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We derive the one-loop effective action for scalar, pseudoscalar, and electromagnetic
fields coupled to a Dirac fermion in an extension of QED with Yukawa couplings. Using
the Schwinger proper-time formalism and zeta-function regularization, we calculate the
full nonperturbative effective action to one loop in the constant background field approxi-
mation. Our result is nonperturbative in the external fields, and goes beyond existing
results in the literature which treat only the first nontrivial order involving the pseudo-
scalar. The result has an even and odd part, which are related to the modulus and phase
of the fermion functional determinant. The even contribution to the effective action
involves the modulus of the effective Yukawa couplings and is invariant under global
chiral transformations while the odd contribution is proportional to the angle between
the scalar and pseudoscalar couplings. In different limits the effective action reduces
either to the Euler-Heisenberg effective action or the Coleman—Weinberg potential. We
also comment on the relationship between the odd part of the effective action and the
chiral anomaly in QED.
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1. Introduction

The effective action provides rich insight into the low energy regime of an under-
lying quantum field theory. The earliest example of a full nonperturbative effective
action is the Euler—Heisenberg effective action, which describes the nonlinear quan-
tum corrections to the classical Maxwell theory, in the one-loop approximation.!™
Schwinger’s calculation of the same effective Lagrangian makes use of Fock’s proper-
time formalism and re-frames the pair production rate as a signal of the instability
of the QED vacuum.*® The pair production rate can be read off from the imaginary
part of the Euler-Heisenberg Lagrangian, which vanishes to all orders in perturba-
tion theory. Hence, the nonperturbative nature of the calculation captures essential
physical phenomena, supplementing perturbative studies.%”

The FEuler—-Heisenberg result, which is obtained assuming the background
electromagnetic field is constant (i.e. slowly varying), has been extended to other
solvable backgrounds,® to supersymmetric QED, to second order in the loop expan-
69712 and to QED in gravitational backgrounds.'3'6 For a review of the
original Euler—Heisenberg effective action and its extensions, as well as its historical

sion,

development, see Refs. 6 and 17.

The Fock—Schwinger proper-time approach and its generalizations, which appear
in both perturbative and nonperturbative calculations of effective Lagrangians,
are especially useful because they are symmetry-preserving and can be applied
to theories involving the totally antisymmetric tensor €,,...,., .*® The proper-time
formalism has been generalized to heat-kernel, zeta-function, and operator regu-
larization, which provide powerful techniques for computing and regularizing the
formal determinants and inverses of functional operators.!?23

The standard procedure in operator regularization begins with the heat-kernel
representation for a positive operator O,

WO =Gole) =y [ dss i Tre e, 1)

At one-loop order, deriving the effective action involves calculating det O, where
O is an operator which appears in the underlying theory and involves the back-
ground fields. For cases when O is not Hermitian, let alone positive, the fermion
determinant must be split into its modulus and phase, which generate “even” and
“odd” contributions to the effective action, respectively.!® In the present work, we
find a much simpler way of calculating the even and odd contributions to the effec-
tive action which circumvents the need for computing the phase of the functional
determinant directly.

In the perturbative regime, proper-time techniques have been used to compute
the radiatively induced effect of adding Lorentz- and CPT-violation to QED,2427
as well as the effective action for the Yukawa model in curved space-time.2® In the
nonperturbative regime, heat-kernel methods were used to obtain the worldline path
integral for fermions with general scalar, pseudoscalar, and vector couplings.2?:3°
While worldline path integrals are in the same spirit, the full closed-form effective
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action for QED with Yukawa couplings has not yet been derived. In the present
paper, we provide a simple derivation of the effective action for fermions in the one-
loop and constant background field approximations. Our result is nonperturbative
in the background scalar, pseudoscalar, and electromagnetic fields. The even portion
of the effective action is similar to the Euler—Heisenberg effective action, except the
fermion mass is modified by the Yukawa couplings. The odd portion of the effective
action is proportional to the CP-odd Lorentz scalar F'F and the angle between the
effective scalar and pseudoscalar Yukawa terms.

2. The Model

We consider a simple model consisting of a Dirac fermion ¢ coupled to a background
scalar @, pseudoscalar II, and U(1) gauge field A,,, with Lagrangian

L = D?QED + Ak - (2)
In the (—, +, +, +) signature, the QED and Yukawa Lagrangians are
1 3 -
gQED = *ZFW,F# — 5(8uA“)2 — LZJ(Z’Y”DH + m)’t/), (3a)

1 1 _
L7 e— _iaucpaﬂ@ — 5a,;wn — VI[®,I] — (kP +iv°All)yp,  (3b)

where F),, = 0,4, — 0,A, is the U(1) field strength, the covariant derivative is
D, = 0, + ied,,
V[®,11] also contains possible mass terms for the scalar fields, and ¢ is the gauge-

and k and \ are real coupling constants. The scalar potential

fixing parameter. Throughout the following we will use the Dirac slash notation
D= ~v*D,,. With our metric signature, the gamma matrices satisfy

{4} ==2¢"", {¥*7°} =0, (4)

and we adopt the following definition for 4,

5

1 .
7% = @eamw“vﬂv“v” = —iv%"y??, (5)

where €8 is totally antisymmetric with €9’ = +1. The background fields are
assumed to be Hermitian, &' = &, IIT = II, AL =A
tation for the gamma matrices such that

() =129, (P =77, (6)

With these Hermiticity conditions, one can easily check that the Lagrangian density
(2) is real.
In the constant field approximation, ® is essentially treated as a VEV which

s and we assume a represen-

simply modifies the fermion mass m. Furthermore, at the classical level the pseudo-
scalar Yukawa coupling can be removed by transforming ¢ = e‘i975w’ and 1) =
z//e_“”s, for a suitably chosen constant 6. At the quantum level this is no longer
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the case, and as we will see, the pseudoscalar coupling gives rise to the odd part
of the effective action. We will revisit the role of the parameter ¢ in more detail in
Subsec. 3.2.

3. One-Loop Effective Potential

The effective action is formally defined to be
r:—iln/@zp@zzexp{z’/d‘*x .,sf}, (7)
which, for the Lagrangian (2) and in the one-loop approximation, reads

Fl—loop = —¢ln det(—le —m—K® — 7/’75)\]._.[)

—i Trin(—il) — m — k® — iy°AII) (8)

where Tr O = tr [ d*z(z|O|z) is a trace over Dirac indices as well as space-time.
Due to the presence of the pseudoscalar coupling, the operator O appearing
in the theory is not Hermitian, and the standard procedure for computing func-
tional determinants does not apply. Rather than computing the fermion determi-
nant directly, we instead compute its contribution to the pseudoscalar current,

11 6T 1io0p

+ — 5( B o ! —1
= 3% o itr{z]y® (i) —m — k® — iy°AII) " |z). (9)

Jn

This approach circumvents the more delicate splitting of the fermion determinant
into its modulus and phase. Now we multiply the numerator and denominator by
—il) +m + k® — iy? I,

Ju = itr(z|(—il) + m+ £® — in° AIT)°
X [(=i) = m = kO — i ML) (=il + m + 5@ — iy AT)] ' o)

~1
|

= itr(z[y® (i) + m + £® — iy° M) [(iP)* — (m + £®)* — (\II)?] |z), (10)

assuming ® and II are constant background fields. The denominator in (10) is

positive, and hence can be represented by a proper-time integral. Taking the limit
z— 1in (1),

Ji = ﬂ-/ ds tr(z]y® (UZ) +m 4 kD — Z-,ys/\H)efs(f(ilﬂ)2+(m+nq>)2+(/\n)2)|x>
0

—i/ dstr(z|y’ (m + k® — i'y5)\H)e*S(*(m)QJr(m*"q))QH)‘H)Q)|SC> ) (11)
0
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where we have used the fact that v° times an odd number of v* is traceless. The
current splits into two parts, which we call even and odd,

JI(_:Ivcn — —AH/ ds e—s((m+f€<1>)2+()\ﬂ)2) tI‘<.I‘|eS(im)2|J3> ’ (123)
0

J = _j(m + kD) / ds e s((mER®)?HAID?) 100105 sGD)* |2y (19h)
0

The remaining step in the calculation involves evaluating the traces

tr(x\es(im)2|x> and tr(xh%s(“p)zm). (13)

3.1. Coincidence limit of the fermion propagator

There are various methods for calculating (13) available in the literature, for in-
stance Refs. 5, 31-33. For completeness, we review the calculation, loosely following
the procedure found in Chap. 4 of Ref. 32, evaluating (13) directly rather than
taking the coincident limit of the full propagator. Those familiar with the calcula-
tion can proceed to Subsec. 3.2.
We begin by splitting v#+" into symmetric and antisymmetric parts,
i

5] (14)

this yields the identity

Py = —(g" +ioct), oM =
Together with [D,,, D, ] = ieF},,,
—(ip)? = (iD)? + ga‘“’FW. (15)
Since F,p is constant and hence commutes with D,,, the exponential factorizes,
<x|es(im)2\x> = <x|e_s(%”WF“”)e_s(iD)2|x>. (16)
Using the identity
g8 — gorgvB _ guB g _jcnval s
+ Z‘(guagl/ﬁ _ gl’ao-uﬁ + gl/ﬁgua _ guﬁaua) , (17)
one can easily show that
o o*PF,,F.5 =2(FF —iy°FF), (18)
where Fof = %eaﬂ’“’FW. Defining X = FF — iv*FF, we have

22X  stetX? 0 e8X3

_s(gnuuFW):l s s s
¢ Tae tTar teas
e s3 e? y
—850” FHV_?ZXJM Fl“/"_"' . (19)

We are not interested in the traceless terms in

678(%”“”&") , 75673(%”‘“/1:#") (20)

)
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and because tr(c") = tr(y°c**) = 0, we can disregard the odd terms in the
expansion (19). For the even terms, it is useful to expand the powers of X into
parts proportional to the identity and parts proportional to v°. To demonstrate,
the first four powers of X are

X = FF —in°FF,

X2 = (FF)? - (FF)? - 2i°(FF)(FF),

ey

X?® = ((FF)? - 3(FF)(FF)?)
S((FF)* - 3(FF)(FF)?),
4 _ 4

iy
X*= ((FF)* + (FF)* — 6(FF)*(FF)?)

+iy° (A(FF)(FF)® — A(FF)(FF)?).

In order to re-sum this series we make an explicit choice for the form of F},,,. So long
as the electric and magnetic fields are not perpendicular, we can always Lorentz-
transform to a frame where they are parallel. Hence, without loss of generality, we
let the electric and magnetic fields point in the z-direction. For E = aZ and B = bz,
where a and b are space—time constants, the Lorentz-invariant combinations become

FF=—-2(a®—-b%, FF=—4ab. (22)

Inverting these equations gives a and b in terms of the general Lorentz invariant
quantities F'F and F'F,

a= ;\/ (FF)? + (FF)2 - FF, (23a)
b= ;\/ (FF)2+ (FF)2 4+ FF. (23b)

Once expressed in terms of a and b, the expansion (19) can be easily re-summed,

oo Fu)

= cos(eas) cosh(ebs) + i° sin(eas) sinh(ebs) . (24)

eve

The odd terms have a simple relation to the even terms but for our present purposes
they are not necessary and we shall omit them.
Continuing with our calculation of (16), we need to evaluate

(ale=*0PY|z) . (25)

Analytically continuing s — 4s, and introducing the operator p,, = ¢9,, we can
identify the proper-time Hamiltonian

H = (iD)? = (p, — eA,(x))”. (26)

The classical gauge field configuration A, is a function of the space-time coordinates
x*, which satisfy canonical commutation relations,

[xmpu] = ig,uu . (27)
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Up to a gauge transformation, the nonzero components of the electromagnetic po-
tential are A; = —bxo, A3 = —axg. The Hamiltonian is thus
H = —py +pi + p3 + p3 + e2a’af + e*b%a3
+ 2€bp11‘2 + 26(1]73130 = H03 + H12 . (28)

We now use the Baker—Campbell-Hausdorff formula,

1
eBe ™ = B+ [A,B] + il AT Bl + - (29)
where Aoz = —ipops/ea and Boz = —p3 + ea’x?. Using [pu,a:,jx”] = —2iz,, We

have the following:
[Aos, Bos] = 2eapszo
[Aos, [Aos, Bos]] = p3 , (30)
[Aos, [Aos, [Ao3, Bos]]l =0,
where all successive terms in the Hausdorff expansion are zero. Thus,
Hys = —e~'Pops/ea (pg — 62a2x8)e”’0p3/e“ . (31)
Similarly, we find
Hyp = —eiP1p2/eb (pg i e2b2x§)efip1p2/eb. (32)
The original matrix element then factorizes as follows:
(z|e” " |z) = UysUia, (33)

where we have defined U;; = (w;x;|e~"*Hii|x;2;). We begin with Ups, inserting a

complete set of momentum states,

dpo dps dpy dp: o
Vos = / Wm<x0x3|p0p3><1’0p3|e wsHos |t ph) (PP | wos)

dpg dps d; ! d o —p" iz —p —1is
/WSLTO@O po)+izs(ps p3)<p0p3|6 H°3|P6p§> (34)

When we exponentiate a Hamiltonian of this form, we get

e—is(eABe’A) — eAe—isBe—A ) (35)

Making use of this identity and inserting another complete set of states, we have

U — [ 9P0dP3 dpo dps dgo das ddy A5 ey (pg—py)+ixs (pa—rh)
03 = (27)8 ¢

L (22,2452 P
X (popsle™ P73/ |goqs) (qoqs|e™* (P~ 4" %0) | gh g2 (gl gb | *PoP /% |plyph)

1850157-7
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_ / de dp3 dpo dp3 dQO qu qu dQS zwo (po Po)-‘rmg (pg p3)
(2m)®
X €109/ (o sl gogs) (gogs|e™ (75 =" 0) |qf g ye PoPS/° (qfygf [phhy)

_ / de dp3 dpo dp3 dQO dQS qu dQS z;vo(po po)-i-zacg (p3 pg)ei(pépg—qoqg)/ea
(2m)*

X 6(po — q0)d(ps — q3)8 (P — a5) 0 (Pl — C]:'z,)<<10<]3|€w(p° et w°)|q 3) -
Integrating over g and ¢’, we have

Ups = /W izo (po—pp ) +izs(ps—ph)
(2m)*

« ¢i(Pops—pops)/ea (pops| oiT(Po—e?a’]) I ph)

_ / dpo dps dply AP iz (po—pp)+izs (ps—})
(2m)3

% ei(;v()pg—pops)/ea(s(p?) _pé)<p0‘e”(p0 ead )‘pé)

_/de dp3 de 1'c0(p0 po) zp3(p0 pg)/ea<p0‘eu(po e?a .LO)‘p >
(2m)?

Integrating over ps, we get

Ups = dpo dp 6”?0(1”0 Po)(g(pé) *po)<p0|6i5(ﬁ3782“2i5)|p6>

ea
An?
ea s (82,2 2452

-

We recognize this as a harmonic oscillator with Hamiltonian

H, :p%—f—w%x%, wo = tea,

with energy spectrum

Holn) = 2wo <n+ >n>

The matrix element we want to calculate is thus

Uos = / deo (pol) {nlei*™ o) o)

_ Z/ dpo (po|n)] eXp{QiTWo<n+;>}

oo
— %eiswo § e(2iswo)n
2
n=0

1850157-8
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The sum is clearly the Taylor expansion of
1 1

1— eQiswo = 1— e—2eas ’

(42)

so in the end we have

ea e ¢ ea
Ups = — = . 43
037 2r1—e2cs  4rsinh(eas) (43)

The case for Uy, is similar, and we will not repeat the derivation here. We note,
however, that we are free to choose the positive or negative square root when
defining the “Landau” frequencies wy and ws. By setting ws = —eb, the result
matches the free-field propagator in the limits a, b — 0. With this choice, the
matrix element is

eb eiebs eb
Ujpg = — — = . 44
27 9x 1 —eZiebs — 4risin(ebs) (44)
Finally, we return s — —is to obtain our result,
2
—S(iDY? |y e“ab 15
(zle [2) 1672 sin(eas) sinh(ebs) - (45)
Combining (24) and (45), we find
. 2ab
tr(m\es(’w)2|x> I C; cot(eas) coth(ebs), (46a)
tr{ale P fa) = £ (46b)
472
3.2. Effective Lagrangian
Putting the pieces together, the pseudoscalar current becomes
le“ab
St = 7%>\H/ ds e *((m 2+ OID%) ot (cas) coth(ebs),  (47a)
1 Am
Jodd _ _1éefab 4 > ds o~ 5((m+r®)*+(AID)?)
=Tz (m + kP) ; se
1 e?ab P
__leéta (m 4+ k) . (47b)

i 472 (m+ kD)% + (AII)?
Integrating with respect to II and multiplying by ¢\, we find the even and odd parts
of the effective Lagrangian: Zg = £5" + 2% where

€

2
~ d

even _ _© FF/ 93 o=s((m+r)*+(AID?) cot(eas) coth(ebs),  (48a)
0 S

off ™ 3272
2
odd e ~ Al
= FF — . 4
L 1607 arctan (m n mI)) (48b)

This is our main result.
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It is important to note that we have captured the full nonperturbative effects of
the pseudoscalar coupling. Though the first-order term from £%4 can be found in
Ref. 5, our result is valid to all orders in II. The closed-form Lagrangian (48b) also
exhibits some interesting features. Most strikingly, only F'F appears, with no higher
order corrections past O(e?). Hence, any couplings involving higher odd powers of
FF (if they appear in the effective theory at all) must necessarily involve derivatives
of F,, or II. In addition, it is interesting to note that for very large arguments the
arctangent is approximately constant and tends to 7/2. Hence, when (for vanishing
®) the ratio II/m > 1, the term is nearly a total derivative.

We now return to the question of chiral invariance. While the even portion of
the effective action clearly retains a global chiral symmetry, the odd portion is
in fact related to the parameter 6 introduced in Sec. 2. To be more explicit, the
pseudoscalar term in the QED-Yukawa Lagrangian can be removed with a chiral
rotation where the transformation parameter 6 satisfies

1
0 = 5 arctan (’rn}-’—/@(I)) 5 (49)
which allows us to rewrite the odd portion of the effective action as
odd e? 7
geﬂ‘ - @GFF . (50)

However, the parameter 6 is space—time-independent only if ® and II are also space—
time-independent. As the effective action (48) represents the leading contribution
in a derivative (momentum) expansion, we are treating ® and II not as constants
but as slowly-varying fields. From this point of view, we should treat § = 0(x) as a
local parameter which fails to leave the kinetic term of (3a) invariant. Nonetheless,
the identification of 8 in the odd portion of the effective action sheds light on chiral
invariance in the effective theory. The even part of the effective action depends on
the “modulus” (m+ x®)? + (MI)2, whereas the odd part depends on the angle itself
between m + k@ and AL

A note about passing from the pseudoscalar current (47) to the effective Lagran-
gian (48). In the process of integration we have the freedom to add to the Lagrangian
an arbitrary functional that does not depend on II. However, we can just as easily
vary (8) with respect to ® or m and obtain (48a) and (48b) up to a total deriva-
tive. Hence, we are free to add some function of A, only, which by dimensional
grounds must either be a correction to the cosmological constant, the free photon
term Fy,, F'*, or FWF‘“’. The first two can be subtracted off with the appropriate
counterterms, and the third is a total derivative. Hence, the expressions (48a) and
(48b) hold without loss of generality.

To conclude, we have derived the even and odd parts of the full nonperturbative
effective potential for QED with general Yukawa couplings, valid to all orders in the
background scalar, pseudoscalar, and electromagnetic fields. More precisely, it is the
zeroth-order result in the derivative expansion of the full effective Lagrangian. The
even portion is simply the Euler—Heisenberg effective action but with the formal

1850157-10
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replacement m? — (m + £®)? + (AII)2, which is expected from the Dirac structure
of the Yukawa couplings. The even part only depends on II?, and hence generates
graphs with even numbers of pseudoscalar vertices. The odd portion is (somewhat
surprisingly) proportional to FF with no higher-order corrections appearing.

In the limit @, IT — 0, the odd portion vanishes and we exactly recover the
Euler-Heisenberg Lagrangian. Similarly, if we let A,, — 0, the odd portion vanishes,
but the even portion becomes

1 s s((mtn®)P+(D)?) (51)

Legtla,—0 = —5—
e|u 872 o 53

The bad behavior of the integral as s — 0 reflects an ultraviolet divergence. As we
will see, the divergence can be handled with appropriate counterterms.

4. Weak Field Limit and Renormalization

In this section we consider the perturbative expansion of (48) in powers of e. We
begin with the even part, given by (48a). Grouping by powers of s, and using (23),
the weak-field expansion becomes

1 > ds =2 e? > ds =2
even _ __— Yo —s(m*) _ F. R Yo —s(m?) 2
off 871'2/0 53 ° 4872~ M /0 s ¢ (52a)
64 v\ 2 7 AV > —s(m? 6
+ M40772<(F“”FN )"+ 4 (Fuw ™) )/0 dsse™*") + O(e"), (52b)

which is manifestly gauge-invariant. For ease of notation we have introduced

m=+/(m+x®)2 + (AI)2. (53)

The first two integrals (52a) are badly behaved as s — 0, and require regularization.
This can be achieved by cutting off the lower bound of the integral at a small positive
number € > 0 (making use of the incomplete Gamma function), or by analytic
continuation of the complete Gamma function. We take the latter approach. Despite
its resemblance to dimensional regularization, this regularization procedure does not
analytically continue the number of space-time dimensions, but rather the power
of s in the denominator of the integrand, which is not physical. Making use of the
integral representation of the Gamma function,

o )

Slfz a?

we can compute the integrals above. The result is
m* (1 3 e (1
geven _ _ 1" [T 2 ~2) _ = [ 1 ~2 FVF;U/
off 167‘(‘2(6 773 nm) 487T2(€ 7 nm) a

64

n2 7 SN
+ 14407r2m4<(F“”FM )+ Z(FWF“ ) ) +0(e%), (55)

1850157-11
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where 7 is the Euler—-Mascheroni constant and the limit € — 0 is assumed. Now we
proceed in the MS scheme, adding two counterterms

~ 4
©_ m (1 “2¢
"?c.t. - 167T2 (E 7>M ’ (563‘)
20 = (L Vg, v (56b)
et- = agr2\e T m ’

where we have introduced the renormalization scale M to ensure the counterterms
have the correct dimension. The first counterterm corresponds to the renormaliza-
tion of the cosmological constant and the scalar potential V[®,II]; specifically, the
o, &2, @3, d4, 112, 114, T12®, and I1°®? couplings. The second counterterm corre-
sponds to the renormalization of the free photon term and is related to the vacuum
polarization. The € — 0 limit of the sum Zix + .Z(ff_) + fc(%) is finite,

i m? 3 e m? ,
Lot t Lo = 15 (lan B 2) NPT VER

et

V)2 7 A
+14407T2m4<(FWFM) +1<F;WFM ) >+O(66)- (57)

We introduce M? = M?2e3/? (here e is Euler’s constant not the electric charge)
and the fine structure constant ag = €?/4w. Including the free photon term from
the bare Lagrangian, the even portion of the full renormalized effective Lagrangian

Loop = Loare + L™ + Zes. to first order in the nonlinear effects is

oven mt  om? 1 . g, m?
Loy = 152 My — g Fwt” (1 T30 M2)
- 9 (g ) 4 (B, ) (58)
90m4 \ V" 4\ '

One can, at this stage, consider the limit in which the electromagnetic fields vanish.
We then find

((m 4+ £®)? + (M) (m+ kD) + (ALL)?
1672 . IVE ’

ZLetla, =0 = (59)

which is reminiscent of the Coleman—Weinberg potential for scalar electro-
dynamics.34

The odd part of the effective potential is finite. Of course, in order for the
underlying theory to be one-loop renormalizable, this must be the case. Expanding
to first order in the pseudoscalar coupling, and letting ® = 0 for simplicity, (48b)

becomes

o Qg ~ AH Qo A ~
gef?d = EFF arctan(m) ~ ——IIFF. (60)

4Tt m
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This shift-symmetric axion-type interaction between the pseudoscalar IT and F F
has been well-studied in the context of cosmological inflation. For instance, such a
coupling arises in models of natural inflation.3>-4% While these effective interactions
are usually assumed to arise from some fundamental theory (often a string theory),
here we have shown how such a coupling can arise from a simple renormalizable
extension of QED.

5. Chiral Anomaly

Finally, as an application of our result, we show how the chiral anomaly in QED can
be readily connected to the pseudoscalar coupling in Zyyk and the odd part of the
effective action (48b). While there is no axial symmetry present in the full model
with Yukawa couplings (2), the classical QED action exhibits an axial symmetry in
the limit that the electron mass vanishes. Classically, the associated axial current
JH5 = 4pyH~5e) satisfies the following relation,

O J"® = 2imapyip (61)

which can be obtained by using the equations of motion for the Dirac field,
i = my — edy), (62a)
—idp = map — efa). (62b)

Hence, in the limit that m — 0, the axial current is classically conserved. It is well
known, however, that the divergence of the axial current is anomalous,

8, T = 2imin i + g—;F#,,F“” . (63)

The second term, which arises when the quantum effects are fully taken into
account, is the Adler-Bell-Jackiw anomaly.”4144 Somewhat surprisingly, in the
case of a constant field strength the contribution from the explicit symmetry break-
ing term proportional to m cancels with the anomaly:

3 /) o n2
<Au|8u‘]u5|Au> = 2@m<AuW’Y5¢‘AM> + ﬁFuyF‘ =0, (64)
implying that
_ @ _
<A;¢|¢’75¢|Au> = ZMELVF# . (65)

57 and reveals that

This fact can be shown via Schwinger’s equivalence theorem,
the axial current (which is classically nonconserved due to the mass of the fermion)
is actually conserved in the quantum theory.

In the effective theory defined by (48), the expectation value of the chiral density
in the classical electromagnetic background is given by the pseudoscalar current,
which can be be read off directly from (47b). We find

_ } l 5F1—loop

(Aplon | Au) = —= =—Ju
! ! iAol g

o

E, F" (66)

®,1=0 =1
d™m
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and hence, in the constant electromagnetic background, 9, J#° = 0 when both the
explicit symmetry breaking term and the anomaly are taken into account.

6. Conclusion

We have presented a derivation of the effective action for QED with Yukawa cou-
plings in the one-loop and constant background field approximations. Rather than
computing the fermion determinant directly, we have derived the contribution of the
effective action to the pseudoscalar current, which is then used to reconstruct the
full one-loop effective Lagrangian. In doing so, we avoided subtleties regarding
the Hermiticity of the generalized Dirac operator in the underlying theory, which
involves 7°.

Using the Fock—Schwinger proper-time formalism and zeta-function regulariza-
tion, we obtained an effective action with an even and odd part. The even portion
reduces to the well-known Euler—Heisenberg effective action in the limit that the
scalar and pseudoscalar fields vanish, while the odd portion vanishes identically
when either the pseudoscalar or vector gauge fields are taken to zero. Our result is
nonperturbative in the background fields, and unlike the worldline path integral rep-
resentation given in Ref. 29, it clearly generalizes the closed-form Euler—Heisenberg
effective action. While our result is derived assuming the scalar and pseudoscalar
fields are distinct so that the original Lagrangian is parity invariant, it is also valid
when ® and IT are identified as the same field. In this case, the original Lagrangian
explicitly breaks parity, and parity-breaking radiative corrections are induced.

The odd part of the effective action is proportional to FF, with no higher-
order odd powers appearing. This suggests that couplings involving higher powers
of FF and II appear only when derivative corrections are included. While the even
portion is invariant under global chiral transformations, the odd portion is related
to the phase angle between the scalar and pseudoscalar fields. For large values of the
pseudoscalar field, or in the limit that the fermion mass vanishes, the odd portion
of the effective action approaches a total derivative. The first nontrivial term in
the weak-field expansion is an axion-like interaction, which is of phenomenological
interest in the context of cosmology. We also find that the chiral anomaly in QED
cancels against the explicit symmetry breaking term proportional to the fermion
mass, which can be easily obtained from the odd part of the pseudoscalar current.
The interplay between the anomaly and the explicit symmetry breaking term at
finite temperature, which controls the thermal 7° — v+ decay, can be connected
to the finite temperature effective action of the QED-Yukawa theory, which will be
treated in a future work.
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