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1 Introduction

AdSy vacua of type IIA string theory are examples of flux vacua in which all moduli can
be stabilized at tree level, in a regime where the quantum corrections to the supergravity
approximation are parametrically small. As such they appear phenomenologically promis-
ing and can serve as a starting point for the construction, upon uplifting, of metastable
de Sitter vacua and models of inflation. Another strong motivation for the study of AdSy
vacua is related to the AdS,/CFTs duality and the recent progress in our understanding
of the world-volume theory of coincident M2 branes [1, 2]. It has been observed, however,
that at the moment there are many more three-dimensional superconformal field theories
than there are examples of AdSy supergravity vacua in M-theory or ITA supergravity.

All known examples to date of supersymmetric AdSy vacua of (massive) IIA fall in the
general class of rigid SU(3) solutions (an explanation of the terminology will follow shortly)
given in [3]. This class includes the celebrated Nilsson-Pope ' = 6 and N = 1 AdSy x CP3



vacua [4-6] as limiting cases,! the nearly-Kihler vacua of Behrndt-Cvetic [8], as well as the
vacua recently constructed by Tomasiello [9]. Finally, in [10], all previously known vacua,
as well as some new ones, were constructed using left-invariant SU(3) structures on groups
and cosets. On the other hand, the type IIB side has been almost entirely unexplored,
perhaps due to a no-go theorem which forbids IIB AdS, vacua with SU(3)-structure [11].
It is the purpose of this paper to go beyond the list of solutions in [10] and the analysis
of [11], and take a step towards the construction of more general type IT AdSy vacua.

Supersymmetric solutions of type Il supergravity of warped-product form: AdSy X,
Mg, where Mg is the internal six-dimensional manifold, can be described in terms of two
globally-defined internal spinors ¢ 2 specifying the spinor ansatz of the solution. These
two internal spinors must be of equal norm and proportional to the warp factor, as a
consequence of supersymmetry.? Hence, provided the warp factor is nowhere-vanishing,
both spinors must be nowhere-vanishing. Since with each of the two internal spinors we
can associate an SU(3) structure, we therefore have a global SU(3) x SU(3) structure on
Meg. In particular it follows that there is a reduction of the structure group of Mg to
SU(3) or a subgroup thereof.?

The different types of solutions can be classified according to the relative angle of the
two spinors. Here we follow the terminology of [14, 15], according to which we distinguish
the following subcases of SU(3) x SU(3) structure:

o strict SU(3) structure: 01 and 0y are parallel everywhere;
o static SU(2) structure: 01 and 0 are orthogonal everywhere;

o intermediate SU(2) structure: 61 and 6, are at a constant angle, which is neither zero
nor a right angle;

o dynamic SU(3) x SU(3) structure: the angle between #; and 6 varies, possibly be-
coming zero or a right angle at special loci.

It was shown in [16] that there can be no ITA AdS, x,, Mg vacua of static SU(2)
structure.* As already mentioned, there is an analogous no-go theorem in IIB forbidding
AdSy X, Mg vacua of strict SU(3) structure. To go beyond the static SU(2) and strict SU(3)
structure cases, we must search for vacua of either dynamic SU(3) x SU(3) or intermediate
SU(2) structure.

The supersymmetry equations of ten-dimensional type II supergravity for a generic
global SU(3) x SU(3)-structure ansatz can be elegantly formulated in the language of gen-
eralized geometry [17]. In searching for explicit examples of supersymmetric solutions,
however, a different approach may be more promising: This is based on the observation

!The fact that the Nilsson-Pope solutions belong to the class of [3] was first pointed out in [7].

®This was first observed in [3] in the special case of rigid SU(3) structure. In the general case of
SU(3) x SU(3) structure it was first shown in the appendix of [12].

3 Contrary to what is sometimes claimed in the literature, supersymmetry need not in general imply
the reduction of the structure group of the internal manifold. One example is compactifications of eleven-
dimensional supergravity to three-dimensional maximally-symmetric space [13].

4This no-go was subsequently generalized in [15] to include left-invariant intermediate SU(2) structure.
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Figure 1. The angle a(z) between the two internal spinors 012 is, in general, a function of the
position = € Mg.

that, assuming we do not have a rigid SU(3) structure, the two SU(3) structures corre-
sponding to each of the two internal spinors will generally interesect on a common SU(2)
subgroup. In other words, we can always define a preferred local SU(2) structure on Mg.
Furthermore, we can expand all fluxes in terms of irreducible SU(2) modules, upon which
the analysis of the supersymmetry conditions reduces to a set of algebraic equations for
the fluxes and the torsion classes of the local structure.

The direct approach described in the preceding paragraph leads in general to cumber-
some equations which cannot easily be solved, except of course in the case of rigid SU(3)
structure in ITA where several solutions are known by now. In order to make progress
we need to look for further simplifications. In the present paper we propose the following
rather natural ansatz: we demand that the representation-theoretic content of the solution
consist entirely of scalars with respect to the local SU(2) structure. In other words, in
the decomposition of the various fluxes and torsion classes with respect to the local SU(2)
structure, we set to zero all components which are not scalar. In the following we will refer
to this as the scalar ansatz.

Imposing the scalar ansatz leads to considerable simplification, which enables us to ex-

plicitly solve the supersymmetry equations. The final result can be divided into two parts:
(a) the part that constrains the fluxes, and (b) the part that specifies the local SU(2) struc-



ture of the internal manifold. Part (a) of the solution is given below in egs. (2.15), (2.16)
for ITA, and eqgs. (2.24), (2.25) for IIB. In both cases (2.17), (2.22) hold.

There is no obstruction to solving the equations specified in part (a): they simply
express some of the flux components in terms of a set of free parameters. Moreover, these
equations must be satisfied by all supersymmetric solutions, not only solutions obeying the
scalar ansatz. In other words, they are necessary conditions for a supersymmetric AdSy
vacuum; to our knowledge this is the first time they have been explicitly formulated.

Part (b) of the solution is given below in eq. (2.26), which is common to both ITA and
IIB. Contrary to part (a) of the solution which is unobstructed, not every six-dimensional
manifold will admit a local SU(2) structure obeying (2.26). Therefore, the reformulation
of the supersymmetry equations in the language of the present paper provides a clear
prescription for constructing new supersymmetric type II AdS, solutions: scan for six-
dimensional manifolds which admit a local SU(2) structure obeying eq. (2.26).

As is well-known, supersymmetry alone is not enough to guarantee that all equations
of motion are satisfied, although it goes a long way. Even in the presence of calibrated
(which in the present context can be taken to mean supersymmetric) sources, there is an
integrability theorem which guarantees that, provided the Bianchi identities are satisfied,”
all remaining equations of motion will be automatically satisfied [18]. In general the Bianchi
identities will indeed include source contributions, which may or may not admit satisfactory
physical interpretation. This analysis has to be performed in addition to the analysis of
the supersymmetry equations.

The remainder of the paper is organized as follows: section 2 introduces the scalar
ansatz and presents the general solution to the supersymmetry equations. Section 3 con-
tains examples of IIA solutions. In particular, section 3.1 contains examples of supersym-
metric ITA solutions with smeared sources. Unfortunately these do no seem to admit a sat-
isfactory physical interpretation. Section 3.2 contains a number of supergravity vacua of the
form AdSy; x Mg, where Mg can be any six-dimensional Einstein-Ké&hler manifold. These
solutions are shown to be non-supersymmetric, as they violate the necessary conditions of
section 2.1. They are anticipated already by Romans in [19], although their existence is
only mentioned very briefly in that reference (see the comment below eq. (28) of [19]).

Section 4 analyzes in detail the special case of supersymmetric AdSy solutions of static
SU(2) structure. This case is, in a sense, the analogue of the strict SU(3) case analyzed
in [3], however it had not been systematically analyzed before in the literature. The
complete solution to the supersymmetry equations, subject to the scalar ansatz, is given in
egs. (4.1)—(4.3) below. Section 4.1 contains two examples of solutions with smeared sources,
which have appeared before in the literature, while section 4.2 contains an example with
partially-localized sources, which to our knowledge is new.

The appendices A, B, C contain useful relations and many technical details of the re-
sults presented in the main text. Appendix D reviews the relation between six-dimensional
Einstein-Kahler and seven-dimensional Sasaki-Einstein manifolds.

®Here we adopt the terminology of the ‘democratic’ formalism in which the (generalized) Bianchi iden-
tities of the RR fields also include the equations of motion in the traditional sense.



Note added: several months after section 3.2 of the present paper was completed, we
received preprint [20] which has also independently arrived at the solutions presented in

that section.

2 Supersymmetry

In this section we introduce in detail the scalar ansatz referred to in the introduction,
and we present the solution, under this ansatz, to the supersymmetry equations for back-
grounds of the form AdSy x,, Mg. As a corollary we derive a set of necessary conditions
(egs. (2.15), (2.16) for ITA and eqgs. (2.24), (2.25) for IIB) which must hold for any super-
symmetric AdS, vacuum — not only for vacua obeying the scalar ansatz. To our knowledge
this is the first time these conditions explicitly appear in the literature.

We follow the conventions of [21], which the reader may consult for further details.
We perform a four-plus-six spacetime split, according to which the ten-dimensional metric

takes the warped-product form:
ds? = 4@ ds? + gppdz™da™ (2.1)

where expA is the warp factor, ds? is the line element of AdS; and g, is the internal-
manifold metric. The type IIA supersymmetry parameter is decomposed accordingly as:

6 =C(®0; +cc.; 1=1,2, (2.2)

where €12 are positive-, negative-chirality ten-dimensional Majorana spinors, and 6; 2
are positive-, negative-chirality six-dimensional complex spinors. ( is a four-dimensional
positive-chirality Killing spinor obeying:

1 * *
Vil = 3W " (2.3)

where |W| is the inverse radius of curvature of AdSy. Moreover we are using the democratic
formalism in which the RR fluxes take the form:

F* = woly NF+ F, (2.4)

so that the self-duality condition reads F = *¢0(F'), where ¢ is the Hodge-star on Mg
and o reverses the order of the indices.

With these ansétze, the supersymmetry equations for type ITA/IIB can be cast in the
form of a set of ‘algebraic’ equations:

1
0=gA6, — Ze%}% + e AWe;

1
0= JA0, — Ze%ﬂel +e AW

0= (@¢—2@A+%H>61+1

8€¢'YmF’Ym'Y792 — 27 AWo;

1 1
0= <é9¢ —20A — 5159) 0y — §e¢7mFTWm91 —2e~4Wes, (2.5)



together with a pair of ‘differential’ equations:

1 1

1 1
0= (vm - ZHm) o — §Q¢FT7m917 (26)
where 7 is the chirality matrix in six dimensions. Moreover 77607 = 6; in both IIA/IIB,
while y705 = —65 in IIA and 7605 = 05 in 1IB.

Local SU(2) structure. For the analysis of the supersymmetry it will be useful to work
with a local basis of orthogonal unimodular spinors 7; 2, with respect to which we can
parameterize:

bn; +c*ny  1IA

2.7
bnz+cm 1B 21)

bh=am; 0O2= {
We can take a,b € R, by making use of the freedom in the definition of the phase of
M ,2, while generally ¢ € C. This is the most general spinor ansatz, and is related to the
‘dielectric spinors’ of [14, 22, 23]. In the context of AdSs compactifications of ITA, the two
limiting cases b = 0, corresponding to rigid SU(3) structure, and ¢ = 0, corresponding to
static SU(2) structure, were considered in [3, 16] respectively. The most general spinor
ansatz (2.7) has not been analyzed before in this context,% although it is of course implicit
in the generalized-geometry formulation of [17].

The spinors 60 o define a (dynamic, in general) SU(3) x SU(3) structure, whereas the
spinors 7 2 define locally a static SU(2) structure. The particular parametrization of 6 o
in terms of 712 above is chosen to be valid a priori on open patches where 61 is non-
vanishing.” However, as already mentioned in the introduction, 01,2 are nowhere-vanishing
hence this requirement is automatically satisfied (see the discussion immediately below
eq. (2.22)).

Each of the two orthogonal spinors defines an SU(3) structure:

Jyg:% = i77r7mn77:
Q%%p = M YmnpTr » (2.8)

for r = 1,2. The local static SU(2) structure (J,w) is the ‘intersection’ of these two
SU(3) structures. It can be expressed in terms of (J, Q)| K), where K is a holomorphic
one-form given by

K = n2¥mm - (2.9)

See [24] for certain dynamic SU(3) x SU(3) ITA/IIB ansitze, which however do not seem to lead to
solutions.
"This can be seen by ‘inverting’ (2.7) to get

1 *
a=lb]; b= W\/|‘91|2|92|2 —101-0212; =



As can be seen from (2.7), the additional information contained in the one-form (b/a)K,,,
which e.g. in IIA is proportional to (85v,,61)/|61|?, can be thought of as parametrizing the

deviation of the spinor ansatz from the rigid-SU(3) case. Specifically:
J(l):%[(/\[(*+f; J(2):%K/\K*—j
O = wAK ; 0% =i AK, (2.10)

where viJ, tgw, tg=w = 0. Moreover we have:

Wmn = Z‘nlmenn; . (2'11)

To analyze the content of supersymmetry, we will make repeated use of a number of
additional identities satisfied by 71 2 and the various forms introduced above. These can

be found in [16], whose spinor notations and conventions we follow.®

Scalar ansatz. The scalar ansatz proposed in the present paper consists of the following
rather natural simplification: we demand that in the decomposition of the various fluxes
with respect to the local SU(2) structure all components which are not scalar be set to
Zero.

Imposing the scalar ansatz, i.e. keeping only the scalars in the tensor decompositions
given in appendix B, leads to considerable simplification upon which the various RR forms
read, in form-notation:

e’ Fy = fo
1 ~
“F =3 (f2w* +f3J+2z'f1K/\K*) +ee.

1 ~ = ; -
€¢F4:1—691J/\J+%<QQW*+g§w+293J)/\K/\K*

e?Fs = fuolg, (2.12)
for type IIA, while:
6¢F1 =g K +c.c.

1 o
e’ Fy = BV (flw* +f2w+2f3J> A K +c.c.

€¢F5 = g9 *x¢ K + c.c., (213)

for type IIB. In ITA the scalars f, fo13, 91,3 are real, while fs, go are complex. In IIB
all five scalars f123, gi1,2 are complex. Note that in both cases the decompositions are
parameterized by five complex scalar degrees of freedom. The expansion for the NSNS
three-form is the same in both ITA, IIB:

1 o
H=o (hlw* Y hyw + 2h3J> ANK + e, (2.14)

where the scalars hy 23 are complex.

8Unlike in [16], in the present paper we do not use superspace conventions for the forms.



2.1 ITA solution
Plugging the expressions for the form fields (2.12), (2.14) into the algebraic suspersymmetry

equations (2.5) above and projecting onto the singlet of the local SU(2) structure, we obtain
the following solution:

_ c _A
f=—3m(Zw)e
b
E92 = g3 — 6if3 —48iIm <£W€A——K.8A>
b a 0

P b
g1 =80 — Zg5 — 32Re <5WeA +2K. aA>
3 a a

1 4b
fi=—=f3—Im <£We_A - 2K 3A>
2 Qa a
. ) y
= st tgs+8iRe (SWe Ay PK-04) - 2K+ 94A
b 6 P a 2
a, _3 CoN A o (Co\ A (2.15)
“hy = S fy = 6lm (W) e~ — 12iRe (SW ) ¢
' 61 12ib
+6if0—%g3+%K*-6(3A—¢)—TZK*-OA
* . ) b
Sy =~ g5~ 18iRe (SW) e - AL ang + 2 Reg
a 4 a ab a
. ,
—i-GZTaReK-@(?)A—(ﬁ)—%K*.a(gA_(b)
2ic* 12¢*
h1=h§—£1mh3— ¢ ImK - 9(3A — ¢)

b
ImecK -0A =0,

where we have chosen the inverse AdS, radius W, the dilaton and warp factor ¢, A, and
the scalars fo, f3, g3 (see eq. (2.12)) as independent variables. Moreover we have defined
K -0 := K™0,, so that K - 9S = LS. (We use the same notation both for the one-
form K,,dz™ and the vector K™(0/0xz™) obtained by raising the covariant index with
the unique metric compatible with the SU(3) x SU(3) structure). The Romans mass is in
general nonzero and enters the above equations via fy := e?Fj.

The equations above must hold for any supersymmetric ITA AdS; vacuum — not only
for vacua obeying the scalar ansatz. To our knowledge, this is the first time they appear
explicitly in the literature. In addition to these equations one would in general have a num-
ber of non-scalar equations, i.e. those which are obtained by projecting the supersymmetry
equations onto irreducible representations which are not singlets under the local SU(2)
structure. In the present case, these will turn out to be equivalent to (2.16), (2.26) below,
as a consequence of the scalar ansatz.

In addition to the equations above, the fact that 7o are unimodular imposes the
constraints: 8(773771-) =0, for i = 1,2. There is one more constraint, 6(771[772) = 0, which is
a consequence of the orthogonality of 77 2. Using the differential equations (2.6), it can be



seen that these three constraints are equivalent to the following:
4 c* c*

bWe ZEReK-a log— +34A—¢
a

O:ImK'3<log%+3A—¢> (2.16)

1A
a = constant X e 27|

together with:
1 1
ds = §K* (K-@S)+§K(K*-8S) , (2.17)

where S(z) is any one of the scalars A, ¢, a, b, ¢, and x is the coordinate of Mg.
Before we proceed, let us make a couple of comments about egs. (2.16), (2.17). It
follows from the first two lines of (2.16) that:

ReK W = %efmﬂsd (62A7¢91 . 92) , (2.18)
where we have taken footnote 7 into account together with (2.17) and the last line of (2.16).
The no-go theorem of [16] then follows immediately from the above, since 67 L 6 implies
K # 0 and W = 0. The more general no-go of [15] also follows similarly. Moreover, as
was remarked in that reference, the way to circumvent the no-go would be to allow for
2420, - 05 to vary over the internal manifold.

To gain insight into the meaning of equation (2.17), note that, as explained in more
detail in [16], K can be used to define an almost product structure on Mg. Consequently,
the internal metric can locally be cast in the form:

4
ds§ =Y gij(z)da’ @ d2’ + K ® K™, (2.19)
ij=1

where
4 4
ReK = ®(z) (dx5 +) Ai(m)dxi> . ImK = U(z) (dmﬁ +)° Bi(x)dﬂ) . (2.20)
i=1 1=1

Since g;;, ®, ¥, A;, B; depend in general on all coordinates of Mg, it follows that (2.19) is
not in general a fibration. Condition (2.17) can then locally be rewritten as:

0
ozt

S=0; i=1,...,4. (2.21)

Finally, in order to allow for AdS; solutions, W = 0, it turns out that a, b, ¢ must
satisfy the following relation:
a? =b+|c)? . (2.22)

Equivalently, the measures of the two spinors ¢; 2 must be equal:

1011 = |62 . (2.23)



As already mentioned in the introduction, it follows from (2.22), or equivalently (2.23),
and the last equation in (2.16) that 6; » must be nowhere-vanishing. We therefore have a
globally well-defined SU(3) x SU(3) structure on M.

It is straightforward to verify that the results of [16] are recovered in the ¢ — 0 limit,
which corresponds to the static SU(2) case. The limit b — 0, which corresponds to the
strict SU(3) case [3], can also be taken but is slightly more subtle, as in this limit the
irreducible representations which appear in the tensor decompositions of the various fields,
have to be taken with respect to the SU(3) structure.

2.2 IIB solution

Proceeding similarly to the ITA case, taking eqs. (2.13), (2.14) into account, the algebraic
supersymmetry equations (2.5) can be solved to give:

2 b
f1—122{ (g1 +ig2) + + Cppres <_a__> K*.(?A}
a b a
b
fo =12 {——W* 42K 6A}
1 b
3—122{— g1 +ige) + —W'e™ EK*-@A}
2 a a
a ) A Co (2.24)
—12id (2 -2 - K*.0(24 -
hy Z{(b 2a> —ig2) = W7e™ "+ K7 O ¢)}
hoy = 122{i —ig9) W*e_A}
2a
c . B
h3:61{—5(91—292)+K 2 (24 ¢)}

Rec=0.

Note that the solution leaves the complex scalars g;, go unconstrained. Moreover, the
constraints 8(n;r n;) = 0 imply:

9
pWe A = 5K-8<¢—4A log 4 |> + 2
3 3 (2.25)
14
a = constant X e 27 .
The equations above must hold for any supersymmetric IIB AdS; vacuum — not only

for vacua obeying the scalar ansatz. To our knowledge, this is the first time they appear
explicitly in the literature. In addition, eqs. (2.17), (2.22) hold in the present case as well.

2.3 Local SU(2) structure

The local SU(2) structure of the internal manifold, encoded in the action of the exterior
differential on (K, J,w), can be read off using the differential supersymmetry equations (2.6)
as explained in appendix C. More specifically, for both ITA and IIB we can give the following

,10,



compact expressions:

dK —K* N K {%(K*)l - %(K)’{ (KK, + (KK);}
+w{=4@)a} +w {20} + T{=2()s - 4(wh }
dJ =K Aw {—Q(K*K)’{ - i(f){} b K AW {—2KK); — 2i(w)i)
+ KA f{Qz‘(w)’{ - z’(f);} tee. (2.26)

dw =K N J{A(KK)1 + 4i(w)3} + K* A j{4(K*K)1 - 2¢(J)1}

+KAW{1(K)1 -

. (K = (KK} + (KEK)s - 203

1
2

#80hw{ G - 0] + (K K): - (KK - i |

which can be derived from (C.7), (C.8), (C.9) with the use of (C.17). All coefficients on
the right-hand sides above are known and are explicitly given in egs. (C.3)—(C.6). Since
the geometry is determined by the local SU(2) structure, eq. (2.26) fixes the geometry in
terms of the flux parameters.

Note that the local SU(2) structure can also be specified either by the triplet (K, J),
QW) or, equivalently, (K,J® Q®). In the former case (2.26) would have to be replaced
by the epression for dK (the first of the equations above) together with the expression for
the torsion classes, given in (C.19), for the SU(3) structure corresponding to (JM, QM).
As already remarked below (2.9), the additional information contained in the one-form
(b/a)K can be thought of as parametrizing the deviation of the spinor ansatz from the
rigid-SU(3) case.

In summary: for a supersymmetric background of the form AdSy x Mg, the internal
manifold Mg is specified by a local SU(2) structure (K, J,w) obeying (2.26); the fluzes are
given by (2.15), (2.16) in IIA, and by (2.24), (2.25) in IIB; in both cases (2.17), (2.22)
hold.

3 ITA examples

The reformulation of the supersymmetry equations in the present language readily sug-
gests a strategy for a systematic search for solutions: Given an SU(3)-structure manifold
Mg choose a family of triplets (K?*, j)‘,w)‘) on it, where A\ parameterizes the family; im-
pose egs. (2.26) in order to restrict A; if a solution exists on Mg, read off the fluxes
using (2.15), (2.16). The following examples will illustrate this method for type ITA. In the
next section we will consider the case of static SU(2) structure in IIB.

3.1 Examples with smeared sources

The following is a simple solution of the supersymmetry equations. Let us demand that dw
should not contain any K AJ, K* A J terms. This can be seen from (2.26) to automatically

— 11 —



imply that dJ contains only K A J. , K* A J terms. In addition, we demand that dK be
proportional to K* A K. We will also assume that Imc # 0. As we can see from (2.15),
this implies K - 0A = 0. Taking the constraints (2.16) into account, the aforementioned
conditions imply:

4b% + 5|¢|? 2ic*
f0=7HC; fi=0; fo=—C; f3=0
2ab a
12a% 4 4> 36¢* 36|
g =——"0; 92 = ¢ 93 = i
ab a ab
12:
hy=0: hQ:—%C; hs = 6iC
Im(cW) =0 ; ImK -9¢ =0 ; ReK -0¢ = C ; a, b, ¢, A= constant,
(3.1)
where we have introduced the real constant C' := —(2b/c*)e”AW. It readily follows from
the above that we have an intermediate SU(2) structure.
In form notation the fluxes read:
H—%(i W) K+
=35 T c.c.
4b? + 5|cf? '
e?Fy = +7|C|C ; e?Fy = ot e
2ab 4a
362 +0% _~ ~ 3i [|]® =~
OFy = "——"— — | — ¥ KNK™. 2
e?Fy 130 C'J/\J—|—4a<bCJ+Re(cC'w) A (3.2)
Furthermore, we can compute the local structure from (2.26):
dReK =0; d(e’ImK) =0
d(e_¢w) =0; d(e_¢j) =0. (3.3)

The above relations imply that K can be written as K = dy + ie~?dx for some local
coordinates ¢, x. It then follows from (3.1) that the dilaton is given by

¢ = Clp— o), (3.4)

for some constant ¢g. Moreover, as can be seen from (C.10), the two-forms (e_%}), (e_¢j)
define a four-dimensional Calabi-Yau manifold, i.e. a K3 surface. The metric of the six-
dimensional internal manifold can therefore be written as:

ds? = e®ds? 5 + dp? + e 2%dy?, (3.5)

where ds%(3 is the mertic of the K3 surface. Note that ¢, y parameterize a two-dimensional
hyperbolic space Hs.

Although the supersymmetry equations can be solved in the way described above,
it is not difficult to see that the sourceless Bianchi identities cannot be satisfied for all
form fields. In particular, negative-tension (non-localized) sources must be added, which is
physically unsatisfactory. Although we will not list the details here, similar solutions of the
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supersymmetry equations (but not of the sourceless Bianchi identities) can be achieved by
taking the internal manifold to be a nilmanifold. It is possible that performing a systematic
scan of the nilmanifolds, something which we have not done, would yield supersymmetric
solutions which also satisfy the sourceless Bianchi identities.

Constant warp factor, dilaton. In the case of constant dilaton and warp factor, a
simple way to solve (2.16), (2.22) is by making the following ansatz:

1)

b=acosp; c=ae”sing; W=|Wl|e®, ¢, A, a, § =constant, (3.6)

where we have parameterized:
A

e
ReK = ——
T oW

dp+ A, (3.7)
for some co-ordinate ¢ and a one-form A such that t5/5,.A = 0. In order to see that (3.6)
is indeed a solution of (2.16), (2.22), note that (3.7) implies ReK - 9 = 2|W |e=40/dyp.

3.2 Examples without sources

We will now consider a certain class of IIA compactifications of the form AdS; x Mg,
where Mg can be any Einstein-Kéhler manifold. We will allow for non-zero Romans mass,
therefore these compactifications do not, in general, admit an eleven-dimensional lift. These
solutions were anticipated by Romans in [19] (see also [25]), although their existence was
only mentioned very briefly in that reference (cf. the comment below eq. (28) of [19]).

For non-vanishing Romans mass these solutions will be shown, at the end of the present
section, to be non-supersymmetric, as they do not obey the necessary supersymmetry
conditions of section 2.1. On the other hand, for vanishing Romans mass we have an en-
hancement of supersymmetry, and the solutions fall within the class of the supersymmetric
solutions of [3]. Using the known results, summarized in section D, relating six-dimensional
Einstein-Kéhler manifolds to seven-dimensional Sasaki-Einstein manifolds, for vanishing
Romans mass these solutions lift to the well-known supersymmetric M-theory solutions of
Freund-Rubin type of the form AdS; x M7, where M7 is Sasaki-Einstein.

We take the ten-dimensional metric to be of the form:

ds? = ds*(AdSy) + ds*( M) , (3.8)

i.e. a direct (not warped) product AdSy x Mg. Moreover, we take the NSNS three-form to
vanish, H = 0, and the dilaton to be constant. The RR fields are given by:

1 1
Fy=o; Fy=pJ; Fi=5y)% Fo=col?, (3.9)

where J is the Kéhler form on Mg, and «,...,d € R. After imposing the self-duality
condition, see below eq. (2.4), the RR fluxes can be written more conventionally as:

1
FgOt =qo; F°=pJ; Fi°'= 5%]2 + dwoly . (3.10)
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The following calculations are very similar to section 11.4 of [21], so here we will simply
state the results.

The NSNS Bianchi identity, dH = 0, is trivially satisfied for this ansatz. Similarly, the
generalized Bianchi identities for the RR fields, dgy F' = 0, (which in the conventional type
IT supergravity formulation correspond to both the Bianchi identities and the equations of
motion) are also automatically satisfied by virtue of the closure of the Kéhler form, dJ = 0.
It remains to examine the NS-sector equations of motion. The H-field equation of motion

reduces to
af+20y+~v=0. (3.11)
The dilaton equation reads:
5
W]? - qw? =0, (3.12)
where W € C, w € R are related to the curvature of AdSy, Mg via
2 5 o
R,uz/ = _3g,ul/|W| s Ry = ZW 9mn » (3-13)

respectively. Finally, the external and internal Einstein equations read:
w2 - %(oﬂ +362 +3724+6%) =0 (3.14)
and
5wl +a?4+ 2 —-4%2-5%2=0, (3.15)

respectively.
The full set of supergravity equations of motion above can be seen to admit three
infinite classes of solutions. In each of these three classes, the constants |W|, w can be

solved for in terms of the real parameters «, ..., using (3.12), (3.14). Moreover we have:
First solution:
f=y=0; &==4V5a. (3.16)
Second solution:
7 1 17
a=+——5: —+—_ 3. 6=--3. 3.17
5v/5 ? ! x/BB 57 47

Third solution: 3% > 37 and

—20° £ /(82— 3v?) (952 +597)
32 — 572 ’

The Nilsson-Pope ‘Hopf-fibration” solution [4] is a subset of the third solution above,

62 =502 4+96%+ 342 . (3.18)

o=

and is obtained upon setting the Romans mass to zero, « = 0. In this case we obtain:
Hopf-fibration solution:
a=v=0; 6==£30. (3.19)

Comparing with (3.10) we see that this solution corresponds to a Freund-Rubin ansatz,
F{°% oc voly, with F{°* = 0 and F§°' o J.
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Supersymmetry. Let us now consider the supersymmetry of the solutions above. Im-
posing H = 0 in addition to egs. (2.15) implies:

e?Fy = —Re (§W> e gp= —TWe*A . (3.20)
Since ¢, A, Fy are constant, it follows from the above that c¢/a is constant. If b # 0, the
first equation in (2.16) then implies that W = 0 and consequently AdSs decompactifies to
flat Minkowski space. If on the other hand b = 0, the situation reduces to the rigid SU(3)
case, as follows from eq. (3.5). The solution then falls within the class of supersymmetric
AdSy solutions of [3], from which it follows that supersymmetry enforces Fy = 0.

In summary: for nonzero Romans mass, the solutions presented in this section are not
supersymmetric, as they violate the necessary conditions of section 2.1. For vanishing
Romans mass there is an enhancement of supersymmetry, and these solutions fall within
the class of the supersymmetric solutions of [3].

4 Static SU(2) structure in IIB

It has been known for some time that static SU(2)-structure compactifications to AdSy
are not allowed in ITA [16]. There is a IIB counterpart of this no-go, forbidding strict
SU(3)-structure compactifications to AdSs in IIB [11]. However, static SU(2)-structure
compactifications to AdSy are allowed in IIB. In this case we have a = b, ¢ = 0, cf.
eq. (2.7), and egs. (2.24), (2.25) simplify considerably to:

f1=fo=+12iK* - 0A
f3 = 6i(g1 +igo) £ 12iW*e™4

4.1
hy = hy = +6i(gy — igo) — 12iW*e™4 (1)
hg = 6iK™* -0 (2A — ¢)
and Ny
g2 = iEZW*e_A ; a==+b=constant x e %A, (4.2)

respectively. The SU(2) structure, which can be read off off (2.26), (C.5), (C.6), can be

put in the form:

dK(] = —2WIH1(U0
dJy = FgoKo A Rewp + c.c. (4.3)
dwy = £go Koy A jo + c.c.,

where we have set:

~ ~ 1 )
Ky := SAPK ; Jo = A2 ; wp = A% ; go = —e?734 <91 F §W*€A> .
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Consistency requires that d? should annihilate Ky, jo, wp, which is guaranteed provided
go is ‘holomorphic’ (cf. the discussion around eq. (2.19)):

1 *
dgo = 5K (K™ - 9go) . (4.5)
A special solution of the above is gy = constant.

Constant warp factor, dilaton. A further simplification to eqgs. (4.1)—(4.3) would be
to assume constant dilaton and warp factor. Setting ¢ = A = 0 and demanding that g; be
holomorphic, i.e. that it should satisfy the analogue of (4.5), it is now straightforward to
examine the Bianchi identities and equations of motion for all the form fields. Imposing
dH = 0 (i.e. demanding the absence of NS5 brane sources) implies:

1 )
Re(an 1) = 5 (I + S0 ) (1.6)

as follows from (2.14), (4.3). Moreover we find a source (D7 branes/O7 planes) for the
Bianchi identity of Fi:

4 5
dFy = ~3 <]91]2 + Z\WP) Imw . (4.7)

The source above corresponds to net orientifold charge. Note that demanding the absence
of D7/07 sets the cosmological constant to zero.

In addition there is a potential source (D5 branes/O5 planes), which vanishes for
special values of g1, for the Bianchi identity of Fj:

5
dF3+H/\F1:i<|gl|2—Z|W|2> Rew A K AK* . (4.8)

There is a net orientifold charge for |gi| > v/5/2|W/|. All other Bianchi’s and equations
of motion for the form-fields are automatically satisfied. It is then guaranteed by the
integrability theorem of [18], which generalizes the theorems of [3, 26] to include calibrated
sources, that all remaining equations of motion are automatically satisfied.

4.1 Examples with smeared sources

In the following we will discuss two examples of supersymmetric IIB AdS; compactifications
solving eqgs. (4.1)—(4.3). Both of these examples, which have been mentioned before in the
literature, contain sources smeared in the internal space.

Nilmanifold 5.1. This example, where we take the internal six-dimentional manifold
to be the nilmanifold 5.1, was first mentioned in [27] and further examined in [15]. The

nilmanifold 5.1 can be defined by specifying a coframe ¢’, i = 1,...,6, such that:
de! =0, i=1,...,5; deb = el? + 34, (4.9)

where e := ¢! Ael. Let us set A, ¢ = 0 for simplicity. Moreover, assuming a = +b, let us
take

g1 = §W*, (4.10)
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so that gy = 0, by virtue of (4.4). Eqgs. (4.3) are then satisfied, provided we identify:

K = —2We° + ie®
J— 13 _ 24
w = (ie* + ) A (iet + €?) . (4.11)

This solution contains (smeared) O5/07 sources, as can be seen by computing the right-
hand-sides of egs. (4.7), (4.8) above taking (4.10) into account.

T11xS!. In this example, which was first mentioned in [10], we take the internal six-
dimentional manifold to be the product TH!' x S'. The total six-dimensional manifold
admits a coset structure, decribed in section 4.6 of ref. [10], to which the reader is referred
for further details.” As in the previous case, we can describe the internal manifold by
specifying a coframe e?, i = 1,...,6. The action of the exterior differential on the coframe
is determined by the structure constants of the coset. As before, let us set A, ¢ = 0.
Eqs. (4.3) are then satisfied, provided we identify:

K =2We? + ieb
J= et B
w =

—i(iet + et) A (ie? — €P) . (4.12)

In addition we must take go = —1/2W € R, so that:

1 5
=——+-W. 4.13
g1 w3 (4.13)
As in the previous example, this solution contains (smeared) O5/07 sources. It also gener-
ally contains (smeared) NS5-brane sources, which vanish for the special value: W = +1/v/2,

as can be seen from (4.6), (4.13).

4.2 Examples with partially localized sources

Taking the limit to four-dimensional Minkowski space (W — 0), we will now discuss a class
of supersymmetric IIB warped compactifications solving egs. (4.1), (4.3). These examples
contain spacetime-filling NS5 and/or D5 branes partially localized in the internal space.

Let us take g1 = g2 = 0, so that W = 0, in which case the external space becomes
RY3. Tt follows from (4.3) that the two-forms (62‘4*%}), (eQA*‘bj ) are closed, and therefore
define a four-dimensional Calabi-Yau manifold, i.e. a K3 surface. It also follows from (4.3)
that the one-form (e3A*¢K ) is closed. We can therefore take it to be equal to Dz := dz+ A,
where A is a flat connection on K3, and z is a complex coordinate of a T72.

The metric of the six-dimensional internal manifold can therefore be written as:

ds2 = 20764 Dz|? + ¥ 2Ads%, (4.14)

9The present case corresponds to the b = 0 embedding described in eqs. (4.36,4.37) of ref. [10].
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where ds%3 is the metric of the K3 surface. Moreover, the non-zero fluxes can be read off

off (2.13), (2.14):

Fs = ~3%, (e*QA) Rewg A Dz + c.c.
z
S N (4.15)
H = ~3%5, (ed’*m) JoANDz+c.c. .
z

As is now straightforward to compute, there will, in general, be source-terms in the Bianchi
identities for the above form-fields, signalling the presence of NS5 and /or D5 branes. Indeed
we find:

L 92
dF3 = i 0 (67214) Rewy A Dz A (Dz)" + c.c.
i 0 = '
H= ¢=24 Dz A (D2)" +cec. .
d 5 528" <e )Jo/\ z N\ (Dz)" +c.c

24 924 4 be harmonic on T? ensures that the source-terms on

Taking the functions e
the right-hand sides above are localized on T2.

To complete the discussion of these solutions, one can also show that all remaining
Bianchi identities and equations of motion for the form fields are satisfied for the system
of fluxes given in (4.15). As already remarked, the integrability theorem of [18] then

guarantees that all remaining equations of motion will be automatically satisfied.

5 Conclusions

The scalar ansatz introduced in the present paper allowed us to explicitly solve the super-
symmetry equations of type II supergravity. The ‘algebraic part’ of the solution is given
by egs. (2.15), (2.16) for ITA, and eqgs. (2.24), (2.25) for IIB. Moreover, these are necessary
conditions which every supersymmetric AdSy solution should obey — not only the solu-
tions satisfying the scalar ansatz. In addition, egs. (2.17), (2.22) must be imposed in both
cases.

As already pointed out in the introduction, the algebraic part of the solution is unob-
structed, as it simply expresses certain flux components in terms of a set of free parameters.
The ‘differential part’ of the solution is given in eq. (2.26), and specifies the local SU(2)
structure of the internal manifold. The main message of the present paper is therefore that:
in order to construct new supersymmetric AdSy compactifications of type Il supergravity,
it suffices to find siz-dimensional manifolds which admit a local SU(2) structure obeying
eq. (2.26). A natural direction for further study would be to systematically scan different
classes of manifolds for that purpose.

Solutions of the supersymmetry equations will in general contain sources. The source
content of a solution is revealed by studying the Bianchi identities of the form fields. As
we have seen in the examples presented here, the sources present in a solution may or may
not admit a satisfactory physical interpretation. At least one need not worry about the
remaining equations of motion: thanks to the integrability theorem of [18], we know that
these will be automatically satisfied.
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The case of AdSy compactifications of IIB on manifolds of static SU(2) structure is,
in some sense, the analogue of the well-known strict-SU(3) case in IIA. Nevertheless, it
had not been systematically studied before. In section 4 we examined this case in detail.
In particular, eqs. (4.1), (4.2) are necessary conditions that every supersymmetric AdSy
solution of static SU(2) structure should obey. The examples of solutions presented in
section 4.1, had already appeared in the literature in [10, 27], whereas to our knowledge
the example of section 4.2 is new. The latter is obtained in the limit of four-dimensional
Minkowski space, and contains partially localized NS5- and D5-branes. It is perhaps worth
noting that this example does not fall into the GKP class [29].

The nonsupersymmetric solutions presented in section 3.2 were anticipated by Romans
already in [19], although they only received a brief mention in that reference. As we have
seen, these solutions naturally fall into three disctinct classes, eqgs. (3.16)—(3.18), the last of
which can be thought of as a deformation of the Nilsson-Pope solution. The C'F'T5 dual of
the latter class was recently considered in [20]. It would be interesting to examine whether
a C'F'T5 dual can also be constructed for the other two classes.

A Useful relations

In this section we list the following relations which are useful in deriving the supersymmetry
conditions of section 2.1. For a more complete list the reader may consult [16].

Hny = —§h2771 - gh?,Km’Ym?h
7 7
Huy = gham — chi K™y (A1)
{ * Tk 1 * T * . . ok Tk *
H,m = E(h?’Km + 3K )m + E(?hQJmn — h3wmn — ih1 K K — ths K K )Y )

i * 7% 1 * 7 * . 7k 7% *
Hm772 = 6(h2Km —|— thm)Ul + E(_thjmn - hlwmn + Zh,?,KmKn + Zh3KmKn)’}/nT]1

(A.2)
and
S 1 i1 .
e?Fyy = {fo —gN T % +i (f + f1+ §f3> } n + <_1f2 + ﬁéh) Ky
i1 1 1 1 , 1
e?Fp = <§f2 - E9§> m- 3 {fo — g4 + 598t (f + f1i— §f3> } Kpy™ni
(A.3)

e? Frymn; = <—§f2* + EQQ) Kom
i N~ 1/ . i, 1 1 . .
+ fl—f+§91+1f0 Jmn+§ 1f+2f1—§f3—§91+ﬁgg+f0 K, Ky p 'y
N U T DI .
e’ Frymn, = Zf+2f1+§f3—§gl—ﬁg3+fo K;,m

1 i , i 1 . .
+5 {(ﬁ - f+ gt zfo> Winn + <—§f2 - EQQ> KmKn} Y0t (A4)
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for type IIA, while:
e F771:—§ oM + 91—292+6f3 Ko7"m
e?Fny = —2 <91 —igs — gf:),) Mt g EmYm (A.5)
e? Py = 2 <91 + iga + 6f3> Ky + {(92 — 197 )Wmn — EfleKn} v

i * -\ T . i *
e? Py = gfszm — {2(92 — g1 ) Jmn + <g1 +igs — éf?,) KmKn} ¥Y'ni,  (A.6)

for type IIB.
The relations above can be put in a slightly different form, which is sometimes more
convenient, by making use of the identites:

i .
ImM = _§wmn7n772 + Kmn2

= —ijmn*y"m + K1 (A.7)

and

7: * *
YmT2 = —§wmn7"m — Ky

= ijm,ﬁ"m — Ky, (A.8)

which follow from the formule of [16]. Taking the above into account we rewrite (A.1), (A.2)
equivalently as:

Hi = < (=hani + han)

Wl =

Hip = & (i + hing) (A.9)
and
Hym = é (h3Kmm + b1 Kmna — B5ymmy 4 h3ymmn3)
Hpnp = é (he K — haKmn2 + h3ymni + hivmmns) (A.10)

and similarly for (A.3)—(A.6).

B Tensor decompositions

For the tensor decompositions of the various fields with respect to the local SU(2) structure

we follow closely [16], to which the reader is referred for further details. In the case of the

scalar ansatz the various formula simplify considerably, and are listed in egs. (2.12)—(2.14).
In terms of the local SU(2) structure, the form fields decompose in general as follows.
Two-form

6¢an - fmn + f[mKn} + fﬁnK:;} + ZflK[mK;] ) (B'l)
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with
K'fim=K'f=K"fi=0, (B.2)
where f; is real. We further decompose

~ 1 1, .. 1=
fmn = fon + gwman + _wman + ZJmnf?” (B-3)

where fmn is (1,1) and traceless with respect to jmn, i.e. it transforms in the 3 of SU(2).

The scalar fy is complex whereas f3 is real. Moreover,

1 1

fm - __Wmi]?li - ZW

kif B.4
4 mf2, ( )

where (IT7 )" fin = ()™ fon = 0. ic. fi; transforms in the 2 of SU(2) whereas fo;
transforms in the 2.

Three-form
Hinp = hinnp + P Kp) + hfmnK;] + ih[mKnK;] , (B.5)
with
K'himn = K'hip = K*hjp, = K'h; =0, (B.6)

where h,,, is real and h,,,, is complex. We further decompose

where (IT7),, "1, = 0. Moreover

~ 1 1 1~
hmn = hmn + gwmnhl + _W:nnhQ + ZJmnhBa (BS)

where Emn is complex and (1,1) and traceless with respect to wy,,. The scalars hj o3 are
complex. Finally,

1 i 7 1 * 17 *
hm = —Zwmzh% - Zwmlhzm (B.9)
where (IT7),"hon = 0.
Four-form
€¢anpq = 9mnpq t+ g[mnqu] + gfmnpK;} + ig[mnKpK:;] 5 (B.lO)
with

where gimnpg, gmn are real and gy,p, is complex. We further decompose

3
Imnpg = gw[mnwpq]gly (B12)
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where the scalar g; is real. Moreover
* i~ 3 * 1~
Imnp = _3_2w[mnwp]lgli - 3_2w[mnwp}292i7 (B13)
where (I17),," g1, = (IT7),," g2, = 0. Finally,

1~

- 1 1
Imn = Gmn + SWmng2 + _w:nngz + = JImn9g3 (B14)

8 8 4
where g, is real and it is traceless with respect to wy,,. The scalar go is complex whereas
gs is real.

Siz-form

equ?mnpqrs = fgmnpqrs . (B15)

For the tensor decompositions in IIB one proceeds in an analogous fashion.

C Local SU(2) structure

This appendix contains details of the derivation of egs. (2.26). Moreover, at the end of the
section we give the torsion classes of the SU(3) structure specified by (J1, QM). A similar
computation could be used to derive the torsion classes of the SU(3) structure specified by
(J® Q).

Plugging the tensor decompositions (2.12)—(2.14) into the differential equations (2.6),
taking the formulee in appendix A into account, we obtain:

Vi = — Omloga m
FA{EKm(K)1 + K5, (K*)1}m

{ T (D1 + @)1 + KK (K EO1 + KnKu(KKD i (C.1)
and
C a
Vonh2 :56m log - M — Om1og b 19
+{Km(K)2 + K7, (K" )2} m
+ {jmn(j)Z + wmn(w)Q + K:nKn(K*K)Z + KmKn(KK)Z} ’Ynnf 9 (Cz)
where
7
K)ii=——h
(K 24"
7 b 7 1 1 c* 7 1
K* . _ 3 . . . s _ _ _ _ * _ *
(K" 24h3+ Y <2f+1f1 + 2fs S91 1593 +f0> + ( 2f2 + 1292)
-~ 1 c* )
(Jh o 2+8a (fl f+2f0+891>
(@h o= h+ g0 (=S +ifot
VIR T 46 ! toT g
7 b 7 1 c* 7 1 1
KKy =+ — (— Lo+ — if+ifi — = fs— =g1 + —
(KK o=+ gghi + g0 (32 gpm ) + gan (1415 = 5= g+ 1o+ )
)
KK){ :=—h .
(KK)1 ! (C.3)
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7 ic

K)o = —hy + =
(K)a = gpha + 125
" T, ic o, 1 1
(K%)g = ﬂ]h"‘@hs Y <Zf+lf1+ f3— g9~ 1293+f0>

!C!z ] a (i, 1,
8ab fz 30 f2+ 592
~ c 1

2 -
(J)22=@h§—ﬁh* || (fl f+if0+%91>——<f fi+ifo+ 91>

(@ =~ ght = 55515~ oz (£ = £+ 0+ g
(K*K)3 := éh:’;— %hz 8ca < —fo+ 214 >— 1‘;‘; (if+if1— zfs— égﬁ- %93%- fo)
+ 1—6b <1f+1f1 - —f3 + 51;91 - %93 - fo>
(KK)g = — QZ:bhl + zh:s (C.4)

for type IIA. Similarly for IIB we have:

7 ib c 7
K= ——hy— 2y & igo + -
(K 518 = 51512 4a<g1+292+6f3>
7
(K" 5173
2 1 * b * . %
() _—ﬁh2+£(92—191)
1 * C * . %
(W) = Y 8—a(92 —igy)
(KK)y =ty 4 2 (g tige— Lps) + 25 p (C.5)
1 481 Sa g1 g2 63 48@1 .
and
i ic ic ? +a? i(c? — a?)
K)y:= - e T go) + 2C 1)
(K)2:= 5gha b ophs + 5o o+ =01 +ige) + == s
7 e
K* - * _h*
(K7)2:= o7hi+ Tophs
Fa C 1 * C /o« - %
(J)2 = mhz - ﬁhs 4a(92 igy)
1., c ., A+ad,
(w)2 12_@%‘% 3+ Sab (95 —i97)
7 e
K*K)g = —ht — 2 ps
( J2 = gghs 24bh2
(KK)s := Zch_|_ h _ ¢ +4 —if —Mf (C.6)
2T o™ gg \ I T2 T Gls A8ab - '
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It is now straightforward to read off the action of the exterior differential on the local
structure. Plugging egs. (C.1), (C.2) into the definitions (2.8), (2.9), (2.11), taking (2.10)
into account, we find:

dK —K* A K {(K*)1 ~ KKy — %K - alog(ab)}

Fw{-4w)) + o {2(?)1} + J{-z(i)z - 4(w)1} . (C.7)
dJ =K Aw {—2([(*[()’{ - z’(f)’{} F K AW {—2(KK)p — 2i(w)3)

+ KA T{(K)+ (K + 2iw); —i(T); — K* - 9loga} +cc. (C.8)
dw =K A j{Z(KKh + (K*)5 + 4i(w)5 — ;—ZK* . 8log%}

+ K* A f{2(K*K)1 + (K)3 —2i(J)1 — %K - dlog %}

+KAw {(K)1 — AK*K)5 — 2i(J)5 — %K : alog(ab)}

+ K Aw {(K*)1 KK, — 4i(w)y — %K : 8log(ab)} . (C.9)

The content of the three equations above is exactly equivalent to the content of the spinorial
equations (C.1), (C.2). Moreover we have:

a1 =K pw{ =2 )] = 2i(T)1} + K AW {-2(KK) }

+ KA J{(K)1 4+ (K*)f +4i(w)f — K* - 8loga} + c.c . (C.10)
AW =K* A K A f{—4z’(K*K)1 - 2(5)1}
+ K AQW [2(K); — 4i(w), — K -9loga) + J A j{—4z’(j)1} . (C.11)
@ _ SRk 9log & R i) — K 9los &
dJ K/\w{(K)Q K Bloga}—i—K/\w {(K )3 +4i(w); — 5 K* - Olog a}
T KA j{z(KK)2 AR K)S + 2i(D)5 + K* - 9log b} Yec. (C.12)
d0@ =K* A K A j{%(K*)g +d(w)g — %K -dlog 2}

FEAK AW {—4@'(K*K)2 —9(J)s —iK - 9log b} FTAJT{=8i(w)e)} . (C.13)

It is also useful to define:

anp = 12YmnpT (014)
so that:

Q=iJAK . (C.15)
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We find:
40 —K* A K A f{z’(K*)l C (K K ) + 2(w)1 — (J)e — %K - alog(ab)}
+ K A QW) {(K*)2 — 2i(w)s — zibK - dlog g}
+ T A j{—4z’(w)1 - Qi(j)z} +K*AK AW {—22‘([(*[()1 - (j)l} . (C.16)

One can perform several consistency checks of these expressions. For example, dQW can be
computed in two different ways: either directly by plugging eq. (C.1) into definition (2.8),
or by plugging the expressions for dw, dK above into dQ) = —idw A K — iw A dK, which
follows from eq. (2.10). In order to perform these consistency checks, it is useful to take
the following equations into account:

(K)1 + (K*)] = K*-0loga
(K*K)2 + (KK)j :——K Ologb
(K*)o —2(KK)] :—K 8log—
(K)> —2K°K) = =K 0log ©
2
dlog%——f?dl Z (C.17)

The first four equations above can be shown to be equivalent to EK(n;rnj) = L~ (77;‘[77]') =0,
fori,5 = 1,2, once (C.1), (C.2) are taken into account. The last relation follows from (2.22).
Alternatively, egs. (C.17) can be derived directly from the solution (2.15), (2.22) and the
constraints (2.16) in ITA, and similarly in IIB.

Torsion classes. As discussed in some detail in section 2, each of the two spinors 61 2 can
be used to define an SU(3) structure on Mg. On the other hand, for an SU(3)-structure
manifold, the torsion classes are defined via:

dJ:%(Wlﬁ*—WfQ)+W3+W4/\J
AQ=WIJNT+Wa AT +WEANQ. (C.18)

In particular, the torsion classes corresponding to the SU(3) structure (J, QM) can be
read off by comparing the above with (C.10), (C.11), taking (C.17) into account:

Wy = —% {(Tn+ i(K*K)l}

W, = (J<1> K AK) (T = 20K Ky }

(C.19)
Wy = K A w* {—Q(KK)l} +c.c.
Wy = K {4i(w)]} + c.c.
Ws = K{(K")] — (K)1 + 4i(w)1} -
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M Hol(C(M7)) | N
Weak G Spin(7) 1
Sasaki-Einstein SU(4) 2
tri-Sasaki Sp(2) 3
ST 1 8

Table 1. List of seven-dimensional Einstein manifolds My, the holonomy of the corresponding
eight-dimensional cones and the number of preserved supersymmetries in four dimensions.

We see that Ws is proportional to K. Moreover, in the ITA case, taking (2.15), (C.3) into
account we find that Wy is exact: Wy = d(¢ — 3A). Therefore Wy can be removed by a
conformal rescaling of the internal metric: ds% — egA_¢ds%.

D Sasaki-Einstein

There is a well-known class of eleven-dimensional supergravity solutions of the form AdSy x
M7, where M7 is a seven-dimensional Einstein manifold. Specifically, the eleven - dimen-
sional metric is given by

ds® = ds*(AdSy) + ds*(My), (D.1)

while the four-form flux is of Freund-Rubin type: G4 o voly, where voly is the volume form
of AdS4. In addition, the manifold M7 has the property that the cone over it, C(Myz),
is an eight-dimensional manifold of special holonomy. The supersymmetry preserved by
the solution depends on the holonomy of C(My7). Table 1 lists the type of the seven-
dimensional Einstein manifold M7, the holonomy of the cone over it, Hol(C(M7)), as well
as the number of preserved supersymmetries, A, in four dimensions.

We will now specialize to the case where Hol(C(M7)) is a subgroup of SU(4), i.e.
the eight-dimensional cone is Calabi-Yau. Equivalently, we will take M7 to be Sasaki-
Einstein (which includes the S7 and the tri-Sasaki as special cases). The manifold My can
then be thought of as the total space of a fibre bundle with connection one-form A on a
six-dimensional base-space Mg,

ds2(My) = (dy + A)? + ds®(Ms) (D:2)

where ds?(Mg) is a local Kihler-Einstein metric and y is the coordinate on the fibre. The
Killing vector 9, is the so-called ‘Reeb vector’. If the orbits of the Reeb vector are closed
and the U(1) action is free, M7 is regular and Mg is globally a manifold. One can define
a local SU(3) structure on Mg specified by a Kéhler form J and a complex three-form §2,
such that dA = 2J and dS) = 4iA A Q. Note, however, that globally the structure group of
M is not SU(3) but rather U(3), since 2 is not globally defined in general.

A useful property of odd-dimensional, simply-connected Sasaki-Einstein manifolds is
that they admit at least two Killing spinors. In the seven-dimensional case, it was shown
in [28] that, under certain regularity assumptions, the converse is also true: any pair of
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(real) Killing spinors defines a Sasaki-Einstein structure on My. Moreover, there is a one-

to-one correspondence between triplets of Killing spinors and tri-Sasaki structures on Mpr.
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