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Computing polynomial form of the colored HOMFLY-PT for nonarborescent knots obtained from three
or more strand braids is still an open problem. One of the efficient methods suggested for the three-strand
braids relies on the eigenvalue hypothesis which uses the Yang-Baxter equation to express the answer
through the eigenvalues of the R matrix. In this paper, we generalize the hypothesis to higher number of
strands in the braid where commuting relations of non-neighboring R matrices are also incorporated. By
solving these equations, we determine the explicit form forR matrices and the inclusive Racah matrices in
terms of braiding eigenvalues (for matrices of size up to 6 by 6). For comparison, we briefly discuss the
highest weight method for four-strand braids carrying fundamental and symmetric rank two SUqðNÞ
representation. Specifically, we present all the inclusive Racah matrices for representation [2] and compare
with the matrices obtained from eigenvalue hypothesis.
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I. INTRODUCTION

Classification of knots is one of the most challenging
research problems. The well-known Jones, HOMFLY-PT,
and Kauffman polynomials [1,2] can distinguish many
inequivalent knots but not all knots. Witten’s pioneering
work [3] involving Chern-Simons field theory [4] and
Jones’ polynomials suggested that the generalized knot
invariants can be computed for any knot K carrying
arbitrary representation R of any gauge group G. They
are referred to as colored knot invariants HK

R which are
supposed to give a pool of data to attempt the famous
challenging problem of the “classification of knots.”
The methodology of writing the knot invariants is straight-

forward and involves braiding eigenvalues and Racah matri-
ces. However, the polynomial form of such invariants can be
determined only if we know the Racah matrices. In fact, the
Racahmatrices are fully known [5] only forSUqð2Þ, enabling
the evaluation of the colored Jones polynomial for any knot.
Recently, from the colored HOMFLY-PT for twist knots [6]
and pretzel knots [7] (using the evolution method [8–10] in
the latter case), the closed form expression for Racahmatrices
involving any SUqðNÞ symmetric representation was

conjectured [7,11,12] Subsequently, colored HOMFLY-PT
for arborescent knots [2,13] carrying symmetric representa-
tions was computable [6,7,14,15] In addition, colored
HOMFLY-PT for some rectangular [16] and nonrectangular
representations [17,18] of SUqðNÞ have been obtained for
arborescent knots. It is still an open problem to compute
colored HOMFLY-PT for any nonarborescent knot carrying
symmetric and other representations.
Based on the Reshetikhin-Turaev (RT) approach [19] and

its variants, new methods have been devised to obtain
colored invariants for nonarborescent knots from closure
of three or more strand braids. In Ref. [20], a universal
construction for knots in the fundamental representationwas
suggested but has not been generalized to higher represen-
tations. Another approach, used in Refs. [21–25] involves
calculations of the highest weight vector for various repre-
sentations which becomes computationally tedious as we
increase the number of braids. We refer the reader to see the
papers [26,27] where some nonarborescent knot invariants
are presented from generalization of the method [18] Even
though these approaches are straightforward, the evaluation
process becomes cumbersome. Another powerful method
called eigenvalue hypothesis was suggested in Ref. [28] In
fact, we will focus on the essential details of the eigenvalue
hypothesis which will provide some inclusive Racah matri-
ces to simplify the tedious highest weight approach.
The eigenvalues hypothesis claims that the inclusive

Racah matrix is fully determined by the eigenvalues of the
R matrix. Using the suggested hypothesis for the three-
strand case [28], the inclusive Racah matrices up to size
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5 × 5 in terms of the R-matrix eigenvalues have been
guessed for SUqð2Þ1 and later were shown to work for
arbitrary SUqðNÞ. Subsequently, the 6 × 6 inclusive Racah
matrix was calculated in terms of the eigenvalues [29] using
the Vögel universality hypothesis of Chern-Simons theory
[30,31]. These conjectured matrices have been independ-
ently checked. [32] Let us briefly discuss the construction
of the inclusive Racah matrix [21] for the three-strand
braid. This will set the stage to go to four or more strand
braids. For the three-strand braid carrying SUqðNÞ repre-
sentations V1; V2; V3, it is well known that the Racah
matrix Uij (originally introduced by G. Racah and E. P.
Wigner) is the matrix that intertwines the maps:

ðV1 ⊗ V2Þ ⊗ V3 ⟶ Q and V1 ⊗ ðV2 ⊗ V3Þ ⟶ Q:

The matrix indices of Uij are enumerated by the repre-
sentations from V1 ⊗ V2 ¼⊕i Ti (the first index) and from
V2 ⊗ V3 ¼⊕j Tj (the second index). Since we are inter-
ested in the construction of knots from braids, we need to
consider V1 ¼ V2 ¼ V3 ¼ V. In fact, Uij are the matrices
that relate the braiding matrix (R1) acting on the first two
strands and the braiding matrix (R2) on the second and
third strands in the three-strand braid. Note that Uij are
referred to as the inclusive Racah matrix when V ≠ Q and
the exclusive Racah matrix when V ¼ Q.
Whatever the representations V and Q are, if the Racah

matrix has size k × k, it is expressed through k eigenvalues of
the R matrix R∶ V ⊗ V → V ⊗ V. These eigenvalues are
very simple: �qC2ðXÞ, where C2ðXÞ is the eigenvalue of the
second Casimir operator in representation X ∈ V ⊗ V. The
evaluation of Uij is governed by the Yang-Baxter equation:

R1R2R1 ¼ R2R1R2: ð1Þ

In particular, one can diagonalize R1 and take R2 ¼
UR1U†. Then (1) relates the Racah matrix U to the
eigenvalues of R1. In principle, for various diagonal k × k
R1, the elements of the k × k Racah matrix Uij must be
determined using the above equation. So far,U up to the size
5 × 5 [28,33] and for the size 6 × 6 [29] has been obtained.
Going beyond three-strand braids has not been discussed

within the context of eigenvalue hypothesis. In this paper,
we demonstrate that the eigenvalue hypothesis is still true
for the case of multistrand braids. We illustrate it in the
example of four-strand braids (i.e., for the maps V⊗4 → Q).
In this case, there are three Ri¼1;2;3 matrices and two
unitary matrices U;W1. Hereafter, we call all these unitary
matrices as inclusive Racah matrices even though they are

more general matrices that relate the braiding matrices
(Ri’s) in the multistrand braids. Note that the matrix U that
makes the rotation of R1 to R2 is still the same and is
determined by the Yang-Baxter equation (1). The rotation
to R3 ¼ UW1UR1U†W†

1U
† involves also the W1 matrix

besides U, which is determined from the requirement that
R1 and R3 commute:

½R1;R3� ¼ 0: ð2Þ
This property comes, in fact, from the braid-group relations
whichRmatrices should satisfy.We solved this equation for
W1 up to matrices of size 6 × 6 and checked that the result
for the Racah matrices obtained this way coincides with the
Racah matrices evaluated by the highest weight method.
With the above discussions for three- and four-strand

braids, we can now formulate the eigenvalue hypothesis for
the generic n-strand braid:

Extended eigenvalue hypothesis. The Racah matrices
defining R2 are determined by the Yang-Baxter equa-
tion (1), while the remaining Racah matrices defining
Ri, i ≥ 3 are determined by commuting with all non-
neighbor R matrices [parametrized like R4 in (11)]:

RiRj ¼ RjRi; jj − ij ≠ 1:

In other words, according to this hypothesis, if one
makes the R1 matrix diagonal with all the eigenvalues
different from each other, then all other matrices are
uniquely defined. Therefore, they provide some particular
representation of the braid group.
The paper is organized as follows. In Sec. II, we discuss

general properties ofRmatrices involved in the Reshetikhin-
Turaev approach. In Sec. III, we outline the basics of
eigenvalue hypothesis with Sec. III B presenting old results
from [28] for the three-strand case, and Sec. III C presenting
new results for the four-strand eigenvalue hypothesis. In
Sec. IV, we explain the highest weight method, which allows
us to evaluate the Racah matrices. In particular, we indicate
the calculation of U in the three-strand braid for a specific
representation. These matrix elements agree with those of the
eigenvalue hypothesis in Sec. III up to the � sign. We have
presentedU andW1 forR ¼ ½1� in Sec. VA fewof the unitary
matrices for R ¼ ½2� are given in Sec. V B. Summary and
open questions are posed in the concluding Sec. VI. In
Appendix A, we have placed the remaining U and W1 for
k × k where k > 3 for representation R ¼ ½2�. Appendix B
contains [2]-colored HOMFLY-PT for a few arborescent
knots and all nonarborescent knots up to 10-crossings
obtained from four-strand braids. We will update these
polynomials in our web site [34].

II. R MATRICES

One of the most useful approaches to calculate knot
polynomials and the one relevant to the subject of the paper

1It works in the following way: let us fix V andQ to be the spin
j and 3j − kþ 1 representations of SUqð2Þ, respectively. Then,
the inclusive Racah matrix Uk×kðjÞ for V⊗3 → Q has size k × k,
and the k eigenvalues of the R matrix, λiðjÞ, i ¼ 1;…; k are
parametrized by j.
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is the so-called Reshetikhin-Turaev (RT) approach [19,
21–25,35,36]. This approach deals with the braid repre-
sentation of the knot. Each crossing in the braid corre-
sponds to a particular R matrix. Then the knot polynomial
is presented as a character expansion

HK
Y ¼

X
Q⊢Y⊗m

S�QCQ; ð3Þ

where the sum is over all irreducible representations in the
product or representations corresponding to individual
components, m is the number of strands, Y is the repre-
sentation on each strand (in this paper, we consider only
knots, but most of the formulas in this section can be
extended also to links), CQ is the trace of the product of all
R matrices along the braid in the linear space of all
intertwining operators Y⊗m → Q, and S�Q is the quantum
dimension of the representation Q.
Let us denote throughRi theR matrix corresponding to

the crossing between the ith and (iþ 1)th braid. This
matrix is defined by the following three properties:

(i) The property of any Ri, its characteristic equation
2:Y

j

ðRi − λjÞ ¼ 0: ð4Þ

(ii) The Yang-Baxter equation, which, in the case of a
braid, has the following form:

RiRiþ1Ri ¼ Riþ1RiRiþ1: ð5Þ
(iii) The commutativity of non-neighbor R matrices:

RiRj ¼ RjRi; i ≠ j� 1: ð6Þ

A. Racah matrices

Since all R matrices in the braid have the same sets of
eigenvalues they are related by rotation matrices which are,
in fact, the inclusive Racah matrices. These inclusive Racah
matrices possess a very special structure.
Let us choose R1 to be diagonal. R1 can be associated

with the following way of putting parentheses in the
product of representations: ð…ððY ⊗ YÞ ⊗ YÞ ⊗ ::YÞ.
Then, R2 would correspond to the other way: ð…ðY ⊗
ðY ⊗ YÞÞ ⊗ ::YÞ. The rotation from one way to another can
be described by the following trees of representations:

ð7Þ

uTT 0 are elements of the matrix U corresponding to the
Racah coefficient ½YY Y

Q0
T
T0�. R2 is then defined as

R2 ¼ UR1U†: ð8Þ
If one studies three-strand braids thenQ0 ¼ Q. However,

for larger number of strands, they are not equal. Thus, from
the form of this inclusive Racah matrix it is obvious that
only the elements of the matrix corresponding to the same
Q0 are nonzero. Hence, such U has a block diagonal form
with different blocks corresponding to different Q0.

The third matrix, R3 corresponds to the following product of representations: ð…ðY⊗ðY⊗ðY⊗YÞÞÞ⊗::YÞ.
Thus, the transition from R1 to R3 should be made through the chain of trees

ð9Þ

2Since the braid R matrix acting on Y ⊗ Y commutes with the coproduct [37], it is diagonal in the basis of irreps Q ∈ Y ⊗ Y. Its
eigenvalues are all expressed through the basic quantity

ϰQ ¼ 1=2
X
i

QiðQi þ 1 − 2iÞ

associated with the Young diagramQ with linesQ1 ≥ Q2… ≥ 0. Hereafter, we don’t differ between the representationQ and the Young
diagram that describes Q. The eigenvalues then are given by the formula

λQ ¼ ϵQqϰQ

where the sign factors ϵQ ¼ �1 depend on whether Q lies in the symmetric (þ1) or antisymmetric (−1) square of Y; see [23,27].

EIGENVALUE HYPOTHESIS FOR MULTISTRAND BRAIDS PHYS. REV. D 97, 126015 (2018)

126015-3



The first and the last matrices are actually the same
matrices as appeared above. But for relating R3 with R1 a
new matrix W1 is needed. This matrix corresponds to the
Racah coefficient ½YY T1

Q0
T2

T 0
2

�. R3 is then defined as

R3 ¼ UW1UR1U†W†
1U

†: ð10Þ

Again, similarly to the case of U, the only nonzero
elements of matrixW1 correspond to the coinciding T1 and
coinciding Q0. This leads to a very interesting property of
the matrix W1. Since the eigenvalues of the diagonal R
matrix are defined by the representation T1, W1 commutes
with the diagonal R matrix.
Similarly, this structure can be continued to further R

matrices, e.g., for R4:

R4 ¼ UW1UW2UW1UR1U†W†
1U

†W†
2U

†W†
1U

†: ð11Þ

W2 then again possesses a block structure. This block
structure can be described by paths from the initial
representation Y to the final representation Q [21]. This
is a generalization of the statements made about the block
structure of matrices U and W1. If one defines the
representation Q as coming from the following sequence
of representations

Y → T1 → T2 → T3 → … → Q; ð12Þ

then the matrix Wi has nonzero elements only for
the final representations Q corresponding to the same
T1; T2; ::Ti; Tiþ2;… This allows one to define the block
structure of any Racah matrix Wi.
Let us discuss some particular example of this path and

block structure, e.g., ½2�⊗4 ¼ ½5; 3�. This is a four-strand
case; thus, only the Racah matrices U and W1 appear. The
multiplicity of representation [5,3] is equal to 6 which
means 6 possible paths:

1. ½2� → ½4� → ½5; 1� → ½5; 3�
2. ½2� → ½4� → ½4; 2� → ½5; 3�
3. ½2� → ½3; 1� → ½5; 1� → ½5; 3�
4. ½2� → ½3; 1� → ½4; 2� → ½5; 3�
5. ½2� → ½3; 1� → ½3; 3� → ½5; 3�
6. ½2� → ½2; 2� → ½4; 2� → ½5; 3� ð13Þ

The matrix U then has three blocks. The first one mixes
paths 1 and 3, the second one mixes paths 2, 4 and 6 and the
third one corresponds only to path 5. Then the matrix W1

also has three blocks. The first one mixes paths 1 and 2, the
second one mixes paths 3, 4 and 5 and the third one
corresponds to path 6.

III. EIGENVALUE HYPOTHESIS

In this section, we discuss how the properties of R
matrices define their form and how the eigenvalue hypoth-
esis appear from these properties.

A. Two-strand case

In the two-strand case, there exists only one R matrix
and only one property of the three discussed is important,
namely, the characteristic equation (4). This property
defines eigenvalues of the R matrix. In fact, this property
is essentially two-strand. This means that even if we study
larger number of strands it does not give any further
information and includes only one R matrix acting on
two adjacent strands.

B. Three-strand case

In the three-strand case, there are two R matrices, R1

and R2, related by one Racah matrix U:

R2 ¼ UR1U† ð14Þ

As already explained in the previous subsection, (4) does
not give any new information about these R matrices and
only describes that they have the same eigenvalues.
However, the Yang-Baxter equation (5) is of great impor-
tance here. In terms of the Racah matrix U this equation
looks like

R1UR1U†R1 ¼ UR1U†R1UR1U†: ð15Þ

Incorporating unitarity of U (UU† ¼ 1) into the above
equation one comes to the eigenvalue hypothesis. For the
matrices of the size up to 6 × 6, there is a unique solution
for matrix U if the R matrix is chosen to be diagonal.
Strictly speaking, there are several solutions differing by
inessential sign changes, and, at some special values of the
eigenvalues, more solutions can also emerge. For 2 × 2
matrices the unique solution to (15) in the case of two
generic eigenvalues looks like:

U ¼

0
B@

ffiffiffiffiffiffiffiffiffi
−λ1λ2

p
λ1−λ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2
1
−λ1λ2þλ2

2

p
λ1−λ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2
1
−λ1λ2þλ2

2

p
λ1−λ2

ffiffiffiffiffiffiffiffiffi
−λ1λ2

p
λ1−λ2

1
CA; for R1 ¼

�
λ1

λ2

�
:

ð16Þ

Similar answers can be found for matrices of larger sizes.
As characteristic equation was essentially a two-strand

property, the Yang-Baxter equation is a three-strand prop-
erty and does not give anything new for larger number of
strands. This is explained in detail for the four-strand braid
in the next subsection.
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C. Four-strand case

For the four-strand situation, there are three R matrices
and two inclusive Racah matrices, U and W1. Here, the
most important is the third property (6).
Suppose all the eigenvalues of R matrices are different,

then the only solution to (6) is to have R1 ¼ R3 and R2 is
defined from the first three strands as discussed in
Sec. III B.
If some eigenvalues coincide the situation is more

interesting. According to Sec. II A, both U and W1 have
the block-diagonal form. Also W1 commutes with R1. If
R1 is diagonal, then

R2 ¼ UR1U†; R3 ¼ UW1UR1U†W†
1U

†; ð17Þ

on the other hand, if one diagonalizes R2 ¼ R, then
R3 ¼ W1UR2U†W†

1, and W1 commutes with R. Then,
the Yang-Baxter equation on R2 and R3 looks like

RðW1URU†W†
1ÞR ¼ ðW1URU†W†

1ÞRðW1URU†W†
1Þ:
ð18Þ

Since W1 commutes with R, this equation transforms into

RURU†R ¼ URU†RURU†; ð19Þ

which is automatically satisfied because of the con-
struction in Sec. III B and does not include W1. Thus,
W1 cannot be found from the Yang-Baxter equation,
and one needs another equation for the Racah coeffi-
cients to find W1. This equation comes from the third
property (6):

UW1URU†W†
1U

†R ¼ RUW1URU†W†
1U

† ð20Þ

(1) If the matrix is of size 2 × 2, or if the matrixU mixes
all the eigenvalues, then the only solution for the
matrix W1 is identity matrix.

(2) If the matrix is of size 3 × 3, and the diagonal matrix
R looks like

R1 ¼

0
B@ λ1

λ1

λ2

1
CA; ð21Þ

then

U ¼

0
BBB@

1 ffiffiffiffiffiffiffiffiffi
−λ1λ2

p
λ1−λ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2
1
−λ1λ2þλ2

2

p
λ1−λ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2
1
−λ1λ2þλ2

2

p
λ1−λ2

−
ffiffiffiffiffiffiffiffiffi
−λ1λ2

p
λ1−λ2

1
CCCA ð22Þ

and

W1 ¼

0
BBB@

− λ1λ2
λ2
1
−λ1λ2þλ2

2

ffiffiffiffiffiffiffiffiffi
λ2
1
þλ2

2

p
ðλ1−λ2Þ

λ2
1
−λ1λ2þλ2

2ffiffiffiffiffiffiffiffiffi
λ2
1
þλ2

2

p
ðλ1−λ2Þ

λ2
1
−λ1λ2þλ2

2

λ1λ2
λ2
1
−λ1λ2þλ2

2

1

1
CCCA: ð23Þ

If the diagonal R matrix has a different order of
eigenvalues or the paths go differently, mixing the
first and the last eigenvalues, this leads to permu-
tations of rows and columns in the U and W1

matrices, but the same formulas still work.
(3) For the matrix of the size 6 × 6 appearing in the

product of four representations [2], the situation is
like this. The initial diagonal matrix is of the form
R ¼ diagðλ1; λ1; λ2; λ1; λ2; λ3Þ and the U matrix
consists of three blocks of sizes 1 × 1, 2 × 2 and
3 × 3. Then the matrix elements from the eigenvalue
hypothesis are

U ¼

0
BBBBBBBBBBBBBBBBBB@

1 ffiffiffiffiffiffiffiffiffi
−λ1λ2

p
λ1−λ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2
1
−λ1λ2þλ2

2

p
λ1−λ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2
1
−λ1λ2þλ2

2

p
λ1−λ2

−
ffiffiffiffiffiffiffiffiffi
−λ1λ2

p
λ1−λ2

λ1ðλ2þλ3Þ
ðλ1−λ3Þðλ1−λ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2

1
þλ2λ3Þðλ22þλ1λ3Þ

p
ðλ1−λ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ1−λ3Þðλ3−λ2Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2

1
þλ2λ3Þðλ23þλ1λ2Þ

p
ðλ1−λ3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ1−λ2Þðλ2−λ3Þ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2

1
þλ2λ3Þðλ22þλ1λ3Þ

p
ðλ1−λ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ1−λ3Þðλ3−λ2Þ

p − λ2ðλ1þλ3Þ
ðλ1−λ2Þðλ2−λ3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2

2
þλ1λ3Þðλ23þλ1λ2Þ

p
ðλ2−λ3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðλ1−λ2Þðλ1−λ3Þ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2

1
þλ2λ3Þðλ23þλ1λ2Þ

p
ðλ1−λ3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ1−λ2Þðλ2−λ3Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2

2
þλ1λ3Þðλ23þλ1λ2Þ

p
ðλ2−λ3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðλ1−λ2Þðλ1−λ3Þ

p λ3ðλ1þλ2Þ
ðλ1−λ3Þðλ2−λ3Þ

1
CCCCCCCCCCCCCCCCCCA

: ð24Þ

Then from (20), one can find how the matrix W1 looks:
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W1 ¼

0
BBBBBBBBBB@

A6 D6 E6

D6 B6 F6

λ3ðλ1þλ2Þ
λ1λ2þλ2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2

1
−λ2

3
Þðλ2

2
−λ2

3
Þ

p
λ2
3
þλ1λ2

E6 F6 C6ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2

1
−λ2

3
Þðλ2

2
−λ2

3
Þ

p
λ2
3
þλ1λ2

− λ3ðλ1þλ2Þ
λ1λ2þλ2

3

1

1
CCCCCCCCCCA
; ð25Þ

where

A6 ¼
λ21λ2ðλ2 þ λ3Þ

ðλ21 þ λ2λ3Þðλ21 − λ1λ2 þ λ22Þ
; B6 ¼

λ2ðλ31 − λ21λ2 − λ21λ3 − lambda1λ23 þ λ2λ
2
3 − λ1λ2λ3Þ

ðλ23 þ λ1λ2Þðλ21 − λ1λ2 þ λ22Þ
;

C6 ¼
λ1λ3ðλ1 þ λ2Þðλ2 þ λ3Þ
ðλ21 þ λ2λ3Þðλ23 þ λ1λ2Þ

; D6 ¼
1

λ21 − λ1λ2 þ λ22

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1ðλ1 − λ2Þðλ2 þ λ3Þðλ22 þ λ1λ3Þðλ31 − λ22λ3Þ

ðλ21 þ λ2λ3Þðλ23 þ λ1λ2Þ

s
;

E6 ¼ −
λ1 − λ3
λ21 þ λ2λ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2ðλ1 þ λ3Þðλ1 − λ2Þðλ31 − λ22λ3Þ
ðλ23 þ λ1λ2Þðλ21 − λ1λ2 þ λ22Þ

s
; F6 ¼ −

λ1 − λ3
λ23 þ λ1λ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1λ2ðλ1 þ λ3Þðλ2 þ λ3Þðλ22 þ lambda1λ3Þ

ðλ21 þ λ2λ3Þðλ21 − λ1lambda2 þ λ22Þ

s
:

ð26Þ

(4) For larger sizes of matrices, the blocks of size 4 × 4
appear, and it is rather tedious to find the answers in
this case.

The results of this section have been confirmed from the
highest weight method (reviewed in Sec. IV) for some
representations which are presented in Sec. V and
Appendix A.

IV. HIGHEST WEIGHT METHOD

In this section, we formally present the highest weight
method for any m-strand braid carrying an arbitrary
representation Y of the quantum group SUqðNÞ.
This method is a systematic procedure which allows one

to construct a highest weight vector state. It is based on the
manifest action of lowering T−

i and raising operators Tþ
i on

representations of SUqðNÞ [21]:

T−
i Vi ¼ Vi−1; Tþ

i Vi−1 ¼ Vi:

HiVi ¼ þ 1

2
Vi; HiVi−1 ¼ −

1

2
Vi−1: ð27Þ

where Vi is an ith vector of the fundamental representation,
and Tþ

i , T
−
i and q

Hi are generators of SUqðNÞ. To generalize
this action to higher rank tensors, one has to define a
comultiplication Δ on SUqðNÞ:

ΔðTþ
i Þ ¼ I ⊗ Tþ

i þ Tþ
i ⊗ q−2Hi

ΔðT−
i Þ ¼ q2Hi ⊗ T−

i þ T−
i ⊗ I: ð28Þ

This extends the action of T�
i to tensors of any rank.

We indicate the highest weight vector for a representa-
tion R labeled by Young diagram ½λ1; λ2; λ3…λl� as a
sum of Vð0; 0; 0|fflffl{zfflffl}

λ1

;…;1; 1; 1|fflffl{zfflffl}
λ2

;ldotsÞ and their permutations.

For example, the highest weight state for R ¼ ½1; 1� will
involve V0;1 and V1;0. One can construct all the highest
weight vectors of the representation by using the
lowering and raising operators T�

i and the comultipli-
cation rule.
We would like to validate the results of inclusive Racah

matrices obtained from the eigenvalue hypothesis using the
highest weight approach. For definiteness, we take repre-
sentationR ¼ ½2� and construct the highest weight states for
m ¼ 3 and m ¼ 4 strand braids in the following
subsections.

A. Evaluation of vector states for m= 3

Our goal is to evaluate the U matrix corresponding to
all irreducible representations in the fusion channel of
½2�⊗3 for the m ¼ 3 strand braid shown in Eq. (29). One
can easily see the two possible fusion trees which give
two sets of irreducible representations Q in the final
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channel which are related by a unitary matrix, its size
being determined by the multiplicity indicated by the
red color:

ð29Þ

Here, Q∈f½2;2;2�; ½6;0�; ½3;3�;½4;1;1�;2½5;1�;2½3;2;1�;
3½4;2�g and T, T 0 ∈ f½4�; ½2; 2�; ½3; 1�g.
For example, the order of matrix U½5;1� is 2 × 2 and

U½4;2� is 3 × 3. The highest weight vector HT for T ∈
½2�⊗2 can be determined by applying the raising operator
ΔTþ

1 on product V0;0 ⊗ V0;0. Clearly, H½4� ¼ V0;0;0;0. We
will now elaborate the steps involved for H½3;1� for
clarity:

H½3;1� ¼αfV0;0⊗ ðΔðTþ
1 ÞV0;0ÞgþβfðΔðTþ

1 ÞV0;0Þ⊗V0;0g
¼αfV0;0;0;1þqV0;0;1;0gþβfV0;1;0;0þqV1;0;0;0g:

ð30Þ

To find α and β, one should impose the highest weight
vector condition ΔðT−

1 ÞH½3;1� ¼ 0, which implies

αfðq−3þq−1ÞV0;0;0;0gþβfðqþq−1ÞV0;0;0;0g¼0; ð31Þ

giving α ¼ −qþ2; β ¼ 1. Hence, the explicit highest
vector state is

H½3;1� ¼ −q2V0;0;0;1 − q3V0;0;1;0 þ V0;1;0;0 þ qV1;0;0;0:

ð32Þ

By a similar procedure, one can obtain the highest
weight vector for H½2;2�:

H½2;2� ¼ −qV0;0;1;1 − q3V0;0;1;1 þ V0;1;0;1 þ qV0;1;1;0

þ qV1;0;0;1 þ q2V1;0;1;0 − q−1V1;1;0;0 − qV1;1;0;0:

ð33Þ

Using the result of the highest weight vectors of the
m ¼ 2 strand, we can move to the m ¼ 3 strand braid
and do the explicit calculation of the elements of UQ

matrices and construct the inclusive Racah matrices for
those representations by following the same steps as
above. For the sake of definiteness, we focus on one of
the representations, i.e., [5,1], for the m ¼ 3 strands
which has multiplicity of 2 [see (29)]. The representation
[5,1] comes from two sectors, the left sector (L),
corresponding to ½2� ⊗ ½4� and ½2� ⊗ ½3; 1�, and the right
sector (R), corresponding to ½4� ⊗ ½2� and ½3; 1� ⊗ ½2�. On
representation Q, we place a subscript to keep track of
the multiplicity and a superscript to denote the left or
right sector. Corresponding to the highest weight vectors
of the representation [5,1] in each sector is a subscript
label 1 and 2 and the unitary matrix for [5,1]. Therefore,
to find the U matrix for the representation [5,1], one has
to solve the following equations:

H½5;1�R
1
∈ ð½4�Þ ⊗ ½2�|fflfflfflfflfflffl{zfflfflfflfflfflffl}

Right sector

¼ αð½2� ⊗ ½4�Þ þ βð½2� ⊗ ½3; 1�Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Left sector

H½5;1�R
2
∈ ð½3; 1�Þ ⊗ ½2�|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Right sector

¼ γð½2� ⊗ ½31�Þ þ δð½2� ⊗ ½3; 1�Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Left sector

;

ð34Þ

Now, it remains to present the explicit calculations to
determine the unknown parameters α, β, γ, δ: Right
sector:

½5; 1�R1 ∈ ½4� ⊗ ½2�
H½5;1�R

1
¼ βRfV0;0;0;0 ⊗ ðΔTþ

1 V0;0Þg
þ αRfðΔTþ

1 V0;0;0;0Þ ⊗ V0;0g
¼ αRfV0;0;0;1;0;0 þ qV0;0;1;0;0;0 þ q2V0;1;0;0;0;0

þ q3V1;0;0;0;0;0g þ βRfV0;0;0;0;0;1 þ qV0;0;0;0;1;0g

To find the value of αR and βR, we apply the highest
weight condition:

ΔðT−
1 ÞH½5;1�R

1
¼ 0

⇒ αRfðq−3 þ q−1 þ qþ q3ÞV0;0;0;0;0;0g
þ βRfðq−3 þ q−5ÞV0;0;0;0;0;0g ¼ 0

⇒ αR ¼ −q−4
½2�q
½4�q

; βR ¼ 1: ð35Þ

Hence, the final form for the highest weight vector is
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H½5;1�R
1
¼ 1

NR

�
−q−4

½2�q
½4�q

fV0;0;0;1;0;0 þ qV0;0;1;0;0;0 þ q2V0;1;0;0;0;0 þ q3V1;0;0;0;0;0g þ fV0;0;0;0;0;1 þ qV0;0;0;0;1;0g
�
;

where the normalization constant is equal to

NR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−q−1½6�q

½2�q
½4�q

s
: ð36Þ

Left sector:

½5; 1�L1 ∈ ½2� ⊗ ½4�
H½5;1�L

1
¼ αLfV0;0 ⊗ ðΔTþ

1 V0;0;0;0Þg þ βLfðΔTþ
1 V0;0Þ ⊗ V0;0;0;0g

¼ αLfV0;0;0;0;0;1 þ qV0;0;0;0;1;0 þ q2V0;0;0;1;0;0 þ q3V0;0;1;0;0;0g þ βLfV0;1;0;0;0;0 þ qV1;0;0;0;0;0g
ΔðT−

1 ÞH½5;1�L
1
¼ 0

⇒ αLfðq−5 þ q−3 þ q−1 þ qÞV0;0;0;0;0;0g þ βLfðq−1 þ qÞV0;0;0;0;0;0g ¼ 0

⇒ αL ¼ −q2
½2�q
½4�q

; βL ¼ 1:

Hence, the final form for the highest weight vector is

H½5;1�L
1
¼ 1

NL

�
−q2

½2�q
½4�q

fV0;0;0;0;0;1 þ qV0;0;0;0;1;0 þ q2V0;0;0;1;0;0 þ q3V0;0;1;0;0;0g þ fV0;1;0;0;0;0 þ qV1;0;0;0;0;0g
�
; ð37Þ

where the normalization constant is equal to

NL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−q−3½6�q

½2�q
½4�q

s
: ð38Þ

Similarly, one can construct the highest weight vectors
H½5;1�R

2
and H½5;1�L

2
which come from representation [3,1].

Hence α, β, γ, and δ for the matrix U½5;1� are equal to:

U½5;1� H½5;1�L
1

H½5;1�L
2

H½5;1�R
1 α ¼ q2

ð1þq4Þ β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þq4þq8

ð1þq4Þ2
q

H½5;1�R
2 γ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þq4þq8

ð1þq4Þ2
q

δ ¼ q2

ð1þq4Þ

Similarly, one can obtain the U matrices for all the
representations in m ¼ 3 case. Interestingly, the magnitude
of all the elements coincide with the result obtained from
the eigenvalue hypothesis in Eqs. (16) and (22). In the
following section, we aim to compare the inclusive Racah
matrices with the matrices given in Sec. III for the m ¼ 4
strands.

B. Evaluation of the U and W1 matrix for m = 4

The detailed procedure which we discussed for deter-
mining the U matrices for three-strand braids can be

extended to four-strand braids. Here, we need to consider
Q⊢½2�⊗4. The possible representations Q with their mul-
tiplicities are tabulated below:

m ¼ 4 strand braid

Q
Matrix
size

# of
matrices

[2,2,2,2], [5,1,1,1], [8,0] 1 3
[3,3,1,1] 2 1
[3,2,2,1], [3,3,2], [4,2,1,1], [4,4], [6,1,1], [7,1] 3 6
[4,2,2], [5,3], [6,2] 6 3
[4,3,1] 7 1
[5,2,1] 8 1

From (9), we observe that the matrix UW1U relates
the right sector highest weight vector with the correspond-
ing left sector highest weight vector. We present the
calculations for representation [6,2] (see Fig. 1). Let us
emphasize that the subsector states involving three-strands
belong to different sectors. In order to obtain U and W1,
we need to determine the matrix UW1 as well. In fact, the
matrix UW1 relates the two highest weight vectors of
different sectors, but both their subsectors are either left or
right sector. We have highlighted them for representation
[6,2] in Fig. 1.
It is clear from Fig. 1 that there are six independent paths

to obtain representation [6,2]. Therefore, both UW1U and
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UW1 matrices will be of the size 6 × 6. Following the
highest weight method procedure, one can work out the six
right sector highest weight vectors ½6; 2�Ri and similarly the
six left sector highest weight vectors ½6; 2�Lj , whose sub-
sectors are different. Hence, one can determine the 36
matrix elements of UW1U by taking inner product of the
left and right sector states.
One could again work out six highest weight states for

left and right sectors but with both subsectors being the
same. The inner product of such states will give the
elements of the UW1 matrix. We present the U and W1

whose matrix sizes are less than 6 × 6 in the following
section. Other matrices of the sizes n × n for n ≥ 6 are
presented in Appendix A.

V. EXAMPLES

For clarity, we will first review and give the matrices for
the simplest case when the strands carry fundamental
representation R ¼ ½1�. Then, the case R ¼ ½2� will be
presented.

A. Representation [1]

In this case, ½1�⊗4 ¼ ½4� þ 3½3; 1� þ 2½2; 2� þ 3½2; 1; 1�þ
½1; 1; 1; 1�. Thus, there are two matrices of size 1 × 1, one
matrix of size 2 × 2, and two matrices of size 3 × 3. The
eigenvalues of R matrices are in this case λ1 ¼ q,
λ2 ¼ −q−1. The only nontrivial case here is matrices of
size 3 × 3. The R matrices are equal to

R½3;1� ¼

0
B@ q

q

−q−1

1
CA; R½2;1;1� ¼

0
B@ q

−q−1

−q−1

1
CA: ð39Þ

Then, the U matrices are equal to

U½3;1� ¼

0
BBB@

1

1
½2�

ffiffiffiffi
½3�

p
½2�ffiffiffiffi

½3�
p
½2� − 1

½2�

1
CCCA; U½2;1;1� ¼

0
BBB@

1
½2�

ffiffiffiffi
½3�

p
½2�ffiffiffiffi

½3�
p
½2� − 1

½2�
1

1
CCCA; ð40Þ

and the W1 matrices are equal to

FIG. 1. Steps for UW1U unitary matrices computation for m ¼ 4 strands.

EIGENVALUE HYPOTHESIS FOR MULTISTRAND BRAIDS PHYS. REV. D 97, 126015 (2018)

126015-9



W½3;1�
1 ¼

0
BBB@

1
½3�

ffiffiffiffiffiffiffi
½2�½4�

p
½3�ffiffiffiffiffiffiffi

½2�½4�
p

½3� − 1
½3�

1

1
CCCA; W½2;1;1�

1 ¼

0
BBB@

1

1
½3�

ffiffiffiffiffiffiffi
½2�½4�

p
½3�ffiffiffiffiffiffiffi

½2�½4�
p

½3� − 1
½3�

1
CCCA; ð41Þ

which is in full accordance with formulas (22) and (23) from Sec. III B.

B. Representation [2]

The representations Q for the four-strand braid carrying representation R ¼ ½2� are

½2�⊗4 ¼ ½8� þ 3½7; 1� þ 6½6; 2� þ 3½6; 1; 1� þ 6½5; 3� þ 8½5; 2; 1� þ ½5; 1; 1; 1� þ 3½4; 4� þ 7½4; 3; 1�
þ 6½4; 2; 2� þ 3½4; 2; 1; 1� þ 3½3; 3; 2� þ 2½3; 3; 1; 1� þ 3½3; 2; 2; 1� þ ½2; 2; 2; 2�: ð42Þ

Thus, there are five 3 × 3matrices, three 6 × 6matrices, one 7 × 7, and one 8 × 8matrices. The eigenvalues in this case are
λ1 ¼ q6, λ2 ¼ −q2, and λ3 ¼ 1. For the size 3 × 3, the matrices are:

R½7;1� ¼

0
B@ q6

q6

−q2

1
CA; R½6;1;1� ¼

0
B@ q6

−q2

−q2

1
CA; R½4;4� ¼

0
B@q6

−q2

1

1
CA;

R½4;2;1;1� ¼ R½3;3;2� ¼

0
B@−q2

−q2

1

1
CA; R½3;2;2;1� ¼

0
B@−q2

1

1

1
CA; R½3;3;1;1� ¼

�
−q2

1

�
; ð43Þ

Then, the U matrices are equal to

U½7;1� ¼

0
BBB@
1

½2�
½4�

ffiffiffiffiffiffiffi
½2�½6�

p
½4�ffiffiffiffiffiffiffi

½2�½6�
p

½4� − ½2�
½4�

1
CCCA; U½6;1;1� ¼

0
BBB@

½2�
½4�

ffiffiffiffiffiffiffi
½2�½6�

p
½4�ffiffiffiffiffiffiffi

½2�½6�
p

½4� − ½2�
½4�

1

1
CCCA; U½4;4� ¼

0
BBBBB@

− ½2�
½3�½4�

½2�
ffiffiffiffi
½5�

p
½4�

ffiffiffiffi
½3�

p −
ffiffiffiffi
½5�

p
½3�

½2�
ffiffiffiffi
½5�

p
½4�

ffiffiffiffi
½3�

p − ½6�
½3�½4� − 1ffiffiffiffi

½3�
p

−
ffiffiffiffi
½5�

p
½3� − 1ffiffiffiffi

½3�
p − 1

½3�

1
CCCCCA;

U½3;2;2;1� ¼

0
BBB@

− 1
½2� −

ffiffiffiffi
½3�

p
½2�

−
ffiffiffiffi
½3�

p
½2�

1
½2�

1

1
CCCA; U½4;2;1;1� ¼U½3;3;2� ¼

0
BBB@
1

1
½2�

ffiffiffiffi
½3�

p
½2�ffiffiffiffi

½3�
p
½2� − 1

½2�

1
CCCA; U½3;3;1;1� ¼

0
B@ 1

½2�

ffiffiffiffi
½3�

p
½2�ffiffiffiffi

½3�
p
½2� − 1

½2�

1
CA; ð44Þ

while the corresponding W1 matrices are equal to

W½7;1�
1 ¼

0
BB@

½2�
½6�

ffiffiffiffiffiffiffi
½4�½8�

p
½6�ffiffiffiffiffiffiffi

½4�½8�
p

½6� − ½2�
½6�

1

1
CCA; W½6;1;1�

1 ¼

0
BBB@

1

− ½2�
½6� −

ffiffiffiffiffiffiffi
½4�½8�

p
½6�

−
ffiffiffiffiffiffiffi
½4�½8�

p
½6�

½2�
½6�

1
CCCA; W½4;4�

1 ¼

0
B@ 1

1

1

1
CA;

W½3;2;2;1�
1 ¼

0
BBB@

1

− 1
½3�

ffiffiffiffiffiffiffi
½2�½4�

p
½3�ffiffiffiffiffiffiffi

½2�½4�
p

½3�
1
½3�

1
CCCA; W½4;2;1;1�

1 ¼ W½3;3;2� ¼

0
BB@

1
½3�

ffiffiffiffiffiffiffi
½2�½4�

p
½3�ffiffiffiffiffiffiffi

½2�½4�
p

½3� − 1
½3�

1

1
CCA; W½3;3;1;1�

1 ¼
�
1 0

0 1

�
ð45Þ

which is in a full accordance with formulas (22) and (23) from Sec. III B.
Matrices having larger sizes are provided in Appendix A.
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VI. CONCLUSION

In the present paper, we managed to present the gener-
alization of the eigenvalue hypothesis suggested in [28] for
three-strands to a multistrand case. We claim that, while the
three-strand eigenvalue hypothesis comes from the Yang-
Baxter equation, its generalization is based on solving the
commutativity relations of non-neighboring R matrices. In
particular, in the case of the four-strand braid, there is one
commutativity relation. Solving it provided us with the
eigenvalue answers for the four-strand Racah matrices of
sizes up to 6 × 6. Calculating matrices of the larger sizes
encountered some computation difficulties, and, thus, they
have not been found yet. However, all the eigenvalue
formulas for the Racah matrices up to size 6 × 6 have been
checked by calculating the matrices for representations [1]
and [2] using the highest weight method. The problem of
finding the answers for matrices of larger sizes still remains.
Thus, the eigenvalue hypothesis for the particular exam-

ple of the four-strand braids as well as the highest weight
method allowed us to provide all the Racah matrices for the
four-strand braids carrying representation [2]. This enabled
us to obtain the HOMFLY-PT polynomials for knots from
four-strand braids. Moreover, one can check the obtained
results for the Racah matrices comparing known HOMFLY-
PT polynomials in representation [2] for various knots with
those evaluated using the results of the present paper. We
confirmed these results by comparing with correct answers
for theHOMFLY-PTpolynomials for: torus knots [38], twist
knots 61 and 72 [9,39], andmany arborescent knots that have
four-strand braid representation [7,15].

In Appendix B, we list a few nontrivial examples of
HOMFLY-PT polynomials in the first symmetric represen-
tation that are so far unknown: knots in accordance with the
Rolfsen table [40] which are nonarborescent and are
described by four-strand braids: 934, 940, 947, 949 10102,
10103, 10108, 10111, 10113, 10114, 10117, 10119, 10121, 10122,
10156, 10158, 10160, 10162–10165.
The eigenvalue hypothesis in the multistrand case was

already related in [32] to the well-established property [14]
AlRðqÞ ¼ Al½1�ðqjRjÞ of the Alexander polynomials colored
by the single-hook diagrams, which provided an indirect
support for it. In this text, we found direct evidence in favor
of this hypothesis and concrete formulas for its realization
in the case of R matrices of small sizes. Extension to
matrices of arbitrary size for any number of strands
including three remains a challenging problem.
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APPENDIX A: REPRESENTATION [2] MATRICES

In this appendix, all the Racahmatrices of sizes larger than 3 × 3 for the four-strand braid in the first symmetric representation
are provided. The matrices of the size 6 × 6 are in full accordance with formulas (24) and (25) from Sec. III B.
The diagonal R matrices look like

R½6;2� ¼

0
BBBBBBBB@

q6

q6

−q2

q6

−q2

1

1
CCCCCCCCA
; R½5;3� ¼

0
BBBBBBBB@

−q2

−q2

q6

−q2

q6

1

1
CCCCCCCCA
; R½4;2;2� ¼

0
BBBBBBBB@

1

1

−q2

1

−q2

q6

1
CCCCCCCCA
;

R½4;3;1� ¼

0
BBBBBBBBB@

q6

−q2

1

−q2

1

−q2

−q2

1
CCCCCCCCCA
; R½5;2;1� ¼

0
BBBBBBBBBBBBB@

−q2

−q2

1

q6

−q2

q6

1

−q2

1
CCCCCCCCCCCCCA
: ðA1Þ
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The U matrices are equal to

U½6;2� ¼

0
BBBBBBBBBBBBBBBB@

1 0 0 0 0 0

0 − ½2�
½4�

ffiffiffiffiffiffiffi
½2�½6�

p
½4� 0 0 0

0 −
ffiffiffiffiffiffiffi
½2�½6�

p
½4� − ½2�

½4� 0 0 0

0 0 0
½2�

½3�½4� − ½2�
½4�

ffiffiffiffi
½5�
½3�

q ffiffiffiffi
½5�

p
½3�

0 0 0
½2�
½4�

ffiffiffiffi
½5�
½3�

q
− ½6�

½3�½4� − 1ffiffiffiffi
½3�

p

0 0 0

ffiffiffiffi
½5�

p
½3�

1ffiffiffiffi
½3�

p 1
½3�

1
CCCCCCCCCCCCCCCCA

;

U½4;2;2� ¼

0
BBBBBBBBBBBBBBBB@

1 0 0 0 0 0

0 − 1
½2�

ffiffiffiffi
½3�

p
½2� 0 0 0

0 −
ffiffiffiffi
½3�

p
½2� − 1

½2� 0 0 0

0 0 0 1
½3� − 1ffiffiffiffi

½3�
p −

ffiffiffiffi
½5�

p
½3�

0 0 0 1ffiffiffiffi
½3�

p − ½6�
½3�½4�

½2�
½4�

ffiffiffiffi
½5�
½3�

q
0 0 0 −

ffiffiffiffi
½5�

p
½3� − ½2�

½4�
ffiffiffiffi
½5�
½3�

q
½2�

½3�½4�

1
CCCCCCCCCCCCCCCCA

;

U½5;3� ¼

0
BBBBBBBBBBBBBBBB@

1 0 0 0 0 0

0 − ½2�
½4� −

ffiffiffiffiffiffiffi
½2�½6�

p
½4� 0 0 0

0

ffiffiffiffiffiffiffi
½2�½6�

p
½4� − ½2�

½4� 0 0 0

0 0 0
−½6�
½4�½3�

½2�
½4�

ffiffiffiffi
½5�
½3�

q
− 1ffiffiffiffi

½3�
p

0 0 0 − ½2�
½4�

ffiffiffiffi
½5�
½3�

q
½2�

½3�½4�

ffiffiffiffi
½5�

p
½3�

0 0 0 1ffiffiffiffi
½3�

p
ffiffiffiffi
½5�

p
½3�

1
½3�

1
CCCCCCCCCCCCCCCCA

;

U½4;3;1� ¼

0
BBBBBBBBBBBBBBBBBB@

½2�
½3�½4�

½2�½5�
½4�

ffiffiffiffiffiffiffi
½3�½5�

p
ffiffiffiffi
½5�

p
½3� 0 0 0 0

½2�½5�
½4�

ffiffiffiffiffiffiffi
½3�½5�

p ½6�
½3�½4� − 1ffiffiffiffi

½3�
p 0 0 0 0ffiffiffiffi

½5�
p
½3� − 1ffiffiffiffi

½3�
p 1

½3� 0 0 0 0

0 0 0 1
½2�

ffiffiffiffi
½3�

p
½2� 0 0

0 0 0

ffiffiffiffi
½3�

p
½2� − 1

½2� 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

1
CCCCCCCCCCCCCCCCCCA

;
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U½5;2;1� ¼

0
BBBBBBBBBBBBBBBBBBBBBBBB@

1 0 0 0 0 0 0 0

0 1
½2�

ffiffiffiffi
½3�

p
½2� 0 0 0 0 0

0

ffiffiffiffi
½3�

p
½2�

−1
½2� 0 0 0 0 0

0 0 0
½2�
½4�

ffiffiffiffiffiffiffi
½2�½6�

p
½4� 0 0 0

0 0 0

ffiffiffiffiffiffiffi
½2�½6�

p
½4� − ½2�

½4� 0 0 0

0 0 0 0 0
½2�

½3�½4�

ffiffiffiffi
½5�

p
½3� − ½2�½5�

½4�
ffiffiffiffiffiffiffi
½3�½5�

p

0 0 0 0 0

ffiffiffiffi
½5�

p
½3�

1
½3�

1ffiffiffiffi
½3�

p

0 0 0 0 0
½2�½5�

½4�
ffiffiffiffiffiffiffi
½3�½5�

p − 1ffiffiffiffi
½3�

p − ½6�
½3�½4�

1
CCCCCCCCCCCCCCCCCCCCCCCCA

:

The W1 matrices are equal to

W½6;2�
1 ¼

0
BBBBBBBBBBBBBBBBBB@

½2�
½5�½6�

½2�
ffiffiffi
½7�
½5�

q
½6� 0

ffiffiffiffiffiffiffi
½3�½7�

p
½5� 0 0

½2�
ffiffiffi
½7�
½5�

q
½6� 1− ½2�2

½4�½6� 0 − ½2�
½4�

ffiffiffiffi
½3�
½5�

q
0 0

0 0 − ½2�
½4� 0 −

ffiffiffiffiffiffiffi
½2�½6�

p
½4� 0ffiffiffiffiffiffiffi

½3�½7�
p

½5� − ½2�
½4�

ffiffiffiffi
½3�
½5�

q
0

½2�
½4�½5� 0 0

0 0 −
ffiffiffiffiffiffiffi
½2�½6�

p
½4� 0

½2�
½4� 0

0 0 0 0 0 1

1
CCCCCCCCCCCCCCCCCCA

;

W½4;2;2�
1 ¼

0
BBBBBBBBBBBBBBBBBB@

½2�
½3�½4�

½2�
½3�

ffiffiffi
½4�
½2�

q 0

ffiffiffiffiffiffiffi
½2�½6�

p
½4� 0 0

½2�
½3�

ffiffiffi
½4�
½2�

q −1þ½5�þ½7�
½3�½5� 0 − ½2�

½5�
ffiffiffiffi
½6�
½4�

q
0 0

0 0 − 1
½5� 0 −

ffiffiffiffiffiffiffi
½4�½6�

p
½5� 0ffiffiffiffiffiffiffi

½2�½6�
p

½4� − ½2�
½5�

ffiffiffiffi
½6�
½4�

q
0

½2�
½4�½5� 0 0

0 0 −
ffiffiffiffiffiffiffi
½4�½6�

p
½5� 0 1

½5� 0

0 0 0 0 0 1

1
CCCCCCCCCCCCCCCCCCA

;
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W½5;3�
1 ¼

0
BBBBBBBBBBBBBBBB@

1
½3�

ffiffiffiffi
½5�

p
½3� 0 − 1ffiffiffiffi

½3�
p 0 0ffiffiffiffi

½5�
p
½3�

½2�
½4�½3� 0

½2�
½4�

ffiffiffiffi
½5�
½3�

q
0 0

0 0 − ½2�
½4� 0 −

ffiffiffiffiffiffiffi
½2�½6�

p
½4� 0

− 1ffiffiffiffi
½3�

p ½2�
½4�

ffiffiffiffi
½5�
½3�

q
0

½6�
½4�½3� 0 0

0 0 −
ffiffiffiffiffiffiffi
½2�½6�

p
½4� 0

½2�
½4� 0

0 0 0 0 0 −1

1
CCCCCCCCCCCCCCCCA

;

W½5;2;1�
1 ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

½8�
½4�½6� −

ffiffiffiffi
½2�

pffiffiffiffiffiffiffi
½3�½6�

p 0 0 −
ffiffiffiffi
½7�

p
½6� 0 0

ffiffiffiffi
½7�

pffiffiffiffiffiffiffi
½2�½6�

pffiffiffiffi
½2�

pffiffiffiffiffiffiffi
½3�½6�

p − ½2�
½3�½5� 0 0

ffiffiffiffiffiffiffi
½2�½7�

pffiffiffiffiffiffiffi
½3�½6�

p 0 0
½7�

½5�
ffiffiffiffiffiffiffi
½3�½7�

p

0 0
½2�
½5� 0 0 0 −

ffiffiffiffiffiffiffi
½3�½7�

p
½5� 0

0 0 0 1
½4� 0 −

ffiffiffiffiffiffiffi
½3�½5�

p
½4� 0 0ffiffiffiffi

½7�
p
½6�

ffiffiffiffiffiffiffi
½2�½7�

pffiffiffiffiffiffiffi
½3�½6�

p 0 0 − ½2�
½4�½6� 0 0

ffiffiffiffi
½2�

p
½4�

ffiffiffiffi
½6�

p

0 0 0 −
ffiffiffiffiffiffiffi
½3�½5�

p
½4� 0 − 1

½4� 0 0

0 0 −
ffiffiffiffiffiffiffi
½3�½7�

p
½5� 0 0 0 − ½2�

½5� 0ffiffiffiffi
½7�

pffiffiffiffiffiffiffi
½2�½6�

p − ½7�
½5�

ffiffiffiffiffiffiffi
½3�½7�

p 0 0 −
ffiffiffiffi
½2�

p
½4�

ffiffiffiffi
½6�

p 0 0 − ½1�þ½3�þ½7�
½4�½5�

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

W½4;3;1�
1 ¼

0
BBBBBBBBBBBBBBBBBBBBBBBB@

1 0 0 0 0 0 0

0
½6�

½3�½2�½5� 0
½4�

ffiffiffiffiffiffiffi
½4�½6�

p
½2�½3�½5� 0

½4�
½2�

ffiffiffiffiffiffiffi
½3�½5�

p ½4�
½2�

ffiffiffiffiffiffiffi
½3�½5�

p

0 0 − 1
½5� 0

ffiffiffiffiffiffiffi
½4�½6�

p
½5� 0 0

0
½4�

ffiffiffiffiffiffiffi
½4�½6�

p
½2�½3�½5� 0

½4�þ½2�½5�
½2�½3�½5� 0 −

ffiffiffiffiffi
½4�½6�
½3�½5�

q
½3� −

ffiffiffiffiffi
½4�½6�
½3�½5�

q
½3�

0 0

ffiffiffiffiffiffiffi
½4�½6�

p
½5� 0 1

½5� 0 0

0
½4�

½2�
ffiffiffiffiffiffiffi
½3�½5�

p 0 −

ffiffiffiffiffi
½4�½6�
½3�½5�

q
½3� 0 − 1

½3�
½4�

½2�½3�

0
½4�

½2�
ffiffiffiffiffiffiffi
½3�½5�

p 0 −

ffiffiffiffiffi
½4�½6�
½3�½5�

q
½3� 0

½4�
½2�½3� − 1

½3�

1
CCCCCCCCCCCCCCCCCCCCCCCCA

: ðA2Þ

APPENDIX B: POLYNOMIAL EXAMPLES

In this appendix, four-strand HOMFLY polynomials in representation [2] are listed. We calculated these polynomials
using the matrices from Appendix A and present them in the matrix form suggested in [4]. The matrix describes the
coefficients of a polynomial in A2 and q2 as
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q10A16

�
3 4

1 2

�
¼ q10A16 þ 2q12A16 þ 3q10A18 þ 4q12A18:

HOMFLY polynomials for knots 61 and 72 are already known since those are arborescent knots, and the answers
calculated using four-strand representations coincide with those. All other polynomials presented here were unknown
before since those are nonarborescent knots. Their limit for A ¼ q2, colored Jones polynomials, are known and are correct.
Other limits (Alexander A ¼ 1 and special q ¼ 1 polynomials) are known because their dependence on the representation is
quite simple [8,41]:

AVðqÞ¼HVðA¼1;qÞ; AVðqÞ¼P½1�ðqjVjÞ; V−hook diagram σVðAÞ¼HVðA;q¼1Þ; σVðAÞ¼ðσ½1�ðAÞÞjVj: ðB1Þ

These limits of the polynomials below are also correct.

H61
½2� ¼

1

q10A8

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 0

0 0 0 0 −1 0 2 0 −1

0 0 1 −2 −2 4 0 −3 0

0 1 −1 −2 3 2 −2 0 1

1 −1 −1 2 1 −1 0 0 0

−1 −1 1 0 −1 0 0 0 0

0 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H72
½2� ¼

1

q10A8

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 0

0 0 0 0 −1 0 2 0 −1

0 0 1 −2 −2 4 0 −3 0

0 1 −1 −2 3 2 −2 0 1

1 −1 −1 2 1 −1 0 0 0

−1 −1 1 0 −1 0 0 0 0

0 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA
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H934
½2� ¼

1

q18A8

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 1 −3 0 10 −10 −9 21 −3 −14 8 2 −3 1 0

0 0 −1 2 3 −12 3 28 −31 −24 55 −6 −41 21 11 −12 1 2 −1

1 −3 2 9 −21 0 50 −44 −44 84 −3 −65 34 18 −22 5 4 −3 1

−2 3 7 −20 1 47 −38 −46 74 5 −62 26 19 −20 2 4 −2 0 0

1 2 −11 2 28 −25 −29 48 3 −37 16 10 −9 1 1 0 0 0 0

0 −2 2 8 −10 −9 18 0 −13 5 3 −2 0 0 0 0 0 0 0

0 0 1 −2 −1 4 −1 −2 1 0 0 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H940
½2� ¼

1

q16

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 1 −2 −1 4 −1 −2 1 0 0

0 0 0 0 0 0 0 −2 2 8 −10 −10 19 1 −15 5 4 −2 0

0 0 0 0 1 2 −12 3 33 −31 −33 59 1 −45 21 12 −11 0 1

0 0 −2 4 7 −25 2 57 −46 −56 86 4 −72 33 22 −25 3 6 −2

1 −4 3 13 −28 −4 66 −39 −62 87 10 −72 36 21 −28 7 4 −4 1

−1 3 4 −17 −1 37 −25 −41 50 7 −46 19 14 −15 2 3 −1 0 0

0 1 −4 0 14 −10 −13 22 0 −15 10 2 −4 1 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H947
½2� ¼

1

q16

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 −1 1 0 −3 1 1 −2 −1 0 0

0 0 0 0 0 1 −1 −1 3 1 −4 2 3 −1 1 0 0 2 0

0 0 −1 1 2 −4 −2 8 0 −10 6 6 −7 1 1 −3 1 0 −1

1 −2 0 5 −6 −6 12 0 −15 7 7 −10 3 2 −5 4 1 −2 1

−1 1 4 −4 −4 9 1 −10 4 6 −6 2 2 −4 2 1 −1 0 0

0 1 −2 −2 4 0 −4 3 3 −3 2 0 −2 1 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA
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H949
½2� ¼

A8

q8

0
BBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 −1 0 1 0 0

0 0 0 0 0 0 1 4 −1 −2 5 2 −2 2 0

0 0 0 −1 −4 0 4 −9 −8 7 −3 −8 2 −1 −3

0 1 1 −5 3 12 −7 −7 16 0 −7 8 1 −3 3

2 1 −6 1 10 −7 −9 11 0 −8 6 0 −3 2 0

1 −2 −1 5 −2 −5 5 1 −4 3 0 −2 1 0 0

1
CCCCCCCCCCCCCCCCCCCCCCA

H10102
½2� ¼ 1

q18A4

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 −2 0 5 −6 −2 10 −5 −5 6 0 −2 1 0

0 0 0 0 −1 2 1 −8 7 8 −21 6 22 −20 −9 18 −2 −8 3 1 −1

0 0 0 −2 4 2 −14 15 12 −39 16 39 −41 −13 37 −9 −15 10 1 −3 1

1 −1 −3 8 −1 −19 25 12 −54 24 50 −53 −14 44 −11 −16 11 1 −3 1 0

0 −2 4 0 −15 18 15 −48 13 51 −43 −19 38 −7 −15 9 1 −3 1 0 0

−1 2 1 −8 8 10 −24 3 27 −18 −12 17 −1 −7 3 1 −1 0 0 0 0

0 1 −2 0 5 −5 −3 9 −3 −5 5 0 −2 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H10103
½2� ¼ 1

q24A12

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 −2 1 4 −6 0 8 −6 −3 6 −1 −2 1 0

0 0 0 0 −1 1 2 −8 3 12 −20 −2 27 −17 −17 20 2 −11 2 2 −1

0 0 1 −3 2 8 −17 5 31 −41 −6 61 −31 −37 43 7 −23 5 6 −2 0

0 1 −3 2 9 −19 5 37 −46 −17 73 −28 −52 46 14 −29 4 9 −4 −1 1

1 −3 2 7 −17 4 30 −38 −16 59 −21 −41 33 8 −19 3 4 −2 0 0 0

−1 1 2 −7 3 13 −19 −6 29 −11 −19 17 4 −9 2 2 −1 0 0 0 0

0 1 −2 1 4 −7 1 9 −7 −3 6 −1 −2 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA
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H10108
½2� ¼ 1

q20A4

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 −2 −1 5 −2 −5 5 1 −4 3 0 −2 1 0

0 0 0 0 −1 1 4 −6 −6 14 3 −19 5 14 −11 −1 6 −5 1 2 −1

0 0 1 −3 0 11 −9 −17 25 12 −35 5 27 −17 −5 11 −7 0 3 −2 0

0 1 −3 −1 12 −7 −21 23 17 −36 1 29 −17 −7 15 −8 −3 7 −2 −1 1

1 −3 −1 11 −7 −17 21 10 −28 6 19 −15 0 10 −8 0 4 −2 0 0 0

−1 1 5 −5 −7 13 3 −16 6 10 −11 1 6 −6 0 2 −1 0 0 0 0

0 1 −2 −2 5 −1 −6 5 2 −5 3 1 −2 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H10111
½2� ¼ A4

q14

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 −2 −1 6 −1 −7 5 3 −5 2 1 −2 1 0

0 0 0 0 −1 2 3 −11 −3 22 −8 −26 20 10 −21 6 6 −7 2 1 −1

0 0 0 −3 5 10 −22 −9 49 −12 −51 45 22 −43 16 16 −16 4 4 −3 1

1 0 −6 7 17 −29 −17 59 −11 −65 47 25 −55 15 20 −24 4 6 −5 1 0

0 −5 3 15 −22 −18 46 −5 −52 36 22 −42 14 18 −19 5 5 −4 1 0 0

−1 2 5 −9 −5 21 −4 −22 19 9 −20 7 8 −8 1 2 −1 0 0 0 0

0 1 −2 −1 6 −3 −6 8 0 −6 4 1 −2 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H10113
½2� ¼ 1

q16

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 −4 1 13 −15 −10 27 −6 −17 12 2 −4 1 0

0 0 0 0 −1 4 2 −21 15 38 −61 −19 83 −29 −51 40 8 −19 3 3 −1

0 0 0 −4 9 7 −44 30 77 −108 −32 152 −52 −89 82 11 −41 15 6 −5 1

1 −1 −7 16 7 −62 36 94 −132 −48 172 −59 −107 92 10 −48 17 6 −6 1 0

0 −3 10 6 −44 23 81 −94 −49 139 −33 −88 71 12 −36 12 5 −4 1 0 0

−1 3 2 −18 9 36 −41 −25 62 −12 −40 28 7 −14 3 2 −1 0 0 0 0

0 1 −3 0 9 −8 −8 15 −2 −10 7 1 −3 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA
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H10114
½2� ¼ 1

q22A8

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 −3 0 9 −9 −7 17 −4 −11 8 1 −3 1 0

0 0 0 0 −1 2 4 −12 −1 30 −22 −33 49 6 −44 17 16 −13 0 3 −1

0 0 1 −4 2 14 −25 −10 65 −34 −71 88 20 −83 27 32 −26 −1 7 −2 0

0 1 −4 2 16 −27 −16 72 −29 −86 88 35 −92 24 43 −32 −3 13 −4 −2 1

1 −4 2 14 −24 −11 60 −24 −65 70 23 −67 21 26 −23 1 6 −2 0 0 0

−1 2 4 −12 −2 28 −16 −32 36 8 −35 13 12 −12 1 3 −1 0 0 0 0

0 1 −3 0 9 −8 −7 15 −3 −9 8 0 −3 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H10117
½2� ¼ 1

q24A12

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 −3 1 7 −10 −2 15 −8 −8 9 0 −3 1 0

0 0 0 0 −1 2 3 −13 7 25 −38 −9 57 −25 −37 34 8 −17 2 3 −1

0 0 1 −4 4 11 −32 12 60 −81 −24 122 −50 −81 73 18 −40 6 9 −3 0

0 1 −5 5 14 −40 12 76 −94 −41 150 −46 −108 85 30 −52 7 14 −6 −1 1

1 −4 5 11 −33 12 64 −79 −37 125 −35 −89 64 21 −36 5 7 −3 0 0 0

−1 2 2 −14 8 29 −43 −18 67 −19 −46 32 11 −16 2 3 −1 0 0 0 0

0 1 −3 2 8 −14 −2 21 −10 −10 10 0 −3 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H10121
½2� ¼ 1

q16

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 −3 0 10 −9 −11 20 0 −14 7 2 −3 1 0

0 0 0 0 −1 3 2 −17 10 36 −48 −28 74 −13 −51 29 11 −14 2 2 −1

0 0 0 −3 8 6 −40 22 80 −99 −52 151 −31 −101 70 21 −38 9 6 −4 1

1 −1 −7 15 10 −63 29 109 −128 −72 187 −38 −128 90 24 −52 15 8 −6 1 0

0 −4 11 10 −52 20 99 −101 −73 161 −22 −113 76 22 −44 13 6 −5 1 0 0

−1 4 2 −23 11 48 −52 −39 83 −10 −59 35 13 −19 3 3 −1 0 0 0 0

0 1 −4 1 13 −14 −11 25 −4 −16 11 2 −4 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA
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H10122
½2� ¼ 1

q22A8

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 1 −3 0 9 −8 −8 15 −2 −10 7 1 −3 1 0

0 0 0 0 −1 2 4 −13 −2 34 −19 −42 49 16 −48 13 18 −13 0 3 −1

0 0 1 −4 3 15 −29 −14 78 −32 −95 97 40 −99 22 42 −27 −3 8 −2 0

0 1 −5 3 20 −34 −24 93 −28 −120 103 59 −118 19 58 −39 −6 16 −5 −2 1

1 −5 3 19 −32 −17 84 −24 −95 90 46 −90 22 41 −30 1 9 −3 0 0 0

−1 3 5 −18 −4 42 −21 −54 49 19 −54 13 19 −17 0 4 −1 0 0 0 0

0 1 −4 0 14 −10 −14 22 1 −15 10 2 −4 1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H10156
½2� ¼ 1

q20A10

0
BBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 1 −2 0 3 −4 1 5 −5 −2 5 −1 −2 1 0

0 0 −1 1 2 −5 3 4 −10 6 9 −13 −2 12 −3 −6 3 1 −1

1 −2 1 4 −7 4 7 −16 8 16 −20 −4 19 −5 −8 6 1 −2 1

−1 1 1 −5 4 4 −14 6 14 −16 −5 13 −2 −6 2 1 −1 0 0

0 1 −1 1 2 −6 3 7 −8 −2 6 −1 −2 1 0 0 0 0 0

0 0 0 −1 0 2 −1 −1 1 0 0 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCA

H10158
½2� ¼ 1

q18A4

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 −2 −1 4 −1 −3 1 1 0 0

0 0 0 0 0 1 −3 1 7 −12 −2 18 −9 −11 9 1 −4 0 0

0 0 −1 1 2 −8 5 14 −24 −2 34 −16 −19 20 3 −9 3 2 −1

1 −2 2 5 −11 5 21 −29 −8 43 −17 −25 24 1 −11 5 1 −2 1

−1 1 1 −8 3 13 −20 −9 29 −9 −19 14 2 −7 2 1 −1 0 0

0 1 −2 1 6 −7 −3 13 −4 −6 6 0 −2 1 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA
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H10160
½2� ¼ A4

q14

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 −1 1 1 −3 1 2 −2 −1 0 0

0 0 0 0 0 1 −1 −2 1 2 −2 −3 3 2 −1 −1 0 2 0

0 0 −1 1 3 −2 −3 3 4 −4 −4 5 1 −3 −1 −1 1 0 −1

1 −2 −1 5 −2 −6 4 4 −5 −2 4 1 0 0 −2 3 1 −2 1

−1 0 3 −1 −3 3 2 −3 −1 2 0 0 0 −2 1 1 −1 0 0

0 1 −1 −1 2 0 −2 1 1 −1 1 0 −1 1 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H10162
½2� ¼ 1

q18A12

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 3 −1 0 5 0 −2 3 1 0

0 0 0 0 −3 1 3 −9 −1 8 −9 −8 5 0 −4 −1

0 0 2 −5 3 9 −15 1 22 −13 −11 16 3 −6 2 1

1 1 −5 4 10 −16 −1 25 −11 −15 14 4 −6 0 1 0

0 −3 2 6 −12 −3 17 −8 −12 8 2 −3 0 0 0 0

−1 1 2 −5 0 7 −3 −4 3 1 −1 0 0 0 0 0

0 1 −1 0 2 −1 −1 1 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H10163
½2� ¼ 1

q16

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 −1 −4 2 2 −4 −1 1 0 0

0 0 0 0 0 1 −4 −1 14 −8 −16 22 6 −17 7 5 −3 0 0

0 0 −1 2 4 −11 −2 27 −16 −32 35 8 −34 11 11 −11 1 3 −1

1 −3 1 9 −15 −7 36 −13 −37 40 12 −36 16 11 −15 5 2 −3 1

−1 2 4 −10 −3 22 −9 −25 23 8 −24 9 8 −9 2 2 −1 0 0

0 1 −3 −1 9 −5 −9 12 1 −9 6 1 −3 1 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA
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H10164
½2� ¼ 1

q16A8

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 3 −3 −4 8 1 −6 1 1 0

0 0 0 0 −3 1 9 −13 −12 23 1 −19 4 6 −2 −1

0 0 2 −6 1 21 −18 −22 41 6 −31 10 12 −6 0 1

1 2 −7 1 21 −18 −26 35 8 −33 6 11 −7 −1 1 0

0 −5 2 14 −14 −16 26 5 −20 6 6 −3 0 0 0 0

−1 2 5 −8 −6 13 0 −9 3 2 −1 0 0 0 0 0

0 1 −2 −1 4 −1 −2 1 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

H10165
½2� ¼ 1

q22A16

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 3 −3 −4 7 1 −5 1 1 0

0 0 0 0 −1 −1 7 −2 −15 12 13 −15 −4 8 1 −1

0 0 1 −2 −2 12 −2 −21 14 19 −18 −9 9 2 −3 −1

0 1 −3 −3 12 −4 −22 14 17 −17 −6 9 0 −1 1 0

1 −3 −1 11 −5 −16 14 11 −13 −2 5 −1 0 0 0 0

−1 1 5 −4 −8 9 5 −8 0 2 −1 0 0 0 0 0

0 1 −2 −2 4 0 −2 1 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA
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Poincaré 13, 1873 (2012).

[39] S. Nawata, P. Ramadevi, Zodinmawia, and X. Sun, J. High
Energy Phys. 11 (2012) 157.

[40] D. Bar-Natan and S. Morrison, Database of various knot
invariants mostly uncolored, http://katlas.org.

[41] A. Anokhina and An. Morozov, Theor. Math. Phys. 178, 1
(2014).

EIGENVALUE HYPOTHESIS FOR MULTISTRAND BRAIDS PHYS. REV. D 97, 126015 (2018)

126015-23

https://doi.org/10.1007/JHEP04(2014)156
https://doi.org/10.1007/s11005-013-0651-4
https://doi.org/10.1007/s11005-013-0651-4
https://doi.org/10.7868/S0370274X17220027
https://doi.org/10.7868/S0370274X17220027
https://doi.org/10.1134/S0021364017220040
http://www-bcf.usc.edu/%7Efbonahon/Research/Preprints/BonSieb.pdf
http://www-bcf.usc.edu/%7Efbonahon/Research/Preprints/BonSieb.pdf
http://www-bcf.usc.edu/%7Efbonahon/Research/Preprints/BonSieb.pdf
http://www-bcf.usc.edu/%7Efbonahon/Research/Preprints/BonSieb.pdf
http://www-bcf.usc.edu/%7Efbonahon/Research/Preprints/BonSieb.pdf
https://doi.org/10.1007/JHEP07(2012)131
https://doi.org/10.1007/JHEP07(2012)131
https://doi.org/10.1142/S0217732394003026
https://doi.org/10.1142/S0217732394003026
https://doi.org/10.1016/j.physletb.2015.02.029
https://doi.org/10.1016/j.physletb.2015.02.029
https://doi.org/10.1142/S0218216517500961
https://doi.org/10.1142/S0218216517500961
https://doi.org/10.1134/S0021364016130038
https://doi.org/10.1016/j.nuclphysb.2016.08.027
https://doi.org/10.1016/j.nuclphysb.2016.08.027
https://doi.org/10.1007/JHEP09(2016)135
https://doi.org/10.1142/S0217732318500621
https://doi.org/10.1142/S0217732318500621
https://doi.org/10.1016/j.physletb.2017.01.032
https://doi.org/10.1016/j.physletb.2017.01.032
https://doi.org/10.1007/s00220-015-2322-z
https://doi.org/10.1007/s00220-015-2322-z
https://doi.org/10.1016/j.nuclphysb.2014.03.002
https://doi.org/10.1142/S0217732314501831
https://doi.org/10.1142/S0217732314501831
https://doi.org/10.1016/j.physletb.2017.01.032
https://doi.org/10.1016/j.physletb.2017.01.032
https://doi.org/10.1007/JHEP07(2015)109
https://doi.org/10.1016/0370-2693(90)91963-C
https://doi.org/10.1016/0370-2693(90)91963-C
https://doi.org/10.1007/BF02096491
https://doi.org/10.1155/2013/931830
https://doi.org/10.1007/JHEP03(2012)034
https://doi.org/10.1007/JHEP03(2012)034
https://doi.org/10.1142/S0217751X12500996
https://doi.org/10.1142/S0217751X15501699
https://doi.org/10.1007/JHEP09(2016)134
https://doi.org/10.1007/JHEP09(2016)134
http://arXiv.org/abs/1611.03797
https://doi.org/10.1016/j.nuclphysb.2015.08.005
https://doi.org/10.1016/j.nuclphysb.2015.08.005
https://doi.org/10.1088/1751-8121/aa5574
https://doi.org/10.1142/S0217751X13400095
https://doi.org/10.1016/j.physletb.2016.01.063
https://doi.org/10.1016/j.physletb.2016.01.063
http://webusers.imj-prg.fr/%7Epierre.vogel/
http://webusers.imj-prg.fr/%7Epierre.vogel/
http://webusers.imj-prg.fr/%7Epierre.vogel/
http://webusers.imj-prg.fr/%7Epierre.vogel/
https://doi.org/10.1007/JHEP02(2016)078
https://doi.org/10.1007/JHEP02(2016)078
https://doi.org/10.1140/epjc/s10052-018-5765-5
http://arXiv.org/abs/math/9912013
http://www.knotebook.org
http://www.knotebook.org
http://www.knotebook.org
https://doi.org/10.1016/0550-3213(92)90524-F
https://doi.org/10.1016/0550-3213(92)90524-F
https://doi.org/10.1016/0550-3213(93)90652-6
https://doi.org/10.1016/0550-3213(94)00102-2
https://doi.org/10.1016/S0550-3213(00)00761-6
https://doi.org/10.1016/j.nuclphysb.2012.11.006
http://arXiv.org/abs/1412.8444
https://doi.org/10.1016/j.physletb.2016.06.041
https://doi.org/10.1142/S0218216593000064
https://doi.org/10.1142/S0218216593000064
https://doi.org/10.1142/S0217732304014100
https://doi.org/10.1090/S0002-9947-09-04691-1
https://doi.org/10.1090/S0002-9947-09-04691-1
https://doi.org/10.1007/s00023-012-0171-2
https://doi.org/10.1007/s00023-012-0171-2
https://doi.org/10.1007/s00023-012-0171-2
https://doi.org/10.1007/JHEP11(2012)157
https://doi.org/10.1007/JHEP11(2012)157
http://katlas.org
http://katlas.org
https://doi.org/10.1007/s11232-014-0129-2
https://doi.org/10.1007/s11232-014-0129-2

