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Abstract. A cluster-shell model suitable for the description of light nuclei seen as k α-particles
+ x nucleons is described. Its application to 9Be and 9B is also shown, for which we explicitly
provide a comparison with the available experimental data.

1. Introduction
The cluster description of light nuclei was originally proposed in 1937 by Wheeler [1] and
independently by Hafstad and Teller [2] in 1938, as a consequence of the observation of the
high binding energy of the 4He nucleus. Specific cluster configurations were suggested by Brink
[3, 4]. Following recent experimental developments [5], this model has regained interest. Indeed,
it was found that the spectra of 8Be, 12C and 16O are well reproduced by 2, 3 and 4 cluster
configurations with Z2, D3h and Td symmetry respectively. An extension of this idea consists
in the inclusion of an extra particle moving in the potential generated by the clusters. In this
contribution, we will first describe the recently introduced cluster-shell model (CSM) [6], which
we propose as a possible model to describe light even-odd nuclei with a cluster core, and then
show its explicit application in the case of 9Be and 9B.

2. Cluster shell model
In previous works, the charge and matter density ρ(�r) of 2, 3, and 4 α-particles have been found
[6]. The convolution:

V (�r) =

∫
ρ(�r ′)v(�r − �r ′)d3�r ′. (1)

of ρ(�r) and the interaction between the α and the nucleon, v(�r − �r ′), which we assume to be
of Volkov-type [7], allows the determination of the potential V (�r) in which the odd nucleon is
moving. Explicit calculation leads to [6]

V (�r) = V0e
−α(r2+β2)4π

∑
λμ

iλ(2αβr)Y
λ
μ (θ, φ)

k∑
i

Y ∗λμ (θi, φi) (2)

where iλ is the modified spherical Bessel function. The α-particles are assumed to be placed
at positions ri = (β, θi, φi) which are chosen according to the desired symmetry we wish to
reproduce.

http://creativecommons.org/licenses/by/3.0


2

1234567890 ‘’“”

12th International Spring Seminar on Nuclear Physics IOP Publishing

IOP Conf. Series: Journal of Physics: Conf. Series 966 (2018) 012039  doi :10.1088/1742-6596/966/1/012039

The single particle energies εΩ of a particle in the cluster potential in equation (2) are obtained
by solving the Schrödinger equation:

H =
�p2

2m
+ V (�r) + Vso(�r) (3)

where Vso(�r) is the spin-orbit interaction, which we assume of the form:

Vso(�r) = V0,so
1

r

∂V

∂r

(
�s ·�l

)
(4)

Hence, the problem is essentially that of a particle in potentials that change in a continuous
manner from having spherical symmetry to having point group symmetries, Z2 (k = 2), D3h

(k = 3), Td (k = 4), as the distance of the clusters β increases. Since the dimension of these
discrete groups is smaller than the dimension of the rotation group, we expect each level to split
according to the splitting of the representation of O(3) in terms of the irreducible representations
of the point groups of interest.

We have diagonalized the Hamiltonian H in equation (3) numerically in the harmonic
oscillator basis. The correlation diagrams corresponding to k = 2, k = 3, and k = 4 are
depicted in figures 1, 2 and 3, respectively [6]. The states are labelled with the notation of the
spherical shell model in β = 0. For β > 0, in the case of k = 2 we have labelled the states
with the projection of the angular momentum along the symmetry axis, K, and the parity, P ,
as well as with the molecular physics notation, while for k = 3, 4 we have used the labels of
the irreducible representations of D3h and Td, respectively. In figures 1 to 3 we also show that
bigger gaps occur at different energies for different values of β.

3. Application to 9Be
The treatment of 9Be is a straightforward application of the model described so far, where
the core is assumed to have the particular configuration depicted in figure 4, i.e. when
k = 2 and β = 1.82 fm. The value of β has been derived from the experimental moment
of inertia of 8Be. This particular configuration can be obtained choosing in equation (2)
�r1 = (r1, θ1, φ1) = (β, 0,−) and �r2 = (r2, θ2, φ2) = (β, π,−) as the locations of the two α-
particles.

The single particle states and wave functions are obtained as explained in Sect. 2. Using the
standard expression for rotational bands for axially symmetric nuclei [8]

E(J) = εK +
(h̄c)2

2I

[
J(J + 1)−K2 + δ(K,1/2)a(−)J+1/2

(
J +

1

2

)]
(5)

we obtain the energy levels in figure (5), where the moment of inertia I is the sum of the core
and single particle contributions.

The electric transition rates, B(Eλ), and multipole electric moments, Q(λ)(K, I), with
λ = 2, 4, · · · = even are dominated by the core contribution, while those with λ = 1, 3, · · · = odd
between states with different parity (i.e. from the KP = 1/2+ band excited states to KP = 3/2−
ground state) are the sum of collective and single particle contributions. In the latter case,
expanding the wave function in the h.o. basis:

|ψ〉 =
∑
nljm

anljm|n, 1
2
, l, j,m〉 (6)

we can evaluate the matrix elements of the operators defining the single particle contribution to
moments and electric transition rates. The result has to be summed to the core contribution,
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Figure 1. Correlation diagrams of the
energy levels of a spin 1/2 particle for the
potential in equation (2) as function of the
distance β between the clusters and the
center of mass for: k = 2. The parameters
used are: V0 = 20 MeV, V0,so = 22
MeVfm2, α = 0.1115 fm−2. Reproduced
from Ref. [6] with permission.

Figure 2. Correlation diagrams of the
energy levels of a spin 1/2 particle for the
potential in equation (2) as function of the
distance β between the clusters and the
center of mass for k = 3. The parameters
used are: V0 = 13.3 MeV, V0,so = 16.9
MeVfm2, α = 0.0872 fm−2. Reproduced
from Ref. [6] with permission.

Figure 3. Correlation diagrams of the
energy levels of a spin 1/2 particle for the
potential in equation (2) as function of the
distance β between the clusters and the
center of mass for k = 4. The parameters
used are: V0 = 10 MeV, V0,so = 13.4
MeVfm2, α = 0.0729 fm−2. Reproduced
from Ref. [6] with permission.
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Figure 4. 8Be seen as two α-particles in a dumbbell configuration.

Figure 5. Comparison between (a) theory and (b) experiment of the energy levels of 9Be.
Adapted from Ref. [11].

Table 1. Comparison between (e, e′) [10], NDT [9], shell model (SM) and cluster shell model
(CSM) calculations. Units of Q are in efm2 and of B(E2) are in e2fm4.

(e,e’) NDT SM CSM

Q(2)(3/2−) 5.86(6) 5.288(38) 4.35 5.30
B(E2; 3/2− → 5/2−) 46.0(5) 40.5(30) 32.2 35.9
B(E2; 3/2− → 7/2−) 33(1) 18(8) 12.7 20.0

which is obtained by coupling single particle and core transition operators. Similar considerations
hold for magnetic transition rates, B(Mλ), and magnetic moments, μ(λ)(K, I). The explicit
derivation of these quantities is rather long and therefore not reported here, but it can be found
in [11, 12].

In table 1 we show the comparison between theory and experiment [9, 10] for the quadrupole
moment of the ground state and for B(E2) transitions. The large value of Q(2)(3/2−) that we
have obtained in the CSM is in good agreement with the existing data, a feature that is difficult
to explain in a spherical model. Similarly, the large B(E2) values are a proof of collective
structure of the system, being these transitions mostly due to the contribution of the core. This
is a quite remarkable result, since we did not introduce any effective charge in the calculation.

Although smaller than the data from electron scattering, Ref. [10], the B(E1) transition
rates, table 2, are in agreement with the Nuclear Data Tables (NDT) [9].

The magnetic moment of the ground state, μ(3/2−), is also in fairly good agreement with the
experiments, while B(M1; 3/2− → 5/2−) is smaller, although of the same order of magnitude
(see table 3 for comparison).

In figures 6 to 8 we show the longitudinal electric form factors relative to members of the
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Table 2. Comparison between (e, e′) [10], NDT [9], shell model (SM) and cluster shell model
(CSM) calculations. Units are in e2fm2.

(e,e’) NDT SM CSM

B(E1; 3/2− → 1/2+) 0.034(3) 0.029(3) 0.0045 0.024
B(E1; 3/2− → 5/2+) 0.029(5) 0.015(12) 0.0039 0.0048

Table 3. Comparison between (e, e′) [10], NDT [9], shell model (SM) and cluster shell model
(CSM) calculations. Units of magnetic moment are in μN and of B(M1) those of Ref. [10],
e2fm2.

Exp(e,e’) NDT SM CSM

μ(3/2−) -1.16(2) -1.1778(9) -1.27 -1.13
B(M1; 3/2− → 5/2−) 0.0090(3) 0.0089(9) 0.0068 0.0038
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Figure 6. Longitudinal
electric form factor of the
state 3/2−. Adapted from
Ref. [12].
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Figure 7. Longitudinal
electric form factor of the
state 5/2−. Adapted from
Ref. [12].
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Figure 8. Longitudinal
electric form factor of the
state 7/2−. Adapted from
Ref. [12].

ground state band. For small values of the momentum transfer q the CSM reproduces the
experimental results well, while as q increases it does not. This is expected, since for high
momentum transfer one probes the inner structure of the α-particle.

Our conclusion is that the cluster structure of 8Be is not destroyed when an extra fermion is
added, i.e. 9Be can be seen as made of a core of 2α-particles plus an additional neutron.

4. Application to 9B
The treatment of 9B in CSM is identical to that of 9Be, except that equation (3) is replaced by:

H =
�p2

2m
+ V (�r) + Vso(�r) + VC(�r) (7)
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Figure 9. Rotational spectra of 9B. Adapted from Ref. [11].

where VC(�r) is the Coulomb potential generated by the density distribution of [6]. Figure 9
shows a comparison between the energy levels calculated using the CSM and the experimental
data [9]. However, being 9B unstable, a comparison between CSM and experiment for B(Eλ)
and B(Mλ) rates is not possible at present, due to the lack of experimental data. We have
nonetheless evaluated such quantities for future reference and reported them in [12].
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