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Abstract’ 

We report on the application of three different methods of 
t computing the S Matrix for 2-port microwave circuits. The 

four methods are modal expansions with field matching 
across boundaries, time domain integration of Maxwell’s 
equations as implemented in MAFIA, HFSS (high frequency 
structure simulator), and the KKY frequency domain method. 
Among the applications to be described are steps in 
rectangular waveguides and irises in waveguides. 

I. INTRODUCTION 

The Kroll-Kim-Yu (KKY) [1] method of 
determining the S matrix of 2-port microwave circuits is an 
elementary algebraic procedure which can be used in 
conjunction with any computer program which determines 
the resonant frequency and electromagnetic fields of closed 
cavit&.- As such it may be thought of as supplementary to 
program packages which accomplish the same objective, but 
which may not be available to a particular user. It may also 
be used to provide mutual validation of alternate procedures. 
While the basic theory of the method is given in [ 11, no actual 
examples were presented. The purpose of this paper is to 
remedy this deficiency, and thereby to demonstrate the 
practicality of the method. As an example of the symmetric 
case we discuss reflecting iris design in circular waveguide 
for application to SLED II [2]. As an example of the 
unsymmetric case we chose a symmetric H-plane step in 
rectangular waveguide (i.e. discontinuous increase of 
waveguide width). As will be discussed below, this simple 
geometry allow us to compare the KKY results with those 
obtained from highIy accurate mode matching calculations. 
Comparison with other lattice based program packages will 
also be given. 

II. THE KKY METHOD 

A. Description Of The Method 
Following [l], we consider a lossless 2-port and 

parametetize its S-matrix as follows: 
S,, = -cos(Q)=rti(++d+)l (1) 
S,, =S,, =-jsin(B)exp(j+) (2) 

t Supported by Department of Energy, DE-AC03-76SFOOS 15*, DE-FGO3- 
92ER40759^, and SBIR grant DE-FGO3-91ER81116# 

S,, = -~GWxpM4-d~)l (3) 
Unique values for the parameters 8,4, and d+ as functions of 
frequency are defined by restricting their ranges as follows 
:-x/2~0~x/2,-n/2~d~1x/2, and -n<oln. From 
the definition of the S matrix: 

b, = S,a, (4) 
where a, and bi are incoming and outgoing wave amplitudes 
respectively. 

Now let us suppose that we have available the field 
configuration and frequency of some mode of the 2-port 
transformed into a closed cavity by shorting the waveguides 
associated with the ports at distance L$ from the reference 
planes. We consider here only the case in which one has 
single mode propagation in each waveguide. Then we have: 

b, /a, = -exp(2j\y,) 
aI /a, = re;up[j(\y, -w,)l (5) 

where v, is k,L% and r is the ratio of the incoming wave 
amplitudes evaluated at the shorts. The wave amplitude ratio 
r is readily computed from appropriately chosen field 
amplitudes as will become clear from the examples. 
Substituting Eqs. (3) and Eqs. (1) into Eqs. (2) provides us 
with two equations for the three unknown S matrix 
parameters. Through algebraic and trigonometric 
manipulation we obtain explicit expressions for 8 and $ in 
terms of the known quantities w, and r and the unknown d+: 

tan(0)=2sin(dyl)/(r-l/r) 
where dv = y, -vz -d$, and ;d is defined in [I]. 

(6) 

B. The Symmetric Case 
A symmetric structure with symmetrically selected 

reference planes has S,, = S,,, and hence d$ = 0. Thus for 
such circuits (provided we have chosen L, f L,) these 
formulas determine the complete S matrix for each frequency 
which appears in the mode spectrum of a computer run. 

We have applied the method to the design of a 
number of circular iris’s in circular TE,, waveguide. For 
application to SLED II, design to a specified value of 
reflection coefficient was required. The iris thickness was 
specified for mechanical reasons to be .080 inches, the 
waveguide diameter was 1.75 inches, and the problem was to 

-- Presented at the Particle Accelerator Conference (PAC 93). Washington, LX. May 17-20, 1993 



-9  - 

-- ? .  - . I  

d e te r m i n e  th e  correct  iris d i a m e te r . T h r e e  U R h J E L  runs  w e r e  
car r ied  o u t, o n e  fo r  e a c h  o f th r e e  cho ices o f iris d i a m e te r , a n d  
e a c h  with th e  wavegu ides  shor ted  a t 2 .1 5  inches  a n d  1 .8 0  
inches  respect ively f rom th e  cen te r  o f th e  iris. 

T h e  q u a n tity r  fo r  th is con fig u r a tio n  is g i ven  by  th e  
n e g a tive  o f th e  ra tio  o f th e  m a x i m u m  m a g n e tic fie lds  a t e a c h  
e n d . T h e  s ign  is to  s o m e  extent  a  conven tio n , b u t with th is 
choice,  S ,, is uni ty w h e n  th e  iris d i a m e te r  co inc ides with th e  
w a v e g u i d e  d i a m e te r . This  con fg u r a tio n  y ie lds e i gh t m o d e s  in  
th e  f requency  r a n g e  ly ing b e tween  th e  cutoff f requenc ies  o f 
th e  T E ,, a n d  T E ,, m o d e s , a n d  S  m a trix p a r a m e ters  cou ld  
h a v e  b e e n  d e te r m i n e d  fo r  al l  o f th e m . This  was  actual ly 
car r ied  o u t, h o w e v e r , on ly  fo r  th e  th r e e  f requenc ies  closest to  
th e  des ign  f requency,  1 1 .4 2 4  G H z , o f S L E D  II. T h e  
p a r a m e ters  a t th e  des ign  f requency  w e r e  o b ta i n e d  by  
in terpo la t ion f rom th e s e  d a ta  a t e a c h  o f th e  th r e e  d i a m e ters, 
a n d  th e  d i a m e te r  r equ i red  to  p rov ided  th e  speci f ied re flect ion 
coe fficie n t was  a g a i n  fo u n d  by  th r e e  po in t in terpo la t ion f rom 
th e s e  numer i ca l  va lues.  E x p e r i m e n ta l  va lues  w e r e  o b ta i n e d  
in  th e  course  o f th e  S L E D - II m e a s u r e m e n ts r e p o r te d  in  [2 ] 
a n d  a r e  in  excel lent  a g r e e m e n t with th e  th e o r e tica l  va lues.  

S ince th e  comp le tio n  o f th e  a b o v e , th e  m o d e  
m a tch i ng  p r o g r a m  to  b e  d iscussed b e l o w  has  b e e n  ex tended  to  
a l low very accura te  eva lua tio n  o f th e  S  m a trix fo r  th e s e  iris’s 
T h e  curves o b ta i n e d  with th e  m o d e  m a tch i ng  m e th o d  a r e  
s h o w n  in. fig u r e -  1  ( the po i n ts a r e  o b ta i n e d  with th e  K K Y  
m e th o d ) . 

Figure  1: Ref lect ion Coeff ic ient of Circular  Iris 
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C. Appl icat ion To  A n  Asymmet ic  Case  

W e  h a v e  s e e n  in  th e  p rev ious  sect ion th a t f rom a  
m o d e  a t a  specif ic f requency  with a  specif ic cho ice  o f shor t ing  
l eng ths  w e  g e t two e q u a tions  fo r  d e te rm in ing  th e  th r e e  S  
m a trix p a r a m e ters. T o  o b ta in  add i tiona l  e q u a tions  it is 
mere ly  necessary  to  fin d  a  di f ferent pa i r  o f shor t ing  l eng ths  
wh ich  p roduces  a n  - i n d e p e n d e n t so lu t ion a t th e  s a m e  
f requency.  T h e r e  is, in  fact, a  con tin u u m  o f ( L ,, L ,) pa i rs  
wh ich  satisfy th is condi t ion,  b u t o n e  such  is actual ly m o r e  
th a n  e n o u g h . T h a t is, f rom a  second  set with, say L ’, , L 2 , a n d  
a n  assoc ia ted r’, w e  h a v e  fo u r  e q u a tions  fo r  th e  th r e e  
p a r a m e ters. W e  can  obv ious ly  wri te d o w n  a  set o f 
express ions  a n a l o g o u s  to  E q s . (5 )  to  (10 )  in  te rms  o f th e  

-  m i m e d  q u a n tities  a n d  temporar i l y  des i gna te  th e  assoc ia ted S  

m a trix p a r a m e ters  as  p r i m e d  q u a n tities. T h e n  sett ing -  
d $  =  d + ’ a n d  sett ing ta n ( @ ) e q u a l  to  ta n ( @ ) in  th e  u n p r i m e d  . 
a n d  p r i m e d  vers ions o f E q . (5 )  w e  o b tain:  

tan(d+)  =  [(r’-l/r’)sin(Dy/)  -  ( r - l / r )s in(W’)l (7)  

[(r’-l/r’)cos(Dv)  -  (r- l / r )cos(Dyr’)] 

w h e r e  Dy, =  w , -  \v 2 . W e  m a y  th e n  o b ta in  +  a n d  q  f rom E q . 
(6 )  a n d  its p r i m e d  c o u n te r p a r t us ing  d $  as  o b ta i n e d  f rom E q . 
(11 ) . They  shou ld , o f course,  b e  e q u a l  to  o n e  a n o th e r  a n d  th e  
extent  to  wh ich  th is wil l  b e  fo u n d  to  b e  th e  case  d e p e n d s  u p o n  
th e  accuracy o f th e  c o m p u te r  p r o g r a m s  wh ich  p r o d u c e  th e  
i npu t d a ta  a n d  th e  accuracy with wh ich  th e  f requenc ies  o f th e  
p r i m e d  a n d  u n p r i m e d  cases h a v e  b e e n  m a tch e d . 

As  a  test o f th e  practical i ty o f th e  K K Y  m e th o d  in  
th e  a s y m m e tric case  w e  cons ide red  a  rec tangu la r  w a v e g u i d e  
in  wh ich  th e  width i nc reased  f rom 0 .4  inches  to  0 .6  inches.  
W ith  L , a n d  L , m e a s u r e d  f rom th e  junct ion e q u a l  to  1 .1  
inches  a n d  1 .3  inches  respect ively,  a  M A F IA  c o m p u ta tio n  
p r o d u c e d  e i gh t m o d e s  in  th e  f requency  r a n g e  b e tween  th e  
T E ,, a n d  T E ,, cutoffs. (Because  th e  junct ion is t ransversely 

s y m m e tric th e r e  is n o  coup l ing  b e tween  th e  T E ,, a n d  T E Z ,, 
m o d e s .) M A F IA  runs  with e q u a l  l eng ths  o f 1 .2 , 1 .2 5 , a n d  1 .3  
inches  p r o d u c e d  co r respond ing  sets o f e i gh t m o d e s  w h o s e  
f requenc ies  b racke ted  e a c h  o f th e  m o d e s  o f th e  u n e q u a l  
l eng th  set. T h e  L , =  L , va lues  n e e d e d  to  m a tch  e a c h  o f th e  
e i gh t f requenc ies  o f th e  u n e q u a l  l eng th  r u n  w e r e  d e te r m i n e d  
by  in terpo la t ion f rom th e  th r e e  e q u a l  l eng th  runs.  T h e  
assoc ia ted r  va lues  w e r e  d e te r m i n e d  by  in terpo la t ion f rom th e  
r  va lues  f rom th e  th r e e  c o m p u te d  l eng ths. T o  d e te r m i n e  th e  r  
va lues  w e  u s e d  r= -K (H , /H,) w h e r e  th e  Hi  a r e  th e  
m a x i m u m  m a g n e tic fie lds  a t th e  e n d s  o f th e  wavegu ides  a n d  
K  is g i ven  by: K  = [(f* -  fCt)/(f2 -  fC:)]““, w h e r e  f a n d  fCi 
a r e  th e  m o d e  f requency  a n d  w a v e g u i d e  cutoff f requenc ies  
respect ively.  Thus  fo u r  M A F IA  runs  y ie lded  th e  d a ta  to  
c o m p u te  th e  S  m a trix p a r a m e ters  a t e i gh t f requenc ies,  
p rov id ing  th e r e b y  a  comprehens i ve  descr ip t ion o f th e  
behav io r  o f th e  S  m a trix ove r  a  b r o a d  r a n g e  o f f requenc ies.  A  
subse t o f resul ts o b ta i n e d  wil l b e  s h o w n  in  connec tio n  with 
th o s e  o b ta i n e d  by  o th e r  m e th o d s  in  th e  nex t sect ion. T h e  $  
va lues  to  b e  s h o w n  w e r e  o b ta i n e d  f rom th e  u n e q u a l  l eng th  
set. T h e  d iscrepanc ies  b e tween  th e m  a n d  th o s e  o b ta i n e d  f rom 
th e  in te rpo la ted  e q u a l  l eng th  set w e r e  very smal l ,  a  resul t  
wh ich  p rov ides  us  with a  consistancy check. 

III. C O M P A R IS O N  W ITH O T H E R  M E T H O D S  

T h e  S  m a trix o f b o th  th e  c i rcular  iris a n d  th e  H-  
p l a n e  ste p  can  b e  very re l iab ly  a n d  accurate ly  c o m p u te d  by  
th e  m o d e  m a tch i ng  te c h n i q u e . In  o r d e r  to  ascer ta in  th e  
veraci ty o f th e  K K Y  m e th o d  w e  conduc te d  a  d e ta i led  
compar i son  b e tween  th e  K K Y  m e th o d , a  c o m p u te r  c o d e  
wri t ten u ti l izing th e  m o d e  m a tch i ng  m e th o d , M A F IA  in  th e  
tim e  d o m a in a n d  H F S S . 
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T h e  m o d e  m a tch i ng  m e th o d  e n tai ls a  decompos i tio n  rec tangu la r  w a v e g u i d e  is s h o w n  in  tab l e  1 . fo r  fo u r  di f ferent . 
o f th e  ta n g e n tia l  e l ec t romagne tic fie ld  in  r eg ion  1  into th e  m e th o d s , n a m e ly, M M  ( m o d e  m a tch ing )  us ing  b o th  th e  
fo r m : cascaded  a p p r o a c h  a n d  th e  s y m m e trical a p p r o a c h  ( the ’ 

d i f ference b e tween  th e  two m e th o d s  is in  th e  e i gh th  dec ima l  

E , =  r(a;  exp [-jk:z]+ b : exp [jk;z])E e ; (8)  
place) ,  K K Y , M A F IA  app l i ed  in  th e  tim e  d o m a in, a n d  
H F S S . “= I 

H , =  z(a; exp [-jk:z]-by exp [jk:z])E h : 
r r -L  

Tab le  1 : S  P a r a m e ters  Fo r  A n  H - P l a n e  S te p  

w h e r e  e  a n d  h  a r e  th e  character ist ic m o d e  func tions  o f th e  
structure, k: is th e  w a v e n u m b e r  o f m o d e  n  a n d , Y ,” =  1  / Z: is 
th e  character ist ic a d m itta n c e  o f m o d e  n . A  sim i lar expans ion  
o f fie lds  is m a d e  in  r eg ion  2 . T h e  e lec t romagne tic fie lds  o n  
b o th  s ides o f th e  w a v e g u i d e  junct ion (z =  0 )  a r e  e q u a te d  to  
e a c h  o th e r  a n d  th is results, in  pr inc ip le,  in  a n  inf inite set o f 
coup led  e q u a tio n  fo r  th e  m o d e  coe fficie n ts a :, ai, by  a n d  b ; , 
wh ich  in  pract ice, a r e  t runcated to  N  in  r eg ion  1  a n d  M  in  
r eg ion  2 . T h e  so lut ion to  th e s e  e q u a tions  fo r  a  W N  (w ide  to  
na r row)  t ransi t ion enab les  th e  no rma l i zed  gene ra l i zed  
scat ter ing m a trix to  b e  o b ta i n e d  in  th e  c o m p a c t fo r m : 

S ,,~ = Y ”*~ ~ + Y *)-‘( Y - Y ~ ) Y ”* (10 )  

S ,, = Y ”‘[2 a ( Y + Y ,)-‘]+  (11 )  

S ,, =  Y ln [2a-‘( Y  + Y 1 ) - ‘]Y - “* (12)  . ._ , .-_  _  
. s,, = ~ l/*(~ + Y y n ) - l ( ~ - Y Y ,)~ - “* (13 )  

w h e r e  a  is th e  m a trix o f sca lar  p r o d u c ts o f m o d e  func tions  
in tegra ted  ove r  th e  cross-sect ional  a r e a  o f th e  a p e r tu r e  r eg ion , 
Y  a n d -  Y a r e  d i agona l  m a trices with e l e m e n ts Y ,” a n d  Y ,” T h e  a g r e e m e n t b e tween  M M , K K Y , a n d  M A F IA  in  th e  tim e  
respect ively,  a n d  th e  a d m itta n c e  o f th e  smal le r  w a v e g u i d e  d o m a in, fo r  +  a n d  0  is e n c o u r a g i n g . This  ind icates th a t th e  
v iewed  f rom th e  la rge r  a n d  v ice-versa,  respect ively,  a r e  g i ven  abso lu te  va lue  o f e i ther  th e  re flect ion coe fficie n t o r  th e  
by: t ransmiss ion coe fficie n ts a n d  i n d e e d , th e  p h a s e  o f th e  

Y , =  (a -‘)‘? a - ‘, a n d  Y , =  a ’Y a  
t ransmiss ion coe fficie n ts, m a y  b e  qu i te  re l iab ly  o b ta i n e d  by  

(14 )  e i ther  m e th o d . Howeve r , th e  va lues  fo r  d +  on ly  a g r e e  in  th e  
first a n d  second  dec ima l  p lace,  ind icat ing th a t th e  p h a s e  o f 

T h e  a b o v e  re la t ion revea ls  th e  in terest ing resul t  th a t th e  th e  re flect ion coe fficie n ts o f th e  S  m a trix c a n n o t &  re l iab ly  
i m p e d a n c e  o f th e  smal le r  g u i d e , v iewed  f rom th e  la rge r  u p o n . 
w a v e g u i d e , is g i ven  exact ly (i.e. n o  m a trix invers ions a r e  V . R E F E R E N C E S  
requ i red ) , in  te rms  o f a  s u m m a tio n  o f th e  p r o d u c t o f m a trix 
e l e m e n ts. M o r e o v e r , th e  a b o v e  resul ts fo r  th e  scat ter ing 
m a trix a r e  app l i cab le  to  b o th  a n  H -p l ane  ste p  a n d  to  a  

[l] N. Krol l ,  e t al, 1 9 9 2 , C o m p u ter determinat ion of the 

t ransi t ion in  th e  rad ius  o f c i rcular  w a v e g u i d e .. Fu r th e r m o r e , 
scatter ing m a trix proper t ies  of N-por t  cavit ies, 1 9 9 2  

fo r  a  W N W  (w ide  to  n a r r o w  to  w ide )  transit ion, as  is appos i te  
L i nea r  acce lera tor  con fe r e n c e  p roceed ings , A E C L - 1 0 7 2 8 , 

to  th e  S L E D - II iris, th e  overa l l  S  m a trix m a y  b e  o b ta i n e d  by  
2 1 7 , ( 1 9 9 2 )  

us ing  th e  i n h e r e n t s y m m e try p r o p e r ties  o f th e  system [3 ], o r  
[2 ] C . N a n tista , e t al, 1 9 9 3 , High  powe r  RFpu lse  compress ion  

by  cascad ing  [4 ] th e  W N  m a trix with a  m a trix co r respond ing  
with the SLED-I I  system at S U C , S L A C - P U B  6 1 4 5  (sb  

to  a  shift in  p h a s e  a l o n g  th e  l eng th  o f w a v e g u i d e  a n d , with a  
3 3 , 1 9 9 3  P a r ticle acce lera tor  con fe rence ) . 

m a trix co r respond ing  to  a  N W  transit ion; th e  latter m a trix is, 
[3 ] R . E . Col l in,  1 9 9 1 , Fie ld Theov  of G u i d e d  Waves,  

o f course,  read i ly  o b ta i n e d  f rom th e  W N  m a trix. In  o u r  
(McGraw-Hi l l  B o o k  C o m p a n y , N .Y .) 

c o m p u ta tions  w e  h a v e  u ti l ized b o th  m e th o d s  to  p rov ide  a  
[4 ] R . M ittra  a n d  S . W . L e e , 1 9 7 1 , A n a fyticaf techn iques in 

check as  to  th e  e fficacy o f th e  calculat ions.  
the theory of gu ided  waves  (Macmi l lan  C o m p a n y , N .Y .) 

A  r e p r e s e n ta tive  samp le  o f S  m a trix p a r a m e ters  as  a  
func tio n  o f f requency  (GHz)  fo r  a n  H -p l ane  ste p  in  
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