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We present the complete analysis of classical Lie symmetries of systems of two nonlinear
diffusion equations with 1 + m independent variables t,x1, ..., Z,,, whose nonlinearities do
not depend on ¢t and =x.

1 Introduction

Coupled systems of nonlinear diffusion equations have many important applications in mathe-
matical physics, chemistry and biology. These systems are very complex in nature and admit
fundamental particular solutions (for example, traveling waves and spiral waves) which have
a clear group-theoretical interpretation and which can be obtained using the classical Lie ap-
proach. The existence of such solutions predetermines an important role for the group theoretical
approach in the analysis of systems of reaction diffusion equations. However, to the best of our
knowledge, a comprehensive group analysis has not been undertaken previously although anal-
yses of some special cases do exist.
In the present paper we investigate Lie symmetries of equations in the general form

ou 0%u

— A I — fu) =0, 1.1
where the dependent variable u = column(uy,us,...,u,) is a n-component vector-function,
dependent on m + 1 variables ¢, x1, z2, ..., Zn. Also, f = column(f1, fa,..., fn) is an arbitrary

vector-function of © and A is a n X n constant matrix which is non-singular.

Classical Lie symmetries of equation (1.1) with, n = m = 1, were investigated by Ovsian-
nikov [1] whose results were completed by Dorodnitsyn [2]. The related conditional (nonclassical)
symmetries were described by Fushchych and Serov [3] and Clarkson and Mansfield [4]. Sym-
metries of equation (1.1) with m > 1 and (or) n > 0 were partly investigated in papers [5-7].
We notice that it was equation (1.1) for m =n =1, f = 0, was the subject of a group analysis
by Sophus Lie [8].

An investigation of the symmetries of the general equation (1.1) can be undertaken within the
framework of the classical Lie algorithm (see, for example, [9, 10]) which reduces the problem of
determining symmetry to the solution the systems of linear over-determined equations for the
coefficients of the symmetry operators. We will show that when applied to systems (1.1), this
algorithm admits a rather simple formulation which may also be applied to an extended class
of partial differential equations.
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2 Determining equations for symmetries of the system (1.1)

We require form-invariance of the system of reaction diffusion equations (1.1) with respect to
the one-parameter group of transformations:

t—t(t,z e), r— 2 (t,z,€), u—u'(t, 2 e), (2.1)

where ¢ is a group parameter. In other words, we require that u/(¢',2’,¢) satisfies the same
equation, as u(t,x):
0 0?
1 / r_
From the infinitesimal transformations:
t—t' =t+ At =1t+en, Tog — Th =T+ Axq = x4 + €%, (2.3)

Ug — UL = Uug + Aug = ug + em,

we obtain the following representation for the operator L'.

0 0 0 0
L'=11 —+& L|l—ce(ns+¢° O (7). 2.4
e (03 ) 2 e (i 052, -0 &
Using the classical Lie algorithm, it is possible to find the determining equations for the
functions 7, £, and m,, which specify the generator X of the symmetry group:

0 0 0

— a _a 2.
Lrri mala T (2:5)

where a summation from 1 to m is assumed over repeated indices. This system will not be
reproduced here but we note that three of the equations are:

X

a 2 _a
So from (2.6), n and £* are functions of ¢ and x, and 7« is linear in u,. Thus:
7% = —1%yy — W, (2.7)
where 7% and w® are functions of ¢t and x = (21,2, ... Tp).

From (2.6) it is possible to deduce all the remaining determining equations. Indeed, substi-
tuting (2.3), (2.7) into (2.4), using (1.1) and neglecting the terms of order £2, we find that

0 0
+&°

_ of _

(—Trabub - wa> , Q +, (2.8)
a
and 7 is a matrix whose elements 7% are defined by the relation (2.7).

To guarantee that equation (2.8) is compatible with (1.1) and does not impose new nontrivial
conditions for v in addition to (1.1), it is necessary to suppose that the commutator [@, L] admits

the representation:
[Q,L] = AL + o(t, z), (2.9)

where A and ¢ are n X n matrices dependent on (¢, x,).

Substituting (2.9) into (2.8) the following determining equations for f are obtained:
ofF
ou®’

(Akb - ﬂ'kb> P4 oMb 4+ Lok = — (wa + wabub> (2.10)
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Thus, to find all nonlinearities f* generating Lie symmetries for equation (1.1) it is necessary
to solve the operator equation (2.9) for L, @ given in (2.2), (2.8) and determine the corresponding
matrices A, 7, ¢ and functions n and £. In the second step the nonlinearities f* may be found
by solving the system of first order equations (2.10) with their known coefficients.

Equation (2.9) is a straight forward generalization of the invariance condition for the linear
system of diffusion equations (1.1) with f (u) = 0, so that:

[@Q,L] = AL

which may readily be solved. By means of this “linearization” the problem of investigating sym-
metries of systems of nonlinear diffusion equations is reduced to the, rather simple, application
of elements of matrix calculus in order to classify non-equivalent solutions of the determining
equations.

We note also that calculations of the conditional (nonclassical) symmetries for the sys-
tem (1.1) may be reduced to the solution of the determining equations (2.10) where now A,
m, ¢, n and & are defined as solutions of the following relationship:

[@Q,L] = AL+ o(t,x) + p(t, z)Q, (2.11)

where p(t, ) is an unknown function of the independent variables.

3 General form of symmetry operators

We now determine the general solutions for matrices A, ¢, m and also the functions &, n, 7
which satisfy (2.10), (2.9). Evaluating the commutator in (2.9) and equating the coefficients for
linearly independent differential operators, we obtain the determining equations:

AL} = —0ap(AA + [A, 7)), (3.1)
=0, n=A, (3:2)
£ — 2Am, — ALY, =0, (3.3)
¢ = Aftpn — 7. (3.4)

Here the dots denotes derivatives with respect to ¢ and subscripts denote derivatives with
respect to the spatial variables, so for example, n, = %.
From (3.2) A is proportional to the unit matrix, A = AI. Moreover, it follows from (3.1) that

[A, 7] = 0. Indeed, choosing in (3.1) a = b we obtain
T— ATl A = (264 — M. (3.5)

The trace of the left hand side of (3.5) is equal to zero, and so 2§ — A =0 and Ar —71A = 0.
Equations (3.1)—(3.4) contain matrices which commute, and so they may easily be integrated
using, for example, the method of characteristics. The general solution of (3.1)—(3.4) is:

¢ = Ololyy, + dz 4 g%, 7= —2d,

. . .
T=-A"" émQ + g% | + C, A= -2dI,
2 2 (3.6)

P
0= %d —C - §A_1 (gzz:Q + gaxa) ,

where d, g* are arbitrary functions of ¢ and C is a t-dependent matrix commuting with A.
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By considering the xz-dependence of functions (3.6) it is convenient to represent a still un-
known function w, occuring in (2.10), as:

wa = wiz? + WPz 4+ Wl + p?, (3.7)

where wg, W, W are functions of ¢, and p® is a function of t and z, 2% = 22 + 23 + - + 22,.

Without loss of generality we suppose that all terms in the right hand side of (3.7) are linearly
independent. Then comparing with (2.10), (3.6) the functions x* have to satisfy:

Lk = Np? + 6§ + &Py + €ba®, (3.8)

where A** are constants and f(])“ , €8¢k are functions of ¢.
The final step is to substitute (3.5), (3.7) into (2.10) and equate coefficients for all different
powers of x,. As a result we obtain the system of equations:

) o iab R OfF §
d (A—l)kb fb + d(Afl)kb’u,b —d (Ail) buba—ia =4 <WIQC + EIQC - OJb%) = 07 (39)

k k
ga (A*I)’“bberg“ (Ail)kbub—ga (Al)kbubgza —9 <@im+§fa_ ba / > =0, (3'10)

s kb L k) by (kb Tk b aab \OST ok Wb pOf"
<2d5 +C )f +(C 5 do >u (wo +C"u >51‘a = wy — 2mA™wy — wy o (3.11)
ort »

= AFbLP, (3.12)

Thus, the general form of symmetry group generators for equation (1.1) is given by relations
(2.5), (3.6), (3.7), where d, g%, C%®, wk, Wi® w§, u® are functions of ¢ to be specified using
equations (3.9)-(3.12).

4 Nonlinearities and symmetries

We will not give the detailed calculations but present the general solution of relations (3.9)—(3.12)
in the form of the following Tables 1-3.

In Table 1 the Greek letters denote arbitrary coefficients while D,,, G and G, X4, Yy, F,
B are various types of dilatation, Galilei and special transformation generators as follows:

0 0 2 . 2s 0 0
Dy = 2t a A D:D——F, Dy =Dy — —— P — ],
e TR =Py 2= T (“am + aug)
2 (0 0 2 0
D3=Dyg——=—-2 — Dy=Dy— —wg—
s "7k <8u1 i 8u1> ’ 4 0 kwaaua’
0 1 _q1\nb 0 A 0 1 _1\nb 0
Gq t&va 3%a (A7 1) ub—aun, G, = exp (nt) <8:Ba — 3" (A7 1) ub@un) ,
) ) ) (4.1)
= o— CRI P [a,b] [b,a] — ot E
Xo a@t + ﬁa a$a +v Lq aZEb’ 14 v Y: ntF B,
0 0 0 0 0 0
Y2 = exp(st) <U18—1 + na—u2> s YQ U18—UQ - na—m, }/3 U18—2 — 2na—ua,



Symmetries of Systems of Nonlinear Reaction-Diffusion Equations 51

where k, n, s are parameters used in the definitions of the nonlinear terms,

. 0 N 0 0 0
ab ab
F=Flups-,  B=DB%p F_<1 1) (4.2)

and B is one of the matrices:

10 d -1
I. B_<Od>, IT. B_<1 d),

00 10
Illa. B—<10>, 117b. B—<d1>.

In Tables 2 and 3 we form a two-dimensional Lie algebra based upon the matrices, F' and B,
classified the categories:

10 0 0
rr=(oa) ()

(4.3)

r=(o1) (1)
ITb. F:(il_dl), B=<(1)(1)>; (4.4)
IITa. F:<‘1)8) B=<32>;
IITb. F:<3l(1)> B:<$8>.

Here, k = const, A = koni — ngky, 6 = %(k‘o —n1)? + king and:

0 02

i=1 ?

The generators D fl . Ga, Ga, X, Y, when not specified in (4.1) are given by:
0

~ 8 1 ab 0 m 0 0
Ao =222 4tz S22 (A _m 9 L2
0= 8t + tx 9. 1" (A7) L s + (ul U >,

- . - 0 0
A1:A0+nt2F—mB, D5:D0—@(u1—+u2—>,
u

[\)
[\

A2 4 2 [ kst 0 2st 0O
De=Dy—2nF— =B, Dr=Do+- ("2 —1)uy—0 — 22
k r\r ouy r Oug
0 0 D o 0 0
Dg = Dy — 2st - 1) —2— Dg = D —(— 275)——2—
8 0 st(uz )aul Ouy’ 9 0 mx + 2 ouy Ouy’

1 0
D10 = Do - — <U1— +2U2

0 t 0 t 0
ou 8U2

Uy
2snOu; s Oug’

1 0 0 0
Dy = Dy — = g2k + 12
11 0% (ula 1+u26u2 s(2k + )m 8u1>’
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N A 1
X1 = pexp(A\Tt)F1 +vexp(A\ 1) F, F1= [i(ko —ny)+ V8| F +noB, n=A",

1 1
Fo =k F— §(ko—n1)+\/3]B, n=2\", )\izi(k(ﬁ—nl)ié,

Xy = uexp(nt)&’}g + vy, n = ko + nq, F3 = koF +ngB, Fy = koB — k1 I

X3 = pexp(nt)Fs + vFs, n = ko + ni, Fs =k F +noB, Fe =mn1F' —noB,
. 1
Xy = exp(nt)Fz, n= 5(](30 +nq), Fr=uF +vB,

X5 = exp(nt) [u(kltﬁ +B)+ VF} ,

X¢ = exp(nt) [u (F + notB) + VB] , n= %(ko +n1),
X7 = exp(nt)u [<\/Toklt + 1) F+ notB} +v Kklp — —noklé) t+ B}
= 5 (ko + ),

Xs=v [kltﬁ +(1—kot)B+p <k1F - koB’)] :

Xo = exp(nt) [%(nl — ko) cos(wt) + w sin(wt)} F — ng cos(wt)B,

X109 = exp(nt) [w sin(wt) + %(ko — n1) Cos wt} B — ky cos(wt)F, n= %(ko —n1),
0 q (sx* 0 0 0 0
Y = _ — — -_— = —— Y = _
5 = exp(nt) <u1 Ouy  2p <2m Ous 8u1>> ’ 6 = exp(nt) <u1 Ous 8u1> ’
0 0 0 0
Y; = (‘9 + nta—u2 Ys = exp(kt) (ula o + nta—u2>

0 n 0 0 0
Yy = — 4y Yo = — e
s = exp(kt) <u1 Ou;  k—0b0uy ) 10 = kn ouy ""auQ

0 0
Y11 = exp(nt) (sm(pt)ul B + cos(pt) 8u2>

0 d
Y19 = exp(nt) <cos(pt)ula—u1 — sin(pt) 8u2>

duy

0 0
Y13 = exp(nt) (ptula— + a_le) Y14 = exp(nt)uy



Table 1. Nonlinearities with arbitrary functions

No Nonlinear terms Type of Arguments Conditions Symmetries Symmetries
matrix B (4.3 of 1, Y9 for parametrs A1 £ kB Al =kB
Y1, P
fl — quJrlQOl
1. I Y2 k#0 Xo+vD Xo+vD
12 = ubdg, ud o 0 1 0 1
I — exp(k6 U2 + Pou
N f2 p(kO)[pruz + poui] T R0 k0 Xo + 1Dy Xo +vD;
J7 = exp(kb)[p1u1 — pous]
= pruf*! —22
3. I11b,d=1 uije “1i k#0 Xo+vD; Xo+vDq
£ = (prInus + o) ult!
f1=exp (K2 ) pru
4. ) Zl Illa up k #0 Xo+vDq
f2=exp (k2 ) (pruz + ¢2)
. fl=ui(nlnui + ¢1) s o n#0 Xo + ,ue”tB Xo + .Gy + ue”tﬁ
: 2 _ ud A A
f*=uz(nlnuz + o) “ n=0 Xo+uB | Xo+pB+veGa
fr=p1uz + pauy
+2 llnR+0 (dul—uz) A A A
5 2 (d ) " n#0 Xo+ pe™B | Xo+v,Gy + pe™B
6. | [f°=wp1u1 — paus II,d+#0 Re~ " N
+2 (LI R+ 0) (dup + u1) n=0 Xo+uB Xo + pB + AaGa
R? = u? 4+ u3, § = arctan (Z—f)
fl = (p1 — nO)us + pouy n#0 Xo+ ,ue"tB Xo + l/aé'a + ue”tB
7. I1I,d=0 R
f2 _ U — U N ~
= iUl — P2uU2 n=20 Xo+ ubB Xo+ uB 4+ MGy
. fl= p1u1 + nus b d— 1 w n#0 Xo+ ,uentB Xo + széa + uentB
. 9 s = —= — 1nuj = R
f2 = (pruz + ui1p2) + nup (1 + Z—f) “ n= Xo + uB Xo + puB + MGa

suoryenbs] UOISNJI([-UOI}ORIY ILIUITUON JO SWIOISAQ JO SOLIJOWIUIAG

€9



able continued). Nonlinearities with arbitrary functions
Table 1 inued). Nonli iti ith arbi fi i
. Type of Arguments Conditions Symmetries Symmetries
No Nonlinear terms matrix B (4.3) of 1, w9 for parametrs A=l £ kB A~ =kB
fr=pu - A
9. f2:cpu2—nu1 Illa,d=0 Ul Xo+ pB+vY;
f'=ou .
. 9 a (75} X() 1% "
[ = pruz + paur + nug
()
ft= Uy o
11. <k I,d=0 slnuy + kusg Xo+vDo
X exp [(s + Wug)} ©1
12 = uf exp(suz)pa
1
fl = 1 exp (nr;qji) Uf2+l
12. +ortgu (nug + Inug) I,d=0 ug — nlnug Xo +1vYs
f? = @2 + #55 (nug + Inuy)
It = exp(kuy)pr
13. IlIa nu? + us k+#0 Xo + AD3
f? = exp(kuy) (02 — 2np1 Inug) !
1
= + su
1, | L et IITa nu? + us Xo+ AV
J2 =2 — 2np1uy + 2suy
fl=n 9
15. 117 Xo + AY, o
f? = kug + o ¢ “ 0+ AYa + g,
o = exp [E(wiug + wau “
16. / P [;( ! 21 22 2)] v any w1l — Woll] k#0 Xo+vDy Xo+vDy
a=1,2,w"=wi+w;
fl=o
17. ) any (u1,uz) Xo Xo
fP=2

2
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Table 2. Non-linearities with arbitrary parameters which generate symmetry with respect to dilatation

Matrix class

. Conditions Symmetries, Symmetries, and symmetry
No Nonlinear terms for parameters A"V £ KF A7l =gF generator
parameters
s =0, Q#O n n q
gtr= A Xo+uF +vDs | Xo+ pF +vDs+ 0,Gq + ANy I, d=-1
T m
fr=(guiuh — s)w =0, q#0, r£0 - - I, k=
1 12 80 470 F0 P D, Xo + vE + pDs + 0,Gq ’d_rjq
72 = (pufus = 22) uy AT =1
. . Ik=
s#£0, ¢#0 Xo + vE + uDg Xo + vE + uDg + 04Ga d’:_g
S
s=1=0 ~ ~ I1b, k=r
flzeqeRr(gul—qu) 1 Xo4+vF+ uDs | Xog4+vF + uDs+ 0,Gq + AAg g 1
m T
— - 0 - - IIb, k=2
+Sus lUl T#Téi?)é X0+VF+MD5 X0+I/F+/,LD5+UQGG d’_ qm
f2=e?®R" (gua + puy) s=v= —
2 —5u1—lu2 l:sq(l_i_l) R R IIb, k=r
R — 02 4+ u2 s 40 ?”756 Xo+ vF + uDg Xo+vF + uDg + 0,Gy n = sq
= u? + ul ; d=gq(1+12)
Hztan*1<“—2> s=0,1#0 - - Ila, k=q
uy g£0, r=0 Xo+vF + uDg Xo+vF + uDg 4 0,Gyg n=lg
!
. r=—q=2 . . IIIb, d=1
f1:<pu71"eqﬁ—s)u1 l—s—0 Xo+vF +uDs | Xo+vE + uDs + a,Gy + ANAq k:%
upy —o=r £ X% . . I, d=1
3 f2= eduy (puz + guy) uj l:Z: 07??;2 0 Xo+vF + uDs Xo+vF + uDs + oG, .
s (u2_£ul) ) 3 IITb, k =
4 q#0, s#0 Xo+vF + uDg Xo+vFE + uDg + 0,Gq nzsqj d—gﬂ
» T a

suoryenbs] UOISNJI([-UOI}ORIY ILIUITUON JO SWIOISAQ JO SOLIJOWIUIAG
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Table 2 (continued). Non-linearities with arbitrary parameters which generate symmetry with respect to dilatation

Matrix class
. Conditions Symmetries, Symmetries, and symmetry
No Nonlinear terms for parameters A~V £ RF Al =gF generator
parameters
d+k#1 .
fl . k20, g0 Xo+vE + uDg Illa
=Py k#0, n=0 - -
4 ) _
F2=ub (PUZ‘FQU?)—HZ,IM g=0 Xo+vF +uDs+ AB Illa, d=0
k #qo’:%: 0 Xo +vE + uDs + AV [Ila. d=0
1 k+1
5 f2 P k40, n#0 Xo + vF + uDg [la, d=1—k
f2 =pufug + qui + nuy Inuy
f1=quittekue 4 ksqyy
6 f2:pu§ek“2+fT r#0,—1p#0 Xo+vDy+ uYy 1
S
¢g=0 Xo+ D7 + uY7 + Yn g I k=-r=1
fl=e"+suz+q &
Topen s=0470 Ao+ vl Id=0k=
n#0 +M<Y7—qta%l>+woa%l R
q = n = 0 A 8
S#O X0+VD8+MF+¢03_U1 Illa
fl — kleug 7pA21 o 5
8 f2 — hpet pAll +q Xo+ ADg + ¢0<9_u1 Xo +vDg + 1/)08—1“ any
1_ 2\5+3 1
fr=p (uz +nui) +12 + st s£0, 541
S 9
9 f2 :q(u2+nu%) — 2;—1“1 p#0 717&20 Xo+vDyp I
—2npuy (U2 + nu%)H%
fl= pu%k-&-l — oamsAll )
10 2 = quFtl _oms A2 k#0 Xo +vDu + Yogy,; aLy

9¢
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Table 3. Further non-linearities with arbitrary parameters

N Nonlinear term Matrix Conditions Symmetries, Symmetries,
© ORTHCAT TErs Class (4.4) for parameters A7V £ kF A7l =gF
d>0, A#0 .
P i Xo+vX) X0+ AX1 + 064Gl
1 flz(k‘olnul—l—kllnug—l—q}ul I d—0 3 B i’ 20
) = >0, = A
fzz(nolnul—l—nllan—i—p)uQ ny =0 k1750 F=Fs Xo + 2 Xo X+ 2Xs 4+ 0,G,
0>0, A=0
fl — (koul — nouQ) InR n =0, ky £0, F=F Xo + 2 Xo X0+ 22X 4+ 0,G,
+0 (k1u1 — TL1UQ) + puy — qusg 57> 0 A7: 0 A
2 II )
f? = (koug +nouy) In R . n #0, F=Fs Xo+AXs Xo+AXy+0aGo
+0 (n1ur + kiuz) + qui + pus nf ; 8’ é : .(;_6 Xo+ A\X3 Xo+ AX3 + 0,Gq
0=0, A#0 A
k1:n0:’0 i:f7 Xo+ 22Xy Xo+ 2\X4 4+ 0,G,
0=0, A#0 A
no = 0 ]{71775()7&.7::]7 Xo + A\ X5 X0+ AX5 4+ 0,Gq
0=0, A#0 A
k=0 noj#O#}":B Xo+ XX Xo + AX6 + 0,G,
1= (kolnuy + q)us + kyus 5Z%é§0 Xo + A X7
ok1
3 | f? = (nour + koup) Inuy IIla S—0=A
+k1z—§+pm+(n1+q)u2 k1 =0, ng=0 Xo—}—I/F—{—,uB Xo—l—uﬁ’—i—,ué—l—aaGa
F=aF +uB
S=0=A Xo+vB Xo+vB
k1=0,n9#0, F=B | +u (F + notB) 41 (F + nOtB) + 4Gy
§=0,A=0 Xo +VvF Xo +vF

k1#0, ng=0, F=F

i <B + kltﬁ)

+u (B + k1tF> + 04Ga

5ZO,A=0, nokl%o
F=kF—-kB

Xo +vXg

Xo+vXs+o0,G,

d=—-w?<0

Xo +vXg + uXig

suoryenbs] UOISNJI([-UOI}ORIY ILIUITUON JO SWIOISAQ JO SOLIJOWIUIAG
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Table 3 (continued). Further non-linearities with arbitrary parameters

No Nonlinear terms Matrix Conditions Symmetries, Symmetries,
Class (4.4) for parameters AV £ KE A7l =kF
dZ1,2,k=0 ~ 5 - )
9
d+0,2,n=0 5 . o Xo + Y05,
o Xo + Yol +v (B - dkt ;) .
s=0,F=B 0+ Yoz TV 72) |+ (B —dit2 ) + 0.
d#0,1,2, n=gq . .
o - . Xo+vF 4 uB
_ _ 1 8 0 1z
1 k—O,S—m XO‘{‘VF"‘/.LB‘FQ)[)TL@—M +w i"‘O’G
g |1 =am IIla F=B o T
f? = nug + pufsuy + k d=2 n—g 5
k?:O, 8#0 X0+,u}/5+wna_u2
d=2,n=q - o Xo+vB+e'F
’ X B o
k:$:07 f:B 0+l/ +¢08’U42 _i_woa;&_i_o—a(;a
n=2(q+p), d=2 A 2 Xo + vYs + pB
k=s=0, F=B Xo + VY + pB + do55; +ogo; + 9aGa
d=2,p=—q Xo + Y5 +dog,;
n=s=0 +M(B—dkta%)
p£0 Xo+vY7 +vog,;
= :0
. 1= kuy Inuy + puy s qbik Xo-l—uYg-Hﬂba%Z
f2P=bus+nlnu +q g=p=0 P
£k b#0 Ko+ 1Yo+ gy,
k#0, b=p=0 Xo—i-VYs)—i-woa%Q
6 | £ =puuz tnulnu s q=p Xo 4+ vY11 + pY12
f? =nus — q¢lnuy q= Xo+vYiz + pYa

8¢
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5 Discussion

Thus we have found all possible versions of systems of diffusion equations which admit a non-
trivial Lie symmetry. These results can be used to construct mathematical models with required
symmetry properties in, for example, physics, biology, chemistry. On the other hand, our re-
sults give ad hoc solution of problems of group analysis of all models using systems of diffusion
equations. As an example consider the nonlinear Schrédinger equation in m-dimensional space

O i TN (5.6
ot &= 02? B ’ '
which is also is a particular case of (1.1). If we denote
1 * 1 *
U1—§(¢+¢})a U2—2—i(¢—1/}) (5.7)
then (5.6) reduces to the form (1.1) with A = io9, and
ft= 1(F*JrF)uQJri(F—F*)ul
2 27 ’
2= l(F—F*)u —1(F+F*)u
T2 27 a

In other words, any solution given in Tables 2, 3 with matrices belonging to Classes I, II give
rise to the nonlinearity

1 .
F = 7 [(uaf' —wur f2) +i (uaf?* + flu')]
for the nonlinear Schrédinger equation (5.6) which admits a nontrivial Lie symmetry. We see
that the number of nonlinearities which guarantee a non-trivial symmetry for the non-linear
Schodinger equation is very extended and exceeds one hundred.
We notice that the nonlinear Schrodinger equations with ad hoc required symmetry with

respect to the (extended) Galilei group where described in [11, 12].

The authors wish to thank the Royal Society fot their support with this research.
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