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Abstract We propose a novel prescription to take off the
square root of the Nambu—Goto action for a p-brane,
which generalizes the Brink—Di Vecchia—Howe-Tucker,
also known as the Polyakov method. With an arbitrary de-
composition, d +n = p + 1, our resulting action is a mod-
ified d-dimensional Polyakov action, which is gauged and
possesses a Nambu n-bracket squared potential. We first
spell out how the (p + 1)-dimensional diffeomorphism is
realized in the lower dimensional action. Then we dis-
cuss a possible gauge fixing of it to a direct product of
d-dimensional diffeomorphism and n-dimensional volume
preserving diffeomorphism. We show that the latter natu-
rally leads to a novel Filippov-Lie n-algebra based gauge
theory action in d dimensions.

1 Introduction

A p-brane is a spatially extended object propagating in a tar-
get spacetime. The number p counts the spatial dimensions
of the brane such that p =0, 1,2, ... correspond to point-
like particle, string, membrane, etc. The geodesic motion of
a point particle, i.e. a p = 0 brane, minimizes the relativistic
length of the trajectory in the target spacetime. The Nambu—
Goto action for a p-brane then generalizes this geometric
significance: the induced worldvolume of the brane is to be
minimized.

With an embedding of (p 4+ 1)-dimensional worldvol-
ume coordinates into a D-dimensional target spacetime,

X&) &m — XM, (1
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wherem =0,1,...,pand M =0, 1,..., D — 1, the Nambu
—Goto action for a p-brane is [1, 2]

Swe = — / 4" E /detGon - P

Here G, is the induced metric on the worldvolume, such
that the action measures the relativistic worldvolume of the
p-brane in the target spacetime,

Gon = 0 XM 3, XN G v (X). A3)

For simplicity we set the brane tension to unity.

Despite its elegant geometric significance, the Nambu—
Goto action is hard to quantize due to the presence of
a highly nonlinear structure, the square root. An equiva-
lent but far more convenient action is available, thanks to
Deser—Zumino [3], Brink—Di Vecchia—Howe [4] and Howe—
Tucker [5], by introducing an auxiliary worldvolume metric

hon:
1
Spoly. = _E/dp+lé§ v —=h I:hm"EJmXMZ)nXM +1 —p:| .(4)

This action is often dubbed the Polyakov action. Integrat-
ing out the auxiliary worldvolume metric using its equa-
tion of motion, A, = 9, XM0, Xy for pF#1or hy, x
3 XM, X for p = 1, the Polyakov action reduces to the
Nambu—-Goto action Sp,y = Snc.. Here and henceforth we
denote the on-shell equality as well as gauge fixings by ‘=’
and the defining equality by ‘:=’. Both the Nambu—Goto
and the Polyakov actions (2), (4) is manifestly invariant un-
der the (p + 1)-dimensional worldvolume diffeomorphisms.

In the present paper we generalize the Brink—Di Vecchia—
Howe-Tucker-Polyakov method and construct an action
whose characteristic features are, compared to the Polyakov
action, the appearance of gauge covariant derivatives and a
Nambu-bracket squared potential. After some gauge fixing
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we show that our action can be identified as a lower dimen-
sional gauge theory action based on the Filippov—Lie alge-
bra.

Previous works on related topics include the light-cone
gauge fixed action of a p-brane [6-9].! Taking the light-cone
gauge means fixing the light-cone variable to a classical
on-shell value. Hence the light-cone gauge action describes
only a sector of classically fixed light-cone momentum and
breaks the full background isometry. In contrast, our result-
ing action is covariant and the full background isometry sur-
vives. Furthermore, the covariant derivative in our action
takes a different form and is based on the Filippov—Lie alge-
bra.

In particular, applying our result to the Nambu—Goto
action for a five-brane we obtain a Filippov three-algebra
based gauge theory action in three dimensions. As we will
see, the precise form of the gauge covariant derivative and
the presence of the three-algebra squared potential are iden-
tical to the Bagger—Lambert—Gustavsson description of mul-
tiple M2-branes [10-13].

2 General analysis

Our prescription to generalize the Brink—Di Vecchia—Howe—
Tucker—Polyakov method starts with dividing formally the
p-brane worldvolume dimension into two parts,

l+p=d+n, &)

which corresponds to the decomposition of the worldvolume
coordinates into two sets:

{gm}={o" ¢}, ©

where u =0,1,...,d — 1 and i = 1,...,n. The decom-
position here is a priori arbitrary as for any positive in-
tegers d, n. One natural application of the splitting will be
the case where the p-brane is extended over both compact
and non-compact directions: in this case we reserve ¢’ for
compact directions and o for non-compact directions, in-
cluding time.

According to the splitting, the induced metric (3) de-
composes into the following dxd, dxn and nxn blocks
K, B, V, defined by
K/w = g/u)’

Bui == Gui, Vij == Gij. 7)

IThe appearance of a gauge connection from diffeomorphism invari-
ance is also well known in Kaluza—Klein theory; see [14] and refer-
ences therein. However, the gauge field in Kaluza—Klein theory origi-
nates from the spacetime metric which is dynamical in gravity, while
in our action the gauge field is introduced as a non-dynamical auxiliary
variable.

@ Springer

The first crucial step in our formalism is to express the deter-
minant of the (p + 1)x(p + 1) induced metric as a product
of two determinants of the smaller d x d and n x n matrices:
det Gy = det K det V, K:=K-BV~'BT, (®)

This follows from the following simple observation:

w5 2=l )5 )

:det<1§ 8) ©)

The resulting Nambu—Goto action (2),

Sne = —/d”“s V —detK detV, (10)

can be now reformulated in a square root free form, if we
introduce an auxiliary variable p:

o1
/dl’“g(pdetK — Zp*‘ det v). 1)

To proceed, we introduce a d x d auxiliary matrix ¢,
and apply the Brink-Di Vecchia—Howe—-Tucker—Polyakov
method to the determinant of K v in order to have our semi-
final action:

. 1
/dl’“s |:pdet(p<(p’”K,w +1 —d) — Zp*‘ det V] (12)

At this point it is convenient to reparameterize the auxil-
iary variables p, ¢, by a new auxiliary scalar w and a d-
dimensional ‘worldvolume metric’ i, :

-1 2 L
w = (—p dettp)d 2,
] (13)
My = (—p* detp) T2 g,

Now we are ready to spell our novel action, which we pro-
pose in order to reformulate the Nambu—Goto action for a
p-brane:

SNewz/ddo Tr (\/ —h ENeW> , Tr::/d”g,
1 (14)
Lyew=—h"" D, XMD, Xy — de” detV + (d — Do.

In addition to w and A, , here we introduced one more aux-
iliary field A, which defines the ‘covariant derivative’:

D, x" =0, x"— A} x". (15)
The corresponding field strength reads

Flo=0,A0 —0,A] —AJ0; AT+ AJ;A]L (16)
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In terms of the Nambu n-bracket which is defined by [15]

V1, Yoo Yadww o= €278, 1183, Yo 83, Ya, (17)
the ‘potential’ det V takes the form?>
Voom yum M,
detV = a{X LxM o xMe
X{XM19XM27"'7XM,,}N.B.' (18)

In the above €/12"n is the totally anti-symmetric n-dimen-
sional tensor of the normalization €!>*" =1,
The auxiliary variables assume the on-shell values

Aj=Bv Y wi=—detV,

m

B—=

(19)
hyy = a)_lK,w.

Plugging these into the action (14), we recover the Nambu—
Goto action (10), Sxew = Sn.- In particular, we have the fol-
lowing on-shell relations:

XD, Xy=0, D, X"D,Xy=Kp. (20)
The former is nothing but the Euler-Lagrange equation for
A l, which is solved by A = BV~! and prescribes that
D, X M should be orthogonal to 3; X™ on-shell. The latter
holds since PX := M — 3, XxM(V=1)73; Xy is a projec-
tor satisfying P% = P Note also that PM 3; XN =0 and
PMy,xN =D, xM.

Although not manifest, our novel action (14) enjoys the
full (p + 1)-dimensional diffeomorphism symmetry like the
Nambu—Goto action (2), irrespective of the arbitrary split-
ting of the worldvolume coordinates. Under an arbitrary in-
finitesimal coordinate transformation, 6™ = —v" or §9,, =
0, V" 0,, all the fields transform as

5XM =0,

. X o1 .
8AS=Dyv Al + Dy + de—l det Vhy, 90" VUL

2
Sa):—ﬁw@ v)‘A +8U) 21

8hyy = Dy v*hyy + Dyv*hy;

2
+m(a VP A+ 007 ) .
Note that this transformation rule is consistent with the on-
shell relations (19), and further that we assume the ‘active’
form of the diffeomorphism. The dual ‘passive’ diffeomor-
phism, which is directly relevant to the Noether symmetry,

2For the curved target spacetime manifold having the met-
ric Gyn(X), one should bear in mind that D, Xy =
D, XMGyy and {Xn,, Xngs-.-s Xy, e, = (XM, XM
XM} 5 Gty v Gty - Gy N, -

is given by S0 = 0 and 8,4, @ = 8pev. @ + V"0, @ for
each field @.

Apparently from (13), the above formalism is singular if
d =2, essentially due to the Weyl invariance in two dimen-
sions. In this case, we return to (12); let hy, := ¢, and
introduce a dilaton =% := p+/—h. The proposed action for

d = 2 case becomes, rather than (14):

§d=2 = / d’o Tr (\/ Eﬁcwz) , Tr:= / d"c,
! (22)

L£3=2 = —e=9n D, XM D, Xy — Ze¢’ detV +e7.

Like (19) the auxiliary variables assume the following on-

shell values:

1
e 2% = _detV,
" 4 (23)

Ry EI%

Plugging these into the action (22) we recover the Nambu—
Goto action (2) again. The full (p 4+ 1)-dimensional diffeo-
morphism symmetry has the following two-dimensional re-
alization:

§XM =0,

. . S o
aAli =D, v"A) + DVt + Zezd’ detVh,,d;v"V Lji,

' . 24)
o = —aiU)“A)f — 0; V',

8hyy = Dyv*hyy + Dyvthy,.

Although the action (14) is still valid except d = 2, the
case of d = 1 is special: the auxiliary scalar w drops from
the action as well as from the diffeomorphism transforma-
tions. In other words, when d = 1, we need only two types
of auxiliary fields to take off the square root of the Nambu—
Goto action of a p-brane: an einbein e and a gauge field
Ari, i=1,2,..., p. With a worldline parameter t, the ac-
tion (14) reduces to

New

1
Now 1_/dr Tr(e_lDTXMD,XM — Zedetv>. (25)

The on-shell values of the auxiliary fields are then

Al=(BVY) ! e=2/—D:XMD:Xy/detV. (26)

In the case of d = 1 the full (p + 1)-dimensional diffeomor-
phism takes the following form:

§XM =0,

' ) 1 ..
8A; = DrvTA; + Drvf — Zetdet VOuTVIUL - (27)
de = e(DfUr — Al—iaivr - aivi)'
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3 Gauge fixing to Filippov-Lie n-algebra

Although our resulting actions for a p-brane, (14) for d > 3,
(22) for d =2 and (25) for d = 1, are written in the form of
a d-dimensional gauge theory with d being less that p + 1,
they are invariant under the full (p 4 1)-dimensional diffeo-
morphism. They are still identified as (p + 1)-dimensional
models. In order to be identified as genuine lower di-
mensional gauge theories, it is necessary to break the full
(p + 1)-dimensional diffeomorphism to a direct product of
the d-dimensional diffeomorphism and the n-dimensional
volume preserving diffeomorphism. The latter then corre-
sponds to a local gauge symmetry of the d-dimensional ac-
tion. In fact, for each value of d we can impose a pair of

gauge fixing conditions:>
e Ford >3,
%A =0, o=l (28)

The unbroken local symmetry is then the direct product of
the d-dimensional diffeomorphism and the n-dimensional
volume preserving gauge symmetry, generated by the
infinitesimal transformations satisfying d;v* = 0 and

djvi =0.
e Ford =2,
%A =0, ¢=0. (29)

The unbroken local symmetry is the direct product of
the two-dimensional diffeomorphism and the (p — 1)-
dimensional volume preserving gauge symmetry.
e Ford=1,
3,-A;' =0, e=2. (30)
As we fix the einbein, the unbroken local gauge symmetry
is given by the p-dimensional volume preserving diffeo-
morphism only.

In each case, from (21), (24) and (27), the former d-
number of conditions can be essentially achieved by a dif-
feomorphism with the d-number of v#* generators satisfying
d;u* # 0, while the latter single condition can be met by
div' #0.

The divergence free condition d; A Ii = 0 must be imposed
once we demand the covariant derivative D, =9, — A liB,-
to be an anti-Hermitian differential operator, allowing for the
usual integration by parts. Furthermore, the volume preserv-
ing diffeomorphism generators also satisfy the divergence

3When d = 1, besides (30), it is also possible to set e =2 and A’.T =0
forall i =1,2,..., p, utilizing the full (p + 1)-dimensional world-
volume diffeomorphism. Then the case of p = 1 coincides with the
well known conformally gauge fixed Polyakov string action. We thank
Kanghoon Lee for pointing this out [16].

@ Springer

free condition d;v’ = 0. That is to say, as usual, the gauge
connection assumes the same “Lie algebra” value as the vol-
ume preserving gauge symmetry generators.

Now it is crucial to note that the volume preserving gauge
symmetry generator as well as the covariant derivative can
be represented by the Nambu n-bracket:* with the functional
basis T%(¢), a = 1,2, 3, ..., for the n-dimensional mani-
fold we have

iq. a a ay—
v'o; = Uulazmun,l{T LT, T s,

€2))
Dy =08, — Aparayeay (T, T, ..., T 1}y

Note that here Vg qy..-a,_; and Apaiay--a,_, are d-dimen-
sional fields, being independent of the ¢’ coordinates. Fur-
thermore, the n-dimensional manifold is assumed to be com-
pact.

As is well known (see e.g. [17, 18]), the Nambu n-bracket
provides an explicit realization of an infinite dimensional
Filippov-Lie n-algebra [19] defined by the n-bracket sat-
isfying the totally anti-symmetric property:

[Xq,...

Xiseon Xy X

=—[Xp, o, Xjooo, Xiv o X, (32)

and the Leibniz rule, also known as a fundamental identity:

[Xl,...

n

=Y [N.....[x1....

j=1

7Xn715[Y17"'7YVl]]

5X}’l*1’Yj]7"'7Yn]' (33)

In the Nambu-bracket representation of a Filippov-Lie alge-
bra, we may employ the structure constant through

{Tal T, ..., T™ }N.B. = falazwaanb. G34)

The structure constant is then totally anti-symmetric for the
upper indices and satisfies, from the Leibniz rule (33),

f”la2‘“ancfblb2‘“bna

n

n
— Z f‘lla2"'an71b_iefbl"'bjfleijrl"‘an' (35)
j=1

Now from (31) and (34), expanding the dynamical variables
by the functional basis X (0, ¢) = XM (0)T(5), the co-
variant derivative can be rewritten as

D, XM = (D, XM T°,
M ( Hn )a (36)

(D xM), =0, xM—x}MAL,,

4From the Poincaré lemma the divergence free volume preserving gen-
erator is given by v'3; = €12 9;, Uiy-.i,_, i, Which can be further
organized to take the form (31).
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where we set or equivalently
Ay 1= Aereyy, FO010,) n
na mepeaCp—y f a (37 Z fd]aZ"‘anflbkC
In this way, after the gauge fixings, our final actions (14), k=1
(22), (25) reduce to genuine lower dimensional Filippov— y Tr(Tb‘sz Tl perhis -~-Tb’”) _o. (42)

Lie n-algebra based gauge theory actions, where the po-
tential is given by the n-Lie bracket squared (18) and the
covariant derivative is given by (36). Furthermore, at this
point, we may generalize the actions to assume an arbitrary
(finite or infinite dimensional) Filippov-Lie n-algebra as a
gauge symmetry. With b, = Veicpocn i f"l"z"“'"*lba, from
the passive transformation of (21) and the expression (31),
the Filippov—Lie n-algebra based gauge transformation is
given by

XM =xM3b,,

3Aparar-an_ (38)
= 8MUala2'“an—l + (D" — I)Aﬂc[alaT“an—Zi}can—l]’

of which the latter induces, from (35),

SAD = 0,00 — 0P AS . + A 16 (39)

Especially, taking n = 3, equations (36) and (37) pre-
cisely coincide with the definition of the covariant deriva-
tive in the Bagger-Lambert—Gustavsson description of mul-
tiple M2-branes via the Filippov three-algebra gauge inter-
action [10, 13].

4 Comments

A Filippov-Lie n-algebra is normally equipped with a bi-
linear inner product. This might be a potential problem
whilst identifying our final actions (14), (22), (25) after the
gauge fixing (28), (29), (30) as a d-dimensional gauge the-
ory based on a genuine Filippov—Lie n-algebra, since the ac-
tions are not generically quadratic. For example, the kinetic
term reads

V=hh"' D, X" D, X .

Again the Nambu-bracket provides a solution by simply
generalizing the bi-linear inner product to multi-linear inner
products or the “trace” [20]:

Tr(T“Tb-~-TC)=/d"§ TeTb ... T, (40)

which is invariant under the Filippov—Lie n-algebra gauge
transformation. For arbitrary m = 1,2, 3, ...,

m
D Te(Y1, Yo, Ve X X Yl
k=1

Vitee. ¥n) =0, @1

Our work manifests the general phenomenon, commonly
known as Myers effect [21], that non-Abelian structure of
lower dimensional gauge theories can capture the descrip-
tion of a higher dimensional brane:> a single p-brane can
be described not only by a (p 4 1)-dimensional Polyakov
action but also by a gauged d-dimensional Polyakov action
based on Filippov-Lie n-algebra with p + 1 =d + n. Since
the functional basis of the n-dimensional manifold is infi-
nite dimensional, the corresponding gauge group based on
the Filippov-Lie n-algebra is a priori infinite dimensional.
However, we emphasize that our final action admits a simple
generalization taking any Filippov—Lie algebra as a gauge
symmetry.6

If we turn off the Filippov-Lie n-algebra gauge inter-
action, our d-dimensional action corresponds simply to a
Polyakov action for (d — 1)-brane. This suggests the follow-
ing physical picture behind our formalism: the description of
a single p-brane as a condensation of infinitely many lower
dimensional branes through Filippov-Lie algebra gauge in-
teractions.

In particular, the action (25) provides a description of a
p-brane via infinitely many interacting relativistic point par-
ticles (see [26] for a related earlier work). Especially if we
apply our formalism to an M2-brane in eleven dimensions
we obtain, with the choice of d =1,

Sm2 =/dt Tr(e_lDrXMD,XM

- %e[XM, XN][Xu, XN]). (43)

Since there are eleven scalars M =0, 1,2, ..., 10, this ac-
tion corresponds to a covariant version of the M-theory ma-
trix model [27] (see also [28]), without the light-cone gauge
fixing.

Furthermore, in the case of p =5 and d = n = 3, our
results have common features with the Bagger—Lambert—
Gustavsson description of multiple M2-branes [10, 13]: the
Filippov three-algebra naturally arises, the definition of the
covariant derivative precisely coincides and the potential is
given by the three-bracket squared. This supports the idea

5Since the trace (40) is invariant under any permutation of its argu-
ments, the word ‘non-Abelian’ might be improper. A more relevant
structure appears to be the Filippov-Lie n-algebra.

SFor the discussion on the uniqueness of finite dimensional Filippov—
Lie algebra, see [22-25].
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that the Bagger-Lambert—Gustavsson action with infinite di-
mensional gauge group may describe a M5-brane as a con-
densation of infinitely many interacting M2-branes, as ex-
plored in [29-37].
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