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In this work we study the electrized quark matter under finite temperature and density conditions in the
context of the SU(2) and SU(3) Nambu–Jona-Lasinio models. To this end, we evaluate the effective quark
masses and the Schwinger quark-antiquark pair production rate. For the SU(3) NJL model we incorporate
in the Lagrangian the ’t Hooft determinant and we present a set of analytical expressions more convenient
for numerical evaluations. We predict a decrease of the pseudocritical electric field with the increase of the
temperature for both models and a more prominent production rate for the SU(3) model when compared to
the SU(2).

DOI: 10.1103/PhysRevD.97.094001

I. INTRODUCTION

In the last few decades strongly interacting quark matter
under extreme conditions of temperature and/or baryon
density has been extensively studied due not only to the
possibility of a phase transition from hadronic matter to the
quark-gluon-plasma (QGP), but also the possibility for
exploiting properties of the fundamental interactions. Such
conditions are explored in accelerators like LHC-CERN
and BNL-RHIC, and also can be found in compact objects
like neutron stars [1] or in the early universe [2,3].
To study this type of matter under such conditions in the

low energy sector of quantum chromodynamics (QCD)
becomes hard to handle and lattice QCD simulations are
limited due to the sign problem [4]. One of the most
common approaches is to use effective theories. In this
scenario, a phase diagram of the transition from the
hadronic matter to QGP can be plotted, and it is expected
that exists a crossover at high temperatures and low
baryonic densities; otherwise, a first-order phase transition
at high densities and low temperatures. At even higher
baryonic densities it is expected a color superconducting
phase [5]. A natural extension is the introduction of strong
magnetic fields, that has been calling the attention due to
the possibility of generating such fields in the noncentral
ultrarelativistic heavy ion collisions [6] with fields of the

order eB ∼ 1019G and also in some types of neutron stars
like magnetars with surface magnetic fields of the order
eB ∼ 1015G [7,8].
The chiral condensate guides the chiral symmetry

restoration as an order parameter of QCD matter [5].
Most of the effective models predictions at B ≠ 0 indicates
an enhancement of chiral condensate even at T ≠ 0 and this
is the phenomenon called magnetic catalysis [9–11].
However, recent lattice QCD simulations show a suppres-
sion of the condensates at magnetic fields of the order eB ≥
0.2 GeV2 at T ∼ Tc [12], i.e., a phenomenon named inverse
magnetic catalysis which is not fully understood and not
predicted in most of the effective theories.
Simulations using event-by-event fluctuations of the

proton positions in the colliding nuclei in Auþ Au
heavy-ion collisions at

ffiffiffi
s

p ¼ 200 GeV and in Pbþ Pb
at

ffiffiffi
s

p ¼ 2.76 TeV, both scales at RHIC and LHC energies,
indicates that not only the magnetic fields already men-
tioned are created, but also strong electric fields of the
same order of magnitude [13–16]. Besides, in asymmetric
Cuþ Au collisions [17–19] it is predicted that a strong
electric field is generated in the overlapping region
[17–19]. This happens because there is a different number
of electric charges in each nuclei, and it is argued that this is
a fundamental property due to the charge dipole formed in
the early stage of the collision. Recently, extensive efforts
have been done to study the chiral magnetic effect [5].
However, it is expected in the case where external electric
fields are present, the chiral electric separation [20,21]
effect to take place, in this way probing anomalous trans-
port properties of the matter generated in the QGP
dynamics.
Only few works are dedicated to explore the effects of

electric fields in the chiral phase transition [22–31] in the
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strongly interacting quark matter. At T ¼ μ ¼ 0, the effect
of pure electric fields is to restore the chiral symmetry,
although in this case we are dealing with a unstable vacuum
and with the possibility of creating quark-antiquark pairs of
particles through the Schwinger mechanism [32,33]. As
mentioned in [22], the estimated number of charged quark-
antiquark pairs produced in the heavy-ion collisions with
Auþ Au and with Pbþ Pb is quite significant, indicating
that the creation of the pair of particles should be relevant.
Our objective in this work is to consider temperature,

chemical potential and electric field in the context of the
SU(3) and SU(2) Nambu–Jona-Lasinio (NJL) model
[34,35] and study how the constituent quark masses and
the Schwinger pair-production [32,33] are altered under the
change of such variables. Our main contributions in this
paper are to update and to extend previous works devoted to
the study of electrized quark systems, but now including the
’t Hooft interaction and describing in a more systematic
way the strange quark sector. Here, we emphasize the
importance of a proper regularization scheme, which has
been overlooked in some works. The experience gained
from magnetic systems, which are closely related to the
electric ones, shows that it is of fundamental importance the
choice of the regularization for obtaining results that make
sense. We use the analytic continuation technique in order
to obtain analytical expressions for the effective potential
and gap equation in strongly electrized systems starting
from the corresponding regularized magnetic expressions.
Now, to the best of our knowledge, these results are not
given in the literature in the present context. Often, in the
literature the real part contribution for the gap and effective
potential are obtained through the numerical calculation of
the principal value of the corresponding divergent expres-
sions, which is cumbersome from the numerical point of
view. Our analytical expressions circumvents these prob-
lems and give expressions very simple and easy to be used
in numerical calculations. In Sec. II we start by presenting
the formalism of the SU(3) NJL model and the principal
equations whose details will be left to the appendix. In
Sec. III we present the regularization adopted in this work.
In Sec. IV we develop the SU(2) NJL model. In Sec. V we
present our numerical results. Finally, in Sec. VI the
conclusions are discussed.

II. GENERAL FORMALISM

We start by considering the general three-flavor NJL
model Lagrangian in the presence of an electromagnetic
field

L ¼ ψ̄ði=D − m̃Þψ −
1

4
FμνFμν

þ G
X8
a¼0

½ðψ̄fλ
aψfÞ2 þ ðψ̄fiγ5λaψfÞ2�

− Kfdet ½ψ̄fð1þ γ5Þψf� þ det ½ψ̄fð1 − γ5Þψf�g; ð1Þ

where Aμ, Fμν ¼ ∂μAν − ∂νAμ are respectively the electro-
magnetic gauge field potential and field tensor, G and K
are the coupling constants, λa with a ¼ 1;…8 are the
Gell-Mann matrices and λ0 ¼ ffiffiffiffiffiffiffiffi

2=3
p

I, Q is the diagonal
quark charge,Q¼ diagðqu ¼ 2e=3;qd¼−e=3;qs¼−e=3Þ,
and Dμ ¼ ði∂μ −QAμÞ is the covariant derivative. The
quark fermion field is represented by ψf ¼ ðu; d; sÞT
with f indicating their respective flavors and m̃ ¼
diagfðmu;md;msÞ is the corresponding (current)quark
mass matrix. We choose Aμ ¼ −δμ0x3E to obtain a result-
ing constant electric field in the z-direction.
The Lagrangian (1) contains scalar and pseudoscalar

four-point interactions and the ’t Hooft determinant six-
point interaction, added to break the U(1) symmetry [35].
From here on, we adopt the mean field approximation,
where a set of self-consistent gap equations are obtained
through the linearization of the four and six-point inter-
actions in Eq. (1), yielding the result for the effective quark
masses Mi [36]

Mi ¼ mi − 4Gϕi þ 2Kϕjϕk; ð2Þ
where in the last equation ði; j; kÞ stands for any permu-
tation among the flavors ðu; d; sÞ.
More details can be found in Refs. [11,36].
Also, we will use the following definition for the

condensate for each flavor f:

ϕf ¼ hψ̄fψfi ¼ −
Z

d4p
ð2πÞ4 Tr½iSfðpÞ�: ð3Þ

Since we are working in an electrized medium at finite
temperatures and densities, we can subdivide ϕf into a
contribution with a pure electric field ϕE

f and a thermo-

electric part ϕE;T;μ
f

ϕf ¼ ϕE
f þ ϕE;T;μ

f : ð4Þ
Following the steps of [22], one can use the full quark

propagator in a constant electric field using the Schwinger
proper-time method [32] in order to calculate the con-
densate ϕf which reads

ϕE
f ¼ −

MfNc

4π2
Ef

Z
∞

0

ds
e−sM

2
f

s
½cotðEfsÞ�; ð5Þ

where Ef ¼ jqfjE.
The thermoelectric contribution can be calculated using

the third elliptic theta function [22,23], and is given by

ϕE;T;μ
f ¼ −

MfNc

2π2
X∞
n¼1

ð−1ÞnEf

Z
∞

0

ds
e−sM

2
f

s
cotðEfsÞ

× e
−

Efn
2

4j tanðEfsÞjT2 cosh

�
nμ
T

�
; ð6Þ
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The thermodynamical or effective potential is necessary
to evaluate the Schwinger pair-production. In the mean
field approximation reads [11]

Ω ¼ −θu − θd − θs þ 2Gðϕ2
u þ ϕ2

d þ ϕ2
sÞ − 4Kϕuϕdϕs;

ð7Þ

where an irrelevant constant was discarded. We split θf as
θf ¼ θEf þ θE;T;μf in the same way as we did with ϕf, with a
contribution of pure electric field and a thermoelectric part,
and it is easy to show that one obtains:

θEf ¼ −
Nc

8π2

Z
∞

0

ds
e−sM

2
f

s2
Ef cotðEfsÞ ð8Þ

θE;T;μf ¼ −
Nc

4π2
X∞
n¼1

ð−1Þn
Z

∞

0

ds
e−sM

2
f

s2
Ef cotðEfsÞ

× e
−

Efn
2

4j tanðEfsÞjT2 cosh

�
nμ
T

�
: ð9Þ

The Schwinger pair production rate is given by Γ ¼
−2ℑðΩÞ [22,32], where ℑðΩÞ corresponds to the imaginary
part of the effective potential. The detailed calculations are
presented in Appendix C. The final result reads

ΓðM; E; T; μÞ ¼ Nc

4π

X
f

E2
f

X∞
k¼1

e
−
M2
f
πk

Ef

ðkπÞ2 ; ð10Þ

where we need to perform the summation in the flavors
f ¼ u, d, s. As we will see, the entire dependence of
external conditions in the Schwinger pair production enters
just in the effective masses Mf ≡MfðE; T; μÞ.

III. REGULARIZATION

The term θEf of the effective potential involves an
integral, Eq. (8), which is divergent and must be regular-
ized. We use here the vacuum-subtraction scheme [10]

θ̄Ef ¼ θEf − θvacf − θfieldf ;

θ̄Ef ¼ −
Nc

8π2

Z
∞

0

ds
e−sM

2
f

s3

�
Efs cotðEfsÞ − 1þ ðEfsÞ2

3

�
;

ð11Þ

where we have subtracted the vacuum contribution θvacf

given by

θvacf ¼ Nc

8π2

Z
∞

0

ds
e−sM

2
f

s3
; ð12Þ

and a field contribution θfield proportional to the energy of
the electric field ∼eE2. Since the NJL model in 3þ 1
space-time dimensions is not renormalizable, we should
choose a regularization scheme. Here we adopt the 3D-
momentum cutoff to regularize Eq. (12) [25,35] and we get

θvacf ¼ −
Nc

8π2

2
64M4

f ln

0
B@Λþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 þM2

f

q
Mf

1
CA

− Λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 þM2

f

q
ðM2

f þ 2Λ2Þ

3
75: ð13Þ

For the condensates, we define the vacuum subtracted
condensate as

ϕ̄E
f ¼ ϕE

f − ϕvac
f

ϕ̄E
f ¼ −

MNc

4π2

Z
∞

0

ds
e−sM

2

s2
½Efs cotðEfsÞ − 1�; ð14Þ

where the vacuum contribution regularized with a 3D cutoff
is given by

ϕvac
f ¼ −

MfNc

2π2

�
ΛEΛ −M2

f ln

�
EΛ þ Λ
Mf

��
; ð15Þ

where EΛ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 þM2

f

q
.

The gap equation Eq. (2) in the NJL SU(3) should be
regularized using the following regularized condensate ϕE

f

ϕE
f ¼ ϕ̄E

f þ ϕvac
f ; ð16Þ

in the same way, for the effective potential Eq. (7), we
should use the regularized θEf

θEf ¼ θ̄Ef þ θvacf þ θfieldf ð17Þ

Although the integrals given in Eqs. (11), (14) are
already regularized using the subtraction scheme in the
vacuum, we still have poles associated to the zeros of
sinðEfsÞ which appear in the denominator of both our gap
equation and the effective potential when Efs ¼ nπ for
n ¼ 1; 2; 3;…, and these poles will generate the imaginary
part of the effective potential that will be associated to the
Schwinger pair production [32]. For these reasons, these
integrals should be interpreted as the Cauchy principal
value [23]. Besides, in this work we are explicitly assuming
that just the real values are present in the gap equation. We
assume this, since the real part of the effective potential is
interpreted as the true ground state of the theory [31] and
once the effective masses (and therefore the condensates)
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can be evaluated through the minimization of the effective
potential, we can consider just their real values.
Using the analytical continuation technique, as discussed

in the Appendix A, we can demonstrate that the principal
value (or the real part) of θ̄Ef is given by

ℜðθ̄EfÞ ¼ −
Nc

2π2
ðEfÞ2

�
ζ0ð−1Þ þ π

4
yf

þ y2f
2

�
γE −

3

2
þ ln yf

�
−

1

12
ð1þ ln yfÞ

þ
X∞
k¼1

k

�
yf
k
tan−1

�
yf
k

�
−
1

2
ln

�
1þ

�
yf
k

�
2
�

−
1

2

�
yf
k

�
2
��

; ð18Þ

where yf ¼ M2
f=ð2EfÞ. Analogously we obtain for the

principal value (or the real apart) of the vacuum subtracted
condensate ϕ̄E

f (see Appendix B)

ℜðϕ̄E
fÞ ¼ −

MfNc

4π2

Z
∞

0

ds
e−sM

2
f

s2
½Efs cotðEfsÞ − 1�

¼ MfNc

2π2
Ef

�
π

4
þ yfðγE − 1þ ln yfÞ

þ
X∞
k¼1

�
tan−1

yf
k
−
yf
k

��
: ð19Þ

The quantities ϕE;T;μ
f and θE;T;μf depends on temperature

and chemical potential and following the authors of
Ref. [37], we assume that the thermal part is already
regularized in the lower limit of the integration, i.e., we set
the lower limits to zero, since theses integrals are finite.
These temperature dependent quantities are evaluated
through the numerical calculation of the integrals which
appear in their explicit integral representations given in
Eqs. (6) and (9) and a rapid convergence is achieved with
only a few terms summed. For the evaluation of ϕE

f and θEf
the corresponding analytical expressions are used.

IV. THE TWO-FLAVOR MODEL

In the NJL model with two flavors [SU(2) NJL] we have
a lot of simplifications in our previous equations. Let us
start with the Lagrangian

L ¼ ψ̄ði=D − m̃Þψ þ G½ðψ̄ψÞ2 þ ðψ̄iγ5τ⃗ψÞ2� −
1

4
FμνFμν;

ð20Þ

where, τ⃗ are the isospin Pauli matrices, Q is the diagonal
quark charge matrix, Q ¼ diagðqu ¼ 2e=3; qd ¼ −e=3Þ,

ψ ¼ ðu; dÞT is the quark fermion field, and m̃ ¼ mu ¼
md represents the bare quark masses.
In the mean field approximation, the Lagrangian density

reads

L ¼ ψ̄ði=D −MÞψ þGhψ̄ψi2 − 1

4
FμνFμν; ð21Þ

where the constituent quark mass is defined by

M ¼ m − 2G
X
f¼u;d

ϕf; ð22Þ

where we have used the definition given in Eq. (3).
Now, using in the previous equation the regularized

quantities given in the last section, the SU(2) NJL gap
equation reads

M −m
2G

¼ −
X
f¼u;d

ðϕ̄E
f þ ϕE;T;μ

f þ ϕvac
f Þ: ð23Þ

The thermodynamical potential is obtained just integrat-
ing Eq. (23) in the effective mass M,

Ω ¼ ðM −mÞ2
4G

−
X
f¼u;d

ðθ̄Ef þ θE;T;μf þ θvacf Þ; ð24Þ

where we are using all the definitions already presented in
Sec. II. Notice that for the SU(2) NJL model Mu ¼ Md ¼
M [35]. This is a special situation that occurs only for the
SU(2) NJL model in the mean field approximation with
equal current quark masses (mu ¼ md). In this case, the
condensates contribute symmetrically to the effective quark
masses Mu and Md, i.e., ðMf ¼ mf − 2G

P
f¼u;dϕfÞ. In a

completely different way than in Eq. (2), the NJL SU(3)
model will have three equations for each flavor. Hence, we
can expect an evident difference between the effective
masses of the u and d quarks in the electric medium.

V. NUMERICAL RESULTS

In the following we present the numerical results. For the
SU(3) NJL model we choose the following set of param-
eters:Λ¼631.4MeV,mu¼md¼5.5MeV,ms¼ 135MeV,
GΛ2 ¼ 1.835, KΛ5 ¼ 9.29 taken from [35]. These param-
eters were fitted to reproduce physical quantities as the
pion decay constant fπ ¼ 93.0 MeV, the pion mass mπ ¼
138 MeV and the chiral condensates hūui13 ¼ hd̄di13 ¼
−246.9 MeV, hs̄si13 ¼ −267.0 MeV [35]. In order to com-
pare more precisely and consistently the SU(3) and SU(2)
NJL results, we have fitted the SU(2) NJL model param-
eters to reproduce the same SU(3) physical values for fπ,
mπ and hūui13 ¼ hd̄di13 given above. Hence, our parameter
set for the SU(2) NJL model are Λ ¼ 632.66 MeV, GΛ2 ¼
2.17 and m ¼ 5.38 MeV.
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We start showing the results for the effective quark
masses as a function of the electric field at fixed temper-
atures for both the SU(2) and SU(3) versions of the
NJL model.
From now on we will refer to the pseudocritical electric

field, which is defined as the peak of minus the derivative of
Mi as a function of eE, i.e., − dMi

dðeEÞ. However, since in this

work we are only interested in showing qualitatively the
transition region, we do not evaluate such derivative.
In Fig. 1 we consider T ¼ 0 and one can observe the

well-known behavior of the effective mass where the chiral
symmetry is partially restored when a pseudocritical
electric field eEc is reached. In the SU(3) version, the
mass of the two lightest quarks Mu and Md show a shift
starting at eE ∼ 0.1 GeV2 due to the difference of the u and
d quark electric charges. For electric fields larger than the
critical value, Ec, the Mu, Md and the SU(2), M, effective
quark masses show qualitatively the same behavior. The
strange effective quark mass Ms decreases much more
slowly as a function of eE when compared to the masses of
the quarks u, d, and M and clearly the electric field
necessary for the restoration of the chiral symmetry for
the s quark is much larger than the one expected for the
SU(2) version of the model. The partial chiral symmetry
restoration for the strange quark mass, i.e., when Ms ∼ms

occurs for a too strong electric field eE ≫ Λ2 and we
assume to be out of scope of the NJL effective model.
We next consider the effect of the temperature on the

effective quark masses. In Fig. 2 the effective masses are
plotted as a function of eE at T ¼ 130 MeV. One can see
that the temperature has the effect to break the chiral
condensates and just like electric field to weaken the
constituent dynamical quark masses. In this way, we can
see that when the temperature grows the pseudocritical
electric field eEc decreases. The same analysis can be done
in Fig. 3 where we fix T ¼ 200 MeV. Here we notice that
just due to the effect of the temperature the chiral symmetry

is almost completely restored and we can see a noticeable
decrease of the pseudocritical electric field by the
order eEc ∼ 0.15 GeV2.
In Fig. 4 we show the effect of finite chemical potential

in the electrized quark matter for the SU(2) and SU(3) NJL
models. In general, the chemical potential has the effect of
partially restoring the chiral symmetry, weakening the
effective masses in both models at eE ¼ 0. Hence, we
can expect the lowering of the critical electric field when
the chemical potential increases. The effective masses of
the lightest quarks have a similar behavior in both models,
with a natural displacement in the SU(3) effective masses at
eE > 0.1 GeV2 due to the difference of the u and d quark
electric charges and the strange quark effective mass is
weakened as an effect of finite μ.
In Fig. 5, where the effective quark masses at eE ¼ 0 are

plotted as a function of the temperature, the chiral sym-
metry restoration at finite temperature and zero electric
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for T ¼ 0.

 0

 100

 200

 300

 400

 500

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

M
ef

f [
M

eV
]

eE [GeV2]

T=130 MeV
M (SU(2))

Mu
Md
Ms

FIG. 2. Effective quark masses as a function of the electric field
for T ¼ 130 MeV.

 0

 100

 200

 300

 400

 500

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

M
ef

f [
M

eV
]

eE [GeV2]

T=200 MeV
M (SU(2))

Mu
Md
Ms

FIG. 3. Effective quark masses as a function of the electric field
for T ¼ 200 MeV.

SCHWINGER MECHANISM IN THE SU(3) NAMBU–JONA- … PHYS. REV. D 97, 094001 (2018)

094001-5



field can be analyzed. One can see that the restoration
occurs around Tc ∼ 200 MeV and the behavior of the
SU(2) and SU(3) light masses are qualitatively the same.
The strange quark mass decreases more slowly, present-

ing a smooth bump at T ∼ 170 MeV. In Fig. 6 one can see
that the effect of the inclusion of a electric field eE ¼
0.1 GeV2 is to decrease the effective mass of the strange
quark and cause a shift of the effective u and d quark
masses with the u quark mass becoming larger than the d
quark mass. One can observe that both the electric field and
the temperature weaken the quark condensates, however, at
sufficiently high temperatures the behavior of the lightest
quark masses is qualitatively the same. In Fig. 7, as an
effect of a stronger electric field, one can see a larger shift
of the lightest effective quark masses and a slightly smaller
effective strange quark mass.
From the Figs. 5,6,7 it is interesting to see that the

(pseudocritical) temperature of the second order phase

transition decreases with the increase of the electric field,
so the electric field enhances the chiral symmetry restora-
tion. As mentioned earlier, if we increase the electric field,
the imaginary part of the effective potential becomes
different of zero and we can associate this imaginary
component to the creation of quark-antiquark pairs.
The Schwinger pair-production rate Γ is shown in Fig. 8

as a function of the electric field for the two versions of the
NJL model at T ¼ 0 and T ¼ 200 MeV. The results shows
very little difference between both models at T ¼ 0 and
after eE ∼ 0.2 GeV2 the production rate grows more
quickly due to the weakening of the chiral condensates
and the QCD vacuum becomes more and more unstable
and the pair of particle-antiparticle becomes more likely to
happen. If we rises the temperature to T ¼ 200 MeV, we
can see almost no difference between the two models and
the production rate increases considerably for electric fields
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eE < 0.3 GeV2 when compared to the case T ¼ 0. The
effect of finite chemical potential is shown in Fig. 9, where
we compare the production rate in both models with μ ¼ 0
and μ ¼ 150 MeV at T ¼ 130 MeV. The two versions of
the NJL model agree in their general aspects, with
quantitative differences in the transition region. As we
can see the effect of finite chemical potential is to increase
slightly the production rate at lower electric field.
In Fig. 10 we show the Schwinger pair production as a

function of the temperature at fixed electric fields
eE ¼ 0.1 GeV2, eE ¼ 0.2 GeV2 and eE ¼ 0.4 GeV2. At
eE ¼ 0.1 GeV2 we can see that the production rate grows
quickly when a phase transition becomes more apparent at
T ∼ 150 MeV, with a more prominent production rate for
the SU(3) model in comparison to the SU(2) and stabilizes
at T ∼ 200 MeV. This happens because the phase transition
in this case is driven entirely by the temperature and when
the chiral symmetry is partially restored we can expect the
Schwinger pair production to become almost stable. If we
increase the electric field to eE ¼ 0.2 GeV2, the production

rate is more significant in the SU(3) model and when we
reach T ∼ 100 MeV the production rate starts to increase
more quickly and stabilize again, when for the two NJL
models the Schwinger rate almost coincides. However, the
production rate is more than four times greater than the
production rate of eE ¼ 0.1 GeV2 case.
We also show our results for eE ¼ 0.4 GeV2 since this

value is approximately the electric field predicted in the
simulations [14]. For this electric field the chiral symmetry
has already been partially restored and almost no quanti-
tative difference is seen for T < 200 MeV in both models,
but the effects of high temperatures are prominent in the
SU(3) model where the production rate grows while in the
SU(2) the production rate stabilizes.

VI. CONCLUSIONS

In this work we use the SU(2) and SU(3) versions of
Nambu–Jona-Lasinio model at finite temperature and
densities to study how a constant electric field in the z
direction can affect the chiral symmetry restoration. To this
end, in the SU(3) version we improve the calculations by
including the ’t Hooft determinant in comparison with [31]
and also assuming, differently from Ref. [22], nonzero
current quark masses in both SU(2) and SU(3) models in
order to calculate the effective quark masses and the
Schwinger pair production.
The real part of the gap equation and of the effective

potential should be properly regularized, since their T ¼ 0
contributions are divergent. We derive a set of regularized
expressions obtained by analytical continuation in the
Appendices of this work. These expressions are much
more convenient to be used in numerical calculations, since
avoids the highly-oscillatory integrals of Eqs. (5) and (8)
[22–24,31] and as usual for the expressions at finite T and μ
we do not use any regularization since these integrals are
finite [37].
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First, we explore how the electric field restores the chiral
symmetry. The general feature of the electric field is to the
break the chiral condensates and in comparison to the
SU(2) case, we can see a splitting of the dynamically
generated masses of the u and d quarks Mu and Md at
relativelyweak electric fields eE ∼ 0.1 GeV2. For the strange
quark, its effective mass Ms decreases more slowly and the
current quarkmassms is reached only at a very strong electric
fields. The net effect is that the higher is the electric field the
lower is the (pseudocritical) temperature of chiral restoration.
Analogously, the effect of the temperature is to enhance the

chiral symmetry restoration and the higher the temperature
the lower the corresponding electric field where the chiral
symmetry is restored. The results for the Schwinger pair
production evaluated in the SU(2) and SU(3) versions of the
NJL model show similar behavior, at low temperatures and
with the electric field rising, the production tends to increase
when we cross a pseudocritical electric field and if we
increase the temperature, the Schwinger pair production
tends to initiates at lower electric fields. Besides, the inclusion
of strange quark matter in this work indicates that the
production of quark-antiquark pairs should be more pro-
nounced when compared with the results of the SU(2) model.
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APPENDIX A: THE PRINCIPAL VALUE OF θ̄Ef

To evaluate the principal value of θ̄Ef as given in Eq. (11),
we will perform an analytical continuation from the closely
related expression obtained in the framework of magnet-
ized quark matter subjected to a constant magnetic field in
the z direction in the context of the NJL model. In this way,
we just start writing the well-known result [11,38,39]

θ̄βf ¼ −
Nc

8π2

Z
∞

0

ds
e−sM

2
f

s3

�
βfs cothðβfsÞ − 1 −

β2f
3

�

¼ Ncβ
2
f

2π2

�
ζ0ð−1; xfÞ −

1

2
ðx2f − xfÞ ln xf

þ x2f
4
−

1

12
ð1þ ln xfÞ

�
; ðA1Þ

where xf ¼ M2
f

2βf
and βf ¼ jqfjB. The duality between

magnetic and electric fields can be seen through the
replacement eB → −ieE [22,25]. Therefore, we perform
this duality in Eq. (A1) through the prescription xf → iyf

θ̄Ef ¼ −
NcE2

f

2π2

�
ζ0ð−1; iyfÞ −

1

2
ð−y2f − iyfÞ lnðiyfÞ

−
y2f
4
−

1

12
ð1þ lnðiyfÞÞ

�
: ðA2Þ

Now the main difficulty is to evaluate ζ0ð−1; iyfÞ, since
the remaining terms are almost trivial to obtain. To proceed
we use a convenient relation between the derivative of the
Riemann zeta function and the logarithm of the gamma
function, lnΓ, quoted without proof in Ref. [39].

ζ0ð−1; xÞ ¼ ζ0ð−1Þ − x
2
ð1 − xÞ − x

2
ln 2π þ

Z
x

0

dx0 lnΓðx0Þ:

ðA3Þ
Next we sketch a proof of the latter expression. First, we
write

∂ζ0ð−1; xÞ
∂x ≡ ∂

∂x
∂
∂z ζðz; xÞ

			
z¼−1

¼ −
∂
∂z zζðzþ 1; xÞ

			
z¼−1

;

ðA4Þ

where the last equality follows from the relation [40]

∂
∂x ζðz; xÞ ¼ −zζðzþ 1; xÞ:

We now calculate the last derivative in Eq. (A4) and use the
following equalities [40]

ζð0; xÞ ¼ 1

2
− x; ζ0ð0; xÞ ¼ lnΓðxÞ − 1

2
lnð2πÞ;

thus obtaining the expression:

∂ζ0ð−1; xÞ
∂x ¼

�
1

2
− x

�
þ
�
lnΓðxÞ − 1

2
lnð2πÞ

�
:

A simple integration of the latter equation yields

ζ0ð−1; xÞ ¼ ζ0ð−1Þ − x
2
ð1 − xÞ − x

2
ln 2π þ

Z
x

0

dx0 lnΓðx0Þ;

ðA5Þ

with ζ0ð−1Þ ¼ 1
12
− lnðAÞ, where A ¼ 1.2814271291…,

the Glaisher–Kinkelin constant [41]. To evaluate the
integral that has been left in the last equation we need
to invoke a representation of lnΓðxÞ [42]

lnΓðxÞ ¼ −γEx − lnðxÞ þ
X∞
k¼1

�
x
k
− ln

�
1þ x

k

��
; ðA6Þ

where γE is the Euler-Mascheroni constant. Integrating the
latter equation over the variable x from 0 to iyf, one obtains
the analytical continued expression
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Z
iyf

0

dx lnΓðxÞ

¼ γEy2f
2

þ yf
π

2
þ
X∞
k¼1

�
−
y2f
2k

− k

�
1

2
ln

�
1þ y2f

k2

�

−
yf
k
tan−1

yf
k

��
þ i

�
−yf ln yf þ yf

−
X∞
k¼1

�
k

�
yf
2k

ln

�
1þ y2f

k2

�
þ tan−1

yf
k

�
− yf

��
: ðA7Þ

From Eqs. (A2), (A5), (A7) the analytically continued
expression as given in Eq. (18) can be straightforwardly
obtained.

APPENDIX B: THE PRINCIPAL VALUE OF ϕ̄E
f

Next, we apply the same analytical continuation tech-
nique of the previous appendix in order to derive the
principal value of the quark condensates. We use the SU(3)
NJL condensates in a magnetic field taken from the
literature [10,11]. To this end, we start from the regularized
part of the condensate in a magnetic field

ϕ̄β
f ¼ −

NcMf

4π2
βf

Z
∞

0

ds
e−sM

2
f

s
½cothðβfsÞ − 1�

¼ −
NcMf

2π2
βf

�
lnΓðxfÞ −

1

2
lnð2πÞ

þ xf −
1

2
ðxf − 1Þ lnðxfÞ

�
: ðB1Þ

So, performing the analytic continuation of the latter
equation, we can write the dual expression for the con-
densate, ϕ̄E

f , in a constant electric field in the z direction as

ϕ̄E
f ¼ −iNcMf

4π2
Ef

Z
∞

0

ds
e−sM

2
f

s
½cothð−iEfsÞ − 1�

¼ −
MfNc

2π2
iEf

�
lnΓðiyfÞ −

1

2
lnð2πÞ

þ iyf −
1

2
ðiyf − 1Þ lnðiyfÞ

�
: ðB2Þ

We are interested in the real part of the Eq. (B2). Since
cothð−ixÞ ¼ i cotðxÞ, we have

ℜðϕ̄β
fÞ ¼ ℜ

�
NcMf

4π2
Ef

Z
∞

0

ds
e−sM

2
f

s
½cotðEfsÞ − 1�

�

¼ −
NcMf

2π2
Efℜ

�
i lnΓðiyfÞ − i

1

2
lnð2πÞþ

− yf − i
1

2
ðiyf − 1Þ lnðiyfÞ

�
: ðB3Þ

The imaginary part of lnΓðxÞ can be extracted from its
series representation given by Eq. (A6). If z ¼ jzjeiθ is an
arbitrary complex number, its logarithm is given by
ln z ¼ ln jzj þ iθ. Using this expression one easily obtains:

ln

�
1þ i

x
k

�
¼ 1

2
ln

�
1þ x2

k2

�
þ itan−1

x
k
; ðB4Þ

from the latter equation it follows that:

ℑ

�
ln

�
1þ i

yf
k

��
¼ tan−1

yf
k
:

After substituting the last equation in Eq. (A6), it is
straightforward to show that:

ℑðlnΓðiyfÞÞ¼−γEyf−
π

2
þ
X∞
k¼1

�
yf
k
− tan−1

�
x
k

��
; ðB5Þ

The imaginary part of the Eq. (B2) can now easily be
obtained, hence, the desired Eq. (19) can be derived.

APPENDIX C: DERIVATIN OF THE
SCHWINGER PAIR PRODUCTION RATE Γ

We have to extract the imaginary part of the effective
potential in order to obtain the Schwinger pair production
rate, Eq. (10). Since we wish to evaluate the imaginary
part of θEf , the term proportional to E2 can be discarded, and
the Eq. (8) should be given by

θ̄Ef ¼ −
Nc

8π2

Z
∞

0

ds
e−sM

2
f

s3
½Efs cotðEfsÞ − 1�: ðC1Þ

We now use the following trigonometric relation [43]

π cotðπxÞ ¼ 1

x
þ
X∞
k¼1

2x
x2 − k2

; ðC2Þ

in Eq. (C1). After an appropriate change of variable, one
obtains

θ̄Ef ¼ −
Nc

8π4
E2
f

Z
∞

0

ds
e
−s

πM2
f

Ef

s3

�X∞
k¼1

2s2

s2 − k2

�
: ðC3Þ

Next, performing a simple partial fraction decomposition
and using the identity limϵ→0

1
x�iϵ ¼ P:V 1

x ∓ iπδðxÞ, we
obtain

ℑðθ̄EfÞ ¼
Nc

8π
E2
f

X∞
k¼1

e
−k

πM2
f

Ef

ðπkÞ2 ; ðC4Þ
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plugging this result in the usual definition of the
Schwinger pair-production rate [22,32], Γ ¼ −2ℑðΩÞ,
we obtain Eq. (10).

APPENDIX D: EQUIVALENCE BETWEEN THE
IMAGINARY PART OF EQ. (A2) AND EQ. (C4)

Making use of Eqs. (A2), (A5) and a change of variables
x0 ¼ ix in the integration, the full imaginary part of the
effective potential is given by

ℑðθ̄EfÞ ¼ −
NcE2

f

2π2

�
ℜ
Z

yf

0

dx lnΓðixÞ − yf
2
−
yf
2
lnð2πÞ

þ yf
2
ln yf −

yf
2
−
yf
2
lnð2πÞ þ π

4
y2f −

π

24

�
: ðD1Þ

Now, to proceed we have to integrate lnΓðxÞ. First, we
make use of the property xΓðxÞ ¼ Γðxþ 1Þ, to obtain

ℜ
Z

yf

0

dx lnΓðixÞ

¼ ℜ

�Z
yf

0

dx lnΓð1þ ixÞ −
Z

yf

0

dx lnðixÞ
�
; ðD2Þ

the second integration is trivial, and is given by

Z
yf

0

dx lnðixÞ ¼ yfðln yf − 1Þ þ iπ
2
yf: ðD3Þ

By using the formulas of Refs. [44,45]

ℜ½lnΓð1þ ixÞ� ¼ 1

2
ln jΓð1 − ixÞΓð1þ ixÞj

¼ −
1

2
ln
sinhðπxÞ

πx
; ðD4Þ

and performing an integration by parts, the first integral in
Eq. (D2) can be solved

ℜ

�Z
yf

0

dx lnΓð1þ ixÞ
�
¼ −

1

2

�
yf ln

sinhðπyfÞ
πyf

−
Z

yf

0

dx½πx cothðπxÞ − 1�
�
;

ðD5Þ

performing of variables πx ¼ z and the following
result [45]

1

π

Z
yfπ

0

dzz cothðzÞ ¼ 1

2π
½−ðyfπÞ2 þ 2yfπ lnð2Þ

þ 2yfπ ln sinhðπyfÞ
− Li2ðe−2yfπÞ þ Li2ð1Þ�; ðD6Þ

where Li2ðxÞ ¼
P∞

k¼1
xk

k2 is the polylogarithm function of

order 2 and we also use the very famous result Li2ð1Þ ¼ π2

6
.

Using these results, all the remaining terms of Eq. (D1)
cancel each other, remaining only

ℑðθ̄EfÞ ¼ −
NcE2

f

2π2

�
−

1

4π
Li2ðe−2yfπÞ

�
ðD7Þ

¼ NcE2
f

8π

X∞
k¼1

e
−k

M2
f
π

Ef

ðπkÞ2 : ðD8Þ
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