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Abstract

To study possible deviations from the Hawking’s prediction, we assume that the dispersion relations of
matter fields are modified at high energies and use the Hamilton—Jacobi method to investigate the corre-
sponding effects on the Hawking radiation in this paper. The preferred frame is the static frame of the black
hole. The dispersion relation adopted agrees with the relativistic one at low energies but is modified near
the Planck mass m . We calculate the corrections to the Hawking temperature for massive and charged
particles to O (m?,z) and massless and neutral particles to all orders. Our results suggest that the thermal
spectrum of radiations near horizon is robust, e.g. corrections to the Hawking temperature are suppressed
by mp. After the spectrum of radiations near the horizon is obtained, we use the brick wall model to com-
pute the thermal entropy of a massless scalar field near the horizon of a 4D spherically symmetric black
hole. We find that the subleading logarithmic term of the entropy does not depend on how the dispersion
relations of matter fields are modified. Finally, the luminosities of black holes are computed by using the
geometric optics approximation.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The classical theory of black holes predicts that anything, including light, couldn’t escape
from the black holes. However, Stephen Hawking demonstrated that quantum effects could allow
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black holes to radiate a thermal flux of quantum particles [1]. The assumption that the ultra-high
energy modes are in their ground state was used to derive the Hawking radiation in the framework
of quantum field theory in curved spacetime. After this discovery, it was realized that there was
the trans-Planckian problem with the calculation [2]. Due to the exponential high gravitational
red shift near the horizon, the outgoing particles of the Hawking radiation originate from the
extremely high (e.g., trans-Planckian) frequency modes. So the Hawking radiation relies on the
validity of quantum field theory in curved spacetime to arbitrary high energies. On the other
hand, quantum field theory is considered more like an effective field theory of an underlying
theory whose nature remains unknown [3]. This observation poses the question of whether any
unknown physics at the Planck scale could strongly influence the Hawking radiation.

It is believed that the trans-Planckian physics manifests itself in certain modifications of the
existing models. Thus, even though a complete theory of quantum gravity is not yet available,
we can use a “bottom-to-top approach” to probe the possible effects of quantum gravity on our
current theories and experiments [4]. One possible way of how such an approach works is via
Planck-scale modifications of the usual energy-momentum dispersion relation

p’=E*—m?, (1

whose possibility has been considered in the quantum-gravity literature [5-8]. The modified
dispersion relation (MDR) has been reviewed in the framework of Lorentz violating theories in
[9,10]. It has also been shown that the MDR might play a role in astronomical and cosmological
observations, such as the threshold anomalies of ultra high energy cosmic rays and TeV photons
[5,11-15]. Moreover, thermodynamics of black holes have been explored in the framework of
the MDR [16-21].

On the other hand, there are various methods for deriving the Hawking radiation and calculat-
ing its temperature. Among them is a semiclassical method of modeling Hawking radiation as a
tunneling process. This method was first proposed by Kraus and Wilczek [22,23], which is known
as the null geodesic method. They employed the dynamical geometry approach to calculate the
imaginary part of the action for the tunneling process of s-wave emission across the horizon and
related it to the Boltzmann factor for the emission at the Hawking temperature. Later, the tun-
neling behaviors of particles were investigated using the Hamilton—Jacobi method [24-26]. In
the Hamilton—Jacobi method, one ignores the self-gravitation of emitted particles and assumes
that its action satisfies the relativistic Hamilton—Jacobi equation. The tunneling probability for
the classically forbidden trajectory from inside to outside the horizon is obtained by using the
Hamilton—Jacobi equation to calculate the imaginary part of the action for the tunneling process.
Using the null geodesic method and Hamilton—Jacobi method, much fruit has been achieved
[27-38]. Furthermore, the effects of quantum gravity on the Hawking radiation have been dis-
cussed in the Hamilton—Jacobi method. In fact, the minimal length deformed Hamilton—Jacobi
equation for fermions in curved spacetime have been introduced, and the modified Hawking
temperatures have been derived [39—44].

In order to introduce the modified dispersion relation we need to specify one special reference
frame. The Hamilton—Jacobi equations were imported to curved spacetime using the static pre-
ferred frame in [39-44], which leads us first to considering the static preferred frame in this paper.
The models with free-fall preferred frame will be investigated in [45]. Comparisons between the
results in our paper and those in [39-43] will be given at the end of the section 2.

As shown in the appendix, specifying one special reference frame in the framework of the ef-
fective field theory is just picking up a vacuum expectation value (vev) for a vector field u*.
In static frame/free-fall frame scenario, the vev of u* is the unit vector field tangent to the
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static/free-fall observer’s world line. In the standard model, different vev of the Higgs field could
give different results, e.g., the results in LHC and evolution of the universe. In this sense, it is
not expected to have equivalent results from static and free-fall frame scenarios. In fact, a brief
comparison between the results of this paper and those of free-fall scenario in [45] is given in
section 7, which shows that differences are found for these two scenarios. Just like that the vev
of the Higgs field is determined by the results from LHC and other experiments, the vev of u"
should be given by observational and experimental results. Before we can achieve this, every
possible scenario deserves being explored.

It is noteworthy that the modified Hawking temperature, the atmosphere entropy in the brick
wall model, and the spectrum of radiation of black holes due to the MDR have been widely
investigated. In the following, we sum up what is new in our paper:

1. The modified Hawking temperature has been calculated in a heuristic method proposed in
[16,18], which was similar to that introduced by Bekenstein [46]. In a more rigorous way,
the dispersive field theory models [47-57] have been proposed to study the effects on the
Hawking radiation due to modifications of the dispersion relations of matter field at high en-
ergies. These models were motivated by a hydrodynamic analogue of a black hole radiation
[47]. Similar to the original method for deriving the Hawking radiation, the energy fluxes
for outgoing radiation were usually obtained by calculating the Bogoliubov transformations
between the initial and final states of incoming and outgoing radiation. In these works, the
Hawking temperature was only calculated up to the leading order. In our paper, we use the
Hamilton—Jacobi method to study the dispersive field theory models and calculate the mod-
ified effective Hawking temperature beyond the leading order.

2. The modified Stefan—Boltzmann law and luminosities of black holes due to the MDR were
discussed in [18]. We also calculate the modified luminosities of black holes in our paper.
The geometric optics approximation are used in [ 18] and our paper. In such approximation,
a 4D Schwarzschild black hole can be described as a black sphere of the radius R and
the temperature 7. As a result, we consider effects of the MDR on both R (see rpyi, in
eqns. (139)) and T in our paper. On the other hand, only effects of the MDR on T were
considered in [18]. Moreover, in our paper, we use detailed balance condition to show that
the average number n,, ; in the mode with the energy » and other quantum numbers i is

w
_ , o)
Ng,i =n (Teff) ()

where T,y is the modified effective Hawking temperature depending on w. In contrast, the
authors of [18] assumed an average behavior for particles described by a unique average
temperature Tpp, which only depended on the black hole. Therefore in [18], the average
number n,, ; was given by

pp— (l) 3)
Tpy

3. By using the brick wall model, the atmosphere entropy of radiation of a black hole was calcu-
lated in the framework of the MDR [58] and generalized uncertainty principle [59]. In these
works, only the effects of quantum gravity on the number of quantum states were considered.
In our paper, we calculate the modified atmosphere entropy in the brick model by taking the
effects of the MDR both on the number of quantum states and Hawking temperature into
account.
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The remainder of our paper is organized as follows. In section 2, the deformed Hamilton—
Jacobi equations incorporating the MDR are derived. In section 4, we solve the deformed
Hamilton—Jacobi equations to obtain tunneling rates for massive and charged particles to
@) (m;z) and massless and neutral particles to all orders. Thermodynamics of radiations near
the horizon is discussed in section 4. The thermal entropy of a massless scalar field near the
horizon is computed in section 5 by using the brick wall model. In section 6, we calculate lu-
minosities of a 4D spherically symmetric black hole with the mass M > m, and a 2D one.
Section 7 is devoted to our discussion and conclusion, where the limitations of our calculations
are discussed. Effective field theories incorporating the MDR are constructed in the appendix
to obtain the deformed Hamilton—Jacobi equations. Throughout the paper we take Geometrized
units ¢ = G = 1, where the Planck constant 7 is square of the Planck Mass m p,.

2. Deformed Hamilton-Jacobi equation

In most cases, the MDR could take the form of
E m
p2:miH<_7_>v (4)
mp mp

where m, is Planck mass and H (x, y) = x2 — y? for the unmodified dispersion relation. Taylor
expanding the right-hand side of eqn. (4) for £, m < m, gives

p= Zhu R 5)

i,j=0

where h; ; is the coefficient of x'y/ in the Taylor series of H (x, y) evaluated at (0, 0). Since
eqn. (5) has to become eqn. (1) when m, — oo, we find

ho,o=ho1=h10=h1,1=0and hpo=hoo=1. (6)

After some manipulations, eqn. (5) can be put in the form of

c, () En
= 2 m n(’”ﬁ)
4 a<mp)E _ﬂ< p)m +y<mp>mE+Z n=2 @

n>3

where « (0) = 8(0) = 1 and y (0) = 0. If the modifications to the dispersion relation are sup-
pressed by some the scale of Lorentz violation A, the naturalness in effective field theories would
imply that C,, ~ (%)n For A «m, C, could become much large. To include a broader class,
we consider a static black hole in the possible presence of electromagnetic potential A, with the

line element
1
ds* = dt* — ——dr> —C (r?*) h dx®dx? 8
P =F ) = —sdr? = C (72 hap () A, ®)

where f (r) has a simple zero at r = rj, with f’ (r;;) being finite and nonzero. The vanishing of
f (r) at point r = ry, indicates the presence of an event horizon. We also assume that the vector
potential A, is given by

A/t =A; (1) S[Ll‘v 9

which is true for charged static black holes in most cases.
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The MDR breaks the Lorentz invariance in flat spacetime. Thus, one needs to pick up a pre-
ferred frame to determine the form of the MDR. The energy and momentum in eqn. (7) are
defined with respect to the preferred frame, where can be described by the unit vector u* tangent
to the observers’ world lines. Explicitly, we have

E=p,u*,

P’ =E>— pup", (10)
where p,, is the energy-momentum vector and E and p are the energy and the norm of the
momentum measured in the preferred reference frame, respectively. When introducing the MDR
into curved spacetime, we use the vector field u* (x, ). To obtain the deformed Hamilton—Jacobi
equation incorporating the MDR, it is necessary to specify the profile of the preferred frame in

the black hole spacetime. One of natural frames is a static frame hovering above the black hole.
For such a frame, the vector field u* (x,) is

ut (n) = (Vg 0) = (ﬁa)

Plugging eqn. (11) into eqns. (10), one finds that the energy and the magnitude of the momentum
becomes

(1)

E— Pt
NG
hab (x)
2 _ 2
p - f(r) pr + C (rz) Papb (12)

It can be shown that, if the classical action 7 is a solution of the Hamilton—Jacobi equation, then
the transformation equations give

pu=—l. (13)

where — appears since p, = (E, —p) in our metric signature. Furthermore, since 9; is a Killing
vector of the background spacetime, (3;)" p, = p; is a constant. In fact, p; is the conserved
energy of the particle, and we define w = p; = —9;1, which means we can separate ¢ from
other variables. Relating I to p, via eqn. (13) and putting eqns. (12) into eqn. (7) give the
deformed Hamilton—Jacobi equation. In the appendix, the deformed Hamilton—Jacobi equation
is also derived in a more rigorous way, specifically in the language of the effective field theory.
We show there that if a scalar/fermion obeys the MDR given in eqn. (7) in flat spacetime, the
deformed scalar/fermionic Hamilton—Jacobi equation with respect to the preferred static frame
in the black hole background spacetime can be both written as

co(@)ron(@)e s (s B

n>3
where we define
o1 +qA; hb (x) 9, 10,1
R c(?)

A, is the black hole’s electromagnetic potential and g is the particle’s charge.

T=-— X2=f@r)@,D* + (15)
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3. Tunneling rate

In this section, we use the Hamilton—Jacobi method to investigate the particles’ tunneling
across the event horizon r = rj; of the metric (8) by solving eqn. (14). Taking into account
d;1 = —w, we can employ the following ansatz for the action /

I=—wt+W(r)+0(x), (16)

where o is the particle’s energy. Plugging the ansatz into eqn. (15), we have
—qgA
T — w—qA(r) 7

V)

ab
— )1 W () + D HO D BO )

C (,,2)

The method of separation of variables gives the differential equation for ® (x)

A7)

h (x) 8,0 (x) 3,0 (x) = A, (18)

where is X is a constant and determined by he? (x). Thus, one has

=)W @+ (19)

A
C (rz) ’
and eqn. (14) becomes an ordinary differential equation for W (r). In this section, we solve

eqn. (14) for 9, W (), calculate its residue at » = r;, and find the imaginary part of / which gives
the tunneling rate I" across the event horizon. We will calculate Im W for two cases, a massive

and charged particle to O ( ) and a neutral and massless particle to all orders.

3.1. Massive and charged particle to O (m;z)

Consider a particle with the mass m and the charge g. Solving eqn. (14) for p, =9, W (r)

gives
L Fl m\a&*(r) <ﬁ) 2_
NG (“(mp) o P, )"

v
x |1+ ! Z:

m \ @(r) m 2 (r
“(E) 7o _ﬁ(m_p)m c(? )+m”( )\/f_(r

o)\’
)

G

mp

l—

) oo

2 fmi )

(20)

where +/— denotes the outgoing/ingoing solutions, and @ (r) = w — g A; (r). Here, we have a
pole at r = r,. Using the residue theory for the semi circle,' we get

Im W (r):i% (1+Aqm+o<m;3)), @1)

1 This procedure will be discussed in detail later in this section.
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where we define ¥ = f’ (rj) /2 and

Cismy
Agm=—

24C —6c2) =) & 2
4m po? 32m%/<oz4|:( 4d 3)o (rp)o(rp)a

12C4a — 15C2 A
+ i<m23/2L — Ko (6C§ - 8C4a> —— Tt Bm?
2 ¢ (Vh)

(22)

7 ~2
1ol (C% _4C4a> 7 rn) @ (”h)i|.

K

The argument mﬂp is suppressed for o (é—"p), B <ﬂ>, y (lj) and C, (%) in eqgns. (21)
and (22).

3.2. Massless and neutral particle to all orders

We now work with a particle with m = 0 and ¢ = 0. Solving eqn. (14) for p, gives

L 2
S w? Ao\’ 1 Cp "
- - 1+ , 23
Pr «/—f(r)(f(r) c(ﬂ)) w_z_LZ 2 s @3)

7o T () n=3"

where C,, = C,, (0) and we use « (0) = 1. To get the residue of pr at r = ry,, we first define a
few coefficients C¢, C‘m,n, and n{‘ as follows

(1+x)%=) Cax",

n>0
o0 m )
<2Cn+3x> =2Cm,nx",
n=0 n=0
k 1 1
k e Tomian¥s
=Y (=D'CaC, " Cokm (24)
m=0

where m is a non-negative integer, and Cy are generalized binomial coefficients with Cy =
n

l_[ ‘)"T"H . Therefore, one has
k=1
1

[} 1 —m+l oo ",
+ Z 0" Clo fr)x Cois o
= :t o 1 _ ‘
: DN ( ¢ <r2>w2> (Zo 1 <r>>

Kk
f(r)lOk ocl mpf2 L)

o0 o0 2k+21 ka

w A n;
imgz (rz) 2k+20 £k (1)
!

T

k=0
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where we only keep terms contributing to the residue and set k — k + 2/ in the third line. Fur-

(i) 1

thermore, we denote the residue of o) o atr =ry, by
(2 I

Using the residue theory for the semi circle, one has

Im W (r)=:l:%(l~|—A), 27)
where

_ i |: A ] 2k+21§ j (28)
&= ,3 o

Note that n8 = 8

3.3. Calculating A

It is easy to see that A depends on A, (x). Here we consider two kinds of black holes, 4D
cylindrically and spherically symmetric black holes. For a 4D cylindrically symmetric black
hole, we have

hap (x) dx%dx? = d6? + o2d7?, (29)

where —00 < z < 00,0 <6 < 2m, and « is some constant. Since dy and 9, are the Killing fields
of the background spacetime, we can separate the variables and consider a solution for eqn. (18)
of the form

O =Jpb + J.z, (30)
where Jy and J; are constant, and Jy is the angular momentum along z-axis. The periodicity of
0 gives Jyp = nh with n € Z. Thus, one finds

]2
2
=i G1)

where Jy =nh withn € Z.
For a 4D spherically symmetric black hole, we have

hap (x) dx®dx? = d6* + sin® 0d¢?, (32)

where 0 <60 < and 0 < ¢ <2m. 9y is the Killing vector so we consider a solution for eqn. (18)
of the form

O=Y(6)+ Jsd. (33)

where J, is the angular momentum along z-axis. The periodicity of ¢ gives Jy = mh with
m € Z. Since the magnitude of the angular momentum of the particle L can be expressed in
terms of pg = dgY (@) and Jy,

2

p
L2=pi+—2, (34)
sin“ @
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eqn. (18) gives A = L2. Putting eqn. (33) into eqn. (18), one gets

m2h?
=./A— . 35
bo sin® @ 53

On the other hand, the Sommerfeld quantization for pg gives

fd@pg =2 (n—l—%)h, (36)

where n is a non-negative integer. The integral in eqn. (36) is calculated in the classically allowed
region where pg is real, which requires that A > m2h2. Since the integral is taken over the whole
period of the classical motion, the left-hand side of eqn. (36) is given by

T —arcsin % arcsin % 7T —arcsin %
%d@pe = / pado + / ppdo =2 / Podb, (37)
arcsin 22 7 —arcsin % arcsin %
where p;r = pg and p, = —py. Integrating the quantization integral, one finds that eqn. (36)
becomes
1
2 (ﬁ— |m|h) — o (n+§> h. (38)
Solving eqn. (38) for A gives the WKB leading quantization of the angular momentum
1\2
A= (z + —) A2, (39)
2
where [ =n + |m| =0, 1,--- with |[m| <I. Note that the difference between the exact quan-

tization of the angular momentum L> =/ (I + 1) 4% and the WKB leading quantization L> =
2
(1+3) n2is &

3.4. Tunneling rate

When one calculates the quantum tunneling rate from Im W, there is so called “factor-two
problem” [60]. Thus, one may have a black hole temperature which is twice the expected result.
One of solutions is proposed by Mitra [61]. Mitra noted that in general, the action / could include
some complex constant of integration /C. In this way, the imaginary part of I becomes

Im/L =Im Wy +ImK (40)

+/— denotes the outgoing/ingoing solutions. In the semi-classical method, the absorption prob-
ability and the emission probability for a black hole are given by

2 2
Peomir X €xp <_E Im I+> =exp [_E (Im W4 +Im IC):| ,

2 2
Pps occexp (—E Im I_> =exp I:_E (Im W_ 4+ Im IC):| . 41)

On the other hand, it is noted that the classical theory of black holes tells us that an incoming
particle is absorbed with the probability equaling to one. Thus, one can choose K to impose the
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classical constraint on the absorption probability, which is Im/X = —Im W_. So eqn. (41) gives
that the probability of a particle tunneling from inside to outside the horizon is

2
Peopir ccexp |:_E (Im W, —Im W_)] . 42)

Another way to circumvent this problem is considering both the contributions from spatial
and temporal parts of the action to the tunneling rates.

Spatial contribution: Along an open path in phase spaces of two canonically equivalent
frames, one in general has that

/pdx;é/PdX. (43)

Therefore, Im W4 = Im [ p;JEdr used in eqns. (41) are not invariant under canonical trans-
formations. On the other hand, a closed contour integral ?g pdx is invariant under canonical

transformations. It was then suggested [60,62,63] that the tunneling rates could be given by
1
Pemitjabs X €XP (ig Im%Prdr) ) (44)

where 55 prdr = [ pfdr — [ p;7dr. It showed that eqns. (42) and (44) yielded different results

for the Schwarzschild spacetime in Painleve—Gulstrand coordinates [62] and thin shells from
black holes [63]. Eqn. (44) is preferred over eqn. (42) since eqn. (44) is a proper observable.
When p,i have the same magnitude but opposite signs, eqns. (42) and (44) give the same results.

Temporal contribution: As shown in [63—-65], the temporal part contribution came from the
“rotation” which connects the interior region and the exterior region of the black hole. It was
found in [65] that the direction in which the horizon was crossed did not affect the sign of the
temporal contribution. However, the sign of the spatial contribution changed when the direction
was reversed. Thus, the temporal contributions t0 Peyir/aps Were the same. When the horizon
was crossed once, the action / got a contribution of Im (wAt) = 52, and for a round trip, the
total contribution was Im (wAt) = =2.

Taking into account the spatial and temporal contributions, one has for the absorption proba-
bility

1
Pups X exp [_E (— Im%p,dr +Im (wAt) +ImlC)] (45)
and for the emission probability

1
Pomir o exp [_E <Imj£prdr + Im (wAt) + Im IC>:| , (46)

where K is a constant of integration. Imposing the classical constraint on the absorption proba-
bility, one gets

Im K =Im ‘(ﬁprdr —Im (wA?), 47

Pemit o [—% (Im 7€ prdr)} =exp [—% (Im W, —Im W—)] : “8)

and



356 J. Tao et al. / Nuclear Physics B 922 (2017) 346-383

Both approaches give the same expression for P,,i;. There is a Boltzmann factor in Pey;;
with an effective temperature. Using eqns. (21) and (27), we find that the effective temperature
for a massive and charged particle is

Toff = ﬁ 10 (m;3) , (49)
and, that for a massless and neutral particle is
Terr = i, (50
1+A

where we define Ty = 3—7’; and take kg = 1.
3.5. Discussion

In this section, we suppose that outgoing particles tunnel from r; < rj, to r» > rj; while ingoing
particles from r; to ri. To obtain the imaginary part of I for the tunneling process, we have to
give a prescription for evaluating the integrals of Im Wy = [ :12 pEdr. Following the Feynman’s
ie-prescription [06], we take the contour of the integral to be an infinitesimal semicircle below
the pole at r = rj, for outgoing particles. Thus, the integral becomes

n rp—¢& r
/p,*dr = / prdr + / prdr + / prdr, 51
r r Cge rp+e

where we denote the semicircle centered at » = rj, with the radius of R going from rj, + R/r;, — R
to 7, — R/, + R in the upper/lower half complex plane by Cy/, g, g. Since the contributions from
the ranges (r1, r, — €) and (ry + €, r2) are real, the imaginary part of W is

ImWy =Im / pldr. (52)
Cge

Similarly, one has for ingoing particles

ImW_ =Im / p, dr. (53)
Cu.e
+ e
To get Im W4, we expand p;- in powers of TFom,
wn+1p:t (r)
p;t = Z — (54)

141 ’
nz() f2 (r)mr;)

where p,jf (r) are some analytic functions of r around r = ry,. For the usual case, only the first
term in eqn. (54) appears. Thus, we can Laurent expand f (r) with respect to r at r = rj, to

evaluate |, Chyue piEdr as e — 0. However, these expansions for pF in the cases incorporating the
: w

f(r)mp
enough to rj;. Thus, we can not trust the expansions for prjE any more on Cy,p . Nevertheless,
we can assume that the singularity structure of p, in the MDR cases is the same as that in the
usual case except the order of the pole at r = rj,. This assumption means the MDR effects do not

MDR look suspicious on Cy,p ¢ as ¢ — 0. In fact, can become larger than 1 if r is close
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introduce branch cuts or new poles for p, in the upper or lower half complex plane. Note that
one may need a complete theory of quantum gravity to justify the assumption. Now consider the
semicircles Cy, g g with large enough R, which lies in the region where the expansion for p,
can be trusted. Under the assumption, there are no poles inside the area enclosed by (R, rj, — ¢),
Cu/B,s, (rn + €, R), and Cy/p r. Thus, we have

rh—
ImWi_Im/ dr+Im / dr+Im/pidr
| CB/U.R r+R

n+1 +
—Im / Far=3"% _Im / ’,’fT(’)dr, (55)
mp c f2rr)

CB/UR n>0 B/U,R

where contributions from the ranges (ry, rp, — R) and (r;, + R, rp) are discarded since they are al-

P (1)
LR

ways real. If the radii of the Laurent series of at r =ry, are larger than R, we can Laurent
P (1)

G

imaginary part of the integrals. This justifies the procedure to obtain eqns. (21) and (27). Since

: + %) ~ 19} <
the expansions for pr can be trusted on Cy/,p g, one has TFom Tekmy S 1 on Cy,p, R,

expand on Cp/y R, and only the coefficients a1 of (r —rp)~ ! terms contribute to the

B~
5 f20
and hence «~! 2 R. For R to exist, one has x ! pe ;:07 which leads to @ < m . Note that if

4
Lorentz violating scale A is much smaller than m ,, one instead has that «/_ S1onCyypr

and w < A.

Various theories of quantum gravity, such as string theory, loop quantum gravity and quan-
tum geometry, predict the existence of a minimal length [67-69]. The generalized uncertainty
principle (GUP) [70] is a simply way to realize this minimal length. To incorporate the Klein—
Gordon/Dirac equation with the GUP, one usually considers the quantization in position rep-
resentation. In position representation, the operators k = —iV and @ = i9; are introduced
[71]. One then can express the energy and momentum operators as functions of k and w
and obtain the deformed Klein—Gordon/Dirac equations in flat spacetime. Inserting the ansatz
@ =exp(iEt —ip-X) in the Klein-Gordon/Dirac equation gives the dispersion relation for E
and p in flat spacetime. In [39-43], the deformed Dirac equation was generalized to curved
spacetime. The modified Hawking temperatures of various black holes were then derived via the
Hamilton—Jacobi method. In our appendix, the Dirac equation is generalized to curved spacetime
for any preferred frame. In particular, the static frame is used in our paper. It turns out that the
way of generalizing the Dirac equation to curved spacetime in [39-43] is the same as that in
our paper. Thus, we can use the dispersion relation for £ and p obtained in flat spacetime and
eqn. (22) to reproduce the modified Hawking temperatures of black holes with the metric (8)
obtained in [39-43]. In fact, the dispersion relation in flat spacetime in [39-43] is given by

which gives R > Usually, one has that the radii of the Laurent series of

P2 B —m? +2BE4+O(52), (56)
which by comparing to eqn. (7) gives

a=1,8=1,y=0,C3=0,C4=2, andm, = —. &)

=il-
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Thus, eqn. (22) becomes
_ a4 @) 1 A 2\ S ) & ()
Aqm—ﬂ|: T6x +2(C(r}%) +m ) 12 i| (58)

For example, A, for a particle with the angular momentum / = 0 in a Schwarzschild black hole
with the mass M [39.,43] is

Agm = g (m? +40?). (59)

Aym for a neutral particle with the angular momentum / = 0 in a Reissner-Nordstrom with the
mass M and the charge Q [40,43] is

[m?  2ry (ry —2r_) 2
Aqm =B |: B + (e — r_)2 w j| , (60)
where r+ = M £ /M? — Q2. Here we only consider a neutral particle to make a comparison
since the electromagnetic filed was included in [40,43] in a different way.

Following the argument proposed in [16], the authors in [18] obtained modified relations
between the mass of a Schwarzschild black hole and its entropy and temperature. The argument
connecting a MDR and some modifications of the entropy of black holes is formulated in a
scheme of analysis first introduced by Bekenstein [46]. In fact, the modified temperature of the
black hole for the MDR (7) with m = 0 was given by

2 2 3

m,C3 m 5C Cy m
T=Tp|1-—2 L= -=)+0(-4])]. 61
0[ 4M +4M2< 8 2)+ M3 61

2
where M is the mass of the black hole, and Ty = 8:'11—71/1' Note that eqn. (61) is obtained by using

eqn. (16) of [18]. Eqn. (16) of [18] gave the temperature of the black hole

T —1 _m%, 62
= - fdzsp M| (62)
where E = fui5p (p), and fyisp (p) for the MDR (7) withm =0 is
Cip  (5CF C4\ p?
i ~ 1—— ——— | =. 63
fdzsp (p~p |: 2mp + ( 3 ) m% (63)

On the other hand, we can use eqn. (22) to estimate the temperature of the black hole. For a
massless particle in a Schwarzschild black hole, eqn. (22) gives

A= ﬁ [(4c4 -3¢3) ﬁ +8(4c4 - C3) a)z} +0(m?). (64)
p

where X is the magnitude of the angular momentum of the particle. The event horizon of the
Schwarzschild black hole is r, = 2M. Near the horizon of the black hole, one has A ~ (pry)? ~
(wrp)?. Thus, one can rewrite A

2

- 16m%,

A (20 —7¢3) + 0 (m3?). (65)
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As reported in [17-19], the authors obtained the relation w 2 % + O (%) between the energy
[7

of a particle and its position uncertainty for a MDR. Near the horizon of the Schwarzschild black
hole, the position uncertainty of a particle is of the order of the Schwarzschild radius of the black
hole [46] §x ~ rp, =2M. Thus, one finds for T that

m2 m3
~ Mo (7c2 "y
T~Tp [1 + 5 (163 —2004) + 0 ( M3>} . (66)

From eqns. (61) and (66), it indicates that the heuristics methods used in [18] and our paper give
different estimations of the black hole’s temperature. Strictly speaking, in our model particles
with different energy @ and angular momentum XA would have different effective Hawking tem-
perature so that, in general, a “unique” equilibrium temperature is not well defined. However,
we assume an average behavior for any particle described by a unique average temperature for
the system. This average temperature for massless particles around a Schwarzschild black hole
is given in eqn. (66), which is obtained from the effective Hawking temperature (50) by estimat-
ing A ~ (wry)? and w ~ A/ ry,. On the other hand, the authors of [18] first followed the original
Bekenstein argument to find the modified relation between the mass of a Schwarzschild black
hole and its entropy due to MDR. Then, the modified black hole temperature (61) was obtained
by using the first law of black hole thermodynamics.

4. Thermodynamics of radiations

For particles emitted in a wave mode labeled by energy w and A plus some other quantum
numbers J; if needed, we find that

(Probability for a black hole to emit a particle in this mode)

=exp <— Ta) ) x (Probability for a black hole to absorb a particle in the same mode),
eff

where T,rr is given by eqns. (49) or (50). The above relation for usual dispersion relation was
obtained by Hartle and Hawking [72] using semiclassical analysis. If the black hole is in equilib-
rium, the rate of emission particles by the black hole must exactly equal the rate of absorption.
Neglecting back-reaction, detailed balance condition requires that the ratio of the probability of
having N particles in a particular mode with w, A and J; to the probability of having N — 1 par-

ticles in the same mode is exp (_TL/‘/) Thus, we find that the probability of having N particles
Py (w, A, J;) in the mode is given by

Nw
Py (0, A, Ji) = Cy 5., J; €XP _Tff , (67)
e

where C, 5y, 1S a normalizing constant. C,, ; 4, is determined by the normalized condition
Noo
ZPN (w, A, J;) = 1 where Ny, = oo for bosons and N, = 1 for fermions. Thus, the prob-

N=0
ability Py (w, X, J;) is

. ® 1-2¢ Nw
Py(w, A, J))=|1—(=1)"exp _Tf'f exp _Tff , (68)




360 J. Tao et al. / Nuclear Physics B 922 (2017) 346-383

where € = 0 for bosons and € = 1 for fermions. To calculate the average number n,, 3 s, in the
mode, we define

N
2 Nw
Aw,k,],- (H’) = Z exp (NM - ) 9 (69)
N=0 Tery

where one has C,, 5 j, = A;,l)»,l,- (0). So we find

N,
= O Awr, s (W) 1
Rog =) NPy (@ b Ji) == lu=0= : (70)
N=0 w, A, Ji (M) exp (%ff) — (_1)6
Using eqns. (68) and (70), one can rewrite Py (@, A, J;) in terms of ny, 3 j, as
N — N € —N—(=1)¢
Py (@, 0, J)) =ng ;5 [14 (=) 1o ] , (1)

where N can be any non-negative integer for bosons (¢ = 0) but is restricted to be 0 or 1 for
fermions (¢ = 1). The von Neumann entropy for the mode is

Noo
Soadi ==Y Px (@, 1, J)InPy (0,4, Ji),
N=0
= [nwo.5 + D)1+ (=D nes. g | = nwss; 0w (72)
Noo
where we use Z NPy (w, A, J;) =ng ;. J;. The total entropy of radiation is
N=0
S= " Soni (73)

w,A,Jj

which will be calculated in the brick wall model in section 5. Note that since T, s only depends
on w and A, the average number n,, ;_ j and the entropy s, are independent of J;. Thus, we
could omit the subscript J; in 14, 3, . and s, 3,7, from now on. Defining # (x) and s (x) by

1
"= e
§ () = (=) expx n [ expx ] In[expx — (—1) ]’ a4
expx — (—1)¢ expx — (—1)¢ expx — (—1)¢

we can write n,,  and s, 5 with respect to n (x) and s (x)

()
n ,;\=n ,
N Ters

m:s< © ) (75)
, o

When integrating over w, we need to specify the upper limit on the energy of the emitted parti-
cle. One of the limits comes from the requirement that the energy of the particle could not exceed
the mass of the black hole. Another one is from the effective field theories in the appendix. Sup-
pose that the higher dimensional operators in the effective field theories are suppressed by some
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scale of Lorentz violation A. Usually, we can only trust the effective theories below A. As decou-
pling theorem [73] shows, the contributions above A in some regularized theory gets absorbed
into Wilson coefficients of the effective theories, C's and Bs in the appendix. Consequently, the
energy of the particle could not exceed A otherwise our effective theories would break down.
Note that @ < A has also been obtained in section 3. Thus, the energy of the emitted particle
® < wmax = min {M, A}. In the remaining of the paper, we would encounter the integrals like

Umax Umax
/ u'n (u)du or / u's (u)du, (76)
0 0
where umax = ‘”?0“ and i is a non-negative integer. For a black hole with the mass M > m , one
_ 2mmp 1 1 . .
finds that umax = W)"p P > 1. For example, « = Ya and km, < 1 in the Schwarzschild

metric. For such case, using n (x) ~ e~ * and s (x) ~ xe™ " for x > 1, one gets

00 __1 00 __1
. e *mp . e kmp
/ u'n(u)du~ - and / u's (u)du ~ — (77)
Kkm Kkm
WO (ke o (rem)p)

which can be safely neglected for km, < 1, and hence we can let up,x = oo in eqn. (76).
Therefore, in section 5, we let umax = 0o for integrals of the form in eqn. (76) since we are only
interested in the divergent part of the entanglement entropy as km, — 0.

5. Entropy in brick wall model

In 1985 t” Hooft [74] proposed the brick wall model to calculate the entropy of a thermal gas
of Hawking particles propagating just outside the black hole horizon. The entropy is calculated
by methods of the WKB approximation. However, when it comes to calculate the density of states
of emitted particles, t” Hooft found that they became infinite as one got closer to the horizon. To
make the entropy finite, he introduced a brick wall cut-off near the horizon such that the boundary
condition

S (x)=0 atr=r, +re, (78)

where @ is the radiation’s field. Moreover, another cut-off at a large distance from the horizon
L > r, was introduced to eliminate infrared divergences.

For simplicity, we consider in this section a 4D spherically symmetric black hole with the
metric

ds* = f (rydi* - ﬁdﬂ —c (). (79)

For such a black hole, the quantum numbers needed to specify a wave mode of radiation are the
energy w, the angular momentum /, the magnetic quantum number m. We also assume that the
radiated particles are massless and neutral. Thus, the MDR (4), becomes

22 E 2 E
p :mpH —.,0 EmpH — ), (80)
mp mp
where we define H (x) = H (x,0), and H (x) ~ x> for x < 1. As shown in section 2, the de-

formed Hamilton—Jacobi equation incorporating the MDR (80) for a massless and neutral particle
in the 4D spherically symmetric black hole is given by
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T
X*=m3H <—> (81)
mp
where
2
1\ 42
=— ,X2=f<r)p3+7(l+2>2h~ (82)
NG ()
Then, we get from eqn. (81) that
2
1 2
2 1 2 o (l + E) i
pE= m2H . (83)
f@ mp~/ f (r) C(r?)
Define the radial wave number k (r, [, w) by
k(r,l,o)=1p/l, (84)

as long as pf >0, and k (r, ], w) = 0 otherwise. Taking two Dirichlet conditions at r = rj, + 7,
and r = L into account, one finds that the number of one-particle states not exceeding @ with
fixed value of the angular momentum [ is given by

L
1
n(a),l)zg / k(r,l,w)dr. (85)
rptre

Thus, we obtain for the total entropy of radiation that

s=3 swl_/(2l+1)dl/ d”a(l“’ Ly

w,l,m
1 [ dk (r,1
:—/(21+1)dl/dcu f FPRLAGTILD N
wh dow '
rp+re
B 27th3 f (r) f )
rp+re
<(?)
(e )@ _l
/ d H( @ ) Clp) | ° (86)
X z -z Sw,l»
J mp/F ) C (r?) ¢
2
. . (H%) n? ) N2 .o
where we define a dimensionless parameter z = 57— Using A = (l + 5) h° and z =
C(rh)mp

(l+l) n?

c(Dmd one rewrites eqn. (28) as
w2k

A= ZZ 2k+2a 1 .

Up {kZ 2k . (87)

a=0k=0 "y



J. Tao et al. / Nuclear Physics B 922 (2017) 346-383 363

Defining the coefficients &, by

n 00 00
(ZZHZk +21’ l/ l/ 2k/_1> Zzzglrszlx%’ (88)

0k’ k=01=0

one has for s, ;

Sw,lzs( @ )ZS(M> (89)
Ters Tp
T ()T
g 0 T
0o 00 00 (n) (u)u . Tou 2k
-2y [ Jae ()

a=0n=0 k=0 p
o0
= 0. ), (90)
where we define u = % and
00 2k k+a (n) n
_ Tou s (u)u "
%M_Z&E>§i_7fﬁ%k oD
k=0 n=0

Note that 51?,1 =0 except 58,0 =1,§"_,,=0and§’  ,, =0.Putting eqn. (89) into eqn. (86)
and integrating eqn. (86) over z gives

C (r%) m2T,

'S} ﬁa' o0
5= L < [ ewwa
27Th3 Z (a+%) J u)au

a=0 r
dr CoM(r? T T
r CT) <7°” >H’ <7°“ ) 92)
+‘mwwm) m /T ) mp/T )
ThTre
To calculate S, the variable r may be changed by introducing x = fou__ Then, eqn. (92)

mp+/ f(r)

becomes

Crmi & Jmal [ f | u>T?
=LY /@a (u)du/x_lH“+7 (x) H (x) G, 0 ) dx,
472h2 F( g) 2,2

a=0 L \@+73)% 5

P
(93)
- Tw g Tou
where we define x, = T 0 = \/fT and
26 CH 1 (3)?
G, (y)= [ ] o9

Cca+l (l’}%) Vi [f—l (y)] ’
Now the brick walls are at x = x, and x = §. Note that x, — oo when r, — 0, and the horizon
is at x, = 00. Since G, (0) = 1, we can Taylor expand G, (y) at y =0
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Ga () =Y _f5", (95)
k=0

where we find the first two coefficients of the series expansion are fj =1 and f}' =

mC'(ry) C(rd)Sf" ) o . ,
<) (a+1)— G () | Substituting eqn. (95) into eqn. (93) gives us

c 2 0 o | pa 00 Xe
= (ZthZ(n;pK) > Vralfi /uz"@a (u)du/HH% ) H' (x)x~*ax,
T mPk:() 7 a:OF(Cl+ %) o s

(96)

where we use Ty = 5’—7’; and i = m%. The entropy receives two contributions, one from the horizon
and the other from the vacuum surrounding the system at large distances. The second one is
irrelevant for our purposes and henceforth discarded.

For the usual scenario with H (x) = x2, the integrals over x in eqn. (96) become divergent for
a =k = 0 as one approaches the horizon with x; — oo. This divergence leads to the introduction
of the wall near the horizon by t” Hooft. However, the x-integrals could be finite as x; — oo for
some MDRs. In fact, there are two kinds of MDRs for the integrals to be finite. For the first kind
of these MDRs, the high energy contributions are suppressed. For example, the “all-order MDR”
of form

) 5 E E
p~=2myexp|—— ] |cosh| — | = 1], o7
mp mp

was given in the x-Minkowski noncommutative spacetime in [75]. For such a MDR, one has
H (x) =2exp(—x)[cosh (x) — 1],
HT2 () H (1) x 2 ~ exp (—x) x %L as x — o0, (98)

which guaranties the convergence of the x-integrals as x, — 0o0. Another example is inspired by
the all order generalized uncertainty relation considered in [59]. The MDR can be written as

dp E? (99)
— = ¢€X —
dE P m3 |’
which gives

+ 2
H(x)= /e"‘zdx ,

0

2043

H* () H (0)x %1 (e‘x2> x % as x — 0. (100)

Thus, the x-integrals stay finite as x — co. Moreover, it was found in [59] that the entropy kept
finite when the wall approached the horizon, and hence the wall in the brick wall model located
just outside the horizon could be avoided. For the second kind of the MDRs, the energy E in the
MDRs has a maximum value, and hence x, can not go to the infinity. For example, Corley and
Jacobson [49] proposed
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E=[p2- L (101)

which gives
H(x)=2<1 —+/1 —x) forO<x <1,

Hl+% (x) H' (x)x—Zk—l ~

1
asx — 1. (102)
V1 —x
So the x-integrals are finite for the Corley and Jacobson dispersion relation. It was shown in [58]
that the entropy was rendered UV finite for the Corley and Jacobson dispersion relation. For the
Unruh dispersion relation [47]

p" g
E=m,|tanh | — , (103)
p

we have
1

H(x)= [tanh_1 (x”)]E for0<x <1,

3)1_

[ln (1- xn)](l+2> i
1 —xn

We find that the x-integrals diverge as x — 1, and a wall near the horizon is needed. However,
the entropy for the Unruh dispersion relation was also found finite in [58]. This might be due
to different modifications of the dispersion relation in [58] and our paper. In particular, from
eqn. (16) in [58], it showed that only the MDR along the radial direction was modified by the
transplanckian effect in [58]. In the remaining of section, we will consider two cases, in one of
which the x-integrals converge, and in the other they diverge.

HE () HY () 2~ ~ asx — 1. (104)

5.1. UV finite case

We here assume that the x-integrals converge as x — A, where A = oo for the first kind of
the MDRs in this case and A is the largest x for the second kind. Thus, we can define

A
& = / HO2 () H' (x) x 2% dx. (105)
)

Since H (x) ~ x2 for x < 1, the Taylor expansion of H 2 (x) H' (x) is given by
1 ° .
Hl/l+§ (x) H/ (x) — Zd;fx]+2cl+2’ (106)
=0
where dj = 2. Then one gets
X s
quxj+2a+2x—2k—ldx
J

A
EZ:/H“JF% () H' (x)x 2 ax +
X1 s J=0



366 J. Tao et al. / Nuclear Physics B 922 (2017) 346-383

00 d]a_5j+2(a—k)+2

=cf — > L —0k—a—-1d§_,, ,Ins, (107)
=0, js2h2an T2@—k) +2

where 6 (x) is the Heaviside step function, 0 < x; < A, and c;{’ is a constant independent of L.
Neglecting terms depending on L, one finds

mpKI/l

et —0(k—a—1)d§y o, oIn—L— (108)

Plugging eqn. (108) into eqn. (96) gives us that the entropy near the horizon can be written of
form

r

\_/

i(s‘k +lkIn LK) (n;;’(>2k. (109)

2m
k=0

SN

For k = 0, we can choose x; = 0 in eqn. (108) since fOA H“+% (x) H (x)x 'dx is convergent as
x — 0. Hence, one has

[ 1 1 -1
ch/H“+z (x)H (x)x 'dx, (110)
0
and
=3 0l vT */_/ D ()l du, (111)
a=0 F(

2 3¢ c4 I 21y 11
where ny = ¢ , and we use the fact that f;‘l k<nt =08/ ¢= (nlgo) , and ¢y = 1. Since

there is no Iné in eqn. (108) for k =0, we have lp = 0. For k = 1, only 5(1) contributes to /1, and
we find

]

:—4f10/s(u)u2du, (112)

0

where we have

€ (rp) [1 _cs w)}

kC (r}%) decr, C’ (rﬁ)

Thus, we obtains for the entropy near horizon

2 ) 1"
S~ ¢ rh)zso— krnC’ (ri) |:1 _ () f (rh)]/ (u) u*dulnm
P

4o 4dirpC’ rh

=

~+ Finite terms as xm, — 0. (113)
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5.2. Perturbative case

In this case, a wall near the horizon is needed to regulate the x-integrals. As above, the func-
tion H (x) can be presented in the form of Taylor series

H (x) = ZC,'xi, (114)

i=2
where C; = 1. One then can have Taylor expansions for H a+3 (x)H' (x)
. o0
HV 2 (x) H' (x) =) d9xIt20+2, (115)
j=0

where dj = 2. The radial position of the brick wall near the horizon is r =rj +r¢ (x = x¢). The
invariant distance of the wall from the horizon ¢ is defined by

rp+re d Ve 2d
r y
_ _ , (116)
/ Vi) O/ = 0%)
h
1
where we define y = % =Y. f @) and y, = T"” . Noting M = 1, one obtains
[ a > Fuyd"
= 1 ") d 1 2 , 117
/ f/(f—](y2) / +nzlfi’ly Yy=DYe +ZZ +1 ( )
0o~ 2«

where we expand W in the integral and f are coefficients of the series. Solving

eqn. (117) for y. gives

Ve = &K (1 + Z;“n (eK)2”> . (118)

n=1

where ¢, are determined by fn. Using x, = Tou

Yoty one can relate x; to € by

e Ta a 1 Z (8K)2n
e ma (8 )a Xl

p

m”’% Z (e10)2" — Inex, (119)

where Xj} = 1. Focusing only on the near horizon contributions, we neglect terms involving L
and use eqn. (115) to obtain

0 4y F2a—h)+2

Xe

/ H (x) H' (x)x 2 1dx ~ Z  —
8 =0, j#2k—2a—2 jH+2(a—k)+2
mpxe

+0(k—a—1)dy_,,_»In Ton

(120)
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where for the logarithmic term we have faxg x~ldx =1n *=In xfmp ) Ln f(L) ~ XE:;” .
Plugging eqns. (120) and (91) into eqn. (96), one finds for the entropy near the horizon that

S Y ()

‘=r (a + ) (27)i+2a

00 00 dafk Xr'l+2( k42 [Mpk 2p k+n
Y Ly e (g (20)

k=0,k 4 +a11=0p=0

P+a%_q 00
a, i
x Yo 2r / W TAR2DHaR2 @D () gy

1
=0 q 0
C(rf)«x? >, Jma! g2 g ple\2i+2a+2p
e ( e?)’ ZZZ a5 f a1 (52-)
167 F( §) 2
n=0 a=0 j=0 p=0 2
pta P @
; s (u)
» Zég’p/u2]+2a+2p+q+2 - du
0

zoooooo

ln(m) 16 4 ZZZ (+) qu+a+1 (n;—l;:yﬁzaﬂp
2

a=0 j=0 p= ol (a

p+a q

« Zi:a_,p/S(q) ) w2itat2p+a+2, (121)
q!

At first sight, it seems impossible to single out the most divergent part of eqn. (121) since j + 2a
in the first term of eqn. (121) can go to infinity. However, the brick wall is put at r = r, + 1,
to cut off some unknown quantum physics of gravity. In this sense, the invariant distance of the
wall from the horizon ¢ could be given by & ~ m . Indeed in the ’t Hooft’s original calculation
for Schwarzschild black holes, requiring that the entropy of the radiation near the horizon Sp;ic

< the Black hole’s Bekenstein-Hawking entropy Spx also gives & 2 / 90 m, for a scalar field.
Thus, we define « such as € = am . Replacing ¢ by am, in eqn. (121), we find for the entropy

2 1 (2 "
G C(rf) SO_K"hC (i) |:1_ (rid) f ("h):|/ () ulduInkm,

47r2m% 44 4k C’ rh

+ Finite terms as m px — 0, (122)

where we define

1 Jra! 1 \/*2@  da¢
SO:—4NZQZZX;)F(CJ+ )(ﬁ) j+2;+2

a=0 j=

x ff+2“+q+2 @ (w)ydu | . (123)
q=0
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5.3. Discussion

For a massless scalar field, we find the entropy near horizon in both cases can be written as

As
S~ 20 + sz Inm p« + Finite terms as km, — 0, (124)
167r3m%
_ knC'(r) C(r2) f"r) _ 2 - . .
where s;, = ——z 1= o | and A = 47 C (rj) is the horizon area. For the scenario
h h

without the MDR, the entropy near horizon [74,76,77] is

A
~ W + sz Inm p« + Finite terms as km, — 0, (125)
where we let the proper distance ¢ = am . On the other hand, the first law of black hole thermo-

dynamics dSp = dTM, and eqn. (66) leads to the modified entropy of the black hole

A
Sp ~ ) + % <7C§ — 20C4) Inkm , + Finite terms as m pk — 0, (126)
m

S

where A = 167 M? and k = ﬁ. As in the brick wall model originally introduced by t’ Hooft,
we could adjust o (sg via eqn. (123)) to make the leading term in eqn. (124) the same as that
in eqn. (126). Moreover, the subleading logarithmic term in eqn. (124) only depends on the
properties of the black hole. However for Sp, the subleading logarithmic term depends both on
the black hole and MDR (C3 and C4). This observation might suggest that the explanations for
statistical origin of the black holes’ entropy need more than the entropy of a thermal gas of
Hawking particles near the horizon.

Since the deformed Hamilton—Jacobi equations and the corrections to the Hawking temper-
ature are same for fermions and scalars with the same MDR, one may wonder if eqns. (113)
and (122) also work for fermions. In fact, it has been shown in [78] that the same argument in
this section held for fermions if an appropriate boundary condition was taken instead of the too
restrictive Dirichlet boundary condition.

For a MDR with H (x) in the UV finite case, we have shown that a brick wall near the horizon
is not needed since the entropy is finite as one approaches the horizon. However, if one expands
H (x) as a power series of x and calculates the entropy in the perturbative case, it seems that a
wall near the horizon is needed to regulate the divergence. How can we reconcile the contradic-
tion? As noted in [79], the divergence of the entropy in the perturbative case as « — 0 is more
like due to the breaking down of the Taylor series. For the typical energy w ~ Ty = 5‘—7’;, one finds

: 19) ~ hk
that H (x) and the MDR corrections to the entropy are powers of TToms "~ Tt At the
hik

Traom é. Thus, the perturbative case is valid outside the
J £ V4

wall at ro =ry, + 2Km%. However, the perturbation would break down deep within the wall, and
the closed form of H (x) is needed.

wall at re = rp + 2Km?7, we have

6. Black hole evaporation

In [80], Page counted the number of modes per frequency interval with periodic boundary
conditions in a large container around the black hole and divided it by the time it takes a particle
to cross the container. He then related the expected number emitted per mode 7 to the average
emission rate per frequency interval fl—’; by
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dn dw

e,

dt 2mh
for each mode and frequency interval (w, w 4+ dw). Following the same argument, we find that
in the MDR case

(127)

d dw d d
an _ e, 40 (128)
dt dp, 2h 2mh

where 22 is the radial velocity of the particle, and the number of modes between the wavevector

apr
interval (py, pr +dp;) is gjf 7. Since each particle carries off the energy w, the total luminosity

is obtained from multiplying Z—'t' by the energy @ and summing up over all energy » and quantum
numbers, denoted by i,

dw
L= wanw,i—. (129)
- 2 h

However, some of the radiation emitted by the horizon might not be able to reach the asymptotic
region. Before the radiation reaches the distant observer, they must pass the curved spacetime
around the black hole horizon, which plays the role of a potential barrier. This effect on L can
be described by a greybody factor from the scattering coefficients of the black hole. Actually, the
greybody factor is given by |7; (w)|?, where T; (w) represents the transmission coefficient of the
black hole barrier which in general can depend on the energy @ and quantum numbers i of the
particle. Taking the greybody factor into account, we find for the total luminosity that

dw
L=) /ITi(w)Ianw‘i—. (130)
- 2 h

Since the relevant radiation usually have the energy of order #M !, where M is the mass of
the black hole, one should use the wave equations given in the appendix to compute |7; (w)|?
accurately. However, solving the wave equations for |7; (w) ? could be very complicated. On the
other hand, one can use the geometric optics approximation to estimate |7; (w)|?. In the geometric
optics approximation, we assume o >3> M, and high energy waves will be absorbed unless they
are aimed away from the black hole. Hence we have |7; (w) |2 =1 for all the classically allowed
energy w and quantum numbers i of the particle, while |7; (E)|> = 0 otherwise. For the usual
dispersion relations, the Stefan’s law for black holes is obtained in this approximation. In the
remaining of the section, we will discuss evaporations of a 4D spherically symmetric black hole
with the mass M > m, and a 2D black hole. For simplicity, we assume that the particles are
massless and neutral.

6.1. 4D spherically symmetric black hole

To find the classically allowed values of angular momentum [/ with fixed value of energy w,
we consider eqn. (83) for a massless particle in a 4D spherically symmetric black hole, where we

2
have A = (l + %) . Since p, is always a real number in the geometric optics approximation,
one has an upper bound on A

2\ . 2 w
AgC(r)mpH<—mpm>. (131)
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Suppose C (r )m H( f(r
If the particles overcome the angular momentum barrier and get absorbed by the black hole, one
must have A < Apax. Thus, the eqn. (130) becomes

)Lmax
wdw o+ A) 12,
- dl(t+=) n
gs/2nh3 n( T ) |:( +2>
0

C( 2) ) H(’”P\/;J(’min))

sC (r?)m

_ w/wdw / n <M) dz, (132)
0

) has a minimum at 7, and this minimum is denoted by Amax.

27 h3 To
l+%) n?
where g; is the number of polarization, z = ER and we use eqn. (75) for ng ;. Defining
)My
ng (1) by
00 2k k+a (n) n
Tou n (u)u n
na ()= <m—p) > [T] £ ko (133)
k=0 n=0
we find
o(l+A
n( ( )> Zz ng (), (134)

where E;”k is given by eqn. (88). Substituting eqn. (134) into eqn. (132) and integrating eqn. (132)
over z gives

8C DT ca“(;n)f o ()
= p —————)du, (135
27 h3 Z(a+1) Catl (r2) J ung (u) H M p/ F (Fmin) w139

where we let umax = o0 for M > m . Since H (x) = x4+ > Cpx", we define h% by

n>3

o0
H (x) = x4 Zh”mxm, (136)
m=0

2 —
Where hg = 1’h‘]l = aC3 and hg = C4a + w

eqn. (135) gives
T4 00 j [%] [%]_a <k+a i

| :
L=t 2nh3 Z( ) ;)a_H Zktjl'téafﬂ Z?_ikNi,j,l,k> , (137)

j=0 k=0 i=0

. Plugging eqns. (136) and (133) into

where [x] = max {m € Z | m < x} and we define

oo

(i) JjHi+3 Ca+1 I"2~

Ni’j’a,k _ [ n : (M)I/l a+l( m21n) du (138)
FE (i) €40
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2
We now use eqn. (137) to calculate the luminosity in the Schwarzschild metric to O %)
For the Schwarzschild metric, one has f N=1- ZTM, rp=2M, C(r*) =r? and k = 4#.
Taking the derivative of C (r )m H ( f %) ) and equating it to zero, one finds
3C3 T 12C4 — 7C? T}u? T3
i =31 (14 Y26 Tou | 12C4 7€ —+0(-%)).
6 my 12 ms n,
T, 12C4 — C2 T3u? T3
hamax = 2TM2PT2 (1430 -2 + 223200 L o0 )). (139)
mp 4 m? m

For emitting ng species of massless scalars and n ¢ species of massless spin-1/2 fermions from
a Schwarzschild black hole into empty space, putting eqns. (139) into eqn. (137) gives the total
luminosity

__O + 70 s ) + (0.26n; +0.50n ) €52
= 200607 m2 |\ T 2"/ T Sy

2 3
m
+ [ (0.15m, +0.29n ) €3 — (0.24n, +0.46 ) C4] 40 <M3) } (140)
The perturbative parameter w/m , appears in calculating the total luminosity. For massless par-
ticles, we could have estimations

m2

~ Ty~ —P 141
w~do™ e u (141)
Thus, this perturbative parameter becomes

L M (142)
mp M

which explains why the total luminosity in eqn. (140) is suppressed by powers of m , /M.
In the geometric optics approximation, the Schwarzschild black hole can be described as a
black sphere for absorbing particles. The total luminosity are determined by the radius of the

black sphere R and the temperature of the black hole 7. Note that one has R = )‘C'U“—i“ and
Terr =~ To (1 — A), where for massless particles

_ ﬁ [(4c4 — 3c32) ﬁ +38 (464 - C32> a)2:| . (143)
P

Consider a sub-luminal case with C3 = 0 and C4 > 0, where the total luminosity decreases due
to the MDR effects. In this case, the MDR effects increase the radius of the black sphere while
they decrease the temperature of the black hole. The competition between the increased radius
and the decreased temperature determines whether the luminosity would increase or decrease. It
appears form eqn. (140) that the effects of decreased temperature wins the competition.

6.2. 2D black hole

Suppose the metric of a 2D black hole is given by
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ds®> = f(r)dt*> — %dﬂ, (144)

where f (r) has a simple zero at r = r;,. Here we consider a neutral and massless scalar particle
governed by the modified dispersion relation

C
E*=p* - ‘; , (145)
M
which is the Corley and Jacobson dispersion relation for C > 0 [49]. Expressing p in terms of E
gives
CE* E*
p2=E2——2+0<—4>. (146)
"y mnp
For the 2D black hole with the event horizon at r = rj,, eqn. (22) gives
” 4
AU ICP Iy o (147)
8k2 m?2 5 m* »

where weuse m =0, 0 (rp) =w, A=0,a =1,y =0, C3 =0, and C4 = C. For w < wmax, the
»*C
2
P
Define n = f (”’ which becomes 1 for a 2D Schwarzschild black hole with f (r) =1 — M

T
amp

NIk where 0 < o < 1. Note
that |A| < 1 for < A. Therefore, the luminosity for the black hole is

®max
1) w*nC dw
L= on| — |1+ —
To m% 2 h

0

2,2 Mma 2,2
K“m nCk“m
=5 /un |:u (1+T2p):|du, (148)

0

. 4 S
term in eqn. (147) dominates, and hence the terms O ";—4 are neglected for simplicity.
P

In this case, we can choose the cutoff of the effective theories A =

2n M o 2

K
7 Jm—c|:npx} For km, < 1, we can let umax = 00 and

where Tp = g—n

and Umyax = min {

Km
then find
"2’"% 2nC 5, » 4 4
L=— (1 - T« mp+(9</c m,,)) (149)

M
For M < m we have umax = ng and find

kM kM 2nCkM 4 _a
=22 11- 1 o )| 150
472 |: 262m?, < * 3m ) e, (130)
From eqn. (149) for small «m , and eqn. (150) for large km ,, we can conclude that the coeffi-
cients C impacts the black hole’s luminosity only in the intermediate range of km , noticeably.

For the intermediate range, Fig. 1 plots the luminosity L against (4/<m p)71 which becomes

for a 2D Schwarzschild black hole with the mass M. In Fig. 1, we have « = 0.9 and M = 41«

m ,,
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Fig. 1. The luminosity L of a 2D black hole against (4«m p)*l with o = 0.9. (For interpretation of the references to
color in this figure, the reader is referred to the web version of this article.)

for umax. We plot L vs (4fcmp)_l in Fig. 1 for the usual case with C = 0 (red line), the ones
with nC = 10 and 1000 (solid and dashed blue lines, respectively), and the ones with nC =
—10 and —1000 (solid and dashed brown lines, respectively). For the nC < 0 cases, there are

1r ks in Fig. 1, which ar he transition from 24 @ 27 jpn .H T
weird” peaks g. 1, which are due to the transition fro em3 to T i pre 10 Umax owever,

such transitions is barely seen for the nC > 0 cases. In our calculations, the luminosities are
determined not only by the modified Hawking temperature but also the range of integration of u
in eqn. (148). When M > j%, in the nC < 0/nC > 0 cases the ranges of integration are less
than that in the usual case, which tends to decrease the luminosity. In the nC > 0 cases, it shows
from eqn. (147) that the modified Hawking temperatures are lower than that in the usual case.
Thus, the luminosities L become smaller due to the decreased temperature and the shrunken
range. From eqn. (147), we find that the modified Hawking temperatures in the nC < 0 cases are
higher than that in the usual case. Thus, the competition between the increased temperature and
the shrunken range determines the luminosity. The effect of the increased temperature dominates
over that of the shrunken range for nC = —10 and vice versa for nC = —1000.

To see how the luminosities L depend on values of «, we plot L vs (4/<m p)_1 in Fig. 2 for the
usual case with C = 0 (red line), the ones with nC = 10 (blue lines), and the ones with nC = —10
(brown lines) with o = 0.5 (solid lines), 0.9 (dashed lines), and 0.95 (dotted lines). Note that «
parameterizes the unknown quantum gravity ultraviolet cutoff A. In Fig. 2, it suggests that the
nC < 0 cases are highly sensitive to the physics at high energies while the nC > 0 ones are not.
If n >0, nC <0/nC > 0 implies that the particles are super-/sub-luminal. The author in [81]
has shown that the Hawking radiation with sub-luminal dispersion was not sensitive to Lorentz
violation at high energies due to the “mode conversion”. However, the outgoing black hole modes
with super-luminal dispersion emanated from some unknown quantum gravity processes.

7. Discussion and conclusion

In this paper, we used the Hamilton—Jacobi method to investigate the effects of the MDR on
the Hawking radiation. Our results suggest that the thermal spectrum of radiations near horizon
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Fig. 2. The luminosity L of a 2D black hole against (4/(mp)7l with a = 0.5, 0.9 and 0.95. (For interpretation of the
references to color in this figure, the reader is referred to the web version of this article.)

is robust. In fact, if the difference between the modified dispersion relation and the relativistic
one was suppressed by the fundamental energy scale m,, we found that the deviation of the
effective Hawking temperature from the standard one was also suppressed by m ,. For a particle

2 2
with the typical energy w ~ %2 the deviation was given by powers of % Nevertheless, there
are some potential corrections to the effective Hawking temperature which are not included in

our calculations:

2
(a) Back-reaction effects which occurs at order ;. For a particle with @ ~ %, they are order

2

of %. However, the Hamilton—Jacobi method is incapable of computing them since the
metric is fixed in this method. On the other hand, back-reaction appears in the null geodesic
method [22,23] to ensure energy conservation during the emission of a particle via tunneling
through the horizon. These corrections lead to non-thermal corrections to the black-hole
radiation spectrum. Note that there are some attempts to incorporate back-reaction effects
into the Hamilton—Jacobi method using the rainbow metric [82,83].

(b) Higher order WKB corrections. In the Hamilton—Jacobi method, we take the semi-classical
limit # — 0 and keep only leading order terms to calculate the Hawking temperature. There-
fore, one may wonder if the Hawking temperature could receive higher order corrections in

h beyond the semiclassical one. The corrections has been estimated in [84] and was given by
2

powers of % However for the usual case, several authors [85-87] argued that the tunnel-
ing method yielded no higher-order corrections to the Hawking temperature. Whether such
arguments also work for the MDR cases needs to be checked.

In this paper, we first used the Hamilton—Jacobi method to calculate tunneling rates of radia-
tions across the horizon and the effective Hawking temperatures. After the spectrum of radiations
near the horizon was obtained, the thermal entropy of radiations near the horizon and the lumi-
nosity of the black hole were computed. Our main results are as follows:
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e In section 2 and the appendix, we used heuristic arguments and effective field theories, re-
spectively to derive the deformed Hamilton—Jacobi equations incorporate the MDR with the
static preferred frame. Note that these methods can easily be generalized to any preferred
frame.

o In section 2, the deformed Hamilton—Jacobi equations was solved for 9,1, and the imaginary
part of I was obtained by computing the residue of 9,1 at r = rj,. The assumption for our
calculation was also discussed, which required that the singularity structure of 9,1 except
the order of the pole at » = r; do not change after the MDR was introduced. The corrections

to the Hawking temperature were calculated for massive and charged particles to O (m;z)

and neutral and massless particles to all orders, respectively. It was found that corrections
were suppressed by m .

e In section 4, the average number and entropy for a mode were calculated for bosons and
fermions. They could be obtained from those in the usual case by replacing the standard
Hawking temperature with the modified one.

e In section 5, we used the brick wall model to compute the thermal entropy of a massless
scalar field near the horizon in UV finite and perturbative cases. In the UV finite case, the
entropy was always finite as one approached the horizon, and hence the wall near the horizon
was not needed. In the perturbative case, a wall was put at r = ry, + r, to regulate the UV
divergence. We assumed the proper distance between the horizon and the wall was order
of m . Thus, the entropies near the horizon in both cases were given in eqn. (124). We found
that the subleading logarithmic term of the entropy was independent of the MDR.

e In section 6, we calculated luminosities of a 4D spherically symmetric black hole with the
mass M > m, and a 2D one. We used the geometric optics approximation to estimate the
effects of scattering off the background.

Finally, we briefly discuss the results in this paper and [45]. In this paper and [45], we have
calculated the divergent part of the near horizon atmosphere entropy of a massless scalar field
for a 4D spherically symmetric black hole in the static and free-fall scenarios, respectively. It
appeared that the divergent part in both scenarios could be presented in the form of a Laurent
series with respect to r,:

SO 00 T2i 3 ) ) )
S~ 4 sdmere + Z% Zs; (kre) ™ +shnkre |, (151)
KT =my o

where §; = 2i + 1 in the static scenario while §; = 3i 4 1 in the free-fall scenario.
Assuming the MDR for massless particles is

) B p2n
E :chnﬁ, (152)
n=0 p

we found for the emission of ny species of massless scalars and 7 ¢ species of massless spin-1/2
fermions that the total luminosity of a 4D Schwarzschild black hole was

9m? 7 - m2 m3
_ P P P

in free-fall frame, (153)
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L oy ’ C1 (0.48n5 +0.92 m, o m,
in static frame. (154)

Note that the sign in front of C 1 i~n eqn. (153) is different from that in eqn. (154). For the sub-
luminal dispersion relation with C; < 0, it means that the total luminosity increases due to the
MDR effects in the free-fall scenario while it decreases in the static scenario.
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Appendix A. Effective field theory and deformed Hamilton—Jacobi equation

As discussed in the introduction, various approaches to the quantum-gravity problem could
lead to the existence of MDRs. To have a MDR, one has to break or modify the global Lorentz
symmetry in the classical limit of the quantum gravity. There are several possibilities for break-
ing or modifying the Lorentz symmetry, one of which is that Lorentz invariance is spontaneously
broken by extra tensor fields taking on vacuum expectation values. The most conservative ap-
proach for a framework in which to describe MDR is the effective field theory (EFT), where
modifications to the dispersion relation can be described by the higher dimensional operators.
Since we are only interested in modifications to the dispersion relation of the particles, we limit
ourselves to the kinetic terms and neglect self-interacting effective operators when constructing
the effective field theory. We also assume that the effective theory respects U (1) gauge invariance
of the charged black hole. The EFT framework can easily incorporate MDR via the introduction
of extra tensors. To construct the minimal EFT in curved spacetime, we suppose that the ac-
tion of the EFT contains the usual minimal gravitational couplings and the EFT coefficients are
constants in the local frame [88].

A.l. Scalar field

We work with a complex scalar field ¢ with the mass m and the charge ¢g. Following guidelines
we put forth, we find the effective Lagrangian for ¢ incorporating MDR can be written as

2 m : m
m2 m-B(-— imCy |~
b =—9" (D’“‘D,L +o7 ) ¢ - hg’"")cpw - h<’"")¢+D“¢
J m
h n—2 C,u e \m,
— E (_> l—(n1")¢+DM1 ...DMgp, (A.1)
i mn—Z
n>2,j p

where D, =V, + %qA,L, V., is the covariant derivative of the background spacetime, A, is
the electromagnetic potential, j runs over all independent operators of a given dimension, B is

a dimensionless function of mﬂ with B (0) =0, and, C;, and C {Ll u, are dimensionless extra
P

tensors depending on % with C, (0)=C ,j;], (0) = 0. The deformed Klein—Gordon equation is
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2 m . m
. mz m*B (m_,,> imCy (m_,,> p
D"D,, + ¢ — ¢ — D"¢

J m
N2 Cilyee (22
-y (_> LWDM...DMZO, (A2)
1 mr;’_

n>2,j

With rotational symmetry, all extra tensors become reducible to products of a vector field u*,
which describes the preferred frame and u*u, = 1. Thus, the extra tensors become

c,=C ®
a (mp>u

_cJ
Clju 1w = Cit <mp> iy iy """ Bitigg_y tigg Mitig g 7 Wity > (A.3)
where g,,, is the metric of the background spacetime, C and C,j,. are dimensionless functions
of mﬂ,,’ Jj = (k,C), 2k < n, and C denotes any possible permutations of (1,---,n), namely
(i1, -+, iy). To obtain the Hamilton—Jacobi equation, we make the WKB ansatz for ¢
il
¢ =exp <—> . (A4)
h
Defining
T = —ut (9,1 +qA,), X2=T2— (9.1 +qA,)°, (A.5)

and plugging eqns. (A.4) and (A.3) into eqn. (A.2), one expands eqn. (A.2) in powers of /i and
finds to the lowest order

(72 %2 =) s () =me () T
mp mp

Ly (=i (m )(Tz XZ)kf"—ZkZOI o

n>2k<%.C mp

Solving eqn. (A.6) for X2 with respect to T gives the deformed Hamilton—Jacobi equation for /

C, ()17
)?2=a( >T2—,3( )m —I—y(m)mf"—i—z%, (A7)
Mp mp Mp

n>3 mp
where «, 8, y are dimensionless functions of mﬂp with @ (0) = 8(0) =1 and y (0) = 0 which
can be determined by the coefficients B, C and C,{ in eqn. (A.6). In flat spacetime with A, =0,
the dispersion relation for the scalar field can be found by inserting the positive energy ansatz
¢ = exp (—%) into eqn. (A.2). The resulting equation for p, is actually eqn. (A.7) with
T =uM py and X2=— p p" 4+ T2, which is exact for flat spacetime with A u = 0. Identifying

E = pyut = T and p? = p( )p(3) W=—p.p"+ T? = X2, we can produce the MDR for
the scalar, eqn. (7), in ﬂat spacetime. On the other hand, the vector field u* is chosen to be

(ﬁ, 6) in curved spacetime with the metric (8) and the electromagnetic potential A, . In this
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case, T and X2 become T and X2 in eqn. (15). Thus, in the black hole background spacetime, the
corresponding deformed Hamilton—Jacobi equation for the scalar field incorporating the MDR,
eqn. (7), is given by eqn. (14).

A.2. Fermionic field

In the background spacetime with the metric g;,, and the electromagnetic potential A, the
effective Lagrangian for a spin-1/2 fermion ¥ with the mass m and the charge ¢ incorporating
the MDR can be written as

eff w<lDfV __>W_—Z ni- Mk( )nym'”yﬂkw

k>0, j

. h k-1 Cl]‘.vl"'ﬂn (%) - f f
+i Z - TV/D. L DIk ey B (A.8)
n>k>1,j p

J j : : : m it pd —
where extra tensors Bj,,...,,, and Cy,...,,,, are dimensionless functions of iy with By, ..., (0) =

Cﬁ (0) =0, j runs over all independent operators of a given dimension, D;’: =0, +Q,+ %qA o
Qu=tw /f” Yub» Zap is the Lorentz spinor generator, a)M“b is the spin connection and {y,, » } =
2guv. The Greek indices are raised and lowered by the curved metric g,,,,, while the Latin indices

are governed by the flat metric 7,,. The deformed Dirac equation is

(UM PSSR L W

n>0,j
A\ 1 Cﬂl"-ﬂn (ﬂ)
+i Z (_) — "p pfm ,_,DfJkaMkJrl eyt =0, (A.9)
n>k>1,j mp

With rotational symmetry, the extra tensors become
j — B/ . ...
Bmmu,, = Bngui,uiz B lhigg_y iy Wtting g " Mtkiy s
J J ... ...
CMI “Hn =G 8 iy iy 8 tig_y Py W ttigg Wiy » (A.10)

where B,], and C,J, are dimensionless functions of mﬂ, j = (k,C), 2k <n, and C denotes any pos-

sible permutations of (1, --- ,n), namely (i1, - - - , i,,). To obtain the deformed Hamilton—Jacobi
equation, the ansatz for i is assumed as

il
Y =exp <E) v, (A.11)

where v is a slowly varying spinor amplitude. Substituting eqn. (A.11) into eqn. (A.9), we find
to the lowest order of /4

Z E J K1 gy
Xpy"VA+mv+m Bi8uiy i, gy igg Mhtigeyy =" iy ¥ vy
n>0,k<%.C

C]
K1 Y Rk Hk+1 4 M —
+ Z mk— 1 Sty iy 7 bty iy Miki u“inX X"y yrv=0,
n=k=1,1<2.cMp

ZKZL,I=7,

(A.12)
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where X, = 9,1 +gA,. Using (X,Ly")2 = (XM)2 =72 - X2, (u“y“) (XM)/“) =u Xt =

—T, and (uuy")2 = 1, one could rewrite eqn. (A.12) as
m = 52 = o2 m
|:Xu+mC1 (m—>uﬂ+h2 (7. %) u, +¢(T. % )Xu}y v
P
m = 50
=—|m+mc, (L +h1<T,X> v, (A.13)
mp

where C; are dimensionless functions of n’;—’p with C; (0) = 0, h; (T,f(z) =

0.4 ( m \Fq(72_% p g m \Ta(T2_% e
Z i q(m")Tq(Tz Xz) and g; (T, 5(2) = Z gpq(m”)Tq(Tz XZ) . The coefficients C;,

m2p+q71 m27p+q
2p+q>1 b 2p+q=0 !
P4 j
h;

and g”9 are determined by B} and C} from eqn. (A.12). However, the detailed rela-
tions between them are irrelevant here. Multiplying both sides of eqn. (A.13) from the left by
(Xu +mCruy + houy, + gX,L) y* and then using eqn. (A.13) and {)/M, yv} = 2g,v to simplify
the RHS, one gets

(X"—i—mC]u"—i—hgu“—}—gX“) (XM+mC1uM+h2u,L+gX,L)V= (m+mC2+h])2V.

(A.14)
Since v is nonzero, eqn. (A.14) gives
(7222 m) =8 () =me () 7
mp mp
cl (ﬂ) (fz _ 5(2>k Fn—2k
mp
+ D = =0, (A.15)

n>2k<%.C mp
where
B=—C}+4C3+20,,
C=2C1 +2¢"°C; +201hY" =21+ C) A,
Cj (T2 _ 5(2)" Fn—2k
m',’,_2

+2m (g —g°’°) CiT +2mCy (hz - hg'lf") —2m(1+Cy) (m - h?’lf").

=g(T2—5(2)+2(h2+gh2)f—h%+h§

It is noted that the form of eqn. (A.14) is the same as that of eqn. (A.6). Thus, the argument and
result below eqn. (A.7) can also apply to a spin-1/2 fermion field.
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