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In this article, we extend our previous study of the π-π scattering lengths under the presence of an
external magnetic field, including finite temperature effects. The novelty of this work is precisely the
introduction of temperature into the discussion and its interplay with the magnetic field. As in the previous
article, we base our analysis in the linear sigma model, and our calculations are exact within this context.
Although the effects are comparatively small, it is interesting to remark that the magnetic field and
temperature display opposite effects over the scattering lengths.
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I. INTRODUCTION

An interesting and relevant question in the field of heavy
ion collision experiments is the search for the possibility of
disentangling temperature and magnetic effects. A possible
physical scenario to explore this problem is provided by
π-π scattering. The calculation of π-π scattering lengths
within Chiral perturbation theory (ChPT) was originally
formulated in the classical paper by Gasser and Leutwyler
[1], presenting explicit expressions at zero temperature and
in the absence of magnetic field. Since then, higher-order
calculations, including two-loop corrections in ChPT at
zero temperature and in the absence of magnetic field have
improved the estimation of those parameters as compared
to experiment [2] (see also Table I for a comparison). In
ChPT, also at B ¼ 0, finite temperature corrections to the
phase shifts in π-π scattering are reported in [3], while
explicit evaluation of the scattering lengths are presented in
[4]. Finite temperature calculations of the π-π scattering
lengths in the framework of the Nambu–Jona-Lasinio
(NJL) model are presented, in the absence of a magnetic

field, in [5], while the analysis of the ρππ vertex effect on
residual pion scattering in the context of the extended-NJL
model was discussed in [6], also in the absence of magnetic
field. Despite its comparative simplicity, the linear sigma
model (LSM) has been shown to provide reasonably
accurate results for the scattering lengths as compared
to experimental data [7] (see Table I for a comparison).
Among the conceptual drawbacks of this approach is the
ongoing controversy regarding the internal structure of the
f0ð550Þ resonance, which is treated as the massive σ meson
in LSM, neglecting the effects of its unknown internal
degrees of freedom. A recent review and discussion of this
subject are presented in [8]. On the other hand, from a
phenomenological perspective, the LSM provides predic-
tions of the π-π scatttering lengths with similar or even better
accuracy than standard one loop ChPT as compared to
experiment [7] (see Table I). Moreover, recent further
attempts to extend the LSM, by including vector mesons,
showed that this leads to an effective low-energy action
equivalent to ChPT [9].
Therefore, to explore the predictions of the LSM at finite

temperature and a magnetic field in this context seems a
necessary and, at least, academically interesting endeavor.
The full interplay between finite temperature and a mag-
netic field is much less explored in the context of scattering
lengths, but has nevertheless been recently considered, for
instance, in the study of the evolution of the pion mass [12].
In this article, we will refer to π-π scattering lengths,

extending our previous results in LSM [13] at zero temper-
ature and finite magnetic fields. In this work, we shall
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present analytical results that fully capture both thermal and
magnetic effectswithout any restriction or special ordering in
these parameters. For this purpose, our calculations will be
based on the linear sigma model using techniques associated
to the spectral density functions that allows us to handle the
infinite series over Landau levels in a closed analytical form.
Infinite Matsubara sums were also performed exactly with
complex contour integration techniques.
The paper is organized as follows: In Sec. II, we introduce

the linear sigma model and the general formalism for
scattering lengths. In Sec. III, the detailed Feynman diagrams
are displayed, using the Schwinger propagators for finite
magnetic fields. The two master integrals required for the
calculation of all the diagrams are formulated. Therein, we
also display the analytical results for the scattering lengths,
with mathematical details deferred to the Appendixes.
Finally, in Sec. IV, we show our numerical results, discussing
the combined effects of temperature and a magnetic field.

II. LINEAR SIGMA MODEL AND π-π
SCATTERING

In our previous article [13], we studied the π-π scattering
lengths within the context of the linear sigma model (LSM)
in the phase where the chiral symmetry is broken,

L ¼ ψ̄ ½iγμ∂μ −mψ − gðσ þ iπ⃗ · τ⃗γ5Þ�ψ

þ 1

2
½ð∂π⃗Þ2 þm2

ππ⃗
2� þ 1

2
½ð∂σÞ2 þm2

σσ
2�

− λ2vσðσ2 þ π⃗2Þ − λ2

4
ðσ2 þ π⃗2Þ2 þ ðεc − vm2

πÞσ: ð1Þ

In the expression above, v ¼ hσi is the vacuum expectation
value of the original scalar field σ. This expression emerges
after expanding the sigma field around v:εcσ is the term
that breaks explicitly the SUð2Þ × SUð2Þ chiral symmetry,
and ε is a small dimensionless parameter. The model
includes a doublet of Fermi fields, which in our case will
be ignored since they represent nucleons which are too

heavy as compared with the scalar sigma meson and the
relevant energy scale. It is straightforward to see that
mψ ¼ gv, m2

π ¼ μ2 þ λ2v2, and m2
σ ¼ μ2 þ 3λ2v2. For

details, see [14]. As displayed in Table I, the predictions
for the scattering lengths calculated in the LSM compare
very well with experimental data and, moreover, display a
better agreement than those arising from chiral perturbation
theory at the tree level.
Perturbation theory at the tree level allows us to identify

the pion decay constants as fπ ¼ v. Finite temperature
effects on this model have been studied by several authors,
discussing the thermal evolution of masses, fπðTÞ, the
effective potential, etc., [12,15–24].
The most general decomposition for the scattering

amplitude for particles with definite isospin quantum
numbers is [25,26]

Tαβ;δγ ¼ Aðs; t; uÞδαβδδγ þ Aðt; s; uÞδαγδβδ
þ Aðu; t; sÞδαδδβγ; ð2Þ

where α, β, γ, δ denote isospin components.
By using appropriate projection operators, it is possible to

find the following isospin dependent scattering amplitudes:

T0 ¼ 3Aðs; t; uÞ þ Aðt; s; uÞ þ Aðu; t; sÞ; ð3Þ
T1 ¼ Aðt; s; uÞ − Aðu; t; sÞ; ð4Þ
T2 ¼ Aðt; s; uÞ þ Aðu; t; sÞ; ð5Þ

where TI denotes a scattering amplitude in a given isospin
channel I ¼ f0; 1; 2g.
As it is well known [26], below the inelastic threshold

any scattering amplitude can be expanded in terms of
partial amplitudes which can be parametrized by the phase
shifts for each angular momentum channel l. Therefore, in
the low-energy region, the isospin dependent scattering
amplitude can be expanded in partial wave components TI

l.
The real part of this amplitude,

ℜðTI
lÞ ¼

�
p2

m2
π

�
l
�
aIl þ

p2

m2
π
bIl þ � � �

�
ð6Þ

is expressed in terms of the scattering lengths aIl, and the
scattering slopes bIl, respectively. The scattering lengths
satisfy the hierarchy jaI0j > jaI1j > jaI2j � � �. In particular, in
order to obtain the scattering lengths aI0, it is sufficient to
calculate the scattering amplitude TI in the static limit, i.e.,
when s → 4m2

π , t → 0, and u → 0,

aI0 ¼
1

32π
TIðs → 4m2

π; t → 0; u → 0Þ: ð7Þ

The first measurement of π-π scattering lengths was carried
on by Rosellet et al. [27]. More recently, these parameters
have been measured using pionium atoms in the DIRAC

TABLE I. Comparison between the experimental values [10],
first order prediction from chiral perturbation theory [11], and our
results from linear sigma model at the three level [7].

Experimental
results

Chiral perturbation
theory

Linear sigma
model

a00 0.26� 0.05 7m2
π

32πf2π
¼ 0.16 10m2

π

32πf2π
¼ 0.22

b00 0.25� 0.03 m2
π

4πf2π
¼ 0.18 49m2

π

128πf2π
¼ 0.27

a20 −0.028� 0.0.012 − m2
π

16πf2π
¼ −0.044 − m2

π

16πf2π
¼ −0.044

b20 −0.082� 0.008 − m2
π

8πf2π
¼ −0.089 − m2

π

8πf2π
¼ −0.089

a11 0.038� 0.002 m2
π

24πf2π
¼ 0.030 m2

π

24πf2π
¼ 0.030

b11 � � � 0 m2
π

48πf2π
¼ 0.015
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experiment [28] and also through the decay of heavy
quarkonium states into π-π final states where the so-called
cusp effect was found [29]. Independent measurements
of these parameters were carried on by the NA48=2
Collaboration [30] as well as by the BNL-E865 Colla-
boration [31] using Ke4 decays.
In our recent work [13], we obtained an exact analytical

expression for Eq. (7) for I ¼ 0, 2 in a background
magnetic field of arbitrary strength, at zero temperature.
In this article, we extend our previous result to include
finite temperatures. Therefore, in what follows, we shall
present the exact expression for the scattering lengths
Eq. (7) at arbitrary magnitudes of the external magnetic
field and temperature.

III. SCATTERING LENGTHS AT FINITE
MAGNETIC FIELD AND FINITE

TEMPERATURE

In a previous work, based on a perturbative treatment of
the bosonic Schwinger propagator valid for small magnetic
fields, some of us discussed the magnetic dependence of
the π-π scattering lengths within the context of the linear
sigma model [32]. We found that this magnetic evolution
displays an opposite trend with respect to thermal correc-
tions on the scattering lengths, in agreement with the
literature [33]. At low magnetic field intensities, the
scattering lengths in the isospin channel I ¼ 2 increase,
whereas their projection into the channel I ¼ 0 diminishes,
both as functions of the magnetic field. More recently, we
extended the analysis in the zero temperature scenario, thus
obtaining exact analytical expressions valid in the whole
range of magnetic field intensities [13].
In the linear sigma model, the relevant diagrams that

contribute to π-π scattering are shown in Fig. 1. Notice
that tadpolelike diagrams associated to mass corrections
of the sigma field do not contribute to the π-π scattering
amplitudes, since their imaginary part vanishes. These
tadpoles are extremely small in the limit of a very large
mass of the sigma field. This approximation is valid since,
as we know, mσ ≈ 550 MeV is much larger than the pion
mass. Fermions, i.e., nucleons that may interact with
pions, are not considered in our discussion. As a conse-
quence, the sigma field propagator is contracted to a point.
From these considerations, we see that all relevant

diagrams reduce to a horizontal (s channel) or vertical
(t and u channels) “fish-type” pion loops contributions, as
shown in Fig. 2. Then, we need to compute such diagrams
as a function of the magnetic field intensity and finite
temperature. This is an interesting problem, not only
because of physical implications, but also due to new
analytical results that we shall present below.
Let us derive our starting expression for the bosonic

propagator as a sum of Landau levels [13,34]. The bosonic
Schwinger propagator for a charged pion of charge q
subject to a uniform magnetic field along the third spatial
coordinate in the proper time representation is given by

iDBðkÞ ¼
Z

∞

0

ds
cosðqBsÞ e

isðk2jj−k2⊥
tanðqBsÞ
qBs −m2

πþiϵÞ: ð8Þ

After inserting this propagator in the fish-type diagrams,
we get

(a)

(c)

(e)

(g)

(i)

(b)

(d)

(f)

(h)

(j)

FIG. 1. One-loop diagrams relevant to the π-π scattering
lengths. Continuous and dashed lines represent pions and σ
mesons, respectively.

p

p
k

2p−k

p

p γ

δ

α

β

(a)

p

p p

p

kk

α γ

δβ (  )γ

(  )δ

(b)

FIG. 2. “Fish-type” diagrams. (a) s-channel diagram. (b) t and u
channel diagram.
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Ia½B; p� ¼
Z

d4k
ð2πÞ4 iD

BðkÞiDBðk − 2pÞ; ð9Þ

Ib½B� ¼
Z

d4k
ð2πÞ4 ½iD

BðkÞ�2: ð10Þ

In order to calculate the scattering amplitude, we work in
the center-of-mass momentum p ¼ ð2p0; 0⃗Þ,

I1½B; p0� ¼
Z

d4k
ð2πÞ4 iD

Bðk0;kÞiDBðk0 − 2p0;kÞ; ð11Þ

I2½B� ¼
Z

d4k
ð2πÞ4 ½iD

Bðk0;kÞ�2: ð12Þ

Note that all the diagrams displayed in Fig. 1 reduce, in the
approximation of a very massive sigma field, to either one
of the integrals defined by Eqs. (11) and (12). Symmetry
factors, isospin index contractions, and multiplicity factors
should be included, however, for each diagram.
For technical purposes, we shall calculate the integrals

with the expression for the propagator at finite magnetic
field in terms of Landau levels, as presented in [34],

iDBðkÞ ¼ 2
X∞
l¼0

ð−1ÞlLl

�
2k2⊥
qB

�
e−k

2⊥=qBiΔB
l ðkkÞ; ð13Þ

where LlðzÞ are the Laguerre polynomials, and where we
have defined the effective “parallel” propagators,

iΔB
l ðkkÞ ¼

i
k2k − ð2lþ 1ÞqB −m2

π þ iϵ
: ð14Þ

The above expressions correspond to the zero-temperature
scenario. However, it is straightforward to generalize them
to the finite temperature case by analytic continuation into
Matsubara frequency space, i.e.,

k0 → iωn ¼ 2πn=β; n ∈ Z;

p0 → iνm ¼ 2πm=β; m ∈ Z; ð15Þ

where β ¼ 1=T, and the corresponding substitution of the
integral in k0 by a sum,

Z
d2kk
ð2πÞ2 →

i
β

X
n∈Z

Z þ∞

−∞

dk3
2π

: ð16Þ

Let us first consider the calculation of I1½T; B; p0�. After
its definition in Eq. (12), substituting the infinite series for
the propagators, Eq. (13), we are lead to

I1½T; B; iνm� ¼
i
β

X
n∈Z

Z
d3k
ð2πÞ3 iD

Bðiωn;kÞ

× iDBðiωn − 2iνm;kÞ

¼ 4
X∞
l¼0

X∞
l0¼0

ð−1Þlþl0Gl;l0 ðiνmÞ

×

�Z
d2k⊥
ð2πÞ2 e

−2k2⊥=qBLl

�
2k2⊥
qB

�
Ll0

�
2k2⊥
qB

��
:

ð17Þ
Here, we have defined the functions,

Gl;l0 ðT; iνmÞ ¼
Z

∞

−∞

dk3
2π

i
β

X
n∈Z

iΔB
l ðiωn; k3Þ

× iΔB
l0 ðiωn − 2iνm; k3Þ: ð18Þ

Let us now calculate the integral over the Laguerre
polynomials in the second term, by using two-dimensional
“spherical coordinates”, with 0 ≤ jk⊥j < ∞,

d2k⊥ ¼ 2πjk⊥jdjk⊥j ¼
πqB
2

dx; ð19Þ

where we have defined the auxiliary variable x ¼ 2k2⊥=qB,
with 0 ≤ x < ∞. Therefore, we have

Z
d2k⊥
ð2πÞ2 e

−2k2⊥=qBLl

�
2k2⊥
qB

�
Ll0

�
2k2⊥
qB

�

¼ 1

4π2
πqB
2

Z
∞

0

dxe−xLlðxÞLl0 ðxÞ

¼ qB
8π

δl;l0 ; ð20Þ

where the orthogonality relation between Laguerre poly-
nomials was used. Substituting this result into Eq. (17), we
end up with the expression,

I1½T; B; iνm� ¼
qB
2π

X∞
l¼0

Gl;lðT; iνmÞ: ð21Þ

As shown in detail in the Appendix A, we calculate
Gl;lðiνmÞ by first integrating over k0 in the complex plane
and later over k3. This procedure allows us to obtain the
infinite series,

I1½T; B; iνm� ¼
qB

4πðiνmÞ

× ℑm
X∞
l¼0

Z þ∞

−∞

dk3
2π

gðT; Elðk3Þ; iνmÞ;

ð22Þ

with Elðk3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k23 þm2

π þ qBð2lþ 1Þ
p

, and the functions
gðT; E; iνmÞ defined by
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gðT; E; iνmÞ ¼
coth ðβE=2Þ
E½E − iνm�

: ð23Þ

As discussed in the Appendix B, we introduce the
spectral density,

ρðEÞ ¼
X∞
l¼0

Z
∞

−∞

dk3
2π

δðE − Elðk3ÞÞ; ð24Þ

such that Eq. (22) can be expressed as single integral over
the energy domain,

I1½T;B;iνm� ¼
qB

4πðiνmÞ
ℑm

Z
∞

0

dEρðEÞgðT;E;iνmÞ; ð25Þ

where a closed analytical expression for the spectral density
was derived in the Appendix B,

ρðEÞ ¼ E
π

ffiffiffiffiffiffiffiffiffi
2qB

p Θ
�
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ qB
q �

×

	
ζ

�
1

2
;
E2 −m2

π − qB
2qB

−


E2 −m2

π − qB
2qB

��

−ζ
�
1

2
;
E2 −m2

π − qB
2qB

þ 1

��
; ð26Þ

with bzc the integer part of z and ζðs; zÞ the Hurwitz Zeta
function. In order to obtain the scattering lengths aI0, we
use the decomposition of the scattering amplitude in the
different isospin channels presented in Sec. II. Since we are
only interested in the scattering lengths aI0, it is enough to
calculate the scattering amplitude in the static limit. In this
way, we obtain

a00ðT; BÞ ¼ a00 þ
1

32π
ð3Aðs; t; uÞ þ Aðt; s; uÞ þ Aðu; t; sÞÞ;

a20ðT; BÞ ¼ a20 þ
1

32π
ðAðt; s; uÞ þ Aðu; t; sÞÞ: ð27Þ

For our analysis, we normalize by the values at tree
level from the linear sigma model (a00 ¼ 0.22 and a20 ¼
−0.044 [7]). Here, Aðs; t; uÞ, Aðt; s; uÞ, and Aðu; t; sÞ cor-
respond to all s-channel, t-channel, and u-channel contri-
butions, respectively. On the other hand, the s-channel
contribution is obtained from I1½T; B; iνm → p0 ¼ mπ�,
while those for the t and u channels are obtained from
I2½T; B� ¼ I1½T; B; iνm → p0 ¼ 0�, according to the follow-
ing expressions:

Aðs; t; uÞ ¼ −4λ4
�
1 −

12λ2v2

m2
σ

þ 24λ4v4

m4
σ

�

× I1½T; B;mπ�;

Aðt; s; uÞ þ Aðu; t; sÞ ¼ −8λ4
�
1 −

12λ2v2

m2
σ

þ 24λ4v4

m4
σ

�

× I1½T; B; 0�: ð28Þ

The mass for the sigma meson is set to mσ ¼ 550 MeV,
and the mass for the pion is set tomπ ¼ 140 MeV, with the
parameter v ¼ 89 MeV and λ2 ¼ 4.26.

IV. RESULTS AND CONCLUSIONS

We have presented a novel method to calculate the
scattering lengths for π-π scattering within the linear sigma
model at the one-loop level, in the isospin channels
I ¼ f0; 2g, as functions of the temperature and external
magnetic field intensity. We display the calculated scatter-
ing lengths a00 and a

2
0 as a function of temperature for three

different magnetic field values in Figs. 3–5. From the three
figures, it is clear that at a finite magnetic field, while a00
decreases as a function of temperature, a20 displays the
opposite trend. It is interesting to remark that already
the presence of a small magnetic field is sufficient to invert

FIG. 3. The scattering parameters a00ðB; TÞ=a00 (dashed) and
a20ðB; TÞ=a20 (solid) are displayed as a function of temperature for
a magnetic field of qB ¼ 0.1m2

π .

FIG. 4. The scattering parameters a00ðB; TÞ=a00 (dashed) and
a20ðB; TÞ=a20 (solid) are displayed as a function of temperature for
a magnetic field of qB ¼ m2

π .
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the temperature dependence at a zeromagnetic field [33,35].
This effect can be explained by the symmetry of the
scattering length parameters, where a00 arises from the
trace of the tensor, which is a scalar, whereas the isospin
2 channel corresponds to the most symmetric realization.
Qualitatively, the magnetic moment of the semiclassical
orbits associated to the Landau levels tend to align along the
magnetic field direction, while temperature tends to ran-
domize those directions. Therefore, under finite magnetic
fields, the most symmetric state enhances its scattering rate.
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APPENDIX A: MATSUBARA SUMS AND
INTEGRALS OVER k3

Here, we present in detail the calculation of theMatsubara
sums involved in Eq. (22) of the main text. Using the
definition of the “parallel” propagators Eq. (14), we have

Gl;lðT; iνmÞ ¼
Z

dk3
2π

i
β

X
n∈Z

iΔB
l ðiωn; k3Þ

× {ΔB
l ðiωn − 2iνm; k3Þ

¼ i
i2

2π

Z þ∞

−∞
dk3fðT; Elðk3Þ; iνmÞ; ðA1Þ

where we have defined the expression,

fðT; Elðk3Þ; iνmÞ ¼
1

β

X
n∈Z

1

Aðiωn; k3ÞCðiωn; k3Þ
; ðA2Þ

with

Aðiωn; k3Þ ¼ ðiωnÞ2 − Elðk3Þ2 þ iϵ;

Cðiωn; k3Þ ¼ ðiωn − 2iνmÞ2 − Elðk3Þ2 þ iϵ; ðA3Þ

and Elðk3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k23 þm2

π þ qBð2lþ 1Þ
p

. The Matsubara
sum can be evaluated, as usual, by constructing a contour
integral on the complex k0 plane,

I
C⊕C1⊕C2⊕C3⊕C4

dk0
nBðk0Þ

Aðk0; k3ÞCðk0; k3Þ
; ðA4Þ

where the contour is depicted in Fig. (6). Here, the integrand
contains as a factor the Bose-Einstein distribution,

nBðk0Þ ¼ ðexpðβk0Þ − 1Þ−1 ðA5Þ

that possesses infinitely many simple poles at the Matsubara
frequencies k0 ¼ iωn ¼ i2πn=β, with residue,

lim
k0→iωn

k0 − iωn

eiωn expðβðk0 − iωnÞÞ − 1
¼ 1

β
: ðA6Þ

In addition, the integrand in Eq. (A4) possesses four simple

poles at kð1;2Þ0 ¼�Elðk3Þ∓ iϵ0 and kð3;4Þ0 ¼ 2iνm�Elðk3Þ∓
iϵ0, i.e., two of them located on the positive imaginary plane,
while the other two are located on the negative imaginary
plane. By direct application of the residue theorem, we have

FIG. 5. The scattering parameters a00ðB; TÞ=a00 (dashed) and
a20ðB; TÞ=a20 (solid) are displayed as a function of temperature for
a magnetic field of qB ¼ 10m2

π .

FIG. 6. Integration contour in the complex k0 plane.

M. LOEWE, E. MUÑOZ, and R. ZAMORA PHYS. REV. D 100, 116006 (2019)

116006-6



I
dk0

nBðk0Þ
Aðk0; k3ÞCðk0; k3Þ

¼ 0 ¼ 2πi

�X4
j¼1

nBðkðjÞ0 Þ lim
k0→kðjÞ

0

ðk0 − kðjÞ0 Þ
Aðk0; k3ÞCðk0; k3Þ

þ 1

β

X
n∈Z

1

Aðiωn; k3ÞCðiωn; k3Þ
�
: ðA7Þ

Clearly, the second term within the parenthesis is
precisely the function flðT; k3; iνmÞ defined in Eq. (A2),
and hence, we have

fðT;Elðk3Þ; iνmÞ ¼−
X4
j¼1

nBðkðjÞ0 Þ lim
k0→kðjÞ

0

ðk0− kðjÞ0 Þ
Aðk0;k3ÞCðk0;k3Þ

¼ ½nBðElðk3ÞÞ−nBð−Elðk3ÞÞ�
4iνmElðk3Þ

×

	
1

2Elðk3Þ− 2iνm
−

1

2Elðk3Þþ 2iνm

�
;

ðA8Þ
where we used the elementary property of the Bose
distribution nBðzþ iνmÞ ¼ nBðzÞ. Moreover, we also
have nBð−zÞ ¼ −1 − nBðzÞ. Therefore, nBðElðk3ÞÞ−
nBð−Elðk3Þ ¼ 2nBðElðk3ÞÞ þ 1 ¼ cothðβElðk3Þ=2Þ, and
hence, we finally obtain

fðT; Elðk3Þ; iνmÞ ¼
coth ðβElðk3Þ=2Þ

8iνmElðk3Þ

×

	
1

Elðk3Þ − iνm
−

1

Elðk3Þ þ iνm

�
:

ðA9Þ
Let us define the functions,

gðT; E; iνmÞ ¼
coth ðβE=2Þ
E½E − iνm�

; ðA10Þ

such that

fðT; Elðk3Þ; iνmÞ ¼
1

8iνm
½gðT; Elðk3Þ; iνmÞ

− gðT; Elðk3Þ;−iνmÞ�: ðA11Þ
Now we calculate the integral over k3. Inserting Eq. (A8)
into Eq. (A1), we have

Gl;lðT;iνmÞ¼−
i

8iνm

Z
∞

−∞

dk3
2π

fgðT;Elðk3Þ; iνmÞ

−gðT;Elðk3Þ;−iνmÞg

¼ 1

4iνm
ℑm

Z
∞

−∞

dk3
2π

gðT;Elðk3Þ; iνmÞ: ðA12Þ

APPENDIX B: SPECTRAL DENSITY

As defined in the main text, here we present the analytical
calculation for the spectral density ρðEÞ. By definition,
we have

ρðEÞ ¼
X∞
l¼0

Z
∞

−∞

dk3
2π

δðE − Elðk3ÞÞ: ðB1Þ

The condition enforced by the argument of the delta
function possesses two algebraic solutions, i.e., k3 ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

π − qBð2lþ 1Þ
p

, but only the positive one pos-
sesses support under the integration domain,

δðE − Elðk3ÞÞ ¼
E
jk3j

h
δ
�
k3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

π − qBð2lþ 1Þ
q �

þδ
�
k3 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

π − qBð2lþ 1Þ
q �i

:

ðB2Þ

By carrying out the integration explicitly, we obtain the
expression,

ρðEÞ ¼ E
π

X∞
l¼0

ΘðE −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ qBð2lþ 1Þ
p

Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

π − qBð2lþ 1Þ
p : ðB3Þ

The infinite sum can be calculated, after noticing that the
Heaviside step function restricts theupper limit of theLandau
level 0 ≤ l ≤ lmaxðEÞ for each given value of the energy,
through the condition,

lmaxðEÞ ¼


E2 −m2

π − qB
2qB

�
; ðB4Þ

with bzc the integer part of z. Therefore, from this definition,
the analytical expression for the spectral density becomes

ρðEÞ ¼ E
π

ffiffiffiffiffiffiffiffiffi
2qB

p Θ
�
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ qB
q �

×
XlmaxðEÞ

l¼0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2−m2

π−qB
2qB − l

q : ðB5Þ

It is now convenient to organize the finite sum differ-
ently, by defining l̄ ¼ lmaxðEÞ − l. Clearly, we have 0 ≤ l̄ ≤
lmaxðEÞ. Therefore, the expression above can be written in
the equivalent form,

ρðEÞ ¼ E
π

ffiffiffiffiffiffiffiffiffi
2qB

p Θ
�
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ qB
q �

×
XlmaxðEÞ

l̄¼0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2−m2

π−qB
2qB − lmaxðEÞ þ l̄

q : ðB6Þ
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By applying the identity that follows from the definition of
the Hurwitz Zeta function, for n ∈ N0,

Xn
l¼0

1

ðzþ lÞs ¼ ζðs; zÞ − ζðs; zþ nþ 1Þ; ðB7Þ

we can reduce the density of states to the analytical
expression,

ρðEÞ ¼ E
π

ffiffiffiffiffiffiffiffiffi
2qB

p Θ
�
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ qB
q �

×

	
ζ

�
1

2
;
E2 −m2

π − qB
2qB

− lmaxðEÞ
�

−ζ
�
1

2
;
E2 −m2

π − qB
2qB

þ 1

��
: ðB8Þ
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