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Amplitudes, resonances, and the ultraviolet completion of gravity
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This paper constructs, making use of the on-shell spinor-helicity formalism, a possible ultraviolet
completion of gravity following a “bottom-up” approach. The assumptions of locality, unitarity, and
causality i) require an infinite tower of resonances with increasing spin and quantized mass, ii) introduce a
duality relation among crossed scattering channels, and iii) dress all gravitational amplitudes in the
Standard Model with a form factor that closely resembles either the Veneziano or the Virasoro-Shapiro
amplitude in string theory. As a consequence of unitarity, the theory predicts leading order deviations from
General Relativity in the coupling of gravity to fermions that could be explained if space-time has torsion in

addition to curvature.
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I. INTRODUCTION

Prior to the Large Hadron Collider turning on, our tested
theory of nature was a gauge effective field theory (EFT)
with a scale » at which unitarity was lost perturbatively.
Unitarity, however, is sacred, and its guardian—as present
data seem to indicate—is the Higgs boson. Despite all the
apparent differences, the categorization above applies word

for word to gravity when thought of as an EFT with scale

Mp = G;,]/ % and diffeomorphisms as gauge transforma-

tions, even though, as for who its “Higgs(es)” is (are), there
is no experimental evidence at present. Exposing the need
for an UV completion of gravity by means of its similarities
with the Standard Model (SM) is preeminently a particle
physicist “bottom-up” approach, and it is not to say that this
is the sole issue in gravity that needs addressing (open
problems range from a nonperturbative formulation to the
understanding of singularities relevant in cosmology and
astrophysics [1]). It is, nonetheless, the point of view that
rules the course of this paper.

One can further elaborate that the above formulation,
even within particle physics and EFT, is obscured by
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(of course, fundamental) differences in the gauge sym-
metry, the treatment of the massless mediator, the univer-
sality of gravity, etc. In order to sidestep these differences,
the best-suited subject of study is on-shell amplitudes; they
circumvent gauge redundancies, field redefinitions, and
gauge fixing present at the Lagrangian level while making
ostensible the high-energy behavior. Furthermore, as for
practical implications, the derivation of these amplitudes
with conventional Feynman rules is greatly involved (the
three- and four-graviton vertex derived from the Einstein-
Hilbert action have, respectively, about 100 and 2500 terms
when fully expanded [2]) to finally collapse in a single-term
remarkably simple amplitude [3-5].

This is part of the evidence that supports postulating a
theory with amplitudes as the starting and building blocks.
This approach is the on-shell amplitude program; see
Refs. [6-8] for reviews. An important part of it is the
on-shell spinor-helicity formalism, which seeks to exploit
helicity (little group) transformation properties to determine
the shape of amplitudes while providing a common frame-
work to formulate scattering amplitudes for all spins and,
more recently, all masses [8]. Combined with a recursive
method to build higher-point amplitudes from lower-point
ones (the Britto—Cachazo-Feng—Witten (BCFW) and
Cachazo—Svrcek—Witten (CSW) rules [9,10]), this program
aims at a self-contained formulation of quantum field
theories. It is not without its own challenges, as determi-
nation of off-shell contributions prevents these methods from
extending to arbitrary theories.

If one is to sidestep the Lagrangian formula-
tion, however, care should be taken to ensure that the
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properties that are naturally implemented in it are
satisfied by the formulated amplitudes. Since they are
of particular importance in this work, let us briefly review
them. For locality, interactions are either pointlike or
mediated by the exchange of particles propagating
between two space-time points. This elementary principle
dictates the nonanalytic structure of scattering amplitudes;
the only singularities occur when one or more inter-
mediate particles go on shell. For unitarity and causality,
the scattering matrix is a unitary operator as a conse-
quence of probability conservation, and causality implies
that local observables must commute outside the light
cone in position space [l1]. Positivity, derived from
unitarity, will play a central role in the analysis of this
paper. These principles impose, in addition, stringent
constraints on the high-energy behavior of scattering
amplitudes [12]; of relevance in this work will be the
extension of the Froissart bound [13] to a theory with a
massless graviton [14] in the forward limit and the
Cerulus-Martin bound [15,16] in the hard scattering
region. Furthermore, the property of causality results in
analyticity of the scattering amplitude, thus making it
possible to represent the latter by means of a dispersion
relation via Cauchy’s theorem [17].

In line with the bottom-up perspective mentioned
above, we shall explore in this work whether it is
possible to obtain a UV completion of gravity by adding
massive resonances and, if so, what the properties
required of them are. To this end, we shall combine
the on-shell spinor-helicity formalism with the above-
mentioned fundamental properties. In addition, the dis-
cussion will be restricted to weak coupling and tree level,
which is to say in typical EFT language that the new
resonances should lie below Mp.

II. AMPLITUDES FOR GRAVITY

In this section, we construct the elementary components
of this study; these are three- and four-point amplitudes
mediated by gravitational and massive spin J resonance
interactions (Secs. Il A and II B, respectively). It will also
serve as introduction to the formalism for the unacquainted
reader.

A. Graviton mediated amplitudes

On-shell Dirac or Weyl spinors, polarization vectors, and
polarization tensors are objects that interpolate between the
Lorentz group SO(4) ~SU(2), x SU(2); and the little
group—that is U(1),; for massless or SU(2),, for
massive particles—and, as such, transform under repre-
sentations of both. The on-shell spinor-helicity formalism
in essence seeks to use group theory in both groups to
determine the shape of amplitudes. The simplest case is that
of massless fermions; denote as ,|p) (4 p]) an on-shell
momentum p, left-handed (right-handed) spinor with

SU(2), [SU(2)g] index a (@) and antisymmetric metric
€ (¢4P), €2 = —e?! = 1. The spinor |p) (| p]) represents a
helicity h = —1/2 (h = 1/2) particle and hence transforms
under U(1),; as |p) = |p)e™™/?(|p]e’/?). Amplitudes
are Lorentz invariant quantities, but they comprise little
group representations, and so a valid amplitude for two left-
handed fermions is €%4|p;),|p2) = (pip,). The massive
case is obtained upgrading the spinor to the fundamental
representation |p’) with I an SU(2),; index, which again
has antisymmetric metric €;;. Here, we will typically omit
the index 7 but use boldface |p) to separate it from the
massless case, following Ref. [8]. The reader accustomed to
Dirac spinors will find these variables demystified by the
relation u/(p) = (|p!), |p']) in Weyl’s basis for y*.

One has then that higher spin is simply built out of the
fundamental representations; the familiar polarization vec-
tors read, e.g., €, (p) = [lo,|p)/V2[Ep] with & an aux-
iliary spinor and [6#],;, = (1,6) with ¢ the Pauli matrices.
Objects like polarization vectors or tensors, however, will
not appear in the formalism since one rather starts from
amplitudes and demands proper little group scaling; for
instance, an amplitude describing a particle with momen-
tum p; and helicity —1, Apl—l, scales as e""f’Ap;l. As is

conventional in amplitude methods, we will derive ampli-
tudes with all particles coming in, and we summarize our
conventions about kinematics in Fig. 1. Given the scatter-
ing of particles 1,2 with momenta p,, p, and helicities A ,
into particles 3,4 with momenta p;, and helicities 53,4,
denoted here 1712 — 3m4h  the all-incoming amplitude,
1m2m3m40  is obtained by changing the sign of the
momenta (and with it the helicities) of the outgoing
particles ps 4 = —p34, h34 = —hs 4. Equivalently, starting
from an all-incoming amplitude and taking some of the legs
outgoing, s;; = (p; + p;)* will turn into one of the three
Mandelstam variables s, #, and u as given by

A: Sipp —> S 513—>l Sig > u //l3,4—)—h3’4 (1)
Al siz—=s sp—=t sy—u hyy——hy (2
At sy —=s sp—=t syp—ou hyy—>—hs (3)

whereas an incoming left-handed spinor |p) will turn into
| — p) = e'?|p) representing an outgoing momentum p
helicity +1/2 particle (our convention for the phase ¢ is
in Appendix). Here, we find it useful to write amplitudes in
terms of s, i), |j] since they make clear the connection
between different physical processes related by crossing
transformations and symmetries under particle exchange
(e.g., 1 <> 2) and can be viewed as a function with support
on three different disconnected regions, (r), (b), and(g) as
shown in Fig. 1. Finally, for energies close to Mp, the
approximation of massless matter (i.e., SM particles),
which we shall adopt in the following, is excellent.
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FIG. 1. Four-point amplitude with ingoing initial-state and
outgoing finale-state particles (top-left diagram) and with all
particles taken incoming (bottom-left diagram). On the right side,
we show the three physical scattering regions (r), (b), and (g) as a
function of the kinematic invariants s;;, corresponding to the
substitutions in terms of the conventional Mandelstam variables
in Egs. (1)—(3). For massless external particles, the inner triangle
collapses into a point.

The first step in our quest for the bottom-up UV
completion of gravity with amplitude methods is to build
the on-shell three-point amplitudes describing interactions
of SM particles with gravity by means of Lorentz-invariant
combinations of appropriate powers of spinor variables.
As stated in the Introduction, we restrict to tree-level
amplitudes, and our theory of gravity is General Relativity
(GR). The three-point coupling of a graviton with helicity
h, =2 and momentum ¢ to a particle with helicity & and
momentum p; and a particle with helicity +h and
momentum p, reads by little group scaling

[12]h:|:h—2[1q]2+h:|2h[zq]Z—(h:Fh)’ (4)

with the same and opposite /4 sign yielding, respectively, a
mass dimension of 24 + 2 or 2 and where the short-hand
notation |p;] = |1], etc., is implied. Given that an n-point
amplitude has mass dimension 4 — n and gravity’s coupling
is k = /87/Mp, with mass dimension —1, we find that
only one of the two amplitudes is generated. Explicitly,

]_, h [1 q]2h+2[2 q]—2h+2 Y
/787T 4[1 2]2 ) g
q, hg = —_—
Mpr | (1g22r(2g)>+? — 9
a 2>2 ) g —

2,—h

This on-shell amplitude has p; + p, + ¢ = 0 and is gauge
invariant, as can be checked by shifting |¢] — |¢ + £] and
projecting in terms of the |1], |2], |¢] spinors. The absence of
a (+h, +h) amplitude means that gravity conserves helicity,
which at this level coincides with any quantum number that

the particle might have. As we shall see in the rest of our
analysis, this observation plays an important role.

The four-point amplitude of order O(k?) is generated by
graviton exchange, and hence contains a pole. The residue
of this pole factorizes into the product of two local three-
point on-shell amplitudes, given above. One can, therefore,
reconstruct the on-shell-mediator part of the four-point

amplitude 1727"3-"'4"" a5

1, h
/871' [1 q]2h+2 [2 q]2—2h
Mpy [12)°
2.—h )
g " N
| VBT (39" (g
LK Mp, (34)?

where g = —g, given that the helicity s, = +2 graviton
with momentum ¢ enters the second vertex with momen-
tum —¢g and helicity s, = —2. Two currents of possibly
different helicity with &’ > h are considered for arbitrary
SM external states. Manipulation of the expression above
leads, using the on-shell conditions, to (for brevity, let us
denote A, nyw g0 = App)

GR S}%_h,_rsilhlﬂ 2h( /2P 2W=2h
Ay =B (1423 OIPala (6
Pl

where r is an integer (semi-integer) for integer (semi-
integer) h' and P;=(p;—p,;)/2, P, = Pj6,. The
appearance of this parameter is related to the extension
of the amplitude off shell; whereas the dependence on
spinor variables is fully fixed by the little group, one has
that on shell (i.e., when s, =0) s13 = —s14, and so
amplitude methods alone cannot determine r.' From the
scaling with energy of the energy-momentum tensor, we
find =1 + 4’ <r<1-—"'. Furthermore, when a scalar
current is present (h = (0), gravity has no handle to
distinguish between particles 1 and 2, and the amplitude
must be 1 <> 2 symmetric. The ambiguity in r, therefore,
reduces to two cases only, h = ' =0, 1/2, each charac-
terized by one parameter a, b, as displayed explicitly in
Table 1.2 In this table, we collect all tree-level SM scattering
amplitudes mediated by gravity constructed explicitly by
means of Eq. (6). We also display gravitational Compton

'Locality bounds r to range in the interval =1 +h < r < 1 —h
in order to avoid double poles. This is because we have the
scaling [14](23) ~ 14, (3|P1,]4] ~ \/513515, and the condition
above ensures that no negative powers of s34 are present.

*Knowledge of the full amplitude in GR can be attained
through a Feynman rule computation. Here, however, we keep the
contact terms arbitrary. In this sense, note that experimentally we
have only tested the pole terms, i.e., the long range interaction.
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scattering (i.e., scattering among gravitons and SM par-
ticles) and graviton-graviton scattering. These cases have
their helicity structure dictated by the same formula of
Eq. (6), but now there are poles in all three Mandelstam
variables, and we find the denominator
(.e., r=0).

What is more, one has that the formula in Eq. (6)
comprises all tree-level four-point amplitudes generated in
GR. The amplitudes can be split into matter-matter, matter-
graviton, and graviton-graviton scattering (here and in the
following, “matter” generically refers to scalars, fermions,
and vectors). The fact that gravity does not change the
helicity of matter implies that the amplitudes in Table I are
the only nonvanishing matter-matter cases; one can see this
diagrammatically and derive the helicity conservation rule
> h; = 0. This is not clear, however, for scattering with
gravity where the three-point vertex with structure

$12513514

1,42

012 T (7)
Mei 12712

9, -2

produces a diagram in which the helicity —2 is exchanged,
thus leading to a situation where > h; # 0. The result of
summing all diagrams, however, yields a vanishing ampli-
tude in this case (not only for the pole terms but also the full
amplitude as can be obtained with Feynman diagrams). The
same occurs for graviton scattering, which makes Table I
complete at tree level.

B. Massive spin J mediated amplitudes

Consider now the exchange of a massive spin J
resonance. Massive spinning particles in the spinor-helicity
formalism are represented by symmetric 2J tensors on the
spinor variables, i.e., for a particle with momentum g,
lq;,] % ... x |q;,,]. The coupling of this spin J resonance
with mass M to (massless) matter with helicities /; and h,
is given by the following three-point amplitude, completely
determined by little group scaling,

1, hy
q,J, M =igy(12)7 77" |g*! (8)
2, hy Y Y

X

MB3T—hi—ha—1

where we introduced the coupling constant g; and omitted
Lorentz indices and we note that, to avoid inverse powers of
I1],]2], J > |hy — h,|, since otherwise we would get a
vanishing amplitude. We now move to construct on-shell
four-point amplitudes, and we divide our analysis in
three steps.

1. Legendre polynomials

In order to isolate the differences with massive mediators
and for exposition purposes, we consider first the case with
external scalar particles. For a conventional diagrammatic
derivation of the following results, see, e.g., Refs. [18,19].
A simple manipulation of Eq. (8) in this case brings the
spinor structure into the form

(12)’ | 1)’ |21

—~

[q1](12)[2q])’
‘((al(p1 — P2)/2|a))’
'((q]P12lq))’, 9)

where we use matrix notation to omit Lorentz indices. We
next construct the amplitude contribution from the on-shell
exchange of the massive J particle, which decomposes into

1+ p !
~ z'gJM<<q| 12‘1])

I
T X

q
q

~

M2
2-° i
5127M2
I (—a Pt |—al |
s . —q —-q
, @gJM<MB; )
L

The complication lies in performing the sum over spinor /-
indices. An example of such a configuration can be
depicted as [the minus sign in (q) can be pulled out of
the spinors to contribute a (—1) factor]

P12 |ql(;} X

<ql1 | P12 |q12} X <ql:;|P12 |ql4} X <q15

(@] P la™] x (a"| Paala’™] x (" | Poa]a"] x ..

where the solid green lines signal the summed little group
indices while the dotted lines follow the matrix multipli-
cation in Lorentz indices. Using the completion relations
la’)[q;| = ¢ and |q'][q;| = M, we can reduce any of the
above terms to a product of traces’ over slashed momenta
as [[tr[(P1oP34)"] with > n; =2J and n; an ordered
array. For instance, with J = 3, one such configuration is
tr[(P,P34)?)tr(P1,P5y), and its coefficient is given by
counting the ways to accommodate a single lasso “0”
and double one “o0” in three slots, 0co, 000, etc.; examples
for J =2, 3, 4 are given in the Appendix, Eqs. (A12)-
(A14). In a second step, we collapse the traces

*Implicit in our notation for products of P’s is the proper
contraction of Lorentz indices, PK = P ,c*PK e/ = P&“Kﬂ

. pp
with [5,)% = (1,-5).
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tr(Py, - P3,)" into polynomials in P, - P34, Pf2<34), using
the relation in Eq. (A15) in the Appendix.
All in all, we get the following expression for the four-

point amplitude,

A = g%(2J)!! M?
1234_(2]—1)!!S12—M2

XZ TN (27 =2m (=P{,P3)" (P1a- Pyy)" ™"
—\m J 2/ M

2N M?
:4Jg(2(‘]_)1)!!s12_M2PJ[X(S13>]» (10)

where P; are Legendre polynomials and

Pio- Pz Pro-Pyu

1+2S13
M?/4 M?/4

M?*’

(11)

x(s13) = =

where we have used the on-shell condition in P}, = P}, =
—M2/4- and —S14 = Al2 + 513

We consider next the case with equal helicity h; =
h, = h in the three-point amplitude. The spinor structure
takes the form

<m”%mmwzé@mmmmw
= a1)02) g
- (o). (12)

This is the same structure we already found in the scalar
case, Eq. (9). This means that in the computation
of the four-point amplitude, the case with equal helicity
hy = hy = h reduces to the previous result in Eq. (10)
with Legendre polynomials, with an overall factor
[12]?1[34]?" /M*" that takes into account the helicity of
the external particles. For an important difference, however,
notice that in this type of coupling the interaction with the
massive spin J resonance changes any quantum number
that matter might have.

2. Jacobi polynomials

Consider now the case with opposite helicity
hy = —hy = h, which corresponds to a helicity and quan-
tum number conserving interaction as is the case for the
graviton coupling. The dependence on spinor variables
reads

<12>J|q]2./| 1]/+2h|2]]—2h
— (12) 24 {1 2q) 1) (12)
= M’ ((q|P,]q]) =" ((q2)[1q])*". (13)

The derivation of the four-point amplitude in this case is not
a mere rescaling of the scalar case, but one can follow the
same steps in the computation,

N J—2h 2h
1, h ) (d| P12 |d] (q2)[1q]
1qg Y M2
2.—h _iM?
S192 — ]\42
3,—h

~ J—2h' ’
(@ Pisla) @3)[4al\”"
W(iW) (Mr>

with q = —q. As in the computation that led to Eq. (10), one
can use the completion relations for the sum in little group
indices of |q), |q] to obtain traces over SU(2); » indices.
The computational difference is that traces are not just over
chains of P, and Py, but factors of |1](2| and |4](3]
might replace each one of the two factors, e.g., in
tr(P1,P34]1](2|P54). The number of possible traces grows
much more steeply now, so instead one can take a faster
approach building on the scalar result. Take Eq. (10) with J
P,,’s contracted with J f’34’s as obtained after working out
combinatorics and expanding traces in Lorentz scalar
products of momenta. Then, one can substitute P{, —
P{321(]1](2])" to get the result for polarized states (note
that longitudinal pieces drop out, ¢- P, = (2|g|1] =
q - P34, = 0). This means that we need to unfold the sum
in Eq. (10) to insert 24 factors of |1](2] and 24’ of |4](3]; this
is again a combinatorics problem that results in, denoting

A‘llhz—h3—h/4h/ = A‘Z.h/’
W FM>(2J)!!
W40 (20 = 1)

[14](32)\ 2 ( (3| Py, 4] 22

a2 M

y JN\-1/7J —1Z Cf,m(x _ 1)f—2h’xl—2m—f
2h 2n S12 — 1‘42 ’

‘,m

(14)

with x as in Eq. (11) and ¢, as

con =L (VO
() 2) "

where the sum runs over values of £, m with non-negative-
entry binomials. Although written in an unusual form, we
find that the polynomial in x,
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/
E Com (x _ 1)1,"—211 xJ—Zm—f
‘.m

J+ 2K J 20 =221 +2h
- ( )( )hpg—zh' A (), (16)
J 2
is proportional to the Jacobi polynomials PS,“’b)(x),
plab) _ Z(" + “) (” + b) <x— 1)"<x+ 1>"_k.
—\n—k k 2 2

All in all, Eq. (15) reads

N

NN (BN (3Pl
h,h’_4J(2J_1)” M2 M2
M? J+2K I N ow—anawon)
() () e
(17)

and it does contain the scalar and the same helicity cases as
the Jacobi polynomials reduce to Legendre polynomials
in both limits. Let us also note that the measure for Jacobi
polynomials is proportional (1 — x)%(1 + x)’, in our case
a=2h —2h,b =21 + 2h, and it is related to the helicity
scaling of the amplitude, as we shall see next. The
appearance of Legendre and Jacobi polynomials is indica-
tive of an angular analysis that is, in turn, related to unitarity,
as we shall make explicit next.

3. Wigner d-functions and unitarity

In order to touch on unitarity and angular analysis, we
turn to the red region, (r), in Fig. 1, that is the kinematic
domain where the spin J resonances are kinematically
accessible. We indicate the corresponding amplitude for the
generic process 1727 — 3"4" inred, A, ;y, and we use the
explicit substitutions in Fig. 1 which, in terms of the c.m.
scattering angle 6, read, cf. Appendix,

s
S13==8555,  S14==5C, le—W(l—cg)
(31) =sgpnv/s,  [14]=(32) =cop2V/5. (18)

where ¢y = cos 8, sy = sin §. We see that, on the mass shell
of the resonance, we have the identification x(s = M?) =
cg- To select the resonant contribution while being general,
we note here that, given our tree-level approximation, the
imaginary part of the amplitude comes solely from poles,
being explicit,

1
s—M*+ie

VL - MZ] —ind(s — M?), (19)

with PV the Cauchy’s principal value and the delta
function explicitly showing that the imaginary part only

has support on shell. Therefore, we can write for the
imaginary part
it —Hi FTHiH g
Im[A; ] = C)8(s —Mz)cg/zﬂfsgfz} Pyl_’”f” 1 ”>(c9)
= C,;6(s — M?)d. , (0), (20)

HisHf

where C, is a constant, u; = 2h, u; = 2h" and d’ , arethe

Hily
Wigner d-functions, in full generality given by [20]

dyop (0) = [(J + )/ = )N+ up)! (T = )]V

Z (=1)Hi=Hr+a(cos /2)SHHs=Hi=2a (sin @ /2 )Hi—HsH2a
—  (J4uy—a)lal(u; —pp+a)l(J — p; — a)!

’

with the sum taken over values such that the factorials are
non-negative.

Wigner d-functions offer a simple generalization for the
amplitude generated by the exchange of a massive particle
with spin J in the scattering process 1122 — 34 with
pi =hy = hy, py = hy — hy, where we recall that helicities
of outgoing particles are minus those of incoming
hs4 = —hs 4. Useful and physically meaningful relations
for Wigner d-functions are d’ a—b = d} , (related to in-out
exchange) and d! _,(0) = (—=1)"**d} ,(z — 0) [related to
3 < 4 (u, t) exchange]. Given the relations of Eq. (18), one
can then work backward to get the expression in terms of

(p—pipy+pi) f
Min(J—|u; f)

the general case. Indeed, in generality, a Wigner d-function
can be expressed as a Jacobi polynomial times an overall
factor of powers of cg/,5¢/2, in the present case given by
the helicity scaling factors in Eq. (17), through substitutions
in (18).

It is indeed in terms of the very same Wigner d-functions
that the general partial wave expansion is defined as [21]

spinor variables and Jacobi polynomials P

17h1 g, ilg

2, ho 4, hy

o0

A177,12h2_)3£34714 = 167 E

J2Max(pi,py)

(2] + Daiy(s)d;, ,,.(0)

(21)

with partial-wave amplitudes a/;(s). The crucial difference

compared to Eq. (20) is that this decomposition is general,
and it applies to both real and imaginary parts. In practice,
this means that the exchange of a massive spin J resonance
contributes to the imaginary part of the Jth partial wave only
but to the real part of partial waves with smaller or equal to J.
Finally, as anticipated, let us connect with unitarity, for
completeness and reference. By means of the optical
theorem, unitarity of the scattering matrix implies
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ZIm[A,_,f] = Z/(ﬂ_[nA*._)n.Aienv (22)

where on the right-hand side we take the sum over all
possible intermediate states n with phase-space measure
dIl,. In the case of an elastic process i = f, the right-hand
side is a sum of moduli squared, and we have the positivity
constraint 2Im[A;_;] > 0. As a simple special case, it
follows that in elastic scattering Im[a/;(s)] > 0, as one
can infer by taking the forward limit in which @? ,(0) = 1.
Given that we have built our amplitude out of three-point
amplitudes, consequences of unitarity like positivity are
implemented, but the unitarity relation does provide a way
to rewrite our amplitude in terms of more straightforwardly
observables quantities. If the initial state 12 can convert into
a single-particle state denoted J, the rhs of Eq. (22) reads

Im[Ajp_ 3] = HZA§4—>JA12—>J5(SI2 -M?), (23)
7

where we neglected quantum corrections. Furthermore,
when particles 1,2 and 3,4 are the same species, we have a
positive imaginary part that is related to the mediator partial
width

Im[A(Slz,Q = O)] = 167[(2] + 1)MF,_,125(s12 - Mz),

which in particular implies in our amplitude (17) for the
exchange a spin J,

T _
167(2] + 1) =12

(24)

This is to say that the factorial factors and powers of 2 that
relate the three- and four-point amplitudes disappear when
rewriting in terms of the mediator width. Let us then define
a’ =T;/M and write Eq. (17) for ' # h as

M’ (1)

S12 - M2 M2
o« <<3|P 12|4]>2h/_2h (2h =221 +2h)

A =162(2 +1)Cy

M?> Py o (x), (25)

where we introduced a constant C;, h, &’ for normalization,

T =20+ 20!
Conw = \/ (J =2h)!(J +2h)!" (26)

and a slight abuse of notation was committed since only for
B = h and 1"27" = 374" we have that af ,, is a positive
quantity with the interpretation of a decay rate. Aside from
the obvious simplifications, this notation encodes explicitly

)

the strength of the interaction in « and, therefore, its range
of validity.

III. COMPLETING GRAVITY IN THE UV

In the previous section, we computed all four-point
amplitudes generated by graviton exchange and the on-
shell contribution to the amplitude due to the exchange of a
massive spin J particle. This section aims at putting these
two results together for a consistent theory of gravity in the
UV. The goal is to tame the growth with c.m. energy by
introducing resonances while satisfying the general proper-
ties outlined in the Introduction. On this road, we start with
scalar particles and in particular consider the 2-to-2
scattering of distinct scalar particles.”

A. Toward a bottom-up UV completion

The scattering amplitude A, for distinct scalar
particles ¢ and ¢ in GR is

8w [s138
Ad”/”/)(ﬂ = < 3714 as12> (27)

2
Mg, S12

and describes two different scattering processes that are
related by crossing: ¢(p1)h(p2) = ¢(p3)e(ps) (1) in

Fig. D] and ¢(p1)e(ps) = #(P2)e(ps) (0), [we have
(g)=(b) from crossing symmetry]. In the rhs of

Eq. (27), the first term represents the pole contribution,
and the second term accounts for a possible contact term.
Furthermore, given that we are scattering different particles,
we assume that there is only one channel open in each one
of the three scattering processes (as it happens in GR) so
that all poles lie in the positive real s, axis (otherwise,
resonances with ¢ — ¢ number would be present in the
spectrum). Finally, notice that the amplitude is symmetric
under 1 <> 2 exchange [equivalently, ¢ <> u exchange
in (r)].

In the following, we would like to emphasize the
difficulties that one faces when trying to unitarize the
amplitude A, in all the above scattering processes and
the consequences that solving these issues imply. A word of
warning is pertinent before proceeding: the solutions that
we shall construct and present in this section are not unique,
and a number of assumptions are required to obtain them.
To be pristine, we have enumerated them as (i)—(iii).

Take the annihilation process ¢(p;)d(p2)—=@(p3)@(ps)
in the red region (r) of Fig. 1 where, in terms of the familiar
Mandelstam variables, we have s, = s, s;3 =1 and
A%, = 8x(tu/s — as)/Mp. The GR contribution is
problematic in the hard-scattering region where it grows
with energy as s/M3,, eventually violating perturbative

*Similar arguments in the context of the four-graviton scatter-
ing were presented in Ref. [22].
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TABLE L.

Complete set of tree-level four-point amplitudes in GR with all particles coming in. To obtain the

desired scattering process as a function of the ordinary Mandelstam variables s, 7, and u, one evaluates the amplitude
in regions (1), (b), and (g) according to the substitution in Egs. (1)—(3) and Appendix. Whenever a cell is divided in
two, the top (bottom) row refers to scattering of distinguishable (identical) particles.

GR . .
Vho=h3=' g1 Scalar Fermion Vector Graviton
Scalar 1 (s gg,) Bx(31PM) (-t _ 8a((3|P 4] 8r((3]Pp J4])*
p 12 M, 2515 Mis1o Mys12513514
8z (M 4SSy M)
Mﬁl S12 S13 S14
Fermion — %2}[14] (fu 4 b 87(23)[14)((3|P1214]) _ 8x(23)[14](B3]P1o14])°
My, § 2 M3s1y M3 512513514
_ 8x(23)[14] 1513 | s b
M, (»le + 513 + )
Vector _ 8x{23)°[14" 872(23)°(14]°((3| Py 4))*
Mlleslz M12>1312313314
_ 8z(23)2[14 /1 | 1
Mlz,] (X]z + 513)
Graviton 87(23)*[14]*

—
My 512513514

unitarity. To formalize this aspect, one can compute the
partial-wave amplitudes, cf. Eq. (21),

1 [+
aéw(s):ﬁ/_l d(cosO)P;(cosO)Ayp,,(s.cosd), (28)

and impose that they must lie inside the unitarity circle in
the Argand plane. One finds two nonvanishing partial-wave
amplitudes,

s(1 —6a) 5 s

, 5 (29
1203, @y (5) 60M2, (29)

af/),w(s) -

where the last term corresponds to J = 2 exchange, while
the first corresponds to J = 0. The J = 0 component arises
from the coupling of the virtual graviton to the trace of the
energy-momentum tensor of the scalar field, which is
indeed nonvanishing for a minimally coupled massless
scalar field.” In Eq. (29), we see that the presence of a
contact term could cancel the growth in energy of the / = 0
partial wave amplitude but cannot change the bad high-
energy behavior of the highest partial wave a3, (s). To cure

this problem, a first simple guess is the introduction of a
spin J = 2 resonance with mass M, so that the amplitude
results in®

>The ag () partial wave vanishes if a = 1/6. This special
value of a corresponds to a conformally coupled scalar field
described (in four space-time dimensions, with R the Ricci
scalar) by the action S = [d*x,/=g[% (3,0)(0,¢) + %X ag?],
which has, for @ = 1/6, vanishing trace Tﬁ =0.

®The presence of the minus sign in Eq. (30) can be traced back
to the minus sign in Eq. (19).

_ 4GR 962992 | 112 2t

on-shell

s 1
+ (s =M3)P1, <—,—>},
2 (L1) M% M%

off-shell

(30)

where the notation P; (x,y) indicates a generic poly-
nomial of degree i in the variable x (j in the variable y),
while g, , and g, , are the couplings of the two scalar fields
with the spin J = 2 resonance. Compared with Eq. (25), the
on-shell contribution is accompanied by an off-shell term
[just as the GR amplitudes in Table I and Eq. (6)], and the
relevant remark is that the off-shell term reduces to a
polynomial of degree J — 1 in s and ¢ for a spin J mediator.
We can now compute the partial-wave amplitudes. The
contact term does not contribute to the highest partial-wave
amplitude aélp(s) while the inclusion of the pole term gives

S 9928925
60M3,  80zM3

a3, (s) = (31)

from which we see that it is possible to compensate gravity
if one takes g,,9,, = —4wM3/3M3,, thus implying that
the signs of the couplings are opposite. However, this
possibility—although not a priori incorrect—does not
extend to more fields. If we introduce a third field y from
the ¢y scattering, we would deduce that y has opposite-sign
charge compared to ¢, but if both y and ¢ have opposite
charge with respect to ¢, they must have the same sign with
respect to each other, and the ¢y scattering is not unitarized.
This discussion makes it clear that a massive spin J =2
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resonance alone cannot provide a viable UV completion of
gravity. We turn then to introduce a spin J = 3 resonance
with mass M5. Similarly to Eq. (30), it will contribute to the
scattering amplitude with both an on-shell and an off-shell
piece, the latter being a polynomial of order 2 in s and ¢,

P
_ 99393M3 2t
J=3 f— _#

A¢¢¢(p == P3 (l +

s — M% M%
s t

+ 943993P 22 <—7—> (32)
¢.39¢ (2,2) M% M%

The contribution to the partial-wave amplitude aéw(s) from

the pole term has the form g, 39, 35*/162M3. It means that
one can compensate the graviton contribution with same
sign couplings g,3, g,3 and in particular universal
9y = 9,» in line with the coupling of the graviton to matter
and as opposed to the J = 2 case. However, it is clear that a
massive spin J =3 resonance cannot suffice since its
contribution to aé q](s) has a different scaling in s compared
to gravity and, more worrisome, because it introduces an
unbalanced contribution to the partial-wave amplitude
aj,(s) that grows with energy as s°. One then faces the
same problematic growth in aiw(s) and iterates the pro-
cedure with a massive spin J =4 resonance, which, in
turn, would require a massive spin J = 5 state in a domino
effect that yields an infinite tower of increasing massive
higher spins.

This is a sketch of the well-known result that gravity
requires an infinite set of resonances, and here we would
like to underline that the argument was elaborated for the
process in region (1) ¢¢ — @@, but region (b) for pp — P
presents separate problems. Indeed, the balance of con-
secutive spins with opposite sign contributions in (r) does
not immediately translate to the region (b) since one has
s <> t and all Legendre polynomials, P; (1 + 2s/M?), and
poles, 1/(t— M?), have the same sign in the physical
region s > 0, —s <t < 0. One could try to address this
issue by adjusting the contact terms, but here instead we
attempt a summed expression for the amplitude, which we
write in the form

_ 8x (e N(s. 1)
A =i (508 s

where the numerator of the highest common denominator
is, at this stage, a polynomial N(s,7) of arbitrary high
degree in s and t. Notice that, without loss of generality, we
defined it by factoring out the GR amplitude. Let us write
N(s,t) as the product of its zeros in ¢,

87 (f_u _ as) L= gy

Ay = —- .
we =3 s~ %) TIeG - m)

We can now use unitarity and locality as a guideline.
Unitarity and locality, as explicitly shown in the previous
section, imply that on a pole in s the residue of the
amplitude must be a polynomial of finite degree in ¢
corresponding to particle exchange. This is not the case
if (i) the functions f,(s) in Eq. (34) are assumed analytic
around s = M2, and one is forced to introduce inverse
powers of ¢,

AN | D)
Appop = M2, (s > [I°(s =MD I2(t—M2)’
(35)

such that the poles in ¢ cancel against the zeros when
evaluating at s = M%, explicitly

{03} c {fu(Mp)}, V£, (36)

where both sets (poles and zeros) are infinite. Remarkably,
even if the starting point of our construction only required
s-channel resonances, unitarity and our assumption (i) led
us to resonances in the dual 7 channel. The same analysis
therefore applies to residues when evaluating in t = M2,
which should be polynomials in s; in particular, to avoid
double poles, we have now that

(M3} c{fi' (M)}, V¢ (37)

with f;;! the inverse function and which, as Eq. (36), means
that the set of zeros contains the set of poles. The
complication in satisfying Eq. (36) is that it must hold
for all # =0, ..., . Here, Eq. (36) will be satisfied by
simply assuming that (ii) the set of elements given by f,
evaluated in the #th mass M2, i.e., {f,(M2)}, contains the

set {M2} and # more elements that is
fn(MLZ”) = M%—t’? (38)

which, it is worth pointing out, means that also Eq. (37) is
automatically satisfied as

fal(M2) = M;_,. (39)

while the spectrum in M2, M2 is still arbitrary.” Complying
with Egs. (36) and (37) nevertheless only ensures
the absence of double poles; one should also demand
finite-degree polynomials to respect unitarity and
locality. Given (i), f, have a Taylor expansion f,(s) =
Fu(se) + fr(se)(s —s,) + O(fy). If there are second
derivatives, each function f, will contribute with one
power of s, and one has n =0, ..., . One, therefore, is

"The function can be constructed explicitly given G, G such
that G(M2) = n,G(M?2) = n, as f,(x) = G™'(n — G(x)).

095013-9



RODRIGO ALONSO and ALFREDO URBANO

PHYS. REV. D 100, 095013 (2019)

led to impose then that only a finite number of f,(s) have
second derivatives (of course, the same argument applies to
higher derivatives). The simplest way to address this
is to (iii) assume that all f,(s) are linear functions,
fn(s) = fLs+ f9. This reduces the problem, and in par-
ticular Eqs. (38) and (39), to a linear system of which the
solution is strongly overconstrained since we have

M2 M?_, — M2M?
2 2
M?_,— M

72 72
_Mn—f_Mf

fl — , fO —
oMMy

., (40)

where the rhs should be the same for all £. This clearly is
not true for a general spectrum. It is true, however, for the
linear spectrum in both s, ¢,

Mf,:an, M%znZ\A/IZ—i—AA/I(Z), n=12,...eN,

(41)

where the spectrum in s has no M3 due to the pole in s = 0,
as we shall see shortly. In this case, £} in Eq. (40) reduces
to the ratio f = —M?/M? (independent from n), while
O = nir? + M(z), and the amplitude now reads

87 (tu
A¢¢(P(/1 = M—]%l <— - as)C

s
" [ [M?t + M%s — M2 (n? + M3)]
[T (s = kM?) TT50 (1 = mM? — M)

, (42)

where C is a normalization constant. The above solution
presents an interplay between resonances in the two
channels with the r-channel spectrum that determines the
s-channel couplings and vice versa. Let us make this
explicit and evaluate the second line at t = ZM? + M3
to obtain the couplings of the £th 7-channel resonance,

[Ie 820 = M2(n=£)]
TP (s — kM) T m — )87

[I(s+rm?).  (43)
r=0

which depends on the s-channel spectrum by means of a
finite-degree polynomial in s, as dictated by unitarity and
locality. Note in particular that there is always a power of s
to cancel against the pole in s = 0 from graviton exchange
in the first line of Eq. (42), and this is the reason for the
absence of the M3 term that we anticipated before. If we
evaluate Eq. (42) at s = #M?, the product above would be
on a finite number of terms of the form (7 4 rM? — M3),
with no zero at t = 0 since, in this case, there is no GR pole
to cancel. As for the normalization factor C, we can address
this if we use the Euler definition of the I' function,

I'(z) :%ﬁm’ (44)

to write

r(1-3r-7 © [M?t + M?s — M (n? + M3))

P1-1-5)  "TIE(s— kM) I3 (1 — mM® = M5)
(45)
with
_ K n t—Mz

This is the Veneziano amplitude with a linear homogeneous
transformation in s and a linear inhomogeneous trans-
formation in ¢. It is good to pause at this point and define

(1 =3)C(1 + nyo — ni)

(s 1) = - , 47
A2 = T Ty =g - ) @7
M2
MZ
0=, (49)

where 7 = t/M?, and we see the expression is not sym-
metric in s, ¢ but is compatible with locality. Let us now
validate this amplitude by checking the high-energy behav-
ior in the hard-scattering limit. Stirling’s approximation for
large s yields

Al ~ e R =Tog[(1=nsgys) '™ (05 ,)" 2],

(50)

so provided n < 1, there is an exponential decrease for large
s which makes up for the growth with s of GR. One has,
therefore, that the factor in Eq. (47) does yield a valid UV
behavior; what is more, the exponential falloff is a faster
decrease with s than one can obtain with any finite number
of resonances in quantum field theory (QFT).

The nonsymmetric behavior in s <>t (or ¢ <> u) of
Eq. (47) makes it suitable for the UV completion of
distinguishable particle scattering. This is the case, for
instance, of the fermion-vector scattering that we write as

87(23)[14] (3| P12|4]
M%,ls

Aipr = A7 (1), (51)

whereas if we have s — t symmetry enforced by the external
states as in the same-fermion scattering, we simply set
n =1,y =0 in order to get a s, f symmetric result,

8r(23)[14] (s ¢t —1 =
.A1/2,1/2 = % <; + 5 + b) AQIZIJ0 O(S, 1. (52)
Pl

095013-10



AMPLITUDES, RESONANCES, AND THE ULTRAVIOLET ...

PHYS. REV. D 100, 095013 (2019)

For simplicity of notation, let us denote A7 70=" =

what follows.

The scalar amplitude A, on the contrary, is ¢ < u
symmetric (this is a property of the external states, and, as
such, it must be respected by the full amplitude); in
particular, this means that there will be u-poles and zeros
as well. The previous amplitude, therefore, must be
modified to account for this property. Let us start again
from the Veneziano factor in Eq. (45),

AVZ in

naively augmented by extra factors to guarantee the
t <> u symmetry. To check the validity of this expression,
we can use again unitarity and locality as a guideline.
When evaluating at it = ¢, the zeros (5§ + ¢ — n) cancel
against the poles (5 —k), but those in (3+7—n)=
(1 =% —yy— ¢ —n do not contain the poles (7 —m),
so we are forced to introduce extra terms in the numerator.
Furthermore, given that the factors §+7—n=
(1-pYH7—yy—¢—n do not cancel against terms in
the denominator, they will yield an infinite-degree poly-
nomial in ¢ when taking all terms in the product unless
n=1 (M*=M?) when they reduce to a constant.
Therefore, we set # = 1 in the following. The extra factors
in the numerator can be found by noting that poles in s are
all simple, and hence we can extend this to ¢, u by
symmetrizing

Although the condition M2 = M? was enforced, there is
still the M3 parameter, which is unconstrained so far; let us
make it exphclt by writing [this will also serve as a

definition for the constant C in front of the amplitude in
Eq. (54)]

TG +1-n)GE+a—-n)i+ia—n)
A ma—ma-n
(1 + 270)0(1 +yo — )T(1 +yo — HI(1 = 5)
T(14 it 4 7o) T(1 4+ 74 7)0(1 + 5 + 2y)
= Als(s, t,u), (55)

which is a solution symmetric in ¢ <> u but asymmetric in
s < t for yy # 0. Consequently, it is well suited for the UV
completion of the scalar-fermion scattering amplitude
where we have a general A{}’S factor, while for scattering
of identical scalars, we expect

87 [tu su ts -0
A¢¢¢¢ :M—%l (?_'—74—;)"4}\/;)8 (S, t, u) (56)

S V= Ays in what follows. If one is to
reconstruct the scattering of indistinguishable scalars by
symmetrizing the amplitude for distinct scalars as

Let us denote A

Apgsn = Apgoo T Appgo (s < 1) + Aggy(s < u), (57)
then the same factor .Ay‘)_ should also appear in the case of
distinct scalar, and we get to our final result for the ¢¢
amplitude,

8 [t
Appop = M—Z (—” - as> Ays(s.t,u).  (58)

The same factor is needed for gravitational Compton
scattering this time, given that there are poles in all s, ¢,
u = 0 which—as shown after Eq. (43)—requires y, = 0.
Graviton-graviton scattering does also have infrared poles
in all three channels, and it reads then

8x((23)[14])*
.Ag+2g—2g—2g+z M%lstu Avys (S, t, I/t). (59)
Notice that, once the helicity structure of the scattering
amplitude ((23)[14])* is factorized, the rest of the four-
graviton amplitude—stripped of any knowledge about the
helicity of the external particles—is completely symmetric
in the three Mandelstam variables s, 7, u.

The construction carried out in these examples can be
repeated for all the SM scattering amplitudes studied in
Sec. II. Before analyzing in detail the properties of our UV
completion and its actual validity, therefore, let us sum-
marize our results.

B. Generalization and emergent properties

In the previous section, we derived what are in practice
deformations of Veneziano and Virasoro-Shapiro ampli-
tudes (which reduce to these in a certain limit
n=1,y, = 0) and used them to unitarize GR amplitudes
by multiplication. We also provided a number of examples
to illustrate which type of factor is adequate for a given
scattering process. In the s;; notation, our bottom-up UV
completion of gravity can then be summarized as

A%O(Sm S13)

A@s(slz, S13 514)-

_ AGR
A1h12/123h34h4 = A1h|2h23h34h4 X { (60)

As for the assignment of Ay or Ayg, we have noted that
invariance under particle exchange (i.e., crossing sym-
metry) for certain processes determines which one of the
two possibilities is best-suited. For identical fermion-

. . =1.70=0
fermion and vector-vector scattering A%, 7°~ whereas
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TABLEIL. UV completion of the GR amplitudes AR collected
in Table 1. The UV-completed amplitude is given schematically
by A = AR x Ay, with the Ayy factor listed in this table.

Auy Scalar Fermion Vector Graviton
Scalar Avys AL AL Ays
Fermion e Avz ALH Ays
Vector S Avz Avs
Graviton e Avys

for identical scalar-scalar and graviton-graviton we have
Al %, Gravitational Compton scattering has IR poles in all

s, 1, u channels, and this led us to choose A%y % The scalar-
fermion and scalar-vector, on the contrary, only have an IR
pole in 51, and must be symmetric in 1 <> 2 (513 <> $14),
and Al (512,513, 514) provides a valid UV completion.
Equivalently, the fermion-vector has a factor AV (s, 513).
Finally, same-spin matter scattering of distinct particles
need not be symmetric under 2 <> 3; however, if we expect
to obtain undistinguishable same-particle scattering
by symmetrization of distinguishable, we also need

Az,zzl 70=0 for the distinguishable fermion-fermion and

vector-vector and Al % for the distinguishable scalar-
scalar. All this is summarized in Table IL

The main properties that emerge from our bottom-up
construction are the following:

(1) Infinite resonances with quantized mass.—In the
bottom-up approach, these properties follow directly
from unitarity and locality. We find that the spectrum
in Eq. (41) provides a consistent solution.

(i) Veneziano or Virasoro-Shapiro form factor.—The
UV completion of gravity is realized by dressing
the GR amplitude with either the Veneziano or
the Virasoro-Shapiro form factor, as discussed in
Eq. (60). These factors change the UV growth with s
of GR into an exponential falloff.

(iii) Resonance duality.—As a consequence of unitarity,
massive higher-spin resonances are always present
at least in two of the three scattering regions in
Fig. 1, and they are therefore related by the corre-
sponding crossing transformation. This remains true
even for the processes in which the GR scattering
proceeds via the exchange of gravitons in one single
channel, and hence dual channel resonances will
carry SM charge. One also has that an expansion in
terms of resonances in a given process, e.g., (1), is
not a good expansion in the dual crossing related
process, which has its own expansion in pole
terms, (b).

Some of these properties may be familiar for readers
expert in string theory. For instance, it is well known that in
type-II superstring theory the scattering of four massless
bosons is described by an amplitude with a I"-structure that
matches the factor Ayg in Eq. (60) [23]. Nonetheless, let us

stress that our results here are a mere consequence of the
bottom-up approach that only obeys to the fundamental
properties of unitarity, locality, and causality and is not
committed to any particular model. It is, therefore, impor-
tant to understand what can be learned from this comple-
mentary point of view. To this end, after outlining in this
section the general structure of our result, we shall now
move to analyze it in more detail.

IV. ANALYSIS AND RESULTS

We start our analysis by investigating the high-energy
behavior of the amplitudes in Eq. (60) that are UV
completed by the Veneziano and Virasoro-Shapiro form
factors Ay, and Ays. The asymmetric factors ALY and

15 are discussed in Sec. IV B. These amplitudes have one
or at most two parameters, whereas the set of constraints
from unitarity are infinitely many, so it is a nontrivial step to
satisfy them.

We consider two bounds in different kinematic regimes.
For a generic elastic amplitude A(s, 7), at large s and fixed
t, the Froissart bound [13] does not apply in gravitational
theories with a massless graviton since there is no mass
gap. However, in this limit, causality still implies poly-
nomial boundedness with the amplitude that can grow with
s but more slowly than s> [14]. At large s and fixed
scattering angle, causality implies that the amplitude cannot
fall faster than e~VsIns (the Cerulus-Martin bound [15]),
which recently was extended to the more general case [16].
We shall start with causality examining the Regge limit
s — oo with 7 fixed (and hence forward scattering 8 — 0);
we find the high-energy behavior

GR Ayz ~ izf” /
Alhz—h3—h/4h' X A §2+2t V h’ h : (61)
Vs ~

1

In the physical region s > 0, ¢t < 0, one has a power law
milder than s?> and hence compatible with causality as
phrased in Ref. [14]. In the hard-scattering limit s — oo
with /s fixed (and hence 6 fixed), we find

2525 2¢2,.5
0/2 0/2
AVZ ~ s0/2 CH/Z
AGR
—h3=' 4l X

GR Vhh, (62)

452 5 4ct 3
0/2 0/2
Ays ~ Se/2 Co/2

with an exponential falloff controlled by 3, In(s,) +
¢y In(c5/,) < 0 [24]. This is a falloff that is much faster

than in any QFT, and the amplitude indeed violates the
Cerulus-Martin bound. This is due to the presence of an
infinite number of resonances, and indeed the lower bound
applicable in this case was extended recently [16] in
agreement with the scaling above.

Next, we turn to inspecting the properties of the
resonances. This is a process that, given the results and
conventions of Sec. II, can be made automatic. Let us
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sketch the generic procedure. There can be resonances in all
three channels s;,, §13, $14; in order to identify them, we
first turn to the domain of the amplitude where they are
kinematically accessible (r), (b), and (g) via the respective
substitutions in Egs. (1)-(3) and make explicit the c.m.
scattering angle dependence in t = —ss /» and the spinor

brackets. One then identifies the poles and evaluates the
residue as a function of 6 only. Finally, the different
resonances can be extracted via a projection in the
orthogonal set of Wigner d-functions. This is to say, when
condensed in equations

1 +1
J
agh = E/ SR‘;;IS [Ayw)ds 2. zh’(e)dcey
1 [+
J
Z+h’ Wl T @/_1 SR;S [Ap ] h+h’,h+h’(9)dcaa

nJ 1 +1
Gy = 327 ), Res [Ah wld; ni e (0)dco,

s=M

where the residue Res rescaled as

Res [A), ]
SiM ) A1h2—h3—h/4h/
. My —s
S]ieMS% [Ah.h/] = 111}’412 # A1h3—h’2—h4h’ (63)
5=
Rﬁ A ’ ’ " A1h4h/2—h3—h/
h.h
s=M>

is a function of (s, ), and with a given in Eq. (25) and
generalized to the A’ &+ h case. Let us note that regions (b)
and (g) correspond to elastic scattering and as such the
resonances in sy3, s14 variables have couplings subject to
positivity; explicitly, one has

7
Dpon a

J
h+-h h+h'? ah—h/.h—h/ Z O (64)

Wigner d-functions d? , are defined only for J >Max(a,b),
which implies in particular that the lowest spin resonance
will have J;, = &' — h if resonances are present in the
s14 channel. Therefore, gravitational Compton scattering,
scattering with scalars, and graviton scattering have
resonances of spin &' — h; scalar resonances are to be
found only for scalar scattering and graviton scattering,
whereas fermion resonances are to be found only for
scalar-fermion scattering. The rest of the amplitudes have
Venenziano-like factors and a minimum spin &' + h =
1,3/2,2 for the fermion-fermion, fermion-vector, and
vector-vector.

Let us be explicit about the angle dependence of the
minimum spin Wigner d-function,

Jmin
dhl ha,h3— h4(9)

P

52h’—2h62h’+2h 2h'4-2h CQh’—Qh
0/2 6/2 0/2 6/2

This angular dependence has to be compared with that of
the amplitudes in Eq. (60), which we separate into two
factors, namely the GR part containing the overall s;; and
the helicity factor [cf. Eq. (6) and Appendix],

1—h'—r 1—h'+r

% ((23)[14))*" (<3|P12|4]

— 1

gg2(1=h+m) 2(1+h=r) —2 2(1+h-) —2 2(1-h+r)
8892 Cy/2 889 /2C9 )2 889 /2C9 )2

)Qh’72h

(66)

and the residue of either the Veneziano form factor Ay or
the Virasoro-Shapiro form factor Ayg. For both Ay, and
Ays, the physically accessible resonances are located at the
poles of the factor I'(1 — §), thatare 5, = 1 + n, i.e., M2 =
(1 + n)M2 with n = 0,1, ... € N. For brevity, we denote

= (1 + n)M? as 1 + n in the subscript of Res, and we get
for the Veneziano form factor

ResiAv,) = 1;1n)!ﬁ)<k+f> (67

. l+n Se/z] (68)

while in the Virasoro-Shapiro case,

Rl = i e [+

= séﬂicaz/zn k= (1+n)sg,). (69
(n!) p

This means that, on top of the angular powers coming from
the helicity factor in Eq. (66), we expect at least another
factor of 55,,¢5 , or 55, depending on whether we have the
Virasoro-Shapiro or Veneziano. Take, e.g., the fomler and
restrict to (b) and n = 0 where we have Ayg ~ ce /2 20 for
this amplitude to admit a decomposition in terms of Wigner
d-functions d ., Which themselves scale with at least 2/ +

2k powers of cgy2 [cf. Eq. (65)], one has that i’ < 2. In the
same fashion for Veneziano, comparing Eq. (65) and
Eq. (66), we obtain 4’ < 1. Consequently, we have that
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this procedure does not apply to higher spin as external
states.

Finally and before moving on, it is pertinent to discuss
the quantum numbers of the resonances. This can be done
by simply combining the representation of the two external
states that annihilate into a resonance. It seems one would
have all possible combinations of two particles, but it is not
always the case that we have all s, ¢, u channels open (this is
the case for all the GR amplitudes UV completed by means
of the Veneziano form factor). Is there a rule to tell when is
a channel open? If we assign helicity charge § = +1 to all
positive helicity matter particles and § = —1 to all negative
ones, then we find that an inherited consequence of
helicity conservation in our scenario is that there are no
resonances with helicity charge § = +2. This selection
rule, for instance, is responsible for the absence of massive
higher spin resonances in the u channel for the process
gt12g712 = vyl

A. Resonance analysis

After having laid out the tools to extract a resonance spin
and couplings, the following subsection explores the spec-
trum within amplitudes in all three classes of matter-matter,
matter-graviton, and graviton-graviton scattering. Within
each category, rather than covering all possibilities, we focus
on representative cases, the emphasis being on positivity.

1. Graviton-graviton scattering

After the generalities, let us turn to a few cases to
illustrate the analysis. Consider pure gravity and the
process in region (r) g"2g~> — ¢g*2¢~2, which we note is
the same process as in (b) due to crossing symmetry;
one has

8aM>(1+n)cy ), "

s LIk rmsgpl. (70

R@[Az,z] =
I1+n el

We note that resonances start at J,,;, = 4. Our definition
of a reads now

J M? J
n, nJ __
Ayy = =2 Nyy = aP1N447 (71)
Pl

where

nJ __ (1 + I’l) J 2
N4.4 - 4n! ‘/_1 9/2d44 L 1

1 +n sg/z] dcy.
(72)

With this rewriting of the pseudowidths a, we have
separated a universal coupling ap = M? /M p Telated to
the first new resonance mass and a rational number N,
which is tabulated in Rable III.

TABLE III. Coefficients of the decomposition in Eq. (72).
Ny, J<3 4 5 6 7 8
_ 1 . e
n=20 X g ) :
! X 05 165 W9
2 X 2733 207 711 81 243
34320 5005 40040 14560 247520

Consider next the other channel; g*2¢g*? — ¢g*2¢g*2, with
resonances now starting at J,,,;, = 0 and therefore our basis
for the projection being Legendre polynomials. The very
same steps lead now to

8aM>(1+ n) ++

_ 2 12
1$ES[A2 )] = M%,l(n!)z 1l [k—(1+ ”)se/z] (73)
and couplings
ayy = amNGy. (74)

with the corresponding numerical values tabulated in
Table IV. The lack of odd spins can be traced to the
amplitude being even under § — 7 — 6. The positivity of all
entries in this table is in accordance with unitarity, and
indeed the s correspond to tree-level decay widths.

For illustrative purposes, we show in Fig. 2 the Chew-
Frautschi plot yielding the spin of the resonances (on the y
axes) vs the square of their quantized mass (on the x axes,
labeled with the integer ) for the two channels g™2¢g*? —
g2g™? (left panel) and g™2¢g~> — g*2¢2 (right panel).
Each resonance is colored according to the corresponding
value of the tree-level decay width () and a}’}, respec-
tively) as indicated in the legend. Resonances are more and
more weakly coupled for increasing values of spin.

TABLE IV. Coefficients of the decomposition in Eq. (75).

Ngo J=0 1 2 3 4 5 6
n=0 1
1 2
: SR .
2 % oo X 5w
X X X X
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FIG.2. Chew-Frautschi spin/mass plot of the spectrum of exchanged resonances in the four-graviton scattering g*2¢2 — ¢*2¢%2 (left

panel) and g*%¢T? — g*2gT? (right panel). The mass is quantized according to the relation M2 =
the x axes. The rainbow colors in the legend mark, for each resonance, the value of I'/M in units of ap =

and (74)].

The

2. Matter-matter scattering

analysis carried out in the previous section presents no

difference when applied to matter as external states. There is,
however, a difference in the amplitudes themselves since
some of them present an independent parameter other than
ap. These are fermion-fermion and distinguishable scalar
scattering (see Table I). In the following, we shall focus on
these cases to show what the analysis can reveal about these
parameters:

®

Consider first the distinct scalar in the elastic
channel so that

877:M2(1 + ) 9/2
Res[Ago] = —F—5— +as?,, |s2,c3
1+n M3 (n!)? sg/2 0/2 )76/270/2
X | | — (1 +n)sg,) (76)
and again

2

Nn,J:(1+n)/+l Cor2
007 4(n1)? J_, sﬁ/

k=1

+ “%/z) 55/2€52P(co)

(77)

Positivity demands ao 0 Ngé >0, and as Table V
shows, this is not the case for all values of a but only
those in the interval

0<a<2, (78)

(i)

(1 +n)M? withn=0,1,... ENon
M? /M3, [see Egs. (71)

which is compatible with O (that is with the case of a
scalar field minimally coupled to Einstein-Hilbert
gravity) and 1/6 for the conformal case. It is
interesting to remark that the parameter a does
not appear in same-scalar scattering since we sym-
metrize to ﬁnd d<S12 + S13 —+ S14) = O

We now move to consider the 2-to-2 fermion
scattering. Consider first the distinguishable case,
e.g., a fermion and a lepton g'/2£~1/% — ¢'/2¢=1/2,
Residues in the s channel have quantum number
under the SM gauge group (3,2,1/6), (3,1,5/3),

(3.2,5/6), etc., or consider gy *q;"/* — qlle/zqzl/2
with more elaborate color (3@ 6,2,5/6), (3®
2,—1/6) and baryon number 2/3. Each of these

will have a residue at M(1 + n) as

- STM? cg/2 bcg,/2
Res[A =—
1fns[ 172172 Min! < sg/2 * 2
X H (1 +n)s5,,, (79)

with minimum spin J,;, = 1 and coefficients

TABLE V. Coefficients of the decomposition in Eq. (77).

New o J=0 1 2 3 4 5
_ 4+a 10—a 2—a _a_
n=0 24 120 120 280
1 8+a 14—a 26+a 36+a 2—a _a_
60 140 420 1260 315 693
2 256+19¢ 218—1la 166+7a 1188-2la 636-2la 702469

2240 2240 2240 24640 24640 64064
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XH

that are listed in Table VI.
The residue for same fermion species scattering is
instead

(I+n sg/z]dcg, (80)

_ 8zM? 5 1 )
Res[ A j21/] = M1 012 <—% —Spptb
x H 7)S52)- (81)

with minimum spin J,;, = 1 and coefficients

1 [+ 1
J e p—— 2 |\ ——=——=5s2,+0b|d (0
11 4n!/_1 Ce/z( Sé/z S t ) 1,1( )
x [ ] T = (1 + n)s3 ]de,. (82)
k=0

that are listed in Table VIIL

We remark that the coefficient b affects the residues of
the massive resonances, whereas it does not alter the
graviton pole where it enters as a free parameter. All the
coefficients N{*{ (as well as the coefficients N) are
subject to positivity. We show the first few values of the
decomposition in Table VII. Clearly, unitarity provides a
nontrivial condition since not all coefficients are positive
for any value of b. Numerically, we find the situation
illustrated in Fig. 3. For each value of n on the y axis, we
find an allowed range of values for b (dotted green lines,

TABLE VI. Coefficients of the decomposition in Eq. (80).
Ny T=0 1 3 4 5
_ 8—b b
"0 ” 1 Wb 1§_0 b b
A R N
2 X 160 1120 2240 448
X ..
TABLE VII. Coefficients of the decomposition in Eq. (82).
Nif  J=0 1 2 3 4 5
n=0 X B owm
1 X 1 b 46-7b  8b=5 1
6 60 420 420 252
2 X 92-7b  62=3b  79-9b  15b-9  _9 _
560 560 1120 1120 3080

25 g

20 —. EUnitarity satisﬁcdz
[—2-for all resonances-

15—

10 —

:::?2/5 <b<22/5:

FIG. 3. Unitarity bound (allowed region shaded in green) on
the parameter b in Table I obtained from the positivity of the
coefficients in the expansion in Eq. (82). The left side of the
bound is described by the simple analytical formula
b > (4 +n)/2(3 + n), which asymptotes to 1/2 for n — co.

while solid red lines indicate intervals excluded by unitar-
ity). What is nontrivial is that all these constraints must be
satisfied simultaneously, all the way up to n — oo. This is
true in the region shaded in green, that is set by the first
resonance of the spectrum with n =0. We note, in
particular, that the value » =0 is not compatible with
unitarity. Hence, unitarity bounds the a priori free param-
eter to lie in the range

22
<b< 83
=3 (83)

Wll\)

The bound that we get from the positivity of the coefficients
N’fl is milder, 0 < b < 8. This very simple result, despite
being a trivial consequence of unitarity, has profound
implications for the structure of the theory. We shall discuss
this important issue in Sec. IV C.

3. Matter-graviton scattering

For completeness, let us treat the mixed gravity-matter
case here. This case is different in the sense that only in
gravitational Compton scattering the intermediate state can
be classified as “matter” in the following sense. In all
previous processes, resonances had helicity charge h = 0.
Furthermore, as already discussed, channels with charge
f = £2 are closed since no resonance has such charge. The
case that is left is the one in which the exchanged
resonances have charge § = +1. This situation is realized
in gravitational Compton scattering, where resonances have
the charge of the matter we scatter.

Let us select fermion-graviton scattering to discuss semi-
integer resonances and focus on region (g) to obtain the
lowest spin resonance at J;, = 3/2. We have

8 M=( 2

— 2
lﬁes [A122] = M2 2 Ce/z H ]

+n sg/2

(84)
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2240 1120 2240 12320 3520

TABLE VIII. Coefficients of the decomposition in Eq. (85).
Ng"']z.” J=1/2 3/2 5/2 17/2 9/2 11/2
n=0 X 3 .
! S B
2 X 237 81 99 243 27

X

The couplings are given by
(1 —+ n) +1

W _1 Cg/zd{3/z,—3/2(9)
x H

and the first few of them are listed in Table VIII. We find all
positive coefficients, as demanded by unitarity, and we
have a tower of infinite resonances with increasing half-
integer spin.

J _
NIy /2.-3/2 =

I+n sg/z] dcy, (85)

B. Asymmetric Veneziano and
Virasoro-Shapiro form factor

We now move to investigate the special cases of the
scattering amplitudes that are completed by the form
factors A% and A{%. The goal is to check whether the
positivity constraint coming from unitarity provides non-
trivial input on the free parameters # and y,. To this end,
let us consider first fermion-vector scattering in the
elastic channel, ¢'/2V~" — ¢'/2V~! in region (b), that is
UV completed by the form factor [notice the exchange
s <> t with respect to Eq. (47)]

C(1 =11 +nyo — n3) .

Aﬂ}’oz —
(1 +nyo—ns = 17)

(86)

The values in s for which the I" hits the pole I'(—n) read

Sn

' (n+1+ny0) = (n+ D +y. (87)

We can compute the residues

Res[Al72 || = LZZM o ) n (k=35,55,,)  (88)
S ' Mign! ple
and couplings

nJ
N3/2 3/2
n.Yo

m/l Ceﬂn

with minimal spin given in this case by J,;, = 3/2. The
first few values are listed in Table IX. As is clear from
Egs. (87) and (89), the parameters #,y, only enter the

-5 sg/2 Ydcy, (89)

TABLE IX. Coefficients of the decomposition in Eq. (89). We
use the short-hand notation 7y = yo + 57! (n + 1).

Ng/zﬁ/sz J=1/2 3/2 5/2 7/2 ...

n=20 X %70 ......

1 X 410 (570 — ~2) %7(2) """
Y, 53

2 X (30— 970+70) (21 4}/0) o

x Cee e e e

decomposition thorough the combination 77! (n + 1) + y,,
which we define to be 7,. It is easy to see that the first
Regge trajectory automatically satisfies positivity since it
has the form ;. The subleading trajectory, however,
requires for positive entries that 7, y, satisfy

70 <i’
n+17 2n

(' =1)+ (90)

where one can see that, whereas the bound on y,, converges
onto 3/2, the value of 5 has to be ever closer to 1. Hence,
one has that positivity not only restricts deformations from
Veneziano in the “7 -direction,” but it also forces # onto the
value of Veneziano amplitude, i.e.,

Unitarity enforcesy =1, 1y, < 3/2. (91)
The analysis can be now repeated for A{}g again in region

(b) for the scalar-fermion and scalar-vector scattering. We
have the Veneziano-Shapiro form factor

L1+ 2y)T(1 =01 +y0 =31 +yo — it)

Al = =
Y T+ T+ 200)0(1 + 70+ 3)T(L + 70 + @)
(92)
The residues at §,, = yo + 1 + n read
Res[A] — r(1+ 270)S§/2(§n0§/2 +70)
5, 0 vS L2+ n+2y)n!
X H(k - fv,,sg/z)(k + 2y — §ns§/2), (93)
k=1

to be supplemented by the GR amplitudes for (h,h') =
(0,1/2),(0,1) evaluated at 3,,,

_ 8aM?3, (Cop2 t C?g/g
A =T (PSR o
Pl /2
2% 2
GR 8aM S5nC (95)
01 = 22
PI50/2
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The product of Egs. (93) and (94) is projected onto Wigner
d-functions d{,, ,,, (with Jp, =1/2) and d@{; (with

Jmin = 1), respectively, for the coefficients NZ;.Jh,. One
again has that the subleading Regge trajectory is not
guaranteed positive, and it sets upper limits on ¥, the
most stringent of which comes from the first term and
yields, respectively,

scalar-fermion, N}/lz/f/Q vo < 2.5215,  (96)

scalar-vector, NH Yo < 3.1169, (97)

where the values are the positive solution to a third-degree
polynomial approximated here, but with exact values as
given in the Appendix [cf. Eqs. (A16) and (A17)], and they
imply a squared mass for the first (n = 0) state lighter than
3.5215M? and 4.1169M?, respectively.

C. Low-energy limit and matching to GR

In the low-energy limit, s;; < M?, the expansion in
energy yields an EFT that should naively reproduce the
results of GR at the leading order. This limit for the
amplitudes in Eq. (60) is straightforward to take, and

one finds that the corrections enter at order M2 = ap! Mp2,

/ /
AL, =1+ {F/(l +7r) T (1)} S122 ’
F(l +}’0) F(l) aPle
7 (1L +y0) T'(1) T'(1+2p9)] s
A\?S =1+ - - 2
T(1+y) T(1) T +2p)] anMs

(98)

This in particular means that the entries in Table I should
match the tree-level computation of Einstein-Hilbert grav-
ity coupled to matter to order s/M?. This is the case for
most of the amplitudes but crucially not all. All the
amplitudes do reproduce the on-shell contribution of the
graviton pole (which is after all the only way we have tested
gravity), but we recall that there are unspecified off-shell
pieces in the scalar-scalar and fermion-fermion scattering,
cf. Table I. Let us compare these amplitudes with the result
in GR minimally coupled to matter obtained by means of
Feynman rules. For the scattering of distinguishable scalars
and identical fermions, we find

8z <Sl3sl4>, (99)

2
Mg \ s12

w<sﬁ+sﬁ+l),

5 —
MP]

100
S si3 2 ( )

and so a = 0, b = 1/2. The rather unexpected finding is
that, whereas a is compatible with the positivity bounds,
(78), (83), b in the fermion case is not. This means that the

current UV completion differs from Einstein-Hilbert GR at
the tree level in the infrared s/M?> — 0.

The difference is, however, in b, a contact term, which
does not modify gravity at long distance; it does never-
theless require modifying Hilbert-Einstein gravity as our IR
theory. Let us put forward a possible modification.

The value b=1/2 in Eq. (100) arises from the
Lagrangian density of a right-handed fermion minimally
coupled to gravity of the form

L= ivz_g

[woea(Vw) — (Vw)oteay].  (101)
where the vierbein ¢ links global coordinates with those in
a locally flat space, ¢ = eheyn®. The torsion-free spin
connection a)zb enters via the covariant derivative
v,ul// = ayl// + wzbdabl///4’ with Oup = (5(16/) - (_7b0a>/2,
and it can be derived in terms of vierbein ¢4 and the
Christoffel symbols as wi? = eiT%, g7 el — g7 eb(0,e2).

Similarly to the scalar case (in which a minimally
coupled scalar field has @ = 0 but a nonzero value can
be obtained by adding a nonminimal coupling), modifying
the value b = 1/2 requires going beyond this minimal
picture. A nonminimal coupling can be obtained by
generalizing Eq. (101) to

L= l\/z‘g (1 - ia)po?es(V,p) —Hel], (102)
where a is a real parameter (note that choosing a left-
handed fermion makes ¢ — —a) and the covariant deriva-
tive vﬂu/ =0y + @Zboaby//4 is now written in terms of a
modified spin connection that takes into account the
presence of a nonzero torsion by means of the definition
@i = wib + K4*, where i’ is the torsion-free spin
connection defined above and IC,‘jb is the so-called con-
torsion tensor [25]. The effect of the real constant a
introduced in Eq. (102) reduces to a total derivative if
the theory is torsion free, but it becomes nontrivial in the
presence of nonzero torsion. Torsion is encoded in the term

2
— MPl

= 16ny/(d(b“b A DL A e, Ay (103)

where d and A are, respectively, the external derivative
(dx*9, A) and product y is the Immirzi parameter (that is, in
full generality, a complex number) and &% = d)zb dx*,
e = e,dx". The relevant property about Eq. (103) is that in
the limit y — O the torsion vanishes. To obtain the con-
tribution of torsion to fermion scattering, we integrate out
the contorsion® tensor (by means of the equation of motion

*It is indeed only in the case of fermions coupled to gravity that
the effects of torsions become manifest, as all other scattering
processes with fermions (fermion-scalar, fermion-vector, and
gravitational Compton scattering with fermions) do not leave
any room for contact terms, as explained in Sec. II.
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of the connection @2”). This procedure generates the four-
fermion effective operators [25-28]

r_ 3nGy 2;/2
8 y-+1

) (1 —a’+ 2g> o)’  (104)
14
and the parameter b becomes

13
b=-4—"

> W[}’ —a(2+ay)],

(105)

and the bound in Eq. (83) can be now satisfied. For
instance, if one takes a = 0 and restricts the analysis to
real and positive values of the Immirzi parameter, the bound
on b is satisfied if y >2/V/5.

An equivalent way to obtain a modification of b slightly
more familiar to the working class particle theorist is
through the introduction of a Kalb-Ramond field, a
three-form H = 3dB with B = B, dx* A dx”. This field
occurs in string theory, and its presence is associated with
gravitational torsion [29-31]. Let it couple to a fermion as

Sw=—m [ HAWowdw). (106)

where we can identify M as the mass scale in our UV
completion and the coupling g is real and dimensionless.
One expects in string theory g~ M/Mp;, but the precise
value of g depends on the expectation values of the moduli
fields and, therefore, on the details of the compactification
procedure. Consequently, it is important to remark that the
coupling g in the low-energy limit of string theory is in
principle computable but, on balance, a free parameter.

Integrating out the two-form B, one obtains a contact
interaction (the equation of motion for H is algebraic, or,
alternatively, the propagator pole of B cancels against the
derivative coupling), which reads

18g2M12,l

e (107)

bKR =

and translates through Eq. (105) the Immirzi parameter into
a ratio of scales. In order to satisfy the unitarity bound in
Eq. (83), we obtain an upper and lower bound on the mass
ratio gMp/ M,

1 PM3E 13
< <. 108
108 = zM? =~ 60 (108)

This simple discussion teaches us an important preroga-
tive of the bottom-up approach to the UV completion of
gravity pursued in this paper. From a typical “top-down”
perspective like that of string theory, it is difficult to make
firm statements about what we expect in our phenomeno-
logical four-dimensional world. In this sense, the possible

presence of space-time torsion is a prototypical example,
with deviations from GR well motivated theoretically but
difficult to compute without introducing free parameters
encompassing the complicated step of compactification.
Our bottom-up perspective, on the contrary, predicts a
deviation from GR and gives a precise indication about
what we should expect for it. The above analysis exposes in
plain sight the true complementarity of the two approaches.

V. CONCLUSIONS

The on-shell amplitude program has paved the road for
the formulation and analysis of amplitudes featuring
resonances of arbitrary spin and mass, clearing the
computational obstacles of the conventional Lagrangian
approach.

In this paper, this formalism was applied to study the UV
completion of gravity following a bottom-up approach. The
derivation of a viable UV completion started from the need
to tame the growth with energy of the scattering amplitudes
mediated by gravity, which at energies comparable to the
Planck scale grow above the unitarity bound. With a typical
particle physicist demeanor, we approached the problem by
introducing massive resonances, and the solution obtained
was validated against unitarity, locality, and causality. In
this regard, we do not put forth in this work a full quantum
theory of gravity but rather a UV-complete formulation of
tree-level amplitudes. These amplitudes nonetheless yield a
great deal of information on the full theory and have
nontrivial implications in the infrared.

In more depth, the main results of our analysis are:

(1) After enumerating our working assumptions—Ilocal-
ity, unitarity, and causality and the weak coupling
limit—in Sec. I, in Sec. II A we constructed the most
general tree-level scattering amplitude mediated by
gravitational interactions in the context of GR with
SM particles (including gravitons) on the external
states, Eq. (6). We considered not only the contri-
butions to the scattering amplitudes coming from the
poles but also, in full generality, the possible
presence of contact (polynomial) terms compatible
with our working assumptions.

(i) In Sec. Il B, we computed the contribution due to the
exchange of a massive resonance with arbitrary spin
J, Eq. (25). The result of this computation was
already quoted in Ref. [8] in terms of “spinning
Gegenbauer polynomials.” Here, we derived an
equivalent expression in terms of Jacobi polyno-
mials that makes more transparent the helicity
structure of the amplitude. Furthermore, by combin-
ing the Jacobi polynomials with the helicity factor,
we related the scattering amplitudes to Wigner d-
functions. Finally, the study puts in the foreground
the role of unitarity that, in the case of elastic
processes, relates the residue of the amplitude to
the decay width of resonances.
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(iii) In Sec. III, we combined the results of (i) and (ii) to
obtain a valid UV completion of GR amplitudes. To
this end, we only used as guidelines unitarity,
locality, and causality. A number of properties
i.e., quantization of the mass spectrum and duality
relations among resonances exchanged in channels
related by crossing transformations—elegantly arise
from the mathematical consistency dictated by these
three fundamental principles. The obtained solutions
follow from three Ansitze, clearly displayed in
Sec. III A, put forward to solve the mathematical
consistency conditions that follow from locality and
unitarity. The UV completion dresses the GR am-
plitudes with form factors that are product of Euler I
functions, thus closely resembling the Veneziano
and Virasoro-Shapiro amplitudes as summarized in
Sec. Il B.

(iv) Section 1V is devoted to the analysis of the physical
properties of the resonances. By performing an angu-
lar decomposition in terms of Wigner d-functions, we
extracted couplings and spin of the resonances.
Unitarity enforces positivity constraints on the cou-
plings of resonances kinematically accessible in
elastic scattering processes. The bottom-up approach
showcases the power of this basic principle. As a
consequence of unitarity, for instance, we find that the
proposed UV completion predicts leading order
deviations from GR minimally coupled to fermions.
These deviations needed to restore unitarity are
present if space-time has torsion in addition to
curvature. Unitarity also imposes nontrivial con-
straints on the contact terms introduced in point (ii)
as well as on possible deformations of the Veneziano
and Virasoro-Shapiro amplitudes found in point (iii).

The ambitious and overarching question lurking in the
background is uniqueness: are fundamental principles like
unitarity and locality so demanding as to select one theory
of gravity only? We believe that the bottom-up approach
may help in shedding light on this question, see Ref. [22]
for a related discussion. In this regard, our findings have
glaring similarities with string theory, tantalizingly yet
inconclusively in line with the belief that string theory is
the only consistent quantum theory of gravity. A more
detailed exploration of this connection is left for future
work since it would have diluted the main aim of this paper.
The main aim is the model-independent bottom-up and
unbiased approach to the UV completion of gravity with
fundamental principles like unitarity and locality as the sole
reference. This road has been shown here to lead to relevant
results in complementarity to the top-down prevailing
trend, an outstanding example being the constraints
obtained from unitarity in (iv), given that studying the
same subject in the top-down perspective of string theory
requires overcoming the obstacle of compactification to
make contact with our observable four-dimensional
Universe, losing predictivity along the way.
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APPENDIX: BASICS OF MASSLESS KINEMATICS AND SPINOR-HELICITY FORMALISM

We consider the massless 2-to-2 scattering 1(p;) +2(p,) = 3(p3) +4(p4) in the c.m. frame with four-momenta

pl :(E’O’O’E)’ p2:(E7O’O7_E),

p3 = (E,Esin6,0,Ecos6),

ps = (E,—Esin0,0,—Ecos6), (Al)

where 0 is the scattering angle. The physical region for this process is the red region (r) in Fig. 1. The four-momenta in
Eq. (A1) describe ingoing initial-state and outgoing finale-state particles. The Mandelstam variables are given by

s=(p1+p2)* = (3 + Pa)* = 4E%, (A2)
4F? 0
tE(pl—ﬁ3)2:(p2—p4)2:—T(] —COS@):—%(1—C089):—Ssin25, (A3)
4E? 0
u=(pr—ps)?=(p—p3)? = _T(l +cosf) = —%(1 +cosf) = —scoszi =—s—1, (A4)

and, consequently, we have for the scattering angle cos @ = 1 + 2¢/s. For the on-shell production of a resonance with mass

M, we have s = 4E* = M2
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For a massless particle of momentum p* = (p°, p', p?, p*), p> = 0, the map into a (1/2,1/2) representation of the
Lorentz group of the momentum can be written as the outer product of two two-component spinors (we use the mostly
minus flat Minkowski metric)

(AS)

:a|p>[p B

D= Gﬂ .=
Paa pﬂ( )aa (_p] _ po po + p3
given that det(p) = p?> = 0. For real momenta, p,; is Hermitian, and we have the reality condition [p|, = +(,|p))*.

Pslp) = (p|* and [p|; = ¢, /)/3 |p], with the Levi-Civita symbol in two dimen-

Indices are raised and lowered as &
sions &% = ¢2f = ((0,1), (=1,0)) = —Eap = —€4)p

In the main text, we used explicitly the spinor-helicity formalism, following the convention according to which all

momenta are ingoing. This means that, compared to Eq. (A1), we have p34 — p34 = — P34 (notice that these flipped
momenta enter in Fig. 1 in the definition of s;;). In this case, we find that one possible explicit choice of spinors is
0 O 0
D .= = . = = = s A6
(PD)aa (0 2E> P01l = |p1) = [Pl <\/2—E> (A6)
R 2E 0 V2E
(P2)as = ( > = o|P2)P2ly = [P2) = [P2] = < > (A7)
0 O 0
and
—2Esin’?  Esind —sin?
A 2 2
ai — ~a p = =~ = V2E ’ A8
(P _QECOSQ§> plosly = o) = (sl = V2E( g ) (A8)
—2Ecos’? —Esinf cos?
A 2 2
i = =, y = =- =V2E . A9
(Ps) < _Esind —2Esin2%’> |P4) [P4|/; |P4) [Pl < sing > (A9)

One can now compute explicitly the angle/square brackets that enter in the helicity structure of the scattering amplitudes
studied in the main text (see Table I) for region (r), whereas the case for regions (b) and (g) is obtained by a reshuffling of the
1-2-3-4 indices. In summary, we have, in each of the regions,

(23)[14]
/ l \ (A10)
0 0
S COS B S COS B S
and
(3| Pra |4]
/ l \ (Al1)
2 sing — = o
2 S S COS 2 S COS 2

from which it is possible to write explicitly all amplitudes in terms of conventional Mandelstam variables.
Finally, useful formulas used but not quoted in the text are the following:
(1) In Sec. II B 1, an example of the contractions that give rise to the spin J mediated four-point amplitude with external
scalars is given by (for J =2, 3, 4)
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J=2, %{SDD +16D<H
J=3, 3'6—2'3 [(D)d—i-G[]DG +38 DO(]}

J=4, 4;—2!4[([])4+12([X])2+12 ([])2[)(] +32(] 0O + 48 DO ]

(A12)

(A13)

(A14)

Each term schematically represents a product of traces over slashed momenta, which itself one writes in terms of Lorentz

scalar products as

tr(6* p,ot'k,)" = 2"2( "

m

2m

) (p-k)"2"[(p - k)* = p?k°]".

(A15)

(ii) In Sec. IV B, we extracted in Eqgs. (96) and (97) an upper bound on the coefficient y, of the modified Virasoro-
Shapiro form factor A}’ as a consequence of unitarity applied to the scalar-fermion and scalar-vector scattering
processes. In more detail, in the scalar-fermion case, the bound follows from the positivity condition imposed on the

coefficient N}’/lz{ % /2> While in the scalar-vector, the same happens for NH. We find

. 1,12
scalar-fermion: N/

scalar-vector : NH >0 144 yo[47 = yo(=24 + 13yy)] > 0 = yo < 3.1169.

U212 >0 30+ yo(101 + 46y, — 36y5) > 0 = o < 2.5215,

(A16)

(A17)
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