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reduction yields an Abelian theory that becomes non-Abelian when translated into the
correct duality frame to perform the F-theory limit. The reduction shows that the gauge
coupling function depends on the gauged scalars and transforms non-trivially as required
for the groups encountered. This field dependence agrees with the expectations for the
kinetic mixing of seven-branes and is unchanged if the gaugings are absent.
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1 Introduction

In recent years phenomenological aspects of F-theory compactifications [1] have been con-
sidered intensively. While a complete understanding of the effective actions arising in such
compactifications is still lacking there has been major progress investigating core aspects of
the theories that arise. Much of these efforts have focused on uncovering the geometric man-
ifestation of symmetries of the effective theories in F-theory. For example, a detailed picture
of the local continuous non-Abelian and Abelian gauge symmetries has started to emerge.
A state-of-the-art discussion on non-Abelian symmetries in F-theory can be found in [2-5],
while recent results on Abelian gauge symmetries are found in [6-21]. The investigation of
discrete symmetries in F-theory has only recently attracted more attention [17, 22-28]. The
class of discrete symmetries are thereby realised as low energy remnants of Abelian gauge
symmetries that are massive even in the absence of any flux background. This makes these
symmetries necessarily Abelian. In this work we aim to generalize the results of [24, 25, 27]
and discuss the appearance of non-Abelian discrete symmetries in F-theory.



In F-theory various aspects of the physics of intersecting seven-branes are captured by
higher-dimensional two-torus fibered geometries. It turns out, however, that extracting the
low energy implications of a given geometry is a challenging task. This can be traced back to
the fact, that there is no known twelve-dimensional formulation of F-theory and the theory
has to be studied either by a generalised Type IIB string perspective or by performing a
duality to M-theory. Approaching F-theory directly from the Type IIB perspective seems
to avoid the use of any dualities. However, as of now the correct global treatment of
intersecting seven-branes is poorly understood and can be very involved, even in simple
higher-dimensional compactifications. This is particularly apparent when dealing with two
or more seven-branes that are mutually non-local, i.e. they cannot be rotated to D7-branes
by the S1(2,7Z) symmetry at the same time.! As we will find in this work, this is precisely
the kind of brane configurations that can realise certain non-Abelian discrete symmetries.
Such situations are better understood using the duality to M-theory. In this case, however,
one also has to face a major complication. Since generating global discrete symmetries
in a theory of quantum gravity requires that these are obtained from broken local gauge
symmetries (see, e.g. [30]), one typically has to have a proper treatment of massive states
in the effective action. This can be involved when using the M-theory to F-theory limit,
since one needs to disentangle whether a mass of a state is actually present in F-theory or
is a remnant of the fact that the F-theory limit has not been performed.

A key example of the complications which arise when dealing with massive modes in
F-theory is given by so-called ‘geometrically massive’ U(1) gauge symmetries discussed
in [6, 31-33]. Such massive U(1)s are familiar from Type IIB orientifold compactifications,
where they arise from specific configurations of D7-branes and their orientifold images [34].
The brane U(1)s are massive even in the absence of brane fluxes with a mass proportional to
the string coupling. Leaving the Type IIB weak string coupling limit requires one to realise
such massive U(1)s via a torus-fibered geometry used in M-theory. Geometrically massive
U(1)s are then believed to arise from the expansion into non-harmonic forms. These forms
might be described by non-trivial torsion in cohomology [27, 31, 35, 36], but eventually
require the M-theory geometries considered to be extended to include non-Kéhler spaces [6,
31-33]. Remarkably, this allows these U(1)s to mix also with the Kaluza-Klein vector
used in connecting F-theory and M-theory. It was argued in [24, 25, 27] that this is the
proper interpretation of the physics induced on certain torus-fibered geometries with multi-
section. Such massive U(1)s were argued to lead to interesting discrete Abelian symmetries
restricting, for example, the Yukawa couplings of the effective theories [25, 26, 37].

Given the success of identifying at least certain discrete Abelian symmetries in the
F-theory geometry one might hope to be able to straightforwardly generalize the setting to
the non-Abelian case. However, this leads immediately to some obstacles. Firstly, the study
of geometries with multi-section seems to suggest that only Abelian symmetries naturally
appear in such settings.? Secondly, as we will see in more detail below, including non-closed
forms in the reduction of M-theory accessed via eleven-dimensional supergravity seemingly

LA recent example of this fact is analysed in [29].
2Indeed, it has been proposed that the Tate-Shafarevich group determines the discrete symmetries arising
in F-theory [22]. This group, however, is always Abelian and therefore obscures any generalisation.



only yields Abelian gaugings. How can a non-Abelian discrete symmetry ever arise? This
appears particularly puzzling, since we know from the analysis of the Type I1B supergravity
actions that non-Abelian discrete symmetries actually do occur in reductions with non-
closed forms representing torsion cohomology [36, 38]. These arise from gauging a subgroup
of the isometry group of the moduli space and are known to span a generalisation of the
Heisenberg group. In this work we resolve these puzzles by explaining that they can be
traced back to the fact that the M-theory reduction is performed in an inconvenient duality
frame working with the M-theory three-form Cs only. While the gaugings in the M-theory
reduction with C3 appear to be Abelian they actually dualise into non-Abelian gaugings
of the Heisenberg algebra in the duality frame required to perform the F-theory limit.

Our findings admit an interesting Type IIB interpretation using the geometric
Stiickelberg mechanism. Recall that on a D7-brane this mechanism only allows one to
gauge the R-R two-form axion with the brane U(1). This implies that the SI(2,Z)-images
generally allow for a gauging of the NS-NS two-form axions as well. If one now includes
two seven-branes that are mutually non-local we will show that this can imply that a third
vector has to complete the gauging into a non-Abelian group. This additional vector can
arise either from the R-R bulk sector, in which case the gaugings are purely geometrical,
or from another seven-brane, in which case brane fluxes are required. We argue that the
former possibility admits a direct interpretation in the M-theory fourfold geometry. The
non-Abelian completion of the gauging turns out to be a consistency condition on the
compact fourfold when considering non-closed forms. It admits a natural mathematical
interpretation in terms of torsion cohomology for Calabi-Yau fourfolds. Let us stress that
while we believe the required fourfolds with the appropriate torsion cohomology exist, we
will not attempt to find an explicit example but rather study the general implications.

The non-Abelian gauge groups that we find are shown to be generalisations of the
Heisenberg group. The fact that these groups are neither semisimple nor compact has
important consequences on the form of the effective action. It implies that the gauge
coupling function of this group cannot be simply constant, since there exists no positive
definite Killing form for these groups. It instead has to be a non-trivial holomorphic
function of the complex scalars transforming under the gauge group. Interestingly the
gauge coupling function is independent of the constants determining the gauged subalgebra
of the isometry group. This implies that they are present for any gauging and we argue
that they can be used to determine the allowed non-Abelian gauge algebra.

The paper is organised as follows. In section 2 we review how non-Abelian discrete
symmetries can arise as gaugings of isometries in four dimensions. The Type IIB string
theory embedding of a special type of gaugings is discussed in section 3. We show that
when using seven-brane gauge fields to yield such gaugings the introduction of mutually
non-local seven-branes is crucial. This suggests that a proper treatment should invoke
an F-theory geometry and the duality to M-theory. The F-theory setting and the allowed
gaugings are discussed in section 4, while the explicit M-theory reduction is then performed
in section 5. We show that the Abelian gaugings dualize to non-Abelian gaugings upon
changing to the duality frame that allows the F-theory limit to be performed. Details on
the computations are supplemented in appendix A.



2 Non-Abelian discrete symmetries in four dimensions

In this section we briefly review the realisation of discrete gauge symmetries in field the-
ory [30, 36, 39]. We also include a discussion of supersymmetry and comment on the struc-
ture of non-minimal gauge-kinetic terms for non-Abelian groups that are neither semisimple
nor compact.

2.1 Non-Abelian discrete symmetries

By discrete gauge symmetry we simply mean a discrete remnant of a spontaneously broken
gauge symmetry. Let us consider the simplest Abelian example to illustrate this, namely
the Stiickelberg Lagrangian for a vector A and a scalar ¢ of periodicity 2,

L= —%dA/\*dA—/LZ(CM—kA) Ax(dp — kA), (2.1)
g

where g is the YM coupling constant, ;4 is a mass scale and k£ € Z. This Lagrangian is
invariant under the local transformations

SA = d), 5¢ = kA (2.2)

and we find that the space of physically distinct vacua is given by A = 0 and ¢ = ¢ with
¢o a constant in [0, 27). Then, we immediately see that this system breaks the underlying
U(1) symmetry since under a constant gauge transformation we find that the vacuum is
not invariant. Indeed, if we consider the vacuum defined by |¢g), then after such gauge
transformation we arrive at |pg -+ kA), which is in general different from |¢o). However, due

to the presence of the integer k£ and the periodicity of ¢, we may still find non-trivial gauge
U(1) parameterised by e™. Let us stress that the fluctuations of the vector A around these

transformations that preserve the vacuum, namely A = which form a Zj subgroup of
vacua is massive with mass k?u2. This implies that an effective theory arising from string
theory has to include massive modes.

As shown in [36], in order to generalise this to non-Abelian discrete symmetries, it
proves useful to think of (2.1) as the gauging of a scalar manifold with a U(1) isometry
with charge k. In that case we start with a scalar manifold S', whose isometry group is
generated by t = 04. Furthermore, the particular gauging we consider is related to picking
a Killing vector with the following normalisation

X = k. (2.3)

Then, the orbit associated to X is a map @ : S* x U(1) — S! that takes a point ¢y € S*
and the element e € U(1) to give Q(¢o; \) = ¢o + kA. Then, we see that for a given
vacuum ¢, the subgroup that is not broken corresponds to the solutions to Q(¢o; \) = ¢o
which again leads to Zj. Notice that the discrete symmetry is encoded in the relative
normalisation of the Killing vector (2.3) with respect to the gauge algebra generator.
Next we discuss the gauging of non-Abelian isometries with the appropriate charges.
Consider a sigma model with a d-dimensional manifold M endowed with a Riemannian
metric g and coordinates ¢%,
Lo = —gapdd® N xdg”, (2.4)



and let ¢ ; be generators of the group of isometries Iso(M) which satisfy

[t ts] = FasCte, (2.5)

where f; E}C are the structure constants. A particular gauging is specified by picking a set
of Killing vectors

X4 =kit; (2.6)
where k:é are constants and the vectors generate the gauge algebra
(X4, X5] = fas“ X (2.7)

The gauging is implemented by considering the following Lagrangian
1 1
L= —ifleFA AxFB — 5JQ%,BFA AFB — gy D¢ A D, (2.8)

where we included gauge bosons AP with field strengths FZ = dAB + facBAA AN AC. The
functions f,}lB and fle are in general dependent on the scalars ¢“. f}‘ p determines the
gauge couplings and has to be positive definite. We stress that fi‘B, i = 1,2 in general
have to transform non-trivially under the gauge group in order to ensure gauge invariance
of the Lagrangian, i.e. one has to have

5fh5 =\ (fea® fop + fos® Fip) (2.9)

where AP are the gauge parameters. In particular, for groups that are noncompact one
cannot use the Killing form and therefore f}, and f35 have to be non-trivial functions of
the fields ¢%. Furthermore, we defined the covariant derivatives

D¢* = d¢* — ABXY,. (2.10)

Now we may proceed formally in analogy to the Abelian case. The space of inequivalent
vacua of the gauged theory (2.8) is A® = 0 and constant ¢® € M. Then, under a constant
gauge transformation along A X 4 we find that the vacuum o goes to Q(¢f; M) which, if
different from ¢, signals a spontaneous breaking of the generator M X 4. Alternatively, the
set of ¢ X4 that satisfy Q(¢f; )\A) = ¢ corresponds to a preserved symmetry. Clearly,
this construction may lead to a case in which the preserved symmetry is a non-Abelian
discrete subgroup of Iso(M). In the following section we consider a particular example in
which Iso(M) is a generalisation of the Heisenberg group.

2.2 Supersymmetric non-Abelian gaugings and non-minimal kinetic terms

Up to now we did not discuss the supersymmetric version of the above setting. In order to
do that one has to first realise that four-dimensional A’ = 1 supersymmetry implies that
M is a Kihler manifold. We denote the complex coordinates by ®!. The couplings f}‘ B



and f%B have to combine into a function fap = f,}lB + z'fle that is holomorphic in the ®7.
The bosonic part of a supersymmetric Lagrangian will then include the terms

1 1 _
L= —§RefABFA AxFB — 5ImfABFf“ ANFB — K ;DO AxD®T —V 1,  (2.11)

where K ;7 = 0p104sK is locally the derivative of a Kahler potential K. Crucially the
isometries that can now be gauged have to be holomorphic such that

6AA = dAA + fpc ABAC 60T = A X 1(®) (2.12)

which induces the transformation (2.9).

Let us stress that in general one has to impose additional conditions on gaugings
allowed by N/ = 1 supersymmetry. Consider, for example, the simple Kahler potential
K = %((b + ¢)?, which yields a constant Kihler metric and a Lagrangian that admits the
shift symmetry ¢ — ¢ + A\ + iA2 with real constants \;. Supersymmetry implies that the
two shift symmetries labelled by ); cannot be gauged by different U(1) vectors A?, since the
D-term scalar potential would not be gauge-invariant. In our examples the situation will be
even more subtle. Since the gaugings also have to be compatible with the holomorphicity
of the gauge coupling function even if there exists a gauge-invariant scalar potential.

If the isometry group Iso(M) that we want to gauge is semisimple and compact, we
may take fap to be a holomorphic function of the ungauged scalars proportional to the
Killing form. In this case fap satisfies the constraints imposed by supersymmetry. This
implies that one can also add the kinetic terms for A“ to the Lagrangian without having
any gauged scalars. However, the isometry group need not be compact nor semisimple in
which case we might be forced to include non-minimal kinetic terms for the vectors. In such
cases, holomorphicity of the gauge kinetic function imposes non-trivial constraints [40].

Let us close this section with recalling yet another important issue related to the
gauge-transformation of the gauge coupling function. If the four-dimensional N' = 1 theory
contains chiral fermions charged under an Abelian gauge symmetry, it might be necessary
to employ a Green-Schwarz mechanism to chancel the one-loop anomaly induced by these
fields [41, 42]. The classical terms %Im fapFA A FB are then allowed to be non-gauge
invariant and fixed to induce tree-level diagrams that cancel the one-loop anomalous dia-
grams of the chiral fermions. In consistent string theory compactifications this mechanism
is automatically implemented in the situations that require such a cancellation.

3 Non-Abelian discrete symmetries in Type IIB orientifolds

In this section we study the possibility of obtaining non-Abelian discrete symmetries by
gauging R-R and NS-NS§ scalars in Type IIB orientifolds with O7-planes. We first examine
the symmetries of the orientifold moduli space in subsection 3.1. The Heisenberg isometry
group that appears is a special version of the symmetry groups later encountered in the
complete F-theory setting. We then turn to the discussion of the gauging of this non-
Abelian group in subsection 3.2 by performing a reduction with non-harmonic forms. It
turns out that there is a tension between performing a supersymmetric orientifold quotient
and the gauging of a non-Abelian group.



3.1 Heisenberg isometries in Type 1IB orientifold compactifications

To begin with let us consider Calabi-Yau orientifold compactifications of Type IIB with
O7-planes. The effective action for the bulk fields in such compactifications contains the
following terms [43]

3iv®

L = —Gapdv® A xdv® — dev A *dV + e S Kaap(de® — 7db®) A %(dc® — 7dbP)
chﬁ b 1 d d
T (dpa + lCaab(b de? — c*db )) A *(dpﬁ + ilC/gcd(bcdc — cdb )) . (3.1)

In this expression 7 = Cy + ie~? is the axiodilaton, b%, ¢, a = 1, ... RY1 arise from the
reduction of By and C5 on harmonic orientifold-odd two-forms, and p,, a = 1,.. .,h};l
comes from the reduction of C4 on orientifold-even harmonic four-forms. The real scalars
v® are the deformations of the Kahler form of the underlying Calabi-Yau geometry. The
intersection numbers of the Calabi-Yau manifold are given by

ICQBV:/ Wa Awg Awsy, lCaab:/ W A Wg A Wy . (3.2)
3 Y3
The first of these is related to the definition of the volume V = flCagvv vPv7 and the
metric Gog. The Lagrangian defines a Kahler metric when written in the form (2.11) with
a Kahler potential K = —2logV and complex coordinates

1

G =" — b T, = P —
& TO, @ pa+2(7__7,_)

Keat G4 (G — G) — %mawﬁw O (33)
Clearly, there will be additional moduli corresponding to the complex structure deforma-
tions and brane fields. These will suppressed in the following, since our current focus is on
the identification of candidate non-Abelian symmetries in this sector of the theory. As we
will see later, similar structures appear in the seven-brane sector.

One now readily checks that this Kéhler metric has the following op M) 4 h(j’l) holo-
morphic isometries

G = N —71)g, 0T = Ao — KaapGPNS . (3.4)

where A{, A, A\, are the real scalar gauge parameters. Using the transformations (3.4) one
determines the holomorphic Killing vectors to be

t(l,a) = Oqa t2,0) = —T0ga — ’CaabiaTa , t* =0r, (3.5)

ot

Upon exponentiation these vectors yield the Lie group of isometries of M, which we denote
by Iso(M). The explicit algebra reads,

(t1,0)s tp] = —Kaast™, (3.6)

with all other commutators vanishing. This algebra is a generalisation of the Heisenberg
algebra and will be our prime example for the non-Abelian structures appearing in our



string theory set-ups. Comparing with (2.5) this implies that the only non-vanishing non-
Abelian structure constants are f(q q)2,)" = —Kaap. Finally, the fact that ¢, 0% and p,
are periodic with period 2w, imposes the following identifications in the scalar manifold

a

" ~c"+2r, and py =~ pa + 7K qapb?
b ~ b+ 2w, and pay = pa — T oap
Po = Po +27. (3.7)

These identifications render the field-space spanned by ¢*, b* and p, to be compact.

Let us now address the question of gauging the non-Abelian symmetries (3.6). This
requires the introduction of gauge fields that arise from the bulk sector. In section 4 we
will develop this further by including vectors that arise from the brane sector.

3.2 Non-Abelian gaugings from Type IIB orientifolds with torsion

In this section we briefly review the construction in [36] which shows that the reduction
of Type IIB on manifolds Y3 with torsion homology may lead to an effective theory where
the non-Abelian isometries analysed in the last section are gauged.

In general, cohomology groups with integer coefficients are finitely generated Abelian
groups, which means that they are the direct sum of cyclic groups, namely

H(MZ)=7®  ®LDLy, ® - ® Ly, (3.8)
— S—
free torsion

which, as indicated above, is the sum of a free part and a non-free (or torsion) part. The
former plays a central role in string compactifications since Hodge’s theorem provides an
isomorphism between the free part and the space of harmonic forms, which correspond to
the internal wave function of massless modes. The torsion part, however, does not yield
massless modes so its role in compactifications is not as straightforward. It was argued
in [35, 36] that including torsion forms in string reductions naturally yields discrete gauge
symmetries. Also, one can obtain the correct spectrum of charged states under such discrete
symmetry by wrapping different branes in the torsion homology cycles, in agreement with
the expectations for a theory of quantum gravity [30].

Let us now illustrate the reduction on torsion cohomology in a simple example before
moving to a more general case. We will consider the reduction of a theory with a two form
potential By to four dimensions on a space M with torsion cohomology TorH?(M,Z) = Zy,.
Then we have a closed two-form Ay which, in integer cohomology, is not exact but such
that k times A is, namely

kAs = d)\, dAs = 0 (3.9)

for some form A;. Now if we include the torsion element A5 in the reduction, then we must
also reduce along the non-closed form \;. This follows from the fact that the Laplacian A
commutes with the exterior derivative and from demanding that we include all the modes



of a given mass scale. Indeed, if A Ay = —m?As, we should include the form A; which
satisfies A A\ = —m?2\;. Thus, we find that

By =bAs + AN A, dBQZ(db—kA)/\AQ—i-dA/\)\l (3.10)

where b is a four-dimensional scalar and A is a four-dimensional vector. These appear in
the field strength for Bs in the combination (db — kA) which gives a Stiickelberg coupling.
This then leads to a theory of a massive vector with a Z; discrete gauge symmetry.

Now we are ready to discuss the more involved case of Type IIB orientifolds with
torsion. A six-dimensional manifold has only two independent torsion cohomology groups,
namely

TorH?(Y3) ~ TorH®(Y3) ~ @Zka, TorH3(Y3) ~ TorH*(Y3) ~ @Zka (3.11)
a (634

where the isomorphisms follow from the universal coefficient theorem. Then, in analogy
with equation (3.9) we have that?

d’Yi - kgwa 5 dwa - kamBK7 dan - kana’a )
dwy = 0, B, =0, 4™ = 0 (3.12)

which are compatible with the conditions
/ e A B =6, / wa NP =68, (3.13)
Y3 YS

We note that in the pure torsion case the £ and k.. would be invertible. However, by
not imposing conditions on the rank we allow harmonic and torsion forms to be consid-
ered simultaneously in the following analysis. Also, we assume that the parity under the
orientifold action of ay, 8% and w,,w® is even while the parity of v; and w, is odd.

In addition to this we will also demand that the basis of forms also satisfies

Wa Ny = M;o" o s Wa A wp = Kaap®™ , Yi Ny = Nijawa . (3.14)

In the first of these identities we have demanded that there is no term proportional to 8*.
This is imposed in order to prevent electric and magnetic degrees of freedom from being
simultaneously gauged. The quantities M;,"” and N;;* appearing in these identities define
the additional intersection numbers

Mia){:/ ¥i Awa A B7, Nija:/ Q% AN A (3.15)
Y3 Y3
Compatibility of these conditions then implies that

k¢ Mj™ = kS Mia" EorMia" = kX Kaap » kanNij* = 0. (3.16)

In the second identity in (3.14), we have allowed for a non-trivial product between the
torsion two-forms which, as we will see, is coupling responsible for a non-Abelian gauge
symmetry.

3We did not include the torsion five-forms since we will not need them here.



Given this setup, the ansatz for the reduction is

Cy =V ANag —Ug AP+ po® + C§ Nwqy , (3.17)
By = AY A5 + b, Cy = A% A i + w, .

where Cj has an expansion into orientifold-even three-forms while Bs, Cs are expanded into
orientifold-odd one-forms and two-forms. Here A'?, A?% and V*,U, are four-dimensional
vectors. Note that V* and U, are electric-magnetic duals by means of the self-duality of
the field-strength of Cy. Similarly, the two-form C§ is the four-dimensional dual of the
scalar p, already used in (3.1).

The effective action which results from the ansatz (3.17) can be described in terms of
the fields C'$ and U, or in terms of their duals p, and V*. When working with C'$ and U,
the 10d field strength

1
Fs =dCy + 5(32 ANdCy — Cy A dBQ) , (3.18)
gives rise to the four-dimensional field strengths
« « 1 « % j % j «
DCS = dCS + 5N,;j(Al ANF2— A?C A FUIY) F, = dU, — k0O, (3.19)
where
F''=dAl?, F20 = dA?". (3.20)

Here we see that the nonlinear terms in F5 have generated a Chern-Simons modification
in DC§, but that all gaugings remain Abelian.

In contrast, if one works in the dual picture and encodes all degrees of freedom by p,
and V", one finds the field strengths

Fli=qati, F2i = A2 Fr = dV" 4 M;"k§ A" A A (3.21)

where, in this dual picture, the nonlinear terms in F5 have generated a non-Abelian struc-
ture F®. In fact, one checks by performing the reduction that the isometries of (3.4) are
gauged due to the non-trivial k. and kY. Explicitly, the covariant derivatives read

DT, = dTy 4 kax V" — KaapGEC A, DG® = dG® + k3(A%F — 7AY) . (3.22)

This suggests that the gaugings are compatible with the holomorphic structure of the
reductions. However, by performing the dimensional reduction [36] we see that the gauge
coupling function derived fails to be holomorphic in the coordinates introduced above. We
therefore propose that this construction is not compatible with supersymmetry without
modifying the ansatz (3.12) and (3.17).

Let us add some more observations to support this further. We stress that there is a
curiosity in the gaugings (3.22): for the gauged scalars G it appears that the real and imag-
inary parts are gauged at the same time with two different vectors corresponding to non-
commuting generators. We find that the Kéhler potential both depends on these scalars and

,10,



is invariant under the symmetry. This property of the gauged G* implies that constructing
a holomorphic gauge coupling function which transforms in the appropriate fashion appears
to be impossible. Furthermore we see that in the underlying N’ = 2 theory obtained by
a Calabi-Yau reduction the fields completing ¢, b into hypermultiplets are the scalars p,
from Cy and v from the Kéhler form. One can check that these scalars are ungauged and
admit a scalar potential. This shows that the truncation associated with the orientifold quo-
tient inconsistently removes the two ungauged degrees of freedom from the hypermultiplets.

We therefore find that the inclusion of torsion cohomology is by no means straight-
forward in the presence of an orientifold projection. It would be interesting to reveal the
underlying physical reason of the incompatibility of the ' =1 orientifold truncation with
the torsion proposal of [36]. Our findings suggest that torsion cohomology can only be
‘straightforwardly’ included for orientifold-even forms, i.e. where there are chains associ-
ated to the forms with non-vanishing physical volume. In the next subsection we will argue
that when generalising the setting away form the weak string coupling limit the gaugings
can be made compatible with N' = 1 supersymmetry.

4 Non-Abelian discrete symmetries in F-theory

In this section we discuss the appearance of four-dimensional non-Abelian discrete symme-
tries in brane-bulk and brane-flux systems from the Type IIB perspective. This will allow
us to develop different settings that naturally admit such symmetries. In order to realise
these symmetries in a seven-brane sector, however, it requires the introduction of mutually
non-local branes that cannot be treated at weak string coupling. To find a globally con-
sistent description of such a system we therefore will use F-theory. While we are able to
heuristically motivate our findings directly using the language of Type IIB string theory
with (p, g)-seven-branes a more thorough justification will later, in section 5, be given by
using the M-theory approach to F-theory.

4.1 Heisenberg symmetries in non-perturbative Type I1B

In the previous subsection we have shown that the non-harmonic reduction yielding a non-
Abelian gauge theory is not compatible with the A/ = 1 supersymmetry imposed by the
Type IIB orientifold projection. This conflict arose from the fact that the modes arising
from the fields By and Cj naturally combine into A/ = 1 four-dimensional scalars G =

Ca

—7b® with real and imaginary parts simultaneously gauged by two different vector fields.
Importantly, this analysis was a weak string coupling analysis in which the ten-dimensional
7 did not vary over the internal manifold but rather descended to a four-dimensional
degree of freedom. This led to the fact that the behaviour of the modes b* and ¢ cannot
be decoupled. However, in the more general situation in which we depart from weak
string coupling, the SI(2,7Z) symmetry group will have non-trivial monodromies on the
compactification space and neither 7 nor ¢%, b* are well-defined fields in the effective theory.
In the following we introduce the analogs for the fields G* in compactifications with varying

7 and describe how the coupling to seven-branes introduces a non-Abelian gauge structure.
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Let us now work on the Kéhler manifold B3, which is the base of an elliptically fibered
Calabi-Yau fourfold Yy that we use for the F-theory treatment. In settings with weak
coupling limit one has Bs = Y3/Zs. When working in Type IIB language one would need
to expand

Cy — 7By = N, , (4.1)

where U, are appropriate two-forms on an SI(2,Z)-bundle on Bz and N are complex
scalar fields in four dimensions. The two-forms ¥, will in general depend on the complex
structure moduli of Bs and the seven-brane positions. It is expected that the explicit
construction of the U, is challenging. However, the Calabi-Yau fourfold Yy turns out to be
a powerful tool to capture this information in a more tractable way.

On Y} the information encoded in W, is captured by a certain basis of (2,1)-forms ¥,
that do not descend from (2,1)-forms of the base B3. The additional constraint is often
stated as the requirement that the WV, have a component with one leg in the fiber of Y. In
the simplest situation W, are harmonic forms that are parameterising H?!(Y;) but are not
elements of H*'(B3). In the following, we will first consider only harmonic (2, 1)-forms,
but later generalise to include non-closed and exact forms. To obtain the four-dimensional
fields N* in (4.1) one now has to expand a three-form Cj into the (2, 1)-forms ¥, as follows

C3=N"V, + N, +.... (4.2)

This is motivated by the M-theory to F-theory limit as we discuss in section 5. In this
limit the N lift to four-dimensional scalars that include the scalars coming from Bs, Cs.
Furthermore, despite the abuse of notation for the indices, the N® will also contain the
seven-brane Wilson lines. To display the effective action one first has to gain some deeper
understanding of the moduli dependence of ¥,. Clearly, since these are (2, 1)-forms on Yy
they will vary with the complex structure moduli of ;. For H*!(Y}) one can in fact argue
that the ¥, admit an expansion

1 _ B
U, = 5Re fap(B° —if*ay), U, — U, = —iayg, (4.3)

where (ag, 3%) are a real three-form basis for the elements of H3(Yy) which are not in
H?'(B3) and f is a holomorphic function of the complex structure moduli. The ¥, are
not anti-holomorphic in the complex structure moduli due to the appearance of Ref,, the
inverse of Ref®. Using the real basis (c, 3%) we can also expand

C3=a"g —byB*+ ... (4.4)
where (a®,b,) are real scalars. Comparing (4.2) with (4.4) and using (4.3), we see that
N = —i(a® +if%®b,) . (4.5)

In a next step we recall the effective action for the complex scalars N coupled to v, p,
and study its symmetries. The derivation of this action proceeds via M-theory as carried out
in [44]. This yields the generalisation of the weak string coupling action (3.1) to F-theory as
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L = —Gapdv®™ A xdv” — %de A xdV + %daab dN® A *dN® (4.6)

af 7

—_— Z \/ A7 = —
1612 (dp o+ 5(daaeN°AN® — daca N°dN “)) Ax (dp/a + 5 (dgealV 4aN® — dﬂdeddNb)> ,

with
deah = z/ Wa A Wy AUy, (4.7)
Yy

Here w, is a two-form dual to vertical divisors D, = 7~ (D), where DY are divisors in
the base Bz. Thus, dpgy = dape. In terms of the real basis we have that

1 _
doap = §Refac <J\40cbC + ideMadb) , (4'8)
where we defined

Mooy = /wa A ag N o, M, = /wa Aag A BP. (4.9)

The action (4.6) can be expressed in terms of a Kéhler potential and complex coordi-
nates as in the weak string coupling setting. The correct complex coordinates are the N¢
as well as complex coordinates T, containing the Kéahler structure deformation defined as

T = po — %daabN“(N + N)b — ;/Db Jo A Ty, (4.10)

where J}, is the Kéhler form in the base. The Kéhler potential is given by

K = —1og</ QA Q) — 2logV}y, (4.11)
Yy

where it is crucial to express the base volume V;, = % st Jp A Jp A Jp in terms of the
complex coordinates N% T, given in (4.10), and the complex structure deformations.
Let us now turn to the analysis of the isometries of the metric (4.6). The metric has

the following holomorphic isometries
SN = —i(A* +ifPN,),

) 1
6T = Ao — %NbMaabAa — N <iMaab +3 f”CMM) b, (4.12)

with A% Ay, Ay real. The corresponding Killing vectors read

= . — N (z’Maab + ;f”CMaca) or, , (4.13)
ty = —iOna — %NbMaabﬁTa, t*= or, . (4.14)

It is then straightforward to check that the only non-vanishing commutator is
[ta, 1) = —Maa" 1%, (4.15)
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which again defines an algebra that is a generalisation of the Heisenberg algebra. Notice
that M., does not appear in the structure constants.

The expression (4.15) is the analog of the weak string coupling algebra (3.6). In fact,
the setup reduces to the one of subsection 3.1 in a special limit. In order to see that one
interprets all fields N® to arise from the bulk as the fields G* used in subsection 3.1. Setting

[ =g, N® = —iG?, (4.16)

one recovers the weak coupling expressions for all couplings. However, it is crucial to point
out that away from weak string coupling f® will in general not be diagonal. The non-
diagonal generalisation will be crucial when considering the gauging of the holomorphic
isometries as we discuss in the next subsection. In contrast to the weak coupling setting
there can now be gauged scalars N for which the real and imaginary parts are not gauged
simultaneously while preserving the non-Abelian structure.

It is interesting to stress that in F-theory the N also contain the Wilson line de-
grees of freedom. Even at weak string coupling, i.e. when considering N to be Wilson
line moduli for D7-branes, one finds that they couple via a holomorphic function f% of
the complex structure moduli and D7-brane positions. It appears that this holomorphic
function does not have to be diagonal in its indices. This yields another non-trivial gener-
alisation of the setting discussed in subsection 3.1. In F-theory the various generalisations
are elegantly combined due to the combination of bulk and brane degrees of freedom in a
higher-dimensional geometry.

4.2 Non-Abelian gaugings from seven-branes — origins

Having determined the holomorphic symmetries of the general Type IIB configuration away
from the weak string coupling limit, one can now ask which subalgebra of these symmetries
can be gauged. In particular, given the complications encountered for the orientifold setup
in subsection 3.2, it will be crucial to argue that in more general F-theory settings a non-
Abelian group can indeed be gauged. The gaugings we will discuss arise from gauge fields
on general (p, q)-seven-branes and we also consider possible gaugings using R-R gauge fields
due to non-closed forms in the base Bs. The non-closed forms can be interpreted as param-
eterising torsional cohomology TorH?3(Bs,Z) similar to the discussion of subsection 3.2.

To begin with we first recall the gaugings arising when D7-branes are included in
a weak string coupling scenario. If we include D7-branes wrapping a divisor S;, the
U(1) gauge boson A’ with field-strength F? = dA’ may become massive due to the
interaction with the closed string sector for two independent reasons, which in either case
are compatible with supersymmetry.

Firstly, we consider a configuration with brane image-brane pairs in an orientifold con-
figuration in which some of the divisors S; and the image-brane divisors S/ are in different
homology classes, i.e. situations in which some of the S;” = %(SZ — S!) are homologically
non-trivial. The Chern-Simons action then contains a coupling of the form

Spr, 3/ Cs N F' = k:a/ EDNF kg :/ @ (4.17)
RI,SXS; RL,3 Si_
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where we have expanded Cg = 5512) A@® with ©® being an integral harmonic four-form that

is odd under the orientifold action. This induces a Stiickelberg gauging of the axion ¢
dual to the two-form 5(32) as

DG® = dG* — kI A" . (4.18)

One can show that, generically, this leads to a spontaneous breaking of the symmetry (see
e.g. [30]). The surviving unbroken symmetry may contain a discrete part which is always
Abelian. The details of this discrete part are discussed in [39, 45].

Secondly, there is a possibility of switching on fluxes F* on the D7-branes. The gauging
induced by this generalisation is of the form

DT, =dT,, — @aiAi, Oui = / Fin Wa s (4.19)
Si

with DG® being unmodified. We note that these considerations generalize if we include
several D7-branes. Taking into account the appropriate Chern-Simons couplings, we may
find a discrete Abelian gauge symmetry [39, 45].

To gain a intuition how this D7-brane setting generalises, let us naively consider a
configuration that contains O7-planes and (0,1)-seven-branes. In this case, the analogous
coupling to (4.17) is

So.1) D / Bg A F' = §%ky,; / b2 A F (4.20)
R1’3><S; RL,3

with Bg dual to the NS-NS two-form, Bg = 5&2) A @ One would therefore expect that in

this case the b* scalar, dual to 5512), receives a gauging of the form

DG = dG* — 76k, A" (4.21)

Of course, this setting cannot be fully trusted, since we have included a (0, 1)-seven-brane
in a weak coupling scenario. We should instead return to the F-theory setting outlined in
subsection 4.1 as we will do below.

Let us finally turn to the discussion of gaugings due to non-closed two-forms in the
base Bs. This will lead to gaugings involving the R-R gauge-fields just as in subsection 3.2.
As before this requires non-closed forms to be included among the w, in the base Bs such
that

dwe, = kawx ", (4.22)

where " are three-forms in B3. Carrying out the expansion of Cy4 in a process similar so
that shown in subsection 3.2 one finds that (4.22) induces the gauging

DTy, = dT, — kawA” (4.23)

which is of similar form as (4.19) but only uses the bulk vectors A”. The relation (4.22)
can be interpreted as arising from torsional cohomology TorH?(Bs,Z) = TorH*(Bs,Z) as
introduced in subsection 3.2. Note that the H?(Bs) have to be identified with H? (Y3) if a
double-covering Calabi-Yau threefold Y3 exists in the weak coupling limit. We thus do not
require that torsion in the negative cohomology be considered. This modification of the
setting may evade the problems encountered in subsection 3.2.
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4.3 Non-Abelian gaugings from seven-branes — gauge invariant structures

We have just motivated that the gaugings in a Type IIB setting with (p, ¢)-seven-branes
can be more general than in the weak coupling configurations of section 3.2. In order to
study the system away from the weak string coupling limit we return to the configuration
introduced in subsection 4.1. To gain some intuition about the gaugings that occur one
can formally perform the replacement (4.16) introducing N® and f% in the gaugings of
subsection 4.2. An honest derivation, however, can only be performed via the duality with
M-theory. In fact we will justify some of the following results using this duality in section 5.

In general, one finds that only a subalgebra of the isometry algebra (4.12) discussed
in subsection 4.1 will be gauged. Clearly, to define a subalgebra one has to respect various
constraints ensuring, for example, the closure of this algebra. The structure constants
will generically also differ from the ones of the full isometry algebra. Let us exemplify
this by using a subset of the gaugings introduced in subsection 4.2. In a first F-theory
example will only use seven-brane vectors in the gaugings, and hence the structure constants
of the subalgebra will be of the form fwk Motivated by the structures which appear
in (4.18), (4.19) and (4.21) we will consider a subalgebra of (4.12) that is associated with
the generators

Xi = kfto — kigl® + ©ait®, [tirts] = fij"te (4.24)
which defines the structure constants f”k Then by using (4.15) we find that
(kg — kS ki) Moa” = fi°Oa , fi¥kra =0, fii" kg =0. (4.25)

We note that this analysis is not sufficient to uniquely fix the structure constants fijk but
only certain projections on them. This is familiar from the standard embedding tensor dis-
cussions (see e.g. [46, 47]). The covariant derivatives associated with gauging this subgroup
are then given by

DN® = dN° + i(kF A" — i %k AY) (4.26)
g - 1 4
DT, = dT, — O, A" + %NbMaabkgAl _ N© (iMaab +3 beMm> ki Al

and the field strength F? = dA’ + fjkiAj A AF is constrained such that
OuiF" = Opid A’ + kfkjpMoo" A7 AN AP | ko F' = kiod AT, KOFT = K2dAT. (4.27)

If we recall that, roughly speaking, I;:;l labels (1,0)-brane part of the gauging, kj, is the
(0, 1)-brane part of the gauging, and M,," is the non-trivial twisting of the moduli space
metric (4.6), then we see that it is the presence of gaugings associated with mutually non-
local seven-branes that is crucial for generating the non-Abelian structure in (4.27). In
addition to this we see that the non-Abelian structure is linked to the presence of fluxes
in this picture. It is well-known that fluxes induce chirality and accordingly the classical
action does not need to be gauge invariant as discussed briefly at the end of subsection 2.2.
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The second example of non-Abelian gaugings occurring in F-theory is obtained by
switching off fluxes on the seven-branes (i.e. setting ©,; = 0) and turning on k,, appearing
in (4.22). It will be this example that we will study in much more detail using the M-
theory dual in section 5. Analysing the subalgebra spanned by l%;l, kia, and kg, we find
that the only non-vanishing structure constants are in this case of the form fij”. They are
constrained only by

Fi" T = (kg — Rhan) Moo kM (4.28)
and thus for the gauged subalgebra to close we must demand that
7 (kS kip — kkjy) Mo = (ki — kkjp) Maa” - (4.29)

In these equations we have defined the projectors IT,.* and I, as well as the Moore-Penrose
pseudo-inverse k% of k.. These quantities satisfy

kouk® = 11", kawk™ =117, T Mar = kaw,  Takge = ko - (4.30)
In this case the gaugings (4.26) are replaced by
DN® = dN® 4 i(k$A® — i fPkzp AT
DT, = dTy, — kanA" + %NbMaabzngi — N <¢Maab + % beMm> ky A® (4.31)
and the field strengths are constrained such that
fanF™ = kard A" + kS ki Moo A7 A AR, Fi=dA*. (4.32)

We stress that in this case only the R-R bulk gauge-field admits a non-Abelian modification.
This second possibility of obtaining non-Abelian gaugings has the advantage of being
purely geometrically induced. In particular, one expects following [6, 31-33] that the
geometrically massive gauge fields gauging N¢ are obtained from non-closed forms on
the Calabi-Yau fourfold in M-theory. Together with the possibly non-closed two-forms
wq satisfying (4.22), one thus expects to find a geometric M-theory reduction that yields
precisely the gaugings (4.31) upon lifting to F-theory. We will show in section 5 that this
is indeed the case. Furthermore, we are able to directly determine the structure constants
fij"‘ to be given by
fig™ = R My, + kijo My ™ . (4.33)
Here M,," and M;*" are constant coupling matrices that are explicitly given in section 5.
To get an idea about the meaning of these couplings, let us give their weak string
coupling expressions in the Calabi-Yau orientifold setting B3 = Y3/0. If the index a counts
bulk scalars G* then we find for D7-branes

M,c=0,  M"% =§% / wp A B, (4.34)
ci

where C’ is a chain ending on the ith D7-brane world-volume and w, is the orientifold-odd

harmonic two-form on Y3. Note that M, ", as defined in section 5, should only include the
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constant part of the chain integral in (4.34). Once again we can see that the non-Abelian
gaugings disappear for settings with only D7-branes, since in this case k;, = 0 and M,," =0
in (4.33).

Alternatively the index a could also parameterise Wilson line moduli on the seven-

branes. Let us introduce one-forms (7,,,7%) on the ith seven-brane with world-volume S°.
Then we find that

Mmi“zf Ya; N B, Mi““‘“z/ YA BT (4.35)
St i

In this case one finds indeed that both M, " and M;*" are non-zero. However, in order
to realise a non-Abelian symmetry with non-vanishing (4.33) we need to gauge the Wilson
line scalars. We are not aware that such a setting has been investigated yet.

Let us close this section with another crucial observation which ties in with the discus-
sion of the gauge coupling function presented at the end of subsection 2.2. It also explains
how we were able to deduce the expressions (4.34) and (4.35). It turns out, as we will see
in section 5, that the M,,” and M;*" precisely encode the kinetic mixing of the R-R gauge
fields A" and the seven-brane gauge-fields. More precisely, we find

Refyni = Refas(Mig"a® — M;*"b,) , (4.36)
Refi; = Gij + Refre(Mia"a® — M;"b,) (Mo a® — M;*b,,)

where f), is the holomorphic gauge coupling function of the R-R gauge fields A®, and Gij is
a Kéahler moduli dependent metric. The fact that the gauge couplings depend on the scalars
(a®, by) nicely matches the requirement that for a gauged non-semisimple and non-compact
group this coupling needs to transform non-trivially. The kinetic mixing (4.36) is present
independent of the gaugings, i.e. even if we set IE:Z = kio = 0 and kq, = 0. If we allow for
non-Abelian gaugings then the terms in (4.36) are actually essential for gauge-invariance.
Let us note that the results (4.34) and (4.35) were deduced by comparing the kinetic
mixing terms on seven-branes with (4.36). Kinetic mixing on D7-branes was studied also
in [34, 48, 49]. One therefore expects that (4.36) can be made the real part of a holomorphic
function in the correct N’ = 1 complex coordinates as required by supersymmetry. We leave
the details of this investigation to a further publication [50].

Let us close this section by stressing some of the differences to the discrete Abelian
symmetries recently considered in [17, 22-28]. As of now, most of the considerations were
for the effective theory and the continuous non-Abelian symmetry. Focusing on the vacua
of the theory one expects that there is, in contrast to the Abelian case, no vacuum in which
a continuous non-Abelian group is preserved. This can be inferred from the fact that the
background gauge coupling function can not be positive definite and invariant as no such
tensor exists. In the Abelian case a more complete analysis was possible and it was argued
that in this case there exists a transition in complex structure moduli space that restores
a global U(1) symmetry.
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5 Non-Abelian discrete symmetries via F-/M-theory duality

In this section we use the duality of M-theory and F-theory to show the appearance of
discrete non-Abelian gauge symmetries in F-theory as claimed in section 4. More pre-
cisely, we perform a dimensional reduction of eleven-dimensional supergravity including
a number of non-harmonic forms. These forms might be viewed as representing torsion
cohomology elements.? The three-dimensional effective action is determined in subsec-
tion 5.1 and possesses only Abelian gaugings. The non-Abelian gaugings arise when bring-
ing the three-dimensional action into the duality frame relevant for the F-theory up-lift
to four dimensions. The relevant dualisations of the fields are discussed in subsection 5.2
and appendix A. We are then able to show that the covariant derivatives (4.31) and field
strengths (4.32) are reproduced by the reduction. We also find that the structure constants
are given by (4.33) and the gauge coupling function takes the form (4.36).

5.1 Non-harmonic reduction of M-theory

Recall that the duality between M-theory and F-theory asserts that compactifying the
former theory on an elliptically fibered Calabi-Yau manifold is dual to the latter theory
on the same manifold times a circle. The comparison of effective theories of M-theory and
F-theory is therefore performed in three dimensions. One can thus start with a candidate
four-dimensional action, the F-theory effective action, and compactify the theory on a
circle. The lower-dimensional theory can be pushed to the Coulomb branch and all heavy
modes, including the Kaluza-Klein states, can be integrated out to obtain the effective
theory for massless states only. However, we claim that the M-theory reduction will also
contain massive modes that arise due to the inclusion of non-harmonic forms. Therefore,
we have to carefully keep track of certain charged or massive states in the matching of
the M-theory and F-theory actions. This is in complete analogy to the case in which one
considers background fluxes. In the following we will thus discuss three-dimensional gauged
supergravity theories to justify the F-theory effective action of section 4. Our main focus
will be on inferring the couplings (4.31), (4.27), and (4.36), which dictate the presence of
a non-Abelian gauge symmetry.

The M-theory reduction is performed by using eleven-dimensional supergravity. This
implies that we have to work with a resolved fourfold Yi. Furthermore, all linearly charged
matter states corresponding to M2-branes on the resolution cycles are integrated out and
will not appear in the following three-dimensional effective action. The starting action is
the bosonic part of eleven-dimensional supergravity given by

1 AL 1. .~ 1. o 4
S(“):2/<R*1—2G/\*G—GC/\G/\G>, (5.1)
where R is the eleven-dimensional Ricci scalar and G = dC is the four-form field strength
for the three-form C. In the following a hat will indicate that the quantity is defined in
eleven dimensions.

While we believe that Calabi-Yau four-folds with such torsion cohomology exist, we refrain from con-
structing explicit examples.
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Clearly, the M-theory reduction should not only include harmonic forms, but also
contain non-closed and exact forms that account for possible gaugings. These forms can be
viewed as parameterising torsion cohomology. We thus introduce the two-forms wy, and
three-forms (az, 37) on Y, that need not be harmonic but should be definite eigenstates of
the Laplace-Beltrami operator. They are related by the non-closure of ws; given by

dws: = /::éa[ + kz]ﬁl. (52)

This expression is a generalisation of (4.22) in which w, and §* are elements of the base B3
of ;. It also contains the case that ws, yields a gauge field of a seven-brane and the non-
closure yields the gaugings induced from the geometric Stiickelberg term (4.17) and (4.20).
For D7-branes this has already been suggested in [6, 31, 33].

Next we introduce the modes of the effective theory that arise from expanding the
eleven-dimensional metric and the M-theory three-form into wy, and (ay, A7). We will
therefore make an ansatz for the reduction where

ds? = guda’de” 4 2(g2; + i0v=wsmn ) dy™dy™ (5.3)
C=A"Nws +Ear+ &6
In this expression 6v=, £/ and &; are three-dimensional scalar fields, while A* are three-

dimensional vector fields. Note that Jv> parameterise the deformations of the Calabi-Yau
metric g0, that are in general non-Kihler. Setting J = Jy + dv¥ws; one has

dJ = §v¥dws, = 5vzl~f§a1 + vk B!, (5.4)

which implies that there will be a potential induced for the scalars Jv>. We will denote
the complete three-dimensional scalar potential by V', but will refrain discussing its precise
form. We will also introduce the scalars v>, which parameterise the expansion of J = v>ws,.
More important in the following is the reduction of the M-theory three-form part of the

action. Using (5.4) and (5.2) we see that G is given by

G =dA” Nws + DEL A ap+ D& A B+ Elday + £,dBT . (5.5)
Here we have defined the covariant derivatives

Del = det — A¥EL, D¢y = dér — A%kyy . (5.6)

As we will show in the following it will be these simple gaugings that are responsible for
the gauge structure encountered in the F-theory effective action of section 4.

Substituting the ansatz (5.4) and (5.5) into the action (5.1) and performing a Weyl
rescaling, which puts the effective action in Einstein frame, we find the three-dimensional
effective theory given by

5B — ;/ [R 1 — %GgAdLE A *dL® — %GEAFE A« FA

1~ - 1 5
— 5Gupgf AxDET — §G”D§1 AxDEy — Hi? DEY A xDE;
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1 - - 1 1
+ -Ms/FE A (E1DEy — €5DEY) + ~Mysy F¥ A ETDET + gMz“FE NErDE;

3 3
1 - 1 |
+3 g]JAE/\Dfl/\ng—i—éMgUAZ/\DEI/\DgJ—{—gMgUAE/\D&/\D&J
1 - 1 -
— gNEA,yAEAFAJr gJ\fEAfg,AEAFA+v>x<1 . (5.7)

The first line contains the kinetic terms for the scalars v> and vectors A>. To write them
in this simple form, we have used the definitions

Gyp =V wx A %Wy L*=— , (5.8)
Y4 v

where V is the volume of the manifold V4. To display the couplings of the scalars ({7, é )
we have introduced the definitions

1

~ 1
G[]:/ oy A\ oy, Gl = 51/\*,3‘],
V], VJy,
1
Hi' == | arn«p’, sz‘]:/ ws Aar AB7,
V }74 Y/4
NZAI:[ wx, A wp Adar, NXIJAZ—/A wg/\w/\/\dﬁj. (5.9)
Yy Ya

The tensors Nxa; and Né A can be written in terms of the other couplings by integrating
by parts and using (5.2), which gives

Nsnr = ksyMar? + kEMyrg + kagMsr” + k{Ms;y, (5.10)
Ny = kg MpATT + kM + kp g M 4 kn? Ms "

karNEA = kA Nsar.

Let us close this subsection with a few crucial observations. It is straightforward to
see that the action (5.7) enjoys an Abelian gauge symmetry given by

SAT = d)\®, och = kLNE, 06r = kx A\, (5.11)

where \* is a gauge parameter. However, in the last sections we argued that this sys-
tem should posses non-Abelian symmetries. Surprisingly, such a non-Abelian structure
is present in this setup although it is not obviously realised in terms of the fields we in-
troduced. In the next section we will see how by performing a change of duality frame
for certain fields we unravel the non-Abelian symmetries. This new frame turns out to
be the correct one in which to perform the F-theory limit and so compare with the four-
dimensional effective theory.

A final comment concerns the supersymmetry properties of the action (5.7). We have
not demonstrated that this action is indeed supersymmetric. In order to do that one
would have to introduce complex coordinates on the moduli space and demonstrate that
the couplings in (5.7) are of special form, e.g. obtained from a Ké&hler potential. This
requires the introduction of (2, 1)-forms on Y4 that can be parameterised by a holomorphic
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function varying over the complex structure moduli space. This function is then used in
defining the complex coordinates in generalisation of (4.3) and (4.5). While the ungauged
action can then be shown to be supersymmetric, it is expected that additional conditions on
the allowed gaugings are imposed by supersymmetry. It would be nice to determine these
conditions from a more detailed analysis of the geometry. In the following we will continue
with our analysis on the bosonic action and focus on the appearance of the non-Abelian
gaugings manifested through (4.31) and (4.32).

5.2 Dualisation of the M-theory effective action

The action (5.7), obtained by dimensional reduction of eleven-dimensional supergravity, is
not yet in the duality frame that allows a lift to a four-dimensional F-theory configuration.
In the following we will perform a dualisation to bring it into the correct form. In order to
do this we must first split the three-dimensional fields into those which are affected by the
duality and those which are not. For this reason we will make the decomposition

L* = (Liﬂ La) ’ A” = (Aiv Aa) ) gl = (aa,én) , &= (_baagfﬁ) . (5‘12)

This is in complete analogy to the ungauged case [44]. The multiplet (L%, A%) will lift
to the bosonic part of a four-dimensional chiral multiplet with scalars T, and therefore
A® needs to be dualised into a scalar p, in three dimensions. In contrast (£7,&,) will
comprise the degrees of freedom of a vector in a four-dimensional vector multiplet. These
are the four-dimensional R-R vectors A" used in (4.31). Therefore one must dualise the
scalar &, into a three-dimensional vector A" before performing the uplift. Note that in this
section we slightly abuse notation and assert that A® and A? are three-dimensional vectors.
Finally the multiplet (a,b,) lifts to chiral multiplet in the four-dimensional theory which
originates from either Type IIB bulk fields, decomposed with respect to internal space
two-forms, or from Wilson lines.

In order to make contact with section 4 and to keep the discussion simple, we restrict
to the case in which

dwe = kaw3”, dw; = k2o + ki 8% (5.13)

The first condition is the non-closure of forms w, stemming from the base Bs and agrees
with (4.22). The second condition accounts for the geometric Stiickelberg gaugings with the
seven-brane gauge fields. It is important to stress that the dualisation we are preforming
only works if we impose additional conditions relating the constant couplings and gaugings.
Concretely, we find that the duality can be performed when imposing

kI M;," + ko MG = 0,
kibMaab + k’cmMiaK = 07 ]%gMaab = 07
KOMap® + kauMi™ = 0, kM, =0. (5.14)

It is not clear whether these are the weakest conditions that have to be imposed. In
particular, it appears that imposing only the sum of the expressions in the last two lines,
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yielding N;oq = Nlaa = 0 by using (5.10) and (5.13), is also sufficient. It would be interesting
to give a precise geometric reasoning why in an elliptically fibered geometry these vanishing
conditions are imposed. It appears that these conditions are crucial to perform the F-theory
up-lift. This can be compared with the vanishing conditions of [13, 51, 52] on the G4-flux
intersections Oy, = f wp Awy A G4 that need to be imposed for a four-dimensional gauge-
invariant setting to exist.

In addition there is a set of constraints that is readily inferred for an elliptically fibered
space by counting the number of legs in the fiber. These are given by

Mom)\ - Moma — Maan - Maﬁ)\ — Mana - Mom)\ - Moma - MiM\ - MiﬁA - 07 (515)

which we will see is true for the duality splitting assignments appropriate for the F-theory
lift.

In order to perform the duality, we proceed in the usual way. We propose a parent
Lagrangian that is a function of both the original and dual fields such that it gives back
the starting action (5.7) when we remove the dual fields by using their equations of motion.
Alternatively, we can use the equations of motion for the original fields to remove these
in favour of the dual ones which gives the dual action. This is a rather complicated
computation so we simply quote the result here and refer the reader to appendix A for
the details. A more detailed analysis of this Abelian to non-Abelian duality in various
dimension will appear in an upcoming paper [53]. The dual Lagrangian is given by

1 1 . o1 )
S = 2/ [R #1— SCydL’ AxdL) — 5 CGapdL® AxdL’ — GiadL! A +dL® (5.16)

1~ 1~ . 1 R R
— =GapDa® A xDa’ — 5Ga”Dba A Dby + Ho"Da® A «Dby, — §G_1°‘5Dpa A *Dpg

GurDE" A xDEN — Gy Da® A *DEF + H,.*Db, A xDE" — §G—1R \UF A U

NN

~ N N 1 R
— 5 G AF — ng,,aaDab AF' — GG Dby AU + G \H,"Da® A U

- . o1 - N
+ G HADE ANUT — GH*P Gy Dpo A F' + gJ\@,J@l)ba A F?

1 o1 . | )
+ gJ\m”af‘Dbb AF— ngaaDg‘ AFY— gMgbabaDab A F?

1 .1 . o1 - i
- ngbbanb AFY— gMM“baDg” AF' 4 nggﬁDaa A F?

1 5 ~ 1 " - 1 R

— 3 Miar A" A Da® A DE" — 2 Mi" AT\ Dbg A DE" + ngbAl A Da® A Dby,
1 X 1 R

— gMi“bAZ A Dbo A Dby = = MiapA* A Da A Da® +V x1/,

where, as promised, we traded the scalars &, and vectors A%, for the vectors A® and scalars
pa respectively. It should be stressed that for simplicity we did not take into account the

moduli dependence of the coupling functions. In particular, we have frozen the complex
structure moduli in all these considerations. The coupling functions appearing in the
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dualised action (5.16) are defined as

Ho" = H," — GG aHo",  Gax = Gap — G g H L,

H,=H,"— GG '\ H., Gup=Gap— G nHSH,
Gab = G — GGGy, Cron = Gror — G L, HLTH P,
Gy = Gij — G1*P GGy .

The action includes the gauge-invariant expressions

, 1 1 1
Dpe = Dpo + §Maab(a“Dbb = bDa") — 5 aaba®Dal — iMa“bbanb, (5.18)

U = F* 4+ MypFE FY + My "a®F' — M; b F* (5.19)

where
Dpa = dpa — kar A" — %k%Mm”aaAi + %ka,{Mi‘mbaAi , (5.20)
F* = dA" + %(/%;‘Mm"‘ + o M)A A A (5.21)

We expect that the non-Abelian structure is linked to the coupling M,,b. This is not
obvious from the expressions above but we may use the relations (5.14) to make it manifest,
namely

1 - .
Dpa = dpa — kar A% + iMaab(k:iba“ — k) AY
kanF" = kardA" + E'kp Mo A" N A (5.22)

This also shows that the field strength satisfies the projection condition (4.32) that was
required for closure of the gauged subalgebra.

Let us now split the index 7 further into (0,4). This allows us to denote wp as the two-
form Poincaré dual to the base of the elliptic fibration (which we assume to be closed in
the following), w; as dual to blow-up divisors and w, as dual to vertical divisors. Similarly
we now understand the splitting a; = (aq, o) and 87 = (8%, 3%) as being such that a®
and [, have a component with one leg in the fiber while «,; and g% have legs only in the
base directions. This decomposition justifies the constraints (5.15) which may be seen by
counting legs of the forms present. We also now impose that

Mo =62, M =0, (5.23)

the first of which shows that «, and $” form a symplectic basis for three-forms on the
base. With this decomposition we see that the gaugings decompose as l;f = (0, Ef) and
kia = (0, kia).

Having performed this further decomposition the field strengths and covariant deriva-
tives may be written as

Uk = FF + (gli + Mo(lﬁaa o Moaliba)FO + MialﬂaaFi _ MiaﬁbaFi’
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1 - . .
F" =dA" + 5(1{?Mwﬁ + k‘jaMiaH)Al N A7,
a 1 b/ a a 1 a b 1 ab
Dpy = Dpg, + §Maa (a®Dby — byDa®) — 5 Maava Da’ — §Ma ba Dby ,
1 - .
Dpa = dpa — ko A" + §Maab(kibaa — kD) A" (5.24)

From these expressions we clearly see that a non-Abelian gauge symmetry has emerged
after the dualisation. In particular, only the field strength F* includes the usual non-
Abelian term A’ A A7 so that together {F? F*} correspond to the field strengths of the
extended Heisenberg algebra.

To close this section let us discuss the gauge coupling function in some detail. As
already mentioned, the Heisenberg group is both non-compact and non-semisimple so the
kinetic terms for the gauge bosons cannot be proportional to the Killing form. From (5.16)
and using the definition for U” in (5.24) we can read off these kinetic terms as

Gil,ﬂ)\U'{ A xU? + éZ]Fl A*F) = Gil,ﬁ)\Fﬁ A *FA + 2G71,§,\(Miaﬁaa — Micmba)F/\ A *F"
(G_IEA(Miaﬁaa — Mianba)(Mjakaa — Mja)‘ba) + GZJ)FZ A\ oy ,

where here we have set A° to zero in order to focus only on a particular set of terms. The
gauge kinetic function that we see here is independent of the gaugings that we have intro-
duced so corresponds to the supersymmetric result that is also present in the Calabi-Yau
fourfold reduction. We also note that it contains the scalars a® and b, in a way that causes
it to transform under the gauge symmetries. It is then clear that the constraints (5.14) are
needed in order to ensure that the transformation of a® and b, in the gauge kinetic function
cancels the variation of F* and F* and so leaves these terms invariant. When the F-theory
limit is taken and these kinetic terms are lifted to the corresponding four-dimensional ef-
fective theory, this property must be preserved. In addition to this the the gauge kinetic
function must become a holomorphic function of the complex coordinates, in order for the
action to be supersymmetric.

6 Conclusions

In this paper we discussed the appearance of discrete non-Abelian gauge symmetries in
Type 1IB compactifications to four space-time dimensions. We first reviewed the relation-
ship between discrete symmetries and the gaugings of the isometries of the scalar manifold.
We then analysed the symmetries in weakly coupled Type I1B orientifold compactifications
that are captured by a generalisation of the Heisenberg algebra. We turned to the gaug-
ings and argued that, when including a D7-brane sector, it appears impossible to find
non-Abelian discrete symmetries at weak string coupling. In orientifold reductions with
torsion homology we argued that non-Abelian discrete symmetries appear to be in tension
with simple supersymmetry considerations. Having carried this out we suggested a concrete
scenario which demonstrated that non-Abelian discrete symmetries can arise in more gen-
eral F-theory compactifications with mutually non-local seven-branes. Remarkably, these
considerations require the use of the full power of F-theory away from the weak coupling
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limit. We argued that the gauge fields on general (p, ¢)-seven-branes can gauge both R-R
and NS-NS axions yielding a non-Abelian gauge structure generalising the Heisenberg alge-
bra. The sources of these gaugings where identified to be: (1) geometric Stiickelberg terms
on (p, q)-seven-branes, (2) fluxes on seven-branes, (3) torsion three-form cohomology in the
six-dimensional compactification space Bs. It was a non-trivial task to confirm these state-
ments using the duality between M-theory and F-theory. Importantly this required the
dualisation of an Abelian theory into a non-Abelian theory in three space-time dimensions.

We have argued that there is a setting in which all fields associated with the gaug-
ings we described arise from seven-branes. To make this more precise one can follow the
strategy of [24, 25]. In these works it was suggested that for Abelian groups the degrees of
freedom in the non-linearly charged N* can be captured by open string degrees of freedom
¢ linearly charged under the Abelian group. It is natural to conjecture that one can proceed
analogously for the non-Abelian configurations considered in this work. For the Heisenberg
group such linearly charged states ¢ are, for example, given by the theta representation.
However, note that these representations of the continuous Heisenberg group are infinite
dimensional. At first, this appears to be at odds with the interpretation of ¢ as a matter
state on intersecting seven-branes. However, the theta representations of the discrete non-
Abelian group can be finite dimensional. Recalling that we have found that there is no
vacuum of our theory in which the continuous symmetry is unbroken it might therefore be
the case that geometrically only the discrete non-Abelian group is realised. Our analysis
suggests that it might be possible to find geometries with intersecting seven-branes that
have matter linearly charged under a discrete Heisenberg group [36, 54]. The non-Abelian
nature of the gaugings then might be tied to the requirement that string junctions between
certain seven-branes, as for example (1,0)- and (0,1)-branes, have to exist and end on a third
seven-brane. We leave a deeper investigation of such seven-brane settings to future work.

It is interesting to summarise the complications that we had to face in our analysis.
Firstly, one could have thought that a straightforward generalisation of the reductions with
torsion homology [36] leads to Calabi-Yau fourfold reductions with the desired non-Abelian
structure. However, an explicit computation shows that this is not the case. More precisely,
a direct reduction of eleven-dimensional supergravity formulated with the three-form field
yields only Abelian gaugings even when including torsional cohomology. The non-trivial ob-
servation is, however, that this direct reduction is not yet in the correct duality frame to per-
form the lift to F-theory. After performing the duality, non-Abelian gaugings arise and al-
low us to identify genuine F-theory gaugings in settings with (p, ¢)-seven-branes. Secondly,
showing consistency with supersymmetry turned out to be a non-trivial task which we will
to return to. Indeed, in the Type IIB analysis of section 3.2 we found that the reduction
considered is not supersymmetric. The local form of the A/ = 1 complex moduli space aris-
ing in a general F-theory setting dictates constraints on the allowed holomorphic gaugings.

Let us close by highlighting the intriguing observation we made concerning the gauge
coupling functions in the considered F-theory effective actions. If one is able to gauge a non-
compact and non-semisimple non-Abelian group, such as the extensions of the Heisenberg
groups we found in our settings, then one necessarily has to have a gauge coupling function
depending on the complex scalar fields that are charged. In fact, this dependence will by
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partly dictated by the gauge invariance of the action. We have shown that this consistency
requirement is automatically satisfied for the F-theory settings we considered. Interestingly,
in our setups the modifications of the gauge coupling function are independent of the
parameters determining the subgroup of the isometry group that is gauged. One can thus
infer properties of the gauge coupling functions in this F-theory reduction by analysing
the isometries of the scalar manifold. We have checked that the required modifications
give precisely the kinetic mixing terms in standard Type IIB reduction with D7-branes.
It would be interesting to understand if this link between holomorphic isometries and the
form of the gauge coupling function is a general feature of string theory effective actions.
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A Dualisation of the three-dimensional action

We wish to perform the dualisation of the action (5.7) and to put the fields of the action
into a frame that is appropriate for the F-theory lift. In order to simplify the analysis we
will first freeze out the moduli dependence of Gy, G 17, G and H;?. We will also make
use of (5.10) to remove Nyp! and Nxp; from the action. We will then split the index on
each field such that those that are to be dualised are identified from those which are not.
This will be carried out by splitting

LE = (LivLa)7 AE = (Ai?Aa)a éI = (aaaén)v §r= (_baagﬁ) . (Al)

where the fields &, and A are to be dualised. With this splitting we will also restrict the
gaugings as shown in (5.13) and (5.14) so that the covariant derivatives and field strengths
are given by

Da® = da® — k2AY, Db, = dby + kgAY,
DE" = dg”, DEy, = d& — karA™
F' = dA?, F* = dA”, (A.2)

and will restrict Myx;” as shown in (5.15). Performing these steps gives the starting action
on which we will perform the duality, given by

1 1 i o1 ]
S = 5 / [R *1 — §Gijsz A xdl’ — iGagdLa A *dLP — Gigd L} A xd L™ (A.3)
+ H’Da® A %Dby, — G Da® A «DEF — Ho"Da® A D&y, + H Dby A % DE®
1 1 1- - ~
— H\"DE, A xDEN — iGabDa"‘ A xDal — §GabDba A x Dby, — §Gn \DER A «DEN

1 -1
— QG“D& AxDEy — Gy F* N« F* + gMaabAo‘ A Da® A Dby, + G** Db, A xDE,,
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+ %MmbAf A Da® A Dby, — %MiaﬁAi A Da® A DEF — %M@a”Ai A Da® A DE,,
— %me A Db, A DEF + %Mﬂmf A Dby A DE,. + %MMHAi A DE,. A DEN
— %GQBFQ AxFP — %G@Fi A xFI — %Maaba“Dab NFe — éMiaba“Dab A F?
+ %Maaba“Dbb AFY 4 éMgabaanb AF— éMma“Déﬁ AF— éM%a“a“D& A F?
— %Ma“bAa A Dby A Dby, — %M@abm A Da® A Da® — éMg“bAi A Db, A Dby,
— éMaabAa A Da® A Da® — %Mab“baDab AFY — %M;babQDab A F?
— %MﬁbeDbb AFY— %Mm“baDg” AF 4 éMﬂﬂbaD@ ANF?— %Ma“bbanb A F®
+ %MMERDQ“ AFY 4 éMM“E"Dba ANFY 4 %kcmMi VIENAY A F
+ %k%Mi VAT AP — %M% VEEADEL A F + éMga“f,{Da“ A F?
1

-1 - .
— M Db A F' + gMMAgADgﬁ ANF 4V %1].

This action has a purely Abelian set of gauge symmetries.
Next let us define the projectors Hg and II§ which allow us to identify the fields that
participate in the gaugings. These satisfy

Hg k‘g,{ = kom R ka)\ Hé = kom )
I Hg = Hg ) IT§ I3 = o (A.4)

and may be constructed using the so-called Moore-Penrose pseudo-inverse of the matrix
ko which we denote by k5. Then,

12 = ko, ok I = k"% . (A.5)

In addition to these constraints we will also demand that the projectors satisfy certain
symmetry conditions such that

G5 = G G = I G . (A.6)

These conditions make the pseudo-inverse &** unique for a given kq,.. For convenience we
will also define the projectors in the orthogonal directions given by

g = (6" —T17), Iy = (0> —11). (A7)

Having defined these quantities we are now in a position to propose the parent action,
from which we will deduce the dual. This is given by,

1 1 . S )
S= 3 / [R #1 = SGydL! Axd) — 5GopdL® A +dLP — GiodL' A %dL® (A.8)

+ (G e H H, " Hy" — GG Hy ™)L Da® A xDby — H 5 Da® A xDE,;
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+ (G N\ H H G "TILY — Gaw)Da® A +DEF
— GG, H M Db, A +DES + H Db, A %DE" 4+ G Db, A *DE,,
— GMILEDbg A D€ + HA\'TLLEDE A %DEN — H\"DE, A xDEN

1
— G I11L*"M o b Da’ A FP + §G_1,WHG’§HZ,’\HL§D@“ A xDa®
1~ 1
= 5GapDa’ A *Da” + G4, ,H,"T1, " Da® ANU” — §GabDba A xDby,
1
+ 5 Dba A *Db,G*"G** G, 11 ] — Db, G*"G™ 1, ,PT AU
1 cK X —1 n p o 1 CK EA A
+ 5 DE" N*DENGT o HTHAPILL G — —DE® A +DEGi
- 1
+ DEGT N H ML AU — §G”pH2D£K A*DE\ + DLy AU — DELTI AU
N L N 1 . L
— Dpal1 G AFP — DpoGaiG™ 1P A F? — 5crla/ﬂ)ﬁa AxDpg
+ I, T M, 6 DER A FY — T 5 MM Dby A F* + 11 XM, 63 Da® A F?

1 . 1 ) _ 1 A .
+ gMiabA'L A Da® A Dby — ngAz A Da® A DEF — gMi,{“A’ A Db, A DER

— %HLgMﬁaba“Dab ANF* — %HLgMﬂabbanb A EF
- %HLZG*WJUA A *UP + %GaaGmG‘laﬁFi A*F7 — %GﬁF? A*FI — %Miaba“Dab AF?
+ %Miabaanb ANF? — %Mmaapéﬁ ANF? — éMiabAi A Da® A Da®
— éMiabAi A Db, A Dby, — éM@b“baDab ANFY— éMi“bbanb A F?
1

- N 1 ~ R 1 ~ N
— g Min"baDEX NF 4 S Miqp€Da® AF' + 5 M, "6" Dby N F' |

In this action the quantities U” and ﬁpa are not a priori field strengths and covariant
derivatives but are instead given by

1 5 1 5
Ur =TI%dB* + 1 5 H* + 5Mm*ﬂ%a + §Mga"A’Da“
1 , 1 . .
+ §MianF1ba + §MianA2Dba + M'Z)\Hsz)\ 7

. 1 1 1
Dpe =18dps + 11, 5hg — ko B" — 5Mﬁmbcﬂpab + 5M(mbcﬂz%b

1 1
— §MaabbbDa“ — 5Maa”bapbb) : (A.9)

where the fundamental variables in (A.8) are treated as being the variables of (A.3) as well
as B, H", pg and hg.

To verify that the parent Lagrangian (A.8) is indeed equivalent to the starting La-
grangian (A.3) we perform the variation with respect to dual fields that we have introduced.
Varying with respect to B® and H" we find that

1 - - 1 .
U" + §Da“ A DaPEF M qqp — Da® A Dbk Moo + §Dba A Dby M ,*
— *DE,;GM I 5 — *Da®H ML + Db, GMI | § — «DETH,MI %
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— EMSF M, — Gopk™d* FP — Goik™®d+ F' =0, (A.10)

where the II§ projection of this equation is obtained from the variation with respect to
B" and the II, § projection is obtained from the variation with respect to H". Similarly
varying with respect to pg and hg gives

Dpo+ Gap* FP + Goix F' =0, (A.11)

where the H’g projection comes from the variation with respect to p, and the 11 Lg projection
comes from the variation with respect to hg.

Substituting these equations into (A.8) and making use of certain total derivative
identities we return to the original Lagrangian (A.3). This identifies that the La-
grangian (A.8) represents an appropriate parent Lagrangian with which to perform the
dualisation of (A.3).

Next we may consider varying the action (A.8) with respect to the old variables &, and
A%, The variation with respect to A% is most easily understood by splitting it into its 1’
and II Lg projections. The Hg projection contracted with k* gives

DE,GMI; + DENH M 4 Da®H AT — Db, GOMIY + 115 + U = 0, (A.12)

while the II LQ projection gives a Bianchi identity for hg which implies that

. 1 1 1
Dpo = dps — Shsx B" — 5Mma“mb + §Maaba“Dbb
1 b a 1 ab
= 5Maa"by Da® — 5 Mo by Dby, (A.13)

Similarly the variation of (A.8) with respect to &, is most easily understood by considering
its projections with respect to II§ and II,§. The II§ projection gives an equation which
represents the derivative of (A.12) so imposes no additional constraint. Alternatively, the
IT, § projection implies a Bianchi identity for H* which is solved by

1 . 1 )
Ut =dB» + iMm“Flaa + §Mm”A1Daa

1 ) 1 A -
+ iMi‘mF’ba + EMg“”AlDba + M\ RF' e . (A.14)

Finally we may form a further useful equation by taking the exterior derivative of (A.12)
and contracting with &%, which gives

N§F° — G\ Hy "k dDa® — G5 H B dDE"
+ GG A" dDb, — Gk d« UM = 0. (A.15)
Then splitting D, and F'* into their two projections in (A.8) we may use (A.12)
to eliminate TI}DEy and (A.15) to eliminate H%‘Fﬁ. We may then use (A.13), (A.14)

and various total derivative identities to eliminate the remaining projections II Lng » and
HgF #. Having done this we arrive at the dual Lagrangian
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1 1 5 s 1 .
S = 5 / |:R x1 — §GijdLZ A *xdL’ — iGaBdLa A *dLP — GiadL" N xdL* (AIG)

1~ 1~ - 1 R .
= 5GapDa’ A «Da’ — iG“bDba A Dby, + H,"Da® A % Dby, — iaflaﬁppa A *Dpg

1 - . - - - - -
- iampgﬁ A *DEN — Gy Da® A «DE" + H,*Db, A «DE® — G~ A\G* Db, A U

+ G AH"Da® AU + G\ H A ADEF AU — GGy Dpy A F?

1 . _ o1 . -1 .
— gMi(mAZ A Da® A DEF — ngaAl A Db, A DER + gMiabAl A Da® A Dby,
1 1 . o1 o1 ) .
— §G71H>\Uﬁ A *U/\ — §ngFZ A xF7 — gMiabaaDab ANF* + inlaﬁG(”Gﬁsz A xFJ
1 o1 - o1 A
+ = M;,%a%Dby A F' — = M;4,0°DER N F* — ZMiqp A A Da® A Da®

3 3 6

1 s 1 1 .
- EMi“bAZ A Db, A Dby — gMib“baDab AF" — gJ\Mbbapbb A F?

1 ~ | ~ -1 ~ .
= M1 buDET A F 4 M0, Da A 4 SMi € Dby AFT 4V 511
We may then make the symmetries of (A.17) more transparent by making the field redefi-

nition

1

1 . )
B = A% 4 S Mig"Ala" — DM AT, (A.17)

This allows U* and Dp, to be written as shown in (5.18).
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