)

c© Gorenstein M.I., 2009.
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Therefore, the 〈π〉/〈NW 〉 ratio increases linearly with Fermi’s energy measure F outside the transition region,
and the slope parameter is proportional to g1/4 [4]. In the transition region, a steepening of the pion energy
dependence is predicted, because of activation of partonic degrees of freedom, i.e. an effective number of internal
degrees of freedom in the quark gluon plasma (QGP) is larger than in the hadron gas (HG): gQGP > gHG.

The Horn in Strangeness to Pion Ratio. The energy dependence of the strangeness to entropy ratio is a
crucial signal of the deconfinement. The temperature dependence of a particle multiplicity is strongly dependent
on the particle mass,

〈Ni〉 =
giV

2π2

∞∫

0

p2dp exp

(
−

√
p2 + m2

i

T

)
=

giV

2π2
m2

i T K2

(mi

T

)
, (2)

where gi and mi are respectively the degeneracy factor and particle mass, and K2 is the modified Hankel function.
For light hadrons (ml/T ¿ 1) one finds from Eq. (2), 〈Nl〉 ∝ T 3, whereas for heavy hadrons (mh/T À 1) Eq. (2)
leads to 〈Nh〉 ∝ T 3/2 exp(− mh/T ). Within SMES at low collision energies, when the HG matter is produced,
the strangeness to entropy ratio steeply increases with collision energy. This is due to a low temperature at
the early stage and the high mass of the carriers of strangeness (the kaon mass). Thus, mK À T and the
total strangeness is proportional to T 3/2 exp(− mK/T ). On the other hand, the total entropy is approximately
proportional to T 3. Therefore, the strangeness to pion ratio is approximately T−3/2 exp(−mK/T ) in the HG
and strongly increases with the collision energy. When the transition to a deconfined matter is crossed, the mass
of the strangeness carriers is significantly reduced (ms

∼= 150 MeV, the strange quark mass). Due to the low
mass (ms < T ) the strangeness yield becomes approximately proportional to the entropy (both are proportional
to T 3), and the strangeness to entropy (or pion) ratio becomes independent of energy in the QGP. This leads
to a “jump” in the energy dependence from the larger value for confined matter to the value for deconfined
matter. Thus, within the SMES, the non-monotonic energy dependence of the strangeness to entropy ratio is
followed by a saturation at the deconfined value which is a direct consequence of the onset of deconfinement
taking place at about 30 A·GeV [1].

The Step in Inverse Slope of Transverse Mass Spectra. The energy density at the early stage increases with
increasing of collision energy. At low and high energies, when a pure confined or deconfined phase is produced,
this leads to an increase of the initial temperature and pressure. This, in turn, results in an increase of the
transverse expansion of a matter and consequently a flattening of the transverse mass spectra of final state
hadrons. One may expect an ‘anomaly’ [5, 6, 7] in the energy dependence of the transverse hadron activity as
the temperature and pressure are approximately constant in the mixed phase.

The experimental data on the transverse mass spectra are usually parameterized by a simple exponential
dependence:

dN

mT dmT

∼= C exp
(
− mT

T ∗

)
, (3)

where mT = (m2 + p2
T )1/2. The inverse slope parameter T ∗ is sensitive to both the thermal and collective

motion in the transverse direction. Hydrodynamical transverse flow with collective velocity vT modifies the
Boltzmann mT -spectrum of hadrons. At low transverse momenta, it leads to the result (Tkin is a kinetic
freeze-out temperature):

T ∗low−pT
∼= Tkin +

1
2
m v2

T . (4)

A linear mass dependence (4) of T ∗ is supported by the data for hadron spectra at small pT . However, for
pT >> m the hydrodynamical transverse flow leads to the mass-independent blue-shifted ‘temperature’:

T ∗high−pT
= Tkin ·

√
1 + vT

1− vT
. (5)

Note that a simple exponential fit (3) neither works for light π-mesons, T ∗low−pT
(π) < T ∗high−pT

(π), nor for
heavy (anti)protons and (anti)lambdas, T ∗low−pT

(p,Λ) > T ∗high−pT
(p, Λ) (see e.g., Refs. [8, 9]).

Kaons are the best and unique particles among measured hadron species for observing the effect of the
modification of the equation of state due to the onset of the deconfinement in hadron transverse momentum
spectra [7]. The arguments are the following: 1). the kaon mT –spectra are only weakly affected by the hadron
re-scattering and resonance decays during the post-hydrodynamic hadron cascade at the SPS and RHIC energies;
2). a simple one parameter exponential fit (3) is quite accurate for kaons in central A+A collisions at all energies,
i.e. T ∗low−pT

(K) ≈ T ∗high−pT
(K) for kaons; 3). the high quality data on mT -spectra of K+ and K− mesons

in central Pb+Pb and Au+Au collisions are available in the full range of relevant energies. Thus, one expects
[7] that T ∗ for kaons increases when either pure confined or deconfined phase is produced at the early stage of
A+A collision, but T ∗ remains approximately constant when the initial matter is in a mixed phase state.
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Figure 1. Energy dependence of the mean pion multiplicity per wounded nucleon measured in central Pb+Pb
and Au+Au collisions (full symbols), compared to the corresponding results from p + p(p̄) reactions (open
symbols). The compilation of data is from Ref. [3].
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Figure 2. Left: Energy dependence of the 〈K+〉/〈π+〉 ratio measured in central Pb+Pb and Au+Au colli-
sions (full symbols) compared to the corresponding results from p + p reactions (open circles). Right: Energy
dependence of the relative strangeness production as measured by the Es ratio (see text) in central Pb+Pb and
Au+Au collisions (full symbols) compared to results from p + p reactions (open circles). The compilation of
data is from Ref. [3]. The dashed-dotted line in the figure shows the predictions of the SMES [1].
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Figure 3. Energy dependence of the inverse slope parameter T ∗ of the transverse mass spectra of K+ (left)
and K− mesons (right) measured at mid-rapidity in central Pb+Pb and Au+Au collisions. The K± slope
parameters are compared to those from p + p reactions (open circles). The compilation of data is from Ref. [3].

3 Signals of deconfinement: experimental results

The Pion Kink. The compilation of data [3] on the pion multiplicity in central Pb+Pb (Au+Au) collisions
and p + p(p̄) interactions is shown in Fig. 1. The mean pion multiplicity 〈π〉 = 1.5 (〈π−〉+ 〈π−〉) per wounded
nucleon is shown as a function F . The results from p + p(p̄) interactions are shown by the open symbols. Up
to the top SPS energy the mean pion multiplicity in p + p interactions is approximately proportional to F .
A fit of 〈π〉/〈NW 〉 = bF yields a value of b ∼= 1.063 GeV−1/2. For central Pb+Pb and Au+Au collisions the
energy dependence is more complicated. Below 40 A·GeV the ratio 〈π〉/〈NW 〉 is lower in A+A collisions than
in p + p(p̄) interactions (pion suppression) while at higher energies this ratio is larger in A+A collisions than in
p+p(p̄) interactions (pion enhancement). A linear fit, 〈π〉/〈NW 〉 = a+bF for F < 1.85 GeV1/2 gives a ∼= −0.45
and b ∼= 1.03 GeV−1/2. The slope parameter fitted in the range F > 3.5 GeV1/2 is b ∼= 1.33. This is shown
by the solid line in Fig. 1 (the lowest point at the top RHIC energy was excluded from the fit). Thus, in the
region 15–40 A·GeV between the highest AGS and the lowest SPS energy the slope increases by a factor of
about 1.3. This increase of the slope for A+A collisions is interpreted within the SMES as due to an increase
of the effective number of the internal degrees of freedom by a factor of gQGP /gHG = (1.3)4 ∼= 3 [1, 4]. It is
caused by the creation of a transient state of deconfined matter at collision energies higher than 30 A·GeV.

The Strange Horn. One can argue that the strangeness to entropy ratio is closely proportional to the two
ratios directly measured in experiments: the 〈K+〉/〈π+〉 ratio and the Es = (〈Λ〉 + 〈K + K〉)/〈π〉 ratio. The
energy dependence of these full phase space ratios is plotted in Fig. 2 for central Pb+Pb (Au+Au) collisions and
p + p interactions as functions of collision energy. Kaons are the lightest strange hadrons and 〈K+〉 accounts
for about half of all the anti-strange quarks produced in Pb+Pb collisions at AGS and SPS energies. K+ and
K0 carry a dominant fraction of all produced s-quarks exceeding 95% in Pb+Pb collisions at 158 A·GeV if open
strangeness is considered. Because 〈K+〉 ∼= 〈K0〉 in approximately isospin symmetric collisions of heavy nuclei,
the K+ yield is nearly proportional to the total strangeness production and only weakly sensitive to the baryon
density. As a significant fraction of s-quarks (about 50% in central Pb+Pb collisions at 158 A·GeV) is carried
by hyperons, the number of produced anti-kaons, K− and K

0
, is sensitive to both the strangeness yield and the

baryon density. In the Es ratio all main carriers of strange and anti-strange quarks are included. The neglected
contribution of Λ and other hyperons and anti-hyperons is about 10% at SPS energies. Both the 〈K+〉/〈π+〉
and Es ratios are approximately, within 5% at SPS energies, proportional to the ratio of total multiplicity of s
and s quarks to the multiplicity of pions. It should be noted that the 〈K+〉/〈π+〉 ratio is expected to be similar
(within about 10%) for p + p, n + p, and n + n interactions at 158 A·GeV, whereas the Es ratio is independent
of the isospin of nucleon-nucleon interactions.

For p + p interactions both ratios show monotonic increase with energy. However, very different behavior
is observed for central Pb+Pb (Au+Au) collisions. The steep threshold rise of the ratios characteristic for
confined matter then settles into saturations at the level expected for deconfined matter. In the transition
region (at low SPS energies) a sharp maximum is observed caused by a higher strangeness to entropy ratio in
the confinend matter than in the deconfiend matter. As seen in Fig. 2 the measured dependence is consistent
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Figure 4. Energy dependence of the mean transverse mass, 〈mT 〉 − m, measured at mid-rapidity in central
Pb+Pb an Au+Au collisions for π± (left), K± (middle), and p and p̄ (right). In the plots, positively (negatively)
charged hadrons are indicated by the full (open) symbols. The compilation of data is from Ref. [3].

with that predicted within the SMES [1].

The Step in Slopes. The energy dependence of the inverse slope parameter fitted to the K+ and K−

transverse mass spectra for central Pb+Pb (Au+Au) collisions is shown in Fig. 3.
The striking features of the data can be summarized and interpreted as follows. The T ∗ parameter increases

strongly with collision energy up to the SPS energy point 30 A·GeV. This is an energy region where the
creation of confined matter at the early stage of the collisions is expected. Increasing collision energy leads to an
increase of the early stage temperature and pressure. Consequently the transverse activity of produced hadrons,
measured by the inverse slope parameter, increases with increasing energy. The T ∗ parameter is approximately
independent of the collision energy in the SPS energy range 30−158 A·GeV. In this energy region the transition
between confined and deconfined matter is expected to be located. The resulting modification of the equation
of state “suppresses” the hydrodynamical transverse expansion and leads to the observed plateau structure in
the energy dependence of the T ∗ parameter [7, 10]. At higher energies (RHIC data), T ∗ again increases with
the collision energy. The equation of state at the early stage becomes again stiff, the early stage temperature
and pressure increase with collision energy, and this results in increase of T ∗ too. The parameter T ∗ appears
to increase smoothly in p + p interactions as shown in the left panel of Fig.3.

For the transverse mass spectra of pions and protons the inverse slope parameter depends on the transverse
mass interval used in the fit. The mean transverse mass 〈mT 〉 provides an alternative characterization of the
mT -spectra. The energy dependence of 〈mT 〉 − m for pions, kaons and (anti)protons is shown in Fig.4. The
results shown in Fig.4 demonstrate that the approximate energy independence of 〈mT 〉 in the SPS energy range
is a common feature for all particles investigated.

4 QCD critical point and event-by-event fluctuations

The event-by-event fluctuations in high energy A+A collisions are expected to be closely related to the transitions
between different phases of QCD matter. By measuring the fluctuations one should observe anomalies from
the onset of deconfinement and dynamical instabilities when the expanding system goes through the 1-st order
transition line between the QGP and the hadron gas. Furthermore, the QCD critical point may be signaled
by a characteristic pattern in enhanced fluctuations. A+A collisions in the SPS energy region are expected
to be a suitable tool for a search of critical point signatures. Only recently first measurements of particle
multiplicity fluctuations and transverse momentum fluctuations in A+A collisions have been performed. A
theoretical analysis of multiplicity fluctuations for the hadron-resonance gas - in different statistical ensembles -
has been performed in Ref. [11]. Independently, the multiplicity fluctuations in A+A collisions has been studied
within a microscopic transport approach [12, 13]. We recall that particle number fluctuations are quantified by
the ratio of the variance of the multiplicity distribution to its mean value, the scaled variance.

An ambitious experimental program for the search of the QCD critical point has been started by the NA61
Collaboration at the SPS [14]. The program includes a variation in the atomic number A of the colliding
nuclei as well as an energy scan. This allows to scan the phase diagram in the plane of temperature T and
baryon chemical potential µB near the critical point. One expects to ‘locate’ the position of the critical point
by studying its ‘fluctuation signals’. High statistics multiplicity fluctuation data will be required.

Ref. [15] studied the energy and system size dependence of event-by-event multiplicity fluctuations within
the microscopic transport approaches Hadron-String-Dynamics (HSD) and Ultra-Relativistic-Quantum-Mole-
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Figure 5. The HSD results for the scaled variances of particle number fluctuations of negative particles ω−
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P at different collision energies Elab=10, 20, 30, 40, 80, 158 AGeV. The errorbars indicate the estimated
uncertainties in the model calculations. For p+p collisions the HSD results for all inelastic events are presented.
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cular-Dynamics (UrQMD). These models provide a rather reliable description for the inclusive spectra of charged
hadrons in A+A collisions from SIS to RHIC energies. There were considered C+C, S+S, In+In, and Pb+Pb
collisions at the bombarding energies of 10, 20, 30, 40, 80, 158 AGeV. For a comparison and reference
there were also presented the results of multiplicity fluctuations in p+p collisions at the same energies. This
study thus was in full correspondence to the experimental program of the NA61 Collaboration [14]. The typical
results are presented in Fig. 5.

The QCD critical point is expected to be experimentally seen as a non-monotonic dependence of the multi-
plicity fluctuations, i.e. a specific combination of atomic number A and bombarding energy Elab could move the
chemical freeze-out of the system close to the critical point and show a ‘spike’ in the multiplicity fluctuations.
Since HSD and UrQMD do not include explicitly a phase transition from a hadronic to a partonic phase, we can
not make a clear suggestion for the location of the critical point - it is beyond the scope of our hadron-string
models. However, this study might be helpful in the interpretation of the upcoming experimental data since it
will allow to subtract simple dynamical and geometrical effects from the expected QGP signal. The deviations
of the future experimental data from the HSD and UrQMD predictions may be considered as an indication for
the critical point signals.

Theoretical estimates give about 10% increase of the multiplicity fluctuations due to the critical point
[16]. It is large enough to be observed experimentally within the statistics of NA61 [14]. To achieve this
goal, it is necessary to have a control on other possible sources of fluctuations. One of such sources is the
fluctuation of the number of nucleon participants. It has been found in Ref. [12] that these fluctuations give
a dominant contribution to hadron multiplicity fluctuations in A+A collisions. On the other hand one can
suppress the participant number fluctuations by selecting most central A+A collisions (see Ref. [12, 17] for
details). That’s why the NA61 Collaboration plans to measure central collisions of light and intermediate ions
instead of peripheral Pb+Pb collisions. It is important to stress, that the conditions for the centrality selection
in the measurement of fluctuations are much more stringent than those for mean multiplicity measurements.
This issue has been discussed in detail in Ref. [15].

5 Conclusions

The energy scan program at the CERN SPS together with the measurements at lower (LBL, JINR, SIS, BNL
AGS) and higher (BNL RHIC) energies yielded systematic data on energy dependence of hadron production in
central Pb+Pb (Au+Au) collisions. Predicted signals of the deconfinement phase transition, namely anomalies
in the energy dependence of hadron production – the kink [1, 4], horn [1] and step [7] – are simultaneously
observed in the same domain of the low SPS energies. The anomalies in the energy dependence of the hadron
production are seen in central A+A collisions and absent in the data of p + p reactions. They indicate that the
onset of the deconfinement in central Pb+Pb collisions is located at about 30 A·GeV.

The experimental program of searching for the QCD critical point includes a variation in the atomic number
A of the colliding nuclei as well as an energy scan. One expects to ‘locate’ the position of the critical point by
observing an anomalous increase of the ‘fluctuation signals’. The results of Ref. [15] are essential for an optimal
choice of colliding nuclei and bombarding energies for the experimental search of the QCD critical point.
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Z ′-BOSON: LEP RESULTS AS A GUIDE FOR THE LHC

A. V. Gulova, V. V. Skalozubb

Dnipropetrovsk National University, Dnipropetrovsk, Ukraine

The model-independent relations between low energy couplings of Z ′-boson to fermions are used to uniquely
pick out Z ′ signals by the data of LEP2 experiments. The maximum likelihood values of Z ′ couplings to leptons
and quarks and the corresponding confidence intervals are estimated. These estimates may serve as a guide for
experiments at the Tevatron and/or LHC.

1 Introduction

The precision test of the standard model (SM) at the LEP gave a possibility not only to determine all the
parameters and particle masses at the level of radiative corrections but also afforded an opportunity for searching
for signals of new heavy particles beyond the energy scale of it. On the base of the LEP2 experiments the low
bounds on parameters of various models extending the SM have been estimated and the scale of new physics
was obtained [1]–[3]. Although no new particles were discovered, a general believe is that the energy scale of
new physics to be of order 1 TeV, that may serve as a guide for experiments at the Tevatron and LHC. In this
situation, any information about new heavy particles obtained on the base of the present day data is desirable
and important.

Numerous extended models include the Z ′ gauge boson – massive neutral vector particle associated with the
extra U(1) subgroup of an underlying group. Searching for this particle as a virtual state is widely discussed in
the literature (see for references [4]–[6]). Such aspects as the mass of Z ′, couplings to the SM particles, Z − Z ′

mixing and its influence in various processes and particles parameters, distinctions between different models are
discussed in details. As concerned a searching for Z ′ in the LEP experiments and the experiments at Tevatron
[7], it was carried out mainly in a model-dependent way. A wide class of popular models has been investigated
and low bounds on the mass mZ′ were estimated (see, [1]–[3]). As it is occurred, the low masses are varying in
a wide energy interval 400-1800 GeV dependently on a specific model. These bounds are a little bit different in
the LEP and Tevatron experiments. In this situation a model-independent analysis is of interest.

In the papers [8]–[11] of the present authors a new approach for the model-independent search for Z ′-boson
was proposed which, in contrast to other model-independent searches, gives a possibility to pick out uniquely
this virtual state and determine its characteristics. The corresponding observables have also been introduced
and applied to analyze the LEP2 experiment data. Our consideration is based on two constituents: 1) The
relations between the effective low-energy couplings derived from the renormalization group (RG) equation for
fermion scattering amplitudes. We called them the RG relations. Due to these relations, a number of unknown
Z ′ parameters entering the amplitudes of different scattering processes considerably decreases. 2) When these
relations are accounted for, some kinematics properties of the amplitude become uniquely correlated with this
virtual state and the Z ′ signals exhibit themselves.

The RG relations allow to introduce observables correlated uniquely with the Z ′-boson. Comparing the
mean values of the observables with the necessary specific values, one could arrive at a conclusion about the
Z ′ existence. The confidence level (CL) of these values has been estimated and adduced in addition. Without
taking into consideration the RG relations the determination of Z ′-boson requires a supplementary specification
due to a larger number of different couplings contributing to the observables. Similar situation takes place
in the “helicity model fits” of LEP Collaborations [1]–[3] when different virtual states contribute to each of
the specific models (AA, VV, and so on). Therefore these fits had the goal to discover any signals of new
physics independently of the particular states which may cause deviations from the SM. Note that the LEP
Collaborations saw no indications of new contact four fermion interactions in these fits.

In Refs. [8, 10, 11] the one-parametric observables were introduced and the signals (hints in fact) of the Z ′

have been determined at the 1σ CL in the e+e− → µ+µ− process, and at the 2σ CL in the Bhabha process.
The Z ′ mass was estimated to be 1–1.2 TeV. An increase in statistics could make these signals more pronounced
and there is a good chance to discover this particle at the LHC.

In Ref. [12] the updated results of the one-parameter fit and the complete many-parametric fit of the LEP2
data were performed with the goal to estimate a possible signal of the Z ′-boson with accounting for the final
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data of the LEP collaborations DELPHI and OPAL [2, 3]. Usually, in a many-parametric fit the uncertainty
of the result increases drastically because of extra parameters. On the contrary, in our approach due to the
RG relations between the low-energy couplings there are only 2-3 independent parameters for the investigated
leptonic scattering processes. As it was showed in Ref. [12], an inevitable increase of confidence areas in
the many-parametric space was compensated due to accounting for all accessible experimental information.
Therefore, the uncertainty of the many-parametric fit was estimated as the comparable with previous one-
parametric fits. In this approach the combined data fit for all lepton processes is also possible.

As a result, we obtained the maximum likelihood values and the corresponding confidence intervals for Z ′

couplings to leptons and quarks derived from the LEP2 experimental data. These results may serve as a good
input into the future LHC and ILC experiments and used in various aspects. To underline the importance of
them we mention that there are many tools at the LHC for the identification of Z ′. But many of them are
only applicable if Z ′ is relatively light. The knowledge of the Z ′ couplings to SM fermions also have important
consequences.

2 The Abelian Z ′ boson at low energies and relations between its couplings

Let us adduce a necessary information about the Abelian Z ′-boson. This particle is predicted by a number of
grand unification models. Among them the E6 and SO(10) based models [13] (for instance, LR, χ− ψ and so
on) are often discussed in the literature. In all the models, the Abelian Z ′-boson is described by a low-energy
Ũ(1) gauge subgroup originated in some symmetry breaking pattern.

At low energies, the Z ′-boson can manifest itself by means of the couplings to the SM fermions and scalars
as a virtual intermediate state. Moreover, the Z-boson couplings are also modified due to a Z–Z ′ mixing. In
principle, arbitrary effective Z ′ interactions to the SM fields could be considered at low energies. However,
the couplings of non-renormalizable types have to be suppressed by heavy mass scales because of decoupling.
Therefore, significant signals beyond the SM can be inspired by the couplings of renormalizable types. Such
couplings can be derived by adding new Ũ(1)-terms to the electroweak covariant derivatives in the Lagrangian
[14, 15]

Lf = i
∑

fL

f̄Lγµ

(
∂µ − ig

2
σaW a

µ −
ig′

2
BµYfL −

ig̃

2
B̃µỸfL

)
fL + i

∑

fR

f̄Rγµ

(
∂µ − ig′BµQf − ig̃

2
B̃µỸfR

)
fR, (1)

where summation over all the SM left-handed fermion doublets, leptons and quarks, fL = (fu)L, (fd)L, and the
right-handed singlets, fR = (fu)R, (fd)R, is understood. Qf denotes the charge of f in positron charge units,
ỸfL

= diag(Ỹfu , Ỹfd
), and YfL

= −1 for leptons and 1/3 for quarks.
For general purposes we derive the RG relations for the Z ′ beyond the SM with two light Higgs doublets

[8]. Z ′ interactions with the scalar doublets can be parametrized in a model-independent way as follows,

Lφ =
2∑

i=1

∣∣∣∣
(

∂µ − ig

2
σaW a

µ −
ig′

2
BµYfL −

ig̃

2
B̃µỸφi

)
φi

∣∣∣∣
2

. (2)

In these formulas, g, g′, g̃ are the charges associated with the SU(2)L, U(1)Y , and the Z ′ gauge groups, respec-
tively, σa are the Pauli matrices, Ỹφi = diag(Ỹφi,1 , Ỹφi,2) is the generator corresponding to the gauge group of
the Z ′ boson, and Yφi is the U(1)Y hypercharge.

The Yukawa Lagrangian can be written in the form

LYuk. = −
√

2
∑

fL

2∑

i=1

(
Gfd,i

[f̄Lφi(fd)R + (f̄d)Rφ+
i fL] + Gfu,i [f̄Lφc

i (fu)R + (f̄u)Rφc+
i fL]

)
, (3)

where φc
i = iσ2φ

∗
i is the charge conjugated scalar doublet.

The Lagrangian (2) leads to the Z–Z ′ mixing. The Z–Z ′ mixing angle θ0 is determined by the coupling Ỹφ

as follows

θ0 =
g̃ sin θW cos θW√

4παem

m2
Z

m2
Z′

Ỹφ + O

(
m4

Z

m4
Z′

)
, (4)

where θW is the SM Weinberg angle, and αem is the electromagnetic fine structure constant. Although the
mixing angle is a small quantity of order m−2

Z′ , it contributes to the Z-boson exchange amplitude and cannot
be neglected at the LEP energies.

In what follows we will also use the Z ′ couplings to the vector and axial-vector fermion currents defined as

vf = g̃
ỸL,f + ỸR,f

2
, af = g̃

ỸR,f − ỸL,f

2
. (5)
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The Lagrangian (1) leads to the following interactions between the fermions and the Z and Z ′ mass eigenstates:

LZf̄f =
1
2
Zµf̄γµ

[
(vSM

fZ + γ5aSM
fZ ) cos θ0 + (vf + γ5af ) sin θ0

]
f,

LZ′f̄f =
1
2
Z ′µf̄γµ

[
(vf + γ5af ) cos θ0 − (vSM

fZ + γ5aSM
fZ ) sin θ0

]
f, (6)

where f is an arbitrary SM fermion state; vSM
fZ , aSM

fZ are the SM couplings of the Z-boson.
Since the Z ′ couplings enter the cross-section together with the inverse Z ′ mass, it is convenient to introduce

the dimensionless couplings
āf =

mZ√
4πmZ′

af , v̄f =
mZ√
4πmZ′

vf , (7)

which can be constrained by experiments.
Low energy parameters Ỹφi,1 , Ỹφi,2 , ỸL,f , ỸR,f must be fitted in experiments. In most investigations they

were considered as independent ones. In a particular model, the couplings Ỹφi,1 , Ỹφi,2 , ỸL,f , ỸR,f take some
specific values. In case when the model is unknown, these parameters remain potentially arbitrary numbers.
However, this is not the case if one assumes that the underlying extended model is a renormalizable one. In the
papers [8, 9] it was shown that the Abelian Z ′ couplings are correlated due to renormalizability:

Ỹφ1,1 = Ỹφ2,1 = Ỹφ,2 ≡ Ỹφ , ỸL,f = ỸL,f∗ , ỸR,f = ỸL,f + 2T3f Ỹφ , (8)

where f and f∗ are the partners of the SU(2)L fermion doublet (l∗ = νl, ν
∗ = l, q∗u = qd and q∗d = qu), T3f is

the third component of weak isospin. In this case the SM Lagrangian appears to be invariant with respect to
the Ũ(1) group associated with the Z ′. The last relation in Eq.(8) ensures the LYuk. Eq.(3) is to be invariant
with respect to the Ũ(1) transformations. We called the relations (8) the RG relations.

Introducing the Z ′ couplings to the vector and axial-vector fermion currents (5), the last line in Eq. (8)
yields

vf − af = vf∗ − af∗ , af = T3f g̃Ỹφ. (9)

The couplings of the Abelian Z ′ to the axial-vector fermion current have a universal absolute value proportional
to the Z ′ coupling to the scalar doublet.

These relations are model independent. In particular, they hold in all the known models containing the
single Abelian Z ′ at low energies.

The RG relations give a possibility to reduce the number of fitted parameters and to introduce observables
which uniquely pick out the Z ′ signals. The RG relations (8) influences the Z−Z ′ mixing (4). The axial-vector
coupling determines also the coupling to the scalar doublet and, consequently, the mixing angle. As a result,
the number of independent couplings is significantly reduced.

3 Z ′ search in e+e− → µ+µ−, τ+τ− processes

Let us consider the processes e+e− → l+l− (l = µ, τ) with the non-polarized initial- and final-state fermions.
In the lower order in m−2

Z′ the Z ′ contributions to the differential cross-section of the process e+e− → l+l−

are expressed in terms of four-fermion contact couplings, only. The tree-level contributions are described by 4
quadratic combinations of Z ′ couplings: ā2

e, v̄ev̄µ,τ , āev̄e, and āev̄µ,τ . The first combination is sign-definite and
can be used as a clear signal of the Abelian Z ′ boson.

In order to introduce the observable which selects the signal of the Abelian Z ′ boson we introduce the
observable σl(z) defined as the difference of cross sections integrated in some ranges of the scattering angle θ
[9, 10]:

σl(z) ≡
∫ 1

z

dσl

d cos θ
d cos θ −

∫ z

−1

dσl

d cos θ
d cos θ, (10)

where z stands for the cosine of the boundary angle. The idea of introducing the z-dependent observable (10)
is to choose the value of the kinematic parameter z to pick up the sign-definite contribution ā2

e and suppress
others. Such a value, z = z∗, exists, which is the unique property of the Abelian Z ′ boson contribution to the
cross-section.

The boundary angle z∗ is defined by the maximization of the relative contribution of the factor at ā2
e. The

value z∗ ' 0.38 is found, at which the factor at ā2
e contributes more than 95% of the observable

∆σl(z∗) = σl(z∗)− σSM
l (z∗) ∼ −ā2

e < 0. (11)

Thus, the observable ∆σl(z∗) selects the model-independent signal of this particle in the processes e+e− → l+l−.
It allows to use the data on scattering into µµ and ττ pairs in order to estimate the Abelian Z ′ coupling to the
axial-vector lepton currents.
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Figure 1. Factors Fa(
√

s, z) (solid) and Fav(
√

s, z) (dashed) in the normalized deviation of the differential
cross-section dσ̃/dz for

√
s = 200 and 500 GeV.

Although the observable can be computed from the differential cross-sections directly, it is also possible
to recalculate it from the total cross-sections and the forward-backward asymmetries. The recalculation is
based on the known fact that the differential cross-section of the s−channel process through the vector state
can be approximated with a good accuracy by the two-parametric polynomial in the cosine of the scattering
angle z. The recalculation procedure has the proper theoretical accuracy. Nevertheless, it allows to reduce the
experimental errors on the observable, since the published data on the total cross-sections and the forward-
backward asymmetries are more precise than the data on the differential cross-sections.

The introduced observable ∆σl(z∗) is analyzed on the base of the LEP2 data set on the total cross-sections
and the forward-backward asymmetries [1]. The fit is performed by the χ2-function. The µµ, ττ , and the
complete µµ and ττ data lead to the following results:

µµ : ā2 = 0.0000366+0.0000489
−0.0000486, ττ : ā2 = −0.0000266+0.0000643

−0.0000639,

µµ and ττ : ā2 = 0.0000133+0.0000389
−0.0000387. (12)

As is seen, the more precise µµ data demonstrate the signal of about 1σ level. It corresponds to the Abelian
Z ′-boson with the mass of order 1.2–1.5 TeV if one assumes the value of α̃ = g̃2/4π to be in the interval
0.01–0.02. No signal is found by the analysis of the ττ cross-sections. The combined fit of the µµ and ττ data
leads to the signal below the 1σ CL.

4 Search for Z ′ in e+e− → e+e− process

4.1 One-parameter fits

In our analysis, as the SM values of the cross-sections we use the quantities calculated by the LEP2 collaborations
[2, 3, 16, 17]. They account for either the one-loop radiative corrections or initial and final state radiation effects
(together with the event selection rules, which are specific for each experiment). As it is reported by the DELPHI
Collaboration, there is a theoretical error of the SM values of about 2%. In our analysis this error is added to
the statistical and systematic ones for all the Collaborations. As it was checked, the fit results are practically
insensitive to accounting for this error.

The deviation from the SM is computed in the improved Born approximation. This approximation is
sufficient for our analysis leading to the systematic error of the fit results less than 5-10 per cents.

The deviation from the SM of the differential cross-section for the process e+e− → e+e− can be expressed
through quadratic combinations a2, v2

e , and a/, ve of couplings a = ae, ve. The factor at v2
e is a positive

monotonic function of the cosine of the scattering angle z for the LEP2 center-of-mass energies
√

s ' 200 GeV.
The same behavior is observed for higher energies. Such a property allows one to choose the factor to normalize
the differential cross section. Then the normalized deviation of the differential cross-section reads [11]

dσ̃

dz
= v̄2 + Fa(

√
s, z)ā2 + Fav(

√
s, z)āv̄ + . . . , (13)

and the normalized factors are shown in Fig 1. Now these factors are finite at z → 1. Each of them in a special
way influences the differential cross-section.

The factor at v̄2 is just the unity. Hence, v̄2 determines the level of the deviation from the SM value.
The factor at ā2 depends on the scattering angle in a non-trivial way. It allows to recognize the Abelian Z ′

boson, if the experimental accuracy is sufficient. The factor at āv̄ results in small corrections. Thus, effectively,
the obtained normalized differential cross-section is a two-parametric function. It is possible to introduce the
observables to fit separately each of these parameters.
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Let us first proceed with the observable for v̄2. After normalization the factor at the vector-vector four-
fermion coupling becomes the unity. The factor at ā2 is a sign-varying function of the cosine of the scattering
angle, which is small over the backward scattering angles for

√
s = 200 GeV (Fig. 1). So, to measure the

value of v̄2 the normalized deviation of the differential cross-section has to be integrated over the backward
angles. For the center-of-mass energy 500 GeV the factor at ā2 is already a non-vanishing quantity for the
backward scattering angles. The curves corresponding to intermediate energies are distributed in between two
these curves. Since they are sign-varying ones at each energy point some interval of z can be chosen to make
the integral to be zero. Thus, to measure the Z ′ coupling to the electron vector current v̄2 we introduce the
integrated cross-section (13)

σV =
∫ z0+∆z

z0

(dσ̃/dz)dz, (14)

where at each energy the most effective interval [z0, z0 + ∆z] is determined by the following requirements: 1)
The relative contribution of the coupling v̄2 is maximal (more than 95%). Equivalently, the contribution of the
factor at ā2 is suppressed. 2) The length ∆z of the interval is maximal. This condition ensures that the largest
number of bins is taken into consideration.

The most efficient intervals are found [11]

−0.6 < z < 0.2,
√

s = 200 GeV, −0.3 < z < 0.7,
√

s = 500 GeV. (15)

Therefore the observable (14) allows to measure the Z ′ coupling to the electron vector current v̄2 with the
efficiency more than 95%.

Fitting the LEP2 final data with the one-parameter observable, we find the values of the Z ′ coupling to the
electron vector current together with their 1σ uncertainties:

ALEPH : v̄2
e = −0.11± 6.53× 10−4 DELPHI : v̄2

e = 1.60± 1.46× 10−4

L3 : v̄2
e = 5.42± 3.72× 10−4 OPAL : v̄2

e = 2.42± 1.27× 10−4

Combined : v̄2
e = 2.24± 0.92× 10−4. (16)

As one can see, the most precise data of DELPHI and OPAL collaborations are resulted in the Abelian Z ′

hints at one and two standard deviation level, correspondingly. The combined value shows the 2σ hint, which
corresponds to 0.006 ≤ |v̄e| ≤ 0.020.

In order to pick the axial-vector coupling ā2 one needs to eliminate the dominant contribution coming from
v̄2. Since the factor at v̄2 in the dσ̃/dz equals unity, this can be done by summing up equal number of bins
with positive and negative weights. In particular, the forward-backward normalized deviation of the differential
cross-section appears to be sensitive mainly to ā2. Such an observable was fitted by the LEP2 data. Since in
the Bhabha process the effects of the axial-vector coupling are suppressed with respect to those of the vector
coupling, the huge errors for ā2 of order 10−3 − 10−4 were observed. The corresponding mean values are too
large to be interpreted as a manifestation of some heavy virtual state beyond the energy scale of the SM.

Thus, the LEP2 data constrain the value of v̄2 at the 2σ CL which could correspond to the Abelian Z ′

boson.

4.2 Many-parameter fits

As the basic observable to fit the LEP2 experiment data on the Bhabha process we propose the differential
cross-section

dσBhabha

dz
− dσBhabha,SM

dz

∣∣∣∣
z=zi,

√
s=
√

si

, (17)

where i runs over the bins at various center-of-mass energies
√

s. The final differential cross-sections measured
by the ALEPH (130-183 GeV, [16]), DELPHI (189-207 GeV, [3]), L3 (183-189 GeV, [17]), and OPAL (130-207
GeV, [2]) collaborations are taken into consideration (299 bins).

As the observables for e+e− → µ+µ−, τ+τ− processes, we consider the total cross-section and the forward-
backward asymmetry

σ`+`−
T − σ`+`−,SM

T , A`+`−
FB −A`+`−,SM

FB

∣∣∣√
s=
√

si

, (18)

where i runs over 12 center-of-mass energies
√

s from 130 to 207 GeV. We consider the combined LEP2 data
[1] for these observables (24 data entries for each process). These data are more precise as the corresponding
differential cross-sections. Our analysis is based on the fact that the kinematics of s-channel processes is rather
simple and the differential cross-section is effectively a two-parametric function of the scattering angle. The total
cross-section and the forward-backward asymmetry incorporate complete information about the kinematics of
the process and therefore are an adequate alternative for the differential cross-sections.
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Figure 2. The 95% CL areas in the (ā, v̄e) plane for the Bhabha, e+e− → µ+µ−, and e+e− → τ+τ− processes.

The data are analysed by means of the χ2 fit [12]. Denoting the observables (17)–(18) by σi, one can
construct the χ2-function,

χ2(ā, v̄e, v̄µ, v̄τ ) =
∑

i

[
σex

i − σth
i (ā, v̄e, v̄µ, v̄τ )

δσi

]2

, (19)

where σex and δσ are the experimental values and the uncertainties of the observables, and σth are their
theoretical expressions. The sum in Eq. (19) refers to either the data for one specific process or the combined
data for several processes. By minimizing the χ2-function, the maximal-likelihood estimate for the Z ′ couplings
can be derived. The χ2-function is also used to plot the confidence area in the space of parameters ā, v̄e, v̄µ,
and v̄τ :

χ2 ≤ χ2
min + χ2

CL,β(M), (20)

where χ2
CL,β(M) is the β-level of the χ2-distribution with M degrees of freedom.

In the Bhabha process, the Z ′ effects are determined by 3 linear-independent contributions coming from ā2,
v̄2

e , and āv̄e (M = 3). As for the e+e− → µ+µ−, τ+τ− processes, the observables depend on 4 linear-independent
terms for each process: ā2, v̄ev̄µ, v̄eā, āv̄µ for e+e− → µ+µ−; and ā2, v̄ev̄τ , v̄eā, āv̄τ for e+e− → τ+τ− (M = 4).
Note that some terms in the observables for different processes are the same. Therefore, the number of χ2 d.o.f.
in the combined fits is less than the sum of d.o.f. for separate processes. Hence, the predictive power of the
larger set of data is not drastically spoiled by the increased number of d.o.f. In fact, combining the data of
the Bhabha and e+e− → µ+µ− (τ+τ−) processes together we have to treat 5 linear-independent terms. The
complete data set for all the lepton processes is ruled by 7 d.o.f. As a consequence, the combination of the data
for all the lepton processes is possible.

The parametric space of couplings (ā, v̄e, v̄µ, v̄τ ) is four-dimensional. However, for the Bhabha process it is
reduced to the plane (ā, v̄e), and to the three-dimensional volumes (ā, v̄e, v̄µ), (ā, v̄e, v̄τ ) for the e+e− → µ+µ−

and e+e− → τ+τ− processes, correspondingly. The predictive power of data is distributed not uniformly
over the parameters. The parameters ā and v̄e are present in all the considered processes and appear to be
significantly constrained. The couplings v̄µ or v̄τ enter when the processes e+e− → µ+µ− or e+e− → τ+τ− are
accounted for. So, in these processes, we also study the projection of the confidence area onto the plane (ā, v̄e).

The origin of the parametric space, ā = v̄e = 0, corresponds to the absence of the Z ′ signal. This is the SM
value of the observables. This point could occur inside or outside of the confidence area at a fixed CL. When
it lays out of the confidence area, this means the distinct signal of the Abelian Z ′. Then the signal probability
can be defined as the probability that the data agree with the Abelian Z ′ boson existence and exclude the SM
value. This probability corresponds to the most stringent CL (the largest χ2

CL) at which the point ā = v̄e = 0
is excluded. If the SM value is inside the confidence area, the Z ′ boson is indistinguishable from the SM. In
this case, upper bounds on the Z ′ couplings can be determined.

The 95% CL areas in the (ā, v̄e) plane for the separate processes are plotted in Fig. 2. As it is seen,
the Bhabha process constrains both the axial-vector and vector couplings. As for the e+e− → µ+µ− and
e+e− → τ+τ− processes, the axial-vector coupling is significantly constrained, only. The confidence areas
include the SM point at the meaningful CLs, so the experiment could not pick out clearly the Abelian Z ′ signal
from the SM. An important conclusion from these plots is that the experiment significantly constrains only the
couplings entering sign-definite terms in the cross-sections.

The combination of all the lepton processes is presented in Fig. 3. There is no visible signal beyond the
SM. The couplings to the vector and axial-vector electron currents are constrained by the many-parameter fit
as |v̄e| < 0.013, |ā| < 0.019 at the 95% CL.

Why does the one-parameter fit of the Bhabha process show the 2σ CL hint whereas there is no signal in
the two-parameter one? Our one-parameter observable accounts mainly for the backward bins. Therefore, the
difference of the results can be inspired by the data sets used. To clarify this point, we perform the many-
parameter fit with the 113 backward bins (z ≤ 0), only. The χ2 minimum is found in the non-zero point
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|ā| = 0.0005, v̄e = 0.015. This value of the Z ′ coupling v̄e is in an excellent agreement with the mean value
obtained in the one-parameter fit. The 68% confidence area in the (ā, v̄e) plane is plotted in Fig. 4. There is a
visible hint of the Abelian Z ′ boson at 1.3σ CL. So, the many-parameter fit is less precise than the analysis of
the one-parameter observables.

At LEP1 experiments [18] the Z-boson couplings to the vector and axial-vector lepton currents (gV , gA)
were precisely measured. The Bhabha process shows the 1σ deviation from the SM values for Higgs boson
masses mH ≥ 114 GeV (see Fig. 7.3 of Ref. [18]). This deviation could be considered as the effect of the Z–Z ′

mixing. The deviations of gV , gA from their SM values are governed by the couplings ā and v̄e,

gV − gSM
V = −49.06āv̄e, gA − gSM

A = 49.06ā2. (21)

Let us assume that the total deviation of theory from experiments follows due to the Z–Z ′ mixing. This gives
an upper bound on the Z ′ couplings. In this way one can estimate whether the Z ′ boson is excluded by the
experiments or not.

The 1σ CL area for the Bhabha process from Ref. [18] is converted into the (ā, v̄e) plane in Fig. 4. The SM
values of the couplings correspond to the top quark mass mt = 178 GeV and the Higgs scalar mass mH = 114
GeV. As it is seen, the LEP1 data on the Bhabha process is compatible with the Abelian Z ′ existence at the 1σ
CL. The axial-vector coupling is constrained as |ā| ≤ 0.005. This bound corresponds to ā2 ≤ 2.5× 10−5, which
agrees with the one-parameter fits of the LEP2 data for e+e− → µ+µ−, τ+τ− processes (ā2 = 1.3± 3.89× 10−5

at 68% CL). On the other hand, the vector coupling constant v̄e is practically unconstrained by the LEP1
experiments.

5 Discussion

For a convenience of readers, let us present the results of fits of the Z ′ parameters in terms of the popular
notations [4, 5]. The Lagrangian reads

LZf̄f =
1
2
Zµf̄γµ

[
(vSM

f + ∆V
f )− γ5(aSM

f + ∆A
f )

]
f, LZ′f̄f =

1
2
Z ′µf̄γµ

[
(v′f − γ5a′f )

]
f, (22)

with the SM values of the Z couplings

vSM
f =

e
(
T3f − 2Qf sin2 θW

)

sin θW cos θW
, aSM

f =
e T3f

sin θW cos θW
,

where e is the positron charge, Qf is the fermion charge in the units of e, T3f = 1/2 for the neutrinos and
u-type quarks, and T3f = −1/2 for the charged leptons and d-type quarks.

The results of the fits of the Z ′ couplings to the SM leptons obtained from the analysis of the LEP experiments
are adduced in the Tables 1-2. Remind that due to the universality of the axial-vector coupling af the same
estimates take also place for quarks. First of all, one parameter fits of LEP experiments as well as the many-
parameter fit for the e+e− backward bins show the hints of the Z ′ boson at the 1-2σ CL. Due to this fact, the
fits allow to determine the maximum likelihood values of Z ′ parameters. In spite of uncertainties, these values
can be used as a guiding line for the estimation of possible Z ′ effects in the LHC experiments. The maximum
likelihood values are given in Table 1. As is seen, different fits and processes lead to the comparable values of
the Z ′ parameters.
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Table 1. The summary of the fits of the LEP data for the maximum likelihood values of the Z ′ couplings
(22) to the SM fermions and of the Z − Z ′ mixing angle θ0. M = mZ′

1 TeV denotes the unknown value of the Z ′

mass in TeV units.
Data |θ0|, ×10−3 |v′e|, ×10−1 |a′f |, ×10−1 ∆A

e , ×10−3

LEP1
e−e+ 3.17M−1 - 1.38M 0.437

LEP2, one-parameter fits
e−e+ - 5.83M - -
µ−µ+ 5.42M−1 - 2.36M 1.278
µ−µ+, τ−τ+ 3.27M−1 - 1.42M 0.464

LEP2, many-parameter fits
e−e+, z < 0 - 5.84M - -

Table 2. The summary of the fits of the LEP data for the confidence intervals for the Z ′ couplings (22) to
the SM fermions and for the Z − Z ′ mixing angle θ0. M = mZ′

1 TeV denotes the unknown value of the Z ′ mass in
TeV units.

Data CL |θ0|, ×10−3 |v′e|, ×10−1 |a′f |, ×10−1 ∆A
e , ×10−3

LEP1
e−e+ 68% (0; 4.48)M−1 - (0; 1.95)M (0; 0.873)

LEP2, one-parameter fits
e−e+ 95% - (2.46; 7.87)M - -
µ−µ+ 95% (0; 10.39)M−1 - (0; 4.52)M (0; 4.694)
µ−µ+, τ−τ+ 95% (0; 8.64)M−1 - (0; 3.75)M (0; 3.244)

LEP2, many-parameter fits
e−e+, µ−µ+, τ−τ+ 95% (0; 17.03)M−1 (0; 5.06)M (0; 7.40)M (0; 12.607)
e−e+, z < 0 68% (0; 27.61)M−1 (1.68; 7.83)M (0; 12.00)M (0; 33.1288)

In Table 2 we present the confidence intervals for the fitted parameters. With this Table one is able to
estimate the uncertainty of the Z ′ couplings as well as the lower bounds on the parameters.

Thus, the results are in accordance at 68-95% CL with the existence of the not heavy Z ′, which has a good
chance to be discovered at Tevatron and/or LHC.
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Some aspects of heavy flavor probes of quark-gluon plasma (QGP) including quarkonia and open heavy flavor
D- and B-mesons, aimed to study the properties of QGP, are discussed in this lecture note.

1 Introduction

Lattice QCD (LQCD) calculations predict that at a critical temperature Tc ' 170MeV, corresponding to an
energy density εc ' 0.7 GeV/fm3, nuclear matter undergoes a phase transition to a deconfined state of quarks
and gluons, called Quark-Gluon Plasma (QGP). At the modern collider facilities such as CERN supersynchrotron
(SPS) (the nucleon-nucleon (NN) centre-of-mass energy for collisions of the heaviest ions is

√
s = 17.3GeV),

Relativistic Heavy Ion Collider (RHIC) at Brookhaven (
√

s = 200 GeV), and Large Hadron Collider (LHC)
at CERN (

√
s = 5.5 TeV), which will start to operate soon, heavy-ion collisions are used to attain the energy

density, exceeding εc. This makes the QCD phase transition potentially realizable within the reach of the
laboratory experiments. The objective is then to identify and to assess suitable QGP signatures, allowing to
study the properties of QGP. To that end, a variety of observables (probes) can be used [1, 2]. Further we will
be mainly interested in heavy-flavour probes of QGP, i.e., utilizing the particles having c- and b-quarks.

A special role of heavy Q = c, b quarks as probes of the medium created in heavy-ion collision (HIC)
resides on the fact that their masses (mc ≈ 1.3 GeV, mb ≈ 4.2GeV) are significantly larger than the typically
attained ambient temperatures or other nonperturbative scales, mQ À Tc, ΛQCD = 0.2GeV [3]. This has
several implications: (i) The production of heavy quarks is essentially constrained to the early, primordial
stages of HIC. Hence, heavy quarks can probe the properties of the dense matter produced early in the collision.
(ii) Thermalization of heavy quarks is ”delayed” relative to light quarks. Heavy quarks could ”thermalize” to
a certain extent, but not fully on a timescale of the lifetime of the QGP. Therefore, their spectra should be
significantly modified, but still retain memory about their interaction history, and, hence, represent an ”optimal”
probe. (iii) RHIC, and especially LHC experiments allow to reach very low parton momentum fractions x, where
gluon saturation effects become important. Heavy quarks are valuable tools to study gluon saturation, since,
due to their large masses, charm and bottom cross sections are calculable via perturbative QCD and their yield
is sensitive to the initial gluon density.

The heavy-flavor hadrons we will be interested in include: 1) open charm D = (cq̄) and open beauty
B = (bq̄) mesons composed of a heavy quark Q = (c, b) and a light antiquark q̄ = (ū, d̄). These mesons could be
sensitive to the energy density of the medium through the mechanism of in-medium energy loss; 2) hidden charm
[charmonia=(cc̄)] and hidden beauty [bottomonia=(bb̄)] mesons (called collectively heavy quarkonia) being the
bound states of the charm quark-antiquark, or bottom quark-antiquark pairs, respectively. Heavy quarkonia
could be sensitive to the initial temperature of the system through the dissociation due to color screening of
the color charge that will be discussed later.

For detecting heavy flavor hadrons, different decay channels are used. At LHC, the ALICE experiment for
detecting open charm will use the reconstructed hadronic decays like D0 → K−π+, D+ → K−π+π+, etc., for
detecting open beauty ALICE will use inclusive single lepton decays B → e + X (midrapidity), B → µ + X
(forward rapidity) and inclusive displaced charmonia decays B → J/ψ(→ e+e−) + X. At RHIC, in PHENIX
and STAR experiments direct measurement of open heavy flavors is currently complicated by the absence
of the vertex detector. Due to that, the measurement of the spectra of open heavy flavors is based on the
measurement of the spectra of heavy flavor (HF) electrons and positrons [(e+ + e−)/2] from the semileptonic
decays like D0 → K−e+νe, D+ → K̄0e+νe, etc. These measurements are based on the fact that the decay
kinematics of HF electrons/positrons largely conserves the spectral properties of the parent particles. In all
of the above experiments, quarkonia are detected through their dilepton decays QQ̄ → e+e− (midrapidity),
QQ̄ → µ+µ− (forward rapidity) (Q = c, b).

e-mail: aisayev@kipt.kharkov.ua

c© Isayev A.A. , 2009.
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Figure 1. Left: Dimuon invariant mass spectra (after subtraction of the uncorrelated background) in central
Pb-Pb collisions at LHC/ALICE for one year of data taking (106 s) and luminosity 5 · 1026 cm−2s−1 in the J/ψ
mass region (PYTHIA calculations). Right: Same as on the left, but in the Υ mass region.

2 Heavy Flavor Probes of QGP: Quarkonia

We begin the discussion of heavy flavor probes of QGP with heavy quarkonia. The question we would like
to address is: What could happen with quarkonium yields in HIC if QGP is really formed? In the above
mensioned experiments, quarkonia are detected in the dielectron channel at midrapidity and in the dimuon
channel at forward rapidity. For example, in the dimuon channel, signals of about 7 · 105 J/ψs and 104 Υs are
expected in the most central Pb-Pb collisions at LHC/ALICE for one year of data taking at nominal luminosity
(see Fig. 1 from [2]). If quarkonia will be completely suppressed by QGP, these signals will disappear, otherwise,
in the case of enhancement of quarkonium yields, the peaks will be more pronounced as compared to the signals
obtained in pp collisions after scaling them with the corresponding number of independent binary NN collisions.

Let us note that if the deconfinement phase transition really takes place in a dense medium created in
HIC, then a color charge in the QGP will be screened analogously to the Debye screening of an electric charge
in the electromagnetic plasma. As a result of color Debye screening of the heavy quark interaction in QGP,
the binding energy of a bound state decreases and one can expect that this would lead to the suppression of
quarkonium yields in HIC. This idea was first suggested by H. Matsui and H. Satz [4] who predicted that color
Debye screening will result in the suppression of J/ψ meson (cc̄ in the 3S1 state, M = 3.097GeV) yields.

However, soon it was realized that besides melting J/ψ mesons in QGP due to the screening of the color
charge, there are also a few competing mechanisms which could explain the suppression of J/ψ production in
heavy-ion collisions. These mechanisms are referred to as cold nuclear matter (CNM) effects. The first CNM
effect is the absorption of J/ψ by nuclear fragments from colliding nuclei. Let us consider, e.g., the proton-
nucleus collision. Once produced in the hard primary parton processes, J/ψ has to cross the length L of nuclear
matter, before exiting the nucleus, and, when traversing nuclear matter, it can be absorbed by forthcoming
nucleons of a nucleus. The production cross section of J/ψ is p-A collision can be parameterized as

σ
J/ψ
pA = AσJ/ψ

pp e−σ
J/ψ
abs %L, (1)

where σ
J/ψ
pp is the production cross section of J/ψ in pp collisions and σ

J/ψ
abs is the nuclear absorption cross

section. From the global fit to the data on charmonium production in p-A collisions the value of σ
J/ψ
abs can be

extracted, in particular, at SPS (NA50 experiment) it was obtained that σ
J/ψ
abs = 4.5± 0.5 mb.

The second CNM effect is related to shadowing of low momentum partons. This means the depletion of low
momentum partons in nucleons bound in nuclei as compared to free nucleons. This effect can be accounted for
in terms of the modification of the parton distribution functions in nucleon within the nucleus with respect to
the parton distribution functions in a free nucleon:

RA
i (x,Q2) =

fA
i (x,Q2)

fN
i (x,Q2)

< 1, i = qv, qsea, g. (2)

Here ”i” denotes valence quarks, sea quarks, and gluons, x is the parton momentum fraction, Q2 is the mo-
mentum transfer squared. At the typical RHIC and LHC energies J/ψs are dominantly produced through the
gluon fusion, g +g → J/ψ +g, and the J/ψ yield is therefore sensitive to gluon shadowing. The underlying idea
explaining the occurrence of gluon shadowing is that the gluon density strongly rises at small x to the point
where gluon fusion, gg → g, becomes significant. In the case of proton-nucleus and nucleus-nucleus collisions,
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Figure 2. J/ψ yields normalized by Drell-Yan process, as a function of the nuclear thickness L, as measured
at the SPS.

where nuclei with large mass number A are involved, the nonlinear effects are enhanced by the larger density
of gluons per unit transverse area of the colliding nuclei. A direct consequence of nuclear shadowing is the
reduction of hard-scattering cross sections in the phase-space region characterized by small-x incoming partons.
For gluons, e.g., shadowing becomes important at x . 5×10−2. Note however that the strength of the reduction
is constrained by the current experimental data only for x & 10−3.

After discussing CNM effects on the J/ψ production, let us consider the J/ψ production at CERN SPS
experiments. Fig. 2 shows the J/ψ production cross section, where J/ψ are registered through their decay in
the dimuon channel, normalized to the cross section of the Drell-Yan (DY) process [5]. The nuclear thickness
parameter L parameterizes the number of participating nucleons and increases with centrality. At SPS energies,
the DY process is not modified by the medium and its production cross section scales linearly with the number of
binary NN collisions. Hence, this process can be used as unsuppressed reference process for the J/ψ production.
The current interpretation of the obtained results is the following. The effects of cold nuclear matter are
quantified in proton-nucleus collisions, where the energy density is not enough to reach the critical value for the
formation of QGP. There is no anomalous suppression, beyond CNM effects, of the J/ψ yield in the collisions
of light ions of sulfur (A = 32) with the heavy ions of uranium (A = 238). However, there is the anomalous
suppression beyond the CNM effects in the central collisions of lead nuclei when the number of participating
nucleons is the largest, and, to a certain extent, in the central collisions of the indium nuclei (A = 115) [6]. This
could be considered as the signature of melting the charmonium states in quark-gluon plasma. At this point, it
is also worth to note that some level of the J/ψ suppression could originate with the reduced feed-down to J/ψ
from excited charmonium states (ψ′, χc), which melt just above the QGP transition temperature.

Let us consider the J/ψ production at RHIC experiments, when the nucleon-nucleon center-of-mass energy
for collisions of the heaviest ions increases by a factor 10 compared to the CERN SPS experiments. The J/ψ
suppression can be characterized by a ratio called the nuclear modification factor

RAB(pT , y) =
d2NAB

J/ψ/dpT dy

Ncolld2Npp
J/ψ/dpT dy

, (3)

obtained by normalizing the J/ψ yield in nucleus-nucleus collision by the J/ψ yield in p+p collision at the same
energy per nucleon pair times the average number of binary inelastic NN collisions. This ratio characterizes
the impact of the medium on the particle spectrum. If heavy ion collision is a superposition of independent
Ncoll inelastic NN collisions, then RAB = 1, whereas RAB < 1 (RAB > 1) corresponds to the case of the J/ψ
suppression (enhancement). As we discussed already, at first, it is necessary to clarify the role of CNM effects
on J/ψ production. At RHIC, CNM effects are studied in collisions of light deuteron and heavy gold nuclei,
when the energy density reached in the collision is not enough for the formation of QGP. At RHIC energies,
shadowing of partons is important and in the model calculations is implemented in two shadowing schemes
for the nuclear parton distribution functions, the EKS model [7] and NDSG model [8]. The J/ψ break-up
cross sections obtained for two shadowing schemes from the best fit to data, σbreakup = 2.8+2.3

−2.1 mb (EKS) and
σbreakup = 2.6+2.2

−2.6 mb (NDSG), are consistent, within large uncertainties, with the corresponding value obtained
at CERN SPS (although denoted differently, σbreakup is the same quantity as σabs, introduced earlier).

Let us now consider charmonium production in heavy ion collisions at RHIC. Fig. 3 shows the pT -integrated
J/ψ nuclear modification factor obtained in Au-Au collisions at RHIC/PHENIX experiment as a function of
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Figure 3. Left: J/ψ’s RAA for Au-Au collisions at midrapidity compared to a band of theoretical curves for
the breakup values found to be consistent with the d-Au data. Both EKS and NDSG shadowing schemes are
included. Right: Same as on the left but at forward rapidity.
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Figure 4. J/ψ nuclear modification factor for the most energetic SPS (Pb-Pb) and RHIC (Au-Au) collisions,
as a function of the number of participants Npart.

centrality, parametrized by the number of participating nucleons at mid- (left panel) and forward (right panel)
rapidity [9]. The PHENIX data are shown by blue symbols. The RAA approaches unity for the peripheral
collisions (small Npart) and goes down to approximately 0.2 at most central collisions (large Npart). To see
the level of the anomalous suppression beyond the cold nuclear matter effects it is necessary to extrapolate the
CNM effects obtained in d-Au collisions to the Au-Au collisions within the given shadowing scheme and the
J/ψ break-up cross section. The results are shown by black and red curves with the corresponding error bands.
It is seen that J/ψ production is significantly suppressed beyond CNM effects at forward rapidity (right) and
suppression is less pronounced at midrapidity (left) in most central Au-Au collisions.

However, not all is still clear. Measurements of the J/ψ suppression by PHENIX collaboration at RHIC lead
to some surprising features. Fig. 4 shows compiled data for the nuclear modification factor obtained in CERN
SPS and RHIC PHENIX experiments. There are two surprising results in these measurements. First, the
midrapidity suppression in PHENIX (the red boxes) is lower than the forward rapidity suppression (blue boxes)
despite the experimental evidence that the energy density is higher at midrapidity than at forward rapidity, and,
hence, one could expect that at midrapidity the J/ψs will be more suppressed due to higher density of color
charges. Secondly, the nuclear modification factor RAA at midrapidity in PHENIX (red boxes) and SPS (black
crosses) are in agreement within error bars, a surprising result considering that the energy density reached
at RHIC is larger than the one reached at SPS. This indicates that at RHIC energies additional mechanisms
countering the suppression, could be operative.

Let us consider possible explanations of the above features. 1. Regeneration of J/ψs in the hot partonic
phase from initially uncorrelated c and c̄ quarks (quark coalescence model). If to compare the J/ψ suppression
pattern at RHIC and SPS, J/ψs could be indeed more suppressed at RHIC than at SPS, but then regenerated
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Figure 5. Rapidity dependence of J/ψ RAA for two centrality classes in the statistical hadronization model.
The data from the PHENIX experiment (symbols with errors) are compared to calculations (lines, see text).

during (or at the boundary of) the hot partonic phase from initially uncorrelated c and c̄ quarks. If to compare
the results at RHIC (midrapidity vs. forward rapidity), at midrapidity, due to higher energy density, there are
more c and c̄ to regenerate than at forward rapidity that could explain the stronger suppression at forward
rapidity. Note that the total number of initial cc̄ pairs is larger than 10 in the most central Au-Au collisions.
Certainly, if regeneration is important at the RHIC conditions, it will be even more important at the LHC
conditions where more than 100 cc̄ pairs is expected to be produced in the central Pb-Pb collisions. 2. J/ψ
production could be more suppressed at forward rapidity due to the nuclear shadowing effects. Standard gluon
shadowing parametrizations do not tend to produce such an effect but they are poorly constrained by the data
and further saturation effects are not excluded.

To show the complexity of the problem, let us consider some theoretical models for the charmonium produc-
tion, which quite satisfactory describe the RHIC data but whose predictions for LHC are drastically different.
First, in the statistical hadronization model (SHM) [10], it is assumed that: 1. All heavy quarks (charm and
bottom) are produced in primary hard collisions and their total number stays constant until hadronization. 2.
Heavy quarks reach thermal equilibrium in the QGP before the chemical freeze-out (hadronization). 3. All
quarkonia are produced (nonperturbatively) through the statistical coalescence of heavy quarks at hadroniza-
tion. Multiplicities of various hadrons are calculated with the grand canonical ensemble. The generation of J/ψ
proceeds effectively if c, c̄ quarks are free to travel over large distances implying deconfinement.

Fig. 5 shows the rapidity dependence of the nuclear modification factor, obtained in this model and the
comparison with the rapidity dependence at PHENIX for two centrality bins. Two theoretical curves corre-
spond to two fitting procedures, with one and two Gaussians of the J/ψ data in pp collisions. In both cases,
calculations reproduce rather well (considering the systematic errors) the RAA data. The model describes the
larger suppression away from midrapidity. The maximum of RAA at midrapidity in this model is due to the
enhanced generation of charmonium around midrapidity, determined by the rapidity dependence of the charm
production cross section. The centrality dependence of RAA at y = 0 is shown in Fig. 6. The model reproduces
quite well the decreasing trend with centrality seen in the RHIC data. Fig. 6 also shows the prediction of the
model for the LHC. At much higher LHC energies, the charm production cross section is expected to be larger
by about an order of magnitude. As a result, a totally opposite trend as a function of centrality is predicted,
with RAA exceeding unity for central collisions.

Let us consider the comovers interaction model (CIM) [11]. This model does not assume the deconfinement
phase transition. Anomalous suppression of J/ψ (beyond CNM effects) is the result of the final state interaction
of the cc̄ pair with the dense medium produced in the collision (comovers interaction). The model consistently
treats the initial and final state effects. The initial state effects include: 1) nuclear absorption of the pre-
resonant cc̄ pairs by nucleons of the colliding nuclei, 2) consistent treatment of nuclear shadowing for hard
production of charmonium. The final state effects include absorption of the cc̄ pairs by the dense medium created
in the collision (interaction with comoving hadrons produced in the collision). The model does not assume
thermodynamic equilibrium and, thus, does not use thermodynamic concepts. The density of charmonium is
governed by the differential rate equation

τ
dnJ/ψ

dτ
= −σco[nco(b, s, y)nJ/ψ(b, s, y)− nc(b, s, y)nc̄(b, s, y)], (4)

where nco is the density of comovers, which is found in the dual parton model [12] together with the proper
shadowing correction, σco is the cross section of J/ψ dissociation due to interactions with comovers, taken such as
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Figure 7. Results for J/ψ suppression in Au-Au collisions at RHIC at mid- (left panel), and forward (right
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recombination (C = 0). The dashed line is the total initial-state effect. The dotted line in the right panel is the
result of shadowing. In the left panel the last two lines coincide.

to reproduce the low energy SPS experimental data (with σco = 0.65 mb). The first term on the right describes
dissociation of charmonium due to interaction with comovers. The second term describes the recombination of
charmonium and is proportional to the product of densities of charm quarks and antiquarks. The important
feature of the CIM is that recombination of c-c̄ quarks proceeds only locally, when the densities of quarks
and antiquarks are taken at the same transverse coordinate s. This is different from the recombination in the
SHM, where recombining quarks can be separated by large distance that implies deconfinement. The effective
recombination cross section in the CIM is equal to the dissociation cross section due to the detailed balance.
The results for the centrality dependence of the RAA are shown in Fig. 7. At midrapidity, the experimental
data are well reproduced by full theoretical calculations (solid curve) taking into account nuclear shadowing,
dissociation by comovers and recombination from charm quark and antiquark pairs. At forward rapidity, the
results also well agree with data, in particular, the J/ψ suppression at forward rapidity is somewhat larger that
the suppression at midrapidity. Fig. 8 shows the predictions of the model for LHC. The parameter C encodes the
recombination from c-c̄ pairs and is vanishing in the absence of recombination. Although the density of charm
grows substantially from RHIC to LHC, the combined effect of initial-state shadowing, absorption and comovers
dissociation overcomes the effect of parton recombination. This is in sharp contrast with the predictions of SHM
where a strong enhancement of the J/ψ yield with increasing centrality was predicted.

Thus, the J/ψ suppression is an interesting characteristic to search for QGP. But if J/ψ anomalous sup-
pression (beyond CNM effects) was observed in HIC, there are a few competing mechanisms to explain that:
1. Charmonium is dissociated due to the genuine color screening in the deconfined medium. 2. Charmonium
is dissociated through interactions with comoving hadrons in the medium formed in HIC. How to differ these
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mechanisms? In CIM, the anomalous suppression sets in smoothly from peripheral to central collisions rather
than in a sudden way when the corresponding dissociation temperature in the deconfined medium is reached.
At SPS, current experimental errors still do not allow to disentangle these two mechanisms. However, even
if the color screening mechanism is dominating, it is unclear what is really melted, directly produced J/ψs or
originating from the feed-down of less bound charmonium states, χc (→ J/ψ+X), ψ′ (→ J/ψ+X), which have
lower dissociation temperatures. At RHIC and LHC conditions, the feed-down from B-meson decays becomes
also important. Recombination enhances J/ψ production and much complicates the picture but its effect may
be different depending on whether the deconfinement phase transition happened or not. It is even possible that
after all J/ψs were melted in QGP they can be statistically regenerated at hadronization. True operative mech-
anisms of J/ψ production can be established only after studying all important dependences (from centrality,
rapidity, collision energy

√
s,...) of all relevant observables with sufficient accuracy.

So far we considered the J/ψ production. Now let us briefly consider the perspective for bottomonia. One
could expect that bottomonium production might be easier to understand than charmonium production due to
the following reasons. 1. Since less than one bb̄ pair is produced in one central Au-Au collision, the regeneration
is negligible at the conditions of RHIC. Besides, only about 5 bb̄ pairs are expected to be produced in a single
central Pb-Pb collision at LHC. Hence, regeneration should play much less role in the beauty sector than in the
charm sector. 2. Having higher masses, bottomonia originate from higher momentum partons and will less suffer
from shadowing effects. 3. The absorptive cross section for Υ is by 40 − 50 % smaller than the corresponding
cross section for J/ψ and ψ′.

These features should ease the separation of the anomalous suppression in the Υ’s family.

3 Heavy Flavor Probes of QGP: Open Heavy Flavor Mesons

What qualitative effects could one expect to obtain when probing the dense matter by heavy quarks? As well
known from electrodynamics, the bremsstrahlung off an accelerated heavy quark Q is suppressed by the large
power of its mass ∼ (mq/mQ)4 as compared to light quarks. Therefore, gluon radiation off heavy quarks (i.e.,
radiative energy loss) is much suppressed relative to light quarks. Consequently, one could expect a decrease
of high pT suppression and of the elliptic flow coefficient v2 [13] from light to charm to bottom quarks. Due
to the above features, one should observe a pattern of gradually decreasing RAA when going from the mostly
gluon-originated light-flavor hadrons (h± and π0) to D and to B mesons (gluons lose more energy than quarks
since gluons have a higher color charge).

Let us now consider what the experiment tells us about the open heavy flavor pT suppression and elliptic
flow. Fig. 9 shows the nuclear modification factor and elliptic flow coefficient for HF electrons as functions
of pT , obtained in central collisions of gold nuclei at RHIC (closed circles) [14]-[17]. In contrast to the above
expectations, the results for RHF

AA show a strong suppression of HF decay electrons at pT > 2 GeV/c, approaching
at high pT the level of suppression for π0. This evidences that produced medium is quite dense for heavy quarks
to lose energy as efficiently as light quarks do. The measurement of elliptic flow gives rather large value for
vHF
2 . This means that HF electrons are involved in the collective motion being indicative of the collective flow

of their parent particles as well. In Fig. 9, the results of some model considerations are also shown. The best
description is provided by the model assuming the Brownian motion of heavy quarks within the framework of
Langevin dynamics [18]. Let us consider the basic assumptions of this theory. Firstly, the thermal heavy quark
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momentum p2 ∼ mT (in nonrelativistic approximation) is much larger than the typical momentum transfer
Q2 ∼ T 2 from a thermal medium to a heavy quark. Hence, the motion of a heavy quark in QGP can be
represented as the Brownian motion, which can be described using the Langevin equation. Secondly, heavy
quark loses its energy in elastic scattering processes with light partons. Besides, as evidenced from calculations
of heavy and light meson correlators within LQCD, in QGP the D- and B-meson like resonant states exist up to
T < 2Tc. Rescattering on these resonant states plays an important role in thermalizing heavy quarks. Thirdly,
in order to get the spectrum of HF electrons, c- and b-quarks are to be hadronized into D- and B-mesons via
quark coalescence (at low pT ) and fragmentation (at high pT ).

The analysis shows that resonance scattering decreases nuclear modification factor RHF
AA and increases az-

imuthal asymmetry vHF
2 . Heavy-light quark coalescence in subsequent hadronization significantly amplifies vHF

2

and increases RHF
AA , especially in the pT ' 2 GeV/c region. The contribution from B-mesons to RHF

AA and vHF
2

is estimated providing full calculations with c+b quarks and with only c quarks. The result is that the B-meson
contribution increases RHF

AA and decreases vHF
2 , and becomes important above pT ' 3 GeV/c. Thus, one can

conclude, that the combined effects of coalescence of heavy quarks Q with light quarks q, and of the resonant
heavy-quark interactions are essential in generating strong elliptic flow vHF

2 of up to 10%, together with strong
suppression of heavy flavor electrons with RHF

AA about 0.5.
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EXTRA DIMENSIONS IN INTERACTIONS OF COSMIC NEUTRINOS

A.V. Kisseleva

Institute for High Energy Physics, Protvino, Russia

Theories with extra spacial dimensions are reviewed. A significance of high energy cosmic neutrinos for a
detection of effects coming from extra dimensions is underlined. Neutrino telescopes and their sensitivity to a
diffuse neutrino flux are describes.

1 Cosmic rays and high energy neutrinos

One of the main problems in astroparticle physics is the origin and nature of extragalactic cosmic rays (CRs).
While the spectrum of the CRs can be measured up to very high energies (see Fig. 1), their origin remains
unclear.

The protons (nuclei) and photons cannot provide full information on astrophysical “accelerators”. The
protons and nuclei with energies up to 1020 eV are deflected by the galactic magnetic fields, while the photons
with energies higher than 1 TeV are absorbed when interacting with the cosmic gamma-ray background. The
neutrino is a unique cosmic messenger, since it is a neutral weakly interacting particle. The astrophysical
neutrinos point back to their source and travel long distances without interaction.

The expected fluxes of high energy cosmic neutrinos is low, as well as the flux of high energy cosmic rays.
In what follows, we will be interested in cosmic particles with energies above 1014 eV.

Ultra-high energy protons interact with the cosmic microwave background (CMB) via resonance photo-
production,

p + γCMB → ∆+ → p π0, nπ+ . (1)

The threshold energy of the process is equal to 6 · 1019 eV. This effect, known as the Greisen-Zatsepin-Kuzmin
(GZK) cutoff [1], limits the origin of high energy protons to a distance of the order of 100 Mpc. Recent data
from HiRes collaboration [2] and Auger collaborations [3] say in favor of the GZK cutoff.

It is assumed that accelerated protons produce charged pions when interacting with matter or radiation:

p + p → NN + pions, p + γ → n + π+ , (2)

either in their source (actice galactic nuclei, gamma-ray bursts) or in their travel to the Earth. Then the
neutrinos are produced via decays:

π+ → µ+ + νµ, µ+ → e+ + νe + ν̄µ . (3)

The following flavor ratio results from (3): νe : νµ : ντ = 1 : 2 : 0. However, due to neutrino oscillations, the
neutrino flux near the Earth will have equal fraction of all flavors: νe : νµ : ντ = 1 : 1 : 1.

Upper bound on diffuse neutrino flux Φν(Eν) was derived in [4]:

Eν Φν(Eν) < 4 · 10−8 GeV cm−1c−1sr−1 . (4)

Given GZK cutoff, there should exist so-called guaranteed (or GZK) neutrino flux [24]. As a result of pion
decays (3) the neutrinos are produced. The predictions for the GZK flux vary from rather low neutrino flux to
most optimistic one [6] which is close to the Waxman–Bahcall bound (4).

In contrast to“cosmic accelerators”, in top-down models [7] the CRs are produced as a result of a decay
of massive objects (topological defects, cosmic string, X-particles with masses > 1022 eV). All these models
predict the photon dominance in the CR spectrum. They are strongly constrained by the recent data on the
photon fraction in CRs [8].

2 Theories with extra spacial dimensions

The consideration of the space-time with extra spacial dimensions is motivated by the string theory. The string
theory is self-consistent only if D = 10, where D means the total number of dimensions. Since our world has
(1+3) dimensions, six extra dimensions should be compactified.

e-mail: aalexandre.kisselev@ihep.ru
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Extra dimensions in interactions of cosmic neutrinos 73

Energy      (eV/particle)

1310 1410 1510 1610 1710 1810 1910 2010

)
1.

5
 e

V
-1

 s
r

-1
 s

ec
-2

 J
(E

) 
  (

m
2.

5
S

ca
le

d 
flu

x 
  E

1310

1410

1510

1610

1710

1810

1910

    (GeV)ppsEquivalent c.m. energy 
210 310 410 510 610

RHIC (p-p)

-p)γHERA (

Tevatron (p-p)
LHC (p-p)

ATIC

PROTON

RUNJOB

KASCADE (QGSJET 01)

KASCADE (SIBYLL 2.1)
KASCADE-Grande (prel.)

Tibet ASg (SIBYLL 2.1)

HiRes-MIA

HiRes I

HiRes II
Auger SD 2008

Figure 1. The CR spectrum.

r (s)
i

j

3-brane

h

Figure 2. The black hole production.

3-brane

Black hole

Figure 3. The black hole decay.

The large extra dimension scenario with the flat metric was proposed in [9] (ADD model). Background
metric of the space-time looks like:

ds2 = gµν dxµdxν + ηab dyadyb , (5)

where {xµ} are the coordinates in four-dimensional space-time (µ = 0, 1, 2, 3), and {ya} are the coordinate in
n = D − 4 extra dimensions (a, b = 1 . . . n).

Stating from D-dimensional action, one can derive the following hierarchy relation [9]:

M̄2
Pl = (2πRc)n M̄2+n

D . (6)

Here M̄Pl is the (reduced) Planck mass, M̄D is the (reduced) fundamental gravity scale, Rc is the size of extra
dimensions. Given strong gravity in D dimensions, M̄D ∼ 1 TeV, we get form (6) that Rc = 10−3 cm, 10−7

cm, 10−12 cm, for n = 2, 3, 6, respectively. Note that Rc = 108 km for n = 1.
The Standard Model (SM) fields are assumed to be confined to a (1+3)-dimensional brane embedded into

a (4 + n)-dimensional space-time (bulk) in which the gravity lives. From the point of view of 4-dimensional
observer, D-dimensional massless graviton looks like an infinite set of Kaluza-Klein (KK) modes with the masses
mk ∼ k/Rc (k = 0, 1, . . .). The coupling constant of both massless and massive gravitons with the SM fields
is very small, GN = 1/M2

D. Nevertheless, cross sections for the production of KK gravitons appear to be
proportional to (

√
s)n/M2+n

D where
√

s is the invariant collision energy.
The gravitons in the ADD model are massive stable spin-2 particles. Experimental signature is an imbalance

in missing mass of final states with a continuous mass distribution.
The hierarchy problem, i.e. unnaturally large ratio of the gravity scale (∼ 1019 GeV) to the electroweak

scale (∼ 102 GeV) is one of the most important problem of the modern physics. This problem is solved in the
ADD scenario by introducing the new large scale Rc (6). The model which does solve the hierarchy problem
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most economically is the Randall-Sundrum (RS) model with a single extra dimensions and warped background
metric [10]:

ds2 = e2κ(πr−|y|) ηµν dxµdxν + dy2 . (7)

Here y = r θ (−π ≤ θ ≤ π), r is the radius of the extra dimension. The parameter κ defines the scalar curvature
in five dimensions. Note that the points (xµ, y) and (xµ,−y) are identified, and the periodicity condition,
(xµ, y) = (xµ, y + 2πrc), is imposed. The tensor ηµν is the Minkowski metric.

It is assumed that there are two 3-dimensional branes with equal and opposite tensions located at the points
y = 0 (called the Plank brane) and y = πrc (referred to as the TeV brane). All SM fields are confined to the
TeV brane, while the gravity propagates in five dimensions. The following relation between the 4-dimensional
(reduced) Planck mass and (reduced) gravity scale in five dimensions can be derived:

M̄2
Pl =

M̄3
5

κ

(
e2πκr − 1

)
. (8)

The masses of the Kaluza-Klein (KK) graviton excitations are proportional to the curvature parameter κ:
mk = xkκ (k = 1, 2 . . .) where xk are zeros of the Bessel function J1(x). The coupling of the massive graviton
to the SM fields is proportional to TeV−1.

Effects related with the extra dimension were searched for at the Tevatron collider in the processes:

p + p̄ → jet + E⊥� , p + p̄ → γ + E⊥� . (9)

No deviation from the SM were seen, and the region M̄D < 1 TeV is now excluded by the data. The RS model
with the small curvature was checked by DELPHI collaboration. The lower limit obtained is M̄5 > 0.92 TeV.

3 Production of multidimensional black holes

When the impact parameter of colliding particles becomes smaller than the Schwarzschild radius [12],

RS(
√

s) = M̄−1
D (

√
s/M̄D)1/(n+1) , (10)

the black hole (BH) should be produced (see Fig. 2). The cross section of the BH production is given by the
geometric formula [13]:

σ(
√

s) ' π R2
S(
√

s) . (11)

It is assumed that RS(MBH) ¿ Rc, where MBH is the mass of the BH. The semiclassical description of the BH
production is valid provided MBH > MD.

The cross section for the neutrino-nucleon scattering is given by more complicated formula:

σνN→BH(
√

s) =
∑

a=q,q̄,g

∫ 1

xmin

dxa fa(xa)σνa→BH(xa

√
s) , (12)

where fa(xa) is the distribution function of the parton of the type a, and xmin = MBH/
√

s.
The lifetime of the BH is ∼ 10−26 c. There are several stages of the BH decay, the most important one is

the Schwarzschild stage. At this stage the BH emits particles as a black body with the Hawking temperature
TH = (n + 1)/(4πRS) [14]. Note that the BH decays predominantly into the SM particles [15] (see Fig. 3).

The experimental signatures of BH decay are very distinct: the large multiplicity, flavor blindness, direct
leptons and photons with energies ∼ 100 GeV. The expected ratio of the hadronic decay mode to leptonic mode
is 5 : 1.

4 Neutrino telescopes

The neutrino astronomy require the huge size to record a sufficient number of neutrino events. The detection
technique is the observation of the Cherenkov light induced by interactions of cosmic neutrinos when traversing
natural media such the ice of the South Pole or the water of deep oceans or lakes.

The AMANDA telescope, deployed in the ice of the South Pole [16] (Fig. 4), has been taking data since more
than a decade. Its successor, IceCube telescope [17] (Fig. 4), is operating and it will be completed in the end
of 2011. The ice act as a shield for down-going muons. On the other hand, it is transparent to the Cherenkov
light emitted by the shower or up-going muons. The latter come from neutrinos traversing the Earth.

The IceCube is optimized for detection of the muons induced by muonic neutrinos:

νµ + N → µ + X . (13)

The number of the neutrino events for the period T is given by

Nev = 2π Aeff T

∫
dEν

∫
d cos θzΦν(Eν)Pν→µ(Eν , cos θz) , (14)
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Figure 4. The IceCube neutrino telescope.
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where Aeff = 1 km2 is the effective area of the detector, θz is zenith angle, Pν→µ describes detection probability.
The electronic neutrino initiates an electromagnetic cascade via the process νe + N → e + X. The high

energy tau neutrinos can produce so-called double-bang events [18].
In its full set-up, the IceCube telescope will be sensitive to the following diffuse neutrino flux (2 · 1014 eV <

Eν < 1018 eV):
Eν Φν(Eν) < 1.5 · 10−8 GeV cm−1c−1sr−1 . (15)

The Baikal neutrino telescope [19] operates since 1993 at the depth 1 km. The modern detector Baikal
NT200+ has the effective volume ∼ 107 m3. There are plans to enlarge it up to 0.4 km3 - 1.0 km3. In the
Mediterranean Sea, the ANTARES telescope [20] is taking data since 2008 in its full configuration. The first
project in the Mediterranean Sea was the NESTOR detector [21] that started in 1989. It is located close to
Pylos at the depth 4000 km. The NEMO projects [22] stated in 1998 is closed to Capo Passero with the depth
of 3500 km. However, the low expected fluxes of the cosmic neutrinos call for a km3-scale detector under the
see. Such a telescope, KM3Net [23], was initiated in 2008. Its construction is expected to start by 2011.

5 Inclined air showers at the Auger Observatory

In order to discriminate neutrino induced events from events initiated by protons, nuclei or photons, it was
suggested to search for quasi-horizontal (inclined) events with θz > 70◦ [24] (see also [25]).

High energy cosmic particles produce extensive air showers (EASs) in the atmosphere. For the inclined
events induced by the protons, only muonic component of the shower reaches the ground detector, that enable
to select high energy neutrino events at the Auger Observatory [26]. The number of inclined events which can
be detected by the Auger ground array is given by

dNev

dt
=

∫ Emax

Eth

dEν

∫ 1

0

dy θ(Esh − Eth)
dσ(Eν)

dy
Φ(Eν)Aeff(Esh, Eν) , (16)

where Esh = yEν is the shower energy. Effective aperture of the detector, Aeff(Esh), is defined by its geometrical
size, neutrino attenuation factor and detector efficiency. As one can see from (16), the number of EASs rises
with the increase of neutrino-nucleon cross section σνN (Eν) and neutrino flux Φ(Eν).

In Fig. 5 the expected number of the neutrino events in the RS scenario with the small curvature is pre-
sented [27]. The other predictions for the inclined event rate at the Auger detector can be found in [28].

There exist interesting events induced by so-called Earth-skimming tau neutrinos [29]. The up-going tau
neutrinos turn into tau leptons in the Earth’s crust. Then these tau leptons with energy > 1019 eV can cross
the crust and produce a shower in the atmosphere at altitude of 0-2500 m.

In contrary to the inclined events, the number of EASs initiated by Earth-skimming tau neutrinos decreases
with the increase of σνN (Eν). Thus, the simultaneously determining the cosmic neutrino flux and high energy
neutrino cross section is possible by comparing the inclined and Earth-skimming events.

The EAS can be also induced by decay products of the BH. The estimates show that the BH production
cross sections dominate SM neutrino-nucleon cross section at neutrino energy > 1015 eV (1016 eV) [30].

Up to now, no signals from cosmic neutrinos were seen, but only upper limits on the diffuse neutrino flux
were obtained by different collaborations [31] (see Fig. 6). Nevertheless, the expectation is that future 1 km3-size
IceCube and KM3Net telescopes, as well as Auger Observatory will be able to detect the cosmic neutrinos in a
few years.
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Extra dimensions are predicted by Strings, but their existence does not experimentally verified. Such a situation
stimulates searching for signals from extra dimensions on modern factories on the one hand, on the other hand it
stimulates looking for String theories being already consistent in the observed number of space-time dimensions.
Models of superstrings with realistic critical dimension are discussed in this notes.

1 Introduction

One of the most fascinating predictions of String theory is the existence of extra dimensions required for quantum
consistency of strings. Extra dimensions, the presence of which was very sceptically conceived at early days of
String theory, have become the standard de facto in the construction of various Unification models of fields and
have received a lot of attention on the particle physics community side.

Searching for signals from extra dimensions on modern experimental factories is a good way to put String
theory on the test. Unfortunately, up to date there are not any experimental observations in favor of extra
dimensions. Therefore, a possibility of living in the World without extra dimensions has not a priori to be ruled
out. This fact stimulates searching for String based Unification models being already consistent in the observed
number of space-time dimensions.

In this notes I discuss models of supersymmetric strings which fall into such a criterion. To make the notes
self-contained I begin with a brief discussion of extra dimensions in frameworks of String theory. Then, I discuss
benefits and drawbacks of two most popular scenarios of Unification models with extra dimensions, the Kaluza-
Klein scenario and the Brane World model. Next, I consider a formulation of String theory which is consistent,
i.e. anomaly free, in D = 4, and outline some of features of the construction. My conclusions with summary of
the results are collected in the end of the paper.

2 Extra dimensions in Strings

As I have noted in the above, the quantum consistency of String theory implies living in extra-dimensional
world. This conclusion comes from an infinite-dimensional algebra of quantum operators [1]

[L̂m, L̂n] = (m− n)L̂m+n + A(m)δm+n, A(m) =
1
12

D(m3 −m), (1)

which corresponds to a classical infinite-dimensional algebra

{Lm, Ln} = −i(m− n)Lm+n, (2)

generating conformal transformations on a two-dimensional strings’ world-sheet.
The difference between quantum and classical Virasoro algebras (1), (2) consists in the central element of

the algebra A(m). This term is absent in (2), and appears after the normal ordering of quantum oscillators
entering the Virasoro generators L̂m. The central extension of (1) encodes the conformal anomaly in the
quantized theory, and it manifestly depends on the space-time dimension. In fact, A(m) is only a part of the
total anomaly coefficient, since the classical Virasoro operators generate the residual world-sheet symmetry
after the conformal gauge fixing. Following the Faddeev-Popov recipe ghosts have to be introduced, and their
contribution into the anomaly coefficient is [1]

Ab,c(m) =
1
6
(m− 13m3).

The total anomaly coefficient
Atotal(m) = A(m) + Ab,c(m) + 2aopenm. (3)

also contains the contribution from the open string intercept aopen.

e-mail: aajn@kipt.kharkov.ua

c© Nurmagambetov A.J. , 2009.



Superstring models with realistic critical dimension 79

Macroworld

струны

Atoms
Nuclei

элементарные
Particles

10 10

cm

-13 -32

-1

Strings

Figure 1. The Stringy World.

3+1

6

3+1

6

Figure 2. The Kaluza-Klein picture.

The anomaly absence, i.e. Atotal(m) = 0, implies the space-time dimension D=26 and the string intercept
aopen = 1. The same result holds for a closed bosonic string [1].

In the case of Neveu-Schwarz-Ramond (open) superstring (NSR superstring [2]) the Virasoro algebra is
modified with two additional graded commutators, that leads to the set of two total anomaly coefficients.
Depending on boundary conditions on world-sheet fermions two sectors of quantum oscillators appears: the
Ramond (R) sector with





Atotal(m) = D
8 m3 + 1

6 (m− 13m3) + 1
12 (11m3 − 2m) + 2aR

openm

Btotal(m) = D
2 m2 − 5m2 + 2aR

open

(4)

and the Neveu-Schwarz (NS) sector, where




Atotal(m) = D
8 (m3 −m) + 1

6 (m− 13m3) + 1
12 (11m3 + m) + 2aNS

openm

Btotal(m) = D
2 (m2 − 1

4 ) + ( 1
4 − 5m2) + 2aNS

open

(5)

From A(m) = 0, B(m) = 0 it follows the critical dimension D=10 and the string intercepts aR
open = 0, aNS

open = 1.
Therefore, the presence of extra dimensions is an intrinsic property of the consistently quantized String

theory. We get 22 space-like extra dimensions in bosonic string theory and 6 extra spatial dimensions for
superstrings. The superstring case is more preferable since we have not the tachyonic vacuum state here:
aopen = 1 corresponds to the tachyonic vacuum, while aR

open = 0 leads to a well-defined zero-energy vacuum
state. Though we have aNS

open = 1 in the Neveu-Schwarz sector of superstring, we get rid off the tachyon state
taking the Gliozzi-Scherk-Olive (GSO) projection [3]. Once the GSO projection is applied the spectrum of
states in NS+R sectors possesses D=10 space-time supersymmetry.

In what follows I will mainly focus on the superstring case, where the number of extra dimensions is 6.

3 Living with Extra Dimensions

From the String theory point of view, our World looks as follows
To make a contact of String theory living in ten-dimensional world to observable physics in D=4 a special

procedure of compactifying the extra dimensions has to be realized. There are many ways to this end, but
the right way, which would reproduce main properties of the Standard Model (or its minimal supersymmetric
extension), is up to date missed.

Dealing with extra dimensions one may wonder what is their size and what is the nature of extra dimensions?
In the Kaluza-Klein picture [4] the extra dimensions have a small size that leads to appearing very massive
particles after the compactification, with masses M ∼ 1/lcomp. (lcomp. is a characteristic length of a compactified
dimension).

Massive modes coming from the Kaluza-Klein compactification are too massive to be ever experimentally
observed, so the best one can do is to consider massless modes, corresponding in part to the gauge bosons of
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the SM symmetry group SU(3)× SU(2)× U(1), or an extended symmetry group including the SM group as a
subgroup.

Common drawbacks of the Kaluza-Klein scheme consist in:

• Unsatisfactory spectrum of particles appearing upon the reduction which does not fit well the spectrum of
the SM fields.

The desired spectrum of the Kaluza-Klein massless modes has to be realistic. A part of this spectrum
should correspond to the gauge bosons of the Standard Model that puts restrictions on the type of the
internal six-dimensional manifolds. However, the way of getting masses for the rest of the modes and
establishing their correspondence to other Standard Model fields is an open task [5].

• Gauge hierarchy problem still takes place.

The Kaluza-Klein scenario does not resolve the hierarchy problem, the gravity scale still remains near the
Plank scale.

• Typically four rather than three generations of quarks and leptons.

The exact number of generations coming after the dimensional reduction is strongly depended on geomet-
rical and topological characteristics of internal six-dimensional manifolds. Roughly speaking, the number
of fermion generations is twice less than the main topological number of the internal manifold (the Betti
number). It turns out that the minimal Betti number for phenomenologically relevant internal manifolds
is equal to 8 (Calabi-Yau manifolds), hence the number of generations is 4. A way to resolve this problem
is to consider special manifolds of a Calabi-Yau type with the relevant Betti number [6], or to reduce on
orbifolds [7] which are not manifolds in a common sense. Another perspective direction is to consider
branes intersections [8] within the Brane World scenario (see below).

• Masses and chiralities of fermions.

After the reduction fermions received masses of the compactification scale order, i.e. huge masses. Massless
fermions comes from the zero-eigenvalue states of the Dirac operator on a compact internal manifold. In
most phenomenologically interesting cases such zero-eigenvalue states do not exist. Another problem
is to recover chiral fermions after the reduction. It may not be correctly resolved within the standard
Kaluza-Klein scheme (see e.g. [9] and Refs. therein).

• Large cosmological constant.

This point becomes important in context of String theory application to Cosmology and astrophysics,
since we have definitely known that the right cosmological constant is small.

Problems with Kaluza-Klein motivated searching for other scenarios. One of them became popular last
decade is the Brane World scenario [10].

Within the Brane World (BW) scenario it is supposed that fields of the SM do confine on a 4-dimensional
brane (3-brane). A 3-brane is embedded in a higher-dimensional World. Gravity takes a special place in the
BW picture since gravity does not confine on a 3-brane and gets trapped in high dimensions.

From the String theory point of view the BW picture looks like
A 3-brane is embedded into ten-dimensional space-time, a connection between 3-brane and extra dimensions

is realized through strings. What is important in such a scheme is that extra dimensions are large. It leads to
essential decreasing of the effective Plank scale on a Brane, that resolves the hierarchy problem.

Substantial progress in the Stringy BW has been achieved, nevertheless several important problems still
remain open:
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• How to break Supersymmetry in a correct way?

Indeed, once we are talking about a 3-brane, it naturally appears in type IIB supersymmetric String
theory. One may wonder why it is so necessary to deal with Superstring theory? The answer is we would
like to have a joint coupling constant in high energies that provides by supersymmetry, and we would like
to have a unified theory of gravity and the SM fields that is realized in String theory. However, the SM
is not a supersymmetric theory, hence the way of supersymmetry breaking has to be found.

• How to set up the right cosmological constant in the end?

I recall that Anti-de-Sitter space is actively exploited within the BW. Hence, all the machinery of the
AdS/CFT correspondence is applied here. But we have to recover the right, de-Sitter space, cosmological
constant in the end, which is the experimentally verified cosmological constant driving the late-time
acceleration of Universe.

• The predicted gravity scale is over TeV, but should we believe in that?

The BW scenario is a proposal for the resolving the hierarchy problem. However, we have not any signals
on TeV quantum gravity (as well as on extra dimensions) up to date that makes the point questionable.

4 Living without Extra Dimensions

Living in extra dimensional World makes possible to resolve some of the fundamental problems of the Standard
Model. At the same time the major worry on extra-dimensions is the absence of any experimental signals in
favor of their existence. Once living in extra-dimensional World will be experimentally verified, it will get rid
of any doubts on them, and on String theory, which predicts extra dimensions, as well. Currently, all possible
ways of constructing Unification models, with or without extra dimensions, are needed to be taken into account
on equal footing.

4.1 SUSY algebra and supersymmetric strings in extended superspaces

I have noted String theory is good enough to unify gravity with other interactions. But could we find a
comprehensive String theory with realistic critical dimensions?

To get an answer let me begin with reviewing an irrelevant at first sight subject. In 1988 Curtright [11]
made an analysis of the maximally extended SUSY algebra in D=11 (M-theory algebra [12], [13]). The algebra
in particular includes [13]

{Q,Q} = γaPa + γabPab + γabcdePabcde. (6)

The right hand side of (6) contains different types of ‘momenta’. Dynamical charge Pa corresponds to the
standard momenta, other ‘momenta’ are topological charges corresponding to ‘electrically’ charged membrane
and ‘magnetically’ charged 5-brane. Clearly,

Pab = −Pba, Pabcde = P[abcde].

Membranes and five-branes appear in eleven-dimensional M-theory, however there is not a room for strings
there.

What happens if charges on the r.h.s. of (6) will be treated in more democratic way? They are different, of
course, the dynamical momenta have the conjugated coordinates, whilst topological charges have not. To reach
charges democracy Curtright proposed, instead of the standard D=11 superspace (Xa, θα), an ‘extended’ D=11
superspace (Xa, Zab, Zabcde, θα) [11], where Zab, Zabcde are “coordinates” conjugated to topological charges
Pab, Pabcde. Curiously enough, there exists a room for superstrings in such an extended superspace.

A general form of the Curtright’s superstring action looks as follows [11]

S =
∫

d2ξ
√
−det(ωa

µωνa + αωab
µ ωνab + βωabcde

µ ωνabcde) + SWZ . (7)

The building blocks of the action consist of the pull-back of D=11 Volkov-Akulov superform ωa
µ = ∂µXa +

iθ̄γa∂µθ, its extensions to tensorial-type coordinates ωab
µ = ∂µZab+iθ̄γab∂µθ and ωabcde

µ = ∂µZabcde+iθ̄γabcde∂µθ.
Two parameters α, β are constants fixed by supersymmetry in the end, and the last terms of the action is the
Wess-Zumino term. The term by Wess and Zumino was introduced in (7) to reach the invariance of the action
under a local fermionic symmetry, the so-called kappa-symmetry, taking an important place in theory of super-
symmetric extended objects. Nevertheless, in the original Curtright’s paper the kappa-invariance of the action
was rather claimed than exactly proved.

Now what about D=4? A similar extension of D=4 superspace was considered by Amorim and Barcelos-Neto
[14], and a line of they reasoning was almost the same.
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The maximally extended N=1 D=4 superalgebra in particular contains [12]

{Q,Q} = γaPa + γabPab. (8)

Adding new tensor-type coordinates Zab = −Zba, which are conjugated to ‘momenta’ Pab, we get an extended
superspace (Xa, Zab, θα). Pab is commonly treated as a topological charge (due to a D=4 membrane), but
treating it dynamically it’s possible to construct a Green-Schwarz-type superstring in the extended superspace

S =
∫

d2ξ
√
−det(ωa

µωνa + αωab
µ ωνab) + SWZ . (9)

The notation in (9) is that of (7).
I postpone the discussion of (9) to the end of the paper, currently focussing on the superconformal algebra

in the extended superspace and on the superstring critical dimension.

4.2 Superconformal algebra in tensorial superspace and superstring’s critical dimension

To calculate the critical dimension of tensorial superstring let us turn back to the bosonic string case. As it has
been noted in the above the total conformal anomaly coefficient (eq. (3))

Atotal(m) =
1
12

D(m3 −m) +
1
6
(m− 13m3) + 2aopenm

contains contributions from bosonic fields Xa, conformal (anti)ghosts and the string intercept.
One could notice that

• The critical dimension is calculated from setting the terms proportional to m3 to zero.

• D bosonic coordinates Xa contribute the relative coefficient D.

• The conformal (anti)ghosts contribute the relative coefficient ‘−26’ independently on the number of space-
time dimensions.

Hence, we need 26 bosonic coordinates Xa to compensate the ghosts contribution, +26− 26 = 0.
In the NSR superstring case one of the total superconformal anomaly coefficients has the following form

Atotal(m) =
(

D

12
· 1 +

D

12
· 1
2

)
m3 +

1
6
(m− 13m3) +

1
12

(11m3 − 2m) + 2aR
openm. (10)

It’s easy to recognize the contributions of bosonic Xa, fermionic conformal (anti)ghosts, bosonic superconformal
(anti)ghosts and the contribution of the string intercept. But what about the second term of (10)?

This term contains the contribution of the world-sheet fermionic superpartners ψa of the bosonic coordinates
Xa. Clearly, the fermionic superpartners contribute only 1/2 of the corresponding bosonic coefficient.

Hence, to calculate the critical dimension the following mnemonic rule may be used [1]:

• D bosons get the coefficient D.

• The input of D fermions (boson’s superpartners) is D/2.

• The (super)conformal ghosts give ‘−26’ for conformal (fermionic) ghosts, and superconformal (bosonic-
type) ghosts contribute ‘+11’.

The difference ‘−26+11 = −15’ has to be compensated with contributions of additional bosonic and/or fermionic
fields, one of the realizations of which are bosonic coordinates Xa and their world-sheet superpartners ψa.

Let us fix the space-time dimension D = 4. Four bosonic coordinates Xm and their four world-sheet
superpartners ψm contribute the coefficient 4 + 4/2 = +6. On account of ghosts contribution it is necessary to
compensate the coefficient equal to−15 + 6 = −9. There are different routes to this end. Say, if one were to use
6 ‘internal’ coordinates yi and their superpartners ψi (i = 1, . . . , 6), this choice would be transformed into the
standard 4 + 6 = 10 set of coordinates of the NSR superstring in the end.

Another productive choice suggested by D = 4 N = 1 superalgebra structure is to consider 6 additional
tensorial-type coordinates Zmn = −Znm together with their world-sheet superpartners Ψmn = −Ψnm [15]. This
set of coordinates contribute the required coefficient +9, hence we arrive at the consistent quantum formulation
of superstring in the observable number of space-time dimensions.
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5 New set of coordinates and benefits of their introduction

We have established the existence of a NSR-type superstring formulation with realistic critical dimension. The
price we paid to this end is the extension of the conventional space-time with additional tensorial-type bosonic
coordinates. Let me take an extensive treatment of new coordinates in the so extended space.

Note that the bosonic subset (Xm, Zmn) could be embedded into the unique set of tensorial coordinates
ZMN , but in D = 5.

Zm̃5 Ã Xm, Zm̃ñ Ã Zmn, m̃ = 0, . . . , 3 (11)

The world-sheet superpartners of Xm and Zmn can also be recasted into the single world-sheet fermion ΨMN

Ψm̃5 Ã ψm, Ψm̃ñ Ã ψmn, m̃ = 0, . . . , 3

Therefore, in the NSR-type formulation we are dealing with tensorial-type coordinates ZMN which are scalars
w.r.t. the world-sheet diffeomorphisms, and with their superpartners ΨMN which are a world-sheet spinors. If
we calculate the Virasoro-like superalgebra of the NSR-type string with embedding coordinates (ZMN , ΨMN )
when we get





Atotal(m) = 1
12 (D(D−1)

2 + D(D−1)
4 )m3 + 1

6 (m− 13m3) + 1
12 (11m3 − 2m) + 2aR

openm

Btotal(m) = D(D−1)
4 m2 − 5m2 + 2aR

open.

(12)

Clearly, the critical dimension is D = 5 in the case, and we arrive at new formulation of superstring theory
living in five-dimensional space-time endowed with coordinates ZMN . This parametrization includes, as a four-
dimensional part, the standard set of vector-type coordinates Xm, hence coordinates ZMN are more fundamental
than Xm, and the tensorial string theory in D = 5 is more fundamental than its four-dimensional analog. This
situation may be considered as a remnant of the M-theory–String theory relation, when the more fundamental
theory is formulated in a space-time of one spatial dimension higher.

Another consequence of introducing the new space-time parametrization may be viewed from the following
observation. Calculating the Virasoro-like superalgebra for the NSR-type D = 5 tensorial string theory we have
used the canonical relation between ZMN and their conjugate generalized momenta PMN

{PMN (σ), ZKL(σ′)}PB =
1
2
T−1

(
ηMKηNL − ηMLηNK

)
δ(σ − σ′),

When we pass to operators, the generalized momenta become P̂MN = −i∂MN , ∂MNZMN = 1
2D(D − 1).

Hence, in tensorial space there is an exotic one-form of the Yang-Mills-type A = AMNdZMN . Its strength
tensor is

FMN,KL = ∂MNAKL − ∂KLAMN + i[AMN ,AKL] (13)

and the action functional for such a field looks like

S =
1
4
Tr

∫
dΩD FMN,KLFMN,KL,

where dΩD is the invariant volume form in a tensorial space. The one-form field A is an analog of a non-abelian
Yang-Mills gauge field in the conventional space-time. It corresponds to the massless mode in the spectrum of
open tensorial string.

In the spectrum of the closed tensorial superstring we meet other exotic massless modes GMN |PQ and
BMN |PQ corresponding to graviton and the Kalb-Ramond antisymmetric tensor fields of the standard super-
string spectrum.

The ‘graviton’ mode GMN |PQ possesses the following properties

GMN |PQ = −GNM |PQ = −GMN |QP = GPQ|MN

which formally the same as that of the curvature tensor in the conventional space.
For a ‘Kalb-Ramond’ field we have

BMN |PQ = −BNM |PQ = −BMN |QP = −BPQ|MN .

The remaining massless mode in the spectrum is a ‘dilaton’ Φ.
Having such exotic modes in the spectrum it is very important to understand the dynamics of these fields.

The action functional for the ‘dilaton’ and the ‘Kalb-Ramond’ fields is more or less predictable. It is likely

S =
∫

dΩ5

(
1
2

∂MNΦ∂MNΦ +
1
12

HMN, KL|PQHMN, KL|PQ

)
,
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where the ‘Kalb-Ramond’ field strength is defined by

HMN, KL|PQ = ∂MNBKL|PQ + ∂PQBMN |KL + ∂KLBPQ|MN .

As for the effective action of ‘graviton’ GMN |PQ, its structure is unclear. It could be recovered from calculations
of the 3-point tree amplitude of interacting strings in the low-energy approximation (as, for instance, in [17])
and I postpone this task for further studies.

6 Summary and Conclusions

We have discussed a reformulation of superstring theory, the critical dimension of which coincides with the
observable space-time dimension.

To recover the critical dimension D = 4 an extension of the standard space-time is required. New elements
which have to be taken into account are tensorial-type bosonic coordinates. From the point of view of the string
world-sheet theory, it does not matter what kind of bosonic coordinates need to be added to compensate the
superconformal anomaly. They could be scalars, vectors or tensors under the space-time Poincare. The main
point is that they are scalars with respect to the world-sheet diffeomorphisms.

One may wonder, that is a rule for selecting new coordinates then? What kind of the coordinates have to
be selected to parameterize the target space? It turns out that the choice of the string’s coordinates describing
an immersion of the string world-sheet into a target superspace is governed by the structure of a target space
superalgebra.

Let me discuss the target-space – world-sheet correspondence in more detail. There are two independent
formulations of superstrings:

1. Neveu-Schwarz-Ramond with the world-sheet supersymmetry;

2. Green-Schwarz with the manifest target-space supersymmetry.

As I have noted these formulations are equivalent in D = 10, since their quantum spectra coincide (after
truncation of the NSR spectrum with the GSO projection) and their critical dimensions are the same.

The world-sheet SUSY in the NSR formulation just says that there are world-sheet scalars and their su-
perpartners under the world-sheet supersymmetry. However, it doesn’t say anything on properties of these
variables under the target-space Poincare transformations.

In its turn, properties of the string coordinates in the Green-Schwarz formulation are fixed. Indeed, a part
of the space-time SUSY algebra is

{Q,Q} = γaPa + . . .

and string coordinates are defined as ones conjugated to Pa. They are vector-type coordinates Xa with respect
to the target-space Poincare. Precisely this type of the coordinates enter the standard NSR string action. Ex-
tending the space-time to superspace recovers the rest of the coordinates entering the Green-Schwarz superstring
action, the space-time fermions θα. They are the target-space superpartners of Xa.

Hence, the relation between NSR and GS superstrings observes an independent interpretation, in which prop-
erties of the space-time SUSY, manifest in the GS formulation, govern the choice of the space-time coordinates
to describe the NSR string.

Let me now turn to the Green-Schwarz-type action (9). This action is based on the target space supersym-
metry algebra involving the supercharges anticommutator (8). If we give a credit to having a correspondence
between NSR and GS formulations in the extended superspace (Xm, Zmn, θα), the NSR-type tensorial super-
string variables are (Xm, Zmn) together with their world-sheet superpartners (ψm,Ψmn).

As for the NSR-type tensorial superstring the bosonic subset (Xm, Zmn) of the Green-Schwarz-type tensorial
superstring coordinates could be embedded into the unique set of tensorial coordinates ZMN , but in D = 5.

Zm̃5 Ã Xm, Zm̃ñ Ã Zmn, m̃ = 0, . . . , 3 (14)
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The # of fermionic target-space superpartners θα is the same in D = 5 and D = 4. Therefore, it is possible
to reformulate the superstring model solely in terms of (ZMN , θα) coordinates that essentially simplifies the
Green-Schwarz-like tensorial superstring action [16] and proving its kappa-invariance. Moreover, the consistency
of the Green-Schwarz-type superstring model in D = 5 tensorial superspace (ZMN , θα) (kappa-invariance of the
action) also requires [16]

GM [N |PQ] = 0

This condition just says that the field GMN |PQ is in the [2,2] irreducible rep. over the Lorentz in D = 5 tangent
space.

At the same time I should note that the Green-Schwarz-type formulation of tensorial superstring in D = 4
(or equivalently in D = 5) extended superspace faces with several questionable points. First of all one may
encounter an apparent mismatch between bosonic and fermionic degrees of freedom in the case. Hence, it
is necessary to understand the root of the problem. A helpful way to this end is to recover the spectrum of
open/closed tensorial strings in different formulations and to figure out an analog of the GSO projection to relate
spectra of tensorial superstrings. Perhaps, applying the machinery of the twistor-like superembedding approach
[18], [19] (and Refs. therein), which ‘closes’ the diagram on Fig.4, may be useful to this end. Another intriguing
problem is to construct the effective action of massless modes to check a correspondence of the approach to that
of [20] where a new concept of the area metric was introduced.
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Yu. M. Sinyukov, S. V. Akkelin, Iu. A. Karpenko
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The freeze out process of continues particle liberation in hydrodynamically expanding systems, created in rela-
tivistic heavy ion collisions, is discussed within the kinetic theory approach. We point out the basic shortcomings
of the Cooper-Frye freeze-out prescription and introduce improved freeze-out prescription based on the saddle
point approximation of the emission function. It is shown that the corresponding freeze-out hypersurface σ
depends on the values of p and that for such a hypersurface there is no negative contributions to the momen-
tum spectra from non-space-like parts of σ. Conditions of applicability of the generalized sudden freeze-out
approximation are discussed.

1 Introduction

A prescription of particle momentum freeze-out is needed for any hydrodynamical model applied for description
of relativistic heavy ion collisions. Because system formed is quite small, the picture of continuous medium is
destroyed at small finite time. Since the system expands fast, the latter is not constant in configuration space
but depends on the position r of the fluid elements: tσ(r). The set of these points (tσ(r), r) in the Minkowski
space forms the hypersurface σ corresponding to the outer boundary of the applicability of hydrodynamics.
The sudden freeze-out implies that the spectra are formed just on this hyperurface where, formally, an ideal
fluid transforms into an ideal gas. The particle momentum spectra then can be expressed by the well-known
Cooper-Frye formula [1]:

p0n(p) = p0 d3N

d3p
≈

∫

σ

dσµpµfl.eq.(x, p). (1)

The freeze-out hypersurface is typically associated with an isotherm. In current analysis of A+A collisions the
corresponding temperature is in the region T = 90 − 150 MeV and is fixed, typically, from the best fit of the
spectra.

Any isotherm contains usually non-space-like parts, which lead to unphysical negative contributions to
spectra for the particles with momenta directed inward the system, pµdσµ < 0. There is no common phe-
nomenological prescription, based on Heaviside step functions θ(pµdσµ), which allows one to eliminate the
negative contributions to the momentum spectra when pµdσµ < 0. The prescription, proposed in [2], eliminates
the negative contributions in the way which preserves the number of particles in the fluid element crossing
the freeze-out hypersurface. Therefore it takes into account that at the final stage the system is the only
holder of emitted particles. Another prescription [3] ignores the particle number conservation considering de-
caying hadronic system rather as a star - practically unlimited reservoir of emitted photons/particles. The both
prescriptions have a problem with momentum-energy conservation laws at freeze-out.

But the most serious problem is the obvious conflict of the Cooper-Frye prescription (CFp) with simple
observation: to provide sudden transformation of the liquid to ideal gas one needs to switch suddenly cross-
sections between particles from very big values to very small ones [4] that cannot happen in reality. The reason of
particle liberation is another: it is the gradual change of the ratio between the rate of system expansion and the
rate of collisions, so that particles should be emitted continuously. Nevertheless, in Ref. [5] it was advanced an
idea of duality in hydro-kinetic approach to A+A collisions: though the process of particle liberation, described
by the emission function, is non-equilibrium and gradual, the observable spectra can yet be expressed by means
of the Cooper-Frye prescription based on locally equilibrium distribution function. The conclusive step towards
an analytical and numerical realization of this idea is done in Ref. [6] where hydro-kinetic approach is developed:
it overcomes all above mentioned problems by considering the continuous dynamical freeze-out that is consistent
with Boltzmann equations and conservation laws. The aim of this work is, following the lines and ideas presented
in Refs. [5, 6], to point out the shortcomings of the CFp when applied for description of freeze-out processes
in relativistic A+A collisions, and to propose the way how the sudden freeze-out approximation can be applied
for such processes.

c© Sinyukov Yu.M., Akkelin S.V., Karpenko Iu.A., 2009.
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2 Freeze-out of expanding systems within kinetic Boltzmann approach

Let us start from Boltzmann equation. It has the general form:

pµ

p0

∂fi(x, p)
∂xµ

= Gi(x, p)− Li(x, p). (2)

The expressions Gi(x, p) and Li(x, p) = Ri(x, p)fi(x, p) are so-called (G)ain and (L)oss terms for the particle
of species i. Typically, Ri is a rate of collisions of i-th particle. Below we will omit index i, the corresponding
expression can be related then, e.g., to pions.

The probability Pt→t′(x, p) for a particle to reach the point x′ = (t′, r′) starting from the point x = (t, r)
without collisions is

Pt→t′(x, p) = exp


−

t′∫

t

dtR(xt, p)


 , (3)

where
xt = (t, r +

p
p0

(t− t)).

In terms of this probability, the Boltzmann equation can be rewritten in the following integral form

f(t, r, p) = f(t0, r− p
p0

(t− t0), p)Pt0→t(t0, r− p
p0

(t− t0), p)

+

t∫

t0

G(τ, r− p
p0

(t− τ), p)Pτ→t(τ, r− p
p0

(t− τ), p)dτ. (4)

Let us integrate the distribution (4) over the space variables to represent the particle momentum density at
large enough time, t →∞, when particles in the system stop to interact. To simplify notation let us introduce
the escape probability for the particle with momentum p in the point x = (t, r) to leave system without collisions:
P(t, r, p) ≡ Pt→(τ→∞)(t, r, p). Then the result can be presented in the general form found in Ref. [4]:

n(t →∞, p) ≡ n(p) =
∫

d3rf(t0, r, p)P(t0, r, p) +
∫

d3r

∞∫

t0

dt′G(t′, r, p)P(t′, r, p). (5)

The first term in Eq. (5) describes the contribution to the momentum spectrum from particles that are
emitted from the very initial time, while the second one describes the continuous emission with emission density
S(x, p) = G(t, r, p)P(t, r, p) from 4D volume delimited by the initial and final (where particles stop to interact)
3D hypersurfaces.

In what follows we will use the (generalized) relaxation time approximation proposed in [4], which is the
basis of the hydro-kinetic approach, described in detail in [6]. Namely, it was argued [4] that there is such a local
equilibrium distribution function fl.eq.(T (x), uν(x), µ(x)) that, in the region of not very small densities where
term G ∼ S gives noticeable contribution to particle spectra, the function f is approximately equal to that one
which would be obtained if all functions in r.h.s. of Eq. (4) calculated by means of that function fl.eq.. The
function fl.eq. is determined from the local energy-momentum conservation laws based on the non-equilibrium
function f in the way specified in [6]. Then, in accordance with this approach we use

R(x, p) ≈ Rl.eq.(x, p), G ≈ Rl.eq.(x, p)fl.eq.(x, p). (6)

The “relaxation time” τrel = 1/Rl.eq. grows with time in this method.

3 Saddle point approximation of the emission function and particle momentum spectra

Let us generalize now the Cooper-Frye prescription of sudden freeze-out. For this aim we apply the saddle point
method to calculate the integral in the expression for spectra (5) with account of (6). To simplify notation we
neglect the contribution to the spectra from hadrons which are already free at the initial thermalization time
t0 ∼ 1 fm/c and thus omit the first term in (4).

To provide straightforward calculations leading to the Cooper-Frye form let us shift the spacial variables,
r′ = r + p

p0
(t0 − t′), in (5) aiming to eliminate the variable t′ in the argument of the function R which is the

integrand in P(t′, r, p). Then

n(p) ≈
∫

d3r′
∞∫

t0

dt′fl.eq.(t′, r′ +
p
p0

(t′ − t0), p)Q(t′, r′,p), (7)
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where

Q(t′, r′, p) = R(t′, r′ +
p
p0

(t′ − t0), p) exp



−

∞∫

t′

R(s, r′ +
p
p0

(s− t0), p)ds



 (8)

Note that

Q(t′, r′, p) =
d

dt′
P (t′, r′,p), (9)

where P (t′, r′, p) is connected with the escape probability P:

P (t′, r′, p) = P(t′, r′ +
p
p0

(t′ − t0), p). (10)

Therefore ∞∫

t0

dt′Q(t′, r′, p) = 1− P(t0, r′, p) ≈ 1. (11)

The saddle point tσ(r, p) is defined by the standard conditions:

dQ(t′, r′, p)
dt′

|t′=t′σ = 0,

d2Q(t′, r′, p)
dt′2

|t′=t′σ < 0. (12)

Then one can get from (9), (10) the condition of the maximum of emission:

−pµ∂µR(t′, r, p)
R(t′σ, r, p)

|t′=t′σ,r=r′+ p
p0

(t′σ−t0) = p0R(t′σ, r′ +
p
p0

(t′σ − t0), p) . (13)

If one neglects terms p∗∂r∗R in l.h.s. and supposes that in the rest frame (marked be asterisk) of the fluid
element with four-velocity u(x) the collision rate, R∗(x, p) = p0R(x,p)

pµuµ
, does not depend on particle momentum:

R∗(x) ≈ 〈v∗σ〉(x)n∗(x) (here n(x) is particle density, σ is the particle cross-section, v is the relative velocity,
< ... > means the average over all momenta), then the conditions (13) are equivalent to the requirement
that at the temporal point of maximum of the emission function the rate of collisions is equal to the rate of
system expansion [6]. This is the heuristic freeze-out criterion for sudden freeze-out [7]. However, as we will
demonstrate, the neglect of momentum dependence leads to quite significant errors.

To pass to the Cooper-Frye representation we use the variables which include the saddle point:

r = r′ +
p
p0

(t′σ(r′, p)− t0). (14)

Then the expression for the spectrum takes the form:

n(p) ≈
∫

d3r

∣∣∣∣1−
p
p0

∂tσ
∂r

∣∣∣∣
∞∫

t0

dt′S(t′, r, p), (15)

where the emission density in saddle point representation is (tσ ≡ (tσ(r, p))

S(t′, r, p) = fl.eq.(t′, r +
p
p0

(t′ − tσ), p)

×R(tσ, r, p)P(tσ, r, p) exp(−(t′ − tσ)2/2D2(tσ, r, p)). (16)

According to Eq. (3) P(tσ, r, p) = e−1, since the freeze-out zone is the region of the last collision for the particle.
Then the normalization condition for Q (Q is presented by the bottom line in (16)) allows one to determine the
temporal width of the emission at the point (tσ(r, p), r, p):

D(tσ, r, p) =
e√
2π

1
R(tσ, r, p)

≈ τrel(tσ, r, p). (17)

Therefore if the temporal homogeneity length λ(t, r, p) of the distribution function fl.eq. near the 4-point
(tσ(r, p), r) is much larger than the width of the emission zone, λ(tσ, r, p) À τrel(tσ, r, p), then one can approx-
imate fl.eq.(t′, r + p

p0
(t′ − tσ), p) by fl.eq.(tσ, r, p) in Eq. (15) and perform integration over t′ accounting for
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normalizing condition (11). As a result we get from (15) and (16) the momentum spectrum in a form similar
to the Cooper-Frye one (1):

p0n(p) = p0 d3N

d3p
≈

∫

σ(p)

dσµpµfl.eq.(x, p). (18)

It is worthy to note that the representation of the spectrum through emission function (5) is the result of
the integration of the total non-equilibrium distribution function f(x, p), Eqs. (4), (6), over the asymptotical
hypersurface in time, while the approximate representation of the spectrum, Eq. (18), uses only the local
equilibrium part fl.eq. of the total function f(x, p) at the set of points of maximal emission - at hypersurface
(tσ(r, p), r).

4 Conditions of applicability for the sudden freeze-out approximation

Now let us summarize the conditions when the Cooper-Frye form for sudden freeze-out can be used. They are
the following:

i) For each momentum p, there is a region of r where the emission function as well as the function Q, Eq.
(8), have a clear maximum. The temporal width of the emission D, defined by Eq. (16), which is found to
be equal to the relaxation time (inverse of collision rate), should be smaller than the corresponding temporal
homogeneity length of the distribution function: λ(tσ, r, p) À D(tσ, r, p) ' τrel(tσ, r, p).

ii) The contribution to the spectrum from the residual region of r, where the saddle point method (Gaussian
approximation (16) and/or condition τrel ¿ λ) is violated, does not affect essentially the particle momentum
density.

If these conditions are satisfied, then the momentum spectra can be presented in the Cooper-Frye form
despite the fact that actually it is not sudden freeze-out and the decoupling region has a finite temporal width
τrel(tσ, r, p).

The analytical results as for the temporal width of the spectra agree remarkably with the numerical calcula-
tions of pion emission function within hydro-kinetic model (HKM) [6]. For example, near the point of maximum,
τ = 16.5 fm/c, r = 0, pT = 0.2 GeV, the “experimental” temporal width DHKM obtained by numerical solution
of the complete hydro-kinetic equations is DHKM ≈ 4.95 fm (see Fig. 1, left). Our theoretical estimate is
D = e√

2πR
≈ 5.00 fm, since the rate of collisions in this phase-space point is R(τσ(r, p) = 16.5 fm/c, r = 0, pT =

0.2 GeV, pL = 0) ≈ 0.217 c/fm.
It is worthy to emphasize that such a generalized Cooper-Frye representation is related to freeze-out hyper-

surfaces that depend on the momentum p and typically do not enclose the initially dense matter. In Fig. 1, one
can see the structure of the emission domains for different pT in HKM [6] for initially (at τ=1 fm/c) Gaussian
energy density profile with εmax= 6 GeV/fm3. The maximal emission regions for different pT are crossed by
isotherms with different temperatures: 80 MeV for low momenta and 135 MeV for high ones. This is completely
reflected in the concave structure of the transverse momentum spectrum as one can see in Fig. 2.

If a part of the hypersurface tσ(r, p) is non-space-like and corresponds to the maximum of the emission of
particles with momentum p, directed outward the system, the same part of the hypersurface cannot correspond
to the maximal emission for particles with momentum directed inward the system. It is clear that the emission
function at these points is close to zero for such particles. Even formally, in the Gaussian approximation (16)

for Q, validated in the region of its maximal value, the integral
∞∫
tσ

dsR(s, r + p
p0 (s− tσ(r, p), p) À 1, if particle

world line crosses almost the whole system. The latter results in Q → 0 and, therefore, completely destroys
the saddle-point approximation (12) for Q and then the Cooper-Frye form (18) for spectra. Recall that if a
particle crosses some non-space-like part of the hypersurface σ moving inward the system, this corresponds to
the condition pµdσµ < 0 [2]. Hence the value pµdσµ(p) in the generalized Cooper-Frye formula (18) should be
always positive: pµdσµ(p) > 0 across the hypersurface where fairly sharp maximum of emission of particles with
momentum p is situated; and so requirement pµdσµ(p) > 0 is a necessary condition for tσ(r, p) to be a true
hypersurface of the maximal emission. It means that hypersurfaces of maximal emission for a given momentum
p may be open in the space-time, not enclosing the high-density matter at the initial time t0, and different for
different p. Therefore, there are no negative contributions to the particle momentum density from non-space-like
sectors of the freeze-out hypersurface, that is a well known shortcoming of the Cooper-Frye prescription [2, 3];
the negative contributions could appear only as a result of utilization of improper freeze-out hypersurface that
roughly ignores its momentum dependence and so is common for all p. If, anyhow, such a common hypersurface
will be used, e.g. as the hypersurface of the maximal particle number emission (integrated over p), there is no
possibility to justify the approximate expression for momentum spectra similar to Eq. (18).
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Figure 1. The pion emission function for different pT in hydro-kinetic model (HKM) [6]. The isotherms of 80
MeV (left) and 135 MeV (right) are superimposed.
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Figure 2. Transverse momentum spectrum of π− in HKM, compared with the sudden freeze-out ones at
temperatures of 80 and 160 MeV with arbitrary normalization.

5 Conclusions

We demonstrated that the widely used phenomenological Cooper-Frye prescription [1] for calculation of particle
spectrum is too rough because the freeze-out hypersurface is considered there as common for all momenta of
particles. The Cooper-Frye formula, however, could be applied in an improved (but still rather approximate)
form accounting for direct momentum dependence of the freeze-out hypersurface σ(p); the latter corresponds
to the maximum of emission function S(tσ(r, p), r, p) at fixed momentum p in an appropriate region of r. If
such a hypersurface σ(p) is found, the condition of applicability of the Cooper-Frye formula for given p is that
the width of the maximum, which in the simple cases - e.g., for one component system or at domination of
elastic scatterings - is just the relaxation time (inverse of collision rate), should be smaller than the corresponding
temporal homogeneity length of the distribution function. Then the idealization of a freeze-out hypersurface may
be justified (despite freeze-out is not sharp and has the finite temporal width), though an accurate determination
of the corresponding hypersurface requires a nontrivial dynamical calculations.
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SU(2) gluodynamics at high temperature in external Abelian and non-Abelian magnetic field is investigated on
a lattice with General Purpose computation on Graphics Processing Units (GPGPU) technology. Both type
magnetic fluxes are introduced by means of twisted boundary conditions. It is shown that non-Abelian SU(2)
monopole-antimonopole magnetic fields form a screened flux tube, whereas Abelian magnetic fields form the
screened magnetic tube with increasing temperature dependent field strength. The usage of GPGPU technology
makes it possible to obtain the essential performance speed-up in comparison with a serial execution (up to 70
times).

1 Introduction

On the middle of 1970th ’t Hooft and Mandelstam [4] proposed that condensation of magnetic monopoles
could be responsible for the confinement mechanism. If the vacuum state of a non-Abelian gauge theory is
characterized by the presence of a monopole condensate, this screens the monopole-antimonopole interaction
which should therefore exhibit a Yukawa-like behavior [1]. If there is no condensate whatever, one should expect
instead a Coulombic interaction between the monopoles, as is the case in classical SU(2) theory.

The main aim of the present paper is to study the high-temperature phase of SU(2) lattice gauge theory in
the presence of Abelian and non-Abelian magnetic fields. In the latter case we consider the field generated by a
monopole-antimonopole pair. To estimate the behavior of magnetic fields a large amount of simulation data is
needed. Unfortunately, traditional computational resources are lack to perform the detail analysis. In our case,
we use the GPGPU technology which allows to study the large lattices up to 32 × 643. As it is shown in the
present investigation, the accounting for large lattices leads to decreasing of magnetic mass in both the cases of
Abelian and non-Abelian magnetic fields. Some details of MC simulations on the ATI GPUs could be found in
[5] and in references therein.

2 MC details and numerical results

In performed MC simulations we use the hypercubic lattice Lt×L3
s with hypertorus geometry. The temperature

is incorporated in the formalism in a standard way, “indirectly” through the lattice asymmetry in temporal
direction (Lt < Ls). The standard Wilson action is used,

SW = β
∑

x

∑
µ<ν

[
1− 1

2
Tr Uµν(x)

]
, (1)

Uµν(x) = Uµ(x)Uν(x + aµ̂)U†
µ(x + aν̂)U†

ν(x), (2)

where β = 4/g2, g is a bare coupling.
The link variables Uµ(x) are the SU(2) matrices and can be decomposed in terms of the unity, I, and Pauli

σj , matrices in the color space,

Uµ(x) = IU0
µ(x) + iσjU

j
µ(x). (3)

Each global buffer cell in the GPU comprises four 32-bit numbers (single precision). Thus, it is natural to
store all components of link matrices (U0

µ(x), U1
µ(x), U2

µ(x) and U3
µ(x)) as one GPU-cell.

Lattice data are stored with the single precision, MC updating are performed with the single precision
whereas all averaging measurements were performed with the double precision to avoid error accumulations.

The constant homogeneous magnetic flux is introduced on a lattice by applying the twisted boundary
conditions (see [9] and references therein). The magnetic field of monopole-antimonopole string is introduced
by the procedure of DeGrand and Toussaint [6].
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Table 1. Fit results for monopole-antimonopole pair and Abelian magnetic field, respectively

Monopole string Abelian field

Fit function χ2 C m χ2 C m

C exp(−mr) 35.2 0.047 0.227+0.040
−0.036 901.8 0.063 0.0244+0.0006

−0.0006

C exp(−m2r2) 60.6 0.019 0.113+0.011
−0.011 1924.4 0.035 0.0157+0.0002

−0.0002

C/r 342.0 0.031 7.090 0.911

C/r exp(−mr) 19.1 0.125 0.095+0.038
−0.030 7.086 0.912 0.0000125+0.00052

−0.00054

C/r exp(−m2r2) 36.1 0.087 0.075+0.013
−0.014 7.090 0.911 0.000155+0.00229

−0.00242i

C/r2 1.19 0.437 31400 28.13

C/r2 exp(−m2r2) 0.81 0.441 0.00837+0.014
−0.013i 7550 18.26 0.0182i

C/r4 218.3 14.75 159500 248.9

C/r4 exp(−m4r4) 215.0 14.75 0.000547i 161000 10.0 0.0

Table 2. Performance comparison of serial (CPU) and parallel (GPU) Monte Carlo simulations for pure
SU(2) gluodynamics on some lattices

4× 83 4× 163 4× 243 4× 323 8× 163 8× 243

CPU, sec. 30 274 1985 3796 744 2060
GPU, sec. 5.0 11.4 28.5 63.1 18.9 53.4
Speed-up, times 6.1 24.1 69.8 60.2 39.4 38.6

For each lattice geometry Lt × L3
s, we have fitted the effect of magnetic field with the lattice plaquette

average by means of different functions:

〈Uuntwisted〉 − 〈Utwisted〉 = f(m,Ls). (4)

The fit results are shown in Table 1. There are different fit functions with the corresponding values of χ2

function and the values of fit parameters for cases of monopole-antimonopole string and Abelian magnetic field,
respectively.

As one can see, the best fit function for magnetic field of monopole-antimonopole string is C/r2 exp(−m2r2),
so non-Abelian SU(2) monopole-antimonopole magnetic fields form screened flux tubes. Such behavior is in a
good correspondence with the results known from the literature [1, 2]. It should be noted that the fit function
C/r2 has the close value of χ2 function, this is essentially the case of zero magnetic mass m = 0.

The best fit function for the case of the Abelian magnetic field is C/r exp(−mr) with a small value of the
magnetic mass m = 0.0000125 with symmetric confidence area near the zero. So, this case corresponds to the
screened magnetic tube with increasing field strength.

The fit results for the Abelian magnetic field is shown in figure 1. The maximum-likelihood estimate of
different fit functions by the whole data set is shown as the solid curves. The mean values and the 95%
confidence intervals are shown as the points for each lattice spatial size. As it is also seen, the maximum-
likelihood estimate of f(m,Ls) for functions of C/r form is in good accordance with all the data points, because
the corresponding solid lines are located in the 95% confidence intervals of all points.

The performance comparison of serial and parallel MC simulations for different lattices is collected in Table
2. In the first row the lattice geometry is shown. The next row contains the execution time of Fortran-program,
compiled with the trial version of Intel Fortran compiler 11 (last available version). The execution time of
GPU-oriented program is shown in the third row. The total speed-up of parallel (GPU) MC simulations in
comparison with serial (CPU) one is shown in the last row. It can be seen that for small lattices (4×83, 4×163)
the gain in productivity is not too high (6.1 and 24.1 times, respectively). But for larger lattices it varies from
38.6 to 69.8 times.

3 Conclusion

We have investigated the different hypothesis for the behavior of the magnetic fields in pure SU(2) gluodynamics
at high temperature. It was determined that non-Abelian SU(2) monopole-antimonopole magnetic fields form
screened flux tube. Abelian magnetic fields form a screened magnetic field tube with increasing field strength.
The screening magnetic mass is different, it is less for Abelian magnetic fields.

In our investigation we have shown that the usage of GPGPU technology leads to significant performance
increase in comparison with a serial execution (up to 69.8 times). This technology makes possible to study
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Figure 1. Fit results for Abelian magnetic field

large lattices (32×643 and larger could be studied on PC). Due to extreme growth of compute performance the
modern GPU cards even may vie with CPU cluster systems. So, we hope that GPGPU technology will open
new facilities in simulations of high-energy physics.
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IDENTIFICATION OF HEAVY GAUGE Z ′ BOSONS AT THE ILC
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The potential of the e+e− International linear collider (ILC) to search for and distinguish between new neutral
gauge bosons signals predicted within various classes of models with extended gauge sector in fermion pair
production processes was examined. The presented analysis is based on the polarized differential observables
which provides higher sensitivity of the studied processes to Z ′ boson parameters with respect to the integrated
observables. The discovery and identification reaches of the new neutral gauge bosons within the classes of E6

and LR models and also ALR and SSM models were determined.

1 Introduction

The Standard Model (SM) of strong and electroweak interactions, based on the gauge symmetry SU(3)C ×
SU(2)L×U(1)Y , has achieved many successes in describing the experimental data within the range of energies
available today. In particular, it has been tested to the level of its loop radiative corrections in the high precision
LEP experiments. Nevertheless, it is widely believed that it is not the ultimate truth. Indeed, besides the fact
that it has too many parameters which are merely incorporated by hand, it does not unify the electromagnetic,
weak and strong forces in a satisfactory way since the coupling constants of the three gauge groups are different
and independent. Therefore, one would expect the existence of a more fundamental theory in which the SM is
naturally embedded and which reduces to it at present energies.

Among the candidates for this more fundamental picture, grand unified theories are the most appealing
ones. In particular, the exceptional group E6, which contains the popular subgroups SU(5) and SO(10), has
received most of the attention in recent years [1]. A general prediction of grand unified theories is the existence
of additional gauge bosons Z ′. Indeed, in the breaking of these symmetries down to the SM gauge group, it
is possible that some additional group factors survive at low energies, allowing for at least one extra neutral
gauge boson with a mass not far from the scale of the electroweak symmetry breaking. This additional boson
could then be light enough to generate observable effects at the next generation of electron-positron or hadron
colliders.

Depending on the assumed luminosity of the machine, the nature of the Z ′ as well as its decay branching
fractions, discovery limits range up to 4-5 TeV at the LHC. At e+e− ILC, since their presently planned energies
do not exceed one TeV, the possibility of directly producing a new gauge boson is more limited than at LHC.
However, even if a new Z ′ is too heavy to be produced as a resonance, it could give rise to virtual effects
which are measurable. As a matter of fact, due to the clean environment of e+e− annihilation, high precision
measurements can be performed and masses considerably higher than the maximum center of mass energy can
be probed. In addition, because of the much larger number of experimental observables which can be measured
with a high accuracy, the possibility of identifying the model origin of the new gauge boson is not as limited as
in the case of the LHC. The study of the effects of the new gauge boson at the LHC and ILC would then be
complementary.

In this paper, we shall study the possible effects of one extra neutral gauge boson at high energy e+e−

colliders, concentrating on two general effective theories: SU(2)L × U(l)Y × U(1)Y ′ originating from the E6

model and left-right models [1] based on an SU(2)L×SU(2)R×U(1) symmetry. We shall assume that the new
Z ′ boson will be heavier than the total energy of the ILC so that it can reveal its existence only through virtual
effects which could be measurable in a high precision experiment.

The paper is organized as follows. The next section is devoted to the discussion of the main features of the
effective Z ′ models which will be considered and the observables under study. In section III, we present the
numerical analysis and constraints on Z ′ masses. Section IV contains concluding remarks.

2 Differential cross sections and Z ′ models

We consider the fermion pair production process

e+ + e− → f + f̄ , (1)

e-mail: ababich@gstu.gomel.by, bchiffa@np.by, ctsytrin@gstu.gomel.by, dpankov@ictp.it
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with f 6= t at the ILC with c.m. energy
√

s = 0.5 TeV and polarized electron and positron beams. For the
process Eq. (1), limiting ourselves to the cases f 6= t, we can neglect fermion masses with respect to

√
s, and

express the amplitude in the Born approximation including the γ, Z and Z ′ s-channel exchanges. With Pe and
Pē the longitudinal polarizations of the electron and positron beams, respectively, and θ the angle between the
incoming electron and the outgoing fermion in the c.m. frame, the differential cross section can be expressed as
[2]:

dσ(P−, P+)
dz

=
D

4

[
(1− Peff)

(
dσLL

dz
+

dσLR

dz

)
+ (1 + Peff)

(
dσRR

dz
+

dσRL

dz

)]
, (2)

where z = cos θ; L, R are the helicity indexes. Here,

Peff =
Pe − Pē

1− PePē
(3)

is the effective polarization, |Peff | ≤ 1, and D = 1− PePē. For Bhabha scattering differential cross sections can
be written as [3, 4]

dσ(P−, P+)
dz

=
(1 + P−) (1− P+)

4
dσR

dz
+

(1− P−) (1 + P+)
4

dσL

dz
+

+
(1 + P−) (1 + P+)

4
dσRL,t

dz
+

(1− P−) (1− P+)
4

dσLR,t

dz
, (4)

where

dσL

dz
=

dσLL

dz
+

dσLR,s

dz
,

dσR

dz
=

dσRR

dz
+

dσRL,s

dz
. (5)

The helicity cross sections

dσLL

dz
=

2πα2
e.m.

s

∣∣GLL,s + GLL,t

∣∣2, dσRR

dz
=

2πα2
e.m.

s

∣∣GRR,s + GRR,t

∣∣2,
dσLR,t

dz
=

dσRL,t

dz
=

2πα2
e.m.

s

∣∣GLR,t

∣∣2, dσLR,s

dz
=

dσRL,s

dz
=

2πα2
e.m.

s

∣∣GLR,s

∣∣2. (6)

are expressed through the helicity amplitudes Gαβ,i (α, β = L,R) as

GLL,s = u

(
1
s

+
g2
L

s−M2
Z

+
g′2L

s−M2
Z′

)
, GLL,t = u

(
1
t

+
g2
L

t−M2
Z

+
g′2L

t−M2
Z′

)
,

GRR,s = u

(
1
s

+
g2
R

s−M2
Z

+
g′2R

s−M2
Z′

)
, GRR,t = u

(
1
t

+
g2
R

t−M2
Z

+
g′2R

t−M2
Z′

)
,

GLR,s = t

(
1
s

+
gR gL

s−M2
Z

+
g′R g′L

s−M2
Z′

)
, GLR,t = s

(
1
t

+
gR gL

t−M2
Z

+
g′R g′L

t−M2
Z′

)
. (7)

Here u, t = −s(1± z)/2, gR = tgθW and gL = −ctg2 θW , θW - Weinberg angle. The helicity amplitudes (7) are
written in approximation MZ ¿

√
s ¿ MZ′ .

Polarized cross section (2) for s-channel lepton processes e+e− → l+l− (l = µ, τ) is produce from (4) after
removing t-channel contributions. For estimating cross sections of c- and b-quark pair production in amplitudes
it is necessary to consider the electric charges of final fermions, their coupling constants with Z- and Z ′-bosons
and color factor NC ' 3 (1 + αs/π).

In the following analysis, cross sections will be evaluated including initial- and final-state radiation by means
of the program ZFITTER [5], which has to be used along with ZEFIT, adapted to the present discussion, with
mtop = 175 GeV and mH = 120 GeV. One-loop SM electroweak corrections are accounted for by improved Born
amplitudes, such that the forms of the previous formulae remain the same. Concerning initial-state radiation, a
cut on the energy of the emitted photon ∆ = Eγ/Ebeam = 0.9 is applied for

√
s = 0.5 TeV in order to avoid the

radiative return to the Z peak, and increase the signal originating from the contact interaction contribution.
For estimation of radiation corrections for Bhabha scattering we used method of structure functions [6].

Cross sections can be written as [7]:

dσrad(q2) =
∫

dx1dx2D(x1, q
2)D(x2, q

2)dσ((1− x1x2)q2)(1 + δfe)Θ(cuts), (8)

where D(x, q2) is electron (positron) structure function.
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Table 1. Left- and right-handed couplings of the first generation of SM fermions to the Z ′ gauge bosons,
in units of 1/cW for the E6 and LR models, and 1/sW cW

√
1− 2s2

W for the ALR model, where cW = cos θW ,
sW = sin θW .

E6 model
fermions (f) ν e u d

gf ′
L 3A + B 3A + B −A + B −A + B

gf ′
R 0 A−B A−B −3A−B

Left-Right model (LR)

gf ′
L

1
2 αLR

1
2 αLR

− 1
6 αLR

− 1
6 αLR

gf ′
R 0 1

2 αLR
− αLR

2 − 1
6 αLR

+ αLR

2 − 1
6 αLR

− αLR

2

Alternative Left-Right model (ALR)

gf ′
L − 1

2 + s2
W − 1

2 + s2
W − 1

6s2
W − 1

6s2
W

gf ′
R 0 − 1

2 + 3
2s2

W
1
2 − 7

6s2
W

1
3s2

W

As numerical inputs, we shall assume the commonly used reference values of the identification efficiencies:
ε = 95% for l+l−; ε = 60% for bb̄; ε = 35% for cc̄. In order to evaluate the statistical uncertainty we take
L = 100 fb−1 (half for each polarization orientation) with uncertainty δL/L = 0.5%, and a fiducial experimental
angular range | cos θ| ≤ 0.99. Also, regarding electron and positron degrees of polarization, we shall consider
the values: |Pe| = 0.8; |Pē| = 0.5, with δPe/Pe = δPē/Pē = 0.5 %.

The list of Z ′ models that will be considered in our analysis is the following:

(i) The three possible U(1) Z ′ scenarios originating from the exceptional group E6 spontaneous breaking.
They are defined in terms of a mixing angle β, and the couplings are as in Tab. 1. The specific values
β = 0, β = π/2 and β = arctan(−

√
5/3), correspond to different E6 breaking patterns and define the

popular scenarios Z ′χ, Z ′ψ and Z ′η, respectively.

(ii) The left-right models, originating from the breaking of an SO(10) grand-unification symmetry, and where
the corresponding Z ′LR couples to a combination of right-handed and B − L neutral currents (B and L

denote lepton and baryon currents), specified by a real parameter αLR bounded by
√

2/3 ≤ αLR ≤ √
2.

Corresponding Z ′ couplings are reported in Tab. 1. We fix αLR =
√

2, which corresponds to a pure L-R
symmetric model (LRS).

(iii) The Z ′ALR predicted by the ‘alternative’ left-right scenario.

(iv) The so-called sequential Z ′SSM, where the couplings to fermions are the same as those of the SM Z.

All numerical values of the Z ′ couplings needed for the amplitudes are collected in Table 1, where: A =
cos β/2

√
6 and B =

√
10 sinβ/12 are used.

3 Numerical analysis and constraints on Z ′ masses

Heavy resonances appearing in the clean Drell-Yan channel may be the first new physics to be observed at the
LHC. In this section we assume that the Z ′ has been discovered in pp collisions as a mass peak or bump at the
LHC and we want to discuss how to elucidate the origin of this new gauge boson at the ILC. In other words,
we make the hypothesis that a Z ′ signal is effectively observed (so that the SM is excluded at a certain C.L.)
and the data is consistent with one of the Z ′ models. We want to assess the level at which this Z ′ model, that
we call “true” model, can be expected to be distinguishable from the other ones, that may compete with it
as sources of the deviations from the SM and that we call “tested” models, for any values of their mass MZ′ .
Quantitatively, this amounts to determine the foreseeable “identification reach” on the “true” model.

To illustrate the numerical procedure leading to the determination of an “identification reach”, it should be
useful to work out explicitly a definite example, and assume that the “true” non-standard model is a E6 model
with some value of cos β and MZ′ . Then, we may take as “tested” model anyone of the Z ′ models and, for
definiteness, let us choose the LR model.

We can introduce a relative deviation of an observable O predictions arising from the chosen Z ′ model (Z ′LR):

∆O =
O(Z ′LR)−O(Z ′E6

)
O(Z ′E6

)
. (9)
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Figure 1. Left panel: Exclusion reaches on MZ′ at 95% C.L. obtained from combination of all unpolarized
processes e+e− → ff̄ at

√
s = 0.5 TeV and Lint = 100fb−1 in the case when E6 models are assumed to be the

”true” models while the the ones (SSM, LR, LRS, ALR and SM) are take as the tested models. Right panel:
Similar, but for the polarized processes.

Figure 2. Same as Fig. 1 but for LR models.

As the observables O in (9) in this analysis we will use polarizing differential cross sections (2) and (4), O =
dσ(P−, P+)/dz.

According to the definition (9), one can introduce χ2 function,

χ2 =
∑

f

χ2
f , (10)

where

χ2
f =

∑

{P−, P+}

∑

bins

(
∆Obin

f

δObin
f

)2

. (11)

Here ∆Of is defined in Eq. (9), and the uncertainty δOf is referred to the E6 model prediction of the observable
Of . δOf combines both the statistical and systematic uncertainties. The inequality that defines the confusion
region between the two Z ′ models, E6 and LR, at the 95% C.L. can be determined from

χ2(Of ) ≤ 3.84. (12)

Fig. 1- 3 show the exclusion reaches on MZ′ (95% C.L.) obtained from unpolarized and polarized processes
e+e− → ff̄ for all set of Z ′ models. We find that irrespective of the availability of longitudinal polarization,
an excellent distinction between E6 and LR models can be obtained in the Z ′ mass range up to 2 TeV. In all
cases, longitudinal polarization is valuable and would allow to extend the capability to distinguish between E6

and LR models up to Z ′ masses of about 2.5 TeV.

4 Concluding remarks

In this paper, we examined the potential of the e+e− ILC to search for and distinguish between new neutral
gauge bosons signals predicted within various classes of models with extended gauge sector in fermion pair



Identification of heavy gauge Z′ bosons at the ILC 99

Figure 3. Exclusion reaches on MZ′ at 95% C.L. obtained from combination of all unpolarized processes
e+e− → ff̄ at

√
s = 0.5 TeV and Lint = 100fb−1 in the case when ALR model (left panel) and SSM model

(right panel) are assumed to be the ’true’ models while the rest ones are take as the tested models. In two cases
the whole classes of E6 model with | cosβ| ≤ 1 and LR models with

√
2/3 ≤ αLR ≤

√
2 are excluded.

production processes. The presented analysis is based on the polarized differential observables which provides
higher sensitivity of the studied processes to Z ′ boson parameters with respect to the integrated observables.
The discovery and identification reaches of the new neutral gauge bosons within the classes of E6 and LR models
and also ALR and SSM models were determined. In particular, it was shown that the polarized experiments at
the electron-positron collider with the energy of 0.5 TeV and integrated luminosity of 100 fb−1 allow to identify
the whole set of Z ′ models under consideration (Z ′SSM, Z ′ψ, Z ′η, Z ′χ, Z ′LRS and Z ′ALR) for MZ′ < 6 ·√s, and also,
substantially improve the corresponding reaches obtained from unpolarized experiments.
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The kinetics of spatially nonuniform Bose gas with the Bose-Einstein condensate is investigated on the basis
of the Bogolyubov reduced description method. The system is described by the amplitude of the condensate
wave function, the velocity of the condensate, and the distribution function of the Bogolyubov quasi-particles.
A generalization of the Bogolyubov transformation for strong nonuniform states is proposed. A boundary
condition for the Liouville equation is formulated, and an integral equation for the statistical operator of the
gas is derived. The evolution equation for the parameters of reduced description is obtained, which gives a
generalization of the Gross-Pitaevskii equation for the condensate in the presence of quasi-particles.

1 Introduction

Despite of many studies of non-equilibrium states of the Bose gas with the Bose-Einstein condensate (see, for
example, [1, 2]), there are several aspects which have to be justified. It is concerned of set of parameters, which
describe the system, and approach to description of spatially nonuniform states. Paper [1] proposed a solution
of this problem, but it used for construction of kinetics of the system a complicated method of the ergodic
relations [3]. Some states of the Bose gas with the condensate are described by the Gross-Pitaevskii equation
(see, for example, [4]). However, there is a problem of derivation of this equation and investigation corrections
to it [5].

In this work using ideas of paper [1] based on the Bogolyubov reduced description method (see, for example,
[3]) we improve consideration of nonuniform kinetic states of the system. This allows to build integral equation
for nonequilibrium statistical operator (SO) of the gas solvable in perturbation theory in interaction of particles
and gradients of the reduced description parameters.

2 Basic equations of the theory

The kinetic stage of evolution of Bose gas of identical particles is studied in this work. The Hamiltonian of the
gas has the form:

Ĥ = Ĥ0 + Φ̂,

Ĥ0 =
~2

2m

∫

V

d3x
∂ψ+(x)

∂xn

∂ψ(x)
∂xn

, Φ̂ =
1
2

∫

V

d3x

∫
d3x′Φ(|x′|)ψ+(x + x′)ψ+(x)ψ(x)ψ(x + x′). (1)

Here V is volume of the system, m is the particle mass, Φ(r) denotes the interaction potential, and ψ(x), ψ+(x)
are the field operators.

Nonequilibrium states of the system are completely described by its SO ρ(t), which satisfies the quantum
Liouville equation

ρ̇(t) = − i

~
[Ĥ, ρ(t)]. (2)

In the presence of the Bose-Einstein condensate the following value is not equal to zero

ψ(x, t) = Spρ(t)ψ(x) (3)

and it is called the condensate wave function. Local velocity of the condensate υn(x, t) is defined by formulae

υn(x, t) =
~
m

∂ϕ(x, t)
∂xn

, ψ(x, t) = η(x, t)eiϕ(x,t), (η(x, t) > 0, 2π > ϕ(x, t) ≥ 0). (4)

Here weak nonuniform states are studied, in which amplitude η(x, t) and velocity υn(x, t) depend on coordinates
weak. Formulae (4) show that it is convenient to investigate states of the system in reference system of local
rest of the condensate. The corresponding transition is made by unitary transformation

ρ1(t) = U1(ϕ(t))ρ(t)U+
1 (ϕ(t)), U1(ϕ)ψ(x)U+

1 (ϕ) = ψ(x)eϕ(x). (5)
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Then the condensate is extracted with the transformation

ρ2(t) = U2(η(t))ρ1(t)U+
2 (η(t)), U2(η)ψ(x)U+

2 (η) = ψ(x) + η(x). (6)

On this basis perturbation theory in interaction is built with estimations Φ(r) ∼ λ2, η(x, t) ∼ λ−1. It is equiva-
lent to a resummation procedure in the framework of simple perturbation theory in interaction. Besides, after
transformation (6) zero momentum Bose amplitudes a0 can be omitted (ψ(x) = V −1/2

∑
k akeikx). This allows

to avoid difficulties in calculations based on the Wick-Bloch-de Dominicis theorem. Here we describe kinetic
states of the Bose gas not only with the condensate wave function ψ(x, t) but with distribution function of the the
Bogolyubov quasi-particles too. Transition to quasi-particle picture is performed with unitary transformation

ρ3(t) = U3(η(t))ρ2(t)U+
3 (η(t)), U3(η) = exp

1
2

∫
dx1dx2χ(x1 − x2, η(x1)){ψ(x1)ψ(x2)− h.c.} (7)

(χ(x, η) is an auxiliary function and χ(x, η)∗ ≡ χ(x, η), χ(−x, η) ≡ χ(x, η)). This transformation is our gen-
eralization of the Bogolyubov one for the case of spatially nonuniform states. Then the Wigner distribution
function of quasi-particles fk(x, t) is given by the formula fk(x, t) = Spρ3(t)f̂k(x), where f̂k(x) is the corre-
sponding Wigner operator. Further, our investigation of weak nonuniform states of the system is simplified in
the Bar’yakhtar-Peletminsky picture of spatial dependance

ρ(x, t) = U4(x)ρ3(t)U+
4 (x), U4(x)ψ(x′)U+

4 (x) = ψ(x′ − x). (8)

As a result of the previous definitions evolution equations for SO ρ(x, t) and parameters ξµ(x, t) : η(x, t), υn(x, t),
fk(x, t) can be written in the form

ρ̇(x, t) = − i

~
[R̂(x, η(t), υ(t), ρ(t)), ρ(x, t)], ξ̇µ(x, t) = Mµ(x, η(t), υ(t), ρ(t)), (9)

where R̂(x, η, υ, ρ), Mµ(x, η, υ, ρ) are known functionals of η(x), υn(x), ρ(x).
Our investigation of nonequilibrium states of the Bose gas with condensate is based on the Bogolyubov

functional hypothesis

ρ(x, t)−−−−→
tÀτ0

ρ(x, ξ(t, ρ0)) (ξµ(x, t)−−−−→
tÀτ0

ξµ(x, t, ρ0), ρ0 ≡ ρ(t = 0)), (10)

where τ0 is a transition time to reduced description of the system with parameters ξµ(x, t, ρ0). Here we intro-
duced a special notation for the reduced description parameters at long times ξµ(x, t, ρ0) and stressed that SO
ρ(x, ξ) does not depend on initial state ρ0 of the gas. Functional hypothesis (10) and relations (9) give equations
of the structure

ρ̇(x, ξ(t, ρ0)) = − i

~
[Ĥ(x, ξ(t, ρ0)), ρ(x, ξ(t, ρ0))], ξ̇µ(x, t, ρ0) = Lµ(x, ξ(t, ρ0)) (t À τ0), (11)

where Ĥ(x, ξ), Lµ(x, ξ) are functionals of ξµ(x) defined by SO ρ(x, ξ)

Ĥ(x, ξ) ≡ R̂(x, η, υ, ρ(ξ)), Lµ(x, ξ) ≡ Mµ(x, η, υ, ρ(ξ)).

In this paper functionals ρ(x, ξ), Lµ(c, ξ) are calculated in perturbation theory in gradients of the reduced
description parameters

∂mξ(x, t, ρ0)/∂xn1 . . . ∂xnm ∼ gm (g = r0/L, g ¿ 1), (12)

and interparticle interaction (small parameter λ). Here r0 is radius of interparticle forces Φ(r) and L is char-
acteristic size of spatial inhomogeneities in the system. Fourier transformation χk(η) of function χ(x, η) in the
generalized Bogolyubov transformation (7) is defined by formulae

Ĥ(0,0)(x, ξ) = ĤB(η(x)) + υn(x)P̂n, ĤB(η) ≡
∑

k

εk(η)a+
k ak, P̂n ≡

∑

k

kn~a+
k ak (13)

(A(m,n) is of the order gmλn contribution to a value A). This demand leads to expressions

tanh χk = (εk + αk)/βk, εk =
√

α2
k − β2

k (14)

(αk = ε0
k + βk, ε0

k = (k~)2/2m, βk = νkη2, νk =
∫

dxΦ(|x|)eikx). Function εk(η) is spectrum of the
Bogolyubov quasi-particles.
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Relations (11) show that SO ρ(x, ξ) satisfies equation

∑
µ

∫

V

dx′
δρ(x, ξ)
δξµ(x′)

Lµ(x′, ξ) = − i

~
[Ĥ(x, ξ), ρ(x, ξ)] (15)

with addition conditions
Spρ(x, ξ)f̂k(0) = fk(x), Spρ(x, ξ)ak = 0, (16)

which are consequences of above definitions of the reduced description parameters ξµ(x, t, ρ0).
According to Bogolyubov Liouville equation (15) has not unique solution and to obtain a proper its solution

one need a boundary condition written in the terms of evolution of the system in physical direction of time. We
obtain the necessary condition from the relation

UB(τ, η)ρ0U
+
B (τ, η)−−−−→

τ→+∞
UB(τ, η)ρq(Z(Spρ0f̂))U+

B (τ, η) (UB(t, η) = e−
i
~ tĤB(η), Spρ0ak = 0), (17)

which describes evolution of initial SO ρ0 produced by the Bogolyubov Hamilton operator of quasi-particles
ĤB(η). Formulae of the type (17) are a consequence of the Bogolyubov principle of spatial weakening of
correlations and were based in [3]. In fact this relation is the functional hypothesis (10) taken in the leading
approximation of the perturbation theory. The right hand side of the relation (17) contains quasi-equilibrium
SO of the gas

ρq(Y ) = exp{F (Y )− V −1
∑

k

∫

V

dxYk(x)f̂k(x)}, Spρq(Y ) = 1; Spρq(Z(f))f̂k(x) = fk(x) (18)

(the last formula defines functional Zk(x, f)). The initial condition is obtained from (17) after substitution
ρ0 → ρ(x = 0, ξ), η → η(x). Transformation of the result to the Bar’yakhtar-Peletminsky picture (8) gives its
final form

UB(τ, η(x))ρ(x, ξ)U+
B (τ, η(x))−−−−→

τ→+∞
UB(τ, η(x))ρq(x,Z(f))U+

B (τ, η(x)). (19)

Here ρq(x, Y ) is quasi-equilibrium SO in the mentioned picture and for big volume of the system V

ρq(x, Y ) = exp{F (x, Y )− V −1
∑

k

∫

V

dx′Yk(x + x′)f̂k(x′)}, Spρq(x, Y ) = 1; Spρq(x,Z(f))f̂k(0) = fk(x)

(20)
(normalization function F (x, Y ) depend on x). Boundary condition (19)can be rewritten in a more simple form

lim
τ→+∞

UB(τ, η(x)){ρ(x, ξ)− ρq(x,Z(f))}U+
B (τ, η(x)) = 0. (21)

Using this relation on the basis of the Liouville equation (15) we obtain the following integral equation for SO
ρ(x, ξ)

ρ(x, ξ) = ρq(x,Z(f)) +
∫ +∞

0

dτUB(τ, η(x))
{

i

~
[ρq(x,Z(f)), ĤB(η(x))] +

+
i

~
[ρ(x, ξ), Ĥ(x, ξ)− ĤB(η(x))]−

∑
µ

∫
dx′

δρ(x, ξ)
δξµ(x′)

Lµ(x′, ξ)

}
U+

B (τ, η(x)). (22)

Integral equation (22) is solvable in the perturbation theory in gradients g and interaction λ. The leading
contribution to SO ρ(x, ξ) has the form

ρ(0,0)(x, ξ) = w(f(x)), w(f) ≡ exp{F (f)−
∑

k

Zk(f)a+
k ak}; Spw(f) = 1, Spw(f)a+

k ak = fk. (23)

Therefore, all further calculations can be fulfilled with the Wick-Bloch-de Dominicis theorem.

3 Generalized Gross-Pitaevskii equation

Developed theory gives evolution equations for variables η(x, t, ρ0), υn(x, t, ρ0), fk(x, t, ρ) and for asymptotic
value ϕ(x, t, ρ0) of the phase ϕ(x, t) of the condensate wave function ψ(x, t). So, we obtained a close set of
equations for distribution function fk(x, t, ρ) of quasi-particles and for asymptotic value of the condensate wave
function ψ(x, t, ρ0). The Gross-Pitaevskii equational is closed equation for the condensate wave function (see,
for example, [4]). Therefore, our set of equations is a generalization of this equation for the case, in which in the
system there are quasi-particles in kinetic state. Our consideration confirm results of our paper [1] and gives
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new possibilities for investigation of the higher order contribution in gradients. The results will be discussed in
another paper.

Here we consider the case of absence of quasi-particles, in which fk(x, t, ρ0) = 0, in more detail. It is assumed
for simplicity that small parameters of the developed theory are equal g = λ. This restriction is not serious
because gradients of reduced description parameters decrease with time. In the terms of amplitude and phase
of the condensate wave function our generalized Gross-Pitaevskii equations have the form:

η̇ = −υn
∂η

∂xn
+

{
1
2η

(
η

2
∂

∂η
− 1

)
n0(η)− η

2

}
∂υn

∂xn
,

~ ϕ̇ = −mµ0(η)− mυ2

2
+
~2∆η

2mη
− a

∂

∂xn

(
η

∂η

∂xn

)
, (24)

where terms of the order λ3 are omitted (a ≡ 4π
3

∫ +∞
0

drr4Φ(r)). These equations contain density of particle
number n0(η) and chemical potential µ0(η) of the gas at T = 0 as a function of η

n0(η) = η2 +
1
2

∫
d3k

(2π)3
αk − εk

εk
+ O(λ2), µ0(η)m = ν0n0 +

1
4η

∂

∂η

∫
d3k

(2π)3
(εk − αk) + O(λ4). (25)

According to [4] usual Gross-Pitaevskii equations can be obtained from (25) in approximation n0(η) = η2, µ(η) =
ν0η

2/m, a = 0. Our corrections are a result of a consequent investigation of dynamics of the Bose gas on the
basis of the reduced description method.

The rigorous mathematical derivation of the Gross-Pitaevskii equations was presented in [5], but without
any corrections to usual equations.

4 Conclusion

In this work kinetic theory of the Bose gas in the presence of the Bose-Einstein condensate was discussed on the
basis of the Bogolyubov reduced description method (functional hypothesis). The condensate wave function and
distribution of the Bogolyubov quasi-particles were chosen as a reduced description parameters. The Bogolyubov
transformation, which introduces these quasi-particles, was generalized for spatially nonuniform states. This
allowed to formulate a boundary condition to the Liouville equation consistent with the Bar’yakhtar-Peletminsky
picture of spatial dependance of statistical operator. The boundary condition used to transform the Liouville
equation into integral equation solvable in a perturbation theory in small interaction of the Bose particles and
gradients of the reduced description parameters. The obtained results simplified and in some places corrected
results of paper [1]. Corrections to the Gross-Pitaevskii equation for the condensate wave function are found,
which take into account presence of the quasi-particles and effects of the rigorous dynamics of the system. On
this basis the waves and vortexes in the condensate at zero and finite temperatures will be studied in another
paper. The suggested method can be used as a basis for further investigations of non-equilibrium processes in
other quantum systems, in particular, in helium II.
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This work is aimed at demonstrating the possibility to construct new exactly-solvable stochastic systems by use
of the extended supersymmetric quantum mechanics (N = 4 SUSY QM) formalism. A feature of the proposed
approach consists in N = 4 SUSY QM the fact that probability densities and so obtained new potentials,
which enter the Langevin equation, have a parametric freedom. The latter allows one to change the potentials
form without changing the temporal behavior of the dispersion function.

1 N = 4 SUSY QM

Let us get started with a brief discussion of the N = 4 SUSY QM structure and constructing within its
framework isospectral Hamiltonians [1, 2]. The N = 4 SUSY QM Hamiltonian has the following form:

Hσ1,σ2 =
1
2
(p2 + V 2

2 (x) + σ
(1)
3 V 1

2 (x)) ≡ 1
2
(p2 + V 2

1 (x) + σ
(2)
3 V 1

1 (x)) (1)

where we have introduced (~ = m = 1):

Vi(x) = W ′(x) +
1
2
σ

(i)
3

W ′′(x)
W ′(x)

(2)

W (x) is a superpotential, σ
(i)
3 are matrices which commute to each other and have the eigenvalues ±1

σ
(1)
3 = σ3 ⊗ 1, σ

(2)
3 = 1⊗ σ3 (3)

Supercharges Qi of the extended supersymmetric mechanics form the algebra:
{
Qi, Q̄k

}
= 2δikH; {Qi, Qk} = 0; i, k = 1, 2 (4)

And admit the form:
Qi = σ

(i)
− (p + iV (i+1)(x)), Q̄i = σ

(i)
+ (p− iV (i+1)(x)) (5)

Constructing isospectral Hamiltonians within the N = 4 SUSY QM is based on the fact that four Hamil-
tonians cast into one supermultiplet. Let us take as an initial one of the Hamiltonians

Hσ1,σ2 = 1
2 (p− iσ1Vσ2(x))(p + iσ1Vσ2(x)) + ε ≡ 1

2 (p− iσ2Vσ1(x))(p + iσ2Vσ1(x)) + ε (6)

where
Vσ2(x) = W ′(x) +

1
2
σ2W

′′(x)/W ′(x), (7)

and ε is the so-called factorization energy. In what follows the energy level will be counted from ε.
Consider an auxiliary equation:

Hσ2
σ1

ϕ(x) = εϕ(x) (8)

Its general solution ϕ(x, ε, c) is the linear combination of two independent solutions ϕ(1)(x, ε) and ϕ(2)(x, ε).
The expression for W (x) in terms of ϕ(x, ε, c) has the from of:

W (x) =
σ1

2
ln


1 + λ

x∫

xi

dx′ [ϕ(x′, ε, c)]2σ1σ2


 (9)

where λ, xi are two new parameters.
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For definiteness we will consider σ1 = σ2 = −1. Then, relations in the above can be presented in the form
of:

H−
+ = H−

− −
d2

dx2
ln ϕ(x, ε, c), ψ−+(x,E) =

1√
2(E − ε)

W
{
ϕ(x, ε, c)ψ−−(x,E)

}

ϕ(x, ε, c)
(10)

H+
+ = H−

− − d2

dx2 ln(1 + λ
x∫

xi

dx′ [ϕ(x′, ε, c)]2)

ψ+
+(x,E) = ψ−−(x,E)− λϕ(x,ε,c)

1+λ
xR

xi

dx′[ϕ(x′,ε,c)]2

x∫
xi

dx′2ϕ(x′, ε, c)ψ−−(x′, E)
(11)

In the case when ϕ(x, ε, c) is a ground state eigenfunction of the initial Hamiltonian, wave function of ground
state H+

+ has a form:

ψ+
+(x, E0) = N0

ϕ(x, ε)

1 + λ
x∫

xi

dx′ [ϕ(x′, ε)]2
(12)

2 Construction of stochastic models associated with N = 4 SUSY QM .

The Fokker-Plank equation is equivalent to the Langevin equation, however the Fokker-Plank is used more
widely in physics, since it is formulated in more common for the probability density m±

t (x, x0) language. The
Fokker-Plank equation takes the form [3, 4]:

∂
∂tm

±
t (x, x0) = D

2
∂2

∂x2 m±
t (x, x0)± ∂

∂xΦ(x)m±
t (x, x0)

m±
t=0(x, x0) = 〈δ(x− x0)〉 ; U±(x) = ∓

x∫
0

dzΦ(z)
(13)

with U±(x) to be the potential entering the Lagevin equation. The Fokker-Plank equation describes the stochas-
tic dynamics of particles in potentials U+ and U− = −U+. Substituting

m±
t (x, x0) = exp {− [U±(x)− U±(x0)] /D}K±(x, t) (14)

the Fokker-Plank equation transforms into the Schrodinger equation with imagine time:

−D ∂
∂tK±(x, t) =

{
−D2

2
∂2

∂x2 + 1
2

[
Φ2(x)±DΦ′(x)

]}
K±(x, t) = H±K±(x, t)

K±(x, t) = 〈x |exp {−tH±/D}|x0〉
(15)

in which the diffusion constant can be treated as the ”Plank” constant. As in the previous case, let us consider
H−
− to the initial Hamiltonian.

H−
− = 1

2

[
p2 +

(
V

(−)
2 (x)

)2

−DV
(−)′
2 (x)

]

V
(−)
2 (x) = W ′(x)− D

2
d
dx ln |W ′(x)| ≡ −D d

dx ln ϕ(x, ε, c)
(16)

The force entering the corresponding Langevin equation:

F (x) = −dU−− (x)

dx = D d
dx ln ϕ(x, ε, c), U−

− (x) = −D ln ϕ(x, ε, c) (17)

Then, in the same to the N = 2 SUSY QM way, there is the relation U−
+ = −U−

− . It directly follows from the
fact that H−

+ is obtained from H−
− with changing V

(−)
2 (x) to −V

(−)
2 (x).

Hence, there is the relation between the stochastic dynamics in a potential and that of in an inverse potential.
Further consideration is based on an important property of N = 4 SUSY QM , which consists in having the

symmetry of Hσ2
σ1

under σ1 ↔ σ2. It leads to:

H−
+ (x, p) =

1
2
Q̄

(−)
1 Q

(−)
1 ≡ 1

2
Q

(+)
2 Q̄

(+)
2 = H+

− (x, p) (18)

If the first equation points to the expression of H(+) in terms of Q1(Q̄1), the second one is H(−) in terms of
supercharges Q2(Q̄2). Though the supercharges of H(+) and H(−) are essentially different:

H−
+ (x, p) = 1

2Q
(+)
2 Q̄

(+)
2 = 1

2

[
p2 +

(
V

(+)
1 (x)

)2

−DV
(+)′
1 (x)

]

V
(+)
1 (x) = d

dx (W + D
2 ln |W ′(x)|) ≡ D d

dx ln

∣∣∣∣∣∣
ϕ(x,ε,c)

1+λ
xR

xi

dx′[ϕ(x′,ε,c)]2

∣∣∣∣∣∣
=

dU+
−

dx

(19)
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Figure 1. Dependence of m+
+,t(x, 0) on x and λ

at z = 1.
Figure 2. Dependence of m+

+,t(x, 0) on x and λ
at z = 0.

From equations (19) follows that at the quantum level the Hamiltonians H+
− and H−

+ possesses the same
spectrum and wave functions, thus the corresponding to them K(x, t) are the same. At the same time the
corresponding to these Hamiltonians stochastic models are described by essentially different potentials, so
their mt(x, x0) are different. Further, the potential U+

− (x) has a nontrivial parametric dependence on λ, that
corresponds to having the family of stochastic models, the probability densities of which have the same temporal
dependence. Having the parametric freedom allows one to change the potential form that is unexpected in the
case. In particular, as it has been noticed in literature, physical quantities such as the time of passing a peak of
potentials depend essentially on local changes of the potential barrier. Looking at H+

+ , we note that it follows
from H+

− with changing V
(+)
1 (x) to −V

(+)
1 (x), as it also takes place in N = 2 supersymmetry. In its turn

the potential of this stochastic system is U+
+ (x) = −U+

− (x). The wave functions which are used to calculate
K+

+ (x, t) have the form of (11) in the case.
Getting back to the parametric dependence of m+

−,t(x, x0) and m+
+,t(x, x0), it should be noted that the

normalisation condition leads to fixing the λ. The same does not happen in the case of m+
+,t(x, x0), if instead of

ϕ(x, ε, c) we will use the normed wave function (say, the ground state wave function) of the initial Hamiltonian
H−
− . From definition:

m+
+,t(x, x0) =

ϕ(x, ε, c)

1 + λ
x∫

−∞
dx′ [ϕ(x′, ε, c)]2

×
1 + λ

x0∫
−∞

dx′ [ϕ(x′, ε, c)]2

ϕ(x, ε, c)

∑
n=0

e−
En
D tψ+

+(x,En)ψ+
+(x0, En) (20)

in view of eq. (1.15) it follows that

∞∫

−∞
dxm+

+,t(x, x0) =

∞∫

−∞
dxm+

+,t=0(x, x0) = (λ + 1)

∞∫

−∞
dx




ϕ(x, ε, c)

1 + λ
x∫

−∞
dx′ [ϕ(x′, ε, c)]2




2

= 1 (21)

It means that the unique restriction to λ is λ 6= −1, that as it was early noticed corresponds to the absence
of singularities at the quantum-mechanical level. It is hard to make an analogous study for m+

−,t(x, x0) in a
general case. However, for the Ornstein-Uhlenbeck process the normalisation condition does not remove the
parametric ambiguity at the definite choice of x0.

3 The Ornstein-Uhlenbeck process

Let us demonstrate the proposed scheme of getting new stochastic models with the well-known Ornstein-
Uhlenbeck process. The Fokker-Plank equation which describes the Ornstein-Uhlenbeck leads to a quantum-
mechanical potential with the harmonic oscillator potential. The factorization energy coincides with the ground
state energy in the case with the harmonic oscillator potential.

(
p2

2
+

ω2

2
x2

)
ϕ(x, ε) = εϕ(x, ε) (22)
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En = nDω, ψ−−(x,En) = (ω/D)
1/2 Hn(x

√
ω/D)e−

ω
D x2

, n = 0, 1, ... (23)

where ε = Dω
2 (the energy counts from ε). The potential entering the Langevin equation:

U−
− (x) = ωx2/2 = Dξ2/2, ξ =

√
ω/Dx. (24)

For the Ornstein-Uhlenbeck process it is easy to see that, at least for the case of x0 = 0, the normalized
condition does also not fix the value of λ. For an arbitrary stochastic process the same is hard to prove.
Calculating m+

+t(ξ, ξ0) we use the wave functions (11) . First of all it has to be pointed out of having the
equilibrium value of m+

+,t→∞(ξ, ξ0):

m+
+,t→∞(ξ, ξ0) = (λ + 1)

( ω

πD

)1/2 e−ξ2

(1 + λ/2 + λ/2Φ(ξ))2
, Φ(ξ) =

2√
π

ξ∫

0

dte−t2 (25)

As it was mentioned in the above, the normalized condition of the probability density does not remove the
λ - parametric freedom. Using the wave functions Ψ+

+(x, En), which are expressed in terms of Ψ−−(x,En), after
simple but tedious calculations we get the expression for the probability density:

m+
+t(ξ, ξ0) = λ

(
ω

πD

)1/2 e−ξ2

(1+λ/2+λ/2Φ(ξ))2 + 1
2

(
ω
D

)1/2 d
dξ

1
1+λ/2+λ/2Φ(ξ)×[

(1 + λ/2 + λ/2Φ(κ))
(
1 + Φ

(
ξ−κz√
1−z2

))
− λ√

π

ξ∫
−∞

dξ′e−ξ′2
[
1 + Φ

(
κ−ξ′z√
1−z2

)]] (26)

The form of m+
+,t(ζ, ζ0) can be viewed from the following plots under the following parametrization ζ0 = 0,

z = e−ωt.
Fig.(1,2) shows results of numerical evaluation of the dependence of m+

+,t(x, 0) on x and λ at different z.
Thus, when z = 1 m+

+,t(x, 0) has well pronounced δ-like shape in concordance with initial conditions. With
decreasing of z m+

+,t(x, 0) changes its shape and this changes are especially significant at λ → −1. In this case
the shift of the maximum of probability density occurs, as well as emergence of substantial assymetry.

4 Conclusions

The described procedure of the obtaining of exactly-solved stochstic models allows to use the results of numerous
works concerning exactly-solved as well as quasi-exaxtly-solved quantum mechanical problems. The distinctive
feature of this approach is an existence of parametric freedom in potentials, that enter the in the Langevin
equation, as well as in transitional probability densities. This situation takes place at any modification in the
spectrum of initial Hamiltonian. It’s important to mention, that normalization condition for m+

−,t(x, x0), most
probably, could be fulfilled only when certain relation between x0 and λ exists. This means that stochastic
model with U+

− (x) is ”bad”. At the same time m+
+,t(x, x0) is a ”good” transitional probability density, which

preserve the parametric freedom.
As is well known, [7, 8], local modifications of the shape of the potential in Langevin equation could lead

to substantial changes of such quantities as times of the passing through barrier and timeof live in metastable
state. Although this quantities are mainly determined by first non-zero energy level in spectrum of Hσ2

σ1
, the

λ-freedom allows for significant variations of their values. This especially important for potentials with several
local minima, which could emerge when constructing isospectral Hamiltonians with factorization energy ε < E0.
In this case potentials Uσ2

σ1
with two wells emerge, symmetric, as well as assymetric and λ-freedom reveals in

substantial modification of the shape and height of the barriers, what leads to changes in the rate of the inter-well
transitions.
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RENORMALIZATION GROUP APPROACH FOR 2+1D U(1) LATTICE GAUGE
THEORY IN FINITE TEMPERATURE LIMIT
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Renormalization group equations describing critical behaviour in the vicinity of the deconfinement phase tran-
sition in 3d U(1) lattice gauge theory at finite temperature are obtained. These equations are used to check the
validity of the Svetitsky-Yaffe conjecture regarding the critical behaviour of lattice U(1) model.

1 Introduction

At high temperatures the partition function of the 3d U(1) lattice gauge theory (LGT) coincides in the leading
order of the high-temperature expansion with that of 2d XY model [1]. The latter is known to possess the
Beresinsky-Kosterlitz-Thouless (BKT) phase tranisition of the infinite order. Moreover, at finite temperatures
the 3d U(1) LGT is invariant under global U(1) rotations acting in a given time-slice of the three-dimensional
lattice. These observations led Svetitsky and Yaffe to conjecture that the finite-temperature phase transition
in 3d U(1) model might belong to the BKT universality class [2]. That means that near the critical point the
correlation function between the Polyakov loops should decrease like

Γ(R) ³ 1
Rη(T )

, (1)

for β ≥ βc, and

Γ(R) ³ exp
[
− R

ξ(t)

]
, t =

βc

β
− 1, ξ(t) ∼ ebt−ν

, (2)

for β < βc. The critical indices η(Tc) and ν for the XY model are known: η(Tc) = 1/4, ν = 1/2. Thus, if
the Svetitsky-Yaffe conjecture holds for 3d U(1) LGT, its critical indices should coincide with those of the XY
model.

There seems to be no rigorous analytical proof that those indices do coincide. Recent numerical simulations
of Ref.[3] indicate that this is the case, at least at strong coupling region (βs = 0). The question remains open if
βs is non-vanishing. Here we attempt to study this problem analytically by constructing renormalization group
equations perturbatively in βs/βt.

2 Definition of the model

As usually we define compact gauge field variables ωl ∈ [0; 2π] on links of an anisotropic 3d lattice Λ = L2×Nt.
The anisotropic couplings are defined by

βt =
1

g2at
, βs =

ξ

g2as
= βt ξ2 , (3)

where as, at are lattice spacings in the temporal and spatial directions respectively, ξ = at

as
, g2 is a continnum

coupling constant. The finite temperature limit is constructed as

ξ → 0, Nt, L → 0, atNt = β , (4)

where β is inverse temperature.
Now we can write down the partition function for the 3d U(1) LGT as

Z =
∫ 2π

0

∏

l

dωl

2π
exp

[
βs

∑
ps

cos ω(ps) + βt

∑
pt

cos ω(pt)

]
. (5)

Here, ps and pt are space- and time-oriented plaquettes, w(p) is a plaquette angle defined in a standard way.
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3 An effective 2d sine-Gordon model

First, we perform duality transformations which are well-known in the context of the isotropic model. For the
anisotropic model we find the dual representation for the partition function of the form

Z =
∞∑

r(x)=−∞

∏
x

2∏
n=0

Ir(x)−r(x+en)(βn) , (6)

where Ir(x) is the modified Bessel function.
Let us now redefine the variables in (6) in the following way

r(x, t) = r(x) +
t∑

τ=1

ω(x, τ) , (ω(x, τ) = r(x, τ)− r(x, τ − 1)) . (7)

Here and below x contains only spatial coordinates. Temporal coordinate dependence is written explicitly.
Replacing the Bessel functions with their asymptotics at large βt we obtain after some algebraic manipula-

tions and integration over ω(x, τ) the following representation for the partition function

Z =
∞∑

r(x)=−∞
Q(r(x)) exp

[
− 1

2βt

∑
x,n

(r(x)− r(x + n))2
]

, (8)

where notations have been used

Q(r(x)) =
L−1∏

Kn=0

∫ ∞

−∞

∏
n,t

dSn(K, t) exp

{
−1

2
Sn(K, t)An,n′(K; t, t′)Sn′(−K, t′)− ihn(K)

Nt∑
t=2

Sn(K, t)

}
,

An,n′(K; t, t′) = βtδn,n′δt,t′ + βsb1(βsNt)ν(t, t′) (1− exp[iKn]) (1− exp[−iKn′ ]) ,

ν(t, t′) = min(t, t′)− 1− 1
Nt

(t− 1)(t′ − 1) ,

b1(x) =
I1(x)
I0(x)

, hn(K) =
1
L

∑
x

(r(x)− r(x + en)) exp [iKx] .

Integration over the Sn(K, t) variables leads to the result which we present in the form

Z =
∞∑

r(x)=−∞
exp

[
−1

2
r(x)G(x, x′)−1

r(x′)
]

. (9)

Here we have introduced the Green function G(x, x′)−1 given by

G(x, x′)−1 =
∑

n,n′
[Bn,n′(x, x′)−Bn,n′(x− en, x′)−Bn,n′(x, x′ − en′ + Bn,n′(x− en, x′ − en′))] ,

Bn,n′(x, x′) =
1
βt

δn,n′δx,x′ +
1
L2

∑

K

exp[iK(x− x′)]
Nt∑

t,t′=2

A−1
n,n′(K; t, t′) . (10)

Expanding the matrix A−1
n,n′ up to the second order in βs

βt
we find

G(x, x′)−1 = 2g2β

(
∆− 1

6
β3

g2a2
s

∆2 +
1

120
β6

g4a4
s

∆3

)
. (11)

with ∆ being a two-dimensional Laplace operator.
To compute the partition function in (9) we use the Poisson summation formula. The result is a two-

dimensional vortex model with the action

Svor =
∑

x,x′
mxG(x, x′)m′

x . (12)

As is seen from (11) at large temperatures the interaction betwen vortices is of Coulomb type, i.e. logarithmic,
up to corrections. That means in the thermodynamical limit only neutral configurations of vortices contribute
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to the partition function and, therefore one can apply the methods developed for the XY model to compute
sums over vortex configurations. Adding a chemical potential term for the vortices we come finally to

Z =
∫ ∏

x

dφ(x) exp


1

2

∑

x,x′
φ(x)G(x, x′)−1

φ(x′)− 2y
∑

x

cos (2πφ(x))


 . (13)

The model (13) is of the sine-Gordon type. It follows from (11) that the leading order of the high-temperature
expansion coincides exactly with the conventional sine-Gordon model. Corrections produce long-range interac-
tions. This model is starting point for performing renormalization group transformations.

4 The renormalization group equations

To obtain the renormalization group equations we take the continuum limit of the model (13). How to perform
the RG transformations for the conventional sine-Gordon model is well-known, see for instance [4]. We follow
this strategy and introduce a momentum cutoff λ. Then, integrating out the high-momentum part of the field
we get the statistical sum for momentum cutoff λ′ = λ − dλ. This allows to construct the renormalization
group equations in a quite standard way since new partition function turns out to coincide with the original
one up to renormalization of all coupling constants and chemical potential. Introducing variables βeff = 1

2g2β ,

y = y0 exp[−π2βeff/2] and γ = 1
6

β3

g2 we obtain the renormalization group equation in the form





dy = −y (πβeff (1 + γ)− 2)
da

a
,

dβeff = −2π4α2y
2βeff

3(1 + γ)
da

a
,

dγ = 2γ
da

a
+ γ

dβeff

βeff
.

(14)

It is convenient to redefine variables according to X = πβeff (1 + γ)− 2, Y = 4π
√

α2. Let us recall that the
values X = Y = 0 are fixed points of the XY model and γ is small by construction. This allows us to rewrite
the system of equations near small values of X,Y and γ as





dY = −Y X
da

a
,

dX = −Y 2 da

a
+ 4γ

da

a
,

dγ = 2γ
da

a
.

(15)

This system of RG equations is the same as one for the XY model up to the terms containing γ. Perturbative
in γ analysis shows that the renormalization flow of the XY model is not affected when γ is sufficiently small.
When γ is growing we run out of the region of the validity of our equations.

5 Summary

RG equations calculated here coincides with the RG equations for the XY model up to a small term which does
not affect the universality class. Thus, RG calculations support the Svetitsky-Yaffe conjecture, at least in the
region of bare coupling constants where our approximations hold.

Hopefully this result can be extended by going to higher order terms of equations and by solving them to
calculate exact values of the critical indices. It is also interesting and important to compute the critical indices
from numerical simulations of the 3d U(1) LGT. Such computations are now in progress.
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Using a plaquette formulation for lattice gauge models we describe monopoles of the 3D SU(2) theory which
appear as configurations in the complete axial gauge and violate the continuum Bianchi identity. Furthemore
we derive a dual representation for the Wilson loop in arbitrary representation and calculate the form of the
interaction between generated electric flux and monopoles in the region of weak coupling relevant for the
continuum limit. The effective theory which controls the interaction is a generalized version of the sine-Gordon
model. The string tension is calculated within the semiclassical approximation.

1 Introduction

The problem of the permanent confinement of quarks inside hadrons attracts attention of the theoretical physi-
cists for the last three decades (see [1] and refs. therein for a recent review of the problem). Two of the most
popular and the most elaborated mechanisms of confinement are based on the condensation of certain topologi-
cally nontrivial configurations - the so-called center vortices or monopoles. In this paper we are interested in the
second of these configurations. It was proposed in [2] in the context of continuum compact three dimensional
(3D) electrodynamics that the string tension is nonvanishing in this theory at any positive coupling constant,
and the contribution of monopoles to the Wilson loop was estimated in the semiclassical approximation. Later
this consideration was extended to U(1) lattice gauge theory (LGT) in 3D [3]. It turns out that these are
precisely monopole configurations which make the string tension nonvanishing at all couplings. A rigorous
proof of this property was done in [4]. While the monopoles of abelian gauge models can be given by a gauge
invariant definition it is not the case for nonabelian models. The most popular approach consists of a partial
gauge fixing such that some abelian subgroup of the full nonabelian group remains unbroken. Then, one can
define monopoles in a nonabelian theory as monopoles of the unbroken abelian subgroup. Here we propose a
different way to define monopoles in nonabelian models. Its main feature is complete gauge fixing. Monopoles
appear as defects of smooth gauge fields which violate the Bianchi identity in the continuum limit, in the full
analogy with abelian models. Our principal approach is to rewrite the compact LGT in the plaquette (con-
tinuum field-strength) representation and to find a dual form of the nonabelian theory. The Bianchi identity
appears in such formulation as a condition on the admissible configurations. This allows to reveal the relevant
field configurations contributing to the partition function and various observables. Such a program was accom-
plished for the abelian LGT in [3]. Here we are going to work out the corresponding approach for nonabelian
models on the example of 3D SU(2) LGT.

2 Plaquette formulation and monopoles

LGT was formulated by K. Wilson in terms of group valued matrices on links of the lattice as fundamen-
tal degrees of freedom [5]. The plaquette representation was invented originally in the continuum theory by
M. Halpern and extended to lattice models by G. Batrouni [6]. In this representation the plaquette matrices
play the role of the dynamical degrees of freedom and satisfy certain constraints expressed by Bianchi identities
in every cube of the lattice. In papers [7], [8], [9] we have developed a different plaquette formulation which we
outline below.

We start from the partition function that can be written on the dual lattice as [10]

Z =
∫ ∏

l,k

dωk(l)e−
2β
8 ω2

k(l)
∏
x

|Wx|
sinWx

∞∑

m(x)=−∞

∫ ∏

k

dαk(x) exp

[
−i

∑

k

αk(x)
ωk(x)

2
+ 2πim(x)α(x)

]
, (1)

where α(x) = (
∑

k α2
k(x))1/2, Wx = 1

2 (
∑

k ω2
k(x))1/2 and similarly for Wl. m(x) are arbitrary integers. Auxiliary
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fields αk(x) have been introduced for integral representation of the Bianchi identity (see [9] for details)

[∑

k

ωk(x)
2

2
] 1

2

= 2πm(x) , ωk(x) =
3∑

n=1

(ωk(x, n)− ωk(x− en, n)) +O(ω2
k(l)) .

Here, six links l = (x, n) are attached to a site x and ωk(l) are link variables dual to original plaquettes. In
the continuum limit the last constraint reduces to the familiar Bianchi identity if one takes m(x) = 0 for all
x. However, when m(x) differs from zero one gets violation of the continuum Bianchi identity at the point
x. Clearly, m(x) 6= 0 configuration corresponds to the monopole configuration of nonabelian gauge field.
Therefore, we may interpret the summation over m(x) as a summation over monopole charges which exist due
to the periodicity of SU(2) delta-function (in close analogy with U(1) model).

3 Effective monopole model for SU(2) LGT at large β

Here we would like to calculate the contribution of monopole configurations to the partition function and to the
Wilson loop. We make expansion of the action, invariant measure and Jacobian around nontrivial monopole
configuration. To do this one should get exact classical equation and find its solution on the nontrivial monopole
configuration. We consider that fluctuations around this configuration should be small and restrict ourselves
only to the classical solution. We also have to assume that connectors (see its definition in [9]) are not important
in generating the string tension and produce only smooth perturbative corrections to the dual gluons.

Starting from (1) we can obtain the following saddle-point equations for fields ωk(l) and αk(x)

ωk(x) =
∑

l∈x

ωk(l) + εkmn
∑

l<l′∈x

ωm(l)ωn(l′) + ... = 4πm(x)
αk(x)
α(x)

,

−2β

4
ωk(l)− i

1
2
[(αk(x)− αk(x + en)) + ... = 0 . (2)

To find the solution of (2) we use an anzatz ωk(l) = τkωs(x) , αk(x) = τkαs(x) where τk have properties
τk · τn = 0 , k 6= n,

∑
k τ2

k = 1. After these substitutions we obtain a solution for functions ωs(l) and αs(x)

ωs(l) = −2πDl(y)m(y) , αs(x) = iπβGxx′m(x′)

We use this solution to compute the Wilson loop of the size R × T in the representation j. Let S be some
surface dual to the surface Sxy which is bounded by the loop C and consisting of links dual to plaquettes of the
original lattice. The expectation value of Wj(C) at β →∞ we present in the form

〈Wj(C)〉 =
1

2j + 1

〈
χj

(
1
2
ΩC

)〉
, ΩC =

(∑

k

Ω2
k(C)

) 1
2

, Ωk(C) =
∑

l∈S

ωk(l) +O(ω2
k(l)) . (3)

Then, by a substitution

ωk(l) → τkωs(l) +
1√
2β

ωk(l) , αk(x) → τkαs(x) +
√

2βαk(x)

the expectation value of W (C) in (3), averaged by the ensemble in (1), is presented at β →∞ in the form

〈Wj(C)〉 =
1
Z

1
2j + 1

∏
x

∞∑

m(x) = −∞
eSmon

∫ ∞

−∞

∏

l,k

dωk(l)
∫ ∞

−∞

∏

x,k

dαk(x) χj

(
1
2
ΩC

)

×
∏

l,k

exp[−1
8
ω2

k(l)− i
1
2
ωk(l) (αk(x + en)− αk(x))] , (4)

where χj(x) is a SU(2) character and the effective action Smon is of the form

Smon = −2βπ2m(x)Gxx′m(x′) . (5)

To perform the summation over monopole configurations mx = 0,±1 we follow the strategy of Refs.[4], [11].
Using the decomposition Gxx′ = Bxx′ +Gxx′(M) , where Bxx′ = Gxx′−Gxx′(M) we rewrite the effective action
(5) in the form

Smon = −2βπ2m(x)Bxx′m(x′)− 2βπ2G0(M)
∑

x

m2
x − 2βπ2

∑

x 6=x′
m(x)Gxx′(M)m(x′) . (6)
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The first term in (5) is presented as

e−2βπ2m(x)Bxx′m(x′) = (detB−1
xx′)

3/2

∫ ∞

−∞

∏
x

dφx exp[− 1
2β

φxB−1
xx′φx′ + i2πφxm(x)] .

The behaviour of Gxx′(M) in the thermodynamic and continuum limits is well known

Gxx′(M) =
2

πR
e−

1
2 MR, R =

[∑

k

(xk − x′k)2
] 1

2

.

This behaviour allows us to keep only self-energy of the monopoles SSE
mon = −π2G0(M)

∑
x m2

x if MR À 1.
After algebraic manipulations we keep in the sums over monopoles only configurations m = 0,±1. This

gives the effective model which appears to be of the sine-Gordon type. To write down the final expression we
make use of the fact that B−1

xx′(M) ≈ G−1
xx′ for M sufficiently large and integrate over fluctuations ωk(x) and

αk(x) when m(x) = 0. Since we are interested in recovering PT (perturbation theory) result at large β we
consider small fluctuations ωk(l) ≈ 0 and use the following asymptotics of SU(2)-character uniformly valid in j

〈Wj(C)〉 '
∫

S2
dσk

〈
e−i
√

j(j+1)
Ωk(C)

2 σk

〉
'

∫

S2
dσk exp[−ijk(l)ωk(l)] , (7)

where expression for Ωk(C)
2 is given in (3) and jk(l) = 1

2

√
j(j + 1)σk for l ∈ S.

Substituting representation (7) in the expression (4) we integrate out the fluctuations to find

〈Wj(C)〉 =
1
Z

Hgl
j Hmon

j ,

where Hgl
j is the conventional PT result

Hgl
j = e−

j(j+1)
2β

P
b,b′∈S Gbb′

and for Hmon
j one arrives at the following effective model

Hmon
j =

∫ ∞

−∞

∏

x,k

dφx exp(−Smon
eff [φx]),

where

Smon
eff [φx] =

1
4β

∑
x,n

(φx − φx+n)2 − γ
∑

x

1
2j + 1

χj

(
ΩC

2

)
cos 2πφx .

Here γ = 2 exp[−2π2βG0(M)] and ΩC = 2π
∑

b∈S Db(x) .
This model possesses an important feature. We see surface independence of the Wilson loop due to the

sources which enter through SU(2) group character (see properties of link Green function in our paper [9]).
To perform semiclassical calculations we take the continuum limit. In this limit we get the following saddle-

point equation of sine-Gordon type

∆α(x) = −m2 1
2j + 1

χj

(
ΩC

2

)
sin α(x) . (8)

Here we have introduced the Debye mass

m2 = 32π2βe−2π2βG0(M) . (9)

After calculations we find
ΩC

2
= πϕ(z) + ψ(z, x, y; R, T )

where ϕ(z) = sign(z) and ψ(x, y; R, T ) is a correction which decays with R, T growing. If one neglects this
correction for large Wilson loop one arrives to

1
2j + 1

χj

(
ΩC

2

)
=

1
2j + 1

sin(2j + 1)ΩC

2

sin ΩC

2

= cos (πϕ(z))

for all half-integer j. In this approximation for all half-integer j we write down the saddle-point equation (8) as

∆φ(x) = 2πδ
′
(x)θ(x, y; R, T )−m2 sinφ(x) , (10)
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where θ(x, y; R, T ) is nonzero only for x, y ∈ S. Far from the boundaries of the contour C the saddle-point
equation (10) is essentially one dimensional and has the solution

φ(z) = 4sign(z) arctan(e−sign(z)mz) . (11)

This solution have an essential property

φ(+0)− φ(−0) = 2π . (12)

We want to stress that there is no have such a nontrivial solution (with important property (12)) for all integer
j. The solution (12) leads to the desirable area law for all half-integer representations

〈Wj(C)〉 ≈ e−σ(j=n+1/2)AC− j(j+1)
2β

P
b,b′∈S Gbb′ ,

where AC is the area of Wilson loop C and the string tension reads

σ =
1

π2β
m .

The second term in the exponent is the leading term of the PT [9]. String rension for all integer j is vanishing.
The mass of dual photons is given in (9).

4 Conclusion

In this paper we calculated effective model at large values of β for the expectation value of the Wilson loop in
3D SU(2) LGT. This model appears to be a sine-Gordon type and it is valid for all values of representations j
of SU(2) group. This model takes into account both the dual photons and the monopole contributions. For all
half-integer representation in the semiclassical approximation we have found that the Wilson loop obeys the area
law and string tension σ ∼ m. Therefore, proposed mechanism of confinement is able to reproduce this essential
feature of the model. It remains unclear if this contribution is also necessary condition of confinement. Our
calculations also support the result by Polyakov that the string tension is nonzero only for odd representations
j in U(1) LGT [12].
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The center vortex model has been proposed as an explanation of confinement in non-Abelian gauge theories.
Low-lying Dirac eigenmodes are related to the chiral properties of a gauge configuration. We investigate the
correlation of center vortices and Dirac eigenmodes in SU(2) lattice gauge theory.

1 Introduction

Lattice QCD (LQCD) is the main tool for probing QCD in the non-perturbative regime, where QCD predicts
quark confinement and chiral symmetry breaking. We work with lattices generated by Monte Carlo simulation of
the tadpole improved Lüscher-Weisz pure-gauge action, mainly at coupling β = 3.3 (lattice spacing a = 0.15 fm)
for the SU(2) gauge group, which is very appropriate to study the mechanism and relation of these phenomena.
Center-Projection is performed by Direct Maximal Center Gauge (adjoint Landau gauge), maximizing the
squared trace of link variables Uµ(x) by the over-relaxation method. The mapping to link variables on the center-
projected (or “vortex-only”) lattice, for the SU(2) gauge group, is given by Uµ(x) → Zµ(x) = signTr[Uµ(x)]
and the link variables on vortex-removed lattices are defined as U ′

µ(x) = Zµ(x)Uµ(x).

2 Center vortex picture of confinement

Center vortices, quantized magnetic flux-lines, compress the gluonic flux into tubes and cause a linearly rising
potential at large separations. This confinement mechanism was tested in many ways, for a detailed discussion
see Ref. [1]. In Fig. 1 we show vortex limited Wilson loops Wn, with n vortices piercing the Wilson loop. As the
loop area increases the Wilson loop approaches the limit (−1)nW0. Fig. 2 shows the effect of vortex removal on
the Creutz ratio, the string tension vanishes whereas for the center-projected (“vortex only”) configuration the
Creutz ratio approaches the asymptotic string tension. Removing vortices also restores chiral symmetry [2], i.e.
the chiral condensate vanishes, which is closely related to low-lying Dirac eigenmodes.

3 Dirac eigenmodes and chiral symmetry breaking

The chiral condensate 〈ψψ〉 is an order parameter for chiral symmetry breaking. According to the Banks-Casher
relation [3] ψ̄ψ = πρ(0)/V , the chiral condensate is directly proportional to the density of near zero modes ρ(0).
Fig. 3 shows the first twenty eigenvalue pairs of the asqtad staggered Dirac operator [4] on a 204 lattice using
antiperiodic boundary conditions at β = 3.3 for full, center-projected and vortex removed configurations. There
is a clear gap in the vortex removed spectrum, indicating restored chiral symmetry, whereas in the vortex
only case, the chiral condensate seems to be even enhanced in comparison to the original configuration. The
vortex excitations of the center-projected lattice carry not only the information about confinement, but are also
responsible for chiral symmetry breaking via the Banks-Casher relation. (see also [5, 6, 7])

4 Dirac eigenmode density and vortex correlations

Next we investigate the eigenmode density ρλ(x) = ψ†λ(x)ψλ(x), where ψλ(x) is the normalized (
∑

x ρλ(x) = 1)
eigenvector of the Dirac operator corresponding to the eigenvalue λ. We plot representative maximum density
peaks for overlap and asqtad staggered eigenmodes on full configurations in Fig. 4 and for asqtad staggered
eigenmodes on center-projected configurations in Fig. 5a. The overlap Dirac operator [8] does not provide
reliable results on the singular gauge fields of center-projected configurations. In all other cases the figures show
clearly sharp peaks in point-like regions of the lattice volume.

In Fig. 6 we present the vortex density in dependence of the distance (in lattice units a) from these eigenmode
density peaks and find strong correlations between the eigenmode density and vortex structures. These dense
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Figure 1. Ratios of vortex limited Wilson loops
Wn on 204 lattice at β = 3.1.

Figure 2. Creutz ratios at β = 3.3 for full,
center-projected and vortex-removed 204 lattices.

Figure 3. Dirac spectra of asqtad staggered fermions on a 204 lattice at β = 3.3 for full, center-projected and
vortex-removed configurations.

Figure 4. Maximum density peaks (center) of first a) asqtad staggered and b) overlap Dirac eigenmode on a
full 204- resp. 164-lattice configuration, with upper (above) and lower (below) z-slices of the same t-slice.
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Figure 5. a) Maximum density peaks (center) of first asqtad staggered Dirac eigenmode on a center-projected
204-lattice configuration, with upper (above) and lower (below) z-slices of the same t-slice. b) Peaks correlate
with topological charge sources, vortex intersection (above) and writhing points (below).

vortex structures at the eigenmode density peaks are known to be sources of topological charge from the picture
advocated by Engelhardt and Reinhardt [9], shown in Fig. 5b.

Finally, we directly correlate Dirac eigenmodes of different fermion operators by comparing the position
of their eigenmode density peaks. In Fig. 7 we present a representative example of the eigenvalue spectra of
overlap and asqtad staggered fermions on a full and the corresponding center-projected 164-lattice configuration.
We draw a line between two eigenvalues when their eigenmode density peaks match exactly. This is a rather
interesting result since we find that the different eigenmode spectra do not provide the same physical contents
at comparable energy levels, i.e. the correlations mix between different eigenvalues. The overlap zero mode for
example appears as second center-projected and fourteenth full asqtad staggered mode.

5 Conclusions

We presented significant results that the center vortex model not only explains confinement and topological
charge, but also the breaking of chiral symmetry. We also find strong correlations between Dirac eigenmode,
vortex and topological charge densities. These results were published in [10]. Nevertheless, the final result
shows that different fermion realizations on the lattice may lead to slightly different results.

Figure 6. Vortex density in dependence of the distance from maximum Dirac eigenmode density peaks.
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Figure 7. Dirac eigenvalue spectra on a 164-lattice configuration with eigenmode correlations (connection
lines). For better presentation we just plot the absolute value of the overlap eigenvalues and not the Ginsparg-
Wilson circle, which in fact makes no difference for the low-lying modes.
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The new potential model for pionic hydrogen, constructed with the employment of the two-body relativistic
equation, is proposed. Within this model, using the experimental data on the strong energy level shift and width
of the 1s state in pionic hydrogen as input, the pion-nucleon scattering lengths are evaluated. The dependence
of the scattering lengths on the Lorentz structure of the strong interaction potential is discussed.

1 Introduction

Experiments performed with hadronic atoms give us an important piece of information on strong interactions
at low energy. In particular, the data on the shift in energy and the width in pionic hydrogen [1, 2] allow a
precise determination of the pion-nucleon scattering lengths. For this end, the non-relativistic scattering theory,
the effective field theory techniques and the potential models are used (see review on this topic in Ref. [3]).

The conventional potential model for pionic hydrogen, the bound π−p system, is the one-particle approx-
imation based on the Klein-Gordon equation with electromagnetic and strong interactions which are included
through the Lorentz-vector and Lorentz-scalar potentials, respectively [4]. However, despite the Lorentz struc-
ture of the strong interaction potential is still unclarified, the differences appeared when the strong interaction
is introduced as the Lorentz-vector potential instead of the Lorentz-scalar one have not been investigated. Such
an investigation implies the exact treatment of the relativistic kinematics in the π−p system that forces us to
go beyond the one-particle approximation.

Recently, a new wave equation for a relativistic fermion-boson system has been offered [5]. Based on the
extension of the SL(2, C) group to the Sp(4, C) one, this equation describes self-consistently the relativistic
two-body kinematics as well as the effect of the fermion spin and anomalous magnetic moment and permits us
to deal with Lorentz-scalar, Lorentz-vector and Lorentz-tensor potential interactions.

The goal of the present work is to apply the proposed equation [5] to construct a relativistic two-body
potential model for pionic hydrogen (more details are given in Ref. [6]) and to investigate the dependence of
the pion-nucleon scattering lengths on the Lorentz structure of the strong interaction potential.

2 Model

Let us briefly describe the wave equation for a fermion-boson system derived with the extension of the SL(2, C)
group. It is known that the homogeneous Lorentz group SO(1, 3) is covered by the symplectic SL(2, C) ≡
Sp(2, C) group. As a consequence, the wave equation for a relativistic particle can be written within the
framework of the SL(2, C) Weyl spinor formalism [7]. It has been shown [5] that the extension of the SL(2, C)
group to the Sp(4, C) one enables us to construct relativistic wave equations describing two-body systems.

Consider the system consisted of a spin-1/2 fermion and a spin-0 boson. The wave function of this system
is represented by a Dirac spinor or, in our treatment, by two Sp(4, C) Weyl spinors ϕ and χ̄, whereas the
corresponding wave equation has the Dirac-like form

[I ⊗ σm(wm + Am) + τ1 ⊗ σm(pm + Bm)]χ̄ = [m+ + S+ + τ1 ⊗ I(m− + S−)
− iI ⊗ σmσ̃nCmn − iτ1 ⊗ σmσ̃nDmn]ϕ,

[I ⊗ σ̃m(wm + Am) + τ1 ⊗ σ̃m(pm + Bm)]ϕ = [m+ + S+ + τ1 ⊗ I(m− + S−)
− iI ⊗ σ̃mσnCmn − iτ1 ⊗ σ̃mσnDmn]χ̄. (1)

Here four-momenta wm, pm and mass parameters m± are related to the quantities for the particles of the
system by

wm =
1
2
(p1m + p2m), pm =

1
2
(p1m − p2m), m± =

1
2
(m1 ±m2). (2)

The Lorentz-scalar (S±), Lorentz-vector (Am, Bm) and Lorentz-tensor (Cmn, Dmn) potentials in general case
are the functions of wm, pm and the relative coordinate xm = x1m − x2m. The direct products contain 2 × 2
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matrices, namely, σm, σ̃m coming from the one-particle Dirac equation in the Weyl notation [7], the unit matrix
I and the Pauli matrices τ i.

The above equation (1) must be supplemented with the subsidiary condition

(wmpm −m+m−)
(

ϕ
χ̄

)
≡ 1

4
(p2

1 − p2
2 −m2

1 + m2
2)

(
ϕ
χ̄

)
= 0, (3)

which guarantees that in the lack of the interaction the constituent particles are on the mass shell, being
subjected to the free Dirac and Klein-Gordon equations. Since the developed formalism does not distinguish
between the masses of the constituents, in the following we accept, for definiteness, that the Dirac fermion
(proton) has the mass m1 and the Klein-Gordon boson (π−-meson) has the mass m2.

It is to be pointed that in the presence of the interaction the wave equation (1) and the subsidiary condition
(3) must be compatible. The demand of the compatibility imposes the restrictions on the shape of the potentials
[5]. Moreover, the potentials must depend on the relative coordinate only through its transverse part x⊥m =
(gmn − wmwn/w2)xn with respect to the total four-momentum wm, which is conserved and so can be treated
as the eigenvalue rather than the operator.

Physically, the shape of the Lorentz-vector and Lorentz-tensor potentials, which are responsible for the elec-
tromagnetic interaction between the constituents, is further constrained by the necessity of obtaining the correct
values of the relativistic kinetic energy, spin-orbit and Darwin terms in the semirelativistic approximation.

We found that the potentials satisfying all stated conditions can be chosen as

Am = (F − 1)wm, Bm = (F−1 − 1)pm − i
2F2

∂F
∂xm

⊥
,

Cmn = 0, Dmn =
k1

4m1

(
∂An

∂xm
⊥
− ∂Am

∂xn
⊥

+
∂Bn

∂xm
⊥
− ∂Bm

∂xn
⊥

)
, (4)

where F = (1− 2A/E)1/2 with E = 2
√

w2 denoting the total energy and A = A(x2
⊥) being the scalar function

which becomes the Coulomb potential if the point charges are assumed, k1 is the anomalous magnetic moment
of the fermion (for the proton k1 = 1.793).

As regards the Lorentz-scalar potentials S±, we demand that they give rise to the conventional scalar
potential in the limit when the proton is assumed to be much heavier than the meson and Eq. (1) is reduced to
the Klein-Gordon equation. This is achieved with putting

S± =
1
2

(
(m+ + m−)2 + 2mwS + S2

)1/2 ± 1
2

(
(m+ −m−)2 + 2mwS + S2

)1/2 −m±, (5)

where mw = m1m2/E is the relativistic reduced mass and S = S(x2
⊥) is the scalar potential.

Upon passing to the center-of-mass frame and separating the spatial variables, the wave equation (1) with
the introduced interaction is transformed into the set of radial equations

(
d
dr

+
κ

r
− k1(E2F2 −m2

1 + m2
2)

4m1E2F2

dA
dr

)
G(r)−

(
E1 −A+ M1F +

k1(κ− 1)
2m1EF2

1
r

dA
dr

)
F (r) = 0 ,

(
d
dr
− κ

r
+

k1(E2F2 −m2
1 + m2

2)
4m1E2F2

dA
dr

)
F (r) +

(
E1 −A−M1F +

k1(κ + 1)
2m1EF2

1
r

dA
dr

)
G(r) = 0 ,

(6)

where r =
√
−x2

⊥, M1 = (m2
1 + 2mwS + S2)1/2, E1 = (E2 + m2

1 − m2
2)/(2E) and the quantum number

κ = ±(j + 1/2) describes the states with j = l ∓ 1/2. It is these radial equations that we will use to calculate
the pionic hydrogen characteristics.

Now let us specify the explicit form of the potentials needed for the description of the interaction between the
proton and the π−-meson. According to Eqs. (4), the electromagnetic interaction is described by the potential
function A, which we represent as the sum of three parts

Ae.m. = Apc +Aext +Avac , (7)

where Apc = −α/r with α = 1/137.036 is the point Coulomb potential, Aext is the addition caused by the finite
extension of the charge distributions of the proton and the π−-meson (the Gaussian distributions are accepted),
Avac is the correction due to the vacuum polarization (the smeared Uehling potential).

We employ the single-channel approximation and account for the pionic hydrogen decay channels by intro-
ducing the optical strong interaction potential, for which the square-well form is assumed

Ustr =





U0 for r ≤
√

5
3 r0 ,

0 otherwise .
(8)
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In order to investigate the influence of the Lorentz structure of the strong interaction potential, we consider
two different cases. The first one corresponds to the Lorentz-scalar strong interaction and utilizes the potentials

A = Ae.m., S = Ustr , (9)

whereas the second one involves the Lorentz-vector form

A = Ae.m. + Ustr, S = 0. (10)

With these two sets of the potentials, we calculated the pion-nucleon scattering lengths. In order to fit
the position and width of the quasistationary energy level of the 1s state, the radial equations were solved
numerically with varying the complex value of the strong interaction potential strength U0. Under realization
of this procedure, the most recent experimental data on the strong energy-level shift, εstr1s = −7.120 ± 0.008
(stat) ±0.006 (syst) eV, and the width, Γ1s = 0.823 ± 0.018 eV, in pionic hydrogen [2] and on the rms charge
radii and masses of particles [8] were used. For adapting the experimental data to our single-channel approach,
the strong decay channel (π−p → π0n) was separated out with the replacement of the total decay width, Γ1s,
by the partial width, Γπ0n

1s = Γ1s/(1 + P−1), where P = 1.546(9) is the Panofsky ratio.
After the potential strength, U0, had been adjusted, the electromagnetic interaction was switched off and

the radial equations were solved once again to produce the pion-nucleon scattering lengths aπ−p, aπ0n. The
whole procedure was repeated with varying the range parameter r0 between 0.5 fm and 1.5 fm. The calculations
with the exponential and Gaussian potentials instead of the square-well potential did not changed the values of
aπ−p, aπ0n, as it is expected for the effective-range theory.

3 Results

The final results for pion-nucleon scattering lengths obtained within the proposed relativistic two-body potential
model for pionic hydrogen, using the two different Lorentz structure forms (9) and (10), are

Lorentz-scalar strong int.: aπ−p = 0.0860(6)m−1
π , aπ0n = −0.1223(19)m−1

π ,

Lorentz-vector strong int.: aπ−p = 0.0855(6)m−1
π , aπ0n = −0.1220(18)m−1

π ,
(11)

where mπ is the π−-meson mass. It is to be pointed that the error in aπ−p arises mainly from the range
dependence of r0 and is reduced to 0.0002m−1

π if the value r0 = 1.0 fm is fixed, whereas almost all the error in
aπ0n comes from the experimental uncertainty in Γ1s.

Thus, we conclude that the difference between the pion-nucleon scattering lengths obtained with the Lorentz-
scalar and Lorentz-vector strong interaction is less than or approximately equal to the accuracy with which these
scattering lengths can be extracted from the available experimental data.

In addition, we found that the influence of the Lorentz structure of the strong interaction potential varies
depending on the type of the wave equation employed. Indeed, it turns out that the difference ascal

π−p − avect
π−p =

(0.0860 − 0.0865)m−1
π = 0.0005m−1

π predicted by our two-body equation is about half of the value 0.0009m−1
π

obtained within the framework of the Klein-Gordon equation with the same potentials (9) and (10).
Notice that our results on the pion-nucleon scattering lengths are consistent with those recently extracted

within the framework of other potential models. In particular, values in Eqs. (11) agree reasonably well with
quantities aπ−p = 0.0859(6)m−1

π , aπ0n = −0.1243(15)m−1
π , calculated using the three-channel relativized poten-

tial model [9], and aπ−p = 0.0870(5)m−1
π , aπ0n = −0.125(4)m−1

π , calculated using the non-relativistic scattering
theory [10]. The agreement would be even better if we used, as in Refs. [9, 10], the earlier value for the pionic
hydrogen width [1] which is substantially larger than the latest one [2].
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The quark behaviour in the background of intensive stochastic gluon field is studied. An approximate procedure
for calculating the effective Hamiltonian is developed and the corresponding ground state within the Hartree-
Fock-Bogolyubov approach is found. The comparative analysis of various model Hamiltonian is given and
transition to the chiral limit in the Keldysh model is discused in detail. We study response to the process of
filling up the Fermi sphere with quarks, calculate the vacuum pressure and demonstrate the existence of filled-in
state degenerate with the vacuum one.

We study the quark (anti-quark) behaviour while being influenced by intensive stochastic gluon field and
work in the context of the Euclidean field theory. The corresponding Lagrangian density is the following

LE = q̄ (iγµDµ + im) q , (1)

here q (q̄) — are the quark (anti-quarks) fields with covariant derivative Dµ = ∂µ − igAa
µta where Aa

µ is the
gluon field, ta = λa/2 are the generators of colour gauge group SU(Nc) and m is the current quark mass.
As the model of stochastic gluon field we refer to the example of (anti-)instantons considering an ensemble
of these quasi-classical configurations. On the way to construct an effective theory we consider the quenched
approximation and neglect all the contributions coming from gluon fields Aex generated by the (anti-)quarks
Aex ¿ A. Then the corresponding Hamiltonian description results from

H = πq̇ − LE , π =
∂LE

∂q̇
= iq+ , (2)

and H0 = −q̄ (iγ∇ + im)q, for noninteracting quarks. In Schrödinger representation the quark field evolution
is determined by the equation for the quark probability amplitude Ψ as

Ψ̇ = −HΨ , (3)

with the density of interaction Hamiltonian VS = q̄(x) taγµAa
µ(t,x) q(x). The explicit dependence on ”time” is

present at the gluon field only. The creation and annihilation operators of quarks and anti-quarks a+, a, b+, b
have no ”time” dependence and consequently

qαi(x) =
∫

dp
(2π)3

1
(2|p4|)1/2

[
a(p, s, c) uαi(p, s, c) eipx + b+(p, s, c) vαi(p, s, c) e−ipx

]
. (4)

The stochastic character of gluon field (which we supposed) allows us to develop the approximate description
of the state Ψ if the following procedure of averaging Ψ → 〈Ψ〉 =

∫ t

0
dτ Ψ(τ)/ t is intoduced. With this

procedure taken the futher step is to turn to the approach of constructing a density matrix 〈 ∗ΨΨ〉. However,
here we believe that at calculating the ground state (or more generally with quasi-stationary state) it might be
sufficiently informative to operate with the averaged amplitude directly. Then in the interaction representation
Ψ = eH0tΦ we have the equation for state Φ as Φ̇ = −V Φ, V = eH0tVSe−H0t. Now the ”time” dependence
appears in quark operators as well and after averaging over the short-wavelength component one may obtain
the following equation

〈Φ̇(t)〉 = +
∫ ∞

0

dτ 〈V (t)V (t− τ)〉 〈Φ(t)〉 . (5)

The limitations to have such a factorization validated are well known in the theory of stochastic differential
equations (see, for example, [1]). The integration interval in Eq.(5) may be extended to the infinite ”time”
because of the rapid decrease (supposed) of the corresponding correlation function. Now we are allowed to
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deal with amplitude 〈Φ(t)〉 in the right hand side of Eq.(5) instead the amplitude with the shifted arguments
in order to get an ordinary integro-differential equation. In the quantum field theory applications it is usually
difficult to construct the correlation function in the most general form. However, if we are going to limit our
interest by describing the long-wavelength quark component only then gluon field correlator 〈Aa

µ(x)Ab
ν(y)〉 may

be factorized and as a result we have

〈Φ̇(t)〉 =
∫

dx q̄(x, t) taγµ q(x, t)
∫ ∞

0

dτ

∫
dy q̄(y, t− τ) tbγν q(y, t− τ) g2〈Aa

µ(t,x)Ab
ν(t− τ,y)〉 〈Φ(t)〉 .

Having assumed the correlation function rapidly decreasing in ”time” we could ignore all the retarding effects
in the quark operators. Turning back to the Schrödinger representation we have for the state amplitude χ =
e−H0t〈Φ〉 the following equation

χ̇ = −Hind χ , Hind = −q̄ (iγ∇+ im) q − q̄ taγµ q

∫
dy q̄′ tbγν q′

∫ ∞

0

dτ g2〈Aa
µA

′b
ν 〉 , (6)

with q = q(x), q̄ = q̄(x), q′ = q(y), q̄′ = q̄(y) and Aa
µ = Aa

µ(t,x), A
′b
ν = Ab

ν(t − τ,y). Now the correlation
function might be presented as

∫∞
0

dτ g2〈Aa
µA

′b
ν 〉 = δab δµν I(x − y) + Jµν(x − y). In our consideration we

ignore the contribution of the second formfactor spanning on the components of the vector x − y. Thus, on
output we receive the Hamiltonian of four-fermion interaction with the formfactor rooted in the presence of
two quark currents in the points x and y. With this form of the effective Hamiltonian we could apply the
Hartree–Fock–Bogolyubov method to find its ground state as one constructed by the quark–anti-quark pairs
with the oppositely directed momenta

|σ〉 = T |0〉 , T = Πp,s,c exp
{

θ

2
[

a+(p, s, c) b+(−p, s, c) + a(p, s, c) b(−p, s, c)
] }

, (7)

where the parameter θ(p) characterizes the pairing strength. Minimizing the mean energy functional one is able
to determine the angle θ magnitude d〈σ|Hind|σ〉

dθ = 0. By the help of dressing tranformation T we introduce the
creation and annihilation operators of quasi-particles A = T a T−1, B = T b T−1. Dropping the calculation
details out (see Ref. [2]) we present here the following result for the mean energy as a function of the θ angle

〈σ|Hind|σ〉 = −
∫

dp
(2π)3

2Nc p2
4

|p4| (1− cos θ)−

−G̃

∫
dpdq
(2π)6

{
−(3Ĩ − J̃)

p4 q4

|p4||q4| + (4Ĩ − J̃)
p q

|p4||q4|
(

sin θ − m

p
cos θ

)(
sin θ′ − m

q
cos θ′

)
+

(8)
+(−2Ĩδij − 2J̃ij + J̃δij)

pi qj

|p4||q4|
(

cos θ +
m

p
sin θ

)(
cos θ′ +

m

q
sin θ′

) }
,

here the following designations are used p = |p|, q = |q|, Ĩ = Ĩ(p + q), J̃ij = J̃ij(p + q), J̃ =
∑3

i=1 J̃ii,
p2 = q2 = −m2, θ′ = θ(q) where G̃ is the constant of corresponding four-fermion interaction (the relevant
details can be found in [2]). The first integral in Eq. (8) comes from free Hamiltonian, and we make a natural
subtraction (adding the unit) in order to have zero mean free energy when the angle of pairing is trivial.
Nambu–Jona-Lasinio model. In order to get an idea of the parameter scales we continue with handling
the model in which the formfactor behaves in the coordinate space as I(x− y) = δ(x− y), Jµν = 0, dropping
contribution spanned on the piqj tensor also. Actually, it corresponds to the Nambu–Jona-Lasinio model [3].
As well known the model with such a formfactor requires the regularization and, hence, the cutoff parameter Λ
comes to the play

W =
∫ Λ dp

(2π)3

[
|p4| (1− cos θ)−G

p

|p4|
(

sin θ − m

p
cos θ

) ∫ Λ dq
(2π)3

q

|q4|
(

sin θ′ − m

q
cos θ′

)]
. (9)

We adjust the NJL model with the parameter set given by Hatsuda and Kunihiro [3] in which Λ = 631MeV,
m = 5.5MeV. One curious point of this model is that the solution for optimal angle θ in the whole interval
p ∈ [0, Λ] can be found by solving the simple trigonometrical equation (p2+m2) sin θ−Mq (p cos θ + m sin θ) = 0,

with the dynamical quark mass Mq = 2G
∫ Λ dp

(2π)3
p
|p4|

(
sin θ − m

p cos θ
)
. Eventually the results obtained look

like Mq = −335 MeV for dynamical quark mass and 〈σ|q̄q|σ〉 = −i (245 MeV)3 for the quark condensate with
the following definition of the quark condensate 〈σ|q̄q|σ〉 = i Nc

π2

∫∞
0

dp p2

|p4| (p sin θ −m cos θ). The Keldysh
model. Now we are going to analyse the limit, in some extent, opposite to the NJL model, i.e. we are dealing
with the formfactor behaving as a delta function but in the momentum space (analogously the Keldysh model,
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Figure 1. Phase portrait of the Keldysh model,
sin θ as a function of momentum p(MeV). The dot-
ted curve corresponds to the solution with the neg-
ative values of angle in the chiral limit m = 0.
Dashed line for imaginary values.

Figure 2. The optimal angle θ as a function of
momentum p(MeV). The solid line corresponds to
the NJL model and the dashed one to the Keldysh
model. The current quark mass is m = 5.5 MeV
and pθ ∼ 40 MeV.

well known in the physics of condensed matter [4]), I(p) = (2π)3 δ(p). Here the mean energy functional has
the following form

W (m) =
∫

dp
(2π)3

[
|p4| (1− cos θ)−G

p2

|p4|2
(

sin θ − m

p
cos θ

)2
]

. (10)

contrary to the NJL model there is no need to introduce any cut off. The equation for calculating the optimal
angle θ becomes the transcendental one |p4|3 sin θ − 2G (p cos θ + m sin θ) (p sin θ −m cos θ) = 0, and, clearly,
it is rather difficult to get its solution in a general form. Fortunately, it is much easier and quite informative to
analyse the model in the chiral limit m = 0. There exist one trivial solution θ = 0 and two nontrivial ones (for
the positive and negative angles) which obey the equation cos θ = p

2G . Obviously, these solutions are reasonable
if the momentum is limited by p < 2G. Then for the mean energy (for real solution) we have: W±(0) = − G4

15π2 ,
and for the quark condensate: 〈σ|q̄q|σ〉(0) = i Nc G3

2π . For the trivial solution the mean energy equals to
zero together with the quark condensate W0(0) = 0, 〈σ|q̄q|σ〉0(0) = 0. Introducing the practical designation
sin θ = Mθ

(p2+M2
θ )1/2 which characterizes the pairing strength by the parameter Mθ we have, for example, for the

nontrivial solution Mθ =
(
4G2 − p2

)1/2. In order to compare the results with the NJL model we fixed the value
of four-fermion interaction constant as Mθ(0) = 2G = 335 MeV. It is interesting to notice that the respective
energy becomes constant E(p) =

√
p2 + M2

θ , E(p) = 2G.
After having done the analysis in the chiral limit which is shown by the dotted line in Fig.1 we would like to

comment the situation beyond this limit. The evolution of corresponding branches is available on the same plot
1. The minimum of mean energy functional can be realized with the piecewise continuous functions. At the
local vicinity of coordinate origin we start with some branch of the solution, then relevant solution passes from
one possible branch to another one at any subinterval. But in any case there is only one way to continue the real
solution at streaming to the infinite limit. As to the functional (10) the contribution of the term proportional
to the cosine in the second parenthesis is divergent even if the angle θ is zero. It means the mean energy
out of chiral limit goes to an infinity at any nonzero value of quark mass. The same conclusion is valid for
the chiral condensate. In principle this functional could be regularized and corresponding continuation might
be done but it is out of this presentation scope (see Ref. [2]). It is not difficult to demonstrate the similar
discontinuities of functional are present, for example, for Gaussian I(x) = G exp (−a2 x2), and exponential
I(x) = G exp (−a |x|), formfactors and they are present even in the NJL model but this fact is masked by the
cut off parameter. Comparing the optimal angles in the NJL and Keldysh models (see Fig. 2) it is interesting
to notice that the formation of quasiparticles becomes significant at some momentum value close to the origin
pθ ∼ 40 MeV (for the Gaussian and exponentional formfactors it is around pθ ∼ 150 MeV) but not directly at
the zero value. It is clear the inverse value of this parameter determines the characteristic size of quasiparticle.
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Figure 3. The quark chemical potential as
a function of the Fermi momentum for the NJL
model. The solid line corresponds to the current
quark mass m = 5.5 MeV and the dashed one
shows the behaviour in the chiral limit.

Figure 4. The pressure of the quark ensemble
as function of the Fermi momentum. The solid
line for the current quark mass m = 5.5 MeV. The
dashed one—in chiral limit.

Analysing the discontinuity of mean energy functional and quark condensate we face some troubles at fitting the
quark condensate, for example. However, the dynamical quark mass and quark condensate are nonobservable
quantities and it is curious to remark here that although the mean energy of the quark system is minus infinity
the meson observables are finite and even in Keldysh model the mesons are recognizable with reasonable scale
and we can in principle make a fit for this observables [5].

Now our central issue could be formulated in the following way — to construct the state filled in by quasi-
particles (the Sletter determinant) |N〉 =

∏
|p|<PF ;s A+(P; s) |σ〉, which possesses the minimal mean energy

〈N |H|N〉 (surely, we assume the quasi-particles are stable). Here PF stands for the Fermi momentum and
the polarization runs over all possible values. It allows us to optimize the dressing transformation and, as the
consequence, to follow up the modifications of quasiparticles being influenced by the process of filling in the
Fermi sphere. Eventualy it fixes the form of charge operator (particle number operator) |〈N |q̄iγ4q|N〉|. Let us
define the partial energy density per one quark degree of freedom, as w = E

2Nc
, E = E/V where E is the total

energy of ensemble. For the ensemble of quasi-particles we obtain the following expression for the partial energy

〈N |w|N〉 =
∫ PF dp

(2π)3
|p4|+

∫

PF

dp
(2π)3

|p4|(1− cos θ)−
(11)

−G

∫

PF

dp
(2π)3

p

|p4|
(

sin θ − m

p
cos θ

) ∫

PF

dq
(2π)3

q

|q4|
(

sin θ′ − m

q
cos θ′

)
Ĩ .

It could have ruther interesting interpretation if compared to the vacuum mean energy Eq.(8). It is easy to
see that for the state with the filled-in Fermi sphere the angles of pairing could be defined by the condition of
functional minimum (11) only for the momenta larger than Fermi momentum PF . Then the quarks composing
the Fermi sphere look like the free (non-interacting) ones, as seen from the first term of Eq. (11). Now let
us calculate the quark chemical potential which, by definition, is an energy necessary for adding (removing)
one quasi-particle to (from) a system µ = ∂E

∂N , where N = 2Nc V
∫ PF dp

(2π)3 = Nc

3π2 V P 3
F is the total number

of particles in the volume V . Redefining the chemical potential as µ = 2π2

P 2
F

∂w
∂PF

we consider the model with
correlation function behaving as the δ-function in the coordinate space, which corresponds to NJL model. The
following relation could be obtained in this case (see Ref. [6])

µ = [P 2
F + M2

q ]1/2 .

Let us remind that for the free fermion gas the chemical potential increases monotonically with the Fermi
momentum growing. The curious feature of the NJL model is the appearance of state almost degenerate with
the vacuum state while the process of filling up the Fermi sphere reaches to the momenta close to the dynamical
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quark mass value (the similar value is peculiar to the momentum of quark inside a baryon), see Fig. 3. This
state density with the factor 3 (which expresses the relation between baryonic and quark degrees of freedom)
absorbed corresponds to a normal nuclear density (n ∼ 0.12/fm3), and chiral condensate could be estimated
as | < q̄q >1/3 | ∼ 100 MeV. In the chiral limit the chemical potential is close to the discussed point and
is even smaller than the vacuum one. The full coincidence of the chemical potentials occurs at the values of
current quark mass around 2 MeV. In fact, Fig. 3 shows that the u quark bond looks stronger than one of the
d quark. The pressure of the quark ensemble P = − dE

dV = − ∂E
∂V + PF

3V
∂E
∂PF

= −E + µ n, is depicted in Fig. 4
as a function of the Fermi momentum where n = N/V is the quark density. The quark pressure at the values
of the Fermi momentum close to the quantity of dynamical quark mass is approximately degenerate with the
vacuum pressure (slightly lower than the vacuum one). The vacuum density is of order 40—50 MeV/fm3 and
corresponds well to the value extracted from the bag models. Apparently our estimate of the effects responding
to the process of filling up the Fermi sphere entails a hope to understand a routine feature of hadron world,
namely, the fact of quark equilibrium in the vacuum and inside the proton. The chemical potential degeneracy
and specific behaviour of the quark pressure (with one new essential element which is just the presence of
instability region dP/dPF < 0) justify, in principle, the conventional bag model. It urges to consider the filled
states |N〉 as natural ’building’ material for baryon octet (on the strong interaction scale only).
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Once a new heavy resonance is observed as a peak in the cross section, one should distinguish among the
different underlying non-standard interactions that may in principle produce a similar effect. The spin of
the objects exchanged in the various novel interactions is a relevant aspect in this regard. We here discuss
the expectations on the identification reach on the spin-2 Randall-Sundrum resonances, characterizing gravity
with one warped extra dimension, against spin-1 and spin-0 non-standard exchanges with the same mass. We
focus on the electron pair production process at the LHC with ATLAS using fast detector simulation . We
find the discovery(identification) reaches of the gravitons at the 5σ level (95% C.L.) at the LHC for a time-
integrated luminosity of 100 fb−1 in the ATLAS experiment that are 2.1 TeV (1.2 TeV) and 3.9 TeV (2.9 TeV)
for k/MPl=0.01 and 0.1, respectively.

1 Introduction

Heavy quantum states, with masses M À MW,Z , are generally predicted by new physics (NP) models. If the
masses are in the TeV range, such non-standard objects could be directly revealed as peaks, or resonances, in
the cross sections for reactions among standard model (SM) particles at supercolliders.

The discovery reach represents the upper limit of the mass range where a peak can be observed experimen-
tally. It depends, among other things, on the collider energy and the expected statistics, and determines an
accessible region for the NP model parameters. However, once a peak is observed, the determination of the
underlying model against others, potentially giving the same mass and number of events, is needed. Accord-
ingly, for any model, the identification reach defines the upper limit of the mass range where the source of the
peak can be determined or, equivalently, the competitor models can be excluded for all values of their parame-
ters. Clearly, the identification reach is expected to select a subdomain of the model parameters accessible to
discovery.

The resonance spin represents a powerful discriminating observable in this regard. Popular examples of NP
scenarios that can produce (narrow) peaks in cross sections with the same mass and number of events, and can
be discriminated by a spin analysis are: i) Models of gravity in extra spatial dimensions (spin-2); ii) Models
with heavy neutral gauge bosons Z ′ (spin-1); and iii) SUSY models with R-parity breaking sneutrino couplings
(spin-0). Here, we discuss the identification reach on the lowest-lying, spin-2, Randall-Sundrum (RS) graviton
resonance [1], against both the spin-1 and spin-0 hypotheses, that can be obtained from the experimental study
of the inclusive dielectron production process at LHC:

p + p → e+e− + X. (1)

While the total resonant cross section, integrated over the dilepton invariant mass under the peak at M = MG,
determines the number of events, hence the discovery reach

2 New physics models

RS model of gravity in extra dimensions. This scenario is a candidate solution to the gauge hierarchy
problem, and its simplest version is based on one compactified ‘warped’ spatial extra dimension and a two-brane
setup. The SM particles are localized to the TeV brane, gravity can propagate in the full 5-dimensional bulk and
in particular, on the Planck brane, has an effective scale determined by MPl = 1/

√
8πGN = 2.44 × 1018 TeV.

On the TeV brane the gravity scale Λπ is suppressed by the exponential ‘warp’ factor, Λπ = MPl exp (−πkRc),
with k ∼ MPl the 5-dimensional curvature and Rc the compactification radius. Boundary conditions at the
branes determine a tower of spin-2 graviton resonances G(n) (n ≥ 1). Their predicted mass spectrum is
Mn = M1xn/x1 with M1 the lowest resonance mass and xn the roots of the Bessel function J1(xn) = 0. Their

e-mail: ainna.serenkova@cern.ch, btsytrin@rambler.ru, cpankov@ictp.it
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TeV brane couplings to the SM particles are given by

−LTeV =

[
1

MPl

G(0)
µν (x) +

1
Λπ

∞∑
n=1

G(n)
µν (x)

]
Tµν(x), (2)

where Tµν is the energy-momentum tensor and G(0) denotes the zero-mode, ordinary, graviton. For kRc ' 12,
Λπ as well as the masses Mn (through the relation M1 = Λπkx1/MPl) are O(TeV). This opens up the interesting
possibility of observing gravity effects at colliders, in particular to reveal the graviton excitation exchange in
the process 1. The contributing, tree level, partonic processes

qq̄ → G → e+e− and gg → G → e+e− (3)

should yield cross-section peaks at the invariant dilepton mass M = Mn, with characteristic angular distribu-
tions [2].

The RS model thus depends on two independent parameters, that can be chosen as MG ≡ M1 and the
universal ‘coupling’ c = k/MPl (in which case Λπ is a derived parameter). Theoretically ‘natural’ limits are
0.01 ≤ c ≤ 0.1 and Λπ < 10 TeV [3]. Current 95% C.L. experimental lower limits on MG, from the Tevatron
collider, range from 300 GeV (c = 0.01) to 900 GeV (c = 0.1) [4]. One should notice that the unevenly spaced
spectrum could be distinctive of the model by itself. However, in practice, due to the large masses involved,
only the first RS resonance might be accessible at LHC, so that the spin-2 determination should be a necessary
test of the RS model.

Heavy neutral gauge bosons. Turning to spin-1 exchanges in the process 1, Z ′s generally occur in electroweak
models based on extended gauge symmetries. The leading-order partonic process, qq̄ → Z ′ → e+e−, should
show up as a peak in the dilepton invariant mass distribution at M = MZ′ with, in this case, the same angular
distribution as the SM γ and Z exchanges. Besides the mass MZ′ , the model parameters are the vector and
axial-vector Z ′ couplings to quarks and leptons. Popular scenarios are the cases where such couplings are
specified theoretically: the list includes Z ′χ, Z ′ψ, Z ′η, Z ′LR, Z ′ALR models, and the ‘sequential’ Z ′SSM model with
the same couplings as the SM. Details can be found, e.g., in the recent Ref. [5]. It turns out that, at the assumed
LHC luminosity, the spin-2 RS resonance can be distinguished from the ALR and SSM spin-1 scenarios already
at the level of signal events [6]. For the other Z ′ models, there are ‘confusion regions’ in the parameter spaces
where spin-2 and spin-1 exchanges give rise to the same peaks and number of events, and therefore can be
distinguished by a spin analysis only. Current experimental, model-dependent, lower limits on MZ′ , from the
Tevatron collider, are in the range 500-900 GeV [7].

Sneutrino exchange. In SUSY theories with R-parity breaking, sparticles can be exchanged in the process
1 and appear as peaks in the dilepton invariant mass. This is the case of the spin-0 sneutrino formation by
quark-antiquark annihilation, followed by leptonic decay [8]: qq̄ → ν̃ → e+e−. At the peak in the dilepton
invariant mass, M = Mν̃ , the spin-0 character implies a flat angular distribution. Basically, the cross section
in this model depends on Mν̃ and on the product X = (λ′)2Bl, where λ′ is the R-parity breaking sneutrino
coupling to dd̄ and Bl the sneutrino leptonic branching ratio. Current constraints on X are very loose, and there
exists an extended domain where ν̃ production can mimic RS resonance formation (same mass and number of
events under the peak), for details see [6].

3 Discovery and identification of Randall-Sundrum graviton resonance

Simulations were done with ATLFAST (ATHENA 12.0.6) to produce gravitons in proton-proton collisions
at 14 TeV centre-of-mass energy. This version PYTHIA [9] uses the CTEQ6L parton distribution function.
For illustrative purposes Fig.1 shows the invariant mass distribution of lepton pairs from a 1.5 TeV graviton
simulation (with c=0.01) obtained with ATHENA(PYTHIA). The number of events shown correspond to one
year of the LHC running at the design luminosity of 1034 cm−2s−1 giving an integrated luminosity of 100 fb−1.
Also, in numerical computation we have assumed a uniform efficiency of reconstruction of lepton pairs of order
0.9. Graviton can be seen as a peak in the invariant mass distribution of leptons.

The process 3 must be detected above the background from the SM processes pp → γ, Z → e+e− + X. The
dielectron channel will be analyzed at the LHC in the ATLAS and CMS detectors, and as is discussed below,
both detectors have the ability to probe the narrow graviton resonance [10]. Experimentally, the discovery of a
narrow resonance depends to a significant degree on the bin size for data collection with the chance of detection
increasing with a decreasing bin size. This is so because the integral over the bin is effectively independent
of the bin size for the signal (assuming the narrow resonance falls within the bin). However, this integral is
essentially linearly dependent on the bin size for the SM background. In the analysis of the SM background
we have included the Z, γ, and γ − Z interference terms in the Drell-Yan analysis, but have not included
the backgrounds from other sources such as from tt̄, bb̄,WW,WZ, ZZ etc. However, these backgrounds are
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Figure 1. Distribution of the di-electron invari-
ant mass for resonant graviton production with
MG = 1.5 TeV, k/M̄Pl = 0.01 (c = k/M̄Pl) and
Drell-Yan background at the LHC.

Figure 2. The cross section times leptonic
branching fraction, σ ·B, for G → l+l− in the RS
model cross-section with c = 0.01 and the small-
est detectable cross section times branching ratio
(σ ·B)min.

known to be at best a few percent of the Drell-Yan background [11]. Regarding the bin size, it depends on the
energy resolution σE/E of the calorimeter. For an electromagnetic calorimeter the energy resolution is typically
parameterized by σE/E = a/

√
E⊕ b⊕ c/E where addition in quadrature is implied [12]. The term proportional

to 1/
√

E is the so called stochastic term and arises from statistic related fluctuations. The term b is due to
detector non-uniformity and calibration errors, and the term c is due mostly to noise. For the ATLAS detector
(liquid Ar/Pb) the energy resolution is parameterized by [12] σE = 10%/

√
E ⊕ .4%⊕ .3/E, where E is in units

of GeV. From the above we find the following relations for the bin size B (taken to be 6σE) at the mass scale
M (M is measured in units of TeV)

BATLAS = 24(0.625M + M2 + 0.0056)1/2GeV. (4)

For M > 3 TeV, the M2 term dominates in Eq. (4) and the bin size goes linearly in M , so BATLAS ∼ 24M
GeV for large M .

The sensitivity for graviton G detection was studied in several of the possible decay channels. The decay
to two electrons is considered the most promising discovery channel. It has a low branching ratio of about 2%,
but a very clear signature of two back-to-back high pT electrons with an invariant mass equal to the mass of
the G. The background from SM processes is small, mostly originating from the high-mass tail of the Drell-Yan
spectrum.

In Fig.2 we give the discovery reach for finding graviton resonance G with c = 0.01 as a function of MG

for integrated luminosity of 100 fb−1. The criterion used for the discovery limit in the analysis given here is
an assumption that 5

√
NB events or 10 events, whichever is larger, constitutes a signal where NB is the SM

background, and we have scaled the bin size with MG appropriate for the ATLAS detector. With an assumption
of efficiencies as stated above, one finds that with 100 fb−1 of integrated luminosity, one can explore G up to
about 2.1 TeV with c = 0.01.

Angular distributions in the C-M frame of the final dilepton state give clear signatures of the spin of the
produced particle in the Drell-Yan process. Thus angular distributions are a powerful tool in distinguishing
the spin-2 particle G from Z ′ spin-1 and spin-0 (sneutrino). The CDF group has already carried out angular
distribution analyses [13] using the cumulative data at the Tevatron and more detailed analyses are likely to
follow. Similar analyses at the LHC would allow one to investigate the spin of an observed resonance with much
more data. In the following we give a relative comparison of the angular distributions arising from the Z ′ and
from scalar sneutrino and also from the massive gravtion of warped geometry. The angular distributions for
spin-2 G, spin-1 Z ′ and spin-0 ν̃ are shown in Fig.3.

To quantify the distinction between spin-2 , spin-1 and spin-0 resonances it is conveniently to use an inte-
grated asymmetry, center-edge asymmetry [14, 15, 16] which can be written in parton level as follows:

σ̂CE ≡
[∫ z∗

−z∗
−

(∫ −z∗

−1

+
∫ 1

z∗

)]
dσ̂

dz
dz, σ̂ ≡

∫ 1

−1

dσ̂

dz
dz, (5)

where z = cos θcm, with θcm the angle, in the c.m. frame of the two leptons, between the lepton and the proton.
Here, 0 < z∗ < 1 is a parameter which defines the border between the “center” and the “edge” regions. The
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Figure 3. Angular distribution of leptons in the
dilepton center-of-mass system for spin-2 graviton
resonant production in the RS model with ; spin-
0 (sneutrino) resonant production and spin-1 (Z’)
resonant production with same number of events
at MG = MZ′ = Mν̃ = 1.5 TeV

Figure 4. Center-egde asymmetry ACE as a
function of kinematical parameters z∗ for spin-
1 Z ′, spin-2 G at c = 0.01 and spin-0 ν̃ and
MZ′ = MG = Mν̃ = 1.5 TeV.

Figure 5. Discovery limits and identification reaches (95% C.L.) on the spin-2 graviton parameters in the
plane (MG, c) , using center-edge asymmetry at the LHC with integrated luminosity of 100fb−1 .

center–edge asymmetry can then for a given dilepton invariant mass M be defined as

ACE(M) =
dσCE/dM

dσ/dM
, (6)

where a convolution over parton momenta is performed, and we obtain dσCE/dM and dσ/dM from the inclusive
differential cross sections dσCE/dM dy dz and dσ/dM dy dz, respectively, by integrating over z and over rapidity
y between −Y and Y , with Y = log(

√
s/M) [15]. The center-egde asymmetry ACE as a function of kinematical

parameters z∗ for spin-1 Z ′, spin-2 G at c = 0.01 and spin-0 ν̃ and MZ′ = MG = Mν̃ = 1.5 TeV are shown
on Fig.4. In Fig. 5 shows identification reaches (95% C.L.) on the spin-2 graviton parameters in the plane
(MG, c) , using center-edge asymmetry at the LHC with integrated luminosity of 100fb−1 obtained from the
conventional χ2 - analysis and discovery criterion is an assumption that 5

√
NB events or 10 events, whichever

is larger, constitutes a signal where NB is the SM background.
In conclusion, we have considered the RS scenario parametrized by MG and k/M̄Pl.We find the discovery

(identification) reaches of the gravitons at the 5σ level (95% C.L.) at the LHC in the ATLAS experiment that
are 2.1 TeV (1.2 TeV) and 3.9 TeV (2.9 TeV) for k/M̄Pl and 0.1, respectively.
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RELATIVISTIC GENERALIZATION OF THE THRESHOLD S-FACTOR

O. P. Solovtsovaa

Gomel State Technical University, Belarus

The new relativistic Coulomb-like threshold resummation S-factor in quantum chromodynamics is presented.
The consideration is given within the framework of quasipotential approach in quantum field theory which is
formulated in relativistic configuration representation for two particles of unequal masses.

1 Introduction

As is well known, a description of quark-antiquark systems close to threshold does not permit us to cut off the
perturbative series even if the expansion parameter, the QCD coupling constant αs, is small [1, 2]. The reason
consist in that the real expansion parameter in the threshold region is αs/v , where v =

√
1− 4m2/s is a quark

velocity and m is a quark mass. To obtain a meaningful result, these threshold singularities of the form (αs/v)n

have to be summarized. In the nonrelativistic case, for the Coulomb interaction

V (r) = −α

r
(1)

this resummation is realized by the known Gamov–Sommerfeld–Sakharov S-factor [3, 4, 5]

Snr =
Xnr

1− exp(−Xnr)
, Xnr =

π α

vnr
, (2)

which is related to the wave function of the continuous spectrum at the origin by |ψ(0)|2. Here 2 vnr is the
relative velocity of two nonrelativistic particles.

In the relativistic theory the nonrelativistic approximation needs to be modified. The relativistic modification
of the S-factor (2) in QCD in the case of two particles of equal masses (m1 = m2 = m) was executed in Ref. [6]
and it consisted in the change vnr → v. This factor was used for the description of effects close to the threshold
of pair production in the processes e+e− → tt̄ and e+e− → W+W− [7]. Just the same form of the S-factor
for the interaction of two particles of equal masses was later suggested in Ref. [8]. The relativistic S-factor for
two particles of arbitrary masses (m1 6= m2) we are interested in was presented in Ref. [9]. This factor was
derived within the framework of relativistic quantum mechanics on the basis of the Schrödinger equation.

The new step to relativistic generalization of the S-factor in the case of two particles of equal masses was made
by Milton and Solovtsov in Ref. [10]. For this purpose, the relativistic quasipotential (RQP) approach proposed
by Logunov and Tavkhelidze [11] in the form suggested by Kadyshevsky [12] turned out to be convenient. This
approach gives the following expression for the relativistic S-factor:

S(χ) =
X(χ)

1− exp [−X(χ)]
, X(χ) =

π α

sinh χ
, (3)

where χ is the rapidity related to the total c. m. energy of interacting particles
√

s by 2m cosh χ =
√

s. The
function X(χ) in Eq. (3) can be expressed in terms of v as X(χ) = π α

√
1− v2/v.

The resummation factor appears in the parametrization of the imaginary part of the quark current correlator,
the Drell ratio R(s), which can be approximated in terms of the Bethe-Salpeter (BS) amplitude of two charged
particles χBS(x) at x = 0. The nonrelativistic replacement of this amplitude by the wave function, which obeys
the Schrödinger equation with the Coulomb potential (1), leads to formula (2) with a substitution α → 4 αs/3
for the QCD case. The possibility of using the QP approach for our task is based on the fact that the BS
amplitude, which parameterizes the physical quantity R(s), is taken at x = 0; therefore, in particular, at the
relative time τ = 0.

Applications of the Eq. (3) for describing some hadronic processes can be found in Refs. [13, 14]. Recently,
the relativistic S-factor (3) has been applied to reanalyze the mass limits obtained for magnetic monopoles
which might have been produced at the Fermilab Tevatron [15].

The purpose of this work is to generalize the previous study started in Ref. [10] to the case of the interaction
of two particles of unequal masses (m1 6= m2) and compare to other known forms [6, 7, 8, 9, 16].
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2 The integral form of the quasipotential equation: the case of two particles of unequal masses

A starting point is the QP equation in the momentum space constructed in Ref. [17] for the RQP wave function
Ψq′(p′) of two relativistic particles of unequal masses:

(2Eq′ − 2Ep′) Ψq′(p′) =
2 µ

m′ (2π)3

∫
dΩk′ Ṽ (p′ ,k′; Eq′) Ψq′(k′) , (4)

where dΩk′ = m′ dk′/Ek′ is the relativistic three-dimensional volume element in the Lobachevsky space, Ek′ =√
m′ 2 + k′ 2, m′ =

√
m1 m2, and µ = m1 m2/(m1 + m2) is the usual reduced mass. Equation (4) represents a

relativistic generalization of the Lippmann-Schwinger equation in the spirit of the Lobachevsky geometry which
is realized on the upper half of the mass hyperboloid E2

k′−k′ 2 = m′ 2. This equation describes the scattering over
the quasipotential Ṽ (p′, k′; Eq′) of an effective relativistic particle having mass m′ and a relative 3-momentum
k′, emerging instead of the system of two particles and carrying the total c. m. energy of the interacting
particles,

√
s, proportional to the energy Ek′ of one effective relativistic particle of mass m′:

√
s =

√
m1

2 + k2 +
√

m2
2 + k2 =

m′

µ
Ek′ , Ek′ =

√
m′ 2 + k′ 2. (5)

The proper Lorentz transformations mean a translation in the Lobachevsky space. The role of the plane waves
corresponding to these translations are played by the following functions:

ξ(p′ , r) =
(

Ep′ − p′ · n
m′

)−1−ir m′

, (6)

where the module of the radius-vector, r, (r = r n , |n| = 1) is a relativistic invariant [18].
The application of Shapiro transformations (or ξ-transformations) to Eq. (4) leads to the equation which is

the integral form of the relativistic Schrödinger equation in the configuration representation:

1
(2π)3

∫
dΩp′ (2Eq′ − 2Ep′) ξ(p′ , r)

∫
dr′ ξ∗(p′ , r′)ψq′(r′) =

2µ

m′ V (r)ψq′(r) , (7)

where the right-hand side is already local in the configuration representation and the transform of the potential,
V (r), is given in terms of the same relativistic plane waves.

The integral equation (7) can be reduced to the form

1
(2π)3

∫
dΩp (2Eq − 2Ep) ξ(p , ρ)

∫
dρ′ ξ∗(p , ρ′) ψq(ρ′) =

2 µ

m′ V (ρ)ψq(ρ) , (8)

where we introduced the following notation:

q′ = m′ q ,p′ = m′ p ,q = sinh(χq)nq ,p = sinh(χp)np , |nq| = |np| = 1 ,

ρ = m′ r ,ρ′ = m′ r′ , ρ = m′ r , ρ′ = m′ r′ ,

dr′ = m′−3
dρ′ , dΩp′ = m′3 dΩp , dΩp =

dp
Ep

, Eq′ = m′Eq , Ep′ = m′Ep ,

Eq =
√

1 + q2 , Ep =
√

1 + p2 , ξ(p′ , r) = (Ep − p · n)−1−iρ ≡ ξ(p , ρ) ,

V (r) = V (ρ/m′) ≡ m′ V (ρ) , ψq′(r) = ψm′ q(ρ/m′) ≡ ψq(ρ) ,Ψq′(p′) ≡ m′−3 Ψq(p) .

(9)

Equation (8) is transformed to

2
π

∞∫

0

dχ′
(sinhχ′)2`+2 (−1)`+1

ρ(`+1)
(2 cosh χ− 2 cosh χ′)

(
d

d cosh χ′

)`( sin ρχ′

sinhχ′

)
×

×
(

d

d cosh χ′

)` 1
sinhχ′

∞∫

0

dρ′
ρ′ sin ρ′χ′

(−ρ′)(`+1)
ϕ`(ρ′ , χ) =

2 µ

m′
V (ρ)ϕ`(ρ , χ)

ρ
.

(10)

Here χ′ and χ are the rapidities which are related to Ep , Eq as Ep = cosh χ′ , Eq = cosh χ,

p`(ρ , cosh χ) =
(−1)`+1

ρ

√
π

2 sinh χ
(−ρ)(`+1) P

−1/2−`
−1/2+iρ(coshχ), (−ρ)(`+1) = i`+1 Γ(` + 1 + iρ)

Γ(iρ)
,

P ν
µ (z) is a Legendre function of the first kind, Γ(z) is the gamma-function.

Thus, Eq. (10) differs from the corresponding equation in the case of two particles of equal masses only by
the factor 2µ/m

′
turning into 1 at m1 = m2.
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3 Relativistic S-factor

The solution of Eq. (10) with the potential (1) in the case of the interaction of two relativistic particles of equal
masses was obtained in Ref. [10]. It leads to expression (3) for the relativistic S-factor. We use the method
developed in Ref. [10] and seek a solution in the form

ϕ`(ρ , χ) =
(−ρ)(`+1)

ρ

β∫

α

dζ eiρζ R`(ζ , χ) , (11)

where the ζ-integration is performed in the complex plane over a contour with end points α and β: α =
−R− iε , β = −R + iε , R → +∞ , ε → +0. Substituting (11) into (10), we obtain the equation

(−1)`

β∫

α

dζ R`(ζ , χ)
(

d

d cosh ζ

)`[
(sinh ζ)2`+1 (2 cosh χ− 2 cosh ζ)×

(
d

d cosh ζ

)`(
eiρζ

sinh ζ

)]
= −2 α µ

m′ ρ

∏̀
n=1

(ρ2 + n2)

β∫

α

dζ eiρζ R`(ζ , χ) .

(12)

It should be noted that solutions of this equation, and hence Eq. (10), do not contain any more the i-periodic
constants. For ` = 0 the solution of Eq. (12) leads to the following expression for the RQP partial wave function:

ϕ0(ρ , χ) = C0(χ)
ρ

ρ(1)

β∫

α

dζ
e(iρ+1)ζ

(eζ − eχ)2

[
eζ − e−χ

eζ − eχ

]−1+iA

, A =
α µ

m′ sinh χ
. (13)

Performing in Eq. (13) ζ-integration in the complex plane along a contour with end points α and β (in the
same way as in Ref. [10]) we obtain the resulting solution in the form

ϕ0(ρ , χ) = C0(χ)
2 ρ sinh(π ρ)

ρ(1)

∞∫

−∞
dx

e(iρ+1)x

(ex + eχ)2

[
ex + e−χ

ex + eχ

]−1+iA

. (14)

This solution can also be represented in terms of hypergeometric function as

ϕ0(ρ , χ) = −N0(χ)(−ρ)(1) eiρχ+iAχ F
(
1− iA, 1− iρ; 2; 1− e−2χ

)
. (15)

The normalization constant N0(χ) in Eq. (15) can be obtained (see Ref. [10] for details) from the condition

lim
α→0

ϕ0(ρ , χ) = ρ p0(ρ , cosh χ) −−−→
ρ→∞

sin(ρχ)
sinh χ

. (16)

By using relations (15) and (16), taking into account that χBS(x = 0) = ψq(ρ)|ρ=i and the wave function
ψq(ρ) at ρ = i contains only s-waves (` = 0), we can calculate |ψq(i)|2. This leads to the following expression
for the relativistic S-factor in the case of two particles of unequal masses:

S uneq(χ) = lim
ρ→i

∣∣∣∣
ϕ0(ρ , χ)

ρ

∣∣∣∣
2

=
X uneq(χ)

1− exp [−X uneq(χ)]
, X uneq(χ) =

2 π α µ

m′ sinhχ
, (17)

where χ is the rapidity which is related to the total c. m. energy,
√

s , as (m′2/µ) cosh χ =
√

s.
The function X uneq(χ) in Eq. (17) can be expressed in terms of the ‘velocity’ u in the form

X uneq(χ) =
π α

√
1− u2

u
, u =

√
1− 4 m′2

s̄
, s̄ = s− (m1 −m2)2 . (18)

Note that the relativistic relative velocity v, which can be expressed through the total energy
√

s:

v = 2

√
s− (m1 + m2)2

s− (m1 −m2)2

[
1 +

s− (m1 + m2)2

s− (m1 −m2)2

]−1

, (19)

connects with the velocity u as

v =
2 u

1 + u2
. (20)
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Figure 1. The solid line represents the relativistic S-factor (17); the dashed line the nonrelativistic S-factor (2);
the dotted line taken from Ref. [16] the factor defined by formula (23); the dash-dotted the factor (21).

The S-factor (17) differs from the S-factor for the interaction of two relativistic particles of unequal masses

SA( v) =
XA( v)

1− exp [−XA( v)]
, XA( v) =

2 π α

v
, (21)

which was obtained in Ref. [9], by the meaning of the relativistic relative velocity, v, which here is given by
expression (19). Besides, in the case of equal masses (m1 = m2 = m), the new S-factor (17) differs also from
the factor

SH( vH) =
XH( v H)

1− exp [−XH( v H)]
, XH( v H) =

2 π α

vH
, v H =

2 β

1 + β2
, β =

√
1− 4 m2

s
, (22)

which was presented in Ref. [8].1 Indeed, the factors (21) and (22) in the form and in the nonrelativistic limit
( v , v H , u → 0) coincide with the factor (17). However, the relativistic limits ( v , vH → 1) of the factors (21)
and (22) differ essentially from the relativistic limit of the factor (17) equal to unity as u → 1. Furthermore, in
the case of the interaction of two relativistic particles of equal masses the S-factor (17) differs from the factor

K = G(η)κ , G(η) =
2πη

1− exp(−2πη)
, (23)

which was obtained in Ref. [16], not only in form but also in a different behavior in the nonrelativistic ( v , u → 0)
and the relativistic ( v , u → 1) limits.

To illustrate the difference between the above factors, we show in Fig. 1 the behavior of the S-factors (2),
(17), (21) and (23) as functions of u for a fixed value of α = 0.16. This figure demonstrates that the relativistic
S-factors considered have an essentially different behavior as u → 1.

4 Conclusion

The new relativistic threshold resummation S-factor (17) for the interaction of two relativistic particles of
unequal masses was obtained. For this aim the relativistic quasipotential equation in relativistic configuration
representation [17] with the Coulomb potential for the interaction of two relativistic particles of unequal masses
was used. The Coulomb potential only formally has the same form as the nonrelativistic potential but differs
in the relativistic configuration representation since its behavior corresponds to the quark-antiquark potential
Vqq̄ ∼ ᾱs(Q2)/Q2 with the invariant charge ᾱs(Q2) ∼ 1/ ln Q2. So, the principal effect coming from the running
of the QCD coupling is accumulated.

The new relativistic S-factor (17) obtained reproduces both the known nonrelativistic behavior and the
expected ultrarelativistic limit (see Refs. [19, 20]). The S-factor (17) coincides in form with the nonrelativistic
S-factor (2); however, the role of the parameter of velocity is played not by the relative velocity of interacting
particles, v but by the relative velocity of an effective relativistic particle emerging instead of the system of two

1The same expression can be found in earlier paper [6].
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particles. It was shown that there is a difference between the expression (17) obtained here and other known
forms.

It should be noted that the S-factor may be significant in interpreting strong-interaction physics. In some
physically interesting cases the function R(s) occurs as a factor in an integrand, as, for example, in the case
of inclusive τ decay or in the Adler D-function, and the behavior of the S-factor at intermediate values of u
becomes important.
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