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Abstract

This thesis focuses in various aspects of gauged 8-dimensional supergravity theories and
on the study of certain higher order gravities. Supergravity theories are the limit, at low
energies, of the String Theories. These theories were built in order to unify the 4 forces
that exist in nature, under a unique and consistent formalism. Nowadays, scientist are
trying to find experimentally the existence of supersymmetric particles. The existence of
these particles may solve some fundamental problems like the nature of dark matter and
dark energy. If discovered, they would automatically make supergravity the fundamental
framework for describing the Universe where we live.

In this context, studying the most general supergravity theories in different dimen-
sions is very important for describing Nature. Considering that the theories that describe
the known interactions are gauge theories, we expect that the theory that unifies all in-
teractions is also a gauge theory and, in the context of this thesis, a gauged supergravity
theory.

The quantization of General Relativity does not give a renormalizable Quantum
Field Theory. This fact does not allow us to know the behaviour of gravity at high
energies and small scales. The effective action of any UV completion of General Relativity
should contain terms with higher derivatives, involving contractions of the Riemann tensor
and its covariant derivative. String Theories predict the appearance of higher order terms,
which are corrections to the Einstein-Hilbert action. This provides a motivation to study
theories of gravity of higher order in the curvature, known as higher-order gravities” or
“modified gravities”.

In this thesis we collect the results prsented in the publications [?,7,7].

In [?] we construct the tensor hierarchy of generic, linear, bosonic, 8-dimensional
field theories. We first study the form of the most general 8-dimensional bosonic theory
with Abelian gauge symmetries only and no massive deformations. Having constructed the
most general Abelian theory, we study the most general gaugings of its global symmetries
and the possible massive deformations using the embedding tensor formalism.

In [?] we study the gauging of maximal d=8 supergravity using the embedding tensor
formalism and teh general results of the preceding paper. We focus on SO(3) gaugings,
study all the possible choices of gauge fields and construct explicitly the bosonic actions
for all these choices. We study the relation between the 8 dimensional supergravity buit
by Salam and Sezgin in [?] by compactification of d = 11 supergravity and the theory
constructed by Alonso-Alberca et al. in [?] by dimensional reduction of the so called
“massive 11-dimensional supergravity” proposed by Meessen and Ortin in [?].

In [?] we study some aspects of f(Lovelock) theories in d dimensions. These theories
are generalizations of the f(R) and Lovelock theories, where the gravitational action de-
pends on an arbitrary function of the Euler densities in d dimensions. We show that these
theories are equivalent to certain scalar-tensor theories, we study the linearized equations
of the theory on general maximally symmetric backgrounds, and we find constraints on the
couplings of a family of five-dimensional f(Lovelock) theories using holographic entangle-
ment entropy. Finally, we present some new black hole solutions in different dimensions.
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Introduction

In this section we are going to introduce the concepts needed for a better understanding
of the results obtained in the publications that have been collected in this thesis [?,?,?].
The main topics are gauged supergravity and higher order (“modified”) gravities.

1.1 Gauged supergravity

Gauged supergravity is one of the main topics of this thesis. therefore, we are going to
make a short introduction to the procedure of gauging (making local) global symmetries
of a field theory. We are going to start by the simplest example of the gauging of an
Abelian symmetry of the Dirac action, obtaining the Quantum Electrodynamics (QED
)action and then we are going to generalize the technique to more than one Dirac spinor
and non-Abelian symmetries. The result of this procedure for the symmetries considered
are non-Abelian Yang-Mills (YM) gauge theories.

Next, we are going to introduce a slightly more general procedure for gauging global
symmetries, known as the Noether procedure (or method). before we do that, we define
the Noether current associated to a global symmetry of the action and show how to obtain
it.

The Noether procedure, though, does not work for symmetries of the equations of
motion which are not symmetries of the action, such as electric-magnetic duality symme-
tries because the standard procedure to obtain the Noether current does not work here.!
Also, in 4 dimensions, one cannot use the dual (magnetic) vectors as gauge vectors. We
are interested in finding the most general gaugings of a theory, including those that make
use of the magnetic vectors as gauge vectors and those in which the gauge symmetry in-
cludes electric-magnetic duality rotations. Furthermore, we want to study the possibility
of gauging different subgroup of the global symmetry group (of the equations of motion)
using different combinations of the vectors of a given theory as gauge fields. A more
general formalism is required.

The embedding tensor formalism allows one to do just that: studying the most gen-
eral gaugings of a field theory with a given global symmetry group of the equations of
motion and a given field content. This is, precisely, the situation of supergravity theo-
ries and, therefore, this formalism is specially well suited to explore the possible gauged
supergravities that can be constructed from a given ungauged supergravity theory.

We are going to introduce this method, that we have applied to the gauging of
maximal 8-dimensional supergravity in [?,?] but,before we do that, we are going to review

'There is a generalization of the Noether current called Noether-Gaillard-Zumino current [?], though.



Chapter 1. Introduction

electric-magnetic duality symmetries in arbitrary dimensions.

Finally, we are going to give a brief introduction to supergravity theories in arbitrary
dimensions, describing later some supergravity theories (ll-dimensional and 8-dimensional
supergravities) that will be relevant for the results obtained.

1.1.1 Gauge theories

Today it is accepted by the scientific community that all the interactions in Nature can be
described by four fundamental forces: electromagnetism, the weak force, the strong force
and gravity.

The first three interactions are reasonably well understood at small scales and high
energies: the actions that describe the three first forces are known and they correspond
to those of Yang-Mills gauge theories (or gauge theories); when these theories are quan-
tized, they are renormalizable Quantum Field Theories (QFTs) and one can compute
scattering amplitudes unambiguously and make definite predictions about the outcomes
of experiments which, so far, have been experimentally confirmed.

At large scales, of those three interactions, only electromagnetism is a relevant in-
teraction and it is also well understood: the same action mentioned above gives rise to the
Maxwell equations. At the same and larger (astronomical and cosmological) scales, grav-
ity is also reasonably well understood, but the same action that gives rise to the Einstein
equations, as different from the action that gives rise to the Maxwell equations, cannot be
consistently quantized.

Many alternatives have been tried but, so far, none of them seems to be completely
successful. Furthermore, we completely lack experimental hints on the quantum behaviour
of gravity and, thus, gravity remains a mystery when studied at small scales.

Although we do not have a working theory of quantum gravity, there are several
candidates for consistently describing the quantum nature of gravity. The most promi-
nent candidate is String Theory [?, 7,7, 7, ?] which also aims to describe the rest of the
fundamental interactions in a unified way. It is well known that the low energy limit of
different String Theories correspond to different gauged Supergravity theories [?7,7?]. In
this context, the construction of gauged supergravity theories in different dimensions has
been pursued with abundant results [?]. Studying the ungauged theories and all their
possible gaugings in a systematic way and can be done with the help of the embedding
tensor formalism. In order to do that, we first need to study the way in which a symmetry
of a generic field theory can be gauged. In this section we present the simplest procedure
for gauging a local symmetry. We study first the Abelian gaugings and later we end with
the non-Abelian ones.

Gauging Abelian symmetries

Let us consider a the the Dirac Lagrangian

where 1 is a complex Dirac spinor. This Lagrangian is invariant under the transformations
U(w) = (z) = (), (1.2)

2



Chapter 1. Introduction

where o and ¢ are constant parameters. Such transformations are called rigid or global
transformations because the parameters that describe them are constant. The global phase
transformation (?7?) leaves the Lagrangian (?7) invariant, and therefore, it is a symmetry
of the theory. We say that the Lagrangian has a U(1) global symmetry.

Suppose now that we want to have the freedom of choosing the phase of ¥ at each
point in spacetime independently. In that case, the theory in question should be invariant
under

Y(x) = ¢ (2) = D (z), (1.3)

for arbitrary functions a(x). This kind of transformations whose “parameters” are arbi-
trary functions of the spacetime coordinates are called local or gauge transformations. If
a theory is invariant under (?7), then it will not depend on the phase of ). Thus, phase
differences have no physical significance and are no longer determined by the dynamical
equations of the theory: invariance under local transformations implies that some of the
degrees of freedom are absent.

However, if we allow different phase rotations at different spacetime points i.e. a =
a(z) the transformation (??) is no longer a symmetry of the theory (?7?). Indeed, the
derivative 9,1 transforms as

b (z) — 8, (9@ y) = 42D (4p(x)) + iqD, (a(x))e @)y, (1.4)

Clearly, the term with 9« spoils the possible invariance of the Lagrangian under the local
transformation. The Lagrangian (??) does not have local U(1) symmetry and if we insist
in having local symmetry we should change something.

The definition of the derivative in the kinetic term is the problem: we should in-
troduce a new covariant derivative D,, such that it changes covariantly (i.e. with no 9,
term) under the transformation (77):

Dap(z) — €99@) D ap(x). (1.5)

The only known way to construct a derivative with this property requires the in-
troduction of a new vector field A, that will be called a gauge field, with its own gauge
transformation

A, — Ay(x) + 0N, (1.6)

where A is an arbitrary function of the spacetime coordinates. In order to satisfy (?7) we
must set?
A=a. (1.7)

The covariant derivative that we were looking for can be written as
DW = 3W - iqA;ﬂb = (a,u - iunW, (1'8)

The two terms appearing in D,, are related to infinitesimal transformations: the term 9,
can be interpreted as the result of an infinitesimal spacetime displacement on ¢, and the
second term —ieA, 1) represents the result of an infinitesimal gauge transformation on 1.

2In this simple setting this is a trivial statement. However, in more general settings, the identification
between gauge parameters can be done in many different ways parametrized by the embedding tensor and
it is important to stress that we are making this identification.

3



Chapter 1. Introduction

Now, in order to make the Lagrangian manifestly gauge invariant we replace the
new covariant derivative D, in (?77), obtaining

L= =Py —mipp = —pdp — mpyp + iqApytap. (1.9)

If the gauge field is going to be a dynamical field of the theory, we need to add
a kinetic term for it in this action that respects its gauge symmetry. Let us see how to
construct it.

The covariant derivative satisfies the properties of a usual derivation, such as the
Leibniz rule and distributive properties. Moreover, the commutator [D,D,] is

[D,LL7 Du}w = D,u(Duw) - Du(Duw) = _inw/@Z)a (1'10)

where

F = 0,4, — 0,A,, (1.11)

is called the field strength and it is gauge invariant. being first-order in derivatives of the
gauge vector field and gauge invariant we can use it to construct the kinetic term we are
looking for (see below).

The relation (??) is called Ricci identity, and since both sides have to be gauge
covariant we will be using the commutator of covariant derivatives very often for building
gauge covariant field strengths.

There is another identity satisfied by the covariant derivative, the Jacobi identity:
[D/u [Dy, Dp” + Dy, [Dpa Du“ + [D/N [DIM Dy]] =0. (1.12)
It implies the following relation for the field strength
D,F,,+D,F,, +D,F,, =0. (1.13)

Since, in the case at hands, the field strength is invariant under gauge transformations,
after replacing the covariant derivative by the ordinary one, we can rewrite this identity
in the equivalent form

Oup* FM = 0. (1.14)
The above identity is called the Bianchi identity and it is trivially satisfied by (?7).

As mentioned above, we can use the field strength F},, to build a Lagrangian which,
by construction, is going to be gauge invariant:

1
L=~ Ful", (1.15)

and, combining both Lagrangians (?7) and (??7) we have

1 . S
Lopp =L+ Lp = _ZF“”FW — PPp — maap + iq APy, (1.16)

This Lagrangian represents the interacting theory of a fermion field 1) and a gauge vector
field A, and it is the Lagrangian of the theory of Quantum Electrodynamics (QED). This
is a prototypical example of a theory obtained by gauging a global symmetry. The theory
has just two free parameters, the mass m of the fermion and its charge q.

4



Chapter 1. Introduction

Gauging non-Abelian symmetries

The symmetry transformation given in (??) can be written as

U(x) = My(x), (1.17)

where M = €® is a 1 x 1 unitary (U(1)) matrix. QED is invariant under the U(1) gauge
group. This statement rises an immediate question: can we build a gauge theory invariant
under a larger gauge group, like the group of n X n unitary matrices U(n)? The answer
is yes.> We will see a simple example and then proceed to generalize the formalism to all
non-Abelian theories.

Let us take n complex fields 9;(z) and collect them in a n-component vector

P1()
Po()

The Dirac Lagrangian for n Dirac spinors reads:

U(z) =

L=V[(iv"d, — m)lpxn) ¥, (1.18)
and it is invariant under the transformation

U(z) = MY(x),
(1.19)
U(x) — U(x)MT,

where, now, M € U(n).

Again, we want to have the freedom to make a different U(n) transformation at
each spacetime point, i.e. we want the theory to be invariant under the same kind of
transformations with M now an arbitrary U(n)-valued function M (z). However, it can
be seen that (??) transforms under (??) with M = M(x) as

L — LA+ U(x)MTin"d,(M(z))¥(x), (1.20)

so that the Lagrangian (??) is not invariant under the transformation (??). The solution is,
again, to replace the standard partial derivative by a covariant derivative, which requires
the introduction of a matrix-valued gauge vector field A, transforming as

Au(z) — AALAT — (9, A(x))AT, (1.21)
where A is a U(n)-valued function. With the identification

A= M(z), (1.22)

3QED is an Abelian theory -two successive U (1) transformations commute- on the U(n) generalization,
two transformations will not commute in general, this is why these theories are called non-Abelian gauge
theories.
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we can build a covariant derivative that solves the problem exactly as in the U(1) case
D,V (x) = (0, — iqA,)¥(x). (1.23)

Now that we have seen how the generalization to U(n) can be done, we proceed with
the most general case.

Let us assume that M is a generic n X n unitary n-dimensional matrix, describing
unitary representations of a new G. This matrix can be written as M = e, where H
is a Hermitian matrix i.e. H' = H. Since we have a continuous group we can expand
M in terms of a basis of Hermitian n x n matrices that we will denote T, and some real
parameters £%. The T,’s are called the group generators.

Since the identity element ¢” = 1 is contained in every group, we can write any
group element of the form A
e Te = 1 44€°T,... (1.24)

Consider two group elements parametrized by &, and 1. The product
eigaTaeianbe—iE‘lTae—ianb =1 ganb[Taa Tb] N (125)

Being a product of group elements, the result must be a group element as well, and since
the T,’s form a basis, we can write

[To, Ty = ifp 10, (1.26)

where f; * are called the structure constants. These constants are real for compact
semisimple groups. A set of matrices satisfying (?7) is called a Lie algebra. From (?7?) we
can classify all the possible Lie algebras.*

The expression (?7) also helps to determine the possible representations that each

Lie algebra has. One important representation is defined using T;zz = —ifape- These

generators satisfy (?7) and they form the so called adjoint representation. It exists for
any Lie algebra and its dimension is the same of the Lie algebra.

The vector A, can be written as A, = A}T;,, where each component Ay, is called
the gauge field. A, transforms in the adjoint representation.

Consider a linear G transformation of the field ¢ (x)

Y(x) = ¢/ (x) = 4 Ty (2). (1.27)

When £ is constant(global transformation). The partial derivative 0,1 is invariant under
(?7), but if we promote the £’s to arbitrary functions of the spacetime coordinates, then,
Oyt transforms as

Outh = (Outb(2)) = " DT (9,0 (x) +iqD, (6 (2)) Tt (), (1.28)

4There is a well known classification of all semisimple Lie algebras: the su(n) associated to the group
SU(n), which is the group of unitary matrices with unit determinant, the so(n) associated to the group
SO(n), which is the group of orthogonal matrices with unit determinant; and the sp(2n) associated to the
group Sp(2N) which is the group of matrices satisfying U7 QU = Q with

Q:{_OI (ﬂ

There are also 5 exceptional semisimple Lie algebras called G2, Fu, Fs, E'7 and FEs.
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and we need another derivative that transforms covariantly. In order to define a covariant
derivative we have to introduce a gauge vector Aj; transforming as:

Al = A% — 9N — qf, SAPAS (1.29)
Making the identification
A = &9, (1.30)
we can see that
Dy = 0y — A} T, (1.31)

transforms covariantly.

The commutator of two covariant derivatives is

[D,ua Du]qb = in,uuwv F,uu = FﬁyTaa (1'32)
where FJ,, the field strength, is given by
Fi, = 0,A% — 0,A% — qf% ALAS, (1.33)

transforms covariantly under gauge transformations. We can use it to build an invariant
Lagrangian that has to be added to that of the matter field 1:°

Ly = —%FSVFWV. (1.34)
This Lagrangian is the Yang-Mills Lagrangian and it is a generalization of the Maxwell
one. A non-Abelian gauge theory automatically contains self-interactions of the gauge
field. Comparing both Lagrangians (the QED and the YM) we can see that in QED
the gauge field does not transform under a global U(1) transformation, so we can say
that it is uncharged. In a non-Abelian gauge theory, the gauge fields transform in the
adjoint representation under a global transformation, so it carries charge, and that is why
it couples to itself.

1.1.2 Symmetries in field theories

In this section we present a study of the global symmetries of the action of a theory and
their gauging. For a detailed account see [?,?].

Le us consider an action S(¢) where ¢ is a generic field:

S(6) = /E AL (5, D). (1.35)

Usually, £ is a scalar density. We consider the variation of the action under arbitrary
infinitesimal variations of the field ¢. Using integration by parts, Stokes’ theorem ,and
requiring S = 0 with the appropriate boundary conditions (dp|gs, = 0), the FEuler-
Lagrange equations are found:

oS oL oL
122
50 =— -9 ( " > =0, (1.36)

5We have assumed implicitly a normalization of the generators of the gauge group so that the Killing
metric Kup, which is gauge invariant by construction, is proportional to the identity.

7
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The addition of a total derivative term to the Lagrangian does not change the
equations of motion as long as the boundary conditions for d¢ make the new boundary
term vanish.

Now, we consider the infinitesimal transformations of the coordinates dx and the
variation of the field d¢:

oat = x't — gt Sp(x) = ¢ (2") — o(z), (1.37)

where x and 2’ are the coordinates of the same point in different coordinate systems. The
invariance of the action under these transformations, up to total derivatives, can be stated
as follows

08 = / d%zd),s"(9). (1.38)
b

It follows that 55
/ ddx <8MJ“(5) + 5¢> =0, (1.39)

3 o

where or

H(§) = —s*(0) + TH oa¥ — ——— L0z + ... 1.4

JH(5) st(0) + 1%, 0x aa“ay@apgoa dz? + (1.40)

Here, T, is the energy-momentum tensor:

TH, =nt, L — O+ ... (1.41)

_oL_
00,0,

If the equations of motion 65/dp = 0 are satisfied then we get the conservation law

9, 34(8) = 0. (1.42)

J* is the Noether current. If the transformations depend on constant parameters o

oxt = 045 a",  dp =040, (1.43)

where §42# and d4¢ are functions of the coordinates and ¢ and the o, A =,1,..,n are
the transformation parameters, there are n independent Noether currents J%.

If the transformations are local o = UA(SL‘) then, up to a total derivatives, we have

08

/ ddz (8MJ§(U) + O'ADA> =0, (1.44)
by o

where D 4 are operators generally containing derivatives acting on the equations of motion.

If we choose parameters such that J5(o) vanishes at the boundary then we obtain n

identities relating different equations of motion

55 _

A5, =0 (1.45)

These identities are called Noether identities. They are satisfied off-shell. Thus, since the
Noether identities are identically true for arbitrary values of the parameters, we obtain an
off-shell conservation law:

9,35 (o) = 0. (1.46)

It can be shown that this current vanishes on-shell and, therefore, it is not useful for
constructing conserved quantities.
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1.1.3 Noether method

This is a method for gauging a global symmetry of the action based on a simple observation:
assuming that the action of a theory is invariant under some global transformations of the
fields §¢ with constant parameters ¢4, if we now use local parameters o (z) we should
find that the variation of the action has the form

68 = / d%28,0 3", (1.47)

because, it has to vanish for constant o4. Here J Z are the Noether currents associated to

each of the independent transformation parameters o.

Comparing the above formula with the generic gauge transformation rule of as many
Abelian vector fields as independent transformations Aﬁ

A A
0A, = 0uA”, (1.48)
it is clear that we can cancel the above term in the variation of the action by identifying
A =04, (1.49)

and adding a term
- / d'z A TY, (1.50)

to the original action. This is the basis of the Noether method, but, it is clear that the
new total action will not be exactly invariant, in general, because (5.]’2 # 0. However, it
will be invariant up to terms of higher order in the coupling constant (that we have not
written explicitly). These terms will have the same form, where the Noether current is
modified because of the introduction of the above coupling in the action. We can repeat the
procedure adding new terms to the action and, if necessary, to the gauge transformation
rules of the fields to cancel them. In many interesting cases, this iterative procedure ends
after a finite number of steps, yielding an exactly gauge-invariant action.
Let us see how this method works in a simple example.

Let us consider the following Lagrangian for a complex scalar field ®
1
Ly = §8M<1>8“<I>, (1.51)
invariant under phase transformations, which infinitesimally can be written as
0P =iqo®, (1.52)
where o is the parameter of the transformation. These transformations constitute a U(1)

symmetry group, and ¢ labels the representation of U(1) corresponding to ®. If o is a
function of the spacetime coordinates, the Lagrangian is not invariant

Lo = —qjtd,0, = —% ($0"D — DOP) , (1.53)

where j* is the on-shell conserved current associated with the global invariance of the
Lagrangian L.
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The above variation can be cancelled by the introduction of an Abelian gauge vector
field A, transforming as 64, = J,A, making the identification A = o and adding a new
term in the Lagrangian

L1 = qA,j", (1.54)

whose variation (after the identification) is
0Ly = q0,0§" + qAL05". (1.55)
The first in this variation cancels exactly the variation of Ly and

(Lo + L1) = qA85" = —¢?|D|>A,0 0. (1.56)

Using the same reasoning we can cancel this term by introducing yet another term
of the form

1
Ly = 5q?\cby?A?, (1.57)

in the Lagrangian because
6Ly = ¢*|®*A,0"0. (1.58)

In this case we have achieved exact invariance in two iterations. Adding the kinetic
term for the gauge field, the total Lagrangian of the gauged theory can be written as

1 _ 1
Lo+ L1+ Lo = G Du®D!P — F P, (1.59)

where

D,® = (9, — iqA,)®, (1.60)

is the gauge-covariant derivative, which in this method arises in a completely natural form.

As we have mentioned, in more complicated cases, the Noether procedure will require
the addition of more corrections both to the field transformation rules and the Lagrangian.
Note that we have added by hand to the original Lagrangian the exact number of vector
fields needed to gauge the existing symmetry. However, in many cases, the field content
of the theory cannot be changed and we have a fixed number of vector fields transforming
in a given representation of the global symmetry group. For instance, in supergravity
theories with high .

The possible gaugings of the global symmetry group are usually strongly constrained
and a method to explore systematically all the possibilities is the embedding tensor for-
malism [?,7,?]. If we have a symmetry of the equations of motion that does not leave
invariant the action, the Noether method is not suitable for building a conserved current.
That is the case of the electric-magnetic rotations. We want to study the general symme-
tries of equations of motion finding the conditions that a group of transformations has to
satisfy in order to be a symmetry of the equations of motion.

Electric-magnetic duality

Electric-magnetic duality is part of a bigger group of dualities, S dualities. In these
dualities the coupling constant is inverted and perturbative (weak coupling) and non-
perturbative (strong coupling) regimes are related.

10



Chapter 1. Introduction

Electric-magnetic duality is a symmetry of the equations of motion which is not
a symmetry of the action. It can also be seen as a mapping between two theories that
describe, in different ways, the same degrees of freedom. We are interested in the most
general case, but we will start by reviewing the well known case of Maxwell equations in
4 dimensions. Then, we will present the general case in 4 dimensions and, finally, we will
proceed to increase the number of fields and dimensions. For more details see [?] [?].

The sourceless Maxwell equations
O " =0, (1.61)
and the Bianchi identities
Ou* F'" =0 (1.62)

are invariant under the replacement F' — xF', xF' — —F. In a given frame, this replace-
ment corresponds to the interchange of electric and magnetic field

=/

B'=-E, E =B. (1.63)

The electric-magnetic duality transformation squares to minus the identity and, therefore,
it generates a Zo electric-magnetic-duality group. The Zy group can be extended to a
continuous symmetry group of the equations of motion:

F=aF +bxF, xF=—-bF+a*F, a®>+b*+£0, (1.64)

is an invertible transformation that leaves the set of the two equations invariant. It is
convenient to define the duality vector

. F
F= ()

_ 0 1)\ =
F= F.
=(500)
When the lower component of F' is considered as independent of the upper one, the above
constraint is called the linear, twisted self-duality constraint. It is equivalent to the original

relation between the upper and lower components of ﬁ, which solves it, but its structure
is much more convenient to study more general duality transformations.

which satisfies

The Bianchi identity together with the Maxwell equations can be written in the
compact form
ouF" =0, (1.65)

transforming in the vector representation of the duality group

F=PF, P= ( o > = iA( _C‘S’lsr(l?g) ifggzg ) . (1.66)

We can see that the duality group of the Maxwell equations is made of rescalings and O(2)
rotations of F'.

The replacement of F' by xF is not a symmetry of the Maxwell action.® We have
defined the electric-magnetic duality transformation in terms of the field strength for the

5There is a change in the Maxwell action sign because the identity (xF)? = —F2.
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Chapter 1. Introduction

sake of convenience but we must bear in mind that the variable in the action is the vector
field A, and not its field strength. In terms of the vector potential A, electric-magnetic
duality transformations are non-local.”

In order to study more general cases, we have to introduce more formal and general
definitions that allow us to handle theories with more vector fields (or other higher-rank
form fields), with non-linear couplings and with couplings to scalar fields. We are going
to follow closely [?,7,7]. For a good review in the context of supergravity see [?].

In four dimensions we consider a functional S(F'(A)) of a single Abelian field strength
F(A) with no couplings to any other fields. Since by definition F' = dA, the 2-form F
always satisfies the Bianchi identity dF' = 0. The dual (magnetic) field strength G' can be
defined for any such action by
dS[F)
G =2 .
* 0F
The equations of motion of the 1-form (Maxwell equations) can always be written in terms
of the dual field strength G in the form®

B x G =0, (1.68)

(1.67)

which is a Bianchi identity for G. For instance, for the Maxwell action eq. (??) the dual
field strength is G = xF' and equation (?7?) is the Maxwell equation. The pair, Bianchi
identity plus Maxwell equation, is invariant under global linear transformations of F' and

G of the form
F’ A B F
(o)-(c0)(5) (00

(5)-(: (8

In general, the action S(F) is not invariant under these transformations. Moreover, we
know that G and F' are not independent and, actually, G = G(F') (in the Maxwell case
G(F) = *F). Thus, we have to impose G’ = G'(F’) with the same functional dependence.

We want to know when it happens that
S'(F"y = S(F"). (1.71)

or, infinitesimally

This property is called self-duality, and it is a property of the duality transformations and
of the action S(F).” In the Maxwell case, the self-duality property requires A = D and
B = —C. This group of transformations is RT x SO(2)'.

"If we want to perform the duality transformation in the action we need an action whose variable is the
field strength. In such an action, the above replacement can be performed and its form-invariance can be
tested. This procedure is called “Poincaré dualization” (see e.q. [?]).

81t is important that the action depends only depends on the vector field through its field strength.

9The condition that an action, the dual vector field strengths, and the duality parameters must satisfy
in a self-dual theory is:

6
0F .

the so-called Noether-Gaillard-Zumino identity.
100nly the second factor leaves invariant the energy momentum tensor(which is necessary to have a

symmetry of the equations when we couple the theory to Einstein’s gravity),and, therefore, the electric-
magnetic duality group of Maxwells’ theory is just SO(2).

((d +a)S(F) + i /d4y (cF™ % Flpy — bG" % G — 2aF" % Gab)> =0, (1.72)

12



Chapter 1. Introduction

Now, let us consider n fundamental (electric) vector field strengths F*, and m scalar
fields '. For each of the vector field strengths F* we can define a dual (magnetic) vector
field strength G (F, p):
0S[F, ¢

The Maxwell equations for each A* take the form of a Bianchi identity '! for the dual
field strengths
9, * G\ =0, (1.74)

As before, we construct 2n-component vectors of the fundamental and dual vector field
strengths and the transformations

(e)=(cn)(6) 0
*e)=(ca)le) a9

where A, B,C, D, a,b,c and d are n X n matrices. As we are going to see, for consistency,
they have to be supplemented by transformations of the scalar fields

o= fe), A" =E(y). (1.77)

or, infinitesimally,

The linear (in vector field strengths) theories in d = 4 we are interested in, have the form

Se) = [ daV/IglR+ Gyt
+2ImNps P FY, — 2ReNps FA « F2 ) (1.78)

where G;; = Gij(¢) is a positive definite metric, and NMyx(p) is the symmetric,
complex, n X n period matriz, whose imaginary part must be negative definite. The
bosonic sectors of all the four-dimensional ungauged supergravities can be written in the
form of (??7). Moreover, we can add a scalar potential whose only effect is to restrict the
possible symmetries of the theory to those that leave it invariant. The dual vector field

strengths are defined as in the single-vector case!?
1 45
*G M= —— (1.79)
4y/19] 9F
and, therefore,
Gp = ReNpas FE 4+ ImNyg * F= = GT = NS F&T. (1.80)

After applying the transformation (??) the new field strength G’y is related to the new
field strength F'* by
G = NS\ F™>T, (1.81)

Mg implies the existence (locally) of as many dual vector fields Ax such that Ga = dAnx.
12Note that by convenience we choose a normalization different to that of eq. (?7?).
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Chapter 1. Introduction

and using the reality of the matrices A, B, C and D it can be shown that the transformation
rule of the period matrix A is

N’ = (C+ DN)(A+ BN)™L. (1.82)

The previous transformations must preserve the properties of the period matrix: the
negative definiteness of the imaginary part and the symmetry of the matrix A/’. Using the
symmetry of the matrix N’ we arrive at the conditions

CTA—(A"D — CT"B)N + N (DT B)N — transposed = 0, (1.83)
which are solved by
cTA=ATc, BTD = DB, ATD — CTB = klsxa, (1.84)

for some real constant x. Then, it is possible to show that the imaginary part Jm\ of the
period matrix A/’ transforms as

JmN’ = k(AT + NTBT) "1 ImN (A + BN) 7L, (1.85)

and it will remain negative-definite if £ > 0. If we want these transformations to preserve
the energy-momentum tensor as well (which is necessary in theories in which the vector
fields a minimally coupled to gravity), the only allowed value is kK = +1.

The conclusion is that the most general symmetry of the equations of motion of the
theories (??) acts linearly on the vector fields as a subgroup of Sp(2n,R).!* At the same
time, the scalars must be transformed in such a way that the functional dependence of
the period matrix on them remains invariant. These transformations of the scalars must
leave the scalar metric invariant, i.e. they must be isometries of G;;. Only those isometries
of the metric which are associated to the above Sp(2n,R) transformations will be true
symmetries of the equations of motion.'* In the cases where the scalars do not appear in
the period matrix, the duality group will contain as a factor additional to the Sp(2n,R),
the group of isometries of the scalar metric that acts precisely on the scalars that are not
in the period matrix.

There is another way to see the symplectic group arise in this problem. Let us define
a 2n-component vector

(FM) = ( F ) . FM M EN (1.87)

where we will use the symplectic metric

0 1
Qun = O (1.88)
loxn 0O
138p(2n,R) is the group of transformations S such that
T _ _ 0 1
STQS =Q, QZ(—]l 0). (1.86)

14This statement is based on the dependence of the period matrix of the scalars and it could happen
that some scalars do not occur on the period matrix. Moreover, it could happen that SRe/N' = 0 then,
again, the statement may not be true on these conditions.
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Chapter 1. Introduction

for lower and raise indices: FN = FyQMN . the componets of the contravariant FM are
(FM) = (Gp, —F™). (1.89)

This vector satisfies the linear, twisted, self-duality constraint
MuyunNFN = —Qun « FM, (1.90)

that must be preserved by duality transformations.

Using this notation and the above constraint, the energy-momentum tensor corre-
sponding to the vectors in the action (?7) can be written in these two equivalent ways

Tyoet = =AMy n(N)FM PFN = —4Quy » FM, PFY (1.91)
where M(N) is a 2n x 2n symplectic matrix

Ins + RAATA Ros, —RAnIAY
MWN) = , (1.92)
—IAQRQZ IAZ

where
Iny, = IJmNyy, Rax = ReRps. (1.93)

The energy-momentum tensor (?7?) is going to be invariant under duality transformations
F' = SF if these transformations preserve the symplectic metric Qpsn (i.e. if they belong
to Sp(2n,R)) and if they also preserve the form of the matrix My (N):

Mun(N) = (57 MpaN) (S % (1.94)
The period matrix has to satisfy
MnWN) = Muyn(N) (1.95)

where My, (N) is given by (??) and N’ is given by (?7).

Higher dimensions and higher ranks

The generalization of (??) to higher dimensions is'®

. o —1)
Zlg. Apr, ) = [ d'aVlg <R+ G.i(0)0,6'0 09 + 4T (O) Py Py
(1P

where the scalar fields ¢ couple through the matrices Inx:(¢) and Rax(¢) to the n (p+2)-

form filed strengths F) (’; +2) of as many as (p+1)-form potentials Aﬁ) +1)- The field strengths
are defined by
A _ gaA
5The term 1y
162 S Bas (O Pz« Fli, (1.96)

does not exist for any d or p, it can only be different from zero when p = p = (d — 4)/2.
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and satisfy the Bianchi identities

AF{p 5 =0 (1.99)
We use the notation
A b — A % Koo hp42
Flpray Fipio) = Fpiop o Fpro) (1.100)

The matrix Ipy is symmetric and negative definite. The matrix Ray is a new
scalar-dependent matrix such that

Rps = 2Ryy, where €% = —(—1)%% = (—1)PH. (1.101)

Then, depending on the value of £ (+i or +1) the duality group will change.The normal-
ization of the action is chosen in such a way that when d = 4, p = 0 we recover the action

(?7).
As before, we define the dual (p + 2)-form field strengths G ;,9)4 as

— b b
Gﬁ+2A = RAEF(p+2) +IAE*F(p+2). (1102)

The equations of motion of the (p + 1)-form potentials are
dG (pra)a = 0. (1.103)

We arrange the electric and magnetic field strengths in a vector of 2n components, taking
into account that only in the case p = p we can mix the upper and lower components:

== (

With this definition we can write equations (??)and (?7) as

FA
(p+2) ) . (1.104)
Gpr2)n

dFM = 0. (1.105)
Assuming that FM transforms linearly as

FM = gM 7N SE(é g), p#p—B=C=0. (1.106)

and requiring the consistency between these and the definitions of the magnetic filed
strengths forces the matrices I and R to transform according to transformation (?7)
where now N is defined as N' = R + £1.

The contribution of the (p + 1)—form potentials to the energy momentum tensor

can be rewritten as

4(—1)p+l
A(p+1) _ M N
TMV(P =) MuynN)F¥ 7 Fr ., (1.107)

where we have introduced the symmetric matrix
I-¢RIT'R 2RI
MunWN) = : (1.108)
IR 54171
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Defining the metric

Qun = ( 5811 (]; > (1.109)
the linear, twisted, self-duality constraint takes the form
MuyunNFN = 2Qpn + FM, (1.110)
and, the energy momentum tensor (?7) can be written

TAP D = 4 (1) et Qpy « FM N, (1.111)

Following the same reasoning as in the previous case, we can conclude that the
transformations that leave this energy-momentum tensor invariant are those that leave
QN invariant:

p=p &=+41  —O0(n,n). (1.112)
p=p &=-1 = Sp(2n,R). (1.113)
D # P, — no constraint. (1.114)

1.1.4 The embedding tensor formalism and the tensor hierarchy

As we have advanced in previous sections, given a theory with prescribed field content
and global symmetry group, the embedding tensor formalism helps us to study the most
general gaugings of the theory and (as a bonus) the most general deformations of the
theory compatible with gauge invariance. For a review see [?] [?].

Let us consider an ungauged field theory with a global invariance group G that
contains the vector fields Ai‘f transforming in some representation V4 of the group G'©.
The generators of the corresponding algebra g are called T'4,'” with A = 1,...,dim(g), and
they satisfy the commutation relation (77).

We define the embedding tensor 934, which determines the subgroup of vectors that
will be used as gauge vectors, in other words, it determines the combinations of vectors
Aﬁ‘ = AMM Y2 that can be taken as a gauge fields associated to a set of generators of T)4.
The embedding tensor is a map 9 : V — g whose image defines the gauge group. Thus,
the embedding tensor can be used to define covariant derivatives of the gauged theory:

Dy =0y — AMIy ATy (1.115)

The consistency of the formalism demands that the embedding tensor is gauge in-
variant:
Spn™ = 0pP (T M ydn™ + fd9nC) = 0. (1.116)

If we define X9, = OnAT,%p, eq. (27) implies 67X \“p = 0. Then,

[Xar, Xn) = =Xpn" Xp = =X 8 Xp- (1.117)

6Here we must consider all the vector fields of the theory, electric and (if we are in d = 4, magnetic as
well. This, as we have reviewed in the previous section, in d = 4 the group G must be a subgroup of the
symplectic group.

"The matrices T4™ x must belong to the algebra of the symplectic group in d = 4: TaMNQup =
Ta™pQun.
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Writing XMNP as . . .
Xun = XN+ 2" un; (1.118)

we find that
IpA 2Py = 0. (1.119)

Thus, the antisymmetry of X, NP holds only upon contraction with the embedding tensor.
Eq. (?7) is implicit in eq. (??) and it is called the quadratic constraint, this constraint
has to be satisfied by ¥ MA for having a valid gauging.

The simplest deformations of an ungauged theory are associated to the gauging of
the global symmetries and are parametrized by the embedding tensor. However, other
deformations can appear, and they may be parametrized by objects that are independent
of the embedding tensor.'®

One of the important aspects of the embedding tensor formalism is that it gives rise
to the tensor hierarchy [?] [?] which consists of a set of potentials of all degrees (1,..,d)
and their corresponding curvatures, which are related by Bianchi identities. The tensor
hierarchy is required by consistency of the procedure and it has to be compatible with the
original field content of the theory.

The higher rank form fields of the theory are associated with extended objects
of the theory, therefore the embedding tensor formalism constitutes an indirect way of
determining the branes of the theory [?7].

In the following, we describe the procedure for constructing the tensor hierarchy
with the help of the embedding tensor formalism. For a more detailed description of the
technique see [?,7].

In a generic field theory in dimension d, with 0 < p < [%], the bosonic degrees of
freedom are given by a set of (electric) p-form potentials with p > 0, all of them satisfying
a certain number of second order differential equations. As a general rule, a p-form couples
electrically to an electric (p — 1) brane and the dual (d — p — 2) form potential (which
does not contribute with new degrees of freedom 1?)
(d — p — 3) brane.

The curvatures of the electric and magnetic forms satisfy Bianchi identities and
therefore the equations of motion (second order equations) can be derived as integrability
conditions of the duality relations. Schematically:

couples electrically to a magnetic

Bianchi identities + duality relations < equations of motion

We consider a theory with a given number of (electric) p-forms to which we add their
dual (d — p — 2)-forms. We also assume that the theory has a number of scalar fields ¢,
that parametrize a target space with metric G;;. We start with the lowest rank form fields:
the vectors (1-forms) A’, and the 2-forms B,. As mentioned before, depending on the
dimension, these fields will transform in different representations of the global symmetry
group: in d = 4 dimensions, I will be a symplectic index labeling the electric and magnetic
vector fields and x will be an adjoint index because in d = 4 dimensions 2-forms are dual
to the Noether currents of the global symmetry group, which carry an adjoint index; in

80ne example is the matter coupled N = 1,d = 4 supegravity [?]. In other cases, specially in maximal
and half maximal supergravities all deformation parameters depend on the embedding tensor.
9The magnetic forms are related to the electric forms through a (first order) duality relation.
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d = 5 vectors are dual to 2-forms and the indices I and =z must be identified; in d = 6 =
will be a O(n,n) index labelling the electric and magnetic 2-forms etc.

By assumption, the equations of motion of the theory are invariant under a global
symmetry group with generators {T4} satisfying the algebra given in eq.(??). The corre-
sponding matrices that represent the generators are TAI ; and Ty*,-s then

S Al = AT, 1 AT = af5,Al, (1.120)
6oBy = —a?T,Y B, = a"6aB,. (1.121)

A

where o' are constants.

The transformation rules for the scalars are isometries of G;;(¢) generated by the
Killing vectors k Ai(qﬁ), they satisfy the algebra

[ka, kBl = —fas ko, (1.122)

then
600’ = ak i = a4, (1.123)

We will assume that each of the different form fields transform under Abelian gauge
transformations, namely

6 AT = dol, (1.124)
0B, = dog, etc. (1.125)

where the o/ are 0-forms, the o, are 1-forms, etc.

Now, if we want to gauge the theory promoting the global parameters o to local
functions o (z) depending of the spacetime coordinates we must identify them with some
of the introduced o/, or equivalently, some of the 1-forms A’ should be identified with the
gauge fields A4 associated with the transformations a”. The embedding tensor allows us
to make these identifications explicit:

oA (z) = 0tol(x), Ad =9, 4AL (1.126)
The quadratic constraint eq.(??) in this notation becomes

- XI KJ'ngA + ﬁIBﬁJCng == O, (1127)

where

If the quadratic constraint is satisfied, then,
(X1, XJ] = X% 5 Xk (1.129)

When we introduce more deformation tensors we will get more constraints quadratic in
the deformation tensors, involving the embedding tensor.

The transformations of the scalars are
0edt = o194k, (1.130)
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The covariant derivative for the scalars is

D¢t = do' — A9k, (1.131)
If the 1-forms transform as:
6, AT = Dol + AAT (1.132)
where
Dol =do’ — AX ;1 ;0¥ (1.133)

and AA! is a possible additional term which is annihilated by the embedding tensor
) IAAAI = 0. Then, the covariant derivative given in (??) transforms covariantly

5, D¢ = o9, 20,k i D (1.134)

The next field strength to be considered are those of the 1-forms, and the most direct way
of building them is through the use of the Ricci identities

D2t = —F16;4". (1.135)
Applying the covariant derivative to (??) we find
D2l = dD¢' — AL6; D', (1.136)
Comparing (?7?) and (?7) we can see that

1
FI=qA! - §XJIKAJ ANAK L AFT (1.137)

where, as before, AF! is a possible additional term that is annihilated by the embedding
tensor ﬁIAAFI = 0. We want F! to be a gauge covariant field strength (up to a terms
annihilated by 9,4 ), but it transforms as follows:

0o F' =0’ X, PR —2X [ <aJFK -~ %AJ A 5UAK> +DAA" + 5,AFT. (1.138)

Thus, we need to add AF in such a way that its gauge transformation 5, AF! annihilates
the unwanted terms in (??). AF! has to be a linear combination of the 2-forms B,

AF! = 7=, (1.139)
where Z!7 is a new deformation tensor annihilated by the embedding tensor

QA = zI*y9A =o. (1.140)

The Z* tensor must also be gauge invariant. Therefore, a new quadratic constrain

appears>’

Q" =X, NZK + X v 7% =0,  X;%,=9,°Tp", (1.141)

20Tn d = 4 dimensions, since « is an adjoint index, Z® has essentially the same indices as the embedding
tensor and the simplest possibility will be to identify them. In d = 5 dimensions the two indices I and x
are of the same type and one has to take into account the symmetry of Z* under the interchange of its
two indices.
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The relation (??) is an orthogonality constraint. All the deformation tensors satisfy
a quadratic constraint associated to their being gauge-covariant, and some of them will
satisfy orthogonality constraints as well. The terms in (??) that are annihilated by the
embedding tensor must be proportional to the new deformation tensor Z/*. Since B, has
its own Abelian transformations with 1-form parameter o, we set

AAl = — 712, (1.142)
and we demand that a tensor d,jx must exist satisfying
Xy = 2" ek (1.143)

The transformation for B, is
1
8o Bz = Doy + 2dy k¢ (JJFK — §AJ A 5JAK> + AB,, (1.144)

where AB, is a possible new deformation annihilated by Z/*. The vector gauge trans-
formations associated to the terms Z/%c, are called massive or Stiickelberg gauge trans-
formations, and they can be used to fix to a expected value (sometimes eliminate) some
of the 1-forms. The 1-forms being annihilated are called Stiickelberg fields. The terms
Z'™* B, are the Stiickelberg couplings and will become mass terms for the 2-forms. The
tensors Z!* are called massive deformations. Depending on the dimensions, Z/* and d,;;
will have different properties.

In order to find the covariant field strength of the 2-forms B, we proceed in a similar

way. If we apply de covariant derivative to the Ricci identities eq. (??), we find that a

requirement for gauge invariance of D2¢ is that the covariant derivative of F! eq. (?7?)

must be zero up to a term annihilated by ¥;4. Thus, the resulting term must be a 3-form

that transforms covariantly, and it must be proportional to Z/*. We get the following
Bianchi identity

DF! — 7Z'"H, =0, (1.145)

where H, is the 3-form field strength that we were looking for. After calculating explicitly
DF!, we obtain H, up to a term AH, which is annihilated by Z'®, which, in its turn,
has to be a linear combination Z,,C® of 3-forms C'% where the new deformation tensor
satisfies Z1*Z,, = 0.

Again, depending on the dimension, the index a carried by the 3-forms will have
different properties. In d = 4 it will be the same index carried by the deformation tensors,
in d = 5 it will be an adjoint index (3-forms are dual to the Noetehr currents in d = 5 and
in d = 6 it will be the same index as the vector fields, because they are dual.

The gauge transformation of C* can be found by requiring gauge covariance of H,

up to terms annihilated by by the new deformation tensor. The Bianchi identity for H,
has the form

DH, +dy1 F NF! — Z,,G* =0, (1.146)

where G* are the 4-forms field strengths.

As we continue building the higher rank field strengths we will be collecting con-
straints (linear and quadratic) that our new tensors have to satisfy. At some point, we
will reach the highest rank potentials of the tensor hierarchy, and they will have to be
approached in a different way.
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Schematically, we can denote by ¢! all deformation tensors, including the embedding
tensor, where f denotes all the corresponding indices. The magnetic duals of the 1-forms
will be the (d — 3)-forms A;. Those forms have (d — 2)-form field strengths F;. They
will contain in general a Stiickelberg coupling to a (d — 2)-form, that we call C4, and the
coupling tensor is going to be the embedding tensor IA:

Fr=DA;+ ..+ 9,4C,. (1.147)

If we take the covariant derivative of the above expression, we find the field strength (a
(d — 1)-form) of C'4, which we call G4, up to terms that are annihilated when contracted
with 29]’4. These extra terms in G4 form Stiickelberg couplings for the (d — 1)-form po-
tentials. The coupling tensors will vanish upon contraction of the adjoint index with the
embedding tensor. We will construct them in the following way.

All the deformation tensors must be gauge-invariant tensors, and if their gauge transfor-
mations are written as

Sact = —A1Q (1.148)
where Al(x) are the O-form gauge-transformation parameters of the 1-forms A’. Then,
the following constraint has to be satisfied

Q) =drct =0, (1.149)

by each of them. All the constraints are, by construction, proportional to the embedding
tensor

orct = 10,4648, (1.150)
and can be written in the form

Qf = =0, (1.151)

which gives us as many tensors ng as deformation tensors ¢f we have . Thus, the (d — 1)-
form field strengths will have the form

Ga=DCa+ ..+ Y, Dy (1.152)
1

where, again, we have introduced as many (d — 1)- form potentials Dy as deformation
tensors ¢f we have, transforming in the representation conjugate to the representation in
which the ¢! transform. The deformation tensors YAu are

vi=oad, Qf=-vivi=0 (1.153)

The (d—1)-form potentials are dual to all deformation tensors cf. For consistency, to
be included in the action, the deformation parameters ¢ have to be promoted to fields cﬁ(x)
constrained to be constant. The constancy of the deformation tensors ¢* is implemented

in the action by the term
/Zalcﬁ A Dy. (1.154)
§

where the (d — 1)-form potentials Dy play the role of Lagrange multipliers.

Now, the d-form field strengths Ky of the (d — 1)-form potentials Dy will have
Stiickelberg couplings to d-form potentials Ej, and therefore

Ky=DDy+..+Y W}E, (1.155)
b
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where the deformation tensors T/Vﬁb are annihilated by the Yfl. The d-form potentials
are associated to all the constraints Q°, and can be understood as Lagrange multipliers
enforcing them in the action via term of the form Q°E,. Calculating Wﬁb is difficult.
However, we can circumvent the problem assuming that the constraints can be satisfied
and

b
5A(QE,) = (Yj%ﬁ) E, =0. (1.156)

From the previous equation, and since the equation has to be satisfied for arbitrary FE,,
we have

Q"
Yjw =0, (1.157)
so that we can make the identification
0Q’
W, == 1.1
! 9 (1.158)

Four-dimensional theories

As an example let us take another look to the 4-dimensional theories [?]. We take n
electric vectors AI/} which can be combined with the magnetic vectors A, in a symplectic
contravariant vector Aﬁ/f , where M labels the fundamental representation of Sp(2n,R). In
this case, x - A and I,J — M, N with TAP ~N € Sp(2n,R). The most economical choices,
in the sense that they do not require the introduction of new independent tensors apart
from Y4 and TAMN, are:

1 1
ZMA = QNMy A° dayn = _iTAMN = _§TAPNQMP7 (1.159)
where Q,7n is the symplectic metric
0 1n><n MN M
Qun = L 0 ) QY Qnp =—0"p, (1.160)
and its inverse defined by
QMNQNp = —6%, (1.161)

In total, there are three constraints that the embedding tensor must satisfy in order to
guarantee the consistency of the theory. First, it has to satisfy the following quadratic

constraint 1
QA8 = ZﬁMV‘ﬁﬂ =0, (1.162)
which guarantees that the magnetic and electric gaugings are mutually local. Moreover,
the constraint (?7?) together with the antisymmetry of Q¥ implies
ZMAY B = 9MAY, B =0, (1.163)

which is a property of the 4 dimensional case. Second, the quadratic constraint which tell
us that the embedding tensor has to be gauge invariant. (see eq.(??))

QN = =08 (Ta"a0p" = 00" fag') = 0. (1.164)
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Finally, the third constraint applies to all 4-dimensional supergravities that are free of
gauge anomalies and can be expressed

These three constraints are related by

Q* ) — 3LunpZPA = 2Q*P Ty = 0. (1.166)

In chapter 7?7 we will present the construction of the most general 8-dimensional
theory with gauge invariance, for any field content and duality group. We study the most
general gaugings of its global symmetries and the possible massive deformations using the
embedding tensor formalism, constructing the complete tensor hierarchy using the Bianchi
identities. In chapter 77 we particularize it to the field content, d-tensors and duality group
of the maximal 8-dimensional supergravity and we focus on a family of SO(3) gaugings.

1.1.5 A gentle introduction to Supergravity

Supergravity theories are theories which contain bosonic (B) and fermionic fields (F') and
are invariant under some local supersymmetry transformations, generated by the spinors
€, which take the generic form

0B =~ &F, (1.167)
0 F Be + Oe.

Q

If the fermionic parameters can be arbitrary functions of the spacetime coordinates
this is a local fermionic symmetry. We can have a theory invariant under similar trans-
formations generated by fermions, but only when the algebra of these fermionic trans-
formations closes on local bosonic transformations including diffeomorphisms we can say
that there is local supersymmetry, and the theory that enjoys this invariance is really a
supergravity theory (SUGRA)?! [?,7].

Local supersymmetry demands the presence of a gauge field which has to be fermionic
and carries the same (“adjoint”) indices as the local supersymmetry parameter e(z):, ¥,,,
the gravitino field. Moreover, invariance under diffeomorphisms demands another “gauge
field”: the metric g, .

Supergravity theories are a generalization of the theory of General Relativity. In
a classical field theory, the B fields transform under the tensorial representations of the
Lorentz group SO(1,3), but the F' fields transform under spinorial representations of
Spin(1,3), the universal cover of SO(1,3). Therefore, contrary to what happens with
the bosonic fields, they cannot be identified with a section of either the tangent or the
cotangent bundle of the spacetime manifold M. The problem is solved by introducing a
new mathematical structure: a spin bundle. The fermions are going to be sections of this
bundle. Then, if M admits this structure, we can use the Weyl-Cartan-Sciama-Kibble
formalism. In this formalism, instead of using the metric g as the dynamic field associated

211t differs from x—symmetry which is a fermionic symmetry, and in most models where it occurs, a gauge
field is not necessary for its realization. kK —symmetry is typically an on-shell symmetry and consequently,
there is no simple way to construct higher order k—invariants. k—symmetric actions are basically sigma
models in which the target space is a superspace [?].
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to gravity we use the Vierbein e. Both fields are related by g = n(e, €), where 7 is the flat
metric [7,7,7].

With the use of the Vierbein, the theory can be written as manifestly invariant
under local Spin(1,3) transformations. We also introduce the spin connection w which is
considered an auxiliary field of the theory (its equation will be a constraint to the other
fields). Now, the kinetic terms of the spinors can be written using the covariant derivative
D = 0 + w.. The Einstein-Hilbert action can be written in the form

Spn(e,w) = /*R(w) NeAe. (1.168)

The fields of supergravity theories are combined in supermultiplets, and they trans-
form as representations of the super-Poincaré algebra. There is no a unique super-Poincaré
algebra in general (except in d = 11) and the different possibilities give rise to different
supergravities. The simplest way to classify them is as follows:

e By the dimension (and the signature if we are interested in exotic possibilities) of the
spacetime. This determines the spinorial representations available. In Lorentzian
signature d < 11, because, otherwise, there could be more than one graviton or
higher spin fields.

e By the kind of spinors used to construct the supersymmetry parameters. These can
be composed by more than one of the smallest spinorial representations. In odd
dimensions, this is just a number A. In even dimensions, there are chiral (Weyl)
spinors but not all theories treat both chiralities independently. Non-chiral theo-
ries are denoted by a number A/ while chiral theories are denoted by two numbers
(N4, N2). N is limited by the condition that there are no more than 32 indepen-
dent components of €(x), (There is no more 32 supercharges on the Poincaré super
algebra.) For example, in d = 11 we have N’ =1, in d = 4 we have N < 8.

e By the multiplets they contain. By definition, all of them contain a supermultiplet
that contains the Vielbein and the gravitino, which is called supergravity (super)
multiplet. The rest are called matter supermultiplets by analogy with gravity. The
supergravity multiplet contains the bosonic and fermionic fields that could be con-
sidered as matter from the simple gravity point of view. Some supergravities admit
supermultiplets containing additional gravitini, which can gauge additional super-
symmetries. In some cases (depending on the other matter fields) the theory can
be reformulated as a theory with higher N, with all gravitini in the SUGRA mul-
tiplet, although the limit of independent supersymmetry transformations has to be
respected. Thus, the coupling to additional gravitini can be ignored, if we are only
interested in classifying different supergravity theories, and we can focus only in
matter supermultiplets containing scalars (spin 0), fermions (spin 1/2), p-form fields
(spin 1) with p < d — 3 in d dimensions for a given N’

e The same matter multiplets can be coupled in different ways and, in order to define
completely a supergravity theory, we have to describe these couplings. In many
cases, the most efficient way to do it is through the symmetries of the theory which
are allowed by the couplings.
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— Theories in which there are no fields charged with respect to gauge symmetries
are called ungauged (Abelian vector fields are not charged with respect to their
own gauge transformations).

— If there are fields charged under local transformations, the theory is said to be
a gauged SUGRA.

Gauged SUGRAS can be obtained from ungauged SUGRAS by gauging, identifying
the local gauge parameter with those of the gauge transformations of the vector fields
(1-forms) which became gauge fields of the new local symmetry. A systematic way
of studying all possible gaugings of a supergravity theory is the embedding tensor
formalism presented in previous sections. In general (but not always) gauging a
global symmetry while preserving supersymmetry demands the introduction of a
scalar potential which is interesting for phenomenological reasons. Obviously, the
presence of gauge symmetries is also most interesting from the phenomenological
point of view.

The symmetries of Supergravity theories

The local symmetries of ungauged SUGRAS are general coordinate transformations, lo-
cal supersymmetry transformations, local Lorentz transformations and the U(1) gauge
transformations of the p-form fields. The global symmetries are

e R-symmetry: All SUGRA’s with a given d and N have a global symmetry that
only acts on the fermion fields. Furthemore, other symmetries of the theories act
on fermions via induced R- symmetry transformations. For instance, in d = 4, the
smallest spinors are Weyl or Majorana. The R-symmetry group U(N') acts naturally
in the fundamental representation over complex Weyl spinors.

e Field redefinitions of the scalar fields. Since scalar fields can be seen as embedding
coordinates in some space My, x# — ¢'(z) € My, these field redefinitions can be
seen as coordinate transformations in My (¢" = ¢"/(¢)). The transformations of this
kind that are symmetries of a SUGRA are those that preserve certain structures.
The most basic of them, present in all SUGRAS, is the metric of the scalar manifold
My, G;j. This metric is used to construct the kinetic terms of the scalar fields. The
metric will be preserved if and only if the transformations are isometries of G;;. For
low A and d, these metrics need not have any isometries, but all of them must admit
a sort of bundle structure in which the R-symmetry group plays an important role.
For N >3 ind =4, for N >2ind =25 and for any NV in d > 6 all the My’s are
Riemannian symmetric spaces.

In the following, we introduce particular examples of supergravity theories in differ-
ent dimensions which are of interest for the results of this thesis.
11-dimensional supergravity

In this section we describe a few aspects of the the 11-dimensional supergravity. In eleven
dimensions the Dirac matrices have n = 32 x 32 dimensions, then it is easily seen that the
field theory content of the d = 11 theory is the following:
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e The Elfbein* e

e A Majorana fermion®® W with spin 3/2

e A completely antisymmetric gauge tensor®* Cuvp

The bosonic fields of N = 1,d = 11 supergravity are the Elfbein and a the 3-form
potential®®

{4 CM} . (1.169)

The field strength of the 3-form is

G=400, (1.170)

which is invariant under the gauge transformation
5 C=30%, (1.171)

where ):( is a 2-form.

The action for these bosonic fields is

fs*z/d“aé H [1”:2—2,{“6;2—6{1 L_390000] . (1.172)

The action (?7?) is invariant under Abelian gauge transformations of the three form, which
together with the requirement of the absence of terms with more than two derivatives

implies that the action is polynomial in C’,iﬁﬁ' We are interested in different types of
compactifications of the 11-dimensional supergravity to eight dimensions.
The AAMO supergravity

We present the results of compactification, using standard dimensional reduction on 73,
of the 11-dimensional supergravity (??). We closely follow [?].
The KK Ansatz for the Elfbein is given by

. eu’ emiAmu . et —A™,
(%“) = . (éaﬂ) - : (1.173)
0 Bmz 0 eim
where A™, = e,#A™,,. Moreover, the internal metric on T3 is defined as:

Ginn = emienj = —emienjéij . (1.174)

For future convenience, we label the KK vector with an upper index 1, i.e. A ™,. The 11-
dimensional 3-form is decomposed by identifying objects with flat 11- and 8-dimensional

(d—2)(d—2)

22Tt represents — 1 = 44 degrees of freedom.

231t represents w = 128 degrees of freedom.
24Tt has 84 components.
*Tndex conventions: /i (a) are curved (flat) 11-dimensional, p (a) are curved (flat) 8-dimensional, and

m (i) are curved (flat) 3-dimensional (compact space). The signature is (+ — -+ —).
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flat indices (up to factors coming from the rescaling of the metric). Similarly, the 11-
dimensional 4-form field strength can be decomposed into the above 8-dimensional field
strengths. Using the above Elfbein Ansatz, one finds

S = /d%\/ygm {Re +3Tr (0MMY)? 4+ 4Tx (oWww—1)

— i F Moy Wi FI™ + g Hy M Hyy — e 9GP,

(1.175)
—ﬁﬁ ¢ [GGa — 8GH, A*™ + 12G(F?™ + aF'™) By,
—8¢""" H,, Hy B, — 8G0aC — 16 Hyp, (F?™ + aF*™)C] } .
where the symmetric SI(2,R)/SO(2) matrix is given by
L IR Ren)
W= — (1.176)
x ) :
ST) \ Re(r) 1
where 7 is the complex combination
T=a+ie ¥. (1.177)
where
Ftm =29At™ (1.178)

and where we have rescaling the resulting 8-dimensional metric to the Einstein frame
9w = €?/3gp .. The kinetic term for M is an S1(3,R)/SO(3) sigma model and the fields

arising from C;iz?,é are {Cw,p, Buvm, A? ™ a}. These field strengths inherit the following
gauge transformations from 11-dimensional gauge and general coordinate transformations

of C:
§C = 30A — 6AT™MON,, + 3€mnp AL ALTOAZP
6By = 200, — 2€mnp AL TON?P (1.179)
§A2™ = gAZ™

The gauge-invariant field strengths of the above fields are

G =49C +6F'™B,,,
Hy, = 30By, + 3emnp P A%P (1.180)
F2m — 25-A2m,

and lead to the following non-trivial Bianchi identities:

0G =2F'mH, .
(1.181)
OHp, = 3epmnp F1NF2P
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The kinetic terms (except for that of C') are explicitly invariant under SI(2,R) transfor-
mations

W = AWAT, Fim = pim (A—l)ji, A € SI(2,R), (1.182)
and SI(3,R) transformations
M =KMK", F™ =F"(K") ™, H,=Ky,H,, KEeSI3R). (1183)

The equation of motion for the kinetic term of C' together with the Bianchi identity, can
be written: . .
0G'=2F'""H,, , (1.184)

where
G'=@G, G* = —e¥*G - aG. (1.185)

G' transforms as a doublet under SI(2,R) (just like the doublet F*™) and there-
fore, the above equation of motion is covariant under SI(2,R) electric-magnetic duality
transformations. The remaining equations of motion are covariant under Si(2,R) trans-
formations as well.? Thus, the 8-dimensional supergravity (AMMO) has the following
bosonic fields:

{90y C, By AY™, A2™ a0, M } (1.186)

with field strengths given by egs. (??), (??) and action given by eq. (??). The scalars
parametrize SI(3,R)/SO(3) and SI(2,R)/SO(2) sigma models. The action has the global
invariance group SI(3,R) but the equations of motion are also invariant under SI(2,R)
electric-magnetic duality transformations.

The SS supergravity

Here we present what we have called the SS supergravity in eight dimensions. In [?] Salam
and Sezgin compactified the 11-dimensional supergravity (?7) to 8 dimensions using the
Scherk and Schwarz’s procedure on a SU(2) internal manifold obtaining a SU(2) gauged
d = 8 supergravity. The gauged theory does not exhibit all the duality symmetries of the
ungauged one. In particular, gauging usually break all electric-magnetic dualities.

Using the vielbein ansatz

—ke/3 ke/3 1 2k¢/3 fa b
B e—ke/ eZ 0 y eko/3et _oke2ke/ Aﬁea
Vi = , Vit = ;
22RO/ ACLL e2RO/3LE 0 e~ 2ko/3 L

(1.187)

where p,a =0,1,...,7 and a,i = 8,9,10 and L, is the unimodular matrix (det L, =

1) that represents the five scalars of the theory. ¢ is the sixth scalar arising from the gravity

sector. The objects defined in (??) have the following dependences in the coordinates

en = eu(z), (1.188)
Ad(z,y) = (U (m)An(@), (1.189)
Li(z,y) = USLj(w), (1.190)

26 The structures are very similar to those of N = 4,d = 4 supergravity), the obvious difference being
that in four dimensions we dualize 2-form field strengths and in eight dimensions we dualize 4-form field
strengths.
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where x labels the d = 8 spacetime (zo,x1,..x7), and y the remaining three coordinates
(8, x9,210). The matrix Ua is a 3 x 3 invertible matrix, this matrix is taken to be an
SU(2) group element. L can be considered as a representative of the SL(3,R)/SO(3)
coset. The bosonic action is

1 1 o1 1
S = / “R— - 2¢F"‘ LEMB g s — 3 P P = 5(8925)2 - Z6—445(@3)2
_ . 1 1 .
16926 2¢>(Jvisz] . §T2) . E€2¢>G¢MV’DUG«,uupcr _ §Guupiijm
1 1
_1672¢GuuiGum - meiléllmug (BGul....G...Vg - SGyl...G..V7iBugi
_86ijkGl/1VQVSiGV4V5l/6jBV7V8k + 12GV1..GV5u6iBV7Vgi
_12GV11/21/3@'GV41/51'BV(31/7V8 + 8G1/1..V4B1/5u6VtaugB) ) (1191)

where T% = LgL/géaﬂ T =TV i, e = det e,- Moreover, P;; = e}, F; and it satisfies
L§ (008 — g€apy A Laj = Puij + Quij (1.192)

P,;; is the symmetric and traceless part of the left hand side of the previous equations.
The field strengths are

F,l?l/ = aﬂAg - al/A/Oj + gea,@'yAﬁ)AZ- (1193)

The Bianchi identities satisfied by the field strengths are

DpGluvpo] = 41<;F[‘;MGW}&, (1.194)
DpGuvpla = Skeapy Fly [A Gl (1.195)
DpGuja = 2kF,0,)B — ﬁg(}wm. (1.196)

Thus, the bosonic field content of the N' = 2, d = 8 is given by
(g/ﬂu AMVp) 3AMV6A,U,7 7¢), (1197)

being all bosonic fields real. The spinor field are pseudo Majorana. The automorphism
group of the superalgebra is SU(2). The scalars transform as 5+ 1 + 1 under SU(2).

1.2 Modified theories of gravity

In this section we introduce the theories usually called “modified theories of gravity”.
After a brief justification of the need to introduce corrections to General Relativity, we
proceed to introduce the f(R) theories of gravity. Then, we focus on Lovelock theories of
gravity an their properties.

1.2.1 From General relativity to higher order gravities and beyond

A field theory can be described conveniently using a variational principle and Einstein’s
theory is not an exception. The only independent scalar (constructed from the metric and
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its derivatives) that is at most second order in the derivatives of the metric is the Ricci
scalar.?” Thus, the simplest candidate for an action is the Einstein-Hilbert action

Spy = /d4x\/—gR. (1.198)

This action is quadratic on the first derivatives of the metric up to total derivatives. The
equations of motion obtained from (??), are the Einstein equations in vacuum

1
R;w - iRg,ul/ =0 (1199)

The functional (?7) can accommodate a matter term and a cosmological constant A, the
resulting action is

Spp = /dﬂ‘x\ﬁ—g(R +2A + Lyy,). (1.200)

where L,, is the matter Lagrangian. The equations of motion of the metric coming
from this action are

1 G
Py = 5 Ry + Mg = Ty, (1.201)

where T}, is the energy-momentum tensor given by

_ 2 6(V/=gLn)
T, = N (1.202)

The tensors g, and G, = R, — %ngj are the only two-index tensors that are
symmetric and divergence free that can be build from the metric tensor and its derivatives
and which are, at most, of second order in those derivatives.?®

Many of the predictions that follow from the cosmological Einstein Equations (?7),
have been tested experimentally to high accuracy and, therefore, any generalization must
reproduce (?7?) in some limit. The best way to ensure this is by adding new terms to the
FEinstein-Hilbert action, that introduce only small corrections -possibly at high energy or
big curvature- to the experiments.

The simplest modifications to GR come from the addition of invariants of higher or-
der in the Riemann curvature tensor. These modifications do not require the introduction
of extra fields. Moreover, the modified theories remain dynamical metric theories with
matter minimally coupled to the metric, therefore satisfying the Weak Equivalent Princi-
ple (WEP). Superstring Theories predict an infinite number of higher-order corrections to
the EH action. Their effective gravitational theories are higher-order gravity theories, al-
though only the lowest order corrections are explicitly known. As expected, the AdS/CFT
duals of these higher order gravities are more general than those corresponding to GR.
The higher order terms modify the behaviour of the gravitational field when curvature
is strong, and these corrections will be important when studying inflationary cosmology,
spacetime singularities and black hole physics.

2"The Kretschman scalar RuvspR"?? is another scalar that we can construct from the Riemann tensor
that is itself made from second derivatives of the metric.

28The formalization of this statement is the Lovelock theorem: In four dimensions any tensor P*” whose
components are function of the metric tensor g"” and its first and second derivatives (although linear
in the second derivatives), and also symmetric and divergence-free, then the only possible for of P*” is
PH = aG" 4 Bg"” where G* is the Einstein tensor and «, 8 are arbitrary constants.
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Historically, only four years after of the appearance of GR, first Weyl [?] and later
Eddington [?] proposed new theories by including higher order terms in the action. How-
ever it was not until the 60‘s that the scientific community started to focus its attention to
extending GR. The reason behind this interest was a theoretical one: as a quantum filed
theory, GR is not renormalizable and, therefore, it is not a consistent quantum filed theory.
Utiyama and De Witt [?] showed that, in order to be renormalizable at one-loop, GR has
to be supplemented by higher curvature terms. Later on, Stelle [?] proved that gravita-
tional actions which include terms quadratic in the curvature tensor are renormalizable,
but the price to pay is the loss of unitarity. Moreover, in the context of String Theory,
the o corrections appearing in the effective SUGRA equations of motion, are present in
the form of higher-order terms in the Riemannian tensor. All those corrections should
become relevant in very strong-coupling regimes and curvatures. Therefore, corrections to
GR would become important only near to Planck scales.

On the other hand, a possibility to be explored is that the the dark matter and dark
energy problems are solved by modifying GR instead of modifying the energy-momentum
tensor (matter and energy content of the Universe).

It is clear that a modification of GR is needed or that, at the very least, exploring
the possible modifications of GR is an interesting problem. However, it is very difficult to
decide how to deform GR because there are many possible ways to do it and, therefore,
many proposals. The higher order gravities we are going to focus on are purely metric
theories of gravity. Their actions are of the general form

S = / \/jgd4xf(gMV7 R,ullam Va1R#z/ap7 ceny V(oq...vam)R;wgp), (1203)

where f is a scalar function of the metric, the Riemann tensor and its covariant derivatives.
Higher-curvature contributions usually will result in higher-derivative operators acting on
9w Which usually lead to field equations of order higher than two.?? We are going to start
with the simplest case: the f(R) theories. Here the effects of strong curvature appear
only through the scalar curvature. It is one of the most popular theories for explaining
the large-scale phenomena. f(R) theories are easy to handle and ideally suited as a toy
theories. There is also another important physical reason for considering them: they seem
to be the only ones avoiding the Ostrogradsky instability [?].3

1.2.2 f(R) theories of gravity

Here we give a quick introduction to f(R) theories of gravity [?,?]. The action for these
theories is

S = /d4x\/jgf(R), (1.204)

where f(R) is some function of the curvature scalar. If we take a series expansion of f we
have

f(R) = ...+%—2A+R+b2R2+.. (1.205)

where the coefficients a; and b; have the needed dimensions, clearly for a linear f(R) we
obtain GR.

29There are some exceptions to this statement.
39The Ostrogradski theorem can be stated in this form: If the higher order time derivative Lagrangian
is non-degenerate, there is at least one linear instability in the Hamiltonian of this system. See [?] [?].
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Adding a matter term Sjs to the action (??) we obtain the new action

S = [ d'av=g5(R) + Sur(gu0), (1.206)
and (using the second order formalism) the equations of motion for the metric are®! [?]:
1
f/(R)R,LW - §f(R)g,uV - [V,uvz/ - g,LLuD]f/(R) = I{le, (1-207)

where the prime stands for differentiation with respect to the argument, V, denotes de
covariant derivative compatible with the metric,and J = V#V . Since R already contains
second derivatives of the metric, the e.o.m’s (??) are going to be of fourth order partial
differential equation of the metric.

Taking the trace of equation (??) we obtain
f'(R)R —2f(R) +30f(R) = T, (1.208)

where T' = ¢g"”T),,. Contrary to what happens in GR where R = —~xT', here the scalar
curvature R is related with T differentially. This implies that f(R) theories will admit a
larger variety of solutions than General Relativity. For instance, in f(R) theories T = 0
does not imply R = cte. In the case of maximally symmetric spaces, the equation (77?)
reduces to

f'(R)R—-2f(R) = 0. (1.209)

For a given f, the previous equation is an algebraic equation of R, and only if R = 0, is
a root of (?7) the equation (?7) reduces to R,, = 0, giving as a maximally symmetric
solution the Minkowski spacetime. If we go a little further and set R = A, where A is a
constant, then (??) reduces to R, = gm,% and the maximally symmetric solution is the so
called de Sitter (anti- de Sitter) space, exactly the same solution of GR with cosmological
constant.

In f(R) theories matter is minimally coupled to the metric. Then, it can be shown
that T}, is divergence-free on- shell. We can arrive to the same conclusion by checking that
the left-hand side of (??) is divergence-free which in its turn implies that V, 7" = 0 [?].

In 4 dimensions any higher order curvature invariant either gives a pure divergence
term (not contributing to the e.o.m) or, adds higher order derivatives to the field equations.
In higher dimensions this is no longer true. Lovelock’s theorem that asserts the existence
of theories containing higher order curvature invariants with second order equations of
motion. These theories are called Lovelock theories and we will introduce them in the
next section.

1.2.3 Lovelock theories of gravity

One desirable property of any physical theory is that the e.o.m. are of second order in the
fundamental variables, and we would like to generalize the Einstein-Hilbert action as much

31Here the boundary terms that appear in the variation do not vanish. Contrary to what happens with
the Einstein-Hilbert action they do not combine into a total variation and therefore we cannot add a term
-the so called Gibbons-Gauss-York term to cancel them. Fortunately, the action includes higher order
derivatives of the metric allowing to fix more boundary conditions than just on the metric. This choice of
fixing will be relevant for the Hamiltonian formulation of the theory although the field equations will be
unaffected.
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as we can maintaining that property. In 1971, Lovelock found the most general theories
having only the metric as a fundamental field, and with second order field equations [?].
In that sense, Lovelock’s theories are the generalisation of GR in higher dimensions and
they reduce to GR in four dimensions.

The most general action of the Lovelock theories is

Jmazx

— 1 D
S=15a /Md z+v/|g| ;) AL, (1.210)

where the sum goes up to jimar < % , the /gL;’s are the D-dimensional Euler densities

of order j given by
1 - H25 priv j —
Ly = o700 R R (1.211)

and the generalized Kronecker § function is defined as

Sohd = jlolmetz 5,0 (1.212)
In particular
Ly = 1, (1.213)
Ly = R, (1.214)
Ly = R?®—4R,,R"™ + Ry, 0 R, (1.215)

L3 = R®—12RR,,R" + 16R,, R R" + 24R,, R,, R""°
0 0
+3R Ry p0 RP7 = 24Ry, R o R"7° + AR, 50 R R

o Opw pv
—8R,,, " R'"™R (1.216)

Oopw*

Ly is a cosmological term, £y is the Einstein-Hilbert Lagrangian and Lo is the Gauss-
Bonnet one®”. L£; vanishes identically for j > [D/2] (for j > D/2 when D is even and
for j > (D — 1)/2 for odd D). The coupling constants A; have dimensions [L]*"~P. The
equations of motion derived when varying the action (??) are

/2] o
> Mg =0, (1.217)
j=0

where .

E = =T 9andun i R R, (1.218)

Ao /2 is some length scale and where \,s are dimensionless couplings

The Lovelock theories admit a generalization of Birkhoff’s theorem [?,?]. The lapse
function of the black hole solution can be determined up to a polynomial equation (the
so called Wheeler’s polynomial [?]), and each of the solutions of the polynomial has an
asymptotic behaviour that matches one of the possible maximally symmetric vacua of
the theory [?,?]. The Lovelock theories [?,?] coincide with Einstein theory in 3 and

320, + Lo is the Lagrangian for the Einstein-Gauss-Bonnet gravity. This theory is renormalizable at
all orders in perturbation theory, although they have ghosts. This problem can be circumvented when we
confine the loss of unitarity in such a way that our theory becomes an effective field theory.
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4 dimensions [?]. In D > 4 the Lovelock action includes the Einstein Hilbert action,
therefore the GR is a particular case of it.

Moreover, as we showed, Lovelock gravities contain the quadratic Gauss-Bonnet
term. This theory presents a very good scenario to study the corrections at short distance
to GR due to the presence of higher curvature terms.
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The tensor hierarchy of 8-dimensional field theories

This chapter is based on

Oscar Lasso Andino, Tomds Ortin ,
“The tensor hierarchy of 8-dimensional field theories,”
JHEP 1610 (2016) 098. arXiv:1605.05882/hep-th]. [?].

Over the last years, a great effort has been made to explore the most general field
theories. This exploration has been motivated by two main reasons. First of all there is
the need to search for viable candidates to describe the fundamental interactions known
to us (specially gravity) and the universe at the cosmological scale, solving the theoretical
problems encountered by the theories available today. The second reason is the desire
to map the space of possible theories and the different relations and dualities existing
between them.

In the String Theory context, the landscape of N' = 1,d = 4 vacua has focused
most of the attention, but more general compactifications have also been studied. At
the level of the effective field theories the exploration has been carried out within the
space of supergravity theories. Most ungauged supergravity theories (excluding those of
higher order in curvature) and some of the gauged ones have been constructed in the
past century [?], but the space of possible gaugings and massive deformations (related
to fluxes, symmetry enhancements etc. in String theory) has started to be studied in a
systematic way more recently with the introduction of the embedding-tensor formalism in
Refs. [?,7,?]. The formalism was developed in the context of the study of the gauging of
N = 8,d = 4 supergravity in Refs. [?,?], but it has later been used in theories with less
supersymmetry in different dimensions.'

The embedding-tensor formalism comes with a bonus: the tensor hierarchy [?,7?,7,
?,7]. Using electric and magnetic vector fields in d = 4 dimensions as gauge fields requires
the introduction of 2-form-potentials in the theory, which would be dual to the scalars.
In d = 6 dimensions certain gaugings require the introduction of magnetic 2-form and
3-form potentials [?]. But the addition of higher-rank potentials does not stop there: as a
general rule, the construction of gauge-invariant field strengths for the new p-form fields
requires the introduction of (p+ 1)-form fields with Stiickelberg couplings. This leads to a
tensor hierarchy that includes all the electric and magnetic fields of the theory and opens
up the systematic construction of gauged theories: construct the hierarchy using gauge
invariance as a principle expressed through the Bianchi identities and find the equations

!See, for instance, Chapter 2 in Ref. [?], which contains a pedagogical introduction to the formalism
and references.
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of motion by using the duality relations between electric and magnetic fields of ranks p
and d —p — 2.

This approach has been used in Refs. [?,?] to construct the most general 4-, 5-
and 6-dimensional field theories’ with gauge invariance with at most two derivatives. In
this paper we want to consider the 8-dimensional case and construct the most general
8-dimensional field theory with gauge invariance and of second order in derivatives in the
action: tensor hierarchy, Bianchi identities, field strengths, duality relations and action.?

Our main motivation for considering this problem is to simplify and systematize
the construction of a one-parameter family of inequivalent gaugings with the same SO(3)
group of maximal 8-dimensional supergravity, whose existence was conjectured in Ref. [?]:*
using Scherk-Schwarz’s generalized dimensional reduction [?] Salam and Sezgin obtained
from 11-dimensional reduction an 8-dimensional SO(3)-gauged maximal supergravity in
which the 3 Kaluza-Klein vectors played the role of gauge fields [?].° The ungauged
theory, though, has a second triplet of vector fields coming from the reduction of the 11-
dimensional 3-form that can also be used as gauge fields and an SL(2,R) global symmetry
that relates these two triplets of vectors, suggesting one could use as gauge fields any linear
combination of these triplets.

The gauged theory in which the second tripet of vectors (those coming from the
reduction of the 11-dimensional 3-form) played the role of gauge fields was obtained in
Ref. [?] by dimensional reduction of a non-covariant deformation of 11-dimensional su-
pergravity proposed in Ref. [?,?].° This theory has different Chern-Simons terms and
a different scalar potential and provides an early example of inequivalent gauging with
the same gauge group of a given supergravity theory. However, for the reasons explained
above, the existence of a full 1-parameter family of inequivalent SO(3) gaugings is ex-
pected and it would be interesting to construct it and compare it with the 1-parameter
family of inequivalent” SO(8) gaugings of N' = 8,d = 4 supergravity obtained in Ref. [?]
and consider the possible higher-dimensional origin of the new parameter.

The construction of that 1-parameter family interpolating between Salam-Sezgin’s
theory and that of Ref. [?] is a complicated problem that will be addressed in a forthcoming
publication [?]. In this paper we want to consider the general deformations (gaugings and
massive transformations) of generic 8-dimensional theories. This result paves the way for
the constraction of the 1-parameter family of gauged N = 2,d = 8 theories which is our

2Not only supergravities, since use the embedding-tensor formalism is not restricted to supergravity
theories.

3The tensor hierarchy of maximal 8-dimensional supergravity has been constructed in Ref. [?] in the
context if exceptional field theory.

4By inequivalent here we mean theories which have different interactions, including, in particular,
different scalar potentials. A more restrictive definition of inequivalent theories (a more general concept of
equivalence of theories) is often used in the literature (in Ref. [?], for instance): theories related by a field
redefinition (including non-local field redefinitions such as electric-magnetic dualities) are not considered
to be inequivalent. With this definition, the theories in the family we are talking about would not be
considered to be inequivalent.

5Other, more general, gaugings can be obtained via Scherk-Schwarz reduction [?,?], but it is always
the Kaluza-Klein vectors that play the role of gauge fields.

SMany gauged supergravities whose 11-dimensional origin is unkonown or, in more modern parlance,
they contain non-geometrical fluxes (like Roman’s 10-dimensional massive supergravity or alternative,
inequivalent gaugings of other theories) can be obtained systematically from this non-covariant deformation
of 11-dimensional supergravity [?], which seems to encode many of these non-geometrical fluxes.

"Inequivalent in the more restrictive sense explained above.
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ultimate goal. However, it is an interesting problem by itself whose solution will provide us
with the most general theories with gauge symmetry in 8 dimensions up to two derivatives.

The construction of the most general 8-dimensional theory with gauge symmetry
and at most two derivatives, and this paper, are organized as follows: first, in Section ?7?,
we study the structure and symmetries (including electric-magnetic dualities of the 3-
form potentials) of generic (up to second order in derivatives) 8-dimensional theories with
Abelian gauge symmetry and no Chern-Simons terms.

In Section 7?7, we consider Abelian, massless deformations of those theories, which
consist, essentially, in the introduction via some constant “d-tensors” of Chern-Simons
terms in the field strengths and action. The new intereactions are required to preserve the
Abelian gauge symmetries and, formally, the symplectic structure of the electric-magnetic
duality transformations of the 3-form potentials. We determine explicitly the form of all
the electric and magnetic field strengths up to the 7-form field strengths, and give the
gauge-invariant action in terms of the electric potentials. This will be our starting point
for the next stage.

In Section ?? we consider the most general gauging and massive deformations
(Stiickelberg couplings) of the Abelian theory constructed in the previous section using
the embedding-tensor formalism. We proceed as in Refs. [?,?], finding Bianchi identities
for field strengths from the identities satisfied by the Bianchi identities of the lower-rank
field strengths and, then, solving them. We have found the Bianchi identities satisfied by
all the field strengths and we have managed to find the explicit form of the field strengths
up to the 6-form.

In this approach, the “d-tensors” that define the Chern-Simons terms will be treated
in a different way as in Ref. [?]: they will not be treated as deformations of the theory to
be gauged, but as part of its definition. Therefore, we will not associate to them any dual
7-form potentials.

In Section 7?7 we study the construction of an action for the theory. The equations
of motion are related to the Bianchi identities by the duality relations between electric
and magnetic field strengths, but, at least in this case, they are not directly equal to
them. In general they can be combinations of the Bianchi identities. To find the right
combinations we derive the Noether identities that the off-shell equations of motion of
these theories should satisfy as a consistency condition that follows from gauge invariance.
Then, we compare those Noether identities with the identities satisfied by the Bianchi
identities. Once the equations of motion have been determined in this way, we proceed
to the construction of the action, which we achieve up to terms that only contain 1-forms
and their derivatives, whose form is too complicated.

Section ?7? contains our conclusions and the main formulae (field strengths, Bianchi
identities etc.) of the ungauged and gauged theories are collected in the appendices to
simplify their use.

2.1 Ungauged d = 8 theories

In this section we are going to consider the construction of generic (bosonic) d = 8 theories
coupled to gravity containing terms of second order or lower in derivatives of any given
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field®. The field content of a generic d = 8 theory are the metric 9w, scalar fields ¢,
1-form fields AL = A! pdzt, 2-form fields By, = %Bm wdx? A dz¥ and 3-form fields C% =
%C“Wpdx“ A dx¥ N dxP. For the moment, we place no restrictions on the range of the
indices labeling these fields nor on the symmetry groups that may act on them leaving the
theory invariant.

We are going to start by the simplest theory one can construct with these fields to
later gauge it and deform it in different ways.

The simplest field strengths one can construct for these fields are their exterior
derivatives:

Fl =44, H,, =dB,,, G* = dC*. (2.1)

They are invariant under the gauge transformations

0 Al = do! | 8o B = dom, 6,C* = do?, (2.2)

where the local parameters o, oy, 0 are, respectively, 0-, 1-, and 2-forms.

The most general gauge-invariant action which one can write for these fields is

S = / {—* 1R+ 1Guyd¢” A*dg¥ + M FT AxF7 + S M™ Hy, A xH,,
(2.3)

—%% WwGENA *GP — %?Re./\fabG“ A Gb} R

where the kinetic matrices Ggy, M7, M™", SmNgy, as well as the matrix ReMy, are scalar-
dependent”. One could add CS terms to this action, but this possibility will arise naturally

in what follows.

The equations of motion of the 3-forms C® can be written in the form'’

o5 d 08 0 08
§Ca T 5Ga 0Ge

These equations can be solved locally by introducing a set of dual 3-forms C, im-
plicitly defined through their field strengths G,

= R, = —ReN»,G® — SmN,, « G (2.5)

Ry, = Gy =dC,. (2.6)

It is convenient to construct vectors containing the fundamental and dual 3-forms:

(C) = ( g ) L Gi=dc, (2.7)

8The Chern-Simons (CS) terms may have terms with more than two derivatives, but they do not act
on the same field.
OTf ReNy is constant, then the last term is a total derivative.
The equation of motion of a p-form field, §5/6w®, is an (8 — p) — form defined by
oS 0S 4S 68

T I m a
547 100"+ 5 NOAT 4 SEm NGB 4+ Son N ECT (2.4)

55 =+

With our conventions, when acting on p-forms, x> = (—1)?~*.
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so that the equations of motion and the Bianchi identities for the fundamental field
strengths take the simple form

dG' =0. (2.8)

In other words: we have traded an equation of motion by a Bianchi identity and
a duality relation. In what follows we will do the same for all the fields in the action so
that, in the end, we will have only a set of Bianchi identities and a set of duality relations
between magnetic and electric fields.

The vector of field strengths G’ satisfies the following linear, twisted, self-duality
constraint

* G = QWG (2.9)

where

() = ()

< _Oﬂ % > , (2.10)

is the symplectic metric and

Iab + RacICdeb RaCICb
(Wi;(N)) = — : awa’ =w, (2.11)
IacRcb I(zb

is a symplectic symmetric matrix'!. The equations (??) are formally invariant under
arbitrary GL(2ns,R) transformations (n3 being the number of fundamental 3-forms) but,
just as it happens for 1-forms in d = 4, the self-duality constraint Eq. (?7?) is only preserved
by Sp(2n3,R). As usual, the only Sp(2n3,R) transformations which are true symmetries
of the equations of motion are those associated to the transformations of the scalars which
are isometries of G;, and which also induce linear transformations of the other kinetic
matrices. We will discuss this point in more detail later on.

The dualization of the other fields does not lead to any further restrictions.

In what follows we are going to generalize the simple Abelian theory that we have
constructed by deforming it, adding new couplings. We will use two guiding principles:
preservation of gauge symmetry (even if it needs to be deformed as well) and preservation
of the formal symplectic invariance that we have just discussed.

2.2 Abelian, massless deformations

The deformations that we are going to consider in this section consist, essentially, in the
introduction of CS terms in the field strengths and in the action. Stiickelberg coupling will

" Basically the same that occurs in d = 4 theories, M(N) see e.g. Ref. [?]. We use a slightly different
convention for the sake of convenience and M(N) = M(—N) due to the unconventional sign on the
definition of Gg.
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be considered later. Only the 3- and 4-form field strengths admit these massless Abelian
deformations. It is convenient to start by considering this simple modification of G:!?

G* =dC* + d*/"F'B,,, (2.12)

where d®;™ is a constant tensor. The gauge transformations need to be deformed accord-
ingly:

6, A = do”, 66 By = doy, 6,C% = do® — d* ;" Floy, . (2.13)

The action Eq. (?77?) remains gauge-invariant but the formal symplectic invariance is bro-
ken: if we do not modify the action, the dual 4-form field strengths are just G, = dC, and
Sp(2n3,R) cannot rotate these into G* in Eq. (??). Furthermore, the 1-form and 2-form
equations of motion do not have a symplectic-invariant form.

This problem can be solved by adding a CS term to the action:

Scg = / {—d,mdCFIB,,}, (2.14)

that modifies the equations of motion of the 3-forms

6S oS —
_dédCaio’ 5d0afRa—da1 F'B,,. (2.15)
The local solution is now
dCy = R, — do™F'B,, (2.16)

and, since R, is gauge-invariant, the dual, gauge-invariant, field strength must be defined
by

R, =dCy +do/™F'B,, = G, . (2.17)
Again, (C") = (&) transforms linearly as a symplectic vector if (d';™) = (?lif ::)

also does. Then, we can define the symplectic vector of 4-form field strengths
G =dCt +d'"FIB,,, (2.18)
invariant under the deformed gauge transformations

0o Al = do' | 8¢ Bm = dom, 0,C" = do' —d';"Flo,, . (2.19)

However, the deformed gauge transformations do not leave invariant the CS term
Eq. (??). The only solution'? is to add another term of the form'*

12YWe will often suppress the wedge product symbols A in order to simplify the expressions that involve
differential forms.

13We have not found any other.

MWe use the compact notation Al = ATAT .. . Fl = plpJ.. -y Bmn... = BBy -+ etc., where
we have suppressed the wedge product symbols.
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Scg = / {~dar™dCF' By, — Xda™d" ;" F'/ By} (2.20)
provided the following constraint holds:

da(I[mdaJ)n} = 0, SO dl(I(deJ)n) =0. (221)

Observe that we are just using formal symplectic invariance: the symplectic vector
d'/™ is transformed into a different one. Thus, in general, one gets Sp(2n3, R) multiplets
of theories, except when d’;™ is a symplectic invariant tensor,'® which requires, at least,
one of the indices I or m to be a symplectic index. In most cases the part of the symmetry
group of the theory acting on the 3-forms, while embedded in Sp(2n3,R), will be a much
smaller group and, then, full symplectic invariance of d’; may not be required.

As a nice check of the formal symplectic invariance of the deformed theory, we
can check this invariance on the dual field strengths of the remaining fields'®, which is
tantamount to checking the invariance of the equations of motion of the fundamental
fields.

Using the duality relation R, = GG, the equations of motion of the 1-forms can be
written in the form

0S ; ;
s = M * B — di/™G' By, — 3dif™d' ;" F/ By } =0, (2.22)
and can be solved by identifying all the terms inside the brackets with dA;, where Agis
a set of 5-forms. Taking into account gauge invariance, the 6-form field strengths F; have
the following definition, duality relation and Bianchi identities:

FI = dzzl[ + di[mGiBm + %di]mdiJnFJan , (2.23)
F = MpyF’, (2.24)
dFy = d;i;™G'H,,, (2.25)

and the equations of motion are of the 1-forms given by the Bianchi identities of the dual
6-form field strengths up to duality relations:

08

oo = = {dFr = du" G Hy (2.26)

Using the duality relation R, = G, and following the same steps for the 2-forms ,
we find

15The only symplectic-invariant vector is 0.
16\We leave aside the scalars for the moment.
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H™ = dB™+d'/™FIC;, (2.27)
H™ = M™ xH,, (2.28)
dH™ = —d;;"G'F!, (2.29)

and the equations of motion of the 2-forms are given by the Bianchi identities of the dual
5-form field strengths up to duality relations:

5 {dﬁm + dilmGiFI} . (2.30)
0B,

This completes the first Abelian deformation. The second non-trivial deformation
of G* that one could consider is the addition of a CS 4-form term ~ d%;;x A’ F7 AX. The
gauge transformation of this term is not a total derivative and we cannot make G* gauge-
invariant by deforming the gauge transformation rule of C* only: we must also deform
that of B,,, which, in its turn, induces a deformation of H,, by addition of a CS 3-form

term. Since the deformation of H,, is essentially unique, it is more convenient to start
from this side and redefine

H,, = dB,, — dpmisFTA, (2.31)
where dp,77 = dpmyr'" which is invariant under the gauge transformations
6, Al = do! | 66 By = dop + dprsFlo? (2.32)
and satisfies the Bianchi identities
dH,, = —dpm s F17 . (2.33)
Under these gauge transformations and a generic 6,C®
5,G* = d (6,C% + d* " Flop,) + d* ™ dpyx F1 o™ (2.34)
Adding a CS 4-form term to G°
G = dC% 4+ d*"F!B,, — ad®™dp, i AL F7 AK (2.35)
we find
0cG* = d [5gca + da[mFIO'm — Ozda[mdeK(O'IFJAK — AIF‘]UK)]
(2.36)
+d® ™ d K [ozUIFJK +(1- a)F”UK] )

The last term can be made to vanish by simply requiring

17"The antisymmetric part is a total derivative that can be absorbed into a redefinition of B,,.
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Ozda[mdeK = (a — 1)da(J‘mdm‘K)I . (237)
Symmetrizing both sides of this equation w.r.t. IJK we conclude that

d" (" dm)ax) =0, (2.38)

and going back to the original (unsymmetrized) equation this implies that « = 1/3. We
arrive to the field strength, gauge transformation and Bianchi identities

G* = dC"+d*/"F'B,, — 3d*/"dyk ATFT AR (2.39)
5,C* = do® —d*["Floy + 3d " dpyr (o' F7 AN — ATF7 o), (2.40)
dG* = d*/"F'H,,. (2.41)

If these deformations are going to preserve formal symplectic invariance, we expect
that these results extend to the dual 3-forms and 4-forms field strengths, that is:

G' = dC'+d'["F'B,, — 1d'["dp x ATFT AN (2.42)
5,C" = do' —d'["Flop + 3d' " dpyr (o' F7 AN — ATF7 o), (2.43)
Gt = d'ymF'H,, (2.44)

while the identity

& (1" i) = 0. (2.45)

This requires the introduction of new CS terms in the action. If we define the CS
terms in the 4-form field strengths by AG? (G* = dC+AG"), then we expect the following
terms to be present:

Scs = — / {dC*AG, + AG*AG,} . (2.46)

Instead of checking in detail the gauge-invariance of these terms, it is more convenient
to take the formal exterior derivative and check whether it is entirely given in terms of
the gauge-invariant field strengths found above. if it is not, it should fail only by a total
derivative which we can compensate by adding the corresponding terms to the action.

We have found that one has to relate di( 11" d;| )" to the tensor dp,1y. The relation
can be established by introducing a new tensor d™"? = —d™? and is given by

d' (1" diy )" = =2d"" Py (2:47)
Observe that di[ 11" d;| )" does not necessarily vanish.
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Using the above relation we find a result of the expected form'®

d{dC"AG, + 3AGAG,} = dof™G F Hy, — 3d™P Hppyy + d { —5d™" By, d B d By,

+3d™P B, Hyyy + i di ™ d; " AT AH,dB, )
(2.49)

from which it follows that the gauge-invariant CS term in the action is given, up to total
derivatives, by

Scs = / {—dCAG, — JAG*AG, — $d™ By, dBpdBy, + 5d™" By Hyy
(2.50)

+o7d'™d; " AT AHdBy }

Observe that only the completely antisymmetric part of d™ enters the action,
even though we have only assumed it to be antisymmetric in the first two indices. We will
henceforth assume that d"P is completely antisymmetric.

Now, as a final check of the consistency of our results, we can compute the dual field
strengths H™ and F;, which should be formally symplectic invariant if the theory is, and
their Bianchi identities, which should be given entirely in terms of other field strengths if
the theory is indeed gauge invariant.

We find
H™ = dB™+d'["C;F! +d""PB,(H, + AHy) + 15d'"d;;" A" AH,, (2.51)
dH™ = d'/mGF!+d™"H,,), (2.52)

Fr = dA;+2dpsA7 (Hy — 3AH,,) — (d' /"By — 3d' y"dik A5 (G — LAG,)

— L (d' " gk — d' k" dpry) FTARC; — d™Pd A7 B H,,

g (K™ din dpry + 2d' (1" dij )" ) FYARE By + 51d' " Ay AT B,
—iisd' L i g dnpi ATEERFE (2.53)

dF] = 2dm]JFJI~{m + di[mGiHm . (2.54)

The duality relations are the same as in the undeformed case.

18We use repeatedly the identity

2d' 1" diy"F' A’ AH, = —6d™"? AH, AH, +d{1d' /" d;;" A" AH,} . (2.48)
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As a further check of this construction, taking the exterior derivative of the Bianchi
identities of all the field strengths one finds consistent results upon use of the properties
of the deformation tensors d';™, d,,r7,d™"".

We will not compute the gauge transformations of the higher-rank form fields since
they will not be necessary in what follows.

2.2.1 The 6-form potentials and their 7-form field strengths

On general grounds (see [?] and references therein) the 6-form potentials are expected to
be the duals of the scalars. However, maintaining the manifest invariances of the theory in
the dualization procedure requires the introduction of as many 6-forms D4 as generators of
global transformations d4 leaving the equations of motion (not just the action) invariant.
Hence, the index A labels the adjoint representation of the duality group. The 7-form field
strengths K4 are the Hodge duals of the piece jl(f)(d)) of the Noether—Gaillard—Zumino
(NGZ) conserved 1-form currents j4 = jgo)(gb) + Aj4 associated to those symmetries (or,
better, dualities) [?] which only depend on the scalar fields'

Ko=—%j, (2.55)

and their Bianchi identities follow from the conservation law for those currents

Ak = dx ) = dx (Y7 — Aja) = —d* Aja, (2.56)

where we have used the conservation of the NGZ current.

The simplest procedure to compute Aj4 is to contract the equations of motion of
the scalars with the Killing vectors k4”(¢) of the o-model metric G, (¢), which is given
by

(;55:; = —d(*Ggydg¥) + %amgyquby A *d¢?
’ (2.57)

+30, My FI AXF! + 20, M™ Hyyy AxHy, + G0, Gl .
Using the Killing equation, we get
08
k x
A 5¢x

We must now use the fact that the isometry generated by k4 will only be a symmetry
of the equations of motion if?"

— —dx O+ Lk 0, Mg I AKF? 4Lk 4% 0, M Hpy A H,y + Ghia" 0, Gl . (2.58)

9This is the contribution of the o-model to the Noether current. The symmetries of the equations of
motion are necessarily symmetries of the o-model, i.e. isometries of the o-model metric G (¢) generated
by Killing vectors ka®. The indices A, B,C label the symmetries of the theory and, therefore, run over
the adjoint representation of the Lie algebra of that symmetry group G. The contribution of the o-model
to the NGZ 1-form is 5§ = ka®Guyd¢?.

20The transformation rule for the period matrix is unconventional because our definition of the lower
component of the symplectic vector of 4-form field strengths, G, = R, is unconventional (the sign is the
oposite to the conventional one).
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ka0 Mpy = —2Ta% My,
kAOp MM = 2T, M™P (2.59)
ka®0uNgy = —Taap — NaeTa% + TaaNep + NoeTa Ny, ,

where the matrices T4' 7, T4™,, and

; Ta% Ta% >
T4i) = : 2.60
( AJ) < T TAab ( )

are generators of the symmetry group G in the representation in which the 1-forms, 2-forms
and 3-forms transform

[T, Ts) = fas“Tc, lka,kp) = —fapkc . (2.61)

As we have discussed, this implies that the matrices T4"; are generators of the symplectic
group

Ta'(j % = 0. (2.62)
Upon use of the duality relations between field strengths, we find that
08 - ~ y
kAt = dx 3 4 Ty [FTEy + Ta™ H"H,, — 3T4i,GY =0, (2.63)

on shell. The exterior derivative of the whole expression vanishes due to the Bianchi
identities of the field strengths and to the invariance of the deformation tensors d,,r, d';™
and d™P under the 04 transformations:

6admiy = —Ta"mdnry —2Ta" (jdpy i =0,
Sadi™ = Tald ™ —Ta? dly™ + Ty™,di " =0, (2.64)

gadmme = 3T, qaimel — o,

This means that we can rewrite that equation locally as the conservation of the NGZ
current

dx j¥¢% =0, JNGZ =5 1+ Aja, (2.65)

where Aj4 is a very long and complicated expression whose explicit form will not be useful

for us. A local solution is provided by *[ija) + Aja] = —dD 4 for the 6-form potential D 4

and we get the definition of the 7-form field strength

% j) = —dDp + *xAja = K. (2.66)

Its Bianchi identity is given by
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dK 4 = —d*j,(f) =Ta' JF/Fy + Ta™ H" Hy, + $T55GY (2.67)

In the kind of theories that we are considering here there is no reason to include
potentials of rank higher than 6, unless we introduce a scalar potential depending on
new coupling constants: one can then introduce 7-form potentials dual to those coupling
constants. Since the introduction of these parameters would be purely ad hoc, we will
postpone the study of this duality to the next section in which we will be able to use in
the definition of the scalar potential the embedding tensor and the massive deformation
parameters, which have well-defined properties.

One can also generalize the theory by adding a scalar potential. This addition is
associated to the introduction of new deformation parameters. In gauged supergravity,
which is the main case of interest, these deformation parameters are the components of
the embedding tensor and the scalar potential arises in the gauging procedure, associated
to the fermion shifts in the fermion’s supersymmetry transformations. Thus, it is natural
to deal with the scalar potential in the next section too.

The results obtained in this and the previous Section are summarized in Appendix 77.

2.3 Non-Abelian and massive deformations: the tensor hi-
erarchy

The next step in the construction of the most general d = 8 field theory is the gauging
of the global symmetries of the theory. The most general possibilities can be explored
using the embedding tensor formalism?! and in this section we are going to set it up for
the Abelian theories we have just found.?? For the sake of convenience we are going to
reproduce some of the formulae obtained above.

The starting point is the assumption that the equations of motion of the theory are
invariant under a global symmetry group with infinitesimal generators {74} satisfying the
algebra

(T4, T5) = fan’Tc. (2.68)

The group acts linearly on all the forms of rank > 1, including the 3-forms if the electric
and magnetic 3-forms C* and C, are combined into a single symplectic vector of 3-forms
(C%) = (gz ) as explained above and codify electric-magnetic transformations involving the
scalars. The matrices that represent the generators are denoted by {Ta’ j}, {Ta™,}, {Ta%;}
and the adjoint generators are T4Pc = fac?. The matrices TAij are generators of the
symplectic group

% i\ 0 1
T =0, @) =@=( ) §). (2.69)

*!Tn this section we will follow Ref. [?], where the essential references on the embedding tensor formalism
can be found. We will also use the same notation.

22Qbserver that, in general, the theories that we are considering are just the bosonic sector of a theory
that also contains fermions and whose symmetry group may include symmetries that only act on them.
The total symmetry group would, then, be larger and the embedding tensor should take this fact into
account.
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We have
S Al = ATy AT, 6aBm = —a?Ta"mBn, 6,.C" = oTy';C7,
) ) ) ) (2.70)
5aA] = —CVATAJ]AJ, 5aBm = aATAman,

(the dual potentials transform in the dual covariant-contravariant representation).
The kinetic matrices Mry, M™" W;;(N') also transform linearly: if 6, = ald

oaMpy = —QTAK(IMJ)K, oAM™" = 2TA(mpMn)p, 0AW;j = —2TAk(in)k,
(2.71)

but the period matrix undergoes fractional-linear transformations which, infinitesimally,
take the form

. T A% T ab
5ANCLb =T — NacTAcb + TAaCNcb +NacTAchdb, (TAzj) = < Ab A > .

Taay Tad
(2.72)

The k-form field strengths will transform in the same representation as the corre-
sponding (k—1)-form potential, but only if the d-tensors d,,,1.7,d" ;™ and d"""P are invariant
under the global symmetry group, i.e. if they must satisfy

Sadmry = —Ta"mdnrs — 2Ta™ (dpy g =0,
Sadif™ = Tald ™ —Ta? dij™ + Ty™,d' " =0, (2.73)

gadm® = 3T,"ldame) = 0

The theories we have constructed are invariant under Abelian gauge transformations

with 0-, 1- and 2-form parameters o, o, 0%

6o AT ~ do S5 B ~ dop, 6,C* ~ do' . (2.74)

In order to gauge the global symmetries, we promote the global parameters a” to
local ones aA(x) and we identify them with some combinations of the gauge parameters
of the 1-forms o! via the embedding tensor ;4 as follows:

o =colot. (2.75)

Using this redefinition in the transformation of the kinetic matrices My y, M™" W;; one
immediately finds their gauge transformations:

0o Mry = _2ULXLK(IMJ)K, e M™" = QO'IT[(mpMn)p7 50Wij = _QUIXIk(in)k7
(2.76)

where we have defined the matrices
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X]JK = ﬁ]ATAJK s X]mn = ’lngTAmn . X[ij = ﬁ[ATAij . (2.77)

The gauge fields for these symmetries are given by

A4 = AlgA. (2.78)

With them we can construct gauge-covariant derivatives, which we will then use to derive
Bianchi identities.

Is is convenient to start by constructing the covariant derivatives of the kinetic
matrices My, M™", W;;(N') which transform linearly. According to the general rule, the
covariant derivative of a field ® transforming as 4P is given by

DO =dd — A6,D. (2.79)

Then, with the above definition of gauge fields

DM™ = dM™ —2AT X (™ M (2.80)
DMp; = dMp;+ 2ALXLK(IMJ)K ; (2.81)
DW;; = dWZ'j + 2AIX[k(in)k . (2.82)

These derivatives transform covariantly under gauge transformations d, = ol 4
provided that the embedding tensor is gauge-invariant

6,914 =0, (2.83)
and provided that the 1-forms transform as
A;AT9A = 0,
6o AT = Dol + A, AT where (2.84)
Dol = do! — A/ X ko,
The condition Eq. (??) leads to the so-called quadratic constraint
9,8 [TeX 19k - fec?9:°] = 0. (2.85)

To determine A, A’ we have to construct the gauge-covariant 2-form field strengths
FI.

2.3.1 2-form field strengths

The simplest way to find the 2-form field strengths F/ is through the Ricci identities. A
straightforward calculation using the quadratic constraint Eq. (??) leads to
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DDMopn = —F19 45 s Mo (2.86)
and analogous equations for My; and W;;(N), with
Fl=dA" - IX, g ATK + AFT, where AF'9;4=0. (2.87)
Under gauge transformations,
6o Fl =0/ X/ x FE (2.88)
provided that
5, AF! = —DAA" +2X ;' i) (F/ o™ — 1475,AF) . (2.89)
Given the field content of the theory, the natural candidate to AF! and A, A are

AFT =zI"mB,, | AA = —ZT™g,, (2.90)

where the new tensor Z!™ is gauge-invariant and orthogonal to the embedding tensor:

6.Z'™ = 0, (2.91)

zimyg A = 0. (2.92)
Then, the consistency of Eq. (??) with the above choice requires

A Tal iy = 2" " dpgic (2.93)

for some tensor d,,jx = dmiy which will turn out to coincide with the tensor we intro-
duced as an Abelian deformation in the previous sections. Since we have assumed ;4
and d,, sk to be gauge-invariant, Z/™ is automatically gauge-invariant and we have one
constraint less.

We conclude that?3

rlo= dA' —ix," AR + 2B, (2.94)
SF = /X, xFE, (2.95)
6,Al = Dol — zIme,, (2.96)

6:Bm = Dom+2dpmyr (F o™ = LA75,AX) + Ay B,,, with Z'™A,B,, =0. (2.97)

230n general grounds, we expect a term of the form —o? X", B, in the gauge transformation rule of
B,,. This term is indeed present, but in a disguised form.
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In the ungauged limit ¥;4 = Z/™ = 0 we get the Abelian gauge transformations
of the 2-form Eq. (7?) if we identify the above 1-form o, (relabeled og,,) with o, —
dmrsAlo?,

Ogm = Om — dmrsAla” (2.98)

confirming the identification of the d-tensor. Using that variable makes the non-Abelian
gauge transformations more complicated and, therefore, we will stick to the above oy,.

2.3.2 3-form field strengths

Again, the shortest way to find AB,, and the gauge-covariant 3-form field strength H,, is
through the Bianchi identities. Taking the covariant derivative of the 2-form field strength,
and using the generalized Jacobi identity

X[I\KMXIJML} = %ZKmde[IXJML] ) (2.99)

we get

DF! =ZzI"™H,, (2.100)

where

Hy, = DBy —dppdA" A+ 2dpn XM g AVE+AH,,, with Z!™AH,, =0. (2.101)

In the ungauged limit ¥;4 = Z1™ = 0 we recover the Abelian 3-form field strength in
Eq. (?7). On the other hand, by construction, the above field strength is gauge-covariant
up to terms annihilated by Z/™ under Eqgs. (??) and (??). To show this explicitly, we will
need further identities between the tensors of the theory that are more easily discovered
by computing first the 4-form field strengths.

2.3.3 4-form field strengths

From this moment, following Ref. [?], we will determine the general form of the field
strengths using the Bianchi identities and their consistency relations. This procedure yields
gauge-covariant field strengths and one can later find explicitly the gauge transformations
of the fields that produce that result.

Thus, we take the covariant derivative of both sides of Eq. (?7), use the Ricci identity
Eq. (?7?) for the Lh.s. and the explicit form of H,, in Eq. (?7) for the r.h.s., and we find
the Bianchi identity for H,, to be

DH,, = —dy F" + ADH,,, where Z'™ADH,, =0. (2.102)

ADH,, has to be gauge-invariant and scalar-independent and the only possibility is a
4-form combination of field strengths. F'! A F/ has already been used and we must use
G*, whose explicit form will be determined by consistency. We need to introduce a new
gauge-invariant tensor Z;,, orthogonal to Z!™
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Z'"Zim =0, (2.103)

and, then, we arrive to the Bianchi identity

DH,, = —dy1 F! + Z; G (2.104)

A direct calculation of DH,, using the explicit expression of H,, in Eq. (??7) with
AH,, = Z;;,C* can only give a consistent result if we introduce a tensor d’;™ such that

XM+ an]JZJm = Zzndz]m . (2105)

The tensor d';™ coincides with the one we introduced as an Abelian deformation. Also,
observe that this relation makes the condition of gauge invariance of Z;, redundant.

We get

G'=DC' +d'" [F'B, — 12""B,B), — 1d,jxdA’ ATK + Ldons XM ATVEE] 4 AGY
(2.106)
with

ZimAG" = 0. (2.107)

These 4-form field strengths reduce exactly to the Abelian ones in Eq. (77).
Now we are ready to check explicitly using the identity/constraint Eq. (??) that H,,

in Eq. (??) with AH,, = Z;,,C" is gauge covariant up to terms proportional to Z;,,, which
are automatically annihilated by Z/™. We find that
5,C" = Do’ —d'[" [o'H,+ Flo, + 6,A'B,, — %dnJK(SO—AJAIK] + A, O,
with Z;,,A,C' =0,

AsB,, = — imo'i-
(2.108)

These gauge transformations reduce to the Abelian ones Eq. (??7) upon use of the
property of the d-tensors Eq. (??) and the identifications Eq. (??) and

ob =0 +d'["(Bpo! — tdnsx A" (2.109)

2.3.4 5-form field strengths

Taking, once again, the covariant derivatives of both sides of the Bianchi identity for H,,,
Eq. (??), and using the Bianchi identity for F/, Eq. (??) and the newly introduced tensor
d';™, we find that

DG = d'y"F'H,, — 7', H™, (2.110)
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where Z*,, is a new gauge-invariant tensor orthogonal to Z;,,

Z'Zin =0, (2.111)

and where the sign of that term has been chosen so as to get the same signs as in the
ungauged case. In principle these two tensors could be completely unrelated (except for
the constraints). However, since, in the physical theory, G is self-dual and H™ is the
electric-magnetic dual of H,,, it is natural to expect that the same tensors appear in both
field strengths. Thus, we are going to assume that Z%,, has been obtained from Zjm by
raising the index with the symplectic metric tensor Q% that is

Zin = V' Z . (2.112)

Then, there is no new constraint associated to its gauge invariance and, we just have
the constraint Eq. (??7) analogous to a constraint satisfied by the embedding tensor in
4-dimensional field theories.

2.3.5 6-form field strengths

Taking the covariant derivative of both sides of the Bianchi identity for G%, Eq. (??) and
using the Bianchi identities for the field strengths of lower rank, we find that we need to
introduce three new tensors d;;", d™"P,d™ 1 jx and demand that

1" Zjm + X1y = —Z'mdi™, (2.113)
dzl[m‘ZI‘n} — _Zipdpmn , (2114)
"y = —Zpd 1K - (2.115)

Lowering the i indices in the first equation with €;; and taking into account that X = 0,
we conclude that it is natural to identify

dir™ = Qud ™, (2.116)
and rewrite the constraint as

Using these constraints and the same reasoning as in the previous cases we find the
next Bianchi identity and we can also solve it**

24 Actually, it is easier to find H™ from the previous Bianchi identity Eq. (?7?) taking the covariant
derivative of the 4-form field strengths G* in Eq. (??) with AG* = -Z*,,,B™.
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DH™ = —diy"G'F' +d™H,, +d"jxF'5 + 2™ Fy, (2.118)
H™ = DB™—dy"F'C'+2d™"B,, (H, — Z;,C" — $DB,)
+d™dATdAT AR
+ (Ldis"d k" dnrr, — 3d™ 1 XM ) dATATEE
+ (Sd"Npu XN g — Gdin™d) " dyps) X' g ATEEM
+2"m Ay, (2.119)

2.3.6 T7-form field strengths

Provided that we impose the additional constraint®’

di(]mdu)n +2d"™"Pdyry + 3dm]JKZKn = —l—3dn]JKZKm , (2.120)

the covariant derivative of the Bianchi identity Eq. (??) leads to the Bianchi identity for
the 6-form field strengths

DF; = 2dpsF H™ + dif™G H,y, — 3d™ 1y F'5 H,,, — 074K 4, (2.121)
Fr = DA+ 2dynsB"F’ +dyy"C'(Hy, — 1 2;,,C7)
~3d" 1k B (F — 327" B,)(F* — LZ5PB,) — 1d™ ;27" Z5P By
+5di"d' " (F) = 3277 By) Bn — dir™ By DG + - - (2.122)

where we are denoting by OG? the part of G that only contains 1-forms A and their
derivatives dA”.

2.3.7 8-form field strengths

Taking the covariant derivative of Eq. (??7) and using several of the constraints imposed
above, we find that

VDK 4 = X5 jF Fre + X" H" Hyy + 5 X13jGY + 5, 15d™ s pany F7EEM L (2.123)

#5This constraint reduces to Eq. (??) in the ungauged, massless limit.
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According to the general arguments in Ref. [?] the last term must vanish. It cannot
arise in the Bianchi identity of the dual Noether-Gaillard-Zumino current associated to
the global symmetries of the theory. Thus, we impose

dmrsd" Ky =0, (2.124)

and, from the definition of the X tensors, we get

DK = TaX jF/ Fi + Ta™ H" Hyy, — 3T44jG + Y4* Ly, (2.125)

where Y4! is a tensor orthogonal to the embedding tensor

VY, =0, (2.126)

and where the index § runs over all the deformation tensors introduced so far, that we are
going to denote collectively by c*. As argued in Ref. [?], the natural candidates for the
Y4* tensors are the variations of the deformation tensors ¢! under the global symmetries
of the theory

Y = 4%, (2.127)

where A runs over the whole Lie algebra of the global symmetry group, because all the
deformation tensors are required to be gauge invariant

IA0ad =04 = Q0 =0, (2.128)

where we have defined the constraints Q4.

At this point there are two possibilities:

1. We can consider that all the independent tensors®® {191‘4, ZMm Zim, ~dm1g,d ™}
are deformations of the original theory introduced at the same time as the gauging
of the global symmetries of the original symmetry is carried out. In this case they
only have to be invariant under the global symmetries that have been gauged and
not the stronger condition

dact =0, (2.129)
for any of them.

2. We can consider only the tensors {ﬂIA,ZIm,ZZ-m} are deformations of the origi-
nal theory, whose definition includes the tensors {—d,,;,d";™}. In this case, the
latter must be invariant under the whole global symmetry group by hypothesis.
The corresponding Y4¥ tensors are assumed to vanish identically, before they are
contracted with the embedding tensor. This is the point of view that we have
adopted here and it implies that there are only three sets of 8-form field strengths
{Ly} = {La!, Ly, L™} and only three corresponding sets of 7-form potentials

26The tensors d™"P,d™ sk are related to these and their gauge invariance is not an independent condi-
tion.
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{Es} = {EAl, Epp,, E™} which are dual to the deformation tensors {9;4, Z1™, Z;,,}.
In an action in which these tensors are generalized to spacetime-dependent fields,
these dual potentials appear as Lagrange multipliers enforcing their constancy [?,7].

We, thus, have to consider three constraints associated to gauge invariance

ot = 9/PYp”, Vst =09, = ~Tp" 9k + Tp?cv,9, (2.130)
Q[Jm = ﬁ[BYBJm , YBJm = 5BZJm = TBJKZKm + TanZJn , (2.131)
Qrim = 91 Ypim, YBim = 0Zim = T8’ i Zjm — T8"mZin,  (2.132)

and two constraints associated to global invariance

Qumis = Yamis = —0admrs = Ta"mdnrs + 27K (1djmi 1)K - (2.133)
QU™ = YA =6ad' " = T yd (™ — Ta 1d' g™+ Ta™d' ™, (2.134)

and the final form of the Bianchi identity for the 7-form field strengths is

DKy =TaX jF Fie+Ta" oy H" Hy— 5T 035G +Y a1 " L'+ Y4 L+ Yain L™ . (2.135)

The occurrence of these Y4# has to be confirmed by taking again the covariant
derivative of this Bianchi identity.

2.3.8 9-form field strengths

Taking the covariant derivative of both sides of the Bianchi identity Eq. (??) we arrive
027

YarB [DLp! + FIKp) + Y,Im [DL]m + F]Hm} 4 Yaim [DLim + GHm]

+QuamisHFI + Q41 /™G FTH,, = 0.
(2.136)

Since we have assumed®® Qs = Q4™ = 0, we arrive to the Bianchi identities

2"By direct computation we have not found any constraint or Ya* tensor associated to either d™;x or
dmnp.

28Observe that, the alternative assumption is equally valid and can be made to work by including the
8-form field strengths JCEN P
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DLp! = —F'Kp-Wg'" Mg, (2.137)
DLpy = —FiHy — Wi Mg, (2.138)

where the WWB tensors are invariant tensors annihilated by the Y4 ones

Va2 = 0. (2.140)

As shown in Ref. [?] these tensors are nothing but the derivatives of all the con-
straints satisfied by the deformation tensors (labeled by ) with respect to the deformation
tensors themselves. This means that there are as many 9-form field strengths Mg and cor-
responding 8-form potentials Ng as constraints QP = 0. In a general action the top-form
potentials Ng would occur as the Lagrange multipliers enforcing the constraints Q% =0.

As usual, this can be confirmed by acting yet again with the covariant derivative on
the above three Bianchi identities. Let us first list all the constraints we have met:

1. First of all we have the gauge-invariance constraints

o, ™, Qrim, (2.141)
defined in Egs. (?77)-(77?).
2. Secondly, we have the global-invariance constraints
Qamits, Qa' 1™, (2.142)
defined in Egs. (??) and ((?77?)).

3. Thirdly we have the orthogonality constraints between the three deformation tensors

QmA = _zlmy A, (2.143)
0! = Zzy,z™, (2.144)
Omn = ZimZ's. (2.145)

4. Next, we have the constraints relating the gauge transformations to the d-tensors

'k = Xu'ky— 2 dmix, (2.146)
O/ = XM +2dnrs 27+ Zind ™, (2.147)
Qrij = —Xrij —2Z4md ;" (2.148)
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5. Finally, we have the constraints that related the d-tensors amongst them via the
massive deformations Z

Qimn = dz[[m|ZI|n} + Zipdpmn ’ (2149)
Q™ = d' " dyy" + d"Pdyry + 3d™l e 2K (2.150)
Qiyk = Zimd"1jx — di(1)" din) 1K) - (2.151)
From Eq. (77) we get
8QIJA 1J Ir J anA
90, 8 [DM" s+ F'La"] + 90,7 [DMpa + Hp K 4]
8QIJK I K IK 091"y, 1 177
DM FIKE } [DM W F HmHn]
+ 90,8 { Jo+ J|+ 90, B +

0Qrij ij i

+8?9Ké [DM'7 + FIGY] = 0. (2.152)

From Egs. (?77?) and (?7) we get very similar equations which guarantee the consis-
tency of the whole construction of the tensor hierarchy that we have carried out in this
section.

2.4 Gauge-invariant action for the 1-, 2- and 3-forms

The Bianchi identities of the full tensor hierarchy give rise to the equations of motion of
the electric fields of the theory upon use of the duality relations (on-duality-shell). For
field strengths of the 6-,5-, 4-forms they are given by

Kp=—%j, Fy= My« F7, H™ = «M™ H,, . (2.153)
For the field strengths of the magnetic 3-forms they are given by

Go = Ra, (2.154)

where R, has been defined in Eq. (??7). Finally, the field strength of the 7-forms is,
according to Refs. [?,?], dual to the derivatives of the gauge-invariant scalar potential
with respect to the deformation parameters, denoted collectively by ¢t

- *g; . (2.155)

This identity follows from the scalar equation of motion in presence of a scalar
potential together with the condition
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ov ov
ka®=— = YA =
A a¢x A et

(2.156)

which implies, after multiplication by the embedding tensor ¥;4, the gauge-invariance of
the scalar potential.

In general, the equations of motion are combinations of different Bianchi identities
on-duality-shell. In order to determine the combinations that correspond to the equations
of motion we have to examine which combinations of Bianchi identities satisfy the Noether
identities associated to the gauge invariances of the theory.

To start with, we need to introduce some notation for the Bianchi identities. This
has been done in Appendix ?7?7. These Bianchi identities are related by a hierarchy of
identities that are obtained by taking the covariant derivative of those with lower rank, as
we have shown. These identities of Bianchi identities are collected in Appendix ?77.

Now, let us assume that a standard gauge-invariant action for the 0-forms M (or
¢"), 1-forms A’ 2-forms B,, and electric 3-forms C? exists. This means that the Bianchi
identities B(Q?), B(c*) and B(DM), B(FT), B(H,,), B(G,) are satisfied, at least up to du-
ality relations. The kinetic terms of the electric fields are written in terms of the gauge-
invariant field strengths and this implies that the magnetic fields C,, B™ must necessarily
occur in the action, albeit not as dynamical fields: their equations of motion will be trivial
on-duality-shell.

Under these assumptions, the identities satisfied by the non-trivial Bianchi identities
(i.e. those involving the magnetic field strengths) take the simplified form?’

DB(Hp) — Z%Gq = 0,  (2.157)
DB(Gy) — ZaB(H™) = 0, (2.158)
DB(H™) + d*/™B(G,)F! + Z'™B(F;) = 0, (2.159)

DB(E;) + 2dyr s B(H™)F? — d*/B(Go)Hy + 912 B(K4) = 0. (2.160)

If such an action exists, its invariance with respect to gauge transformations with
parameters 0™, 0%, o, o will imply that the equations of motion satisfy, off-shell, associ-
ated Noether identities. Up to the field equations of B™ and C, which are assumed to be
satisfied up to dualities, they take the form

29We have also ignored the identities whose rank, as differential forms, is higher than eight.
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D(;jéi — 2%, 555@ = (§2.161)
D;ci - Zam(;i = ({2.162)
+d* " F! 555& = (2.163)
D [;j] - anJAJ;;n — (d*/"B,, — %dajnanKAJK) 555@]
+2dm1s F J;;:ner“ImHm;CSa ﬂ/‘kﬁ;i = (2.164)

Comparing directly with the above identities satisfied by the Bianchi identities, we
conclude that, up to dualities, the equations of motion of the electric fields are related to
the Bianchi identities of the magnetic field strengths by

59
kA" = B(K 2.1
A 57 B( A)v ( 65)
K - -
5—5, = B(Fy)+ (A" By — 3d° ;" dmix A7) B(Ga) + dmrs A7 B(H™)(2.166)
5 -
= m 1
55, — BUT), (2.167)
08
— ). 2.1
sca = B(Ga) (2.168)

This identification determines completely the field theory. For instance, the equation
of motion for the electric 3-forms C'*® must be

J
55&1 =D (% b *x GO+ ?Re/\/abi> +dor™F Hyy — ZgyM™ % H,, (2.169)

etc.

Can we write an action gauge-invariant action for the electric fields ¢*, A’, B,, and
C* from which these equations of motion follow, up to duality relations? We can follow the
step-by-step procedure used in Ref. [?] for the 5- and 6-dimensional cases. This procedure
consists in considering first an action S containing only the gauge-invariant kinetic
terms for the all the electric potentials ¢®, A!, B,,,C® and start adding the necessary
Chern-Simons terms S0, S®) . to obtain the equations of motion of all the potentials
occurring in S in order of decreasing rank: B™,C% C,, By, AL. At the first step it will
be necessary to introduce terms S() containing B™ but no new terms containing this
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potential will be introduced in the following steps. At the second step we will introduce
terms S containing C® (but no B™) and in the following steps we will not introduce
any more terms containing it and so on and so forth.

We will not carry this procedure to the end because in eight dimensions the number
of Chern-Simons terms involving just 2- and 1-form potentials is huge and its structure is
very complicated. Nevertheless we are going to check that everything works as expected
for the potentials of highest rank B™, (% C, and we are going to find that only under
certain conditions the action we are looking for exists

Our starting point is, therefore, the action

SO = / {—* 1R + $GuyDo™ A*D¢¥ + My FI ANxFT + L MMM H,p, A xH,

+3G AR, —x1V ()},

(2.170)
where we have added a scalar potential V' (¢). This action gives
(0)
05 _ _ze R, (2.171)
dB™

This equations should be trivial on-duality-shell and, therefore, we must add to the action
S(0)

s = /Z“m(Ga +1Z.,8B"B™, (2.172)
so that

5(SO) 4 5
éB™

The equation for C® that follows from S(© 4 §(1) ig

= 7%, (R — Ga) . (2.173)

5(S© 4 5

Sca = DRy — ZagmmM™ x H,, , (2.174)

and, comparing with Eq. (??), we see that the term +d,;™F! H,, is missing and we must
add a term of the form

5™ — / Aot F' (Hyn — 3 Z1mC") (2.175)

Observe that B™ does not appear in this term and its equation of motion is, there-

fore, not modified by it. However in this term or in any other similar term the only
part of dq;™ Zpm that can occur is the antisymmetric one djq ;™ Z)p), while in the term

+d, ™ FTH,, both the antisymmetric and the symmetric parts occur. The only way in
which we can get that term in the equations of motion is by requiring

dalr" Zpym = —3 X1, =0. (2.176)
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Under this assumption, which will also prove crucial to obtain the equations of motion of
other fields, the equation of motion of C* is Eq. (?7?), as we wanted.

The equation of the magnetic potential C,, which should be trivial on-duality-shell
which follows from the action we have constructed is

5(S© 480 4 52))
5Ca

= 2%, |[M™ « H, - DB™ + dy" F! Cb] . (2.177)

The last two terms belong to the field strength H™ and we need to add

SB) = / {~3d"" 2 FICyCo — |24 By (H, — 22,,C" = §DBy) + OH™| Z°0Ca } |

(2.178)
where OH™ is the part of the field strength H™ that only contains 1-form potentials
and their exterior derivatives. Observe that neither B™ nor C* appear in this term and,
therefore, their equations of motion are not modified. Observe also that we are facing
here the same problem we faced in getting the equation of motion of C%: only d’l;mzlal
can enter the action while the equation of motion contains also the symmetric part. The
solution to this problem is the same: we demand

dlel mzv, = _1x,® =g (2.179)

Using Egs.(??) and (??) The equation of motion of B, that follows from the action
SO 4 ... 4+ 86G) can be put in the form

(5(5’(0) ot 5(3))
0B,

= — [D(M™ x H,) + do"FIG* — d*/™FIR,

—d™P H,y, — ZIM My« F7] — d™"P B, Z%(Rq — Gy)
—d™ 7%, 1B, By(F! — $Z'"B,)

+dgmde " FI(FT — 1217 B,) B,

+da[mFIDGa + da[[m|ZI|n}BnDGa

—d™P(H,, — Z;nC")(Hy — Z;,C7) .
(2.180)
The expression in brackets in the r.h.s. is identical to B(H™) up to dualities and
up to the term d™; g F!/%. The next term vanishes on-duality-shell and the remaining
terms should be eliminated. Observe that in the terms that need to be eliminated and
introduced neither B™ nor C* occur (they only depend on B,,, A’ and their derivatives)
and, therefore, their equations of motion will not be modified.
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2.5 Conclusions

Following the same procedure as in Refs. [?,7], in this paper we have constructed the most
general 8-dimensional theory with gauge symnmetries and with at most two derivatives:
field strengths (up to 6-forms), all the Bianchi identities and duality relations satisfied by
all the field strengths (up to the 9-forms?"), and the equations of motion of the fundamental
fields. We have shown that they are characterized by a small number of invariant tensors
(d-tensor, embedding tensor 9 and massive deformations Z) that satisfy certain constraints
that relate them among themselves and to the structure constants and generators of the
global symmetry group, which has to act on the n3 3-form potentials of the theory as a
subgroup of Sp(2ns,R).

We have found that the Bianchi identities satisfied by the 7-form field strengths (dual
to the generalized Noether-Gaillard-Zumino current) have the general form predicted in
Ref. [?], although in this case it is very difficult to find the explicit form of the 7-form field
strengths.

We have constructed an action from which one can derive all the equations of motion
except for those of the 1-form potentials because identifying the terms that only contain
1-forms becomes extremely complicated and time-consuming.

This general result can be applied to any 8-dimensional theory with a given field
content, d-tensors defining Chern-Simons interactions and global symmetry group, such as
maximal d = 8 supergravity. In a forthcoming publication we will solve the constraints sat-
isfied by the deformation tensors (d-tensor, embedding tensor ¥ and massive deformations
Z) searching for a 1-parameter family of different SO(3) gaugings of that theory.

39These identities are, of course, just formal, but they encode the gauge transformations of the 8-form
potentials.
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On gauged maximal d = 8 supergravities

This chapter is based on

Oscar Lasso Andino, Tomds Ortin ,
“On gauged mazimal d=8 supergravities,”
Class. Quant. Grav. 35 (2018) no.7, 075011. arXiv:1605.09629 [hep-th]. [?].

Gauged/massive supergravities have received a great deal of attention over the last
few years because they almost always include a scalar potential that could fix the moduli
or provide an interesting inflationary model. While gauging a given supergravity theory
obtained, for instance, as the low-energy limit of some string theory model, is just a tech-
nical problem which we now know how to handle in general, the string-theory description
of that gauged theory, its 11-dimensional origin and the meaning of the new constants
that appear in it (coupling constants, mass parameters etc.), are not always known.

The gauging of maximal 8-dimensional supergravity offers a particularly interesting
example. Salam and Sezgin obtained this theory with an SO(3) C SL(3,R) gauging in
Ref. [?] by performing a Scherk-Schwarz reduction [?] of 11-dimensional supergravity [?].!
The gauge fields of this theory are the three Kaluza-Klein vectors. However, the theory
has another SL(3,R) triplet of vectors that can be used as gauge fields: the vectors that
come from the 11-dimensional 3-form. This alternative SO(3) gauging can be carried out
directly in 8 dimensions by the standard methods, but it is not known how to obtain this
theory from the conventional 11-dimensional supergravity.

Actually, it is believed that it should be possible to obtain this second SO(3)-gauged
theory by an SL(2) rotation of the Salam-Sezgin one. These transformations of gauged
theories are no longer symmetries of their equations of motion. Rather, they are (very
complicated) field redefinitions. Thus, at a classical level, and from the 8-dimensional
point of view, these two theories should be equivalent.

From the 11-dimensional point of view, the situation is less clear: on the one hand,in
principle one may use the 8-dimensional relation between the fields in the two theories
to construct a very unnatural and non-local’ alternative compactification Ansatz which
would give the second SO(3) gauged theory instead of the Salam-Sezgin one. On the other
hand, it is hard to say whether these two theories are equivalent from the 11-dimensional
point of view.

'Other 3-dimensional groups can be obtained by the same procedure, as shown in Refs. [?,?]. We also
remind the reader of the U-duality group of this theory: it is SL(2,R) x SL(3,R)

2The SL(2) transformation that should relate these two SO(3) gauged theories involves electric-magnetic
rotations of the 3-form potential.
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It is somewhat surprising that the second SO(3)-gauged maximal supergravity can
be obtained with ezactly the same compactification Ansatz as the Salam-Sezgin one from
the so-called massive 11-dimensional supergravity [?]. This theory is a deformation of
11-dimensional supergravity proposed in Ref. [?] as a candidate to 11-dimensional origin
of Romans’ massive N’ = 24,d = 10 supergravity [?].> This theory does not have 11-
dimensional covariance, as it depends explicitly on the (commuting) Killing vectors but,
somewhat mysteriously, it turns out that it can account for the 11-dimensional origin
of several gauged supergravity theories (apart from Romans’ and the 8-dimensional one
under discussion) which are not obtained, wit the conventional compactification Ansatz,
by standard methods [?].

Our goal in this paper twofold: first, we want to show that the gauged theory ob-
tained from the compactification of massive 11-dimensional supergravity (which will be
referred to henceforth as AAMO) is indeed one of the SO(3)-gauged maximal supergravi-
ties that can be obtained using the embedding tensor method. Second, we want to show
that, from the 8-dimensional point of view, it is related to the Salam-Sezgin one (from
this moment, SS) by an SL(2, R) transformation. We will achieve both goals by construct-
ing a 1-parameter family of SL(2)-related SO(3)-gauged supergravities that interpolates
between the SS and AAMO theories.*

The best way to construct these gauged theories is through the use of the embedding
tensor formalism [?,?,7,?,?].> This formalism has been used in several maximal and half-
maximal supergravities Refs. [?,7,7,7,7,7,?]. In the 8-dimensional case it has been used
in Ref. [?] to study the possible subgroups of the U-duality group that can be gauged,
regardless of the vectors used as gauge fields, by solving the constraints satisfied by the
embedding tensor. The existence of continuous families of gauged supergravities escapes
this kind of analysis, though, and we are actually interested in the explicit construction
of the theory. In a more recent paper [?] we have used the embedding-tensor formalism
to construct the most general 8-dimensional gauge theory (including its tensor hierarchy),
for any field content and duality group. This result can immediately be particularized to
the field content, d-tensors and duality group of the maximal 8-dimensional supergravity
and we just have to find a 1-parameter SO(3) solution of the constraints satisfied by the
embedding tensor an other deformation parameters to have the complete tensor hierarchy
of the theory we are after. To end the construction of the bosonic theory it only remains
to find the scalar potential and the equations of motion. We will explain how to do that in
this case. We will also explain how to construct the supersymmetry transformation rules.

This paper is organized as follows: in Section ?? we review the matter content and
symmetries of the ungauged theory. We will introduce a new basis of fields with simpler
transformation properties, as required by the embedding tensor formalism. In Section 77
we will discuss the gauging, using that formalism, of the theory, applying the general
results of Ref. [?]. We will show that there is a 1-parameter family of embedding and other
deformation tensors associated to SO(3) gaugings we are after. In Section ?? we proceed
to the explicit construction of the theory. Our conclusions are described in Section 77 and,
in the appendices, the explicit forms of the field strengths, Bianchi identities, identities of
Bianchi identities and duality relations, are collected.

3The supersymmetry transformations of this theory were studied in Ref. [?].
4The existence of these duality-related family of gaugings has been noticed in Refs. [?,?].
SFor recent reviews see Refs. [?,?,7,7].
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3.1 Ungauged N = 2, d = 8 Supergravity

In this section we are just going to describe the aspects of the ungauged theory that we
need to know in order to construct the family of gauged supergravities we are after.

N = 2, d = 8 supergravity can be obtained by direct dimensional reduction of 11-
dimensional supergravity on 7% [?]. The scalars of the theory parametrize the coset spaces
SL(2,R)/SO(2) and SL(3,R)/SO(3). The U-duality group of the theory is SL(2,R) x
SL(3,R) and its fields are either invariant or transform in the fundamental representations
of both groups. We use the indices i, j, k = 1,2 for SL(2,R) doublets and m,n,p =1,2,3
for SL(3,R) triplets.

The bosonic fields are
gquC7 Bm,Aim,a,(p,an, (31)

where C' is a 3-form, B,, a triplet of 2-forms, A*™, a doublet of triplets of 1-forms (six in
total), a and ¢ are the axion and dilaton fields which can be combined into the axidilaton
field

T=a+ie ¥, (3.2)
or into the SL(2,R)/SO(2) symmetric matrix

7> a

(Wij)ze%D( o ) with inverse (W) Ee“’( L —a ) (3.3)

—a |7[?
and, finally, M, is an SL(3,R)/SO(3) symmetric matrix whose explicit parametrization

in terms of five independent scalars will not concern us for the moment. The inverses of

these matrices will be written with upper indices.

The bosonic action obtained in Ref. [?] by simple dimensional reduction is®

S = /d% o] { B+ 1Tr (MM 1 1T (own—1)?

LM Wi I 4 e Hy M H,, — Shie e G2

—ﬁﬁ ¢ [GGa — 8GH,, A*™ + 12G(F*™ + aF'™)B,,

—8€™"P H,, Hy, B, — 8G0aC — 16Hy (F2™ + aF'™)C]}

where the field strengths are given by’

6 The relation between the 8- and 11-dimensional fields can be found there. As mentioned in Ref. [?],
one of the coefficients in the Chern-Simons part of the action (which has been checked explicitly to be
gauge-invariant) differs from the corresponding one in Ref. [?].

In this notation, used in Ref. [?], all the lower indices, which are not shown, are antisymmetrized with
weight one. The difference with differential-form notation is the normalization of the components of the

differential forms: w® = ﬁw}fﬁ.ﬂpdm”l A ---dz"? . so, for instance, dw® = (p+ 1)8w(p).
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Fim = 20Ai™,
Hy = 30Bp + 3emnp Pt AP (3.5)

G = 40C +6F'™B,,,

3.1.1 Rewriting the theory

In order to study the gaugings of this theory using the embedding-tensor formalism it
is convenient to use differential-form language and, furthermore, use a different basis of
forms with better transformation properties under the duality groups (in particular, under
SL(2,R)): for instance, if the 3-form field strengths H,, are invariant under SL(2,R)
transformations, it is obvious that the 2-forms B,, can only be invariant under those
SL(2,R) transformations up to 1-form gauge transformations because the Chern-Simons
term 3e€,npF In A2P has that same behaviour. This implies, in its turn, that the 3-form C
only transforms as the first component of an SL(2,R) doublet (something we expect to
happen on general grounds) up to gauge transformations. The conclusion is that we are
going to need to redefine the 2- and 3-form potentials B, and C, which we also denote as
C' when needed.

In differential-form language, the above field strengths take the form
Fm = dA™,
Hy = dBy + €mnpF 1™ A AP (3.6)

G = dC+F'"™AB,,.

The redefinition of the potentials that gives the the required properties of transformation
under the U-duality group is

Bm — Bp— temnpAln N AP,

(3.7)
C — O+ LepnnpAl™m AAIM N A
In terms of these new potentials, the field strengths take the form®
Fimo = dA™, (3.8)
Hy,, = dBy + S€ij€mnp P AP (3.9)
G' = dC'+ F'"By, + Ltejjemmp AT AP (3.10)

The gauge transformations that leave these field strengths invariant are

8Here and, very often in what follows, we suppress the wedge product symbols A in order to simplify
the expressions. We will introduce further simplifications in the notation along the way.
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Se AT = dgim
0oBm = dom — €ijempp (FMoIP — LAMG, AP) (3.11)
5,Ct = do' — [o'™H,, + F'™0y, + 6, A™ By, + 3 €jp€mnpds AT A ARP]

and the gauge-invariant bosonic action can be written in the form

S = /{_ * R+ 1Tr (dMM™AxdMM™Y) + 2Te (VWL AxdWW )

+IWij Mo F™ A FI™ + L MM H, A < H,, + 26 9GP A G — 2aGIGY
—I—%Gl [HmAQm _ BmFQm + %Emon2mA1nA2p]
+3Hn F2™ [C1 + Lemnp Al A A?P]

+ 3 €™ Hy Hy, (By — Sepgr AMA?)}
(3.12)

It is not difficult to check that the (formal”) exterior derivative of the Chern-Simons
part of this action (the last three lines) is just a combination of gauge-invariant field
strengths:

d(Chern — Simons) = —H,,, F*"G" — €™ H, H, H,, (3.13)

which ensures its gauge-invariance up to total derivatives under the transformations Eqgs. (77?).

Global SL(2,R) covariance requires the introduction of another 3-form C? so we can
define a doublet of 4-form field strengths

G' = dC" + F'™ By, + t€jpemnp A FI" AR (3.14)

invariant under the gauge transformations §, A" and 6,B,, in Eq. (??) and

5,0 = do' — [aim o FiMg 4§, AmB, 1 %ejkemnp(sgAjnAimAkp] . (3.15)

This (magnetic, dual) field is related by electric-magnetic duality to the original
(electric, fundamental) C' so there are no new degrees of freedom on duality shell'’

GP=e?+xG+aG =G, (3.16)

and the relation is such that, using it, the equation of motion of C' that follows from the
action Eq. (?7)

Tt is the total derivative of an 8-form in 8 dimensions.
100bserve that G is a combination of the field strength of the electric 3-form G, its Hodge dual *G and
the scalars, while G? is the field strength of the magnetic 3-form C?.
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— % =dG — F'™H,,, (3.17)

becomes the Bianchi identity for the field strength G2.

Then, denoting with a A the part of a (p + 1)-field strength that does not contain
the derivative of the p-form potential, using the above definitions we can rewrite the action
Eq. (??) in a more compact form that we will use later:

5 - / [ %R+ Tr (dMM™ A %dMM™) + 1Tr (@AWW A xdWW)

F AW Mo F™ AxFI™ + MM H,, AxH, + AGG — dCTAG? — JAGTAG?

— 5 €™ B, dB,dBy, + 1™ By Hy Hy, — 376 AM A AH,,dBy, }

(3.18)

Potentials dual to the 2-forms (the 4-forms B™), to the 1-forms A" (the 5-forms

flm) and to the scalars (the 6-forms D 4, where the index A runs over the adjoint represen-

tation of the duality group SL(2,R) x SL(3,R)), and their gauge-invariant field strengths

(H™, Eyn, K 4) can also be defined by dualizing the equations of motion of the correspond-

ing electric fields. We will not need them now, but they can be found in Ref. [?]. They

can also be recovered by setting to zero the deformation parameters in the field strengths

of the gauged theory that we are going to construct in the next section and which are
listed in Appendix 77.

3.2 SO(3) gaugings of N’ =2, d = 8 supergravity

The gaugings and massive deformations of general 8-dimensional field theories have been
studied in depth using the embedding-tensor formalism in Ref. [?] using the notation of
Ref. [?] and the general procedure used in Refs. [?,?] for the 4-,5- and 6-dimensional cases:
finding identities for Bianchi identities, solving those identities for the Bianchi identities
and then solving the Bianchi identities for the field strengths. In particular, the tensor
hierarchy has been constructed and the form of most of the field strengths has been fully
determined. The action was only determined up to terms containing 2-forms due to the
very large number of complicated terms occurring in it.

In this section we are going to specialize the results of Ref. [?] to the particular case
of N =2, d = 8 supergravity and, then, we are going to select the family of gaugings we
are interested in''. Since the case we are going to study is far simpler than the general
case, we are going to determine almost the bosonic action.

In order to particularize the results of Ref. [?] to N' = 2, d = 8 supergravity we have
to particularize the generic field content, the d-tensors occurring in the Chern-Simons
terms and the global symmetry group considered there.

Let us start by reviewing the U-duality group of the theory. The U-duality group

1L A partial analysis of the possible gaugings (that is: the possible solutions to the constraints satisfied
by the embedding tensor) was performed in Ref. [?].
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of this theory is, exactly, SL(2,R)xSL(3,R)!? and we remind the reader of the group
isomorphism SL(2,R) ~ Sp(2,R). The adjoint indices of the U-duality group are denoted

collectively by A, B, .... The adjoint indices of SL(2,R) are o, 3, ... = 1,2,3. The adjoint
indices of SL(3,R) are m,n,... = 1,2,3 for the SO(3) subgroup that we want to gauge
and a,b,...=1,---,5 for the rest of the generators.

The only structure constants that we need to know explicitly are those of the SO(3)
subgroup:'?

[Trm Tn] = fminp = _Eminzh (319)

so the SO(3) generators in the fundamental/adjoint representation are the matrices

T p =€m"p = —€mpn - (3.20)

We also need to know that the coset space SL(3,R)/SO(3) is a symmetric space and
the structure constants with mixed indices f,,," provide a representation of SO(3) acting
on the SL(3,R)/SO(3) indices a, b, - - -:

Tmab = fmba . (321)

As for the generators of SL(2, R) ~Sp(2,R) in the fundamental representation 7Ty,
we just need to know the property

Let us consider now the field content. In Ref. [?] the scalars were collectively denoted
by ¢*. We are going to keep using that notation for the time being. The vector fields
carried indices I, J, ... and they must be replaced by composite indices im, jn etc. where
i,7,... = 1,2 and m,n,... = 1,2,3 are indices in the fundamental representations of
SL(2,R) and SL(3,R), respectively. The notation for the 2-forms is the same. In Ref. [?]
the electric 3-forms carry an index a which is the upper component of a symplectic index
denoted by 4,j,.... In the case at hands, a takes only one value: 1 (C') which will be
sometimes omitted (C'). The lower index 1 is equivalent to an upper index 2: C; =

€120% = C? and, therefore (C?) = (g) = (g; ) On the other hand, C; = eijCj.
Finally, in order to find the values of the d-tensors for this theory it is enough

to compare the field strengths of this theory with those of the generic ungauged theory
constructed in Ref. [?]. Comparing Eqs. (?7),(??) and (??) with

FI = dA'. (3.23)
H,, = dB, —dpnsFTA”, (3.24)
G' = dC'+d'["F'B,, — 1d'["dpn xk ATFT AKX (3.25)

12There is only one additional rescaling symmetry, but it acts on the spacetime metric and, therefore,
we will not consider it here.

1330(3) indices are raised and lowered with the unit metric and, therefore, there is no distinction between
upper and lower SO(3) indices. We choose their position for the sake of convenience and esthetics.
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we conclude that the d-tensors can be constructed entirely in terms of the U-duality
invariant tensors d°;, €;;, 0™, €mnp:

dpmry — dminjp = _%emnpfij )
(3.26)
di[m — dijnm = 5zj5mn .
The tensor d"™"? is related to these by
d' " diy " = =2d™Pdyry, = AP = 5P (3.27)

We can immediately use the results of Ref. [?] to determine the form of the 5-form
field strengths H™ (dual to the H,,) and the 6-forms F},, (dual to the 2-forms F)'*. We
can also derive the the Bianchi identities satisfied by all of them and also by the 7-form
field strengths K4 dual to the Noether current 1-forms of the scalar o-model jj(f) where
A = m,a,a runs in the adjoint of the U-duality group. The later are given by

3 = Goyka®dgY (3.28)

where G,y (¢) is the o-model metric and k4*(¢) is the Killing vector of that metric asso-
ciated to the generator of the U-duality group T4

[Ta,T5] = fas“Tc, [ka, k] = —fap®kc . (3.29)

We are, however, interested in the gauged theory. The most general gaugings can
be found using the embedding-tensor formalism. In this theory, the embedding tensor has
the form ¥4,,*. We know there are at least two possible SO(3) C SL(3,R) gaugings of this
theory:

1. Salam and Sezgin’s [?], in which the 3 vector fields A™ coming from the metric
of 11-dimensional supergravity (that is, the 3 Kaluza-Klein (KK) vector fields) are
used as gauge fields.

2. The AAMO [?] gauging in which the 3 gauge fields are the A?™ coming from the
3-form of 11-dimensional supergravity.

These two sets of gauge fields are related by the discreet electric-magnetic SL(2,R)
duality transformation 7 — —1/7 before gauging. Correspondingly, the SS gauging cor-
responds to choosing an embedding tensor whose only non-vanishing components are
Vim™ = g6;*9,,"™ where ¢ is the coupling constant, and the AAMO gauging corresponds to
the choice Ui, = g6;20m".

From the 8-dimensional supergravity point of view, one could use any other SL(2,R)
transformed of the A triplet as gauge fields. This suggests that a continuous family of
equivalent SO(3) gaugings should exist. The corresponding embedding tensor has the form

Dim" = vi0m™, (3.30)

14The explicit expressions of the field strengths for a generic 8-dimensional theory is only given up to
the 6-forms in Ref. [?].
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where v; is a 2-component vector transforming in the fundamental of the electric-magnetic
SL(2,R) duality group and can describe a one-parameter family of equivalent SO(3) gaug-
ings of the theory'®. The SO(3) gauge fields are combinations of the two triplets of vector
fields

ﬁmmAm = UiAim, (331)

and include, as limiting cases, the Salam-Sezgin and the AAMO theories.

Our candidate to embedding tensor Eq. (??) must solve the quadratic constraint,
which implies its own gauge invariance

DimPYp i =0, (3.32)

where the Y tensor is

YBjnA = (5379jnA = —TBkjﬁknA — TBpnﬁij + TBACﬁan
(3.33)
= —Tg*j0p" — TePpljp™ + fec™9nC .

For the above embedding tensor Eq. (?77), the only non-vanishing components of the
Yaiim®P tensor are

Yoir" = —0T15"m, Yaimb = _Uifmaba
(3.34)

Yocim - a]zvjém )

and, therefore, the quadratic constraint is automatically satisfied and the embedding tensor
is, in principle, admissible.

There are other parameters associated to deformations of the theory that must be
considered together with the embedding tensor because they can be related. The d-tensors
being defined already in the undeformed theory, the rest of the deformations of the theory
are dictated by the Stiickelberg mass parameters Z™" and Zjy,.

Zmn s related to the embedding tensor through the defining relation'®
O i) Ta7™ py = Z7d g i jyp - (3.35)
through the orthogonality relation
Dim A2 =0, (3.36)
and through the requirement of gauge invariance

Dim Y47 =0, where Y4/ = 4§42, (3.37)

It is not difficult to see that the only solution to these three constraints is

50ne of the two degrees of freedom of v; corresponds to the gauge coupling constant.
1611 this equation the parenthesis indicates the simultaneous symmetrization of the pairs of indices im
and kp.
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Zimn — yigmn (v = ejivj) , (3.38)
and, therefore, the only non-vanishing components of the tensor Y,"™" are
Y, mn = i, m §me Y, = T, gmn (3.39)
Zim must be orthogonal to Z™

Zi 27 = 0, (3.40)

which can only be satisfied by Z;,, = 0. This solution is gauge-invariant and the corre-
sponding Y tensor vanishes identically:

Yaim =0, A=m,a,«. (3.41)

There are five constraints more relating the three deformation tensors ﬂimA, Zimn
and Z;,, among themselves and to the d-tensors [?]:

19z'mATApn + aniququp + Zjndjimp = 0,

Dim*Taji + 2ZGndyim™ = 0,

di M zieinl o zigrmn =0, (3.42)
%dk(iplmdklj@n + d™Pdyip jq + 3d[m|iquerlT|n] = 0,
Zimd™ jnkplg = dijn" dmliplg) = 0,

where d™;jp, kpig is another d-tensor fully symmetric in the three lower (pairs of) indices.
They are satisfied identically when this tensor vanishes.

The conclusion of this section is that we have found a set of deformation parameters

Dim"™ = 00", Z"" =0'6™" | Zipy =0 (3.43)
that describe a one-parameter family of SO(3) gaugings of maximal 8-dimensional super-

gravity with the properties we were looking for.

In what follows we are going to construct explicitly this family of theories using the
general results of Ref. [?].

3.3 Construction of the 1l-parameter family of equivalent
SO(3)-gauged N = 2, d = 8 supergravities

The first step is the construction of the tensor hierarchy. Since this has been done in

Ref. [?] for most of the fields in a generic 8-dimensional theory, we just have to replace

the values of the d-tensors and the deformation tensors to get most of the field strengths
and all the Bianchi identities and the identities relating all the Bianchi identities. They
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can be found in Appendices 77, 7?7 and 7?7, respectively. Nevertheless, we would like to
remark the definitions of the first and second covariant derivatives of the scalars

D® = dp® — A viky," (3.44)

DxD® = d+D¢® +Ty."D? A+Dg* — A 0,0k A xD¥ (3.45)

and the fact that the Noether current 1-forms defined in Eq. (??)!7 also need to be
covariantized

(o)

JaA = k’AxgzyDbe 5 (346)
D *jgo) = dxja+ fABCAB AN*jo . (3.47)

As explained in Ref. [?], the Bianchi identities of the magnetic fields are related to
the equations of motion of the electric ones upon the use of the duality relations between
electric and magnetic field strength given in Appendix 7?7 and assuming that the Bianchi
identities of the electric field strengths are satisfied. The precise relation can be found
by studying the Noether identities associated to the gauge invariance of the action of the
theory (whose existence we assume) and, adapted to this theory, is

08

kA”:W = B(Kj,), A=m,a, «a, (3.48)
(ifm = B(Fim) + (04iBm — LemnpA" A7) B(G?) — Lepmpes ATMB(HP) , (3.49)
55 o
55 = BU™). (3.50)
55 ,
o= B(GR). (3.51)

From these relations we find

"In absence of interactions between the scalars and other fields these Noether currents are conserved
d * jff) = 0. After gauging, in general they are no longer conserved. Their covariant generalizations are

covariantly conserved D x jl(:) = 0, though. See Eq. (?7?) and its ungauged limit.
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W;fz = —D#jD — ey [MugWij FP AxFI — MPUH, AxH,] (3.52)
x ) (o) n i j
kg ot —Dx ji7) =T, [MpgWii F'P N %F?1 — MPIH, A *Hy
ov. . av
—U; * aTM + v % 8Zan:| s (353)
x oS (o) i jm kn 1 j k
ko @ = —d*]a - T, j [./\/lmankF A *F"" 4 QWikG A *G
ov , ov
T L. 4ol 6™ } : (3.54)
Oﬁjnm 8Zimn
0S jn Jn A ADPq 1A 2
S Aim = —D(Wiijn *x F ) — emnpeijF MPD x Hq — (61 G — 51 G)Hm
08 0S5
1 In n
—'UiKm + ((5 zBm - éGmnpA A]p) @ — %ﬁmnpﬁijAJ E y (355)
68 mn 1m A~ 2m 1 _mn % [
5B = —-DWM™ xH,)+ F™"G - F""G+ 5€ pHan + v Wiijn * F{g,f)ﬁ)
% = —dG+ F*™H,,. (3.57)

The scalar equations of motion can be recovered from the above three relations by
using

1. The relation that expresses the gauge-invariance of the scalar potential

o _ . 49V

ka® =Y,
Aaqu Aacﬂv

(3.58)

where the index # labels the deformations ¢f, which, in this case, are just ¥;,,2, Z™"
and Z;y,. Using the values of the Y-tensors computed before and

ov

=0 3.59
we get the relations

ov

kn*— = 0, 3.60
o (3.60)
ov ov , ov

k" = T y—— + 0Ty ——, .61
e R T YT (3.61)
oV , oV o oV

ko' —— = —Twid?—— + Ty 06" ——. .62
Py Uj 03P T ajv 0Zinp (3:62)
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2. The invariance of the theory under the U-duality group implies that the kinetic
matrices My, (¢) and W;; satisfy the following relations:

kmxaanp = _26mq(nMp)q )
ko 0eMyy = —2T50 0 My, , (3.63)

The axidilaton field 7 transforms non-linearly under SL(2, R) (fractional-linear trans-
formations). Taking into account the (unconventional, by an overall sign) definition
of the dual 4-form G that constitutes the lower entry of the symplectic vector G#'8,
the infinitesimal SL(2,R) transformations of 7 take the form

ko 0,7 = —To11 + (Tar' — To')7T + T2 (3.64)

3. Finally, using the Killing equation it is not difficult to prove the following identity for
the Killing vectors k4” of a metric G,,(¢) and the associated covariantized Noether
1-form defined in Eq. (?7)

kaoDx D’ =D+ ;. (3.65)

Then, the scalar equations of motion are

08

51 = ~ImDxDoV+ 18, {Wij Mo F'™ A <FI" 4 M™ H,,, A %H,,

(3.66)
+ePGAXxG —aG NG -V (9)} .

These equations can be split into those corresponding to the scalars in the coset
spaces SL(3,R)/SO(3) and SL(2,R)/SO(2) in the obvious way.
We will discuss the form of the potential later.

The scalar equations of motion give us all the kinetic terms in the action:

SO = / {—* R+ {Tr (DMM P AXDMM™Y) + 1 Tr (dWW ™ Axd VW)

+IWii M F™ A < FI" + MM H, A H,y, + 567 PG AxG — 2aG NG -V} .

(3.67)

(We have added the Hilbert-Einstein term, which, evidently, should be there). Now

we have to add the Chern-Simons terms necessary to obtain the other equations of motion,

starting by those of the higher-rank potentials (C). However, all the Chern-Simons terms

of the ungauged theory must be present (since we must recover it in the v = 0 limit) and
it makes sense to add to the above action the covariantization of those terms, namely

81t is this definition that brings us to the unconventional SL(2, R) matrix W
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SO = / {-dC'AG? — LAGTAG? — LemP B, DB, DB, + 1™ B, H, H,

(3.68)
— o€ AMAMAH,, DB, } |
where now the field strengths and derivatives are the covariant ones and
AH,, = H,, — DB,,, AG' =G —dC". (3.69)

C only occurs in one place in this Chern-Simons term and, therefore, using dAG? =
dG? and the Bianchi identity B(G?) in Eq. (??) we get

68 1 51
e i
in agreement with Eq. (77).
For the 2-forms we find

= —dG + dAG? = —dG + F*™H,, (3.70)

550 4 g(1) S . . ,
S 51; S = 5 ; + 5V F"™ By By, + §0;F"" By, By, + $v,0G By,

(3.71)
+16,;0GOFI™ — LemmP AL, AH, + 4D (e;A™A™AH,,)

where §5/0 By, is the expected equation of motion, given in Eq. (?7?), and where the boxes
acting on field strengths denote the terms on that field strength that only depend on the
1-form fields. Thus, the terms in the second line only depend on the 1-form fields and it
is very easy to add a term to the action, linear in B,, to cancel them. However, we must
make sure, first, that those terms always depend on v*, so they disappear in the ungauged
limit. Indeed, expanding them we find that all the v-independent terms in them cancel.
As for the unwanted terms in the first line (all of them v-dependent), they can be easily
integrated. We conclude that we must add to the action a new correction:

S@ = / {—150i(F™ — v'By) By Bp By, + 1€ By AH, AH,, — e;0G'OFI™ By,

+o956; AMAMDB,, AH,} .
(3.72)
Varying S(© + 51 4+ §() with respect to C' and By, gives the expected equations of motion.

The terms that remain to be added only contain 1-forms and their derivatives and
only contribute to the equations of motion of the 1-forms. They are of the form (dA)2A*
and (dA)AS and their form is exceedingly complicated and we have not determined them.

3.3.1 The scalar potential

Finally, we have to find the scalar potential. The scalar potential must satisfy Eq. (?7),
but this equation does not fully determine it. In supergravity theories, the scalar potential
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is determined by supersymmetry, and is quadratic in the fermion shifts."”

There seem to be no general rules available in the literature to construct the fermion
shifts of any gauged supergravity, although, based on the example of gauge N’ = 3,d = 4
supergravity [?], it was suggested in Ref. [?] that they can be written in terms of the
dressed structure constants of the gauge group.

Looking into Ref. [?], we can see that the fermion shifts of SO(3)-gauged N' = 2,d =
8 supergravity theory fit into this general rule and are written in terms of

Fon® = Lan" L LyP frun® (3.73)

where frnP = €mnp, the matrix Ly," is the SL(3,R)/SO(3) coset representative, and L,,"is

its inverse.0

It is, however, well-known that in ' = 1,2, d = 4 supergravities the fermion shifts
are written in terms of the momentum maps P> associated to the symmetries being
gauged: the index A runs over its Lie algebra and the index ¥ runs over the Lie Algebra
of the R-symmetry group. Thus, in this theory, they would have be P4 with A = m, a, a.

As discussed in Ref. [?], these two ways of writing fermion shifts are, actually, equiv-
alent because the dressed structure constants can be rewritten in terms of the momentum
maps. The momentum maps, though, can be combined with the embedding tensor in a
natural way (¢;," P,F) and more general gaugings can be considered. We will, therefore,
use the momentum maps to write the fermion shifts of the theory at hands.

A problem one finds in trying to write fermion shifts with the right structure is
that the structure of the fermion shifts and of the entire supersymmetry transformations
given in Ref. [?] does not show the transformation properties of the spinors under the
R-symmetry group SO(2)xSO(3) ~U(1)xSU(2), because the fermions obtained in the
dimensional reduction from 11 dimensions are not symplectic-Majorana. A symplectic-
Majorana (pair) €/ I = 1,2 transforms as a doublet under SU(2) and as a singlet under
U(1) in a natural way. Therefore, we are going to use symplectic-Majorana spinors in our
proposal: gravitini 1,7, dilatini A and supersymmetry parameters ¢/ and we are going
to define the fermion shifts S77, N’ s

Scthur ~ -+ Srye’,
(3.74)
56)\{n ~ ...+NmIJ€J.

Now, in order to construct S;; and N,,’; it is necessary to introduce an object
with properties similar to those of the symplectic sections of N' = 2,d = 4 theories and
their generalizations to higher A/ denoted by VM ;; where the index M labels the vectors
available in the theory (electric and magnetic in 4 dimensions) and the indices I, J are R-
symmetry indices in the representation carried by the spinors (the fundamental of SU()A/).
This generalization, must have the same structure, i.e. V";; and our proposal for this
object is

19The exception is N = 1, d = 4 supergravity, which, even in the ungauged case, admits a scalar potential
entirely built from the superpotential, which is largely arbitrary.

20Here m,n,p = 1,2, 3 are, as in the rest of this paper, indices of the fundamental (vector) representation
of SL(3,R) and m,n,p = 1,2,3 are indices in the fundamental representation of SO(3)).
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Vi = Vil mergo™ X and V™M = ViL,™, (3.75)
where we have introduced

(Vi) = e?(r 1), (3.76)

which transforms linearly under SL(2,R) up to a U(1) phase.

Using these ingredients, the fermion shifts can be written in the form

St = V™V PP (0P)5 1, (3.77)

Nw'y = V"09:5PP® (0" md% — 36m90%s) (e, (3.78)
where the (oP) are Pauli’s sigma matrices. For the class of gaugings that we are consid-

ering, with embedding tensor %;,," = v;0,,"

Sy = ViyLya™ P, ey, (3.79)

N’y = Vi (L PP — 16:PLq"P,%) (aP) ;. (3.80)

Now we observe that the dressed structure constants can, in this case, be expressed in
these two different ways:

LquAdj (L_l)qA(TA)np )
fmnp = (381)
6manqp )

where we have defined

T = [,™L,". (3.82)

Contracting both identities with e*P* we find?!

2L P, = —T™" 4+ §™ T | where T = 6pnT™, (3.83)

which allows us to express the fermion shifts entirely in terms of 7T™™:

Sty = eV, (3.84)
I i I
Nm'y = Vi (T™ = L6,,T) (0P)! 5, (3.85)
as they appear in Ref. [?].
2'This projects the first identity over the SO(3) generators A = m and we remind the reader our

definition of momentum map Pg™ = FAdj(L_l)Bm‘
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The combination of the fermion shifts that gives the scalar potential is

V=188 4 Lamn NG N T = —IWiv; [Te(M)? — 2T (M?)] (3.86)

where W is the SL(2,R)/SO(2) symmetric matrix defined in Eq. (??) and where we have
used, to simplify the comparison with the results of Refs. [?,7?]

Mopn = Lp,PL,P, sothat T =Tr(M), and T™"7T™" = Tr(M?). (3.87)

The expression obtained is SO(3) invariant and, formally (because v’ is rotated)
SL(2,R) invariant. For v; = gd&;! one recovers the scalar potential of the Salam-Sezgin
theory?? and for v; = g6;% the scalar potential of the AAMO theory is recovered.

Since our main concern here was to find the scalar potential, in this section we have
only studied the fermion shifts in the supersymmetry transformations of the fermions. It
is worth, however, discussing the general form of all the supersymmetry transformations of
the theory. We know that the supersymmetry transformations of the bosonic fields do not
change under gauging, as a rule. The structure of the supersymmetry transformations of
the fermions is, apart from the additional fermion shifts, the same as in the ungauged case
with the field strengths replaced by the new ones and the derivatives replaced by gauge-
covariant derivatives. Since the fermions only transform under the R-symmetry group,
their covariant derivatives are different from the covariant derivatives of the bosonic fields,
which transform in representations of the whole duality group. The construction of these
covariant derivatives offers no particular problems and is discussed in detail in Ref. [?].

3.4 Conclusions

By applying the general results obtained in Ref. [?] we have constructed explicitly a 1-
parameter family of SL(2, R)-related, SO(3)-gauged maximal 8-dimensional supergravities
that interpolates between Salam and Sezgin’s [?] and AAMO’s [?], realizing the possibilities
noticed in Refs. [?,7]: for each value of that parameter a different combination of the two
triplets of 1-forms (one coming from the 11-dimensional metric and the other coming from
the 11-dimensional 3-form) plays the role of gauge vectors.

The existence of this family confirms the identification of AAMO with a honest
SO(3)-gauged maximal 8-dimensional supergravity in spite of its very unconventional ori-
gin: the so-called massive 11-dimensional supergravity proposed in Ref. [?]. Furthermore,
it proves its relation with the Salam-Sezgin theory by an SL(2,R) transformation, some-
thing that would have been very difficult to do directly. Thus, we have achieved the two
goals stated in the introduction. At the same time, our result poses further questions:
what is the 11-dimensional origin of all the theories in this family if we insist in using the
same compactification Ansatz?

A key ingredient of the gauged supergravities we have constructed is the scalar

potential. This is not determined by the tensor hierarchy, which only puts generic con-
straints on it. In a supergravity theory (different from N = 1,d = 4) the scalar potential

22Beware of the different conventions for the dilaton field!
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is a quadratic form on the fermion shifts. These have to be scalar-dependent expressions
linear on the embedding tensor, but their general form is not known.?> This is one of the
main obstructions to find a general formulation of all gauged supergravities in all dimen-
sions. We have proposed a general form of the fermion shifts for maximal 8-dimensional
supergravity that reproduces the fermion shifts found by Salam and Sezgin and gives the
expected (formally) duality-invariant form of the scalar. Interestingly enough, this form
is similar to that of the fermion shifts occurring in 4-dimensional supergravities, where
the scalar fields appear combined in an object (symplectic section and generalizations)
related to part of the coset representative. We believe that this object should exist in any
supergravity theory (if it can be gauged at all) and its identification and study should be
the key for finding the general formulation of gauged supergravities we wish for.

ZThey are known in A = 2,d = 4, 5 supergravity and in other ' > 3,d = 4 supergravities as well. See
Ref. [?] and references therein.
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This chapter is based on

Pablo Bueno, Pablo. A. Cano, Oscar Lasso Andino and Pedro F. Ramirez
“f(Lovelock) theories of gravity,”,
JHEP 1604 (2016) 028. arXiv:1602.07310 [hep-th/, [?].

Higher-derivative theories of gravity have been subject of intense study in recent
years. The reasons for this interest are diverse. From a fundamental perspective, it is
clear now that general relativity is an effective description which most certainly needs to
be completed in the ultraviolet. A characteristic manifestation of the putative underlying
theory would be the appearance of a series of higher-derivative terms, consisting of different
contractions of the Riemann tensor and its covariant derivatives, which would correct the
Einstein-Hilbert (EH) action at sufficiently high energies. This is of course the case of
String Theory, which generically predicts an infinite series of such terms — see e.g., [?,7,7].

While many explicit String Theory models giving rise to particular effective higher-
derivative theories have been constructed, there exists a less fundamental but more prac-
tical approach which has been also vastly studied in the literature. Such approach consists
in regarding certain higher-derivative theories as quantum gravity toy models. This is the
case, for example, of topologically massive gravity [?] and new massive gravity [?] in three
dimensions, or critical gravity [?] in four. In these theories, and others of the like, the EH
action is supplemented by a few additional higher-derivative terms which improve some
of the properties of the original theory — e.g., by making it renormalizable [?,?].

Constructions of this kind are also very useful in the holographic context [?,7,7]. In-
deed, through the holographic dictionary, higher-derivative theories have been successfully
used to unveil various properties of general strongly coupled systems in various dimen-
sions — see e.g., [?,7,7,27,7,7]. In this context, the philosophy also consists in regarding
these theories as computationally useful toy models: if a certain property holds for general
strongly coupled conformal field theories (CFTs), it is reasonable to expect that these toy
models are able to capture it — and that has been proven to be very often the case. A
paradigmatic example of this class of theories is quasi-topological gravity [?,?], which was
precisely conceived as a multi-parameter holographic toy model of strongly coupled CFT's
in various dimensions.

Most likely, the area of research in which higher-derivative gravities have appeared
more often is cosmology. In that context, these terms are considered with the idea that
general relativity might not be, after all, the right description of the gravitational inter-
action at cosmological scales. This is of course motivated by the puzzling existence of
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dark matter and dark energy, as well as by the need to construct a coherent picture —
beyond the A-CDM model — of the universe evolution able to incorporate, in particular,
an inflationary scenario compatible with the observations.

Two of the higher-derivative theories which have received more attention within the
areas explained above are Lovelock [?,?] and f(R) gravities — see e.g., [?]. While there
has been a large amount of papers studying different aspects of these higher-derivative
gravities, remarkably little work has been done on the class of theories which most naturally
incorporates both f(R) and Lovelock in a common framework. We are talking, of course,
about f(Lovelock) gravities, which are the subject of this paper.

The most general f(Lovelock) action can be written as

1
St (Lovelock) = e //vt dPz/|g| f(Lo,L1,....L1ps2)) s (4.1)

where f is some differentiable function of the dimensionally extended Euler densities (ED)?

1

Lj=1;

SR R 1.2
In particular, e.g., £1 = R, and Ly = R? — 4R, R* + Rpo R*P?, which are the usual
EH and Gauss-Bonnet (GB) terms respectively. Note that £; vanishes identically for

j > |D/2], i.e., for j > D/2 when D is even, and for j > (D — 1)/2 for odd D.

Naturally, the above action (??) reduces to the usual Lovelock and f(R) theories
when we choose f to be a linear combination of ED and some arbitrary function of the
Ricci scalar respectively,

LD/2]
JLove. = Z An A%)_n Ly, ff(R) = f(R) ’ (43)
n=0

where A /2 45 some length scale, and \; are dimensionless couplings.”> When D is even,
the combination ‘\/m Lp/7’ is topological in the sense that its integral over a boundaryless
manifold is proportional to the manifold’s Euler characteristic.? The variation of each of
these topological terms can be written as a boundary term,” and does not contribute to the
equations of motion of the Lovelock theory. This is the case e.g., of Einstein gravity in two
dimensions, and GB in four. However, the situation changes when the action is no longer
a linear combination of ED like in the general f(Lovelock) theory. For example, terms of
the form ‘\/m R - Ly’ are not topological in four dimensions. Another distinctive feature
of Lovelock gravities which is not inherited in the more general f(Lovelock) framework is
the fact that the former have second-order equations of motion. In fact, Lovelock gravities
are the most general theories of gravity involving arbitrary combinations of the Riemann

'The body of literature in this area is huge. See e.g., [?,7,7,?] for some nice reviews on higher-derivative
gravities and cosmology.

*The alternate Kronecker symbol is defined as: 6512/ = r!d[Jilé{fj ... 65:].

3Note that explicit cosmological constant and EH terms can be trivially made appear in frove. by setting:
Ao = —2 and A1 = 1 respectively. Similarly, we could replace frg) in (??) by frr) = —2A0 + R+ f(R)
to make those terms explicit in the f(R) action.

4For manifolds with boundary, a boundary term needs to be added to the Lovelock action to produce
the right Euler characteristic, see e.g., [?]. We review such term in the next section.

®Indeed, locally, it is possible to write the terms ‘y/|g| Lp /2’ themselves as total derivatives [?].
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tensor which possess second-order equations of motion.® f(Lovelock) theories generically
have fourth-order equations — see (??7) and (77).

Certainly, the research area in which f(Lovelock) gravities have been considered
more actively so far is cosmology — see e.g., [?7,7,7,7,2,2,?7,7,?7,?], where, for example,
they have been used to reproduce numerous features of the A-CDM model. In that context,
the spacetime dimension is fixed to D = 4 for obvious reasons, the f(Lovelock) action
becomes a function of the Ricci scalar and the GB terms alone, and these theories are
better known as ‘f(R,G)’ gravities.

An interesting theoretical development was carried out in [?]. In that paper, the
following formula for the gravitational entropy in f(Lovelock) theories was proposed,

1 (D-2),../ LDE/% of (D-2)
_ = D-2 YJ (D2
Ssw = 1G /md x\/ him e |:p 8£p Ep*l > (44)

where m is the corresponding horizon, and (P _2)£p,1 is the (p — 1)-th ED associated to
the pullback metric. This functional reduces to the well-known Jacobson-Myers functional
(JM) for Lovelock gravities [?] and, as shown in [?], it satisfies and increase theorem for
small perturbations of Killing horizons as well as a generalized version of the second law for
minimally-coupled fields. Apart from its interest in black hole thermodynamics, (?7?) has
also been used in the holographic context. In fact, it is known [?,?] that the JM functional
gives rise to the right universal terms when used to compute holographic entanglement
entropy (HEE)” for these theories. This fact, along with the increase theorem already
mentioned, was interpreted in [?, 7] as evidence for Ssw to be the right HEE functional
for f(Lovelock) theories. The results found in those papers provide strong evidence that
this is indeed the case.

The last two paragraphs summarize, to the best of our knowledge, the few aspects
of general f(Lovelock) theories which have been so far studied in the literature. The goal
of this paper is to develop several more.

4.0.1 Main results

Our main results, section by section, can be summarized as follows:

e In section 7?7, we generalize the Gibbons-Hawking-York (GHY) boundary term of
general relativity [?,?], and its extensions to Lovelock [?,7] and f(R) [?] gravities to
general f(Lovelock) theories. This new term — see (?7) below — reduces to these
in the appropriate subcases, and makes the f(Lovelock) action differentiable. The
construction of this boundary term allows us to determine the number of physical
degrees of freedom of the theory, which turns out to be D(D — 3)/2 + r, where r is
the rank of the Hessian matrix Hy.,;, = 0,0m f.

e In section 77, we make this counting of degrees of freedom explicit by showing that
f(Lovelock) theories are equivalent to scalar-Lovelock gravities containing r scalar
fields.

SThis statement is true for metric theories of gravity.
"See section ?? for more details on entanglement entropy.

87



Chapter 4.  f(Lovelock) theories of gravity

e In section 7?7, we linearize the f(Lovelock) equations on a maximally symmetric
background (m.s.b.). Interestingly, we find that these theories do not propagate
the usual ghost-like massive graviton characteristic of higher-derivative gravities.
Furthermore, we show that certain non-trivial f(Lovelock) theories are also free of
the — also characteristic — scalar mode, thus providing new examples of higher-
derivative gravities which only propagate the usual physical graviton field on these
backgrounds. For these theories, the equations of motion are second-order in any
gauge, and the only effect of the higher-derivative terms appears in an overall factor
whose effect is to change the normalization of the Newton constant. We provide
examples of this class of theories in general dimensions.

e In section 77, we consider holographic theories dual to some classes of f(Lovelock)
theories and find constraints on the allowed values of their couplings. The first set
of constraints is found by simply imposing the corresponding theory to admit an
AdSp solution. After that we consider the holographic entanglement entropy of
various entangling regions in the boundary theory, and find additional constraints
by imposing the holographic surfaces to close off smoothly in the bulk.

e Last, but not least, in section 77 we construct new black hole solutions for certain
f(Lovelock) theories. In particular, we start by embedding all solutions of pure
Lovelock theory — involving a single ED, L,,, plus a cosmological constant — in
f(Ly), with special focus on static and spherically symmetric black holes. In par-
ticular, we construct the f(L,) generalizations of the Schwarzschild(-AdS/dS) and
Reissner-Nordstrom(-AdS/dS) black holes. We also construct new solutions for the-
ories satisfying f(L£0) = f/(£%) = 0 for some constant £). We go on to study
under what conditions solutions of the general Lovelock theory can be embedded in
f(Lovelock) theories depending on several ED. Finally, we construct a new static and
spherically symmetric black hole solution of a particular f(R, L) theory in general
dimensions.

e We comment on future directions in section 77.

Let us get started.

4.1 Variational problem and boundary term

In this section we study the variational problem in f(Lovelock) theories. Our main result
is a new boundary term which generalizes the well-known GHY one for Einstein gravity as
well as its generalizations to Lovelock and f(R) theories. As we will see, the addition of this
term to the f(Lovelock) action makes the corresponding variational problem well-posed.

A physical theory is often defined through an action functional, which is a map from
a normed vector space (usually a space of functions) to the real numbers. On general
grounds, the dynamical variables of the theory are described by some fields ¢®. The
action S [¢?] consists in turn of a definite integral over a spacetime manifold M, being the
integrand a function of those fields and their derivatives, i.e.,

S (6] = /M P /Tglf (6", Ve, ... (4.5)
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Now, by a well-posed variational problem we mean one for which the action func-
tional is differentiable. That is, under small variations of the fields ¢* — ¢+ d¢* we must
be able to write the variation of the functional as

S [0 + 80" - S [6"] = 68 [6",36") + O ((66°)’) . (4.6)

where S [¢%, 6¢?] is linear on d¢®. If we perform this variation explicitly in (??), we find
two terms, namely

5 = /M ol €n60"+ [ P 06, Ve 5 V) ()

Here, &, is a function of the fields and their derivatives, h is the determinant of the induced
metric on the boundary dM and € is some function of the fields and their derivatives.
While the first term is linear on d¢“, the second is not necessarily of that form. Field
perturbations need to respect the field (Dirichlet) boundary conditions, i.e., they are
required to satisfy 0¢%| g = 0. However in general Vogp®|srq # 0 and in consequence this
boundary term may not be trivially zero, making the action functional non-differentiable.

When this is the case, one can sometimes modify the original action by introducing
an appropriate boundary term such that its variation cancels this contribution. When
it can be constructed, this boundary term makes the functional differentiable and the
variational problem becomes well-posed. After the addition of the boundary term, the
complete action reads

S (6] = /M Po/Tg] F(6°, V%) + /8 ARl @) @)

Now, its variation is simply given by

68 = / dPz\/|g| £, 6%, (4.9)
M

because ¥ has been chosen in a way such that (0 + d) = 0.

The principle of least action asserts that a field configuration ¢f is a solution of
the theory if it constitutes a stationary point of the action functional, i.e., if 65 [¢f] = 0.
Hence, solutions of the theory satisfy the equations of motion &, = 0.

Before we go on, let us mention that, in general, the boundary term is not the
only addition to the original action that needs to be made. In particular, extra counter-
terms usually need to be included in order for the action to be finite when evaluated on
configurations satisfying the equations of motion. We will not be concerned with that
issue here.®

4.1.1 Equations of motion

Let us now see how the ideas sketched in the previous subsection apply to the f(Lovelock)
theory, whose action is given by (?7?). If we vary this action with respect to the metric,

we find

|D/2)
1 v € _
0Sf(Love) = 16nC /M dPz/|g| £ dg" t g » dP~1z\/|h| }: Svtn,On f, (4.10)
n=1

8Let us parenthetically mention that such counter-terms where constructed for AdSp spacetimes in [?7]
and [?,7?] for Einstein and Lovelock theories respectively.
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where we have used the Stokes theorem in the second term. Here, n, is a vector orthonor-
mal to the boundary OM with n,n* = ¢ and h,, = g — e nyn, is the pullback metric.
The quantities £, and (51)5 are given by

LD/2]

1
= X |60+ 0mln 2PV 001 = Ggud . )
n=1
and o)

oot = 29°7 PN 6 g0 , (4.12)

respectively. In these expressions we have defined the following tensors’
; —1 vy e A2j—3haj—

) = e OO R BT PO = SIa e g Rl

(4.13)

Also, in (??) and (??) we have used the notation 0,f = Jf/IL,, which will appear
throughout the text. Now, if we forget the boundary contribution for a moment, we see
that the equations of motion of the theory read

Ew =0, (4.14)
whose trace is!?
[D/2] D
3 [nﬁn —on(D —2n + 1)5,57;—1>WVV] Onf =5 f=0. (4.15)
n=1

As expected, these reduce to the Lovelock and f(R) equations of motion,

[D/2]
1
Z Mg ER) =0, EL = f(R)Ru = S f (R)gu + (908 = Vi) [(R) = 0,

(4.16)
when we choose f = fLove. and f = fy(g) as in (?7) respectively. In particular, observe
that V*(0;f) = 0 Vj when f is a linear combination of ED — corresponding to the
usual Lovelock theory — so the term contributing with fourth-order derivatives in (77?)
disappears in that case. In appendix 77, we provide the explicit equations of motion
corresponding to D-dimensional f(Lovelock) theories which are only functions of the Ricci
scalar and the GB terms, i.e., f = f(R,Ls2). These are, in particular, the most general
f(Lovelock) gravities in four dimensions, as the densities £, identically vanish for all p > 3
in that case.

4.1.2 Generalized boundary term

Let us now see what happens with the boundary contribution to 05. As we explained
at the beginning of this section, the variational problem for (??) cannot be well-posed
because such an action is not differentiable, as is clear from the presence of the boundary
term in (77).

9Both tensors are divergence-free in all indices, i.e., V”S,Sjl,) =0, VO‘PQ(QW =0.

19 In order to get this result we used the relations: " = (n — D/2)L, and PS)™M = n(D — 2n +
1)55("_1))\ )
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In the familiar case of Einstein gravity, the problem is solved through the introduc-
tion of the usual GHY term [?, 7]

StEn — Sea + Scuy, where Sgpy = £ dele |h|K, (4.17)
81 oM

and K is the trace of the second fundamental form associated to the boundary normal
ny, i.e., K = g"K,,, where K, = hﬁvpny. It is a standard exercise to show that the
variation of this corrected action does not contain additional boundary terms as long as
the usual Dirichlet boundary condition'!

0w o 0, (4.18)
is satisfied. Indeed, the variation of K produces a term which exactly cancels the original
boundary contribution coming from the variation of the EH action, plus additional terms
which vanish for configurations respecting (??). Hence, the corrected EH action is differen-
tiable. Since the only condition we need to impose in order to find a solution to the theory
is (??), i.e., we only need to fix the metric at the boundary, we can obtain the number of
classical degrees of freedom of Einstein gravity as the number of independent components
of the boundary metric. This yields the well-known result: ngqof = D(D — 3)/2.

The problem becomes more involved in Lovelock and f(R) gravities, for different
reasons in each case. Lovelock theories possess second-order equations of motion, and the
metric does not propagate additional degrees of freedom with respect to Einstein gravity.
Therefore, the only boundary condition that one needs to impose is again given by (77?).
However, the boundary term that needs to be added to the usual Lovelock action — see
(??) and (??7) — in order to make it differentiable is considerably more involved than the
GHY term. The full Lovelock action is given by'?

LD/2]

€ _ _
Stove. = SLove. +SMTz, Where  Surz = 7~ > g n/ A" z/1h|Qn
g n=0 oM
(4.19)
and where
! 1. p2n—1 JV1 1 Va3 2 v Vs 1 Von—2V2n—1 2 1oVan—2 frVen—1
@n =2n ) dt oy o Ky §Ru2u3 — UK R iR/-’JanQlLanl — UK T K e
(4.20)
Indeed, it is possible to prove that
0Qn = n,0vl (4.21)
d9uv|lom=0

i.e., the variation of this term exactly cancels the boundary contribution which appears
from the variation of Spoyve. as long as the boundary condition (?7?) is satisfied. Therefore,
the addition of Syirz makes the Lovelock variational problem well-posed. Of course, Syiz
reduces to Sguy in the particular case of Einstein gravity.

1 (learly, boundary terms in general, and the GHY one in particular, are not unique. They are only
unique up to contributions whose variations vanish when we impose Dirichlet boundary conditions.

12The ‘MTZ’ label here stands for Myers [?], Teitelboim and Zanelli [?] who independently first showed
how to construct this boundary term. The equivalence of both approaches was proven in [?].
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As opposed to Lovelock theories, general f(R) gravities have fourth-order equations
of motion. This means that the theory contains more degrees of freedom than Lovelock
gravity and that besides (??), additional boundary conditions must be imposed. In fact,
as we review in section ?7?, f(R) gravities with f”(R) # 0 are equivalent to Brans-Dicke
theories, in which a scalar field ¢ related to the f(R) metric through ¢ = f/(R) is coupled
to the gravitational field. Hence, it is natural to expect that a condition of the form

dplom = 0(f'(R))lom = (f"(R)IR)|lom = 0 — dR|grm = 0, (4.22)

needs to be added in that case. On the other hand, we expect again the boundary term to
reduce to the GHY one for f(R) = R — 2A(. These observations turn out to be right, as
the f(R) variational problem can be made well-posed by considering the following action'®

Sir) — S+ Sup,  where  Syp = —— / d” 'z \/Inlf (R)K . (4.23)
87TG OM

This trivially reduces to Sgy for Einstein gravity. Besides, its variation precisely com-
pensates the extra boundary term produced from the variation of Syg). In particular,
imposing (??) one finds

_ 1 D f(R) s v € / D—1 '
5Sf(R)+5SMB— e /Md :E\/|g|5w, dg +87TG aMd z/ |h|Ko(f'(R)),

(4.24)
where E,ﬁR) is given in (?7). Hence, we observe that imposing the additional boundary
condition (??) on f’(R) — or equivalently, on R — makes the corrected action differen-
tiable. While one might feel uncomfortable at first by imposing boundary conditions on
functions that depend on derivatives of the metric like (??), let us stress that the intro-
duction of Syp is necessary to reproduce the correct ADM energy in the Hamiltonian
formalism as well as the right black hole entropy — i.e., one which matches the result ob-
tained with Wald’s formula — using the Euclidean semiclassical approach [?]. We observe

that f(R) theories with f”(R) # 0 have D(D — 3)/2 + 1 degrees of freedom.

Let us finally turn to the general f(Lovelock) case. We propose the following bound-
ary term

[D/2]
& G € D—1
Siove) = Sytove) + 5 where §= = /6Md z+/|h| ; Onf(L)Qn, (4.25)

and where S (1 ove.) 1S given in (?7). Tt is straightforward to check that this reduces to Syp,
Smrz and Sgry in the particular cases of f(R), Lovelock and Einstein gravity respectively.
After imposing the Dirichlet condition (??) on the boundary metric, the variation of this
corrected action becomes

/2]
§ — L D wo & D—-1
ooy 105 = frz [ Pav/l b g [ 77l 32 0000f L,

(4.26)

13In this case, the first to have considered this boundary term seem to have been Madsen and Barrow
in [?]. See also [?,7].
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where we have used the relation

LD/2)
8Onf) = OmOnfOLm. (4.27)
m=1

Equation (?7) suggests that, in addition to the metric, we need to fix the Euler densities
at the boundary, i.e.,

5Cn| =0, n=1,...,|D/2|. (4.28)

oM

However, notice that it is enough to fix the derivatives of f,
5(9 ) —0, n=1,...,|D/2], 4.29
@], =0 n D/2) (4.29)

which is a weaker condition in general. If the Hessian matrix, H,, = 0,0.f, is not
singular, i.e., if det Hy,,,, # 0, then the conditions (??) and (??) are equivalent. But if this
determinant is zero, then not all the conditions in (?7?) are independent. In fact, if r is
the rank of the Hessian matrix,

r =rank Hpp, , (4.30)

then there are r independent conditions. Thus, only r quantities must be fixed at the
boundary and the number of physical degrees of freedom in f(Lovelock) theory is given
by:

D(D - 3)

Mot = ——5— +. (4.31)

With respect to GR or Lovelock gravity there are r additional degrees of freedom. De-
pending on the function, r can take values from 0 to [D/2]. In the next section we will see
that these additional degrees of freedom can be interpreted as scalar fields in an equivalent
scalar-Lovelock theory.

4.2 Equivalence with scalar-tensor theories

It is a well known fact that f(R) gravity is equivalent to a scalar-tensor theory of the
Brans-Dicke class — see e.g., [?,?]. This can be easily seen by considering an action of

the form
1

5= TonG

[ @ Vial 160+ £ 0o =] (432
The equation of motion for the auxiliary field y, f”(R)(R—yx) = 0, implies y = R provided

f"(R) # 0. Substituting this back in (??), we recover the f(R) action. Now, assuming
the field redefinition ¢ = f’(x) can be inverted,'* we can rewrite (?7) as

Som = 1grg [ VBl R - V(6] (4.33)

where V(¢) = x(¢)¢— f(x(¢)). This is the action of a Brans-Dicke theory with parameter
Wy = 0.

1A sufficient condition for this is f”(R) # 0.
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The situation is slightly more sophisticated in the case of f(Lovelock) theories. In
analogy with (??), let us consider the following action containing |D/2] auxiliary scalar

fields X1s- -3 X|D/2)s

|D/2]
1 D
_ L 4.34
5= 150 [, eVl |1+ 32 0uF (En =) | (1.34)
where f = f(x1,...,X|ps2))- The equations of motion for the auxiliary fields are con-

straints which relate them to the dimensionally-extended Euler densities,

LD/2]
> 0nOmf (Ln—xn) =0, m=1,...,|D/2|. (4.35)

n=1
Hence, we see that if we set

Ly=Xn, n=1,...,|D/2], (4.36)

(??) is satisfied and (??) reduces to the f(Lovelock) action (?7). In general, however, this
will not be the only solution to (?7). There are two possibilities that we explain in the
following subsections.

4.2.1 Non-degenerate case

If the Hessian matrix H,,, is non-singular, i.e., if det(Hpy,) # 0, (??) is indeed the only
solution to the constraint equations (?7), and the action (?7?) is equivalent to the original
f(Lovelock) one (77).

In this situation, we can perform the invertible field redefinition

¢n:8nf(xla"'7X\_D/2J)7 nzl,...,LD/QJ, (437)

which allows us to rewrite (??) as

LD/2]

_ 1 D _
§= = /Md il | 30 onn V] (4.38)
where!®
[D/2]
V=Y xal(®)én— f(x(0)) (4.39)
n=1

is the Legendre transform of f. This form of the action, which clearly resembles — and
generalizes — the f(R) scalar-tensor action in (??7), was first noted to be related to the
f(Lovelock) action (??) in [?].

15\We use the notation ‘x’ and ‘¢’ to generically refer to the | D/2] scalars x» and the same number of
¢n. For example, f(x(¢)) stands for f(x1(d1,...,¢p/2))s---, X D/2) (P15, B Ds2)))-
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4.2.2 Degenerate case

If the Hessian matrix is singular, i.e., if det(Hy,) = 0, the system of equations (?7)
is indeterminate. In particular, the space of solutions has dimension |D/2| — r, where
r = rank(H,,,). Hence, unless r = |D/2|, which corresponds to the case studied in
the previous subsection'®, there are infinite solutions to (??). This is nothing but a
manifestation of the fact that we have included | D /2] —r too many scalars to account for
the actual number of physical degrees of freedom of the corresponding f(Lovelock) theory.
Let us see how we can reduce this number. It is clear that we cannot perform a Legendre
transform this time, because the Hessian matrix is singular, which implies that the change
of variables in (?7?) is not invertible. We can make, however, a semi—Legendre transform.
This goes as follows: let us define the fields ¢,, as before:

(bnzanf(xl,...,XLD/QJ), n:1,...,LD/2J. (4.40)

Then, there is a subset I C {1,...,[D/2]} of r indices such that ¢; = {¢i}icr are
independent variables, in the sense that

det [(ad)il /aXiQ)il,iZGI] = det [(Hiliz)iLiQEI] 7& 0. (4'41)

Let J be the complementary set of indices, J = {1,...,|D/2]} —I. Now, since there must
be only r independent fields, the rest of the fields, ¢;,j € J must depend on the formers
¢r. Hence, there exist some functions g; such that

¢;=g;(¢1), JjE (4.42)

Then, we can consider ¢; U s as our set of independent variables.!” We define the semi—
Legendre transform of f as:

V(1) = xildr,xs) - b+ > x5 95(61) = f (xa (b1, X0)5 X1) - (4.43)

iel jeJ

This seems to be a function of both the ¢; and the x ;. However, it is easy to check that
the derivative of V' with respect to any y; vanishes, 9;V = 0, which implies that V is
actually a function of the r fields ¢; alone. This allows us to rewrite the original action
(7?) as
1 D ~
S= 1o [ eVl | S okt Dot~ Von| . (aa)

iel jeJ

This theory is equivalent to f(Lovelock), since we have eliminated the spurious degrees of
freedom that appeared in the original action (??). The equations of motion for the scalar
fields have now a unique solution given precisely by xn(¢r) = L,,.

We see that, on general grounds, f(Lovelock) gravity is equivalent to a scalar-
Lovelock theory with r scalars, where r is the rank of the Hessian matrix of f, and whose
action is given by (?7?). In the case of Lovelock gravity such an analogy does not exist: the
Hessian is zero and so is the number of scalars. In appendix 77, we explicitly construct the

Tndeed, if r = | D/2] then det(H,») # 0 and the dimensionality of the space of solutions is 0, i.e.,
there is a unique solution given by (?7).
'"The change of variables (x») — (¢r; x) is now invertible.
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equivalent scalar-Lovelock theories for a pair of classes of f(Lovelock) theories including
both degenerate and non-degenerate subcases.

Let us finally mention that Lovelock theories have been recently proposed to be
effectively described by Einstein gravity coupled to certain p-form gauge fields [?].'* We
will not explore here how such relation might extend to the more general f(Lovelock)
scenario.

4.3 Linearized equations of motion

In this section we study the linearized equations of motion of f(Lovelock) gravity on a
general m.s.b., with particular emphasis on AdSp. On general grounds, the linearized
equations of motion of higher-derivative gravities on a m.s.b. are fourth-order in deriva-
tives. From these equations it is possible to identify, in addition to the usual spin-2 massless
graviton, a scalar field corresponding to the trace of the perturbation, as well as an addi-
tional massive spin-2 field, which generally presents an undesirable ghost-like behavior —
see e.g., [?] for a discussion. Remarkably, we find that for general f(Lovelock) gravities,
this massive graviton is absent, and the linearized equations of motion are second-order.
Further, we find that for certain non-trivial classes of theories, the extra spin-0 degree
of freedom is also absent, hence providing examples of theories for which, just like for
Einstein or Lovelock, the only dynamical perturbation on a m.s.b. is the usual massless
graviton.

An interesting motivation for constructing higher-derivative theories without the
extra spin-0 and spin-2 modes in AdSp backgrounds was made clear in [?], where the
authors observed that a particular higher-derivative theory containing a non-trivial cubic
term [?,?] — and which is well-known now as quasi-topological gravity'” — was also
free of these extra fields.?’ The reason is that holographic calculations involving graviton
propagators become easily doable for theories satisfying this property, while providing
non-trivial information about the dual CFTs. In the case of quasi-topological gravity,
these holographic studies were performed in [?].

Maximally symmetric solutions

Let us consider the following action,

1 D

i.e., we make explicit the EH and cosmological constant terms for clarity reasons. The
equation of motion is simply given by

1
R, — §gWR +Aoguw +AEL =0, (4.46)

where &, is given in (??). As anticipated, we assume our background to be maximally
symmetric, with metric g,,,. The Riemann tensor of such spacetime is given by

RLG = ASL, (4.47)

18See also [?].

9Higher-derivative extensions of quasi-topological gravity were constructed in [?,?].

20Tndeed, the linearized equations of quasi-topological gravity are identical to those of Einstein gravity
up to an overall factor [?].
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for some real constant A which, for AdSp, is related to the AdS radius L by A = —1/L2.
When A = 0, i.e., for Einstein gravity, the maximally symmetric spacetime satisfying (77?)
is a solution of the theory provided A is related to the cosmological constant Ag through

2A¢
A= . 4.4
(D-D)(D—2) (448)
For non-vanishing A, we find the following constraint equation
|D/2]

200 — A f ( ) 2)\n D 3
=A- A” 4.49
Do Z onf (L), (4.49)

where the bars mean that the corresponding quantities are evaluated on the background
metric, and where we have used the following expressions
- D! 1 (D-1)!

— AY, g - — T ) Ang 4.
bn =02 ™ S = 3oy 9 (4:50)

Given f and Ao, (??) is an algebraic equation for A, and its solutions determine the possible
vacua of the theory. In general, some of these vacua will contain ghost-like gravitons and
will be unstable [?]. Note that this can occur even if the theory propagates only a single
graviton mode,?! like in the case of Lovelock theories. This problem can be avoided
by choosing the vacuum that reduces to the Einstein gravity one when the higher-order
couplings vanish — 4.e., when A — 0 in the case considered here.

As we will see in section ?7, the embedding equation (?7?) can be used to constrain
the space of allowed values for the f(Lovelock) couplings.

Linearized equations

Let us now consider a small perturbation of our background metric, g,, = guv + hyw, with
huw << 1for all p,v =0,...,D. At linear order in h,,, the ED and the tensors 55,3) read

_ _ |
L’nzﬁn—f—n(D )A" IRE . g(n) Em) 4 n(D —3)! Aol

—_— 4.51

(D — 2n)! (D —=2n—1)! po (451)
where R and GZ* are the linearized Ricci scalar and Einstein tensor respectively.?? The
following result is also necessary:

n(D —2)!

pn)uv _ " An—1gpy

21'We thank Rob Myers for clarifying this point to us.
22The linearized Einstein tensor, Ricci tensor and Ricci scalar are given respectively by

GL* = §™RL, — %531# — A(D —1)h%. (4.52)
1o - 1o < 1o < 1_

Riy = 5VuVoh + 5VuVohi = 5V, Vuh = 5O + ADhyu — Ahg, (4.53)

R" = V,V.h* —0h—AD —1)h. (4.54)
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Using this information we can find the linearized version of (?7?). It reads

L ~  plL B - = T T L _
OéGl“/ + A,Bgl“,R + m(guylj - VVVu)R = 0, (456)
where a and [ are the following constants
|D/2]
n(D — 3)!
LD/2J
_ m(D—2)!{(D—1)! 4o
B = Angla O f (£ D 2D~ 2m) A . (4.58)

Note that these constants are the only signature of the function f in the linearized equa-
tions. In particular, observe that when A = 0, i.e., for Minkowski spacetime, all sign
from the higher-curvature terms of order cubic or higher disappears from the linearized
equations.

For arbitrary values of A, the full linearized equation (?7) in terms of h,, reads

_ 1- — 1
[V(MV Wy = 5 VoV = 5 Bl + Ay — Ahg,w] +
(8% _ —
+ | G (Aﬁ—§)+%(@wm—vuv )} [v V5h®? — Oh — A(D )h} —0,
(4.59)
and its trace is given by
DAB —a(D/2 - 1)] [V, V,h* —ah — A(D - 1)h

— AB(D —1)8h + B[OV, V, " — 5*h] = 0.

The two equations above are not particularly illuminating. However, it is already notice-
able the absence of terms of the form G%h,, in (??). Such terms indicate the presence of
ghost-like massive spin-2 fields and its absence is a nice feature of this class of theories.
In order to make this statement more clear, we can exploit the ‘gauge’ symmetry of the
linearized equations under transformations of the form éh,, = @ufy—kﬁyf - In particular,
we choose the following (transverse) gauge

V,h* =V"h. (4.61)
In this gauge, the linearized equation (??) and its trace (??) become
a -;v#vyh %ihw - Ahw} +A [ (D;?’) — (D —1)AB| guh (4.62)
—AB[guD — V¥, h=0.
Also+ Das— O‘(D2_ 2)} h= (4.63)

These expressions reduce to those obtained in [?,?] and [?] in the particular cases of R?
and f(R) gravities respectively. Observe that all quartic derivatives have disappeared
from these equations. Let us now split h,, into its trace and traceless components as

h h;u/ + gy,uh (464)
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If we rewrite (??) using this new tensor we are left with the following inhomogeneous
equation
@

— % [Bhy 200 ] + [ 4+ 4] [mm I <o (4.65)

This is still not completely satisfactory, as it contains terms involving the trace. We can

however find an homogeneous equation by defining a new traceless tensor??
, 2% oo, G-
tyy = hyy — ———— |V, V,h — 22008 . 4.66
I It (D o 2)0( I: I D ( )
Indeed, by using (??) and (??), one finds that ¢,, satisfies the equation
a
—5 (Ot — 2At,,] = 0. (4.67)

This is the equation for a traceless and massless spin-2 field. Hence, in f(Lovelock) theo-
ries, ¢, is the tensor that represents the usual graviton. The other physical propagating
degree of freedom is of course h. Indeed, (??) is the equation of a scalar field of mass

2_(D—2)oz_
ME="5

This is of course provided 8 # 0. In such a case, when the background is AdSp, the
holographic dictionary [?,?,?] tells us that h is dual to a scalar operator Oa in the
(D — 1)-dimensional boundary CFT with scaling dimension

A (D—1)+\/(D1—1)2+a(D—2)L2

DA. (4.68)

. TR, (4.69)

where we wrote A = —1/L%. When $/(aL?) is small and positive, O is a highly-irrelevant
positive-norm operator with A ~ \/a(D —2)L2/(28). On the other hand, if 8/(aL?) is
small and negative, A becomes imaginary, and h is a ghost-like field with tachyonic mass
exceeding the Breitenlohner-Freedman (BF) bound [?,?]. In that case, our f(Lovelock)
theory would automatically be unstable if we interpreted it as a complete description
rather than as an effective low energy theory.

4.3.1 Theories without dynamical scalar

Something interesting happens when S = 0. In that case, just like for Einstein, Lovelock
or quasi-topological gravities, the scalar mode is absent, and (??) just tells us that the
transverse gauge condition (?7) imposes the trace to vanish, i.e., h = 0. In those cases,
the only physical field is the massless graviton ¢,

In fact, when 8 = 0, the full equations of motion become second order for any gauge.
Indeed, in that case (?7?) becomes

aGl, =8rG Ty, (4.70)

where we have included the stress tensor of some additional matter fields in the right-hand
side in order to stress that the overall factor « is non-trivial, as it determines the nor-
malization of Newton’s constant: Geg = G /. Hence, we observe that for these theories,

?3We follow the procedure presented in [?].
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the linearized equations are exactly the same as for Einstein gravity but with an effective
Newton constant controlled by a.

Now, interestingly enough, 8 = 0 does not necessarily imply A = 0, ¢.e., there are
non-trivial f(Lovelock) theories satisfying (??) and for which the only propagating degree
of freedom is therefore the ususal graviton. These are characterized by the conditions

1D/2] B B _
> 0u0mf (L) ?Dm (_DQWQ()E? 2771)),! A2 =00 9,0, f (£) £0, (4.71)
n,m=1 ’ :

for some n, m. Of course, these are satisfied by infinitely many classes of f(Lovelock)
gravities. For example, theories of the form

1 v w WU
~ 167G /M dPz lg] [_21\0 + R+ A (R L _7R2 - )] ) (4.72)
where 9
. vo+4(w - w+v(dw —1) (D —-2)"(D - 3) : (4.73)
(v+ 2w) (v + 2w — 1) DD —1)”

for some v,w > 0, satisfy the requirements. If we choose v =w =1, D =4 in (?7), we
find

16;6, /M /T {—2/\0 R+ (ch _ ;Ri”)] . (4.74)
This is an example of a non-trivial four-dimensional cubic-order theory of gravity with
second-order linearized equations of motion and which therefore only propagates a single
massless graviton around m.s.b. The action (77?) is somewhat reminiscent of critical gravity
[?], a four-dimensional quadratic-theory for which the scalar degree of freedom is also
absent, and the extra spin-2 field is massless. We stress again that all f(Lovelock) gravities
are free of such spin-2 fields, so all theories satisfying (?7), like (?7), have in this sense
a better behavior than critical gravity: the scalar is also absent and there is no need to
set the mass of the extra graviton to zero because there is no extra graviton at all either.
Also, recall that quasi-topological gravity exists only for D > 5, and that all Lovelock
theories but Einstein gravity are trivial — or topological in the case of Gauss-Bonnet —
in four dimensions. This makes (??7) — and the rest of D = 4 theories satisfying (??7) —
particularly interesting and worth further study in our opinion.

4.3.2 Comments on unitarity

The propagator of h,, in any perturbatively unitary higher-curvature gravity around a
m.s.b. is equal to the propagator of a quadratic theory of the form

1
167G

/ dD:E ]g] [—2/\0 + R+ 61R2 + Cgﬁg} . (4.75)
M

In particular, the parameters of the corresponding higher-curvature theory are related to
G, Ag, c1 and co above. These parameters are in turn constrained to satisfy different
inequalities in order for the theory to be unitary — essentially these come from imposing
that the effective Newton constant is positive and that the mass of the scalar mode is
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positive for dSp and greater than the BF bound for AdSp. We refer to [?] for details —
see also [?]. Observe that in all cases, the massive spin-2 graviton is absent, given that
the R? and GB terms do not introduce it. This is unsurprising, given that such field is
generically a ghost and spoils unitarity. Hence, in general, the massless graviton and the
scalar are the only allowed degrees of freedom in a unitary theory. Whenever ¢; = 0, the
scalar will also be absent, leaving us with the usual massless graviton, and nothing else.
The theories considered in the previous subsection belong to this class. For these, the
linearized equations are second-order in any gauge, as we already stressed.

The problem of classifying or identifying in full generality which higher-curvature
theories share propagator with any of the curvature-square gravities in (??) — i.e., which
of them are unitary on m.s.b. provided the appropriate constraints are satisfied — is non-
trivial in general. In [?], the authors carried out this classification for the most general
gravity theory constructed from contractions of the metric and the Riemann tensor at cubic
order in curvature and in general dimensions. Using their results, it is not difficult to check
that the three cubic f(Lovelock) terms constructed as products of ED — namely R3, RLo
and L3 — belong to this class of theories. More generally, we expect all f(Lovelock)
theories to be perturbatively unitary around m.s.b. as long as the appropriate constraints
on the couplings are satisfied. We leave a thorough exploration of this issue for future
work.

4.4 Holographic constraints on the coupling values

Holography [?,?,?] has become one of the main motivations for the study of higher-
derivative gravities. As mentioned in the introduction, these theories have been used to
characterize various properties of general CFTs in various dimensions — see e.g., [?,7,7,7,
?,?]. In order for a higher-derivative theory to admit a physically sensible dual description
in the holographic context, it must satisfy certain requisites. Such requisites — which have
been previously considered many times in the past, e.g., [?,?7,7,?] — generically translate
into constraints on the allowed values of the gravitational couplings. The most obvious
example is the requirement that the theory admits at least one AdS vacuum — otherwise
one cannot even talk about any ‘dual theory’! Other considerations which in general
lead to constraints on the gravity couplings consist of asking the dual theory to respect
causality, unitarity, or certain quantum information inequalities.

In this section, we will find constraints on the allowed values of the gravitational
couplings of a particular class of f(Lovelock) theories. The first set of constraints will
come from imposing AdSp to be a solution of the corresponding theory. For the second,
we will restrict ourselves to D = 5, and we will use holographic entanglement entropy
(HEE) — see subsection ?7 for details.

A particularly relevant subclass of f(Lovelock) theories which appears several times
throughout this paper is the one consisting of linear combinations of arbitrary products of
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ED. In general dimensions, we have the following possibilities at each other in curvature

R,

R%, L,

R3, RLy, L,

RY, R®Ly, RL3, L2, Ly,

R, R3Ly, R*L3, RL%, RLy, LoL3, Ls,
(4.76)

There are 1,2,3,5,7,11,15,22,30,42, ... of these. Note that at p-th order in curvature,
the number of terms is given by the so-called Partition Function P(p), which counts the
number of ways in which the integer p can be written as a sum of positive integers.?* In
four and five dimensions, the most general Lagrangian density of this kind corresponds to
a linear combination of terms of the form ‘R"LY’, where v,w € N. It will be for this last
class of theories that we will construct the constraints.

4.4.1 AdSp embedding

As we have just anticipated, let us for now focus on the following D-dimensional subclass
of f(Lovelock) theories

_ 1 D (D-1)(D=2) | +oprauw2) o
Sow = 167G /Md Vgl {RJF 72 + L AowR7(L2)" |, (4.77)
where we have chosen the cosmological constant to be negative, Ag = —(D — 1)(D —

2)/(2L?), and where Av,w is a dimensionless coupling. When A, ,, = 0, the embedding
equation for AdSp, whose metric in Poincaré coordinates reads

i~ [—dt2 +d2? + d? ] (4.78)
T2 (D-2)| > :

simply imposes that the scale L in the action is equal to the AdS radius L. Of course, as
we include additional higher order terms, this is no longer true, and the relation between
both scales depends on the new gravitational couplings. For general f(Lovelock) theories,
the corresponding embedding equation is (??). Applying it to the particular case of (?7?),
it becomes

1-— foo - Cv,wf:o+2w)\v,w = 07 (4'79)
where
Cow = (—1)""Y(D — 1)t Ipwtv=l(D - 2)»=Y(D — 3)“(D — 2(v + 2w)),  (4.80)

and where we have defined f., = L2 /L2. Tt is not possible to solve the above equation for
foo in full generality. However, it suffices for our purposes to obtain the set of values of
Av,w for which the above equation is satisfied in a physically sensible way. In particular,

*For example, forp =4 wehave 4 =1+ 1+1+1=3+1=2+2=2+1+1=4,50 P(4) =5. P(p)
also coincides with the number of conjugacy classes of the permutation group of order p.
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we need to require f to be positive and tend to one as A, — 0. Using (??), we can
write Ay as a function of f, i.e.,

1- 00
Avw(foo) = C;:Jrgw (4.81)

Now, when C,,,, > 0, (Cy» < 0) the function A, 4 (foo) has a global minimum (maximum)

at
(2w +v)

foo = Quto—1) (4.82)

This directly implies the following constraint on the coupling constant A, .,

Avw 2 Aow(fS) s when Cyy >0, (4.83)
Av,w < )\v,w(f;o)) when Cv,w <0,

and where ( )2 ot
. 2w+ v — 1)swre—
Aow(fa) = — ) (4.84)

Cyw (2w + v)2wtv

For example, if we choose v = 0, w = 1, and define X1 = Agp/((D — 3)(D — 4)) —
as it is customary — (?7?) becomes the usual GB theory, and (??) is nothing but the
well-known constraint Aqg < 1/4, [?,7,7?]. Another familiar example corresponds to
v = 2 and w = 0, which is nothing but R? gravity. The constraint reads in that case
Ao < (D —2)/(2(D —1)(D —4)). Interestingly, this does not impose any constraint in
four dimensions, which is a consequence of the fact that the couplings of general quadratic
gravities do not enter into the embedding equation of AdS4,** see e.g., [?]. Actually, we
observe that this phenomenon occurs whenever

D =2(v+2w). (4.85)

This means, for example, that AdSg is a solution of R? and RL, gravities for arbitrary
values of the corresponding gravitational couplings.

4.4.2 Holographic entanglement entropy

In this subsection we will use holographic entanglement entropy (HEE) to find additional
constraints on A, ,, for five-dimensional theories. Before explaining our procedure, let us
start with some essentials about entanglement entropy in the holographic context.

Consider a bipartition of the Hilbert space of some quantum system, 5 = S35,
and some state p. The entanglement entropy (EE) is defined with respect to the reduced
state corresponding to one of the partitions, say A, obtained by tracing out the degrees of
freedom in B, p4 = Trp p. In particular, the EE is defined as the Von Neumann entropy of
pa, i.e., Sgr(pa) = —Tr(palogpa). In the following, we will restrict ourselves to spatial
bipartitions, meaning that A will always be a physical spatial region at a fixed time slice,
and B its complement.

In the context of holography, EE is computed using the Ryu-Takayanagi (RT) pre-
scription [?,?]. According to this, given an asymptotically AdSp spacetime dual to some

25In other words, AdS4 is a solution of general curvature-squared gravities — and R? in particular — as
long as L = L, just like for Einstein gravity. We come back to this point in section ?7.
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state in the boundary theory, the HEE for a region A in the corresponding CFT is ob-
tained by extremizing the area functional of codimension-2 bulk surfaces m which are
homologous to A in the boundary (and, in particular, dm = 9A). More precisely,

Srr(A) = ext [A(m)] , A(m) = / dP=2z v/, (4.86)
4G m

where GG is the Newton constant and h,, is the determinant of the metric induced on m.

Naturally, this prescription is only valid for theories dual to Einstein gravity in the bulk.

In particular, when higher-derivative terms are introduced in the bulk theory, the area

functional in (??7) must be modified to something like

S(A) = ext Sgrav(m), (4.87)
mn~A

where Sgrav(m) is a new bulk functional which depends on the particular higher-derivative
theory, and which reduces to (??) for Einstein gravity. Much effort has been put into trying
to identify the explicit form of Sgpay(m) for different higher-derivative bulk theories, with
remarkable success — see [?,7,7,7,7,7.2,2,7,?7,?] for a non-exhaustive list of references. In
particular, a new functional consisting of a Wald-like term [?,?,?] plus corrections involving
extrinsic curvatures has been proposed to hold for general higher-derivative gravities [?].
While such proposal passes various consistency checks, certain subtleties arise [?,7,7, 7]
when the theory is not Einstein, curvature-squared or Lovelock, which make it unclear
how to use this prescription in general.?’

As explained in the introduction, the authors of [?] proposed (?7?) to be the right
formula for the gravitational entropy in f(Lovelock) theories. In that paper, the authors
were able to show that this functional satisfies an increase theorem for linearized pertur-
bations of Killing horizons. Besides, Sgw reduces to the well-known JM functional for
Lovelock gravities [?] which, as already mentioned, gives rise to the right universal terms
when used to compute HEE for these theories. In [?,?], these two facts were interpreted
as evidence that Sgyw is in fact the right HEE functional for f(Lovelock) theories. The
results found in those papers strongly support this claim.

Our plan is to use (??) to find new constraints on the coupling values A, ,,. The idea
[?] is to consider simple entangling regions for which the surface m can be parametrized as
some function g(z) of the holographic coordinate. While extremizing Sgw — i.e., finding
the explicit form of g(z) — is an impracticable task in general, we do know that m must
close off smoothly at some bulk point z = z;,. Hence, we can assume that g(z) admits a
series expansion around zj,

[e.e]
g(z) = Z ci(zn — 2)°T. (4.88)
i=0
Besides, we need to impose that g(z) = 0 and ¢'(z,) = —o0, since the tangent to the

surface will be perpendicular to the z direction at that point. These conditions imply the
constraints 0 < a < 1 and ¢g > 0, which we will use to find bounds on A, .

Evaluating (??) for our f(Lovelock) theory (?7), one finds

S = é / d*x\/him [A+ BL* Ry, (4.89)

26We thank Rong-Xin Miao for useful comments about this point.
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where we defined the constants?’

A=1+ Av,w (_1)v7122v+3w725v+w713wv fcgé)+2w71) ., B= ’w(lg— A) : (490)

v
and where R,, is the Ricci scalar associated to the induced metric on the holographic
surface m. In particular, note that for v = 0, w = 1, A1 = Ags/2, (?7) reduces to the

JM functional for GB gravity, i.e.,

Sy = — / Bar/Tom [1 + AanL? Rm] . (4.91)
4G /.,

In [?], new constraints on Agp were obtained using this functional for some simple entan-
gling regions following the procedure outlined above. Here we will generalize those results
to arbitrary values of v and w. A quick look at (??) and (??) shows that no bounds can
be found using this technique for theories with w = 0. The reason is that for those, the
holographic extremal surface will be the same as in Einstein gravity, so it will not depend
on the value of A\, .

Let us start considering an entangling region consisting of a slab of width [ defined by
xy € [-1/2,<1/2], x9 € (—00,+00), x3 € (—00,+00). Now, using the obvious symmetry
along the x93 directions, we can parametrize the holographic surface m as tg = 0, 1 =
g(z). The induced metric on this surface reads

L2

ds?, = — [(1+ §*)dz* + daj + da3] | (4.92)
z

where we used the notation ¢ = dg(z)/dz. The Euler-Lagrange equation for g(z) obtained

from (77), reads

—3(A—-2B)§ —6(A— B)§® —34¢° + (A —2B)jz + (A +4B)z§*j = 0. (4.93)

Inserting now the series expansion (??) in this equation, we find that the only value of
a compatible with the smoothness requirements is @ = 1/2. Using this, we can find the
value of ¢y by imposing the coefficient of the lowest order term in (??) to vanish. By doing
so, we find

2(A+4B)z

This imposes (A + 4B)/A > 0 which, after some careful calculations, gives rise to the
following constraint on A, 4

Ao < )\vs’zu , when wveven, (4.95)
Avw > vfzu, when v odd,

where

A& — (=1)v(5v + 4w — 5)v 2wl

vw T 2wtv92u+3w—23v+3w—1Futw—1 (4.96)

and which is valid whenever v > 1 and w > 1. The GB case, v = 0, w = 1, is a bit special,
and one finds

Aagp = 2)\0,1 > — (4.97)

Tﬁ )

*"Note that these are related to the constant « defined in (??) through: o = A — 2B.
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in agreement with the result of [?]. For v = 0 and w > 1, no bounds on \g,, are found.
Also, as a check of our procedure, we have verified that no bounds appear when w = 0 —
indeed, (A + 4B)/A =1 in that case.

Let us now consider a cylindrical entangling surface. We write the AdS5 metric as
L2
ds® = = [ty + dz* + dp® + p*df* + daj] | (4.98)

and let the cylinder be defined as ty =0, p € [0, R], 6 € [0,27), 23 € (—00, +00). Again,
the symmetry of the entangling surface allows us to parametrize the holographic surface
as tg = 0, p = g(2). The pullback metric on such surface reads
L2
ds?, = [(1+ §*)d2? + g2do? + dm%] . (4.99)

n=z
The corresponding Euler-Lagrange equation for g(z) reads in this case

— (14 4% [399 [A(1 + ¢*) — 2B] + 2 [A — 2B + (A + 4B)§%]]
+ 2 [6Bzg + g(A— 2B+ (A+4B)§*)] §=0. (4.100)

From this we find again o = 1/2, and using this result we obtain the only allowed value
of ¢y to be

2
o= \/;’; [(A 1 4B) + /A2 1 1682 — 10AB} , (4.101)

so we are lead to impose A% + 16B? — 10AB > 0. A careful analysis shows that the
condition that follows from this inequality reads

Avw < /\v‘fq)u ,  when wv even, (4.102)

Aow > A when v odd,

Ch

where
(—=1)"(—=5+5v + 12w)”+2w—1

)‘v(jzu = 3w7123w+2v725w+v71(3v + 8w)v+2w : (4103)

As opposed to the slab — for which the GB case was special — this condition is the same
for all values v > 0 and w > 1. In particular, one finds

7
Aeg = 2001 < — 4.104
aB 01 S o1 (4.104)

again in agreement with the bound found in [?]. We have checked again that no bounds
are found when w = 0, as expected.

In sum, for the family of theories (??) in five dimensions, we have found constraints
from the AdS5; embedding, and from imposing the holographic surface corresponding to a
slab and a cylindrical entangling region to close off smoothly in the bulk. Combining all
these constraints, we found the following bounds on A, 4,

Ao (o) < Avw < Ay when v even, (4.105)

)
VW

)\v,w(f;o) > )\v,w > Ay

MZU, when v odd,

which are valid for v > 1, w > 1 and v = 0, w > 1. Note that these are quite

strong constraints in general. For example, one finds A; ;(f%) = 1/270 ~ 0.0037, )\ﬁ =
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—18/6655 ~ —0.0027. Further, for larger values of v and w, the quantities \, ., (f% ) and
)\1(,020 become increasingly smaller. In the case of Gauss-Bonnet, the bounds read instead
—5/16 < Agp < 7/64. Finally, recall that when w = 0, we only have the bound from the
AdSp embedding, i.e., the one given in (?77?).

4.5 Black hole solutions

In this section we construct analytic solutions of several f(Lovelock) theories in various
dimensions.

4.5.1 Pure f(Lovelock)

Let us start considering a f(Lovelock) theory consisting of a function of a single ED, £,,,
i.€.,

_ 1 D
S= = /Md o191 F(Ln).- (4.106)

Of course, for n = 1, this reduces to f(R) gravity, whose constant R solutions were first
studied in [?]. Here we will generalize some of their results by constructing constant-L,,
solutions to (??) for arbitrary values of n. The field equations of the theory read

FUERERD + Sop [Laf (£n) — F(L2)] —2PSL VOVAF (L) =0, (4.107)

where the tensors 5;(;) and P(SZ))\M were defined in (?7). In particular, note that the
equations of motion of a pure Lovelock theory consisting of a single ED of order n plus a
cosmological constant term, i.e.,

F(Ln) = —20g + Ay "L, (4.108)

satisfy

&) = —Aggu, which implies L, = m/\o . (4.109)
In other words, all solutions of (??) have a constant L, proportional to the n-th power
of the cosmological constant, just like all solutions of general relativity in the absence of

matter have a constant Ricci scalar proportional to Ag.

Now, let us see under what conditions spacetimes of constant £,, solve the general
f(L,) equations (??). If we assume L, to be constant, the term with the covariant
derivatives vanishes, and we are left with

FL)ER + %gw [Lof'(Ln) = f(£2)] =0, (4.110)
whose trace reads
nf' (Ln)Ln — gf(ﬁn) =0. (4.111)

Given a particular f, this is an algebraic equation which solutions of (??) are forced
to satisfy. In particular, assuming it admits a solution, (??) fixes £, to some constant
value which we will denote £2. Now we have two possibilities, depending on whether the
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derivative of f vanishes when evaluated on £2. If f/(L9) # 0, we recover the pure Lovelock
field equations, while if f/(£Y) = 0, we do not need to impose any additional condition,
because, in that case, all configurations satisfying £,, = L0 are already extremal points of
the action. Let us explain both cases in more detail.

Assume first that f/(£Y) # 0. In that case, we can rewrite (?7) as

(D —2n)

5D co, (4.112)

g;(];) = _Ag,eff Guv where Ag,eff -
which is nothing but the pure Lovelock equation of motion (??) with an effective cosmologi-
cal constant Ag eg determined by the solution of (?7). Hence, any solution of pure Lovelock
plus cosmological constant, is also a constant-£,, solution of (??) provided f/(£2) # 0.
This allows, in particular, to embed all Einstein gravity plus cosmological constant solu-
tions in f(R) whenever f'(R°) # 0, as explained in [?].

Static black hole solutions of pure Lovelock gravities have been previously considered
several times — see e.g., [7,7,7,7,7]. In particular, for D > 2n, a theory of the form (77?)
admits the following interesting generalization of the Schwarzschild(-AdS/dS) black hole
solution [?]

1

ds* = —g(r)dt* + e

dr? + Q7 (4.113)

where

a 2
o) = h(r) = LF 12 |5 + 03

(D —2n — 1)!] L/n

o) (4.114)

In this expression, a is an integration constant which can be related to the solution’s mass,
and the + sign in front of the term in brackets is allowed only when n is even. According
to our analysis above, this is also a solution of (??) for theories satisfying f’(£0) # 0.
More precisely, using (?7?) we find that the solution to (??) can be written as (??) with

g(r) = h(r) = 15 12 [D + L

: (4.115)

(D — 2n)1]Y/"
D!

where again £0 is a solution to (??). For n = 1, this reduces to the well-known f(R)

Schwarzschild(-AdS/dS) black hole [?]

a 0
o) = hlr) = 1= 55 = . (4.116)

For general values of n, (??) and (?7) describe a f(Lovelock) generalization of the Schwarzschild(-
AdS/dS) solution.

Note that if the dimension is the critical one, D = 2n, (??) is trivially satisfied
because EP(/,?/ 2 _ identically. In that case, any solution of (?7) — i.e., any constant-L,,
spacetime — is a solution of (??). For example, in D = 4, f(L2) always allows for a
solution with £o = £9.

Before we turn to the f/(£0) = 0 case, let us make a further observation. Assuming
D > 2n, let us consider a theory of the form

_D D
F(Ln) = =200 + ALY Lo+ aly 2 L2 (4.117)
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for some dimensionless constant «. Interestingly, all solutions of the o = 0 theory are also
solutions of (?7). This can be easily seen by imposing the o = 0 equation of motion (?7?)
in the equations (??) and (??) corresponding to (??). By doing so, we observe that the
terms proportional to a exactly cancel each other out. This explains, in particular, why all
solutions of Einstein gravity plus cosmological constant are also solutions of such theory
with an additional R? term in four dimensions [?]. Hence, we observe that (??) with (??)
is also a solution of (?7?). The reason for this general behavior can be traced back to the
fact that 57? /2 s scale-invariant, i.e., it is preserved by a rescaling of the metric. Now, a
rescaling of the metric changes the scale of the theory. Hence, such scale cannot depend
on «.

Let us now turn to the cases for which f/(£9) = 0. If this happens, (??) imposes also
f(£Y) =0 and the equations of motion (??) are automatically satisfied. This means that
spacetimes of constant-L,, are solutions of (??7) when these two conditions are satisfied.
Obviously, this happens because a configuration £0 satisfying

F1(L3) = f(Ly) =0, (4.118)

is always an extremum of the action. The existence of this kind of configurations depends
on the particular theory under consideration. The simplest example is probably f(L,) =
L2, for which £ = 0 is clearly an extremum of the action and therefore a solution. The
lesson is that in order to find a solution for these theories, we only need to require £, to
be equal to the constant £ for which (??) holds. Since this is a single scalar equation for
the metric, the number of possible solutions is huge. In particular, for an ansatz of the
form (?7) with h(r) = g(r), one gets

1/n
g(r) = 151" | gy + G AL |

(4.119)

which has two integrations constants, a and b, instead of one. For n = 1, this reduces to

a b RY 9

=1 _ _
9(r) rb=3  yD=2  D(D - 1)1" ’

(4.120)

as observed in [?]. Note that for D = 4, this takes the familiar form of the Reissner-
Nordstrom(-AdS/dS) solution, with b playing the role of the charge squared. Observe
that this fact is accidental, and occurs only in four dimensions. In fact, it can be easily
seen that the f(Lovelock)-Maxwell system

1 1
— D - = uv
S //vld /9| [167TG (L) 4FWF ] , (4.121)

admits the following generalization of the Reissner-Nordstrom(-AdS/dS) solution

/n
a c (DQTL)!:|1 7 (4.122)

_ _ 2 0
g(T) - h(T) =1 +r |:TD1 - T‘Z(D_z) + ﬁn D'

when f/(£2) # 0, where £ is again a solution of (??) and where c is a constant related to
the electric charge. Comparing (??7) with (77), we see that only when D = 4 the exponents
of the terms proportional to b and c¢ respectively are equal.
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If one considers the general ansatz (?7) with two unknown functions, the system is
underdetermined, since we only have one equation. For example, let us consider f(L2) =
L3 in D = 4. In this theory, a family of solutions is given by L5 = 0. Assuming the ansatz
(?7), we get the following equation for g and h

h(r)"/2 [h(r) — 1] dg(r)
g(r)t/? dr

= (4.123)

where ¢; is an integration constant. Choosing one of the functions at will, one can find the
other by solving the above equation. This approach was followed, e.g., in [?] to construct
solutions to pure R? gravity.?®

4.5.2 General f(Lovelock)

In the previous subsection, we restricted ourselves to the case of f(Lovelock) theories
consisting of functions of a single ED. Let us now explore what the situation is when
one considers a function which depends on all the non-vanishing ED’s, f(L1, ..., £|p/2))-
Just like we were able to embed all solutions of the pure Lovelock Lagrangian (?7?) in
f(Ly), we would like to embed solutions of the general Lovelock action (?7?) in the general
f(Lovelock) one (?7). A simple argument shows that, in general, f(Lovelock) theory does
not contain all solutions of Lovelock. The reasoning goes as follows. Assume that all
solutions of the Lovelock equations (?7) are also solutions of f(Lovelock) theory (77?).
Then, the ED associated to these metrics satisfy the trace equation

LD/2] D
> A" (n — 2) L,=0, (4.124)
n=0

but now, assume that these metrics also solve (??). Then, (??) should reduce to (?7)
whenever (?77) is satisfied. This implies, in particular, that all the partial derivatives of f
evaluated on the solution must be constant, which of course is not true for arbitrary func-
tions f(L1,...,L|ps2|). Hence, we observe that, on general grounds, solutions of Lovelock
gravity are not embeddable in f(Lovelock) unless f is chosen in an appropriate way —
like we did in the previous section by making it depend on a single ED.

We claim that the most general f(Lovelock) theory whose solutions include all the
Lovelock theory ones is given by a function of the form

2

|D/2] |D/2] D ~
f(£177£|_D/2J) =« Z A’VLA(I)_H‘C’VL—F Z A’VLA(I)_R (n_ 2) En f(£17"'7£LD/2J)7
n=0 n=0
) (4.125)
where « is a constant and f is an arbitrary function such that its derivatives are non-
singular when the squared quantity is zero.

4.5.3 A critical black hole in f(R, L)

As we have seen, finding black solutions to f(Lovelock) theories involving more than one
ED seems to be a difficult challenge. An exception is, of course, the case in which f

28See also, e.g., [?], where certain aspects of AdS black holes in pure curvature-squared gravities where
considered.
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is a linear combination of ED, corresponding to general Lovelock theories — see e.g.,
[7,7,2,7,7,?]. A possible simplification that has been often considered in the literature for
other higher-derivative gravities — see e.g., [?,?], consists of fixing some of the couplings of
the theory to particular values which allow for solutions which would not exist otherwise.
We will explore this approach here. In particular, let us consider the following f(R, L2)
theory — whose general equations of motion are specified in appendix 7?7 — consisting of
the standard Einstein-Hilbert action plus certain higher-order corrections

Day/—g D—1)(D -2 - - - -
S = / Cav=i|p, D=DW=2) \ F2pe .y gi2r, (4L Re, + 6L5C3] |
M 167G L2
(4.126)

where «, 3, v and ¢ are dimensionless constants, and where we have chosen the cosmo-
logical constant to be negative and determined by some length scale L. If the coupling
parameters satisfy

‘= 4(D—1§(D—2) » B= (D—2)(D—3)" v=2aB, 6=ap’, (4.127)
then (?7?) allows for the following solution
ds® = —g(r)dt* + g(lr)dTQ +r2d0p (4.128)
with
2
g(r)=1+2;? [1—\/1—4)\ <2DD_4_7J§1—1+:§’>] , (4.129)

where ¢ and ¢y are integration constants. This solution describes an asymptotically AdSp
black hole as long as the constants are chosen so that g(r) > 0 for all » > r, and g(ry) =0
for some positive value of r.

The reason why the election of parameters in (?7) allows for this solution is not very
mysterious. In fact, (??7) makes the Lagrangian in (??) become a perfect square,

f(Rv EZ) =

“)D=2) " 2D-1)(D=22%D=3)| °
(4.130)
which implies that any configuration satisfying f(R, L) = 0 also satisfies 01 f(R, L2) =
D f(R,L9) = 0 and is therefore a solution of the corresponding equations of motion.
When A = 0, all the higher-derivative terms in (??) but the R? one disappear and
(??) takes the form of (??), i.e.,

(D —1)(D - 2) L’R ALALy
[2 2(D

a b 72
as observed in [?]. In [?,?], the thermodynamic properties of various black hole solutions of
(??) with A = 0 were studied. As observed there, while some of the solutions correspond to
regular black holes with finite horizons, amusingly enough, they always possess vanishing
entropy and mass. The reason is that both the on-shell action — including boundary
terms — and the Wald entropy involve factors of either f(R) or f/'(R), which vanish for
these configurations, as we have just seen. In the case A\ # 0, the situation is exactly the
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same. In particular, the action, the boundary term we have proposed in (??) — necessary
to compute the on-shell action — and the entropy functional of [?] — see (?7) — vanish
on-shell for configurations of this kind. The physical interpretation of these solutions is
unclear to us.

4.6 Final comments and perspectives

In this paper we have developed several aspects of f(Lovelock) theories. A summary
of our main findings was already provided in section 7?7, so we will not repeat it here.
However, let us comment on some additional directions which would be worth exploring
in the future.

Note that we have followed a metric approach to f(Lovelock) theories. However,
higher-derivative gravities can in general be studied using other methods. This is the case,
for example, of the Palatini and metric-affine formalisms, in which the connection and the
metric are regarded as independent fields. These formulations have been explored in the
cases of f(R) and Lovelock gravities — see e.g., [?,7,7,7?], and it would be natural to
extend them to the more general f(Lovelock) framework.

Another basic aspect omitted in this paper that has been often considered in the
cases of f(R) [?,7,?,7] and Lovelock [?,?,?,7,?,7]?Y and which could be studied for general
f(Lovelock) theories is the Hamiltonian formulation.

We also think that it would be interesting to explore how our results on the absence
of massive gravitons on m.s.b. for f(Lovelock) theories extend to less symmetric back-
grounds. We already mentioned in the introduction that most of the previous studies on
f(Lovelock) theories were performed in the context of cosmology. It has been in this area
that such explorations have been already pursued for certain cosmological backgrounds in
the case of f(R, L) theories [?,?]. The theories studied in section ?? seem to be particu-
larly relevant in this respect, as they only propagate the usual graviton on m.s.b. It should
be possible to clarify whether this property extends to other backgrounds, and what the
implications of these results are.

Obviously, constructing additional analytic solutions to these theories and studying
their properties would also be a very interesting task, although a challenging one in general.
Let us remark that some hope might exist for the class of theories constructed in subsection
77, for which the linearized equations of motion are second-order. In fact, the very same
happens for quasi-topological gravity and in that case analytic black hole solutions were
built in [?] in spite of the higher-derivative and non-topological character of the theory.
A perhaps more doable task which we have somewhat overlooked here would consist in
studying the regularity conditions and thermodynamic properties of the f(£,) black holes
constructed in section ?77.

Let us finally mention that, as far as we know, f(Lovelock) theories have only been
considered within the holographic context in [?,?] — rather successfully in that case.
It would be interesting to start considering them more often as holographic toy models.
This is particularly so for the class of theories constructed in 7?7. For these, all holographic
calculations involving the graviton propagator could be easily performed, given that the

2In fact, this is a subtle topic in the case of Lovelock gravity, the reason being that, in a standard
approach, momenta are generically multivalued functions of the time derivatives of the metric, making the
Hamiltonian approach ill-defined.
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only effect of the higher-derivative terms is a change in the normalization of the Newton
constant.?’ For instance, the coefficient characterizing the stress-tensor two-point function
Cp — see e.g., [?] for definitions — in holographic theories dual to f(Lovelock) gravities
satisfying (?7) would be given by

D=3
Cr=|14+X)_ Ouf (ﬁ)mA CE, (4.132)
n=1

where CZ is the central charge corresponding to Einstein gravity — see e.g., [?]. We leave
for future work to further develop the holographic aspects of these theories.

39We thank Rob Myers for this remark.
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Summary of relations for the generic d = 8 theory

A.1 Ungauged, massless Abelian theory

Field strengths

FI = dAl. (A1)
H, = dB, —dnF1A7, (A.2)
G' = dC'+d'["F'By, — d'["dpx ATF7 AN, (A.3)
H™ = dB™+d'["C;F! +d™"PB,(H, + AHy) + 5d' "di;" A" AH,, (A.4)

Fr = dA;+2dmis A7 (Hy — SAH,) — (d'/" B — 3d' y"dmix A75) (G — 1AG,)
— L (d' Ak — d k" dpry) FTARC; — d™Pd A7 B H,
+o1 (K" i dr g + 2d' " dy )" din ) FP AR By + 55 5" dige" dpar AT B,

—iisd' " di " 1y drpig ATEEOFT (A.5)
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Bianchi identities

dF!
dH,,
dG!
dH™
dEy

dK 45

Duality relations

*G?
xH™
*F]

*K 4

*Lﬁ

0,

~dpm1sF
d'™F'H,,

d' /"G F! 4+ d™ Hy

2,y F H™ + dif "G H,y,

TAIJFJF[ + TAmnﬁnHm — %TAijGij .

QIWRGE,  or GE = —NLGH
anHn ,

~MysF7

_j,(40) 9

oV
Oct’
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A.2 Gauged theory

Field strengths

Flo= dAl —ix," g A’8 + Z2I™B,, | (A.17)
Hy = DBy —dprgdA" A7 + 2o XM g AV + 2,07 (A.18)
G' = DC'+d'["[F'B,—3$Z'""B,B, + djxdA’ AK!
+T12anJXKMLAIJKL] . ZimHm7 (A.19)
H™ = DB™—d;/"F'C" +d™" B, (H, + AH, — 2Z;,C")
+d" 1 jdATdAT AR
+ (15dis" d' k" dnrr, — 3d™ 1 XM ) dATATEE
+(Zd"Npu XN g — &din™di " dnpy) X ¥ ATTEEM

Lz A, (A.20)
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Bianchi identities

The Bianchi identities satisfied by the field strengths of the gauged theory are B(-) = 0
where

B(La) = — :DLAI +FIK, +WIA5MB: , (A.21)
B(Lim) = — :DLIm + FyH,, + meﬁMB: , (A.22)
B(L™) = — :DL"” FGUH™ WimﬁMﬁ: : (A.23)
B(Ka) = DKa—Ta' yF'Fy — Tu™H"Hy, + 1T4;GY7 — YA* Ly, (A.24)
B(F;) = — :DFI — 2,1 FYH™ — dif G H,py + 2d™ 15 FYX H,p, + ﬁIAKA](A.%)
BA™) = — :Dflm +dy™F G — P H,y, — d™ i FTUE - Z“”F,} . (A.26)
B(G) = - :DGZ» —dy™FIH,, + Zimﬁm} : (A.27)
B(Hy) = —[DHpy +dmisF" - Z:,G'] (A.28)
B(F'y = —[DF'-Z""H,], (A.29)
B(DM) = — [DDM+ F1945.M] , (A.30)
B(c¢) = D, (A.31)
B(Q% = @°. (A.32)

Here f labels the deformation parameters and 3 the constraints, as discussed in Sections 77
and ?77.
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Identities of Bianchi identities

DB(F!) — zI™B(H,,)

DB(H,,) — 2dy1 7 FIB(F) + Zipn GY

DB(G;) — di™ [B(Hp)F! + HyB(F!)] — Z;, B(H™)
DB(H™) — dif™ [B(G"F' + G'B(F")| + 2d™"B(H,,)H,
—3d" jx B(F)FTE + ZImB(Fy)

DB(Ey) + 2dmrs [B(ﬁm)FJ + ﬁmB(FJ)}

+dir™ [B(G") Hyp + G'B(H,p,)]

—3d™ 1y [2B(F!)FX H,, + FTEB(H,n)] + 91 B(K a)
DB(K4) + Tal; [B(FJ)FI + FJB(FI)}

FTA"™ [BUT™) Hyp + H"B(Hip) | + Ta iy G'B(GY) + Ya*B(Ly)
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Summary of relations for the SO(3)-gauged
N =2, d = 8 supergravity

B.1 Field strengths

D¢* = d¢® — Ak, ", (B.1)
Fm = dA"™ 4 1M Py AT AP ' B, (B.2)
H,, = DB, + %emnpeijdAmAjp - ;llviAim(eAA) , (B.3)

G' = dC"+ F"™ By + temnpejrd AT A A — o' [1B,, By, — &5(eAA)?] . (B.4)
O™ = DB™+¢;F"™C7 + L™ B, (H, + AH))

+ o Epgréij € d AP ATTART AT 4 Loy, AT (e AA)? 0" Ay, (B.5)
EFym = DAim — €ijemnpF'" By — €;HyC? — ;B BBy, — Le; AFI" B, B,

S €€ €l EmnpEqrs AATTAT T AFS AF AP - L6, €110, AT AFP (e AA)

—0; Dy (B.6)
Ky, = DDpm+..., (B.7)
Ko = DDg+..., (B.8)
Ko = dDo+..., (B.9)

where the SO(3)-covariant derivatives that appear in these expressions are

DBy, = dBy, + €mnpviA" B, DB™ = dB™ + ™"y, A" BP . (B.10)
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and where we have used the shorthand notation

AH,, = Hy,, — DBy, (€AA) = ¢;; AT AT

B.2 Bianchi identities

(B.11)

The Bianchi identities satisfied by the field strengths of the gauged theory are B(-) = 0

where

B(DM )

B(dWi;;)

. -Danm + F'LmKn + WimnﬁMg} ,

— [PL™ 4 P+ WM

- DLimn + 2Fz(mI—In) + WimnﬁMB] )
DKm - Tmnp [FZpEn + ﬁpHn] ’

DKy = Tu"y | F"Fo + HPHy = 0,17 + 06 Ly |

(B.12)
(B.13)
(B.14)
(B.15)

(B.16)

dKo — To'; [Fﬂ'mﬁ}m +1GIG, — 0™ L, + vﬂ'ém"Limn} (B.17)

_ [DEm + €mmp€ij FPHP 4 €,;GI H,p, + viKm} ,
— [DI:Im - eijFimGj — %emanan - UZFzm] )
— [dG" — F""H,,] |

— [PH,, — Lemnpes FE

— [DF™ —v'H,,] |

— [PDMopy + 20 F P, I M, ]

—ddW,j,

(B.18)
(B.19)
(B.20)
(B.21)
(B.22)
(B.23)

(B.24)

where the SO(3)-covariant derivatives with indices m are identical to those of B,, and B™

in Eq. (77?)

DK, = dK, — v; A" f " K .
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B.3 Identities of Bianchi identities

DB(F™) —v'B(H,) = 0,(B.26)

DB(Hp) + €ij€mmpF " B(FP) = 0,(B.27)

DB(G;) — €ij [B(Hp)F? + H,,B(F7™)] = 0,(B.28)

DB(H™) — € [B(G)FI™ + G'B(FI™)] + "™ B(H,)H, + v'B(Fy) = 0,(B.29)
DB(Fipn) + €1j€mnp [B(ﬁ")Fjp + f{"B(Fjp)]

+eij [B(G))Hy, + G'B(Hy,)| + viB(Ky) = 0,(B.30)

DB(Kn) + emny [BIF™) Fy, + FB(Fy)]

—Emnp [B(ﬁ”)Hp n H”B(Hp): — 0.(B.31)

DB(Ky) + T [BUF™) Fiy + F"B(Fi)

+Tamn

—

B(H™)H,, + H"B(H,,)]
— 0T ™ W B(Ln™) = 05 frna? B(Ly™) + 0T, B(Linn) = 0. (B.32)
DB(Ka) + T’y [ BIFI™) By + FI"B(Fym) | + T iy G'B(GY)

+ T 150" B(Ly™) + To" jv! B(Limm) = 0.(B.33)
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B.4 Duality relations

*G?

eTWG* (GP=G=e?+xG+aq),

an*Hn,
Wiijn * an )

_*j$)7

(o)

—*Ja

— % ]éo—)

I

oV
arﬂzmn ’

ov
aﬁima ’

ov

*

*

*
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(B.36)

(B.37)

(B.38)

(B.39)

(B.40)

(B.41)
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f(R, Ls) equations of motion in general dimensions

In this appendix we write down the equations of motion of f(R, L) theories in general
dimensions. Observe that this is the most general f(Lovelock) theory in four dimensions
— the remaining ED identically vanish in that case. We need to compute the quantities

appearing in (??). The tensor 5,51) is just the Einstein tensor:

1
g;(L}/) = R;w - ERQIW’ (Cl)
while
(Dpr _ 10
PO = o (C.2)

Now, if D =4, é’l(f,) = 0, while for D > 5 |

EX) =2RR,, — AR, RE + 2R3y R, — AR e R . (C.3)
Finally, we have

(1 pv] v
MR — 2R, (C.4)

which is also valid in four dimensions. Using this information we can write the equations
of motion for D =4 and D > 5 theories respectively as

P(Q)“” ~3" R + 86

of of of

o P [f Lo ]guﬁ(gwm VuVo) 55—
of (C.5)

—4|GLo+ 5RV,NV — 2R, V1)V + (G Ras +ngy)vavﬁ] a5 =0

af af e o

gt o 2RRy — ARupRE + 2R R, = ARyupo R |

of of

-5 |:f EQBC :| guu+(guulj v Vu )8R (CG)
5

—4|Go+ 5Rvuvy — 2Ry V1)V + (g R + Rwﬁy)vavﬁ] acJ; —0.

Observe that these equations reduce to the corresponding f(R) equations of motion when
02 f = 0. Notice also that a linear term in Lo gives no contribution in D = 4 while it does
for D > 5 theories, as expected. The trace of these equations can be written as

of of of of

D
ol + 25,02 — 5+ (D= 10gE + (D = 3)2R0 — 4R, V'V ) 57 =0, (C.7)
2

OR oL OR

which is a valid expression for D > 4.
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Examples of equivalent scalar-tensor theories

In this appendix we explicitly compute the equivalent scalar-tensor theories for a couple
of classes of f(Lovelock) theories. The fist example consists of the most general sum of
quadratic functions of ED in D = 4. In the second, we consider a single f(Lovelock) term
consisting of a general product of ED in arbitrary dimensions.

Quadratic function

The most general f(Lovelock) action containing the usual EH and a negative cosmological
constant terms plus quadratic linear combinations of ED in four dimensions reads

_ 1 4 ST
where
6 72 52 74 76 2
f(R,Eg):§+R+aLR + BL RLy +~vL°Ls5, (D.2)

and where «, 5 and ~ are dimensionless constants. The Hessian matrix of f(R, L2) reads
in this case:

20L? PBL*
H(f)= < 8Lt 2y E6> (D.3)
Leaving the trivial case « = f = v = 0 aside, we see that:
2 ifday—B2#£0
rank(H) = {2 Hdar =570, (D.4)
1 ifd4ay—pB2=0.

Hence, according to our analysis in the main text, in the first case we need to introduce
two scalars, while in the second it is enough with a single one. We have the function

F(61,62) = 25 + 61 + a2} + BLY6162 +11°63. (D.5)
Then we define
of =9 =4
p1 = 87:1+204L ¢1+ BL ¢, (D.6)
o1
P2 = 97 _ BLA¢1 + 2vL5¢s . (D.7)
Do
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If 40y — B2 # 0 then these fields are independent. The Legendre transform of f reads

1

V(‘PLSOQ) = _E + m

(V41— 12 = BL2(e1 — g2 +aid) . (D)
Therefore, the equivalent scalar-tensor theory is

LA (o1 — 1)? — BL%(p1 — 1)ip2 + ap?
L5(4ay — 2)

Y21/ +801R+<P2E2

167TG

(D.9)
Of course, this does not work if 4oy — 32 = 0. In that case, the quadratic term is a perfect
square of the form

72 2
16WG/ iy ]g[ v RAL (R+cL£2)], (D.10)

where ¢ is some unimportant constant. We find that this is equivalent to the following
scalar-tensor theory with one single scalar ¢

/ il =+ OR + pcL?Ly — M ) (D.11)
167TG ANL2
General product of ED
Let us consider now the following action:
v 2AA M ey D.12
SRl A |gr[ o+ R+ Hﬁ] (D.12)

where {p;} ; C {1,2,...,|D/2]|} and v; € Z — {0} are non-zero exponents. This action
contains a rather generic f(Lovelock) term, namely, one consisting of a product of ED.
Let us also assume that p; = 1, so there is a power of R in the product. The Hessian
matrix of f(£) = —2A0 + R+ A[[;L, £} reads

MIs, Ly
Hij = (vivj — vi6i5) ——— (D.13)
i iUj 1043 £p1£p]
whose rank can be seen to be given by
if Y0 v #1
e Z;fl vi 7L, (D.14)
n—1 if Y v =1

The second case can happen if we allow the exponents to be non-integer or if some of them
are negative. In the first case we can compute the Legendre transform of the function
F(X1,-- - xn) = —2A0 +x1 + AT[iZ; x;*- The transformed fields are

61 = 1 f(x) _1+@Hzpj, 6 = Bif(x) = U2 Hcpj, i>1, (D.15)

Z
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so we find:
V1 1)]

V() = 200 + (5 — AT <¢1‘1> = ll (@) = , (D.16)

where s = > | v;. Therefore, this theory is equivalent to

S = 167TG/ dPxz+/|g| _2A0+Z¢Z p; — (s —1)AT

()T

(D.17)
If s =1, the Legendre transform is constant V' = 2Ag, and we have the constraint

¢1 — 1)”1 - (qﬁi)”i
g )=, D.18
(2 (5 (D.18)
from which we can extract, for example, ¢, as a function of the rest of the fields:

S (R

Jj=2

¢n = (1 =8 )A1

where now, s’ = Z?;ll v;. Hence, in the case in which s = 1 — which means that f is

a homogeneous function of degree 1 — the theory is equivalent to the following scalar-
Lovelock theory with n — 1 scalar fields and without scalar potential

S = 167TG/ dPz+/|g] —2A0+Z¢,£ +(1=s)AT (¢1_1) E[( )

(D.20)

J
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Resumen

Esta tesis se enfoca en el estudio de varios aspectos de las teorias de supergravedad
gaugeada en 8 dimensiones y ciertas gravedades de orden superior. Las teorias de su-
pergravedad corresponden a limites de baja energia de las teorias de cuerdas, las cuales se
construyeron con el objetivo de unificar las cuatro fuerzas fundamentales de la Naturaleza
bajo un Unico marco tedrico. Actualmente se busca confirmar experimentalemente la ex-
istencia de particulas supersimétricas, la existencia de estas particulas resuelve algunos
de los problemas de los modelos actuales. Su descubrimeinto, haria que alguna de las
supergravedades sea una teoria valida para describir el universo en que vivimos.

En este contexto, estudiar las teorias de supergravedad maés generales en diferentes
dimensiones es de vital importancia para describir la Naturaleza. Considerando que las
teorias que describen las interacciones que conocemos son teorias gauge, se esperaria que
la teoria que unifica todas las interacciones también lo sea y, dentro del contexto de esta
tesis, que sea una teoria de supergravedad gaugeada.

La cuantizacion de la Relatividad General no da como resultado una teoria cuantica
renormalizable, lo que nos impide conocer cémo se comporta la gravedad a altas energias
y cortas distancias. Sin importar cual sea la teoria gravitatoria completa en el limite ultra-
violeta, la accién efectiva de la teoria debera contener términos con derivadas superiores
que involucran contracciones del tensor de Riemann y sus derivadas covariantes. La teoria
de cuerdas predice la aparicién de términos de este tipo, los cuales agregan correcciones a
la accién de Einstein Hilbert.

En esta tesis se recopilan los resultados obtenidos en las publicaciones [?,?,7].

En [?] construimos la jerarquia tensorial de las teorias de campos bosénicas en 8
dimensiones mas generales con simetria gauge. Primeramente estudiamos la forma de la
teoria mas general con simetria gauge abeliana. Una vez construida la teoria abeliana, pro-
cedemos a estudiar, usando el formalismo del embedding tensor, los gaugeos mas generales
de las simetrias de la teoria y sus posibles deformaciones masivas.

En [?] estudiamos la supergravedad maximal gaugeada en 8 dimensiones. FEn-
focandonos en los gaugeos SO(3), analizamos todos los posibles campos gauge y constru-
imos explicitamente las acciones bosénicas. Estudiamos la relacién entre la supergravedad
gaugeada en 8 dimensiones construida por Salam y Sezgin [?] a partir de la reduccién
dimensional generalizada de la supergravedad en 11 dimensiones, y la teoria construida en
Alonso-Alberca et al. [?], a través de la reduccién dimensional simple de la supergravedad
masiva en 11 dimensiones propuesta por Meessen y Ortin en [?].

En [?] estudiamos algunos aspectos the las teorias f(Lovelock) en d dimensiones.
Estas teorfas son generalizaciones de las teorias f(R) y Lovelock, donde la accién gravita-
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cional depende de alguna funcién arbitraria de las densidades de Euler en d dimensiones.
Demostramos que estas teorias son equivalentes a ciertas teorias tipo escalar-tensor, es-
tudiamos las ecuaciones linealizadas de la teoria en vacios maximalmente simétricos, y
estudiamos las restricciones de los acoplos de una familia de teorfas f(Lovelock) en 5 di-
mensiones usando la entropia de entrelazamiento holografica. Finalmente, se presentan
algunas soluciones nuevas de agujeros negros en varias dimensiones.
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En el capitulo 7?7 hemos construido explicitamente, siguiendo el procedimiento detallado
en [?] [?], la teoria mds general en 8 dimensiones con simetrias gauge y con un méximo de
dos derivadas. Hemos construido las intensidades de campo (hasta las 6-formas), todas las
identidades de Bianchi, las relaciones de dualidad que satisfacen las intensidades de campo
(hasta las 9-formas) y las ecuaciones de movimiento de los campos fundamentales. Hemos
demostrado que estén caracterizadas por un conjunto pequeno de tensores invariantes (el
d-tensor, el tensor de embedding ) y las deformaciones masivas Z) que satisfacen ciertas
restricciones. Tales restricciones son relaciones tanto entre ellos, como con las constantes
de estructura y los generadores del grupo de simetria global. Hemos encontrado que las
identidades de Bianchi que satisfacen las intensidades de campo de las 6-formas (duales
a la corriente generalizada de Noether-Gaillard-Zumino) tienen la forma descrita en [?]
aunque es muy complicado encontrar la forma explicita de las intensidades de campo de
las 6-formas en términos de los potenciales resolviendo las identidades de Bianchi.

Hemos construido una accién de la cual se pueden derivar todas las ecuaciones de
movimiento a excepcién de las ecuaciones correspondientes a los potenciales (1-formas)
debido a que identificar los numerosos términos que contienen unicamente a las 1-formas
es extremadamente complicado y tedioso. Estos resultados se pueden aplicar a cualquier
teoria en 8 dimensiones que contenga campos escalares y p-formas, d-tensores que definan
las interacciones de Chern-Simons y un grupo global de simetria, como la supergravedad
maximal en 8 dimensiones.

En el capitulo ??, usando los resultados generales obtenidos en el capitulo ?? [?],
hemos construido explicitamente una familia uniparamétrica de supergravedades max-
imales SO(3) gaugeadas que interpolan entre la supergravedad de Salam y Sezgin [?]
y la supergravedad AAMO [?], calculando las distintas posibilidades que se mencionan
en [?] [?]: para cada valor de un parametro una combinacién diferente de los dos tripletes
de 1-formas (el uno proveniente de la métrica 11-dimensional y el otro de la 3-forma 11-
dimensional) juega el papel de triplete de vectores gauge. La existencia de esta familia
confirma la identificacién de la teoria AAMO con una supergravedad 8-dimensional “hon-
esta” maximal, con grupo gauge SO(3), a pesar de su origen no convencional: la super-
gravedad massiva 11-dimensional propuesta en [?]. Ademds, esto prueba su relacién con
la teorfa de Salam-Sezgin a través de una transformacién SL(2,R), algo que en principio
hubiera sido muy complicado de calcular directamente.

Nuestros resultados dejan algunas incégnitas sin resolver: jcudl es el origen 11-
dimensional de todas las teorias en esta familia si insistimos en usar el mismo “ansatz” de
compactificacion?

Un elemento importante en las supergravedades gaugeadas que hemos construido
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es el potencial escalar, el cual no estd determinado por la jerarquia tensorial, que sélo
le impone restricciones. En una teoria de supergravedad cualquiera (excepto la super-
gravedad N = 1,d = 4) el potencial escalar es una forma cuadratica en los “shifts” de
fermiones, los cuales tienen que ser dependientes de los escalares y lineales con respecto
al embedding tensor, pero su forma general no es conocida.’ Esta es una de las princi-
pales obstrucciones para encontrar una formulacion general de todas las supergravedades
gaugeadas en todas las dimensiones. Hemos propuesto una forma general para los ”shifts”
de fermiones para la supergravedad maximal 8-dimensional que reproduce los ”shifts” de
fermiones propuestos por Salam y Sezgin, y también reproducen la forma invariante bajo
la dualidad esperada para el potencial escalar. Esta forma es similar a la de los ”shifts”
de fermiones que aparecen en las supergravedades 4-dimensionales, donde los campos es-
calares aparecen combinados en un objeto relacionado con una parte del representante de
coset. Consideramos que este objeto debe existir para cualquier teoria de supergravedad
que pueda ser gaugeada. Una clara identificacion deberia ser la clave para encontrar la
formulacion general de las supergravedades gaugeadas.

En el capitulo 7?7 presentamos una generalizacion del término de frontera de Gibbons-
Hawking-York para el caso general de las teorfas f(Lovelock). La construccién de este
término de frontera nos permite determinar el niimero de grados de libertad fisicos de la
teorfa, el cual es D(D —3)/24r, donde r es el rango de la matriz Hessiana H,y, = 0,,0m f .
Ademas, demostramos que las teorias f(Lovelock) son equivalentes a las teorias escalar-
Lovelock que contienen r campos escalares. Probamos que las teorias f(Lovelock) no
propagan el gravitén masivo fantasma tipico de las gravedades con derivadas superiores.
Ademsds, existen ciertas teorfas f(Lovelock) no triviales que tnicamente propagan un
gravitén y cuyas ecuaciones son de segundo orden en cualquier gauge.

Considerando teorias hologréficas duales a algunas tipos de teorias f(Lovelock) en-
contramos restricciones para los valores de las constantes de acoplo. Finalmente, presenta-
mos algunas soluciones de agujeros negros para algunas teorias f(Lovelock) en diferentes
dimensiones.

1Se conocen en la supergravedad N = 2,d = 4,5 asi como en otras supergravedades N’ > 3,d = 4. Para
mas detalle véase [?].
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