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Abstract

The chiral Schwinger Model is completely solved by bosonization. The Hilbert
space is constructed and it is found to be of indefinite metric. The quantum
constraints that define the physical subspace are determined and the physical
operators (those that commute with the constraints) are found. We compute
their correlation functions and find that there is non-trivial fermion wave func-
tion renormalization constant (Z2) and vertex renormalization constant (zrh

and that Z; = Z; although the theory has lost its gauge invariance because of

the chiral anomaly.

The addition of a Wess-Zumino (W-Z) term is studied and the modifications
of the constraints introduced by this term is analyzed. The physical gauge in-
variant correlation functions in the theory with the W-Z term are found to be the

same as the physical correlation functions of the theory without the W-Z terms.



Section 1:

Introduction and the Questions:

Chiral anomalies play a fundamental role in the physics of gauge theories,
and their cancellation severely restricts the fermionic content of such theories.

The fermions have to be in anomaly-free representations of the gauge group and

this determines the family structure.

Mechanisms for anomaly cancellation that do not involve a prescribed assign-

ment of fermions are not readily available and this leaves few roads of action.

In a remarkable series of papers, D’'Hoker and Farhi’ found that if in an
anomaly free theory there is a fermionic sector that is very heavy, the attempt
of decoupling this heavy sector leaves behind a Wess-Zumino (W-Z) term. This
W-Z term® restores gauge invariance to the theory, since the light fermions are

no longer in an anomaly free representation.

In a parallel development Faddeev and Satashvili* proposed that in a theory
where gauge invariance is lost by the anomalies, it can be restored by adding ad

hoc a W-Z term to the action.

More recently Jackiw and Rajaraman5 (J.R.) studied the Chiral Schwinger
model in 1 + 1 dimensions, in this model only right or left handed fermions
couple to the gauge fields. These authors found that despite the fact that gauge
invariance is lost because of the anomaly, the theory seems to be unitary. This
result sparked interest and some authors studied the problem further.’™® In ref.
(7) the model of right and left handed fermions coupled to the gauge fields with
different couplings was quantized. It was found in this reference that quantizing
in non-covariant gauges, the spectrum is not relativistic, signaling the lack of
gauge invariance.v However these authors noticed that adding a W-Z term to the
action, gauge invariance is restored and the spectrum is relativistic. These results

agree with those of ref. (8), where the current commutators were evaluated.

More recently a number of authors realized that the W-Z term does not need



to be introduced by hand but that it is already contained in the path integral
hidden in the integration over the gauge orbits.® These authors pointed out that
the W-Z term arises after using the Faddeev-Popov procedure for integrating over
the gauge orbits and by the non-invariance of the fermionic measure under gauge
transformations in a chiral theory. Therefore the results of these authors seem
to indicate that the theory is gauge invariant and unitary when integration over
the gauge orbits is taken into account. The collection of the results mentioned

above raises a series of questions that we want to address in this paper.

First of all on the theory without the W-Z fields as was studied by (J.R.).
Since the theory has lost gauge invariance one cannot fix a gauge to quantize it,
since in so doing degrees of freedom may be left out. Proceeding covariantly, it
is expected that the Hilbert space will be of indefinite metric as in the covariant
quantization of Q.E.D. If this is the case, one must understand the nature of the

constraints at the quantum level that determine the physical subspace and the

physical operators.

In a recent paper Girotti et. al.'® looked at the structure of the fermionic
correlation functions as well as the constraints of the theory in Dirac’s formalism.
These authors found that there is nontrivial fermion wave function renormaliza-
tion, and this raises questions about the renormalizability aspects of the theory,
for example vertex renormalization and Ward identities. This aspect is non-

trivial since now there is an explicit mass term for the pho’con,5 and the theory

is no longer superrenormalizable (see section 4).

With regard to the Wess-Zumino term: Does the W-Z term change the nature
of the constraints of the theory? What are the physical correlation functions?
The W-Z field seems to be a new dynamical field, however in the approach of
references (9), it appears after using a procedure that cannot introduce new
physics. Therefore is the W-Z field physical? The paper is organized as follows:
. in section 2 we bosonize the fermions and derive the bosonized Lagrangian. In

section 3 the Hilbert space is constructed and the quantum constraints that define



the physical subspace are defined.

In section 4 we study the fermionic correlation functions and in particular
wave function and vertex renormalizations. The equality .Z; = Z; is established

exactly. In section 5 we analyze the physical operators of the theory i.e. those

that commute with the constraints.

Section 6 is devoted to studying the theory with the W-Z term, in particular

the constraints and the physical gauge invariant operators. Their correlation

functions are computed.

Finally we summarize the results and conclusions.



Section 2: B L

We will use the technique of bosonization in order to solve completely the
chiral Schwinger model. This approach has been used several times and in par-
ticular (JR) found the expression for the bosonized Lagrangian. However the
explicit expression for the fermion fields in terms of the corresponding bosonic
fields has been only partially given in ref (10). One of the aims of the present
paper is to compute fermion correlation functions and for these we need to con-
struct the fermion fields in terms of the bosonic fields appearing in the bosonized
Lagrangian. For gauge theories the bosonization is slightly more subtle because
the usual bosonization rules involve the canonical momentum conjugate to the
boson field, but the interaction is given by a derivative coupling and therefore

the canonical momentum does not coincide with the time derivative of the field.

Therefore we will carry out the bosonization procedure in the interaction
picture11 in which all the operators are written in terms of free fields. Once
the interaction piece of the Hamiltonian is known in the interaction picture the
unitary transformation to the Heisenberg fields is performed by Dyson’s time evo-
lution operator. Then the next task is to bosonize free fermions. The prescription
for this procedure has been given in the literature and we refer the reader to ref-

erences (11-14) for a detailed presentation. Here we review the technicalities that

are relevant for our purpose.

Free massless fermions obey the Dirac equation
19y =0 (2.1)
We use a representation in which
Y =7 =03 (2.2)

In this (chiral) representation the spinors solutions are of the form

P(z,t) = (tpR(I - t)) (2.3)

Yr(z +t)
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In 1+ 1 dimensions a massless free bosonic field (solution to the massless Klein-

Gordon equation) is written as

¢(z,t) = pr(z —t) + dp(z +t) - (2.4)

From ¢pr and é1 we construct the dual field

é(z,t) = dr(z —t) — dr(z +1t) (2.5)
<,;$ satisfies
96 8
=% (26)

For free fields the relation (2.6) can be written as

53
:9% = -7 (2.7)

with 7(z,t) being the canonical momentum conjugate to ¢(z,t). In terms of the
fields

~

¢r(z—t) = ';'(cb + @)

(2.8)
1 -
the fermion fields are written a512,14

'(/JR(I,t) = % : ei\/‘i_”tﬁn(z,t) .

¢L(I,t) = % . e-—i\/:l_f?rﬁz.(::,t) : (2.9)

The quantization of the field theory is carried out in a one-dimensional “box”
of length L, the factor 1/v/L in (2.9) restores the proper dimensions to ». The
dots in equation (2.9) represent normal ordering with respect to the quanta of

the bose fields. We recall the reladtionship13

ei\/-i—n¢(z,t) = ei\/4_1r¢(::,t) . c+27r[¢(_)(z,t),¢(+)(z,t)] (2.10)

where ¢>(+)(¢(‘)) is the positive (negative) frequency part of ¢.
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Strictly speaking since the right and left going waves are independent ¢(z,t)
and ¢r(z,t) commute, therefore ¢ and ¥ in (2.9) commute rather than anti-

commute. The anticommutation of ¢¥)g and 1 is arranged for by introducing a

Klein factor,l

2,15 .y - . .

¥ for example by multiplying ¥ by €"¢ where Q is the fermion
number operator.H This is irrelevant for our purposes in the next few sections.
The Klein factor will be omitted for the moment and it will be recovered in Sec-

tion (4), see the discussion after equation (4.5). The free fermion number current

is defined as
JH(z) =: P(z)v* (<) : (2.11)

where in equation (2.11) the normal ordering is understood.with respect to the

bose quanta in (2.9). As usual the current J#(z) is computed as

JH(z) = lirré-zz;(:c + €)v*Y(z)— < O[Y(z + e)v*¥(z)|0 > (2.12)
€—

In terms of the boson fields the definition (2.11) amounts to carrying out the

operator product expansion (OPE) of the operators given in eq. (2.9) and sub-

tracting the singular c-number piece proportional to 1/e.

The result for the free current is

TH(z) = —\}_;ewam(x) (2.13)

When the fermions are coupled to gauge fields there is an ambiguity in defin-
ing the current. For a gauge invariant result the path ordered exponential of the
gauge field needs to be inserted in (2.12) since this expression involves fields at

different points. The exponential of the line integral of the gauge fields modifies
the result (2.13) because of the singularities 1/¢ in the OPE.

Since we expect that gauge invariance is lost in the Chiral Schwinger model,
- the definition of the current is ambiguous since there is no principle of gauge

invariance that selects a regularization prescription for the expressions (2.12)
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and (2.13). By Lorentz covariance this ambiguity can only be of a form of a mass

term for the gauge fields.

The Lagrangian density for the Chiral Schwinger Model is
1 ~ —
L=—2(Fuw)’ + 199y + g (1 — 1) P Ay (2.14)

Using the fact that v#4% = ~¢*Y~, (%! = +1) in 1+1 dimensions, the bosonized

Heisenberg Lagrangian is

n

1 g y lg° - -
L= —Z(F;w)z + 5(3p¢)2 + ﬁA“(aﬂs + € 079) + E%r—aA#A# (2.15)

This is the bosonized Lagrangian proposed by Jackiw and Rajaraman. The last
term (explicit mass term for the gauge field) represents the ambiguity in the

regularization of the currents in the bosonization procedure and it is parametrized

by the parameter a.

Alternatively we can think of this term as arising from the ambiguity (of
the form ¢g#¥) in the current-current correlation function (vacuum polarization

5,8,16
tensor).”"’

Now that we know the interaction Hamiltonian we can pass to the Heisenberg
picture. The Heisenberg picture fermion field operators are written as in equation

(2.9) in terms of the Heisenberg bose fields.

In particular for example, in the Heisenberg picture

oL

: g
= - = ——————— AO — z .
Py ¢+ ( A;) (2.16)

71’¢ ﬁ
Although the reader may consider all the above steps confusing, they are

necessary to obtain the fermion fields and eventually to construct their correlation

" functions.



Section 3: The Hilbert Space and the Constraints.

The equations of motion obtained from the Lagfangian in equation (2.15) are

0% + -—%(a,‘A# — €,,0"A%) =0 (3.1 — q)
\
2
O FH = J¥ = —%(g"“ +eM)0,0 —al- A (3.1 - b)
T m

Since we expect gauge invariance to be lost, the “longitudinal” part of the

gauge field may acquire dynamics. To understand this we exploit the fact that

in 1 4+ 1 dimensions we can write

A¥(z) = 8¥X(z) + €*Y 3, x(z)
8,A* =0 FM = —e*[x (3.2)

Under a gauge transformation
Au(z) = Au(z) + 0ue(z)

Az) = A(z) + afz) (3.3)
x(z) — x(z)

In terms of A and x the Lagrangian (2.15) reads

£ = 2(6,0)7 + doxOx — —20,60% (x — A) + 2L (9,02
2\ g X=X T m ke X 27
ag2

- 5‘7—;(3#}()2 (34)

To obtain the above Lagrangian several surface terms have been dropped. The
Lagrangian density in equation (3.4) can be cast in terms of free fields by diago-

nalizing the mixing terms by the following canonical transformations

¢=¢+ %(x - 2) (3.5)
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1

A= M-

——X | (3.6)
_Vmla—1) g%a?
X2 = ———ag— (D+ m) X (3.8)

The Lagrangian density written in terms of ¢/, X', x; and x2 reads (after dropping

surface terms)

1 1 1 1g?
L= —Eé'Dsb' - §X1(D+ m?)x1 + o X20xz2 — '2'9;'(“ - 1)xoy (3.9)
with
2 2
mt=3% (3.10)
m(a — 1)

The transformations (3.7) and (3.8) are typical of a higher derivative theory. "7

The Lagrangian in equation {3.9) has many interesting features. First notice
that A is the field that changes under gauge transformations, hence only for
a = 1 the theory seems to be gauge invariant, but at this particular value of a
the mass given by (3.10) diverges. For a < 1 the theory has tachyonic excitations

and ) has to be quantized with negative metric. Even for @ > 1 notice that the

field x2 has to be quantized with negative metric and therefore the Hilbert space

will be of indefinite metric. The field x; is also present in the covariant operator
solution of the Schwinger model as given by Lowenstein and Swieca'® and also
by Halpern11 and Kogut and Susskind.'® In these references it is clearly shown
that the Hilbert space of the (vector-like) Schwinger model quantized covariantly
is of indefinite metric.

The last term in equation (3.9) is further simplified by the transformation

Va=iN =y (3.11)

where now 7 is a free massless canonical field quantized with positive metric.
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The content of the original theory is now completely determined by three
massless free bose fields: ¢' which is a gauge singlet quantized with positive
metric, X2, a gauge singlet quantized with negative metric and n that transforms
under gauge transformations and is quantized with positive metric, and finally

x1 a free massive bose field quantized with positive metric.

The Hilbert space of the theory is of indefinite metric and is Fock, it is given
by a tensor product of the Fock spaces for ¢/, x1, x2 and

Ho=Hy @ Hy, @ Hy, ® My (3.12)

r4

However as is the case in the covariant solution of the Schwinger model we expect
the Hilbert space ¥ given by (3.12) to be too large.18 The equation of motion
(3.1-b) written in terms of the free fields reads

8, F* = J¥ (3.1 —b)
/7{a—1
8, FH = —\—%—-—)ewaﬂa(xz ~ x1) (3.13)
9 ;v g 1 .
7= _ﬁ(a ¢t o) + ﬁ a—1 ((1—a)8"n + €#3yun)
_ 92 v _
ﬁ\/(lTle a.#(XZ Xl) (3'14)

Notice that the current J¥ is conserved by the equations of motion (¢’ and n are

massless fields).

However combining (3.1-b) with (3.13) and (3.14) we find

1
;B“e‘“’(Dxl +mix)) = J§ (3.15)
v_ _ 9 (qui o wngy . 9 1 PR v
Jr \/7?(8 ¢ +e 3#¢)+ﬁ\/a___1((1 a)0'n + €"#a,n)
S — T 3.16
VT a - 1E #X2 (3.16)

Therefore the equations of motion that define the physical theory are not sat-

- isfied, much in the same way as in the Schwinger model, as shown by Lowenstein

) 18
and Swieca.



We would be tempted to set Jz = 0 to define the physical subspace, however
this would rule out the existence of a vacuum state of the theory, and furthermore
it does not commute with other operators of the theory (¢', n, x2). Therefore

since Jp is a linear combination of derivatives of free fields, the corresponding

constraint is of the Gupta-Bleuler type
7XHp >=0 (3.17)

Where |P > is any physical state and J;(+) is the positive frequency (annihi-

lation) part of J¢. The quantum condition (3.17) defines the physical subspace

'Vphys of the total Hilbert space given by equation (3.12).

The equation of motion (3.1-a) is satisfied by the canonical transformation
(3.5).

The physical operators are those that commute with J;H) in (3.17), they
create physical excitations out of the vacuum. These operators will be studied

in section (5).

The current J given by equation (3.16) creates zero norm states out of the

vacuum since
<O0|Jp(z)Jp(y)|0>=0  Vz,y (3.18)

Again this fact should be compared with the covariant solution of the Schwinger

model.'®
Section 4: The Fermion Fields: Wave F . 1 V. R lizati
In order to compute correlation functions of Fermi fields, these have to be

written in terms of the bosonic free fields ¢, x;, x2 and 7 in the Heisenberg

picture. The canonical momentum conjugate to ¢ is given by equation (2.16)
(see eq. 2.15)

e =¢+ %(Ao — A,) (2.16)

In terms of the “longitudinal” and “transverse” components of A, given by
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equation (3.2) and the transformation given by (3.5) we find
o g
Te=¢ + ﬁaz(x =) (4.1)

All the fields are in the Heisenberg picture. Since ¢' is a free massless field it can

be written as
¢' = gg(z—t) + ¢L(z ~ 1)

therefore as it was discussed in section 2 for free fields, we can define the dual
field ¢' by

The canonical momenta in equation (4.1) is thus written as

3! g 0
—E+77?£(X_)‘) (4.2)

7T¢,—-

But —my is the space derivative of the dual field q~5 in the Heisenberg picture, (see
eq. 2.7) hence

98 _ 94 9 0

9z~ "9z T Fas X N (43)

Therefore in the Heisenberg picture, and using (3.5)

br = (6 +%) = dplz-1) (44)

6L=36=9) = dLle+ )+ Tx (45)

Therefore equations (2.9) and (4.4) imply that the right handed component

of the Fermi field is frée, this is of course a consequence of the fact that only

. the Ift handed component is coupled to the gauge field in the Chiral Schwinger
model.

14



Therefore we write the Heisenberg fermion fields as

c iVang)
= —=€ R
VR= T

"xbL _ C e—’.\/:i—";‘f’,l, e—-i2ﬂ

VL
B=g(x—2)

The constant C is related to normal ordering, see equation (2.10). The above

expressions can be written in a compact form as
_ ,—ifP_
Y= ey,

with P_ = (1 — 7s5) and %), a free massless spinor by equation (2.9), and (2.10).

At this stage we can recover the Klein factor. It is the same that ensures the
anticommutation of ¥'g, ¥ in equation (2.9), since ¥, is a free massless spinor,
and anticommutation of 1, will ensure anticommutation of v since (x — A) does

not involve time derivatives.

In terms of the canonical free fields ¢'L, 1, X1 and x2, the component ¢ of
the Heisenberg field ¢ reads

, 1 1

However the normal ordering definition in equation (2.9) is with respect to

the quanta of the field ¢ in the interaction picture, l.e., ¢ is a free massless field
in equation (2.9).

Using the relation given by equation (2.10) we can write in the Heisenberg

picture

¢L=%e—i\/‘1_”¢L(1,t) (4.7)

15



with ¢ given by equation (4.6) and

C = e-21r[a£—)(z,t),a£+) (z,t)]

(4.8)
In equation (4.8) ar is the left handed component of a free massless field (see
equation 2.10). Therefore
C —iVan g ..-\/E( —n) i/
¢ = —— t 47r¢L e 1 a—1 X2—n e ._,Xx 4.9
L \/E ( )

and since ¢ is the left component of a free massless field and x; and 7 are free

massless fields quantized with opposite metric, we see by using (2.10), (4.7) and
(4.8) that

YL = — ;e VAL (—1VEE e | iV (4.10)
VL
Writing
50— 5 25 KT i) (4.11)
with
(21, %P (1)) = - / o -~ = —itr(o,m) (4.12)
We find *°

= _1_ :e—i\/ﬁm. . e—%(:f'l)Ap(o,m)

7 : (4.13)

~ with ¢r given by (4.6). The normal ordering in (4.13) is now with respect to the
quanta of the free Heisenberg fields ¢, n, x1 and x2.
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Equation (4.13) suggests that we introduce a wave function renormalization
constant (see footnote page 19 and reference 20)

m?2

1
i 2\ a—1 .
Ty = eiiar(om) _ (A_> : (4.14)

!
such that Z; v has finite matrix elements, in equation (4.14) A is an ultraviolet

cut-off. In particular
Zy <0 | Ty (z)vr(y) |0 >= % <0|T: eVAToL(z) o o=iVATOL(Y) 10> (4.15)

The right hand side of equation (4.15) can be computed easily by using Wick’s
theorem and by recalling the x3 and n are quantized with opposite metric and

that the term

1 L emiVATOL
vL

is a bosonized free left handed fermion. Therefore we find

Any

Zy <O | TYF(z)¥r(y) |0 >=iSpr(z — y)ea-1Ar(z=y.m) (4.186)

with Sp 1, the free propagator for left handed fermions and Ap the free propagator

for massive bosons. This result agrees with that of reference 10.
V izati s

Following the procedure used for the wave function renormalization constant
we can compute the vertex renormalization correction. TFor this purpose we notice

that the current coupled to the gauge field only involves the operator
pL(z) = ¥f (z)¥L(z) (4.17)

This operator has two sources of singularities. The first being the fact that the

unrenormalized operator i has singular matrix elements by the second term on

17



the right hand side of (4.17) (wave function renormalization). The second source
of singularities is the fact that (4.17) is a product of operators at the same point.

The first problem is handled by using the renormalized fields (or multiplying
pL(z) by Z3) |

Zypr(z) = % L eVATRL(E) o —IVARSL () (4.18)

The second problem is handled by using Mandelstam’s approach and defining
pu(a) = lim 2 {| em(z — ) I ¥F (=)o) + Flz—v)}  (4.19)

The function F(z — y) and the constant o are chosen such that the limit z — y

is finite.

Using the formula

+) pi-)
et 6B = AT BT AT

and the fact that x2 and n have opposite metric we find'*%°
2.2 2y a1
D (2)or () = : VAL -galy)) . (2Pl — yl?) 4.20
29 (#)vLly) =, e - 27i(z - y) (4:20)

with ¢ a numerical constant {related to Euler’s constant).

Therefore we see that if we choose 0 = 2/(a—1) and F(z—~y) = 1/27i(z —y)
then

pr(z) = '\71—;% (4.21)

- The term |em(z — y)|? in equation (4.19) plays the role of the vertex renormal-

ization constant Zl_l. Introducing an ultraviolet cut-off in the limit z — y as

18



|z — y| = (cA)~!, we find that”

zZ7l = ('Z—j) ” | (4.22)

or that
Z1 = Zz (423)

this is one of the main results of this paper. In vector-like electrodynamics the re-
lation (4.23) is a consequence of the Ward identities, a result of gauge invariance.
Despite the fact that there is fermion wave function and vertex renormalization,
there is go coupling constant renormalization in this theory. This is understood
from the fact that there is no wave function renormalization for the “photon”,
and from equation (4.23) (there is only “mass” renormalization parametrized by
a). This can be seen to be the same reason by which the coupling constant in

the Thirring model is not renormalized.

An obvious question that arises is why is there a wave function and vertex

renormalization constant?

In fact this question can be answered in perturbation theory. Let us first
consider the fermion self energy. The full photon propagator can be found by

integrating out the field ¢ in the Lagrangian (2.15), it is found to be given by5

: 1 T2 k°k koky
08 = gt { o+ o [k (5= ) - et - e

(4.24)
with m given by equation (3.10).

» Instead of writing |z — y| = (cA)~? we can use Coleman’s regularization (see equation 2.9
in reference 20) A(z,m) — A(z,A) = A(z,m, A) such that as |z —y| — 0, A(o,m,A) =

” 2

— L In(%y). This yields the same result as given in equation (4.22).
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The high momentum behavior of the above propagator is similar to the one

in a Proca theory (massive vector field)

ik, k
lim Gy (k) ~ — oy o
ikil-r-.noo v (K) k2g%(a — 1) (4.25)

Now consider the second order fermion self energy correction with the full

photon propagator (4.24)

a2k G (k)
E(p) ~ 92/ i - - (4.26)

P_ = (1-1s)

Because of (4.25), X(p) seems to be linearly divergent, however by chiral symme-

try it has to be of the form
Z(p) = pe(p) (4.27)

and in fact €(p) is logarithmically divergent. The divergence arises from the term
in equation (4.25), notice that the g% in the denominator of equation 4.25, and

in the numerator of equation 4.26 cancel. Therefore we find

A A2 A2 2_:'1'
Zp=1+ 1n-——+--~~< ) (4.28)

a—1" m? m?

where A is a numerical constant arising from the Feynman integral. These ar-
guments explain clearly the power ('alTl) and the absence of coupling constants
in Z;. A similar analysis can be carried out for the vertex function with G,
given above, and in fact it is very easy to see to this order that Z; = Z; by the
usual analysis since Z; = (0X(p)/dp)p=o corresponds to the insertion of a zero
~momentum photon, therefore the logarithmic singularities are the same for the

vertex and self-energy corrections.
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Before closing this section we want to remark that the correlation function
given by (4.16), Z, and Z; and the relation (4.23) are exact. In a gauge invariant
theory the fermion correlation function can only be computed by specifying the
choice of gauge, if no gauge is chosen the fermion correlation function must
vanish by gauge invariance. Therefore equation (4.16) reflects once again the

lack of gauge invariance in the theory.

Section 5: The Physical Operators:

We have seen in section 3 that the full Hilbert space of the theory is of
indefinite metric, but there exists a quantum constraint that restricts the full

Hilbert space to a physical subspace in which the equations of motion (3.1a,b)

are satisfied.

The constraint is given by equations (3.17) with Jz given by (3.16).

A physical operator P(y) is defined such that
[J;(“‘)(x), ﬁ(y)] =0 V z,y v=0,1 (5.1)

Condition (5.1) ensures that the states obtained by applying P onto the

vacuum are annihilated by J;.H), therefore satisfying the constraint (3.17).

For a massless field ¢(z,t) = ¢r(z —t) + ¢r(z + t)

0"¢+ €"#9,¢ = 26"#9,¢0L(z + t) (5.2)
Hence JF can be written as

JT

1-—
TJ; = —2.611”6#¢’L + 2—( a) e”"&,mL +

i et x) o3

Since Jg does not depend on ¢’p and x; and

[¢(2), SL(¥)] =0 Vz,y (5.4)
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then
77 @), ¢=)] = TR (@), i) =0 Vz,y (5.5)

Therefore ¢y and x, are physical operators. Consequently g and F,, (see
equations (3.2) and (3.7)) are physical operators.

It is a matter of straightforward algebra to show that because 5y and ng

commute and because x; and n are quantized with opposite metrics then (¢ is

defined in equation 4.6)

i), ¢rw)] =0 Vaz,y (5.4)

Consequently v is a physical operator. This should again be contrasted to the

case of the gauge-invariant Schwinger model quantized in a covariant gauge where

the fermion field is not a physical operator.18

Physical states are obtained by applying polynomials of ¢y, Fu., x1 and ¢,
onto the vacuum of the full Hilbert space ¥ given by (3.12).

However neither ¢/, n or x2 create physical excitations. We see that since
n and x2 appear in the combination n — x2 in ¢z, the physical Hilbert space is
of positive metric. Therefore in S-matrix elements of physical operators n and
X2 only enter as intermediate states in the combination 1 — x2, cancelling each

other because of the opposite metrics.?

Section 6: The Physics of the Wess-Zumino Term

As was mentioned in the introduction a different mechanism that is proposed
to cancel the anomaly and to render the theory gauge invariant is the addition of
a Wess-Zumino (W-Z) term to the action. In references (7-9) it was shown that
incorporating this Wess Zumino (W-Z) term in fact restores the gauge symmetry
in the Chiral Schwinger model. More recently several authors® suggested the

possibility that in fact the W-Z term does not have to be put in the theory

by hand, but that it naturally emerges from the path-integration over all gauge
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orbits. In particular the W-Z (pseudo) scalar field arises after using the Fadeev-

Popov trick to take into account the integration over the gauge orbits.

To the present author this result has to be taken with care for at least two
reasons. The first is that since the theory has quanturﬁ constraints, it is not
clear whether integration over the full gauge orbits respects the constraints. The
second reason is perhaps more disturbing. The Fadeev-Popov trick is a way of
writing 1 in an adequate way, but it should not introduce new physics in the
theory. However there is a new field, the W-Z field, that seems to have acquired
the status of a physical field, therefore it is legitimate to ask is the W-Z field
physical? Furthermore, we have learned that the full Hilbert space of the theory
is of indefinite metric, how does the W-Z field modify the constraints? And last

but not least which are the physical correlation functions in the theory with the
W-Z terms?

To answer these questions we adopt the attitude of just adding the W-Z form
to the action (2.15) ad hoc to study its consequences. The W-Z term for the

Chiral Schwinger model was given several times in the litera‘cure,s’9 it is given
by

Loz = %(a —1)(8,0) — =6[(a — 1)8, 4" + ¢#73, A, (6.1)

N

and the total Lagrangian density is
L=Lo+Lw-2z

with £, given by equation (2.15). Notice that L is explicitly invariant under the

transformation
Ay, — Ay +0,0(z)
6.2
6— 06— —g-a(z) (6:2)

Vv
therefore Lw_z has restored the gauge invariance of the theory. The equation
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of motion for 8 is
(e — 1) = \/_[(a. —1)0,A* + #V8,A4,) (6.3)

Using equations (3.2), and (3.6) we see that there is a canonical transformation

that diagonalizes the mixing term in (6.1). Defining

§ VIRY
9 -2 6.4
a—1 7 (6-4)

with ¢ a free massless field. In terms of ¢, ¢, x1, and x2
1 1 1 1
—§¢'D¢' - '2'X1(D+ m?)x1 + oXx20x2 = S¢0K (6.5)

Comparing (6.5) with (3.9) we see that the field ¢ replaces the field n (or X
by (3.11)). However by the transformation laws (6.2) and by (3.3) and (3.6) we
see that the field ¢ is a singlet under gauge transformations as are ¢', x; and xs.
So that the field A’ (or 1) which is the only field that transforms under gauge
transformation does not appear in £ in (6.5). Of course this is a consequence of

the gauge invariance of L. The contribution of the W-Z field to the current in
(3.1b) is given by

JY = \/_[ a—1)8"8 — 3,6 (6.6)

And since (6.6) does not depend on xi, this term contributes to Jz in equation

3.16) by just adding J? to J%, therefore the right hand side of equation (3.15
¢ F

is now given by
Jb=T5+ I (6.7)

with J¥ given by equation (3.16) and Jy by (6.6). In terms of the fields in (6.5)
~ we find
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v _ 9 (¥4 + ho.b) 4+ I L - a9’ i
JY \/.7;(a¢+e ay¢)+ﬁ\/m[(1 a)a ¢ + €"#9,¢]
g a

_ vi
N \me Oux2 (6.8)

Notice again that the only change that the W-Z term introduces is the replace-
ment of the field n that transforms under gauge transformations by the field ¢

which is a gauge singlet. Now J is gauge invariant.

Now for the theory with the Wess-Zumino field given by the Lagrangian
density £, + Lw -z the quantum constraint that defines the physical subspace of
the full Hilbert space is analogous to (3.17) with Jg" replacing J

JFHP>=0 (6.9)

The physical operators are xi, ¢, Fy, and

U 1 ! _
¢ =9 \/a_1+\/a__1(><z X1) (6.10)

Since the field ¢ is a gauge singlet, now the physical operators are gauge invariant.

However notice that ¢ is not a physical operator, in the same way as n ()\') was

not a physical operator in the theory without the Wess-Zumino term.

Therefore we conclude that the Wess-Zumino field 6 in Ly z (eq. 6.1) is not
associated to a physical operator in the quantum theory. And as in the theory
without Lw_z the physical Hilbert space contains only positive metric states,

since ¢ and x9 are quantized with opposite metrics.

Since the theory is now gauge invariant, the only meaningful correlation func-

tions are those of gauge invariant objects. Let us define the following gauge

25



invariant quantity

1 iVaT0 ~i/AT$
Y = ——=:eViTleTVEATOL . 6.11
L Zz\/z ( )
where 8 is the W-Z field and ¢, is given by equation (46) Normal ordering is
understood with respect to the respective quanta. By using (6.4) and (3.11) the

expression (6.11) can be written as

1 -iandr
YL = A . (6.12)

with @7 given by (6.10). It is now evident that vy is gauge invariant, and that
since ¢ and x2 have opposite metric the wave function renormalization Z; in

(6.11-6.12) is given by (4.14). It is now clear that the correlation function

Z, < 0Ty (=)L ()]0 > (6.13)

is exactly given by the right hand side of equation (4.16). This is obvious since
the only change that the Wess-Zumino term has introduced is the replacement

of the free massless field n by the gauge singlet free massless field ¢ everywhere,

and n and ¢ are quantized with positive metric.

Therefore we find that in the theory with the W-Z term, the physical op-
erators are gauge invariant and that the correlation functions of these gauge
invariant physical operators are exactly the same as the correlation functions of

the physical operators in the theory without the W-Z term. Hence in this sense

we can think of the theory without the W-Z term, as the theory with this term
but quantized in the “unitary” gauge 6 = 0, as proposed in ref. (7).

Therefore we see that the W-Z term restores gauge invariance in the theory,
but does not simplify the constraints that define the physical Hilbert space. And

_in particular the W-Z field g that is a gauge singlet is pot a physical quantum
field. '
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Perhaps the only advantage of introducing the W-Z term is to restore gauge
invariance, ensuring the Ward identity Z; = Z; in equation (4.23) (although it is
not clear to the present author how the gauge invariance brought about by the

W-Z field is responsible for this Ward identity).

However, although gauge invariance is restored, this does not relieve the
theory from the severe constraints that determine the physical Hilbert space and
the physical operators. The constraints are given by equations (6.8) and (6.9) (in
the theory with the W-Z field), the physical Hilbert space is of positive metric,

hence unitarity is obeyed in this subspace.

Summary of the Results, Conclusions and a Glimpse at Four Dimensions.

In this paper, the Chiral Schwinger model (chiral QED) is completely solved
in 1 + 1 dimensions. The theory is not gauge invariant because of the anomaly
and there is a renormalized mass for the vector field parametrized by a constant
a (and the coupling constant). This mass is a parameter of the theory that has

to be specified. However only for a > 1 are the massive excitations physical.

The full Hilbert space is constructed and it is a tensor product of Fock spaces
for free bosons. This Hiibert’space is of indefinite metric, however, there is a
quantum constraint that defines the physical states and physical operators. This

constraint not only involves the gauge fields but also the fermion fields.

The fermionic fields are written in terms of physical operators and their
correlation functions calculated exactly. We find that (for a > 1) there is an
ultraviolet divergent wave function renormalization constant for the (left handed)
fermions Z; and a vertex renormalization constant Z1—1 and that the identity
Z, = Z; is fulfilled exactly despite the lack of gauge invariance. The right handed

component of the fermions is a free field.

These non-trivial renormalizations can be seen to arise in perturbation the-
_ ory from the poor high energy behavior of the full photon propagator, which is

the same as in a Proca theéry. For the gauge fields, there is only mass renor-
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malization, absorbed in the parameter g and no wave function renormalization,

hence no coupling constant renormalization.

A Wess-Zumino term was added ad hoc into the theory to study its conse-
quences. These W-Z terms restore gauge invariance to the theory by replacing
the gauge non-singlet part of the gauge ficld by a massless gauge-singlet field.
However the constraints of the theory remain slightly modified and they define
the physical Hilbert space of the theory with the W-Z field. In particular we find
that the W-Z field itself is not-physical (does not commute with the constraints).

The gauge invariant fermionic correlation functions (see eqs. (6.11), (6.12)
and (6.13)) computed in the theory with the W-Z term, are exactly equal to the

fermionic correlation functions of the original theory without the W-Z term (not

gauge invariant).

In fact we conclude that correlation functions of physical operators (deter-
mined by the constraint) are the same in both theories, with and without the
Wess-Zumino terms. However the physical operators are not determined by the

gauge invariance of the theory with the W-Z term, but by a set of constraints

that are equivalent in both theories.

We conjecture that many of these features may survive in chiral theories

in four dimensions. In particular a mass for the “photon” will be a physical

parameter of the theory.

Since the gauge invariance would be lost, the physical degrees of freedom
cannot be exposed by fixing a noncovariant gauge since this would break Lorentz
covariance. Hence the theory would have to be quantized covariantly, and we
expect the Hilbert space to be of indefinite metric, with an ensuing constraint

that would define the physical subspace of the full Hilbert space. In this physical

subspace unitarity is expected to hold.

Recently Rajarama‘n21 and Rajeev22 have partially studied the question of
_unitarity and Lorentz invariance in four dimensional chiral theories. These au-

thors have modified the theo:ry by introducing W-Z-type terms. Although the
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nature of the Hilbert space and physical operators have not been completely

elucidated, their results seem to confirm (partially) our ex\pecta.tions.

Regarding renormalizability, the 1 + 1 dimensional theory strongly suggests
that the gauge-invariant Ward identities may be maintained. And although the
divergence structure of the theory is expected to be different (worse) from that

of a gauge theory, if the Ward identities are still satisfied, the theory may still

be renormalizable.

Of course this has to be studied further, the main worry would be overlap-
ping divergences. The next question would be to understand the nature of the

constraints, and this may constitute a considerable task.
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