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Introduction

The integrable systems play a distinguished role in the theoretical
physics [1]. In fact, many of interesting physical theories are small
deformations of corresponding integrable system. The term “inte-
grable system” is coming from the Liouville’s theorem. It can be
formulated as follows|2]:

Theorem: Let on an n-dimensional symplectic manifold one has

n mutually commuting functions Fj:
F,F,....F,, {F,F}=0, prv=1,...,n: (0.1)
Let us define the level surface M; as follows:
My={x:F,=f,, p=1...n}. (0.2)

It follows from 0.1 that the one-forms dF; on My are linearly inde-

pendent. Then

1. My is a smooth manifold invariant under the phase flow of
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function H = Fj.

2. If My is compact and connected then it is diffeomorphic to the

n-dimensional torus:

T" ={(¢1,...¢0n) modd 2m} (0.3)

3. The phase flow of the function H defines a conditionally pe-
riodic motion on My, i.e. in terms of conditional coordinates
the equations of motion have the following form:

¢ _

W W = w(f) (0.4)

4. The canonical equations with Hamiltonian H are integrable in

quadratures.

This theorem establishes the connection between the integrals
of motion and the integrability of the system. In other words, it
states, that if the system has n — 1 mutually commuting integrals
of motion then we can pass to variables where the system separates
on n independent oscillators. The coordinates ¢ together with their
conjugate momenta I are called action angle variables.

Such formulation of Liouville’s theorem prompts us to use geo-

metric method for the investigation of integrable systems (see e.g.
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3)).

As a tool for the construction and investigation of some inte-
grable systems we will use the Hopf maps. These maps describe
fibrations of spheres over spheres: S**~1/S""1 = 8" n = 1,2,4,8
and are strongly related to so called normed division algebras. (For
the review see e.g. [4] and references therein). Explicitly or not they
appear almost in all the fields of the modern theoretical physics. For
example, the distinct dimensions of the supergravity theories are re-
lated to the existence of Hopf maps[9]. They can be used for the
construction of supersymmetric systems as well as in the theory of
superconductors.

We are interested in Hopf maps due to the existence of the reduc-
tion procedure, which allows us to relate 2p-dimensional oscillator
with p + 1-dimensional systems with monopoles for p =1, 2, 4.

The reduction procedure seems to be a canonical way for the
construction of integrable systems. However, it was described in
terms of the Hamiltonian approach only. On the other hand, there
are many problems in physics, whose natural language is the La-
grangian formalism(e.g. some problems in superymmetric mechan-
ics). Thus, it would be nice to have an algorithm to perform the
reduction procedure without passing to Hamiltonian description of

the system. In the second chapter the procedure of the Lagrangian
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reduction was developed. In particular, it was considered the re-
duction procedure related to the first and second Hopf maps. The
resulting systems describe particle moving in the field of Dirac and
Yang monopoles respectively.

The systems with magnetic monopoles are interesting for their
duality property [5], their application in condensed matter theory
etc. On the other hand, the oscillator system is much more eas-
ier to investigate. It is, perhaps, the most known (super)integrable
system. The oscillator system appears almost in all the fields of the-
oretical physics at least for the description of small oscillations near
the point of equilibrium. Thus, the construction of its integrable
generalizations(with additional terms or on the curved manifolds
etc.) seems to be an important task.

Surprisingly, a multi-center generalization of Higgs oscillator can
be constructed from the spherical part of the Calogero model[45]
using simple geometry. On the other hand the Calogero model is
itself an interesting subject for investigation. It is an example of
many-body integrable system. Although it is formally integrable(in
sense of the Liouville’s theorem), its practical integration is very
hard task. The problem is that the motion integrals found using
the standard method of Lax pairs have power of momenta higher

than 2. This leads to the necessity to solve algebraic equations of
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the same order. We hope that the investigation of this model using
geometric methods will allow us to round these difficulties.

The work is organized as follows.

In the first Chapter we describe the Hopf fibrations in terms of
normed division algebras paying special attention on the first and
second maps.

In the Chapter 2 we develop the reduction procedure connected
to the first and second Hopf maps and investigate obtained systems.

In the Chapter 3 we construct a (pseudo)spherical analogue of
anisotropic inharmonic Higgs oscillator and apply to it the reduction
procedure.

In Chapter 4 we consider Calogero models relating it to multi-
center Higgs oscillator as well as construct action-angle variables for
them.
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Chapter 1

Hopf maps

Hopf maps play distinguished role in modern theoretical physics:
numerous constructions and models are related with them. Hopf
maps are of the special importance in the supersymmetry [7], mono-
poles [8], and more generally, in supergravity /string theories. Hopf
maps are useful in the study of the problems of classical and quan-
tum (supersymmetric) mechanics as well. They are useful for the
construction of the mechanical systems (including supersymmetric
ones) with monopoles by the reduction method, including super-
symmetric mechanics.

The Hopf maps describe a fibration of 2p — 1-dimensional sphere
over a p-dimensional one with fiber (p—1)-sphere(p = 1,2,4,8). The
first(p = 2) Hopf map was discovered in 1931 by Heinz Hopf [10]

and is the first example of a map from a higher-dimensional sphere

10
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to a lower-dimensional one which is not null-homotopic. The distin-
guished dimensions of Hopf maps are related with the existence of
normed division algebras: the first Hopf map is related with com-
plex, the second with quaternionic and the third one with octonionic
numbers. The modern theory of octonions and their relations to the
Hopf maps can be found in [4] and references therein. The content

of this chapter is based on the [38, 80|

1.1 General consideration

The Hopf maps (or Hopf fibrations) are the fibrations of the sphere

over a sphere,

S'/Zy = S'  (zero Hopf map);
S3/81 = 8% (first Hopf map);
S57/8% = S*  (second Hopf map) (1.1)

S /87 = 8% (third Hopf map)

These fibrations reflect the existence of real (p = 1), complex (p =
2), quaternionic (p = 4) and octonionic (p = 8) numbers.

Let us describe them in explicit terms. For this purpose, we
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consider the functions x(uq, g ), Tp+1(Ua, Ua)
X = 21_12111, Tp+1 = Usuy — 1_11111, (12)

where uy, uy are complex numbers for the p = 2 case (first Hopf
map), quaternionic numbers for the p = 4 case (second Hopf map)
and octonionic numbers for p = 8 case(third Hopf map). One can
consider them as coordinates of the 2p-dimensional space IR* (p = 2
for u; 2 complex numbers; p = 4 for u;» quaternionic numbers;
p = 8). In all cases z,1; is a real number while x is, respectively,
a complex number (p = 2), a quaternionic (p = 4) or an octonionic

one(p = 8),

X=x,+ Z ey, ee; = _51']' + Cijkek (1.3)
k=1,....n—1

where the structure constants Cjj;;. are totally antisymmetric by in-

dices (ijk), so that ey = 0 for n = 1; e, = i, i =

—1, Cijk = 0 for
n=2; e, = (i,j,k), Cijr = €1 for n = 4. For n = 8 the structure

constants c;; are defined by the relations
Ch23 = Cru7 = Clg5 = Cay = Coz7 = U354 = C367 = 1, (1.4)

while all other non-vanishing components are determined by the

total antisymmetry.
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Hence, (z,11, X) parameterize the (p+1)-dimensional space IRP*!.

One could immediately check that the following equation holds:

r?=xx+ $129+1 = (wl; + uply)? = R*. (1.5)
Thus, defining the (2p — 1)-dimensional sphere in IR* of radius
R, u,ii, = R?, we will get the p-dimensional sphere in IRP*! with
radius r = R2.

The expressions (1.2) can be easily inverted by the use of

U, = gre, where r; =71y = \/%’ (1.6)

ro = \/—H?H; gg = 1.

It is seen that

g” = uy(w) . (1.7)

It follows from the last equation in (1.6) that g parameterizes the
(p — 1)-dimensional sphere of unit radius.

One can notice from this expressions that the transformation
g— Gg (1.8)

preserves the functions z,. Here G is an arbitrary element of
corresponding algebra with unit length: GG = 1 and, therefore,

parametrizes (p — 1)-dimensional sphere. So, also taking in account
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the identitiy 1.5 we come to the factorization 1.2.
For the first and second Hopf maps the transformation 1.8 for

the quantities uy 2 can be written as follows:

u, — Gu,, a=1,2 (1.9)

while for the third Hopf map it looks a little more complicated:

u, = (G“é)(;?“a) (1.10)

The complexity, in fact, comes from the fact that the algebra of
octonions which corresponds to the third Hopf map is not associa-
tive. It is shown in [50] that this transformation cannot be made
global. Thus, one can consider only its simplification choosing the

parameter G depending on u ».

1.2 First and second Hopf maps

As it was mentioned in the Introduction, the reduction procedure
related to the third Hopf map does not exist because of the lack
of associativity of octonions. Since, we will use the Hopf maps to
perform the reduction, we will need more detailed formulae. Let us

give the description of first and second Hopf maps in internal terms,

using the decomposition IR?? = IR! x S~ IRPH! = IR! x SP, and
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paramerizing S? by inhomogeneous projective coordinates

.
14+ zz

uju
o _1 27 - |u1‘2 _
uju;

(1.11)
Hence, we get

u; =

v1+zz v1+zz

For r = const we get the description of S?~! in terms of the coor-
dinates of the base manifold S? and of the fiber coordinates g. The
internal coordinate z of the sphere S? is related with the Cartesian

coordinates of the ambient space IRP™ (1.2) as follows

2z 1—2zz
x =rhy, Lp+1 = Thp+1, h, = 1+ 22 hp+1 = 1+ 22
(1.13)

For S! the group element and the corresponding left-invariant

one-form can be presented as follows
St . g=¢€% gdg=idp, ¢€][0,2n) (1.14)

Hence, the ambient coordinates of the S® sphere of unit radius are
related with the internal coordinates of S and S? by (1.12), where
we put r = 1 and g = €'¥.

In quaternionic case we get the following expressions for the
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SU(2) group element and its left-invariant form

. 14+j2 _ . . .
S3 =" gdg = Asi+ ALj, Ay = (Ay +1iA),
g € m gag 3 +J + (2 1)
(1.15)
where
1zdz — zdz dz
As = hydy+————— A, =ih.d 1. k=1.2,3.
3 3 7+2 1+22 + 1 7+1—|—ZZ (2R ) 73
(1.16)

Here hs, hy are the Euclidean coordinates of the ambient space IR?
given by (1.13): simultaneously they play the role of Killing poten-
tials of the Kahler structure on S2.

The vector fields dual to the above one-forms look as follows

S O 3 S B Ry
0z 0z

As(V3) = Au(Vi) =1, Au(Vy) = Au(V3) = Ag(V) = 0.

(1.18)
Let us also write down the following expressions
i Zdz — 2dz\°  dzdz
—(gdg)’ = NN = [ dy — 22— 22 T—— 1.19
(8deg) (7 2 142z ) +(1+z2)2 (1.19)
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We also need another SU(2) group element parameterizing the

sphere S? and “commuting” with (1.15):

~ 1+jz

g:\/1+zz

e, gggg=1. (1.20)
The corresponding left-invariant forms are given by the expressions

gdg = Asi+ Aj, A, = Ay +iAy,

N o N . (1.21)
Romdyeise oo
while the vector fields dual to these forms look as follows:
o _ : 0 iz 0
Uj=——, U, =U_=e((14+22) —+—— 1.22
3 9y + e (( + 2%) BE + 5 87) ( )

As(Us) = As(Uy) =1, AL(Ug) = A(U;) = A3(UL) = 0.
(1.23)
From the second expression in (1.21) follows the commutativity
of the V, and U, fields. This pair forms the the so(4) = so(3)xso(3)

algebra of isometries of the S® sphere.

(1.24)

with 7, j, k = 1,2, 3.
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The commutativity of V; and U; plays a key role in our further
considerations. Notice also that we can pass from the parametriza-
tion (1.21) to (1.15) via the z — Ze 27, 4 = —4 transformation.

For our further considerations this is all we need to know from

the Hopf maps.



Chapter 2

Hopf maps and Reductions

In this chapter we develop reduction procedures in two different me-
chanical approaches- Lagrangian and Hamiltonian. Although the-
oretically in the considered cases they are equivalent, the practical
passing from the first one to the second does not seem to be obvious.
On the other hand, the Lagrangian approach allows us to write the
supersymmetric extension more easily [38] while the Hamiltoinian
one gives us the ability to relate oscillator systems and their gen-
eralizations with the (MICZ)Kepler ones [64].The content of this

chapter is based on the [64, 38, 78].

2.1 Lagrangian Reduction

Let us consider a free particle on the 2p-dimensional space equipped

with the G-invariant conformal flat metric. Taking into account the

19
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expressions (1.6) we can represent its Lagrangian as follows
£2p = g(ﬁ . u)ﬁaﬁa =

= g(re, ) (iei— +73 —r (g8 A+ Argg) —r(gg)’) = (2.1)
=g (7’"+7'“_ + T%) + gTAaAa — grAaAa,

Here and in the following A, are defined in (1.16), with the differ-

entials replaced by the time derivatives, while

7.“_’_7'_ — 7°_|_7;'_ Xi — XX
A = Aa a = == . 22
© 2r 2r(r 4+ xp41) (22)

We have used the identity r,r_ + 3 = r and the notation u-u =
U, - u,. One can see, for the p = 2 case (the complex numbers) that
A defines a Dirac monopole potential

T1To — ToXq

A=1Ap =
Wb =1 r(r+ x3)

(2.3)

In the p = 4 case (the quaternionic numbers) A, defines the
potential of the the SU(2) Yang monopole. The explicit formulae
for A, in terms of the real coordinates r, = ps+ p,e, look as follows:

. Mpe Lo T
A, = 77chch = - bl

(r + x5)’ The = OabO4c — 0ab0ac + Eave,

where 7, is the t"Hooft symbol.
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The Lagrangian (2.1) is manifestly invariant under the G—group
action.

In the p = 2 case the generator of the G = U(1) group is given
by the vector field V = 0/0y; indeed, taking into account (1.14),
one can see that, for p = 2, ¢ is a cyclic variable in (2.1).

In the p = 4 case the generators of the G = SU(2) group are
given by the vector fields U, (1.22). It is in agreement with the fact
that U, define the isometries of the eight-dimensional Lagrangian
(2.1).

By making use of the Noether constants of motion we can de-
crease the dimensionality of the system.

In the p = 2 case we have a single Noether constant of motion
defined by the vector field dual to the left-invariant form A = ¢;
this is precisely the momentum conjugated to ¢, which appears in
the Lagrangian (2.1) as a cyclic variable. Hence, excluding this
variable, we shall get, for p = 2, a three-dimensional system.

On the other hand, in the p = 4 case, thanks to the non-Abelian
nature of the G = SU(2) group, only the « variable is a cyclic one,
even if z, Z appear in the Lagrangian (2.1) without time-derivatives
too. It is therefore expected that in this second case the reduction
procedure would be more complicated. In contrast with the Hamil-

tonian reduction procedure, the Lagrangian reduction is a less com-
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mon, or at least a less developed, procedure which deserves being
done with care.

For this reason we shall describe the Lagrangian counterparts of
the Hamiltonian reduction procedures separately for both the p = 2

and the p = 4 cases.

2.1.1 The U(1) reduction

Let us consider the reduction of the four-dimensional particle given
by the Lagrangian (2.1) to a three-dimensional system. Taking into
account the expression (1.14) we can re-write the Lagrangian as
follows:

L=g(rr_ +73—2rpAp +1¢7%). (2.4)

Since ¢ is a cyclic variable, its conjugated momentum is a conserved

quantity

oL ) i
Py = % = —2rgAp +29r¢ & p= % + Ap. (2.5)

Naively one could expect that the reduction would require fixing the
value of the Noether constant and substituting the corresponding
expression for ¢ in the Lagrangian (2.4). However, acting in this
way, we shall get a three-dimensional Lagrangian without a linear

term in the velocities, i.e. without a magnetic field (of the Dirac
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monopole). This is in obvious contradiction with the result of the
Hamiltonian reduction of the four-dimensional system via the U(1)
group action!

The contradiction is due to the incorrectness of the proposed
procedure, since we are dealing with a variational principle.

The correct Lagrangian counterpart of the Hamiltonian reduc-
tion procedure should look as follows. At first we have to replace
the Lagrangian (2.4) by the following, variationally equivalent, one

(obtained by performing the Legendre transformation for ¢):

2
~ . p L
L =pyp—ppAp — é — 1A%+ g (Faro +73) . (2.6)

Indeed, varying the independent variable p,, we shall arrive to the
initial Lagrangian.
The isometry of the Lagrangian (2.6), corresponding to the U(1)-
0

generator V = 4= is given by the same vector field. It defines the
e

Noether constant of motion

I =py (2.7)

Upon fixing the value of the Noether constant p, = s, the first term
of the new Lagrangian transforms as a full time derivative and can

therefore be ignored.
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As a result, we shall get the following three-dimensional La-

grangian

s g s>

= —SUZZEZ - S.AD - . (28)

E _ Lo 2\ A . ./42 2
3 g(mr +7‘2) SAp—TrAp 2rg - g

Clearly, it describes the motion of a particle moving in a three-

dimensional space equipped by the metric g;; = £6;; in presence of

r

a Dirac monopole generating a magnetic field with strength

-~ ST

A further reduction of the system to two dimensions corresponds
to a system with a nonlinear chiral multiplet (2,4,2), obtained by
fixing the “radius” r = const. Since the Dirac monopole potential
Ap does not depend on r, we shall get a two-dimensional system
moving in the same magnetic field. It applies in particular to a
particle on the sphere moving in a constant magnetic field (the
Dirac monopole is located at the center of the sphere), i.e. the
Landau problem on a sphere.

We are now ready to discuss the analogous reduction associated

with the second Hopf map.
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2.1.2 The SU(2) reduction

In the case of the second Hopf map we have to reduce the Lagrangian
(2.1) with p = 4 via the action of the SU(2) group expressed by the
vector fields (1.22). Due to the non-Abelian nature of the SU(2)
group the system will be reduced to a five (or higher)-dimensional
one.

For a correct reduction procedure we have to replace the initial
Lagrangian by one which is variationally equivalent, extending the
initial configuration space with new variables, 7, 7, p,, playing the
role of conjugate momenta to z, z, v. In other words, we will replace
the sphere S3 (parameterized by z, Z, 7) by its cotangent bundle
T*S3 parameterized by the coordinate z, z, 7, m, T, py. Let us

further define, on 7*S3, the Poisson brackets given by the relations

(rzy=1, {®mz2}=1 {pnyt=1 (210

We introduce the Hamiltonian generators P, corresponding to the
vector fields (1.17) (replacing the derivatives entering the vector

fields V, by the corresponding momenta)

P2 —ZPl _9_ 1z

Py 5 = 7T+2 =Py P =P, P= by, (zm — Z7).
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In the same way we introduce the Hamiltonian generators [, corre-

sponding to the vector fields (1.22):

Iy — 1l w~z + 27 (1 + 22
13:_p77 I+: ? - — - ( )

2 B 2 6_2W7 I = 7+-
(2.12)
These quantities define, with respect to the Poisson bracket (2.10),

the so(4) = so(3) x so(3) algebra

{Paa Pb} = Eape b, {Iaa [b} = Eapele, {[aa Pb} = 0. (213)

The functions P,, I, obey the following equality, important for our
considerations

I,I, = P,P,. (2.14)

At this point we replace the initial Lagrangian (2.1) by the following

one, which is variationally equivalent

PPy
qr

Lint = <P+A+ + P A +P3A3) - P A, —

_941 (AsA- + A2) + g (rere +73). (2.15)

The isometries of this modified Lagrangian corresponding to (1.22)

are defined by the vector fields

~

U, ={1L, }, (2.16)
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where [, are given by (2.12) and the Poisson brackets are given by
(2.10). The quantities I, entering (2.16) are the Noether constants
of motion of the modified Lagrangian (2.15). This can be easily

seen by taking into account the following equality

P. Ay + P_A_+ PsAs =py + 2+ 7z (2.17)

We have now to perform the reduction via the action of the SU(2)
group given by the vector fields (2.16). For this purpose we have to

fix the Noether constants of motion (2.12), setting

_ 2
1, = s, = const, S4Sq = S°.

Since the constants of motion I, do not dependent on the ri,rs
coordinates we can perform an orthogonal rotation so that only the
third component of this set, I3, assumes a value different from zero.

Equating I, and I_ with zero we obtain:

Tz )
I =p, = T = —S§— = 5— 2.18
3T =5 " 1tz T %2142z (2.18)
Hence,
12 1z
P, =— P = . 2.19
+ Sl+z§’ Sl+z§ ( )

Therefore P, coincide with the Killing potentials of the S? sphere!
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This is by no means an occasional coincidence.

Taking in mind the equality (2.17) we can conclude that the
third term entering (2.15) can be ignored because it is a full time
derivative. Besides that, taking into account (2.14), we can rewrite

the Lagrangian as follows:

Tty —zszlz; Z;Z — sAyhe(2, 2) —S—, w=1,...,5,
2Z gr

£red =g

where we have used the identity

A ) g (i ) = g

The second term in the above reduced Hamiltonian is the one-form
defining the symplectic (and Kihler) structure on S?, in agreement
with the previous observation that P, coincide with the Killing po-
tentials of S2.

It therefore follows that the Noether constants of motion do not
allow us to exclude the z, z variables. However, their time deriva-
tives appear in the Lagrangian in a linear way only and define the
internal degrees of freedom of the five-dimensional isospin particle
interacting with a Yang monopole. As a consequence, the dimen-
sionality of the phase space of the reduced system is 2 -5+ 2 = 12.

Only for the particular case s = 0, corresponding to the absence
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of the Yang monopole, we obtain a five-dimensional system. This
means that locally the Lagrangian of the system can be formulated
in a six-dimensional space. Such a representation seems, however,
useless, in contrast with the one presented here. Notice that a de-
tailed desciption of the dynamics of the isospin particle can be found
in [49].

The further reduction of the constructed (5 + ...)-dimensional
system to a (44 ...)-dimensional one would be completely similar to
the U(1) case: it requires fixing the radial variable r. The resulted
system describes the isospin particle moving in a four-dimensional

space and interacting with the BPST instanton.

In this Section we have considered the Lagrangian reduction pro-
cedures, restricting ourselves to 2p-dimensional systems with con-
formally flat metrics only. From our considerations it is however
clear that similar reductions can be performed also for particles
moving on other G-invariant 2p-dimensional spaces (not necessarily
conformally flat), in presence of a G-invariant potential. The modi-
fications do not yield any qualitative difference with the proposed re-
duction procedures and will be reflected in more complicated forms
of the resulting Lagrangians. It deserves to be mentioned that the

presence of monopoles in the reduced systems (including those with
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additional potential terms) do not change their solvability property,
neither at the classical, nor at the quantum level. As an example,
for SO(2p)-invariant systems, the only change in the spectrum af-
ter inclusion of the respective monopole is the change in the validity
range of the orbital momentum [50]. In supersymmetric systems, on
the other hand, the presence of a monopole can change essentially
the supersymmetric properties. This question will be considered in

one of the next sections.

2.2 Hamiltonian Reduction

Let us show how to implement the reduction procedure in Hamilto-
nian approach. While the Lagrangian language is more convenient
for the supersymmetrization we will see that the Hamiltonian one

allows us to establish the connection between reduced system and

(MICZ)Kepler one.

2.2.1 The U(1) reduction

For the description of the reduction procedure related to the first
Hopf map it is more convenient instead of 4 real coordinates consider
two complex ones: 21, zo and their conjugated momenta 7y, m5. The

Poisson brackets have canonical form
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7Tcwz :7 /ﬁ-OHZ :7 a? :7' *
=1 =1 B=1,2 2.21

with all others vanishing.
In this coordinates the Hamiltonian corresponding to 2.1 have

the following form:
U

= 9(22)

+U, (2.22)

where the dependency of the potential U on the coordinates will be
considered later.
The symmetry generator corresponding to the syymetry 1.8 looks

as foolows:

J= %(m — 57, (2.23)

For the case of the first Hopf map the transformation 1.2 can be

written in the following way:

ZOT +TTOZ

— 20% = 2.24
x=zoz p= T (2.24)
where o are the Pauli matrices.
As a result, the reduced Poisson brackets read
j j Eijk:l'k
{piwr } - 5i7 {php]} =S 373 ) r = ‘X‘ (225)

where s is value of the generator (2.23): J = s.
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After substitution 2.24 one finds for the Hamiltonian the follow-
ing expression:
H:£(2+i>+w@. (2.26)
29 x?
It is senn from the Poisson brackets 2.25 that the reduced system
contains a Dirac monopole in the origin. Indeed, replacing

(1'2, — Iy, O)

— p — sA Ap =
p P —SADp, D :z:(:c+x3)’

(2.27)

one will come to the canonical form of Poisson brackets between x

and p.

2.2.2 The SU(2) reduction

Again we start from the Hamiltonian of 8-dimensional free particle

system

H="—+T0, (2.28)

defined on a manifold with conform flat metric ¢ and parametrized
by coordinates v and their conjugate momentum P.

For the description of the reduction procedure related to the
second Hopf map S7/S3 = S* we first introduce five 8 x 8 matrices
IRE

{TH, T} = 25" 15 (2.29)
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with the following relations:
M=ma®n@mn, P=menemn, [’=1071401,,

M=relLbel, IM=mnl®l,, (2.30)

where

01 1 0 0 1

10 0 —1 -1 0

and {A, B} denotes the anticommutator. For our purposes we have

also to introduce three 8 x 8 antisymmetric matrices >,:

1 1 !
212512®7A®T17 222512®7A®7—27 23:§1Q®12®7—A'

(2.32)
which commute with all matrices I';,, anticommute with each other

and satisfy the su(2) algebra relations:
ey =0, {¥%}=-2"1;, [2,%]=cuZ" (233)

We also consider functions z, and p,, which are connected with
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ua by the following relations

o' =ulMu, p, =

(2.34)

where u is an 8 dimensional column vector with elements uy4, P is
the corresponding momentum and v? = v’ u.

One can can notice that the transformation
u= Qols + NS u, A+ Y M=1 (2.35)

leaves invariant the z, quantities. Therefore, the fibration 2.34
identifies all points which differ by the transformation 2.35. It can

be checked explicitly that
z,2, =10 = (ugua)® = R (2.36)

Thus, defining the seven- dimensional sphere in IR® of radius R:
u,li, = R?, we get a 4-dimensional sphere in IR’ with radius r =
R?, i.e. we obtain the second Hopf map. Taking into account the
relation 2.36 and the fact that the second relation in 2.35 defines the
53 sphere, one can conclude that the second Hopf map is a fibration

of the sphere S over S3:

S7/5% = S
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In order to invert expressions let us introduce 3 additional coor-

dinates:

uy — iu uy + iu u
Z = 7—,8, Z = 7—,8, Y= arctan—5 (237)
Us — 1Ug Uus + g Ug
It is easy to see that the coordinates z, z,y parametrize the sphere

X, = const.

The matrices ¢ define a set of functions on S® that form the

su(2) algebra:
I = usXY5Ps. (2.38)

In terms of the new coordinates these functions can be written as

follows:

— 2y
p €
I, =

2

12+i11 = IJr = (2 (1 + ZZ) T -+ Zzpv) y If = T+ .

(2.39)
We shall need also another SU(2) group elements parameterizing
the sphere S® and commuting with (2.39):

P; = by, (2 — 27), P, =

5 (7‘r + 227 + zzp7> , P_=P,

2

N | —

(2.40)

These quantities define, with respect to the Poisson brackets
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(2.21), the so(4) = so(3) x so(3) algebra

{P, Py =ephs, {5, 1} = ey, {6, P} =0 (241)

The functions P;, I; obey the following equality, which is important

for our considerations

LI, = PP, (2.42)

Let us perform now the reduction by the action of the SU(2)
group given by the functions (2.39). For this purpose we have to fix

constants of motion(2.39):

_ .2
I, = s; = const, S;S; = s°.

Since [; are constants of motion independent on the x, coordinates
we can perform an orthogonal rotation, so that only the third com-
ponent of this set, I3, will be different from zero. Equating /. and

[ with zero we obtain:

Dy z Z

3T T d Szl—kzi’ m 821+22 ( )
Hence,
_ 1 3
P.=—s v - =1h,, P_=s ZZ_Ezh_, P;=s Zfzhg
1+ 22 1+ 22 1+ 22

(2.44)



Hopf maps and Reductions 37

Thus P, become precisely the Killing potentials of the S? sphere! It
is not an occasional coincidence, indeed.
After fixing the values of motion integrals the Poisson brackets

between quantities p, read:
{pu’py} =S (8MA§/]7JZ — éLALhZ — EZthzAZLAI;) = SF;iz/hia (245)

where

) v
AZ . ,r]l/,ltx

U —1,2.3.4, A.=0 2.46
" 7“(7“+.I'5) or W ) Sy Dy 5 ( )

defines the potential of the SU(2) Yang monopole. Here
niﬂ = 5il/54u - 54V5i,u + 542'1/,u (247)
is t’Hooft symbol.

After substitution Hamiltonian takes the following form:

H—x(2+82)+U (2.48)
-~ 2g 22 ' '

As it was expected exactly the corrsponding Hamiltonian for 2.20.



Chapter 3

Anisotropic Inharmonic Higgs
Oscillator and related systems

with monopoles

The oscillator and Kepler systems are the best known examples of
mechanical systems with hidden symmetries [1]. Due to the exis-
tence of hidden symmetry these systems admit separation of vari-
ables in few coordinate systems. Despite of their qualitative differ-
ence, they can be related with each other in some cases. Namely,
(p + 1)—dimensional Kepler system can be obtained by the appro-
priate reduction procedures from the 2p—dimensional oscillator for
p =1,2,4 (for the review see, e.g. [11]).

These procedures, which are known as Levi-Civita (or Bohlin)

[12], Kustaanheimo-Stiefel [13] and Hurwitz [14] transformations

38
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imply the reduction of the oscillator by the action of Zy, U(1), SU(2)
group, respectively, and yield, in general case, the Kepler-like sys-
tems with monopoles [15, 17, 19]. The second system (with U(1)
(Dirac) monopole) is best known and most important among them.
It was invented independently by Zwanziger and by McIntosh and
Cisneros [16] and presently is refered as MICZ-Kepler system. There
are few deformations of oscillator and Kepler systems, which pre-
serve part of hidden symmetries, e.g., anisotropic oscillator, Kepler
system with additional linear potential, two-center Kepler system
[1], as well as their “MICZ-extensions” [56]. The Kepler system with
linear potential is of special importance due to its relevance to the
Stark effect. One can observe that the four-dimensional oscillator

with additional anisotropic term

-5, 5

results in the (MICZ-)Kepler system with potential

Aw? Aw? T, 1
Veos = 0 = A
4 oS T

(3.2)

which is the textbook example of the deformed Kepler system ad-
mitting the separation of variables in parabolic coordinates. While

(three-dimensional) Kepler system with additional linear potential
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(which is also separable in parabolic coordinates) is originated in the
(four-dimensional) oscillator system with fourth-order anisotropic

potential term
Uniin = —2¢€¢ Z le - 517?.@- (33)

The corresponding potentials in other dimensions look similarly.
Oscillator and Kepler systems admit the generalizations on a
d—dimensional sphere and a two-sheet hyperboloid (pseudosphere).

They are defined, respectively, by the following potentials [46, 47]

w2R3 x2

7 Zo
Uosc — VKepler

x - 3.4
2 2 Ry |x|’ (3.4)

where x, 7 are the Cartesian coordinates of the ambient (pseudo)Euclidean
space IRTT(IRMM): ex?+ 122 = R2, e = 1. The € = +1 corresponds
to the sphere and ¢ = —1 corresponds to the pseudosphere. These
systems also possess nonlinear hidden symmetries providing them
with the properties similar to those of conventional oscillator and
Kepler systems. Various aspects of these systems were investigated
in [53]. Let us notice also mention the Ref. [57], where the integra-
bility of the spherical two-center Kepler system was proved.

Completely similar to the planar case one can relate the oscilla-
tor and MICZ-Kepler systems on pseudospheres (two-sheet hyper-

boloids). In the case of sphere, the relation between these systems is



AIHORSM 41

slightly different: the oscillator on sphere results in the oscillator on
hyperboloid [51]. After appropriate “Wick rotation” (compare with
[54]) of the MICZ-Kepler system on hyperboloid one can obtain the
MICZ-Kepler system on the sphere, constructed in [55].

As far as we know, the integrable (pseudo)spherical analogs of
the anisotropic oscillator and of the oscillator with nonlinear poten-
tial (3.3) were unknown up to now, as well as the (pseudo)spherical
analog of the (MICZ-)Kepler system with linear and cos 6 potential
terms. The construction of these (pseudo)spherical systems is not
only of the academic interest. They could be useful for the study
of the various physical phenomena in nanostructures, as well as in
the early Universe. For example, the spherical generalization of the
anisotropic oscillator potential can be used as the confining poten-
tial restricting the motion of particles in the asymmetric segments of
the thin (pseudo)spherical films. While with the (pseudo)spherical
generalization of the linear potential at hands one can study the
impact of the curvature of space in the Stark effect.

For the simplicity we will start our consideration from p = 4 eu-
clidean system. The generalization to higher dimensions is straight-
forward [78]. The content of this chapter is based on the [64, 38,

78, 18).
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3.1 Euclidean system

In complex coordinates zi, 2o and their corresponding momenta

1, o the Hamiltonian of isotropic oscillator reads
Ho = 77 + w27 (3.5)

Its rotational symmetry generators are defined by the expressions

J = 5(nz — z7), (3.6)
J =35(noz — zo7), (3.7)
Jop = 3TaZ’,  Jaz = 37a?’ (3.8)

and the hidden symmetry generators read

A = I (moT + w?zoz), (3.9)

D=

Anp = %(ﬂaﬂﬁ + w?z%3P), Asp = Apa (3.10)

Note, that 2.23 is exactly the operator corresponding to the U(1)
symmetry of the first Hopf map. The integrable anisotropic inhar-

monic deformation of this system looks as follows

Haose = Ho + (Aw? + 22422)203%. (3.11)
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Its constants of motion are given by (2.23), by the third component

of (3.7), and by the hidden symmetry generator

A=A+ ATw(zz) + % ((22)% + (z032)%) | (3.12)

Clearly, the first term in the additional potential decouples the ini-
tial isotropic oscillator in the anisotropic one with the frequencies
ws = Vw? £ Aw?. The second part of the deformation term given
by (3.11) has no such simple explanation. After transformation
of the initial system in the Kepler-like one it results in the linear
potential.

Performing the reduction procedure described in the previous

setcion for the resulting system we find:

2
x
gred — 2P + w?r + Aw?xs + eqras (3.13)

aosc 2

Following ([51]), we can now transform the reduced oscillator to
a Kepler-like system. For this purpose we should fix the energy

surface H"* = E = ~/2 and multiply by 1/z, to get

aosc

(Hgigc - Egggc) o 0 = Huyrczs — Eviczs,  Euiczs = —w?
(3.14)

1 52 €T
Huicz = = (P2 + —2> 1 + A2 ey (3.15)
2 x T T



AIHORSM 44

For any motion integral Z we have:

{Hyiczs, T = {Ho, T}

Hred —const — 0 (316)

aosc

Hence, the new Hamiltonian has the same number of motion inte-
grals and therefore preserves the integrability of the initial system.

It is seen that 3.15 defines the MICZ-Kepler system with the
additional cos @ potential in the presence of constant electric field
pointed along x3-axes. For the completeness, let us write down the
constants of motion of the constructed system reducing the con-
stants of motion of the four-dimensional oscillator. The J3 results

in the corresponding component of angular momentum,
X
J =nsJ, J=pxx+s—. (3.17)
x

The reduced generator A looks as follows

(ng X x)2

A:mA+%mexf+mf (3.18)

X

where

A:pr+7§ (3.19)

is the Runge-Lenz vector of the unperturbed MICZ-Kepler system.
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3.2 Anisotropic inharmonic Higgs Oscillator

All the calculations in this section we will make for p = 4 case, how-
ever, the generalization to the higher dimensions is straightforward.
The Hamiltonian of four-dimensional Higgs oscillator looks as
follows
(14 €22)*n7  2w?R3zZ

€ — : 3.20
" 2R? i (1 —€22)2 (3:20)

The symmetries of (pseudo)sphere are defined by the generators

(2.23)-(3.8), and

Jo = (1 —€22)my +e(mz + 72)2°, Ja=Ja. (3.21)

It is clear that the generators (2.23)-(3.8) define the so(4) (rota-
tional) symmetry algebra of the Higgs oscillator, while the genera-
tors (3.21) define the translations on (pseudo)the sphere. By their
use one can construct the generators of hidden symmetries of the

Higgs oscillator,

JO[JB 2 2 Zazﬁ —
Aug = 2 L;=1, 22
3T R PR g e T e (3.22)
and
A=) g (207) (3.23)
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Let us construct the integrable (pseudo)spherical analog of the
anisotropic inharmonic oscillator (3.11). We consider the class of

Hamiltonians

He = H+ (2032)A(22), (3.24)

which besides the symmetries defined by the generators J and Js,

possess the hidden symmetry defined by the constant of motion
A= Az + g(22) + (2032)°h(22). (3.25)

Here A(2Z), g(zz) and h(zZ) are some unknown functions, and As
is the third component of (3.23).

Surprisingly, from the requirement that A is the constant of mo-
tion, we uniquely (up to constant parameters) define the functions
A, g, h, i.e. find the integrable anisotropic generalization of Higgs
oscillator. Namely, the function A in (3.24) reads

2R3 AW? 8eaRy (14 (22)?)(22)

Sl G PRy gy e vy s e R

(3.26)

and the hidden symmetry generator looks as follows

2RZAwW? 2z

pu— A _—m
A 3 (14 ez2)?
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+de Ry ((1 _(Z(ZZ)Z)Q)Q + (1(2_8?;?2)4) . (3.27)

One can easily see that the constructed system results in (3.11)
results in the limit Ry — oo.

Hence, we have got the well-defined (pseudo)spherical general-
ization of (3.11).

In coordinates y of the ambient space the potential of the con-
structed system looks much simpler. The potential of (isotropic)

Higgs reads
PRI~

UHiggs = : 3.28
Higg 9 y(z) ( )
while the anisotropy terms is defined by the expression
Aw? RS — yg -
Uar = (T + 6&#%3%) yOo3y (3.29)
0

Let us mention that for the above construction the dimensionality
of the space is essential. The same reasonings for any number of real
coordinates (instead of two complex z)and any orthogonal matrix
(instead of Hermitean o3) will lead us to the similar oscillator in
corresponding dimension. In particular, for the n = 8 one can use
['5 defined in 2.30 as an orthogonal matrix one can find an integrable
8-dimensional anisotropic inharmonic Higgs oscillator which can be

reduced following the procedure described in the second chapter.
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3.3 MICZ-Kepler-like systems on pseudosphere

In this Section performing Kustaanheimo-Stiefel transformation of
the constructed system we shall get the pseudospherical analog of
the Hamiltonian (3.15). This procedure is completely similar to
those of the isotropic Higgs oscillator [51].

At first, we must reduce the system by the Hamiltonian action
of the generator (2.23). Choosing the functions (2.24) as the re-
duced coordinates, and fixing the level surface J = s, we shall get
the six-dimensional phase space equipped by the Poisson brack-

ets (2.25). Then we fix the energy surface of the oscillator on the

€
aosc

(pseudo)sphere, H¢,.. = Euose, and multiply it by (1 —ex?)?/2%. As

a result, the energy surface of the reduced system takes the form

HZM[CZ - 5ZMICZ= (3-30)

where
_ (1—2%?, , & v 1+ 2?
H - 7 Z )y -

AMICZ 8ri (p” + 22 2rg T

Aw? (1 —ex\? T3 1+2% a4
— 2 e ) 3.31
2 <1+63:> z T BT (3:31)

E w? E
— R2 — aosc g— - _ GOSC. 3.32
To 0 5 AMICZ 9 20 ( )

Interpreting x as the stereographic coordinates of three-dimensional
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pseudosphere

2xX 1+ 22

Y ="nro

we conclude that (3.31) defines the pseudospherical analog of the
MICZ-Kepler system with linear and cosf potential terms (3.15).
It is clear that in quantum mechanical consideration the presence
linear term will lead to the analogue of Stark effect.

The constants of motion of the anisotropic oscillators, J3 and
A yield, respectively, the third component of angular momentum

(3.17) and the hidden symmetry generator

roAw?  [2? — 23 o, o2 — 13
A =n3A 2eqry = 3.34
13 +(1+ex)2[ e | tang e (33
where
T xJ
A==—"24%
270 T

is the Runge -Lenz vector of the MICZ-Kepler system on pseudo-
sphere, J is the generator of the rotational momentum defined by

the expression (3.17), and
T = (1+2%) p—2(xp) x. (3.35)

is translation generator.

This term also looks simply in Euclidean coordinates of ambient
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space:

Aw?

Var = — <% + €y0y3) + £e1Yoys (3.36)

Let us notice, that the term proportional to Aw? depends on e,
i.e., formally, the anisotropic terms yield different pseudospherical
generalizations of potential cosf. However, this difference is rather
trivial: it is easy to observe, that one potential transforms in other
one upon spatial reflection.

Presented Kepler-like system admits the separation of variables

in the following generalization of parabolic coordinates (compare

with [52]):

2v/&n "
e Y
\/ V/ (r§+62) (rg+n?) +En+r
TO + \@

T+ 1x9 =

VAWV -

T3 (3.37)
VB R +en o3
To + V2
In these coordinates the metric reads
ds® =

2§+ ( d&? dn? ) P
=r + + Endp”. 3.38
Y4\ + ) i+ (3.28)

Passing to the canonical momenta, one can represent the Hamilto-
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nian (3.31) as follows

26(r5 + &%) 277(7“8+772)p N

1 p?
Horrez = —3 De¢ 2 o
(& +mn) re(§4+mn) 7

&n 2

Spy + 82 7“0+\/7“§+€2+7“0—\/7”8+772 n

ro(§ + 1) § n

e LS VAT R St MAK R St A
2 £+

_l\/rg+€2+\/r8+n2+8 £—n
7o £+ ‘2

+

(3.39)

So, the corresponding generating function has to have the additive
form- S = Eamrczt + pop + S1(§) + Sa2(n) . Replacing pe and p,
by dS1(§)/dé and dSy(n)/dn respectively, we obtain the following

ordinary differential equations

2(r§ + &%) <d51(£)>2 4 (st )0 EVIEEE

T% dg Tof
Aw?rg 5 o9 | .2
gl P2
" rg+ &+ cal”® — Eamrczé + ?p =p (3.40)
2 2 2 d 2 . 5 5
n(rp 2"‘ n°) [ dSx(n) T 82)7“0 V5 + 1 N
o d77 Tom

Aw?rg
—— (/i + P+ 07)—
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2
_7,10‘\/ rg +n* — ean® — Eanrrczn + % = -0 (3.41)
From these equations we can immediately find the explicit expres-
sion for the generating function. We have separated the variables
for the pseudospherical generalization of the Coulomb system with
linear and cos 6 potential.
The above equations looks much simpler in the new coordinates

(x, C), where £ = r¢sinh x, n = rgsinh (.

d 2 A 2.4
S1(x) _ Eamicz _ YT (cosh x + sinh x)+
dx 2
L Y coth Eary sinh P}
— — 8 — &8 T 1  9ainhZ v
5 Dy X 2 X 2 sinh? y
Bro — s — sp,
42
2 sinh y (342
d 2 A 2.4
( SEC(C)) _ 5%102 n “;TO (cosh ¢ + sinh ¢)+
Y7o < ZT3 p2
H( 42+ th 4+ =52 sinh ¢ — 15—
( 5 s spy) coth ¢ sinh ¢ 2sinh? ¢
2
_ Bro+s”+ sp, (3.43)

2sinh ¢
Remark 2. In the same manner the 2p—dimensional anisotropic
inharmonic oscillator on (pseudo)sphere can be connected to the

(p + 1)—dimensional Kepler-like systems on pseudosphere also for
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the p = 1,4 . For p = 1 we should just assume that z* are real
coordinates. In this case we should not perform any reduction at
the classical level (in quantum case we have to reduce the initial
system by the discreet Z, group action, see [15]). For the p = 4 we
have to assume, that z* are quaternionic coordinates (equivalently,
that 2z are complex coordinates with a = 1,...4). In contrast with
p = 1,2 cases, we should reduce the initial system by the SU(2)

group action [19].

Remark 3. The planar (MICZ)-Kepler system with linear po-
tential can be obtained as a limiting case of the two-center (MICZ-)
Kepler system, when one of the forced centers is placed at infin-
ity (see, e.g. [1]). The two-center (pseudo)spherical Kepler system
is the integrable system as well [57]. However, presented pseudo-
spherical generalization of the (MICZ-)Kepler system with linear
potential could not be obtained from the two-center pseudospheri-
cal Kepler system: it can be easily checked, that in contrast with
pseudospherical Kepler potential, it does not obey the correspond-

ing Laplas equation.
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3.3.1 Transition to the sphere

To get the spherical counterpart of the Hamiltonian (3.31), let us

perform its “Wick rotation” which yields

1—2% x4
+ + 2
7'[ 7'[0 + 881T01+x21+x2—|—
Aw? (1 —iex\? T3
— 3.44
U (1 + iex) x’ (3:44)
where

1+ 22)? s2\? 1 — 2
ST Gkl (T I 3.45
0 8ri p™ x? i 210 ( )

is the Hamiltonian of unperturbed MICZ-Kepler system on the

sphere. The hidden symmetry of this system is defined by the ex-

pression
22— 2 22 o2
A=n3A + Aw? | —— 3 | 4 22— 3 3.46
D3+ AW [(1 + iex)%] +ee 17“0(1 + x2)2 ( )
where
A=JxT+7~ (3.47)
T

is Runge-Lenz vector of the spherical MICZ-Kepler system, with
the angular momentum J given by (3.17) and with the translation

generator

T=(1- xQ) p + 2(xp)q. (3.48)
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One can see, that due to the last term in (3.44) this Hamiltonian
is a complex one. Taking its real part we shall get the integrable
spherical analog of the MICZ-Kepler system with linear and cos

potentials,

%]—\ZICZ_%O 2 1_+_1,2 ;
1—22 3
2e, 3.49
T T 2T T 22 (349)

The generator of its hidden symmetry is also given by the real part

of (3.46)

1—22 ey 3:2—953
+? m (3.50)

A =nsA + | Aw’rg

In the terms of ambient space IR* the anisotropy term is defined by
the expression (3.29).
Remark 4. It is clear from our consideration, that the addition

to the constructed system of the potential

1 —iex 2 x
co Im < > =3 (3.51)

1+ 1ex T
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will also preserve the integrability. The hidden symmetry generator

will be given by the expression

A+ ¢y Im (3.52)

X

Aw? x? — a3
2(1 + iex)? '
However, it is easy to see, that this additional potential coinsides

with (3.44), i.e. we do not get anything new in this way.

3.3.2 Dipole transitions and Stark effect in the charge-

dyon system

One can investigate the influence of Dirac monopole on the Coulumb
system. For this reason let us consider the dipole transitions in
the MICZ-Kepler system interacting with planar monochromatic
electromagnetic wave, which are completely similar to the ones in
the “dyogen atom” [58].

(p— A)? 52 1

= — - — A 3.53
H 5 + 57 Haic p, (3.53)

where Hyic is defined by (3.15) and

A = Apucos(wt —kr), V-A=0 (3.54)

is the vector potential of the wave.

Following the procedure described in [61] for the matrix elements
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of dipole transitions we find

Ug + 21U [+1
ud,, g nfp 0 = (0, 10, V) { 5 <2(2l =y VI +m)(12 = 82)6 111y +
VIE+D(I=m+ 1)1 —m+2)((1+1)2 - s2) VI=m+1)(1+m)
+ 5m71|m/6l+1\l’ +s 5m71|m/5l\l’
21+ 2(1+1)(21 + 2) I(1+1)

Uy — Wy [+ 2

l Il—m—1)(1—-m)(?— s? Il+m+1D(1—-—m
_\/l +1 \/( 1(2)1(_ 1) )( )(5m+1|m/(5l—1\l/ +s \/( + l(l—:- 1))( )5m+1m/51|l,> -+
VI+F D@ =m?) (2 = s2)
- ( V201 1) O
VIE+FD((+1)2=m2)((1+1)2 - s2) m
T+2(1+1)(20+1) O + U+ 1) 5l|l'> 5m|m/] (3.55)

where

o0 ! T T 2 2
I(n, 1|0/, 1) = / ety e A F(l—n+1, 2042, ) F(I'—n/+1,20'+2, = )r3dr,
0 n n

(3.56)

and

2 \/ (20 + 1) (n + 1) 357

o2+ a(n—1—1)!
are the normalization constants of non-perturbed charge-dyon sys-

tems. It is seen that the presence of Dirac monopole changes the
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selection rules of the system. Namely, in the absence of monopole

one has
u, # 0 ; m=m,I'=1-1 (3.58)
luy +ouy| 0 0 m'=mE£1,0'=1+1; m'=m=+1,I' =(359)

In the presence of Dirac monopole, when s # 0 another transitions

are also possible [58, 59]

u, #0 cm=m', I'=1 (3.60)

Uy +ouy| 0 m'=m+1,1'=1 (3.61)

So, the presence of monopole makes the selection rules less rigor-
ous. Namely, besides (3.59), the transitions preserving the orbital
quantum number [ become also allowed, (3.61). When the electro-
magnetic wave has transversal polarization (u, = 0), the transitions
preserving the orbital quantum number, and changing the azimuth
quantum number become possible. When longitudal mode in the
electromagnetic wave appears (u, # 0), the transitions, preserving
both orbital and azimuth quantum numbers are also admissible.
The other useful example is the Stark effect in the system with
presence of Dirac monopole.The Hamiltonian of the MICZ-Kepler

system (interpreting as charge-dyon system) in the external con-
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stant uniform electric field is of the form:
HStark — HMIC + Er. (362)

To find the energy spectrum we shall follow the procedure de-
scribed in [62]. For this reason let us assume that the electic field is
directed along the x3 axes and pass to the parabolic coordinate sys-
tems. After the separation of variables in the Schrédinger equation

for the Hamiltonian (3.62) we arrive at the system [60]

2
() + [5e- Ble- i o ——pe,

d¢ \> d¢ + 48
d (dd\ [E [E|, (m—s)?]_  _
n <77d—77> + [577 +7 n — 1 ] Dy = — [Py, f1+ 363

For s = 0 these equations coincide with the similar equations for
the hydrogen atom in the parabolic coordinates [62]. Hence, similar
to that, we can consider the energy £ as a fixed parameter, and (3 »
as the eigenvalues of corresponding operators. These quantities are
defined after solving the above equations, as the functions on £ and
E. Then, due to the relation 8; + 8o = 1, the energy £ becomes a
function on the external field E.

It is seen from the above expressions, that the calculation of
the first and second order corrections to the 6{?2) will be completely

similar to the ones in the Coulomb problem [62], if one replaces
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m| — |m+ s|in py, &1, and |m| — |m — s| in Py, ®y. These

substitutions yields the following expressions

—~1)E
B = _%,{Jl (6n§ + 61| my| + M2 + 60y + 3|mg| + 2) (3.64)

_|EP
~ 16KD

(Ima| + 2ng + 1) (4m + 17(2|mg|n, + 2n+

+ma| + 2n,) + 18) . (3.65)

Then we get
0 1 n 3E| 2 2 |E|?
B8 =, B+ B =54 87+ B =~ 5B,
(3.66)
where we introduce the notations
_ ms _ 3 2 2 2
A=nn_— FR B =17n" —3nn’ 4+ 54An_ + 19n — 9n(m” + s°),
(3.67)

and the quantum numbers

|m + s| + |m — s Im —+ s| — |m — s

n = ni1+ns+ 5 +1, n_.=ni—no+ 5
(3.68)
Taking into account, that 5, + 82 = 1, we get
3|[E|A |E|’B
KN+ Bl — Bl =1 (3.69)

2K2 16K°
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Iteratively solving this equation, we get

1
K = /10—|—|E|/-€1—|—\E\2/-£2 , Ko = > Kl = ——0,

Then, from E = —x?/2 we find the energy of the system

1 E E[*n?
3IE (nn_ — @) _ B (17n* = 3(nn_ — 3ms)’—

£=—— 4+
2 T2 3 16

—9n*m® + 19n* — 9In’s” + 21(ms)?) (3.71)

One can represent the quantum numbers (3.68) as follows

y

) ni+mns+|s|+1 for |m|<|s|
n= :

\ ni+ng+ |m|+1 for |m| > |s|
y

ni—ns+msgns for m| <|s
n_ =X ml < sl . (3.72)
ny —ns + ssgnm for |m| > |s]

\
The ground state of the non-perturbed charge-dyon system corre-
sponds to the following values of quantum numbers: ny = ny = 0,

|m| <|s|. Hence,

n=|s|+1, n_=msgns, m=—|s|,—|s|+1,...,|s| —1,]s]

(3.73)



AIHORSM 62

Substituting these expressions in (3.71), we get

1 3
Si— E °) _
0 EESIE + m sgn s | |<\8\ + 2>

_EP(s[+1)?
16

[17(]s] + 1)* + (Is] + 1)*(19 — 95%) — 6m* (|s| +2)] .

(3.74)
It is seen, that the ground state of the non-perturbed charge-dyon
system has (2|s|+ 1)-fold degeneracy (by azimuth quantum number
m), while the linear Stark effect completely removes the degeneracy
on m. It is proportional to the azimuth quantum number m, while
its sign depends on the relative sign of monopole number s and
m (the linear Stark effect in the “dyogen atom” possesses similar
properties [59]). In contrast to linear Stark effect, the quadratic
Stark effect of the ground state is independent neither on sign s, no

on sign m.



Chapter 4

Calogero model

The Calogero model [20, 21, 22] and its various extensions and gen-
eralizations play a distinguished role among other multi-particle in-
tegrable systems. They have attracted much attention due to their
rich internal structure and numerous applications in many areas of
physics (see, e.g., the recent review [23] and references therein).

In the continuum or thermodynamic limit, i.e. for large particle
numbers, the Calogero model gives rise to a Yang-Mills theory [24]
on a cylinder, while its superconformal extension describes a black
hole in the near-horizon limit [25]. In this limit, the system have
soliton solutions corresponding to the fundamental excitations [26].

The quantum Calogero model describes free particles with frac-
tional statistics whose type is determined by the interaction strength

[27]. Moreover, the variational ground state of the fractional quan-

63
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tum Hall effect (known as the Laughlin state [28]) can be consid-
ered as some deformation of the ground state of Calogero model
[29]. The trigonometric analogue of the model [30] is related to in-
tegrable spin-1/2 chains with long range interactions, which possess
a resonating-valence-bond ground state [31]. Recently, the rela-
tion to the Benjamin-Ono equation arising in the hydrodynamics of
stratified fluids has been established [32].

The Calogero model and its modifications appear also in ma-
trix models [33], W-algebras [34], Yangian quantum groups [35],
random matrices [36] and many other areas of physics and mathe-
matics.

The content of this chapter is based on the [45, 72, 73].

4.1 Cuboctahedric Higgs oscillator from the ra-

tional Calogero model

In this chapter, we will study the classical rational Calogero sys-
tem without confining potential[72]. It describes one-dimensional
particles with inverse-square interaction [20, 21, 22]:

S 2 g
H = 5222;1% +Z— {pi,z;} = 0ij. (4.1)

i<j (i - xj)Q’
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One of the important features of the system is its manifest conformal
invariance, which was essential for the invention of the model, as
well as for its further studies.

In the pioneering paper [20], the three-particle model had been
considered first. After excluding the center of mass (with & pri-
ory conserving momentum) and taking into account the conformal
invariance, the model was reduced to a one-dimensional exactly
solvable system on circle considered by Jacobi in the middle of XIX
century [37]:

pfp 9¢g

I=—"+— 4.2
2+200823g0 (42)

For more particles, the analysis of the Calogero model becomes more
complicated. In particular, the construction of the complete set of
the constants of motion assumes the use of the powerful method of
Lax pair [22]. This approach allowed to relate the Calogero system
to An_1 Lie algebras, as well as to construct its integrable modifica-
tions related to other Lie algebras [39]. The Calogero systems can
be obtained from the free-particle system by an appropriate reduc-
tion procedure known as the projection method [1]. Recently, it has
been generalized to the Calogero model extensions corresponding to
the root systems [40].

However, the analog of the system (4.2) has not been properly
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studied for the case of more than three particles. Such a study
would be an interesting problem from few viewpoints.

Already in the pioneering papers [20, 21] it was observed that the
spectrum of the Calogero model with additional oscillator potential
is similar to the spectrum of free N-dimensional oscillator. It was
claimed there that a similarity transformation to the free-oscillator
system may exist, at least, in the part of Hilbert space. However,
this transformation has been written explicitly only three decades
later [41]. In Ref. [42], it has been related to the conformal group
SU(1,1). This similarity transformation has a very transparent geo-
metric explanation for the two-particle Calogero model (the " confor-
mal mechanics”): it corresponds to the inversion in the Klein model
of the Lobachevsky space, which describes the phase space of the
system. A natural way to extend this picture to the multi-particle
Calogero system is to identify the coordinates of its "radial” part
with the coordinates of the Klein model. In other words, one must
extract and investigate the angular part of the system. The other
stimulation for the study of the angular part of the Calogero model
the translation of the discrete symmetries of the one-dimensional
multi-particle system to the higher-dimensional one-particle one.
This would provide us with & priori integrable higher-dimensional

one-particle system with some discrete symmetry.
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4.1.1 Center-of-mass system

For our purpose we need to introduce N-dimensional vectors 0% as
follows:

b = —= (0, — 0n). (4.3)

1
V2

They satisfy to the relations

Db =1 and (eb") =0, (4.4)

where

and round brackets define scalar product. After this denotation, we
can rewrite the Hamiltonian 4.1 as follows.

-y N(N—1)/2 )
Hy =3 Dot > - 5o Apiait =0y, (4.5)
i=1 a=1 2 (Zk:l bzxk)

where a = (i,7) is N(N — 1)/2-valued index, which enumerates
pairs of interacting particles, p; are the corresponding momenta.
The second relation in 4.4 means that all vectors b* lie in a hy-
persurface, which is orthogonal to the vector e. This mean, that
the set of vectors is not N-dimensional one and can be putted in
N — 1 dimensional space by an orthogonal space rotation using an

appropriate matrix A;z. Dynamically, this rotation is equivalent to
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the transition to the center of mass system. Let us write down the
explicit formula for such rotation.

(

1/\/N for m=1

—1//(N=m+2)(N—m+1) for k>m>1

VN —k/\/N—k+1 for m=k+1

0 for the rest
(4.6)

Here and further, we will use this definition for matrix A;z, if not

specially mentioned. After performing the rotation we have:

e N(N-1)/2 )
Hy =3 Zp? + ) PR {pisyj} = 0y, (4.7)
1=1 a=1 2 <Zk:2 bkyk>

Where y; are new coordinates and p; corresponding momenta. It is
clear, that the expression (4.7) defines the constant of motion of the
Calogero model. It can be considered as the Hamiltonian of some
(N — 1)-dimensional system. From the orthogonality of the matrix

A;;. we have:

17195 1 1
CcOS a/ij,i’j’ = Z blgbk] = 5 Z(éZk—éjk)<6l/k‘_5j/k) = 5((522/+5j]’_52]/_52/j)7
k

' (4.8)
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the quantities b* = (b{,...,0% ;) are unit vectors in (N — 1)-
dimensional space, and «;; 5 are the angles between them. Hence,
the angle between two arbitrary vectors can take the following val-
ues only

T 27

m
i = =, T, . 4.9
a]a J 3 3 2 ( )

The reduced system can be interpreted as the one-particle sys-
tem in (N — 1)-dimensional space. Let us extract the radius r of
the obtained (N — 1)-dimensional system. This could be done, for
instance, in (N — 1)-dimensional spherical coordinates. In these
terms, the Hamiltonian of the Calogero model looks as follows

2 P2 In-2(py.,Pa)
2 r2 ’

with

Ksh g
In_y = —2 E —_— ot = 0a8, B=2,...,N—1.
N-2 5 + d 2020, {Pg. ot B o,

(4.10)

Here K,y is the standard kinetic term of the particle on (VN — 2)-
dimensional sphere with unit radius, and 6, is the angle between
b, and the unit vector directed from the center of the sphere to
the particle, n = r/r. Since Zy_» is independent from p, and r,

it commutes with the Hamiltonian Hy_1. So, it is a constant of
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motion of the Calogero model. Note that this integral is quadratic
on the momenta (while in the standard Lax-pair based approach
the only constant of motion, which is quadratic on momenta, is
the Hamiltonian). It can be considered as the Hamiltonian of the
particle moving on the (N —2)-dimensional sphere with N(N —1)/2
force centers defined by the vectors b®. Since this system is invariant
under reflections b* — —b“ for any a, sometimes it is reasonable to
consider the N(N — 1) properly located force centers.

In order to clarify the physical meaning of the obtained system,

let us rewrite its potential as follows

2cos2 0, -

B g NN—-1)g g 5
%ph—; 1 +§;tan 0, .

Let us remind that the potential

w?rg tan? 0

VHiggs = 2

is well-known potential of the Higgs oscillator. It defines the gen-
eralization of the oscillator potential to the sphere with the radius
9, which inherits all hidden symmetries of ordinary oscillator [47].
Hence, we obtained the integrable N (N —1)/2-center N-dimensional
Higgs oscillator of the frequency w = ,/g. The location of the force

centers is quite rigid, and deserves to be considered in more details.
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y2i

Figure 4.1: The force centers
(b2, b?3 b'® and their oppo-
sites), which form the root sys-
tem of su(3) and constitute an
hexagon. The angle ¢ describes
the position of a particle on cy-
cle.

Figure 4.2: The vectors (4.16)
together with their opposites
form a cuboctahedron and are
equivalent to the root system of
su(4). The bold points on the
large cycle correspond to b?3,
b3* and b?* while the small cycle
contains the vertexes of the re-
maining three vectors. The bold
lines are the axes of the coordi-
nate system (4.18).

71

Note that the Higgs oscillator has been invented about thirty years

ago and has been studied the hundreds of papers so far (see, e.g. [63]

and refs therein). Nevertheless, its anisotropic version was found

quite recently [64], whereas its two-center version is not known yet,

up to our knowledge.

4.1.2 Three-particle case: circle

The simplest system is the angular part of three-particle model

considered in the pioneering paper by Calogero [20]. Actually, this

system was considered in the middle of XIX by Jacobi [37] (see also
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[65]). For N = 3, we get a particle on circle S! with three force
centers defined by the unit vectors b'?, b? and b!3. The angles

between them are equal to 7/3 and 27/3 (Fig. 4.1):
COS (¥12,13 = COS (1323 = 1/2, COS (X12.23 = —1/2

The above vectors make up the set of positive roots of Ay = su(3)
Lie algebra. Completing them by the oppositely directed vectors
corresponding to the negative roots, we obtain a system with six

force centers. The angular part of the Hamiltonian

2
p g g g p 99
7T =2 L T

2 +20082g0+2(:082(g0 +7r/3)+20082(g0 —7/3) 2 +1 + cos 6y

(4.11)

coincides with (4.2). It is invariant under the rotation on 7/3
and the reflection ¢ — —¢, which generate the symmetry group
Dg = S35 ® Zy of the hexagon (Fig. 4.1). Here S; is the symmet-
ric group of three-particle permutations, which Z inherits from the
original Calogero Hamiltonian (4.1). The Zs-symmetry corresponds
to the reflection-invariance z; — —x; of (4.1). The integrability of
this system is obvious. Note that the splitting of the three-particle
Calogero Hamiltonian on the angular and radial parts has been used
in Ref. [68] for the detailed study of the quantization.

Let us briefly discuss the relation of the system on circle with the
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superintegrability of three-particle Calogero model. Note that its
superintegrability was studied in detail (see [74] and refs. therein).
In the center-of-mass system, three from the five functionally inde-
pendent constants of motion of the original Calogero system sur-
vive. Namely, the Hamiltoinian of the two-particle system H =
p?/2 +Z/r? and its constant of motion

62 . 27\ p,cos3p
F = (pf — ﬁ) prsin3p + (3pz - ﬁ) % (4.12)

are reduced from the second and third order (on momentum) Liou-
ville constants of motion. Similarly, the third conserved quantity

621 27\ 27sin3
K = (pf — p) PrPy €08 3p — (329? — —2> =R (413)

r r

is inherited from the additional third order constant of motion of
three-particle Calogero system. The integrals H, F, and K are
functionally independent. We have expressed them in terms of the
angular part of the Hamiltonian (4.11), which also conserves. Its
Poisson bracket action maps the Liouville integral to the additional

one:

{Z,Fy=3K, {I,K}=—6LF. (4.14)

The four quantities H, Z, F, and K form an overcompleted set of



Calogero model 74
constants of motion. They and subjected to the algebraic relation

2 9 /3
I_IC + 729H

K% 42T F? = 8H*(2Z — 9¢g),  or = = .
( 9) 1673 — 2?2

(4.15)

Hence, one can choose H, Z, and F as a complete set of function-
ally independent conserved quantities. The first two of them are
quadratic on momenta, which ensures the separation of variables in
the system.

It is easy to verify that the Poisson brackets (4.14) are in con-
sistency with the relation (4.15). Finally, using (4.15) and the first
equation in (4.14), we obtain the Poisson bracket between two third-
order integrals:

K2 +9gF?

_ 73 T2y
(K, F} = 3(8H* — F?) 7 o,

4.1.3 Four-particle system: sphere

In the four-particle case, everything becomes much more compli-
cated. In the same way, we obtain a system on the sphere with
siz force centers defined by the unit vectors b with the following

Cartesian coordinates of the ambient IR? space:



Calogero model 75

b12: 27_1707 b13: \/27 ! 7_1a

3 3 3723 2

2 1 1 3 1
(el (2

1
: 5), b** = (0, 0, 1).

b* = {0,

The vertexes of b” and their opposite vectors form an Archimedean
solid called cuboctahedron (Fig.4.2). This polyhedron, like cube,
has the octahedral symmetry O, = S, ® Zs of order 48. Here S} is
the symmetric group of four-particle permutations, which preserve
the original Calogero Hamiltonian (4.1). Note that S is isomorphic
to the Weyl group of Aj Lie algebra and preserves the orientation
of cuboctahedron. The Z5 symmetry corresponds to the reflection
x; — —ux; of all four coordinates. In Lie algebraic description, it
corresponds to the reflection symmetry of A3 Dynkin diagram.
Note that the vectors b?, b3* and b?* belong to the ”equatorial”
plane, the angles between them are equal to 7/3 and 27/3. Their
vertexes and the vertexes of the opposite vectors form an hexagon
(Fig. 4.2). This is precisely the same picture as in the three-particle
Calogero model (see Fig. 4.1). The endpoints of the vectors b'?

b!3, bl* are located on a plane parallel to the equatorial one (Fig.
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4.2). The distance between both planes is \/% They form the
(regular) triangular face of the cuboctahedron, which is shifted by
the angle 7/6 with respect to the triangle (b*, b34, —b?%).

Let us choose Cartesian coordinates with the first axis directed
along b'® while the second one belonging to the plane formed by
b'?2 and b!3. The frame directions then are orthogonal to the tri-
angles of the cuboctahedron (Fig. 4.2). In the respective spherical

coordinates, the angular part of the Hamiltonian reads:

i i 9¢(8 — tan? f)?
I="7+5-"3 2 3
2 2sin”0  2(3tan®fd — 8 + tan® 6 cos 3p)

12¢g 9g

a6 =38 + tan3 6 cos 3¢ * 4sin® (1 + cos 6p)

5T

(4.17)

The invariance under Z3 group of the rotation on 27 /3 along the
third axis is apparent.

The potential (4.17) is really horrible. It is difficult to believe,
that the system with such potential could be integrable, or could
admit a separation of variables. However, the Hamiltonian can be
represented in a much simpler form. Indeed, there are three pairs
of the orthogonal vectors b'?-b3* = b!3.b?* = b!4.b?® = (. Taking

the vector products of these pairs, one can find out that they form
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an orthogonal frame:

a; = b'2xb*, a; = b¥xb?, a3 = b xb? . a;-a; = 0;j.
(4.18)
The vectors a; are normal to the squares of the cuboctahedron

(Fig.4.2). In this coordinate system, the Hamiltonian (4.7) looks
like

3
s % " 1<icj<3 <(Uz‘ —guj)2 T fuj)2> k=t
(4.19)
where, again, we keep the old notations for the new momenta. This
is the three-particle D3 Calogero model [1]. However, this is an
expected result, since the diagrams D3 and As coincide and define
the same algebra (in the Dynkin classification, D, is defined for

n > 4).

The angular part of this Hamiltonian has the following form:

p; P 4g 1 k—6
—5 T =3 + +
2  sin®f  sin®f |1 +cosdp k—8+8/k— kcosdy
4(k — 16 + 16/k)
(k — 84 8/k — kcos 4p)*

N
[
|

_|_

4,20)
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where
1 — cos 20
1+ cos20°

k=tan*d =
In these new spherical coordinates, the invariance under Z; rota-
tions ¢ — ¢ + m/4 and spatial reflections § — m — 6, which are a
subgroup in Oy, is transparent.

As was explained above and showed explicitly for three-particle
system, Z can be expressed in terms of the five integrals of the
maximally superintegrable Hamiltonian (4.19). It seems that the
two additional integrals of H can be obtained from the Liouville
integrals by Poisson bracket action with Z like in the three-particle
case (4.14).

Since the spherical system (4.20) was obtained from the Calogero

model, it is also integrable. Its constants of motion can be obtained

from those of the original model.

4.2 Action-angle variables for dihedral systems

on the circle

In this chapter we construct the action-angle variables for the dihe-

dral systems on a circle, which are defined by the Hamiltonian

H(p,q) = Z(py, olk) = 30, + Vi(o), (4.21)
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with canonical variables {p,, ¢} = 1 and the potential

1 cos
Vi(p) = — where n = i (4.22)

(as-n)? sin

and ay are the positive roots of a two-dimensional Coxeter system
Iy (k) called dihedral system. The full set of roots forms a regular
star shape with an angular separation of 7/k. Since the symmetry
relates the root lengths as |ay|? = |ag2|?, for odd k all roots have
the same length, say g, while for even k& we may put |acen| = 1

and |a,qq| = ag. Clearly, we have to distinguish between k being

_tr

7, it is a matter of

even or odd. As a,-n is proportional to cos(

simple algebra to perform the finite sums and obtain

k2o

(K'aq)? (K'ag)?

o1t

with & € N. Hence, the odd systems feature one coupling («ay),
while the even ones allow for two (a1, az), all naturally positive.
For ay=as, the even potential attains the same form as the odd
one.

Formulating these systems in terms of action-angle-variables, we

shall find that both types are locally equivalent to the free particle
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on the circle. Besides, we establish a global equivalence between
systems (4.23) and (4.24) for ag = a1 + a2 and 2kyqq = Keven- We
shall demonstrate that these systems are equivalently quantized in
their action-angle variables or initial coordinates. We shall also
present a supersymmetrization of the action-angle variable scheme
for the dihedral systems and its relation to the supergeneralization
of the Liouville theorem.

Finally, we shall shall enlarge the configuration space to R? by
adding a radial degree of freedom to the circular motion. The
ensueing two-dimensional systems represent three-particle rational
Calogero models after separation of their center-of-mass motion.
For small values of k, the Coxeter roots belong to a rank-two Lie

algebra G, which labels the corresponding Calogero model [39]:

k 2 3 4 6

(4.25)
G| Dy=A18A; A BCY G

In particular, this shall allow us to prove the global equivalence of
the Ay and G4 rational Calogero models and their local equivalence

to a free particle in the plane.
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4.2.1 Action-angle variables

In this Section we construct the action-angle variables for the sys-
tems defined by the potentials (4.23) and (4.24). We follow the
general prescription given in [2]. Being one-dimensional, our sys-
tems feature the Hamiltonian as their single constant of motion. To
construct the action variable, we should fix the level surface of the
Hamiltonian, H(p,,¢) = Z(I) = h, and introduce the generating
function S(h,¢) for the canonical transformation (p,, ) — (I, P®)

via

Sth) = [ Tl ) dy' = / VAl Vi) dy. (4.26)

The full period integral yields the action variable,

- %7{ pe(h, ¢') d¢’ = %7{ V2(h = Vi(¢') d', (4.27)

I(h)

while the angular variable ® arises from

B 8_,5’ B @(9_5 . © dgpl dgpl
(I)(hu 90) oI dI Oh 2 %o \/Q(h — Vk(go’)) / % \/2(h(_ ‘//3(90/))
4.28

The parity of parameter k does not play any role in our deriva-

1

tion." Surely, in the limit ap — 0 the system (4.24) looks like

!Formally, k need not even be an integer. In such a case, however, the system lives on the
infinite cover R of the circle.
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system (4.23). In our construction, however, it is essential to keep
both a7 and as non-vanishing. For this reason we shall derive the
action-angle variables of the even and odd systems separately.

Systems with odd &

Inserting (4.23) into (4.27), we obtain

V2 [P k2a?
I =— do'[h — ——=2— 4.29
T L_ 7 2 cos? k'’ (429)

where the reflection points ¢ (h) follow from
2h cos® k. = k*aj. (4.30)
Calculating the definite integral (4.29), we find

1 2
I=Voh—ay = I= Ly ag)? (4.31)

and thus get

% = k*(I + ap) = kV2h. (4.32)

At the potential mimimum (¢=0), we have I = 0 but h = Ay, =

sk*al. To compute the angular variable ® we employ (4.28) with
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wo=0 and get

_dh 1 z(p) o . V2h

= arcsin & where =z =
T dl k;\/ \/1 () 2 V2h — k2a?

(4.33)

sin k.

Hence, the canonical transformation to the action-angle variables

looks as follows,

1 _ _ - 2Z(p,»p) . })
(P, ) = ([ = 11/2L(py, o)~ , ¢ = arcsm{\/QI(pwp)_kQQg sinky ¢ ),

(4.34)

where Z(p,, ) is given by (4.21) and (4.23). When the particle
makes one cycle (the variable x runs from —1 to 1 and back), the
variable ® advances by 27 as expected. In these variables the Hamil-
tonian is given by the second expression in (4.31). For completeness,

the inverse transformation (I, ®) — (py, ¢) reads

1 . o 2121w
O = z arcsm{@ sm@} Dy = k([+040)\/(1+a0§2i%£0 San¢)2'

(4.35)

Performing the trivial canonical transformation (I, ®) — (I =

I+ag, D), we get

k2 - ~ .
7= 312 with {I,®} =1, where @ € [0,27) and I € [, 0).

(4.36)

This system can be interpreted as a free particle particle of mass
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k? moving on a circle with unit radius. Equivalently, it describes
a free particle of unit mass moving on a circle with radius 1/k.
However, we can speak about [ocal equivalence only, since the above
redefinition changes the domain of the action variable from [0, co)

to [, 00)!

Systems with even k

For the case (4.24), i.e. k = 2k’, the action variable is slightly harder

to compute,

1y = V2 /Wd(p’\/h Ko  Kaf /md“f
(Vohu.

2cos? k' 2sin? k¢! 1 —(ax+b
(4.37)

where

B O ) N ) i Bl
- h 4h?2 ’ a 2h ’

xr = %[COS 2k'¢" — b], (4.38)

and the turning points ¢4 (h) derive from

2h sink' o cosk'p, = k'2(a% tan k' +as cot K p,) with ag, a9 > 0.
(4.39)
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The last integral in (4.37) can be calculated by standard methods

(see Appendix) [75]:

/mdx 7r(2

1—(ax+b 2a?

~VO-1P =@ - V1P - a@).

(4.40)
thus,
1 2 2
I= E\/%— (o1 + ) = T= 7([4—(@14—042)) . (4.41)
Similarly, the angular variable becomes
d =1 arcsin{% [cos 2K/ ¢ + D] }, (4.42)

where a and b are defined by the expressions (4.38), and h should be
replaced by Z(p,, ¢). In these variables the Hamiltonian is displayed
by the second expression in (4.41). The inverse transformations

(I,®) — (py, ) looks as follows,

]_ / 2 2 2
— : _ ) « 20
¢ = arccos{asm 2<I>—b}, p, =k \/(I + a1+ ag)? — oo — TTiaim2®>

2%
(4.43)

where the quantities a and b take the form

_ o o Fas )2 . aj—as \2 . ]{Z/Q(Oz%—&%)
_ \/|:]' (I+a1+a2) :| |:1 (I+a1+a2) :|7 b - (]_‘_041"_042)2.

(4.44)
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Similar to the odd case, we perform a trivial canonical transfor-
mation (I, ®) +— (I = I+a;+as, ®) and arrive at

k- . .
7= 7]2 with {I,®} =1, where @ € [0,27) and [ € [ay+ag, 00).

(4.45)
So, also the even system (4.24) is locally equivalent to a free particle
of mass k> moving on the circle with unit radius (or a free particle
of unit mass moving on the circle with radius 1/%"). Like in the
odd case, the equivalence is not global, since the above shift of the
action variable changes its range from [0, 00) to [+, 00).
Comparing the results (4.36) and (4.45), obtained by a canoni-
cal transformation from (4.23) and (4.24), respectively, we conclude
that they differ in the “mass” of the (locally equivalent) free par-
ticle as well as in the domain of the momentum (action) variable.
Thus, in general, all systems can be distinguished globally. Inter-
estingly, however, any odd system (koqq; o) matches globally to a
one-parameter family system of even systems (keyen; @1, a2) by the

equivalence

(Koad; ) ~ (2koda; B,a0—B)  with 0< 3 <ap.  (4.46)
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Quantization

In the action-angle variables (I, ®) derived above it is quite sim-

ple to quantize the dihedral systems (4.23) and (4.24) a la Bohr-

Sommerfeld:
[0 U, = Legn® f 7 TV, (®) =nh¥
— —;a—q), n—\/—2—ﬂe or nc = n()—n n.

(4.47)
The energy spectra of the Hamiltonians (4.31) and (4.41) then read,

respectively,

E,(kodd) = $k*(nh+ag)?  and  E,(keven) = 1k*(nhtar+as)”.
(4.48)
This agrees with the literature [69, 70], where the Schrodinger equa-
tion for our potential (4.23) or (4.24) is known as the (first) Péschl-
Teller equation, whose (normalizable) solutions are given in terms

of trigonometric and hypergeometric functions.

4.2.2 Supersymmetric extension

The supergeometric generalization of the Liouville theorem has been
known for many years [71]. For our context of one-dimensional su-
persymmetric mechanics, we follow here the construction of action-

angle (super)variables as presented in [76]. Let us have N'=2M
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one-dimensional supersymmetric mechanics defined on a (2|2M)-

dimensional phase superspace, coordinatized by (p,, @]9“,@8). The

supersymmetry algebra reads
{Q.Q"}=20"H, and  {Q"H.}={Q H}=0

(Q.Q%y={Q°.Q"y=0 with a,f=1,...,M.  (4.49)

Here, the Hamiltonian H, differs from the previous H by nilpotent
terms. Fixing the level super-surface, Hy = hy, Q% = ¢* and Q" =
q“, we arrive at a (1]0)-dimensional circle in the phase superspace.
On this circle, one defines bosonic action-angle variables (®,, I;),

analogous to the non-supersymmetric case, as well as fermionic ones,

O% = Q%/+/2h,, with the following non-zero Poisson brackets

(0,1)=1 and {0°8") =5 (4.50)

In these variables, the Hamiltonian does not depend on ©% or ©°,
hence H, = IS(I~ s) just like previously. Nevertheless, the canonical
transformation from the initial to the action-angle supervariables

does mix bosonic and fermionic degrees of freedom.

Let us demonstrate the procedure for the simplest case of N'=2,

2The tilde indicates that the action variable has been shifted as in the previous section,
depending on k being odd or even.
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given by the classical counterpart of Witten’s model of supersym-

metric mechanics [79]. It is defined by

H, =302+ W"2(0)) +60W"(¢)  and Q=0 (p,+1'()),
(4.51)

Q=10 (p, —W'(g)),

with a chosen superpotential function W (p). These functions obey

the superalgebra (4.49) with M =1, by virtue of

(ppypy =1 and  {0,0} = 1. (4.52)

Quantization replaces 8 and 8 by the Pauli matrices o, = %(0‘1 +
105) and o_ = 1(o1 —1072), respectively, and 100 goes to /3. In this
way we arrive at one-dimensional N'=2 supersymmetric quantum
mechanics of a spinning particle interacting with an external field.
However, when passing to action-angle variables it turns out that
there is no spin interaction, and the supersymmetric extension is
rather trivial. On the other hand, Witten’s model is quite special:
its supercharges allow no momentum dependence in the nilpotent

part of the Hamiltonian. For a more interesting system related to

our potentials (4.23) and (4.24), let us choose a more flexible form
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of the supercharges, namely

Q= 0kl M®) — \/2hs O and Q= Gkl e M2 — \/2h, O,

where we defined k := k for k odd and k := k/2 = k' for k even, and
MI,®) is an arbitrary real function of the action-angle variables
of the underlying bosonic system. By expressing ([~ ,®) through
(py, ), the supercharges are functions of the initial phase super-

space variables. These supercharges also generate the superalgebra

(4.49) (with M=1) and produce the Hamiltonian

— iam ez ONI, @
H, = HQ,Q} = 3k°I° + 100 k*I %. (4.54)
The freedom of an arbitrary real function )\(f , ) leads to a variety
of supersymmetric extensions of a given bosonic system. A similar
freedom (of an arbitrary holomorphic function) has been observed
in two-dimensional N'=4 supersymmetric mechanics [77].

To relate to the standard N'=2 supersymmetric mechanics con-

struction (4.2.2) with W’ = v/V, we must choose

FI(py, ) M) ®00) = p 03 /V (), & tan )= ,
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where V() is defined by (4.23) or (4.24). For odd k we find

tan A = ccj):)(b / \I2 -, (4.56)

while for even k the expression is more complicated. Note that

A = const yields trivial supersymmetry, with no spin interaction.
Another interesting case is A = ¢/ I, which produces a coordinate-
independent spin-background interaction.

Applying the (super-)Liouville theorem to the supersymmetric

system given by (4.53) and (4.54), we obtain

. [ ® _
I, =1+ 60 ML, ), Oy =P + 100 (4.57)
0P
8)\(fi (I)) R ONC @)9 @ _ e—z)\(I @)9
a[ Y Y

4.2.3 Extension to two-dimensional systems

In any conformal mechanics one may separate the radial from the
angular degrees of freedom. The former part is universal, hence the
such models differ only by their angular Hamiltonian systems, whose

coordinates commute with the conformal algebra so(2,1) [67]. Such
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a splitting is useful for quantization [68] and the construction of
superconformal extensions [66, 67]. For N-particle Calogero models
it yields a separation of one more variable beyond the center of mass.
Thus, their analysis becomes only complicated starting with N=4.
For example, the angular part of the Ay_; rational Calogero model
corresponds to a 3N(N—1)-center Higgs oscillator on SV72. At
N=4 its force centers are located at the vertices of a cuboctahedron
[45]. For N=3 however, the angular part of any rational Calogero
model lives merely on a circle, and it is precisely one of the dihedral
systems considered in this Note.

Therefore, by adding a radial coordinate r € [0,00), we may
extend our one-dimensional system to a two-dimensional conformal
mechanics with dihedral symmetry (a rational 3-particle Calogero

model), defined by the SO(2,1) generators

k-1
+
(a

=0
D:pTT:pru IC:%Q_

3
=N
I~

(I) p?

r2, (4.58)

DO =

where a, run over the positive dihedral roots as before. This allows
us to extend the above-established equivalence of systems with dif-
ferent k-values to these two-dimensional systems. In particular, all

these Calogero models are locally equivalent to a free particle on the
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plane, which is in agreement with the “decoupling” transformation
of the quantum Calogero model to the free particle [42]. Further-
more, since for certain small values of £ the model is based on a Lie
algebra listed in (4.25), we can also assert the global equivalence of
the G5 model with couplings (a1, as) to the As model with coupling
o) = ] + Qo.

Since the radial motion is unbounded, the Hamiltonian (4.58)
does non admit a formulation in terms of action-angle variables.

This complication my be avoided by adding an oscillator potential,

2 k-l 2.2 2 7 2.2

p 1 wr®  pr I(I)  wor
= =T . 4.59
e 2 * (ag-r)? * 2 2 i 72 T 2 (4:59)

~
I

0
The confining potential allows for the application of the Liouville
theorem. Thus, in order to extend the action-angle variable formu-
lation to the latter system, we fix the level surface of the constants
of motion A and I and introduce the generating function in accor-

dance with the expression for the symplectic one-form Id® + p,dr,

S = f@—|—/ dr\/?h—%g)—wzrz = ]~<I>—|—/ dr\/Qh—@—uﬂr?,
To To
(4.60)

where h is the value of the Hamiltonian H. By the standard tech-
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nique, we identify the action variables as

_ ho kI
]ang =1 and Irad == % — 7 (461)

and find the canonically conjugated angle variables

kI

~ . h_T . h—w2r2
D ong = P+ED,pq—arcsin \/FQM and ®,,q = — arcsin \/ﬁ
(4.62)

Equation (4.61) gives us the Hamiltonian in terms of action vari-

ables,

T = w (2Lq + kluy). (4.63)

One sees that our confined system (4.59) is locally equivalent to a
two-dimensional anisotropic oscillator with frequencies w;,q = w and

kw. Since the frequency ratio is rational, the trajectories

N |—

Wang =
on the two-torus are closed.

Finally, we note that the general approach for the construction
of action-angle variables of Calogero models has been presented
in [44]. There, the action variables are associated with the Lax
constants of motion. On the other hand, due to its superintegra-
bility, the Calogero model enjoys an additional series of constants
of motion [43]. Our construction of action-angle variables is in fact

related to these additional constants of motion. In the Ay Calogero
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model, for instance, the angular Hamiltonian 7 is a function of the

Lax constants of motion as well as the Woijechowski one [45].



Chapter 5

Conclusion

1. We have developed the Lagrangian reduction procedure related
to the first and second Hopf maps. The reduced systems de-
scribe particle moving in the field of Dirac and Yang monopoles

respectively.

2. We have constructed an integrable anisotropic inharmonic Higgs

oscillator.

3. Applying the reduction procedure related tro Hopf maps to
anisotropic inharmonic Higgs oscillator we have constructed a
(pseudo)spherical generalization of (MICZ)Kepler system with
additional term describing an analogue of homogeneous electric
field. The coordinate systems in which the spatial coordinates

be separated was presented.

4. An n(n — 1)/2- center integrable Higgs oscillator was con-

96
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structed from the spherical part of n-particle Calogero model.
For n = 3 the force centers are located in the vertices of
hexagon and for n = 4- in the vertices of Archimedian solid

called cuboctahedron.

5. Action-angle variables were constructed for two dimensional
dihedral systems. It was shown, that choosing interaction pa-
rameters of Gy Calogero model being equal to the sum of inter-
action parameter of A3 one will establish complete correspon-

dence of that systems.
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