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Abstract.

We study isoperiodic classical systems, what allows us to find the classical isochronous
systems, i.e. having a period independent of the energy. The corresponding quantum
analog, systems with an equally spaced spectrum are analysed by looking for possible
creation-like differential operators. The harmonic oscillator and the isotonic oscillator
are the two main essentially unique examples of such situation.
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1. Introduction

Inverse problems have been playing a very relevant role in the development of physical theories.
The physical laws describing the different phenomena are constructed from experimental data,
and their symmetries and regularities are used to discard possible laws or to pick up other laws
among other mathematically possible formulations.

In this paper we review some results on two important inverse problems and report some
recent progress on both. The first one is the characterisation of possible convex potentials giving
rise to isochronous motions, i.e. systems for which the bounded motions have a period which does
not depend on the energy. With this aim we first review in Section 2 the very classical problem
of the determination of the potential from the energy dependence of the period, a problem
which dates back to Abel [1], and therefore the characterisation of isoperiodic potentials, those
giving rise to the same dependence. The harmonic oscillator is the prototype of an isochronous
system and all other isochronous systems are isoperiodic with the harmonic oscillator. After a
characterisation of such systems we report the recent approach used in [2] to recover a result by
Chalykh and Veselov [3]: among rational potentials only the harmonic oscillator and the isotonic
oscillator [4, 5] produce isochronous motions. There are however other isochronous systems
described by non-rational potentials, for instance potentials for which the second derivative has
a discontinuity.

A related problem in quantum mechanics is the determination of those potentials with an
equispaced energy spectrum. Of course, only in the best conditions of regularity the solution of
both problems can be related and this is only possible to order 4. Our approach here is based
on the search for creation- and annihilation-like operators which are assumed to be differential
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operators of arbitrary order. Therefore we study the possibility of finding as ladder operators
some differential operator of order k:

k i k
&’ .
Ay = ka—j(l') p = ka_j(ZL‘) d vo(z) =1.
J=0 j

J=0

The problem is solved for £ = 1,2, and once again we find the harmonic oscillator and the
isotonic oscillator and we also provide the equations for k = 3. As the solution of such a system
of differential equations cannot be carried out explicitly we attack the problem from a new
perspective and reduce the problem to the search of rational solutions of a high-order Korteweg
de Vries equation.

2. Isochronous systems

The classical harmonic oscillator in one dimension, & = —w*x, is one of most studied models
and enjoys the property of isochronicity: all the solutions of its dynamics are periodic with
angular frequency w, ¢ = qo coswt + (vp/w) sinwt = A cos(wt + ¢), while A and ¢ are arbitrary.
Moreover, w is fixed from the own equation and it does not depend on the energy E. This can
be directly proved from the expression of the period. Recall that for a fixed energy E, the
period T'(E) is given by

2

z4(E
T(E):\/%/+()d7$, (1)
z_(F) E— U(:L')

where z_(F) and x4 (E) are the roots of the equation U(x) = E: U(x4(F)) = E. Then, when
U(z) = (1/2) mw? 22 it turns out to be T(E) = 27/w. This suggests us that we can consider as
possible generalisations of the classical harmonic oscillator either systems for which the period
does not depend on the energy but whose general solution is not the one given before, or simply
systems for which the general solution is also x = Acos(wt 4+ ¢), but in which w can depend
on the energy (a nonlinear system). The last possibility has been analysed in [6] (see [7, 8] for
the quantum version) and looks as a position-dependent mass oscillator. The two-dimensional
version of this system has been shown to be super-integrable and its Hamilton—Jacobi equation
is super-separable [6] and corresponds to the motion of a harmonic oscillator in a surface of
constant curvature —A.

The first possible generalisation was however to look for isochronous systems. Consider the
particular case of a convex potential well with a minimum in z = 0, for which the potential

function is @) it
U_(x) ifx <0
Ulz) = { Up(z) ifz>0

where U, () is an increasing function and U_(x) is a decreasing function, z U'(z) > 0 if x # 0,
such that then we can invert x as a function of U:

(e (U) #U<O
Y7 04 (U) #U>0

In this case, for each energy E there is a oscillatory motion between the two closest turning
points z_(FE) and x4 (F), i.e. such that ¢_(F) = z_(F) and ¢4 (F) = 24 (E). The period T'(F)
for a fixed energy F is given by (1), which under the change of variable y = U(z), or the inverse
expression = ¢(y), as U(0) =0 and U(z4+(F)) = E, i.e. ¢(0) =0 and ¢(E) = x4 (F), becomes

T(E)z%/ﬁ/j% dy:2\/2mE/ol(f//%dz ,
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where y = E 2. The system is said to be isochronous if the period does not depend on the
energy, dT'(F)/dE = 0, which leads to

1 1¢/(EZ ¢//
d—+vh1/ zdz:O.
2VE Jo 1—2z

Therefore the condition for the system to be isochronous is

[ [

where ((z) = 22¢"(z) + ¢'(z). This is only possible when ((z) = 0, and the solution of
2Ez¢"(Ez)+ ¢'(Ez)=01is ¢'(y) = C/\/y, and consequently, the solution for which ¢(0) =
is ¢(y) = 2C \/y, with inverse function U(z) = (4C?)~! 22, i.e. under the assumed regularity
conditions only the harmonic oscillator is an isochronous system.

An interesting inverse problem is the determination of a function U(z) giving rise to a given
dependence function T'(E). As Abel proved in [1], when the potential is convex as indicated
above, such expression can be inverted (see e.g. Chapter 2 of Landau’s book [9]) giving rise to
the following integral equation for T'(E):

U
010 = 0-U) = = [ ap. 2)

and, therefore, the knowledge of T'(E) only allows us to determine the difference ¢ (U)—¢_(U).
In fact, we can split the r.h.s. of the integral (1) as a sum of two integrals between z_(FE) and
0 and between 0 and x4 (F), respectively, and using the same change of variable as before, we

find that if A = ¢4 — ¢_, then

Yy, VE >0,

T@U:¢ZE/E dy .
0

Recall that the convolution product f1 * f5 of two functions f; and fs is given by

(fi* fo)(E /fl —2) fa(z) dz

and then T(E) is v/2m times the convolution product of ¢(E) = 1/v/E and A’(E). Using
Laplace transformation L[f](s) = / e *Pf(E)dE in both sides, and taking into account that
0

L[f1 % fo] = L[f1] L[f2], we find that L[T](s) = v2m L[](s) LIA'](s). But, as L[)](s) = \/71—/3
aﬁd L[A'(s) = sL[A](s) we can get L[A](s) from L[T](s) = v2m /7/ssL[A](s), and we
obtain

1

LIA)(s) = W\f o LW LTI,

namely, £[A](s) = (272 m)~Y/2 L)) * T](s), and we recover in this way the equation (2).
Note that for periodic motions with a period 7 = 27 /w independent of the energy and m =1,

1 v T 27
¢+(U)_¢—(U):ﬂ_\/§/0 de:W\/i\/ﬁ
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and therefore, as the turning points satisfy U(x4(F)) = E, namely, ¢4 (FE) = z4(FE),

vy (E) —z_(E) = V2T E 2w£\@

s

that in the particular case of a regular symmetric potential, for which z_(E) = —x,(F), the
isochronicity condition becomes

mm:\éwﬁzg\@, (3)

a condition which in particular the harmonic oscillator holds.
The important point is that the general solution of (2) is of the form

o+(U) = D)+ fU), ¢-(U) = U) + f(U),

where qﬁf) and (;5(_0) are a particular solution of the problem and f(U) is an arbitrary function
of U for which ¢, (U) and —¢_(U) be monotonous increasing functions. As an example, the
choices U(z) = tanh?(x) and f(U) = 2 Artanh /U lead to the Morse potential.

Note that if we choose f(U) = —(1/2)(¢$)(U) + <;5(_0)(U)), we find a solution ¢* such
that ¢ (U) = —¢%(—=U) and corresponds to a potential that is symmetric under reflection.

This potential is nothing but the Steiner symmetrisation of the potential [10]. Of course, the
ambiguity of the choice for the function f(U) disappears when we impose the additional condition
that the curve U = U(x) be symmetric with respect to the U-axis, i.e. U(z) = U(—x), because
in this case ¢4 (U) = —¢_(U) and therefore,

#(U) dE .

1 /U T(E)

2tv2mJo VU-E

Note that a potential U(x) and a shear transformed potential Ug(x) defined by Uys(z +
-

f(U(z))) = U(x), for an arbitrary function f, i.e. ¢p¢1(U) = ¢+(U) + f(U), are isoperiodic [2
The general solution for an isochronous system with period T is given by

ow)=-2 . =LY w),

and in particular, for f(U) = a we find
T |U T |U
¢-(U)=—-—y\/5 *+a, ¢+(U)= /5 +a,

and we obtain the harmonic oscillator potential

then

o) =140 L sy -ara DY
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which for |a| # 1, corresponds to the potential of two half-oscillators

smwiz? if <0
U(x) =
%m w% 22 ifx>0
with different couplings
27 27
T AT T rar

glued together at the origin. Note that 1/wy + 1/ws = 2/wg, where wg = 27/T. Conversely, for
such a potential with wy # wo it suffices to make the choices

2w1 wo

W1 — w2
(wl +w2) '

= and wo =
w1 + wo

The cases @ = %1 correspond to a half-oscillator and its reflected one: either w; or ws vanishes
and wy is two times the other one.

Another very fundamental identity which characterises all potentials (related by a shear
transformation) having a given dependency T'(E) of the period as a function of the energy is [2]:

dE .

1 U T(E)
Ulx)=U(x+WyU(x where Wy (V) = /
( ) ( U( ( ))) U( ) T m 0 m
Using such relation it can be easily shown (see [2]) that a convex polynomial potential U(z)
is isochronous if and only if U(x) = az? + bz + c. This results can be generalised for the case of
meromorphic rational functions, for which a rational potential U(z) which does not reduces to
a polynomial is isochronous if and only if

ax® +br+c 2

On the other side a slight modification of Joukowski transformation, (J)(2) = z + 2, with
A € R), which plays a relevant role in aerodynamics applications,

2«
z

Jg(x) = 5 — ’ a0,

x
2
may be used to prove that if U(z) is a bounded below even convex potential with lim, . U(z) =
00, then for any positive real number « the potential U, given by

r 2«

Un(@) = U(Ja(z) = U (5 - —)

X

is isoperiodic with U(x). Finally, a kind of converse property was also proved in [2]: Any non-
trivial rational potential U, which is isoperiodic to a given even convex polynomial potential U
is either of the form U, = U(x + ¢) or Uy(z) = U(x/2 — 2a/x), for any value of a.

Note that the potential corresponding to the isochronous harmonic oscillator Upo(z) =
(1/2)mw?2? is, up to addition of a constant, of the form U, = (1/8)mw?x? + g/2%, with
g = 2ma’uw?.
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3. Quantum systems with equally spaced spectra
The creation and annihilation operators for the quantum harmonic oscillator were introduced
by Dirac [11] in 1927 for the description of emission and absorption of radiation. They play a
fundamental role in quantum mechanics and quantum field theory, and therefore, it is interesting
to understand whether other quantum systems admit such creation and annihilation operators.
In this section we analyse this problem for the particular case of a quantum one-dimensional
systems with rational potentials with no more than one real pole. It appears that, under enough
general conditions, such operators can only exist for two known systems, namely for standard
and singular quantum oscillators. We guess that this statement is valid, probably, for a wider
class of potentials, not only for rational ones, but this more general interesting problem is still
open.

Let us first remind that the Hamiltonian of quantum oscillator is (we use the system of
natural units with Planck constant 2 = 1 and also choose m = 1):

1 . d

H = =(p? + w?z? = —i—.
(" +wiat), o
The creation and annihilation operators a™ and a are operators satisfying the equations

[H,a] = —wa and [H,a’] =wa™, and Dirac defined them by the formulae

g -

so that they satisfy the commutation relation [a,a*] = 1. It looks more convenient to use similar
operators but with another normalisation of such operators

1 d 1 d
A= —|— At = — (——
Al@ren) o -g(men)
so that this form is still valid for w = 0. Notice that [4, AT] = w.
Moreover, the fundamental relations

[H Al = —wA, [H AT =w AT (4)

allow us to consider such operators as ladder operators, because if ¢ is an eigenvector of H with
eigenvalue E, then if ATy # 0, AT is an eigenvector of H corresponding to the eigenvalue
E + w, while if Ay # 0, Ay will be an eigenvector of H with eigenvalue £ — w. This implies
that at least a part of the spectrum of H is equispaced with a equispacing w. Moreover, we will
restrict ourselves to the case in which there exists a cyclic eigenstate 1y, in the sense that the
set of orthogonal vectors {(A*)*4g | k =0,1,...} is a complete set. Then all the spectrum will
be equispaced.

In this case of the harmonic oscillator H' = H —(1/2)w = (1/2)A™ A essentially coincides with
its partner H = (1/2)AA™T and, as the creation and annihilation operators are of first order,
they are also intertwining operators between H' and its partner H',ie. they satisfy AH' = H'A
and therefore H'AT™ = ATH’. The Hamiltonian H’ factorised as before is shape-invariant, a
remarkable property (see e.g. [12] and references therein).

Note however that, as we shall see later on, there may be higher-order intertwining operators
between two Hamiltonians and that they give rise to relations among creation and annihilation
operators for both systems when these exist [13], but they can only be formal creation and
annihilation operators: they satisfy (4) but when applying such operators to an eigenfunction
of one Hamiltonian we can obtain a non-normalisable function and therefore they are not giving
rise to an eigenfunction of the partner Hamiltonian.
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Another quantum system admitting creation and annihilation operators and giving rise to a
constant separation w among neighbour energy levels is the singular harmonic oscillator (also
called isotonic oscillator) [4, 5], namely, the system describing by the Hamiltonian

1 9, 1 99 92

Here only positive values of = are allowed and the spectrum of this system is also equispaced
and, as indicated in the preceding section, the corresponding classical system is isochronous.
Moreover, as indicated above, Chalykh and Veselov recently [3] proved that these are the only
two cases cases with a rational potential U(z) for which the classical system is isochronous.

It is to be remarked that the creation and annihilation operators for the isotonic oscillator are
not first-order but second-order differential operators. The limiting case g — 0 is the so-called
‘half-oscillator’, i.e. a particle moving in the harmonic potential on the ‘half’ line

w?z? for >0,

ool—

U(z) =
00 for =z <0;

from all the eigenstates of the Hamiltonian for the harmonic oscillator on the full line only odd
solutions will still be eigenstates in the ‘half’ oscillator case.

Let us remark that given a quantum system described by a Hamiltonian with a potential
U(z), any other potential obtained either by translation, i.e. U,(x) = U(x — a), or by reflection,
U,(x) = U(—x), has the same spectrum as the given system. When we are interested in the
existence of ladder operators such kind of potentials should be considered as equivalent and it
is enough to determine one representative in each equivalence class. On the other hand, as not
only regular potentials play a role but also singular ones, we will analyse the problem also for
singular systems, admitting only the case, for simplicity, in which U is a rational function. If it
has k real poles there will be k4 1 different quantum problems, one in each interval between two
neighbour poles. Therefore we will restrict ourselves to the simpler cases in which U is either
regular or it has a real pole of arbitrary multiplicity. In other words, we are restricting ourselves
to the case in which either U is regular or it has a real pole assumed to be at x = 0. We are
therefore interested in analysing whether, for such a given Hamiltonian, there is a realisation of
such operators A,  and Az as differential operators of order k, i.e.

k i k
_ d’ .
A= E vk_j(x)w = E vp—j(x) 0, vo(z) =1, (5)
J=0 J=0

with 8 = d/dx. We shall denote A; the adjoint operator of A, .

4. Ladder operators in one-dimensional quantum systems
Let us consider a quantum one-dimensional system described by a Hamiltonian

1 1 d?
H==-p*+U(z

1
5 () = =5 75 +U(@) = =5 0° + U(2) (6)

where we assume that the potential U(x) is given either by a rational function free of real poles
(and the configuration space is the whole real line), or with exactly one real pole, assumed to
be at x = 0, what is enough general because of the invariance of the problem under shift and
reflection mentioned before. In this last case the configuration space is (0,00). Our aim is to
determine the explicit forms such a function U(x) can take in order for the quantum system
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to admit creation and annihilation operators and hence the Schrodinger equation for stationary
states

Hy =FE1,

has, at least a part of, the discrete spectrum equispaced: E, = Eg+nw, n=0,1,2,....

As mentioned before, a particularly well-known example is the harmonic oscillator, for which
U(z) = (1/2)w? 22, and Ey = w/2, and another example is Uy (z) = (1/8) w? 22 + ¢? /22, defined
in the interval (0, c0).

The question is when do ladder operators being differential operators of order k exist in the
case under consideration, i.e. when differential operators of order k, A,f, satisfying

[H, Af] = +w AF, (7)
exist, where, as indicated in (5),

3 dk dk—l
A + Ul(fﬂ)m

kT gk +-- (@) = 0 +ui(2) 0F D 4+ u(e),

and A,j denotes the adjoint operator of A, .

When substituting this expression in the previous equation (7) we obtain a system of
differential equations for the unknown functions U(x) and v;(x) for j =1,... k.

We start by analysing the two simplest cases:

1. k= 1. Here A] is given by A] = d/dz + vi(x) = 0 + v1(z) and then the commutation
condition [H, A]] = —w A}, having in mind that

[—% 82,211(3:)} = —% v —v} 0,
leads to the system of differential equations

V] =w,

Sl + U =wur,

from which we obtain v1(z) = w2+« and then A7 = d+wz+aoy and U(z) =  w? 2+ 2+ as,
where a1 and as are arbitrary constants. This potential function can also be written, up to an
additive constant, in the form

Uz) = =w?(x —x0)?, x0=——.

2. k= 2. In this case

d2

d
A2_ = @ +'U1(£U) % +U2($) = 82 +U1($)8 +'U2(33) .

Taking into account that, for any function F'(x) we have

[0,F) =F', (0>, F] =F"+2F'9,
then, from [—(1/2)0% + U, A;| = —w A, we arrive to
1 2 2 I a2 1 1 / / 1 2 / "
—58 +U(x), 0° +vi(z) 0+ ve(x)| = —0v] 0 +(—§v1 —v2—2U)8—§v2 -0 U -U".
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Therefore, the commutation relation [H,A;] = —wA; leads to the following system of
differential equations

Ul :w,
T+ vy +2U =wuy (8)
%vé’—l—leW—U”:wvg.

From the first equation we obtain that v;(xz) = wx + a1, and replacing this value for v; in the
two last equations, they become

vh+2U =w(wz + ay)

%v§’+(w:ﬂ—|—a1)U’+U” =wvy.

The second equation can be rewritten, using the first one, as (wx +a1) U’ + % w? = w vy, and
then we can take derivatives in this expression and we obtain v, = U’ + (1/w) (w x + a1)U”, and
when we put this in the first equation we arrive at

1
3U' +—(wrz+a)U"=wwz+ay) .
w
Therefore, the function w = U’ satisfies the inhomogeneous linear first-order equation
1
—(wrta)w +3w=wWwz+a).
w

The general solution of the associated homogeneous linear first-order equation is

¢
(wa +ay)?

9

while we can see that

w2

wlzzx—kzwal

is a particular solution of the inhomogeneous equation. Therefore,

C w? 1 4 w? waory
U/ = _ — e U = - @@ J— 2 J—
(x) @it o) + 1 a:+4wa1 () @it o) + g7 + %

which can also be written, up to addition of a constant, and in the relevant case for which
Ci1 >0, as
2 2
w
b +Z (e+0)?.

A PSR

where a = a; /w and g2 = C Jw?.
Finally, the value of v9 obtained when we replace U by the previous expression in the relation
ve=(z+a)U +Fwis
2¢g° w?
g _4+2 (x+a)?.

w
vg=— — ————
T2 (z+a? 4

Therefore, A, is given by
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2. k£ = 3. In this case

B d? d
A = o (@) T + (@) o+ vs(w) = 0+ 01 () 0 + va(w) O + v3(a)

The commutator of H with A5 is given by
1 1
[H, A;] = —v|d*+ {—vé - 51}’{—3U’} O + [—vg - ivé’ —20,U" = 30" 0
1
+ [—5 VI — U — 0 U — U”’]

and when we assume that these two operators satisfy the commutation relation [H, A3] =
—w A; , we obtain the following system of differential equations

(Vi =w

vh+ S0 + 30U =wuy

v+ %v§’+2v1U’+3U” = W9

[ 3+l + 0 U+ U" =wus.

Unfortunately, neither the solution of this system is an easy task nor the computation for the
cases k > 3 is simple, and we should look the problem from a more general perspective. Our
aim is to point out that the two cases we have studied seems to be the only possible cases.

We first remark that the properties of the corresponding classical problem are very useful for
dealing with the quantum problem. Quantum systems with equispaced spectra are analogous
to isochronous systems when the potentials are rational functions [14, 15], but there exist other
such quantum systems whose analogous are not isochronous and only in the WKB approximation
these classes of generalised harmonic oscillators coincide [14, 15, 16, 17, 18].

If a rational potential U(x) is such that classical problem is isochronous with an angular
frequency w, then the asymptotic behaviour of U(z) is given by

1
U($)N§w2$2, at x — +oo,

if U(x) has not singularities on the real axis, and
L 9 o
U(a;)rvgwx, at © — oo,

in z > 0 if U(x) has a singularity on the real axis. This fact is a direct consequence of the
result in [3]. We give here a simpler proof for this less general result, which furthermore shows
the reason of factor 1/8 instead of 1/2. If the potential U(x) has not singularities on the real
axis, then the asymptotic behaviour of U(z) at = 400 should be of the form U(z) ~ o 2",
with n € N, because if the leading term is an odd power the motion at sufficiently high energy
would be unbounded. Therefore we can assume that the asymptotic behaviour is given by an
even function.

Recall that the expression of the period as a function of the energy in a one-dimensional
bounded, and therefore periodic, motion of a particle of mass m = 1 under the action of a
potential U(z) is (1) which gives rise to (2) from which we derived the isochronicity condition

vy (B) —z_(E) = \/ET VE = i}ﬁx/f

10
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that in the particular case of a regular symmetric potential reduces to (3). When T'(E) is not
constant but it is asymptotically constant for big enough FE, i.e. if we assume that

(05} a9
T(E) =71+ 3 +25+)

we obtain that

6+ (U) = 6 dEziﬁ<r+@+@+--->,

1 (Y 1B
U)_mﬁ/o VU-E V2 U U2

Mt 2d¢
Ik_/o -

x+(E)—x_(E):§@<T+%+%+'~>. (10)

On the other side, given a rational potential with a real pole assumed to be at x = 0, the
classical motion takes place in the open interval (0,00) and then, as limg_ . z_(E) = 0, we see
that for sufficiently high energy z, (E) behaves as 2 (E) ~ (v27/7) VE.

In the case of a potential U(x) ~ k2%" the isochronicity condition for high energy leads to

9 2n E n
k <—> <—> = FE if U is regular
w 2

9 2n E n
k2" <—> <—> = F if U has a pole,

w 2

with 8 = aj I where

and then

and

with w = 27/7, and therefore n = 1 and then either k = w?/2, for regular U, or k = w?/8, if U
has a pole.

Of course in the asymptotic behaviour of the potential only the leading term is determined
and therefore the above asymptotic dependence can be replaced by any second order polynomial
in x with the same leading term as the above potential.

As a corollary, using the semi-classical approach to quantum mechanics, we can conclude
that if the energy spectrum of the quantum Hamiltonian (6), with a rational function U(z),
is equispaced, with difference w among neighbour eigenstates, then the asymptotic behaviour
for x — oo of the potential is U(z) ~ aw? 22, or any second order polynomial P(z) of second
degree with the same leading term, because the classical limit should be a periodic motion. Here
a =1/2 when U is regular whereas o = 1/8 when there is one real pole.

This suggests us to study the case of potentials of the form U(x) = Pa(x) + Uy (), or simply
U(z) = aw?z? + Uy (x) with U;(x) decreasing at x — +oo0.

Let assume that the Hamiltonian for such a potential admits ladder operators A~ (w)

and AT (w) for which A*(0) exist. Then the condition [H(w), A~ (w)] = —w A~ (w) when
particularised for w = 0 leads to the commutativity of A(0) with H(0) = H; = —(1/2)d?/dx? +
U1 (1‘)

In the fundamental papers by Burchnall and Chaundy, the theory of commuting differential
operators has been developed [19]. More specifically, in the case we are considering there are two
different possibilities depending on k being either even or odd. When k is even k = 2m, the only
possibility is that the differential operator Ao, be a polynomial function of order m in Hy. If,
on the contrary, k is odd, then the results of Burchnall and Chaundy (see also [20, 21]) establish
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that Uj(x) should be a solution of a high-order Korteweg de Vries equation [22]. Therefore the
potential function U;(x) takes the form [20, 21]:

Uy () ZZM (1)

where m; are non-negative integers and x; are complex numbers, i.e. Uj(x) only can have
(maybe complex) poles of second order at points ;. Note, that as we have assumed that the
potential is real, with each complex pole, its conjugate value is also a pole.

There are only two possibilities:

1. There is no real pole but all poles x; are complex numbers.

Hence, there will be an even number of poles, [ = 2r, and with each pole, its conjugate is
also a pole.

The assumed non-existence of real poles implies that the potential function Uy in the domain
of the integral (2) is bounded and when there exist terms in (11) they will destroy the preceding
isochronicity condition [1], and therefore in such a case the analogous quantum case cannot have
an equispaced spectrum.

2. There is one real pole at the point x.

As in this paper we consider to be equivalent two potentials obtained one from the other by
means of shift and reflection and we are restricting ourselves to the case of potentials having at
most one real pole, at the point g, we can choose xg to be xg = 0. Consequently, the function
Ui(z) is a regular function on the semi-axis 0 < < +o00, and once again as the potential is
real, with each complex pole, its conjugate value is also a pole, i.e. there are [ = 2r + 1 poles
and only one, xg = 0, is real.

In this case the function U(z) should have the following behaviour:

2

g
==, z—0,
U(x) ~ z 92

1,,2,..2 1

swox = T — 00

WIS — 00,

where
2r+1
g% =mo(mo +1), 9i = ij(mj+1)v

i=0

i.e., g1 > g > 0. The equation U(x) = FE has two roots x_(F) < x4 (E) such that for big enough
values of the energy are £ — oo:

g1
+—7
w VE

8
E
¢
S

Therefore, the difference between both turning points as a function of the energy is

21 (E) — a_(E) ~ @ + 9;‘;’,

and as indicated above, in order for the spectrum to be equidistant, and then the analogous
classical system be isoperiodic, we should have g; = g. Hence, we can have only one pole (or all
mj = 0 except mg). We arrive to the known case of the isotonic oscillator:

1 2
U(m):§w2m2+%.
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Note however that the derivation of this property is not fully rigourous because one can admit
that the classical system be such that T'(E) is not constant but it is asymptotically constant.
So, we come to the following results:
If we consider the family of rational potentials U(z) of the form

Uz) = aw?2? + Uy (z), a=

N —
oo =

where w is a positive constant, and ui(x) is a rational function having at most a real pole
and vanishing at x — Foo. Then, the quantum problem admits creation and annihilation
operators (which include the eigenfunctions of the harmonic oscillator in their domains) and
has an equispaced spectrum with distance w only for the two cases considered before.

It is also worthy of mention that in multidimensional case we know some examples of quantum
systems admitting creation and annihilation operators, B,j and By, see papers [23, 24] and [25]
for details. However, the analog of the previous result for multidimensional rational potentials
remains still unknown.
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