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Abstract

We discuss how to extend the impurity entropy to systems with boundary interactions depending on
zero-mode real fermion operators (Majorana modes as well as Klein factors). As specific applications of
our method, we consider a junction between N interacting quantum wires and a topological superconduc-
tor, as well as a Y-junction of three spinless interacting quantum wires. In addition we find a remarkable
correspondence between the N = 2 topological superconductor junction and the Y-junction. On one hand,
this allows us to determine the range of the system parameters in which a stable phase of the N =2 junc-
tion is realized as a nontrivial, finite-coupling fixed point corresponding to the M-fixed point in the phase
diagram of the Y-junction. On the other hand, it enables us to show the occurrence of a novel “planar”
finite-coupling fixed point in the phase diagram of the Y-junction. Eventually, we discuss how to set the
system’s parameters to realize the correspondence.
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(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

* Corresponding author at: Dipartimento di Fisica, Universita della Calabria, Arcavacata di Rende, 1-87036, Cosenza,
Italy.
E-mail addresses: domenico.giuliano@fis.unical.it (D. Giuliano), iaffleck @phas.ubc.ca (I. Affleck).

https://doi.org/10.1016/j.nuclphysb.2019.114645
0550-3213/© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP?.


http://www.sciencedirect.com
https://doi.org/10.1016/j.nuclphysb.2019.114645
http://www.elsevier.com/locate/nuclphysb
http://creativecommons.org/licenses/by/4.0/
mailto:domenico.giuliano@fis.unical.it
mailto:iaffleck@phas.ubc.ca
https://doi.org/10.1016/j.nuclphysb.2019.114645
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2019.114645&domain=pdf

2 D. Giuliano, I. Affleck / Nuclear Physics B 944 (2019) 114645

1. Introduction

Recently, considerable interest has arisen in junctions involving interacting quantum wires
(QW’s), both in the case of spinless [ 1-6], and of spinful wires [7—10]. This is mainly due to the
fact that Landau’s Fermi liquid paradigm typically breaks down in one-dimensional interacting
electronic systems, whose low-energy, long-wavelength properties are rather described by means
of the Tomonaga-Luttinger liquid (TLL) framework [11,12]. Within the TLL-approach, tunnel-
ing processes at a junction are described in terms of nonlinear vertex operators of the bosonic
fields, with nonuniversal scaling dimensions continuously depending on the “bulk” interaction
parameters [13,14]. This opens the way to a plethora of nonperturbative features in the phase
diagram of those systems, including the remarkable emergence of intermediate, finite-coupling
fixed points (FCFP’s), either describing phase transitions between different phases (repulsive
fixed points), or novel, nontrivial phases of the junction (attractive fixed points), thus generaliz-
ing to multi-wire junctions the Kane-Fisher FCFP emerging at a junction between two spinful
QW’s [15].

In this context, the prediction that localized Majorana modes (MM’s) can appear at a junc-
tion between a normal QW and a topological superconductor (TS) [16] has opened additional
brand-new scenarios, as the direct coupling between a quantum wire and a localized MM can
potentially give rise to relevant boundary interactions, typically not allowed at junctions between
normal wires [17]. As a result, it has been possible to predict the emergence of novel FCFP’s in
the phase diagram of junctions between more-than-one interacting QW and TS’s [18,19]. More-
over, due to ubiquity of the TLL-formalism, which successfully describes (junctions of) quantum
spin chains [20-23], Josephson junction networks [24-27], as well as topological, Kondo-like
systems [28-31], novel FCFP’s have been predicted to emerge in the phase diagram of those
systems, as well. Besides their theoretical interest, FCFP’s have been argued to correspond to
“decoherence-frustrated” phases, in which competing frustration effects can operate to reduce
the unavoidable decoherence in the boundary quantum degrees of freedom coupled to the “bath”
of bulk modes [32,33], thus making the junction, regarded as a localized quantum impurity, a
good candidate to work as a frustration-protected quantum bit [24]. For this reason, it becomes
of importance to search for FCFP’s in the phase diagram of pertinently designed junctions of
quantum wires.

An effective means to study the phase diagram of junctions of QW’s is given by a cooper-
ative combination of perturbative renormalization group (RG) approach [34,15,35] and of the
delayed evaluation of boundary conditions (DEBC) technique [2,7]. In particular, as extensively
discussed in e.g. Ref. [2], DEBC method is based on constructing the boundary operators al-
lowed by symmetries at a certain fixed point: the emergence of (at least one) relevant operator
is, therefore, evidence of the instability of that fixed point against some other one. In addition,
as pointed out, for instance, in Ref. [2], for a junction of normal QW’s and in Refs. [18,19] for
junctions between interacting QW’s and TS’s, those methods are efficiently complemented by
using the zero-temperature impurity entropy (IE) to characterize the fixed points of the junction.
The IE was originally introduced as a mean to characterize and classify, at zero temperature,
quantum impurity systems that are critical in the bulk at the fixed points of their boundary phase
diagram [35,36]. Later on, it has been shown to correspond to the impurity contribution to the
groundstate entanglement entropy, which is particularly suitable for characterizing the phases
of 1+1-dimensional models via the Density Matrix Renormalization Group (DMRG) technique
[37]. The exponentiated IE g yields the groundstate degeneracy of the system at a certain fixed
point. In general, g corresponds to the specific value of the “g-function”, which always decreases
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along renormalization group trajectories (“g-theorem”); therefore, if two boundary fixed points
are characterized by groundstate degeneracies g1 and g, with g1 > g», provided there is the pos-
sibility of connecting the two of them with a renormalization group trajectory, this will always
flow from g1 to g». [35,36,38—-40].

Technically, to compute g one first constructs the partition function over a strip of length £
for the model at a boundary critical point. Letting A label the conformally invariant boundary
conditions (CIBC’s) characterizing a specific boundary critical point, one computes the partition
function on the strips, Z44, by assuming type A-CIBC’s at both boundaries. Specifically, one

x"t . Bu
gets Zaq =), exp [—%
system, u is a velocity scale determined by the (critical) bulk of the system, 8 is the inverse
temperature, and x’; , are dimensionless numbers typical of the system. The g-function is derived

, where the sum is taken over energy eigenstates of the whole

by sending £ — oo at finite 8. In this limit, one obtains Z44 — giegﬁ_(z , with the dimensionless
number ¢ being the conformal anomaly of the bulk critical theory. From the last result, g4 can
be readily extracted [41].

In this paper we employ a combined use of perturbative RG approach, DEBC-method and
calculation of the g-function to study junctions of interacting QW’s and TS’s and to spell
out the correspondence between this sort of junctions and the Y-junction of three interacting
quantum wires (Y3J) studied in Ref. [2] in the bulk Z3z-symmetric version and later on dis-
cussed in Ref. [42] in the general case in which the Z3 symmetry is broken. In doing so, we
have necessarily to take into account the emergence of real fermionic modes at our junctions.
These are primarily provided by the localized MM’s {y;} emerging at the interface between a
topological superconductor and a normal system [16,43,44]. In addition, real fermionic oper-
ators also appear as Klein factors (KF’s), {I'j}, which have to be introduced when employing
the bosonization approach to interacting one dimensional fermionic systems, to recover the
correct (anti)commutation relations between fermionic fields for different wires, as well as be-
tween the fermionic field for each wire and the y;’s. In many cases, KF’s play no role, as the
relevant multi-point correlation functions of the fermionic fields either contain an equal num-
ber of creation and annihilation operators of fermions of the same kind (see, for instance,
Ref. [45] and reference therein), or, at most, the net effect of KF’s can be an extra minus
sign which can be equally well accounted for by, for instance, redefining the zero-mode op-
erators of the bosonic fields [46]. On the other hand, they are definitely essential to recover
the correct phase diagram of e.g. a junction of three interacting QW’s [2], as well as to cor-
rectly account for the hybridization between MM’s and normal electronic modes in a conductor
[47,48], at junctions between normal wires and TS’s [17,18,49], and in the remarkable “topo-
logical” realization of the Kondo effect, in which MM’s determine an effective impurity spin
coupled to electronic modes by the normal contacts [50]. Thus, it is by now evident that they
must be properly accounted for in applying the g-theorem to junctions of interacting quantum
wires.

Besides generalizing the results of Refs. [18,2] respectively to a multiwire junction of in-
teracting QW’s and a TS’s and to a non Z3-symmetric Y3J, we unveil the remarkable corre-
spondence between the two models. In doing so, we prove how, extending the range of sys-
tem’s parameters with respect to the case discussed in Ref. [18], it is possible for a FCFP to
correspond to the stable phase of the system. Remarkably, this completely reverses the sce-
nario found within the range of parameters discussed in Ref. [18], where we proved that it
is necessary to fine-tune the boundary couplings to the MM, to drive the RG flow towards
the FCFP, which was unstable against more “trivial” fixed points. Apart being interesting per
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se, this result appears also of relevance for engineering stable phases with frustrated decoher-
ence, potentially amenable for applications to quantum computation. An important point to
stress about the correspondence is that it holds despite the obvious observation that the Y3J
has three KF’s, while the N = 2 junction has just two KF’s and one MM. In fact, as we dis-
cuss in the following, while one of the three fields of the Y3J decouples from the boundary
interaction, its KF gets “left behind” and it plays the role of the MM. Therefore, the correspon-
dence works perfectly well when considering a single junction in both systems. Remarkably,
it also yields the right result when computing g at the fixed points of the two model. In this
case, as we discuss in detail below, one has to resort to a two-boundary version of the corre-
sponding model Hamiltonian. Thus, one cannot ignore the intrinsic difference between MM’s,
which can be assumed to be basically local in real space, and KF’s, which on the contrary are
global, as one naturally associates them with the whole extent of a QW in real space. Despite
this, the correspondence works fine and allows for recovering a number of nontrivial results
about the phase diagram of one model from what is known about the phase diagram of the
other.
The paper is organized as follows:

e In section 2 we introduce our procedure for computing the g-function in boundary models
with real fermionic modes emerging in the boundary interaction Hamiltonian. To illustrate
our procedure, here we apply it to a single interacting spinless quantum wire connected to
two p-wave superconductors, by discussing in detail the subtleties in counting the degrees
of freedom associated with the real fermionic modes and how to deal with them;

e In section 3 we discuss the main features of the phase diagram and compute the impurity
entropy at the fixed points of a junction between two quantum wires and a topological su-
perconductor and of the asymmetric Y junction of three spinless interacting quantum wires.
In both cases, we mostly review known results [18,2,42] which, nevertheless, are important
for the sake of the presentation of the following results;

e In section 4 we discuss in detail the correspondence between a junction with two quantum
wires and a topological superconductor and the asymmetric Y3J. In particular, we show how
the results derived in Ref. [18] for the former system can shed light on the phase diagram of
the Y3J in the case of asymmetric bulk, as well as boundary interaction and, conversely, how
the results of Refs. [2,42] for the Y3J allow for extending the analysis of the phase diagram of
the junction with two quantum wires and a topological superconductor to windows of values
of the system’s parameters which were not encompassed in the derivation of Ref. [18];

e In section 5, as a further application of our method for computing the g-function in boundary
models with real fermion modes emerging at the boundary interaction, we generalize the
results of Ref. [ 18] by discussing the fixed points in the phase diagram, and the corresponding
calculation of the g-function, in a junction between N quantum wires and a topological
superconductor.

e In section 6 we provide our conclusions and discuss possible further developments of our
work.

e In the various appendices, we provide mathematical details of our derivation.

To help following the various abbreviations, we list in Table | the meaning of the ones we use
most commonly throughout the paper.



D. Giuliano, I. Affleck / Nuclear Physics B 944 (2019) 114645 5

Table 1

Glossary of most commonly used abbreviations.

TLL Tomonaga-Luttinger liquid

FCFP Finite-coupling fixed point

MM Majorana mode

TS Topological superconductor

IE Impurity entropy

CIBC Conformally invariant boundary condition
RG Renormalization group

KF Klein factor

QW Quantum wire

Y3J Y-junction of three interacting quantum wires

2. Impurity entropy in a boundary model with real fermionic modes in the boundary
interaction

When bosonizing more than one species of fermion operators in one dimension, real fermionic
Klein factors must be introduced, to properly account for the anticommutation relations between
operators corresponding to different species of fermions. Typically, KF’s appear in boundary
Hamiltonians describing junctions of one-dimensional quantum wires (which is appropriate, at
points where different wires contact each other) and, in many cases, they strongly affect the
boundary dynamics of the junction [45]. For instance, only by properly accounting for KF’s in the
boundary Hamiltonian, does one prove the emergence of a FCFP in the Y3J discussed in Refs. [1,
2], or in its spinful version [7]. In addition to KF’s, real fermion operators emerge as MM’s at
junctions between QW’s and TS’s [16]. The combined effect of KF’s and MM’s can eventually
lead to the “Majorana-Klein” hybridization and, eventually, to a remarkable topological version
of the Kondo effect [50,28,30], also discussed in its multi-channel realization [51,31,29], as well
as to novel phases corresponding to FCFP’s in the phase diagram of junctions between QW’s
and TS’s [18,19]. Thus, despite their definition as a mathematical means for properly doing
bosonization, KF’s affect the boundary dynamics of a junction exactly as “physical” MM’s do
and, accordingly, they must be properly accounted for, when computing the IE of the junction.
To demonstrate this point, in this section we compute the IE in a paradigmatic system given by
a single spinless interacting wire connected to two TS’s at its endpoints. This enables us to show
how, in order to find results for the g-function consistent with the expected phase diagram of this
systems, one has to count the degrees of freedom associated with real fermions at the system
boundaries. In doing so, we face an additional subtelty, which was originally put forward in
Ref. [52], which is strictly related to how to count real, zero-mode fermionic degrees of freedom.

In general, two real fermionic modes, say Y, and y}, can be combined together into a complex
(Dirac) fermionic mode a = %(ya +iyp), which leads to a single fermion energy level, which can
be either empty, or full, eventually resulting in an additional degeneracy factor of 2 in the partition
function. In a boundary theory, the procedure for computing the partition function (and, eventu-
ally extracting the g-function from the result) consists in making up a two-boundary version of
the model Hamiltonian by mirroring the boundary interaction describing the junction at the other
boundary of a finite-size (£) version of the system (see Ref. [53] for details of the procedure).
While this procedure unavoidably leads to a doubling of the MM’s emerging at the interfaces
(so they always contribute an even number of real fermionic modes) [17,18,49,19], when intro-
ducing KF’s through bosonization of the normal wires, the final total number of real fermionic
modes can either be even, or odd. When it is odd, one has to face an ambiguity about how to
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count the left-over real fermion, which is strictly related to the need to account for fermion parity
conservation in the presence of real fermion operators [52]. To overcome such a difficulty, we
introduce an additional decoupled “auxiliary” fermionic wire which, in bosonization language,
is characterized by its own Luttinger parameter K and by its Klein factor I". T enters the total
counting of degrees of freedom related to real fermions, by pairing with the real mode that is left
over after all the other “physical” ones have paired into Dirac complex modes. Of course, we
expect this to affect the actual value of the g function. Yet, as for any definition of entropy, what
matters in the g-theorem is the entropy difference between two different fixed points or, which
is the same, the ratio between the corresponding values of g. In fact, we expect our procedure to
provide the correct result for the ratio and, to ground our speculation, in the following we provide
a number of different examples of physical interest where we show that this is, in fact, the case.

To illustrate our procedure, here we apply it to compute the g-function in a single interacting
spinless quantum wire connected to two p-wave superconductors in their topological phase [16]
at its endpoints. At low energies, the superconducting leads can be traded for two MM’s vy, ¥R,
respectively residing at the left-hand side and at the right-hand side of the QW. In addition, the
interacting QW is effectively described by resorting to the bosonization approach, which we
review in Appendix A, in terms of the bosonic fields ¢ (x), 8 (x), whose dynamics is encoded in
the Luttinger liquid Hamiltonian in Eq. (A.10). In particular, when expressing the chiral fermion
operators g (x), ¥z (x) in terms of ¢ (x) and 6(x), one sets

Yr(x)=T VTP ()+6(x)] , Yr(x)=T V() =0(x)] , (1)

with the KF T" such that {T", y.} = {T", ygr} = 0. Together with the MM’s, the KF forms a set
of three real fermionic zero-mode operators. This is the case in which, as we discuss above, to
consistently count for the corresponding degrees of freedom, we introduce a second wire, de-
scribed again by a Luttinger liquid Hamiltonian such as the one in Eq. (A.10), with bosonic
fields ¢(x), Q(x) with parameters i, K and, more importantly, requiring the introduction of a
second KF, . The second wire is fully decoupled from the rest of the system. Therefore, for
any values of the boundary couplings, A(x) is pinned at both x = 0 and x = £ and, accord-
ingly, 3,¢(x =0) = d,p(x = £) =0 (type N CIBC’s). Therefore, ¢(x), 6(x) are decomposed
in normal modes according to Eqs. (A.11), with velocity and Luttinger parameters i, K. The
calculation of the factor that the auxiliary QW contribute to the total partition function, Z, is,
therefore, a straightforward exercise in elementary algebra: the result is

Zq"’? , @)

with g = e_% (see Appendix C for the definition of the Dedekind function 7(q)). At the dis-
connected fixed point of the phase diagram the QW is fully decoupled from the TS’s. Therefore,
¢ (x), 6(x) take the expansion in normal modes in Egs. (A.11), as well, and they will accordingly
contribute to the total partition function by a factor analogous to Z in Eq. (2). In addition, we
have to account for the (4) real fermionic zero mode operators. As at the disconnected fixed point
they are fully decoupled from each other, as well as from the dynamical degrees of freedom of
the bulk, according to the above argument, we expect them to contribute to the partition function
a factor equal to 2 elevated to the total number of real fermions divided by 2 (that is, 4). As a
result, the total partition function at the disconnected fixed point is given by

n(q)

2 (m/)Z

Y gwgoax (3)

n(@n(q) —~

ZDisc =



D. Giuliano, I. Affleck / Nuclear Physics B 944 (2019) 114645 7

with g = e_ﬂnTu Using the standard asymptotic expansions of the Dedekind function and of the
elliptic functions in the £ — oo (¢ — 1)-limit, one eventually finds that

which implies, for the g-function at the disconnected fixed point
1
goisc =2[K K]+ . )]

Turning on the (two)-boundary coupling to the MM, taking into account the type N CIBC’s at
the disconnected fixed point, the two-boundary Hamiltonian H, takes the form

Hj, = =2ity,T cos[v/m$(0)] — 2itygrD cos[vmo(£)] . (6)
When K > 1/2, Hj, is a relevant operator, which drives the system toward a fixed point in which
¢ (x) is pinned both at x = 0 and at x = ¢, as ¢ (0) = /7 vy, ¢ (£) = /7 v, with integer vy, vy.
Accordingly, ¢ (x) and 6(x) take the mode expansion in Egs. (A.12) and, in addition, taking into
account the boundary conditions, one gets Hp = —2it {(—1)"y; + (—1)"yg} . A mode ex-
pansion such as the one in Eqs. (A.12) implies a corresponding contribution to the total partition
function such as the one in Eq. (2), except for switching K with K ~!. In addition, minimizing
Hp, locks together the real fermions I' and y = %n + (=1)o—¥e %VR by the condition that

physical states are annihilated by the complex fermionic operator a = %()7 4+ iI"). This condi-
tion leaves unpaired the real fermion operator n = _\/LEVL + (—1)vo=ve %VR which, together

with T, determines an additional degeneracy factor of 2. Therefore, the partition function and the
g-function at the corresponding fixed point are given by

Kkm2 _ )2 - K
= [/ (6u)]+[me/(6i)]
g F Gk e NES @)
n(q)n(q) Z o K
1t
From Eq. (7) we eventually extract the corresponding value of the g-function, g4 = +/2 % .

The derivation of Eq. (7) is a first example of implementation of the Majorana-Klein hybridiza-
tion [50] in computing the g-function at the A fixed point. Indeed, the real-fermion zero-mode
operator we combined together with T to obtain the degeneracy factor of 2 originates from a
linear combination of y;, and yg, with coefficients determined by the boundary conditions. In
addition, we note that, introducing the auxiliary wire on one hand allowed us to perform the cal-
culations in an unambiguous way, on the other hand gave us back gpisc and g4 up to an over-all
arbitrary, multiplicative factor. To get rid of the factor, we normalize g4 to gpjsc by considering
the ratio

ga 1

8Disc B V2K '

which, on one hand shows that the ratio is independent of the (arbitrary) parameter K, as it must
be, on the other hand that, consistently with the g-theorem, the renormalization group trajectories
are expected to flow from the disconnected to the A fixed point when K > 1/2.

Later on in the paper, we generalize the results of this section to a junction between a generic
number N of QW’s and a topological superconductor. In this case, the relevant Luttinger pa-

rameters are K, = K/,/1+ % and K, = K/,/1 — % with u, K being the Luttinger
parameter of each QW and U being the inter-wire interaction strength. (See Appendix A for a
detailed derivation and discussion of the Luttinger parameters for the N-wire junction.)

pA — (8)
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3. Review of the phase diagram of the 2-wire junction with a topological superconductor
for % < K; <1 and of the Y-junction of interacting quantum wires

To complement the calculation of the g-function and to pave the way to the derivation of the
correspondence between the N=2-wire junction with a TS and the Y3J, here we review known
results about the phase diagram of the two systems. In doing so, we also compute the g-function
at the various fixed points of the (generically asymmetric) Y3J, and demonstrate the consistency
between our results and what is known about the phase diagram of that system [42]. We now
begin by briefly reviewing the phase diagram of the N = 2-wire junction with a TS, which we
extensively analyzed and discussed in Ref. [18] in the regime K, < 1.

3.1. Phase diagram of the 2-wire junction with a topological superconductor for K, < 1

We refer to section 5 for an extensive derivation, from the microscopic Hamiltonian, of the
Luttinger liquid description of a generic junction between N-QW’s and a TS and for the analysis
of the corresponding phase diagram. Here, we just review the main features of the phase diagram
in the case N = 2 starting from the effective Luttinger liquid Hamiltonian, H> g = H> puix +

H,'} ,, with the bulk Hamiltonian

4
Hanae = [ dr (K, (00,07 + K, 0,0,
0

4
+ ”7" / dx{Ky (0xds (X)) + K, 1 (0265 (x))?) 9)
0

with the plasmon velocities and the Luttinger parameters defined in terms of the microscopic
system parameters as per Eqs. (A.9) for N =2, and ¢,(x) = %[qﬁl x) + p2(x)], s (x) =
%[dn (x) — p2(x)], @1(x), Pp2(x) being the fields in the two wires, and analogous formulas for
0,(x), 65 (x) in terms of 8 (x), 62(x). By construction, H3 gyl in Eq. (9) corresponds to the sym-
metric version of the model Hamiltonian of Ref. [18], in which the Luttinger parameters of the
two QW’s are equal to each other, K1 = K> = K, u1 =up =u, and ¢, (x), 0, (x) (¢s (x), 65 (x))
simply correspond to the symmetric (antisymmetric) linear combinations of ¢ (x), ¢2(x) and
01(x), 62(x). Accordingly, the chiral fermionic fields in the QW’s are bosonized as (see Ap-
pendix A for details)

wR a(x) = Faeiﬁ[¢a(x)+9a(x)]
Yrax) = [ e Vlga) =0l w0

with a = 1,2 and I'1, I’ fermionic KF’s. Having stated this, the phase diagram for K, < 1 is
readily recovered from the analysis of Ref. [18].

The simplest fixed point corresponds to setting all the boundary couplings ¢, = 0. This is the
disconnected fixed point, which, in a sample defined over a segment of length ¢, corresponds to
pinning 61 (x), 62(x) at both boundaries x = 0, £. The corresponding value of the g-function can
be computed as done in Ref. [18], yielding, as a special case of the general formula we derive in
section 5, the result
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1
gDiSCZZ[KpKU]Z , (11)

with the factor 2 stemming from the fourfold degeneracy due to the two MM’s in the two-
boundary version of the model and to the KF’s associated to the two QW’s. (Note that, differently
from what was done in Ref. [18], here we do not count the additional degeneracy associated with
the MM’s at the outer boundaries of the superconducting lead, as they contribute to the g-function
just an overall factor of 2, which drops from the physically meaningful ratios between g com-
puted at two different fixed points). At the disconnected fixed point, the boundary Hamiltonian
describing the coupling of the QW’s to the MM is presented in bosonic coordinates as

HyY) , = —2iny,T) cos [\/g (¢ (0) + ¢o (@)} —2ity,T; cos [\/g (6(0) — o <0>>] :

(12)

The scaling dimension of H]f’l];z, dp, can be readily derived using the transformation in
Egs. (A.6). The result is d, = ﬁ + ﬁ. For 1/2 < K < 1 and for U > 0, we find % <dp <1,

which implies that H,flé , always corresponds to a relevant boundary interaction. In addition,

other boundary interactions, though not present in the original (“bare”) Hamiltonian, can be
generated from the RG. The first one corresponds to boundary normal intra-wire backscat-
tering, described by operators of the form w};’ 2O YL 4(0) + h.c., which are not effective,
due to Dirichlet boundary conditions on 6,(x) at x = 0. Then, one has inter-wire normal
backscattering, corresponding to operators of the form VNormal,(1,2) = 1//}2’1 0)¢¥r2(0) +h.c. x

o, cos[«/ﬂq&g (0)], with corresponding scaling dimension dNormal,(1,2) = K, 1 Finally, one
has inter-channel pairing, corresponding to operators of the form Vpair, (1,2) = ¥r,1(0)¥ 2(0) +
h.c. x "I cos[\/ﬂq&p (0)], with scaling dimension dpair,(1,2) = Kp_l. Thus, as long as 1/2 <
K,, K, < 1, no relevant operators are allowed at the disconnected fixed point but the boundary
coupling to the MM, Hlill;z.

The relevance of the operators in H,f’%,z implies that, as soon as (at least one of) the #,’s are
# 0, the corresponding operator(s) trigger an RG flow away from the disconnected fixed point.
In Ref. [18] it is shown that, for K, < 1, the junction either flow towards a fixed point with type
A(N) boundary conditions in channel-1(2) (the A ® N fixed point), or towards the complemen-
tary, N @ A fixed point. In both cases, a straightforward implementation of our method yields,
for the g function

8A®N = §N®A = (13)

ﬂé _ gaeN _ 1 |:1_<ﬂ>2]}t

P11 =
(K,Kq)? gpisc 2K mu

The result in Eq. (13) corresponds to the symmetric limit of the junction discussed in Ref. [18].
Note that it also fixes an error in that reference, though without affecting the final result. The
important point is the over-all factor ﬁ, which ensures that p;; <1 as long as 1/2 < K. It
actually comes from the correct counting of the degrees of freedom associated with zero-mode
real fermion operators. In particular, for the RG flow towards the A ® N (N ® A) fixed point to
occur, the bare couplings must be such that #; > # (#; < 7). In this case, the RG makes the run-
ning coupling corresponding to the larger bare coupling constant flow all the way to co. Let us
assume this is #1. Accordingly, to recover the A ® N fixed point, one considers the two-boundary
version of Hlf’léﬁz, in which #; — oo. In fact, this implies “locking” two of the four real fermions
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(2 KF’s plus 2 MM’s) into a linear combination annihilating the physical states, leaving the other
two decoupled from the boundary interaction, with a total degeneracy factor of 2 in the total
partition function and, therefore, a factor V2 in gaen [18]. The set of allowed boundary oper-
ators at the A @ N fixed point includes the same operators we listed at the disconnected fixed
point, though realized differently, and with different scaling dimensions, due to the change in the
boundary conditions for the bosonic fields [18]. In particular, normal intra-channel 1 backscatter-
ing corresponds to an operator Vigra 1 & cos[2+/761(0)], with scaling dimension dyyra,1 = d; I
At the same time, inter-channel normal backscattering and inter-channel pairing are described by
boundary operators that are linear combinations of V, (1,2) and of V}, (1,2, respectively given by

Va.(1.2) = [ Tae! V7101 0=6200)]

Vo (12) = [ Tae! VPO 0462001 e

together with their Hermitean conjugates. The operators in Eqs. (14) have the same scaling di-
mension, dg (1,2) = dp,(1,2), which is consistent with the result in Eq. (D.26) of Ref. [18]. As

%. For N =2, one obtains K, = K/,/1+ %,
14K, K,
Kp +KU
as K, < 1. Therefore, we conclude that both inter-channel normal backscattering and inter-
channel pairing are described by irrelevant operators. Finally, an additional boundary operator
arises from the residual boundary coupling of channel 2 to the MM. This corresponds to the term
« 1 in Eq. (12). Despite the fact that it appears to correspond to a relevant operator, due to the
hybridization between yz, and I'y in the state that sets in at the A ® N fixed point, it becomes
effective only to order t22, corresponding to an operator V5 res & cos[24/7 ¢(0)], with scaling
dimension da rRes = ﬁ > 1. This eventually proves that, for K, < 1, the stable phase of the

N =2 junction either corresponds to the A ® N, or to the N @ A fixed point.

An additional possibility is provided by the A ® A fixed point of Ref. [18], with type A
boundary conditions in both channels. The g-function at the A ® A fixed point can be readily
derived either from the analysis of Ref. [18] (up to an over-all /2, as discussed above), or from
the general result of section 5, taken for N = 2 and for N, = 2, N,, = 0. As a result, one obtains

a result, one obtains dy (1,2) = dp,(1,2) =

which is always < 1 for 1/2 < K < 1 and U > 0. Thus, one obtains that > 1, as long

SARA __ 1

Chon = 2 N { PARA = "o = K,Ks (15)
- 1 A 2
[KpKO']4 PARA = 5:%5:/ =V K

From Eqgs. (15) one readily checks that, as long as K, < 1, one obtains paga > 1, as well as
Paga > 1, which implies that the A ® A fixed point is unstable to both the N ® N, as well as to
the A® N fixed point. This is consistent with the DEBC results about the set of allowed boundary
operators at the A ® A fixed point. Indeed, implementing type A boundary conditions at x = 0
for both ¢1(x) and ¢>(x), we see that the boundary operators describing inter-channel normal
backscattering, as well as inter-channel pairing, are in general expressed as linear combinations
of the operators V, (1,2), Vp,(1,2), respectively given by

Voo = Flrzei\/ﬂeg(m
Vb.a,2) = Flrzei‘/ﬂep(o), (16)

together with their Hermitean conjugates. Their scaling dimensions are accordingly given by
da,1,2) = Ko, dp,(12) = Kp. Thus, we see that, for K, < 1, they both correspond to rele-
vant boundary interactions. Other boundary interaction terms are determined by the operators
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VReS,l, VRes,Z describing the residual coupling to the MM which, as discussed in detail in Ap-
pendix B, in this case can be effective to first-order in the boundary interaction strengths, different
from what happens at the A ® N fixed point. In particular, on applying the bosonization proce-
dure to the operators derived in Appendix B, one obtains

Veee | oV OO+ O]
es,

Tresn ENEICIOR O (17

The corresponding scaling dimensions are readily derived to be equal to each other and given
by dRes,1 = dRes,2 = Ko IK” . Given the definition of K, and K, in section 2, we see that they
are both relevant, as long as K, < 1. Incidentally, we note that the other allowed boundary
operators, corresponding to intra-channel boundary backscattering processes, are realized as
Vintra,1(2) cos[2ﬁ91(2) 0] = cos[v2m (0,(0) £ 65(0))]. Accordingly, they have the same
scaling dimension, dintra,1 = dina,2 = K + K, and, therefore, they are both irrelevant, for
1/2< K and U > 0.

The conclusion that, for K, < 1, there are two equivalent stable fixed points in the phase
diagram of the N =2 junction (the A ® N and the N ® A fixed points discussed above) im-
plies that there must be a phase transition between the two of them. In Ref. [18], the phase
transition has been identified at a FCFP in the phase diagram of the junction, which is attractive
along the line in parameter space corresponding, in the symmetric case, to t; = fp, and other-
wise repulsive. To show this, an effective means is to resort to the perturbative RG approach
within the e-expansion method. Basically, one assumes that the junction parameters are such that
dp =1—¢€,with 0 < € < 1, and accordingly derives the RG equations to the first nonlinear order
in the boundary couplings, so as to recover nontrivial zeroes for the 8-functions corresponding
to the FCFP. For the details of the systematic derivation of the corresponding RG equations we
refer to Ref. [18] in the specific case N = 2, as well as to Appendix D.1 for the generalization of
the procedure to a generic N, while here we just quote the final result. Specifically, as extensively
discussed in Appendix D.1, one introduces the dimensionless running couplings 7, = t, 75, with

the cutoff 7o oc Dy I Dy being a high-energy (band) cut-off for the system. Therefore, letting the
scale run from Dy down to the scale parameter D < Dy, one obtains that the corresponding RG
trajectories of the running couplings are determined by the differential equations

dn 1 1\,
—=ef) —F | =— — — | it
ar — " <2Kp 21{5)12
dtr _ 1 1 _
— =etr —F| — — nty 18
ar P <2Kp 21{0)2‘ (18)

with [ = In(Dg/D), D being the running energy scale, and the function F(v) defined in
Eq. (D.7). In general, for small initial values of the 7;’s, Eq. (18) implies a growth of the 7,
along the RG trajectories. Along the symmetric line 1| = #, in parameter space, this takes the
system to the FCFP discussed in Ref. [18], which corresponds to the nontrivial zeroes of the

right-hand sides of Egs. (18) at i} =1 = 4, = \/ €/F (ﬁ — i) Alternatively, if the initial

condition lies off the symmetric line, the RG trajectories flow towards either the A ® N, or the
N ® A, fixed point, according to whether, at D = Dy, one has t; > 1, or ] < t,. While an exact
description of the FCFP is still missing, within the e-expansion method it is possible to estimate
the corresponding value of the g function to leading order in the €, obtaining [18]
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2 e?

gFCFP =gNeN {1 — m ) (19)

2K, ~ 2K,
which implies “Z\fﬁ < 1, consistently with the RG flow from the disconnected fixed point to the
FCFP, for € > 0.

3.2. Phase diagram of the Y-junction of three spinless interacting normal wires

The Y3J has been introduced and extensively discussed in Ref. [2] in the fully Z3-symmetric
case (bulk and boundary interaction). Later on, in Ref. [42], the effects of relaxing the bulk
Z5-symmetry have been considered. Here, we consider the most general situation in which the
Z3; symmetry between the QW’s can be broken by the boundary interaction, or by the bulk
Hamiltonian [42], or both. Accordingly, we use as bulk Hamiltonian of the (asymmetric) Y3J,
Hpulk, given by

4
Hpuk = ) g / dx [K (9x¢a(x))* + K~ (0564 (x))°]
a=1,2 0

¢
+ % / dx [K3(0:¢3(0)° + K3 ' (0:63(0))°] (20)
0
with K, K3 Luttinger parameters of the QW’s and the velocity u set equal in all three channels
to avoid unnecessary formal complications.

In the absence of a boundary interaction, the g-function for the Y3J can be readily computed
following the recipe of section 2 for N = 3. In particular, since N is odd, we add an auxiliary
disconnected wire, with parameters u# and K and Klein factor T, so to recover a total even number
of KF’s. Taking into account that, for a generic K3, the g-function at the disconnected fixed point,
gpisc (K, K3), is given by

-1
gpise(K, K3) =2[K3K*K]* (21)

with the factor 2 due to the four real fermions that determine a total degeneracy of 4. Keeping
all the 6,(0) pinned and turning on a (non Z3-symmetric) boundary interaction, one may readily
present the corresponding boundary Hamiltonian Hj, by implementing the transformation matrix
My in Eq. (A.6) with N = 3 to resort to the center of mass- and to the relative-field basis, that
is, by setting

_ _ . 1 o9
D (x) ? 751 ? ¢1(x)
) |\ =735 A o2 (x) |,
1 1 2
L p2(x) % ® % | #3(x)
_ 1 1 o9
O(x) $ «/_51 3 01(x)
) |=| 5 —p5 0 6r(x) | . (22)
| 1 2
| ?2(x) | % % = | 03(x)

As a result, one obtains
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. . 1 ﬁ
szmerm’P%%®ﬂ+g2mFy’Pﬁ(2W@+2W@ﬂ
_i _1 _3 3
+ 1130 T3e i[vor (-t 2wﬂoﬁ]}4—h£.EEZE:LT¥LaV;ﬂ+14—h£. , (23)
a=1

with #,414.,a = 1,2,3 being the boundary interaction strengths (assuming the convention
a+1=1 for a =3) and the {I';}’s being the three KF’s required to bosonize the fermionic
fields of the three wires, which shows that Hj only depends on the relative fields ¢;(x), g2(x).
Therefore, in constructing other boundary fixed points, we only act on the boundary conditions
on ¢1(x), ¢2(x), which are type N at the disconnected fixed point but, in general, can change at
other fixed points [2,42]. Incidentally, we note that the right-hand side of Eq. (23) is the leading
boundary operator allowed at the disconnected fixed point. It is a linear combination of the op-
erators V, 441 (plus their Hermitean conjugates), with scaling dimensions respectively given by
dy,, = %, dy,, =dy,, = % + ﬁ So, a necessary condition for the disconnected fixed point
not to be stable is that either one of the scaling dimensions above (or both) become < 1.

A first, alternative, fixed point is recovered by assuming type A boundary conditions for both
@1(x) and ¢ (x). This corresponds to the Dp fixed point of Refs. [2,42]. To stabilize Dp, we
introduce a two-boundary pairing potential Vp, given by

3
Ve = =AY (YraOVLaOV] o0 Ok oy (O))

a=1

3
A YR OVLaOV] o OV oy (O} +hc.

a=1
3 3
C=—A Z o2V [6a(0)=¢ar1(0] _ A Z 2N [$a (D)= ¢at1(D)] +he. (24)
a=1 a=1

and eventually send A — oo. Sending A — oo, one pins ¢ (x) and ¢2(x) at both boundaries.
Taking this into account, one determines the corresponding spectrum of the zero-mode operators
and, repeating the calculation of the g-function at the Dp fixed point, one obtains

22K F KK 1

gpp(K, K3) = ;
(K3K?)1

, (25)

which yields the ratio

,OD,,(K,K3)=M=£ 2K+ K3 . (26)
gpisc(K, K3) K K3

An important comment about Eq. (26) is that, despite the fact that, for K = K3, neither
gpisc(K, K3), nor gp, (K, K3), are equal to the values derived in Ref. [2], the ratio between
the two of them is the same as one would get by using the results obtained there. This is due to
the fact that, in our derivation, we count the degrees of freedom associated with the real KF’s, in-
cluding the auxiliary one and, in addition, do not restrict our derivation to the sector involving the
relative fields only. Nevertheless, the ratio between the two of them is consistent with Ref. [2].
Clearly, this further enforces out intuition that, despite the arbitrary aspects of our procedure, the
ratios between values of the g-function at different fixed points do always give back the right,
physical result.
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The leading dimension boundary interaction at the disconnected fixed point is Hp, in Eq. (23).
It is a linear combination of operators with scaling dimensions dy,, = %, dy,; = dys, =

% (K }(JgK ) At variance, at the Dp fixed point, the leading dimension boundary operators are

given by [2,42]

Ti,=TT e~ IVT01(0)+6,(0)]
Tr3 =T, e~ IVT02(0)+63(0)]

T3, =T30 e~ IVT63(0)+61(0)] , (27)

together with their Hermitean conjugates. To derive the corresponding scaling dimensions, one
has to resort to the center of mass- and relative field basis by using Egs. (22) and to take into
account that ®(0) is always pinned, as ®(0) never appears in the boundary interaction [2]. As
: KK K(K3+K . .
a'result, one obtains [42] d1, , = ypri; and dr, 5 = dr;, = W From‘the scaling dimen-
sions of the boundary operators we see that there is a K3/K-dependent window of values of

K in which neither the disconnected, nor the Dp fixed point, is stable. Specifically, this hap-

pens for 1 < K < 3 for K = K3 [2] and, more generically, for K > Kpiy, = max {1, KZ%;Q} and

K < Knax = <2KK+K’> for a generic K3 [42]. The absence of time-reversal breaking in Hp in
Eq. (23) rules out the possibility of stabilizing the “chiral” x4 fixed points: thus, one concludes
that, for Knin < K < Kmax, the stable phase of the system either corresponds to one of the asym-
metric A,-points emerging in the Y3J when the Z3-symmetry between the channels is broken,
or to a generically asymmetric version of the M-FCFP found in the Z3-symmetric Y3J in the
time-reversal symmetric case [2].

The symmetries of the bulk Hamiltonian in Eq. (20) naturally lead to two different types of
asymmetric fixed points: the A3 fixed point corresponds to QW-3 disconnected from the junction,
while the two-wire junction between QW’s -1 and -2 is “healed” (which is a natural consequence
of having K > 1, once QW-3 is disconnected from the junction [15]), and the (equivalent, up to
swapping QW-1 and QW-2 with each other) A and A; fixed points, in which respectively QW-1
and QW-2 are disconnected from the junction. Mathematically, disconnecting QW-a corresponds
to imposing type N (type A) boundary conditions on ¢, (x) (6,(x)), as well as type A (type N)
boundary conditions on @g4+1(x) — dg42(x) (Og+1(x) — O442(x)). Accordingly, the calculation
of the corresponding value of the g-function can be readily carried out, providing the result

_ 1
ga;(K, K3) =2[K3K]4

_1 (1 K %
ga,(K, K3) =ga,(K, K3) =2[K3K]* §+— , (28)

yielding the ratios

8a; (K, K3)
gpisc(K, K3)

ga, (K, K3) _1 |[K+Kj3
oA (K, K3)=pa,(K,K3) =————F—"-=K"2 . (29)
' g gpp (K, K3) 2K3

It is useful to also compute the ratios with gp, (K, K3). The result is

DIl —=

oA (K, K3) = K~
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D=

g4;(K, K3) _x K3
gDp(Ks K3) 2K+K3
ga,(K, K3)

s 1 2K + K3
SARR RS gy | S2 RS (30)
gpp (K, K3) 2(K + K3)

An effective mean to infer the stability of the A, fixed points against the disconnected and the
Dp fixed point consists in using Egs. (29, 30) in combination of the DEBC analysis of the
corresponding allowed boundary operators. To construct the leading boundary perturbation at

the A, fixed point, one considers the operators T, 441, Ta,a-s-l, respectively given by [42]
Tpar1 =Tulat1 e—iﬁ[¢a(0)—¢a+|(0)]—iﬁ[9a(0)+0a+| O]

fa at1 =TaTari e~ IVT[$a(0)=a11(0)]+i /7 [04(0)+0a11(0)] i 31

04;(K, K3) =

Nl—

pa, (K, K3)=pa,(K,K3) =

together with their Hermitean conjugates. 7, 4,41 and fa,aJrl respectively correspond to the
boundary operators bilinear in the {Ygq,V¥r.4}’s given by Iﬂ;’a(O)l/fL,aJr](O) and

wz!a(O)lpR,aH(O). Once the appropriate CIBC’s are implemented, they only depend on the
linear combinations of the ¢,(0)’s and of the 6,(0)’s that are not pinned at the correspond-
ing fixed point. In particular, the CIBC’s corresponding to the A, fixed point are recovered
by pinning the arguments of both 7,41 ,+2 and Ta+1,a+2. The Ty 4+1, Ta,a+1-0perat0rs are
the only operators that may become relevant at the A, fixed point, with scaling dimension

da, = %37;“ and dy, =da, = %3721{315 [42]. As a result, from Egs. (29, 30) one
finds that, in order for the A3 fixed point to be stable with respect to both the disconnected
and the Dp fixed point, the condition 1 < K <1+ & 2K has to be satisfied. In addition, there
must be no relevant boundary operators allowed at A3 in order for it to correspond to the
actual stable fixed point of the Y3J. This leads to the additional condition d4, > 1, that is,

K3 <2K/(4K — 1 — K?). In particular, for 1 < K < 3, the last condition implies K3 < K,

which yields ga,(K, K3)/ga,(K, K3) = pa; (K, K3)/pa, (K, K3) =,/ 1<24I-{13<; < 1, thus show-
ing that Az is stable against both A; and A», as well. This is ultimately consistent with the
results plotted in Fig. 5 of Ref. [42], as well as with the observation that, a small enough K3/K
eventually makes the interaction in wire-3 to be effectively repulsive, thus triggering the discon-
nection of this wire from the junction, in agreement with the known results about junctions of
Luttinger liquids [34,15,2]. Conversely, in order for either Ay, or A, to be stable against the

disconnected, as well as the Dp fixed point, the condition K;I'(K’ <K < 25?1?) has to be met.

In addition, the condition d4, > 1 implies K3 > % In particular, the above conditions yield

8a;(K, K3)/g4,(K, K3) =,/ Kzf;(; , which shows that having K3 < K (K3 > K) is a necessary
condition to make A3 (A1) stable against Aj (A3).

Finally, we note that there are regions in parameter space in which, though one has that one
of the conditions pa, (K, K3) <1, or pa, (K, K3) < 1 is met, none of the above fixed points is
stable. This happens for 27[(2 < K3 < K,aswell as for K < K3 < 2—K . In this case, based
on the well-grounded results of Ref. [2] about the Z3-symmetric Y3J, we expect that the stable
phase of the system corresponds to a (possibly non-Z3-symmetric) FCFP, which generalize the
M-FCFP of Ref. [2]. In the Z3-symmetric case K = K3, the emergence of the M-FCFP can be
inferred from the perturbative RG equations in Egs. (D.22) of Appendix D.2, given by

dm

= elta1 — 0a[b(f2.1)* + c((B3.2)> + (13D} = Bilia1, 53,2, 11.5]
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N e O LY N

T =€{t32—132[b(t132)" +c((t13)" + (12,1) )]} = Balt2,1, 132, t1,3]

di o ) ) o

d—lf =elfi3 —nalb(13) + (1) + B2)D)) = Balr, 632, 1131 (32)

with 0 < (=1 — K~1) « 1, and the parameters b and ¢ estimated in Appendix D.2 to be
b ~26.32,c ~ 16.45. An important point about the B-functions in Eqgs. (32) is that they are
over-all o €. As a result, the M-FCFP is found to lie at ,) =32 =113 = 1, = 1/+/b + 2c,
independent of €. On one hand, this result points in the right direction. Indeed, analytical [2], as
well as numerical [53], results for the conductance tensor at the M-FCFP ultimately show that
it has to be finite, as € — 0. Had we found an M-FCFP at ¢, going to zero as € — 0, we would
unavoidably get a conductance tensor going to zero as € — 0, as well, which would be incorrect
[2,53]. On the other hand, since there is no “small parameter”, such as €, that can be used to
control the coupling strengths at the FCFP’s, one cannot really expect Egs. (32) to be reliable to
make quantitative predictions on e.g. the conductance tensor at the FCFP, or on the g-function
(at variance with what happens for the junction between N QW’s and a TS). Yet, besides the
emergence of the M-FCFP itself, other remarkable conclusions can be derived from Egs. (32),
such as that the RG-trajectories always point towards the Z3-symmetric M-FCFP, that is, any
asymmetry in the boundary couplings is an irrelevant perturbation of the RG flow trajectories.
In fact, this is a remarkable feature that, in the Z3-symmetric case, the Y3J shares with the
topological Kondo effect, in which the magnetic impurity is realized in terms of localized MM’s
[28]. In the general case K3 # K, we rather refer to the corresponding generalization of Eqs. (32)
that we provide in Egs. (D.23) of Appendix D.2. In particular, looking for nontrivial zeroes
of the f,-functions of Egs. (D.23), we see that the predicted values of the running couplings
corresponding to the M -FCFP are either characterized by an “easy plane” asymmetry for K3 > K
(which implies 7,1 x < 132« = [1.3,4), Or by an “easy axis” asymmetry in the complementary
case, K3 < K (which implies 72,1 « > #32.« = 11 3 «). In both cases, the flow towards the M -FCFP
always requires the relevance of all the V, ,.1-operators entering Hp, as we discuss in detail in
section 4, when spelling out the correspondence between the N =2 junction and the Y3J.

4. Correspondence between an N = 2 junction with a topological superconductor and a
Y-junction of three spinless quantum wires

In this section we discuss in detail the various aspects of the correspondence between a junc-
tion with 2 QW’s and a topological superconductor and the (generically asymmetric) Y3J. For
the purpose of this work, the correspondence is of the utmost importance for several reasons.
First of all, it works as a sort of “model duality”, allowing for recovering results about the phase
diagram of one of the two systems from the known (and controlled) features of the phase diagram
of the other, in the various regions of the system parameters. Moreover, the correspondence is
useful in computing the g-function of one model from known results on the other one. About
this point, it is worth stressing that, as in our work we attribute physical meaning only to the ratio
between the g-function at different fixed points of the phase diagram, contributions from modes
not entering the correspondence factorize and cancel, when computing the ratios, which enforces
the reliability of the correspondence to computing the IE. Finally, as the correspondence requires
defining MM’s in the N = 2 junction in terms of KF’s in the Y3J, and vice versa, it provides also
strong evidence for the fact that both real fermionic modes have to be taken into account, and
considered on the same footing, when computing the g-function, which is one of the main points
we make here.
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For clarity, in the following we split the presentation of the correspondence in two sub-
sections. In sub-section 4.1, we explicitly construct the mapping from the N = 2 junction to
the Y3J. This allows us to use known results about the phase diagram of the N = 2 junction [18]
to unveil specific features in the phase diagram of the Y3J, such as emergence of “planar” FCFP’s
(that is, with one of the boundary coupling strengths set to 0). In sub-section 4.2, we derive the
mapping from the Y3J to the N = 2 junction. Reversing the direction of the correspondence al-
lows us to employ the known results about the phase diagram of the non-Z3-symmetric Y3J to
derive the phase diagram of the N = 2 junction for K, > 1, a range of values of the system’s
parameters which was not discussed in Ref. [18].

4.1. From the N = 2 junction with a topological superconductor to the Y-junction

We now consider the asymmetric Y3J with K and K3 set so that Vj », defined in Eq. (23),
becomes irrelevant, while V3, V3 1 both stay relevant, that is, so that dVL2 = % > 1, while
dy,; =dy,, = % + ﬁ < 1 (which amounts to choosing r so that ¥ ! < 2K — 1). For the
asymmetric Y3J, the boundary coupling flow is determined by the perturbative RG Egs. (D.23).
Since V5 is irrelevant, 7, | is expected to renormalize to O for Dy/D — oo and, as a result, one
may recover the phase diagram of the Y3J in this regime by restricting the analysis to the plane
f.1 = 0 in parameter space. Setting 7.1 = 0 in the second- and in the third ones of Egs. (D.23),
we obtain the system of two coupled RG equations given by

df3 2 _ (i 1 1 : B [ 1 n 1 7 @ )3
din(Do/D) 2k 27k ) 7?72k T2k |
1],
—C X 7K f3,2(t1,3)2
dt 3 1 1 _ M1 1 7 - 3
— = (1-—= - — 13- B|— 7
dIn(Do/ D) ( 2K er) B3P0k Tk (11.3)
1],
~Cl %% TRIGE (33)

Remarkably, Egs. (33) can now be consistently dealt with within the e-expansion method, by
setting ﬁ + % =1 —¢, with 0 < € <« 1. Expanding to linear order in € and neglecting sub-
leading contributions (in €) to nonlinear terms in the ,3 -functions, according to Egs. (33) and to
the definition of the function B in Eq. (D.21), which implies that terms o< B at the right-hand side
of Egs. (33) are all « €, we trade Eqgs. (33) for the system

dtz o _ I\. _ o
—— 22 o —F(2— = |Ra@
din(Dy/D) 2 f( K) 32(01.3)
dt_13 - l - - 2
— Y s —F(2— = ) i@ 34
din(Do/D) €113 ( K) 1,3(13,2) 34

where F is defined in Eq. (D.7). Apparently, Eqs. (34) correspond to the perturbative RG equa-
. L R R B S U U B
Flons ofan N = 2. junction with 7 X, + 1% = I—e€and 5 K, 2K, = 2 4 The correspondence
is clearly not accidental. Indeed, on performing the canonical transformations
$12(0) =VE$12(x) , 012(x) =61 2()/VK
$3(x) = VK3¢3(x) , 63(x) =63(x)/ VK3 | (35)
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followed by the rotation

1 1
N —L L 0 -
$o (x) V2 V2 é1(x)
b0 | = | e A e | | aw | . (36)
2 3 V2KHAKs  2/K+A/Ks P
Gy (x) VK3 1/VKs I/VK #3(x)

JI/K+2/K;  J1/K+2/K3  J1/K+2/K;

and analogous rotation from { (x), §2(x), 83(x)} to {8, (x), 6,(x), 6, (x)}, one obtains, for the
bulk Hamiltonian

2
HBulk=§ > / dx {(3xda())” + (0x6a (1))} . (37)

a=r,c, x 0

Once 1,1 is set to 0 in the boundary Hamiltonian (which corresponds to dropping the term o Vj »
in Eq. (23)), Hp becomes

1 - 1 2 .
Hp =133 exp !—i\/g [ﬁ%(()) +1/? + K—3¢>p(0)“
L 1 - 1 2 .
+ 113131 exp :—l\/; [ﬁ(%(()) — /E + K_3¢p(0)]} +h.c. . (38)

Apparently, qA&X x), éx (x) fully decouple from Hj in Eq. (38). Moreover, shifting ép (x) by a
constant, so that , /% % + K%J)p 0) — \/g % + K%q;p (0) + 7%, one obtains

1 4 1 2 4
Hp — —2it3 223 COS{ /% |:—f¢g(0) +‘/ X + K_3¢,o(0):“
2it 35T =1L g0 L 250 39
+ 2it; 337 cos B} ﬁfﬁa( ) — ?+E¢p() . (39)

Finally, performing the reverse canonical rescaling given by

1 2 . 1 -
(bp(x):‘/}‘i‘zﬁbp(x) , P (x) = ﬁqbo(X)
~ 1 2 ~
0,(x) =0,(x)/ [JEHTJ , 0o (x) =VKOy (x) (40)

and setting I's — yr, we recover the Hamiltonian for the N = 2 junction with a topological
superconductor, with Luttinger parameters given by

KK;
Ky=——7—
(K3 +2K)
Ke=K(<1) . (41)
Besides the mapping procedure involving Hp, to further ground the correspondence we now

extend it to all the allowed boundary operators in the Y3J and in the N = 2 junction, at each
fixed point in the boundary phase diagram of the two systems that we discuss in section 3.
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Starting with the disconnected fixed point, due to the condition K < 1, the only relevant al-
lowed boundary operators are V53 and V3| entering Hp in Eq. (38). Consistently with their
scaling dimensions, these are identified with the operators at the second and third line of the
table in appendix A.a of Ref. [42]. Another operator, which is irrelevant due to our choice of the
system parameter, is the boundary operator V| 5 of the asymmetric Y3J, with scaling dimension
1/K . Referring to the table in appendix A.a of Ref. [42], it apparently corresponds to any of the
operators listed at the first line, taken at the disconnected fixed point. According to the analy-
sis of section 3.1, its counterpart in the N = 2 junction is the normal boundary backscattering
operator VNormal,(1,2), With scaling dimension 1/K, = 1/K. Additional boundary operators can
potentially appear in the Y3J, which are quartic in the fermionic fields of the Y3J such as, for
instance (in the notation of Ref. [42]) T = T3L] R T31§L. Quartic operators do not appear in the table
in appendix A.a of Ref. [42], which only contains quadratic operators: to make them relevant a
strong, bulk inter-channel attractive interaction is required, which we exclude here, as we only
focus on repulsive, inter-channel bulk interactions. Yet, to complete the correspondence with the
N =2 junction, we see that T is the second boundary operator that must be identified with the
boundary pairing operator of the N = 2 junction, Vpir,(1,2), With scaling dimension 1/K,.

Moving to the A ® N and to the N ® A fixed points of the N = 2 junction [18], based on the
analysis of section 3, we naturally identify them with respectively the A - and the A;-asymmetric
fixed point of the Y3J. To further corroborate our identification, we now show that it is realized
as a one-to-one correspondence between boundary operators in the two systems. Here, we only
discuss the correspondence between the A ® N and the A fixed point. The complementary one
can be readily recoverd by symmetry. At the A ® N fixed point of the N = 2 junction, the first
pair of allowed boundary operators corresponds to boundary inter-channel backscattering/pairing
between channels 1 and 2. The corresponding operators are realized as a linear combination of
Va,(1,2), Vb, (1,2), respectively given by

i _ i/ Z[$p(0)—¢ (0)—6,(0)—6, (O
Va2 = Flrzelﬁ[¢2(0) 61(0)] _ I”]erl\/;[‘p"( )—¢a (0)—6,(0)—05 (0)]

Vp.(12) = T Tael VA2 04010) _ 1 oV E 80 ~90 016, 0)+05 (0) 7 “2)

plus their Hermitean conjugates. (Note that, due to the boundary conditions at the A ® N fixed
point, V, (1,2) and V}, (1,2) do no more correspond respectively to normal boundary scattering
and to boundary pairing, as they instead do at the disconnected fixed point — see the discussion
after Eq. (12) in sub-section 3.1. Instead, as we state above, normal boundary scattering and
boundary pairing operators are realized as linear combinations of the two of them.) Inverting
the transformations above to get back to the fields of the Y3J, it is not difficult to check that
the operators in Egs. (42) respectively correspond to the T21$L- and to the Tzlf R_operators at the
A fixed point of the asymmetric Y3J, plus their Hermitean conjugates (see appendix A.d of
Ref. [42]). This is further confirmed by the observation that, using the results of section 3 for the

N =2 junction, the scaling dimension of the operators in Egs. (42) are the same and are given

1+K, K 2 .
by da.1.2) =dp12) = ; e L — QIgzrkKj‘}ggi(K , which is the correct result for the TzﬁL- and for
o P 3

the TZI}’R—operators at the A fixed point of the Y3J [42].
A second class of boundary operators at the A ® N fixed point corresponds to intra-channel 1
normal backscattering processes, that is, to the operator

Vintra,1 & cos[v/277 (6, (0) + 6, (0))] . (43)
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Considering that qAbX (x), éx (x) are fully decoupled from Hyp, it is natural to assume that, through-
out the whole phase diagram of the system, éx (x) is pinned at x = 0. As a result, going again

backwards along the sequence of transformations discussed above, we express Vinia,1 in terms
of the fields of the Y3J at x =0 as

Vintra,1 X €08[24/762(0)] . (44)

The right hand side of Eq. (44) corresponds to the T21§L -operator at the second line of the table at
appendix A.d of Ref. [42] (plus its Hermitean conjugate), as witnessed by the perfect agreement
between the scaling dimension of that operator and the result of section 3 for the dimension of
Vlmra 1, dIntra 1= 215_11((:

Finally, in the N = 2 junction one has the residual coupling of channel-2 to the MM. When
properly accounting for the “Schrddinger cat” nature of the state formed out of the hybridization
between the MM and the KF I'y, one obtains, as corresponding boundary operator, V5 res given

by [18]
V2.Res X coS[V/ 27 (¢, (0) — 5 (0))] . 45)

Again, just as for the other operators listed above, one can readily check that the right-hand side
of Eq. (45) corresponds to the operator T21$L [TIIEL]Jr at the third line of the table in appendix A.d
of Ref. [42] (plus its Hermitean conjugate), consistent with the result for the scaling dimension
of V2 res We derived in section 3, da res = Kpqu = ZK(%II&”II&))

The A ® A fixed point of the N =2 junction corresponds to pinning both ¢, (x) and ¢ (x)
at x = 0. Accordingly, one naturally identifies it with the Dp fixed point of the Y3J. To double-
check the identification between the two fixed point, we note that the leading boundary operators
at the A ® A fixed point of the N =2 junction corresponds to the V}, (1,2) operator at the second
line of Eq. (16), as well as VReS, 1 and VRes,z in Egs. (17). Following the correspondence between
the parameters of the N = 2 junction and the ones of the Y3J, one finds that the corresponding
scaling dimensions are given by

K3
dpay =Ky =K |z

2K + K3
K,+K K+ K3
dRes,l :dRes,Z = u 4 7 = |:2(2K T K3)i| (46)

A comparison of the results in Eqgs. (46) with the table at appendix A.b of Ref. [42] again supports
the identification of A ® A with the Dp fixed point in the Y3J. (Note that, according to Eqs. (46),
A ® A becomes a stable fixed point as soon as the conditions dj (1,2) > 1 and dgres,1 > 1 are both
satisfied. This may clearly happen only for K, > 1, without contradicting the conclusions of
Ref. [18] and of section 3.1, which were reached under the assumption that K, < 1).

In view of the perfect correspondence of the N = 2 junction and the asymmetric Y3J with
K < 1,2K > 1+ K /K3, one naturally concludes that an analog of the FCFP found in the N =2
junction along the symmetric line 7 = 73 exists in the phase diagram of the Y3J, as well. In
particular, we infer that, for K < 1, 2K > 1 4+ K /K3 the stable fixed point of the Y3J is either
the A1 or the A, asymmetric fixed point of Ref. [42], depending on whether, at the reference
scale, 130 > 1.3, or 13 < 1.3, or the FCFP of the N = 2 junction located, according to the
analysis of Ref. [18], at 32« =11 34 =€/F (2 — K1 )

Before concluding this sub-section, two remarks are in order. First of all, we would like to
stress that the condition K < 1, which we have assumed at the start of the discussion here, has
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the mere effect of making V) irrelevant, thus allowing for dropping terms o 7] from the fol-
lowing discussion. In fact, this condition can be relaxed and one can extend all the conclusions
we derive here to the case K > 1, as well, but only provided 7; is fine-tuned to O from the very
beginning, and remains = 0 along the RG trajectories. Secondly, we would like to emphasize
that, in order to make the mapping effective, we identified one of the three KF’s, specifically
'3, with the MM y;, emerging at the N = 2 junction with a topological superconductor. This
points out, once more, that, to make a comprehensive discussion of the physics of real fermions
at junctions of one-dimensional interacting electronic systems and/or topological superconduc-
tors, KF’s and MM’s have to be considered altogether as actual degrees of freedom, despite the
apparent conventional definition of the former ones as a mere mathematical means to properly
follow the bosonization procedure.

4.2. From the Y-junction to the N = 2 junction with a topological superconductor

In the previous section we used the known results about the N = 2 junction [18] to in-
fer the emergence of a planar FCFP in the phase diagram of the asymmetric Y3J for K < 1,
ﬁ + ﬁ < 1. Nevertheless, the identification of K with the Luttinger parameter K, of the
N =2 junction makes it impossible to directly extend the correspondence to the case K > 1. In
fact, the analysis of Ref. [18] is limited to the regime K, < 1. For K, > 1, two key things hap-
pen. First, the identification of the argument v of the F-function in the perturbative RG Egs. (34)
with 2 — K ~! implies that v > 1 for K > 1. For v > 1, F(v) < 0, with the corresponding disap-
pearance of the FCFP along the diagonal in the 73 5 — 7] 3-plane. Second, DEBC method shows
the emergence of a relevant operator at the A @ N, as well as at the N ® A, fixed point, given
by the inter-channel normal backscattering operator, VNormal,(1,2), Which implies that, unless one
fine-tunes to O the coupling strength in front of VNormal,(1,2), neither A ® N, nor N ® A, are
stable fixed points anymore. To figure out what the phase diagram of the N = 2 junction looks
like for K, > 1, in this section we reformulate the correspondence with the Y3J, but this time to
retrieve informations about the N = 2 junction from what is known about the phase diagram of
the asymmetric Y3J.

To begin with, we refer to the disconnected fixed point. There, as stated above, for K, > 1,
the leading boundary operators for the N = 2 junction are the couplings of the two wires to the
MM, Vj, 1(2), and the inter-channel normal backscattering operator, VNormal,(1,2), given by

Vi1 =2it; yLT1 cos[/m¢1(0)]
Vi2 =2ity yr T cos[/T (0]
WNormal, (1,2) = Ul,zrlrzeiﬁw‘(o)*@w)] +hec. | (47)

of scaling dimensions respectively given by dp 1 =dp2 = ﬁ + #, dNormal,(1,2) = KL Ata
P o o

given U, the condition K, > 1 is recovered by setting % < K < K,(U), with
U U\’
K.U)y=——+,/14+— ) <1 . (48)
2mu 2mu

Thus, we conclude that, for % < K < K, (U), the disconnected fixed point is unstable, with three
allowed independent relevant boundary operators.
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Moving to the A @ N fixed point (and/or to the complementary N ® A fixed point), we see
that, referring to the operators V; (1,2), Vb,(1,2), their scaling dimension can be rewritten as
1+ KsK, _1 (1-Ks)(1—-K)p)
K; +K, K; +K,

da,12) =dp,1,2) = , (49)
which is clearly < 1 for K, > 1, K, < 1. Therefore, we conclude that both inter-channel normal
boundary backscattering, as well as boundary pairing, provide relevant perturbations at the A @ N
fixed point, as soon as K, > 1.

Finally, we readily see that the A ® A fixed point is not stable either, as a relevant boundary
perturbation is provided by the operator Vj, (1,2) of Eq. (16), with scaling dimension K, < 1. To
get some insight on the phase diagram of the N = 2 junction for K, > 1, we now employ the
correspondence with the Y3J. In order to do so, we start by assuming, for the time being, that
V.1, Vb2 and VNormal,(1,2) all have the same scaling dimension, that is, dy = dNormal,(1,2)- At
N =2, this condition requires

1 3 KU 4

= —— = . 50
4K, 4K<,:7ru 5 (50)

Let K (U) be the value of K that satisfies Eq. (50) at given U. We obtain K(U)U and in addi-
tion, due to the assumption of a repulsive intra-wire interaction, which 1mp11es 5 < K>(U) <1,

wealsogetf<db<f At K = K(U) oneobtalnst—K(U)[ ]anng:I%(U)\/g,

thatis, K, = K, /3,and u, = u, Ilg—p = 3u, . Accordingly, Hy pyx now takes the form

4
Haae =5 [ dx [Kal0.8, 007 + @ )1+ K51 [96010,0)° + 0.0 (0)7] |
0

(D

In deriving the boundary phase diagram one has to work on the semi-infinite system. Thus, the
upper integration bound (£) in the integrals at the right-hand side of Eq. (51) must be sent to co.
Taking this into account, we now perform the canonical transformation

D(x) =¢p(x)/V3 , O(x)=+360,(x)
P =¢o(x) , P(x) =0, (x) , (52)

followed by a rescaling by +/3 of the x coordinate in the integrals involving the center-of-mass
fields. As a result, Eq. (51) becomes

4
Hopuk =5 f dx [ Ko 10 @000 + (0] + K [0:000) + @0 )]
0

(53)

while, upon also redefining the field ®(x) according to «/§<I>(x) — \/§<I>(x) + %, the most

general boundary interaction at the disconnected fixed point, Hp, can be written as a linear com-
bination of Vj, 1, V2 and VNormal,(1,2) as
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I:Ib — —2ityy 1 sin [\/g (—(p(O) — \/qu(O))i|

— 2in Ty, sin [\/g (—o0 + \/§<1><0>)}

— 2ivy oI Ty sin[v/27 9 (0)]. (54)

The right-hand side of Eq. (54) corresponds to the boundary Hamiltonian of a Y3J with relative
fields ¢(x), ®(x), boundary couplings fi, 2, v12 and Luttinger parameters K = K3 = K. In
section 3.2, we argue that, as soon as all three of the boundary couplings are # 0, for 1 < K, <3
(as is the case here), the system flows towards the Z3-symmetric M-FCFP of the symmetric Y3J
[2]. Thus, we conclude that, for K, > 1, as soon as vy 2 # 0, the stable fixed point of the N =2
junction is realized outside of the #; — f>-plane. It sets in at a finite value of the three boundary
couplings ] = ) = v} 2 = 4, with #, corresponding to the M-FCFP of the Z3-symmetric Y3J
with Luttinger parameter K = K,. The M-FCFP is the endpoint of RG flow lines that, were
v1 2 =0, would instead end up at the A @ A fixed point of the N = 2 junction.

To complete our derivation, we now discuss the phase diagram of the N = 2 junction when
K, =XK;/3, with A # 1, and K, > 1. In this case, going backwards along the mapping we
derived in section 4.1, we see that the N = 2 junction maps onto the (bulk) asymmetric Y3J

we review in section 3.2, with K = K, and K3 = (%) K. Accordingly, one obtains for the

scaling dimensions dp | = dp2 = ﬁ (1 + %) This implies dp,1 > (<)dNormal,(1,2) depending
on whether A < 1 (A > 1). Apparently, the difference between dj, 1(2) and dNormal,(1,2) could, in
principle, trigger RG trajectories either towards an A,-asymmetric fixed point, or towards an
asymmetric version of the M-FCFP. As a function of A and of K, one obtains for the scaling
dimensions of the relevant boundary operators at the Az and at the A1, A, fixed points of the
corresponding Y3J the expressions

34+ AK2
da(h, Ky)="—"9
A3( o) 4)\4Ko'
da, (A, Ky) =da, (0, Ky) = 3+ 1K, (55)
A] ’ o) — Az 9 o) — (3—’—)\,)[(0.

Given the assumption K, > 1, based on the discussion of sections 3.1, 3.2, in the following,
referring to the fixed points of the Y3J, we assume that the stable fixed point has to be identified
with A3z if da, (X, K5) > 1,da, (A, K5) < 1, with either one of Ay, or A, (or with a planar FCFP)
ifda;(A, Ky) < 1,da, (A, K5) > 1, with the Dp fixed point if da; (A, K5) > 1,da, (A, K5) > 1
and, finally, with the M-FCFP if ds,(A, K;) < 1,da, (A, K;) < 1. Eventually, from the corre-
spondence rules of section 4.1, we make the appropriate identifications with the fixed points of
the N =2 junction. A straightforward algebraic derivation leads us to conclude that, depending
on whether A > 1, or A < 1, there is the possibility of stabilizing either the A3, or the Ay, A>
fixed points. In particular, without considering additional constraints on the various parameters,
one would obtain

o A>1:
In this case, for K, < % + & the stable fixed point corresponds to the M -FCFP of the Y3J.
For % + % <K, <6— % the stable fixed point would correspond to either the A or the A,

fixed point and, for K, > 6 — %, to the Dp fixed point. However, these last two possibilities
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are ruled out by the observation that, by definition, one has K, = %K 0 < % Therefore, one

obtains that %+ % <K; = % < A < 1, against the initial assumption. As a result, for A > 1
only the M-FCFP of the Y3J corresponds to a stable fixed point of the N = 2 junction.

o A< 1:
In this case, the M-FCFP of the Y3J corresponds to the stable phase of the system for K, <

— % For 6 — % <Ky < % + & the stable fixed point corresponds to the A3 fixed point.

For K, > % + %, Dp would become the stable fixed point. Again, we rule out this last

possibility, due to the observation that, by definition, K 24 Kp_2 =2(K j)_2 where, to

avoid confusion, we here use K ; to mean the Luttinger parameter of each QW in the N =2

junction in the absence of bulk, inter-wire interaction. At this stage, we are assuming, just

as in Ref. [18], % < K; < 1. Later on we discuss an extension of our analysis to K; > 1 in
K2 1

the absence of inter-wire interaction. As a result, we find the condition % =50 —1<
j

2K§ — %. Taking this into account, we see that K, > % + % =2 (Ka _ %)2 < 0, clearly
impossible. Therefore, the only allowed phase transition happens for 6 — % = K, where the
stable fixed point of the system changes from the M-FCFP of the Y3J (for K, < 6 — %) to
the A3 fixed point (for K, > 6 — %).

In terms of the parameters of the N = 2 junction, such a fixed point corresponding to setting
U1 — 00, and 7] = 1, = 0. Accordingly, we see that it corresponds to the perfect healing of the
junction between wires-1 and -2, with the MM decoupled from the two wires. To double-check its
stability, we resort to DEBC-approach, by imposing type N boundary conditions on ®(x), ¥ (x)
at x = 0 and, accordingly, type A boundary conditions on ¢(x), ®(x). In this case, the leading
boundary perturbation is indeed realized as a linear combination of the V| and V} z-operators
in Eqgs. (47), that is, by the hybridization between the normal wires and the MM, which now take
the form

P /T
Vb1 — ity )/Ll—‘lelT[ﬁcD(O)iﬁ(o)] +h.c.

Wi
o VOO0 4y o

Voo — ity , (56)

34AK2
Ky
6— %, the system is attracted towards the A3z-like fixed point, in which the MM is “pushed out”
of the quantum wires, which hybridize with each other to an effectively uniform wire, out of
which lies the decoupled MM.

In conclusion, we have shown that the condition K, > 1 is enough to reverse the phase
diagram of the junction between two quantum wires and a topological superconductor, with
respect to the result derived in Ref. [18] for K, < 1. Specifically, at K, > 1, the FCFP corre-
sponds to the true stable phase of the system and is eventually identified with the (in general
non-Z3-symmetric) M-FCFP of the Y3]J. Further increasing K, with respect to K, may eventu-
ally trigger an additional phase transition towards a phase corresponding to the perfect healing
of the junction between wires-1 and -2, with the MM decoupled from the two wires. To evidence
the new phases we find in the N = 2 junction by means of the correspondence with the Y3J, in
Fig. 1 we draw the phase diagram of the N = 2 junction for K, < 1 by including, in addition to
what we found in Ref. [18] for K, < 1, the phases emerging when the parameter K, is > 1.

Before concluding this sub-section, it is worth remarking how the correspondence between the
N = 2 junction and the Y3J also allows for inferring the phase diagram of the former system in

both with scaling dimension dj, = > 1. Therefore, we conclude that, as soon as K, >



D. Giuliano, I. Affleck / Nuclear Physics B 944 (2019) 114645 25

Fig. 1. Sketch of the phase diagram of the N = 2 junction for K, < 1. The red curve corresponds to ﬁ + ﬁ =1l:it

separates the phase corresponding to the disconnected fixed point (ﬁ + ﬁ < 1) from the other, “nontrivial” phases.

For K4 < 1, the phase of the junction corresponds to either the A ® N, or to the N ® A, fixed point, according to whether
the initial boundary coupling ¢ is larger, or smaller, than ;. In the symmetric case ¢; = t», the system’s phase corresponds
to the FCFP of Ref. [18]. When K becomes > 1, a phase that maps onto a (generically non-Z3 symmetric) deformation

of the M-FCFP of the Y3J opens till, after crossing the green line, corresponding to the curve K (1 + Kp_l) =0, an

additional phase opens (DMM), corresponding to the MM fully decoupled from the junction with the other two wires.
(For interpretation of the colors in the figure, the reader is referred to the web version of this article.)

the case of zero inter-wire bulk interaction (U = 0), and attractive intra-wire interaction (K > 1).
To do so, we first of all note that U = 0 implies K, = K, = K. From Eqgs. (41), one sees that
this condition is recovered in the % — oo limit, which yields K, = K, = K. Accordingly, one
sees that, at the disconnected fixed point, the leading boundary operator is again provided by
a generic linear combination of V2 3 and of V31 in Eq. (23) (plus their Hermitean conjugates),
all with scaling dimensions dy, ; = dy; , = % Thus, we recover the expected result that the
disconnected fixed point is unstable for K > 1/2 [18]. Atthe A ® N fixed point, the most gen-

eral allowed boundary interaction contains V, (1,2) and Vj (1,2) in Egs. (42), both with scaling

. . 2 . . .
dimension dy (1,2) = dp,(1,2) = %, of the intra-channel 1 normal backscattering operator in

Eq. (44), with scaling dimension dingra,1 = 2K, and the operator V2 res in Eq. (45) describing the
residual coupling to channel 2, with scaling dimension dz Res = % Among all those operators,
the only one that can become relevant for K > 1 is V5 res, Whose scaling dimension becomes
< 1 as K > 2. Finally, at the A ® A fixed point, the leading boundary interaction is provided
by a linear combination of VReS, 1 and VRes,g in Egs. (17), with corresponding scaling dimension
dRes = % Putting the above results all together, one therefore infers that, for U =0, K > 1, the
stable fixed point of the N = 2 junction either corresponds to AQ N,orto N® A, for K < 2, de-
pending on the initial values of the boundary coupling strengths. For K > 2, A ® A becomes the
stable fixed point of the junction. Moreover, consistently with the discussion of sub-section 3.1,
as well as with the results of Ref. [18], one expects A ® N and N ® A to be separated by some
intermediate phase(s). Whether this corresponds to just a FCFP, as happens for K < 1 [18], or to
more than one FCFP’s, or even to a continuous line of fixed points, cannot be firmly stated with
our method in this range of values of system’s parameters and, very likely, to discriminate among
the various possible options will require resorting to a nonperturbative, numerical approach to
the problem.

To summarize the correspondence between phases of the N = 2 junction and of the Y3J, in
Table 2 we provide a synoptic view of corresponding fixed points in the two models, using a
different color (red, instead than blue) to highlight phases that in either model are predicted by
means of the correspondence with the other.
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Table 2

Table of correspondence between phases (fixed points) of the N = 2 junction and of
the Y3J. The fixed points inferred in each one of the systems by means of the corre-
spondence with the other one are highlighted in red. The fixed points already known in
both systems are highlighted in blue (see Ref. [18] for the N =2 junction, Refs. [2,7]
for the Y3J). (For interpretation of the colors in the table, the reader is referred to the
web version of this article.)

N =2 junction Y3J
Disconnected fixed point (N ® N) Disconnected fixed point
A ® N fixed point A fixed point
N ® A fixed point A5 fixed point
1
FCFP at7) =i = 1y = [e/]-‘(ﬁ - ﬁ)} 2 “Planar” FCFP at 7} 5 = 0
A ® A fixed point D p fixed point
“Off-planar” FCFP (Non Z3-symmetric) M-FCFP
Disconnected MM fixed point A3 fixed point

To complement the results of the previous sub-sections, we now briefly discuss how the cor-
respondence between the N = 2 junction and the Y3J has to be implemented in computing the
g-function at corresponding fixed points of the two models.

4.3. Calculation of the g-function at corresponding fixed points

The simplest fixed point in both the N = 2 junction and in the Y3J is the disconnected
one, in which all the boundary interaction strengths are set to 0. As from Eqs. (11, 21),

at the disconnected fixed point, one obtains gpisc = 2[K pKJ]AlT in the N = 2 junction, and

gpisc = 2[K3K*K 17 in the Y3J. On comparing the two results, the first observation is that,
to recover the over-all factor of 2 in the case of the Y3J, one has to include in the calculation
the auxiliary KF T, as well. Besides that, the two results are apparently not related to each other
via the correspondence between the Luttinger parameters in the two models in Egs. (41). This
is due to the fact that the Y3J g-function receives contributions from overall degrees of freedom
not entering the correspondence with the N = 2 junction, that is, the auxiliary field and the cen-
ter of mass field ¢, (x). On recomputing gpisc in the Y3J by dropping those contributions, one
eventually obtains the asymmetric version of the result of Ref. [2], that is
2 i
K“K3 j| ’ 57)

— 0
8Disc |:2K+K3

that is, exactly the result one obtains when inserting Eqs. (41) into the formula for gpjs in the
N =2 junction. Having stated the correspondence between the g-function at the disconnected
fixed points, in the following we consider the g-function at alternative fixed points always nor-
malized to gpisc, in both models.

The A ® A fixed point in the N = 2 junction corresponds to the Dp fixed point of the Y3J.
Here, despite the counting of the real fermionic degrees of freedom working differently in the two
models, the results for the g-function are again consistent with each other. While in Appendix B
we discuss in detail the derivation of the corresponding degeneracy factor in the N = 2 junction,
it is worth recalling how one recovers it in the Y3J. Setting for simplicity > 1 = 0, when mirroring

Hjp in Eq. (39), one obtains its two-boundary version, Hlfz), given by
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Héz) = —2it32I'2I'3 cos {\/g[d)a ) + ¢p(0)]}
—2it1 31 I'3 cos \/g[d)o(o) - (bp(o)]

— 2it3 2213 cos \/g [¢a &) + 9, (6)]

— 211 3T T cos \/g [6o(0) = dp(0)]} (58)

This is the two-boundary Hamiltonian for the N = 2 junction, except that now one has y; =
yr = I'3. When discussing the degeneracy factor due to the zero-mode real fermion operators,
in Appendix B we separately consider this case, concluding that, when both ¢,(0) and ¢, (0)
are properly pinned, one recovers a total number of three real-fermion zero modes which, put
together with T, provide the degeneracy factor of 4 (2) to the total partition function (to the
g-function). Once the correct degeneracy factors have been taken into account, in the N =2
junction one obtains that paga = gaga/gnen =K, KU]_%, which, using Egs. (41), one read-
ily shows to be the same as the result of Eq. (26) for the Y3J.

When computing the g-function at the A ® N fixed point of the N =2 junction, we have
to pertinently modify the result in Eq. (13), due to the identity u, = u, = u, which is a direct
consequence of the mapping from the Y3J. In this case, implementing the approach of Ref. [18],
ore readily derives, using Egs. (29), the identity

[ e [L LY (59)
8AQN = 4Kp 4K, 8Disc = 7K 2K3 8Disc >

which shows that, once normalized to the g-function at the disconnected fixed point, if]‘)@’ in the
1SC
g

N =2 junction is equal to ﬁ in the Y3J, as expected from the correspondence between the
two models (note the apparent difference between the right-hand side of Eq. (59) for gagny and
the result in Eq. (13). This is due to the condition u,, = u, = u which naturally arises from the
mapping and, in this case, takes the place of the formulas one generally derives from Egs. (A.9)
of Appendix A).

Before concluding this section, a comment is in order about the correspondence between real
fermion operators in the N = 2 junction and in the Y3J. On one hand, we see that it is rather
straightforward in the single-boundary version of the models, as, in that case, one simply uses
the observation that the center of mass field of the Y3J decouples from the junction dynamics and,
therefore, the “left-over” KF can be formally mapped onto the MM in the N = 2 junction. On
the other hand, the correspondence is not anymore straight when resorting to the two-boundary
version of the model Hamiltonian to compute g. In this case, the different nature of the MM’s,
which are local in real space, and of the KF’s, which are global along the full extent of a QW,
results, for instance, in that, while in the N = 2 junction one has a TSS at each end of the system
and, therefore, two MM’s, in the Y3J one still has only the KF associated to the center of mass
field. Remarkably, as we discuss above, this mismatch can be fixed by adding the auxiliary KF
T to the count of the degrees of freedom of the Y3J, though without the possibility of rigorously
extending the Hamiltonian mapping to the two-boundary systems, as well. Yet, the very fact that
the results are the same in the two models, apparently further supports the extension of the actual
correspondence between the N =2 junction and the Y3J also to the g-function at corresponding
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a) "

Superconductor

Fig. 2. a): Sketch of the junction between N interacting quantum wires and one topological superconductor. The one-
dimensional topological superconductor is realized by depositing a semiconducting nanowire on top of a bulk, s-wave
topological supercondutor and applying a magnetic field (see Refs. [43,44] for details). ¥, denotes the field of electrons
in wire-a, yy, is the Majorana mode emerging at the interface between the quantum wires and the topological supercon-
ductor, y i is the second Majorana mode expected to emerge at the opposide side of the topological superconductor [16];
b): Two-boundary version of the device sketched in a): yg, 71/2 now denote the Majorana modes at the edpoints of the
topological superconductor connected to the right endpoint of the normal wires.

fixed points, which can be eventually regarded as a double check of the results about the mapping
of the phase diagram of one system to the other.

5. Phase diagram and impurity entropy of a junction between N quantum wires and a
topological superconductor

As a further example of application of our method for computing the g-function, in this section
we discuss the fixed points in the phase diagram, and the corresponding calculation of the IE,
in a junction between N QW’s and a topological superconductor. For the sake of simplicity, in
the following we make the symmetric assumption that the Luttinger parameters u, K are the
same for each QW. In this respect, this is a symmetric multiwire generalization of the junction
discussed, for K, < 1, N =2 and (partially) for N = 3, in Ref. [18]. (An error occurred there
in the final numerical estimate of the g-function, which we amend here; it did not affect the
final conclusions.) Referring to the TLL-model Hamiltonian for the junction in Eq. (A.5) of
Appendix A, in the following, we assume that both intra-wire and inter-wire bulk interactions
are repulsive, which implies K < 1, U > 0. In addition, we assume that 1/2 < K, which is a
necessary condition to assure the relevance of the boundary coupling to the MM [17,18]. In Fig. 2
we provide a sketch of the junction between N interacting QW’s and a TS in the single-boundary
version (which we use to discuss the phase diagram) and in the two-boundary version (which
we use to compute the g-function). We now provide a discussion of the phase diagram, which
basically generalizes the analysis of Ref. [18] to a generic N.

5.1. Phase diagram of the N -wire junction with a topological superconductor

The simplest fixed point in the phase diagram corresponds to having all the wires disconnected
from the TS. This implies type N boundary conditions at x = 0O for all the channels. When turning
on nonzero couplings to the TS, {z,}, taking into account the boundary conditions, one may write
the bosonized boundary Hamiltonian at the disconnected fixed point, H, ;}é’ > in the form

N
1 .
Hé,é,N =2i ) tayLTa cos[yvTda(0)] . (60)
a=1
The scaling dimension of ng,ll; ~» dpb, can be readily derived using the transformation in

Egs. (A.0). The resultis dp = syig~ + sy For 1/2 < K < 1and for U > 0, we find 5 <dp < 1
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VN, which implies that HI;%’ y always corresponds to a relevant boundary interaction for the
range of parameters considered. Thus, having nonzero #,’s paves the way to the opening of
new phases, corresponding to additional fixed points in the phase diagram of the junction. To
discuss them and especially their stability under RG flow, one has to first identify the corre-
sponding CIBC’s, and then to employ them to construct, within the spirit of DEBC approach,
all the allowed boundary operators at a given fixed point and eventually to check whether any of
them corresponds to a relevant perturbation. This can be readily done within the imaginary-time
framework, in which we describe the wires using the Euclidean action Sggr only depending on the
fields at x = 0. To derive Sggr, one has to integrate over the bulk fields everywhere in real space,
except at x = 0. Doing so, due to the duality between the ¢- and the 6-fields on the semi-infinite
line, Sgfr can be either expressed in terms of the fields ¢,(t) = ¢, (x = 0, T), or of the fields
0a(t) =6,(x =0,7) [2], as

1 - o
Seril{da}l = 7 / d2 12 ¢"(Q) IMy1"KyMy 6(Q2)
1 N o
Senl(0a)] = 7 / 49 12187 () My 17Ky My 6(2) ©1)

with $(Q) = [dre! ¥ [$1(x), $2(0). ..., gn (1T, 6(Q) = [ dee' T [61(2), 62(D), ... On (D],
the matrix My defined in Eq. (A.7) of Appendix A, and the matrix Ky given by

K, 0 ... 0
0 Ko ... O

Ky=| . S . (62)
0 0 .. K,

Eqgs. (61) are true in general. The specific choice of either one of the actions in Egs. (61) depends
on the boundary conditions on the various fields.

At the disconnected fixed point, all the 0-fields obey Dirichlet boundary conditions at x = 0.
Therefore, we must use Sgg[{¢,}] in Eq. (61), with all the ¢’s different from 0. A straight-

forward calculation allows us to derive the scaling dimension of Hb(,%, n» Which is simply

given by ${[[My1"KyMy]~'}1,1 = dj, where we have used the identity [[My ] KyMy]™! =

M N]TK;,lM ~ - In addition, while normal intra-wire backscattering plays no role, due to Dirich-

let boundary conditions on 6, (0), inter-wire backscattering and inter-wire pairing between chan-

nels a and b respectively correspond to the operators VNormal, (a,b) and Vpair, (4,5 given by
VNormal. @.6) = Ta Fhe—iﬁ[% (0)—¢(0)]

Veair (a.6) = DaTpe ™V T10O O (63)

plus their Hermitean conjugates. Their scaling dimensions are respectively given by (assuming
a#b)
dnormal (a5 = {[IMN1" Ky Myl = [IMy] Ky Mylap) = K,
dpair, (. = ([IMN]" Ky MyTaq + My 17Ky Mylas)

— K '+ % (Kp—l - K;l) : (64)

Given the assumption that K, < 1 (which we relaxed, when discussing the correspondence with
the Y3J in section 4), we conclude that both dNormal, (a,5) and dpair, («,5) are > 1 and, accordingly,

Hb(lé  provides the only relevant perturbation at the disconnected fixed point.
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To move away from the disconnected fixed point, in analogy to our derivation of Ref. [18],
we employ the perturbative RG approach within e-expansion method, which we briefly review
in Appendix D.1. The corresponding RG equations for the running couplings are given by

di, - - 5

—r == FWia [} 51 (65)

b#a

with [ = —In(D/Dy), D being the running energy scale, Dy the high-energy (band) cutoff ~
1:0_1, and the function F(v) defined in Eq. (D.7), with v = NLK,, — NLK” In general, Eq. (65)
implies a growth of the 7, along the RG trajectories. This may either take the system to some
FCFP, which generalizes the one discussed in Ref. [18] for N = 2, 3, or to pinning N, ¢,(0)’s,
leaving the corresponding 6,(0) unpinned. Because of the symmetry between the channels, in the
following we assume always that such a fixed point corresponds to pinning the first N, ¢, (x)’s
at x = 0, leaving the remaining N,, unpinned (so that, for instance, the disconnected fixed point
corresponds to N, =0, N, = N).

Let us consider the N, = 1, N, = N — 1 fixed point. From Eq. (60), we see that this is recov-
ered by sending 7; — oo and minimizing the corresponding contribution to H,;’II;’ - Accordingly,
besides pinning ¢1(0), this also requires “locking” the system into a state either annihilated
by the Dirac fermion a; = %[yL +iT"1], or by aIT, depending on the value at which ¢1(0) is
pinned. Taking this into account, we may list the various allowed boundary operators at that
fixed point. First of all, the intra-channel normal backscattering operator in channel-1 is real-
ized as Vinga,1 ~ V, cos[24/761(0)]. To derive the corresponding scaling dimension, dppa, 1, in
Eq. (61) we set to 0 all the 8,’s but 81. As a result, we eventually find

2

— = =[dppiscl!
] N_1 [ b,Dlsc]
NK, T NK,

dingra1 = 2{[[MN1TKG My 111} 7! = (66)

which implies dipya,1 = [d;,,DiSC]_l. Switching to boundary inter-channel normal backscatter-
ing/pairing operators, we have to separately consider whether those processes involve channel-1,
or not. In the latter case, assuming that both a and b # 1, the corresponding boundary oper-
ators are again linear combinations of the ones in Eqs. (63), with the corresponding scaling
dimensions in Egs. (64) proving their irrelevance. At variance, when e.g. a = 1, the analog of the
operators in Egs. (63) are given by linear combinations of the operators

Iy Ty VIO 0)=9(0)]
=T r‘be*iﬁwl 0)+¢5 (0] , (67)

Va,(1,b)
Vb, 1,b)

plus their Hermitean conjugates. To compute the corresponding scaling dimensions, we have to
account for the Dirichlet boundary conditions on ¢1(0). To do so, we get rid of the corresponding
field in the Euclidean action, by emplying the “reduced” action Sk, (1)[{¢»}], given by

1 ~ .-
SEff,(l)[{(Pb}]:g/dQ|Q|¢T(Q) Kn o) (63)

with () = [ dt e [¢o(7),..., ¢ (D)7 and Ky = LK gy 4 ZoZEe fy ) and
Iy being the N-dimensional identity matrix and Iy being the N-dimensional square matrix with
all the entries equal to 1 but the ones at the diagonal, which are equal to 0. Accordingly, we find

1 _ _ ~
da,a,b):dh,(],b):5{[[MN]TKN1MN]1,1} L Ik s (69)
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By mathematical recursion, one may show that

R (N -2)K, + 2K, Ky, — Ko =
]CN = 2 N—-1— 2 IN*] ) (70)
(N-DK,K; +K; (N-1DK,K; + Kz
which eventually leads to the final result
1 1 (N -2)K, + 2K,
dNorms = dpy; = 71
Normal, (1,5) = dPair,(1.5) = 7 {db,Disc (N—DK,K, + K2 (71)

For1/2 < K,, K, < 1 and for U > 0 one obtains diyter, (1,) > 1, thus showing the irrelevance of
the corresponding operators. Finally, we consider the residual coupling to the MM. In this case,
as discussed at length in Refs. [17,18], though the residual coupling between, say, channel-2
and the Majorana mode seems to provide a relevant perturbation, in fact, it does not, due to the
condition that the physical states must either be annihilated by aj, or by al' defined above. This
makes an operator such as 2ifyy 'y cos[+/7 ¢2(0)] become effective only to second order in 7,
where it effectively behaves like an operator V5 res o cos[24/7¢2(0)], with scaling dimension

dRes.2 = 4{[I€N]_1}2,2 = 2% > 1for1/2 < K < 1 and for U > 0. Accordingly, this
is an irrelevant operator, which legds us to conclude that, as long as K, < 1, the stable phase of
the N-wire junction with a topological superconductor always corresponds to a N, = 1, N, =
N — 1 fixed point.

While our above analysis can in principle be readily extended to any N, > 2, in the following
we limit ourselves to the case N, =2 to show how, in this case, at least two relevant boundary
operators emerge at the corresponding fixed point. Eventually, this leads to the conclusion that
the corresponding fixed point is not stable, consistently with the result of Ref. [18] for N = 2.
The instability of fixed points with an N, > 3 can eventually be inferred by means of similar
arguments. Assuming N, = 2, the key operators correspond to normal boundary backscatter-
ing/pairing involving channels-1 and -2. Within DEBC approach, they are readily recovered as a
linear combination of the operators V, (1,2) and Vj, (1,2), given by

Va2 = Fll"ze*"ﬁ[el (0)—62(0)]
Vb,(l,Z) B Flrbe_iﬁ[91(0)+92(0)] ’ )

plus their Hermitean conjugates. The corresponding scaling dimensions are accordingly given by

da,1,2) = {[IMN1 Ky My 111} = (IIMy 1T Ky ' My 112!

N
= el — =K
2K, + (N —2)K;
dp.1.2) = ([IMNTT K My T 7+ M T K My T2 = K, (73)

Both dj (1,2) and dp (1,2) are < 1, implying that boundary operators encoding normal inter-
channel backscattering and pairing both correspond to relevant boundary interactions. Accord-
ingly, we conclude that the N, = 2 fixed point is unstable and, by means of an obvious extension
of the argument, that any fixed point with N, > 3 is unstable, as well. In conclusion, we see
that, also for N > 2, the only stable fixed points in the phase diagram of the N-wire junction are
the N-ones with N, = 1. As those are all equivalent to each other, there must be intermediate
FCFP’s separating the corresponding phases.

FCFP’s have been argued to potentially host “decoherence-frustrated” phases with reduced
decoherence effects in the boundary quantum degrees of freedom [32,33,24]. In our case, FCFP’s
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are expected to emerge at the bifurcations between RG trajectories leading to any one of the
stable N, = 1 fixed points. While we are not able to provide an exact conformal boundary field
theory description of the FCFP’s, we can still access them in the e-expansion framework. Indeed,
they emerge as nontrivial zeroes of the S-functions at the right-hand side of Egs. (65), with the
corresponding boundary couplings satisfying the equations

fa (e = Flv] ) i}=0 . (74)
b#a

By inspection, we see that there is only a solution with all the £ # 0 (FCFPy), corresponding to

= =0 =1(N) = /m : (75)

Next (assuming N > 3), it is possible to have nontrivial solutions in which one t_j =0, all the
others being # 0 (FCFPy_1). These are given by

=0

/ €
th=t(N—1)= m (b#a) . (76)

Going ahead (assuming N > 4), we find N(N — 1)/2 FCFP’s in which two £ = 0, with all the
others being # 0, etc. Remarkably, Eqs. (74) do not exhibit solutions with just one 7 # 0 and
all the others being = 0, which gives us one more insight about the possible topology of the
boundary phase diagram of the junction. To do so, we first of all note that, if all the N bare
couplings are equal to each other, then the symmetry among them is not broken along the RG
flow generated by Eqgs. (65). In this case, we therefore expect the junction to flow towards the
FCFPy . At variance, a slight breaking of the symmetry between the couplings does, in fact, take
the system out of the FCFPy. To show this, let us assume that, in the vicinities of the FCFPy,
the couplings are set so that 7], 1, = 7,(N) — p, while 7, 1 =t,(N) + o fora=2,..., N, with
0<p K land0 <o « 1. On linearizing Eqgs. (65), one obtains

dp(l
%:260(1)
do () 2¢
= l)—2e0(l) . 77
=7 P =260 () (77)
Once integrated, setting A1 = —€ +¢€,/1 + ﬁ, AM=—€—¢€,/1+ ﬁ, one finds
RN
p)=e" p0) + 0(0)
21+ v J1+
R
+e | ———p(0) - 0(0) (78)
21+ 55 1
4
)»16)‘]1 1+ 1+N—
o(l) = 0(0) + U(O)
2¢ 2 1_|_ 4 /




D. Giuliano, I. Affleck / Nuclear Physics B 944 (2019) 114645 33

ty

|

t,.m

.tz

Fig. 3. Sketch of the typical renormalization group flow diagram of a junction of N interacting quantum wires with
a topological superconductor drawn for U > 0 and Ks < 1 (see text). In this range of parameters, we see that the
disconnected fixed point, as well as the fixed points with N, > 1, are unstable against turning on a nonzero boundary
interaction. In the presence of a symmetry between two, or more than two, boundary couplings, the renormalization
group trajectories flow towards FCFP’s (drawn in green and blue). Eventually, when one boundary coupling takes over
all the others, the system flows towards one of the N, = 1 fixed points. (For interpretation of the colors in the figure, the
reader is referred to the web version of this article.)
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From Eqgs. (78) one infers that the RG trajectories flow towards the FCFPy_; fixed point, ob-
tained by decreasing 7; and symmetrically increasing all the other couplings. Conversely, if both
p(0) and o (0) are < 0, then a direct flow to an N, = 1 fixed point is recovered. Now, the above
analysis can be straightforwardly iterated, eventually generalizing to the N-wire junction the RG
flow diagram derived in Ref. [18]. In Fig. 3, we draw a sketch of the minimal flow diagram for
the junction. We see that, for 1/2 < K < 1, the RG trajectories flow away from the disconnected
fixed point, either towards one of the N, = 1 fixed points, or towards some FCFP, depending
on the symmetry between the initial values of the boundary couplings. Eventually, reducing the
symmetry between the boundary couplings implies a flow between different FCFP’s, till, when
all the symmetries are removed, the system flows towards one of the maximally stable N, = 1
fixed points.

We now compute the g-function at the various fixed points of the N-wire junction, eventually
arguing that the corresponding results are consistent with the expected topology of the phase
diagram only provided one properly accounts for the real fermionic modes, which is at the heart
of our approach.

a(0)

5.2. Impurity entropy at the fixed points of a junction between N quantum wires and a
topological superconductor

To begin with, let us consider the disconnected fixed point, corresponding to type N CIBC’s
at both boundaries in each channel. As a general remark we note that, in the junction we consider
here, we have 2MM’s (one at each boundary), as well as N KF’s, for a total of 2 + N real
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fermionic modes. Consistent with the discussion of section 2, if N is odd, we introduce the
auxiliary wire, with Luttinger parameters i, K, providing an extra Klein factor T, so to make
the total number of real fermionic zero mode operators even. From Egs. (A.8, A.13, A.14) and
taking into account the degeneracy factor associated with zero-mode real fermionic operators,
for N even, we eventually find for the partition function at the disconnected fixed point the result

N
Zpise =22 (g1 (@)1 VY Zpiscen (79)

uc,rBm

withg.,=e" "~ ¢ ,and

ﬂﬂ - -
ZDisce0= Y exp {—g mgBN,em¢} : (80)
{m11¢ ..... mN,q}}EZ
%g =(mi,4,...,mn,¢), and the matrix By . given by
u
K—‘,’J 0
0 Ll 0
Ko
By.=[My]" _ My . (81)
0 0 ;‘(—‘{’r

At variance, for N odd, one obtains

+1

Zpise =27 @17 @1 @)1V Zpiseon (82)

L= _upm
withg =e¢~ "¢ , and

ZDisc.0.0 = > exp { —% g, BN,on*w} : (83)
{mi,¢,...omN - MN+1,¢}EL

and the matrix By , constructed from By , by adding one row and one column with all the

elements = 0 except [By oln+1,8+1 = % To extract the g-function, we have to consider the

partition function in the £ — oo limit at fixed 8, which can be readily done by employing the

Poisson summation formula in the form presented in Eq. (C.10). As a result, we obtain

N ozt meN-D 1
Zpise —> 100 277 e 0T [K,KNTD]3 (N even)

Tl Tl(N—1) EdA _
Zpise —> 100 21TT 5 T P T [RK,KND]E | (Nodd) | (84)

from which we eventually obtain for gpjg the result

N+2 1.1
gDisc:2 4 [KpKéN 1)]4 s (Neven)
N+3 —_1D.L
gDisc=2 4 [KKpK(gN 1)]4 s (NOdd) . (85)

To generalize Eqgs. (85) to a fixed point with type A CIBC’s in the first N, channels and type
N in the remaining N, ones, we refer to Eq. (A.15) of Appendix A for the spectrum of the
zero-mode operators. Accordingly, for N even, we obtain that the zero-mode contribution to the
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total partition function is given by

B r.r= - - -
ZWNoNe0 = D exp{—g [mgT By ctitg + i} BN,em¢]} : (86)

{ma,0.mp gyl

with iy = (mig,...,mn,,0,...,0), mg = (0,...,0,mN,14,...,mN ), and the matrix

]~3N,e obtained from By . in Eq. (81) by substituting K. ,1 with K, ,, respectively. Similarly,
for N odd, one obtains

B8 o7~ - - -
Z(NauNi).0.0 = Z exp {—g [mg By oo + g, BN,om¢] } , (87)

{ma0,mpg}el

with B N.o constructed from By , by means of the same criterion used to build ]~3N,e from By .
Postponing, for the time being, the calculation of the degeneracy factors due to the zero-mode
real fermion operators, 8, ,[N,, N,], we now employ the approach of Appendix C to compute
the g-function from the results of Eqgs. (86, 87). Taking into account that the contribution to the
total partition function due to the oscillator modes does not depend on the specific CIBC’s in the
various channels, we obtain

Tl +nZ(N71) (N N _1) _1 2 1
ZNa»Nn £— 00 56[N01 Nn] e()ﬂup 6Bua [KU " “ Kp K ]2

=

[ (N,—DKUT™
x |14 % , (N'even) (88)
- nu -
wl , mUN-1) |, 7t _
2Ny Ny — 00 8ol Nay Nyl et 6t Ta0 [ g Mo =Na=D 1 g 2)3
_ - 1
N, — DKU7 2
x 1+% , (N odd)
- nu -

In Appendix B we discuss in detail the calculation of &, ,[N,, N,]. Here, we just quote the final
result for the g-function, which is

1
3Ng+-Np =2 N,—DKU | *
o 23N +4N 2 [KéNn—sz—l)Kp—lK2]% |:1 + %] , (N even)
1
3Ng+Np—1 - N, —1DKU | *
gNa’Nn :2 N, +2N 1 [KKO(-anNafl)K/;lKZ]% [1 + %] , (Nodd) ) (89)
Tu
On normalizing gy, n, tO gDisc, We obtain the ratio
2% - K?
8N4, Ny
IONayNn = . = 1 Ng 1 ) (90)
8Disc Kg KUT [1 I (Nn;i)KU]4

which gives back the result of Eq. (13) for N, = N, = 1 and the results of Eq. (15) for N, =
2, N, = 0. Besides the consistency check, a first important result is that one obtains

1
1 2 3
K N—-2)KU] 1 N-—1) (&Y
PILN-1= 1+( ) = 1—( ) (Gar) <1, 91
2K.K, Tu V2K [1 + (N—2)KU]
Tu
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as well as

1
N,—DKU 717
L Y [1 L ] ©2)
- (N,—2)KU ’
ION,;,N,«, KU 1 + T

which is < 1 for K, < 1. Thus, the systematic calculation of the g-function at fixed points with
given CIBC’s ultimately confirms the phase diagram emerging from the perturbative RG ap-
proach combined with DEBC method. There are N equivalent stable fixed points, corresponding
to N, =1,N, = N — 1. These are separated by FCFP’s that are expected to lie along spe-
cific symmetry line in the boundary parameter space [18]. To compute the g-function at the
FCFP’s, we employ the e-expansion method discussed in Ref. [18]. Specifically, we assume that
dp =1 — €, with 0 < € < 1 and eventually find that the FCFP’s are all located at values of
the boundary parameters ¢, o< (F(2 — K 1))_%, with the function F defined in Eq. (B.41) of
Ref. [18] and reviewed here, in Appendix D. In general, letting M (< N) be the number of finite

couplings t, » at a FCFP, we find t, y = /m. To proceed with the calculation of the

corresponding value of the g-function, grcrp ., we go through exactly the same derivation of
appendix G of Ref. [18]. As a result, to leading order in the #, 7, we find

22 Me? }
(93)

20 y.4
8FCFP,M = &Disc {1 — 2" M1, 3;} = gisc {1— M —DFW)

A remarkable consequence of Eq. (93) is that, since, given two integers M, M’ both < N, we
find ;245 > % provided M < M’, grcrp.m/grcrp.p is > 1 (< 1) if M > M' (M < M),
that is, if an RG trajectory takes place between two FCFP’s, it must take the system towards
the fixed point with the lower value of M, consistently with the result of Ref. [18] in the case
N=3,U=0.

6. Conclusions

We discuss the method to consistently compute the g-function at the boundary fixed points
of the phase diagram of junctions between interacting quantum wires and/or topological su-
perconductors, involving real fermionic modes in the corresponding boundary Hamiltonian
(localized Majorana modes and/or Klein factors). We show that, in doing the calculation, one
has to treat all of the real fermionic degrees of freedom on the same footing, which is ap-
parently a version of the Majorana-Klein hybridization phenomenon, which requires KF’s to
be considered as actual “physical” degrees of freedom in exactly the same way as MM’s,
when describing junctions between interacting quantum wires and topological superconduc-
tors [28]. Incidentally, in our procedure for computing g, we also introduced a means to avoid
ambiguities in counting the degrees of freedom associated with an odd total number of real
fermions, by introducing an auxiliary wire, fully disconnected from the junction. The addi-
tional wire has the effect of providing an additional KF, which makes the total number of real
fermionic modes always even. While affecting the value of g at a specific fixed points, our pro-
cedure eventually gives back the right value of the ratio between g computed at two different
points.

By comparing the results of perturbative RG approach and DEBC-method with the explicit
calculation of the g-function and the implications of the g-theorem, we have mapped out a
remarkable correspondence between the N = 2 junction and the non-Z3-symmetric Y3J, for
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suitably chosen values of the system parameters. In particular, we have employed the correspon-
dence to recover informations about the phase diagram of the former system from known results
about the phase diagram of the latter, and vice versa. Concerning the N = 2 junction, we have
shown that the condition K, > 1 is enough to reverse its phase diagram with respect to the result
of Ref. [18] for K, < 1. Increasing K, to values > 1, we proved that the FCFP corresponds to
the true stable phase of the system and is identified with the M-FCFP of the Y3J and, eventu-
ally, that, for large enough values of K, the N = 2 junction undergoes a phase transition to a
phase with perfect healing of the junction between wires-1 and -2, with the MM decoupled from
the two wires. Conversely, for the Y3J, we demonstrated the emergence of a “planar” FCFP’s
(that is, with one of the boundary coupling strengths set to 0), which is a novel feature, so far
not discussed for such systems. In addition, we were able to infer the phase diagram of the
N = 2-junction at zero inter-wire interaction and for K > 1 in each wire, a regime which was
not discussed in Ref. [18].

Despite being effective in deriving a number of results on the phase diagram of both systems,
the correspondence between the N = 2 junction and the non-Z3-symmetric Y3J still presents a
number of “critical” issues, which will have to be further analyzed, possibly with the help of a
numerical approach to the problem, such as the one employed in Ref. [53]. In particular, issues
related to our work that deserve to be further analyzed are:

— The failure of the e-expansion method to provide quantitative results about the FCFP, when
applied to the Y3J in the Z3-symmetric limit. As we show in Appendix D.2, the perturbative
B-function for the boundary running coupling in the Y3J contain terms that are all o €, which
makes the perturbative RG approach not reliable for extracting informations about the FCFP, at
variance to what happens in the N = 2-junction [18]. (Yet, it must be stressed that, while not
applicable in general, the e-expansion method works fine for the Y3J, as well, in some range of
values of the system’s parameters, such as the one considered in section 4.1, leading to Egs. (33,
34).)

— The nature of the FCFP that our correspondence predicts in the N = 2 junction with no
inter-wire interaction, 1 < K < 2 in each wire, and for symmetric boundary couplings. In par-
ticular, it would be extremely interesting to figure out whether there is still just one FCFP and
whether it is continuously connected to the one we found in Ref. [18] for 1/2 < K < 1, or if
there is more than one FCFP’s, possibly of some intrinsically different nature;

— Whether the fact that the correspondence extends to the g-function, despite the fact that
the physical nature of the real modes in the Y3J and in the N = 2 junction are fundamentally
different, is just an accident, or can apply, possibly in some different form, in similar systems.

Apart from the ones listed above, from our results, there are a number of issues that we left
over and should be properly addressed, such as the relation between the validity of the g-theorem
in the presence of real fermionic modes and the conservation of the total fermion parity, the
explicit calculation of the g-functions at FCFP’s where the e-expansion method fails, or the
extension of our derivation to systems such as the “Majorana-Kondo devices”, which at the same
time encompass Majorana and (topological) Kondo physics [29]. These topics are outside of the
range of this work and we plan to address them in forthcoming publications.
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Appendix A. Lattice Hamiltonian, boundary conditions and mode expansion of the
bosonic fields

In this appendix, we concisely review the bosonization procedure for the interacting lattice
fermionic Hamiltonian for the junction between N QW’s and a TS. Following the bosonization
procedure, we present the mode expansion for the bosonic fields entering the corresponding TLL
Hamiltonian at given type N, or type A, boundary conditions at x =0 and at x = £.

The lattice model Hamiltonian for the N-wire junction is given by Hy fer = Ho Fer,ny +
Hi Fer,N + Hp Fer,n, With

N -2 —1
HO,Fer,N = Z{_J Z{C;’a6j+1’a +C}L‘+1,acj,a} — 'U“ZC;,aCj,a}
a=1 j:1 j:1
N (-2 1 )
— oL + ]
Hifern =V ZZ <Cj,acm - 5) <Cj+l,ac]+l,a - 5)
a=1 j=1
N (-1 . 1 |
0 30 Y (cluesa=3) (choern—3)
a#b=1 j=1
N ' N
Hper,y == ) tavL {cat = g1} =1 ) laVR {ca -1 + i}
a=1 a=1
— g (-1
= Hb,Fer,N + Hb,Fer,N ’ (A.D)

with yr, yr being the localized MM’s at the junctions between the QW’s and the TS and
the 7,’s being all real and positive, as a possible phase can be always reabsorbed into an
appropriate redefinition of the lattice fields. In the absence of interaction, retaining only low-
energy, long-wavelength fermionic modes allows for expanding the lattice fermion operators
as cjq ~ | etkri YRr.a(x) + e ki Y1 ,a(x)}, with the Fermi momentum =4k y = arccos (—%)
Bosonizing the chiral fermionic fields requires introducing N pairs of canonically conjugate
fields {¢pr.a (x),dr.q (x)} (@a=1,..., N). In the noninteracting limit, they can be expressed in
terms of N pairs of chiral bosonic fields as

Yra(x) =T, eim@e,a(x)
wL,a ()C) — Fa ei\/“;ﬁbL,a(x) ) (A2)

with the chiral bosonic fields satisfying the algebra

[Pr.a(x). Pr.a(X)] = —[pL.a(x). PL.a(x)] = f;e(x _—

l
[@R.a(X), L0 ()] = —[¢L.a(x)), PR.a(X)] = 7 (A.3)
with all the other commutators equal to 0, and the N KF’s defined so that {I'y, I'/} = 28, 4/,
and, if Hp per,y contains localized MM’s y1, ..., yum, requiring that {y;, 'y} =0, Va, j. In the
interacting case, Egs. (A.2) are replaced by

wR a(x) — Fa eiﬁ[¢a(x)+9a(x)]
Y1 .a(x) =T eVt =ba] (A4)
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with the (canonically conjugate) fields {¢,(x), 6,(x)} described by the bulk Hamiltonian Hy p =
Hy B0+ HN, B Inter and

£ N
Hyno=Y [ dx 31K G007+ K71 @.0,007)
0 a=1
N oy ¢
Hyame= Y - [ dvi@0,0)@80 | (A5)
a#b=1 0

with the Luttinger parameter K and the plasmon velocity u determined by the intra-wire interac-
tion V' and by the Fermi velocity in the wires, v . By means of an appropriate orthogonal trans-
formation, Hy p can be separated into independent terms by rotating to the basis of the center-
of-mass fields ®(x), ®(x) and the relative fields ¢;(x), ..., py—1(x) and P (x), ..., In—_1(x),
defined as

@ (x) ¢1(x) O(x) 61 (x)
P1(x) $2(x) D1 (x) 6h(x)
: — N : ’ : =My : ’ (A.6)
¢N—1(x) ¢n(x) Un—1(x) On (x)
with the matrix My only depending on N and given by
L L L L
1 —L 0 0
= = - SR
JNN-1) JNON-1) JNWN-1) " VNN-T)
In terms of the rotated fields, one obtains
¢
u _
Hyn =" f dx [K (0 D) + K1 (0:0(0))?]
0
; £ N-1
+ / dx Y (Ko (Bega () + Ky (0:04(x)7] (A.8)
0 a=1
with
u 1 N=1U
up, K, =uk , K—Z:u(K +T
Uy 1 U
Us Ko =uK , —=u(K  — — . (A.9)
K, U

Egs. (A.9) yield (u,, K,) = (un, Ky) and (uq, Ko) = (o, Ko), with K, = K /,/1 + @=DUK

Tu

and u, = u/1+ ("_;# Note that, in particular, Eqgs. (A.9) are consistently defined only as
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K
long as ~-;

KU 1, which is our over-all assumption in this work. Also, for a repulsive inter-wire
interaction (U > 0), by definition one always has K, < 1. As stated in section 3.1, Hy g, for
N =2, corresponds to the bulk Hamiltonian of Ref. [18], with equal Luttinger parameters in
the two wires, K1 = K, = K, u] = up = u. Following the notation of Ref. [18], we use N to
denote open boundary conditions at both boundaries in a single bosonic channel corresponding
to a disconnected wire, which implies pure normal reflection at both boundaries. This implies
open boundary conditions for the lattice fermions [20] or, in terms of the bosonic fields, pinning
of 6,(x) at both boundaries, as 6,(0) = /7o 4, 04 (£) = /T ne.q, 10,0, Ne.a € L.

As a simple, paradigmatic, example we consider a single field ¢ (x) which, together with its
dual field 6 (x), is described by the TLL Hamiltonian

4
H=% / dx [K (0,0 (x)* 4+ K1 (3:0(x))?] . (A.10)
0

Imposing Neumann boundary conditions on ¢ (x) at both boundaries implies the mode expan-
sions

_ s 1 TnX ¥
¢<x)—¢o+§{mcos[ ][an+a]}

0(x) =6y + L% +ZZ :\/j in[”%][an—a;]} , (A.11)
n=1

with the oscillator modes satisfying the algebra [«;,, oz;,] =nd, , and the spectrum of the zero-
mode operators given by pg = /mmg, with mg relative integer. A mode expansion complemen-
tary to the one in Egs. (A.11) is recovered when imposing type A boundary conditions on ¢ (x) at
both boundaries, and, accordingly, type N boundary conditions on € (x). In this case, one obtains

b0 = o+~ +’Z{ sm[”tﬂ][an—ah}

G(x)_90+z {\/Zcos[nzx][an +a;]} , (A.12)

with the elgenvalues of pg equal to /Tmy, and my relative integer.
For the N-wire junction, when all the wires satisfy type N boundary conditions at both bound-
aries, one obtains the mode expansion

®(x) = Do + Z { — cos [nzx] [cten + aZ,n]}

p

( ) = E ,—1 S[ ] [ i ]
PaX) =@ + CO (07 +«a
a a,0 — K E a,n a,n

o
K JTnx
O) =0 ~|——+IZ< mism [acn—az,n]}
n=1
)2 > K zmx
B (x) = Va0 + ““’ +iy { m‘; [aa,,, —a;’n]} , (A.13)
n=1
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with the oscillator modes satisfying the algebra [« ,, aZ, w ] = n8p 8y, and the spectrum of
the zero-mode operators given by

Po Vmyg
Pl Jma g
) =My . , (A.14)
PN-1¢ VImy g
withmy 4, ..., my ¢ relative integers. In the general case in which one has type A CIBC’s at both

boundaries in the first N, channels and type N CIBC’s in the remaining N,, ones, Egs. (A.14)
generalize to

Jmy g 0
pe . po .
P1,v : Pl,e :
) =My | Vampy, 6 , : =My | Jamy+16 |
PN—1,9 : PN-1,¢ :
0 ﬁmN,d,
(A.15)
for the eigenvalues of the zero-mode operators of the (®, ¢, ..., pny—1) and of the (®, v, ...,
Un—1)-fields respectively, with my g, ...,my, 9 and my, 11,4, ..., my o relative integers.

Appendix B. Stabilization of fixed points with N, > 1

In order to rigorousely define the algorithm we use in the main text to count the degrees of
freedom associated with real fermionic zero-mode operators at fixed points with type A CIBC’s
in the first N, channels, type N CIBC’s in the remaining N, channels, we now concisely review
the approach employed in Ref. [18] to artificially stabilize the N, =2, N, = 0 fixed point in the
N = 2 junction and eventually extend it to the N-wire junction, with a generic N. As a reference
model Hamiltonian, we consider Hy fer in Eq. (A.1) taken in the noninteracting limit. To recover
type N CIBC’s in the last N, = N — N, channels, we set ty,+1 = ... =ty = 0. Next, we rewrite
the complex fermion lattice operators in the first N, channels in terms of real fermion lattice
operators {§; 4, 1j.q} as

1 .
Cja= E{%‘j,a +”7j,a}

; 1 )
¢a=51Ea = inja} (B.1)

with a =1,..., N,. In terms of the real fermion lattice operators, the boundary Hamiltonian
Hp Fer, v can be rewritten as
Nq
Hp Fer,n = —2i Zta{)/Lm,a + vrée-1,4} - (B.2)

a=1

Now, we note that, besides Hp fer,y, the operators {1 4, &r—1 4} enter Hy per,y in the term H’,
given by
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N,

o i i

H' = E 1{_7 [£2.aM1.a + Et—1,.ame—2.a] — 7[51,a771,a +&—1.aMe—1.a]
a=

iJ
- T[El,anla + 52—2,{17715—1,51]} . (B.3)

The key point, now, is to regard Eq. (B.3) as a special case of the generic Hamiltonian H’, defined
as

Na .
H = {—IJA’a §2.aM1,a +8e—1,aNe-2.a
; >l ]
i/'L i JB,a
2 2
with Ja 4, = Jp.o = J and p, = p. To stabilize a fixed point with type A CIBC’s in the first N,
channels, we therefore fine-tune the parameters of H' as

“1&1ant.a + Eo—1.aNe—1.a] — (61,am2,a + 5@—2,a77£—1,a]} , (B.4)

Jar=...=Jan,=0
ur=...=uy,=0
Jpi=...=Jgn,=J . (B.5)

As a result, QW’s from 1 to N, are separately coupled to a Majorana mode at their endpoints,
respectively given by &1, and by ny—; ,, which makes them all renormalize to A boundary
conditions at both boundaries. As highlighted in section 2, this leaves one unpaired real fermion
zero-mode operator for each one of the first N, QW’s. In addition, there are N,, KF’s from the
remaining decoupled N, QW’s plus, if N is odd, the auxiliary KF I'. To fully account for all the
degrees of freedom one has eventually to consider the two MM’s at the endpoints of the TS’s and
the 2N, real fermion operators {11 4, &¢—1,4}, Witha =1, ..., N,. They are coupled to each other
via Hp Fer,ny in Eq. (B.2), which implies additional 2N, — 2 real fermion zero-mode operators.
Taking all this into account, we eventually provide the results for §.[N,, N, ] and §,[ Ny, N, ] as

3Ng | Np=2
2t

ae[Nav Nn] =2
3Ng | Np—1
Se[Naan]:27+T s (B6)

which are the formulas we use when computing the g-function in section 5.2.

In employing the method we develop here for the derivation of section 3.2 for the Y3J, we
note that, when considering the two boundary Hamiltonian for this specific system, due to the fact
that only three real fermion modes actually enter the boundary interaction (the three KF’s from
the three QW’s), one recovers a sort of “special case”, corresponding to N = 2 and, formally,
yL = yg = 7. In this case, Hp per, v in Eq. (B.2) reduces to

2
HyFerp =20 Y ta{PlMa+E 14} (B.7)
a=1

which has three zero-energy real fermion eigenmodes, differently from the case of two distinct

MM’s at the two boundaries
Before concluding this appendix, we concisely review how to use the construction detailed
above to derive the set of allowed boundary operators at the A ® A fixed point of the N =2
junction. To do so, we resort to the one-boundary version of the system, with the corresponding
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boundary Hamiltonian, ng } 5> sSimply given by Hp per, n=2 in Eq. (B.2), with the coupling to
yR dropped off. Accordlngly, we simplify Eq. (B.4), by also assuming that the couplings are the
same in each channel, to

~ iJA ipL iJB
H — - [E2.1m1.1 +&20m 2] — 7[&1,1771,1 +&1.2m 2] — 7[51,1772,1 +&1.2m2l
(B.8)

and, to stabilizes the A ® A fixed point, we set J4 = pu = 0. This makes Hlf ;2 fully decouple
from the bulk of the system. In particular, on rewriting it as

1 .
Hlf}z —2ityry (B.9)

with 7 =,/ 112 +f22 and y = t71771,1 + t%m,z, we recover a real-fermionic zero-mode operator,
y= —t72771,1 + 17‘171,2, which is fully decoupled from the system, as long as J4 = u = 0. Turning
on J4 and p, the corresponding contribution to H’, §H’, can be written as

§H' = —é {[t1(Jabo1 + pné11) + 2(Jaba2 + né12)ly

+ [=02(Jab21 + p11) +t1(Jabop + ué1 )1y} . (B.10)

At large values of ¢, y is locked together with y; so, in analogy to what happens with the
residual coupling to the MM at the A ® N fixed point, the term o y in §H’ only contributes to
second-order in the corresponding boundary couplings (see Ref. [18] for a detailed discussion
about this point). To this order, it gives rise to the boundary operators arising from fermion
bilinears at the A ® A fixed point: the inter-channel normal boundary backscattering and the
inter-channel boundary pairing operator, the intra-channel normal backscattering operator in both
channels. At variance, y is decoupled from other real fermionic modes. Accordingly, the term in
8H' that is oc 7 does act as an effective residual coupling to the MM, eventually leading to the
boundary operators Vl Res» V2 Res Of section 3.1.

Appendix C. Duality and Poisson summation formula

As illustrated in the main text, at a given fixed point, the g-function corresponding to type A

boundary conditions can be extracted from the partition function Z44 =), exp [— VL u] by
sending £ — oo at fixed §. To recast Z44 in a form suitable for taking such a limit, one has to
make a combined use of the duality properties of the Dedekind function, as well as of Poisson’s
summation formula (PSF), which we review in this appendix.

Given a complex number T = 7, + iy, with 7, > 0, and setting g = e” T the Dedekind
function 7n(q) is defined as n(q) = e ]_[sil [1 — ¢"]. n(q) is known to exhibit the duality

property (which is relevant to our derivation) n(g) = \/#_ n(q), with g = e_?. In fact, once

one sets T = % =7 » one obtains the needed change of variable in the n-function.

Moving to PSF, for a single-variable function f(x), it is defined starting from the quantity F,
given by

F=Y"fo . (C.1)
neZl

Defining the Fourier transform of f(x), f (p), as
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e¢]

fp)= / dx e™P* f(x) | (C.2)
PSF states the identity
F=) fm=) fum) . (C3)
neZ meZ

PSF can be readily extended to a sum over a generic d-dimensional Bravais lattice A. Indeed,

given a function of d variables, f(x1,...,xg), we set
F=Y fR) . (C4
ReA

Assuming that, VR € A, 3 (ny,...,ng) such that R = Zle n;R;, we therefore obtain

d
F= ) fQ_mR) . (C.5)

ni,...,ng€”l i=1
Let us define a d x d-matrix A such that, Vx,...,x; € R?, one gets
d X1
D xiRi=A-| | . (C.6)
4 y

‘We note that we obtain

| 00 X1 P1
— / dx; .. .dxde*ilplxl‘l’..-‘i‘dedlf A — [detA]flf Afl . 7
(2m)2
-0 Xd Pd
(C.7
with f (p1, - - -, pa) being the multidimensional Fourier transform of f(xy, ..., x4). On explicitly
performing the integral, we eventually get
K) , C.38
=-—x > /® (C.8)
KeA*

with A* being the dual lattice of A. Now, in the specific problem we consider, we typically
obtain

flx, ... Xd)—exp[—%( X+ .. +xd)}
~ 20K % LK
= f(p1,...,pa) = (,B—u) exp[ 2pu —(p}+. +pd)} . (C.9)

Eq. (C.9) eventually implies

d
R2| = L (%K) K
Zexp[ ZKE R } detA < Bu ) Z eXP[ Znﬂu|K| ] . (C.10)

KeA*
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Finally, using the duality of the Dedekind function, we get

(e = (%>n(6 By C.11)

Bu
|K|2}

which eventually implies
Eq. (C.12) is the key equation we use to compute the g-function at the various fixed points of the
systems we study in our paper.

d

Y e [ 2K ']_dt; T ZeXp[

ReA KeA*

(C.12)

Appendix D. Review of the e-expansion approach to junction of quantum wires

In this appendix, we review the e-expansion approach to the RG equations and to the cal-
culation of the g-function at the FCFP’s in a junction between N interacting quantum wires
and a topological superconductor and in the Y3J. In the former case, we revisit and general-
ize the derivation discussed in Ref. [18]. In the latter case, we highlight the peculiarites of the
e-expansion applied to the Y3J, estimate the g-function at the FCFP of such a system [2] and
eventually discuss the analogies with the N-wire junction.

D.1. Renormalization group equations for a junction between N quantum wires and a
topological superconductor

To encompass FCFP’s, the S-functions for the boundary couplings of a junction between N
quantum wires and a topological superconductor must include nonlinear terms in the boundary
couplings themselves. This requires employing an adapted version of Cardy’s method to derive
nonlinear contributions to the B-function in perturbed conformal field theories from two-point
OPE’s [54], to terms involving up to three-point OPE’s in the boundary interaction operators [36,
18]. The starting point is the full partition function Z written as a power series of the boundary
action Sj, as

00 _1)"
Z =2 Z ( n‘) (T:SHo (D.1)

n=0

B
with Sp = f zﬂ dt Hp(t), Hp(t) being the boundary Hamiltonian in imaginary time t, T,
-2

being the imaginary time-ordering operator, Zy being the partition function computed at the
reference point corresponding to the absence of boundary interactions (that is, the disconnected
fixed point), and (...)o denoting averages computed at the reference fixed point. In addition,
to regularize diverging contributions arising at short imaginary-time distances, one introduces a
hard-core short imaginary time cutoff 7o by requiring |7; — 7| > 7o for all i # j. To derive the
RG equations, we increase 1 to o+ 8t (which corresponds to reducing the cut-off Dy in energy
domain) and derive how the 7,’s correspondingly change. Using as boundary Hamiltonian Hlf ]; N
in Eq. (60), we see that, to second order in the #,’s, only terms not involving y; can be generated
which, clearly, do not contribute any renormalization to the boundary couplings. Therefore, to
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find the leading nonlinear correction to B-functions, one has to go to third order in the 7,’s. In
doing so, one has to systematically subtract terms equal to Hp(7) times a free-energy correction
arising to second order in the boundary couplings. Considering that a boundary operator product
factorizes into a product of real fermion operators (MM’s and/or KF’s) and a product of bosonic
vertex operators, we therefore begin by reviewing the following rules for the fermionic OPE’s
[18]:

T [yL(t)yL(v2)yL(3)] = €(t1, T2, T3) VL
T [[o(t)la(2)Ta(r3)] = €(t1, 12, 13) [
T[Tzl (2)Tp(r3)] = €(r1, )T (D.2)

with a # b and €(t1, 12, 13), €(71, T2) being fully antisymmetric functions of their arguments.
Moreover, we also need the rules for the OPE’s between bosonic vertex operators, which we
here review in the large-system size, zero-temperature limit, and which are given by

2
n-n i)
(11 — 1) (12 — 13)

T_[ [ei ﬁ¢a (Tl)eiﬁ¢u (T2)e_i\/7?¢a (1'3)] =

~Tr~T3
T, [eiﬁ¢a(Tl)e*iﬁdﬁa(fz)eiﬁ%(fs)]
KWK |1

1—T2

2d),
u-u SVTO(T) (D.3)

_>‘[1~T2~‘[3

2—13
with a # b, et cetera. Following the derivation of Ref. [ 18], we also make the assumption that the
coupling to the Majorana mode is a slightly relevant operator, that is, that we have 1 — (2d,) ™! =
€, with 0 < € < 1. Now, to leading order in €, we set d; '—=2 in the integrals involving the
OPE’s at the right hand side of Eq. (D.3). Accordingly, due to the remarkable identity

-T2 2 T — T3 2 -7 2_
(t1 —3) (2 — 13) (1 —)(nn —13) (1 —w)(t1 — ™)
1 1 1
2 + + ] ) (D.4)
[Ifl—lez lti — 132 | — 132

after subtracting the free energy correction times Hj, as discussed above, we see that, to leading
order in €, no renormalization of the ¢,’s arises that is o ta3. Instead, a nonzero renormalization
of the boundary coupling arises from corrections to the boundary action that can be derived by
a straightforward generalization of the analysis done in Ref. [18] for N = 2. In particular, the
relevant correction turns out to be given by

N N 2
! 1 !
85})3):21'2 /dn%VL(Tl)Fa(fl)COS[«/;%(H)]5 E ;1276/‘“2‘”3
a=1

b#a=1

T — v _ v
x{ LY P é(fl—fz)E(n—r3)—l}

T — 13 T1— T2

1 N
X ——— Ot —ti| — 1) , D.5
|T1_Tz|2i<j]1 (I — 7l — 70) (D.5)

N+(,, - N+<o and the cutoff function explicitly denoted. At this point, by analogy with

Ref. [18], one differentiates Eq. (D.5), obtaining the nonlinear corrections to the S-functions for
the running couplings. As a result, one gets

with v =
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di, di, N
a a - - )

= =ela—FWia Y B} . (D.6)
din(t/t) 41 (%) Moyl

with

x?2 (x +1)2

+<x+1> +<x+l> _2:| 7 D7)
x x

that is, Eq. (65) of the main text.

.7-'(v)=6—2/dx[(x+1)v+(x+l)U _ XA
1

D.2. Renormalization group equations for the running coupling strengths at a Y-junction of
three spinless interacting quantum wires

We now extend the e-approach to derive the RG equations for the Y3J with 1 < K < 3 and, in
general, boundary couplings all different from each other. To do so, we start from the boundary
Euclidean action S, which is now given by

2.1 dt rl(f)rz(f)[e—iﬁmz(f) _ eiﬁmz(r)]

p=———
%
- t3_52 drt FZ(T)F3(T)[e_iﬁ¢2V3(f) _ eiﬁ¢2,3(r)]
T,
0
t_ 7 .
03 Dy () VA _ iVTE Oy (D.8)
0

with ¢ 5(t) =94 (0,7) — dp(0,7), e =1 — % and 7,41 4 denoting the dimensionless coupling
strengths. To implement the e-expansion, we assume K > 1 and 0 < 1 — K~ « 1. The key
ingredients of our derivation are the OPE’s between the operators entering Sp,, which are given
by

(T:Ta(r1)l'p(12)) = 8a,p€(T1 — 12)

(Treiiﬁ%(fl)e:ﬁﬁ%(fz)) — Sa,b - (D.9)

11 — of ¥

In principle, nonzero contributions to the 8-function may arise to O(#,1). To check whether this
is the case, we consider the OPE

" fattafbi1 s Te{Ta(2)Tap (1) [e 7 VT Peas1 ()
a,b=1,2,3

_ eiﬁ¢a.a+l(fl)]r‘b(.[2)r‘b+l(Tz)[e_iﬁ@a.b-H(TZ)eiﬁ¢b4b+l(fZ)]}
_ _ _ _2
=~ —2B 1 + 13, 13} T — 2l K0(T — 12l — ) — €(1] — T2)

X3 fattafe1.Te {Ta(2)Tp (o) [ VTIa)=00(02)]
a#b=1,2,3

+ VA=@K B(|7) — 1] — 1), (D.10)
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with 3 + 1 = 1. The term on the right-hand side of Eq. (D.10) merely renormalizes the total free
energy. Therefore, to find nonlinear contributions to the S-functions for the boundary couplings,
we need to go to third order in the 7,41 ,’s. This requires considering the three-point OPE’s
between operators entering Sp. In doing this, we find three different contributions, which we
separately discuss in the following

e Term number 1:
Taking into account the symmetries effective under integrating over the imaginary times and
taking the 8 — oo-limit, one obtains a correction to the boundary action, 85151), given by

z 2 2
 _ t2,1 (t3’2 + t1’3)

3S, > / dtidn dtie(ty — 13)e(r) — 13)
3
<[] 6du —1jl — 70) Ti(z3)a(13)
i<j=1
| % | %
T — 13| K T) — 13| K
X{ Z T+t Z T
71 —nl¥ | —1w|% |11 — 0¥t —13|¥

« [e*i«/ﬂ)l.z(n) _ eiﬁ¢1,2(f3)]

BT, +12,)
M%/dn drodtye(t) — 13)e(1) — 13)

3
x [T 6dr —jl — 70) Ta(r3)M3(x3)

i<j=1

1 1

|t1 — 3| ¥ |To — 13| ¥
X{ 2 Tt Z T
Tt — ¥ —wl¥ |t —n|¥|t —5l¥

x [e—iﬁ¢2.3(f3) _ eiﬁ¢2,3(r3)]

h3(2, +12,)
M/dn dtydty e(t) — 13)€(1p — 13)

2
3
x [T 0dw —tjl — 70) T3(3)T1(23)
i<j=I
| % | %
T — 173 —13
X{ ) Tt Z T
|71 —nl¥lnn—1wl% |11 — ¥t — 13|%
X[e—iﬁ¢3.1(f3) _ eiﬁ¢3,1(f3)] ’ (D.11)

minus a term given by the product of S, times the free energy correction to 0(;‘3) Performing
the subtraction and using shifted integration variables, we eventually find
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85;5“=/ dwy dw, (w1 | — 0) O(|wa| — 70) (w1 — wa] — T0)

1 1
ewewy) ||wi|%  |wy|¥ 2
X E— — + - - 2
lwy —wa| % [1W2 i wi = w2l
3 - ) 7)
ta+1,a(ta+2 a+1 +ta a+2)
« J J dt3 Ty (13)T T
Z 5 f 3T (t3)lay1(3)
a=1
X[e_iﬁ¢a’a+](t3) _eiﬁ¢(z,a+l(f3)]’ (DIZ)

with wy 2 = 712 — 3. On differentiating § S[SI) with respect to 7, we obtain

(1) 3
35S, 1 1 _ 5 )
o~ 2. A [E] Z tat 1,040 av1 10 ag2)
0 'L’OK a=1
% /d‘L’3 [ (73)Tas1(13) [e—iﬁ¢a,a+1(f3) _ eiﬁ¢a.a+1(f3)] , (D.13)

with

- ! |: ! +(z—l>v—2:|
+1)” LE=3)" 2
L\" _ L\
() ()
=5 Z+5

Apparently, A[v] in Eq. (D.14) generalizes the F-function of Ref. [18] to the Y3J. Assuming
K~ '=1-¢and expanding to leading order in €, one finds A[v =1 — €] ~ ce + O(€?),
with the coefficient ¢ &~ 16.45.

e Term number 2:
Already accounting for the symmetries that become effective under integrating over the
imaginary times, this corresponds to

—1 113001 3 T {T1 ()T (z1) T2 (22) M3 (1) T3(13) T (73)}
xT, {[e—iﬁ¢1,2(f1) _ eiﬁmz(n)][e—iﬁ¢2,3(fz) _ eiﬁtbz,s(fz)]

X[e*iﬁ%,l(fs) _ ei«/;¢3,1(f3)]}7 (D.15)

and, clearly, it cannot contribute any further renormalization to the 7,’s.
e Term number 3:
This corresponds to a correction to S, given by

B
85y = Z 2 e / dr1d1d T3 T {Ta(11)Ta41 (11)Ta(t2) a1 (22)Ta(T3) a1 (3))
0

% TT {[e_iﬁ¢a,a+l (1) _ eiﬁd)a,a-H (t1 )][e_iﬁ¢a,a+l (r2) _ eiﬁ¢a,a+l (72)]
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x [e_iﬁ¢a.a+l(73) _ eiﬁ¢a.a+1(f3)]}
x 0(|t1 — 12l — 1) O(Ir2 — 13| — 70) O (|72 — T3] — 70)
3 B

——1253 dtidt dts Ta(13)Tas (13)
- 6 a+1,a 14712 d13 1 g\1T3)1 q4+1\13

a=1 0
X Tr{[e*iﬁ¢a,a+l(fl) _ eiﬁ¢0,a+l(TI)][e*iﬁq&a.aﬁ—](12) _ eiﬁ¢u,a+l(72)]
x [e—iﬁ¢a.a+1(f3) _ eiﬁ%,aﬂ(fz)]}
x0(t1 — w2l —1) 02 — 13| —70) O(lT2 — 3] —70) (D.16)

again minus a term given by the product of S, times the free energy correction to (’)(53). As
a result, taking into account the OPE

. . . 2ab 2ac 2bc
e VT ba,a+1(T1) ibVTba a1 (12) picy/TPa.ar1(13) Rogimrgmrs |71 — 2| K |11 =3 K |12 — 3] %,
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we obtain
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On separately considering the contributions from positive- and negative- values of the integration
variables, we may rewrite Eq. (D.18) as

303 %0
7 . 4
8sy =05 / dT3T (1) (1)~ Va1 09) VT nasi () f dwidw,
a=1 o
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2 Z 2
lwy + wa|¥ wi* wX 6
{ — + — + P - > (> (D.19)
w wy lwi + w2l Fwy  |wy + wa| Fw [wi + w2 %

On differentiating 58,53) with respect to 7y, we therefore get

058, _ 1 R i T aas1 (3) _ i/ Taas1(13)
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Setting K ! = 1 — € and expanding to leading order in € one obtains B[1 — €] ~ be 4+ O(€2),

with b ~ 26.32. Thus, eventually putting together the contributions from Term 1 and Term 3, we
find that the perturbative RG equations for the running couplings are given by

with

2
3

3

|
[
le"\g
U
N

d_ g by ry - -
dln(t% =e{f,1 — h1[b(2,1)* + c((B32)* + (1,3)D)])
—d_ by by - - -
dln(tj/zm) = €lis2 — Byalb(B3.2)2 + (1 3)2 + B
d_ "y by ry - -
dln(t% =elfi3 — 113611 3)% + c((B2,)* + ;2D (D.22)

From Egs. (D.22), we find a FCFP at .| =32 =13 = 1, = 1/+/b + 2c, that is independent of
€. Additional fixed points are found at f, | = 0,732 =1 3 = 1/4/b + ¢, plus permutations of the
three indices. In the main text, however, we discuss the reliability of this result and use alternative
methods, such as the DEBC-approach of the explicit calculation of the g-function in combination
with the g-theorem, to make more accurate predictions about FCFP’s in the phase diagram of the
3YJ.

For the purpose of discussing the relation between the N = 2 junction and the Y3J, it is
important to generalize Eqgs. (D.22) to the case of unequal Luttinger parameters in the three
wires. Specifically, we now assume that wire-1 and -2 are characterized by a Luttinger parameter
K, while wire-3 is characterized by a Luttinger parameter K3 with, in general, K3 # K. In this
case, following the same procedure we followed above, yields the generalization of Egs. (D.22)
to
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dr. 1 11
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with the function B[v] defined in Eq. (D.21) and C[vy, v2] generalizing A[v] in Eq. (D.14) to
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1 1 1\
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Z—% z+%
which implies A[v] = C[v, v], as well as F[v] =C[2 — v, v].
References

[1] C. Chamon, M. Oshikawa, I. Affleck, Phys. Rev. Lett. 91 (2003) 206403.
[2] M. Oshikawa, C. Chamon, I. Affleck, J. Stat. Mech. Theory Exp. 2006 (2006) P02008.
[3] S. Lal, S. Rao, D. Sen, Phys. Rev. B 66 (2002) 165327.
[4] S. Chen, B. Trauzettel, R. Egger, Phys. Rev. Lett. 89 (2002) 226404.
[5] X. Barnabé-Thériault, A. Sedeki, V. Meden, K. Schonhammer, Phys. Rev. Lett. 94 (2005) 136405.
[6] B. Bellazzini, M. Mintchev, J. Phys. A, Math. Gen. 39 (2006) 11101.
[7] C.-Y. Hou, C. Chamon, Phys. Rev. B 77 (2008) 155422.
[8] Z. Shi, I. Affleck, Phys. Rev. B 94 (2016) 035106.
[9] D. Giuliano, A. Nava, Phys. Rev. B 92 (2015) 125138.
[10] S. Mardanya, A. Agarwal, Phys. Rev. B 92 (2015) 045432.
[11] S.-i. Tomonaga, Prog. Theor. Phys. 13 (1955) 482.
[12] J.M. Luttinger, J. Math. Phys. 4 (1963) 1154.
[13] ED.M. Haldane, J. Phys. C, Solid State Phys. 14 (1981) 2585.
[14] ED.M. Haldane, Phys. Rev. Lett. 47 (1981) 1840.
[15] C.L. Kane, M.P.A. Fisher, Phys. Rev. B 46 (1992) 15233
[16] A.Y. Kitaev, Phys. Usp. 44 (2001) 131.
[17] L. Fidkowski, J. Alicea, N.H. Lindner, R.M. Lutchyn, M.P.A. Fisher, Phys. Rev. B 85 (2012) 245121.
[18] I. Affleck, D. Giuliano, J. Stat. Mech. Theory Exp. 2013 (2013) PO6011.
[19] D.I. Pikulin, Y. Komijani, I. Affleck, Phys. Rev. B 93 (2016) 205430.


http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6F63615F32s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6F6361s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6C616C5F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib7265696E686F6C645F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6D6564656E5F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib62656C6C617A7A696E695F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib636C617564696F5F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib736869s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6E617661s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib616D6974s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib746C6C5F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib746C6C5F32s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib68616C645F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib68616C645F32s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6B616669s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6B6974616576s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib616C69636561s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib67697561665F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib70696B756C696Es1

D. Giuliano, I. Affleck / Nuclear Physics B 944 (2019) 114645 53

[20] S. Eggert, I. Affleck, Phys. Rev. B 46 (1992) 10866.

[21] D. Giuliano, D. Rossini, P. Sodano, A. Trombettoni, Phys. Rev. B 87 (2013) 035104.

[22] A.M. Tsvelik, Phys. Rev. Lett. 110 (2013) 147202.

[23] D. Giuliano, P. Sodano, Europhys. Lett. 103 (2013) 57006.

[24] D. Giuliano, P. Sodano, New J. Phys. 10 (2008) 093023.

[25] D. Giuliano, P. Sodano, Nucl. Phys. B 811 (2009) 395.

[26] D. Giuliano, P. Sodano, Europhys. Lett. 88 (2009) 17012.

[27] A. Cirillo, M. Mancini, D. Giuliano, P. Sodano, Nucl. Phys. B 852 (2011) 235.

[28] B. Béri, N.R. Cooper, Phys. Rev. Lett. 109 (2012) 156803.

[29] E. Eriksson, A. Nava, C. Mora, R. Egger, Phys. Rev. B 90 (2014) 245417.

[30] A. Altland, B. Béri, R. Egger, A.M. Tsvelik, J. Phys. A, Math. Theor. 47 (2014) 265001.

[31] A. Altland, B. Béri, R. Egger, A.M. Tsvelik, Phys. Rev. Lett. 113 (2014) 076401.

[32] A.H. Castro Neto, E. Novais, L. Borda, G. Zarand, I. Affleck, Phys. Rev. Lett. 91 (2003) 096401.

[33] E. Novais, A.H. Castro Neto, L. Borda, I. Affleck, G. Zarand, Phys. Rev. B 72 (2005) 014417.

[34] C.L. Kane, M.P.A. Fisher, Phys. Rev. Lett. 68 (1992) 1220.

[35] 1. Affleck, A.W.W. Ludwig, Phys. Rev. Lett. 67 (1991) 161.

[36] 1. Affleck, A.W.W. Ludwig, Phys. Rev. B 48 (1993) 7297.

[37] P. Calabrese, J. Cardy, J. Stat. Mech. Theory Exp. 2004 (2004) P06002.

[38] D. Friedan, A. Konechny, Phys. Rev. Lett. 93 (2004) 030402.

[39] D. Friedan, A. Konechny, C. Schmidt-Colinet, Phys. Rev. Lett. 109 (2012) 140401.

[40] D. Friedan, A. Konechny, Adv. Theor. Math. Phys. 13 (2009) 1847.

[41] M. Oshikawa, 1. Affleck, Nucl. Phys. B 495 (1997) 533.

[42] C.-Y. Hou, A. Rahmani, A.E. Feiguin, C. Chamon, Phys. Rev. B 86 (2012) 075451.

[43] Y. Oreg, G. Refael, F. von Oppen, Phys. Rev. Lett. 105 (2010) 177002.

[44] R.M. Lutchyn, J.D. Sau, S. Das Sarma, Phys. Rev. Lett. 105 (2010) 077001.

[45] J. von Delft, H. Schoeller, Ann. Phys. 7 (1998) 225.

[46] T. Lee, Int. J. Mod. Phys. A 31 (2016) 1650154.

[47] D. Chevallier, D. Sticlet, P. Simon, C. Bena, Phys. Rev. B 85 (2012) 235307.

[48] D. Chevallier, P. Simon, C. Bena, Phys. Rev. B 88 (2013) 165401.

[49] 1. Affleck, D. Giuliano, J. Stat. Phys. 157 (2014) 666.

[50] B. Béri, Phys. Rev. Lett. 110 (2013) 216803.

[51] A. Altland, R. Egger, Phys. Rev. Lett. 110 (2013) 196401.

[52] J. Lee, E. Wilczek, Phys. Rev. Lett. 111 (2013) 226402.

[53] A. Rahmani, C.-Y. Hou, A. Feiguin, M. Oshikawa, C. Chamon, I. Affleck, Phys. Rev. B 85 (2012) 045120.

[54] J. Cardy, Scaling and Renormalization in Statistical Physics, Cambridge Lecture Notes in Physics, Cambridge
University Press, 1996.


http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6166666C65636B5F656767657274s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib726F7373696E69s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib747376655F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib64676A6A6Es1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib676975736F59s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib676975736F6A75s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib677370616972696E67s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib636972696C6C6Fs1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib62657269746F706Fs1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6572696B736F6Es1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib626574686562s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib616C6567676572s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6E6F766169735F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6E6F766169735F32s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6B6166695F30s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib61666C75645F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib61666C75645F32s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib706173716A6F686Es1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6672696564616Es1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6672696564616E5F32s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6672696564616E5F33s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib61666F7368s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib636C617564696F5F32s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6F726567s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6461737361726D61s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib766F6E64656C6674s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6C65656578s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib70617363616C5F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib70617363616C5F32s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib6769755F61665F6D616A6Fs1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib62657269s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib616C746C616E64s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib77696C637A656Bs1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib7261686D616E69s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib63617264795F31s1
http://refhub.elsevier.com/S0550-3213(19)30131-2/bib63617264795F31s1

	Real fermion modes, impurity entropy, and nontrivial ﬁxed points in the phase diagram of junctions of interacting quantum wires and topological superconductors
	1 Introduction
	2 Impurity entropy in a boundary model with real fermionic modes in the boundary interaction
	3 Review of the phase diagram of the 2-wire junction with a topological superconductor for 1/2 < Kσ< 1 and of the Y-junction of interacting quantum wires
	3.1 Phase diagram of the 2-wire junction with a topological superconductor for  Kσ< 1
	3.2 Phase diagram of the Y-junction of three spinless interacting normal wires

	4 Correspondence between an N=2 junction with a topological superconductor and a Y-junction of three spinless quantum wires
	4.1 From the N=2 junction with a topological superconductor to the Y-junction
	4.2 From the Y-junction to the N=2 junction with a topological superconductor
	4.3 Calculation of the g-function at corresponding ﬁxed points

	5 Phase diagram and impurity entropy of a junction between N quantum wires and a topological superconductor
	5.1 Phase diagram of the N-wire junction with a topological superconductor
	5.2 Impurity entropy at the ﬁxed points of a junction between N quantum wires and a topological superconductor

	6 Conclusions
	Acknowledgements
	Appendix A Lattice Hamiltonian, boundary conditions and mode expansion of the bosonic ﬁelds
	Appendix B Stabilization of ﬁxed points with Na > 1
	Appendix C Duality and Poisson summation formula
	Appendix D Review of the ε-expansion approach to junction of quantum wires
	D.1 Renormalization group equations for a junction between N quantum wires and a topological superconductor
	D.2 Renormalization group equations for the running coupling strengths at a Y-junction of three spinless interacting quantum wires

	References


