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We investigate the type of dual superconductivity responsible for quark confinement. For this
purpose, we solve the field equations of thel) Abelian—Higgs model to obtain the static vor-

tex solution in the whole range without restricting to the long-distance region. Then we use the
resulting magnetic field of the vortex to fit the gauge-invariant chromoelectric field connecting a
pair of quark and antiquark which was measured by numerical simulatio®@) andSU(3)
Yang—Mills theories on a lattice. This result improves the accuracy of the fitted value for the
Ginzburg-Landau parameter to reconfirm the type | dual superconductivity for quark confine-
ment, which was claimed by preceding works based on an approximate method based on the
Clem ansatz. Moreover, we calculate the Maxwell stress tensor for the fitted model to obtain the
distribution of the force around the flux tube. This suggests that the attractive force acts on the
surface perpendicular to the chromoelectric flux tube, in agreement with the type | dual supercon-
ductivity.
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Figure 1: (Left panel) The setup of the operatM{V]LVVpL$ in @3. zis a position of the Schwinger line
L, andy is the distance from the Wilson loalg[V] to the plaquett¥p. (Right panel) The relation among the
chromoelectric fieldE, the induced magnetic currekitand the quark-antiquark paig.

1. Introduction

From the viewpoint of the dual superconductivity picture, the type of dual superconductor
characterizes a property of the vacuum of the Yang—Mills theory or QCD for quark confinement,
In the context of the usual superconductottyipe Il the repulsive force works among the vortices,
while in type | the attractive force works among them. The boundary of the type | and type |
| is called theBogomol'nyi—-Prasad—Sommerfield (BPS) limitand no forces work among the
vortices.

The type of dual superconductor has been investigated for a long time by fitting the chromo-
electric flux obtained by lattice simulations to the magnetic field of the ANO vortex. The preceding
studies [1] done in 1990’s concluded that the vacuum of the Yang—Mills theory is of type Il or the
border of type | and type Il as a dual superconductor. The improved studies [5] conclude that the
vacuum of the Yang—Mills theory is weakly of type I. In these studies, however, the fitting range
was restricted to a long-distance region from the flux tube. Recent studies [3, 4, 6] show that the
vacuum of QCD is the type | dual superconductor. In these papers, they modify the preceding
method by adopting th€lem ansatz[7] for incorporating the short distance behavior of the flux
tube. The Clem ansatz assumes the behavior of the complex scalar field (as the order parameter
of a condensation of the Cooper pairs), which means that it still uses an approximation. In this
work, we shall fit the chromoelectric flux tube to the magnetic field of the ANO vortex it {ti¢
Abelian—Higgs model without any approximations to examine the type of dual superconductor.

In addition, in order to estimate the interaction between the flux tubes, we consider the Maxwell
stress carried by a single vortex configuration. Recently, the Maxwell stress distribution around
the quark-antiquark pair was directly observed on a lattice via the gradient flow method [8]. Our.
results should be compared with their observation. In order to do this, we shall consider the energy-
momentum tensor of a single vortex solution [10] and obtain the Maxwell stress distribution around
the vortex with the fitted values of the Ginzburg—Landau parameter.

2. Operator on a lattice to measure the flux tube

We have exploited the gauge-invariant operator of Di Giacomo et al. [9] to measure chromo-
electric and chromomagnetic fields:

(r(WUILUeL))) 1 (ruprwu))

=T rwiu)) Tw(@) W)y (2.1)
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Figure 2: (Left panel) The gauge-invariant chromofields measured by using the opgiator(@3 at
the midpoint of theqq pair (z = 4) for the 8 x 8 Wilson loop on the24* lattice with the lattice spacing
€ =0.08320 fmat B = 2.5. (Right panel) The induced magnetic curréptobtained by[Z.4) using the
chromofieldF,, V] for the restricted field/.

which is shown in the top left panel of Figufk In the continuum limite — 0, py reduces to

<tr(gzw[m L5W[U]LU)>
(tr(W[U]))

pu =ige? +O0(&%). (2.2)
This was identified with the chromofield strength generated by a pair of quark and antiguark,
9eX( v [ ])ag:

In this paper, we deploy the same operator for the restricted field, which was used to show the
restricted field dominance for the string tension in [3,4]. We replace the full link varihible the
restricted variabl®¥ to define

(r(WVILWEL))) 1 firveptrwiv))

PETTRWVD) r(d) (WD) @3)

It should be noticed that we can define the magnetic cukjeimduced by the chromofielll,, [V ]
as

1

with the lattice derivativel, so that the conservation lalyk,, = 0 holds [3, 4]. Figuré] shows
the result of measurement for tB&J(2) case [3].

3. Fitting method and results

First of all, we give a brief review of th&J (1) Abelian—-Higgs model, whose Lagrangian
density is given by

1 . A2
& = —ZFuwF" + (Du9) ' Dho— = (99— )’ CRY

whereA is the scalar coupling constant anés the value of the magnitude(x)| of the complex
scalar fieldg(x) in the vacuum. The asterisk) denotes the complex conjugation. The field
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strengthF,, of theU (1) gauge fieldA;, and the covariant derivativie,, @ of the scalar fieldp are
defined by

Fuv (X) := 0uAv(X) — 0vAL(X), Du@(X) := du@(X) —igAu(X)@(X), (3.2)
whereq is the charge of the scalar fiefgx). The Euler—Lagrange equations are given by

OFu = jv, jv:=iq[@(Dv@)" — (Dve) ¢'], D*Duo=2A%(V’~¢*p) o. (3:3)
In order to obtain the vortex solution, we adopt a static and axisymmetric ansatz:

AolX) =0, AX) = _Zalp)es, o) =Vf(p)e", (3.4)

where we have used the cylindrical coordinate systeng, z) for the spatial coordinates amds
the winding number. Notice that the magnetic fiBldan be computed by

B(x) = O x A(x) = q—ieZ =:b(p)e;. (3.5)
We introduce the dimensionless variaBéy R = qvp and then the functions are reparametrized

by f(p) = f(R), a(p) = a(R), b(p) = g>?b(R), js(p) = ¢®3j(R). Under this ansatz, the field
equations are cast into

b'(R)+ j(R) =0, (3.6)
nd(R) = RO(R), (3.7)
i(R) =2 (1-a(R) () 39)
f(R) + F%f’(R) — ;'; (1—a(R))* f(R)+2x%(1— f?(R))f(R) =0, (3.9)

wherek = }Tq is the Ginzburg—Landau (GL) parameter and the prithddnotes the derivative
with respect tdR. We solve these equations numerically under the following boundary conditions:

f(0)=0, B(0)=0, j(0)=0, f(eo)=1, a(e)=1. (3.10)

To determine the type of dual superconductivity fld(2) Yang—Mills theory, we fit the
chromoelectric field and induced magnetic current obtained by the lattice simulation [3] (see the
right panel of Figurdl] and the right panel of Figul@ to the magnetic field and electric cur-
rent of then = 1 ANO vortex. In what follows, we denote the lattice data and their errors as
(i,Ex(vi), 0EL (v;)) for the chromoelectric field ang;, K (y;), 0kj (y;)) for the induced magnetic
current. We introduce the regression functions by

B(p;A,.k) == Ab(EP;K), I(BiA,1,K) == ATj(EPiK), (3.11)
wherep := p/¢ is a dimensionless variablg,= ne? andf = ¢ are dimensionless constants with
the lattice spacing. Here, thek-dependence of these functions is implicit, since it is determined
once we solve the field equations.
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Figure 3: The fitting results: (left panel) the ANO vortex with a unit winding number, (right panel) the

approximated method based on the Clem ansatz.

We adopt the maximal likelihood fitting for the flux and current@all, simultaneously. The
error functions of the regression with the weights are given by

enux(Yis A, T,

) = E2%) —BiA, T.K)

SEL(vi)

) Scurrem(Yj N, T,K) =

. (3.12)

k5 (yj)

When we assume that these error functions follow independent standard normal distributions, the
parameterg), T andk can be determined by maximizing the log-likelihood functién, T, k):

(N, T,K)

n

= 22

" a 1m ~ A
(&ux(yis 1, TaK))z_ > Z (5current(Yj;'77T7K))2~
=1

We obtain the result for the ANO vortex with a unit winding numlres 1.

N =0.0448+0.005Q f=0.508+0.032 k =0.565+0.053
MSRﬂux - 013L MSRcurrent: 00938 MSRtota| - 0114

(3.13)

(3.14)

where MSR stands for the mean residual sum of squared errors for the regres&diofThe
fitting result is shown in the left panel of FiguBe This new result shows that the vacuunttf(2)
Yang-Mills theory is of type I.
This result should be compared with result by using the Clem ansatz. (For more detail, see
[11].) The new resuli3. 19 gives the larger value of the GL parameter than that in the previous
work [3], k = 0.38+0.23, where only the regression Bt is taken into account We also study the
improved method based on the Clem ansatz [11], where the fitting forEotnd kk, is adopted
by using the regression functialiy;; a, 3, k) which is replaced by the Clem ansatz. The fitting

result is shown in the right panel of FiguBend gives the GL parameter:

K = O-?)?Zl: 020, MSRﬂUX - 017:L MSRcurrent: 00867 MSR{ota| == 0135.

The inclusion oky can improve the accuracy of fitting for the flux.

4. Type of dual superconductor

(3.15)

In order to clarify the difference between type | and Il of dual superconductors, we investigate
the Maxwell stress tensor around a vortex according to the proposal [10]. For this purpose, we
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Figure 4: The components of the stress teni6f (left panel), T?? (middle panel), and? (right panel) as
functions ofR for then = 1 ANO vortex configuration in units af®v* for k = %,0.565(type 1), \% (BPS),
1 (type II), ande (London limit). The red solid curves represent the stress tensor for the fitted parameter of

the GL parametex = 0.565

obtain the energy-momentum-stress terisét from the Lagrangian densitl8(l) as

T 36" FoaF PO —FHPEY, + (D) (D) + (D) (D)

L A? .
—¢" (Dpg) (D) + ¢ (V' — @ 9.

4.1)

Notice that this energy-momentum tensor is symmetric, T8Y, = TVH. Under the ansati3(9),
the components oF#Y are written into

TPP =?v* %bZ(R)Jr f2(R

T —gAv* -}bz(R) — 2R + =

2

T =PV %bZ(R) +f%(R)

n? 2 2|
) — =2 (1-a(R)* f3(R)— k* (1- f*(R))
n (1—a(R)? f3(R) — k% (1— fZ(R))Z_
RZ ]
+ ;z (1-a(R)*f4(R) + K2 (1— fZ(R))Z- =

00
-T ,

(4.2)
(4.3)

(4.4)

and the off-diagonal components vanish. FiglighowsTPP T?? andT# for various GL param-
eterk with a unit winding number. Here, we change the signaturglbidefined in @) by using
the ambiguity of the overall signature of the Noether current in order to reproduce the conventional

Maxwell stress tensor.

Next, we consider the force acting on the area element of the flux tube. By using the Maxwell
stress tensor, the stress fof€acting on the infinitesimal area elemei8is given by

F=T-dS=T -nAS,

(4.5)

wheren is a normal vector of the area elemei@andAS stands for the area ofS Figurdd shows
elements of the stress force. The left and mid panels show the situations for the ANO vortex, while
the right panel shows the corresponding situation in the electromagnetism case, where a pair of
electric charges:qis located atre on thez-axis, respectively.
If we choosen to be equal to the normal vector pointing tpedirection, i.e.,n = €y, the
corresponding stress for€€®) reads

F(P) = TPPASE,.

(4.6)
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Figure 5: (Left and Mid panels) The Maxwell stress force acting on the flux tube originating from the ANO
vortex configuration. (Right panel) The Maxwell stress force in the electromagnetism.

Figure 6: The chromoelectric flux obtained in [3] and distribution of the Maxwell stress for the fitted value
of the GL parametex = 0.564. The red line (the thick line in the— y plane) stands for the ANO vortex.

We find thatF (°) -8 = TPPASis always positive in type |, while always negative in type Il. There-
fore, F(P) represents the attractive force for type I, while the repulsive force for type II.

The other choice dh is to be parallel to the ANO vortex, i.m,= e,. The corresponding stress
force F? can be written as

F? =T”ASe, F?.e=TAS>0. (4.7)

FigureH is a sketch of the Maxwell stress force acting on the flux tube originating from the ANO
vortex configuration.

Using the parameters obtained by fitting to the ANO vortex, we can show the distribution of
the Maxwell stress around the flux tube, which is shown in Fiiréhis result indeed supports
the type | dual superconductor for quark confinement.

Our analysis on the Maxwell stress tensor around an ANO vortex agrees with the result ob-
tained by the preceding work [10].

5. Conclusion

We investigate the type of dual superconductivity responsible for quark confinement. For this
purpose, we have solved the field equations otili®) Abelian—Higgs model without any approxi-
mation in place of Clem ansatz, and have fitted the flux and magnetic current. We have reconfirmed



Type of dual superconductivity Akihiro Shibata

that the vacuum of th8U(2) Yang—Mills theory is of type | as a dual superconductor with the GL
parametex = 0.565+ 0.053 We found that inclusion of regression of the magnetic current is
important to improve the accuracy of the fitting as seen from the error of the GL parameter, or the
mean of squared residuals. We also found that the approximated method based on the Clem ansatz
is sensitive to the fitting range. In the new method, on the other hand, the effect of changing the
fitting range is negligible. This fact suggests that our new method gives more reliable results than
the previous one. For more detail, see [11].

Moreover, we have calculated the distribution of the Maxwell stress force around the flux
tube for the Abelian—Higgs model with the fitted GL parameter. It was confirmed that there exists
an attractive force among the chromoelectric flux tubes, that is consistent with the type | dual
superconductor.
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