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1. This note wants to be a summary of the
main results on the transverse resistive wall insta-
bility, obtained following a line of investigation
which was started by the Adone group in 1964 (1).

A detailed description of the work is given in
Ref. 2, which in the following will be referred
to as FPT. '

The procedure followed in this work is:

1) to determine the electromagnetic fields,
subject to the boundary conditions on the walls
of the vacuum tank, due to a given longitudinal
motion and an arbitrary vertical motion of a
single particle; .

2) integrate the mechanical equations of mo-
tion when N, and N: particles are present in-the
two beams and determine the eigen-values of the
frequency of the transverse motion and their
imaginary parts, which according to their sign,
tell us if the motion is stable or unstable.

The actual calculation make use of a num-
ber of simplifications. The most important are:

~ a) synchrotron oscillations are neglected and
the longitudinal motion of the particles is assu
med to be rectilinear and described by

Ze () = £ vt + &k [1]

where Z is the longitudinal coordinate, K =1,
2... N: for electrons and K =1, 2...N: for po-
sitrons, +v is the velocity of electrons and po-
sitrons respectively, & is a constant;

b) to adapt the calculation to the case of
circular accelerators a periodicity condition is
imposed on the rectilinear motion and in the
same time the limitation 0 < & < u is introduced,
u being the circumference of the machine;

c) the vertical motion of the particles in the
absence of the wall is assumed to be harmonic,
all the oscillators having the same frequency v;

d) the problem is treated in the linear appro-
ximation;

e) the effects of the electromagnetic forces
obtained in the limit of infinite wall conducti-
vity, and hence all the variations of the real
part of the frequency, are not considered.

The last assumption can easily be removed and
is used here only in order not to introduce ines-
sential complications.

2. A detailed derivation of the fields in the pre-
sence of the resistive wall is given in FPT,
where it is shown that the force on the K-th
particle due to the i-th particle can be written as

ZiﬂZK / Zi“"‘ZK
(25

v v

where 1; (t) = m e-iv is the transverse coordinate
of the i-th particle and

p(t) = [dwP (w) e or [3]1

The function P(w), which is derived in FPT, is
quite complicated, but can be reasonably appro-
ximated by (see FPT)

A1+)A
w, P {w) = —+ 4]
Vw/w,
with
A=rvcZ,/27Y3d [51

here r, is the classical electron radius,

W,
Z, =

8o

o is the conductivity of the wall, v is the electron
energy divided by its rest mass, a is the vertical
half-dimension of the vacuum tank, and w. is the
revolution frequency.

Using P(w) defined by [4] it is easy to see that

p(r)=0 if <0
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and this result, which means that the electro-
magnetic fields giving the resistive wall force lay
only behind the generating particle, allows us
to fix the signs in [2] in the different cases of
electron-electron, electron-positron, or positron-
positron interactions.

Now, using the periodicity condition, i.e. replac-
ing in [2] Zi—Ziby Zi—Zi + nu and summing
over n, the equations of motion for the single
beam case are obtained, namely

B, — By
(—V+ V) =wIPV +sw)e T 5 m
[6]
where
2TV v
Wy = = —
u R

and R is the radius of the machine. Introducing
the gquantities

N g = Kze ir€ /R [7]

which characterize the longitudinal distribution
of the electrons, and

Y, = EnK e ik K/ﬂ [8]

eq. [4] becomes

(— v 4+ VZ‘) Y: = Nw. )52 PV + swo) g_.Y. [9]

Eq. [9] apply for an arbitrary longitudinal par-
ticle distribution.

The determination of the eigenvalues of v in
this general case is not trivial but it becomes
very simple in the two particular cases of a
uniform longitudinal distribution and of point
like bunches.

For practical purposes the two sums in [7]
[8] can be substitued by integrals, after the in-
troduction of the longitudinal distribution func-
tion 1 (&).

Then one has

Ng = e 1(®)dE [7]

Y=fn®e ™t 1@dE [8]

3) We consider here the case of uniform Ilon-
gitudinal distribution, i. e. 1(g) =constant and
hence

g = 8:.0

Eq. [8] becomes simply
vV +vI)IY,=Nw.PHV +rw)Y: f10]

so that the Y. are now the normal modes of our
problem, with eigenvalues

V2= vi— NP (Vo + rtw) [11)
The function P(w) on the r. h. s. of [10] has
been evaluated for v =v. in order to obtain V.
From [10] and [4] it follows, introducing the
number q = v./w, the well known result (3) that
Imv. <0 provided that q+r>0 and Imv.>0
provided that q + r < 0. (We have defined

V=1x1=iViIx1 Q).

In the unstable case Imv. > 0, the rise time
defined as 1/t. = 2 Im(/v")is given by

T a’

tt=——7Z7'qV—(q+71 [12]
Nr.cR

4. The case of extremely bunched beams hav-
ing an equal number of particles can be treated

by assuming
nu
£3)
! B

where B is the number of bunches.

N » N
1) =—Z8(E—8&)=—
B "= B

il Mu

1

Then one has
8 = 5,—, nB
and [8] becomes

=V +9) Y =w.NZP(V 4+ (r + nB)w) Y. [13]

where use has been made of the fact that in this
case

e=i 12X m/B

Mw

N
Yr = — Tm = Yr+nB >
B

b

so that we have now only B normal modes.
The imaginary part of the eigenvalues is

Im(v.))= —w. NImZP((qg+r -+ nB)w) =

NA q+r
=T ( ) (14]
VB B
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where

q+r . q+r ~1/2
T{ - = X —
B ) N

q + r N =172
— X ot (n-— ) [15]
e B

One can easily see that the function T (x) has the
following properties:

Tx+1)=T(x)
Tl—x=—TK
T @) =0

T >0 for0 < x < 1/2

T((x) <0 forte<x<1

The values of T (x) for 0 < x < '» are given in
the table

x| 0.00 0.05 0.10 0.15 0.20 0.25

T(x) | 00 4.35 2.90 2.19 1.72 1.34

x{ 030 0.35 0.40 045 0.50

T (x) 1.03 0.75 0.51 0.25 0.00

We therefore sce that the modes such that
0 <(q+r/B)<1/2 mod (1) are stable and the
modes such that 1/2 < {q + r/B) < 1 mod (1), are
unstable.

This rule is in agreement with the results of
Courant and Sessler (4) (5).

5. The last topic we consider is the resistive
wall effect for an electron-positron storage ring.

It follows from equation [2] that in the pre-
seuce of two beams travelling in identical orbits
the mechanical equations will be given by

=V +V)n? = -+

()

2 (
+ . LPLg+s)wle™ ™ (5 =3, YR—2is0,t g
[16]

Here the indices (1) and (2) label the electron
and positron res»ectively and the dots indicate
the interaction of a beam with itself.

The equation for the electron beam is obtained
by exchanging the indices (1) and (2).

The mechanical problem posed by [16] is dif-
ferent from what has been dealt with so far:
the time dependence does not cancel on the

right hand side of [16]. In addition to a pos-
sible antidamping the resistive wall lorce the-
refore” deharmonizes ”’ the betatron oscillations.

Whe are not interested in the latter part of
this effect though it should be pointed out that
it might lead to complications, whenever the free
betatron oscillations are strongly anmharmonic.

We can then consider only the average value
i.e. the S=0 term, of the resisiive wall force
on the right hand side of [16].

These equations then become

vV 4+ Y = w N ZP[(q + 5wl g Ys +
(1)

+ w, P (qw,) N2 g(~2r)YD
[17]

1y A

—v + )Y = w N ZP[(q + s) wel s Yo +

+ w, P (quo) Ny g2 ¥y

Considering again the case of point like bun-
ches [17] gives us

2 (2),

(——v2+vi)Y,)zwoNzZP[(q+r+nB)wo]Yr +

+ o P(quo) N2 8., o Y ' 181
s
2 2. (1) . m
(—v +v) Y. =w N ZP[{q+r+nBw]Y +

)

4+ o P (qto.) N1 8:, us Yo

n=0 %=1, %2 ..

Equation [18] shows that the single beam nor-
mal modes with r =0 are still normal modes
of the coupled problem with the same eigen-
values.

For the r=0 term the normal modes are a
mixture of the single beam modes and the eigen-
values are given by

2V = 2,7 —a(N, + Ni) = {& (N: — N3)* + 48° Ny N; }*7
(18]

where
o =u,ZP[(qg+ nB)w,]

B = w, P(quw.)

It is clear from [19] that the imaginary part
of v depends not only on Ni, N; but also on the
real parts of «, 3.

A remarkable exception is represented by the
case Ny=N: =N, for which
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. q 1
In (V) = —NA{T(—)i—} [20]
B vq

In this case no additional instability is created
by the beam-beam interaction, provided that

( q \) ( q ) 1
T{—]|>0 T|—]|>—
. B/ B vq

This result can be generalized to arbitrary num-
bers N, N if special assumptions are made about
the coefficients « and 8.

Writing o = o, + i 0., B = B: + 1B, if it is assumed
that B is much bigger than the moduli of all the
other coeflicients (8:;, & and «.) we can suppress
the term with « in the square root in [19]. In
this case the imaginary part of the r.h.s. of [19]
is exclusively determined by the imaginary parts
of # and B and [20] can be generalized to give

A .
Im (V) = —A (_(N. +NIT = = VN Nog ' 211
2 B ,

which clearly goes into [20] for Ni=N.=N.
Since the geometrical mean, VNI N, is always
less than the arithmetical mean, Y2 (N + N.), it
follows that for an arbitrary number of particles
the resistive wall interaction of two beams does
not introduce any new instabilities provided that

q q
T (~> >0 and q”z<T(——).
B B
This is essentially the result obtained by Pelle
grini and Sessler (6).

6. The results obtained show clearly that the
machine parameters and in particular the values
of q and B, play an important role in defining the
beams behaviour with regard to the transverse
coherent resistive wall instability.

For instance to avoid the introduction of a new
instability term when two beams circulate in
the same machine, one must satisfy the con-
dition T (q/B) > 1/Vq and this is most easily
achieved by choosing

1
g=nB+¢B, 0<e<—, n=0,1,..
2

This rule means also that for the bunched
single beam case the r = 0 mode is stable,

Considering the other modes, a certain numbel
of which is always unstable, it can be easily seen
that a small pick-up electrode will respond to all
the frequences w.(q+ s+ nB) with n=0, =
*1,+2,...,. It follows that an instability of
the s-th mode can be cured by applying a feed-
back on any one of these frequencies.

A particularly simple situation is that of B = 1;
in this case the beams are stable if n<q<n
+ 12, where n is any integer, and there is no
need applying a r.f. feed-back.
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