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Abstract

We review the spherically symmetric sector of General Relativity and its midisuper-
space quantization using Loop Quantum Gravity techniques. We exhibit anomaly-
free deformations of the classical first class constraint algebra. These consistent
deformations incorporate corrections presumably arising from a loop quantization
and accord with the intuition suggesting that not just dynamics but also the very
concept of spacetime manifolds changes in quantum gravity.

Our deformations serve as the basis for a phenomenological approach to inves-
tigate geometrical and physical effects of possible corrections to classical equations.
In the first part of this work we couple the symmetry reduced classical action to
Yang—Mills theory in two dimensions and discuss its relation to dilaton gravity and
the more general class of Poisson sigma models. We show that quantum correc-
tions for inverse triad components give a consistent deformation without anomalies.
The relation to Poisson sigma models provides a covariant action principle of the
quantum corrected theory with effective couplings. We also use our results to pro-
vide loop quantizations of spherically symmetric models in arbitrary D space-time
dimensions.

In the second part, we turn to Lemaitre-Tolman—Bondi models of spherical
dust collapse and study implications of inverse triad quantum corrections, partic-
ularly for potential singularity resolution. We consider the whole class of LTB
models, including nonmarginal ones, and as opposed to the previous strategy in
the literature where LTB conditions are implemented first and anomaly-freedom
is used to derive consistent equations of motion, we apply our procedure to derive
anomaly-free models which first implements anomaly-freedom in spherical symme-
try and then the LTB conditions. While the two methods give slightly different
equations of motion, which may be expected given the ubiquitous sprawl of quan-
tization ambiguities, conclusions are the same in both cases: Bouncing solutions
for effective geometries, as a mechanism for singularity resolution, seem to appear
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less easily in inhomogeneous situations as compared to quantizations of homoge-
neous models, and even the existence of homogeneous solutions as special cases in
inhomogeneous models may be precluded by quantum effects.
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Chapter

Introduction

Undoubtedly, at the fundamental level, theoretical physics is in the need of rec-
onciling General Relativity and quantum theory. Despite valiant efforts like Loop
Quantum Gravity and String Theory, a final theory is still not in sight. Yet, many
physical and conceptual questions seek an answer.

With the lack of a complete theory of quantum gravity, a general strategy to
tackle these questions has been to apply symmetry reduction to obtain simpli-
fied models that make the problem of quantization and subsequent analysis more
tractable. Nevertheless, it is critical to realize that symmetric models in a quan-
tum theory play a different role than its classical counterparts. While the latter
are exact solutions of a full classical theory, the mini or midisuperspace quanti-
zations can only be approximations of the complete quantum theory since they
are obtained by freezing many degrees of freedom which violates their uncertainty
relations. These reduced models provide insights into the full theory but their
predictions should be taken with caution and results must be compared amongst
less symmetric models to ensure their robustness.

A related approach to examine conceptual questions or particular aspects of
the sought for quantum theory, is to use toy models specifically designed to bypass
technical complications of more realistic models or full quantum gravity. One
simplifying assumption is the dimensional reduction of spacetime. In the last
two decades, lower dimensional gravity models have been used as a theoretical
laboratory to test ideas on quantization of gravity and further have sharpen our

conceptual ideas on how to approach complicated problems at the interface between



black holes and quantum mechanics.

In particular, the formulation of gravity in two spacetime dimensions allows to
isolate precisely black holes of General Relativity. Upon definition of appropiate
two - dimensional gravitational actions, the space of their clasical solutions does
not only contain 2d black holes, but it only consists of such spacetimes. Many of
the considerations performed for their 4d analogs, like the prediction of Hawking
radiation as well as the analogy to thermodynamics, may be transferred also into
the two-dimensional setting. The study of such models for example, has recently
given important clues on the problem of information loss [2].

The study of lower dimensional theories also has more direct physical relevance.
Generically, symmetry reduced or compactifications of higher dimensional theories
result in lower dimensional theories with additional 'matter’ fields. The dimension
of the effective theory and the number of additional fields depends obviously on
the original theory and the dimension of the symmetry group or number of com-
pactified dimensions. In particular, by inserting the spherically symmetric ansatz
for the metric in the four - dimensional Einstein-Hilbert action and integrating
angular variables, the spherically symmetric sector of General Relativity may be
seen as a two - dimensional gravity theory with a scalar or dilaton field. Indeed,
by symmetric criticality for compact symmetry groups, variation of the effective
two dimensional action gives Einstein’s classical equations with spherical symme-
try imposed. In this thesis we will focus on this sector of Einstein’s theory and
explore some of the possible implications of its loop quantization.

Loop Quantum Gravity has emerged as a widely studied candidate for a quan-
tum theory of gravity [3, 4, 5]. The particular representation which uses holonomies
of a connection and fluxes of triad variables instead of a metric has allowed to over-
come many of the difficulties associated with the geometrodynamical approach and
has given a mathematically rigorous and essentially unique kinematical framework
[6]. This background independent framework has extensively and successfully been
applied to homogeneous situations in cosmology [7, 8] and the Schwarzschild in-
terior [9] where, as a consequence of the discreteness of spatial geometry in this
representation, singularities are removed [10, 11].

The application of loop techniques to the simplest inhomogeneous situation of

spherical symmetry has also provided similar results concerning singularity avoid-



ance at the level of quantum equations [12]. An advantage of a loop treatment is
precisely that a direct connection with the full theory can be made and therefore
the effects of characteristic loop quantum corrections can be studied. Also, the
essential uniqueness of the general theory at the kinematical level can be used to
justify some of the choices made in the quantization of the model, and going the
other direction, consistency in the reduced setting may help resolve some of the
quantization ambiguities in the dynamical sector of the full theory.

The spherically symmetric setting allows exploration of field theoretic aspects
and open issues in the the full theory, like the Dirac consistency or anomaly prob-
lem, that trivialize for the homogeneous models in the minisuperspace quantization
of Loop Quantum Cosmology. Unfortunately, even in this simplified case, the anal-
ysis of the dynamical difference equations obtained from a loop quantization has
proved difficult to deal with so that further simplifications or methods are required.

One such method is the framework of effective theories [13, 14]. Indeed, these
have proved very useful in LQC where effective equations for isotropic models have
given an intuitive picture of singularity resolution in terms of a ’bounce’ produced
by repulsive forces at short scales [15, 16]. We intend to extend some of these
techniques to the spherically symmetric context.

Rigorous derivation of effective equations from the full loop quantum theory or
its spherically symmetric sector is currently inaccessible because constructions of
appropriate (semiclassical) states are not available. Instead, we can extract infor-
mation by imposing consistency conditions, particularly anomaly-freedom of the
quantum corrected constraint algebra, to derive effective equations incorporating
some of the effects expected from a loop quantization. This serves at least four
purposes: (i) to obtain physically relevant information arising from specific quan-
tum corrections (phenomenology), (ii) to check for robustness of the predictions of
homogeneous models in LQC, (iii) to check for consistency of the full model of Loop
Quantum Gravity (anomaly problem and semiclassical limit), and (iv) to obtain
insights into the full theory (for example to resolve quantization ambiguities).

In the canonical approach underlying Loop Quantum Gravity, corrections to
classical equations of motion arise from three sources: corrections of inverse com-
ponents of the densitized triad which is used instead of the spatial metric [17, 18],

higher order corrections of connection components (due to the use of holonomies



[19]), and genuine quantum effects due to the back-reaction of higher moments of
a state on its expectation values. The latter is generic for any interacting quan-
tum system, where it leads, e.g., to effective potentials. The first two sources of
corrections are characteristic of Loop Quantum Gravity and directly related to the
underlying discreteness of its spatial geometry. Instead of incorporating all these
effects at once however, on a first step for this work, we will focus on inverse triad
corrections and study their effect on singularity behavior.

Consistent anomaly-free effective systems with quantum corrections from in-
verse triads have been shown to exist for perturbative inhomogeneities [20] and
nonperturbative (but gauge fixed) inhomogeneous systems [21], and here we will
show consistent deformations for the first class constraint algebra of spherically
symmetric gravity-matter systems including 2d Yang-Mills fields, dust, and scalar
fields.

In the first part of this thesis we will exploit the fact that spherically sym-
metric gravity, or more generally two-dimensional dilaton gravity [22, 23], can be
formulated as a Poisson sigma model (PSM). Poisson sigma models are a general
class of topological field theories in two dimensions which algebraically have a very
rigid structure: a consistent deformation (such as an anomaly-free quantization)
of a PSM can only be another PSM [24]. There is thus a clear way of interpret-
ing any consistent way of introducing quantum corrections. Applying this to loop
quantum gravity will then provide a covariant interpretation of corrections in the
form of a corrected Poisson structure of the target manifold of the sigma model,
or an effective dilaton potential. This is a nontrivial result since it is not always
straightforward to derive action principles corresponding to quantum corrected
Hamiltonian formulations. Furthermore, it is not obvious how to recover general
covariance from the underlying discreteness of the quantum theory and in fact, the
general structure of our deformed constraint algebras reflects how the underlying
symmetries of the theory are changed compared to the classical ones. We also note
that PSM’s play a role as models of string theory with connections to Noncom-
mutative Geometry [25, 26], such that an analysis along the lines followed in this
work may shed light on the relation between Loop Quantum Gravity and String
Theory or Noncomutative Geometry.

In the second part of this thesis we will look at possible implications of inverse



triad corrections to gravitational collapse, focusing on the issue of singularity reso-
lution. The concrete model we propose to study here is the Lemaitre-Tolman-Bondi
(LTB) family of metrics [27, 28, 29]. This is an exact set of solutions to Einstein’s
equations describing a spherically symmetric collapse system sourced by inhomo-
geneous pressureless dust, and parameterized by the dust’s initial energy density
and velocity profile.

Gravitational collapse has been one of the most fruitful subjects in gravitational
physics. In particular in the search for a theory of quantum gravity, black holes
play a prominent role to understand conceptual issues such as singularity resolution
and the information loss problem and, on a technical level, to test consistency of
candidate theories.

Singularities are inevitable in Einstein’s general theory of relativity, as shown
by the singularity theorems of Hawking and Penrose [30, 31]. They signal the break
down and incompleteness of the classical framework and therefore, candidates for
quantum gravity or any fundamental theory, are expected to provide mechanisms
to resolve these singularities.

The fact that quantum gravitational effects modify the nature of singularities
resulting from gravitational collapse is best exemplified by the semiclassical treat-
ment giving Hawking radiation [32]; once quantum effects are taken into account,
black holes are shown to radiate with a thermal spectrum, giving the laws of black
hole mechanics a physical interpretation as thermodynamical laws. Any quantum
theory of gravity should then give a statistical interpretation of black hole entropy
and elucidate the final stages of gravitational collapse and evaporation where the
semiclassical treatment breaks down. These questions lie at the core of fundamen-
tal physics.

The LTB model allows the study of many of these features, it encompasses
cosmological FRW models and the Schwarzschild solution, and it is simple enough
to be amenable for technical treatment. Indeed, the classical and semiclassical
model has been extensively studied in the literature in connection with the cosmic
censorship hypothesis. Depending on the initial conditions of the matter distri-
bution and energy, the model gives rise to different types of singularities, mild so
called shell crossing singularities, or strong shell focusing ones may form which can

be covered behind an event horizon or naked and behave qualitatively differently



in the presence of quantum fields. The existence of non-space-like singularities in
these models thus opens up a new arena for effects in quantum gravity.

The midi-superspace quantization of the LTB model has had partial but im-
portant successes in the last decades, particularly in the canonical approach. The
program of canonical quantization in geometrodynamical variables was started in
(33, 34]. The Wheeler-DeWitt quantization of the LTB model has given exact
solutions to the wave equation and has provided concrete results concerning the
entropy count and corrections to Hawking radiation [35].

Unfortunately, a complete loop quantization of the LTB system is currently out
of grasp. Whereas the LTB conditions take a simple form at the kinematical level
[21], their implementation and analysis at the dynamical quantum level is a difficult
problem. Again to circumvent this obstacle and obtain meaningful information
from the quantum system, we will use anomaly-free effective equations.

The analysis performed here and in [21] provides nontrivial results regarding
the behavior of classical singularities and shows that, even though spherically sym-
metric loop quantum gravity is singularity-free at the fundamental level, none of
the corrections studied resolves the singularities by effective geometries (at least
in a naive way).

The numerical results of [21] suggest that although gravitational collapse is
slowed down by loop corrections, implying indeed a repulsive effect at short dis-
tances, more subtle resolution mechanisms other that a bounce may be at work.
Furthermore, as mentioned above and discussed later in this work, the structure of
the quantum corrected constraint algebra implies that, even at an effective level,
the interpretation of a pseudo-Riemmannian manifold structure for the quantum
dynamics is a delicate issue.

In summary, this work exhibits anomaly-free consistent deformations of the
constraint algebra of classical General Relativity which incorporate possible cor-
rections from a loop quantization. It extends the program in Loop Quantum
Gravity to analyze the issue of singularity resolution in non-perturbative inhomo-
geneous situations, particularly black holes, and provides partial consistency and
robustness checks for the results obtained so far for homogeneous models. But
before delving into the details of our results we step back to review in chapter

2, the quantization of spherically symmetric gravity by loop techniques, we dis-



cuss its relation to PSM models in chapter 3 and the results for the LTB model
in chapter 4. Appendices A and B give respectively calculations of the deformed
constraint algebra and canonical transformations between loop and PSM variables

and appendix C presents further results for scalar fields.



Chapter

Spherically Symmetric Loop

Quantum Gravity

In this chapter we briefly review the formulation of General Relativity in terms
of Ashtekar variables and the midisuperspace loop quantization of its spherically
symmetric sector, initiated in references [36, 37, 38, 39]. This also serves to fix the
notation used throughout this work and motivates our choice of representation as
opposed to other approaches.

As mentioned before, even this symmetry reduced sector of the theory is dif-
ficult to tackle and the program of quantization is currently incomplete. So we
propose a strategy, via effective equations, to gain insights into the reduced and the
full theory, and to extract physically relevant information coming from quantum

corrections.

2.1 Full Theory

Loop quantum gravity is the most successful attempt for a nonperturbative back-
ground independent quantization of gravity. Its starting point is the canonical
formulation of General Relativity (GR) obtained from the 3 + 1 splitting of Ein-
stein’s theory [40].

In the Geometrodynamical approach [41], the canonical variables used are the
metric ¢q(Z) on the three dimensional spatial manifold ¥ with coordinates z, and

its conjugate momenta related to the extrinsic curvature K,,(Z) of X. In contrast,



in a loop quantization the phase space of GR is extended and the symplectic
coordinate chart used consists of the su(2)-valued Ashtekar-Barbero connection
Al (z) and the density one triad vector fields E(7).

The densitized triad E{(Z) encodes all the information of the intrinsic geometry
of 3. The spatial 3d metric gy, is constructed from it via q¢* = E*E?, where

q := det qu. Equivalently, E? = ee?, where e := det e, and e is the inverse of

% 7

a cotriad e’, a set of three one-forms defining a frame at each point in ¥ so that

qab = 5ij€f16i-

Since the vector representation of SO(3) is isomorphic to the Adjoint represen-
tation of SU(2), we may also think of E¢ as a su(2)-valued vector field. That is
E® = Eo7", for a basis {7'};=1 2.3 of the Lie algebra of SU(2). Following convention,

_i

2
The Ashtekar-Barbero connection A, = A’7; [42, 43] is related to the extrinsic

curvature K? := (det E)"2 K E" and the spin connection I'. compatible with the

we fix 7° = 7; = —%0;, where o0;’s are the Pauli matrices.

triad by the formula
Al =T! + K. . (2.1)

The real constant v > 0, called the Barbero-Immirzi parameter [43, 44|, does not
play a role classically because it can be changed by canonical transformations.
It will become important after quantization where transformations which could
change v are not represented unitarily.

Diffeomorphism invariance of the theory translates into hamiltonian evolution
completely determined by constraints. Time evolution in GR is pure gauge. The

canonical action of the theory reads!

1 . . ~ -
Sy = [ dt Bz EA — | &3z (NG, + N*D, + N 2.2
w= [t g [@omii- [@e0iGnp,NR)] 22

with G the gravitiational constant in four dimensions, and where N and N¢ are

the lapse function and shift vector respectively.

!Even though the Ashtekar connection is not the pullback to ¥ of a spacetime connection ],
this action does follow from the splitting and Legendre transform of the fully covariant Holst
action [].
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We recognize the symplectic structure given by the Poisson brackets
{AL(@), B}(9)} = 81G0;656 (7, 7)) (2.3)

and the seven constraints per point of the theory? which are also infinitesimal
generators of the gauge symmetries: The three components of the Gauss constraint,

generator of SU(2)-transformations

) 1 . )
Garav[\'] = S7Chy /d?’:v N(OLE! + €, " AT B (2.4)

The three components of the diffeomorphism constraint, generator of spatial dif-

feomorphims

1 . . .
Doy [N?] = e / A’z N [(0,4) — 0,AL)E? — ALO,EY] (2.5)

And the Hamiltonian constraint, generator of coordinate time evolution

Hono[N] = — /d%;E?—EJb'[eij F’“—2(1+72)Kin} (2.6)
grav 167G \/m kL ab [a™*b] ’

where Fj, = 20, A5 + € kA Al is the curvature of the Ashtekar connection.

2.2 Spherical Symmetry Reduction

The spatial Riemannian manifold (3, g,) is said to be spherically symmetric, if
the rotation group SO(3) (or its universal cover SU(2)) acts effectively on 3 and
the symmetry orbits are two-dimensional spheres. That is, we assume that for all
points T except for possible symmetry axes or centers, the isotropy subgroup is
SO(2) (or U(1)) and X = B x (SO(3)/SO(2)) = B x S?, where B~ ¥/S0(3) is a
one dimensional radial manifold. Furthermore, the Killing vectors of the symmetry

group are also Killing vectors of the metric g, so that the metric is invariant under

2The Hamiltonian and diffeomorphism (vector) constraints contain additional terms propor-
tional to the Gauss constraint. The expressions written here are the ones used for quantization
and for the spherical symmetry reduction.
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the action of the rotation group?.

We will use angular coordinates (9, ¢) adapted to the invariance of the metric
on the symmetry orbits. A coordinate on the radial manifold B will be called x
but will not be fixed. As is well known, in these coordinates the spatial metric g

is determined by two functions L(x) and R(z) and takes the form
d¢* = L*dz® + R*dQ* = L*dz® + R*(dV¥* + sin® 9dy?)

this choice of coordinates (partial gauge) requires that N*(¢,x) be the only non-

vanishing component of the shift vector so that the full spacetime metric is
ds® = —N(t,x)*dt* + L*(t,z)(dx + N*(t, z)dt)* + R*(t, z)d?

In spherical symmetry, the connection A = A,dx* and triad £ = E*0, take
a special form just as the metric does. As in any gauge theory, the requirement
that the fields be invariant under a group of spacetime transformations leads to a
reduction of the number of free variables and a reduction of the gauge freedom to
those changes of gauge that preserve the invariance condition.

The gauge group G of SU(2)-valued functions g on ¥ acts on the phase space
of pairs (A, E) of connection and triads by

(A-g,E-g)= (9 'Ag+g 'dg,g 'Eg)

and all gauge related pairs are physically equivalent. Hence, unlike the metric,
the connection and triad need not be exactly invariant under the rotation group
acting on space, but it is enough for them to be invariant only up to a gauge
transformation.

The problem of systematically finding the general form of all invariant connec-
tions on ¥ can be formulated in terms of fiber bundles as the determination of all
inequivalent principal SU(2)-bundles P with an action of the rotation group (as
automorphisms of P) projecting to the symmetry action on ¥, and a determination

of all invariant connections on such bundles [45, 46].

3More precisely UZ(S)qab = Qap, Where cr;';(s)qab is the pullback of the metric by diffeomorphisms
Op(s) + & — ¥ generated by one parameter subgroups h: R — SO(3)
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There are different spherical symmetry types of SU(2)-principal fiber bundles?,
but only one of them provides non-degenerate triads in its associated vector bundle
[37]. Using spatial coordinates (x, 9, ¢) the reduced densitized triad in this non-

degenerate sector takes the form:

0 0 0
E = E*(z)13sin 19%+(E1(93)71+E2(x)7‘2) sin 19%+(E1(x)72—E2(x)7'1)% (2.7)
which contains only three functions E*, E* and E? (the superscripts 1 and 2 are
not spacetime indices here but labels for two different functions).
The form of connections A preserving the corresponding symmetry up to gauge

18

A=A (x)mdr + (a1 (x)m + az(x)m2)dV + (a1(x) T2 — az(x) ) sin ddyp + 75 cos Vdyp
(2.8)

The SU(2)-gauge freedom of the original variables leaves a residual U(1)-gauge

in the reduced theory. E” is an invariant quantity under this Abelian gauge group,
while A, may be seen as a U(1)-connection on the radial manifold®. Tt is convenient

to further introduce U(1)-invariant fields

A, = 1\/a? + d} and E? :=\/(E")?+ (E?)?. (2.9)

The remaining freedom of the four functions £', E? and a;, as not contained in
E¥ and A, is pure gauge and can be parameterized by gauge angles n(z) and B(z),
defined such that

micosn + mpsing = (E'my — E*n)/E¥ | 7 cos B+ Ty sin 3 1= (@172 — asm) /A, .

Each of these can be changed by the same amount with a gauge transformation,

so only the difference & :=n — ( is gauge invariant.

4They are classified (constructed) by homomorphisms \ : U(1) — SU(2) from the isotropy
subgroup to the gauge group, and Z(A(U(1)))-subbundles with gauge group the centralizer of
the image of the corresponding homomorphism in the gauge group.

5This splitting of the Ashtekar connection as reduced connection plus scalar fields on B is
critical for an embedding of the reduced quantum theory into full LQG.



13

In terms of these quantities the spatial metric reads
d¢* = E??|E”|"'da® + | E*|dQ?

The directions in the 7 7o-plane of the angular components ¥ and ¢ of the

densitized triad

A =1 sinn — mcosn and A =Ty cosn+ msinny
also determine the corresponding directions for the cotriad
eiida® = sgn(E")E?|E*| 2 rsd + |E* |2 Ado + |E*|2 Asin vdyp

and therefore for extrinsic curvature K = K!7;dz®, and spin connection I' =

i a
I 1idx

K = K, mdx + K@Adﬂ + K, Asinddy
[ = T,mdr + TyAdV + Ty A sinddp + 73 cos ddyp

K, (x) and K,(x) are the U(1)-invariant radial and angular parts of the extrinsic
curvature. As in the full theory the inhomogeneous radial component of the spin
connection is not invariant and is in fact pure gauge I', = 7/, but the homogeneous

angular part is gauge invariant

EZL'/
Ly=—>r. (2.10)
Relation (2.1) translates into
Aycosa =K, , A,+1n =+K, and Ai :Pi—ierKi (2.11)

Substituting the symmetric form of the triad and connection variables (2.7) and
(2.8) into the action for General Relativity (2.2), and integrating angular variables,
gives the canonical form of the reduced theory. The symplectic structure of the
original variables (2.3) makes the functions E®, E' and E? canonically conjugate

to A;, a; and ay, respectively. However, E¥ is not canonically conjugate to A, due



14

to the non-linear transformation from the original field components. It turns out
that E¥ is instead canonically conjugate to K, [39]. The most suitable polarization
for a loop quatization of spherically reduced gravity turns out to be given by the

canonical pairs:

(A.(@), %EW} — (K, (x), B*(y)} = {n(x), %P’?(y)} —Gi(ry).  (212)

with
Pn(l') = ZASDESD sin & = 4tr ((ElTl + E272)<A27'1 - Ang))

canonically conjugate to the gauge angle 7.

The choice of K, as opposed to A, for configuration variable to construct
"holonomies’ has two motivations. First the asymptotic fall off behavior for the
extrinsic curvature K, — 0 as x — oo, unlike the one for A,, gives the correct
semiclassical limit from "holonomies’ in the Hamiltonian constraint. And secondly,
the use of densitized triad variable E¥ as conjugate momentum to construct flux
variables allows for a considerable simplification of the volume operator eigenstates
and the Hamiltonian in the quantum theory®.

The reduced 2d action is then

1 . .
S=[|dt|— [ de(E*A, +2vEYK, + P"
/ {207/35( +27EP K, + P)
— / dr (AGgray + N"Dgray + N'Hray ) (2.13)
where the only nonzero 3-component of (2.4) gives the Gauss constraint

G graw | N dz \(E®' + P") (2.14)

- 2Gy
generating U(1)-gauge transformations.The z-component in (2.5) gives the diffeo-

morphism constraint

1 1 1
D rav N*| = _/dI N* |:2ESOK/ — —AxEJ:/ + —77/P77

50ne may argue that these considerations permit the construction of a quantum theory which
is in some respects closer to full LQG [39], but it is also true that the embedding of reduced
states in the full theory does not follow exactly as in [38], and requires a more careful analysis
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1 1
=— [ de N® |2E¥K] — K,E*'+ =n/(E*' + P" 2.15
el R o A | B AT

generating diffeomorphisms on the one-dimensional radial manifold. And the
Hamiltonian constraint (2.6) reads

Hyay[N] = dx N|E*|"2 (K2E?+2K, K, E*+(1-I2)E? 420 E*) (2.16)

26

and generates dynamical evolution.

2.3 Loop quantization

To quantize spherically symmetric gravity, we have to define a well-defined al-
gebra of quantities which seperate points on the classical phase space of the
fields (A,, K,,n; E*, E¥, P"). In particular, some of the fields must be integrated
(“smeared”) in suitable ways so as to provide an algebra under taking Poisson
brackets free of the delta functions which appear for the fields in (2.12). The re-
sulting algebra is then well-defined and can be represented on a Hilbert space to
provide the basic representation of the quantum theory. In gravitational systems,
the smearing must be done with care because there is no background metric to
define the integrations (in addition to the physical metric given by E* and E¥
which are to be quantized).

A loop quantization is based on holonomies

] = exp (3] Ade) L IR = exp( (o)l = expino)

) (2.17)
as smeared versions of the configuration variables. Here, we have used arbitrary
curves e and points v in the radial line as labels. Varying e and v allows one
to recover smooth local fields unambiguously. The appearance of integrations
without auxiliary structures is dictated by the tensorial nature of the variables:
The U(1)-connection A, can naturally be integrated to define parallel transport,
while the remaining components are scalars which we simply exponentiate without
integrations. In this framework, exponentiations are not strictly necessary, but we

use them in order to take into account the origin of these objects from non-Abelian
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holonomies in the full setting. Using exponentials instead of linear expressions in
connection or extrinsic curvature components will not spoil the linear nature of
the underlying basic algebra; see Eq. (2.19) below.

Similarly, we define flux variables
FE" = E*(v) , F.[E¥] = / Eede | F[P" = / Plde (2.18)

for the momenta. Also here, the integrations are naturally dictated by transfor-
mation properties of the fields, E* being scalar while £¥ and P" are densities of
weight one. Without introducing a background metric or integration measure, we

have thus managed to integrate all fields such that a well-defined algebra results:

{he [Ax}a Fv [Ex]} = i’yG&UEehe [Ax]
{ho[K,], Fe[E?]} = iyGopechy [ K, ] (2.19)
{holn], F[P"} = 2i7Gdyechy[n]

where d,¢. is one if v € e and zero otherwise.
An irreducible representation of this algebra can easily be constructed. In
the connection representation (which is customarily used in the full theory), an

orthonormal basis of states is given by

TykulAz, Koy = Hexp < 1k, fA dx) Hexp i,y K, (v)) exp(ik,n(v)) (2.20)

ecg veg

with integer labels k., k, and positive real labels p, on edges e and vertices v,
respectively, forming a finite graph ¢ in the 1-dimensional radial line. The labels
determine the connection dependence by irreducible representations of the groups
spanned by the holonomies. (These groups are U(1) for A,- and n-holonomies and
the Bohr compactification Rgop, of the real line for K -holonomies; see [38] for
details.)

Holonomies then simply act as multiplication operators. Specifically:

he[Ax]Tg,k,u = Lgk+bde,n hv[ch]Tg,k,u = Lgkut+d, hv[n]Tg,k,u = L gk+0y,u
(2.21)
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where 9. is a function on the set of all edges which is one for the edge e and zero
otherwise, and analogously for the function ¢, on the set of vertices. The state
Ty00[Az, Ky, n] =1 is cyclic for this representation.

The densitized triad components, which are momenta conjugate to the connec-

tion components, act as derivative operators:

A

ket (v) + Fe-(v)

FE Tk = 75%, 5 9.k (2.22)

FEN Ty = v pTyrn (2.23)
vee

F [P Tyry = 203 kTyr, (2.24)

vee

where (3 = Gh is the Planck length squared and e*(v) denote the edges neighbor-
ing a point v, distinguished from each other using a given orientation of the radial
line. (We have ke+(y) = ke if v is not a vertex of the graph.) All flux operators
have discrete spectra: eigenstates as seen in (2.22) and (2.23) are normalizable.
But only E® has a discrete set of eigenvalues, while E¢—eigenvalues fill the real
line. (Their eigenstates are elements of the non-separable Hilbert space of square
integrable functions on the Bohr compactification of the real line.)

These basic operators can be used for composite operators as well, providing
well-defined but rather complicated constraint operators. The Gauss constraint is
linear in triad components and can directly be quantized in terms of the basic flux
operators and implies

ky = =5 (ket (w) = ke ) - (2.25)

A basis for gauge invariant states in the kernel of the Gauss constraint is thus

TyrulAe + 1 Kol = [ exp (%ike (A, + n’)dm) [[explinEa(v)  (2.26)

e€g veyg

where the labels k, are eliminated by imposing (2.25). Accordingly, states solving
the Gauss constraint only depend on A, 4+ 7', not on A, and n’ separately. The
diffeomorphism constraint can directly be represented in its finite version, where
its action simply moves labelled graphs in the radial manifold by a spatial diffeo-
morphism ®: ®T, ;.\, = Togr,) Where (g, k, 1) = (®(g), k', 1’) is the graph ®(g)



18

with labels kg ) = ke and g, = po.

Operators quantizing the Hamiltonian constraint have been constructed, but
their constraint equations for physical states are more difficult to solve. Several
steps are involved in this particular case: First, we have to quantize the inverse
of E” as it appears in the classical constraint. There is no direct operator inverse
because E® has a discrete spectrum containing zero. Nevertheless, well-defined
operators with the correct classical limit exist, which are based on quantizing, e.g.,

the right hand side of the classical identity

sgn(E*)E?

Vi

instead of the left hand side [17]. This can be done using a quantization of the
spatial volume V = 47 [ dzE¥y/|E®| in terms of fluxes and turning the Poisson

bracket into a commutator divided by iA. Secondly, connection and extrinsic cur-

4y G = {4, V} = 2ihe[A]{he[As] 7" V} (2.27)

vature components in the classical constraint are turned into holonomies and then
quantized directly using the basic operators. Finally, one can quantize the spin
connection terms making use of discretizations of the spatial derivatives. In this

process, a well-defined operator

ﬁ[N]:W > ((hﬂh hy Bt = hohoh ! (2.28)
+27252 73 haolhy xa,
<hwhﬁ(v+e () ht o (0) ™" = hg(0) g (v + €7 (0)) " g,
27 | f;A(v)) holh, ' V]

(B0 4+ € () Mk = oy (0 4+ € (0) Lo (0)

) -
+2v% [ T,

e?(v)

() ol V1)

with the correct classical limit results. Here, § is a parameter appearing in the
exponent of angular holonomies hy = exp(6K,A) and h, = exp(6K,A). We use
the SU(2)-form of holonomies for compactness and for an easier comparison with

the full theory; as matrix elements we have our basic holonomies h,[K,| from hy
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and hy, as well as heo (v)[A;] from hy ,(v) == exp(feo(v) A, m3dx). Moreover, matrix
elements of A(v) := 71 cosn(v) + mesinn(v) and A(v) := 7 sinn(v) — 17 cosn(v) act
by multiplication with holonomies h,[n]. The parameter § in angular holonomies
may be a function of E” instead of a constant; this represents the possibility
of lattice refinements [47, 21] in the symmetry orbits which a full Hamiltonian
constraint operator in general implies since it creates new edges in a graph by
acting with the corresponding holonomies. In the reduced model, there are no
edges in the symmetry orbits, and thus no direct way exists to implement the
creation of such new edges. Instead, an E*-dependence of § can be used to make
the edge parameter § depend on the area of the orbit. A value ¢ shrinking with
the area would imply that more edges are created because the coordinate length
of each new edge used is smaller at a larger areal size.

The constraint equation H[N]i) = 0 for all N can be formulated as a set of
coupled difference equations for states labeled by the triad quantum numbers k.

and p,,, which have the form

Crolb ky =200 ko k=2, )+ Cro (ko ky +2)Tp(0 ko ky +2,..)
+C4 (ke — 2, k)0 ke =2k )+ Co (ke 4+ 2,k )W (ke + 2.k, )
+Co(k_ k(. k_ ke, ..) =0, (2.29)

one for each vertex. Only the edge labels k. are written explicitly in this difference
expression, but states also depend on vertex labels pu, on which the coefficient

operators o act; see [39] for details. We will only require the central coefficient

14
T (Il (/T + %=+ 10 = ks + = 1)

X (= by po 426, kg i) + |pmy ks o — 260, ke gy )
—2(1+290°(1 = T2 (i1, k)| by oo by 1)

—4y?6%sgny o (1) /Ty + k[T (7, k) e, ke o, by u+>)

+ Hyatter ol i—s ke 1, i, pi) (2.30)

C’O|ﬁ7 E) =

below. For these basic difference equations, one can show that they are free of

gravitational singularities in the sense of quantum hyperbolicity [48]: the recur-
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rence scheme they define provides an evolution of the wave function which does

not stop where a classical singularity would form [12].

2.4 Effective Equations

The difference equations (2.29) obtained by imposing the Hamiltonian constraint
operator are linear but quite involved; moreover, they are formulated for a wave
function which is not easy to interpret in a generally covariant system. Instead of
solving the equations directly, one can make use of an effective analysis which pro-
vides approximate equations of a simpler form for expectation values and possibly
higher moments of the state.

These effective equations are obtained as a Hamiltonian system whose Hamil-
tonian function H®? := (H) is the expectation value of the Hamiltonian operator H
in a general state [13], and which are constrained by expectation values of products
of constraint operators [49]. This framework is based on a geometrical formulation
of quantum mechanics [50], where the imaginary part of the inner product of the
quantum theory gives a symplectic structure for the Hilbert space, and operators

define functions on it by expectation values. The Poisson structure is given by
~ ~ 1 ~ 4
{F) (@)} = FZF G (2.31)

for expectation values of self-adjoint operators F and G.

Expectation values of the basic variables such as A, and E* would correspond
to the classical values in constraint expressions, but there is an additional step
involved in deriving effective equations: the expectation values of general opera-
tors depend on infinitely many quantum variables such as the spread of states or
deformations of the wave function, say for example from a Gaussian, which do not
have classical analogs. In purely mechanical systems these additional quantum

variables can be suitably parameterized in the form?

Gam = (4~ @)~ ) wey,  1<nEN 0<a<n

"Weyl here denotes totally symmetric ordering
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for any canonical pair (g,p) in the classical theory. These variables, along with
(¢) and (p), coordinatize the space of quantum states (rays in the Hilbert space),
which may be seen as an (infinite dimensional) fiber bundle with base manifold the
classical phase space. Thus every classical degree of freedom does not only give
rise to expectation values (¢) and (p) but to infinitely many additional quantum
variables. All of these variables are dynamical, and are in general coupled to each
other. Generically then (H(q,p)) # H((4), (p)), and the quantum Hamiltonian
H® contains (infinitely) many more terms depending on these Go". Effective
equations are obtained by truncating this infinite set of variables to finitely many
fields, resulting in equations of motion of the classical form corrected by quantum
terms. In our case we will keep the same number of fields as in the classical theory
and these correction terms will arise from the choice of representation by the use
of holonomies and the particular quantization of inverse triads.

The most common way to perform a truncation of the infinite number of quan-
tum variables to a finite set is by using a certain class of semiclassical states to
compute expectation values of the Hamiltonian operator. The regime under con-
sideration determines what a suitable set of semiclassical states is. In particular,
spread and higher moments of a semiclassical state are usually constructed or as-
sumed to be subdominant compared to expectation values. The construction of
such states can be quite involved, even for the spherically symmetric case, but
without explicitly constructing semiclassical states satisfying such conditions, one
can make semiclassicality assumptions for those parameters to be negligible. This
is what we will do in this thesis as a first step and as a shortcut to deriving effective
equations from the quantum theory in order to gain intuition on how character-
istic features of the quantized Hamiltonian, such as deviations of the quantized
1/E* from the classical behavior, enter the effective Hamiltonian and give rise to

potential physical effects (e.g. for black hole collapse in chapter 4).

2.4.1 Anomaly-free constraint algebra

In a Hamiltonian formulation of a gauge theory, like General Relativity, the con-
straints serve three purposes: they restrict the fields and their initial values to those

which make the constraints vanish, they generate gauge transformations which in
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Constraint surface

Phase Space

Figure 2.1. First class constraints restrict dynamics to the submanifold of phase space
where the constraints vanish. Their Hamiltonian flow is tangential to this ’constraint
surface’ and determines the ’gauge orbits’.

the case of GR coincide (on shell) with coordinate transformations or equivalently
spacetime diffeomorphisms and, they provide equations of motion for the fields in
any coordinate time parameter. All this is necessary to ensure the system described
is covariant, even though distinguishing momentum variables invariably removes
manifest spacetime covariance in a Hamiltonian description.

For this to be consistent, it is critical that constraints be preserved under the
time evolution they generate. This is automatically guaranteed if the constraints
generate a closed Poisson algebra, or in Dirac’s terminology, if they constitute
a first class set. Constraints then define, via the Poisson structure, hamiltonian
vector fields on field space which are tangent to the submanifold defined by the
vanishing of the constraints, and their low may then be interpreted as gauge; and
evolution in the case of GR (Fig.2.1).

Classically, this is certainly realized as a reflection of the general covariance of
the underlying theory. However, if quantum aspects are implemented, one must en-
sure that this consistency condition is preserved: the quantization must be anomaly
free. In particular effective formulations must satisfy this requirement if equations
are to be consistent and preserve the gauge symmetries. Anomaly-freedom is thus
a key requirement not only for the consistency of an underlying fundamental the-
ory but also for the possibility of applications. Quantum corrections to constraints

cannot appear in arbitrary forms, but must be restricted so that the deformed
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Poisson algebra closes.

We will thus use the requirement of anomaly-freedom to reduce some of the
ambiguities or arbitrariness in the form of quantum correction functions we will
introduce. As we will see, while this is certainly not enough to pinpoint unique
solutions or recipes for the quantization of the Hamiltonian, it does impose non-
trivial restrictions and further shows that anomaly-free effective formulations are
possible in Loop Quantum Gravity

That anomaly-free deformations of GR with equations incorporating correc-
tions from LQG are realizable is not obvious a priori. Quantum Geometry cor-
rections result from an underlying spatial discreteness, which may cast doubt on
whether they can leave the theory covariant. There are arguments at the level of
the full theory [17] stating that quantum operators may be anomaly-free, but it
remains unknown how to descend from this statement to anomaly-free effective
space-time geometries.

We will not compute explicitly expectation values of the Hamiltonian constraint
operator. Instead we will introduce appropriate functions of the canonical variables
to account for different possibilities of quantum corrections. The general modified

effective Hamiltonian constraint we consider here is:

1 1 1 1
H? [N]= T dz N(a|E*|"2E¥ fi + 2sa|E®|2 fo + | E*| 2 E¥

o—L _ oL
— ar |E|72 ET2 4 2sar | E*|2T7,) . (2.32)

The functionals «[E*, E¥] and a[E*, E¥] account for possible corrections from
the quantization of inverse triads coming from the factors |E|~2 E¥ and |E*|2. As
functions, they are assumed to depend only on triad variables £E* and EY¥ but are
otherwise unrestricted. Similarly ar[E?®, E¥] and ar|E*, E¥] depend only on the
triad variables and incorporate corrections from inverse triads and the quantization
of the spin connection. Their classical limit @« = & = ar = ar = 1 will later be
imposed to obtain specific closed algebras.

Classically f; = K 3, and fo = K,(A;+1n'), but to consider corrections from the
use of holonomies instead of the connection, we use general functionals f[K,, E*, E¥]

and fo[A, + 1, Ky, E*, E¥] depending on extrinsic curvature components K, and
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K, = A, +1', as well as triad variables.

As a first approximation, all the correction functions here (except for f, which
depends on 7) are restricted to depend on phase space variables but not on their
spatial derivatives.® Of course, while our effective Hamiltonian (2.32) is motivated
by the constructions and form of the quantum operator (2.28), by no means it
exhausts all possibilities for the quantum Hamiltonian H? = (H) (not even with
the assumption of the same number of degrees of freedom for the effective sys-
tem as the classical one; subdominant higher moments for states, and no spatial
derivatives).

Since diffeomorphism invariance is implemented by finite transformations in the
quantum theory rather than by constructing the infinitesimal quantum generator.
The diffeomorphism constraint remains unchanged.

We take the Poisson bracket derived from (2.31) to coincide with the classical
one (2.12). There are important subtleties arising from the choice of the holonomy-
flux algebra (2.19) as more fundamental for the quantum theory but we will not
consider these issues here. The Poisson algebra of quantum corrected constraints
is then

{Hgoo[M], H. [N]} =

grav

:L/dx(MNI—NM/)[O_éC_KF|EI| (27((%),]3“’— Ofs Ex’)

2G Ev? A, oK,
_ 0 2 1 afl E*! R — " af? ‘Ex‘
o (Gorggt —omry ) o 42 —aat) vt
(2.33)

8The usual expectation that quantum gravity gives rise to low energy effective (covariant)
actions with higher curvature terms, translates in the canonical framework to higher powers
and higher spatial derivatives of extrinsic curvature and triad. Higher time derivatives are more
difficult to see in a canonical treatment and usually correspond to the presence of the additional
quantum variables alluded before. Since these two types of correction terms should combine to
give higher curvature terms in a covariant formulation and since we are assuming independent
quantum variables are suppressed, it is consistent to ignore higher spatial terms.
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{HZ [N], Dgra[N*]} = —HZ, [IN"N']
—ﬁ/deNr’E%’ Oa e |EPTEER S+ 25 aO;|EI|5f2 Oa S BT ES
—§§i|Em|—%E@F§+2 aO‘F|E$\ r
~5g | de NNTE? |E$|‘5E“’§£ +2s |E“’|2§£i
+28@|g,15 (gﬁiAx + g{in’ - fzﬂ (2.34)

As shown in appendix A, the algebra can be made first class for both nontrivial
holonomy and inverse triad corrections. Since specific holonomy corrections are
difficult to discern in the spherically symmetric case and the constraint algebra
incorporating their effect is harder to control, we will focus solely on inverse triad
corrections.

All quantum corrections (including genuine quantum effects due to the backre-
action of higher moments of a state on its expectation values), occur at the same
time and must be combined in a complete treatment. While one type of correc-
tion might be dominant in certain regimes, this would not be known a priori but
would have to be shown by a detailed analysis. While holonomy corrections have
been show to play a more significant role in homogeneous models [51, 52], inhomo-
geneous constructions in perturbative LQG suggest inverse triad corrections are
dominant in that context [53]. Nevertheless, it is legitimate at first to separate the
different corrections, analyze individual effects and later combine results.

For inverse triad corrections only, f; = KZ and fo = K (A, + 1), and the
Poisson bracket (2.33) gives explicitly

{Hg, [M], HZ, [N} =Dgroy[aar| E*|(E?)*(MN' — NM')]
— Gyeav|@ar| E7|(E#) 2 (NM' — MN')rf]
sK,(E*)

1 ! ! — _
+ﬁ/dx(MN — NM")(aar — aar) o
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de (MN' — NM")(&ar — aal) o

38 (2.35)

For a first class algebra the last two terms, which are not related to constraints,

must vanish, restricting the correction functions with conditions (A.11):

oo da
aoar — aar — 2E° (@FaEx — @8E1;) =0 (2.36)

There are additional conditions which are also imposed by the Poisson bracket
(2.34), which reads:

{ grav[ ] graV[Nx]}__HQ [NwN/]

grav

oa

dz N(N® E“’( E*| 2 K2E¥ 42 K, K| B}
aTel (N*) 8E<P| | + 2o |E*|2
8@ 1 (9

BT 3 EP — E*|3T2F% 42 I | B3 ) 2.
b o0 e - O it 2 D0 ) s

and gives conditions (A.11):
00 a0ar o Oar (2.38)

OE® U 9Ee T OEe

There are infinitely many solutions to these equations and we will show explicit
examples in subsequent chapters, where we will further couple gravity to different
matter sources and use these results to construct anomaly-free systems which may

be used for applications.

2.4.1.1 Deformations of General Relativity and spacetime

For correction functions satisfying (2.36) and (2.38), the quantum corrected con-

straint algebra becomes modulo the Gauss constraint

(HE,[M], HE, [V)) =Dy 60| B¥(£9) (N ~ M) (2.30)
{H V], D N} = = HEL NN~ X poN =] (2.40)

which certainly coincides in the classical limit with the so called ’algebra of hy-

persurface deformations’ of General Relativity and generally spacetime covariant
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systems:

{H[M], H[N]} = D[g"(MO,N — No,M)]
{H[N], DIN®]} = — H[N"9,N]
{D[N], D[M"]} = D[[N*, M"] (2.41)
This algebra is a fundamental object, encoding not only the gauge symmetries
of Einstein’s theory but the structure of spacetime. The Poisson bracket relations
(2.41) express the fact that dynamics takes place on spacelike hypersurfaces em-
bedded in a pseudo-Riemannian spacetime [1, 54]. In a Hamiltonian formulation
the dynamics of a general field are obtained by prescribing the field on a space-
like hypersurface and then deforming this hypersurface through spacetime. The
deformations of hypersurfaces in a pseudo-Riemannian spacetime observe a simple
geometrical pattern® (Fig.2.2), and any dynamics taking place on such a spacetime

must reflect the structure of this pattern.

(a) The commutator of the generators
of ’pure deformations’ or ’'translations’:
[Hesanr, Hsn] = Dsya.  The ’stretch-
ing’ SN® = q®(6M 0N — SNOyIM) is
needed to compensate reverse order of
the two ’translations’ M and 6 N.

(b) The commutator of a 'pure deforma-
tion’ and a ’stretching’ or spatial diffeo-
morphism: [Hsy,Dsna] = —Hsp- A
‘translation’ dM = —6N®0,0 N compen-
sates for reversing the order of a 'trans-
lation” 0N and a ’stretching’ dN¢.

Figure 2.2. Hypersurface deformation algebra [1]: The closing relations ensure that
consecutive deformations of hypersurface embeddings result in the same final embedding.

The closure of the deformed constraint algebra ensures that the effective quan-
tum corrected theory has the same number of gauge symmetries as the classical

one, but due to the explicit appearance of correction functions on the right hand

9The bracket {D[N?], D[M®]} = D|[N®, M"]] is a representation of the Lie algebra of in-
finitesimal spatial diffeomorphims.
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side of (2.39) and (2.40), this algebra is not a representation of the algebra of
hypersurface deformations!®. Not only the dynamics (reflected by the modified
Hamiltonian constraint operator (2.32)) but the structure or symmetries of the
spacetime manifold are changed by these quantum corrections. Gauge symmetries
will, in general, no longer coincide with coordinate transformations in our models.

It is difficult to determine what the general structure of these deformed space-
times is. For particular corrections and models with matter, one may interpret
these corrections as effective couplings only (as we do in chapter 3). For inverse
triad corrections one may try to interpret these modifications by effective geome-
tries (as we attempt in chapter 4), but this cannot give a fully satisfactory answer
since, for example, corrections to the constraint algebra may depend on connection

variables too as in (A.14).

2.4.2 Inverse triad corrections

Inverse triad corrections arise from every Hamiltonian operator quantized by loop
techniques, where inverse components of the densitized triad appear. Such correc-
tions are directly related to spatial discreteness of quantum geometry since, as seen
from equations (2.22) and (2.23), densitized triads as basic variables are quantized
to flux operators with discrete spectra containing zero . Since such operators do
not have densely defined inverses, no direct inverse operator is available. Instead
as sketched before, well-defined quantizations exist based on techniques introduced
in [17, 56], implying corrections to the classical inverse which we parameterize by
general correction functions.

To gain insight into what the specific form of quantum corrections may look

like in our effective Hamiltonian, we may look at expectation values of operators

—

like \/27 as quantized in the Hamiltonian constraint.

For example, using equation (2.27), we may quantize

—

sgn(b*)E® 7 PN
sgn(fe) v =57 tr(rshe|h, ', V1)
e vV ‘Ez| Ty
10Tndeed, in vacuum, General relativity is the unique canonical representation of the hypersur-

face deformation algebra if the metric and its conjugate momenta are the sole canonical variables
of the theory [55]




29

using the identity exp(cr;) = cos(¢/2)I + 27; sin(c/2) we have

ho[h7Y, V] =V — cos(c/2)V cos(c/2) — sin(¢/2)V sin(c/2)
+ 273[cos(¢/2)V sin(c/2) — sin(c/2)V cos(c/2)

for c = [ A, dx, so

—

sgn(E®)Ee

(4
e VIETT  2mG

(sin(c/2)V cos(¢/2) — cos(c/2)V sin(c/2))

From 4 ,
620/2 _ 6710/2 1

(Sin(c/2))Tg,k,u = TTQJW = g(Tg,kHe,u - Tg,k—cse,u)

and a similar expression for the cos(c¢/2) operator, and the volume operator eigen-

values

N 1
VTyhu = 4my* /20 <Z |:U’U|\/§|ke+(v) + ke—(v)|> Ty ke

veg

we have eigenvalues

sgn@w\)E%"
( W Tk =2v"20p Z |40 (\/’ke*'(v) + ke~ (0) + 1]
vEg

- \/Ike+(v> + Ke—(v) — 1|)] To ke

—_

From this we can read the eigenvalues of \/% and parameterize their deviation

from the classical expression by a correction function .

We may also heuristically take into account the additional quantum degrees
of freedom in the symmetry orbits coming from the full theory, as it is done in
the framework of 'lattice refinements’ [47, 57]. The discrete spectra of geometrical
operators shows that the spatial geometry is made up from basic constituents
determined by the number of vertices and spin labels of a spin network state.
These elementary plaquettes’ can form a macroscopic geometry in many different
ways and dynamically one expects them to change in size as well as in number. A

possible form for the correction function incorporating these effects is [21]:
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o VIAHG/2] - VA -3 )2]
a(A) =2 7 VIA| (2.42)

where A is the size of an elementary plaquette in a discrete state underlying a

classical geometry. For corrections in inverse powers of E*, which is proportional
to the area of a spherical orbit, the relevant operators give rise to a dependence
on plaquette sizes on orbits. For a nearly spherical distribution of N (E*) such
plaquettes making up the whole orbit, we thus have A = E*/N. Since we refer
only to the orbit size, corrections thus naturally depend on E* only but not on
E¥. (That this is required will later be shown independently when we use anomaly
freedom to rule out that « could depend on E¥.) Such a correction function
then multiplies any classical appearance of (E*)~! in a Hamiltonian operator. In
particular, classical divergences of inverse factors of E* are cut off as one can
see from the plot in Fig. 4.1. Correspondingly, the dynamics given by such a
Hamiltonian will change from quantum corrections. Classically, i.e. for fp — 0, we
have a(E”*) = 1, and this limit is approached for large E®. Also this behavior of
the correction function is illustrated in Fig. 4.1.

For a large number N of discrete blocks, the scale A is reduced compared to
E? and corrections from « can be significant even for large E®. Since typically N,
in relation to the underlying state, is not a constant but would depend on the size
E7* different kinds of behaviors can arise. This phenomenon of lattice refinement
is important to capture the full dynamics of quantum gravity and its elementary
degrees of freedom [47, 57]. It is also crucial for realizing the correct scaling
behavior of correction terms under changes of coordinates [58]. In this work, we
will mainly be looking at general implications in local equations of motion, where
the value or behavior of A is not important. More detailed investigations could
at some point provide restrictions on the possible form of N (E*), and thus give

insights in the required behavior of discrete quantum gravity states.

2.5 Related Approaches

Before closing this chapter we briefly mention here other canonical approaches to

the quantization of spherically symmetric spacetimes. The classical theory was first
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studied in [59] and amended by Unruh in [60]. Kuchai [61] presented a reduced
phase space quantization of the extended Schwarzschild solution, where the mass
and time at infinity are the conjugate variables. Kastrup and Thiemann also gave
a reduced phase quantization starting from (dual) Ashtekar variables in [62] and a
Dirac quantization using BRST methods (but not loop methods) in [36].

More recently, coupling the spherically symmetric system to dust and extending
the methods of [61], a Dirac quantization for the LTB solutions was constructed
in [33, 34]. In this quantization the mass, radius, dust proper time, and their
conjugate momenta are chosen as a canonical coordinate chart and the diffeomor-
phism constraint is used to eliminate one of the momenta leading to a simplified
Wheeler-DeWitt equation.

Hussain and Winkler [63, 64] gave a quantization of gravity coupled to a scalar
field using loop inspired techniques. This 'polymer’ quantization uses Painlevé-
Gullstrand coordinates and exponentials of the (conjugate momenta) geometrody-
namical variables as a starting point.

The gravity-scalar field system has also been recently studied using loop tech-
niques by Gambini, Pullin and Rastgoo [65]. Gambini and Pullin have also con-
structed in [66] a loop quantization of the extended Schwarzschild spacetime using

partial gauge fixing and discretization as in [67].



Chapter

Dilaton Gravity Poisson Sigma

Models and Loop Quantum Gravity

In this chapter we will explore the connection of spherically symmetric models
in loop variables with general two-dimensional dilaton gravity and Poisson sigma
models'. We first review in Section 3.1 the general class of two dimensional mod-
els considered here and derive an explicit canonical transformation to relate them
in Sec. 3.2. After discussing applications in Sec. 3.4, we exhibit consistent de-
formations for one type of inverse triad corrections in the loop formulation and
use our canonical transformation to translate this back to the PSM framework in
Sec. 3.5, where we relate quantum corrections to changes in the underlying Poisson
structure of the PSM formulation. The analysis will be done in the presence of a
Yang—Mills source which can, as detailed in Sec. 3.3, be added as an extension of
the original PSM.

3.1 Formulations of gravity in two dimensions

In two dimensions the analog of the Einstein—Hilbert action in vacuum is trivial,
but the presence of extra fields gives rise to interesting models. Such fields may,
for instance, arise after dimensional reduction of a field theory in four or higher

dimensions. In the case of 2d gravity this leads to the presence of the dilaton field.

IThis chapter is based on the work by the author in [68]
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Most of the studied gravity theories in two dimensions can be described by the
so-called Generalized Dilaton Gravity action

1

Slg. @] = 5

/ /=g (F(®)R(g) + U@)g"9,50,5 + V()  (3.1)
M

which is the most general diffeomorphism invariant action giving second order dif-
ferential equations for a metric g and a scalar dilaton field ® on a two-dimensional
manifold M; for a comprehensive review see [23]. Here, F, U and V are three func-
tions parameterizing different models (which should be sufficiently well behaved,

and F being invertible).

3.1.1 Poisson Sigma Models

Poisson sigma models are a more general and unifying structure encompassing and
generalising 2d gravity theories as well as 2d Yang-Mills theories [69, 70, 71, 22].
These are topological two-dimensional field theories which encode all the content

of a particular model in a single Poisson tensor P defined on an n-dimensional

target manifold N (in local coordinates X', P = 1P¥(X) 5% A 525).

For a given Poisson tensor, the corresponding PSM action has the form
) 1 ..
M

or, written explicitly with coordinates x* on M,

oo = [ e [ A ) T )+ 5PI () A )AL D

The dynamical fields are X*(2*), which parameterize a map X: M — N from the
two-dimensional spacetime manifold M to the target Poisson manifold N, as well
as A; = A;,dz", a one-form on M taking values in X*(T*N).

More abstractly, the pair (X?, A;) defines a vector bundle morphism TM —
T*N with base map X, so that the action may be viewed as a functional of vector
bundle morphisms. The equations of motion of the PSM may be shown to require

these morphisms to preserve the standard Lie algebroid structures? on T'M and

2A Lie algrebroid is essentially a fiber bundle with a Lie bracket defined on its sections as well
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T*N: solutions to PSMs are Lie algebroid morphisms, and gauge symmetries are
related to homotopies of morphisms [72].

The key step in establishing 2d gravity as a PSM is the reformulation of (3.1) in
first order form by using Finstein-Cartan variables: dyads and the spin connection
instead of the metric. First, using the field redefinition ¢ = F(®) and replacing U
by U/F’?, the coefficient F for the curvature term may always be assumed to be
the identity function. The kinetic term can be eliminated by means of a conformal

transformation g := Q%(¢)g, with

Q(¢) = exp ( / ’ Uéz)dz + const)

and V = —V(¢)/Q?*(¢). The action

5=3 | #av=soR-V(©)

can then be expressed in first order form using dyads ej;dz* and connection one-

a Jofh.
forms w,, ydat:

S=— /M bl + %V(qﬁ)s + X, D (3.3)

Here, we have used the two-dimensional identity Re = —2dw where ¢ is the two-
dimensional volume form and w is defined by wj = wej, with € being the single
generator of the Lorentz gauge algebra so(1, 1). Lagrange multipliers X are intro-
duced to enforce the condition of torsion freedom; see App. B.2 for theories with

torsion.

3.1.1.1 Equations of motion

Variation of (3.3) with respect to ¢, w, X, and e® respectively gives the equations

of motion

dw + %V’(gb)e 0 (3.4)

dp + Xae%4e’ =0 (3.5)

as an anchor map from the bundle to the tangent bundle over the same base manifold. A Lie
algebra is a Lie algebroid whose base manifold is a single point.
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De = de® 4 e yw A e’ =0 (3.6)

1
5V (®)zame’ +dX, + e X'w = 0. (3.7)

It is convenient to introduce a light cone basis e* for dyads, so that g,, = 26&6;)

and raising and lowering indices is accomplished by replacing a lower 4+ (—) by an
upper — (+) and vice versa. Solving the condition (3.6) for torsion freedom with

coordinates (¢, x) on M and a light cone basis, we get the spin connection in terms
of the dyad:

— 1) -+ + .=\ =+ + -/
(ezez) _(et ez +6t ecc) +6t e:c +6t 6:E
F —
€y €y —G;Gt
— et St o — ot/
€y € _'_exet _(et et)
el ey —efe;

(3.8)

Wy =

(3.9)

Wt —

From Eq. (3.5) we obtain '
_ el — el

=T
e; e, —efe;

XF (3.10)

These equations will be useful below.

3.1.1.2 Spherically Symmetric Gravity as a Poisson sigma model

To relate dilaton gravity and PSMs to spherically reduced gravity in four dimen-

sions, we start from the Einstein-Hilbert action

1
SEH dDCL’ AV Dg DR

- 167TG MxSD—2

in D dimensions and insert the ansatz
ds® = g, (x")dz"dz” + ®*(2")dDV%p-s (3.11)

for a spherically symmetric metric with g,, a metric of signature (—,+) on the
two-dimensional spacetime M, and dQ%D_2 the area element of the (D — 2)-sphere
SP=2 (for the 2-sphere d2? = di¥? + sin®9dp?). After integration of the angular
variables (see e.g. App. B of [73] or App. C of [74]), the reduced 2d dilaton action
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is

. Op-—»
5= 167G

/ d*x\/—g [CI)D_2R(g) + (D —2)(D — 3)®" g 9,00,
M

+ (D —2)(D — 3)<1>D—4} : (3.12)

with Op_s the volume of SP~2.

Defining
0= | g, i=0Prg, , V(9):=—(D-2)(D-3)s /P2 (313)

and introducing Lagrange multipliers X, as before to implement torsion-freedom,

this action is seen to be of the form (3.3):

B Op-_2
G

1
/ X, de® + X,e%w A e’ + ddw + EV(qb)s.
M

Further, integrating by parts and discarding boundary terms we have

Op—2

SZ_87rG

1
/ e“/\an—l-w/\dqb—i-Xag‘lbw/\eb—i-éV(gzﬁ)a.
M

If we collect the zero- and one-forms appearing in the last equation into the

multiplets

and use the Poisson bivector

0 —-V/2 —X~
Pi=|(v/2 0o Xt |,
X~ —-X*t 0

the action finally takes the form of a Poisson sigma model:

Ops
G

1
M
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with a three-dimensional target space, and ¢ € {—, +,3}.

From here on we specialize to four dimensions for which

gb = CI)Q y  Gu = \/Q_bguu ) V(¢) = (315)

S

3.1.1.3 Canonical Form

The action for a Poisson sigma model is already in first order form. Using coordi-

nates (¢,x) on M, (3.14), specialized to four dimensions, reads:
S = el dt/dx[AiX’ — N(X+PYA;) (3.16)
with
Ai = Am y Az = Ati y X = 6?tX y X/ = 8xX . (317)

The canonically conjugate variables are thus X* and A; with
{X'(x), Ai(y)} = 2G80(x — ),
subject to the total constraint
/mm@zo

with Lagrange multipliers A; and

o 1 ) .
T . il i A .
Chi= oa (XU 4+ PUA).

These constraints form the first class algebra

1 .
{CIA), O]} = _ﬁC[AiKlak,PZl] : (3.18)
For a linear Poisson tensor, this is an algebra with structure constants, equivalent
to the Gauss constraint of a gauge theory with structure constants 9,P%. For
non-linear Poisson tensors, on the other hand, the system has structure functions.
The Lie algebroid formulation of Poisson sigma models, alluded to above, provides

an interesting perspective on systems with structure functions whose constraints
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generate the symmetries of a Lie algebroid rather than a local Lie algebra. Similar
interpretations exist for a large class of algebroid Yang-Mills theories [75] or Dirac
sigma models [76].

The action (3.3) is space-time diffeomorphism and SO(1,1)-gauge invariant. In
particular, C? is the canonical generator of local gauge transformations, and the

spatial diffeomorphism constraint is the combination
D= AC" = AX".

For the relation to variables underlying the loop formulation, it will be conve-
nient to introduce the SO(1,1) invariant quantities

X2 =X"X" | ei=e¢f (3.19)

as well as gauge angles 7" and (3 defined by
X% =Xexp(£8) , ef =ecexp(£T).

The angles are well-defined as long as X # 0 and e # 0, which is the case except at
horizons. In what follows, we analyze the local constraint algebra such that global
problems of this transformation of variables do not play a role. (As expected for
an Abelian gauge transformation, C®[A] then generates T — 1 — A, 3 — 3 — A,
Wy — Wy + A’. In the regions where our change of variables is valid one can even
Abelianize the full constraint system; see [22].)

The symplectic structure §2 in the new variables becomes

1 )
= — 0A; NoX'
Q 2G/dm AN

1
- 2G

= % /d:c de N 6(2X cosh(Y — B)) + 67 A §(2Xesinh(T — 3)) + dw, A 6

dxd(eexpT) N d(X exp—0) + d(eexp—T) A §(X exp 3) + dw, A d¢

=55 dx e A 6Q° + 61T A SQY + dw, A 6¢
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with
Q°:=2Xcosh(Y — ) , QF :=2Xesinh(Y —f), (3.20)

which provides the new canonically conjugate pairs

{Q(),e(y)} ={Q"(2). T(1)} = {(w), wuly)} = 2G5(x,y). (3.21)

We can invert this transformation to find

XT = # exp(F7T) (3.22)

and insert it into the PSM constraints:

~ 1
=_
C 5C exp(F71) (3.23)

eQ® + Q7' eQe + QY
() = (%

N L) 1) F Ve

~ 1
CP=—(¢+Q"). 3.24
5@+ Q) (324
By the same combination as before, the diffeomorphism constraint is

D= %(eQe' QT+ wnd). (3.25)

3.2 Relating the two models

The actions (3.16) and (2.13) represent equivalent canonical formulations of spher-
ically reduced general relativity, so there must exist a canonical transformation
between the PSM and Ashtekar variables. To find such a transformation we first
compare the form of the reduced 2-dimensional metric in terms of these two sets
of variables. This relates the dilaton field ¢ and the gauge invariant part e of
the dyad directly to the densitized triad components E* and E¥. Using this and
imposing the canonical relations (3.21) gives a system of differential equations for
the remaining PSM variables. We then use equations of motion (3.8) to fix some

of the ambiguities and check for consistency.
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3.2.1 Comparison of metrics

The general canonical line element ds? = —N?dt? + qu(dz® + N°dt)(dz® + N°dt)
adapted to spherical symmetry with coordinates (¢, z, v, ), lapse function N(¢,x)
and shift vector N*(¢, z) is

ds® = —N(t,x)dt* + L*(t,z)(dx + N*(t, z)dt)* + R*(t, 2)d? (3.26)
where L? and R? are components of the spatial metric dg? = L*(t, x)dz*+R?(t, x)dQ?.
In terms of the densitized triad, we have

E?2

L? ,
| £ |

R? = |E"|.
Comparing this form of the metric with (3.11) directly gives

_N2 L2 Nz 2 LZNx
+ LN ) . (3.27)

=9 | y =
Qchp g'“ < LQN:): L2

This relates the densitized spherically symmetric triad variables to the dyads of

the conformally transformed metric g, = v/¢g,, and the dilaton field ¢:

o= = |B"
g=2cte” = \/og
_ _ _ w2 T @ 2 T
2e; e, efe; +efe, g —N2+2‘EE—I‘N 2 |EEI|]2V .
e e, +ele, 2eter %Nx %
From this we obtain
2 I
e’ =eje, = ;
2| E=|2
and
E¥ E¥
+ —_
z :p—lexpT’ €, =P—F—— 7 €Xp -T
No Vet P
N?E¥ + N|E®|3 - 1 —N2|E®| + N®2F%?2
e:r =p |l | eXpTa € = 1 | | 1 € p<_T>
V2|E®|i V2|E®|i \ N=E¥ + N|E*|2

(3.28)
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with p = 41 distinguishing different solutions.
Using equations (3.8) and (3.10) and the equations of motion

E* = 2sNK,|E*|z + N*E*'
E¢ = N(K,E? + K,E*)|E*| "2 + (N*E#)’ (3.29)
for the spherically symmetric loop variables where s is the sign of E*, we get the

dependence of the spin connection w, and Lagrange multipliers X% in terms of
(E*, E¥, Ky, K,):

K, R, (3.30)
Wy = TSN, 2’E5’3‘ ”) .
and
X~ :10\/§|E3”|i —S B F K, | exp(—7) (3.31)
2E% v '
Xt = VAL (s F K, ) expT (3.32)
S F K . .

3.2.2 Canonical transformation

We now look for a canonical transformation between the two sets of variables
(QB’QT’¢; €7T7wx) (:) (Ex7E(p7Pn;A337K§0777>'

The Poisson bracket relations (3.21) give a system of partial differential equations
for the functional dependence of Q¢, QT, T, and w, on the spherically symmet-
ric loop variables. (There are 15 nontrivial relations that must be simultaneously
satisfied to ensure consistency: {Q¢ e} = 2G,{Q% ¢} = {Q, e} = {QY, ¢} =
0, {6,w} = 2G. {e, w0} = {6.T} = {e, T} = 0,{Q7. T} = 26,{Q". T} = {Q". Q")
{Q% w,} = {QF,w,} = {T,w,} = 0. The remaining {¢,e} = 0 is automatically
satisfied given the functional dependence of ¢ and e on E* and E¥.)

These equations are solved in App. B.1, providing the canonical transformation

E¥

V2|E=|t
E¥ 1
= |E” = —sK, — K R,
¢ | | ) w S 2‘E1| SD+ k77

Q° = p2V2|E*|1 K, + h[|E*| 1E¥] | e=p
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k k- 1
Qr = P+ (—”) E°, T=-9 (3.33)

with inverse transformation

E* = s¢ , E”:p\/ﬁqbie
(Qe_h) / €
K,=p—~——— K, =—s(w, + 7"+ —(Q°—h
v , s(we + +4¢(Q )
n=-kr , Pl= %Q“r <%) ¢ (3.34)

Here again, s = sign(FE?), k is an arbitrary constant, and h an arbitrary function

of one variable.

3.2.3 Constraints

We take h = 0 to provide a specific canonical transformation. As mentioned
in App. B.1, with this solution the C? constraint (3.24) reproduces the Gauss
constraint (2.14):3

1 k
B[N = LTy = o BT 4 P7) = . .
The diffeomorphism constraint (3.25) reads:

1

D[N:E] — @/der(eQe/ . QTT/ +wz¢,)
1

-5 / dz N*(2EPK!, — K, B + 7Y (P + E*')) = Diuuy [ N7

(3.36)

Using (2.10), the remaining independent linear combination becomes

C LN exp(—T)] - O [N exp(T)] =

3There is a local agreement of the infinitesimal Gauss symmetries generated by the constraints.
Globally, however, the formulations differ, one having a compact group U(1), the other the
noncompact SO(1,1). In fact, different time gauges have been used to reduce space-time metrics
to objects in canonical form, which turns out to imply different topological properties of the
gauge orbits.
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V2 Q"Y'
dr N 1/41e ry [ X
2 Jasnerg e - () < v
e ) x E¥V
2G da:N{ B BR2E — 26| PP K, + =
|Ex|f%Ex/2 S|Em|%Em/E<p/ S|Ex|%Em//
T TUEe T T Eee E¥
1 /
pk x|1/4 |E|:U|4 x !
— —— [ de N|E —(F P 3.37
- [aemep e ] )
and reproduces the Hamiltonian constraint (2.16) with V(¢) = —\% — —2|E"| 2
(up to the Gauss constraint):
2 2
2N expl(—T)] - O LN exp(T)] =
1 /
pk x|1/4 |‘Em|Z z !
= pHypay|N dx N|E E P .
pionIN] = o [ ol L e 4 )
To summarize,
C? = kGyrav (3.38)
e exp(T)C™ + e exp(=T)C + w,C3 = Dyray (3.39)
- N C !
—exp(7)C™ + exp(=1)CT + <?) = V2P T H gray (3.40)

verifying once more that (3.16) and (2.13) represent equivalent constrained sys-

tems.

3.3 Inclusion of Yang-Mills fields

Before discussing our main topic, the role of quantum corrections, we extend the
formalism to include 2-dimensional Yang—Mills fields [22]. This will provide a non-
trivial model in the presence of quantum corrections. The general 2-dimensional
Yang—Mills action with an arbitrary coupling (, allowed to depend on the dilaton
field ¢, reads

1
4
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where F! = d A" + %CI s A7 A AK is the usual curvature 2-form of the connection
ATy, with Ty a basis for the Lie algebra g with structure constants ¢! ;5 of the
chosen n-dimensional internal gauge group. (It should be stressed that from a
physical point of view this is a toy model; spherically reduced Yang—Mills theory
contains extra fields and does not coincide with the purely 2d model.)

In first order form this action is
SYM = —/ glf[ + QC(gb)gl&e (341)
M

(Assuming tr(7;7;) = %5 17, this equivalence is seen most easily by inserting the
field equation 7 = i * F! into the original Yang-Mills action.) Then Sgay + Sym
reads

1 1
SeravyM = T /M X%De, + ¢pdw + 2GELFr + <§V(¢) + 4G§(¢)51&) e (3.42)

where indices a run over + and —, and I = 1,...,n. The coupling of Yang—Mills
theory to gravity thus changes the dilaton potential in a way which depends on
the value of the dilaton through the coupling function (. Moreover, the target
manifold of the PSM has a higher dimension due to the degrees of freedom of
the Yang—Mills field: After integrating by parts and dropping the corresponding

surface terms, and with the identifications
(X)) = (X%,E) , (A) = (earw, Ar),

the previous action turns out to be of Poisson sigma form (3.2) on an (n + 3)-
dimensional target space N with Poisson brackets

(Xt X"} =V/24+4G¢E'e, ,  {XF ¢} =+X7
{eh,e’y =cgeR . {XF € ={p,&'} =0.

The Poisson bivector can thus be decomposed as

P 0

)=y q
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with the 3 X 3 matrix

0 —V/2 —AGCELE, —X~
P = | V/2+4GCELE, 0 X+ (3.43)
X~ —X+ 0

and the n X n matrix
Q= (Q") = (" k&Y).

The canonical formulation of Sec. 3.1.1.3 proceeds almost unchanged: The

symplectic structure (2.3) is extended by the Yang-Mills pairs

{&M(@), Ar(y)} = (2, y).
The constraints CF (3.23) (and (B.12)) receive additional terms F2(E!Ere exp(FT):

e 1

T 2G

<6Qe + Q7

/ e r
= ) - (M) (ot T) F %V((b)e + 4G§81c‘,}e] exp(FT)

2e
(3.44)

and we have the usual n-component Gauss constraints
Cf3+] _ g[/_{_Cgé]AJgK

for the Yang—Mills part of the theory.

3.4 Loop quantization of general 2-dimensional

dilaton gravity

We can now obtain the first application of our canonical relation between dilaton
gravity and spherically symmetric gravity in Ashtekar variables: a loop quanti-
zation of general 2-dimensional dilaton gravity models. So far in this context,
loop quantizations have only been performed for one specific dilaton potential
V(¢) o< 1/4/, corresponding to spherically symmetric gravity in four dimensions
[38]. Looking at the Hamiltonian constraint in the form (3.37) shows that the

potential appears only at one place, which is in fact a rather simple term in the
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Hamiltonian (resulting from the term E¥ in the parenthesis in (2.16), which is the
only term independent of K, or I',). This observation allows us immediately to
extend the existing loop quantization of spherically symmetric gravity to an arbi-
trary potential V' (¢), provided only that the expression V(¢) can be turned into a
well-defined operator. Since this is merely a function of the triad component E¥,

such quantizations easily exist.

3.4.1 Applications

Ashtekar variables only exist in three and four dimensions, such that an immediate
loop quantization is possible only in those cases or in models which are obtained
from them by symmetry reduction. With the formulation of general dilaton grav-
ity models in spherically symmetric Ashtekar variables, however, we are now in
a position to extend the loop quantization to arbitrary dilaton potentials: The
Gauss and diffeomorphism constraint remain unaffected; in the Hamiltonian con-
straint, we simply insert the appropriate operator quantizing the given dilaton
potential V(¢) in the spherically symmetric constraint operator; this will only
change the coefficient Co, (2.30), in a straightforward way: Instead of 1 — Fi we
then have —V (E”)\/|E*| — 2, where E* in a triad representation will simply be
replaced by 1703 (ks + k_) after quantization. All the other coefficients in the dif-
ference equation remain unchanged, and so does the conclusion about the absence
of singularities. Thus, all dilaton gravity models are singularity-free in this loop
quantization.

This allows several specific applications. First, we can choose a linear dilaton
potential V(¢) o ¢, which provides a loop quantization of BF-theory. As one
can see, the quantization does not simplify considerably in this case because most
terms of the Hamiltonian constraint remain unchanged compared to spherically
symmetric gravity. This is quite unexpected given that BF'-theory can be quan-
tized rather easily in different formulations. However, transformations between
Ashtekar-type variables and variables which allow simple quantizations are non-
trivial. Their quantizations can thus differ considerably. The BF-case of PSMs,
quantized in Ashtekar variables as obtained here, can provide an interesting model

for a quantization of a simple classical theory, quantized using techniques and basic
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objects as they apply to full gravity. A direct loop quantization of 2d BF-theory
is discussed in [77].

Secondly, we can provide loop quantizations of spherically symmetric models
in arbitrary D space-time dimensions. Here, we insert quantizations of the corre-
sponding potentials V(¢) oc ¢4P) which d(D) = —1/(D — 2) from (3.13). Even
though loop quantizations of general D-dimensional theories with D > 4 have not
been performed, at least non-rotating black holes can be studied by these models

and compared with results from alternative quantizations in higher dimensions.

3.5 Inverse triad quantization as a consistent de-

formation

We are now ready to introduce inverse triad corrections to the classical models
considered so far. As sketched before one can quantize inverse densitized triad
components in a well-defined way [56], providing densely defined quantum con-
straint operators. For small values of the triad components near the classical
divergence at zero, however, expectation values of the inverse triad operators in
coherent states differ from the classical expression of the inverse. This deviation is
captured by introducing a quantum correction function in terms of the constraint
where inverse triad components appear via properties of triad operators in the loop
representation.

Specifically, we have an inverse E* multiplying all terms in the Hamiltonian
constraint (2.16) in Ashtekar variables. We choose here a« = & = ar = ar for our

effective Hamiltonian (2.32), so that

grav

HY, [N] = / dx NaH gray (3.45)

where Hgpay[N] = [dx N ﬂgm is the classical Hamiltonian (2.16). As before, the
Gauss and diffeomorphism constraints remain unaltered since they do not contain
inverse triad components.

Assuming again that o depends only on the densitized triad components E*

and E¥ (but not on their spatial derivatives and not on connection components),
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this specific correction satisfies consistency conditions (2.36) and (2.38) trivially,

and the full constraint algebra is

{Ggrav[)\lL Ggrav[)\Q]} =0

{Ggrav[/\]a Dgrav[Nx]} - _Ggrav [LNZ/\] — _Ggrav[Nx)\/}
{Ggrav[)‘] HQ [N]} =0

grav

{Dgrav[NxL Dgrav[Mz]} - Dgrav[[Ny M]] = Dgrav[NxMwl — M*N* ,]

(HE V), Dy [N} = ~HE, NN~ L0 e =
{ grav[ } grav[ }} DgraV[ EI|(NM/_MNI>]
— Ggray[@® 2| 7] (NM' — MN")n] (3.46)

Ee @2

Thus, any correction of this form provides a first-class algebra, even though coef-
ficients in the algebra are corrected compared to the classical case. We thus have
a consistent deformation of the classical theory where the number of all gauge
symmetries is preserved (even though the algebra does change). Note that Hgav
transforms as a scalar only if « is independent of E¥ since E¥ is the only quantity
of density weight one. However, the vacuum algebra is first class even if a does
depend on E¥. So far, this result is not surprising because the correction function
a simply multiplies the total Hamiltonian constraint and could thus be absorbed
in the lapse function. (This by itself could change observable properties, as also
discussed in [78], because it would still be the classical lapse function which enters
the space-time metric (3.26) while the lapse function entering the Hamiltonian
would be corrected by «. However, as far as consistency of the deformation is
concerned, the vacuum case is rather trivial.)

The situation changes if we add matter terms by coupling a two-dimensional

Yang-Mills system as in Sec. 3.3,

Sym = /dt / dr AyE' — AyGyv — NHywm
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with Gauss constraint
GYM[A]] = /dl’ A](((:]/ + CgKAJgK)

and Hamiltonian

Hy\[N] = / dx NCE¥E'E; .

There is no inverse triad component in this Hamiltonian, which remains uncor-
rected under the effects studied here. Thus, o can no longer be absorbed in N for

the total constraint. The quantum corrected gravity-Yang-Mills Hamiltonian is

HY[N] = HZ_ [N] + Hyy[N]

grav

resulting in the full constraint algebra
{GYM [AI] , Gym [VJ] } = —Gym [CIJKAIVJ]

{Gym[Ar], Ggrav[Al} = {Gym[A1], Dgrav[N*]} = 0

{HCIN], Ggras[ N} = {HON], Gyu[Ar]} = 0

z z N7/ 1 Oa
{HQ[N]aDgraV[N ]}:_Hgav[N N _aaEkp

— Hym[N®N'] — Gym[2NN*(E? E)]

E$NN*®'

{HQ[NL HQ[M]} :Dgrav[a2§pl(NM/ — MN/)]
EI ! / /
— Ggrav[a? ;}p 2| (NM' — MN"'] (3.47)

In contrast to the vaccum case, there is now a non-trivial condition for the cor-
rection function: Only when « does not depend on E¥ can all the terms in
{HC[N], Dgray[N*]} be combined to constraints. The dependence on E®, on the
other hand, is unrestricted. Thus, quantum corrections due to the loop quantiza-
tion can provide non-trivial consistent deformations.

On the other hand, it was proved in [24] that a consistent deformation of the
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PSM in the sense of [79] must always be a PSM with the same dimension. Since
the corrected constraint algebras (3.46) and (3.47) remain first class, the number
of gauge symmetries does indeed stay fixed. It must be possible to formulate
the quantum corrected system as a PSM. However, the result that any consistent
deformation of a PSM must again be a PSM, as it follows from a BRST analysis, is
obtained for equivalence classes of theories up to field redefinitions. This does not
provide a constructive procedure to determine a corresponding PSM formulation
for a given consistent deformation, and thus further input is required.

Rewriting the PSM constraints in terms of the standard gravitational con-
straints by inverting (3.38), (3.39) and (3.40):

OF — ip itb*Z'H _ ;_203 + (Q)

rav T 3.48
26 g :F \/§ 26 eXp(:F ) ( )

(with H either ﬁgrav or ﬂgrav + ﬂYM) and susbstituting ﬂgrav for the quantum
corrected Hamiltonian aﬂgrav, we obtain a deformation of the PSM. It must be
possible to cast the anomaly free algebras (3.46) and (3.47) as a PSM of some form.
Finding this form will provide an action formulation for the quantum corrected
system, and thus a covariant interpretation of the quantum correction function.
Inserting the correction function « directly in (3.48) gives explicitly, in terms
of PSM variables,
1 0 /

@+ Lt )+ (2) | ewizn) 619

. - 1
C4. =0 F(algl-1)55 |5 5 9%

deformed
with CF as in (3.23) or (3.44). This is not yet of a form suitable for a PSM
interpretation due to the extra terms involving e.g. derivatives of ¢ which cannot
simply be put in the dilaton potential. (The potential must be a function on the
target space, which cannot accomodate space-time derivatives.)

Instead, we can use the requirement of the PSM form to find the corresponding
formulation. In the previous equation, we have simply taken the same combinations
of loop variable constraints as in the classical case. But if the constraints are
corrected, we may well have to use different combinations of the constraints, with

corrected coefficients, to bring them in a PSM form. We thus change the coefficients
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in front of the gravity constraints on the right hand side of (3.48) so as to exactly
cancel the unwanted terms depending on ¢-derivatives. For this there is a unique
way up to a total factor: the coefficient of H = aﬂgranL?:(YM in the combination CF
of constraints must carry an extra factor of 1/a(¢). In this way, the ¢-derivatives
cancel in the combination of constraints as they do classically. The system is then

described by a Poisson sigma model with constraints

@F
OH

=, Pt (s ) ey (€
2€Dgrav + \/§¢ (ngav + a[(b] HYM) 2€C + (26 eXp(:FT> .

Here, the correction function appears only in one place multiplying the Yang—

Mills Hamiltonian. The correction is thus non-trivial and changes the coupling of

Yang—Mills to gravity: We now have the effective potential

1V(gzs) + 4G@51& : (3.50)

2 a(¢)
In these models, the arbitrariness of ¢ (in a ¢-dependent way) is thus enough to
account for our consistent deformations: the deformed Poisson sigma model for
(3.43) is of the same type with ¢ replaced by (/a. This is in accordance with our
condition for a consistent deformation derived from Eq. (3.47), namely that « only
depends on E* which is identified with the dilaton ¢. Any other dependence could
not be combined with the Yang—Mills coupling function ¢(¢).

3.6 Conclusions

We have studied the canonical relation between 2-dimensional dilaton gravity, Pois-
son sigma models and spherically symmetric gravity in Ashtekar variables. This
is of interest because Ashtekar variables allow a background independent quanti-
zation of the full theory, while other quantization methods have been applied to
dilaton gravity in two dimensions, such as a rigorous path integral quantization.
Moreover, Poisson sigma models allow an interpretation of their structure func-
tions as defining Lie algebroid symmetries, generalizing the Lie algebra symmetries
of systems with structure constants. Given the explicit canonical transformation

to Ashtekar variables we have derived, one may ask whether an analogous reformu-
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lation as a Lie algebroid sigma model could exist in four dimensions. If this would
be the case, the structure function issue of general relativity could be substan-
tially simplified. Unfortunately, the canonical transformation uses several special
features realized only in two dimensions. For instance, as shown by Eq. (3.37)
we need to eliminate a second derivative of E* which appears in the Hamiltonian
constraint in Ashtekar variables but not in the PSM constraints. This can be done
in two dimensions by means of a spatial derivative of the Gauss constraint. In four
dimensions, on the other hand, the Gauss constraint contains the total divergence
of the triad, which cannot provide all terms needed to remove all second triad
derivatives from the full Hamiltonian constraint.

As a side result, we have used some of our derivations to extend the loop quan-
tization to spherically symmetric systems in arbitrary D space-time dimensions.
This extends the proofs of singularity-freedom of spherically symmetric loop quan-
tizations to spherically symmetric systems in arbitrary dimensions. A word of
caution is in place here since the canonical transformations we have derived are
local and global aspects have not been studied here.

While dilaton gravity in two dimensions has been quantized covariantly by path
integral methods, loop quantum gravity is a canonical quantization. In this con-
text, the consistency issue of the resulting quantum constrained system is probably
the most important one in loop quantum gravity, whose analysis will tell whether
the diverse effects studied in simple models can be viable and covariant in gen-
eral. What our analysis of consistency in two dimensions shows is that there is
indeed room for non-trivial effects due to the quantization. Quantum corrections
of the canonical quantization are then related to a covariant action, where effective
couplings to the Yang—Mills ingredients arose. We will give further examples of
consistent deformations in the next chapter and appendix C.

For further corrections existing in a loop quantization, consistency has not yet
been demonstrated. Among those we highlight the general phenomenon of quan-
tum back-reaction here, which implies that moments of a state such as fluctuations
and correlations influence the dynamical behavior of expectation values. If this is
included, new quantum degrees of freedom arise in an effective theory, as explained
in chapter 2). In our context, a consistent deformation of this type will provide a

higher-dimensional target space of the Poisson sigma model. Since the number of
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fields changes, the rigidity proofs for consistent deformations of PSMs no longer
apply. Such effective theories could even generate new algebroid sigma models
beyond PSMs, e.g. of the forms introduced in [75, 76].



Chapter

Lemaitre—Tolman—Bondi Models

Quantum gravity changes the structure and dynamics of space-time on small dis-
tance scales, which should have implications for the final stages of matter collapse!.
An interesting class of models to shed light on this issue is given by Lemaitre—
Tolman-Bondi (LTB) space-times. Classically, these models describe inhomoge-
neous collapsing dust balls, and contain Friedmann—Robertson—-Walker solutions
as special cases. They thus provide an interesting extension of models beyond ho-
mogeneity, an extension which is particularly important to understand in the case
of quantum gravity.

Marginal models, which are a subclass of general LTB models, have been an-
alyzed using effective equations in Ref. [21]. This has resulted in consistent de-
formations which implement some types of quantum corrections without spoiling
general covariance, and made possible an initial analysis of implications regard-
ing effective pictures of collapse singularities. It turned out that there is no clear
generic avoidance of either space-like or null singularities by an obvious mecha-
nism, in contrast to several homogeneous models of loop quantum cosmology [8]
where phenomenological mechanisms such as bounces could be found easily. While
this outcome is not entirely unexpected given the types of corrections analyzed in
the marginal case, it does show that further analysis is required. Marginal mod-
els, after all, provide spatially flat Friedmann-Robertson-Walker models in the
homogeneous limiting case which give rise to phenomenological singularity avoid-

ance in their loop quantization (including a positive matter potential) only with

IThis chapter is based on the work by the author in [80]
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holonomy corrections [81, 10], which were not fully included in [21] due to techni-
cal complications. It is thus natural to extend the constructions to non-marginal
models which would provide a homogeneous model of positive (as well as negative)
spatial curvature as limit. In that case, loop quantum cosmology can give rise to
phenomenological singularity resolution even in the presence of inverse triad cor-
rections alone [82], which in inhomogeneous situations are easier to control than
holonomy corrections. If the behavior seen in homogeneous models should be
generic and apply also to inhomogeneous situations, loop quantized non-marginal
LTB models must give rise to singularity resolution more easily than marginal
ones.

To find anomaly-free versions of non-marginal LTB models including inverse
triad corrections from loop quantum gravity, we follow two derivations. First, we
review and extend the methods of [21] where constraints already incorporating
the LTB reduction of metric components are made anomaly-free by consistency
conditions between correction functions. Secondly, we use our general anomaly-
free system of spherically symmetric constraints (2.32), on which we then apply
the LTB reduction in a second step. As we will show, the two steps of LTB
reduction and deriving consistency conditions almost commute: in the end, we
obtain consistent equations of motion of similar structure, although they do differ
by some terms. This outcome considerably supports the constructions of [21].

Using these consistent equations, gravitational collapse can be analyzed. We
are specifically interested here in the possibility of a turn-around of the collapse,
or a bounce, in the corrected equations, which are suggested to exist by models
where homogeneous interiors have been matched, Oppenheimer—Snyder-style, to
spherically symmetric exteriors [83]. Also here, as in the marginal case but in
contrast to homogeneous models, we do not find a clear indication for singularity
resolution, although several extra terms do seem to make a bounce more likely.
As in the marginal case, this part of the result is not conclusive since not all
corrections have been included and no complete analysis has been performed. Our
results thus do not mean that there is no bounce in these inhomogeneous models.
But they do show that an outright treatment of inhomogeneous models is different
from matching homogeneous results. In fact, we also confirm the observation of

[21] that quantum corrections of the type studied here prevent the existence of
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an exact homogeneous limit. “Effective” homogeneous geometries thus have to be
taken with care, but consistent relationships with inhomogeneous ones do provide

insights in their structure.

4.1 Classical LTB solutions

Lemaitre-Tolman—-Bondi models [27, 28, 29] are solutions of the spherically sym-
metric Einstein’s field equations, G,3 = 87GT, 3, with vanishing cosmological con-
stant and with stress-energy tensor describing inhomogeneous, pressureless dust
given by T3 = eU,Us.

In co-moving coordinates (¢, x, 9, ¢), where x > 0 labels the spherical shells
of dust and ¢ is the proper time along the world lines of dust particles given by

r = const. (so that U* = 0y, the space-time metric reads

R/Z
ds® = —dt* + ————da® + R*dQ?. (4.1)
1+ k(x)
Again dQ? = dv? + sin®¥dp?. The function R(¢,z) can depend on both time
and the radial coordinate, but not on the angular coordinates to leave the metric
spherically symmetric, it is the physical or areal radius of the dust shells. Its

behaviour is dictated by Einstein’s equations which give the relations?

F’ . / F

The functions k(z) > —1, and F(x) > 0, are arbitrary functions of the radial
coordinate x only and parameterize different solutions. The proper area 4mR?
of the dust shells goes to zero when R(t,z) = 0 so for gravitational collapse we
only consider the negative sign in equation (4.2). It is easy to see that positively
curved Friedmann—Robertson—Walker models with scale factor a(t) are obtained

for k(z) = —2? and R(t,x) = a(t)z. Although we will not need it here, equation

2we will give a canonical derivation of these equations in section 4.3.3.
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(4.2) can be integrated and gives the general solution

_ R:Q(—kR/F)
JF

where the positive and bounded real function Q(y) is defined by

t—to(z) = (4.3)

__arcsinhy/—y  I—y for —oo < y < 0:
(—y)3 v - ’
Qy) = %, if y=0;
arcsinbyy _ ¥1=y for 0 <y <1
y2 v

The integration ’'constant’ to(x) arises from the freedom to rescale the radial coor-
dinate or shell index x in (4.1). This is usually fixed by demanding R(0,z) = «z,
and we will do so here. This gives to(x) = 2%2Q(—x/F)/V'F.

Depending on whether &, called the energy function, vanishes or not the space-
time is classified as marginal or nonmarginal. For the marginal case k = 0 we can

write the explicit solution

3

R(t,z) = (x —; Fla) t)

4.1.1 Singularities and the Misner-Sharp mass

To gain physical insight for the role of the so called mass function F(z) we may
notice that it represents the mass (weighted by the factor v/1 + k) contained within
the matter shell labeled by x and that with our scaling, it can be expressed in terms

of the energy density at ¢t = 0:

F(z) = /6(0,$)$2d$

but most importantly, we recognize %F () as the Misner-Sharp mass [84] of the
spherically symmetric LTB spacetime.

We recall here that, while there is no generic notion of local effective energy
in General Relativity, in spherical symmetry, the Misner-Sharp mass or more ap-

propriately the Misner-Sharp energy gives a definition of energy which has many
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desirable physical properties [85].
The Misner-Sharp mass m for a spherically symmetric metric g,g is a geomet-

rical invariant defined by

or

R
m = 5(1 — V,RV*"R)
where R is again the areal radius and p = (0, 1) corresponds to the ¢ —r manifold.

For a metric of the form
ds* = —dt* + L*(t,z)dz® + R*(t, x)dQ? (4.4)

the Misner-Sharp mass then becomes

R . R/Q

For the LTB metric R”?/L* = 1+ k, and therefore, after using Einstein’s equations
(4.2), the Misner-Sharp mass is precisely
F
m=yg
In the Newtonian limit, the Misner-Sharp mass yields the Newtonian mass
to leading order and the Newtonian kinetic and potential energy in the next or-
der. The Misner-Sharp mass is the corresponding charge of the conserved Kodama
current[]. In asymptotically flat spacetimes it reduces to the Bondi-Sachs and
Arnowitt-Deser-Misner energies at null and spatial infinity. Furthermore, m iden-
tifies spherical trapped surfaces and horizons (2m > R and 2m = R), and provides
information on the causal nature of central singularities.
Singularities are the points of spacetime where the normal differentiability and
manifold structures break down. In other words points where geodesics terminate
and where the energy density e or scalar curvature quantities constructed from

the Riemann tensor R, , diverge. Here we should describe the singularities that
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may appear in spherically symmetric collapse. A shell-crossing singularity is char-
acterized by R = 0 and R > 0. A shell-focusing singularity is characterized by
R = 0. If the singularity occurs at x = 0 it is called a central singularity since the
point x = 0 is (assumed to be) a center, that is a boundary of the two dimensional
spacetime obtained by taking the quotient by the symmetry orbits.

From the first equation in (4.2) and the expressions for the scalar curvature
R = 8me or R*R,,, = 6472€%, the divergence of the energy density directly implies
a scalar curvature singularity.

Shell-crossing singularities are argued to be avoidable by more realistic matter
sources and furthermore, it is possible to extend solutions through them at least
in a distributional sense [86, 87, 88]. Hence in what follows we will only consider
shell-focusing singularities. Equation (4.3) shows that ¢ = to(z) is the dust proper
time at which the shell labeled by z reaches the physical singularity R = 0.

As mentioned above, the Misner-Sharp mass is closely related to the nature of
singularities. For example [85], if %F is positive and bounded below in a neigh-
borhood of a central singularity then the singularity will be trapped and (if the
singularity is differentiable) spatial. Simarly if %F is negative and bounded above
the singularity will be unbounded and temporal. Hence, by adjusting the form
of the mass function F(x) parameterizing LTB solutions, we may obtain models

exhibiting space-like as well as time-like or even null singularities which may be

hidden inside a black hole or naked.

4.2 Hamiltonian LTB reduction

We now proceed to review and extend the methods of [21] in a Hamiltonian for-
mulation using Loop variables.

We start with the spherically symmetric Gauss (2.14), Diffeomorphism (2.15)
and Hamiltonian (2.16) constraints of General relativity. Solving the Gauss con-
straint removes the canonical pair (n, P") and implies that invariant objects can
depend on the x-component of the Ashtekar connection only through the extrin-

sic curvature component A, + 7' = vK,. After this step we can work with the
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canonical pairs

{Ka(2), E*(y)} = {Ko(2),2E%(y) } = 2Go(x,y)

The relation to the usual spherically symmetric geometrodynamical variables

{R(z), Pr(y)} = {L(x), PL(y)} = Go(x,y) (4.6)

as used for example in [33, 34], can be obtained directly by comparing the spatial
metric

E¥)?
dg® = L?da® + R%Q02 = (|E—m)|dx2 + |E*|dQ? (4.7)

in each set of variables and making use of the equations of motion (3.29) in the
definition of canonical momenta P, and Pg. The canonical point transformation
1s
L=E¥|E""s , R=|E"|?,
P,=—K,|E*|> |, Pp=—sK,|E*|? — K,E*|E*| > (4.8)

where again s = sgn(E").

Specializing the general spherically symmetric metric
ds? = —N(t,z)?dt* + L*(t,z)(dw + N*(t,z)dt)? + R2(t,)d0?

to the LTB form (4.1) requires a vanishing shift function N* = 0 and lapse N =1
for comoving coordinates of the dust, and on using the first equation in (4.8) gives

the LTB condition in terms of triads
2y/1+ k(z)E? = (E*) (4.9)

If we solve the diffecomorphism constraint (2.15) identically, which requires
2EYK], — K,(E®)" = 0, the LTB condition (4.9) for triad variables gives rise to a

condition for the extrinsic curvature components

K, =1+ k(2)K, (4.10)
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The triad condition (4.9) implies a particular form for the spin connection

component and its derivative

__EY A i G
Po=—"pr =—V1tn@), T Wi (4.11)

which, after substituting in the Hamiltonian constraint (2.16), gives

K (z)E*
1+ k(x)
(4.12)

For a consistent LTB formulation, the two LTB conditions must be preserved

Hyray[N] = deN|E*[V? | K2E? + 2K, K, E* — k(x)E¥ —

- 2G

by evolution generated by this Hamiltonian constraint with lapse N = 1. This is
indeed the case as can be seen by explicitly computing Poisson brackets between the
Hamiltonian constraint and each of the LTB conditions. For the Poisson bracket

of the two smeared LTB conditions we get

{/dxu(l’) ( 1+ H(I)Km — K;) ,/dyu(y) <2mE@ B (Em>/>}
— 2G/dz\/T/f(Z)(/w)/‘ )

For appropriate smearing functions p(x) and v(z) this is zero for the marginal
case but for k£ # 0 it is non-vanishing. Although we will not follow this route here,
we note that this will have an impact on implementing the LTB conditions at the
state level, as done in [21] for the marginal case. Another complication for such
a construction is the explicit xk-dependence of the LTB conditions, which makes
their integrated version used as conditions on holonomies more complicated.

Equations of motion in this canonical formulation are derived using E* =
{E", Hgayv[1]}, with a similar equation for E¥. With these we can first eliminate
K, and K, and finally E¥ using the LTB condition to obtain an equation entirely
in terms of E%. After replacing £ by R? we obtain

—2RRR' — R’R' + KR+ kR’

Hoppow = , 4.14
® 2G /1 + k() (4.14)

which has to be equated to the matter part of the Hamiltonian for dust given by
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Hyst = —%F "/v/1+ k(x). (A general canonical derivation of the gravity-dust
system will be given in Sec. 4.3.2.) Thus

2RRR + R*R — k'R — kR = F' (4.15)

is the equation of motion, in agreement with the spatial derivative of Einstein’s
equation (4.2), RR?* = k(z)R + F(z).

4.2.1 Inverse triad corrections from loop quantum gravity

We can now repeat the canonical analysis using a Hamiltonian constraint con-
taining correction functions as they are suggested by constraint operators in loop
quantum gravity. Consistency then requires conditions for the possible terms,
which show how quantum corrections can be realized in an anomaly-free way.
We discuss here only inverse triad corrections which are easier to implement, and
which already provide insights into one of the main classes of quantum geometry
corrections.

As already stressed, the exact form of these corrections and their appearance
in the Hamiltonian is far from unique. To study the phenomenology they imply
and to test robustness of predictions, we consider two versions here. Without loss

of generality we choose E* > 0 in this section.

4.2.1.1 First version

We turn to the case where only those terms in the Hamiltonian with explicit
1/+/|E*| dependence are corrected by a factor a( E*). Starting as in the marginal
case [21], we will first assume that the classical expression for the spin connection

can be used, but show that this is inconsistent. The Hamiltonian is

I 1 o IOE? JE®
ngav[N] = —% dx N Oé(E )W +2K@Km E

K(x)E¥ K (z)VE®
VE=® V1+k(z)]

As in the marginal case, it turns out that the correction in the Hamiltonian can

— a(E7) (4.16)

lead to consistent LTB-type solutions only if we also change the LTB conditions
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by a correction function f(E7):

(B*) =2¢/1+ k(@) f(E)E¥  and K, =/1+r(@)f(E)K,.  (4.17)

These relations still solve the classical diffeomorphism constraint identically, which
does not receive corrections in loop quantum gravity. The main consistency re-
quirement is that Poisson brackets of the LTB conditions with the Hamiltonian
constraint vanish.
Each of the Poisson brackets gives a differential equation for f(E®): For the
LTB condition corresponding to the triad variables we obtain
df

2B = [(1 - ). (4.18)

The solution to this equation depends of course on the particular form of .. For
example, for the particular form (2.42) derived in Chapter 2, an explicit solution

for ' =1 can be given by

v e 7a. for B > y63/2;
(VE+EE— [2) (VB + /BT ]2)

f(Ex) - CQ@exp(f%aJr%arctan( Em/('yE%/QfEWD)

(vEm+y/Ea)

for B7 < ~v0%/2.

Here ¢; = 2¢/e and ¢ = 25/461/2*”/47*1/45131/2 are constants of integration fixed,
respectively, by the condition limge .o, f(E*) — 1 and by requiring that f(E*) be
continuous at E¥ = /% /2. The graph of this solution is shown in Fig. 4.1.

This is the same equation as found for the marginal case in [21]. It is clear that
we obtain the same equation because k does not appear in the terms containing K,
and K, in the Hamiltonian and thus, the value of x has no affect in the evaluation
of the Poisson bracket. However, the differential equation for f(E*) obtained by
demanding that the corrected LTB condition for extrinsic curvature components

is also preserved in time gives the equation

d 1 K, K, 1 K, K, / /
_2\/1+/£K¢Kx\/E_wdEfx+\/ + K Kof o1+ eK Kof  Kf | Ka

VB VB B wWE
(4.19)

which, due to the x'-terms, is different from and in fact inconsistent with equation
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a(a/ny), f(AIA,)

Figure 4.1. The correction functions a(A) (solid line) and f(A) (dashed line) where A
is taken relative to A, 1= \/7/20p.

(4.18) obtained from the LTB condition for triads.

4.2.1.2 Second version

We now repeat the above procedure for a Hamiltonian corrected by a(E?) in all

terms, as it is suggested from the full theory. This Hamiltonian reads

1 a(E") K (z)E*
HY N :——/d N K2E¥ + 2K K, FE* — EY— —— |,
grav[ ] 2G x \/ﬁ < © + 2] Ii((lf) 1 + I€(l’)
(4.20)

Again, the LTB-like conditions in the form
(E") =21+ k(x)g(E*)E® and K, =+/1+k(x)g(E")K, (4.21)

solve the diffeomorphism constraint identically. However, for the same reasons as
noted above the conditions cannot be consistent: since the terms containing K,

and K, in the Hamiltonian do not involve x, the Poisson bracket for the triads
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gives the same result as in the marginal case where the differential equation was

dg = da
aee  JdEe

N (4.22)

with the solution g(E*) = «(FE*). (This solution is unique with the boundary
condition imposing that g = 1 for large arguments.)

For the Poisson bracket involving the condition on extrinsic curvature, on the
other hand, the terms in the Hamiltonian involving x are important and we get a

different result:

dg da K ag
—2¢/1+ k(x)aK, K,V Emﬁ + 2/ 14 k(2) K, K,V Edexg Wi
d !/
a e (4.23)

—k'\V E* +
de*? " 9 /B

As in the previous case the presence of £’ terms spoils the consistency: Using a = g
the first two terms cancel while the rest would require da/dE* = (a—1)/2E* with

a solution oo = 1 + ¢/ B violating the classical limit at large arguments.

4.2.2 Inclusion of corrections in the spin connection

A direct extension of the results from marginal to non-marginal models is thus
impossible. Here we have an example for the information gained by a phenomeno-
logical treatment: LTB-type solutions require additional corrections to compensate
inconsistencies seen so far. Such corrections may be more difficult to derive from
a full Hamiltonian, but they follow directly from a phenomenological treatment.
A successful consistent implementation thus provides feedback on the full theory:
additional corrections required for consistency must eventually follow from the full
theory just like the primary correction « followed from inverse triad operators.

In particular, to resolve inconsistencies, we thus have to include further correc-
tions in terms not affected yet, the chief candidate being the spin connection terms
in the Hamiltonian constraint. They vanish in the marginal case, such that results
from there do not provide much directions for more general models. Moreover,
such terms are in fact more difficult to derive from a full Hamiltonian so that not

much is known about their form. We will now look for corrections in the spin
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connection terms which are such that they combine with those already used to

provide a consistent formulation.

4.2.2.1 Implementation

Classically we started with the expression I'y, = —(E®)'/2E¥ = —\/1+ s(z).
However, with quantum corrections to the Hamiltonian the LTB conditions are
also corrected. For example for the second version the modified LTB condition
(E*) =21+ kg(E*)E?, implies that now the spin connection is

(£7)

I,=-— SEe — 1+ k(x)g(E"). (4.24)

We include the additional factor of g(E£%) in the Hamiltonian by replacing any
occurrence of the classical spin connection ['3** from (4.11) with g(E*)T3*s.

Furthermore, the derivative of the spin connection then is

K g(E”® d

This introduces an explicit (E*)" in the LTB-reduced Hamiltonian, which would
imply {H[N], H[M]} # 0 even though the diffeomorphism constraint has been
solved identically. The system would thus be anomalous. We are finally led to
incorporate another correction function multiplying I'}, in a function h(E®) so that
in the Hamiltonian I, is to be replaced with h(E*)(I'9*®)". The form of h(E*) will
be determined by the requirement of consistency. With all the possible corrections,

the new Hamiltonian in the second version is

EW
HY = /d N 20K, K,VE* + ——
grav[ 2G x —i— Q +\/ﬁ

Kag E K ahy/ EZ’) (4.26)

e

We now demand that this Hamiltonian Poisson commutes with the LTB con-
ditions in (4.21). Here we note that the terms containing the spin connection (and
its derivative) in the Hamiltonian do not contain K, or K, and therefore in evalu-

ations of the Poisson bracket with the first LTB condition there will be no changes.
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This leads to the same differential equation (4.22) for g(E®) as obtained earlier,
implying g(E*) = a(E?). Evaluating the Poisson bracket of the Hamiltonian with
the second condition and using the solution for g(E*) gives a differential equation
for h(E"):
d(ahvE) _ o (4.27)
dE® 2/ E*

Here, we can thus have a consistent formulation for the non-marginal case for a

suitable h by correcting the spin connection terms.

We proceed in a similar manner for the first version of the inverse triad correc-
tions. From the LTB condition for triads in (4.17) we find that the spin connection
would be replaced with f (Em)F‘;}aSS, and the derivative of the spin connection re-
ceives a correction function I(E”) in the form I(E*)(I3**)'. With these changes

the Hamiltonian is

1 aK?2E? ab?
HL INl = — [ 4 N< ? 2K, K, E*

_af?EY  kaf’E¥ /ﬁll\/Ez)
VB VB vite)

Evaluating the Poisson bracket of this with the LTB conditions and equating them

(4.28)

to zero implies that the equation for f(E*) is unchanged compared to (4.18). The

other Poisson bracket then gives a differential equation for [(E?):

dWET) _ _af (4.29)

dEs  9/E=’

Differential equations for the correction functions A and [ are difficult to solve

in general for given o and f. For a near center analysis done later we will need
the lowest term in h and [ in a power series expansion in z. Integrating (4.27) and
(4.29) keeping only the lowest order term in o and f we find the solution

2 )S R3 8e2 ™1

= D lrm0) = - g (4.30)
) T

Mm“”:( 5B

valid near the center.
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4.2.2.2 Ambiguities

The E*-dependence of « follows from the consideration of inverse triad operators
in the full quantum theory. Although it is not determined uniquely in this way (see
[89, 90] for a discussion), the general shape of this correction function is known
well. No such arguments exist for some other correction functions such as h, whose
form is thus less clear. More ambiguities are thus expected to arise for it.

A basic condition on multiplicative corrections is that they be scalar to preserve
the transformation properties of corrected expressions under changing coordinates.
Among the basic triad variables, E” is the only one free of a density weight and thus
can appear in correction functions in an unrestricted way. The other component
E%. on the other hand, is a density of weight one and would have to appear in
combination with other densities to result in a scalar. If only triad components
are considered for the dependence, the only other density would be (E*)’. Scalars
made from these densities, such as E¥/(E®)" are however unsuitable for corrections
since they are not always finite.

In the present situation, we use the function s for a non-marginal LTB model,
which means that we have another density, «’, at our disposal. Scalars of the form
(E*)' /K or E¥ /K" are well-defined for most functions x of interest, and can thus
arise in corrections. This enlargement of the space of acceptable variables means
that additional ambiguities can arise. In the next section we will see how several
of these ambiguities can be fixed by an analysis of the constraint algebra. The
equations of motion will remain structurally similar, so that we proceed for now

with an analysis of the equations resulting from the treatment done so far.

4.2.3 Equations of motion

Given the consistency conditions between correction functions we can derive con-
sistent equations of motion even without having explicit solutions for the differ-
ential equations (4.27) and (4.29). Once consistent constraints are available, the
derivation follows the classical lines which we briefly illustrate first: The first order

equation (in time) has already been worked out in (4.15), so that we can go on to
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the evolution equation. From E* = {E?, H{2s} we have

Ez
K, = . 4.31
Wi (4:31)

Similarly, using K, = { K, HI*"} we obtain

grav

K, = % (\/% - %) . (4.32)

Eliminating K, from the above two equations we obtain

BT = 4.33
K+ 1E" ( )

which, using £ = R?, can be written as
2RR+ R* =k . (4.34)

Egs. (4.15) and (4.34) are automatically consistent, which can be seen explicitly
by subtracting a time derivative of (4.15) from a space derivative of (4.34).
The same procedure is then applied to constrained systems including consistent

correction terms. To get the first order equation in version two we use (4.26) in

the equations of motion E* = {E“,Hglfav} to solve for the extrinsic curvature
components . .
E* E¥ K, E%
K, = and K, = - (4.35)
20V E* aV E® E®

Using these along with the LTB condition E¥ = (E®)'/2y/1+ kg in (4.26) we

rewrite the Hamiltonian in terms of £* only:

! (E)*(E") Er(Ery (B7)*(E7) _ da
HIrIav = T 5~ <_ + —
& 2G\ 81+ ka2(E*)32  2\/T+ ka2VE® 21+ ka3 E*dE”

(E*Y B ﬁ’&h\/ﬁ)
W1+ rVET  V1+k /'

where we have already used the condition ¢ = . When equated to the dust

+(1 — a® — ka?) (4.36)
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Hamiltonian after using £ = R? a first order equation in time ensues:

R2R N 2RRR B 2RR2R da

o2 o 5 4R + (1 — o — ka®)R' — K'ahR = F'. (4.37)

To obtain the evolution equation we use

1o — ag? —/ioz92—|—ozK$

Ky = {K,, Hgo } = =5 NG (4.38)
together with K, = E*/2a/E® from (4.35), such that
e _ (f;)f B (E;)2 O1dEo; — (1= ¢ — k). (4.39)
With g = a and E% = R? this becomes
2RR + <1 - Qdkjﬁ) R? = —a*(1 — o? — ka?). (4.40)
dlog R

It is easy to see that this equation has the correct classical limit and (using (4.27))
is consistent with the first order equation.
Proceeding in a similar manner for the first version of the inverse triad correc-

tion we find that the first order equation is
aR*R +2RR'R+ (1 — f2 — kf)R — ' fIR = fF' (4.41)
and the evolution equation
2RR + aR? = —a(l — f2 — kf?). (4.42)

Using (4.29) along with (4.22) one can verify explicitly that the first order and

the second order equations are consistent with each other.

4.2.4 Effective density

To interpret effects from correction terms it is often useful to formulate them in

terms of effective densities rather than new terms in equations of motion.
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We may define an effective density in terms of the Misner-Sharp mass m (4.5)
by

/

m
off = ———— 4.43
“f = IrGRR (4.43)
and we have seen that for the classical collapse it is
F/
class
= 4.44
“f = SrGRR (4.44)

This is in agreement with the 00 component of Einstein’s equation, Goo = 87Ge(t, x)
with €(t,z) the dust density. Classically the effective density, defined in terms of
the Misner-Sharp mass, is the same as the dust density.

We now proceed in the same way to find the effective density for the first version
of corrected equations. With the corrected LTB condition E¥ = (E®)' /2v/1 + kf(E®),
or equivalently L = R'/\/1+ kf(R), the Misner-Sharp mass (4.5) is now

m! = g(l +R*— (1+r)f?. (4.45)

The corresponding effective density as implied by (4.43) is

ro_ 1 JF _ 2 2 P2
Cot = g +(a—=1)3f*+3xf*—R*—1)

KfIR K f’R
R * -

= = ) (4.46)

where we have made use of (4.18) after substituting for E* in terms of R, and of

(4.41). We note that this equation has the correct classical limit.
Similarly for the second version the Misner-Sharp mass is
n_ R 52 2
m :§(1+R —(1+rK)g?). (4.47)
and using the relation o = R'da/dR (the prime denotes derivative with respect

to x) along with (4.37) we find that the effective density is

1 o2F 1 —a?
o 2 2
“f T3 <R2R’ tog Utk
da N K'ah B K a?
dR RR RR'

2 .
+ E<R2 — 042 — /iOéQ)

(4.48)

As in the marginal case, these effective densities imply that the near center
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expansion for the mass function F' can have different behavior compared to the
classical case, as discussed in Sec. 4.5. The matter contribution to the effective
density, as given by the first terms of (4.46) and (4.48), is the same as in the

marginal case.

4.2.5 Quantum correction to the energy function x?

Physically one would expect that the energy function k, which is related to the
velocity of the dust cloud, should also receive corrections after including quantum
effects. To derive those, we have to find an independent definition of k referring
only to the constraints or evolution equations derived from them. One possibility,
in the classical case, is to use (4.34) whose right hand side only contains the energy
function. Once brought into an analogous form, a corrected evolution equation can
directly be used to read off a corrected energy function. Specifically for version
one, where the evolution equation is given by (4.42), the effective energy function
is

klg = af?k —a(l — f?) (4.49)
while for version two, where the evolution equation is given by (4.40), the effective

energy function becomes
ki =o'k —a*(1 —a?). (4.50)

This correction in effect would imply that the near center expansion for x can be
different for the quantum corrected equations as we will see when we come to the

near center analysis below.

4.3 Spherically symmetric constraints

We have now several versions of consistent sets of equations of motion for non-
marginal LTB models including inverse triad corrections as expected from loop
quantum gravity. To make these equations consistent, we had to introduce several
correction functions in different terms of the Hamiltonian constraint, which were

then related to each other by consistency conditions following from the requirement
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that the LTB conditions be preserved. Since there is some freedom in choosing the
places and forms of corrections in the constraint as well as the LTB conditions, one
may question how reliable such an analysis is regarding the structure of resulting
equations of motion or implications for gravitational collapse.

Before analyzing corrected equations of motion further, we now present an in-
dependent derivation which starts with the consistent set of corrected spherically
symmetric constraints from chapter 2, and then implements the LTB reduction.
As we will see, the structure of the resulting equations is nearly unchanged, while
much less assumptions about different corrections are required. With these two
procedures we thus demonstrate the robustness of consistently including correc-
tions at a phenomenological level. Note that this would not have been possible
had we chosen to fix the gauge generated by the Hamiltonian constraint in any

way instead of dealing with the anomaly-issue head-on.

4.3.1 Gravitational variables and constraints

Quantum corrections due to inverse powers of the densitized triad are introduced

in the classical Hamiltonian constraint (2.16) as in (2.32):

1 o1 _ " "
HE, [N] = T dz N (a|E*| 2 K2E?+2sa K, K, |E™|? + o |E*| 2 E¥
—ar |E*| 7302 B 4 2sar I, | E°|7) .

(4.51)

with general functions a(E*, E¥) and a(E*, E¥). To account for possible correc-
tions from the quantization of the spin connection, as suggested by the previous
analysis, we have generally different functions ar(E®, E¥) and ar(E*, E¥) in those
terms. The only restriction so far is that we have the same « in the first and third
term of the Hamiltonian constraint due to their common origin from the inverse
|E%|~1/2. The two main cases of interest here are @ = 1 or @ = «, corresponding
to two versions of inverse triad corrections.

We now proceed to make the corrected constraints anomaly-free before imple-
menting LTB conditions. To ensure anomaly-freedom, we must determine condi-

tions under which the system of constraints, including its corrections in the Hamil-
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[M], HZ, [NT}

tonian constraint, remains first class. The Poisson bracket {H, gray

grav

(2.35) is written here again:

{ grav[ ] HéQrav[ ]} :DgraV[daF|Em|(E@)_2(MN, - NM/)]
= Ggavlaar|E7|(E?)*(NM' = MN)y]
sK,(E")
Y%
2K, | E7|
E¢

2G dx (MN, NM’)(dap—a@p)

1
+ Yel de (MN'— NM')(&ar — aar)

(4.52)

For a first class algebra the last two terms, which are not related to constraints,
must vanish, providing condition (2.36) on the correction functions. One possibility
is that they vanish independently. The vanishing of the last term implies ar x a,
upon which the third term gives ar o< a. To recover the classical limit we then
have:

ar =« ar = . (453)

In this case, anomaly freedom is realized with corrections to the spin connection
terms to be only due to the inverse power of the densitized triad factors they
contain. This may look contradictory to what we derived earlier, where additional
correction functions such as h were needed. However, the previous case (where LTB
conditions were used instead of the diffeomorphism constraint) implicitly makes h

dependent on (E*)" as well: Comparing the correction terms we have

K o 1 / dg[Em}
— 1+Kah:2arf¢ 2041“(2\/—[ T+ V1 dEx< )>

and we can write, using g = a:

1+/{dloga( )
kK dE* '

h=ar+2

Thus, to match the current equations the correction function h used earlier must
depend on (E*), which has a density weight. (Similar considerations apply to
the correction function [.) As the expression demonstrates, this is made possible

since in our earlier procedure we had the function x at our disposal in addition
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to the triad components. Its derivative k' provides an extra density, which can be
combined with (E®)" to provide a scalar correction function. In the current setting,
by contrast, we have not yet introduced any such function by LTB conditions, and
so a possible dependence on (E®)" is more restricted. Imposing anomaly freedom
in the unreduced constraint algebra first is clearly less ambiguous, while the final
results will be very close. This again demonstrates the robustness.

To continue with the analysis of anomaly-freedom, the other bracket (2.37):

{Hgoo[N], Dgran [N*]} = —H, [N"N']

grav

) da
da N(N@) E“”( BT K2R + 238—;0K¢Kx|Ex|%

e
oo Tl—L r|—1 oo T
+ | B - 6E¢|E ET2EF 4 25T ) ) (4.54)

gives conditions (2.38). In the case & = «,

{Hgo [N, Dera[N"]} = —Hg, [N"N' — (0log o/ OE?) EXN(N*)'].

grav

The corrected Hamiltonian H,, transforms as a scalar only if o is independent, of
E¥ since E¥ is the only basic quantity of density weight one. However, the vacuum
algebra is first class even if a depends on E¥. In contrast, when @ = 1 (or more
generally @ # «), @ must be independent of E¥. (As discussed in chapter 3, the
case a = @ in vacuum is special because any such correction could be absorbed in
the lapse function, making the algebra formally first class.)

In summary, for corrections a (and @) independent of E¥ we have

{ grav[ ] graV[Nx]} - _Hg?av[Nle]
and
{HZ, [M], H2, IN]} = Dgay[@®|E*|(E?)*(MN' — NM')| (4.55)

—Gray[0°| 7| (E7) 2 (MN' — NM')rf]

To proceed, we will include matter in the form of dust as it is assumed in LTB

models.
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4.3.2 Dust

For a full consistency analysis based on the constraint algebra we have to use a
dynamical formulation of the dust matter source, rather than a phenomenological
implementation via the dust profile F'(z). It is convenient to use a canonical
formulation for dust with stress-energy tensor 7,3 = € U, Uz as developed in [91].
The dust four-velocity is given by the Pfaff form U, = —7,, +W;Z*,,, where as
canonical coordinates the dust proper time 7 and comoving dust coordinates Z*
with £ = 1,2, 3 appear. Their respective conjugate momenta will be called P and

P,.. Matter contributions to the diffeomorphism and Hamiltonian constraint read

Dust [N = / A3z N°D, = / Bz NP, +Pp 2% )

Haust[N] = / Az N/ P? + q®D,D, . (4.56)

Imposing spherical symmetry and using adapted coordinates ® := Z!, 72 = 9,

73 = ¢ the constraints become

Ddust [Nr] :47T / dx Nl. (PTT, —+ P@CI)/)

Ex
Hgust[ V] :47T/dx N\/PT2 + (|E<P)|2(PTT/ + Py®')? (4.57)

with the remaining canonical pairs
(rP}={® P} =
T T = s = —
9 ] A

whose momenta P, and Py are defined by the relations P = P, sind (in terms of
the P of the full 3-dimensional theory) and Py = — P, W].

For non-rotating dust, as must be the case with spherical symmetry, the con-
straints P, = 0 can be imposed by requiring that the dust motion be described
with respect to the frame orthogonal foliation, so that the state does not depend
on the frame variables Z*. As a result Ps is usually taken to be zero. However,
we will not choose to do so until we try to solve the equations of motion.

From the form of the Hamiltonian (4.56) in the full theory and the relation ¢*° =
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(det ES)"'E*E? | we can expect quantum corrections S[E®, E¥] from a quantization

of inverse triads inside the square root:

HS | —47r/dycN\/P2

Also here, the form of 3 will be restricted by the requirement of anomaly freedom.

I+P @I)

Adding the individual contributions, the diffeomorphism and corrected Hamil-
tonian constraint for the gravity-dust system are D[N*] = Dgpay[N”] + Dgust[N7]
and HO[N] = HS, [N] + HS [N]. Now, the Poisson bracket for the matter part

grav

of the Hamiltonian with the diffeomorphism constraint is

op |E*| D2

T

OBZ2EE P2+ 9B |(Be)2 D2

{HQ,[N], DIN*]} = —HZ, [N"N']+ / dz NN*'

with D, := P.7" + P®'. The closure of { H[N], D[N*]} consistently imposes the
condition that o and 3 be independent of E¥, upon which

{HY[N], D[N"]} = —H?[N"N].
Finally,

{HON], HO[M]} = {H, [M], H, [N1} + {HE,. [M], Hg, [N]}
= Do [0°| E*|(E¥) (M N' — NM')]
— Grar | E*|(E)*(MN" — NM")if|
+ Daust[B|E7|(E7)*(MN' — NM')]

gives the relation
B =a’. (4.58)

Note that the presence of matter makes this consistent deformation of the clas-
sical constraint algebra non-trivial: corrections can no longer be absorbed in the
lapse function. We also point out that a deformation of the constraint algebra is
required to implement the corrections consistently. This seems to be an interesting

difference to a reduced phase space quantization which is possible in this class of
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models based on a deparameterization [92].

4.3.3 LTB-like solutions

Using the transformation equations (4.8), the quantum corrected Hamiltonian in
ADM variables (4.6) reads

2 / 2 /
G/de[ PLPR (2a—a)LPL —aé—(2d—a)R (RR>

/2 %
—|—47TGPT(1+5 ) ]

and the diffeomorphism constraint is

1
DIN*] = Pl /d$ N*(R'Pp — LP; + 4nGP,.7')

where we have already used Py = 0. Paralleling our treatment of LTB-reduced
constraints our further analysis will be split into two different cases of correction
functions. We choose to work here in ADM variables instead of triad variables,

but of course identical results follow using the latter.

4.3.3.1 Case a =«
The equations of motion R = {R, H?[N] + D[N®]}, L = {L, H?[N] + D[N*]},

Py = {Pg, HY[N]+ DIN®]}, P, = {P, H[N]+ DIN®]}, 7 = {r, H?[N]+ D[N“]}
and P, = {P,, H?[N] + D[N?]} are respectively,

P, = aiN (—R + N””R’) (4.59)
Pr = % (—LR — LR+ (N"”RL)’) (4.60)
2 2
Pr=—Na (P%fR L}?) - Nj—; (—% + g—g — g)
- (NQR%)/ + N’a% - (N’oz%)l + N’jz Rf/

d%a da\ NR'? da RR"’
dap, da Y PN N* Pp)
(dR2 +dR) L ( dR L ) (N Fr)
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,7_/2 *% 7_/2d6
—2rGNP, |1 — —_—— 4.61
e T<+ﬁL2) 1R (4.61)
1 P} R? RR .
PL_N&(§_2_R?_2L2)_(N )/ L2 +NP£
7_/2 7_/2 —%
7_/2 2

7"=N<1—1—6F) + N7 (4.63)

1 /

. PT ! 12\ 32

P = |NB LZT (1+5TL—2) + N°P, (4.64)

To try to find an LTB-like solution, following [29] and the recent [92], we choose
an embedding by coordinates such that 7 = ¢, or equivalently, from (4.63), N = 1.
Setting N* = 0, equation (4.64) becomes P, = 0 so that P,(z) is a function of the
spatial coordinate only.

Substituting this and (4.59) with (4.60) in the diffeomorphism constraint

0D
—— =R Pr— LP, +47GP.7' =0

ON=
R\
(a) =0

or R'/aL = &, with £(x) an arbitrary function of the spatial coordinate only. To

gives the equation

make contact with the classical LTB solution we may define x by
E=V1+k (4.65)

and obtain the corrected LTB condition

R/

L=—.
af

Note that this is exactly the form of corrections used earlier in (4.21), which we

now have derived from the corrected constrained system without extra assumptions
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about the possible form of LTB solutions.
With all this, the Hamiltonian constraint

PP, LP? L R? [(RRY
— -=— ArGP, =
“ { R 2R 2 2L [ )| el =0
becomes )
RR?
= T R(1 — a?&%)| =8rGEP;. (4.66)

Again, we may define F' by the equation 8tGEP, = F’, so finally the integrated

Hamiltonian constraint reads
RR?* = o*F + Ra®(a?E* — 1) + ¢(t) (4.67)

and the second order, evolution equation from (4.62) is

dlog
dlog R

2RR + R* = 2(R* + o*&?) —a?(1—a28?). (4.68)
This is precisely the time derivative of (4.67), provided ¢(t) = ¢ = const, and
shows consistency. In the limit o = 1 we recover the classical LTB condition and
evolution equation. In this limit the integration constant can be absorbed in F' so
we may set ¢ = 0 here.

Even though the corrected LTB condition coincides with the one derived earlier,

the first order and evolution equations are slightly different from the corresponding
ones (4.37) and (4.40) derived before:

. 9 /
(RR ) + R'(1 —a*€?) — 26€'ahR = F' (4.69)

o

which unlike (4.66) is not a spatial derivative, and the second order equation

dlog a

2RR + R*> = 2R? —
+ dlog R

(1 —a€?). (4.70)

While several terms in the two sets of the equations agree, the spatial derivative
of (4.67) differs from (4.69) by a term 2EE'aR(h — ) + 2E*Rac’, and (4.68) from
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(4.70) by 2a&%dloga/dlog R. Tt is interesting to note that the more restrictive
new method of this section provides a Hamiltonian constraint which can be spa-

tially integrated.

4.3.3.2 Casea=1

Similarly to the previous case, choosing N = 1 and N* = 0 gives the equations of

motion

P, =—RR (4.71)
Pp=—(RL) — (1 —a)LR (4.72)
e () - () - - )

+ (1 -« LRP; — ((1 — a)%)/ : (4.74)

Substituting the first two equations in the diffeomorphism constraint gives

(5 -0t

Inserting the ansatz (4.17)

R/
L=2"
&f
gives the same equation (4.18) for the function f(E®) as in the previous treatment:
df
R— =f(1-q). 4.75
= 1-a) (4.75)

Substituting equations (4.71) and (4.72) into the Hamiltonian constraint gives

(2—a)R'R? + 2RRR' — 2RR’R§ +aR — aRE*f? — R(EXf?) = 8nGESP;
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or using (4.75) and defining F' = 8nGEP;
aR'R? + 2RRR + aR'(1 — £2f%) — R(E*f?) = fF' (4.76)

which reproduces the classical equation in the limit o = f = 1.

The second order equation from (4.73) is
2RR + aR? = —a(1 + E%f?) + 282 f2. (4.77)
Also here, compared to (4.41) and (4.42) as obtained earlier:
aR'R*+2RRR + aR'(1 — £%f%) — R(EY fl = fF'

ORR + aRR? = —a(1 — E2f?),

the structure of the resulting equations remains similar up to a few extra terms.
As in sections 4.2.4 and 4.2.5 we may interpret the effects of correction terms

using effective densities and energy functions.

4.4 Possibility of singularity resolution through

bounces

We can now use the different sets of consistent equations to analyze properties of
gravitational collapse, such as the formation of singularities. Classically we have
the first order equation
. F
RP=r+=. 4.78
. (1.75)
Compared with the marginal case where k = 0, there exists the possibility that

R = 0 even for positive mass functions F'. However, to conclude whether there is

a bounce or not we also need to look at the evolution equation
2RR+ R* =k (4.79)

and see whether we can have R > 0 in addition to R = 0. From the first equation
we see that R = 0 implies k + F/R = 0 and with both F' and R positive we get
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k < 0; bounces would be possible only for negative x. On the other hand, for
R = 0 the second order equation implies 2RR = k. Since B > 0 and k < 0 we
conclude that R < 0 and thus there is no bounce classically.

We would like to proceed in a similar manner for the quantum corrected case
also. However, there the first order equation in time contains terms with spatial
derivative as well (which cannot be integrated out in all cases). Therefore the
analysis for the possibility of a bounce cannot necessarily be done as easily as for
the classical case, a feature clearly related to the fact that we are dealing with
inhomogeneous models. Furthermore, because of the inhomogeneous nature of the
problem a bounce also makes the analysis difficult by the fact that after the bounce
there will be the possibility of shell crossing (unless shells with larger values of x
bounce at larger values of R).

We note that (4.37) and (4.41) imply, as for the classical case, that R = 0 is
possible in both versions of inverse triad corrections. Whether this corresponds to
a bounce is what we want to analyze. We start by putting R = 0 in (4.37) which
gives

(1—-a®—ka®)R — K'ahR = F'. (4.80)

Similarly, the evolution equation (4.40) becomes
2RR = —a*(1 — a® — ka?) . (4.81)

Using (4.80) on the right of the above equation we have

. F'+ K'ahR

R= —oﬂw : (4.82)
For a bounce, R > 0 which implies that —a?(F' + x’ahR)/2RR’ should be greater
than zero. We need to check whether this condition can be satisfied in the non-
marginal case where, as mentioned before, there are two possibilities k > 0 and
—1 < k < 0. In what follows we will assume that R’ > 0, which locally around a
potential bounce is a valid assumption even though a collapsing shell with x = z1,
say, would start expanding after it experiences a bounce: when R(t,azl) = 0 the

radius of this particular shell is not changing with time. The assumption then

essentially implies that a shell with x = x5 > 27, which may still be contracting,
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does not immediately catch up with the x; shell. With this assumption and because

R and « are positive, the condition that (4.82) be positive becomes
k' < —F'/ahR (4.83)

as a condition on k' which needs to be satisfied for a bounce, implying in particular
that for a bounce " has to be negative. Whether (4.83) can be satisfied generically
is not clear and must be determined from a numerical analysis of the equations.

For the first version of the inverse triad correction, R = 0 in (4.41) gives
a(l— 2 —kf )R — K fIR= fF'. (4.84)
The evolution equation (4.42) becomes
2RR = —a(1 — f? — kf?) (4.85)

and using (4.84) on the right we get

F'+KIR

R=—I—Frm

(4.86)
This should be greater than zero for a bounce. Again because of the presence of
spatial derivatives in the above expressions it is difficult to say whether there is a
bounce in general and whether or not the singularity can be avoided.

With (4.67) we have a corrected equation which can be spatially integrated,
allowing an analysis similar to the classical one. The condition R = 0 at a bounce
implies

F F

:1—04252_1—042—/@'042

which is positive provided £ < 1/a. The second derivative

R

.. dlog o
QRR’R:O = 20(4@82 - a2(1 — 04252)
can be positive under this condition only if the derivative dloga/dlog R is suffi-
ciently positive. This is not the case in semiclassical regimes (for geometries to the

right of the peak in Fig. 4.1), where bounces are thus prohibited. The correction
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function is increasing to the left of the peak, which is a regime with strong quan-
tum geometry corrections. Since we have not included all quantum corrections,
a conclusion of a bounce in this regime would be unreliable. The only semiclas-
sical option for a bounce is to have a geometry above the peak of inverse triad
corrections, but have decreasing patch sizes A which appear as the argument of «.
Thus, the number A of patches would have to increase sufficiently rapidly. In this
regime, we have a > 1 and thus £ < 1 by our condition for R > 0. Such a bounce
would thus be possible only for £ < 0. (As the argument shows, without lattice
refinement a bounce from inverse triad corrections would at best be possible only
in the strong quantum regime.)

While bounces seem possible in the present situation, they cannot be considered
generic. They require a regime where the patch number is increasing sufficiently
rapidly in such a way that the patch size decreases. Since in the discrete quantum
geometry of loop quantum gravity the patch size has a positive lower bound, the
patch number of an orbit of fixed size cannot increase arbitrarily. Tuning then

seems required to have the right behavior just when a shell is about to bounce.

4.4.1 Near center analysis regarding bounces

On the basis of a general analysis it seems difficult to conclude whether quan-
tum corrections generically resolve the singularity in non-marginal LTB models
through bounces. The simplest possibilty seems to be one where the central shell
is prevented from becoming singular because of a bounce. For almost complete
collapse, we should expect the relevant regime to be one of small R. In this case
the subsequent study of the outer shells will become difficult due to possible shell
crossings, but presumably these outer shells will not become singular either. We
therefore now proceed to a near center analysis.

As in the marginal case of [21], we use techniques similar to those in [93] and

assume that near the center of the dust cloud we can expand R(t,x) as

R(t,z) = Ry(t)x + Ro(t)z® + - - (4.87)
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For the classical collapse the mass function can be expanded as
F(z) = F32® + Fya* + - - (4.88)

Substituting the expansion for R(¢,x) and for F(z) in the classical first order
equation R2R = kR + F, we find that the lowest order term on the left (as also
the second term on the right) of the above equation goes as x3. This suggests that

the series expansion for the energy function x(z) should be
k(7)) = Koa® + Kza® + - (4.89)

It also implies that at © = 0, the center of the cloud, x(x) = 0 and therefore for the
case where k(z) > 0 outside z = 0, kg should be greater than zero. On the other
hand, for —1 < k(x) < 0, Ky should be less than zero. However, if we consider our
effective x as in (4.49) then we can have lower order terms in k. Since the lowest
order term in « is of order #® and that in f is of order  we can have the lowest
order term in x behave as 273. This would then imply that at the center x blows
up whereas classically for negative x we have the condition —1 < k < 0.

With this caveat we now consider (4.84) to lowest order after using various
series expansions:

2 2
cyk_3 Ry

el Ryz? (1 — S Riz* — ) Ry + 3cacski_s RS2 = 2co Fy Ry (4.90)

x
Here c1, ¢9, c3 and k_3 are the coefficients of the lowest order terms in the expansion
of a, f, I and k, respectively. Here we assume the orbital vertex number N to
be nearly constant around the center. (This gives rise to the strongest effect from
inverse triad corrections and allows direct comparisons with the matching results
from [83].) The lowest order term in F' is F5 instead of F3 because of the effective
density correction. For x = 0 the first two terms in the parenthesis on the left can
be ignored compared to the third term and thus the above equation implies that
Rl = 0 for

Ky = 2eky (4.91)

(3cacs — c13) RY

It turns out that 3cacs — clc% < 0 implying that R1 can be zero only for k_3 < 0
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as in the classical case. If we now look at (4.85) near the center we find that the

condition for a bounce is
2F,

303R?

which means that, as in the classical case, x should be positive implying that we

K_g > (492)

do not have a bounce for the central shell.

For version two the expression for the effective density (4.48) and the effective

energy function (4.50), respectively, imply that to lowest order the mass function

can behave as 72 and the energy function as 27!°. To look at the possibility of a
bounce at the center of the cloud consider (4.80) to lowest order:
/i_loc%RI 10/1_100104RI _3F_3

R, — chIxG — : + - — -
x T

(4.93)

T

Here ¢4, F_3 and k_1o are the coefficients in the expansion of h, F' and k respec-

tively. Ignoring the first two terms for x ~ 0, the above equation implies

3F 5
190 = — 4.94
fi-10 (10cicq — )R ( )

as the condition for R, = 0. We note that the denominator here is positive implying
that k_19 > 0 if F_3 < 0 (negative mass function near the center) and x_j9 < 0
if 3 > 0 (positive but decreasing mass function near the center). None of these
behaviors could occur classically; either negative total energy (F' < 0) or a negative
density (F” < 0) would be required. To see if the above condition implies a bounce

we use (4.81) to lowest order and find

3F 3

—_ 4.95
10cic4 R (4.95)

K_10 > —
as the condition for getting a bounce. This means that for F_3 < 0, k_1¢ has to be
positive (in agreement with the condition for Ry = 0 found above) implying that
a bounce for the central shell is possible if the above inequality is satisfied. For
F_ 3 >0, k_1p has to be greater than a negative number and thus if it is positive

then a bounce again seems possible.
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4.5 Collapse behavior near the center

Using (4.87), (4.88) and (4.89) we see that to lowest order in x (which is z®) the
classical equation R2R = kR + F implies

at =+ (4.96)

F:
KJQ—'_R_?

This has the solution (choosing the minus sign which corresponds to collapse)

le / Ko -+ % F3 F3
t=— log(F3 -+ 2/€2R1 -+ 2\/:%_2 Ko + —Rl) (497)

+
K2 2/4;3/ 2 Ry

for kg > 0 and

Ryy /5 — |kol Fy \/%_|ﬁ2|(2|ﬁ2|Rl—F3) (4.98)

t= + arctan
K2 2|"'€2’3/2 2 |/€2’(:‘€2R1 —Fg)

for Ky < 0.
We now proceed with a similar analysis for the first version of the inverse triad

correction. Near the center the various quantities (v, f,1) behave as

2 \*? |8e1=m/2 1/ 2\ [get-m/2
— [ = RB 3 — R N R4 4
“ (%%) o vz 5(%%) vz
(4.99)

where the way the near center behavior for [ has been determined is described

around Eq. (4.30). In what follows we will denote the constants appearing in
the expansion of (a, f,1) by (c1, ¢, c3) respectively. Thus substituting the series

expansions in (4.41) we get

c1(1—ER%2? — ko2 R2aM) R + ¢ RPRia® + 2R Ry 2% — 2k005¢3 RS2 = 3¢y F3 Ry
(4.100)

We now consider three different possibilities.
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Case I: No correction to the expansion of F' and «

If we work with (4.100) directly then we find that the lowest order term on the left

hand side is 2R?R;2? and the lowest order term on the right hand side goes as z°

implying R, =0.
Case II: Modification to the expansion of F' and no modification to

However because of the presence of an extra factor of x on the RHS we can start
the expansion of F' with the leading term behaving as z2. In this case the lowest
order term on both the LHS and RHS are of order 2? and we get

2R?Ry2® = 2c,Fy Ry 2” (4.101)
which has the solution (for collapsing dust cloud)

Ri(t) =1 — /st — to) (4.102)

where we choose the initial condition R;(t = t3) = 1. We see that the central
singularity Ry = 0 forms in a finite time t; = (1 4+ /coFoto)/\/Co 5.

Case III: Modifications to the series expansion of F' and «

There is a third option which is suggested by the possibility of a corrected energy
function as discussed earlier. If we consider this correction then the lowest order
term in the expansion of x goes as x_z/z3. With this included the matching of

lowest order terms in (4.100) gives
—/ifgchgR? + QR% + 3H7302C3R? = 202F2 (4103)

and thus

V2dR,

at = — (4.104)
\/QCQFQ + (/{_3010% - 3/{_36203)R?
with the solution
\/§R1 \/1 + (K_36105—3K_30263)R? QFl(l, 17 §7 . (I{,3016373I€,36263)R?)
= 2co Fo 57275 2co Fo +C() (4105)

\/2C2F2 + (ﬁ,gclcg - 3/‘1730263)R?
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where oF}(a,b;c; ) is the hypergeometric function and where ¢y is constant of

integration.

4.6 Homogeneous limit and Minkowski space

In the classical case, the first order equation is R?R = k()R + F(z) with corre-
sponding expression for the mass function F’ = 8tGR*R’e. This allows isotropic
space-times as special solutions. We use the ansatz R(t, ) = a(t)x with the condi-
tion that at time ¢t = 0, a(0) = ap and assume that the density € = ¢, is a constant
and that the energy function goes as k = —ka? where k is a constant. When used

in the first order equation, this gives

r(Geg

a’a = —ka +

(4.106)

which is the Friedmann equation.

We would now like to see if we can get a Friedmann-like solution within the
LTB class with inverse triad corrections included. This would indicate whether
there can be an effective geometry of the classical homogeneous form, although
the notion of homogeneity itself might change on a quantum space-time. Using
the ansatz for R and the assumed form for the mass function and the energy
function we find that for the first version of the inverse triad correction (4.41) we

get

a(l - f2)a © kafras® + aa}axz N 2acizf2:£2

f

+ 2klaz?® = 87tGega? . (4.107)

Although the resulting expression is not as simple as in the marginal case, we can
see that Friedmann like solutions are not possible since z? does not cancel from
the first term while «a is allowed to depend only on t.

The second version of the inverse triad correction (4.37) gives

3a2az? 2d%a® da

2 2
R d(ax)—l—Qkozhax = 8mGepx”.  (4.108)

(1 —a? + ka*z?)a +

Again the Friedmann solution is prohibited. Since the first term, which spoils



91

the homogeneous limit, is the same for an analysis based on (4.67), there is no
homogeneous limit in that case, either. One can also see from the first term that
no other z-dependent x, which might implement quantum corrections to the notion
of homogeneity, can resolve the non-existence of homogeneous effective geometries
subject to our equations.

The homogeneous limit, as a special case, would also include Minkowski space
as the vacuum solution. Classically the first order equation for F' = 0 and x = 0,
implies that R = R(z) and we recover the Minkowski spacetime. However from
(4.41) we see that after choosing the mass function and the energy function equal

to zero the equation becomes
a(l = AR + aR*R + 2RR'R=0 (4.109)

which, due to the presence of the first term, implies that R will be dependent
on both (¢,z). Even though the equation has the correct classical limit, it is not
straight-forward to see how the time dependence of R should disappear in the
Minkowski limit.

For the second version (4.37) gives

52 D/ S D/ 52 D/
R‘R +2RRR _2RRR da _0 (4.110)

1— 2\ ! =
( )+ a? o? a3 dR

which again implies that even though in the classical limit we do have a Minkowski
solution, there is still time dependence in R in corrected solutions.

Strong corrections are suggested at small values of the argument of a;, which,
given that R determines that value, may seem unacceptable because the center in
Minkowski space is not physically distinguished. However, the radius R and thus
the center is directly relevant for the size of corrections only if there is no lattice
refinement in which case the only parameter which a depends on is R. The primary
argument of « is, however, the size A of discrete patches rather than R? of whole
spherical orbits. With a non-trivial refinement scheme, o(R?*/N') will also depend
on the number of vertices per orbit, which for a good semiclassical state must
provide a more uniform distribution of quantum corrections not distinguishing a

center: A must be small when R? is small. If discrete patch sizes on all orbits are
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nearly similar, quantum corrections are uniform and do not distinguish a center.
A detailed discussion would go beyond the scope of this paper, but one can already

see the crucial role played by lattice refinement for the correct semiclassical limit.

4.7 Conclusions

We have extended the treatment of [21] to nonmarginal models, where additional
corrections from spin connection terms arise. With these additional terms the
original derivation appears more arbitrary, which led us to provide an indepen-
dent derivation of equations corrected by the treatment of inverse triads in loop
quantum gravity. In this derivation, anomaly-freedom is implemented first and
LTB conditions are imposed afterwards to select a special class of solutions. The
structure of the resulting equations is very similar in both derivations, showing the
robustness. In details, however, the resulting equations do differ which is always
possible due to quantization ambiguities. The effects analyzed in this work do not
appear to depend sensitively on the method, but further analysis may well provide
restrictions on acceptable equations, and thus on quantization ambiguities.

Our analysis in this chapter has been done for inverse triad corrections, while
holonomy corrections, which to some degree were treated in [21], are technically
more involved. Already for inverse triad corrections, the extension provided here
is an interesting step in the analysis of inhomogeneous collapse and singularities.
Comparing with homogeneous models and matching results of [83] would suggest
easy resolutions of singularities by bounces. Marginal models are not entirely con-
clusive in this regard since their homogeneous analog is that of a spatially flat
Friedmann—Robertson—-Walker model which under inverse triad corrections gives
rise to bounces only with a negative matter potential [94]. In the collapse analysis,
however, we have used positivity conditions for the mass function which indicate
that bounces in marginal LTB models with inverse triad corrections should not
be expected. For nonmarginal models, on the other hand, homogeneous special
solutions with positive spatial curvature exist, which do show bounces with in-
verse triad corrections and positive matter terms [82]. One would thus expect
nonmarginal models to result in bounces much more easily than marginal ones do.

This, however, is not the case: we mostly confirm the results found in marginal
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models where (i) bounces are not obvious and (ii) a homogeneous limit of quantum
corrected solutions may not even exist. As for the first property, bounces seem
somewhat easier to achieve than in marginal models, but in contrast to the expec-
tation turn out to be hard to realize generically. Moreover, a complete analysis
would have to involve an investigation of shell-crossing singularities which can be
involved even classically. (See [21] for more discussions on this in marginal cor-
rected models.) As for property (ii) about the homogeneous limit, one can evade
ruling out a homogeneous limit at the dynamical level only if one assumes a quan-
tum notion of symmetry which would imply effective isotropic space-time metrics
different from classical Friedmann—Robertson—Walker models. This may well be
expected, as indeed the deformed constraint algebra (4.55) shows that there is a
corrected quantum space-time structure. It would be interesting to see how this
influences space-time symmetries.

Finally, several issues discussed here involved the role of lattice refinement for
the semiclassical limit. As treatable models between homogeneous ones and the
full theory, LTB models turn out to be quite instructive. This should also be
expected for an implementation at the state (rather than phenomenological) level
which was started in [21] for marginal models but which we have not attempted

here for nonmarginal models.



Appendix A

Poisson Algebra of Modified

Constraints

Here we present an explicit and detailed calculation of the Poisson Algebra of
quantum corrected constraints. The Gauss and diffeomorphism constraint remain
unaltered:

Glgray|A de A((E®)" + P") (A.1)

I= 2Gy
Dy [N7] = % / dz N (2E¢’K{D _ %Axw)’ 4 %n'm) (A2)

To account for different possibilities of quantum corrections we consider the

general modified Hamiltonian constraint:

1 L ) 1
o[ N] = 2 dz N(a|E*|"2E? fi + 2sa|E®|2 fo + o |E*| 2 E¥

—ap |E*|"2 E¥T? + 2sar |[E°[317) . (A.3)

The functionals «[E*, E¥] and a[E*, E¥] account for possible corrections from
the quantization of inverse triads coming from the factors |E|~2 E¥ and |E*|2. As
functions, they are assumed to depend only on triad variables £* and EY¥ but are
otherwise unrestricted. Similarly ar[E?*, E¥] and ar[E®, E¥] depend only on the

triad variables and incorporate corrections from inverse triads and the quantization
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of the spin connection.

To consider corrections from the use of holonomies instead of the connection,
we use general functionals fi[K,, E*, E¥| and f>[A, + 7/, K,, E*, E¥] depending
on extrinsic curvature components K, and 7K, = A, +17/.

All the correction functions here (except for fo which depends on %) are re-
stricted to depend on phase space variables but NOT on their spatial derivatives.

The Poisson bracket of functions f and g on the phase space of spherically

symmetric gravity in Ashtekar variables is
of 6g 1 0f dg df dg
=9 - it
.9} G/d”“" (%Am SE 20K, 0E" " 'onopn

_ 6f b9 16f 89 8 bg a4
TSET6A,  20E¢0K, 'oPvon)’ '

We recall here the ’definition’ of functional derivative

F[N NF

9q(z) 0g q=q(z)
of a functional

FIN.al = [ AN Fa(o).d @) d'(2)...)
where 5(](;7) is the ’variational derivative’ of N.F.
S(NF)  OF oF\ oF\"
=N—— | N— N— | — ... A.
0q dq < 8q’> + ( 8q“> (A.6)

For an explicit calculation of the Poisson brackets of the constraints it is con-

venient to split the Hamiltonian constraint (A.3) into three terms:

1
HylN) = —57 [ dzN(a |E*| "2 E* fi + o |E*| 2 E¥)

Hu[N] := dz N (2sa |E*|2 f,)

G
Hp[N] := Hp[N]+ H{[N] + H{[N]
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with

|E:c|—%(Ex /)2
4F¢
|Em|2Ea¢//
Ee
|E;z’ Em/Ego/
E @2

1

HL[N] = 2G/daU]Voz
1

HE[N] := QG/desozp

HE[N] = — dz N sar

2G

Al {Hg H, [N}

grav [ ] grav

M), H?, [N]}. Calculations simplify using basic proper-

First we compute { grav

grav[
ties of the brackets. From linearity and anti-symmetry:

{HE, [M],HZ, [N} = { (Ho + Ha + Hy)[M], (Hy+ Ha + Hr)[N] }
={Ho[M], Ho[N1]} + {Ha[M], Ho[N]} + {Hr[M], Hr[N]}
+ {Ho[M], Ha[N]} — {Ho[N], Ha[M]} + {Ho[M], Hr[N]}
— {Ho[N], Hr[M]} + {Ha[M], Hr[N]} — {Ha[N], Hr[M]}

The first three brackets on the right hand side clearly vanish: since H, does not
contain spatial derivatives of the basic variables all the terms in {Hy[M], Ho[N]}
are proportional to M N and cancel (the first three terms in (A.4) cancel with the
last three). Because of the dependence on 7/, the only terms that would not cancel
in {Hs[M], Hs[N]} are M?—qgm%ﬁ” and the corresponding one with M and N
exchanged, but these terms are zero since H4[N] does not depend of P". Similarly,
{Hr[M], Hr[N]} is zero because Hp[N] only contains momentum variables.
Expressions of the form {f[M], g[N]|} — {f[N],g[M]} will not vanish if f (or
g) contains spatial derivatives of the phase space variables and ¢ (f) contains the
corresponding conjugate variables. The pair {Ho[M]|, H4[N]} — {Ho[N], Ha[M]}

cancels but the other two pairs do not:

{Hgw[M], H2,\ N1} = {Ho[M], Hr[N]} + {Ha[M], Hr[N]} — (M < N)



97

To illustrate the procedure we compute the first pair explicitly:

{Ho[M], H[N]} — (M « N) = {Ho[M], H[N]} — (M < N)

and
1 6Ho[M] §HE[N)
3 _ +011o r

{Ho[M], HR[N]} = QG/de(ng(x) SE# ()

6 Ho[M] 1 dfr
2G = M(x)a|E*(x)| 2 E%(x

5K, (2) (z)al E*(x)| ( )E)K@ P
SHEN] 1 o (. |E*ZE*'\ ., _ |E*|3E"'6E%
SE*(z) _ﬁ/dxﬂvs 5o\ mer ) ET T T e e

3
the first derivative term in fsgg[g)] gives terms proportional to N (to M N when
inserted in the Poisson bracket) which will cancel with terms from the other bracket

with M < N. The second derivative term gives, after 'integration by parts’

1 x /
so the only term that will not cancel is N’ (x)s@p% and there are no

boundary terms left.

In summary, we may short cut using formula (A.6) noticing that the only term
that contributes is —N’g—f (and the terms _(NIST]?')/ — N’ng, if there are second
derivatives).

Applying these results

{Ho[M], Hr[N]} — (M < N) = —%/dI(MN’ _ NM’)adpgaa[{i EEO;/
Similarly
(ol ) - 0 9 =26 [ asn Rl - ar 9

Ofy E*'
0A, E¥

1
:ﬁ/dx(MN’ — NM")saary



98

0 HA[M] S HE[N]
5A,(z) 0F*(
)

1
= — MN' — NM'
2G/d:z:(
B B o s\
42(_”8512”536' ) e 2 e <5‘F|E¢| ) 1

(H[M), HYNT} — (O o ) =
- SHAIM]SHEN]  15HA[M] SHE[N]
-2 [ (R e * 2o i)~ )

afZ af2 x / |E$,
oA Yot ]sz

{Hy[M],HE[N]} — (M « N) = 2G/d:m — (M « N)

x)

X

1
== 35 de(MN'"— NM")aar |2y

Putting everything together, we finally get

{ grav[ ] HgQrav[N]} =

_ 1 / N| ~= |Ex| an , © 8f2 x /!
_2G/d:1:(MN NM){O‘O‘FE¢2(27 (an> E 8K¢E

15 [ aa 78f2 aari N Em/+2(d a' — aal)y Of | B
"10A, "20K,) E¥ : M94, Ev
(A7)

A.2 { grav[ ]DgfaV[Nm]}

For general canonical variables in one dimension {S;, T} = ¢(i)¢/ with S; a scalar
and T° of density one, and o (i) = #1, the canonical generator of diffeomorphisms

has the form

D[N*] = / deN*o(i)T"S]
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Given a functional F[N] := [ da NF(S;(z),

T'(x),Si(z), T"'(x)), using (A.6), it is
easy to compute

N|6D[N*]  6F|N] D[N
{FIN], DINT} = / dwoi ( (@) 0T'(x)  oT"(x) 6&@))

:/ o (gg[uis ™) ¢ [ T

— F[N*N'| +/deN~"” (—ﬁ+ aJC.TiJr O 67 49 OF T“)

ot T as” oo
OF _,
Nner 9 A
+ [N (A3)

We may use this formula to find the action of Dgy.y[N®] on each term of the
modified Hamiltonian, except for H2[N] that contains second derivatives, and for

which we can derive a similar formula or explicitly compute:
{Ho[N], DIN"]} = — Ho[N"N']

- 2G

N Y
A NN oS+ (4 )

{HA[N], DIN*]} = — HA[N*N']

dz 2sNN”| Eg”|2 X

oo 0fs 0fs dfs
L‘?E%?wa2 <6EwE A, o fQH

- 2G

(HHN). DIN) == HIN'N = 5 [ do NN ar 1

ar 8E<P

(HEN). DIN) =~ BEN"N = 5 [ do NN Oar

ar aE HF

on |E°PE"
—I—% dNN &FT
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1 E¥ Oar -~
HZ[N],D[N*]} = — HN*N'] — — [ de NN*'— —H3
{Hp[N], DIN*]} rl ] °G xr ar (9E‘PHF
s B |Ex|%Ea:/
_ dNN:E "
2G Ev
Collecting all terms:
{ grav[ ] graV[Nx]} - _Hgav[NxN/]
3Je! oo e
dz NN*'E¥ E*| 2 E? 2 E*|2 E*| 2 ¥
Tl age TP Bt Sam' #at aEso| |
aO‘F S| B R BT + 255 aap C|Be )T,
——/deN“”E“’ a|E*| 2 B 2L O o, *|Ex|1 %
OFEv¥
B2 ([ Of of2
+ 25t o aAzAg;—F 87]’77 — f2 (AQ)
A.3 Holonomy effects
We first analyse the effects of "holonomies’ of K. we set
fir=F? and fo=E(A +1) /v

where Fy[K,, E*, E¥] only depends on extrinsic curvature K, and possibly on
triad variables, and we keep the linear dependence of f, on A, + 1. Classically
Fy=F =K,

Next we derive conditions on the correction functions for an anomaly free alge-
bra. We re-write the bracket between Hamiltonians (A.7) which already gives the

term proportional to the diffeomorphism constraint:

{ grav[ ] HéQrav[N]} =

1 / / ’an| OF, @ 17! (Ax+77,) x /!
G/dx(MN NM)[ "B TAK, <2E K, —F
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OF,
0K,

£
Ev

Ex!
+s ((YOq‘FQ — CX@FFl ) + 2 (dl“d/ - dd,f‘) F2

4

B (OF, ,,  OF, .,
7 \apt TaE

(A.10)

The last three summands cannot combine to give a term proportional to the
Hamiltonian density or diffeomorphism constraint. They thus must vanish like in

the classical case, giving the conditions

|:SO_éOzF — 2|Ez| (O_ép% _22; >:| FQ + 2O_JO_ZF|E'z 32_:2 SOédFFlaa}jzl (A]_l)
[

and
or,

oL

( da _ ;0ar (A.12)

O_JF@ — a@) FQ = aqr

which is also obtained from (A.9):

{ grav[ ] graV[Nz]}__HQ [NQSN/]

grav
oo 8F1 1
x /! e x| —5 [P
oar) . Oa |1,
+ 2s ST YB3 (A, +n)+ ¢1E| °F
80&1’*

\Eﬂ"wﬁ +2s(9 C|ET|2 r’]

and imposes the additional conditions

ory 1y Oa  _0ar __ dar
ok~ me ~ T gpe ~ T 3pe (A.13)

To find simple non-trivial solutions, we can set each of the offending terms

n (A.10) to zero. The vanishing of the last term is the condition for F3 to be
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independent of the triad, and the other two combined imply

and F2 = (i) F1 aFl .

Qi

S
Il
o)

If Fy is also independent of E* then ar = a. Taking for example:

_ sindy K,

F
1 5

requires
_ sindyK,cosdyK,  sin207K,

0y 207y

and gives an anomaly-free "holonomized’ version of the constraint algebra which is

2

different from the classical one:

{Hg

grav[M]7 chiav[N]} :DgraVHEZE’(ESO)*?(MN’ - NM/) 008(257[(‘{’)]
— Garav | E*|(E?) 2 (NM' — MN')n cos(26vK,,)]

[N], Dgray [N*]} = —HE, [N"N'| (A.14)

grav

{HgQraV

Considering corrections due to holonomies of A, is more difficult because the
structure of the algebra makes it harder to reproduce the diffeomorphism constraint
term in the { H[M], H[N]} bracket and, since A, is a density, the { H[N], D[N*|}

bracket is problematic too.



Appendix B

Canonical Transformations between
PSM'’s and Loop Variables

B.1 Canonical transformation

Here, we explicitly compute the canonical relation between Poisson sigma models
and Ashtekar variables. The equation {Q°, e} = 2G gives

psE? 6Q° p  0Q° NG
_ - =/2
VAB|T A, | 9|Ee[i 0K,

and {Q°, ¢} = 0 reads 6Q°/0A, = 0. Together they imply:
Q° = p2V2|E°[iK, + Q°[E*, B, P". 1] (B.1)

for arbitrary function Q¢[E*, E¥, P", 1.
Equations {Q7,e} = 0 and {Q7, ¢} = 0 give, respectively,

_ sE¥ 6QT+ 1 6Q7 QT
VBT 0A, T 9|Ee[i 0K, oA,

0

which taken together imply

QY = QT[E*,E?,P" ). (B.2)
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The equation {¢,w,} = 2G just implies

s0w, 1
204, 2
and {e,w,} = 0 is equivalent to
0w, sE? dw,

0K, '2[E7| 54,
These two equations give the dependence of w, on K, and K:

sA E¥
-2 K 0| BT, B, P B.3
/7 2|Ea;| @ + w [ I I 777] ( )

Wy =
which fixes the sign ambiguity in (3.30) and gives
/
oy = (B.4)
g

Equations {¢,7} = 0 and {e,7} = 0 are, respectively,

T, ST sE® T
0A, 0 0K, 2E"[0A,
Thus,
T = T[E", B¥, P,y (B.5)

The remaining six equations {QY, 7'} = 2G and {Q¢, T} = {Q°, QT } = {Q°, w,} =
{QY ,w,} = {1, w,} =0 are

5QT 5T SQTOT 1

on 6P1 5Py vy (B.6)
5Q°¢ 6T 6Q° 6T V2|E®|T 6T
on oP1  oPioy LT~ GEe (B.7)
3Q°6QT  6Q° 6Q" V2| B[ 5QT
on oP1  oP7 on YT 4 GEv (B.8)

6Q° 6w, 0QF 6, 1 6Q¢  E? 5Q¢ 1 0,
_ L 2V2|ET|i =z | (B.
Sy 0P 8P on | 2y (285]:790 T B sEe TP V2B | (B)
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T s~ T s~ r ) r
0QT 05, 0QT 0w, 1 (, 0QT | E? 0Q (B.10)
dn 6P"  §P7 on 27 SE®  2|E*| 0E¥

0T 65, 0T 6o, 1 5 Ef 6T

onoP1 6Pn by 2y <235E:v T3 5Ew) (B-11)

To try to find a solution to this system of equations we assume Q° to be inde-
pendent of P7 and n. Then (B.7) and (B.8) imply that 7 and Q7 are independent
of E¥, and we are left with equation (B.6) and

5Q¢  E¥ 5Q¢° 1 00,
2V2|E* |t —— =
S5Ee T oEe| 0B P VBT =0
6QT dw,  IQT §&, s 6QT

2

on 6P" 0P 6y~ OE®
8T 6w, 6T 6@, s OO

ondP1 0P 6y yOE*

0y

Using (B.4) which implies £ = 0, the equation for Q° is generically solved for
Q°|E", E?] = h(E?/|E* %) with h a function of one variable. If we further re-
quire that C? reproduce the Gauss constraint (2.14), C? = kG gy for an arbitrary

constant k, we find the solution giving rise to the canonical transformation (3.33).

B.2 Dilaton gravity with torsion

For completeness, we summarize here the constructions necessary in the presence

of torsion. This will not change the main results of the paper.
B.2.1 Generalized Dilaton Gravity and comparison of met-
rics

Using the definitions [23]

¢=0° G =8 , U(@):=—57 , V(¢):=1
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instead of (3.15), the spherically symmetric reduced 2d action (3.12) is reexpressed

as the generalized 2d Dilaton action
1 2 1 2
Sdilaton = 2% d*zy/—g §¢R +W(=(Vg)",0) | .
This in turn is equivalent to a general 2d gravity action with torsion:

1
S = ——/ pdw — W (XX, p)e + X ,De®
2G i

with Yax
W (XX, 60) = U(6) "2 + V(0)
and R = 2 x dw the curvature for the torsion free part of the spin connection

w=0uw-+ eQSTW. There is no conformal transformation, so the metric g represents
a

the physical metric in this approach.

The Poisson sigma model in this case is determined by the more general Poisson

bivector
0 w X~
Pi=|-w 0o Xt
X- —-X* 0

so that in the constraints (3.23), V//2 is replaced by —W:

e N/ e T
(—eQ ;e ¢ ) F (%) (we + 7)) EW(RXTX™, qﬁ)e] exp(F7T)

- 1
F_- -
" =35

(B.12)
and from (3.22)

IX+tX~ =2 (6Qe - QT) (eQe + QT) .

2e 2e

Comparison of the metrics now yields different values for ¢ and the dyads (3.28)

which get an extra factor of |E®|~1:

¢ = |E]
E® ) E®

+
pY, e, =p——ex
V2|E*|2

—p——— -r
¢ =P g p(=T)
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n pNxE¢iN|Ex|%e I 1 —N?|E*| + N*2E%? 1)
= X ) =D 1 p{—
' V2|E|z2 " UV2|Ee|: \ N*E¢ + N|E"|3

The dependence of the Lagrange multipliers X* in terms of (E®, E¥, K,, K,)

(as in equations (3.31,3.32)) consequently gets an extra factor of |E®|i:

B 1 Er!
X~ = pV2|E"]2 (—SQE@ ¥ Kg,) exp(—7) (B.13)
(BT
Xt = p\/§|E$’§ (SQE‘p F K@> exp(T) (B.14)

The torsion free part of the spin connection w, is w, = =K, — 71", and the torsion

dependent part emgTWa = U(¢)e, . X* = £2U(E*)E¥K,, so

wy = +sK, F2U(E*)E*K, — T’ (B.15)

B.2.2 Canonical transformation

The Poisson bracket relations

{Q(2),e(y)} ={Q"(2). T(1)} = {¢(w), wu(y)} = 2G5(x, y)

give the following functional dependence of the set (Q¢, QT , ¢;e, T, w,) in terms of
(B*, B?, P Ky, Kp,m):

B
—_= EJ? s e = — 1
¢ =1E" V2|E*|3
A, E¥ . 1 ~
p = =5 = B BB B P Q= pVRAB I + QBT L P
Q" =Q"[E", E?, P"n], T =T[E" E? P" 1 (B.16)

and the following differential equations analogous to (B.6), (B.7), (B.8), (B.9),
(B.10), (B.11):

QY 6T B 6QTQ 1
6n P §P7dn vy

(B.17)
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0Q° 0T 5Q°6T ﬂ]Eﬂ%ﬂ
on oP1  oPioy LT o SR
6Q°6Q" _ 6Q°0Q" _  V2IE"|: 5Q7
on P71 oP1 on YT 4 GEe
~€ ~ ~e ~, ~e [¢2] ~€ 1 ~,
5Q° 66,  6Q° @, 1 (2 50°  E® 60 p2f|E%5ﬂ> :

Sy o1 5P1on oy \“"sE T Ee|sEe T

T s~ T s~ T ¢ ST
6QT 62, 6QT o, _ 1 (, 6Q7  E? 4Q B
om 6P"  6P" 6n 27y JE*  |E®| JE¥

5T 65, 6T 65, 1 (. 6T  E® 6T

— — =——12 B.22

SuoPT 0BT on 2y ( 5B B 5E<P> (B:22)

Already, from the form of w, in (B.16) and in (B.15) we see that a canonical

transformation is only consistent for U(¢) = —2%. So we only have freedom to
change the functional form of V(¢) if we try to generalize to other models (just as
in the conformal approach).

Attempting to solve these differential equations by assuming Q¢ = 0 and re-

quiring C? to reproduce the Gauss constraint as before gives the transformation

; . E¥
Q° = p2V2|E®|2K, + h||E*| 2E¥] , e=p—
|E*[2 K, + h[|E*| ] RIE
E¥ 1
= |E* = —sK, — K e
¢ | | ) w S |E$| So—i_ kn
k k — 1
QT — ;pﬁ + ( 757> Ex! , T = —En (B23)

and its inverse

E*=s¢ , E=p/2¢3e

_ / € e . (Qe_h)
Kx——s(wx+T+2—¢(Q —h)) Kw—pW

n—=—kr . P'— %QT v (V_Ts’k) ¢ (B.24)

where again, s = sign(E®), k is an arbitrary constant, and h an arbitrary function

of one variable.
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B.2.3 Constraints

Again, for h = 0 we have
C?[N] = kGgav[A] . DIN?] = Dyray[N”]

and the remaining linear combination is

CT[Nexp(=71)] — C [Nexp(Y)] = % /de (—Qe(wx +7") — (%T) — 2We>

p\/_ z— 1L 21 oL
=5 | d N[ |E*|2K2EY — 25|E* | K, K, — |E*| 2 E*V
‘E$|*%Ezl2 S|Ew’%Ez/Ego/ S’Ez’%Ez//
LAY T E#? E¥
k E*’ k
+— dmN{S—l(Er'+Pn) - (E"' + P")?
2Gy 2]E$|*E<P 4y|E=|z B¥

|E93| x / Ui ,
( v (E*"+ P")
For V(¢) = 1, this gives

CTIN exp(=1)]—C~[N exp(Y)] = pV2Hgpay [N]

k SEI/ x / k x / 2
+— [ daN|—=—(E"' 4+ P — —— (E"' 4+ P")
267 2/ 1|B=[FEe

('lg (E*' +P’7))1

In summary,

C? = kGyrav (B.25)
e exp(T)C™ + e exp(=T)C" + w,C® = Dypay (B.26)

) . # =GB, (3 )
—exp(T)C™ + exp(=T7)Ct — ¢ — 200 Ry gL <?> :p\/Engav. (B.27)



Appendix

Scalar fields

In this last appendix we present another anomaly-free system by (minimally) cou-
pling gravity to a spherically symmetric scalar field. The equations derived should
be the starting point for more explorations of implications of loop quantum correc-
tions to gravitational collapse. This system also illustrates how simple quantum
corrections may give rise to complicated couplings in equations of motion and
highlights the importance of consistency of evolution equations for an analysis of

quantum corrections in gravitational collapse.

C.1 Coupling to Scalar Field

Starting with the Einstein-Hilbert action Sgay = 15g J d*#/—gR, we couple a
scalar field xy with general potential U(x) . The matter part of the action we start
with is

1
Smatter = -3 / d*z\/=g[9" 0, x0ux + U(x)]

or after the usual 341 decomposition of the 4-metric ¢*# = ¢ — n*n?, with

normal vector n® = +((2)* — N®) in terms of lapse N and shift vector N®, and

V=5 =Nya

12 1 1
_ 3 c a - - ab -
S natter = /dt/d x{nx N9, x — N (—2\/5 + 2\/§q DaXOpX + 2\/§U)}
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where II = \/Wa(x — N%9,x) is the canonically conjugate momentum of x. From this
form of the action we immediately identify the matter part of the diffeomorphism
constraint and the kinetic, gradient and potential terms of the matter Hamiltonian.

Imposing spherical symmetry and defining p, by the relation IT = p, sin ¥ gives,
after integration of the angular variables, the symplectic structure for a spherically

symmetric scalar field minimally coupled to gravity:

(@) 2y )} = 1-0(2,9)

or, explicitly, the Poisson bracket of functions f and g

1 of dg of dg
— = g L2 2S5
/.94 47T/ x((SX dpy 0Dy OX
The diffeomorphism constraint reads:

Dmatter [Nx] = 4r / dx prxX/

and, using the metric dg*> = gjdﬁ + [E*|dQ* and \/q = |E*|2 E¢sind, the

Hamiltonian constraint is
Hmatter[N] = /dx N(ll:{ﬂ— -+ 7:(V + ﬁU)

where the kinetic, gradient and potential terms are respectively:

~ p2
H, =dr —X (C.1)
2|E*|2 B
y |Eo|ey'?
=4 2
Hy =4r VT (C.2)
~ v U
Hyr :47r]E"”|2E‘P¥ (C.3)

General quantum correction functions v[E®, E¥| and ¢[E*, E¥| are introduced

into the matter part of the Hamiltonian constraint to account for the quantization
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of inverse triad operators as:
HE o[N] = / dz N(vH, + oHy + Hy)
Again we consider an inverse triad correction of the form
HZ, [N] = / dx NaHgpay. (C.4)

for function a[E®, E¥] (the general case (4.51) gives similar results).

Notice the potential term is not expected to acquire primary quantum correc-
tions because there is no inverse of the triad in this term. Thus, even if v and o
would equal «, the correction does not simply amount to a rescaling of the lapse
function and the closure of the constraint algebra becomes a nontrivial requirement

that restricts the form of the correction functions.

C.1.1 Constraint Algebra

If the correction functions «, v, o depend only on the densitized triad compo-
nents £ and EY (but not on their spatial derivatives), then the total Hamil-
tonian HR[N] = HE, [N] 4+ Huatte:[ V] and diffeomorphism constraint D[N”] =

Dgray [N*] + Dimaster [N *] satisfy the algebra:

{HY[N], D[N"]} = — HY[N" M|

1 Ja
o Q [ © x /!
grav[ 8E‘PE NN ]

1 ov 1 do
- E?NN®'| — HY[=—E*NN®"'

[1/ OEv I- [0(9E ]
El? CL’

{HR[N]),HR[M]} =Dgpav[a? w'(NM’—MN’)]%—Dmatter[ |EQ|(NM’ MN")]

E"E
B v — M)

- Ggrav [QQ

The requirement of anomaly freedom then restricts the correction functions «,



113

v and o to be independent of E¥, and further imposes the condition

C.1.2 Equations of Motion

The canonical equations of motion with the quantum corrected Hamiltonian are

E* = 2NaK,|E*|? + N*E*’ (C.6)
E# = Na(sK,|E*|? + K, E?|E*|"2) + (N*E¥)' (C.7)
Nv
X = ———p, + N7 C.8
B (C.8)
/

. . NO_|Ex‘%X/ 1 xl (an xT !/

Py = (T — G NIE*FE aJr(N Px) (C.9)

. Noa, 1 , E*'? Na
Ko =75 IF] 2[—%*@} TV
1
- BT BT
2 |3, 12
D E*|2x ol
_27GN V|Ex|%XE¢2 ) ELQ —E®|EUY] (C.10)
L " ‘Emr%E@ ) Ez/2 E? dV
Km——NO[|E | Kngo_’_SNO[T (K¢—4E¢2 a?dEx
il R Ex/pe!
—I-NOélE | 2 (QESO — ol )
(1B (B
+ (Na) ( YT
1
//|Em:|5 xT !
2 1
3|E*|2x'?  E¥U
+ s2rGN | —v p>3( +U| °x + [fd
| B2 B2 £ | B2
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oo ~ ov -~ o ~
+ 2GN (aEchg + @Hﬂ + @Hv) (C.ll)

C.2 Gravitational collapse in double null coordi-

nates

As discussed in chapter 3, a spherically symmetric scalar field coupled to gravity in
arbitrary dimensions may be cast as a two dimensional theory. The use of double
null coordinates in the 2d manifold allows for a unified analysis of gravitational col-
lapse in four or higher dimensions [95], giving simple evolution equations amenable
for a numerical treatment.

The D-dimensional action for gravity coupled to a massless scalar field is

= T6x G/ vy -Pg [PR—A]—= [ d°z/— Dgaﬁaaxﬁgx

with G now the gravitational constant in D dimensions and A a cosmological
constant. Specializing to the spherically symmetric case gives the equivalent two-

dimensional dilaton gravity action

5= | Fev=alor -V - ; [ Eav=gH@9 a0

with
Op_s

Vig) = =2

(A67= — (D= 2)(D - 3)577)
H(6) = Op 20

and Op_, the volume of the (D — 2)-sphere. For D = 4 then V = Ay/¢ — \% and
H =47 ¢)

In double null coordinates u, v the 2d metric may be parameterized as
ds® = —2g(u, v)¢" (u, v)dudv (C.12)

Variation of the metric gives in these coordinates the equations:

$7 = @V (C.13)
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b+ (5 z:> 6 —2GHY? =0 (C.14)
-7V + ( f;:) ¢ —2GHX"? =0 (C.15)

and the corresponding equations for the variation of the dilaton ¢, and scalar field

x read respectively

¢>v o gdV
2( ¢v> go d¢+ qubXX =0 (C.16)
(Hx")* + (Hx)" =0 (C.17)

where the circle denotes differentiation with respect to v and the triangle differen-
tiation with respect to v.

Equations (C.13), (C.15) (which is simply g"¢" = 2GgHx"?), and (C.17)
contain all information of the dynamics. For example, the uu equation (C.14) can
be obtained by combining the u-derivative of the vv eq. (C.15) and the v-derivative
of the uv eq. (C.13).

Gravitational collapse in this model has been carefully studied numerically,
both classically [96, 95] and incorporating quantum effects [97]. Equations of
motion with inverse triad like corrections from a related polymer quantization of
spherically symmetric gravity have been studied numerically in [97], but as already
noted there, consistency of simple approximations in equations of motion must be
carefully tested. As our preliminary calculations exemplify here, simple looking
corrections in the Hamiltonian may not necessarily lead to similar corrections in

the equations of motion this Hamiltonian generates.

C.2.1 Quantum corrections in null coordinates

To investigate the modifications to the classical equations (C.13 - C.17) we define

coordinates (¢,z) from the null coordinates (u,v) by the relations

1
t:§(u+v), flz)==(v—u)

for an arbitrary increasing function f.
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In these coordinates the metric (C.12) is

2
—dt* + <%) d:c2]

ds* = 2g¢"

and can be directly compared with

E?2
|E*|

E#? B2
ds® = |E*|z K—NQ + Nxz) dt? + 2——N*2dt dx + d:nﬂ

] ]
fixing the gauge N* = 0, N = (%)_HEIF%E% and E¥ = %@(ﬁ((ﬁv)%. The
angular part of the full metric gives |E*| = ¢

Substituting these expressions into the constraints and equations of motion
(C.9,C.10,C.11) with U = 0 for a massless scalar field, and using % = % + % and
a% = %(—8% + %) gives the quantum corrected equations in null coordinates.

The diffeomorphism constraint gives the equation

(5 5) - (st

+¢W—< q;;v)w (2) snGiox "2

PGy — )5 +67) =0 (C.18)
The (quantum) Hamiltonian constraint gives

— 26" + §o"V

;;_(a +1) (& ¢z)¢+(1 0>47TG¢>%2
10) «

2 1 vV
_|_¢VV _ M = ) ¢V + <i + E) 47TG¢XV 2
2c arv o«

2
(e —1) ¢v v
i 2a2 [ ( (bV) o av

vvv) 5} + (i - g)SwG@%XV =0
10) Q

(C.19)
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Equation (C.9) reads

(o] [ [ )] -

(C.20)
Equation (C.10) is
gggv_ 367V
e (§0) o (e
R >( d;) o4 (5%) G
(5] () (e o
) ey e e (C21)

Classically equation (C.20) gives the wave equation (C.17). The diffeomorphism
constraint (C.18) is the difference (C.14) — (C'.15). The Hamiltonian constraint
(C.19) is —(C.13) — (C.14) — (C.15), while (C.21) gives (C.13) — (C.14) — (C.15).
So we obtain (C.13) by subtracting (C.19) from (C.21) and from this and the
diffeomorphism constraint we get (C.14) and (C.15).

Fianally equation (C.11) gives classically —(C.16) — 55((C.14) + (C.15)).

For completeness, equation (C.11) is

(@41 §+¢_V + ¢V—V—<3a+l)4wG>%xv
o g ¢v Qﬁ 1%

(@+1)[s (3. 07 !
g ¢‘<‘+EM+<3"")%G
2 vV
S (55 o] (e

(a2—1) v ¢ v P77V o
e | —207+ ( ¢_)¢+( +W)4
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A G5) (%) ]
<a2(;1) §+g a+( Zv:)av_%z—;w}
(s Z)o i
=’ =207 + Z—Z b + 077 — 207 + go"V
(o) ()]
WZ;)[( fZ:)‘W ( +%M}
%Z_; d;)szqu(X +xv2)+(%g—; ZZ)SWGXX —0  (C.22)
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