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Abstract. In this work we investigate a inflationary scenario generated by a large scalar
field φ that non-minimally couples to a f(R) modified gravity model. For a Starobinsky’s like
model, it is found that along a particular flat direction, the scalar potential takes a simple form
V = (M4

p/4)[V (φ)/α(φ)2] where α(φ) is a non-minimal coupling to Ricci scalar R in the model.
The inflation, therefore, is effectively represented as a single field inflaton scenario. For a specific
example, such as a scalar potential V (φ) = µ1φ

2 + µ2φ
4, we found that the predictions match

nicely in the 1σ confidence level of Plank TT, TE, EE+lowP combination data of Planck 2015
CMB data for 0 < µ3 ≤ 100, where µ3 := |µ1|/(µ2M

2
p ). For example, taking µ3 = 0.01 the

scalar-to-tensor ratio r = 0.0004 and and spectral index ns = 0.96985 for N∗ = 50 while taking
µ3 = 100.0 produces r = 0.03 and ns = 0.96359 for N∗ = 60.

1. Introduction
Inflation, a rapid accelerated expansion in the early universe, was originally introduced to
solve the flatness and horizon problems in the big bang cosmology. The inflation provides a
mechanism to generate density fluctuation which later evolve into large scale structures in the
universe. Its prediction to the almost scale-invariant spectrum of cosmological perturbations is in
remarkable agreement with the high-precision CMBR observations such as the COBE, WMAP,
PLANCK,and BICEP2. The recent Planck-2015 mission measures the scalar spectral index as
ns = 0.968± 0.006 and combined with the BICEP2/Keck Array CMB polarization experiments
have put a bound on the tensor-to-scalar ratio as r < 0.12 (95% CL). These constraints imply
that a single field inflation models with quartic λφ4 and quadratic m2φ2 potentials are ruled
out from the observations as they produce large tensor-to-scalar ratio r ' 0.26 and r ' 0.13,
respectively, compared to the inflationary scenario motivated from modified gravitational sector
view point, such as R2 correction known as Starobinsky model that predicts smaller scalar-
to-tensor ratio [1]. A novel scenario from particle physics view point that is mathematically
equivalent to the R2 inflation is now known as the Higgs inflation scenario [2], where the inflaton
field φ is non-minimally coupled to the curvature scalar R. However, due to a very large non-
minimal coupling to the curvature scalar to obtain the observed CMB amplitude, such a model
however encounters the problem of unitarity violation in Higgs-Higgs scattering via graviton
exchange at Planck energy scales [3, 4]. On the other hand, a generalization of scalar-curvature
coupling ξφ2R of Higgs inflation to ξφaRb eliminates this large coupling problem [5]. However,
this kind of generalized non-minimally coupled model with an additional quantum corrected
quartic potential λφ4(1+γ), which is equivalent to the inflation model R+Rβ [6] produces large
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r ' 0.2, and thus is disfavored by present CMB observation [1]. Inspired from this trend, in this
paper, we would like elaborate non-minimal coupling of a scalar field to the curvature scalar in
the context of general modified gravity f(R) theory. To have a comparison with the previous
studies, a specific f(R) and scalar potential will be considered in the detail.

2. Action of f(R) gravity with non-minimal coupling to a scalar
The action for a scalar field φ in a f(R) gravity theory can be written as

S =

∫
d4x
√
−g [f(R)− gµν∂µφ∂νφ− V (φ)] (1)

in the Jordan frame, where here gµν denotes metric tensor of the space. If there are non-
minimal couplings between f(R) gravity with the scalar φ, to accommodate such couplings,
the function f(R) should include any term containing Ricci scalar R and φ. Therefore, f(R)
in the action can be modified to be F (R,φ) [5]. The gravitational part of the action may
be assumed to be generated by an auxiliary scalar field χ [7, 8, 9], so that in this context
F (R,φ) = F (χ, φ). Without losing generality, if we work in arbitrary D dimension space-time,
the associated gravitational action term satisfies∫

dDx
√
−g [F (R,φ)] =

∫
dDx
√
−g [Fχ(R− χ) + F ] , (2)

where Fχ := ∂F (χ, ψ)/∂χ. Varying the action (2) with respect to χ yields conditions Fχχ = 0
atau χ = R, showing that it is classically equivalent to the original model if we take χ = R.
Thus, rearrangement of equation (1) leads into this following form

S =

∫
dDx
√
−g [FχR− gµν∂µφ∂νφ− (V (φ)− (F − χFχ))] . (3)

The action (3) can be rewritten to the Einstein frame by conformal transformation ĝµν =
Ω2gµν [10], to gives rise to the standard Einstein-Hilbert action containing (M2

pR/2) term where

Mp denotes (reduced) Planck mass in D dimension which is Mp = (8πGN)−1/2 = 2.4 × 1018

GeV in D = 4. Here, we use a caret to indicate quantities in the Einstein frame. One finds
some transformed quantities that are useful in the calculation:

ĝµν = Ω−2gµν , (4)√
−ĝ = ΩD√−g, (5)

R̂ = Ω−2
[
R− 2(D − 1)

Ω
�Ω− (D − 1)(D − 4)

Ω2
gµν∇µΩ∇νΩ

]
(6)

where �Ω := gµν∇µ∇νΩ = 1√
−g∂µ [

√
−ggµν∂νΩ]. It is possible to get rid of the non-minimal

coupling remaining in action (3) if we identify

ΩD−2 =
2

MD−2
p

Fχ. (7)

As a result, the action in the Einstein frame is

SE =

∫
dDx

√
−ĝ

[
MD−2
p R̂

2
−
MD−2
p

2

(D − 1)

(D − 2)

ĝµν

F 2
χ

∇̂µFχ∇̂νFχ −
MD−2
p

2

ĝµν

Fχ
∇̂µφ∇̂νφ− VE

]
,

(8)



The 6th International Conference on Mathematics and Natural Sciences

IOP Conf. Series: Journal of Physics: Conf. Series 1127 (2019) 012018

IOP Publishing

doi:10.1088/1742-6596/1127/1/012018

3

where we have introduced the transformed potential from the original one

VE :=
MD
p

2D/(D−2)
[V (φ)− (F − χFχ)]

F
D/(D−2)
χ

. (9)

The transformed action (8) still contains a non-canonical kinetic term in the second term of
the equation and a mixing term to the scalar field φ’s kinetic term. The former can be further
simplified to the canonical kinetic term by doing the field redefinition

ψ :=

√
(D − 1)

(D − 2)
ln (Fχ) , ψ̃ :=

√
D − 2

D − 1
ψ. (10)

Hence, after some treatments, we obtain the final action:

SE =

∫
dDx

√
−ĝ

[
MD−2
p

2
R̂−

MD−2
p

2
ĝµν∇̂µψ∇̂νψ −

MD−2
p

2
e−ψ̃ ĝµν∇̂µφ∇̂νφ− VE

]
. (11)

3. Starobinsky model with non-minimal coupling to a scalar field
In this section, we will investigate a particular example of f(R) gravity theory that contains R2

term called Starobinsky model [11]. If we consider a nonminimally coupling to a scalar field, the
gravitational Lagrangian density can be written as f(R) = α(φ)R+ β(φ)R2. Thus, we can find
the associated Lagrangian density in term of an auxiliary field χ as F (χ, φ) = α(φ)χ + β(φ)χ2

and we have ψ =
√

3/2 ln [α+ 2βχ]. The potential in the Einstein frame from equation (9) take
this following form

VE :=

(
M2
p

2

)2
e−2̃ψV (φ)−

(
1− αe−ψ̃

)2
2β

 . (12)

Therefore, there is a flat direction along ψ̃ = ln(α) that the inflaton proceeds it on. Along this
direction, the potential is given as

V =
M4
p

4

V (φ)

α(φ)2
(13)

showing that the inflation is effectively generated by a single field φ thus formulation
corresponding to single field inflation can be used.

For a specific chase, we consider a scalar field with a general potential form V (φ) = µ1φ
2+µ2φ

4

where µ1 < 0 to guarantee the field having a vacuum expectation value (VeV) at v :=
√
−µ1/2µ2.

In this model, it is also assumed a condition for non-minimal coupling to gravity to be
α(φ) = aφ2. The potential (12), therefore, can be written to be

V = V0

[
1− µ3φ̃2

]
(14)

where here we have defined V0 :=
µ2M4

p

4a2
, µ3 := |µ1|

µ2M2
p

and φ̃ :=
Mp

φ . This is a kind of inverse

power law inflation that is promising to explain Planck experimental data for CMB and having
a similar features as the mutated hybrid inflationary models [12]. Slow-roll parameters for this
single field inflation are:

ε =
M2
p

2

[
V ′

V

]2
=

2µ23φ̃
6

(1− µ3φ̃2)2
, η = M2

p

[
V ′′

V

]
= − 6µ3φ̃

4

(1− µ3φ̃2)
, (15)
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Table 1: Numerical results for several variations of µ3 and N∗.

µ3 N∗ ns∗ r∗ VeV (v) a
×Mp ×104

0.01 50.0 0.96985 0.00040 0.07070 13.1755
0.01 60.0 0.97489 0.00030 0.07070 15.1061

1.00 50.0 0.96850 0.00400 0.70711 4.16645
1.00 60.0 0.97386 0.00304 0.70711 4.77697

10.0 50.0 0.96526 0.01265 2.23607 2.34297
10.0 60.0 0.97139 0.00962 2.23607 2.68629

30.0 50.0 0.96178 0.02191 3.87298 1.78027
30.0 60.0 0.96875 0.01667 3.87298 2.04114

50.0 50.0 0.95939 0.02828 5.00000 1.56684
50.0 60.0 0.96693 0.02152 5.00000 1.79643

75.0 50.0 0.95701 0.03464 6.12372 1.41580
75.0 60.0 0.96512 0.02635 6.12372 1.62326

100.0 50.0 0.95500 0.04000 7.07107 1.31755
100.0 60.0 0.96359 0.03043 7.07107 1.51061

where V ′ := dV/dφ and V ′′ := d2V/dφ2. Those slow-roll parameters show that the inflation
starts, as indicated by condition ε � 1, at scale (µ3φ̃

2) � 1 and terminates while ε ' 1 or at
the scale (µ3φ̃

2
e) ' 1 +

√
2. Observational parameters, the scalar spectrum index ns and the

ratio of the tensor perturbation to the scalar perturbation r, can be represented by using those
two slow-roll parameters as follows [13]

ns = 1− 6ε+ 2η, r = 16ε (16)

During that stage, the inflaton evolves from a particular value φ into its value at the end of
inflation φe as given by e-folding number

N = − 1

M2
p

∫ φe

φ

V

V ′
dφ =

1

2µ3

[
φ̃−4

4
− µ3φ̃

−2

2

]φ̃
φ̃e

:= N(φ̃)−N(φ̃e) (17)

where here, we have defined

N(φ̃) :=
1

2µ3

[
φ̃−4

4
− µ3φ̃

−2

2

]
. (18)

The spectrum of scalar perturbation predicted by the inflation is expressed as [13]

PR(k) = ∆2
R

(
k

k∗

)ns−1
, ∆2

R =
V

24π2M4
plε

∣∣∣
k∗
. (19)



The 6th International Conference on Mathematics and Natural Sciences

IOP Conf. Series: Journal of Physics: Conf. Series 1127 (2019) 012018

IOP Publishing

doi:10.1088/1742-6596/1127/1/012018

5

The CMB observations give the normalization such that ∆2
R ' 2.43×10−9 at k∗ = 0.002 Mpc−1.

This constrains the value of V/ε at the time when the scale characterized by the wave number
k∗ exits the horizon [15]. On the other hand, the remaining e-foldings N∗ of the inflation after
the scale k∗ exits the horizon is dependent on the reheating phenomena and others as [13, 14]

N∗ ' 61.4− ln
k∗
a0H0

− ln
1016 GeV

V
1/4
k∗

+ ln
V

1/4
k∗

V
1/4
end

− 1

3
ln
V

1/4
end

ρ
1/4
reh

. (20)

Taking account of this uncertainty, N∗ is usually considered to take a value in the range 50 - 60.
Here we also use the values in this range and we represent a value of φ which gives the e-foldings
N∗ as φ∗. The observational observables, tensor to scalar ratio r and the spectral index ns, need
to be expressed at this value to be able have comparison with the observation. These values will
be denoted as r∗ and ns∗.

N = 50

N = 60

    = 1.0

    = 10.0

    = 50.0

    = 100.0

Figure 1: Predicted values of (ns, r) for various µ3 values in the interval (0, 100) as given in
Table 1. Contours given as Fig. 6 in Planck Collaboration [1] are used here.

4. Predictions
To discuss the features of the model, numerical calculations are needed particularly to consider
all possible terms in the formula. However, in this model, the inflation ends at scale φ̃e '√

(1 +
√

2)/µ3. Therefore, for µ3 < 102, Ne = N(φ̃e) is negligible thus e-folding number can

be approximately given as it value when the comoving scale crosses the Hubble radius at the
first time N ' N∗. Considering that the inflation starts at the scale (µ3φ̃

2) � 1, the leading
contributions of the e-folding number and slow-roll parameters are

N∗ '
φ̃−4

8µ3
, ε∗ ' 2µ23φ̃

6 '
√
µ3
27

1

N
3/2
∗

, η∗ ' −6µ3φ̃
4 ' −3

4

1

N∗
. (21)

The scalar-to-tensor ratio r∗ and the spectral index ns∗ therefore will depend to N∗ and µ3 as
follows

ns∗ = 1− 6

√
µ3
27

1

N
3/2
∗
− 3

2

1

N∗
, r∗ = 16

√
µ3
27

1

N
3/2
∗

. (22)
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CMB maps provided by Planck 2015 constrains the tensor-to-scalar ratio and the spectral
index given as ns = 0.968 ± 0.006 and r < 0.11 (95% CL) respectfully [1]. Due to these
constraints, several numerical results are shown in the table 1 for some value of µ3 with a fixed
N∗ = 50, 60, as well as in the Figure 1 for the predicted points (ns, r) in the contour provided
from Planck 2015.

The examples show that the predicted points match nicely in the 1σ confidence level of Plank
TT, TE, EE+lowP combination data for 0 < µ3 ≤ 100, for which the vacuum expectation
value v of the scalar field φ and non-minimal coupling constant to the R gravity term a can be
estimated. The latter one can be approximated from the CMB normalization given in equation
(19). The scalar generating the inflation, therefore, should evolved in the transPlanckian value
and having vacuum expectation value v =

√
µ3/2Mp. The non-minimal coupling is typically in

104 order which is in the same order of non-minimal coupling of the Higgs inflation scenario [2].
This large value had been shown causing several difficulties such as unitarity problem [3, 4, 16],
however some treatments can be used to cure the problem [17, 18]. The reason might be from
the absence of the non-minimal coupling to R2 gravity term when the inflaton takes the flat
direction in the potential (14), therefore using other scenario in this context may treat the
problem. Instead of the difficulty that still appears, the main purpose to save scalar power law
potentials which are already disfavored by recent observations can be achieved.
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