FACULTY OF SCIENCE
UNIVERSITY OF COPENHAGEN

2
e

Ao
22 <

PhD thesis

Agnese Bissi

Holographic Three point Functions

_—

Academic advisor: Charlotte Flge Kristjansen

Submitted: 22/02/13




Acknowledgements

We are like dwarves standing on the shoulders of giants, and so able

to see more and see farther than the ancients. (Bernard of Chartres)

In these lines I want to thank the “giants” that I had the honour and the fortune

to meet and intersect in these three years and in my whole life.

The first person that I want to thank is my advisor Charlotte Kristjansen. You
fully deserve the title of advisor, thanks for teaching me many of the things that I
know and that are written in this thesis, for all the suggestions and the guidance.
All the hours that we have spent together, at the institute and in several working
trips, have enriched me as a physicist and as a person.

I want to thank Gianluca Grignani, Troels Harmark, Charlotte Kristjansen, Ara
Martirosyan, Marta Orselli, Donovan Young, Andrey Zayakin and Costas Zoubos
for collaborations, I have learnt many things from all of you.

A big thanks goes to Marta Orselli, for all the help and for transmitting enthu-
siasm and passion for physics in every discussion, for being a friend and, with
Troels, my second family.

[ want to thank Gianluca Grignani who got me interested first in theoretical physics
and then in string theory. Thanks for the support during these years.

A big thank you goes to the whole HET group at Niels Bohr Institute and Niels
Bohr International Academy, including Anna Maria and Tarja. It has been a real
pleasure to be here and to meet all of you. A special thanks goes to my friends
and officemates Pawel and Jakob (in time order!). I spent great time with you,
discussing about physics and life, my coffee breaks have been much lighter with
your presence!

Thanks also to Charlotte, Costas and Marta for reading this manuscript and for
many suggestions and improvements.

A warm and special thanks is devoted to my family, especially to my sister Lucia
and my brother in law Michele. Despite the physical distance I feel your love and
closeness in every moment. Without your continuous support and encouragement
this thesis would have never be present. Even if you are only two years old, Filippo
and Tommaso, you can transfer the strongest feelings ever, thanks for your smiles
and hugs.

Last but not least an enormous hug to all my friends, expecially to Aniello,

1



Giuseppe, Lucia, Matteo and Paolo. I am indebted to Francesco, Luca and Mari-

alucia, my life would have been really worse without you.



Contents

Acknowledgements

Introduction

1

2

Introductory material

1.1 The AdS;/CFTy correspondence . . . . . . . ... ... .......
1.1.1  Holographic prescription for correlation functions . . . . . .
1.1.2 The AdSside . . . . ... ... ...
1.1.3 N =4 Super Yang-Mills . . .. ... ... ... .......

1.2 Basics of integrability . . . . . . . ... oo
1.2.1  Anomalous dimension . . . . . .. ... ... L.
1.2.2  Dilatation operator as spin chain Hamiltonian . . . . . . . .
1.2.3 Algebraic Bethe Ansatz . . . ... .. ... ... ......
1.2.4  Sixvertex model . . . . ... ... oL

1.3 The large J limit . . . . . .. .. ... o
1.3.1 Semiclassical strings . . . . .. ... ... ...
1.3.2  Coherent state approach . . . . . . ... ... ... .....
1.3.3 String theory sigma model . . . . . . . ... ... ... ...

1.4 The AdS;/CFTj correspondence . . . . . . . .. ... ... .....
1.4.1 ABJM theory . . . . ... ... ..
1.4.2 Type IIA string theory on AdS, x CP3 . . . . .. ... ...
1.4.3 Spin chain approach . . . . . ... ... ...
144 SU(2) x SU(2) sector . . . . . . .. i
1.4.5 Six vertex model in ABJM . . . . .. ... ...

Three point functions with semiclassical methods

2.1 Imtroduction . . . . . . . ... ...

2.2 Semiclassical computation . . . .. ... ... L.

2.3 Three point functions of two giant gravitons and one point like
graviton . . ... Lo
2.3.1 Gauge theory side (A) . . ... ... ...
2.3.2  String theory side (B) . . . .. ... ...
2.3.3 Comparison . . . . . . . . ...

2.4 Two heavy and one light operators at one loop in the AdS;/CFT,
correspondence . . . .. ... Lo

10
11
13
20
25
25
27
29
35
43
44
45
46
50
51
52
52
54
o6



Contents 4

24.1 Gauge theoryside. . . . . . .. ..o 94
2.4.2  String theory side . . . . . . ... 103
2.4.3 CompariSon . . . . . . . . ... 105

2.5 Two heavy and one light operators in the SU(2) x SU(2) sector of
ABIM . .o 107
2.5.1 Gauge theoryside. . . . . . ... ... o 108
2.5.2  String theory side . . . . . . .. ..o 112
3 Integrability techniques 117
3.1 Introduction . . . . . . ... 117
3.1.1 From contractions to scalar products . . . . ... ... ... 118
3.1.2  Scalar products and six vertex model . . . . .. ... .. .. 121
3.2 SO(6) scalar product . . . . ... oo 122
3.3 Three point functions in the SU(2) x SU(2) sector . . . . ... .. 129
Conclusions 134
A Scalar products in the SU(2) x SU(2) sector of ABJM 136
B Jack functions 144

C Type IIA string theory on AdS,; x CP? and its SU(2) x SU(2) sigma
model limit 151

Bibliography 154



To Filippo and Tommaso
To my grandfather Natalino



Introduction

N=4 Super Yang Mills is an interacting four dimensional non abelian gauge the-
ory with a large amount of symmetries. The fact that it is a Yang Mills theory
puts it in contact with the well known particle physics theories as Quantum Chro-
moDynamics or the Standard Model itself. On the other hand the rich symmetry
structure, which is peculiar of this theory, simplifies dramatically the computations
giving the hope to eventually exactly solve the theory. Beyond Poincaré invari-
ance, N'=4 SYM has two substantial symmetries, namely conformal symmetry

and supersymmetry.

Indeed N'=4 SYM possesses the maximal amount of supersymmetries in four di-
mensions. The combination of conformal symmetry and supersymmetry makes
this theory the perfect candidate to interplay with gravity theories. The best
example of this connection is the AdS/CFT correspondence [1-3] which relates
a string theory defined on a specific space-time to a quantum field theory with
conformal invariance (CFT), without gravity, defined on the boundary of this
space-time. The first explicit formulation of the correspondence [1] states the du-
ality between type IIB string theory defined on AdSs x S® and N/ = 4 SYM in four
dimensions with gauge group SU(N) . The parameters of the theories are on one
side the gauge coupling gopr and the rank of the gauge group N and on the other
side the radius of the AdSs and the S® spaces and the string coupling constant g;.
They are related through the 't Hooft coupling constant A in the following way
R2

A\ = géprN = 47 Ng, VA = — (1)

In fact this is a weak-strong duality, since the parameter \ is such that in the

region where it is very small, one description (the CFT) is weakly coupled and the

L Another form of the correspondence which has been widely studied is the AdS,/CFT3 cor-
respondence, which is a duality between type IIA string theory on AdS; x CP? and a N = 6
superconformal Chern-Simons theory in three dimensions [4]
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Introduction. Introduction 2

other (AdS) is strongly coupled, while the opposite is true when this parameter is
large. Obviously a consequence of this statement is that it is very hard to check the
validity of the correspondence but makes it more reasonable since the behaviour

of the two theories is very different in the same A regime.

One of the most successful attempts to make the correspondence operative and
explicit has been to provide a map between observables computed in both theo-
ries [2, 3]. The first insight is that for each field in the five dimensional bulk there
is a corresponding operator in the boundary field theory. This identification is not
trivial at all in general cases but, exploiting the symmetries of the two theories for
some specific cases, this becomes possible. For instance the graviton is associated
to the stress energy tensor operator in the boundary. More interestingly it is pos-
sible to relate the gravity partition function Z, subject to appropriate boundary
conditions, to the generating functional of the connected correlation functions in

the CF'T side, more precisely

= 00 (3)] = (e/ 0, &)

Thus to obtain an n- point correlation function one has to functionally differentiate
n-times with respect to ¢y the relation above and set ¢y to zero. From this
expression it is easy to see that operators of the gauge theory are mapped to on
shell bulk fields on the gravity side. Eq. (2) becomes very useful when the gravity
theory is weakly coupled since we can approximate the gravity partition function
by the value of the classical action. This prescription has led to the computation
of several examples of two and three point correlation functions for different kinds
of operators using the assumption that (2) holds at the level of the supergravity
approximation, namely for A large the string theory becomes weakly coupled and
the AdS curvature is so small that the supergravity approximation to string theory
is trustable. If one would like to compute correlation functions of massive string
modes, thus moving away from the supergravity approximation, this method is
not suitable due to the lack of knowledge about the construction of the vertex

operators for the full string theory in AdS5 x Ss.

Conformal symmetry, which survives also at the quantum level, strictly constrains

the spatial dependence of the sets of two and three point correlation functions of
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local operators O to have the form

(O 02) O (22) = a2 3)
and
(04 (21) O (22) O (23)) =
(NMaNeNo)? eapc

(4)

|$1 _ (fEZ‘AA‘FAB*AC‘xl — $3’AA+AC*AB‘:U2 — xSIAB‘FAC*AA

where N; with i = A, B,C are normalization constants, A; are the conformal
dimensions of the operators and cspc are the structure constants. Moreover the
dynamical information of the theory is all encoded in the conformal dimensions
and in the structure constants of local operators. This is because in the operator
product expansion for conformal field theories the coefficients of the expansion
coincide with the structure constants. Thus, in principle, correlation functions of
any number of primary operators can be constructed from the knowledge of the

conformal dimensions and the structure constant coefficients.

The conformal dimensions of the operators, as all the physical quantities, admit

an expansion in the 't Hooft coupling constant

where Ay is the classical dimension while the other terms are labeled by the super-
script which denotes the loop order. From (3) it seems that in order to obtain the
conformal dimensions of local operators one needs to know the two point functions
of the corresponding operators, which can in principle be done order by order in
perturbation theory in the sense of (5). Actually the approach used to compute
the anomalous dimensions is different, in fact they are considered as eigenvalues of
the dilatation operator, which is one of the generators of the conformal group. In
this way, one has to diagonalise the dilatation operator and take into account the
quantum correction to all order in A and the mixing effects which can arise when
considering quantum correction. A breakthrough has been the identification of the
one loop dilatation operator with the Hamiltonian of an integrable spin chain [5].
More precisely it has been found that the one loop planar dilatation generator for
the SO(6) sector of scalar fields is isomorphic to the Hamiltonian of an integrable

spin chain. The planar limit means that we take N — oo, this is reflected in the
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fact that the dilatation generator does not mix fields in different traces, thus we
can just consider single trace operators. The dilatation generator acts on local

operators and its eigenvalues are the anomalous dimensions.

When restricting to the SU(2) sector we can consider only four scalar fields, out
of the six present in N’ =4 SYM, which can be grouped into two complex scalars
Z and X. Thus gauge invariant operators with a definite one loop anomalous
dimension are written as a linear combination of single trace operators involving
Z and X. In the SU(2) subsector the one loop dilatation operator can be seen
as the XXX 1 Heisenberg Hamiltonian, thus the picture is more intuitive and one
can think of Z being a spin up while X as spin down. The fact that the model
is integrable is highly non trivial and allows to implement all the techniques used
to exactly solve integrable models. In the last ten years this program has been
extended to the full PSU(2,2|4) group, which us the full symmetry group of
N =4 SYM, and at any loop order, thus in principle we have all the information
to compute all the set of the conformal dimensions of the operators. For a recent

review on these developments see [6].

Moving to three point function is not straightforward and it is still an open prob-
lem. To simplify the analysis let us roughly classify the operators in three groups:
heavy, medium and light. Heavy operators are dual to classical string states with
large angular momenta and the energies scale as )\%, they have a non zero anoma-
lous dimension. They can be represented as single trace operators involving a large
number of fields with a large number of excitations 2. Medium operators are the
lightest massive states (short string states), they also have non trivial anomalous
dimension but their energy scales as A1 They are single trace operators where
the number of fields and the number of excitations is of order 1. Finally light
operators are BPS operators, thus with vanishing anomalous dimensions at any
loop order. They are dual to supergravity modes. Note that they are expressed

by single traces operators where the excitations have zero momentum.

Three point functions of light operators have been deeply studied both from the
gauge theory side with free field theory techniques and in the string side in the
supergravity approximation with the methods explained above. These correlation
functions do not acquire any quantum corrections and indeed the computations on
both sides of the correspondence have found to agree. Going beyond this class of

three point functions is quite involved. On the string theory side the problem is the

2Note that heavy operators can also be BPS in same cases.
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identification of the appropriate string vertex operator corresponding to a given
gauge invariant operator in the boundary theory. In fact even the computation of
two point functions for non BPS states was not clear since [7-9]. On the gauge
theory side in principle the problem can be posed, we need to take into account
all the possible Wick contractions among the operators. It is obvious that the
combinatorial problem arising is involved, even at tree level. In fact, differently

form the case of two point functions, one needs to know the full wave function.

However in the last three years, a lot of progress has achieved in computing three
point structure constants. In [10, 11] the case of three point functions of two heavy
and one light operators has been studied. The idea is to insert the light and BPS
operator as a perturbation into the two point function of the heavy operators, thus
ignoring the back reaction. Using this method many examples involving specific
examples for heavy operators and have been considered [12-33]. Quite remarkably
in the same regime it is also possible to compare the string results with the gauge
theory ones. One example is when the three operators are BPS, thus the results

from the string and gauge theory side are expected to agree [34-36].

Another comparison can be made in the so called Frolov-Tseytlin limit [37, 38].
This limit was already used to study two point functions of non-BPS operators
and it was crucial to establish comparisons between gauge and string theory com-
putations. In the case of a string moving on S® with angular momentum .J, the
energy of the string is expanded in a limit of large J around a BPS solution
with the expansion parameter \' = % This expansion can be compared with
the loop expansion in the gauge side. In this regime it is possible to directly
compare the sigma-model action for semiclassical operators on the gauge theory
side to the classical sigma model action on the string theory®. This approach has
been extended to the case of heavy-heavy-light three point functions [21]. Also
in this case an agreement between the gauge and string theory computation for
planar non extremal tree level three point functions, properly normalised, for op-
erators belonging to the SU(3) sector of N'=4 SYM has been found. The same
matching has been observed for tree level three point functions of operators in the

SU(2) x SU(2) sector of ABJM [39].

It is found that also the structure constants can be written in a A expansion,

namely

Cro3 = oy + Ay + A2 el + . (6)

3This agreement breaks down at three loops, for more details see Ch. 1
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An interesting question is how to compute the one loop correction ci,;. This
has been done in [40] in the same regime as in [21]. In this case the matching
between the gauge theory and the string theory computations has not been found
at order \. This might be due to subtleties on the gauge theory computation or to
corrections to the coherent states, that describe the heavy operators. Until now it
is not fully clear if they contribute at this order in A and possibly how to include
them.

Another matching has been found for the case of three BMN operators with two
impurities, comparing a perturbative computation in the gauge theory side with
the string result obtained using the 3-string vertex matrix elements [41]. The
matching still holds at one loop level [42]. In [43] the strong coupling description
of euclidean BMN strings as saddle points of the path integral for three-point corre-
lators has been considered. In [44] the case of operators dual to short string states

is studied. The last two are examples of medium medium medium correlators.

The problem of three point functions of heavy operators from the string theory
perspective has been addressed in a series of recent works, [45-48]. In [45, 46]
the authors obtained the full solution for the three point functions of the large
spin limit of the Gubser-Klebanov-Polyakov strings in AdSs spacetime. In [47] it
is computed the AdS contribution to the three point functions of heavy operators
which are dual to strings moving only in the S® and in [48] the same class of
three point functions has been studied also providing some examples for the S°

contribution.

A natural question that can be asked is if integrability, which has played an es-
sential role in solving the spectral problem, can help also in the computation of
structure constants. Indeed the answer is positive. The idea of translating the
computation of three point functions into a spin chain language goes back to [49—
51]. More recently in [52] the computation of planar, non extremal and tree level
structure constants of operators belonging to the SU(2) sector of N' = 4 SYM
have been recast into the computation of a series of scalar products, which can be
written in terms of the solutions of the Bethe equations (rapidities) of the three
operators. This technique strongly relies on the usage of integrability techniques
to map the operators to spin chains and to rewrite the Wick contraction operation

in terms of spin chain quantities . Remarkably these structure constants can also

4Using a spin chain approach also three point functions of two light and one heavy operators
have computed [53].
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be expressed in terms of quantities coming from the so called six vertex model,
which can be written as determinants [54] ®. In [56] the functional formalism has
been used to factorize the scalar product of two Bethe states. With this method
it has been possible to take two important limits: a classical limit, when the three
operators can be considered as classical, and a BPS limit which reproduces the
known results for three BPS operators, obtained by sending all the rapidities to
infinity. This procedures can be extended to compute also the one loop contribu-
tion to the same class of three point functions [57]. Another direction is to extend
this methods to broader sectors than SU(2). This has been done for the SU(3)
case in [58]. In [59] the generalization for the scalar products to operators in the
SO(6) sector has been discussed. In [60] the case of operators belonging to the
SU(3) sector has been considered, using the connection with the six vertex model.
Another generalisation of the method proposed in [54] has been considered in [39]
for the case of operators in the SU(2) x SU(2) sector of the ABJM theory.

The structure of this thesis is the following

e Chapter 1 contains the introductory material. In particularly in 1.1 the
AdS5/CFTy correspondence and the holographic method for computing cor-
relation functions are discussed. Then we the structure of two and three point
functions of fields in AdS and operators in N’ =4 SYM. Sec. 1.2 is devoted
to the spectral problem and to the Algebraic Bethe ansatz techniques, which
are used to find eigenvectors and eigenvalues of the spin chain Hamiltonian.
This is followed by a review of the six vertex model techniques, especially
focused on how to rewrite the building block of the Algebraic Bethe Ansatz.
Section 1.3 contains a review of a particular regime, the Frolov-Tseytlin limit.
Finally in Sec. 1.4 the main features of the AdS,/CFT; correspondence are
reported, with remarks about the integrability in the SU(2) x SU(2) sector

of the ABJM theory, also in its six vertex model counterpart.

e Chapter 2 is devoted to discuss the three point functions of two heavy op-
erators and one light. Three different examples will be discussed. The first
one is based on [34]. In Sec. 2.3 it is presented the comparison between two
computations. On the string theory side it has been computed three point
functions of two giant gravitons, moving in an S® C S° and S® C AdSs

respectively, and one point like graviton and on the gauge side a three point

5The same method has been applied for operators composed of self dual components of the
field strength tensor in planar QCD [55].
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function of two Schur polynomials and a single trace chiral primary. The
second example, in section 2.4 is the one loop correction to the three point
function of two semiclassical operators and one light chiral primary oper-
ator in the SU(2) sector of N' = 4 SYM [40]. On the gauge theory side
it is used a coherent state approach for the heavy operators and it is com-
pared this to the corresponding correction on the string theory side using
semiclassical computations. Finally in Sec. 2.5 it is discussed the matching
between a gauge theory and a string theory computation for the planar, tree

level and non extremal three point functions of operators belonging to the

SU(2) x SU(2) sector of ABJM [39].

e In chapter 3 integrability inspired techniques to compute three point func-
tions in the gauge theory side are discussed. Firstly in Sec 3.1 the methods
of [52] and [54] are reviewed. In section 3.2 the case of the generalisation of
the scalar product to the SO(6) sector is discussed [59]. Then in Sec. 3.3
it is presented the computation of three point functions for operators in the
SU(2) x SU(2) sector of ABJM in a determinant form, obtaining an expres-
sion which is, up to a normalisation factor, the product of two SU(2) three

point functions [39].
e In 3.3 there are some conclusions and open problems.

e Appendix A contains the proof that the restricted scalar product in the
SU(2) x SU(2) sector of ABJM | the one which factorizes, is still a scalar

product meaning that it satisfies all the characterizing properties.

e Appendix B contains a brief review of the Jack polynomial basis, which is a
basis of the symmetric group. The Schur polynomials are particular cases of

the Jack functions.

e Appendix C provides the details of the SU(2) x SU(2) sigma model, which is
necessary for the computation of the three point functions in the case when

two operators are heavy and one is light in the Frolov-Tseytlin limit.
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1.1 The AdS;/CFT, correspondence

The AdS/CFT correspondence: an intuitive formulation The AdS/CFT
correspondence is an equality between a theory of gravity (bulk theory) defined on
a d dimensional space-time and a quantum field theory (boundary theory) living on
the d — 1 dimensional boundary of this space-time. In its initial formulation [1] it
conjectures the equivalence between type IIB superstring theory defined on AdSs x
S® and four dimensional A'=4 super Yang-Mills theory (SYM) with gauge group
SU(N). Even if these two theories are completely different they are both peculiar.
The latter contains the maximum amount of supercharges in four dimensions which
completely constrains its lagrangian. The field content of N'=4 SYM is given by a
gluon field, six scalars and four fermions (gluinos) transforming under the adjoint
representation of the gauge group. It is Lorentz invariant and, less obviously, it
is conformal and possesses an R-symmetry which rotates the scalar fields (and
the fermions) among themselves, hence the bosonic symmetry group is SO(2,4) x
SO(6). On the other side Anti de Sitter spaces in d dimensions AdS, are maximally
symmetric solutions of Einstein’s equations with negative cosmological constant
which have isometry group SO(2,d — 1). Therefore AdS; allocates an SO(2,4)
isometry group while S® is invariant under SO(6) rotations. The fact that the full
space is ten dimensional is clearly not accidental being the only dimensionality
in which superstring theories are consistent. The global symmetries of the field
theory precisely match the isometries group of the gravity theory and also the
amount of supersymmetries of the two theories is the same. Even if this far to be
a proof for the AdS/CFT correspondence it gives an hope that these two theories
can describe the same physical system.

Parameters In its strongest formulation the AdSs/CFT, correspondence relates
at any value of the couplings ten dimensional type IIB string theory on AdSs x S°
with coupling constant g; and tension 7', where the 5-form flux generated by the
massless closed string modes through S° is an integer N = [ F5, and N=4 SYM
with N colors and coupling constant goprF by means of two relations involving

the parameters of the theories

1 1
g, = g%’FT T= % g%’FTN = g\/x (1-1)

where the tension T' = QR—Q,, R is the radius of both the AdSs and S° spaces and

T

A = gZ N is the 't Hooft coupling constant. Despite the fact that this is the most
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intriguing version of the correspondence because it is supposed to hold for any value
of N and ), it is very hard to make it concrete essentially because it is not known
how to fully control string theory for generic values of the coupling. However there
are some (very interesting) limits in which the correspondence is less general but
easier implemented. One of those is the so called 't Hooft limit which consists in
keeping A fixed while sending N — oco. In this regime the Yang Mills theory is
controlled only by planar diagrams which have the topology of a sphere, while the
string theory is effectively a free theory. However the background in which the
string theory lives is not trivial, in particular if X is large the AdSs x S° is weakly
curved and the equations of motion reduce to the one of type IIB supergravity
which are well understood and the dual gauge theory is strongly coupled. On the
other hand when A is small, SYM becomes weakly coupled and so can be treated
perturbatively while the geometry becomes strongly curved. Still the string theory
is free but the quantum corrections, controlled by the tension, are important.
This is why the AdS/CFT correspondence is a weak-strong duality. Moreover the
correspondence identifies the energy eigenstates of the AdSs x S° string theory
with gauge theory operators made of elementary fields of N=4 SYM as well as
the eigenvalue E, energy of the string state, equates the scaling dimension A of
the specific dual operator in the gauge theory. This statement can be formulated

in terms of the parameters of the theories in this way
E(M\N)=A(\N) (1.2)

where (1.1) has to be kept in mind.

1.1.1 Holographic prescription for correlation functions

In any quantum field theory correlation functions of fields are the natural objects
to study because they contain a big piece of information about the dynamics of
the theory that we are considering. One way of obtaining correlation functions is

by considering

) )
6J(x1) 0 J(xy)

(O(1)0 () ... O)) = Z[ |50 (1.3)
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where Z[J] is generating functional defined, in the euclidean signature, as

f D Oe—S—i-f d?z0(z)J (z)
B | DOe—3

ZJ] (1.4)
Here D O is the measure of the path integral and O(z) is a field which is dynamical,
differently to the source field J. In this formalism taking functional derivatives
of Z[J] with respect to the sources J and setting the source to gives the vacuum
expectation values of the time ordered products of operators, which is precisely
the definition of correlation functions in quantum field theories. In analogy to
the definition of the free energy in statistical mechanics we can introduce another
functional W[J] as

W1J] =log Z[J] (1.5)

which is the generating functional of connected correlation functions. It is also
possible to define correlation functions for operators, this can be done by adding
additional sources in the Lagrangian of the theory. In this way the coupling con-
stant depends on the spacetime and it becomes a source as well.

In 1998 Gubser, Klebanov and Polyakov [2] and Witten [3] proposed a prescrip-
tion to compute n-point correlation functions in the context of the AdS/CFT
correspondence which makes the correspondence itself much more operating and
concrete because allows the comparison between correlation functions computed
both in the gauge and string theory side. The general idea is to match the gen-
erating functional of the gauge theory to the full partition function of type IIB
string theory in AdSs x S® background with some specific boundary conditions,

more formally

<6fd4x¢0(x)0(x)>cm = Zstring [0(X, 2)]:=0 = ¢0(x)] (16)

where the Lh.s. is meant to be the same object that we defined in (1.4), x are
the bulk coordinates and z = 0 is the location of the boundary !. This last
statement is not obvious: the Lh.s. is the generating functional of the correlation
functions for O(x) where, comparing with (1.4), ¢o(x) acts as a source (J), hence
it is equivalent to functionally differentiate the Lh.s. and the r.h.s. of (1.6) with

respect to ¢y. Note that the source lives on the boundary. This is the essence

2 2
"'We are considering Poincaré coordinates for the AdSs x S® space namely ds? = R2dZ:# +
R%dO2, with p = 1,...,4 and identifying z,, with x which parametrizes the four dimensional

boundary of AdSs, the sphere part has zero size on the boundary.
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of the holographic prescription: we can obtain correlation functions for operators
in the gauge theory living on the boundary from the partition function of the
superstring in the bulk. Therefore since the dynamics of quantum field theories
is specified by correlation functions, the gauge theory living on the boundary is
completely specified by the bulk gravitational theory. Actually there are limits in
applying (1.6). This also stresses the fact that there should be an operator O; for
eve field ¢; in AdS. The first one is that the full partition function of type IIB
superstring theory on AdSs x S° is not known, secondly while taking functional
derivatives of L.h.s. (r.h.s.) (1.6) one runs into UV (IR) divergences which need
to be regularized [61]. The latter problem is solved by performing the so called
holographic renormalization [62], we are not going to face with this in this thesis,
for more details see the review [63] and references therein. The former is still an
open problem, however in the limit where we do not have quantum corrections (as
we mention above gs,ls — 0 with gsN > 1) the supergravity approximation can
be used and the partition function on the r.h.s. of (1.6) in this limit takes the

form of

Zsering [P0(X)] = exp [~ Ssugra [P0(%)]] (1.7)

and this equality has to be seen as a saddle point approximation where the Sgugra is
the on shell classical action. Also in this case one expects to encounter divergences
but it is possible to use the holographic renormalization as well to handle with
them.

1.1.2 The AdS side

AdS space AdS;., spaces are solutions of the Einstein’s equations in d + 1

dimensions with negative cosmological constant A

1
R/u/ - Eg;w,R' = Aguu (18)
with A = —%. We also have that
2d(d+1)
R = 7 (1.9)
which implies that the Ricci tensor is proportional to the metric R, = —12%—‘2 9w

and therefore AdS spaces are Einstein spaces. In general in Minkowski space

solutions of the Einstein’s equation with constant can be realized as the set of
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solutions of a quadratic equation in a d + 2 dimensional flat space, in fact if we

consider a flat space time with the line element
ds® = —du® — dv? + d} + das + - - - + da? (1.10)
AdSy.1 spaces are hyperboloids defined by
—R= -+l 2l (1.11)

From (1.10) and (1.11) it is clear that the AdSgy1 has the isometry group SO(2,d).
Let us define two sets of coordinates that we will use in the following: global and

Poincare coordinates.
e Global coordinates are defined as

u = Rcoshpcost (1.12)
v = RcoshpsinT

x; = Rn;sinhp

here 3¢ | 7? = 1 parametrize the unit S9! sphere, p € RT and 7 € [0, 271].

The associated line element is
ds® = R* (— cosh® pdr® + dp® + sinh® pd€]_,) . (1.13)

This set of coordinates covers the Minkowskian hyperboloid exactly once,
hence the name global. Since the time coordinate 7 is periodic, the AdS
space is not simply connected because there are timelike curves. This can be
avoided by allowing 7 € R. Time translations and rotations on the sphere,
SO(2) x SO(d — 1) are manifest in this set of coordinates and constitute a

compact subgroup of the full isometry group SO(2,d).

e Poincaré coordinates are defined as

1 /1
u=3 (; + 2 (R + —t2)) (1.14)
v=Rzt
r, =Rzy

Ty == G+z(—R2+yJQ—t2)) (1.15)
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wherei =1,...,d—1,t €R, z > 0 and ¥ € R?'. These coordinates cover
only a part of the hyperboloid and the metric contains slices isomorphic to

the Minkowskian space time. The line element can be written as
ds®> = R? 2(—dt2+d*2)+d—22 (1.16)
s° = z Y =) )

While z = oo can be interpreted as a conformal boundary, z = 0 is a
coordinate singularity where % becomes null. In this coordinate the explicit
isometry group is SO(1,d — 1) x SO(1,1). Note that if we allow z — 1/z

the metric becomes
ds® = L (—dt* + di* + d=?) (1.17)

= : .

Fields in AdS In the following we want to compute two and three point functions
of operators dual to scalar fields in AdS, in the limit where the supergravity ap-
proximation is trustable. Let us start by considering the Klein Gordon Lagrangian

for a scalar field ¢ in AdSs:

S = % / d™ /g (00,0 + m*¢?) (1.18)
_ % / dadzz' {(ang)? 4 (D:0)? + ”;—;zs? (1.19)

where to go from the first to the second line we insert the explicit form of the
AdS metric in Poincaré coordinates (with R=1) ds* = M. The equation of

motion associated to this action are
m2
— 2710z (2'70.0) — 070 + —¢=0. (1.20)
z

In order to specify non trivial boundary conditions for this scalar field we need to

exploit the limit z — 0 which allows to neglect the term 9?¢ in (1.20) ? obtaining
¢ (2,%) ~ ¢1 (x) 2% + o (x) 25+ (1.21)

where Ay = 4+ 4/ (%)2 +m? or, inverted, A (A —d) = m? where we use the
convention that A = A, such that d — A < A. If m?* > —% the two solutions

are real, this is the so called Breitenlohner-Freedman bound, meaning that the

2We can neglect such a term because if we substitute a plane wave ansatz of the form ¢(z, z) =
#(2)e™® the k? term is negligible.
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curvature of the space allows the mass squared to be also negative. Considering
Ay with m satisfying the Breitenlohner-Freedman bound, if A > g the mode

A- is the non renormalizable

22+ in (1.21) is the renormalizable solution while 2
one. This is because the action can be modified by adding appropriate boundary
terms and so the solution is normalizable with respect to this modified action for
A > 2 —1 (unitary bound for a scalar field). Therefore there is a certain mass
regime where both solutions are normalizable. Normalizable modes correspond to
bulk excitations which decay at the boundary z = 0 while the non normalizable
mode determines the boundary behavior of the solution

do (x) = lim 272~ ¢ (2,x) . (1.22)

z—0

Note that this is precisely the boundary value of the field that we already encoun-
tered in (1.6).

However it is possible to reconstruct the solution of the equations of motion (1.20)
for the whole euclidean space with the appropriate boundary conditions by using

the kernel Ka (z,x,x’), the so called bulk to boundary propagator (Fig. 1.1),

A
z
K N=Cp|———"— 1.23
sexx) =0 (i) (1.23)
where Ca = 7 ((2) — is a constant which is fixed by requiring that
T 2

¢ (x) = hII(l) 227 (2,x) . (1.24)

Then the solution of (1.20) ¢(z,x) is
o (z,x) = / A% Ka (2,%,%X') ¢o(2,%) (1.25)

8Ade+1

where we denote by 0AdS;,1 the boundary of the euclidean AdSy,; space. Note
that for z — 0 (1.25) reduces to (1.21) and

/cbzx
C/dd ° p— (1.26)

which shows that the normalizable mode is entirely expressible in terms of bound-
ary data.
Correlation functions in AdS Let us come back to our main goal: the com-

putation of correlation functions. To obtain the expression of correlation functions
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FIGURE 1.1: The bulk to boundary propagator.

in AdS we use the holographic prescription (1.6), more precisely

oS

0,0,...0,) = (-1)""
(OO O = S5ra08 oy i

(1.27)

where the action is meant to be on shell. Since only bulk interactions with less
than n fields contribute non trivially to these derivatives, we are interested in
terms in the action with at most n fields. We know how to specify the boundary
value of the fields from the previous paragraph then the main ingredient left is the
form of the on shell action. To do so let us substitute (1.21) into (1.19) and, using

the equation of motion (1.20), we obtain the on shell action

1

SoL [ e - M@ )
2 Joads,,,

2

The term proportional to 24724 is divergent because A > g, so a counterterm has

to be added to control this divergence. The regularized action is

S = (d—2A) / d?x ¢y (x) ¢y (x). (1.29)

OAdS 41

The one point function is given by varying the action with respect to the boundary
value of the field ¢q (x)

08
600 (%) lao=0 ?1() jomd O (1.30)

(O(@))

where we use (1.26) in the last equality. What we have shown it is somehow
trivial noticing that the vacuum expectation value of an operator should vanish if
we want to preserve conformal symmetry but on the other hand this specifies that
¢1 is proportional to the vacuum expectation value of the dual operator.

If we replace the explicit expression for ¢; (1.26) in (1.29) it is straightforward to
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see that /
S = (d—2A)Cx / aldxddx’M (1.31)

8Ade+1 (X - X/)QA

and the two point function is

B 528
0o (X) 6o (X))

™ (d—2A)Chx (x —x) 722, (1.32)

(O(z)O(x))

To go to higher point functions we need to take into account interaction terms in

the action which can be written as

9 n
Sads, = / d'x (% D (060 + 582+ D o - @,c) (1.33)
i k=3

where for simplicity we restrict to the d = 4 — AdSs case and we consider no
higher derivatives interactions and negligible couplings to other gauge and gravity
fields. The equations of motion associated to this action differ from (1.20) for
higher order terms and, more than that, it is not possible to get an exact solution.
The Klein Gordon equation with source terms can be solved in a series expansion in
A using standard techniques involving Green functions, namely the kernels (1.23)
and the bulk to bulk propagator which is another spatial kernel related to the bulk
to boundary propagator via

A

€
K =1
(50 ) = lim g

Ka (z,2',%,%) (1.34)

where € < 1. The key observation is that the iterative procedure stops after a
finite number of steps because, as we mentioned above, when ¢, appears more
than n times it would not contribute to (1.27) which is our final goal. In this way
we end up constructing a perturbative series and so a set of Feynman-like graph,
the so called Witten diagrams, which we describe in 1.2. The simplest case is the
computation of three point functions of scalar fields ¢, ¢o and ¢3 is easy because
the only interaction term in the action contributing to the derivative is the cubic

one ( A\p1da¢3 ) and the relevant diagram is Fig. 1.3 giving *

(0(x1)O(x2)O(x5)) = —\ / F K, (2,5%1) K, (2,%) Ka, (2, %)

A
- 4 (1.35)

|X1 _ Xz‘A1+A2*A3 |X2 _ X3’A2+A3*A1 ’X1 _ X3‘A1+A3*A2

3The fields ¢; are dual to operators @; in the field theory.
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FIGURE 1.2: Example of Witten diagram for four point functions. The circum-
ference denotes the boundary while the inside is the bulk of AdS. On the left:
the 4 points on the boundary are connected by boundary to bulk propagators
to the 2 points in the bulk where we insert vertices of the Lagrangian; the 2
vertices in the bulk are connected to each other by the bulk to bulk propagator
and we integrate on their position as in Feynman rules. On the right: the 4
points on the boundary are connected by bulk to boundary propagators.

I(A-2) 773 T(A-A;)
2l Hi:l T(A;—2)

where a; = — and A = % (A1 + Ay + Ajz). Note that for com-

F1GURE 1.3: The diagram contributing for three point function .

puting correlation functions involving n < 3 scalar fields we do not need the bulk
to bulk propagator which instead would enter in the higher point functions. We
can anticipate some results that we are going to show in 1.1.3 namely that the
spatial behavior of two and three point functions is completely fixed by conformal
symmetry to be the same as (1.32) and (1.35) and that the spatial dependence
of higher point correlation functions can be written as function of conformal ra-
tios and reconstructed by means of the operator product expansion. We can see
already the analogy with the computations reviewed in this paragraph, the fact
that the spatial dependence of (1.32) and (1.35) is precisely the same as expected
in any conformal field theory is not completely trivial because although there is
a shared symmetry group there are no evident reasons a priori to expect that the
AdS geometry describes the conformal field theory using the dynamical equiva-
lence (1.6). Another remark is that what we reviewed is valid for scalar fields but
it is generalizable to spinor, vector and tensor fields, technically it would be more
involved but conceptually it is the same. A crucial point to obtain the correct
normalization (essentially C'a which is encoded in the correct expression for the
bulk to boundary propagator) for both (1.32) and (1.35) is the correct regular-
ization of the action, namely the fact that we add the proper counterterms, this

is one of the problem solved by the procedure called holographic renormalization
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mentioned above.

1.1.3 N =4 Super Yang-Mills

We have already stressed the role of this specific CFT in the context of the
AdS/CFT correspondence. In the following we will review how to classify the op-
erators and how conformal symmetry constraints the form of correlation functions.
As we emphasized before the lagrangian depends on two parameters, namely the
rank of the gauge group NV and the coupling constant gopr, and it can be written

as

1

L= Tr EFWF‘“’ + (Dug)? — % (b5, D5]7 + NDX — T [, A] (1.36)

gdcrr 2

where A, (with Lorentz vector index p = 1,...,4) is the gluonic gauge field, ¢;
are the scalar fields (i = 1,...,6), A are gluinos *, T' are ten dimensional Dirac
gamma matrices and D, = J, — i[A,, | is the non abelian covariant derivative.
Supersymmetry ensures that all the fields are N x N matrices transforming under
the same (adjoint) representation of the gauge group. There is also an alternative
way of thinking to A'=4 SYM, namely by using superspace formalism. In this
language the field content of N'=4 SYM can be reconstructed by noticing that in
four dimensions and with 4 supersymmetries it exists only one vector multiplet,
which can be seen as an N'= 2 vector and an N/ = 2 hypermultiplet. The former
multiplet splits into an N'= 1 vector multiplet and a chiral multiplet while the
N = 2 hypermultiplet is simply composed of two chiral multiplets. From this
construction one can easily recover the field content that we already listed.

Symmetry group N =4 SYM posses superconformal symmetry, combination of
conformal symmetry and supersymmety, denoted as PSU(2,2|4) ® which includes
the conformal group SO(2,4), with 15 generators coming from translations P,,
Lorentz transformations L,,, dilatations D and special conformal transformations
K*, supersymmetry generators (superpartners of translations) Q¢ and Qga, with
a=1,...,4, special superconformal generators(superpartners of special conformal

transformations) S,, and S¢ and SO(6) R-symmetry generators T4 with A =

4We represent these fermions as 16 component Majorana spinors in 10 dimensions.
5This is a consequence of the fact that the central charge in N'=4 SYM vanishes, otherwise
naturally we would have had SU(2,2|4).
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1,...,15 % These generators form a superalgebra which has schematically the

following commutation relations

[D,PM] =—i b, [D,KM] =i K, [D,LW,] =0

[L,P]~ P LK~ K [P,K|~L-D
{Q.Q}~P {Q,Q} ={Q,Q} =0 {Q.S}~L-T-D

L, Q] ~Q (K, Q] ~ S [P,S]~Q

L8]~ § D, Q] = —%Q D, 5] = %S. (1.37)

Hence the dimension of the generators is

8] = . (1.38)

The presence of supersymmetry obviously implies that some of the generators

should be fermionic, in fact we can rearrange the generators in a matrix form

(L,L, P, K,D Q,S) (1.39)

Q.8 T

where the diagonal components are bosonic and the off diagonal are fermionic. An
important feature of N=4 SYM is that the superconformal symmetry is unbroken
at the quantum level. One of the consequences of this fact is that the mass dimen-
sion of the fields is protected from quantum corrections and the total dimension
of a product of fields is the sum of the mass dimensions of the single constituents.
Now we want to specify the players of the game: gauge invariant operators. The
simplest way to construct an operator is to have in general linear combinations of
products of fields of any type, namely scalars, fermions and covariant derivatives 7.
In order to ensure gauge invariance it is necessary to consider traces of these prod-
ucts. Despite the unrenormalizability of the single fields, operators represented by
traces are renormalizable.

Operators Superconformal symmetry is also useful to classify operators. We

want to work in a specific representation of the conformal group in which our

6We use 2-component spinor notation so a = 1,2, the same stands for .
"Note that out of coviariant derivatives one can built field strengths. We do not have gauge
fields because they do not transform covariantly under gauge transformations.
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operators have a well defined dimension A, namely they can be thought as eigen-
vectors of the dilatation operator D. So if we consider a generic local operator
in the conformal field theory O(z) it will transform as O’(z) = A"2O(A\x) under
dilatations  — Az. This means that

D, 0(x)] = (A + 28,)O(x). (1.40)

Looking back to the first two commutation relations of (1.37) combined with
(1.38), we notice that K, and P, act as respectively lowering and raising operators
for O(x), meaning that by acting with K, (or P,) we obtain a new operator
with dimension A decreased (or increased) by 1. Any unitary field theory has a
lower bound for the dimension A of the fields, this means that there are operators
annihilated by special conformal generators K, these are called primary operators.
From the last two relations of (1.37) we can see, in the same way of above, that
among primary operators there is a subclass annihilated by conformal supercharges
S which are the superconformal primaries. In this case by acting with S (Q) the
dimension is lowered (raised) by % Superconformal primaries are also lowest
dimensional operators in superconformal multiplets, it is possible to generate all
the other states of the multiplet (called descendants) with the action of Q). Note
that it is impossible to obtain a superconformal primary as a result of the action
of () to any operator in the multiplet. Superconformal primaries that commute
with at least one of the supercharges are called chiral primaries. They are also
called BPS operators because they belong to shortened representations and their
dimension is protected. The bosonic subgroup of the PSU(2,2|4) is SO(2,4) x
SO(6) which provides a unitary representation under which operators transform.
States are labeled by the six Cartan eigenvalues of the representations, namely
the dilatation eigenvalue A, two Lorentz spin S; and S5 and Dynkin labels of an
SU(4) representation Ji, Jo and J3 coming from the R-symmetry. It is convenient

to group the six scalar fields in three complex fields in the following way

X:¢1+Z§b2 Y:¢3+Z¢4 Z:¢5+Z¢6 + c.c.. (141)

Correlation functions in A’=4 It is well known that conformal symmetry fixes
completely the spatial dependence of two and three point correlation functions of
scalar primary operators. This comes from the counting of the possible conformal

invariants, i.e. number of conformal cross-ratios, that one can build.
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Let us consider a n-point correlation function of scalar primary operators

C(x1, . xn) = (P1(71)P2(22) - . . Pn(0)). (1.42)

Our aim is to see what happens to this object under conformal transformations.
Let us recall some basic properties. Conformal transformations are coordinate

transformations which leave the metric invariant up to a scale factor, namely

9 (7)) = Q) gy (2), (1.43)

in particular

e for transformations belonging to the Poincaré group ' = x + a: Q(z) =1,
e for dilatations 2/ = Ax: Q(z) = A7,

e for special conformal transformations 2/ = %: Qz)=1+2b-2+
bz?)?.

The jacobian of the transformation obviously depends on 2 and it is given by
|%—Z/ = Q% where d is the number of dimensions. Acting with a conformal

transformation to (1.42) we obtain

O, ... an) = (H Qﬁ) o, ....a") (1.44)
=1

where Q; = Q(x;) and the conformal invariance of the vacuum have been used.
Translation invariance constraints n point function to depend on the differences
of the spatial coordinates (z; — ;) while rotational invariance gives a more strict
constraint namely that they can only depend on the magnitude z;; = |z; — z;].

Scale invariance combined with special conformal transformations allow the de-
pendence only on the so called conformal ratios or cross-ratios defined as %
ikTj
Furthermore by counting all the possible quantities that we can form following

n(n—3)

5 This relation

these constraints, the number of all possible cross ratios is
shows that there are no cross ratios forn =2 andn =3 % .

Two and three point functions and OPE In [65] John Cardy presents an

8There is also an alternative way of getting the dependence on cross ratios of correlation
functions by using conformal Ward identities. We refer to [64] for details.
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elegant and alternative? way of deriving the spatial dependence of two point cor-

relation functions. The idea is the following

e consider a two point function (¢ (z1)pa(x2)),

e apply a conformal transformation which maps {z1, x2} — {2}, 25} such that

Q1) 21 Q(w2) 22 (P1 (1) da(22)) = (P1(2])Pa(xh)),

o ((o(x1)d1(x2)) = (P1(x1)p2(x2)) since the former is just a rotation of 180
degrees of the latter,

e applying the same conformal transformation as above we have that
Qx) 210 (25) 722 = Q(z1)22Q(22) >t which is different from zero only if

A1 = A27

(@1(21)P2(22)) = j% (1.45)

12
where we are assuming that the proportionality coefficient is symmetric and
real, because the operators are hermitian. This is what Cardy calls orthog-
onality of scaling operators. Note that we include the normalization in the

operators.

As well as for two point also the spatial dependence of three point functions
is completely fixed. In this case the special conformal transformations add an
extra constraint which determines the exponents of the difference between spatial

coordinates, thus we obtain

o C123
<¢1($1)¢2($2)¢3((E3)> - |x12|A1+A2—A3|I23‘A2+A3—A1|x13|A1+A3—A2 . (146)

Since x;; is symmetric under the exchange of the indices also the coefficient c;a3
is so. Note that the expression (1.46) is valid if we unit normalize the two point
function, as in (1.45). In quantum field theories, due to Wilson [66] and Zimmer-
mann [67] [68], it is possible to write a short distance expansion for a product of
two operators in terms of a complete basis of renormalized operators. This expan-

sion is commonly called operator product expansion (OPE). Schematically we can

9Tt is alternative to the usual way of taking into account the effect of all the transformations
belonging to the conformal group, similarly to what we used in the previous paragraph.
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write

O.4(2)0ply) = ZC(JS —)04(y) (1.47)

where O4 and Op are generic local fields, O; is the set of renormalized operators
and C are numerical coefficients which may be singular when x —y — 0. If
the initial operators have a well defined canonical dimension then the basis of
operators around which one expands has an increasing canonical dimension. Let
us now focus on conformal field theories. In this case primary and descendant
operators form a complete set under the OPE, this means that we can expand any

product of primary fields in this way

Ou()0p(y) = Capp(z —y)2» 24722 3" 800 (@ — )" OF (y).  (1.48)

where we label with n the descendant level, (’)g) are the primary operators and
51(40}; p = 1. Using Ward identities for conformal field theories, the coefficients S45p
can be reconstructed in terms of the conformal dimension of the operators while
Capp characterize the CF'T. The crucial point is that C4gp is precisely the three
point coefficient that we have denoted with cj93 in (1.46). In fact if we substitute
the OPE for two of the scalar primary operators in (1.46) and use the form for
the unit normalized two point function (1.45) we easily obtain that the OPE
coefficients are precisely the three point function structure constants '°. This is one
of the biggest advantages of conformal field theories because, using iteratively the
OPE, the only ingredients needed to express all the n point correlation functions

are conformal dimensions and structure constants.

1.2 Basics of integrability

1.2.1 Anomalous dimension

In N' =4 SYM the gauge coupling gcpr is not renormalized, nevertheless gauge

invariant local operators are in general renormalizable. At the classical level the

10This is completely true when considering primary operators, in the case we are interested
in descendants the OPE coefficients are proportional to the structure constants up to factors
depending on the conformal dimensions and on the spatial separation between the operator
insertions.
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scaling dimension of gauge invariant operators is simply the sum of the dimen-
sions of the constituent fields, but at the quantum level it acquires a so-called
anomalous dimension. As we have previously reviewed the two point function of
gauge invariant operators is completely fixed by conformal symmetry to be (1.45),
where the conformal dimension appears in the exponent of the spatial part. We
can write A as a function of the coupling constant A (gopr) = Ao + 7 (gorr) to
distinguish the classical dimension A to the anomalous dimension 7 (gcpr). For
generic operators the two point function (1.45) admits a perturbative expansion in
the coupling constant which, as in any quantum field theory, depends on the UV
cutoff. Hence two conformal fields that at classical level have the same quantum
numbers may not share this property once quantum correction are included, since
they can have different anomalous dimensions. Thus the two point function of
the two renormalized operators must be zero, though this may not be the case
simply taking into account classical quantum numbers. This is essentially the so
called mixing problem which can be analyzed by finding the correct renormalized

operators and their respective anomalous dimensions. In fact if we consider
O}% (x) = Zﬁ(’)B (x) (1.49)

being Op the renormalized operator, O the bare operator and Z3 is the renor-
malization matrix, and apply standard renormalization group transformation we
obtain that the mixing matrix I'4 is related to the wave function renormalization !*

through
.0z
B dlnp

where p is the usual renormalization scale and the anomalous dimension can be

(27, (1.50)

read from

ro =~0 (1.51)

where O is meant to represent a basis of operators. Even if the conformal di-
mension can be read off from the two point correlation functions of the respective
operators, it is most convenient to consider A (gopr) as the eigenvalue of the
mixing matrix, namely

DO (z) = A(gcrr) O (). (1.52)

"Note that the only quantity which is renormalized is the wave function because the beta
function vanishes.



Chapter 1. Introductory material 27

In the 't Hooft limit described previously the anomalous dimension, as all the

other physical quantities, can be written in a topological expansion

1 = 1
y ()\, N) -3 S, (153)
g=0 =1

where A is the 't Hooft coupling, ¢ is the genus of the surface spanned by the
diagram and [ is the loop order. In this thesis we only focus on the planar limit,
which consists in considering N — oo and gopr — 0 with A fixed. In this regime
the dominant contributions to (1.53) are given by planar diagrams, namely by

setting g = 0. In this limit big simplifications occur

e multi trace operators decouple, we consider only single trace operators;

e the dilatation operator can be regarded as the Hamiltonian of a spin chain

(this is the place where integrability plays its central role);

e the string theory is non interacting, which amounts of saying that the scaling
dimensions of the planar gauge theory should be identified with the energies

of the free string theory.

In the following we develop on these points, especially reviewing how to solve in-

tegrable models.

1.2.2 Dilatation operator as spin chain Hamiltonian

In 2003 Minahan and Zarembo [5] established a crucial equivalence between the
SO(6) one loop dilatation operator and the Heisenberg spin chain Hamiltonian.
Let us review why and how this works and the consequences brought by this

relation.

e Let us consider renormalizable operators in the SO(6) scalar sector, which
is closed at one loop, of N =4 SYM

O (z) =C"" :Tr (¢, ... i, ) (1.54)

where : denotes the normal ordering.
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e We can see operators of the form (1.54) as tensors which span a finite dimen-
sional Hilbert space with dimension 6%. This Hilbert space is interpreted as
a spin chain of length L where the direction of the spin sitting at site [ is
meant to be the SO(6) flavor ¢;,. Thus our operator (1.54) can be regarded

as

i oo i) (1.55)

e The key observation is that the Hamiltonian associated to this spin chain
is equivalent to the SO(6) dilatation operator at one loop which can be

computed giving

A
= 1672

L
Z 2001 — 2P0 + Ko psq) (1.56)
=1

where the subscript (1) refers to the fact that it is the one loop dilatation
operator and the identity operator I, the permutation operator P and the

trace operator K act on the spin chain sites as

oAty = ety (1.57)
PlTaTb> = ‘ TbTa-"> (158>
KlTaTb> = abZ‘ TcTc--' : (159)

Note that we only have nearest neighbour interactions and we have to con-
sider the cyclity of the trace in the spin chain description by imposing that

the spin chain state should be invariant under an index translation.

e The SO(6) spin chain is integrable as shown in [69]

A very interesting subsector of SO(6) is the SU(2), which instead is closed at
any loop order, which can be seen as formed by two of the three complex scalars
(1.41). Let us choose for instance X and Z. Now the correspondence between the
dilatation operator and the spin chain becomes more clear in the sense that the
spin chain in this sector is the X X X 1 Heisenberg spin chain. The three X denote
that we are dealing with identical coupling constants of the spin-spin interactions
in the three spatial directions and the % refers to the fact that the sites of the
chain have spin % degrees of freedom. Here the interpretation is simpler because

we can think to the complex field Z being a spin up while X a spin down, in this
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way a generic operator is a closed spin chain ? formed by a collection of a certain

number of spin up and down
O=Tr(ZXXZXXXZ...Z) — [1THNT o). (1.60)

In this specific case the trace operator in (1.56) acts trivially and so the dilatation

operator simplifies to
L
A
2 Z (Iis1 — Prysa) (1.61)

=1

I =

where, up to the factor in front, can be easily identified with the X XX 1 spin
chain Hamiltonian simply expressing the permutation operator in terms of the

Pauli matrices associated to each spin chain site

1
P = 3 (010141 + Lnnt1) - (1.62)

1.2.3 Algebraic Bethe Ansatz

In the last paragraph we discuss the identification of the one loop dilatation op-
erator to the spin chain Hamiltonian. The next step would be to compute the
spectrum of the dilatation operator which, in the spin chain picture, is equiva-
lent to diagonalize the Hamiltonian finding its eigenvalues and eigenvectors. This
problem is not trivial to solve with numerical methods essentially because we may
be interested in the case when the number of sites is infinite. In that case also
numerics breaks down and even for finite site number the form of the eigenvectors
is highly not trivial (if not impossible) to get. However in 1931 Hans Bethe [70]
found a method to exactly solve the problem of diagonalizing the one dimensional
XXX 1 spin chain Hamiltonian. Another breakthrough was the classical inverse
scattering method, proposed firstly by Gardner, Green, Kruskal and Miura in [71]
and extended by Faddeev, Zakharov [72] and Gardner [73], which consists in solv-
ing an initial value problem for certain classes of nonlinear partial differential
equations by introducing the Lax connection. The quantum version of the inverse
scattering method was studied in 1979 by Faddeev, Sklyanin and Takhtajanin [74]

1211 this context when we write closed spin chain we mean a spin chain with closed and periodic
boundary conditions. The former imply that the Lth site interacts with the L — 1th as well as
the 1st and the latter means that the [th site can be identified with the [ + aLth site with a € Z.
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and it gives a new formulation of the Bethe anstaz, which is nowadays called Al-
gebraic Bethe ansatz and which will be the core of this section. This method is

very powerful, mainly for two reasons:

1. It is a constructive method, it allows to construct the eigenvectors and the

eigenvalues of integrable Hamiltonians;

2. It allows to prove the integrability of the model.

The Hilbert space of a spin chain with L sites can be written as a tensor product

of the Hilbert spaces associated to each site
H=h Qhs® - hp, (1.63)

and the dimensionality of the spaces h; depends on the spin chain symmetry group,
more specifically for SO(N) it is h = CN. An important point is that we need to

introduce an additional vector space '

, isomorphic to the physical one, which is
called auxiliary space. The enlargement of the physical Hilbert space is peculiar
and it serves to mediate the interaction among the physical degrees of freedom
which in this way interact only with the auxiliary space. We need to introduce

three objects which are the building blocks of this formalism:

1. An R matrix (R (c)), which acts on the tensor product V, ® Vj, where
VY = CV and c is a complex number called spectral parameter. The crucial
point is that the R matrix is supposed to be a solution of the Yang-Baxter

equations
Rio (u — v) Ry3 (u) Rog (v) = Rag (v) Rz (u) Ria (u —v) . (1.64)
2. A monodromy matrix
M, (u) = Ry1Ras . .. Rar, (1.65)

where a refers to the auxiliary space. Note that the monodromy matrix
acts on the product of the enlarged Hilbert space, the auxiliary and physical
space (the tensor product of L+ 1 spaces). It satisfies the same Yang Baxter
equation than the R-matrix which is depicted in Fig. 1.4.

13 Actually it is needed to add more than one auxiliary space to prove some of the relations we
will use later, but the idea is still the same.
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FIGURE 1.4: Yang Baxter relations for the monodromy matrix.

3. A transfer matrix is obtained by tracing the monodromy matrix over the
auxiliary space
T (u) = tryM, (u) (1.66)

and it acts on the full physical space, the tensor product of L spaces.

One drawback of this method is that it is based on the knowledge of the R matrix,
which in general is not immediately inferable for a system. The general idea to
find the expression for the R matrix is to consider a combination of all the possible
invariant structures in the specific symmetry group. This is not a unique definition,
since there are arbitrary functions of the spectral parameter which can be fixed
(up to a normalization) using the Yang Baxter equations for the R matrix (1.64).
In the following we analyze more in details the SU(2) and the SO(6) case.
SU(2) case In the SU(N) case the only tensorial structures we can think of are
the permutation and the identity operator defined in the first two lines of (1.59).
Specializing to the SU(2) case we have that

a(u, z) 0 0 0
b
R— 0 (ua z) c(u,z) 0 (167)
0 c(u,z) b(u,z) 0
0 0 0 a(u, 2)
being
a(u,z):u;—il—n b(u,z) =1 c(u,z):uiz (1.68)

where z is the set of quantum rapidities and 7 is the shift *. We construct a

monodromy matrix as in (1.65) which we write in a convenient matrix form

A(u,z) B(u,z) ) . (1.69)

Ma(u,2) = ( C(u,z) D (u,z)

14Tn the homogeneous spin chain, the case we are interested in, we set 7 = —23.
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Thus the transfer matrix takes the form
T(u,z)=A(u,z)+ D (u,z). (1.70)
Introducing another auxiliary space, which we denote by d’, we can construct
R (= 0) My (1) My, (0) = M (0) My (1) Rowr (w—v)  (L71)

where we neglect from now the dependence on z to streamline the notation. Mul-
tiplying by R;al, (u — v) from the left and taking the trace over the tensor product

of the two auxiliary spaces we can prove that the terms that survive give rise to
Tw)Tw)=Tw)Twm) — [T),Tw]=0 (1.72)

which is fulfilled for any u and v. Note again that the remarkable relation (1.72)
is a consequence only of the Yang Baxter relation (1.71). We can Taylor expand
T (u) around u and (1.72) implies that

[@n, Q] =0 (1.73)

where the expansion coefficients (),, are the set of conserved charges. For the
moment this name could seem arbitrary but we will see that if we choose a specific
series expansion () is the Hamiltonian and, more specifically, the Heisenberg
XXX 1 spin chain Hamiltonian.

The key observation is that we can write the the Heisenberg X X X 1 spin chain

Hamiltonian as a derivative of the transfer matrix

d
Hxxx, :nd—LogT(u) . (1.74)
2 u

u=

NS

where here T (u) is the homogeneous transfer matrix namely T (u, z) - Essen-
tially with (1.72) and (1.74) we have proven the integrability of the s;;t2em. The
identification (1.74) shines a light on this method because it shows that diagonal-
izing the Hamiltonian is equivalent to diagonalizing the transfer matrix. Hence
the next step is to show how to construct the eigenvectors of T'(u). Let us step
back to the Yang Baxter equation (1.71), if we plug in the explicit expression

of the monodromy matrix (1.69) we obtain some relations between the different
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components of the matrix namely

B(u)B(v) = B (v) B (u) (1.75)
C(u)C(v)=C(v)C(u) (1.76)
(u—v+n)BuAw)=nBw) A(u)+ (u—v)A(v)B(u) (1.77)

nB (u) D (v) 4+ (u—v)D (u) B(v) = (u—v+n)B(v)D(u) (1.78)

The transfer matrix in terms of the element of the monodromy matrix is given in
(1.70) from which it is clear that at least A (u) + D (u) should be diagonal on the
states that we want to construct and C' (u) or B (u) have to be the creation or
annihilation operators. Let us choose C' to be the annihilation operator in such a
way that C'(u) |L") = 0 where |L") is a reference state, the highest weight state.

Summarizing the action of the monodromy matrix to the highest weight state is

M, (u,z) |L") = ( a(i(t), 2) notdzzle:)ant > LM (1.79)

where a is defined in (1.68) and d = 1 and not relevant means that we do not
need the precise form of that operator in our dissertation. Note that we can do
the same reasoning for the ket (L"| which is a reference state as well. All the other
states are created by acting with the creation operator B (u) to the reference state
|127)

B (u1,2) B (ug,2) ... B (u, 2) |L") = |I) (1.80)

where for the moment |l) is a generic state. Note that since the B’s commute
among themselves the order in which they act on the reference state is irrelevant.
It turns out that the state |I) is an eigenstate of the transfer matrix if and only if

the set of spectral parameters {l} satisfies the following relations

==l == (1:81)

o WA gyt T

which are the so called Bethe equations and where N is the number of rapidities
contained in the set {/}. As remarked earlier the eigenstates of the transfer matrix
are also eigenstates of the spin chain Hamiltonian which is the spin chain version
of the one loop dilatation operator in N/ =4 SYM.

SO(6) case In the following we restrict to the homogeneous spin chain and we

review the nested Bethe ansatz which is used to find the solution for this higher
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rank spin chain. The diagonalisation of the anomalous dimension matrix (the
dilatation operator) is equivalent to the diagonalisation of the integrable spin-
chain Hamiltonian (1.56), so that the Bethe ansatz method can be implemented.

In general the Bethe equations can be written in the form

. L ik »J - Mg,
Ug g + 1% (k)2 (5:3) Uy — Ug,; + i—2L
LR I | 2 (1.82)
uavﬁ - 27 Jj=1,..., k@ /U/ayk - uﬂ:j —1 ;76
B=1,...,7

where M, g is the Cartan matrix and Vj, is the vector of the Dynkin labels of the
highest weight representation. For the SO(6) case the rank of the Cartan algebra

is three and there are three simple roots which can be denoted as
a; =(1,—-1,0) ay=(0,1,—1) a3=(0,1,1) (1.83)

thus the Cartan matrix takes the form M,z = o, - ag and the highest weight state
is given by V = (1,0,0)

2 -1 0 0
Myg=| -1 2 -1 Vo=11|. (1.84)
0 -1 2 0

The Dynkin diagram of SO(6) is in Fig. 1.5 and the explicit expression of the

Bethe equations is

My Mo M3
€1 (U1,k)L = H €1 (Ul,k - Ul,j) H €-1 (Ul,k - U27j) H €-1 (Ul,kz - Us,j)
j=1 j=1 j=1

Tk
M2 Ml
1= H es (ugp — ug) H e_1 (U — u1y) (1.85)
j=1 j=1
Tk
M3 Ml
1= H es (ugp — ug;) H e_1 (uspr — u1y)
=1 j=1
ik
u-H%

where e, (u) = —%. The R matrix for the SO(6) case can be constructed by

2
noticing that in this example there are three tensor structures allowed, namely I,

P and K defined as (1.59) '® and again Yang Baxter equations fix the ratio of the

15There is a bit of simplification in this sentence, in fact the three tensor structures allowed
are combination of I, P and K, but it is possible to express the R matrix only in terms of these
three operators.
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F1GURE 1.5: Dynkin diagram

functions with which the tensors appear, giving
1
R (u) = é[uK—i-(u—?) —(u—2)P] (1.86)

acting on V% ® V° in the vector representation. It is possible to generalize the
algebraic Bethe ansatz, construct the transfer matrix which is related through
(1.74) to the Hamiltonian of the spin chain (1.56) since also in this case R (0) is
proportional to the permutation operator.

Integrability of the full PSU(2,2[4) and at any loop order The integrability
of the SU(2) scalar sector of N = 4 is not confined to the one loop order, it has
been proven its integrability up to three loops in [75]. In the limit of long spin
chain an all loop asymptotic Bethe Ansatz for the SU(2) sector has been proposed
in [76] and generalized to the full PSU(2,2|4) spin chain [77]. Actually beyond
one loop the action of the dilatation operator cannot be written in terms of nearest
neighbour spin chains because it involves multisite length-changing interactions.
When the length of the spin chain is finite this method breaks down and wrapping
corrections have to be taken into account. Notably there are three ways of consid-
ering finite size corrections: Liischer corrections [78-80], Thermodynamic Bethe
ansatz [81-85] and the Y-system [86-88].

1.2.4 Six vertex model

Even if the Algebraic Bethe ansatz is very powerful to solve integrable models,
it is not very intuitive. In this section we will review the six vertex model tech-
niques which will give a more physical intuition. These two approaches are closely
related because any one dimensional quantum model is equivalent to a classical
two dimensional system, which we chose to be the six vertex model (or ice model).
This is an example of a lattice model in statistical mechanics which was originally
introduced by Pauling [89] to provide a description of the two dimensional ice.
Each vertex (oxygen atom) of the lattice is connected by an edge to four nearest

neighbors (hydrogen ions). The states of the model are configurations of arrows
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on a finite grid such that the number of arrows pointing to the vertex is 2 (two hy-
drogens are closer to the oxygen than the other two). This restriction is called ice
rule and it limits the number of allowed vertices to 6 (out of 24 = 16) , hence the
name of six vertex model 6. The weights are numbers associated to each vertex
depending on the states of the adjacent edges. The model is called homogeneous
if the weight assigned to a vertex depends only on the configuration of arrows on
adjacent edges and not on the vertex itself. An important quantity is the weight
of a configuration which is defined as the product of the weights of all the vertices
in the grid and intuitively it gives the relative probability of the occurrence of the
given configuration.

Partition function Let us consider an M x N rectangular lattice with periodic
boundary conditions which means that we can think of the edges in the lattice as
forming a circle, where the arrows at the top must point in the same direction as
the corresponding arrows on the other side of the lattice (the same for left and
right). The net arrow flux in the vertical (or horizontal) direction is conserved
from row to row (column to column) as a consequence of the ice rule. From the
flux conservation, the six-vertex model can be represented by non-crossing paths
going north-east. One can interpret these paths as trajectories of particles where
time evolution is along the vertical direction. There can be several arrangements
of horizontal bonds in between to rows of vertical edges. The partition function
associated to the model is given by the sum over all possible configurations of the

weights of the configuration

. L

Z=>"T]1I«"G.j) (1.87)

lec i=1 j=1

where with C we denote all the possible configurations and wfvj is the weight of
the vertex at the site (7, j) for a given configuration [ € C. In general each vertex
allowed by the ice rule has a different weight, so we should have six different weight.
It turns out that if we use the fact that we use periodic boundary conditions and
the system is invariant under arrow reversing (zero field condition), they are equal

two by two and more precisely they are defined as

)

W (i,5) = (o ] | Rlad 1] ™) (1.88)

16There other ice-type models, for example the 8 vertex model where the ice rule is broken by
adding two additional vertices. This model is connected to the XY Z spin chain and to the XY
model.
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where o and p refer respectively to the horizontal and vertical edges and R is the
R matrix associated to this system which is the same as (1.67) with the functions

(1.68). Note that in this R matrix there are only three non zero entries which

Y Y
———— o
y y

3
—_— —(——(—
A A

alu;, 2] blug, 2] clui, 4]

FIGURE 1.6: Six vertices with non zero weights, alu;, z;], blu;, z;] and c[u;, 2;]
are defined in (1.68).

reflects what we discussed above. Thus we have six possible vertices with non zero
weights as depicted in Fig.1.6. The transfer matrix T is obtained after summing
over all these possible arrangements of horizontal arrows. Then T' encodes this
vertical evolution. In fact it is a linear operator which, acting on a row (a 2L
dimensional vector) generates the next one. In the following we will see how the
partition function is related to the row to row transfer matrix. The partition
function (1.87) can be written explicitly for our M x N lattice in terms of the
weights as
M
— mi+mgpma+my ;ms+me

Z ; ; a b c (1.89)
where m; is the number of vertices of type [ in the r-th row. The row to row
transfer matrix 7' should encode how each configuration at a fixed r evolves to
the configuration r + 1 so formally as TCC:“ =Y gmtmapmstmamstms where the
sum runs over all the vertices allowed by the orientation of the arrows in line r
and 7 + 1 (contribution of N terms equal to the number of columns). Thus the

partition function (1.89) is

Z = Z SIS T T = T T (1.90)

Cum

The crucial point is that since we impose periodic boundary conditions the number
of arrows in a specific orientation is conserved from one row to the consecutive.
As a consequence of this fact the transfer matrix has a block diagonal form, pre-

cisely as in (1.79). This allows the construction of all the states by acting with
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B-operators that, in the six vertex model language are lines, to a reference state

(see Fig. 1.7). The connection with the spin chain approach is that a six vertex

’O> A A A A A 4
B (U1> > <
B (Ug/ > <
B (Ugl > €
B (U4> > <€
|\I}> ¥ £ % 7 7 \ y

FIGURE 1.7: Action of B lines. The state |0) is an initial reference state. To
obtain a final state |¥) we have to act with B operators. If w; withi=1,...,4
are solutions of the Bethe equations |¥) is an eigenstate.

model lattice should represent a transition from an initial to a final configura-
tion by acting with a series of B and/or C' lines which change the net spin by
1. Analogously to the spin chain case, we define a reference state | 1,,), which
we conventionally chose to be a state with all spin up and a generic state | Toa )
which denotes a state with a spin up and L — a spin down.

Domain wall partition function Let us consider a square lattice N x N with
domain wall boundary condition which means that the arrows on the upper and
lower boundaries point into the square, and the ones on the left and right bound-
aries point out, see Fig. 1.8. From the graphical representation the definition in

terms of B operators is clear

Zy ({un} {an}) = (U !HB(ui,{ZN}) | T (1.91)

where it is worth noticing that the rapidities are not constrained to be solutions
of the Bethe equations.
It was proven by Korepin [90] that the domain wall partition function Zy ({un},{2x})

is uniquely determined by four conditions:

1. Zy ({un},{zn}) is a symmetric function of the sets {uy} and {zy};

2. Zn ({un}, {zn}) = e W=Duipy | (e2%) where Py_, is a polynomial of order
N —1;
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FIGURE 1.8: Domain wall partition function with N = 6.

3. If uy = zy —n then Zy can be written recursively as

Z| =Ll - n -z (192)

UN=ZN—T] i=1

where Zy_; is the partition function of a lattice of size L — 1 x L — 1;

4. Zl =7 17.

Note that the partition function is invariant under reversing all the arrows, the
reversed configuration, which is made of N C-lines, is called dual. Thus the domain
wall partition function is equal to the one pertaining to the dual configuration.

In 1987 [91] Izergin found the expression of the partition function for an N x N
lattice with domain wall boundary conditions which satisfies all the conditions

listed above:

det ((n) H,i\;j (ur, — 2 + 1) (ug — Z]))

1<ij<N
[icicjen (wi —uy) (25 — 2)

Zn ({un}, {zn}) = (1.93)
The important feature of (1.93) is that the partition function is written as a
determinant. Actually the spin chains, and the respective six vertex models, we are

interested in are homogeneous, thus an interesting, which is not completely trivial,

17This condition is simply understood if we look at Fig.1.8 because for a 1 x 1 lattice only one
vertex is present and it should have weight equal to ¢ = 7.
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limit is when all the quantum rapidities are set to be equal, 2 = 2y =--- = zy. In

this limit (1.93) becomes

Zh (uby =0 = T ( T ”) (= =)™ det (69 (s, ) oy (1:94)

where

7 Ws — ) U
¢ (u:2) J'@((ui—wn)(ui—w)' (1.95)

Scalar products Let us consider a lattice of size N x M with two sets of phys-
ical rapidities {uyx} and {vy} and a set of quantum rapidities {zp;}. The scalar
product represents how an initial state with all spins in one orientation evolves to

a final state with the same spin configurations and is defined as

v ({un} {on} {zm}) = (T |HC(U1‘H{2M} HB (v {zn}) [ Tar)  (1.96)

with graphical representation given in Fig. 1.9, we denote this configuration with
N-B lines and N-C' lines as [M, N, N|. Note that in this definition one set of

A
y

A
Y

FIGURE 1.9: Scalar product S,. In this particular example N = 3 (number of
horizontal B-lines), n = 2 (number of horizontal C-lines), M = 2 and M = 6.

physical rapidities, f.i. {vy}, are meant to satisfy the Bethe equations while the
other set is free. We can think also to a slightly different object, denoted by S,
which should describe the evolution of a state with all spin up | T5/) to a final
state with M spin down and M — M spin up (%\;[\ 1 |- By construction Sy should
be closely related to the partition function. If we look back to (1.96) the definition
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of S, is straightforward

Sn ({unt s {on} s {zar}) = (i \HC(WH{ZM} HB (05, {zm}) [ Tar) (1.97)

where {u,} is a subset of {uy}. As well as the domain wall partition function also
the scalar product S,, ({u,},{vn},{zm}) is uniquely specified by four properties
1. S, is symmetric in {ZM_H, ey zM};
2. S, is a polynomial of degree M — 1 with zeros at u, = z —n for 1 < i < M;

3. if u, = uy,, Sy is recursively given by

Z — Z; +
MH ) Sn-1 ({un—}, {on}, {2m})  (1.98)

,’:]s

4. For n =0 .5 is the domain wall partition function.

In the same way as before this is an [M, N, n] configuration.

A determinant expression for S, exists and it is given by

det S, ({U}n ) {U}N ) {Z}M)

S, = _
Hﬁl H]Ai1 [vi — zj] H1§i<j§n [ui — uy] H1§i<j§N [vi — vj] H1§i<j§M 25 — ]
(1.99)
where
fi(=1) fi(zir) g1 (un) g1 (u1)
S, = : : (1.100)
In (21) In (ZM) gn (Un) (51 (UN)
with
filz) = 1] ! (1.101)
I [ui — 2 4 n] [u _Zy]k;é Uk = Zj
Ul i) 1 —v 1 Up — V; — Mu—z
gl(]) [u_vj] <:kl;[[ _Zk_’_nkli[luk J+77 g[la j 77}]:[1 k

It turns out that if we start with a generic [L, Ny, N;] configuration, namely a

lattice with an initial reference state with all spin up and N; -B lines and N; C lines,
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Uy > <
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N <
N <
UnN, > €
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UN; = U2 < < > >
Y C A
'Ul P N N
C A A A A A A A

FIGURE 1.10: Freezing procedure. We start from a configuration with N; B-
lines and N7 C-lines. It is clear that the vertex on the left bottom can be either
b or ¢ type. If we impose the orientation in the picture and identify v; = z; we
force that vertex to be ¢ type. This forces all the other vertices in the bottom
line to be a type. Now we can do the same with the vertex in the same diagonal,
namely forcing vo = z5. Again this vertex is ¢ type and all the other in this line
are a type. This procedure, which is called freezing, can be iterated N3 times,
with N3 = N; — Ns. In the figure Ny = 6, No = 4 and N3 = 2. By doing this,
all the vertices in the light blue area are fixed to be a type. We can remove the
N3 bottom lines and we obtain another configuration which has a left corner
also completely frozen.

and we fix N3 = Ny — N, vertices to be of c-type the partition function associated
to this configuration is precisely S, for the respective [L, Ny, Ny| configuration
[54, 92], see Fig. 1.10.

We need to consider two limits of (1.99):
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(A) Homogeneous limit: z = z; fori=1,..., M

on_ 1L o — 2+ )" det St ({u},, {v}y . {2})

1.102
" H1§i<j§n [uj — wi H1§i<j§N [vi — vy ( )
where
O o BTG ) g
O e TG ) e g )
and
fi(z) = 507 f; () (1.104)
] v —z+n\" 1 a
h J oy _ o .
g; (v;) = [w; — v)] (( v — 2 ) g[uk vj + 1] g[uk Uj 77]) ;
(B) Gaudin norm: N =n and {v}, = {u},
Nt 2) = TTH =% et @' 1.105
()2 = [ et ), 1105
where
U —z+n M U — U + 1
ki

1.3 The large J limit

The identification of the energy of the string states with the conformal dimension
of the operators in the gauge theory side beyond the supergravity approximation
provides one of the non trivial test of the AdS/CFT correspondence and it allows
to compare the two different regimes in situations far from the BPS sector. In the
case when the string states have some large quantum numbers then they can be
approximate semiclassically and they can be related to the dimensions of operators
in the A’'=4 SYM in non BPS sectors. In particular the energy of semiclassical

string states with a large total momentum on the sphere J can be expanded in



Chapter 1. Introductory material 44

A
J2

with the loop expansion of the anomalous dimension at weak coupling for operators

terms a parameter A’ = < and the coefficients of this expansion can be compared
with large J, this is the so called Frolov-Tseytlin limit [37, 38]. The expansion
coefficients match the gauge theory side up to and including the second order in
the expansion parameter, meaning two-loops on the gauge theory side, but the
matching breaks down at three-loops [93, 94]. In [95] it is shown that the match
at one-loop is not a coincidence but instead a result of the quantum corrections
to the string being suppressed near the BPS point, enabling one to consider a
regime where the classical action of the string is large even if one approaches weak
't Hooft coupling. The understanding of the Frolov-Tseytlin limit was further
enhanced with the work of Kruczenski [38]. There it is shown how for semi-
classical operators on the gauge theory side one can use a coherent state description
thus enabling one to write down an effective sigma-model description (Landau
Lifshitz sigma model). Hence, one can directly compare the sigma-model action
for semi-classical operators on the gauge theory side to the classical sigma-model
action on the string theory side in the Frolov-Tseytlin limit. In the following
we briefly review the semiclassical strings and then, following [40], we describe
how to compare the Landau Lifshiz sigma model emerging from the gauge theory

description to the classical sigma model of the string theory.

1.3.1 Semiclassical strings

The bosonic part of the Polyakov action of the AdS; x S® space written in conformal

gauge reads

VA

S =———= [ dodr Y40, Ya+ A (Y'Y Priap + 1) +0° XM 00 Xas+A (XM X V0w — 1)

CAr
(1.107)
where Y4 are the embedding coordinates of R*? and XM are the embedding
coordinates of RS, A and A are the Lagrange multipliers for T and o respectively 8.
The action (1.107) is supplemented by Virasoro constraints which, in the conformal

gauge, take the form

YAV, + XMX ) + YAV + XMX, =0 (1.108)
YAV, + XMX], =0.

18The signature of the metrics are meant to be: nap = diag(— —+---+) and dyny =
(+---+).
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The six conserved charges can be written as

NGy . .
Map === [ do <YAYB . YBYA) (1.109)
N h\ . .
m

where the energy E = My, the two AdS spins are (S1,S52) = (Miq, M34) and
the three S® spins (Jy, Jo, J3) are (Mlg, My, M56>. Single trace operators in the
SU(2) sector are dual to string states which sits in the center of AdS and are
described by two spins in S°.

1.3.2 Coherent state approach

Semiclassical operators in the SU(2) sector of N' = 4 SYM theory can be described
using the Landau-Lifshitz sigma model [38]. We already stressed the fact that in
the planar limit the one-loop contribution to the dilatation operator of N' = 4
SYM theory can be regarded as the Heisenberg spin chain Hamiltonian which
can be described by a discrete sigma model. Since quantum mechanics have been
formalized coherent states have been deeply studied, see for instance [96]. The spin
is essentially a quantum object having a discrete nature. On the other hand, in
the classical limit a spin system is described by the classical Hamiltonian function
in which the role of natural variables is played by two angles (for each spin), and
these variables change continuously. The coherent state approach guarantees a
continuous representation of a spin and the completeness of the set of states .
Let us review how to introduce this formalism. We consider gauge theory operators
in the SU(2) sector of N/ = 4 SYM on R x.S3. To obtain a sigma-model description
of single trace operators we introduce a coherent state |17) for each site of the trace

such that
(ri|g|n) =n (1.111)

where & are the two by two Pauli matrices and 77 is a unit vector pointing to a

point on the two-sphere parameterized as

1 = (cos f cos @, cos 0 sin ¢, sin 0) (1.112)

19 Actually it is even more than that since the coherent states form an overcomplete set,
meaning that one of the state can be taken out and still the set remains complete.
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In the limit J — oo the Lagrangian of the Landau-Lifshitz model up to two loops
reads [97]

1 )\/ )\/2
[fLL = §sin9gb — g(ﬁ/)Z + 3—2

()2 - 2@’)4] + O3 (1.113)

where prime denotes derivatives with respect to the continuos variable ¢ which
can be introduced to describe the trace in the limit J — oo. o is periodic with
period 27 therefore we map the k’th site to o = 27k /J and we consider the field
7i(t, o). Accordingly the discrete sum over the sites of the single trace operators is

mapped to the integral % 027T do. Moreover, in deriving (1.113) one also uses that

2
Apsr — T = exp (7%0) 7 — i (1.114)
It is important to note that the two-loop Lagrangian (1.113) is derived by including

the effect of spin-flipped coherent state [97]. We will discuss this effect in Sec. 2.4.1.

1.3.3 String theory sigma model

Our starting point is the sigma-model for type IIB string theory on AdSs x S% in
the regime in which it is described by the Landau-Lifshitz sigma-model [38]. We
use in the following that

R* = \()% (1.115)

This relates the string parameters R and o’ to the 't Hooft coupling A\ of N' = 4
SYM. Using this we can formulate the string theory result in terms of gauge theory
variables. In the following we show how to compute the sigma-model Lagrangian
up to the order \3. From now on we set o = 1 for simplicity. The metric for type

I1B string theory on AdSs x S° in global coordinate can be written as

ds* = R* [— cosh? pdt? + dp? + sinh? p (dQ%)? + d¢? + sin® ¢ da® + cos? ¢ (dS23)?]
(1.116)

where the sphere is parametrized by

(d23)? = dyp* + cos® Y7 + sin® Ydes = dip* + dg?. + do> + 2 cos(2¢))dp_do.
(1.117)
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where 20, = ¢; £ ¢5. The 5-form Ramond-Ramond field strength is
F(5) = 2R" [cosh p sinh® p dt dp d2 + sin ¢ cos® ¢ d¢ da dS2s] . (1.118)

We want to consider a string which is point like in AdS and is moving non trivially
on a 3-sphere contained in S°, namely we consider the classical sigma-model on
R x S3. Thus we have three non trivial conserved charges, F, J; and .J,, which
have the form

E=10,, J=Ji+Jy=—10s, (1.119)

and we can restrict to the region p = ¢ = 0. With these restriction the metric
becomes
ds® = R*[—dt* + (d23)?]. (1.120)

Introducing the new angles
T
6=20-2, p=20 (1.121)

allows to write the metric for the 3-sphere in a different form namely

1 1 2
(d2s)* = 7 (d%)* + (d¢+ + 5 sin Hdgp) (1.122)

where (d22)? = db? + cos? Odp?. Tt is convenient to introduce the coordinates
Tt =Nt T =¢, —t (1.123)

where ' = \/J? and we are considering the limit A’ — 0 as in the gauge theory

case. In these coordinates the expression for the charges is

4 E—J .
10y =H = v —i0_=J (1.124)
and the metric then takes the form
1 dx™
2 _ p2ft 2 _ _
ds® = R [4(0[92) + (2 e +w)(de” +w)] (1.125)

with w = %sin Odp.

The bosonic sigma-model Lagrangian and the Virasoro constraints are respectively

1
L= —§h“3GWaax“aﬁxV (1.126)
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1
G (Onz" Oz’ — §ha5h75&,x”(‘)5x”) =0 (1.127)

where h*? = \/—det yy*® with 7,5 being the world-sheet metric. We define for
convenience

A=-0", B=h", S.5=G,0.,7"052" (1.128)

where we used that A*? has only two independent components since det h = —1,
thus A'' = (1 — B?)/A. The Lagrangian and Virasoro constraints can now be

written as

A 1—- B2

L= ESO() — BS()l — oA SH (1129)
2B(1 — B? 1 — B?)?
(1+ 32)500 + ( ) >501 ( yE ) S =0
Bl - B? (1.130)
ABSy 4 2(1 — B?) Sy — ( ; )SH =0
We make the following gauge choice

rt = kT (1.131)

oL
2mp_ = = t., —— = 1.132
iy = const. , 90,2 0 (1.132)

where k is a constant. From (1.124) we see that 7 does not give the right energy

scale on the world-sheet. Therefore we introduce 7 = k7 and use the notation

oxt oxt
. =, 1.133
v or "’ (=) Oo ( )
We moreover make the following expansions of the quantities A and B
A=1+rA +K'A34+ -+, B=KB +K°By+--- (1.134)

This is consistent with the fact that to leading order we have that A = 1 and
B = 0. We can then determine the constant £ from (1.132) and to leading order

in A we find

2w RQKJ
J:/ dop- = —; (1.135)
0

Therefore, using (1.115), we have that x = v/X'. We see thus that x — 0. We can

now solve the gauge conditions as

1 / 1
T = —3 sinfp — Ap + K2 (AT — Ay) + O(x*) , 27 = —3 sin ¢’ — k?B; + O(k%).
(1.136)
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Inserting this in the Virasoro constraints we can now find the solution for A;, A,
and B

1 L,
Ar=S(07 +cos?0”) . B = (00 + cos’ 0pp) (1.137)
1 . 1
Ay = =(0% + cos? 09?) — — (0" + cos® 0p"°)?, (1.138)
8 128
To write the gauge fixed Lagrangian
Ly=L—2mKkp_3~ (1.139)

we plug in 7, 2=, A and B from (1.136) and (1.137)-(1.138). This gives an

expansion in powers of \

Lo=Lo+NLi+- (1.140)
with
LEO = 1sin O — 1(8’2 + cos? 0yp'%) (1.141)
R? 2 8
LE = 1(92+00829'2)+L(9/2+C0829 )2 (1.142)
R TR HERNTY 4

From Ly, one gets the energy at the order A" as can be seen from (1.124). From
L1 therefore one obtains the energy at order \? and so on. Here we only showed
explicitly how to solve the sigma-model up to the order \?, corresponding to
L1, but the computation can be easily extended to the next order. However,
it is convenient to introduce a more suitable notation in terms of the following
parameterization

1 = (cos ) cos ¢, cos @ sin p, sin 0) (1.143)

where 77 is a unit vector pointing to a point in the two-sphere. Using this notation

we can rewrite the expressions (1.141) and (1.142) as

1 1. . 1 ., 1 1-, 1
One should now make a field redefinition that removes the time derivatives in the
Lagrangian. It has been shown [97] that, at the order we are working, this field
redefinition corresponds to evaluating £; on-shell, i.e. to substitute in the solution
of the EOMs from L to get rid of the time derivatives. From L, we find the
EOMs

2 x it = —it" — iA(7')? (1.145)
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We compute from this

4 = (") — (@)* (1.146)
Thus the on-shell £, is
(L1)en = o ()2 — — (i7" (1.147)
ton ™ 39 128 '

and the field redefined gauge fixed Lagrangian is

Ly= Lo+ N(Li)on+ - (1.148)
giving
1 _1' a 1—»/2 N —//\ 2 3—»/4 2
7ok = 5sindp — ()" + o5 | ()" — L (7)"] + O(X%). (1.149)

We can now proceed in the same way and include the next order in the computa-
tion. Also in this case we should perform a field redefinition to remove the time

derivative from the A\ correction to the Lagrangian [97, 98]. The final result is

1 o 1- . 1—»/2 >‘/ —/1\ 2 3—»/4
2 NmN2 L 2N2 22 T o 22 ~Y =6 3
[ = SR = D@+ )] + 0(°)L.150)

Note that, as we advertise at the beginning, the first two terms of (1.150) precisely
coincide with the leading terms of (1.113). This is the main point that we want

to stress.

1.4 The AdS,/CFT; correspondence

In this section we will move to another expression of the duality: the AdS,/CFT}y
correspondence. This formulation of the correspondence, put forth by Aharony,
Bergman, Jafferis and Maldacena in 2008, states an equivalence between type ITA
string theory on AdS; x CP3 and a N = 6 superconformal Chern-Simons theory
in three dimensions [4]. In the following we will briefly review this form of the
correspondence pointing out the differences with respect to the AdSs;/CFT, oldest

sibling, especially focusing on its integrability.
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1.4.1 ABJM theory

The theory ABJM theory is a three-dimensional superconformal Chern-Simons
matter theory with gauge group U(N)y x U(N)_j where +k are the levels of
the gauge groups pertaining the two Chern-Simons theories. The field content of
ABJM consists on four complex scalars Z¢, four Dirac fermions ¥, and two gauge
fields, associated to the two U(N) group, A, and fl“ where a is an SU(4) symme-
try index which runs from 1 to 4. The scalar and fermion fields and their adjoints
transform in the fundamental and antifundamental representation of SU(4) re-
spectively. The R symmetry group is SU(4), thus the scalar fields can be grouped
as

Z0 = (Zy, Zo, Wi, Wa) 24 = (24, Zy, W1, Wy) (1.151)

where Z;, Z, transform in the N x N representation and Wi, W5 in the N x N
representation of the gauge group. The conformal dimension of all the scalars is

A =1/2. The covariant derivatives can be introduced in the following way

D,Z = 0,7 +iAZ —iZA, (1.152)
DW = 9,W +iA,W —iWA,. (1.153)

with scaling dimension +1.

Symmetries The ABJM theory is both conformal and supersymmetric, the full
symmetry global group is the orthosymplectic supergroup OSp(6|4) and it has
U(N), x U(N)_j gauge symmetry. When k& = 1,2 | the supersymmetry is en-
hanced to N = 8 but we will see that this is not problematic because we are
interested only in large k. The bosonic sector of OSp(6]4) is SO(3,2) x SU(4)
where SO(3,2) is the conformal group in three dimensions while SU(4) is the R
symmetry group and, as we have seen for the AdS;/CFT, correspondence, gauge
invariant primary operators are classified according to the quantum numbers as-

sociated to this bosonic sector namely

E,S, Ji, o, Js . (1.154)
—

SO(2)xS0(3)CSO(3,2) Cartan generators of SU(4)

The fermionic sub sector is formed by the A/ = 6 transformation.
Let us stress one of the main differences with the AdS;/CFT, correspondence. The
latter is maximally supersymmetric and it has the maximal number of 32 super-

charges while the former admits only 24 supercharges and thus it is not maximally
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supersymmetric.

Parameters The ABJM theory, as the N'=4 SYM, is described by two parame-
ters: the rank of the gauge group N and the Chern-Simons level k. They are both
integers but they are combined in the 't Hooft coupling A = % which, for large
k and N, is continuous and the theory is weakly coupled when A < 1. Since the
ABJM theory admits an expansion in % at fixed A it is meaningful to define also

a planar limit in analogy to the AdS;/CFT, case.

1.4.2 Type IIA string theory on AdS, x CP?

In general the ABJM theory is the world-volume theory of a stack of Nk M2 branes
probing a C*/Z,, singularity. Its near horizon geometry is M-theory compactified
on AdSy x S7/Z,, with N units of four form flux through AdS,. When k is large
quite remarkably this gravitational theory is well approximated by type IIA string
theory on AdS, x CP3. We will analyze these aspects in details in the following.
In this case the string coupling constant and the string tension are related to N
and k by

25 2N 1/4 RQ
g = ( 25 ) — = 4V (1.155)

where R = Rcps = 2Ra45. Again the 't Hooft coupling discriminates the regime
in which the string theory is weakly or strongly coupled and when quantum correc-
tions become important. Thus in the limit when A > 1 and k® > N we can safely
state that the ABJM theory is dual to type IIA string theory on AdSy x CP3.

Symmetries As we have seen for the AdS;/CFT, correspondence also in this
case the global symmetries match between the gauge and the string theory side.
In fact the AdS,; x CP? isometry group is SO(3,2) x SU(4). Once again we have
that the charges associated are precisely (1.154) and the first two refer to the AdS
space, being F and S associated to the time translation and the spin in the AdSy,
while J;, J, and J3 come from the CP? and they are three independent Cartan

generators of the CP? momenta .

1.4.3 Spin chain approach

In this section we review the same identification that we exploit for the N'=4 SYM

case between the dilatation operator and the spin chain Hamiltonian, as well as the



Chapter 1. Introductory material 53

Bethe ansatz techniques which allow findings the spectrum of the ABJM theory.
We will work mostly on the SU(2) x SU(2) sector reviewing how the algebraic
Bethe ansatz works in this case.

Operators The matter fields in the ABJM theory transform under the bifunda-
mental representation of the gauge group U(N) x U(N) thus gauge invariant single
trace operators are constructed by taking the trace of even number of fields, alter-
nating fields transforming under the N x N representation and N x N. In complete
analogy with the A’=4 SYM such operators can be interpreted as alternating spin
chains [99]. We restrict to the case of operators made only of scalar fields which
are in the form

O = Chberbngp(zaz, .. ZmZ . (1.156)

a1a2::Gn

The bare dimension of this operator is n. Chiral primary operators are operators
for which the tensor 0312222’; is symmetric in upper as well as lower indices and,
in addition, is traceless when tracing over one upper and one lower index. The
two-loop planar dilatation operator in this sector is integrable and can be identi-
fied with the Hamiltonian of an alternating spin chain of length 2n with the spins
in the odd sites transforming in the fundamental and the spins in the even sites
in the anti-fundamental representation of SU(4).

Algebraic Bethe ansatz Given the integrability of the model we can use the
algebraic Bethe ansatz techniques to solve it. In this case we have a richer struc-
ture because we have to specify in which representation the vector spaces are,
fundamental or antifundamental. Thus one needs introducing two sets of spectral
parameters {u,}, and {u.},, associated respectively to the spin chain sitting in

the odd and even sites and with cardinality L each. There are four R-matrices [99]

Rayy :Va@Vy — Vo®@Vy,  Rap(uo) = o o @ Iy + 1Py, (1.157)
R : Va@ Vg — Va®@ Vg, Rg(ue) = ue Iz © Iy + 1Py,

Ry VoV — Vo, @V, Rg(u,) =upl, ®@ Iy + K,
Ray : Va@Vy — Va®@ Vi, Rap(ue) = ue [ @ Iy + Ko,

where V, and V5 are the vector spaces of the fundamental and anti-fundamental
representation respectively. The operator I is the identity operator, P is the per-

mutation, and K is the SU(4) trace and 7 is the shift. From these R-matrices one



Chapter 1. Introductory material 54

constructs two monodromy matrices, one for sites of the fundamental representa-

tion and one for sites of the anti-fundamental representation

M, (ug,)
Mz (uq, )

Ral (uao)RaT(uao) i 'RaJ(uao)Raj(uao)7 (1 : 158)
Ra1 (ta,) Rt (a, ). Ray (e, ) Ry (ta, ). (1.159)

1.4.4 SU(2) x SU(2) sector

Minahan and Zarembo [99] have found that the SU(2) x SU(2) sector is a partic-
ular interesting sub sector of SU(4) which is not mixed by anomalous dimension
matrix. This sector is obtained by considering operators made only of two scalars
transforming in two separate SU(2) in each of the two SU(4) multiplets in (1.151).
We consider the scalars Z; 5 in Z% and W 5 in Z, thus (1.156) becomes

O = CIE=9940(Z, Wy, -+ Z;, W), (1.160)
In this case the spin chain picture is simpler: if we think for instance to Z; and W,
as spin up and Z; and W5 as spin down it is clear that the alternating spin chain
can be viewed as two decoupled X X X, Heisenberg spin chains, one on the odd
and one on the even sites. The spin chains are only coupled by the momentum
constraint which reflects the fact that our initial operator is described with one
trace, invariant under cyclic permutation.

When restricting to the SU(2) x SU(2) sector, the action of the trace operator
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trivializes. Then (1.157) (in its inhomogeneous version) gives rise to R-matrices %"
fo—zotdl 0 0
0 1 [n] 0
Ray Uoy Zo) = [Uo — %o o=z} = Uo — %o 7Q'aba
e =to=sd | FT o 24
0 0 0 [zt
[uo—7o] ab
(1.161)
fezetll g 0 0
0 1 [n] 0
R (e, 20) = |Ue — 2e (e —2] = |Ue — 2| R3.
e | B I L
0 0 0  lheznd
[e=ze] /) g3
(1.162)
The remaining two are
Raz(um Ze) - [uo - Ze] I; (1163)
Rap(te, 20) = [te — 2o 1. (1.164)

where we introduce the auxiliary rapidities {z},; which can be split for convenience
in two sets {z,}; and {z.}, with obvious notation. Note that R, and R_; are
of the same form of (1.67), which mirrors the fact that we are dealing with two
independent spin chains, one living in the odd and the other in the even sites.
R 3(uo, z.) and Rz, are proportional to the identity and make the decoupling of the

two spin chains possible. With the same spirit we can construct the monodromy

matrices
J
Ma<ua07 {Zoa Ze}J) = (H[uao - Zio][uao - Zze]> Ral (ua07 ZL,) e RaJ(uaoa ZJ0)7
i=1
(1.165)
J
Ma(uae, {ZO? Ze}J> = (H[U’ae - Zio] [uae - Ziﬁ]) RET<U’067 Zlc) ct R&j(uaeﬁ ch)'
i=1
(1.166)

20Here R, is expressed in the basis (| Ta) @ | T5), | Ta) @ | o) | da) @ | T0), ] 4a) @ | 1s)) and
similarly for the other three.
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Notice that (as usual) the indices a and @ refer to auxiliary spaces. We see that
up to trivial pre-factors we get one monodromy matrix which only involves R-
matrices with fundamental indices and one monodromy matrix which only involves
R-matrices with anti-fundamental indices. Let us write M, (uq,, {20, 2c}s) in the

following way

(1.167)
Co(uaoy {207 Ze}J) Do<ua07 {Zoa Ze}J)

AT et ) [ Aoltans (o) Bty {20, 7))
— (E[ ao io) [Ua, ze]> ( Co(Uays {20y 2ets)  DolUay, {20y 2e} ) )a

M, (ta,, {70, ze}s) = ( Ao(tays {20 2e}7)  Bo(Uays {20s 2e }1) )

and similarly for Mz(uq,,{%0, 2c}s). Then we define the reference state | 1.,) as
all spins up, i.e. | 1,,,) = [ 1.,) @[ T.,) ®...®| T2, ) ®| T2,.) and from the usual
constructions of the algebraic Bethe ansatz for the SU(2) spin chain it follows that
we can create an eigenstate with respectively j; spins at even sites flipped and js

spins at odd sites flipped as follows

Ji J2
H BE<uie7 {207 Ze}f) H BO(uim {Zm Ze}J)’ T22J>7 (1'168)
=1 i=1

where we have used that B operators pertaining to even and odd sites and among
themselves commute and where we have to require that {u,} and {u.} indepen-
dently satisfy SU(2) Bethe equations. Note that a similar expression holds for

final states namely

ooy | [T Celtsis {20, 2e30) T Colttiys {70, 2 }a). (1.169)
i=1 i=1

1.4.5 Six vertex model in ABJM

In analogy for what we have seen in the case of N' =4 SYM, it is possible to have
a description in terms of the six vertex model formalism for this case as well. The
entries of the R matrices are the weights of the vertices in the six vertex model.

In this case we have 20 different vertices that we depict in figure 1.11 with weights

i’ /S VOSSN (1.170)
Ui—Zj ’LLi—Zj

alu;, z;] =
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blug, 2] = due,, 2o,] = d'[uo,, 2e,] = 1. (1.171)

The most important point is that the weight of the mixed vertices, intersection
of a blue and red line, is equal to 1. This fully reflects what we already stressed
namely that we have two decoupled copies of SU(2) six vertex model and indeed
we have a set of red-red (blue-blue) vertices corresponding to the spin chain sitting
in the odd (even) sites with weights equal to the ones that we have in the SU(2)
case of N' = 4 SYM. The normalized entries of the M matrix are precisely what
we represented in Fig. 1.13, more precisely we depict the ones pertaining to the

odd chain, if instead the horizontal line is blue than we refer to the entries of M,.

I
f
{
t
I
t

y y y y
———— ——c > <

y y y y

N N N A
——— < ot

N N 3 A

!
d[te;, Zo,] d'[Uo,, Ze,]

FIGURE 1.11: Possible vertices with non-zero weights

Thus we can define a transition apltitude in this way

J J
Z2J({u07 ue}J7 {207 Ze}J) = <\l/ZQJ ’ H Be(“’ie? {Zoa Ze}]) H Bo(ui07 {Zo, Ze}J)’ TZQJ)'
i=1 i=1
(1.172)
This transition amplitude can be understood as a domain wall partition function

for a vertex model as shown in figure 1.12.

Using the fact that the mixed vertices have unit weights and that the B operators

commute among themselves we have that the partition function of the domain
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Y
A

Y
A

FIGURE 1.12: A domain wall partition function

wall configuration of the type shown in Fig. 1.12 can be written as

Zay({tos e, {20y 2e }1) = Zi({to} 1, {20} 1) Z1({tte} 55 {2 1), (1.173)

where Z;({u};,{z}s) is a domain wall partition function of the 6-vertex model on
a lattice of size J x J connecting an initial state with all arrows pointing upwards
to a final state with all arrows pointing down. Notice that obviously this domain

wall partition function can be written in a determinant form.

In analogy with Sec. 1.2.4 we can introduce a scalar product defined as

S[{um ue}NU {UOa Ue}sz {Zov Ze}L] =

N2 Nl
= <‘LZN3/L | H Ce(Ui,, {20y Ze} 1) Co(Ui,, {20, 2} 1) H Be(vj,; {20, 2} 1) Bo(Vjys { 205 2e Y 1)| T21)
i=1 j=1

(1.174)

where N3 = N7 — Ny > 0 and

<\LZN3/L | = <¢zol ’®<¢zel |®' ’ '®<¢ZON3 ’®<¢zeN3 |®’ TZON3+1>®| Tze,\,3+1>®' ’ '®| TZ0L>®| TzeL>
(1.175)

which can be written as the product of two scalar product of a single SU(2) spin

chain as defined in (1.97). It is possible to prove that an object defined as (1.174)

satisfy all the properties characterising a scalar product, see appendix A for details.
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2.1 Introduction

The two building blocks containing all the dynamical information of a conformal
field theory are the set of anomalous dimensions and the three point function co-
efficients. On the other hand conformal symmetry fixes completely the spatial
dependence of the two and three point functions of primary operators. As we
have seen the anomalous dimensions of primary operators are not directly read
from the two point functions but they are obtained as eigenvalues of the dilatation
operator or from the energy of the corresponding string states. Nowadays with
the massive help of integrability techniques we can safely say that in principle
we know the full set of anomalous dimensions of primary operators in N' = 4
SYM [82-84, 86] and in the ABJM theory [86, 100, 101]. Nevertheless the state
of the art on the computation of three point structure constant is still far from
a complete and general resolution. Let us give an overview for the case of the
AdS;/CFTj correspondence. Historically right after the Witten prescription [3]
for the computation of correlation functions was put forth, three point functions of
specific class of operators have been studied on both sides of the correspondence .
We already reviewed the method for computing correlation functions of operators
corresponding to scalar fields in AdS. The central points are that the partition
function of the string theory on AdS with some specific boundary conditions can
be identified with the generating functional of the boundary conformal field theory
and that in the classical approximation the AdS partition function, obtained by
inserting the solutions of the classical field equations, reduces to the one of the
classical supergravity.

Three point functions of chiral primaries Three point functions of chiral
primary operators have been computed in [2, 3, 102-105]. Note that some of these
correlators have been computed also at weak coupling by free field theory calcula-
tion. The most interesting computation in this setting has been [106]. This paper
deals with finding three point functions of chiral primary operators both on the
gauge and on the gravity side in the planar limit. It turns out that this quantity is
protected at any loop order, it does not depend on the coupling constant A. The
two computations of such three point functions are performed at different values of
the coupling constant A so in general there is no reason to expect that such compu-
tations should give the same answer. The fact that they did indeed agree, strongly
suggests that these three point functions are actually independent of the coupling

constant. In other words, that there should exist a non-renormalization theorem
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for three point functions of chiral primaries in superconformal field theories with
sufficient amount of supersymmetry. A proof, which relies on the formalism of the
analytic superspace, of such non-renormalization theorem is given for N’ = 4 SYM
in [107-112]. Note that only two and three point functions of such operators are
protected, higher point functions do receive quantum corrections.

Three point functions of BMIN Subsequently in [113] two and three point func-
tions of protected BMN operators have been computed by matrix model techin-
ques in the N'=4 SYM. The Berenstein, Maldacena and Nastase limit (BMN) [114]
amounts of considering operators belonging to a sector of N'=4 SYM with R charge

J which scale with N as

2

J
N >0 J— oo with geopr and N fixed. (2.1)

This limit can resemble the 't Hooft limit but actually it is different. In fact
considering (2.1) one can see that A is infinite and in general perturbative calcu-
lations, which come as a A expansion, in the gauge theory side seem untreatable.
However for BPS operators this is not true because they do not acquire quantum
corrections, such operators in the large J limit are described by a trace of a long
sequence of the same type of fields, for instance Z fields. The key point of [114]
has been to slightly violate the BPS condition, namely insert in the long sequence
of Z fields a small number of impurities. Two and three point functions of such
operators have been computed [113] and it turns out that they receive quantum

corrections in an effective loop counting parameter

A

)\/:ﬁ

(2.2)
which is finite in the limit (2.1). Actually if one introduces a genus counting

parameter
J2
gs = N

a new double scaling limit can be considered [113, 115] in which the two indepen-

(2.3)

. /
dent expansion parameters are A and g,.

The simplest examples BMN operators are obviously single-trace operators built

from a single complex scalar field Z, namely

O’ =Trz’. (2.4)
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Using a Gaussian complex matrix model their two and three point functions have

been calculated exactly [113] and read

1 (T(N+J+1) F(N+1)} 2.5

(T 27 T Zz’) = J+1{ T(N)  T(N—J)

— JNJ{1+<J11>$+...}. (2.6)

(Tr 27 Tr Z% Tr Z71K)

B 1 'N+J+K+1) T'(N+J+1)

B J+K+1{ T'(N) ~ I(N-K)
I'(N+1) P(N+K+1)}

+P(N—J—K) (N —J)
= N K(J+K) (2.7)

Lo (TG g

Here we have left out the trivial dependence on space-time coordinates and the 't

Hooft coupling constant. Hence if we properly normalize the three point function

we get for the structure constant

CILK.K+J = <OJOK@J+K> 2.8
h \/<0J(7)J><OK@K><(’)J+K@J+K> ( )
= % JK (J+K) [1+0<$)1. (2.9)

Note that ¢k x4+ is defined as (1.46). Eq. (2.9) is the well known expression for
the three-point function of three chiral primaries, which was computed in [106].
This object can also be viewed as a two point function of a single trace operator
and a double trace operator (since the contractions needed are the same in both
cases) and we notice the well-known fact that single and multi-trace operators are
orthogonal to the leading order in % provided J is not too big. We will come back
later on this point, also providing details about such matrix model computations
in Sec. 2.3.

Spin chain approach In [49, 50, 116] a spin chain approach for the calcula-
tion of three point functions has been proposed. The idea has been to use the
technology of integrable spin chains to the calculation of Yang-Mills correlation

functions by expressing them in terms of matrix elements of spin operators on the
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corresponding spin chain, thus the structure constants for primary operators in
the SO(6) scalar sector of N/ =4 SYM can be written in terms of the expectation
values of some specific spin chain operators. This method is efficient because it
simplifies the computation at tree level but most interestingly at loop order since
it allows to relate the loop corrections to expectation values of some operators.
There are subtleties related to the right renormalization group invariant quantity
which characterizes the loop corrections which are widely analyzed in [116]. In [49]
the method has been proposed and applied to the one loop correction. As we have
already seen the three point function for renormalized primary operators O can
be written as

N, AN BN cCABC

(Oa(21)0p(22)Oc(25)) = |2 12| BAFAB A0 g0y [Ap A A4 g [ActAa—Ap (2.10)

where Ny, Ng and N denote the norm of the respective operators and we write
the scaling dimension as A = Ag + 7. Since we are interested in the one loop

contribution to the three point structure constant we consider
capc = Spe (L4 Aige + O(M?)) . (2.11)

Using standard renormalization group techniques the renormalized operator can

be written in terms of the bare operator O
A 2
O4= 0, 1—aA/\+7Aln‘;’+O()\) (2.12)

where p is the renormalization group constant. Thus we can express (2.10) in

terms of the bare operators obtaining

NANBNCC?L}BC (1 + )\6}430> (1 + A (aA +ap + CLC))
|x12|AA+AB—AC |x23|AB+AC—AA |I‘31|AC+AA—AB ‘M’WA-WB-WC
CO
|$12 |A0A+AOB—AOC |$23 |AOB+AOC—A0A |x31 |Aoc+AoA—AOB

A
e BERE
13 L12

(Oa(1)Op(22)Oc(w3))

$12$13A

X (1 + AC! — y4ln|

where C° = NyNpNedpe and C' = ¢z + as + ap + ac. Note that even if
singularly the a coefficients are scheme dependent, the combination ¢!, 5. is scheme

independent and that the planar three point function goes as N~! as expected.
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The main goal is to find an expression for this correction c! 5., let us sketch how

this can be written in terms of some combinatorial coefficient.

e At the planar level there are two classes of Feynman diagrams contributing:
diagrams involving two operators (already present for two point functions)

and diagrams acting on three operators.

e Using non renormalization theorems for BPS operators it is possible to con-
strain the contributions coming from these five diagrams in such a way that

the one loop correction ¢!z can be written in terms of only two functions.

e Since c!, 5 is scheme independent there is the freedom to work in any scheme.

All the observations above give as a result

A
Nehno = gy (s + fi + 1) (2.14)

or equivalently

1
Aapo = =5 (14 + 78 +70) = 755 (b2 + bas + bs1). (2.15)

1672

where we denote with b;; and l-'; the operator dependent combination constants
depending on the three operators. More precisely the coefficients b;; refer to the
two point Feynman diagram while 1’3 to the three point ones. In general it is not
easy to evaluate the combinatorial factors but in the SO(6) sector at the planar
level many simplifications occur and it is possible to get an expression in a close

for the b;; and 1’; The operators can be written as usual in terms of traces as

1

O] = )\LTLV’E“’L Tr ¢ --- ' (2.16)

where the indices are meant to be summed.
If we have three operators with length L, L, and L3 we have that at tree level
the three point function is

DT

N (8m2)r+stt| gy |2r| 22| |xos]?

(O1[11]) (1) Oa[h](22) O3 [tk ] (23)) e = (2.17)

where we introduce

1 1
TZ—(L3+L1—L2>> S:§(L1+L2_L3)’ t=

: (Lo + Ly — L) (2.18)

DN —
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which counts the number of contractions among O3 and Oy, O; and Os, Oy and
O3 respectively, thus they have to be integer. Note that this works in the planar

limit and indeed it scales as N~!. Obviously we can face with two situations

o (O, is contracted with both Oy and O3 but Oy and O3 are not contracted
among themselves which implies that Ly = Lo + L3: extremal three point

functions;

o (O, is contracted with Oy and O3 as well as O, is contracted with Oz and O,

and so on, meaning that Ly > Ly + L3: non extremal three point functions.

For our purposes we only review the case of non extremal three point functions.
Thus the planar contribution to (2.13) for non extremal three point function can

be recast as

(O [01] (1) Qa[0g] (22) Qs [00kc) (3)) = N (87T2)r+s+t|mi|2T\x12|23|a?23|2t 8

X {1+ [b128<l’1, SL’Q) + ngB(SL’Q, Ig) + bng(.T;g, ZL’l)]

+|:f213F<CU1, $2,ZE3) + f321F(x27 X3, '/L‘l) + f132F(x3;x17 xQQ?}lg)

with
e = 3P oz o
=1
bys = tz_i (2P — 27 — IC)Z?;ZQI:T%
=1
b = S (P21 - ’QZ";Z?L*L%
=1 o
fas = [(273 — 27 — )T 4 (2P — 27 — /C)i?;:g;;zg] wzzé#
5= [@P—2T - K)PunTi+ (2P — 21 — K)2k 7] Wg#
£ = [P 2T — )i T, 4 (2P — 2T — k)i 73] @/)ﬂé# 2.20)

where P, Z, and K are the permutation, the identity and the trace operator re-
spectively. The main result of this expression is that we are able to explicitly write
down the one loop correction to the three point function using (2.14) and (2.15). It

is with noticing again that there are two different contributions: one coming from
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FIGURE 2.1: The indices i, j and k refer to Oy, Oy and Os respectively and
the subscripts f.i. i4, means that the field at position b in O; contracts with the
respective field in the operator a.

two point Feynman diagrams contracting two of the three operators (for instance
b12 represents the weight of the Feynman diagrams coming from the one loop cor-
rection to the two point function of Oy and O;) and the others belonging to three
point Feynman diagrams with two contractions with one operators and one each
of the other two operators (for instance fj; denotes the the weight of the Feynman
diagrams with two legs in @; and one each in Oy and O3). The notation is the
same as [49] and it is explained in Fig. 2.1 and will become clearer in Sec. 2.4.

It turns out that there is a spin chain interpretation for the coefficient b;;, they

i)
can be identified with the open spin chain Hamiltonian, which is integrable. This
comes form the fact that we can split a closed spin chain into two parts and since
we loose the periodicity we obtaining two open spin chains. In this framework the
f coefficient can be seen as the energy difference between a closed spin chain and

the two associated open spin chains.

2.2 Semiclassical computation

Using Witten techniques for the computations of three point functions for our
knowledge of the AdS/CFT correspondence confine to the case of operators dual
to supergravity modes. In general if we would like to face with the problem of
computing the three point correlation function for operators dual to massive string

states we need to have a classical solution of the string equations of motion in the
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Euclidean signature with the topology of a three punctured sphere with some par-
ticular boundary conditions on the punctures. Actually there is a simpler situation
that can be studied, namely the case when two operators are heavy and one is
light.

Two point functions of HH operators In 2010 the authors of [7] address
the problem of computing two point correlation functions of local operators cor-
responding to classical string states. The aim of the paper has been to enstablish
a mapping from classical spinning strings solution rotating in the center of the
Minkowskian AdSs x S° to certain solutions in the Poincaré¢ patch which realize
the two point functions for any choice of the positions of the operator insertions on
the boundary. One would expect to obtain the proper Green function by consider-
ing a cylinder amplitude for the closed string and evaluate it by saddle point, with
the condition that the string state corresponds to a classical state with appropri-
ate angular momenta. Actually the procedure is not completely straightforward.
The crucial observation is that when considering the time evolution of a certain
semiclassical state, eigenfunction of the Hamiltonian, its wave function evolves
according to its energy, which should be equal to its classical value. However, the
semiclassical propagator for the system is governed only by the actions of classical
trajectories. Thus in order to obtain the correct two point correlation function
one has to do a classical computation, where the corresponding solution is just a
geodesic in the AdS part and in the sphere part coincides with the usual spinning
string solution. When evaluating the Polyakov action the effect of the wave func-
tion of the rotating string state with wavefunction contributions which makes the
action integral into an Euclidean energy integral has to be included. Then one
performs a saddle point evaluation of the integral over the modular parameter and
ends up with the correct two point function. The same answer can be obtained
also by the vertex operator approach [8, 9, 117].

Three point functions of HHL The insights on two point functions of mas-
sive states pose the attention on the problem of computing a class of three point
functions in which two operators are heavy and dual to semiclassical string states
and one is light dual to a supergravity mode [10, 11]. In this approach one treats
the BPS state in the supergravity approximation while the massive string state
is being treated in the first quantised string theory by summing over all classical
trajectories with an appropriate action. This summation is a path integral. One
considers O; to be the chiral primary operator dual to a supergravity mode and

O 4, Op two primary operators dual to massive string states. The approach of [10]
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is inspired by the method used in [118] to compute correlators between a Wilson
loop and other operators, in the case of interest a chiral primary operator. Let us

define this quantity

(Op(22)Oa(21)O1(2))

(O1(2))o,05 = (Op(12)O0a(x1))

(2.21)

where the left hand side is the generalisation of the Wilson loop method to the case
when the Wilson loop operator is replaced by the product of two local operators.
In the limit |z| — oo it is possible to extract the structure constants from (2.21)

CABr|Ta — 23]AT
(Or(x))o,0, = —a; (2.22)

where A; is the conformal dimension of the chiral primary. Thus the correlator

can be written as

. T 2 1 1 S tr
<O[($)>OAOB - llmf_)og AI - 1 ID¢6_Ssug7'a[¢] /\ZDQ5 ¢I($, 6> Zstr /DXe
(2.23)

where ¢ are the supergravity fields and X are the embedding coordinates of the

worldsheet in AdSs x S®. The string action depends on the supergravity fields
and indeed the metric appearing in the action can be written as a sum of the
AdSs x S® metric and a piece that takes into account the perturbation induced by
the insertion of the light field. In order to obtain the three point function one has

to

e substitute the classical solution since the string path integral at strong cou-
pling is dominated by the classical trajectory which is essentially the eu-

clidean version of the classical geodesics;

e expand the string action with respect to the supergravity fields to the linear

order in ¢;

e perform the supergravity path integral. This gives a second order differential
operator, which acts on the bulk to boundary propagator associated to the
specific BPS operator that we insert, and depends on the string embedding

coordinates;



Chapter 2. Semiclassical methods 70

e substitute the explicit expression for the differential operator, namely char-

acterise the light operator !

Roughly speaking what one should do is to compute the two point function of the
two heavy operators and then consider the perturbation induced by the insertion
of the light operator by varying the string action with respect to the supergravity
fluctuations. In this procedure one ignores the backreaction of the light state on
the heavy one. Actually this would mean that the two heavy operators should be
one the complex conjugate of the other but this cannot be fully true because it
would lead to a vanishing three point function for R charge conservation. However
the difference between the two operators is very small, for more details on this point
see [21]. If we write the AdS5; metric in Poincare coordinates, parametrized by

z(0) and x#(o) with p=1,...,4 and the 5-sphere with the unit vector

n = (sin 6 cos ¢, sin 0 sin ¢, cos O sin a cos 1Y,

cos 0 sin acsin 1), cos 0 cos a cos 3, cos 0 cos aesin ) (2.24)

the structure constant reads as

d2oY

— 0,ndn
(2.25)

capr|ro—ws|> =

25~ (k+1 ) VEX / {@X“@“Xu—ﬁaza“z

22

where the spherical harmonic function Y; (n) takes the form

Y, = (%)k (2.26)

when considering for instance a BPS operator of this kind

k
1 [47?\ 2
Op=-|—) Trz~ 2.27
Tk ( A ) ' (2.27)
The method can be applied in many cases, inserting specific geodesics correspond-
ing to different heavy operators or/and considering different types of light opera-
tors [12-29] 2. In the following we will apply this method in different cases, firstly

we consider the situation when the two heavy operators are giant gravitons, so

'Note that the normalisation of the supergravity action and fields is peculiar to obtain the
right result. We will see in 2.4 an explicit example.

2Three point functions of this kind, namely involving two heavy operators and one light chiral
primary can be obtained also using the formalism of the vertex operator [30-33]. In this way
also four point functions of two heavy and light operators have been computed [119].
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we extend the method to D3 branes [34] and then we consider the one loop cor-
rection [40] to the three point function and we finally apply this procedure in the
context of the AdSy/CFT; correspondence [39].

2.3 Three point functions of two giant gravitons

and one point like graviton

A natural question that can be asked is if it possible to generalize the procedure
of [10] for studying correlation functions of two giant gravitons, which are solutions
of the D3 brane action, and a point like graviton since we can treat giant gravitons
as semiclassical heavy objects and the point like graviton as a light state with
dimension A < v/N. Giant gravitons admit a dual gauge theory description in
terms of Schur polynomials. Thus we can consider a correlation function of two
giant graviton operators with a chiral primary which correspond on the gauge
theory side to the correlation function of two Schur polynomials with a chiral
primary operator. These quantities are expected to be protected from quantum
corrections, owing to the shared BPS supersymmetry of the operators. More

precisely in [34] we analyze respectively three point functions of
(A) two Schur polynomials in the antisymmetric representation and a single trace
chiral primary

(B) two giant gravitons on S° and a point like graviton
and equivalentely

(A) two Schur polynomials in the symmetric representation and a single trace

chiral primary

(B) two giant gravitons on AdS® and a point like graviton.

In the following we review how to describe giant gravitons and to characterize
their dual operators in the configurations mentioned above and then we present
the computation of the three point functions using Schur polynomial techinques
on the gauge theory side and using semiclassical method on the string theory side.

Finally we compare the two results.



Chapter 2. Semiclassical methods 72

Giant gravitons in S® C S° Giant gravitons are configurations of stable ex-
tended D3 branes wrapping a sphere S moving in S [120] and sitting at the
center of AdS. The idea was that an initially point-like string, whose spherical
harmonic modes on the S® part of the background are graviton modes, should
with large enough angular momentum around a direction in S® blow up into a D3
brane wrapping a S® C S° supported against collapse by its interaction with the
4-form potential. In general the low energy effective action of a D3 brane can be

written as

Sps = Sppr + Swz =

= _TDS / d4(7 <€7¢\/— det (gab + Bab) + QﬂlgFab) + TD3 / d4UP [04}
(2.28)

where Tps is the tension of the D3 brane, Fy; is the field strength tensor for the
electromagnetic fields living on the on the world volume and g, is the pullback of
the metric, namely the metric induced on the world volume of the brane embedded

into a higher dimensional space,

oxM oz
b = —— 2.29
Gab O O gMN ( )
where we denote with a,b = 0...,3 the worldvolume coordinates and with M, N

the embedding coordinates. The same stands for the pullback of the Kalb-Ramond
field B,y and of the four form potential Cy P [Cy].

The first part of (2.28) is the Dirac Born Infeld action (DBI) [121] which takes
into account the coupling to the massless NS string fields, the metric tensor g/,
the Kalb Ramond field B,y and the dilation ¢, while the second part is the Wess
Zumino term which instead refers to the coupling with the massless RR fields that
for the D3 brane case is the four form potential C;. Note that we are considering
only the bosonic part of the action. Then we insert the background metric of

AdSs x S® which in global lorenzian coordinates reads
ds® = — cosh p?dt* + dp? + sinh p?dQ2 + d6? + sin? d¢? + cos? 0dQ3.  (2.30)

where 3 C AdS; is parametrized by Y1, X2, X3 while dQ3 C S° is parametrized
by x1,Xx1, X3 and the radius of AdS is unitary. Thus the supergravity equations

of motion fix a relation between the tension of the D3 brane and the number of
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units of the five form flux N through

N N
Tphy = — = —. 2.31
b3 Qg 271'2 ( )

The Kalb Ramond field B, vanishes in the AdSs x S° and we are not considering
any world volume gauge fields. The RR four-form potential Cy which will be
important for the giant graviton has its legs entirely in the S°, it is proportional

to the volume form [122]
Coixixaxs = cos’ 0 Vol(Q3) (2.32)

where Vol(§23) indicates the volume element of the 3-sphere §23. Since we want to
describe a spherical symmetric configuration sitting at the center of AdS we take

the ansatz
p=0, o’=t o=9¢(), o =y, (2.33)

where obviously gb is the angular velocity associated to the motion of the brane,

with radius cos 6, in the S®. Specifying (2.28) one gets

S = /dtL = —N/dt [00839\/ 1 —¢?sin®0 — ¢ cos’ 9] (2.34)

Independence of ¢ leads to a conserved angular momentum

L  Né¢sin®cos®f
5—: psin 6 cos + N cos* . (2.35)

00 1 gesin?0

The action may be rewritten in terms of k, to give

4 o 2
S=N / ar <50 [—cos’d : (2.36)
sin 6 \/(l — cos* )2 + sin? @ cosb 0

k

where [ = k/N. One may also introduce an energy defined by

N

sin

SEFPRPIE BN ey e ey O

and which notably removes the WZ part of the action. Note that this a crucial

point in order to obtain stable brane solutions. The energy is minimized by

cos? 0 = 1, B, = k, Sinin. = 0 (2.38)
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and by plugging this value in to (2.35), one finds that
b =1. (2.39)

In (2.38) and (2.39) all the peculiar properties of the S° giant gravitons are sum-

marized:

e the size of the brane increases with the angular momentum and the maximum
radius that the brane can have is 1 which is equal to the radius of the S°,

this is a reflection of the stringy exclusion principle [123-125],

e when the brane has its maximum radius, its angular momentum is maximum,

giant gravitons saturating this bound are called maximal,

e it exists a stable minimum and the energy is minimized by k which is the

energy of a Kaluza Klein graviton with angular momentum &,

e the velocity of the center of mass of the brane cannot be bigger than the

speed of light,

e giant gravitons are BPS states preserving 16 of the 32 supersymmetries,

which carry the same quantum numbers of the point like gravitons.

Note that [ cannot be grater than 1.

Giant gravitons in S® C AdS; It is also possible to have configurations of
brane expanding on the AdS part of the space time [122, 126], with worldvol-
ume R x S3(C AdSs). We refer to these configurations as dual giant gravitons.
Again, we can go through an analogous analysis to find stable spherically symmet-
ric brane solutions carrying the same quantum numbers of a point like graviton,
following [122] and [34]. For our purposes, which will be clear in the following, we

consider the action for the anti-D3-brane is

Spz = —2—]7\:2/d40' (V=g + P[C4]), (2.40)

where g, = %Q”Tf% gun, where a,b =0, ..., 3 label the worldvolume coordinates
and M, N are the embedding coordinates. The four-form potential Cy which will
be important for this giant graviton has its legs entirely in the AdSs5, and may be
taken as [122]

Cisizais = — sinh* p Vol (Qs) (2.41)
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where Vol(€23) indicates the volume element of $* C AdSs. Similarly to (2.33) we

take the following anstaz

(2.42)

bo |

p=const., o'=t o' =X, ¢=0), 0=

and obtains

S = /dt L= —N/dt [sinh3 p\/ cosh? p — $2 — sinh? p]. (2.43)

Again the conserved angular momentum is

i oL Nésinh® p

00 \/ cosh? p — (ﬁ?‘

The action may be rewritten in terms of 7%, to give

1
S = —N/dt cosh psinh? p [sinh? p, | ———= — 1 (2.45)
sinh® p + 12

where [ = E/N . One may also introduce an energy defined by

E=¢k—L=N [cosh p\/sinh® p + 12 — sinh® p] (2.46)

The energy is minimized by

(2.44)

sinh?p=1,  Epm =k  Smn =0, (2.47)
and by plugging this value in to (2.44), one finds that
¢ =1. (2.48)

Also this solution is dynamically stable and it preserves half of the supersym-
metries. The most significant difference between giant gravitons and dual giant
gravitons is that the latter do not admit any constraint on their size (or equiva-
lently on the angular momentum), this is due to the fact the the AdS space is not
compact.

Dual operators Initially it was presumed that the giant gravitons are described
by single trace operators in the gauge theory side. This idea was motivated on

the fact that in the large N limit a graviton with a small angular momentum is
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represented by a single trace operator thus a state with more than one graviton is
dual to the product of single trace operators. Actually this is not the case when
the angular momentum of the gravitons is of order N. In fact if one considers two
multitrace operators which should be dual to two giant gravitons, namely they
share the same conserved charges, the two states are not orthogonal as in prin-
ciple they should be because the two states are distinguishable [127]. It can be
shown that if we want to compute in the large N limit two point functions of half
BPS operators, thus containing only one out of the three complex scalar fields,
of order v/N or order 1 a large number of non planar interactions can be ignored
since they are suppressed by a factor of % But when the dimension of the opera-
tors is of order N we are no longer allowed to ignore the non-planar contributions,
due to the large combinatoric factors. Therefore the trace number is not a good
quantum number and we cannot identify the trace number on the gauge theory
side with the particle number in the AdS Fock space. However it is possible to
generalize the correspondence saying that %—BPS representation can be mapped
to the space of Schur polynomials of U(N) or equivalently to the space of Young
diagrams characterizing representations of U () [128]. This can be seen noticing
that if we consider n Z fields to build the BPS operators we can form partitions of
these n fields and there is a distinct operator for each partition of the n Z fields.
For example if n = 3 we have three partitions and the corresponding operators
are Tr Z3, Tr Z>Tr Z , Tr® Z. Note that even in the large N limit these operators
are not diagonal. There is a one to one correspondence between %—BPS operators
representation of fixed n R charge and partitions of n. Remarkably a basis for
this space is given by the Schur polynomials, which are a special subgroup of Jack
functions, a basis for the symmetric group (for details see Appendix (B)). The

Schur polynomial xg(Z) of a complex matrix Z is defined as

1 iy io(n
Xr(Z) = — > xwa (o) 270z (2.49)

’ O’ESn

Here R,, denotes an irreducible representation of U(N) described in terms of a
Young tableau with n boxes. The sum is over all elements of the symmetric group
S, and xg, (o) is the character of the element o in the representation R,. The
Schur polynomial basis exactly diagonalizes the two point functions to all orders
in NV in the free field theory. There is also a simple rule for evaluating two point
functions in the zero coupling limit. For this reason it seems natural to consider

this problem in the Schur polynomial basis. When we have a long column (with
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O(N) boxes) in the Young diagram, we associate this state with a giant graviton,
growing in the S®. The size of the giant is determined by the number of boxes
in the Young diagram. A Young diagram with a large number of boxes in a
column represents a giant graviton with a large amount of angular momentum
and equivalently a large size. The Young diagram can only contain N boxes in
a column. This corresponds to the cutoff associated with the stringy exclusion
principle that we discussed previously. It is natural to associate the length of the
column with the angular momentum, and therefore the size of the giant. If we
consider two columns we can interpret them as a state with two giant gravitons.
When considering a large number of boxes in a row, we can interpret the state
as a giant graviton in the AdSs. The Schur polynomials x g, (Z) have the general

structure
Xr (Z) =con Tt 2"+ 1, T ZTe 2" + o+ cpn (Tr Z), (2.50)

where the ¢’s are constants independent of N and the sum is over all partitions.

For instance

Xl:‘ = TrZz
X = %HPZ—nzﬂ
X— = émﬁz+3ﬁﬁﬂz+2ﬁﬁ)

(Tv*Z + TxZ?)

(Tv’Z — TrZ?)

Wl N —

(2.51)

It is clear that there is no limit in which the Schur polynomials reduce to chiral
primary operators. It is also possible to extend this basis for near BPS operators
containing more than one type of matrix field (Z and Y for example), individu-
ally or combined into matrix words, and in principle they include complex matrix
fields, covariant derivatives and fermions. Notably also in this case we can intro-
duce a basis made of the so called restricted Schur polynomials [129-134]. The

dual description corresponds to excited giant gravitons which can be released by
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attaching open strings to giant gravitons.
Two and three point functions of Schur polynomials In [128] two and three
point correlation functions of Schur polynomials in the free field theory have been

computed. These correlation functions have been calculated exactly and read [128]

(Xr(Z)xs(Z)) = Orsfr, (2.52)
Xr(Z2)xs(Z2)xr(Z2)) = 9(R,S;T) fr, (2.53)

where ¢g(R,S,T) is the Littlewood-Richardson coefficient which counts the mul-
tiplicity with which the representation T appears in the tensor product of the
representations R and S. The quantity fr denotes the product of the weights of
the boxes of the Young diagram labeling the Schur polynomial, note that these
are different from the Dynkin weights. The weight of a box in the ith row and jth
column is given by N — i + j 3 thus

fr=T](N-i+)) (2.54)

i,jeR
where the product runs over all boxes of the Young tableau of the representation
R (and analogously for the representation 7'). To obtain the form for the three

point functions one needs to use the so called product rule which intuitively plays
the role of the OPE

XR(Z)XS(Z) = g(Rv S, T)XT(Z)' (255)

It is clear that by knowing two point functions and the product rules all the higher
points correlation functions can be reconstructed, which precisely mirror what
happens in any conformal field theory. Note that since they are %—BPS operators,
the non renormalization theorems apply to this case as well so they do not get
any quantum corrections. The cleanest examples are the Schur polynomials of the
symmetric and the antisymmetric representations. When the number of boxes, k,
in the Young tableau of the representation is large (i.e. k ~ O(N), with N — o0),
the Schur polynomial of the symmetric representation is dual to a single giant
graviton moving on S° with angular momentum % and wrapping an S3 C AdSs.
For the antisymmetric case the giant graviton instead wraps an S® C S° [128]. If
one wants to consider more than one giant graviton it is needed to add the same

amount of rows or columns of the same length. Let us denote the Schur polynomial

3The motivation is very simple, the box at position: (1,1) has weight N, (1,2) has weight
N +1, (2,1) has weight N — 1 and so on. See Appendix (B) for more details.
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for the symmetric representation with & boxes as x; (Z) and the Schur polynomial
for the antisymmetric representation with & boxes as xi1(Z). Then we find for the

corresponding two and three-point functions

G (2)x(2) = f[l(N — 1+ ), (2.56)
i (2 (2)) = ﬁ(N—iJr 1), (2.57)
(G2 (2)x5(2)) = ﬁl(N —1+7), (2.58)
i (D)xi-s(Z2)x5(2)) = ﬁ(N—i+ 1), (2.59)

since for these cases g(R,S;T) = 1.

2.3.1 Gauge theory side (A)

On the gauge theory side we want to compute the three point functions of two
Schur polynomials in the symmetric or antisymmetric representation with a single

trace chiral primary, thus the normalized structure constant is

/A 020G (2) T 27
o \/< AN DY 20X Z)) (T 20 Ty Z7)

, (2.60)

where S and A refer respectively to the symmetric and the antisymmetric repre-

sentation. Let us look at the numerator of (2.60), we need to compute

X2 (Z)x3-,(Z) Tx Z7) (2.61)
and
X (D)X g(Z) Tx Z7). (2.62)

Even if it is not possible to obtain a chiral primary as a limit of a Schur polynomial,
we can expand it in terms of the Schur polynomial basis, which is a complete and

orthonormal basis for the symmetric group, in this way [135]

Tr Z7 = Tr(002), (2.63)
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where o0y is the cyclic permutation. Thus we have
Tr 27 = ZXRJ(UO)XRJ(Z)a (2.64)
R;

where the sum goes over all possible irreducible representations R ; corresponding
to Young tableaux with J boxes. If we insert the expansion (2.64) for the single

trace operator in (2.61) and (2.62) respectively we obtain for instance

(T T T T T T L) (2.65)

and

o A (2.66)

for k =7 and J = 3. It seems that even for small number of boxes the situation
is slightly involved, but this is not the case. In fact looking at (2.53) it is clear
that a simplification occurs, the only contribution in the single trace expansion
that survives is the completely symmetric and antisymmetric representation re-
spectively. The character xpg,(0¢) can be written down in closed form for hook
diagrams. Denoting the number of boxes in the first row of the hook diagram as

J —m it holds that x}**(0¢) = (—1)™. Hence for the cases of interest to us we

have
X5(00) =1,  xj(00) = (=1)""". (2.67)
This implies*
W) T 2 = TV —1+44),
(DX s(2) T 27) = (=1)7! H(N —i+1). (2.68)

4The (—1)7 part of the prefactor in the antisymmetric case could be removed since one
can equally well define the gauge theory dual of the antisymmetric giant graviton with angular
momentum k to be (—1)*x#(Z). However, in the following we will follow the usual definition in
the Schur operator literature and keep the alternating sign.
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Dividing with the relevant norms we hence find the structure constants

\/H];:k—J—H(N +p—1)
\/JNJ(l +e(J) 2+ )

, (2.69)

s _
Co—JJg =

k
(J—l) \/Hp:k—J—i-l(N - p + ]‘)

\/JNJ(l—l—c(J)# +...)

Cl?,k—J,J =(-1) , (2.70)

where the quantities in the denominators are nothing but /(Tr Z7 Tr Z7) which
is given exactly in equation (2.5). In other words we have exact expressions for
cf’kf 7 and c?’kf 7.7- Now, we are interested in the situation where the Schur
polynomials correspond to large Young tableaux and where the chiral primary is

a small operator, i.e. the limit
k .
N — oo, k — oo, N finite, J <k, (2.71)

and in particular J < v/ N. In this limit we find for the structure constants

; 1 1\ /2
Chk—JJ = NG (1 + N) , (2.72)
1 N\ 72
Copesy = (—1)V Dﬁ (1 - N) : (2.73)

Notice that this result does not reduce to the chiral primary result in any limit
(in accordance with the fact that a chiral primary operator can not be obtained
as a limit of a single Schur polynomial). Furthermore, we note that for the anti-
symmetric representation we have the constraint £ < N while for the symmetric
case k is unbounded.
Matrix model techniques The same results can be obtained using directly the
matrix model techniques. In the following we sketch the essential steps to recover
the results (2.68) and consequently (2.72) and (2.73). We can write our operators
as

Ol =Tv7’!, Op=TrrZ, (2.74)

where R refers to a certain irreducible representation. The two point functions

of these operators can be obtained by a zero dimensional complex matrix model,
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namely L -
oo _ ] 4Zdze S D00
< > - ded_Ze—%Tr(ZZ) ’

(2.75)

Following [136] one can write such expectation values in terms of integral over N
diagonal degrees of freedom z;, with 2 = 1,... N. In this formulation the operators

(2.74) read
N
=> 7, (2.76)
i=1
hj+N—j hj+N—j
Oy = det — ) _ detl ) (2.77)
det(z) ) A(z)

where hy > hy > ... hy are the lengths of the rows of the Young diagram associated

with the representation R and the two point function of operators of the form (2.77)

become

JTIY, dzidzie S V=P det (27N 7 ) det (27 )

OrOR) = 2N
OnOn) JTIL, dadzie™ S 1= | A(z) |2

(2.78)

The integrals in (2.78) can be carried out by combinatorics, expanding the deter-

minants. For the denominator we get

N
/ H dzidgie_%kip Z(_1>U+TZ;V—U(i)Z;V—T(i)
=1 o,T

N
= Z/HdZidZie_zf\”Zi2(ZZ‘Zi>N_U(i)
o =1
N 2T 00
:N!H/ d(p/ dre= 5 7 AN -2
: 0 0

7=1
N
(N —j)!
- N!HW oN\N—j+1
Jj=1 By

We only get a non-vanishing contribution in (2.79) if the powers of z; and Z; are the
same which reduces the double sum to a sum over a single permutation. Moreover,
one concludes that all N! permutation give the same result and the integrals are

carried out by going to polar coordinates. Similarly, for the numerator we get [136]

N
— 2 ~ N h/ -
/ dZdZe= % "ED Ty o(Z)Tep (Z) = S N | |7r +hi =) (2.79)

N+h —j¥1
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In total we find for the norm of the operator Op is

(N +h; —
(OrOR) = H(QN) %ﬁﬂ) (2.80)

Let us first consider operators in the completely antisymmetric representation
corresponding to a Young diagram with a single column of length & < N, i.e.
operators for which hy = hy =---=hpy=1and hyy1 = hgyo=---=hy = 0. Let

us denote these operators as O;. These operators have the norm

_ A\ FL
AAA -
= —= N — 1). 2.81
(0, 01) (2N> jlll( j+1) (2.81)
In particular, we note that for the representation consisting of a single box we

have

(0,0)) = (Tr Z Tr Z) = (%) . N. (2.82)

This result coincides with the J = 1 limit of (2.9). Let us analyse the three point
function in the form of (2.60). We can see that we already have the expressions

of all the quantities in the denominator. For the numerator we have that

<O;€4@?7J@J> 0.8 /dZdZ(ZQiVTT(ZZ)TTkZ TTk,JZTTZJ

Mz

N
OC/Hdzidzi—/\|zldt<h+N]dt h+NJ
i=1

- N Z (_l)o'Jr‘r/dzldzle_2/1\V|ziQZ?(Tl)—i—N—T(l)Zl0(1)+N+J—a(1)

=1

X H/dzldzle Llail?, hr(z>+N () h (i TN=o(i)
(2.83)

Here the first proportionality sign signifies that we are supposed to divide by the
same factor as in (2.75) and the second one that we leave out some integrals over
non-diagonal degrees of freedom which cancel out when the right denominator is

introduced. The h and h variables are the weights of the Young tableaux and take
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the values
hi=hy=---=h =1, hgi1 = hgyo =---=hy =0, (2.84)
711:712:"':]_7Jk_J:1, Bk_J_l,_l:}_?/k_J_i_Q:"':]TLN:O. (285)

As usual we need to have the same number of z;’s and Z;’s in the integrals. Hence

we have the following constraints

ho‘(l) — 0'(1) +J = hr(l) — T(l) (286)

and
ho@y — 0(i) = hey — 7(i) for i=2,...,N. (2.87)

If we consider separately two cases, namely i_zc,(l) =1 and 710(1) = 0 we have three

different situations

1. ho1y = 1 which does not contribute to (2.83);

2. hea)y = 0 and h,) = 0 which does not contribute to (2.83);

3. ho1y = 0 and h,q) = 1 which does contribute.

From the analysis above it follows that o(1) and 7(1) are fixed so effectively that
we should only sum over permutations of (N — 1) elements. Furthermore, it is
obvious that if we fix the remaining part of the permutation is also fixed so the
double sum reduces to a single sum. It is also clear that any allowed permutation
leads to the same integrals so taking into account the four possible classes of

contributions we can rewrite (2.83) as

k—J k—1
2 2 T+o(T (N p+1) (N_p)'
(00,07) o« NY (O [[r s [ 7y
TN-1 p=1 ( by ) p=k—J+1 ( A )

(N—k+J) & (N-p)!
T ONNN—FtJ+1 H ToN\N—pt1
(T) p=k+1 (T)

(2.88)

which, divided by the proper normalisation, gives

k—J
<0;:‘@,?_J@J>=(§) D B L (AR R

TN -1 p=1
(2.89)
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If we combine all the pieces we obtain precisely the same expression as in (2.70).
Similarly it is possible to obtain (2.69) starting with operators Trg Z in which R

is the completely symmetric representation.

2.3.2 String theory side (B)

In the following we will extend the semiclassical procedure introduced in [10] to
D3 branes and more precisely to the case of giant gravitons. The idea is to use the
fact that the holographic two point funcion of the giant gravitons are given by the
D3 brane solution continued to the Fuclidean Poincare patch, in full analogy with
the semiclassical spinning strings analized in [7, 10]. Then, in order to obtain the
three point function we need to vary the Euclidean D3 brane (or anti D3 brane)
action with respect to the supergravity fluctuations that correspond to the light
operators inserted. Finally we have to evaluate those fluctuations on the Wick
rotated giant graviton solutions described in Poincare patch.

Coordinates We can map the global coordinates (2.30) that we discussed in the

first part of this section into the Poincaré patch as follows. Take as a simplification
AdSs, for which the factor dQ2 = di?, then we have that

1
°T cosh pcost — sinh pcos)’ (2.90)
0 cosh psint 1 sinh psin '
x = r =
cosh pcost — sinh pcos )’ cosh pcost — sinh pcos’
where the metric of the Poincaré patch is
—(d 0)2 d 1\2 d 2
gs? = W)+ (dv) +dz (2.91)

22

On the path of the giant graviton we have p = 0. Continuing to Euclidean AdS,

so that ¢t — it and zg — —ixy we have that

1
z = ,
cosht

2% = tanht, 2'=0. (2.92)

which does give the trajectory of [7], if we identify the Euclidean time direction
in the Poincare patch with the spatial direction in which the operators are sep-

arated on the boundary. In the case of the AdS giant graviton we will need the
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generalization to AdSs of the coordinate transformation

1
o7 cosh pcost — ngsinh p’
! . (2.93)
0 cosh psint . n sinh p
xrT = =
cosh pcost — ngsinh p’ cosh pcost — ngsinh p’

where the S® C AdSs is given by the embedding coordinates n; = (ng, ), nyn; =
1.

DBI part of the action The supergravity modes that we are interested in are
fluctuations of the RR 5-form as well as the spacetime metric. They are by now
very well known, and details can be found in [106, 118, 137-139]. The fluctuations

are

6 A 4
8¢ = | —— g + ——— DDy | s2(X)Ya(9),

5ga5 = 2Aga5 SA(X> YA(Q),

where p,v are AdSs and «, 3 are S° indices. The symbol X indicates coordi-
nates on AdSs and Q coordinates on the S°. The D(,D,) represents the traceless
symmetric double covariant derivative. The YA({2) are the spherical harmonics
on the five-sphere, while s2(X) have arbitrary profile and represent a scalar field
propagating on AdSs space with mass squared = A(A — 4), where A labels the

representation of SO(6) and must be an integer greater than or equal to 2.

The bulk-to-boundary propagator for s® is given in [118], with normalization

from [106]. It is
A
(7)) z
-9 2.95
\ Ba ((z — z0)? + 22)2’ ( )

where,
A-1 2-ANZA(A - 1)
- - - Ba = 2.96
W= o A T2 (A +1)2 (2.96)
The traceless symmetric double covariant derivative is
1 1 -
DD,y = 3 (D,D,+ D,D,) — = v 9’ D,D,. (2.97)
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Using the giant graviton ansatz (2.33) and identifying ¢ = iwt the relevant part
of the metric (2.30) is

0 c0s? 0 Gup

1 — w?sin’0 0
Gab = (298)

where the upper diagonal part is the ¢¢ component while the lower diagonal one
Jap 18 the metric on the unit 3-sphere Q3. Thus the fluctuations (2.94) can be

written as

(2.99)

hoo — 2 A sw?sin? 6 0
6gab_YA(Q)< 00 S W™ sin >

0 2 A 5c08% 0 Gop

being hg the tt-component of dg,, (up to a spherical harmonic function). We
want to evaluate the fluctuation of the DBI part of the action (2.28). Recalling
that 0,/g = %\/gég“b we have that

hoo — 2 A sw?sin? 6 +6As>.

1 — w2sin’6 (2.100)

N %\@YA(Q) (

1
Finally, substituting the expression for the DBI lagrangian (2.34) N cos® 6 (1 — w? sin® 9) 2

2 52 _ A(A-1)
A+17¢ A+1

and the explicit form of the fluctuations 220 = < ) s, we obtain

2

0S ==
DBI 2 0o 1— WZ Sin2 (9 (2101)

4 5 2A(A-1) 2 . 2 A
<A+1at N 8Aw”sin” 6 + 6A | s°.

1 /+°<> NV eos’ 6 (1= wsin 0)% Y, ()

Replacing the field s* with the bulk to boundary propagator (2.95), namely °

A+1
SA = RW—ZQAZA (2102)
22472

5We denote with R = 1 / xQB where x5 is the separation between the two bulk insertion points.
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we get

cos® 0 (A+1)Az Ya ()
(1 _ W2 sin? 9)% 91-%  cosh™t
3 . A % wAt
B (e
2(1—w?sin®¢)?  cosh™ cosh™

(1 — 2w?sin? @ + tanh? t)

—+00
5SDBI = R/ dt

(2.103)

We specify w = 1 and so (2.103) becomes

0 o260 (sinf) (A + 1) Az €A 1
0S =R dt 2 cos’f — )
pBl /oo 2 cosh® ¢ < cos cosh? t)
(2.104)

WZ part of the action We are left with the Wess-Zumino part of the action.

We need to take into account how the supergravity fluctuations couple to the Wess

Zumino potential. The fluctuations involving 4-form are

_ 15
Oy popisps = 4 €y popuspaps V00

a 2.105
50"110{20{30&4 =—4 Z Eaa1a2a3a4blv YI (Q) ( )
1

where fi1 ... 5 are AdSs and «. .. oy are S5 indices. Because of all the legs of Cy)

are in S it is required only da@gy,yoxs:

6a¢X1X2X3 = _469¢X1X2X3b1veyl (Q) - _2_%+269¢X1X2X3Ab1 (Sin Q)A_l CoS QG_AT'
(2.106)

Therefore the variation of the Wess Zumino part is

08wz = =27 22N A (sin 0) cos' s> =
—AT (2107)

=  —cos’0(sinh)® (A +1) Az-©

cosh® T

Antisymmetric giant gravitons and a point like graviton Let us make an
important remark which is very important in order to fix the relative sign between
the DBI and the WZ part of the Euclidean action. We remind that the Euclidean

form of the D-brane action®

Shs = 2—]7\;/6[40' (Vg — iP[C4]), (2.108)

6The anti-D-brane action has a flipped sign on the WZ part.
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and note that the four-form potential with legs in the AdS5 part of the geometry
gains a —i under the Wick rotation, C{% — —iC%9 due to having a leg in the
temporal direction; the potential on S® is unaffected. Plugging the Wick-rotated
solutions into the Euclidean action always yields a real result, since the angle
¢ = —it compensates for the factor of 7 in the Wess-Zumino term for the giant

graviton on S°, whose four-form potential has a leg in the ¢ direction.

We can see that summing up (2.104) with (2.107) there are two terms that cancel
against each other [34]. Actually this step is subtle as pointed out in [36] because
these terms are of the form 0 - oo and in the extremal case the two terms do not
cancel completely but it remains a finite part. Thus a regularisation procedure is
needed as proposed in [36]. The idea to start with a non extremal correlator and
take the extremal limit after performing the integration. Moving to the extremal

case amounts of choosing a different light operator namely a BPS state like
Tr (272 . (2.109)

Thus we will have spherical harmonic functions and the integral over ¢t depending

on [. In fact if we consider the integral

dt —————— =
o cosh®+2" ¢ (A + 2n)

o n 1 1 N
/+ et B A+2n_1F(§(A+n)+l)F(§(A—])—l—n). (2.110)
we can see that for n = 0 this reduces to the integral that one has to compute
for the extremal correlator, see (2.103). The spherical harmonics associated to the

BPS operator (2.109) can be written as

D(J+1+ 1)/ (J+1+ 1)1+ 1)27772
ri+2)r(J+1)vJ+20+12

sin’ 0’9 G Fy (=1, JHI+2, J+1;sin?6).
(2.111)
where Ya o = Ya. Note that to get (2.107) we considered the 6 derivative of the

spherical harmonics. If we derive with respect to 6 (2.111) and combine with the

Yana—o =

integral (2.110), where we substitute A = J and cos?§ = % to be in contact with
the gauge theory computations, we have that the difference between the terms that
were divergent is a finite piece. Adding all the pieces coming from the regularised
(2.104) and (2.107) we obtain the final answer

) /3 2\ 72
Ck‘,k‘—J,J — J 1 — N . (2112)
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Symmetric giant gravitons and a point like graviton In complete anal-
ogy with the antisymmetric case it is possible to study the case when the giant

gravitons are spinning in AdS, [34]. We write the metric on S® C AdS; as
ds® = d* 4 cos® 9d¢? + sin® 9d¢?, (2.113)
so that embedding coordinates are given by
ny = (cos ¥ sin ¢y, cos ¥ cos g1, sin ¥ sin ¢, sin 9 cos ¢s). (2.114)

The variation of the Lagrangian density is

N
6L = — — sinh? pcos¥sin ¥ | —2As + hyy + hgg +

472 cos2y  sin?¥

h¢1¢1 + h¢2¢2]
(2.115)

2N
+ —5 coshp sinh® pcos ¥ d,s.
T

where the second line is the WZ part of the variation. We have that

2
= 2 —AA-1 2.11
b = 5 [2VV = M = g s (2116)

while

V:Vs = 07 + cosh psinh pd,,
VyVys = 02 + cosh psinh pd,,

TR PRRP G (2.117)
V4, Vg s = 83)1 + cos® ¥ cosh psinh p , — cos ¥ sin ¥ Dy,

Vi, Vs = 8352 + sin® ¥ cosh psinh p 8, + cos ¥ sin v 9.

Now we may replace the field s with the bulk-to-boundary propagator

. A+1 1
22-8/2\/AN (cosh pcost — cos ¥ sin ¢ sinh p)*

(2.118)

When adding together the variation of the DBI and the WZ term we get

58 = / dt/ d¢1/ d¢2/

2872/ A(A + 1) Y
5 cos ¥ sin ¥ sinh? p . .
4m (cosh pcost — cos ¥ sin ¢y sinh p)

A+42

(2.119)
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We may re-cast the integral as follows

282\/A(A +1) sinh?p dt d¢ d)\ Ya A
2w coshA+2 ! COShA+2t [ Asin ¢ tanh p }A+2

cosht
_ VA(A+1) sinh’p / dt/%m / PR
N 2 hA+2 ! CoshA’L2

cos
)\Z Asingy tanh p\*  T(A +k+2)
cosht I'k+1)IT(A+2)

B 2A/2\/Z(A +1 smh2 / dt/ i
B 2m coshAJr2 1coshAHt
Z sin gy tanh p\*  T(A +k +2)
k;+2 cosht L(k+ DA +2)
_ 28/2\/A(A +1) sinh?p /°° Ya

t—
2\/m cosh® 12 pJ_so cosh®t2¢
T'(k+1/2) (tanh p)Qk T(A + 2k +2)
I'(

I'(k+2) \ cosht 2k + 1)I'(A +2)
(2.120)
By doing the same regularisation that we have shown above [36] we find
1 k7
R pdid = 75 (1 - N) (2.121)

where we have substituted sinh? p = % and A = J to compare with the gauge

theory results.

2.3.3 Comparison

We computed three point functions of BPS operators, which are protected, which
means that the gauge theory and the string theory results should agree in the
limit where they are supposed to be the description of the same object and indeed
(2.121) agrees with the dual (2.72) and (2.112) agrees with (2.73). We already
discussed the issues due to the fact that there are divergences coming out when
considering extremal correlators. In [34] we do not consider this finite contribution
and we ended up with a mismatch. Subsequently in [35] this disagreement has
been tried to understand in two ways. Firstly studying the non extremal version of
the three point functions presented above and non extremal three point functions

using a fully back reacted bubbling geometry (LLM) which corresponds to Schur
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polynomials have been compared and indeed the two computations agree and they
also equate the corresponding gauge theory results. Secondly the authors compute
the extremal three point functions of two giant gravitons and a point like graviton
using the bubble geometry analysis and these results coincide with the gauge
theory side that we report in (2.73) and (2.72). The procedure of regularisation
that we have discussed has been analysed in [36] and indeed it shows that we

obtain agreement between the gauge and string theory computations.

2.4 Two heavy and one light operators at one

loop in the AdS;/CFT, correspondence

Another interesting comparison between a gauge theory computation and its string
dual has been discussed in [21]. In this paper a weak/strong coupling match
was found for the tree level part of a three point function with two very large
operators and a small one. The gauge theory computation has been matched
to the corresponding three point function on the string side, taking the Frolov-
Tseytlin limit [37, 38] that we rewieved in Sec. 1.3. The operators considered in
the three-point function are all in the SU(3) sector of N' =4 SYM and they are
chosen in such a way that the respective three point function is non extremal. An
analogous computation for operators in the SL(2) sector was considered in [27].
Also in this case it was found perfect agreement between the weak and strong
coupling result. In particular, if we consider operators in the SU(3) sector we find
on both the gauge theory and string theory sides the energy (scaling dimension)
E=J+ AT d—aﬁgﬁ cO0,u+ O(N?/J?) (2.122)
2J Jo 2m
with the non-linear sigma-model field u(7, o) taking values in C3 and being a
solution of the equations of motion (EOMs) following from using (2.122) as the
Hamiltonian supplemented by the constraint u - d,u = 0. The work of [21] can
thus be seen as a natural extension of the work of [37, 38] to three point correlation
functions, using the prescription of [10] for two semi-classical operators and a light

chiral primary operator in the SU(3) sector of N' = 4 SYM theory. Amazingly,
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they found on both the gauge theory and the string theory side the same result

O i(jz +j3)!\/
123 = (

N jaljs!

ey 27
J11ja!3! / Ao i1 2 s (2.123)
0

J1+j2+ 73— 1)! or 1 2

The gauge theory operators are constructed from the three complex scalars 7, X
and Y of N = 4 SYM theory and their complex conjugates Z, X and Y. The

Operator | field type field type field type
O, (Sit+g) Z | (Ja—go) X | (J3—J3) ¥V
O, | N Z | ()X | ()Y
O3 n Zz J2 X J3 Y

TABLE 2.1: Operators in the SU(3) sector of N' =4 SYM theory.

operators are described in table 2.1. We introduce the quantity J = J; + Jo + J3.
Note that, by construction, this is a non-extremal three point function for js+ j3 #
0. While O3 is taken to be a 1/2 BPS chiral primary operator, O; and O, are
constructed as coherent states with corresponding sigma-model fields u(7, o) and
u(r, o), respectively. Here u = (uy,uz,us3) is a solution of the EOMs following
from the one-loop Hamiltonian (2.122). The coefficient (2.123) is then computed
at tree-level by doing Wick contractions. On the string theory side, one considers
the leading part of ¢q23 in the Frolov-Tseytlin limit of the corresponding three point
function using the prescription of [10]. In the following we explore whether the
match of the three point correlation function coefficient (2.123) between the gauge
theory and string theory sides can be extended beyond tree level on the gauge
theory side to include the one-loop correction, corresponding to the first order in
the Frolov-Tseytlin expansion parameter A/J? on the string theory side [40] . We
already discussed that the three point function coefficient admits an expansion in
A namely we have that”

C123 = C(lg)?) + /\Cg12)3 + .- (2124)

where ¢j93 is the structure constant coefficient in (1.46). Note that we use the
renormalized operators thus as we pointed out in 2.1 0%)3 is scheme independent.
In the following we compute c;23, on the gauge theory side we compute the one-loop

correction to the tree level result including

"Note that we consider operators with unit normalised two point function, differently from [49]
and that we introduce the superscript (0) to distinguish the tree level contribution from the one
loop contribution which we label with the superscript (1).
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e the contribution coming from requiring that the two heavy operators corre-

spond to eigenstates of the two-loop correction of the dilation operator;

e the contribution coming from one loop diagrams for the three point function

while on the string theory side we use the approach of [10] and we obtain the
expression for the three point function coefficient up to two loops. Note that to
compute two loop correction to the three point function we need to solve the Lan-
dau Lifshitz sigma model to order \'3. At this order the wave function appearing
in the correlation function admits a contribution of order 2. We refer to Sec. 1.3
for details.

Operators We consider three operators in the SU(2) sector of N' =4 SYM the-
ory (note that obviously they are not in the same SU(2) sector) and we report in
table 2.2 the precise form of O, Oy and O3. Note that in order to ensure that Oy
and Oy can be considered semiclassical while O is a light operator we have that

J > 45> 1 where J = J; + Js.

Operator | field type field type
O, (Ji+j) Z|(J—j) X
Oy (J1) Z (Jo) X
Os J Z J X

TABLE 2.2: Operators in the SU(2) sector of N' =4 SYM theory. Note that
this gives a non-extremal three point function for any non zero j.

2.4.1 Gauge theory side

In the following we discuss how to represent the operators reported in table 2.2,
we review how to compute the tree level three point function for such operators
obtaining the result already present in [21] and then we proceed considering the one
loop correction to the structure constant which involves two different contributions.
Finally we mention the correction coming from the spin flipping in the coherent
state description. Following [21] we use coherent states to approximate the two
heavy operators, that we reviewed in 1.3 The three operators O;(z;), i = 1,2,3,
for which we compute the three point function are given as follows. All three
operators are in the scalar sector of N' = 4 SYM theory and we consider single

trace operators made out of three complex scalars Z, X and Y. Moreover, each
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operator is in an SU(2) sector of N' =4 SYM, see table 2.2 and thus is made of
only two complex scalars that we chose to be Z and X. The O;(z;) and Os(x)
operators are semiclassical operators thus with J > 1 while Os(x3) is the BPS

chiral primary operator. We can write

Dkl kb2 ko
O (1) = Mt (S =) w (=) o (3) s T, W W) s () (2125)

kE+1 k+2 k

Oa(72) = Navy, ( ; ) Vi ( l )"'VjJ(j) Te(WHW2 - W) ()
(2.126)
with
W'=(2,X), W,=(2,X), ZE%. (2.127)

Here u(o) and v(o) correspond for each site of the single trace operators to co-
herent states in the spin 1/2 representation of SU(2). Specifically the k’th site is
at 0 = k/l and the functions u(o) and v(o) are periodic in o with period 27 and
they take values in C2. Since the two operators are semiclassical also means that
the functions u(o) and v(o) are slowly varying in o. The third operator Os(x3)

is a single trace chiral primary which can be written as
Os(x3) = N3 : Trsym(X? Z7) : (x3) (2.128)

It is important to note that we did not include the corrections to the coherent
state description of the operators (2.125)-(2.126) from the so-called spin-flipped
coherent states [97]. We will discuss this point later. Introducing N = \/J? we

can arrange the expansion (2.124) as
Cras = oy + Neihy + O(V?). (2.129)

Tree level computation Let us briefly review the computation of the leading
planar contribution to (O;(x1)Os(x2)Os3(x3)) at tree-level [21]. We have two con-
tributions, one coming from the planar contractions among the fields in O3 with
O; and O, and another one from the contractions involving only fields in O; with
fields in Os, see Fig. 2.2. Disregarding propagators, combinatoric factors and such,

the tree-level contractions give

(2.130)
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O

Os

0,
FIGURE 2.2: Tree level planar contractions between 01, Oy and Os.

where
J

a(?) : v(%). (2.131)

Note that B depends on u(c) and v(o) but not on the choice of k. Including the

B

sum over k, we have

k+j

Y Aky=B> 1]

(m
k E m=k+1 l

) .

(7 )ea(

~ (2.132)

=N
JRlSE

~—

We can see from the equations above and from figure 2.2 that we have J — j
contractions involving fields in O; and the respective complex conjugates in Os
and these fields can be either X or Z while there are j contractions between Z
type fields of O3 with their conjugates in @, and j contractions among X type
fields of O3 with their conjugates in ;. Since O; and O, are semiclassical and

Qs is a light chiral primary we assume that

e U and v are slowly varying functions

o I J
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giving

~|x

M) (2.133)

(a-v)(o)

e (@B L e
ZA(’“—B?(@W >> ~n1 [

k

~|=

We now want to use the approximation in (2.133). We parameterize the difference
between O; and Oy as

v(o) = u(o) + %511(0) (2.134)

Using now (2.134) in (2.133) we find that B = 1 to leading order in j/J and hence

0 _ Ny _ 1 gy Tdo oy
Cios = ;A(k:) =N UG =T ), 5 (') (2.135)

up to finite size corrections in 1/.J, where we used that N3 = \/h This is the
same result already derived in [21], adapted to our operators.

One loop computation At one loop there are two types of corrections that one
should take into account. The first type is due to the two loop contribution to the
effective sigma model description which amounts to corrections of order A to the
external wave function. The second correction is due to the one loop diagrams with
two legs in one of the operators and the other two legs in two different operators,
as shown in Fig 2.3. These diagrams can be computed in the planar limit using
the spin chain inspired methods of [49, 50, 116] that we reviewed in Sec. 2.1

1) Two loop correction to the eigenstates The first type of correction has
been neglected in earlier studies of three point functions of gauge theory operators
in ' =4 SYM theory [49, 50, 116], as pointed out in [140-142]. While in general
it is rather complicated to take into account this contribution, it actually becomes
very easy for the particular set of operators that we are considering. This is due to
the enormous simplification that one has by using a coherent state representation
for the gauge theory operators. As already noticed in [21], this is also the reason
that made the computation of the leading order contribution to ci23 possible. In
brief, to take into account this type of contribution we should simply use in our
expressions the wave function which is solution of the EOMs up to two-loops that
one derives from (1.113), with a change of notation from the vector 7 to u. In fact
writing

u=u?+ Yu + O(\?) (2.136)

and substituting the full u in (2.135) one can compute these type of corrections

order by order in \'. We will implicitly compute these contributions by assuming
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O

Os

O,

FIGURE 2.3: Example of a diagram contributing at one-loop with the insertion
of the one-loop Hamiltonian with two legs in O3 and the other two legs in O
and Oy respectively.

that the function entering in the one-loop result for Cja3 is the one in (2.136). This
procedure can be extended to include also higher orders in \. Note here that we
assume that (2.134) holds also at order )\ since otherwise the difference between
u and v would enter at order A’ when inserting (2.136) in (2.135).

2) One loop diagrams The other type of correction contributing at one-loop
comes form the insertion of the one-loop Hamiltonian with two legs in one of the
operators and the other two legs in two different operators (see Fig 2.3). We
compute these corrections using the prescription given in [49, 50, 116] and more
specifically we want to adapt to our setting (2.14) with the definitions of (2.20).
Note that in this section we are using a different normalisation which amounts in
considering operators which have a unit normalised two point function differently
from [49]. Since we have three operators, there are three types of diagrams. From
(2.14) we have that

= J?VVSBZ(—;) (F35(k) + Fu(k) + fia(k)) - (2.137)

k=1

where B is given in (2.131), fj; is the constant referring to the three point Feynman

diagram with two contractions in O; and one contraction each with O, and Oj
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and so on. For a given k, (2.20) gives

L (k) = _azl(k+g+1)azz B3y, (R 5L Qe _ au(%)712@)5}1%(%)wlj2

23\V) = = —— 7 - . I
(@-v)(HEat () v T (B @ev)(B)

A . | | (2.138)
itk = - BT G0 (42) | D015
31\v) = — T L i

va(H) (@ v) () © @) (e e
(2.139)
with
ML =20 =Pyl L =0, Pl =004 (2.140)

From our choice of the operator O3, one can see that f, = 0. Using that @(o)

and v(o) vary slowly we have that

L =) I
_§f23(k) = 2- k+j ] i+l k

11]1/ 1 ﬁll/
(1 -4
< la1+212a1)02
1,&1/ J ,ELI/ / 1 ,al// j_, 1 )
= {2‘(1+m+z—z(ﬁ)+ﬁ? L= -outgpit-u
1a' 1 /@Yy 1 a'” J_, 1 _,
‘(“W‘z‘z(ﬁ) *712?) <1+z_2“'5“+2_z2“ “)}

1n

where we included terms up to order 1/.J2. Similarly, we find

k
1

vQ(k-ﬁ-g—H) l—l(k+g+1) j

1
—§ff)2(k5) = 2-

Uz(@) (- v)(
1 Ny "
= 5 {ﬁ’ u — (j — 1)(“—2> - ZL} (2.142)
2 2 ) lp=t
Inserting these results in (2.137) we obtain
: 27 ; mny / e "
w__ 1 g 9 )y L (G (G
123 2N /(25 — 1) Jo 27T(u w) (- 2 wl o uy ut + U
(2.143)

Combining this with the result for the leading order (2.135) with the wave function

u solution of the EOMs up to two loops, we thus arrive at the final expression for

)
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the 3 point function

—1/,,/

gJ Tdo, | i No(_, , 72-1 ((u1u2)’>2 u''ul 5
= - — —_— 1 - - * )\
123 Ny/ (25— 1! Jo 27T<u tz) 2 wew 2 ulug * Uy Uz FOW)

(2.144)

where we used partial integration to remove double derivatives. This is the quan-

tity that we want to compare with the holographic counterpart.

Correction to coherent state description from spin-flipped coherent state
In the above, we computed the one-loop correction to the three point function for
two heavy operators O;(z;) and Os(z2) and one light chiral primary operator
Os3(z3) using the coherent state description (2.125) and (2.126) for the two heavy
operators. However, as found in [97], while at order A gauge theory operators
can be described in the long-wave length approximation using a coherent state,
at order A% one has to use a linear combination of a coherent state and a spin-
flipped coherent state. This arises when integrating out the short scale degrees of
freedom in the spin chain description. We consider below the effect of using the
full linear combination, instead of only the coherent state part that we using in
(2.125)-(2.126). Consider first the coherent state part. Note that we work in the
SU(2) sector in the following. We represent this by the state

o) = |1i1) ® |ii2) ® -+ @ |1iy) (2.145)

where for each site we write |7ix) = Ry [1) with Ry being a rotation matrix for the
k’th site. The continuum description uses instead the function ﬁ(@) = ng. The
state (2.145) corresponds to the description of the O;(z;) and Oy(xy) operators
using Eqs. (2.125)-(2.126). Note also that we require 7i(o) to solve the EOMs of
the two-loop effective Lagrangian (1.113). However, as found in [97], the full gauge

theory state at order A\? (and for large J) is given by

0y = (1- 5 Sl o) + [on) o) =S ewwlk k) (2146)

k,k/ WY

where |k, k') is built from the coherent states with two spin flips

[Lato) = Ba[1) @ @ Raa[1) @ Rall) @ - - @ Ry s [H) @ Ro[{) @- - @ Ry 1) (2.147)

as follows
J

2 ; ’ : N
Ikv k’/> _ \/7—6—z(k+k: )p Z ezka-Hk b|¢a\Lb> (2.148)

b>a=1
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where p is a number giving an optional extra phase factor. Using the results and

notation of [97] we can write

i(k+k")(a— p)e
Y1) , L peats bada 2.149
’ 1 2[;;; k) ’ +q> ( )
with
| S W (k) = J*[A1(1—cos k) + Aa(1—cos 2k)] (2.150)
LT T Temt 0 2T a0 O T TSR Azl meos '

where €(k) is the energy for one spin flip, and for large J we have

ABH %(ZLJQ)QB(%“) . B(o) = —(9,0)% + sin? 0(8,0)? — 2i5in 09,00,
(2.151)
We now extract the part of this proportional to A, discarding the terms which
either give finite-size corrections at order A° or terms of order A\?. Then, for large

J, we can write

27Ta
Y1) = )Y Fyla—p)[Lalatq) (2.152)
4f T po
1 ! FHRDaik (9 — cos 2k — cos 2k) 1 e ktk a o2k
Fila) = —— Fyla) = =
i(a) 4T — (2 — cosk — cos k’)? - Fula) JZ2—cosk—cosk;’

k. k!
(2.153)

Spin-flip correction and the three point function We now turn to the impact
on the three point function computed in this paper. We can schematically write
the two heavy operators as O;(x;) = (950’(:@) + Ogl)(xi), i = 1,2, where Ogo)(:vi)
are now the operators given in (2.125)-(2.126) using a coherent state description,
and (’)ZQ) (x;) are the spin-flip corrections which can be inferred from (2.149). Note
that to one-loop order we can approximate |¢)) = [t)g) + |t)1). We have

(O1(1)O2(2) O5(3)) = (O (1) O (w2) O3 (5)) + (OF (1) OF (2) O5(3))
(O ()OS (29) O5(23)) + (O (1) O (22) O5(w5)) (2.154)

We first remark that to one-loop order, we can only get a contribution from the
spin-flip correction for the tree-level diagram since |t;) in (2.152) is proportional
to A. Hence this also holds for O%l% (x;). From this it is also clear that the last term
on the RHS of (2.154) is of order A?. Thus, at one-loop, the possible contributions
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from the spin-flipped coherent state corrections can come from computing the tree-
level Wick contractions for the second and third terms on the RHS of Eq. (2.154) at
tree-level. Consider the Wick contractions of the term <O§O)(£B’1)O§1)(1'2)03(373».
Thus, while (9§°> (x1) is inferred from [|¢) the operator (’)él)(xQ) is inferred from
|¢h1). Consider now [i;) of Eq. (2.152). Considering the tree-level Wick contrac-
tions we see that if the index a in (2.152) points to a site that contracts with
Ogo)(a:l), the contribution is zero since (1|J}) = 0. Hence the non-zero contribu-
tion comes from values of a that point to sites that contracts with Os(x3) (and
also such that either @ + 1 or a + 2 contracts with Os(x3)). Each of these sites
contracts with an X in Os(x3). Due to the two spin flips, the contraction with
the operator corresponding to the state | lqlatq) picks up a factor ugﬁu% which
combined with the Wick contractions between O;(z;) and Os(x3) gives a factor
(a'ug)?~%(u'uy)? factor. Combined with the other parts of (2.152) we pick up the

contribution
j—1

4i\//§B(J) ZF1(a—p) +;Fz(a—p) (2.155)

One can find numerically that Fj(a) + Fy(a) is of order 1/J for a # 0. However,

a=1

taken separately Fio(a) are of order J. Moreover, F} o(a) peaks around a = 0.
Indeed for large J one finds that Fi(a) + Fy(a) o d, (note that this result is
consistent with using the approximation e(k) + (k") ~ 2¢(k’) in [97]). Hence, the
contribution (2.155) is highly sensitive to the value of p. Thus it is not completely
clear how this kind of correction can be taken into account. However we can notice
that

e From conservation of R-charge one could argue that the spin flip correction
should end up being zero. Indeed, the expectation values of the R-charges
changes when flipping the spins in the coherent state. This suggests that
by R-charge conservation the second and third terms on the RHS (2.154)
should be zero. However, this is not a precise argument since the coher-
ent states are not eigenstates of the R-charges. Nevertheless one could
speculate that the fact that the R-charges in <O§1)<ZE1>O§O) (22)Os(x3)) and
((950) (xl)ogl)($2)03($3)> are not conserved on the level of expectation val-
ues should mean that their contributions are highly suppressed in the large
J limit;

e a possible contribution from the spin-flip correction would seem to be pro-

portional to the function (u'us)’~2(a'u; B(o) + #?usB(c)). This function is
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not proportional to any of the three terms at order A in (2.144). Thus, if
this contribution is non-zero it would seem that it introduces a new type of

term in the three point function coefficient (2.144).

2.4.2 String theory side

In this section we describe the computation of the one and two loop correction to
the holographic three-point function coefficient for the case of the two semiclassical
operators and the small 1/2 BPS operator considered in the previous section.
This is done following the work initiated in [10, 21]. The two large operators are
described by semiclassical strings while the small BPS operator corresponds to a
quantum string.

Three point function at order \' Our starting point is the sigma-model for
type IIB string theory on AdSs x S® in the regime in which it is described by the
Landau-Lifshitz sigma-model [38]. We now are ready to use this result to compute
the corrections to the holographic three point correlation function coefficient c193
for two semi-classical operators and a light chiral primary operator up to two-loops.

If we rewrite (2.25) in our notation it gives

+oo /27r do UIU2
C = Cj
2 N 27 cosh? (=)

2 1 _
- — —-0,U-0"U
K2 cosh® () 2

(2.156)
where 7, is the Euclidean time and we already used the gauge choice (1.131)
which allows to make contact with our gauge theory computation. ¢; is a constant
depending only on the parameter 7 which is associate to the supergravity mode

dual to the chiral primary operator. In our case it is given by

(25 + 1)!
2254241, /(2 — 1)!

(2.157)

Cj:

Here U(T, o) is a complex vector that parametrizes the embedding of the type I1B
string on S°. We have that only two components of the complex vector are non

zero because we chose our operators to be in SU(2) sectors of N'=4 SYM

Uy =sinye | U, = cospe®? | Us; =0 (2.158)
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and we work in the Frolov-Tseytlin limit [37, 38] which in our notation is
1
k—0, —0.U fixed, 0,U fixed. (2.159)
K
We can then compute the term 9,U-9%U appearing in (2.156). In the limit (2.159)

it becomes

2, U-0°U = —i+;( P — 'f6( i)t + O(k*) (2.160)

K2

Therefore up to terms second order in k2 (or equivalently \') we get

+°° 2T do (e cos 0) 2 1, K
G123 = G — (@) 4+ — (@) + O(x*
e N / 21 2 coshzj( 3 | cosn?(z) 2T Tl O

We can now evaluate the integral over 7.. It is clear that the integral over 7, peaks
around 7, = 0 in the k — 0 limit. However, we can get a possible contribution
from expanding the integrand around 7, = 0. If we denote G(7.,0) = (e~ cos §)’

and expand we get

oG

1 28 G
0T l(00) 2 Te

G(7e,0) = G(0,0) + 7. 8_762 o

(2.162)

We end up having three different contribution:

1. G(0,0): this correction gives zero when integrated over 7. since it is an odd

function of 7.;

2. gTG: this in general is a non-zero contribution but since 7. ~ s and because
€

of the Frolov-Tseytlin limit, this correction is of order \'2. For this reason
we see that no other part of the integrand will pick up a contribution in this

way, since they are of higher order in \" and we consider only terms up to

order \'?;
3. %: using the EOMs for the Landau-Lifshitz sigma model we obtain

0*G

a7, = r?(e" cos ) (K, + K3) (2.163)
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with
T 0 2
K, = -2U y ) [CZOS 5 T sinf2tan 00’0’ + i — &) (2.164)
1
K, = —1‘]—6—0{8@' sinf 0%¢’ — 4cosf sin? 0 '* — 4cos 36 " +40”[sin 00" — 5icos b ¢
cos

—15cos  sin® 0 "?] + ¢"*[(5sin 30 — 19sin 0)0” 4 i(7 cos 30 — 3 cos )"
+40'[¢ (sin O(—4i cos 20 "> + (11 cos 20 — 1)¢” — 6icos 0 0")) — 4isind ¢
+8sin 0 ¢’ (sin 20 ¢ — 2i0") + 4sin 6(0"" — 6i" ") — 4cos 0(0"* — z'go”Q)} (2.16¢

Besides there are three types of integral to perform that we denote as I, I; and

15 and they are given by

/ 1 [t dr, 22j+1 (]')2
0 E/_oo cosh® ()~ (2j +1)!
1 [t dr. 27 +1
I, == , = . 2.166
"k /oo cosh™ (Z) DY ( )
1 [T T2drT, 1
I, =— — e = [,-U(1,1+
27 i3 e coshZJH(T—;) 04 (L,1+7)

where U(1,z) = % log I'(x). Using this, our final result is

>, j (27 +1) (XN o A2 4
ip i1 — - SR
cos ) [1 1 5 (1) 16 (1)

J 41 /27r da(
c = = —(e
123 NQJ,/(QJ'_D! o 2m
12

+)‘Z\I:(1, 14+ ) (K, + Ky) + O(XB’)] (2.167)

where we used k%2 = \.

2.4.3 Comparison

Having the result (2.167), we are ready to make the comparison with the gauge
theory result (2.143). To this end, it is convenient to compute (2.156) in terms
of a different set of coordinates. We do this in this section where we limit our-
selves to consider only up to and including the one loop correction. We write the

parametrization of the 3-sphere using the unitary vector U(o,7) = ¢/*u(o, 1),
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where u(o, 7) = (u1(0, 7),us(0, 7),us(o, 7)). The limit (2.159) then is
1
k—0 E&u fixed, J,u fixed. (2.168)

In this limit the EOMs and Virasoro constraints reduce to 2:9,u = 0?u+2u (9,u - 9°u)
and u-0,u = 0. The holographic three point function coefficient can thus be com-

puted from

+°° 7 do (utug)’ 1
— — 0,11 - Oyu + O(K?
€123 = CJ N / o cosh? (%) | K2 cosh?(Z) u-Gou+ O

(2.169)
Note that this is the same expression used in [21] if one replaces k with 1/k .

Evaluating the integral over 7, as before we obtain

J ol 2 o

27 +
Cl93 = — —F——— — (atu [1 -\
123 N (2] 1)' 0 2 ( 2)

U+ (’)()\’2)} :
(2.170)
Comparing this result with the one for the dual gauge theory (2.144), it is evident
that the leading terms in both sides perfectly match as already pointed out in [21]
but there is a mismatch in the one loop correction. Actually it is not clear that one
should have expected the gauge theory result (2.144) and the string theory result
(2.170) to match®. This is true even for the leading order part corresponding to
tree-level on the gauge theory side. However, the fact that the tree-level part does
match the string side, certainly raises the hope that also the one-loop part should
match. While our analysis seems to conclude that this is not the case, we should
point out that there are a number of subtleties in the computations that may
not be sufficiently well understood at present in the literature and could therefore
possibly affect our results. First of all the possibility of a further contribution
to the result (2.144) coming from the so-called spin-flipped coherent state [97],
as discussed in Section 2.4.1. Moreover, among the other possible subtleties is
the approximation Oy ~ O,. Indeed, in our computation we have assumed that
(2.134) holds also at two-loop order. Moreover the gauge theory side of the com-
putation, which is based on the prescription of [49, 50, 116], might still require
some explicit tests on the line of the ones performed in [142]. Finally, with our

current understanding of the AdS/CFT correspondence, it is not clear whether

8Note that it was conjectured in [31] that both the tree-level and one-loop contributions on
the gauge theory side matches the zeroth and first order contributions in the Frolov-Tseytlin
limit on the string theory side for three point function of this kind.
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or not one should expect a matching of the two quantites. Nevertheless it has
pointed out in [143] that in the limit when the number of imputities j in the small
operator goes to infinity the matching in the Frolov-Tseytlin limit still holds. This
comparison has been made using Integrability inspired techinques on the gauge
theory, in this way one incorporates in the same structure the contributions com-
ing from the mixing of the operators at two loop order and the ones coming from
the one loop diagrams [57]. We will introduce these Integrability based techniques
in the next chapter to compute tree level structure constants in the gauge theory

side for non-BPS operators.

2.5 Two heavy and one light operators in the

SU(2) x SU(2) sector of ABJM

In this section we want to extend the procedure of [21] in a further direction,
namely we will compute the leading order contribution for the planar three point
correlation function of two heavy operators and one light operator belonging to
the SU(2) x SU(2) sector of ABJM theory [39]. The light operator is chosen
to be a chiral primary and we work in the the Frolov-Tseytlin limit [37, 38].
Again we compare the results obtained in the gauge theory side using a coherent
state approach for the heavy operators with the holographic counterpart using
the prescription of [10]. In order to compare these results we are interested in

computing the following quantity °

(2.171)

We have used in (2.171) the same notation of [21], each circle in the superscript
represents an operator appearing in the correlators and filled circles correspond
to non-BPS operators while empty circles correspond to BPS ones. Note also
that we put the subscripts A < 1 and A > 1 to distinguish the gauge theory
computations from their holographic counterpart respectively. Considering the
ratio (2.171) removes any dependence on normalization conventions [21] making
possible the comparison.

Correlation functions in ABJM Unlike what is the case for the AdSs; x S®

9Note that since we are only discussing the tree level contribution we remove the superscript
(0) in denoting the tree level part of the three point function.
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correspondence not much is known about three-point functions of its AdSy x CP?3
cousin. Planar three-point functions of scalar chiral primaries were calculated
at strong coupling more than 10 years ago using M-theory on AdSy x S7 [144].
More recently, strong coupling results were obtained for the case of two giant
gravitons and one tiny graviton, all BPS [145]. These three-point functions all
show an explicit dependence on the 't Hooft coupling constant and hence are
not protected like their AdSs x S® counterparts [34, 106]. In [15] [146] certain
three-point functions involving two (non-BPS) semi-classical string states and the
dilaton field were presented. Perhaps for this reason, little effort has been put into
studying the corresponding three-point functions at weak coupling. Weak coupling
three-point functions only make sense for operators with well-defined conformal
dimensions i.e. for operators which are eigenstates of the dilatation operator of
the field theory. Scalar chiral primary operators belong to this category. Their
two-point functions are protected. One can hence immediately proceed with the
calculation of three-point functions of such operators. A number of tree-level
results for three-point functions of scalar chiral primaries, including operators
dual to giant gravitons, can be found in the references [145, 147]. Furthermore,
it has been shown that the one-loop correction to any n-point function of scalar
chiral primaries vanishes due to colour combinatorics [148] but apart from that
there are no results on higher loop corrections to correlation functions neither of

chiral primaries nor of more general operators.'®

2.5.1 Gauge theory side

Operators We choose the operators O; and O, to be of the same length. This
will also allow to avoid ambiguities arising from multiplying O; and/or O by a
phase [40]. All 3 operators are single trace operators and each of them belongs to
an SU(2) x SU(2) sector of ABJM theory. We will consider non-extremal three
point functions. Note that the coherent state functions that we use to describe the
heavy operators are solutions of the Landau-Lifshits model up to two-loops (which
is the first non trivial order in ABJM theory) [151, 152], see appendix C. In this
section we wish to calculate a three point function of the type considered above in

the limit where the two operators, O; and O, are much longer than the operator

10Tt is expected that n-point correlation functions of BPS operators involving space-time points
with light like separation are related to n-sided light like polygonal Wilson loops and to scattering
amplitudes [148] as it is the case in N'=4 SYM [149]. Similar relations are argued to hold for
more general classes of operators and for theories in general dimensions [150].
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Q5. In order to simplify the presentation we now restrict ourselves to the case

described in Tab. 2.3, which is not the most general one. The most general case

Operator | field type field type field type field type
O (J—J1) Zh (J1) Zo (J—J1) Wy (J1) Ws
O, (J14+7j) Zo | J—Ji—j5 Z1| (Ji+7) We | (J—=J—j) W
O3 J W J 4 J 2 Jg Wi

TABLE 2.3: Operators in the SU(2) x SU(2) sector of ABJM. The notation

(J—J1) Z; means that the number of Z; fields is (J—.J;) and so on. We consider

the case where 1 < j < Jp,J. Note that we do not specify which fields are
vacua and which are excitations because it is irrelevant in this description.

is not conceptually more difficult, only the notation become cumbersome. From
table 2.3 we see that the total length of O; and O, is 2J and that total length of
Qs is 45 and its dimension is 2j. We already took into account the momentum
constraints. We take J > j > 1 and the operators O;(z;) and Os(z3) are semi-

classical operators that we represent by coherent states as

O =...(u* V. Z) () W) () . Z2) (w2 . W) .. (2.172)
Oy = ... (¥ . Z)(F) . W) (7D . 7)) W) (2.173)

where the notation is explained in Fig.2.4. The functions uy)(o) and v(g)(o),
where the subscript “a” is equal to “o” (for odd sites) and “e” (for even sites),
correspond for each site of the single trace operators to coherent states in the spin
1/2 representation of SU(2). They are periodic in ¢ with period 27 and satisfy
the condition U, - up) = 1. Moreover they obey the Landau-Lifshitz EOM, see
appendix C. The operators O; and Oy are semiclassical therefore the functions

U(,)(0) and v(g)(0) are slowly varying in o. The operator Oz(z3) is given by

Os(z3) = N3 : Tr(sym((Z,W1)? (WaZ1)7)) « (z3) (2.174)

where “sym” denotes all possible symmetrized states. Note that among all pos-
sible states in O3, the only one that contributes at the planar level to the Wick

contractions in Fig. 2.4 for this type of three point function is

O5 = Nstr ((Z,Wh) (WaZy)?) (2.175)
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2% —1425 2k —1
/\Q& +27 o, k +2J
] ‘

2k —142j 2% —142J

FIGURE 2.4: Tree level contractions between O, Oy and O3. Note that the

contractions among (1 and Qs involve fields at site number from 2k — 1+ 25 to

2k — 1 + 2J while the rest are among O and O3, 05 and Os. To consider all
the contractions we have to sum over all possible k& from 1 to J.

)2
and the norm is N3 = — U meaning that the respective two point function
V@)1
is unit normalized.
¢**° We can now compute the planar tree level contribution to (O (x1)Os(22)Os(x3))

at tree-level. In full analogy with what we have described in Sec. 2.4.1 we define

B

J

[T a0 - em=b) (w5 2m) (%) (2:176)
m=1

The quantity B takes into account the overlap between the large operators O
and O,. In writing (2.176) we took into account that the field in the odd (even)
sites of the operator O; will contract with the fields in the odd (even) sites of the
operator Oy. Note that in (2.176) [ = J/27 and that B does not depend on the
choice of the site k. Our convention for the tree-level three point diagram is that
we contract the first 2j letters of O; with O3 and the rest is then contracted with
O,. Also, we contract the first 2j letters of Oy with Oz and the rest with O; (see
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Fig. 2.4). The tree-level contractions give

- (525 () (25) e (35)

Summing over k, we have

o (250 )t (35) o (257 ) o ()
(2m—1) —(2m-1) (2m)  (2m) ’
(o™ - 9™ ) (™ - ¥e)

(2.178)

The meaning of this notation is the same of section 2.4 and it becomes clear from
Fig. 2.4. Since u(,) varies slowly and j < J, the difference for u(, at two different
values of ¢ can be estimated using a Taylor expansion. Similarly can be done for
V(q). We find

J ul (2k—1)7 2k ’Dg (2k— 1)71' 2km J
Zk:l A( ) BZk 1( ( (u (2k>1)((2k)))5 k) (21@))( )

27 do (_ud(0)ul(0)p(0)i2(0) \’
— N3 BJ |, w((uo 9)90(0)) (1e(0)-v ())) : (2.179)

We now use the approximation v(q)(0) = u( (o) in (2.179) more precisely that

V(a)(0) = U (o) +0u(y (o) (2.180)

where du, is of order j/J Using this relation we can easily see that B = 1 to

leading order in j/J and hence

A1 = ad ZA = %Ng J/ "o (ui(a)ui(a)ﬂi(a)ag(a))j (2.181)

0 2m

up to finite size corrections in 1/.J.

o0

c*° Now we want to compute ¢°°° which is the three-point correlation function
coefficient for three chiral primaries with the same charges of the operators that
we have considered above, see table 2.3. There are two ways for computing this
quantity. The first one is described in [145]. From [145] we obtain to leading order
and in our notation where O; and O, have the same dimension (length) J (2.J)

and O3 has dimension (length) 2j (47), that

oo INVZG (= Ji+ HIIN(T — j))25!?
<1 = N (,]')2(J _ Jl)'(ch _])'(QJ)' .

(2.182)
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To get to this result we used that the quantity < CiC2Cs >pignar that appears

in [145] gives in this case

(J = I+ LI — )20

< C1CoCs > pianar= et 2.183
1 Ztaner = (IR (T = O — 12! (2159
Taking the limit J, J; — oo keeping J — J; large, we have
% ~ %Jsj : (2.184)
where we have defined the quantity s = # The second way of computing

(2.184) can be obtained using another result of [39] that we will describe in the
next chapter. Using the result (2.181), we then compute

= [ o)) 2189

We will show in the following that for the ratio r)s.; at strong coupling we obtain

the same result.

2.5.2 String theory side

Here we compute the holographic three-point function dual to the correlator of
two heavy and one light operator considered in 2.5.1 using the prescription of [10].
The procedure outlined in [21, 27, 40] for type IIB string theory on AdS; x S® can
be easily generalized to type IIA string theory on AdS, x CP? using the results of
(144, 145, 153]. Our convention and notation for the AdS, x CP? background for
type ITA string theory are explained in appendix C.

In order to compute the holographic three point correlation function to leading
order, we need to use the wave functions which are solution of the Landau-Lifshitz
EOMs. This is because at each order in the expansion parameter, the wave func-
tion receives corrections coming from the next order contribution to the effective
sigma model description. The wave functions that we will use in the next section
to describe the heavy operators that appear in the three-point correlation function
dual to the one computed on the gauge theory side, are solution of the EOMs that
one derives from (C.15).

**0

Here we compute the holographic three point function dual to the operators

considered table 2.3 using the prescription of [10]. We start with the metric (C.1)
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and parametrize the AdS, part as

) dz? + dxi
dsAdS4 - ~2 ) Xy = (331, T2, '7:3) (2186)

and we parametrize the two two-spheres associated to the two SU(2) sectors con-
tained in CP? we use two complex vectors U.(7,0) = (U}, U?) and U,(7,0) =
(U, U2). 1 With this parametrization the results of this section will be directly
comparable with the ones of 2.5.1. We consider supergravity modes of dimension

A represented by the following fluctuations [144, 145, 153]

4 A(1—A)
b = X5 <vuvy + Tgw) s (2.187)
A
haﬂ = ggaﬁ& (2188)

where y, v refer to coordinate of AdS, and a, 8 to coordinate of C'P3. The bulk

to boundary propagator s4 is given by

. NAYAZ%

S =
A
N3.%'B

(2.189)

where Y are the spherical harmonics on S”, xg defines the position of the chiral

: oo (A
primary operator, N3 = ﬁ and
T
A/ 982 (A4 2)V/AF1
Na— (A+2)vVA+T (2.190)
N 2VA/m A

In the expression (2.189) there is a factor of Ny of difference between the usual
expression for the bulk to boundary propagator which relies on our choice for the

chiral primary operator. Moreover we compute

4 A= A)
- - - =
h.. A2 (0.0. 2.0\) s+ R
NaYA 4 A(A+2 NAYA A
_ Na¥a (A+2) a¥al (2.101)
S A2 12 25 3

Note that in App. C we use a different parametrization for the two two-spheres. The two
parametrizations are related by a coordinate transformation.
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A+2 622
NAYA 4 A (A + 2) NAYA 2A
- = - —3 2.192
5 A+2 6 5 ( )
With this ingredients we get that (2.25) gives in our case
T do 3 1 (0,0.-0°U. + 9,0, - 0"U,)
= a])\4 dTe 5 T — 5 —
27 cosh? T | k%cosh™’= K 2
(2.193)

where we already implemented the gauge choice (C.12), we introduced the Eu-

clidean time 7. and we defined

m(4) +1)2172(25 + 1)!
N 412

Clj:

.Y = (U0 0?) (2.194)

Note that we dropped the factor xg/ 2

and we used an explicit representation for
the spherical harmonics. To compare with the gauge theory results we take the

Frolov-Tseytlin limit [37, 38] which in our notation reads [40, 95, 151]

1
k—0, E&Ue’o fixed , 0,U., fixed. (2.195)

A subclass of solutions that can be mapped to coherent spin chain states at weak

coupling is given by considering the parametrization U, ,(0,7) = €™/"u, (o, )

with the condition . - u. = 1 and similarly for u,. The limit (2.195) becomes
1
k—0, —0u., fixed, J,u., fixed. (2.196)
K

The functions u, , are solutions of the Landau Lifshitz equations of motion derived
from the action (C.15) and satisfy the Virasoro condition u, - d,u. + 1, - d,u, = 0.
Note that in our notation, the energy that one computes using the action (C.15)
goes as £ —J ~ O()\/J?). This is due to the rescaling of ¢ in (C.7). This rescaling
has the effect that the gauge constant x ~ £ This implies that the expansion in
powers of k on the string side parallels the expansion in powers of A\/J? that one

has on the gauge theory side. In the limit (2.196), (2.193), to leading order, gives

1

o AT/ 1) 2525 4+ 1)! 2 da L ond 1
= dTe JU ) _.
N j? Hetlotlo) 2 cosn? 8 e

(2.197)
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For k — 0, the integrand peaks around 7, = 0 and the 7-integral can thus be

evaluated. The result reads

/ =T U (2.198)
s HKZcosh™™2(1e) k(25 +1)!

Using that x = J;/\j}i (see App. C) we obtain

27r
o \/4]4-/ 9 a2y, (2.199)

c°°° The expression for the holographic three point for the chiral primaries with
the same charges as the operators considered in Table2.3 can be computed using
[145] where in our case p = J — j. We have that ng = j, ny =ng =p=J — j,
ng = j. Note also that in our notation 73, = v = 2j, 73 =2J —2j and v = 2J +2j
where we used that the relation between our notation and Ji, Jo and J; in [145]
is that (J1/2)there = (J2/2)there = Jour and (J3/2)there = 2jour- We get

Ni2—i (27 + 1)J1? AT F1(29)!
Cysh1 = @/ +1) J +1(2)) < C1CC > . (2.200)

Ny (J+ T = j)! 2

Using (2.183) to express < C1CoC3 > we obtain

oos _ AT2 QI+ =T =T+ Ty
O3 = N \/4 +1 T+ AR (2.201)

Note that this expression differs from (2.182) which is valid at weak coupling. In
particular the dependence on the coupling is very different, meaning that the three

point function for 3 chiral primaries in ABJM theory is not a protected quantity.

In the limit J, J; — oo with J — J; large we have

\127
000 — JsIA/47 + 1. 2.202
c Nz s'\/47 + ( )

We can now compute the ratio between (2.199) and(2.202) and compare it with
the corresponding quantity (2.185) at weak coupling. We find

( ] Ie)

c
x>1=

000

ulu)!. (2.203)
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It is easy to see that to leading order (2.185) and (2.203) give the same result

xs>1 = Tal- (2~204)

Note that we have that rys.1 = ry«1 only in the limit J, J; — oo which is the
regime for which also the matching of [21] was observed. In the next chapter we
consider another computation in the context of the AdS,/C FT; correspondence to

compute three point functions of non BPS operators from the gauge theory side.
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3.1 Introduction

The problem of computing three point functions on the gauge theory side amount
of solving a combinatorial problem, which even at tree level is very hard to solve es-
pecially for long operators. We have already pointed out in Sec. 2.1 that using spin
chain approaches one can identify an operator with a closed spin chain and split
this closed spin chain into two parts ending up with two open spin chain states
as the two segments of one closed spin chain [49] and use the Algebraic Bethe
ansatz techniques, reviewed in Sec. 1.2, to diagonalize the spin chain Hamilto-
nian [50]. Recent developments in this stream have been achieved in a series of
papers [52, 54] and subsequently [39, 55, 56, 58, 59, 154, 155] for tree level compu-
tations and [57] for one loop corrections. Let us review how to compute tree level
structure constants in N' =4 SYM. In this section we will mostly review [52] [54]

where the authors have found an expression for the planar tree level, non extremal

117
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three point functions of operators belonging to the SU(2) sector of N' =4 SYM
in terms of the three sets of rapidities. In [52] the result is given as a specific sum
over the possible ways of partitioning the rapidities of one operator in two subsets,
while in [54] using six vertex model techniques, reviewed in Sec. 1.2.4the structure
constants are given in a determinant form. The main advantage of these methods
is that they depend only on the sets of rapidities of the three operators, meaning
that they can in principle be applied to any operators belonging to the sector that
we are considering. Then we discuss the generalization of these procedures in two
directions, firstly [59] we peruse how to define a recursive relation for the scalar
products of operators in the SO(6) sector and secondly [39] we examine the case
of three point functions of operators in the SU(2) x SU(2) sector of ABJM using
the method proposed in [54].

3.1.1 From contractions to scalar products

Let us consider three operators O1, Oy and O3 belonging to the SU(2) sector of
N = 4 SYM, thus made only of combinations of two complex scalars Z and X.
In general there are is a huge degeneracy, many operators share the same scaling
dimension. To avoid this problem we choose operators with well defined anomalous
dimension, thus these operators are eigenstates of a XXX 1 spin chain Hamiltonian
and the anomalous dimensions are the respective eigevalues. The most general
operators which admit a non trivial non extremal and planar three point functions
are of the form reported in table 3.1, their lengths are L, L, and L3 and the

number of impurities are Ny, Ny and N3 respectively. The planar contractions

Operator| Vacuum |Excitation
Oq (Ly—N) Z| Ny X
O, (Ly— No) Z| Ny X
Os (Ls— N3) Z| N3 X

TABLE 3.1: The three operators in the SU(2) sector. We can consider a vacuum
field as a spin up while an excitation as spin down.

between the operators are depicted in figure 3.4. Note that the contractions are

among a scalar field and its complex conjugate and the number of contractions is
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fully determined by the length of the three operators namely

1
lij = 5 (Li+ Lj — Ly) (3.1)

where [;; denotes the number of contractions between O; and O; and @ # j # k =

1,2,3. The main steps to obtain the three point function are

FIGURE 3.1: Tree level contractions between O1, Oy and O3. Solid lines repre-
sent vacua and dashed lines represent excitations.

e Map the operators to spin chain states:

03 — ’03>; (34)

e cutting: split each closed spin chain into two sub-spin chains. |O;), denotes
the left sub-spin chain and |O;)g denotes the right sub-spin chain. In this
way the original state can be written as |0;) = > Hpr|O;)r ® |O;)r. Hrr
is computed in [52]. The specific expression comes from the so called gen-
eralized two site model in which one can take two independent partitions of
the Bethe roots and build a monodromy matrix. This matrix is given by the
product of two commuting monodromy matrices. To obtain the precise form
of Hyr we need to exploit that the vacuum is the tensor product of the two

independent vacua and that the two partitions are completely independent.

e flipping: when we cut the operators we obtain two kets each operator. In or-

der to translate in this formalism the Wick contraction operation it is needed
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to convert a ket into a bra. This is possible with the flipping operation. This
amounts of changing the order of the fields into the state but not the charge,
the latter property distinguishes this operation with the usual conjugation.
Note a flipped Bethe state is still a Bethe state.

e sewing: finally the spin chain equivalent of the Wick contraction is to com-
pute the scalar products, that we introduced in Sec.1.2.4. Remember that

the scalar product simplifies when considering Bethe states.

Schematically we can write the three point function as

cias =\ e > OO OO (a0 (35)
where N are the Gaudin norms and the sum runs over all the possible way of
partitioning the sets of roots corresponding to each operators, namely all the
possible way that we have to cut each operator and ¢93 = Ncy93 is the planar part
of the structure constant.

Let us look back to the form of the operators reported in table (3.1). Since we
are interested in non extremal three point functions we can notice that Oz can
contract with Oy only by contracting all its vacua, in fact in order to have a non

trivial three point function we need
Ny = Ny + Ns. (3.6)

This constraint has effect on (3.5) in two ways:

1. the contractions among O, and O3 are only via vacua, thus the respective
scalar product gives 1, while the contractions among O; and O3 are only via

excitations.

2. there is only one way to split each state into a left part and a right part.

Then in (3.5) it remains only one sum to evaluate and, following the notation of
[54], we have that

LyLoLs

Clo3 = mfl Z J2 R<O3|01>L R<01|O2>L (3-7)

O‘Ud:{u}ﬁNl
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where the factors F; and JF, are given explicitly in [52] and the sum runs over all
the possible ways of partitioning the Bethe roots belonging to O; and effectively
the subscript 5 denotes the fact that O; is meant to be a Bethe eigenstate. Note
that these simplifications rely on the fact that our operators belong to the SU(2)

sector.

3.1.2 Scalar products and six vertex model

It is possible to rewrite the problem of computing the scalar products in (3.7)
using six vertex model techniques. If we do not split O; then we no longer have

to sum over the possible way of partitioning its Bethe roots and thus we have

LyLoLsg

Cro3 = m(ff@ﬂ ® 1(O2]) |O1). (3.8)

The notation in (3.8) means that we have two different scalar products involving

e the full initial state |O;) with the right final sub state g(Os]

e the full initial state |O;) with the left final sub state ; (O,|.

This can be described by a [L, Ny, Ny| configuration but, if we look at figure 3.2,
we note that a final reference state has to be taken into account, namely 3.2
the final reference state on the right in figure 3.2. In fact the whole expression
(3.8) is represented by a [L, Ny, Ns] configuration and an N3 x N3 domain wall
configuration, see figure 3.3. This allows to write the expression for the three

point function in terms of the scalar product and a domain wall partition function

LyLyLs

C123 = mzﬁg({w}m)shwN1>Nz]({Uﬁ}Np {v}n,) (3.9)

in the homogenous limit. Note that we label with the subscript S the set of
rapidities satisfying Bethe equations. The main advantage of this formulation
is that either the scalar product and the domain wall partition function can be
written in a determinant form. In this approach only one of the three states is a
Bethe state, namely O; in our convention, while in the approach that we reviewed

in Sec. 3.1.1 all the three states are meant to be Bethe states.
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reference state T T T T T T T T
T+ 1+ 1+ 1 + 1+ 1+ 1

B(ur)o F——— [
B(us)... Blug)o - F—4+F+—4F+F

FIGURE 3.2: Operators as spin chain states. The operators 01, Oz, O3 are

described by their three sets of rapidities that we denote as {ui,...,un,},

{vi,...,vn, } and {w1, ..., wn, } respectively. We consider O as an initial state,

thus it is obtained by acting to an initial reference state N1 times with B op-

erators, while Oy and O3 are final states which are generated acting with Ny

and N3 C operators respectively. In this case Ny = 6, No = 2 and N3 = 4, the
constraint (3.6) is trivially fulfilled.

3.2 S0O(6) scalar product

The results that we present in the last section rely heavily on the fact that we are
considering operators belonging to the SU(2) sector of N' = 4 SYM. An interesting
problem to be addressed is the extension of these techniques to bigger sectors. In
the following we present a conjecture for the generalisation of the scalar products
to operators in the SO(6) sector [59], thus generalizing the formulation of the three
point function of [52]. We then calculate the three-point correlation function for
three states which cannot be embedded into smaller sectors (SU(2) or SU(3)) and
show that this structure constant is identical to the one previously found from
string field theory and perturbation theory independently[41]. Again we restrict

ourselves to planar and non extremal three point functions.

In this section we will use a basis, the so called coordinate basis, which is different
from the algebraic basis that we discuss so far. The coordinate basis arises nat-

urally from the Coordinate Bethe ansatz which we did not review in this thesis,
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2 )

Uy

Uz

w3 U1

FIGURE 3.3: Six vertex model realisation of figure 3.2. Note that at the black

dashed line there are six spin up and two down, which is identical to the fi-

nal states in figure 3.2. The green part of the figure represent a domain wall
configuration while the orange is a restricted [8, 6, 2] configuration.

see for instance [156] for a recent review. However the two basis are related, we
refer to section 2.3 of [52] for the precise transformation. We have to go through
the three operation that we sketch before, namely the cutting, flipping and sewing

procedures, which can be schematically written as

Clog = Z Cut x Flip x Norm x Scalar products . (3.10)

Root partitions

The structure of the SO(6) formula is conjectured by us to be analogous to (3.10)
and directly generalizable from it apart from two subtle issues: the norms and the
scalar products. We review how the Bethe ansatz techniques work in the SO(6)

sector and we introduce the notation that

w; = {u;, a;} (3.11)
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with which we represent the magnon w; by a vector containing its rapidity u; and
its level index a;, meaning that for each of the Bethe roots u; we specify which of
the simple roots is excited by a;. a; is the number of simple roots and runs from 1
to 3 for the SO(6) sector. We show some of the commutation relations among the
entries of the monodromy matrix, see (1.78). To be consistent with the notation

of [52] we can introduce two functions f and g defined as

?

flu) = 1+ " (3.12)
1
— 3.13

. (3.13)
in such a way that all the commutation relations can be written in terms of these
two functions. It has been shown in [52] that the final expression of the three
point function is expressed in terms of these functions, and combinations of them.

Let us consider that the generalisation to the SO(6) sector is

Pl g) = 1+ s

UZ‘,U,‘ = a7\
? a;a;

9(ui, uj) = m

The indices a;, a; are exactly the level indices of the i*® magnon just defined above.

The S-matrix everywhere remains defined as

f(u,v)
fv,u)

S(u,v) = (3.15)

The holonomy factors a(u), d(u) retain their standard definitions for higher levels

a(u;) =u; +iVy,; /2,

d(u;) = 1?' )— WVa,; /2, (3.16)
e(u) = m

so that the Bethe equations have the form (1.85). Following [52] we introduce
useful shorthand notation for products of functions: for an arbitrary function

F(u,v) of two variables and for arbitrary sets a, @ of lengths K, K, o = {a;}x,

={ai}tg

Qi
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Foz,c_v = HF(ai,&j),

z7‘7

P2 = HF(O%O‘J‘), (3.17)
i<j

Fg,a = HF(OQ‘,O(j).
i>j

For functions G(u) of a single variable let us define

G*=1]. Fla;),
’ H] (&J) (318)

GoE2 =TT, F(ay £1/2).

We represent the operators 01,0y, O3 by three three Bethe vectors u,v,w of

lengths L, Lo, L3. Then we cut our operators in two gouts which we denote

by o and &, 3 and 3, v and 7 such that

Ua = u (3.19)
3= w (3.20)
= w (3.21)

The lengths Lg, Lo, Lg, Lg, L5, L, of these pieces are uniquely defined by the
lengths of the three operators

Lo=Lg= L+ Ly — L,
L/QZL:Y:LQ—f—Lg—Ll, (322)
L'y:Ld:L3+L1_L2'

Thus we write (3.10) in terms of the sum over all possible partitions of the relative

Bethe roots as

Cs= Y L1 LyLs Cut(a, @)Cut (B, f)Cut(y,7)x
aUa=u
BUB =
YUy =w

X Flip(@)Flipgﬁ)Flip(’_y)x

- /Norm(u)Norm(v)Norm(w)

The way of implementing these operations is summarised by
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e Cut(q,a):
a\ L1 raa raa faa
Cut(a, @) = (a—) ff#, (3.24)
da 7<¢u
and analogously Cut (3, 3) and Cut(vy,7);
e Flip(a):
a—i/2 raa
o ar 907 S8
Flip(a) = (")} L (3.25)
e Norm(u):
U U LU LU 1
Norm(u) =d"a > J< Wdet(ﬁjqbk) s (326)

here 0; = % and the phases are the ratio of the left and right sides of the
Bethe equations
"% = e(u;)™ H S ug, uy), (3.27)
poy

with a, d, S satisfying the multi-level definitions above.

The generalisation of the scalar product is not trivial, in the sense that it cannot be
obtained by just replacing the SU(2) expressions with their SO(6) counterpart, for
more details see [59]. Note that we do not have the simplifications in the sums and
any constraints on the number of Bethe roots as in the SU(2) sector. However to
circumvent this problem we formulate the SO(6) norm conjecture via the recursive
relation proposed in[52], eq.(A.5). This expression is completely regular and is
formulated in terms of physically meaningful objects f,g,a,d,.S, thus it makes
full sense to conjecture that its validity extends towards a broader sector. The
meaning of this formula goes beyond the original SU(2) and is supposed to cover
the full SO(6)

<’U1...UN|U1...UN>N:an<’l}1...@n...UNal...UN>N_1—
n

— Zcmm(u— 1U1...1A}n...1A}m...UN"LA61...UN>N,1,
n<m

(3.28)

where

- gt (T (1) THS (050 00) = H T £ 0) T, S, )
" gl +1/29(0n = i/2) T 1, 1) |

(3.29)
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and

. e(u1)g(ur —i/2)g(ur, vn)g(ur, vm) T2 f (055 01) y
o g(u1 + Z./2>g(vn - i/Q)Q(Um - 2/2) Hj;él f(Uh Uj)

J<m j>m i<n
(3.30)

The whole derivation of this recursive relation can be found in [52] and even if it
does not give a closed expression as in the SU(2) case it is much more efficient
than brute force computation and especially it is an attempt to go beyond the
SU(2) sector and to increase the examples of explicit computations of three point
functions. We check this proposal with an explicit example, which has been already
analysed both from the string theory and from the gauge theory side in [41] at
tree level, and in [42] at one loop order. In [41] the authors computed the three
point function of three two-impurity BMN operators with all non-zero momenta
in field theory by using the perturbative expansion and in string theory by using
the Dobashi-Yoneya 3-string vertex in the leading order of the Penrose expansion
and they found an agreement, which holds also at one loop order [42], between
these results. In order to reproduce this setting we introduce our states as Bethe

states. We shall denote an N-root state as

(ul = {{u, i}, . {un, In}} (3.31)

where wu; denotes the value of the rapidity and [; the level of Bethe Ansatz it
belongs to. The states corresponding to those studied in[41, 42] are

O; ~ (u] = {{0,1}, {2 cot 74, 2}, { 5 cot 75, 2}},
Oy~ {o] = ({03}, (beot M2 2} (~leot M2 9}),  (3.32)
O3 ~ (w| = {{% cot 3131,2} {—3 Lecot ﬁi’i,2}}

The lengths of the states are L1 = J; + 2, Ly = Jy + 2, Ly = J 4+ 2. The lengths
of substates (or, alternatively, the number of contractions between each ith and
jth states) are Lo = 1, Log = Jo + 1, L33 = J; + 1. To make contact with the
notation of [41, 42] we introduce the parameter r: J; =rJ, Jo = (1 —r)J.

Using the definitions of the SO(6) a,d, f, g, S given above we find all the necessary

) |
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factors. Expansion in 1/J is presumed everywhere below. We use one of the

possible four choices of the partitions contributing at the leading order in 1/.J

o = {{0.1}, { cot 22,2}, @ = {{—1 cot 72,2},

B ={{—3cot 775, 2}}, B ={{0,3}, {3 cot 7%, 2}}, (3.33)

v ={{-zcot 7,2}}, 7 = {{5 cot 75,2},

The flip and cut factors together are

Cut(a, @)Cut(f, B)Cut(y,7) x Flip(a)Flip(B)Flip(y) = —1 (3.34)

the norms yield
Norm(u)Norm(v)Norm(w) = 4.J°nin3r* (3.35)

and the scalar products read

- B nyny sin?(rnar)

(af)(By)(var) = 2(ny — rng)(ny + (1 — r)ng)

(3.36)

The other contributing partitions in the leading order are realized by simple trans-
formations n; — —ni,ny — —ny. There are also partitions that contribute at

higher orders in 1/J, which we do not list here.
Taking all the pieces together we get

n2JY2(r(1 —r))32sin?(rnsr)

AB =702 21— ) (2 — nd(1—r)2)’

(3.37)

which corresponds exactly to the results of [41]. This test reinforces the conjecture
we made but in principle much more test have to be performed especially with

more general operators.

A very interesting question is how to use the six vertex model techniques for
this problem. Recently in [60, 157, 158] scalar products for states in the SU(3)
sector of N/ = 4 SYM have been studied and also form factors [159], which in
same special cases are related to three point functions. Quite remarkably three
point functions of local single-trace operators in the scalar sector of N' =4 SYM
involving operators belonging to the SU(3) sector have been studied in [58], for

some cases they can be written in a determinant form. It would be good to



Chapter 3. Integrability techniques 129

check and validate this SO(6) conjecture against these results. When reducing to
the SU(3) case indeed the results of [59] should agree with the ones obtained in
[58, 60, 157, 158].

3.3 Three point functions in the SU(2) x SU(2)

sector

Another direction to generalize these procedures is to analyse three point functions
in the SU(2) x SU(2) sector of ABJM. We already discussed the case when two
operators are heavy and one is light in 2.5 In the following we consider a more
general case, where the operators can have any lengths and number of impurities,
see table 3.2. With this choice of operators belonging to the SU(2) x SU(2)
sector of ABJM we obtain a non trivial non extremal and planar three point
function, it also exists another class of such three point functions which have

trivial factorization properties [160].

Operator | Vacuum odd | Excitation odd | Vacuum even | Excitation even
O, (J—J1) 7y J1 Zs (J—J2) Wy Jo Wy
O, (Jitige) Zo | (J=Ji—g1) Zi| (Jatj2) Wo | (J—Jo—3j1) Wi
O3 J2 W IR J2 2o W

TABLE 3.2: The field content of our operators Op, Oz, O3 of SU(2) x SU(2)

type having a non-vanishing planar, non-extremal three-point function. The

notation J; Zs means that the number of Zs-fields is J;. It is understood that
the number of fields of any type can not be negative.

Here we have indicated which fields are to be considered vacua and which are
to be considered excitations in the interpretation of each operator as a state of
two coupled XX X/, spin chains. We have in mind the situation depicted in
figure 3.4 with site number one being at the left end of each operator. When
we contract the three operators at the planar level all vacuum fields from O3 are
contracted with vacuum fields in @, and all excitations of O3 are contracted with
O;. This means that only a term in O3 for which all vacuum fields are to the left
of all excitations can contribute to the three-point function. Notice also that for
contractions involving J; we connect even sites to even sites and odd sites to odd
sites. For the contractions between Oy and O3, however, odd sites get connected

to even sites and vice versa. We have illustrated the possible contractions in
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figure 3.4. Dashed lines are fields corresponding to excitations and solid lines are
fields corresponding to vacua. We want to generalise the method proposed in [54].
In this picture the structure constant corresponding to the three-point function
appearing in figure 3.4 can be written as the following inner product between
Bethe states as in (3.9)

123 = Niog (R(O5] @ 1 (Os]) |Oy), (3.38)

where the subscripts [ and r refer to the left and right part respectively and where
Nig3 is a normalization constant which we will see that it turns out to be different
from the one present in (3.9) . In order to arrive at (3.38) we have exploited the
fact that the inner product between two vacuum states is equal to one. Now |Oy)

is a Bethe eigenstate but , (O3] ® (05| is not.

O,

FIGURE 3.4: The possible contractions between O, Oy and O3. The full lines
represent vacua and the dashed lines represent excitations. The two different
colours illustrate fields in the two different spin chains.

We want to generalize the construction of [54] to the case that we introduced,
namely for operators in the SU(2) x SU(2) sector of ABJM theory. We already
reviewed how the Algebraic Bethe ansatz works for the SU(2) x SU(2) sector of
ABJM theory, the ingredients that we have to keep in mind are the following

e we start from the four R- matrices that we have in the SU(4) spin chain [99]
and form two monodromy matrices, one pertaining to the even sites of the
spin chain and the other one to the odd sites of the spin chain. Thus one gets
two sets of lowering operators B, and B,. In the six vertex model language
this means that we have 20 different vertices, 6+6 coming from the non zero

entries of two R-matrices and 4+4 form the remaining two R-matrices.
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e When restricting to the SU(2) x SU(2) sub-sector, two of the four R-matrices
trivialize and the remaining two become the R-matrices of two independent
SU (2) spin chains, one living on odd sites and one living on even sites. This
is equivalent of saying that 8 vertices, the ones coming from the entries of the
trivial R-matrices, have the weight equal to 1 and the remaining 12 vertices
can be grouped in two and have separately the same weights as two copies

of the usual 6 vertices in the SU(2) case.

e The two monodromy matrices simply become the monodromy matrices of
two independent SU(2) spin chains and the corresponding lowering operators
B. and B, become the usual SU(2) spin flipping operators for even and
odd sites respectively. Besides {u,} and {u.} independently satisfy SU(2)
Bethe equations. The fact that the two sets of B, and B, commute among
themselves and also that B/, commute for different values of the rapidities
allow to write the partition function of a domain wall configuration as the
product of two SU(2) partition functions. The same can also be done for

the scalar product, see figure 3.5.

It seems that in this way we have a full decoupled problem but actually this is not
the case. There is a connection between the two sets of rapidities {u,} and {u.},
they are related via the momentum constraint which says that the total momentum
of all excitations should vanish and reflects the fact that the corresponding single
trace operator of ABJM theory should be invariant when one or more pairs of
fields are cyclically displaced. Thus, in full analogy with (3.9) we write the three

point function as (see Fig. 3.5)

Gz = Nz Zj, {wo}) S[J, J1, J — Ji — fil({uo}, {vo}) ¥
Zi, ({we}) ST, Joy J — Jo — j1]({ue}, {ve}). (3.39)

Here the Z’s are domain wall partition functions and the S’s are Slavnov inner
products. Both types of quantities can be expressed as determinants. The nor-

malization constant N{35/M takes the form

= VI + j2)(J + o — j1)
\/N10N16N20N26N30'/\/})6 .

(3.40)

Each term is equal to the partition function which one encounters when calculat-

ing three point functions of A/ = 4 SYM and which was already determined by
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Foda who found that it could be written as a product of a Slavnov inner prod-
uct and a domain wall partition function both evaluated in the homogeneous limit
Zios %, — 1/2. The domain wall partition function comes from the lower left corner
of the lattice while the remaining part constitutes a Slavnov scalar product. For
simplicity we have depicted a case where we have the same number of excitations
on the odd and the even lattice but the result holds in the general case as well.
Again, it is a simple consequence of the decoupling of the two lattices. In order
that the Bethe eigenstates which enter the three-point functions be normalized
to unity we must divide the result by the Gaudin norm for each operator. In
addition we must multiply by a factor which cures the fact that the presentation
of our three-point function as in figure 3.5 fails to take into account the cyclicity
of the ABJM operators. For this final factor one does not have a similar complete
decoupling into a product of two factors. This is due to the alternating nature of
the ABJM operators which implies that we only have cyclicity (in the horizontal
direction) for the combined red-blue model and not for the red and blue model

alone.

Let us make two comments:

e we mentioned in 2.5 that there is a method to express the structure constants
of three chiral primaries as a limit of a more general formula. In [161] it was
shown how to perform this limit for operators in A'=4 SYM theory, starting
from the expression (3.9). This is the limit where all the rapidities of the
three operators go to infinity and the nice insight of [161] has been to rewrite
the Slavnov scalar product and the domain wall partition function using the
so called functional formalism. Using the properties of the functionals, taking
the BPS limit becomes treatable, as well as the classical limit. Thus we
compute the three point functions of three chiral primaries by considering a
limit of (3.39) where all the rapidities go to infinity. Adapting the procedure
of [161] to our operators in the SU(2) x SU(2) of ABJM theory we find

(J = S+ )T — )N
C° = Jy\/2 el 3.41
VAT = I = )1 4
Note that, a part from a different normalization, this is precisely the square
of the result of [161] for operators in the SU(2) sector of N=4 SYM theory.
Note also that, as it should be, (3.41) and (2.182) are identical.
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F1GURE 3.5: The decoupling of the three-point function into two parts.

e In 2.5 we compute the structure constants for an intermediate case, when

two operators are non-BPS and the other one is a %—BPS. Our result, namely

(2.185), does not show the almost complete factorzation that we notice in

(3.39). This is due to the fact that the cyclicty properties enter in the two

models in a complete different way. Actually in the six vertex model formal-

ism the cyclity is not present explicitly. One of the most interesting future

directions would be to find a procedure to obtain from (3.9) or equivalently

(3.39) the gauge theory results in the intermediate case when two operators

are much longer than the other one. This seems to be a difficult problem be-

cause in general one should be able to take a limit in which two of the three

sets of rapidities are sent to zero while the remaining set goes to infinity.



Conclusions

In this thesis we have faced with the problem of computing three point correla-
tion functions in the context of the AdS/CFT correspondence. We discussed in
particular five different computations. Within the AdSs/CFT} correspondence we

compute

e tree level three point functions of two giant gravitons (wrapping an S* C S°
and S® C AdSs ) and a point like graviton and its dual counterpart, namely
two Schur polynomials (in the antisymmetric and symmetric representation)

and a single trace chiral primary, section 2.3;

e one loop correction to planar, non extremal three point functions of two
heavy and one light operators, both from the gauge and string side in the

Frolov-Tseytlin regime, section 2.4;

e generalisation of the scalar product of two states belonging to the SO(6)
sector of N/ = 4 SYM with implications on the construction of three point

functions of 3 non-BPS operators from the gauge theory side, section 3.2 .
In the context of the AdS,/CFT; we describe

e planar, non extremal three point functions of two heavy and one light oper-
ators, belonging to the SU(2) x SU(2) sector of ABJM, both in the gauge

and string theory side, in the Frolov-Tseytlin limit, section 2.5;

e three point functions of operators belonging to the SU(2) x SU(2) sector of
ABJM from the gauge theory side, obtaining a determinant representation,

section 3.3.

We would like to conclude this thesis outlining some interesting open problems

and future directions
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e find a limit of the integrability inspired techniques on the gauge theory to

reproduce the results of heavy-heavy-light correlators;

e extend the procedures discussed in chapter 3 to higher loops, and eventually
all loops, and broader sectors. It would be extremely interesting to analyse
for instance the SL(2) sector to compare with string theory results exploiting
the findings of [45];

e make concrete connections among correlation functions and scattering am-
plitudes, on the line of [162] [163] [149].



Appendix A

Scalar products in the
SU(2) x SU(2) sector of ABJM

In this appendix we want to show that a scalar product defined as in section 1.4.5
satisfies the properties of the Slavnov scalar product and it is uniquely defined by
them.

Lemma A.1. 1. S[Ny, Ny, L] is symmetric in the variables {Zoy, s %0y}

and {zey, 15+ Zer }

2. S[Ny, No, L] is a fraction in which the numerator is a product of trigonomet-
ric polynomials of degree L — 1 each in voy, and vey, , with zeros occurring
at the points Von, = Zo; — N and Ven, = Ze; — 1 for all 1 <14 < N3 ,and the

. . . L .
denominator is a polynomial of degree L: [[;_, (Voy, — 20,)(Vey, — 2e;) , with
zeros occurring at the points Voy, = Zo and Ven, = Ze; forall1 <i<L

3. Setting voy, = Zoy,,; aNd Vey, = Zey, .1, S[N1, No, L] satisfies the recursion
relation

L
Rong41 T Foi +1 fengt1 T Fej +n

S[Nl,NQ,L] -

VYON, TFON3 41

L
'UeN2 :Z6N3+1 1=

— % — Ze,

1 Z"N3+1 i =1 26N3+1 J

(A.1)

4. S[N1, Ny =0, L] is precisely the domain wall partition function

S[Ny, No—1, L]

S[Nh 0, L] = ZN1({U07 ue}Nm {zm ZG}N1) = ZN1({u0}N1’ {20}N1)ZN1 ({ue}NU {ze}f\ﬁ)

(A.2)
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Proof
1. If we rotate the diagram of the scalar product by 90 degrees counterclockwise

we can write it in terms of D lines like

H Do(ZoJ- {um ue}N1 U {'an /UC}NQ)D€<Z€J‘7 {um ue}Nl U {Uov UB}NQ) (AB)

Jj=N3+1

which are sandwiched together with 2N3 C' lines between the initial and final state,

from which it follows that S[Ny, Na, L] is symmetric in the variables {2,y ., .- 2, }
and {2zey, 15+ 2e; |5 since all D, and D, commute among themselves and among
each other.
Y Y Y Y Y y A A A N
D, —< <
D, —< <
6N3 ( >
ONg <€ >
A N N N N N } Y Y Y
uol uel uONl ueNl Uol Uel UONQ UeNQ

FIGURE A.1: Rotated grid.

2. Inserting the set of states

Z 077_1’ \I/ZNS/L><‘LZN3/L ’07—:_1 (A4)

m>N3

after Ce(v.,,) and

Z 0-7710-;1’| \LZN3/L><\LZN3/L |O-rJ;r10-1J7r1’

m/m>N3
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after C,(v,y,) we will have that

S[N1, No, L] =
= Z <\LZN3/L ‘Ce(veNQ)O-;J \LZN3/L><\LZN3/L |J$CO(UON2>U;10-;1’| \LZNg/L>

m/’m>N3
No—1

<\LZN /L |Um0 H Ce(e;)Co(vo;) HB ue uo ) o) =

m—1 L
= ) HU“N - “"( 11 1) | =
-2 Vgn. — Vo — Zo,
m'm>Ns i=1 i i=N3+1 ONy Om! j=m/y1  ON2 oi
N3

HUENQ_je;+n<Tﬁ 1>v 712 f[ UeNQ_Zei"i_T/
e €Ny €m

i1 Veny i i=N3+1 iZmt1 Veny T e
No—1 N
<\LZN3/L ‘O- H C Uez UOz) H Be (uej )B (uo_] ) | TZL> (A5>
j=1
y y y A A A A y A IN
Co (UONQ) < < < < < < < < < < < < <
y y y A A A A y A IN A
C (veNQ) < < < < < < < > < > > > >
A 2 A 4 y y N N A A 3 3 3 3 N
N3 m m/

FIGURE A.2: C lines.

If we take out the factor Hf:l(voN2 — 20,)(Vey, — Ze,;) from the denominator of (A.5)
we will end up with a trigonometric polynomials of degree L — 1 in v, and vey,
and, for each one, N3 of the zeros of these polynomials in numerators are contained
in the factors [~ *1(Voy, — 2o, + 1) and | B * 1 (Ve, — 2e; + 1)

3. Setting voy, = zoy,,, and Vey, = Zey,,, in the sum of (A.5), all terms in the
sum can be neglected comparing the terms corresponding to m’ = (N3 + 1), and

m = (N3 + 1), for which we have infinities and we obtain

L

L
Zonasr — Ro; T Zenosq — Re: T
S[N17N2’L] H N3+1 77 N3+1 J 77

S[Ny, Ny — 1, L]

YONy TFON5+1

Z — 2o ; V4 — Ze.
”61\12 =ZeNg+1 i=1 ON3+1 o =1 eNz+1 €

J

(A.6)
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where we took into account the fact that

— (eors | (A7)

+ +
<\LZN3/L |O-(N3+1)€O-(N3+1)D

4 In the case Ny = 0 we have N3 = N; and in S[Ny,0, L] all the vertices from row
1 to Ny and from column N; + 1 to L are fixed to be of type b , d and d’, which

have all weight 1. What is left is precisely the domain wall partition function, see
Fig.A.3.

NY NP

Up,

Y
A

A
A

Y
A
A
A

Y
A
A
A

Uoy, —> e

A 4
A
A
A

U’@Nl

FIGURE A.3: Special case when the scalar product reduces to the partition
function.

Lemma A.2. The four conditions of A.1 determine the scalar product S[Ny, Na, L]

uniquely.

From condition 4. of A.1 on S’[Ny,0, L] and S[Ny, 0, L] we know that S’[Ny,0, L] =
S[N1,0,L] = Zn,({tostetnys {20, 2efn,). Now let us assume that S’[Ny, Ny —
1,L] = S[Ny, Ny — 1, L] for some Ny > 1. Using this assumption together with
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condition 3. of A.1 on S’[Ny, Ny, L] and S[Ny, Ny, L] yields to

L
_ H Fowgn T Foi T T Zewgen R Wl grn Ny gy

S’[Nl, Ny, L]
YONg TFON3+1 z — Zo. Z — Ze.
UENQ TZeNg 41 ON3+1 % j=1 EN3+1 €
L L
Zon — 2o, t 1 Ze — Ze. M
+1 Na+1
:ll 3 ‘ 3 ! S[Nl,NQ—l,L}:
=1 ZON3+1 o Zoi J:l 26N3+1 o Ze]

= S[Ny, Ny, L] (A.8)

VONgy TFONz 41
Veny =Reng+1

Condition 1. of of A.1 on S and S’ states that both are symmetric in the variables
{Zongsrs -+ %op f and {2ey, 115+ -+ 2, }- Using this fact in (A.8), we find that

S'[Ny, No, L] = S[Ny, Ny, L]

Ven, =%e; Ven, =%e;

(A.9)

Vo N, =F0; Vo N, =F0;

for all N3+ 1 < i < L. Because of condition 2. of A.1, S and S’ are polynomials
both in v,y and vey of degree L — 1 in the numerator and also S and S’ have
the same N3 zeros occurring at the points v,y = 2, — 1 and vy, = 2z, — 1 for
all 1 <7 < N3. Apart from the common zeros and the common expression in the
denominator, the rest of the polynomial in the numerator is of degree L — N3 — 1,
but we have equality between S and S’ in L — N3 points,hence the equality is
implied everywhere.

Now we define the following functions

Ny
0 _ U _
fi (Zoj) B (Uoi - Zoj'>(uo¢ — Ro; + 7]) l:!;[l(UOk i ' 77) <A10)
N1
e _ n _
fi (Zej) N (uei - Zej)(“ei — Ze; + 77) H(uek Ze; + 7]> <A11)
] B n Ny L Uo] Zok + 7]) Ny
7 #i k=1 7 k#i
(A.12)
_ n al (Uej Zep, T 77) all
aten) = () (o = o 1257 ) =l =)
j #i k=1 i ki
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Using this definitions, we construct the N7 x N; matrix

M[{UO’ ue}NU {Uov UG}NQ’ {207 ZG}L] =

(o) - flo(ZON3) 97(Voy) - g?(UONQ)
_ . . . : %
f]tifl(zol> T f]ti/vl(ZONg,) g?\f1<vol) T g?vl(UONQ)
fle(zel) U fle(zeN3> gf(vel) e gf(veNQ)
f]evl(zel) e f]e\fl(ZeNs) g]evl(vel) o g]6V1<UeN2)
We also define
No Ns
g = H H(Uoi - ZOj) H (Uoi - Uoj) H (U’Oi - uoj) H (Zoj - ZOi)
i=1 j=1 1<i<j<Na 1<i<j<Ny 1<i<j<Ns
(A.15)
N2 N3
Dg = H H(Uei - Zej) H (vei - Uej) H (uei - uej) H (zej - 261')
i=1 j=1 1<i<j<Na 1<i<j<Ny 1<i<j<Nj
(A.16)

Lemma A.3. If the sets of rapidities {u,}n, and {u.}n, satisfy the Bethe equa-

tions, then
detM

S[Ny, Ny, L] = Do e
S=S

(A.17)

Proof One can show that the formula above satisfies all the conditions of A.1

1. All dependence on {z,y, ;s -2} and {Zey, ,1,-- -1 2, of S defined above
occurs in the functions gf (v,,;) and gf (v.,;) and apparently they are invariant under
permutations z,, <> 2z, and 2, <> 2, for all 4 #+ 7

2. The dependence on v,y and ve, in the determinant occurs only in g7 (v,y, )
and g (vey, ), from which we can easily take out HiL:1(UoN2 — 20,)(Ven, = 2e,;) @ &
denominator and since {u,}n, and {u.}y, satisfy the Bethe equations the numer-
ators of g7 (voy, ) and g5 (vey, ) vanish in the limit vy, — uo, and vey, — ue,. Then
it follows that the pole in ¢ is removable and therefore they are trigonometric
polynomials of degree L + Ny — 2 in v, and vy, in the numerator. While D is
a polynomial of degree Ny — 1 in v,,, and D is a polynomial of degree Ny — 1
in vy, and they all are canceled by the zeros of the numerator. N, — 1 zeros
Von, = Vo and Ven, = Ve, for 1 < j < Ny —1 of D¢ and D¢ are canceled with the

same zeros of the determinant. Since when we set Von, = Vo and Ven, = Ve; for
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1 <5 < Ny —1 it causes to columns of the determinant to become equal. The
left N3 zeros Von, = Zo; and Ven, = Ze; for 1 < 57 < N3 of D¢ and Dg are also
canceled with the same zeros of det, since when we put Von, = Zo; and Ven, = Ze;
for 1 < j < N3 two columns of the determinants again become equal up to multi-

plicative factor

gf(zoj) = (#Zoj) (H(uok — 2o, + 77) H (ZOj — Zo, T+ 77)) _ H (Zoj _iok +)77)

ki k=1 (20, = Zo1)
(A.18)

the second term in g is negligible comparing to the infinity of the first one.The
same expression holds for gf(z,). So we see that the determinant expression is
a polynomial of degree L — 1 divided by Hf:l(UONQ — 20;)(Vey, — 2¢;). And at
last to get the N3 zeros in order to satisfy the condition 2 of Lemma 1 and 2 we

demonstrate

N1 Nl
o -1 Uo, — Zo; o
Nzg. — M) = ——— Iluo —Zo~=—||—i204 A.19
gl( ’ 77) <u0i _ZOj +7l) k;ﬁi( g ]) k=1 Uoy, _ZO]' +77f ( J) ( )

And again same kind of expression holds for gf(z., — n) where two columns of
determinants are equal up to a multiplicative factor hence producing the N3 zeros

3. Using equation (A.18) and the definition of the matrix (A.14), it is clear that

VONg TFONg 41
Veny =2eng+1

detM[{an ue}NU {an U@}NQ’ {zoy Ze}L]

_ ﬁ (ZON3+1 — Roy, + 77) ﬁ (Z€N3+1 — e + 77)

M[{an ue}Np {an ve}Ng—la {207 Ze}L]

k1 (ZON3+1 - Zok) =1 (Z€N3+1 - Zel)

(A.20)
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Furthermore we notice that for Dg and Dg

(H H(Uoi — Zo;) H (vo; — Vo;) H (Uo; — Uo;) H (20; — ZOi))

i=1 j=1 1<i<j<Na 1<i<j<N; 1<i<j<Nj Von, =ZoNg 41
No—1 N3+1
= H H (Uoi - Zoj) H ('UO«; - UO]') H (U’Oi - U'Oj) H (ZOj - Zoi)
=1 j=1 1<i<j<N2—1 1<i<j<N 1<i<j<N3+1
(A.21)
DE[NQ’ Ng] == DE[NQ - 1, N3 + 1] <A22)

Veny =PenNg+1

So we find that (A.17) satisfies the recursion relation of condition 3. of A.1 and
A.2. 4. Taking Ny = 0 yields to

detM[{uo, ue}N17 {207 ZS}L]

S[N,, Ny =0,L] =
[ ' ? ] H1§i<j§N1 (uoi - uoj)(ZOj - ZOi)(uei - uej)(zej - zez’)

(A.23)

which is precisely the domain wall partition function.



Appendix B

Jack functions

Definitions

e A partition ! is any (finite or infinite) sequence
A=A A A ) (B.1)

of non negative integers in decreasing order Ay > Ay > A3... > A\, and

containing only finitely many non-zero terms.

e The diagram of a partition A may be formally defined as the set of points
(i,7) such that 1 < j < \;. In drawing such diagrams, as with matrices, the
first coordinate ¢ (row index) increases as goes downwards and the column
index j increases as one goes from left to right. Usually one defines s = (3, j).

For example the diagram of the partition (54 4 1) is

e The conjugate of a partition A is the partition A" whose diagram is the
transpose of the diagram A (diagram obtained by reflection in the main

diagonal).

LAll the definitions and conventions are from [164]
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For example the conjugate of (54 4 1) is

e One could specify the coordinates of the boxes in this way

1,1(1,2]|1,3]1,4 1,5|

2,1]2,2(2,3]|2,4

3,113,213,3|3,4

4,1

e For a partition A the arm length is
a(s) =X\ —j (B.2)

and the leg length is
I(s) =X\, —i (B.3)

where ); is the number of boxes for a given ¢ and )\; is the number of boxes
in the conjugate partition for a given j .

Basically a(s) counts the number of boxes to the right of s and [(s) the
number of boxes below s.

For example, consider the partition (54 4 1) [164]

S

In this case a(s) =3, I(s) = 1.
The ring of symmetric function Consider the ring Z[z1, ..., x,] of polynomials
in n independent variables x1, ..., z, with rational integer coefficients. The sym-

metric group 5, acts on this ring by permuting the variables, and a polynomial is
symmetric if it is invariant under this action. The symmetric polynomials form a

subring A, = Z[xy,...,z,)%". If f € A, we may write

f=> " (B.4)

r>0
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where f() is the homogeneous component of f of degree r. Each f() is itself
symmetric and so A, is a graded ring. This is important because we could now
adjoin another indeterminate x,,,; forming A, 1 = Z[x1, ..., 2,41]°*!. Therefore
we have a surjective homomorphism A,,.; — A,, defined by setting x,,1=0.
Monomial symmetric function Let A be a partition. It determines a monomial
2 = z'25? ... The monomial symmetric function my is the sum of all distinct
monomials that can be obtained from z* by permutations of the z’s. For example,
Mgy = »_ x;2; summed over all pairs such that i # j. The monomial symmetric
functions form a basis of A,,.

Another basis for the symmetric functions is formed by the Schur functions. In
general if one has two basis uy and vy of A, it is possible to construct a non

singular matrix of rational numbers called the transition matrix and denoted by

M (u,v). This matrix correlates the two basis in such a way that
Uy = Z MAHUM (B5)
o

summed over all g < A. It is possible to show that the transition matrix relating
two Q-basis of A, is strictly upper triangular. This formalism could be applied to

relate the Schur basis to the monomial one in such a way that

Sy =m) + Z K)\#m# (B6)

n<A

where K, are suitable non negative coefficients called Kostka numbers.
Incidentally the relation (B.6) and the orthonormality condition ((sxs,) = dy, for
all partition A and p) provide a definition for the Schur functions.

Jack functions Jack symmetric function JY' is a generalization of the Schur func-
tion and depends on a real parameter . One of the many equivalent definitions
of this function is the following [164].

Definition 1. The Jack symmetric function J§ are orthogonal with respect to the

inner product on power-sum functions namely

<p>\p,u,>a = 5>\,u,al(5)z)\2 (B?)

ZWe define py = px,px, - - - Where A, = 1ij
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where 2y, = Hi(z)‘l) a;!1%, a; being the number of occurrences of 7 in A. In addition
Jy =my + Z VR M (B.8)
HSA

This definition is an extension of (B.6) and it is very useful because allows to write
a recursion relation in order to deduce the explicit form (at least in principle) of
Jack functions.

For a partition A we define the upper hook length

hi(s) =1(s) + a(l + a(s)) (B.9)
and the lower hook length

h2(s) = 1(s) + 1+ aa(s). (B.10)
Then Jack polynomials could be written as [165]

IV (1,20 xp) = Z o (21, 29, . .. ,xn_l)xg/“ﬁ,\u (B.11)

<A

where the sum is over all g < X such that \/u is an horizontal strip and

B, (s hi(s) if X; = p;
——Hse’\ () where By, (s) = (5) 3= H

Hse,u Bﬁfu(s) h%(s) otherwise.

*

B (B.12)

2 boxes symmetric It is possible to find the explicit expression of some simple
Jack polynomials using eq. (B.11).

The simplest case is the partition A whose diagram is

L[]

The only possibilities for the partition y are

] and []]

We are interested in J§'(xq, x2) and this is given by

Jf(l‘l, 132) = Z Jﬁ(xl)x;/“ﬁ,\# = Jﬁ)($1)$2621 + J(oé)(l'l)ﬁm. (Bl?))

750N



Appendix B. Appendiz B 148

Using the relation (B.11), for a partition A = () it is possible to see that J{, (z1) =
¥ (1+a)(1+2a)...(1+ (k—1))a). The task now is to compute the Sy,:

B = KN1,2)=1 (B.14)

while [395 is trivially 1 because A= and so we have the same factors on numerator

and denominator. In conclusion we get
J (1, 29) = 1172 + (1 + )7, (B.15)

It is not so clear how to get the complete Jack polynomial but it seems reasonable

to symmetrize this expression obtaining
J3 (1, 29) = (14 Q)5 + 2zy20 + (1 + a)z]. (B.16)

Following a more common and useful notation we could write Jack polynomials in

terms of monomial function, namely
J3 (21, 2) = (14 a)myg + 2mypy). (B.17)

The Jack function reduces to the Schur polynomial for o = 1.
3 boxes symmetric We compute now J3(xq, z2, z3) and using (B.11) it could be

written as

J3 (w1, @9, 13) = Z Jﬁ(fﬁl@)x?,/“ﬁ,\u = Jﬁ)(ileZ)xgﬁSl‘i‘J(oé) (2122) 23830+ J(3) (2172) B33.
H<A

(B.18)
Using the usual recursion relation we are able to determine all the Jack polynomials

in this expression

J(O{)(xlzm) = I (B].g)
J(Oé)(xla:g) = 23(1+a)(1+42a) + 23(1 + a)zeB3 + 25(1 + a)x1 53 (B.20)

It is not so difficult to obtain the §’s from the definition and we get f32 = 1 and
P31 = (1 4+ «). Putting all the information we have into (B.18) we finally get

J& (1, 20, 23) = 21 25(1 + @) + 2223 (1 + ) + 21 T 73

+ 231+ a)(142a) + z222(1 4+ a) + 21 23(1 +a) (B.21)
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After symmetrizing we write J{(x1, 2, 23) in terms of monomial functions as
Jéy(fﬁh T, 1'3) = (]_ + &)(1 -+ 20[)7’)1[3] + 3(]. + Ol)m[gl] + 6m[111] (B22)

4 boxes symmetric It is not so difficult to compute also J§ (1, x2, x3, 24). Using

again (B.11) we could write

Ji (1, 22, 3, w) = ZJE(%ZEQH?:;)Q?Z/MQ\M (B.23)

H<A

= J0y(w1moxs)al B + Iy (212225) 25 Bao

+J(3)(T17273) T4 P13 + J{y) (217273) Bas
Let’s list all the objects we need

Ji(xy, 29,3) = 1

Jo(w1, 29, 23) = (14 )2+ 2109 + 2123

Ju(w1, 20, 23) = (14 a)(142a)(1 4 3a)x] + 28zo(1 + ) (1 + 2a) B3
+aizs(1 4+ ) (14 2a)Bas + (1 + Q)2iwsBay + 117205 413.24)

P = 1+2a
Bz = 1+«
Baz = 1

Putting everything together and symmetrizing (the coefficients are taken from
MOPS [166], the Maple package) we have that

I (w1, 29, w3, 24) = (14 @) (1 + 200) (1 4+ 3a)mpyg + 4(1 + a) (1 + 20)myz+
+ 6(1 + Oé)Qm[QQ] -+ 12(1 + a)m[gll] -+ 24m[1111} <B25)

From now on we change slightly the normalization to be consistent with the out-
comes of MOPS, namely we divide for (1 4+ a)(1 + 2a)...(1 4+ (n — 1)a) which
allows us to have 1 as a coefficient of my, instead of having it as the coefficient of
mni.aj-

This makes also more clear that there is a chance to reduce Jack functions to the
form of chiral primaries by setting « to be infinite. This fact holds for sure up to
12 boxes.

Antisymmetric case The simplest antisymmetric case is the partition A whose
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=

Eq. (B.11) allows us to have a partition pu composed only by

diagram is

[]

because it is the only part such that A/u is an horizontal strip. So J§(z1,x2) =
Jﬁ)(xl)xgﬁgl = 2x1x5. Note that the partition p is this only one allowed re-
gardless of the number of boxes present in the partition A (in the complete an-
tisymmetric representation). This means that we could guess the structure of
JY(x1, 29, ..., x,) = nlxy 29 ... T, this is reasonable because ,BSB = w =

nl.
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Type IIA string theory on
AdSy x CP? and its SU(2) x SU(2)

sigma model limit

In this appendix it is described how to derive the sigma model lagrangian for the
SU(2) x SU(2) sector of ABJM. This appendix is taken from [39]. The holographic
dual of ABJM theory is given by type ITA string theory on AdS, x CP3 [4] with

metric )

R .
ds® = I< — cosh? pdt? + dp? + sinh? pdﬂg) + R*ds ps, (C.1)

where for the moment we leave the CP? part of the metric unspecified and where

2
Rz, (C.2)

z

with A\ = N/k and with string coupling constant and Ramond-Ramond four-form

field strength given by

252N\ 1 3R?
9s = ( 15 ) o Py = g €Ads. (C.3)

In the regime X > 1 and N < k°, this is a valid background for type IIA string
theory [4].

We are interested in zooming in to the SU(2) x SU(2) sector of type IIA string
theory on AdS; x CP3. This can be achieved by taking a limit of small momenta
which was first found in [38] (see also [40, 95, 97, 151]). How to do this for type

151
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ITA string theory on AdS,; x CP? is explained in detail in [151] and the relevant

part of the metric becomes

ds® = ——dt* + R?

2
T

1 1
S+ 2’ + (45 + w)Q] , (C.4)

with R given in (C.2) and where

dQ2 = df? + cos® O1dp? , dU? = db2 + cos® Oydp>
w = }L(sin Qldgol + sin di(pg) s 0= %(Qﬁl + qbg — ¢3 — ¢4) (C5)

1 =01 — @2, P2 =04 — P3

We see that the coordinates (6;,p;), i = 1,2, parametrize two two-spheres corre-
sponding to the two SU(2) sectors. For later convenience, the two two-spheres

can also be written in terms of two unit vectors fields 71 o given by

; = (cos 6; cos p;, cos 0; sin ¢;, sin 6;) . (C.6)

We now introduce the angular momenta L; and Ls in one SU(2) and L3 and Ly in
the other SU(2) with the condition Ly 4+ Ly + Ls+ Ly = 0 . As explained in [151]
the SU(2) x SU(2) sector is obtained by considering states for which A — L; — Ly
is small, where A is the energy. This can be implemented as a sigma-model limit

with the following coordinate transformation

. 1
F=Nt, x=0-3t, (C.7)

where N = \/J? J = L; + L, and so that

(A-J)

[:]Eiag: % s

2J = —id,, (C.8)

We see that sending \' — 0, one has that A — J — 0 which means that we keep
the modes of the SU(2) x SU(2) sector dynamical, while the other modes become

non-dynamical and decouple in this limit.

Using (C.7), the type ITA metric becomes

1 - 1 1
ds? = R? (5t + dx +w)(dx +w) + gdag -+ ng'f . (C.9)
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The bosonic sigma-model Lagrangian and Virasoro constraints are

1
£ = —5Guh™0a da”, (C.10)

1
G (On" Dz’ — §haﬁm587x“agx”) =0, (C.11)

with G, being the metric (C.9). h*® = \/—det 77*® with 7,5 being the world-

sheet metric.

Our gauge choice is
t = KT, (C.12)
oL oL
aa,r:[‘_ = const. s 860_7 =0. (C].S)

Moreover, the constant x can also be determined from

2mp_ =

2w 2
R°k  27V2)K
2J =P, :/0 dop, = S T v (C.14)
We see that k = % Thus k — 0 for X — 0. Moreover, from (C.8) we have that

the right energy scale is given by 7 = k7. This means that the quantity that we

keep fixed in the limit x — 0 is #* = OJzxH.

Proceeding as in [151], we can then solve the Virasoro constraints and the gauge
conditions order by order in k. This actually corresponds, on the gauge theory
side, to an expansion in powers of \'. Here we skip the various steps and report

the final result for the action to leading order

J 2 2 ‘ ‘ o)
I = E;/dt/o da[sm@iapi—w (71;) ], (C.15)

2 2
Z/ do sin 0, = 0, (C.16)
i=1 V0

where the last expression gives the momentum constraint.

We see that, up to the perturbative order we are interested in, by taking the
SU(2) x SU(2) sigma-model limit we obtain two Landau-Lifshitz models added
together (C.15), one for each SU(2), which are related only through the momentum
constraint (C.16) [151]. This is moreover consistent with results on the gauge

theory side.
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