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Let & be the N = 1 extended Neveu-Schwarz algebra and &}, its regular dual. In

reg
this paper, we will study a super-Euler system with seven parameters (s, s2, ci,

*

..., ¢s5) associated with & .. We will show that the super-Euler system is (1) local bi-
superbihamiltonian if s1 = %cl and s; = %cz; (2) supersymmetric if s; = ¢y and s; =¢3;
(3) local bi-superbihamiltonian and supersymmetric if sy = ¢y =0 and s =¢; = 0.
By choosing different parameters, we could obtain several supersymmetric or bi-
superhamiltonian generalizations of some well-known integrable systems including
the Ito equation, the 2-component Camassa-Holm equation, the 2-component Hunter-
Saxton equation, and, especially, the Whitham-Broer-Kaup dispersive water-wave
system. Published by AIP Publishing. https://doi.org/10.1063/1.5051755

. INTRODUCTION

Let & be a Lie (super-) algebra and &™ (the regular part of) its dual, and let { , }* denote a natural
pairing between & and &*. The Euler equation on &" is defined by the following system (e.g.,, Refs.
7 and 9):

Ez—ad;_lmm (1.1)
as an evolution of a point m € &, where A: & — & is an invertible self-adjoint operator, called the
inertia operator.

Let Vect(S') be the Lie algebra of vector fields, denoted by Veet(S!) = {f(x, )| f(x,) € CZ(ShHY},
where 0 = %. Its nontrivial central extension is the Virasoro algebra vit = Vect(S!) @ R with the Lie
bracket

[(/0,5)), (80, s1)] = ((fgx - f:)d, /S lfgmdx).
The Euler equation (1.1) on vit* for A =c; — 487 for ¢y, ¢4 € R is local bihamiltonian and reads

u+ 2uf + uf + §fee =0, =0, (1.2)
where u = A(f). More precisely, let ¢ € R; the Euler equation (1.2) reduces to

o the Korteweg-de Vries (KdV in brief) equation f; + 3ff y + ¢f xx =0if ¢; = 1 and c4 =0 (Ref. 11);

o the Camassa-Holm (CH in brief) equation u; + 2uf  + uyf + ¢f xox =0if ¢y =1 and ¢4 = 1, where
u=f—fy (e.g.,Refs. 13 and 14);

e the Hunter-Saxton (HS in brief) equation fyy + 2fxfxx + ffaxx — Sfxex =01if c; =0and ¢4 = 1
(Refs. 15 and 16).

Besides the Virasoro algebra, there are many generalizations including the extended Virasoro algebra
(Refs. 17-19), the N < 3 superconformal algebra (Refs. 11, 20, 22-25), and the Frobenius-Virasoro
algebra (Refs. 26 and 27); please see, e.g., Refs. 8, 9, and 25 and references therein for details. In
this paper, we are concerned with an extension of the N = 1 Neveu-Schwarz algebra (Ref. 6) and will
study local bi-superhamiltonian Euler equations and supersymmetric Euler equations.
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For brevity, we use the following notations:
e &, x, ¥, a, B, and y are fermionic functions;
f, & u, a, b, and v are bosonic functions;
—~ T — T
F= (f(?, ¢dx_%,a, adx%, 5‘) , G= (g(?, de_%,b, ,de% ), ‘F) €B;

U = (udx?, d/dx%, vdx, ydxé, AT e &*;
Vg =Vect(S") @ C*(S") and Vi =C*(S") @ C*(Sh).

Definition 1.1 (Ref. 6). The N = 1 extended Neveu-Schwarz algebra & is defined by
&=Vzo Vr o R’

with the commutation relation
1
(fox —feg + §¢X)6

1 1 1
(fxx— Efr)( — gy + zgx‘ﬁ)dx_?

= 1 1
fox =g + 58P+ 30X ’ 4

1 1 1 1 1
(fBx + Eﬁcﬁ - Eax)( — 8y — nga + be@dxz
(w1, w2, w3)

where w1 = [51(f8xxx + P X x)dx, wa = [ (firb — gxxa — ¢x B + xx@)dx and w3 = [51(2aby + 2a B)dXx.

Let &

reg D€ the regular part of the dual space ®” to & under the following pair:

((7,?)":/ uf +vd+va+ya)dx+¢- 7.
Sl
With the use of the integration of parts and the definition

(ad(U),G)" = (U, [F, GI)",

one has the coadjoint action of & on (’S;eg as follows (Ref. 25):

3 1
(Zuf;c + Uy f + St frox + 200 + waﬁx + wa¢

1 1
+§ya/x — N +vay) dx?
( ! La+ 20+ fun + 2yan axd
ad;(U): S1Pxx — S20x 2u¢ 200 5 1/ U 2761x )
1
((f)x + §(7¢)x - 2 fur +263a,) dx
1 1 1
(yof + Eyfx - §U¢ + 62 — 263a) dx?2
0
Let A:8—> Qﬁeg be the arbitrary inertia operator; then, the Euler equation (1.1) for U =A(F) on
Breq reads
3 1 1
Up = =61 froer = S2lxy = 2fy = Uef —Vax = SYPr = SYx = Syar + SYsa,

1 1 3 1
U= §M¢ + Eva + S1Pxx + 2 — Efxw —f — E'ya)n
1
U =2 fuxr — 263ax — (Uf )y — 5(7‘1’)» (1.4

1 1
V= §U¢ = - E’f" - ¢ + 2530,
G =0.
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kS

In this paper, we will consider an inertia operator A: & — &,

with seven parameters being of

the form
¢l — ca0? 0 ¢y —c50 0 0
0 c40 —Sla_l 0 Cs —528_1 0
A= C2+C56 0 Cc3 0 0 y (1.5)
0 —C5 — S2(9_1 0 —033_1 0
0 0 0 0 1
where 51, 52, c;€ Rfori=1,...,5. We will show the following:

Theorem 1.2. Let Gy, o, G3 be constants; the Euler equation (1.1) with the given inertia operator
(1.5) is

e local bi-superbihamiltonian if s = %cl and sy = %cz;
o supersymmetric if s1 =c¢q and sy = ¢3;
e not only local bi-superbihamiltonian but also supersymmetric if sy =c¢1=0and s; =c; =0.

We remark that

e When s; = ¢y = ¢5 = 0, this result has been obtain in Ref. 25. In this case, we have presented
several supersymmetric or bi-superhamiltonian generalizations of some well-known integrable
systems including the Ito equation, the 2-component CH equation, and the 2-component HS
equation.

e When s; = ¢| = ¢5 =0, the above Euler equation will give a new class of bi-superhamiltonian
or supersymmetric systems including the bi-superhamiltonian Whitham-Broer-Kaup (Kuper-
WBK) dispersive water-wave system and the N = 1 supersymmetric WBK system.

Il. BI-SUPERHAMILTONIAN EULER EQUATIONS ON &;,

reg

In this section, we will study local bi-superhamiltonian Euler equations and show that

Theorem 2.1. Suppose that

1 1
Slzzcl,SZZECZ. (2.1)

Then the Euler equation (1.4) is local bi-superhamiltonian on Gﬁeg with a freezing point

Oo = (5 de?,0.c2dx3,0, (~cs. =5, 57 € Brey

Proof. For brevity, we denote

SH 6H SH SH SH ;

?: s I Uy T3 ﬁ: s W Us T, ==\ Ty T
(fsm,0, 1) (u,¢,v,7) e . 50" B0 5y

for any smooth functional H = H [5].28
Setting ¢ = i, and @ = y,, the Euler equation (1.4) with the condition (2.1) reads

3 1 1 1
U = —G1 frxx — S20xx — 2ufy — uf —va, — 5'!’%: - Elpxnx - Eyluxx + E)’xﬂx,

1 3 1 1
Ui = zmlx + C1Mxxx + S2xx — zfx‘rl/ —fu + EU,ux - Eyax,

1
U =62 frr — 2630, — (Uf )x — E(V”x)x’ (2.2)

1

1
Vi =500 = Yaf — Eyfx —= $2M e + 263 Uy,
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where U = AF = A(f,n,a, u)T and

c1 — cs0? 0 ¢y —c50 0
1 1
3 0 C4(92 - ZC[ 0 CSB - §C2
(o0} +C56 0 Cc3 ol
1
0 —§C2 - C50 0 —C3

From the identity U=AF , it follows that
oH _A1%H oH

sU SF

By the definition of the Euler equation, it is natural to rewrite the system (2.2) as a
superhamiltonian system

2.3)

H 1
\726 ! lez/l(uf+¢¢+va+ya')dx,
S

where 7> is the induced superhamlltoman operator from the canonical super Lie-Poisson bracket on
&, being of the form

reg

1 1
-610% —ud —ou  —yo - zazp -620% —vd  —y0 + 567

1 1 1 1
-0y — =y = 92 ——y0 = 0
7= ¥ Zlﬁ 2“"1'5'1 > FUtS2 .
0% - dv —587 -2¢30 0
1 1
-0y + 576 zv -0 0 263

Setting J; = ~72|(7:ﬁ(,s then J; = —diag(d, 1, 4, 1)A. Taking
C C C C
H)= /sl (?lf3 - E“ﬁ‘xz +craf? - gaxf2 + fazf
+ ﬂﬁ‘m +Graf + 6307+ 2

2
36‘1
- —fTITIx

NxMxx + S2 1N xx — S3 UMy
2 C4 Cc3
4 —anny — 3f Nallxx = Efﬂ/lx
e 3
+ Zf ] = Tf Ml + esf e — —-apny |dx,

a direct computation gives

o0H, c4
5 = St 62t —f Caffex = SfE +2020f = esarf
N 3 5, 3ci c4 3¢y N o N c3
—a” - — - — - — — c - = ,
3 3 nmnx 3 TxMxx 4 H1]x 4 Hxl] + C5 lxT]x 3 HHx
6H2 304 3¢ 3¢ 3¢y
677 fxnxx + C4f Naxx + fxxnx - lf Nx — _lf;cn - Tf;c,u —cof px
(&) (&) Cc3 Cc3
+ CSf;c,ux + C5f/~1xx - Eanx - Zaxn - ?ax/«l - Ea,ux — C1Mxxx — S2Mxx» (24)
(5H Cc3
6——2§3a+63af+6‘5ﬁ§+62f = Sofx = Mk - g,unx,
oH,
E =—cof My — ¢5fxlx — C5f N — Zfrn —caf px — fxﬂ - a’]x + 2Ny — 263 iy

With the help of (2.3) and (2.4), one has

SH oH 6H ~
Ji— =—diag(d, 1,0, )A— = —diag(9, 1,8, 1)— = U,.
sU sU §F
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Obviously (Refs. 5 and 9), J; and J, are compatible, and we thus complete the proof of the
theorem. m]

We remark that if s = ¢ = ¢s = 0 and s1= %cl, the system (2.2) is exactly the local
bi-superhamiltonian Euler equation obtained in Ref. 25 including the Kuper-Ito system and the
two-component Kuper-CH system.

Example 2.2. Assume that
1
Sl=Cl=C3=C4=C5=0, C2=1, 5225.
Then the system (2.2) reads
a¢ + 2(af)x + ¢1fxxx + S2ax = %ﬂnxx + %ﬂxnx - %ﬂxxn’

fo + 2ffx — oafx + 26305 = %T]Uxm 2.5)
Hy + 26 1T + 262 = =N — 3031 = 3feft = 2f i,

My = 26205 + 46345 = =211 — 3/i71.
Especially,

(1) when 1 =0, > =1, and {3 =2, the system (2.5) reduces to the super long-wave equation
(Refs. 10 and 12);
(2) when u=n =0, the system (2.5) reduces to the WBK system (Ref. 4 for ¢3=1)
a¢ + 2(af)x + ¢1fxxx + §2axx =0,

£+ 208y — Gfxy + 26325 =0, (2.6)

which has been derived by (up to a scaling of the variable t)

o Whitham in Ref. 1 for ¢1 = ¢2 =0,
e Broer in Ref. 2 for ¢ = % ¢2=0,and ¢3 =1, and
o Kaup in Ref. 3 for ¢2 =0, ¢3 = 1.

We thus would like to call the system (2.5) the Kuper-WBK system.

lll. SUPERSYMMETRIC EULER EQUATIONS ON &;,

reg

In this section, we assume that s; = ¢, s = ¢ and hope to study (local bi-superhamiltonian and)
supersymmetric Euler equations.
Setting ¢ = 7, and @ = py,, the Euler equation (1.4) reads

3 1 1 1
Uy =—G1 foor — S20xx — 2ufy — Uy f —vay — Ewnxx - Ew,rnx - E'Yﬂxx + E'}’xﬂx»
1

3 1 1
Ui = SU+ Sl + S2fter = S = [+ S0k = Sy, (3.1

1
Ur =62 for — 2630, — (Uf )x — E('ynx)x,

1 1
Ve=z00c = Vif — E'}’fx = 2Nxx + 263y,

2
u ¢l — c40? 0 ¢y — 50 0\/f
Y1 10 csd? - ¢} 0 csd—cy || n
where v oy +c50 0 3 Ofal
Y 0 —Cy — 650 0 —C3 M

Let S be a supercircle with local coordinates x, 8, where x is a local coordinate on S! and 6 is
an odd Grassmann coordinate. Let D = 6_09 + 9% be a superderivative. Let C* (Sl Il) be the set of all
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smooth superfields on $'"”. Taking two odd superfields ® =5 + 6 f and Q = p + 6a € C*(S'!"), then
the Euler equation (3.2) could be rewritten as

W= 610~ 20— 201 (O(DD) +e5((DDR).

- %cz((b(’DQ) + 39(1)(1))))r - %Q (Q(DQ))X

+ 4 (DD)Dy + %@X(Dcpxx) + %(DCDX)d)xx) : (3.2)
[ =60y — 2630, — %cz((D(D(DX) +30,(DD))

- %q (D@, +2Q.(DD) + QDD,)) - c5 (‘Dx(m’))x’

where ¥ = ¢ ® — 4@y + c2Q — ¢5Q and I' = ¢, @ + ¢5D, + c3Q. We thus have

Theorem 3.1. When taking s| = c| and s, = ¢y, the Euler equation (1.4) reduces to the system
(3.2), which is supersymmetic, i.e., invariant under the supersymmetric transformation

of =60ny, on=06f, da=0u,, ou=~>0a. 3.3)

By choosing different parameters, the system (3.2) reduces to (Ref. 25)
e the N =1 supersymmetric two-component KdV equation if ¢; =¢c3=1and c; =c4 =¢5=0;
e the N =1 supersymmetric two-component CH equation if ¢; =¢c3=c4=1and c; =¢c5=0;
e the N =1 supersymmetric two-component HS equation if c3 =¢c4=1and ¢y =¢c3 =¢c5=0.
Here we want to present a new example, that, is the N = 1 supersymmetric WBK system.
Example 3.2. Let ¢ =1 and ¢1 = ¢3 = ¢4 =c5 =0, then the system (3.2) becomes
1
Q = =61Pu — 62 — 5 (VDY) +3QDD)) ,
1
= 200 — 2630 — 5 (©(DD,) +30,(DD)).

We would like to call this the N = 1 supersymmetric WBK system. Equivalently, in componentwise
forms

3 1
ay +2(af)x + ¢1fxxx + §2axx = E/”]xx + UxTlx — E/Jxxn,

f+ 200y G + 26580 = 370 (3.4)

B+ 261 Mgy + 262y = —%(an)x - %(fu)x,

Nt = S2llxx + 2634y = —%fnx - %ﬁm-
With the use of Theorem 2.1 and Theorem 3.1, we thus obtain
Theorem 3.3. When taking c| = cp = 0, the Euler equation (3.2) reduces to

4B + €500 = 610 + 6200+ 35(ADD) - e5(DOIQ,)
— s (DD)D . + %fbx(mxx) + §<Dc1>x)<bm) :
e5u + €32 = 620y — 2630 — c5(OL(DD))

- %Q (DD, +2Q,(DD) + QADD,)), (3.5)

which is not only supersymmetric but also local bi-superhamiltonian. Notice that in order to assure
that the inertia operator is invertible, we should assume c3c4 # cg.
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Example 3.4 (Ref. 25). Let ¢c3 =—c4 = 1 and ¢c5 = 0; the system (3.5) reduces to
1
Dy = G1Dprx + 62 Q0 + E (Q(DQ))x
1 3
+(DO)Dus + 5 0(DD) + 5 (DD D)

1
Q = 20 = 2630 — 5 (DD, +20,(DD) + ADD,)).

Especially, (i) setting ¢1 = ¢2 = ¢3 = 0 and n = u = 0, we obtain the two-component HS equation
(Ref. 18)
~froa = 2fifox + Mo —aay,  a;=—(af ).

(ii) Setting g1 = G» =63 =0 and Q =0, the above system becomes
1 3
—Dy = (DO)Dyx + E(DX(D(DXX) + E(,Dq)x)q)xxa

which is the supersymmetric HS equation in Refs. 21 and 23.

IV. CONCLUSIONS

In summary, we have studied Euler equations associated with the N = 1 extended Neveu-Schwarz
algebra and shown the conditions under which there are superymmetric or local bi-superhamiltonian.
As an application, we have proposed two super generalizations of the WBK system: the N = 1
supersymmetric WBK system (3.4) and the local bi-superhamiltonian Kuper-WBK system (2.5).
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