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The rare kaon decay Kþ → πþνν̄ is an ideal process in which to search for signs of new physics and is
the primary goal of the NA62 experiment at CERN. In this paper we report on a lattice QCD calculation of
the long-distance contribution to the Kþ → πþνν̄ decay amplitude at the near-physical pion mass
mπ ¼ 170 MeV. The calculations are, however, performed on a coarse lattice and hence with a lighter

charm-quark mass [mMS
c ð3 GeVÞ ¼ 750 MeV] than the physical one. The main aims of this study are

twofold. Firstly we study the momentum dependence of the amplitude and conclude that it is very mild so
that a computation at physical masses even at a single kinematic point would provide a good estimate of the
long-distance contribution to the decay rate. Secondly we compute the contribution to the branching ratio
from the two-pion intermediate state whose energy is below the kaon mass and find that it is less than 1%
after its exponentially growing unphysical contribution has been removed and that the corresponding
nonexponential finite-volume effects are negligibly small.
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I. INTRODUCTION

The rare kaon decays K → πνν̄ have attracted increasing
interest during the past few decades. As flavor changing
neutral current (FCNC) processes, these decays are highly
suppressed in the standard model (SM) and thus provide
ideal probes for the observation of new physics. Moreover,
these decays are short-distance (SD) dominated and are
therefore theoretically clean. In this paper we denote
contributions from distances greater than Oð1=mcÞ, where
mc is the mass of the charm quark, as long-distance (LD)
contributions. Such LD contributions can safely be
neglected in the CP-violating KL → π0νν̄ decays and are
expected to be small, perhaps of Oð5%–10%Þ, in Kþ →
πþνν̄ decays. The study reported in this paper is the next

step in our project to compute the LD contributions
nonperturbatively using lattice QCD and to obtain the
branching ratio for Kþ → πþνν̄ decays with a QCD
precision of Oð1%Þ [uncertainties in the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements need to be
reduced in parallel with the reduction of QCD errors]. The
usual approach simply uses perturbation theory to integrate
out the charm quark. An estimate of the missing LD effects
in this approach is based on chiral perturbation theory and
suggests a ð6� 3Þ% enhancement of the branching ratio
BrðKþ → πþνν̄Þ [1], which is comparable to the 8% total
SM error [2]. We will test this result using lattice QCD.
The current experimental value of the branching ratio,

BrðKþ → πþνν̄Þ ¼ ð1.73þ1.15
−1.05Þ × 10−10 [3], is a combined

result based on the seven events collected by the E787
experiment at the Brookhaven National Laboratory [4–7]
and its successor experiment E949 [3,8]. This result can be
compared to SM theoretical predictions such as that in
Ref. [2], BrðKþ → πþνν̄ÞSM ¼ ð9.11� 0.72Þ × 10−11,
highlighting the need to reduce both the experimental
and theoretical errors. The current experiment, NA62 at
CERN, which aims at an observation of Oð100Þ events and
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a 10%-precision measurement of BrðKþ → πþνν̄Þ, has set
an upper limit of 14 × 10−10 on the Kþ → πþνν̄ branching
ratio at 95% C.L. [9]. Since it will be possible to compare
the SM predictions with the new experimental measure-
ment of BrðKþ → πþνν̄Þ relatively soon, a lattice QCD
calculation of the LD contributions is important and timely.
The KOTO experiment at J-PARC is designed to search

for KL → π0νν̄ decays [10]. It has observed one candidate
event based on the first 100 hours of physics running in
2013 and set an upper limit of 5.1 × 10−8 for the branching
ratio at 90% confidence level [11]. For a recent description
of the status of this experiment see Ref. [12]. Since the LD
contributions to KL → π0νν̄ decays are negligible, we do
not discuss these decays further in this paper.
This paper is the latest in a series of lattice QCD studies

of the rare kaon decays K → πlþl− and K → πνν̄, in
which we have developed the theoretical framework and
performed exploratory numerical calculations [13–24].
Here we focus on the LD contributions to the Kþ→πþνν̄
decay amplitude. Since we have two neutrinos in the final
state and the strangeness changes by one unit, this is a
doubly weak process and the long-distance contributions
arise either from the exchange of two W-bosons (W-W
diagrams) or the exchange of one Z-boson and one
W-boson (Z-exchange diagrams) [17]. When evaluating
the LD contribution of both types of diagram the W and Z
exchanges are replaced by four-quark operators. However,
the integral over the locations of these four-quark operators
is logarithmically divergent when their locations coincide,
requiring the introduction of an additional counterterm. In
the full SM these divergences are cut off by the mass of the
W-boson. To obtain the physical amplitude, we must
consistently combine the long-distance contributions deter-
mined from lattice QCD with the short-distance contribu-
tions which can be reliably determined using perturbation
theory [25–30]. An exploratory calculation of the Kþ →
πþνν̄ decay amplitude has been performed in Refs. [23,24]
with meson masses mπ ≃ 420 MeV, mK ≃ 563 MeV and a

charm-quark mass mMS
c ð2 GeVÞ ≃ 860 MeV. Because of

the small phase space available with these masses, the
allowed momenta for the final-state particles are con-
strained to lie in a narrow region and provide little
information on the momentum dependence of the decay
amplitude. For this reason, we computed the amplitude in
Refs. [23,24] at a single choice of momenta. The momen-
tum dependence of the decay amplitude was therefore
unresolved and is the focus of the study reported here.
In this paper we calculate the amplitude at the near-

physical pion mass mπ ≃ 170 MeV and kaon mass mK ≃
493 MeV and study the momentum dependence of the
K → πνν̄ decay amplitude. In addition since now, in
contrast to the earlier studies in Refs. [23,24], the mass
of the kaon is above the two-pion threshold, we are able to
study the contribution of the ππ intermediate state to the
decay amplitude together with the associated finite-volume

effects. The conclusions are presented in Sec. V but we
anticipate them briefly here to say that we find that the
momentum dependence of the LD contributions is very
mild and that the contribution of the lowest-energy finite-
volume two-pion intermediate state to the branching ratio is
at the subpercent level.
The plan for the remainder of this paper is as follows. In

Sec. II we present the details of our computation. This is
followed by the results for the momentum dependence in
Sec. III. The contribution of the lowest-energy, finite-
volume two-pion intermediate state, computed at the
maximum value of s ¼ ðpK − pπÞ2, is discussed in
Sec. IV. Finally in Sec. V we present our conclusions.

II. DETAILS OF THE LATTICE CALCULATION

In this study we use the 2þ 1 flavor domain wall
fermion configurations with lattice size L3 × T × Ls ¼
323 × 64 × 32 (where Ls is the extent of the lattice in
the fifth dimension) and the Iwasakiþ DSDR (dislocation
suppressing determinant ratio) gauge action at an
inverse lattice spacing a−1 ¼ 1.37ð1Þ GeV, generated by
the RBC-UKQCD collaborations [31]. By using Möbius
valence fermions with Ls ¼ 12 and the Möbius parameter
bþ c ¼ 2.667, one can fix Ls × ðbþ cÞ ¼ 32 and main-
tain the residual mass at its unitary value amres ¼
0.001845ð6Þ. The smaller extent of the fifth dimension
results in a significantly reduced computational cost. The
pion and kaon masses are found to be mπ ¼ 172ð1Þ MeV
and mK ¼ 493ð3Þ MeV. The bare mass of the valence
charm quark is amc ¼ 0.38which, combined with the mass

renormalization factor ZMS
m ð3 GeVÞ ¼ 1.44 [31], corre-

sponds to the MS mass mMS
c ð3 GeVÞ ¼ 750 MeV. We

use 100 configurations, each separated by 16 molecular
dynamics time units. All the results presented below are
given in lattice units unless otherwise specified.
The decay amplitude for the rare kaon decay KþðpKÞ →

πþðpπÞνðpνÞν̄ðpν̄Þ can be written as the product of a
scalar amplitude Fðs;ΔÞ and a spinor product ūðpνÞ=pKð1 −
γ5Þvðpν̄Þ [17]:

AðKþ → πþνν̄Þ ¼ iFðs;ΔÞ½ūðpνÞ=pKð1 − γ5Þvðpν̄Þ�: ð1Þ

Here we use Euclidean four-momenta with imaginary time
components for on-shell particles, e.g., pπ ¼ ðiEπ;pπÞ for
the pion. The Lorentz invariant s≡ −ðpK − pπÞ2 is the
square of the invariant mass of the νν̄ pair and takes values
in the range s ∈ ½0; smax� where smax ¼ ðmK −mπÞ2. The
other invariant in Eq. (1) is Δ, which is defined by
Δ≡ ðpK − pνÞ2 − ðpK − pν̄Þ2. For each value of s, Δ lies
in the range Δ ∈ ½−ΔmaxðsÞ;þΔmaxðsÞ�, where ΔmaxðsÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

K þm2
π − sÞ2 − 4m2

Km
2
π

p
. We denote by Δmax ¼ m2

K −
m2

π the absolute maximum of Δ; this can be reached for
s ¼ 0. One can also write Δ as Δ ¼ ΔmaxðsÞ cos θ, where θ
indicates the angle between p⃗π and p⃗ν in the rest frame of
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the νν̄ pair. For a particular Kþ → πþνν̄ event the quantity
Δ cannot be determined experimentally and so a suitable
phase-space integral must be performed to obtain either the
full rate, or the differential distribution with respect to s (the
variable s depends on only the momenta of the charged
mesons and is therefore measurable).
Note that the square of the spinor product jūðpνÞ=pKð1−

γ5Þvðpν̄Þj2 ¼ Δ2
maxðsÞ − Δ2, so that at the edge of the

allowed momentum region, where Δ ¼ ΔmaxðsÞ, the decay
amplitude vanishes. We are interested therefore in comput-
ing the amplitude at momenta away from this kinematic
edge. In our calculation, we compute the amplitude at the
following four pairs of (s;Δ):

ðs;ΔÞ¼ ð0;0Þ;
�
0;
Δmax

2

�
;

�
smax

2
;0

�
;

�
smax

3
;
Δmax

3

�
: ð2Þ

The scalar amplitude Fðs;ΔÞ is computed for both the
W-W and Z-exchange diagrams. We denote the contribu-
tion from the W-W diagrams by FWWðs;ΔÞ; as indicated
this depends on both s and Δ. We denote the contribution
from the Z-exchange diagrams by FZþðsÞ which, again as
indicated, depends on only the single variable s since the
neutrino and antineutrino are emitted from a single point.
The quantity FZþðsÞ is analogous to the corresponding
form factor in Kl3 decays, but with the charged weak
current replaced by the neutral one. For massless neutrinos,
the second form factor FZ

−ðsÞ does not contribute to the
amplitude. We calculate the Z-exchange diagram at one

additional kinematic point ðs;ΔÞ ¼ ðsmax; 0Þ. Although at
this point FZþðsÞ cannot be determined directly, we can
obtain the amplitude for FZ

0 ðsÞ ¼ FZþðsÞ þ s
M2

K−M
2
π
FZ
−ðsÞ. If,

as expected, FZ
−ðsÞ is significantly smaller than FZþðsÞ, then

FZ
0 ðsÞ is a good approximation to FZþðsÞ. For a complete

explanation on how we compute the scalar amplitudes
FWWðs;ΔÞ, FZ

�ðsÞ and FZ
0 ðsÞ, we refer the readers to

Refs. [17,23,24].

III. MOMENTUM DEPENDENCE OF THE
AMPLITUDE

For the Z-exchange diagrams, we calculate the scalar
amplitudes FZ

þ;−;0ðsÞ at s ¼ 0, smax=3 and smax=2 and
present the results in Table I. For s ¼ 0, we have
FZþðsÞ ¼ FZ

0 ðsÞ. For s ¼ smax=3 and smax=2, we find that
the values of FZ

0 ðsÞ are a little smaller than those of FZþðsÞ.
However, within the statistic uncertainties, FZ

0 ðsÞ and
FZþðsÞ are consistent, suggesting that FZ

0 ðsÞ is a good
approximation for FZþðsÞ.
In addition we evaluate the scalar amplitude FZ

0 ðsÞ at
s ¼ smax. At this kinematic point the pion and kaon are both
at rest and so we can only determine a single form factor,
FZ
0 ðsmaxÞ. The main motivation for the computation of

FZ
0 ðsmaxÞ is to provide an estimate of the contribution of the

disconnected diagrams. At the other kinematic points we
use twisted boundary conditions to obtain results for a
range of momenta, all with s ≥ 0, whereas at s ¼ smax we

TABLE I. Results for the form factors FZ
þ=−=0 from the Z-exchange diagrams. From top to bottom, we show the results for the

momentum transfer s ¼ 0, smax=3, smax=2 and s ¼ smax, respectively, where smax ¼ ðmK −mπÞ2.Q1;2 are the conventionalΔS ¼ 1 bare
lattice operators defined in Eq. (15) of Ref. [17] and the columns labeled by Q1;2 contain the results with Q1 or Q2 as the ΔS ¼ 1

operator. In the final column we combine these results with the corresponding Wilson coefficients C1;2. All results are in lattice units.

Z-exchange Q1 Q2 Clat
1 Q1 þ Clat

2 Q2

Kþð0⃗Þ → πþðp⃗Þ, s ¼ 0

FZþð0Þ ¼ FZ
0 ð0Þ −11.86ð37Þ × 10−2 −0.19ð32Þ × 10−2 2.47ð25Þ × 10−2

FZ
−ð0Þ 1.81ð83Þ × 10−2 −1.04ð89Þ × 10−2 −1.02ð66Þ × 10−2

Kþð0⃗Þ → πþðp⃗Þ, s ¼ smax=3

FZþðsÞ −12.56ð39Þ × 10−2 −0.31ð32Þ × 10−2 2.55ð25Þ × 10−2

FZ
−ðsÞ 2.13ð81Þ × 10−2 −0.68ð83Þ × 10−2 −0.87ð63Þ × 10−2

FZ
0 ðsÞ −12.22ð30Þ × 10−2 −0.42ð24Þ × 10−2 2.41ð19Þ × 10−2

Kþð0⃗Þ → πþðp⃗Þ, s ¼ smax=2

FZþðsÞ −13.10ð40Þ × 10−2 −0.38ð34Þ × 10−2 2.63ð27Þ × 10−2

FZ
−ðsÞ 2.55ð82Þ × 10−2 −0.46ð86Þ × 10−2 −0.83ð65Þ × 10−2

FZ
0 ðsÞ −12.49ð27Þ × 10−2 −0.49ð21Þ × 10−2 2.43ð16Þ × 10−2

Kþð0⃗Þ → πþð0⃗Þ, s ¼ smax

FZ
0 ðsÞ −12.75ð19Þ × 10−2 −1.20ð16Þ × 10−2 2.05ð12Þ × 10−2

FZ;disc
0 ðsÞ −19.1ð6.8Þ × 10−4 0.9ð6.2Þ × 10−4 4.7ð4.8Þ × 10−4
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use periodic boundary conditions. With twisted boundary
conditions for the valence down quark, the neutrinos carry
momenta which are not integer multiples of 2π=L, and such
momenta cannot be transferred by the gluons which satisfy
periodic boundary conditions (see Fig. 1). From the results
in Table I we conclude that the disconnected diagrams
make only a small contribution to FZ

0 ðsmaxÞ and since we
expect FZþðsÞ ≃ FZ

0 ðsÞ and have found the momentum
dependence of FþðsÞ to be very mild (see Fig. 2 and
the discussion below), this suggests that the contribution of
the disconnected diagrams to the Kþ → πþνν̄ decay
amplitude is much less than 1%.
The momentum dependence of the form factors is

plotted in Fig. 2. In the upper panel, we show the form
factor fþðsÞ for the Kþ → π0lþν (Kl3) decay. In the
middle panel, we present FZþðsÞ as a function of s=m2

K .
Finally, in the lower panel FZþðsÞ is normalized to convert it

into the conventional phenomenological quantity PðZÞ
c

defined as [see Eq. (88) in Ref. [24] ]

PðZÞ
c ðsÞ≡ π2

λ4M2
W

FZþðsÞ
fþðsÞ

: ð3Þ

Here we use a superscript (Z) to indicate that this is the
contribution from the Z-exchange diagrams. In order to
obtain the full contribution of the Z-exchange diagrams
to FZþðsÞ, we need to subtract the short-distance counter-
term from Clat

1 Q1 þ Clat
2 Q2, the combination given in the

last column of Table I, following the procedure described
in detail in Refs. [17,24]. This short-distance contribution
to FZþðsÞ, which is difficult to compute on such a coarse
lattice, is proportional to fþðsÞ and hence appears as a

constant term in PðZÞ
c ðsÞ. Since the focus of this paper is

to explore the s-dependence of PðZÞ
c ðsÞ, we do not

attempt to perform this subtraction. From the bottom
panel in Fig. 2, we conclude that the momentum

dependence of PðZÞ
c is very mild, and cannot be resolved

within the precision of our calculation. To quantify this

FIG. 1. Disconnected Z-exchange diagrams. Such diagrams cannot be evaluated with the twisted boundary conditions for the valence
d̄ antiquark which are used for the evaluation of Fþ;−;0ðsÞ at s ¼ 0, smax=3 and smax=2.
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FIG. 2. From top to bottom: fþðsÞ, FZþðsÞ and PðZÞ
c ðsÞ as functions of s.
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statement we parametrize the s-dependence of PðZÞ
c ðsÞ by

the linear function

PðZÞ
c ðsÞ ¼ PðZÞ

c ð0Þ þ bðZÞs
s
m2

K
ð4Þ

and find bðZÞs ¼ −ð1.8� 9.7Þ × 10−3 from a correlated fit.
For theW-W diagrams, we calculate the scalar amplitude

FWW for the momentum pairs (s;Δ) given in Eq. (2). This
scalar amplitude is divided into two parts corresponding to
the different contractions labeled as Type 1 and Type 2 in
Fig. 3. The W-W diagrams contain charged-lepton propa-
gators and therefore in Table II we present the contributions
to FWW from each of three lepton flavors, l ¼ e, μ, τ,
separately.
Combining the contributions from Type 1 and Type 2

diagrams and from the three lepton flavors, we obtain the
results for FWW. In the upper panel of Fig. 4, we show the s
and Δ dependence of FWWðs;ΔÞ. In the lower panel, we

present the results for PðWWÞ
c ðs;ΔÞ, which is obtained from

FWW using

PðWWÞ
c ðs;ΔÞ ¼ π2

λ4M2
W

FWWðs;ΔÞ
2fþðsÞ

: ð5Þ

We parametrize the momentum dependence of PðWWÞ
c ðs;ΔÞ

using the linear function

PðWWÞ
c ðs;ΔÞ¼PðWWÞ

c ð0;0ÞþbðWWÞ
s

s
m2

K
þbðWWÞ

Δ
Δ
m2

K
ð6Þ

and from the correlated fit to the lattice data, we find

bðWWÞ
s ¼−ð1.8�0.9Þ×10−2 and bðWWÞ

Δ ¼−ð4.1�0.7Þ×10−3.
As estimated in Ref. [24], using the linear parametriza-

tion of Pcðs;ΔÞ, the branching ratio of Kþ → πþνν̄ is
proportional to

BrðKþ → πþνν̄Þ ∝ 1þ 0.071b2Δ þ 0.202bs; ð7Þ

where bΔ ¼ bðWWÞ
Δ and bs ¼ bðZÞs þ bðWWÞ

s . Using our
determination of bΔ and bs as input, the s- and Δ-
dependence of PðWWÞ

c ðs;ΔÞ only affects the branching ratio
at the negligible subpercent level.
The observation that the momentum dependence is so

mild provides a useful guide for our future lattice compu-
tations of the Kþ → πþνν̄ decay amplitude. To perform the
calculation at physical kinematics is very challenging: on
the one hand one needs a large volume in order to
accommodate a pion with a mass of about 140 MeV and
on the other hand one needs a fine lattice to avoid lattice
artifacts from the physical mass of the charm quark. We
would require very significant computational resources in
order to perform the calculations for a wide range of values
of (s;Δ). The study reported here suggests that the s- and
Δ-dependence of the scalar amplitude has only a minimal
effect on the branching ratio. Thus even computing the
Kþ → πþνν̄ decay amplitude at a single kinematic point
(s;Δ), we can obtain a good estimate of the LD contribu-
tion to the decay rate.

FIG. 3. Quark and lepton contractions for the W-W diagrams.

TABLE II. Lattice results for the scalar amplitude FWWðs;ΔÞ from the W-W diagrams. We also show the results from the lowest
intermediate states for each type of diagram. All the results are presented in lattice units.

(s;Δ) FWW Type 1 jlþνi & jKþπþl−ν̄i Type 2 jπ0lþνi
(0,0) e −2.092ð50Þ × 10−2 −2.238ð6Þ × 10−2 1.221ð38Þ × 10−1 Helicity suppression

μ −2.374ð47Þ × 10−2 −2.437ð7Þ × 10−2 1.195ð38Þ × 10−1 −0.504ð3Þ × 10−3

τ 0.820ð79Þ × 10−3 1.009ð6Þ × 10−3 3.86ð14Þ × 10−2 7.51ð4Þ × 10−5

ð0;Δmax=2Þ e −2.122ð47Þ × 10−2 −2.238ð6Þ × 10−2 1.199ð38Þ × 10−1 Helicity suppression
μ −2.528ð38Þ × 10−2 −2.586ð7Þ × 10−2 1.185ð37Þ × 10−1 0.505ð8Þ × 10−3

τ 0.455ð77Þ × 10−3 0.603ð2Þ × 10−3 3.84ð14Þ × 10−2 6.93ð3Þ × 10−5

ðsmax=2; 0Þ e −2.048ð65Þ × 10−2 −2.238ð6Þ × 10−2 1.225ð43Þ × 10−1 � � �
μ −2.393ð59Þ × 10−2 −2.489ð7Þ × 10−2 1.190ð43Þ × 10−1 Helicity suppression
τ 0.535ð92Þ × 10−3 0.811ð2Þ × 10−3 3.93ð16Þ × 10−2 7.43ð3Þ × 10−5

ðsmax=3;Δmax=3Þ e −2.103ð55Þ × 10−2 −2.238ð6Þ × 10−2 1.169ð42Þ × 10−1 Helicity suppression
μ −2.525ð48Þ × 10−2 −2.583ð7Þ × 10−2 1.155ð41Þ × 10−1 0.534ð6Þ × 10−3

τ 0.354ð87Þ × 10−3 0.608ð2Þ × 10−3 3.74ð15Þ × 10−2 7.06ð3Þ × 10−5
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IV. CONTRIBUTION OF THE TWO-PION
INTERMEDIATE STATE

Two of the less familiar obstacles that must be overcome
when computing the Kþ → πþνν̄ decay amplitude using
lattice QCD are the potentially large finite-volume dis-
tortions of the two-pion intermediate state energy spectrum
at low energies and the unphysical terms which grow
exponentially as the Euclidean time separation between the

initial- and final-state interpolating operators is increased.
Such terms arise from intermediate two-pion states with
energy Eππ below MK. In this section we discuss the
corrections that we make for these effects when s ¼ smax.
Thus, for Kþ → ðπþπ0ÞI¼2 → πþνν̄ we need to study
contributions from the jπþπ0i intermediate state with
I ¼ 2. We first determine its energy. In the top panel of
Fig. 5 we show the ratio
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RðtÞ ¼ Cππðtþ 1Þ − CππðtÞ
C2
πðtþ 1Þ − C2

πðtÞ
ð8Þ

as a function of t. Here CππðtÞ is a two-point correlation
function for the ðππÞI¼2 interpolating operator in the
center-of-mass frame and CπðtÞ is a correlation function
for the single π interpolating operator at rest (see Ref. [24]
for the choice of interpolating operators). The subtraction in
Cππðtþ 1Þ − CππðtÞ is introduced to remove the constant
term arising from the around-the-world effect and the
corresponding difference C2

πðtþ 1Þ − C2
πðtÞ is used in

the denominator to ensure that the ratio RðtÞ in Eq. (8)
is proportional to expð−ΔEÞ. Thus, by studying the t-
dependence of RðtÞ as explained in Ref. [32], we determine
the energy difference ΔE ¼ Eππ − 2mπ ¼ 0.001687ð41Þ
[note that the pion mass in lattice units is 0.12535(27)].
Using Lüscher’s finite-volume formula, we find the ðππÞI¼2

scattering length to be given by mπaI¼2
ππ ¼ −0.0659ð16Þ, in

good agreement with the prediction from leading-order
chiral perturbation theory, mπaLOππ ¼ − m2

π

8πf2π
¼ −0.0673ð5Þ.

In the next step, we calculate the 0hππjHW jKi and
hπjJμjππi0 matrix elements, where the subscript 0 indicates
the finite-volume two-pion ground state, and construct the
two ratios:

Rππ→πðtÞ ¼
hπðtÞJμðt=2Þππð0Þi
NππNπe−Eππt=2e−Eπ t=2

;

RK→ππðtÞ ¼
hππðtÞHWðt=2ÞKð0Þi
NππNKe−Eππt=2e−EKt=2

; ð9Þ

where the normalization factors are Nπ ¼ h0jπð0Þjπð0⃗Þi,
NK¼h0jKð0ÞjKð0⃗Þi and Nππ ¼ h0jππð0Þjππi0. We present
Rππ→πðtÞ and RK→ππðtÞ as functions of t in the central and
lower panels of Fig. 5 respectively. Performing fits for
Rππ→πðtÞ and RK→ππðtÞ in the plateau regions, as indicated
by the gray bands in Fig. 5, we determine the matrix
elements to be 0hππjHW jKi ¼ −i9.653ð25Þ × 10−5 and
hπjJ4jππi0 ¼ i3.1910ð60Þ. The value of hπjJ4jππi0 is
close to the factorization approximation hπjJ4jππi0 ≈
hπjπih0jJ4jπi ¼ i3.2149ð62Þ. Using these matrix ele-
ments as inputs, we find that the ππ contribution to
FZ
0 ðsmaxÞ is FZ;ππ

0 ðsmaxÞ ¼ −1.536ð5Þ × 10−3, which is
about 7.5% of the total scalar amplitude FZ

0 ðsmaxÞ. Such
effects are not small and result in a sizable exponentially
growing contamination. In Fig. 6, we show the lattice
results with and without correcting for the exponentially
growing contamination from the ππ intermediate state.
The corresponding systematic effects are significant
when compared to the statistical ones. We thus include
these corrections in our analysis when producing the
results shown in Table I.
In addition to removing the exponentially growing

contamination, we also evaluate and correct for the
corresponding finite-volume effects due to the ππ
intermediate state. As shown in Refs. [24,33], the
finite-volume correction which must be subtracted from
the finite-volume amplitude to obtain the infinite-
volume result is
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0 ðsmaxÞ from the vector (top row) and axial vector (bottom row) components of the quark currents for the
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ΔFV¼
dðϕðEππÞþδðEππÞÞ

dEππ
cotðϕþδÞhπjJμjππihππjHW jKi;

ð10Þ

where ϕ is a kinematic function of Eππ and δðEππÞ is the
I ¼ 2 s-wave ππ phase shift. Note that in Eq. (10) all
quantities are to be evaluated at Eππ ¼ MK and the two-
pion matrix elements must be evaluated in a spatial volume
that has been chosen so that the finite-volume state jππi has
the energy of the kaon. We use the approximation δ ≈ kaππ
where k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
ππ=4 −m2

π

p
and dδ=dEππ ≈ aππ

Eππ
4k to esti-

mate ΔFV and find ΔFV ¼ 4.28ð7Þ × 10−4, corresponding
to a correction to Pc of about 4.8 × 10−4. Here we
approximate the energy-conserving matrix elements
needed in Eq. (10) by those determined above when
Eππ ¼ 0.25239ð60Þ. Since the expected value of the full
charm-quark contribution to Pc is about 0.4 [2], this finite-
volume correction has a negligible, per-mille effect on the
branching ratio [see Eq. (97) and the following discussion
in Ref. [24] ].

V. SUMMARY AND CONCLUSIONS

In this paper we report on a study of the long-distance
contribution to the amplitude of the rare kaon decay Kþ →
πþνν̄ at the near physical pion mass of mπ ¼ 170 MeV.
This study is an intermediate step in our long-term project
to evaluate the rate for this decay at physical kinematics and
with subpercent precision. Having previously developed
the necessary theoretical framework for the evaluation of
the long-distance contributions in Ref. [17] and performed
a complete computation at unphysical quark masses and for
a single choice of meson and neutrino momenta in
Refs. [23,24], in this paper we investigate two areas to
guide us and to provide experience for our future calcu-
lations at physical masses. These are as follows:

A. The momentum dependence of the amplitude

Since varying the momenta of the mesons and neutrinos
requires very significant computational resources, it was
instructive to gain some understanding of the behavior of
the amplitude as a function of the momenta. Given the
limited kinematic range available, we expect the momen-
tum dependence to be very mild and in Sec. III we
explicitly confirm this and conclude that a computation
at physical masses even at a single kinematic point (s;Δ)
would provide a good estimate of the long-distance con-
tribution to the decay rate. Of course, eventually as
computing resources allow, this conclusion can be tested
also at physical quark masses.
An additional conclusion from this study is that the

contribution from disconnected diagrams appears to be of
the order of 2% of that coming from the connected part.

This was the case at s ¼ smax, which is the only point at
which disconnected diagrams could be evaluated, since it
was at this point that twisted boundary conditions for the
quarks were not used.

B. Contribution from ππ intermediate states

With meson masses mK ¼ 493ð3Þ MeV and mπ ¼
172ð1Þ MeV it is possible to have isospin 2ππ intermediate
states with energy below MK, Kþ → ðπþπ0ÞI¼2 → πþνν̄,
from the Z-exchange diagrams. Two consequence of this in
the evaluation of long-distance contributions in a finite-
volume Euclidean-space calculation are as follows:

(i) the presence of unphysical terms which grow ex-
ponentiallywith the range of the time separation of the
two weak operators and which must be subtracted;

(ii) finite-volume effects which are not exponentially
small in the volume and which must be removed.

The procedures to remove the exponentially growing terms
and the powerlike finite-volume corrections are well under-
stood. In Sec. IV we perform the subtraction of the
exponentially growing terms and find that the contribution
from the two-pion intermediate state is a little less than 1%
of the full decay amplitude. We calculate the corresponding
FV effects and find them to be negligibly small.
As the final step in this Kþ → πþνν̄ project we have

generated data on a 643 × 128 lattice with Möbius domain
wall fermions and the Iwasaki gauge action at an inverse
lattice spacing of a−1 ¼ 2.359ð7Þ GeV, pion mass mπ ¼
135.9ð3Þ MeV and kaon mass mK ¼ 496.9ð7Þ MeV [34].
We use a series of charm-quark masses surrounding the
physical value. The use of this ensemble will remove the
significant systematic effect arising from the lighter-than-
physical charm-quark mass of the present study, resulting
in a physical rare kaon decay amplitude with the main
systematic effects under control. The resources required for
the 643 × 128 calculation are relatively demanding, making
the determination of the amplitude at several kinematic
points computationally expensive. The observation of the
very mild momentum dependence of the decay amplitude
observed in this study implies that we can obtain the rate
with good precision, even if we perform a computation at a
single kinematic point of (s;Δ).
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