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CHAPTER I

Introduction

String theory was originally formulated to describe the observed spectrum of higher
spin mesons. While this initial description of mesonic excitations as string-like objects
eventually failed, the realization that string theory actually contained in its description a
spin-2 excitation which can be identified with the graviton led the way for many important
works attempting to use string theory as a UV complete description of the world — leading
to many important discoveries in physics as well as mathematics along the way. While
this program is still a work-in-progress, an astounding feature has become apparent which
relates string theory to quantum field theories in a very fundamental way. Relying on
the properties of D-branes — extended objects in superstring theory on which open strings
end — a duality became apparent relating string theory in the presence of D-branes to the
field theories residing on the D-brane world-volumes. The discovery, which was brought
to the forefront of modern physics by the construction due to Maldacena of the AdS/CFT
correspondence [138], and was made precise in [96, 175], has led to many surprising and
interesting relations between quantum field theories and classical theories of gravity in an
anti de-Sitter background. The relation in its most useful regime relates classical string
theory to the strong coupling regime of certain QCD-like quantum field theories, thus in a
sense reviving the original motivations for constructing string theory.

In its original and most rigorously studied formulation, the AdS/CFT correspondence



relates type IIB superstring theory in an AdSs x S° spacetime, which arises as the near-
stack limit of N D-branes, to N' = 4, SU(N) super Yang-Mills (SYM) theory in four-
dimensions. Much work over the past 15 years in the high energy physics community has
focussed on investigating this correspondence, both by performing tests of the duality and
by formulating generalizations and constructing further examples of dual systems. For
reviews see [3, 64] as well as many others.

This correspondence may seem surprising so let us make a quick necessary check on
this proposed duality. If the duality is true, it must be the case that the global symmetries
on either side are the same. First, on the string theory side, the background geometry is
AdSs x S% which has isometry group given by SO(4,2) x SO(6); this is straightforwardly
seen because S° and AdSs are naturally seen as maximally symmetric solutions embedded
in R® with euclidean and (—, —, 4, +, +, +) signature, respectively. In the gauge theory,
N =4 SYM is a super-conformal theory in four-dimensions and conveniently SO(4,2) is
precisely the conformal group in four-dimensions. Also, being an extended supersymmetric
theory the R-symmetry group of the field theory is given by SU(4) which is isomorphic
to SO(6). Therefore we can identify the conformal symmetry and R-symmetry in the
gauge theory with the symmetry groups of AdSs and S°, respectively. So indeed the
global symmetries on each side of the correspondence match. In fact the statement above
extends to the full symmetry group. Including fermionic generators, the group of spacetime
isometries is extended to PSU(2,2|4) which is also the full super-conformal algebra in four-
dimensions.

To put the duality more precisely, the correspondence equates the full string theory
partition function in the AdSs x S° background to the partition function of the dual

quantum field theory. The correspondence relies on making the following identification of



parameters,

4
(I.1) 2= Amgs N, Ags = G-

Here L is the radius of the AdSs and the S°, o is the square of the string length, £,
(or the inverse of the string tension), g, = e? is the string coupling constant, and gy s
is the Yang-Mills coupling constant. Note that L, o/, and g, are all defined in the string
theory and gy s is a quantity in the SYM theory. The parameter N is defined on each
side of the correspondence: as the number of D3-branes in the string theory setup and
the rank of the gauge group in the field theory. The utility of the correspondence takes
full effect in a particular limiting case in which we take IV > 1 while holding the ‘t Hooft
coupling, A = g%, w IV, fixed. This ensures that we can treat the string theory perturbatively
since we must have gs; small for A to be fixed in the large-N limit. Furthermore, in order
to retain computability in the string theory it is convenient to take A large as well; this
corresponds to taking the classical approximation which is seen as follows. Rewriting (I.1)
as L/ly = A4 we see that the large A limit ensures that the AdS-radius, L, is much
larger than the string length, £;. In this sense a supergravity approximation is justified.
Therefore, in its simplest form, we have a duality which maps string theory in the small
gs and o limit to a gauge theory in the large N and strong coupling, A, limit. It is thus
a weak/strong duality, where strong coupling in the gauge theory is described by weak
coupling in the string theory. In this limit the duality has been tested many, many times
and the expectation is that the duality holds to all orders. However, supporting evidence of
the duality outside of the regime described above is still a rather ripe area for exploration
and the applicability of the duality outside this regime is technically still an open question.
It is therefore useful to explore probes of the duality which venture away from the large-IV
and large-\ limits.

Most studies of the AdS/CFT correspondence have focussed both on the canonical



example of AdS5 x S° (or various other simple cases such as M-theory on AdSyx S”) and on
the parameter regime described above. The focus of the present thesis is in understanding
deviations from both of these regimes. First, we will focus on the inclusion of what are called
higher derivative corrections to the bulk action. These take the form of four-derivative (or
higher) terms which correspond to either finite A\ or finite N corrections to the setup
described above. In this sense these higher derivative actions can be viewed as effective
theories descending from string theory. The other aspect which we will probe in this thesis
concerns modifications of the internal manifold, both by replacing the five-sphere with a less
symmetric space and by deforming the differential structure by allowing for deformations
of the internal metric by fields which depend on the space-time coordinates. Before moving
on to the results proper, we first give an overview of the types of systems which will be

analyzed in this thesis and highlight some of the main results.

1.1 Higher derivative Lagrangians as effective theories

The bosonic sector of the low-energy effective action of type II string theories and M-
theory is described by a metric coupled to various p-form field strengths. When reduced to
lower dimensions these theories generically lead to matter coupled supergravity theories.
In particular, focussing only on the gravitational sector, the low-energy five-dimensional

lagrangian typically takes the following effective form:

(1.2) L=R+Y (n(R)™,

where (R)™*! represent terms involving 2(m + 1) derivatives acting on the metric and (,,
is a coupling constant of dimension (length)?™. In this work we will focus on the lowest
corrections to the Einstein-Hilbert term, so m = 1, which corresponds to curvature-squared
corrections. These can be thought of in two ways, depending on the ten-dimensional origin

of these terms. From the effective string theory action point of view they can be thought of



as (1 ~ o ~ (2 corrections, or from an alternative perspective they can correspond to finite
N corrections, such that ¢; ~ L?/N. It has been known for some time that, by expanding
the tree-level string scattering amplitude in powers of momenta, the first corrections to the
IIB action show up at order o', or fourth-order in the Riemann curvature [94, 92, 74]. As
such it seems likely that these Riemann-squared terms enter as the latter type of correction
—i.e. they are 1/N corrections. This expectation has been verified by relating the coefficient
of these terms to the R-currect and Weyl anomalies in the gauge theory via holographic

anomaly matching as will be discussed in more detail in the relevant section.

1.2 Consistent truncations of Kaluza-Klein theories

The low energy limits of type ITA/B string theory and M-theory correspond to IIA /B
ten-dimensional supergravity and eleven-dimensional supergravity respectively. To make
connection with realistic physics it is therefore prudent to reduce these theories to an
effective lower dimensional theory, a process known as Kaluza-Klein reduction. In this
procedure one decomposes the full (D + 1)-dimensional space-time manifold as a product
of a (d + 1)-dimensional space-time manifold and a (D — d)-dimensional compact internal
manifold. The fields in the full theory are then decomposed as products of (d + 1) di-
mensional fields and a complete set of fields on the internal manifold. The complete set is
usually obtained by writing the internal dependence of the fields as a sum over harmonic
functions and forms on the internal space.

The classic example of this program is the decomposition of a gravitational theory in

(D +1)-dimensions on a circle. Consider the Einstein-Hilbert action in (D + 1)-dimensions,

1

L -
( 3) ]_67TGD+1

/ dPtey/—gR.

Following the above discussion we take the compact circle direction to correspond to y =



D+

2P+ and decompose the metric as follows,

(1.4) ds®> = GyundzMdzN = eQ‘ICDQde“dx” + ezbq’(dy + A#dx“)z,

where the fields g,,,, A,, and ® depend on all coordinates.

Since we are decomposing the fields on a circle we can simply expand the y-dependence
of these fields on a complete set of functions on the circle; this is similar to a Fourier
decomposition. Explicitly we have,

(I.5) Xzt y) = Z X, (zH)e?™ Y,

n=-—o0o0
where X (z#,y) represents any one of the fields defined above and X, (z*) are essentially
Fourier components. Thus far, the reduction is completely general. We can then think of

the Fourier components

1
(16) X () = / X (2, y)e 2Ty
0

as representing fields in the lower dimensional theory.

Returning to the theory of interest, it turns out that the components of the (D + 1)-
dimensional Einstein equation reduce to an infinite tower of equations describing the n =0
massless sector as well as higher modes with masses proportional to n?/R2. If we take the
limit R — 0 the massive modes become infinitely massive so we can remove them from our
spectrum. Essentially, it would take an infinite amount of energy to excite these modes
so that they become non-dynamical and it is consistent to set them to zero. We thus
arrive at a theory consisting of massless fields g,,, A,, and ® — in one lower dimension.
The truncated theory thus contains simply a massless graviton, a massless U(1) gauge
field and a massless scalar, complete with D-dimensional diffeomorphism and U(1) gauge
invariance, both descending from diffeomorphism invariance in D + 1-dimensions. So we

have conveniently removed two potential issues in one step: by making the radius small we



have simultaneously removed an infinite set of massive modes from the theory, while also
making the extra dimension very small, roughly unobservable.

There is an important point to make here; in the above we have implicitly performed
two steps. First, by performing the circle reduction we are able to separate the fields into
two sectors corresponding to their charge under the U(1) gauge symmetry of the massless
gauge field; the massless fields — corresponding to the zero modes on the circle — are the
U (1) neutral sector, and the massive fields are the charged sector. At the classical level it is
consistent to set the charged fields to zero. This can be seen as follows: the charged fields
must occur in a U(1) neutral combination in the Lagrangian and so must enter at least
quadratically in any coupling — of note, in any terms containing a neutral field. Therefore,
at least classically, it is fully consistent to set the fields in the charged sector to zero and
truncate to the massless sector of the theory while fully satisfying the equations of motion.
The second step we have performed is the limiting procedure R — 0. This has the further
effect of completely decoupling the massive — U(1) charged — fields in the effective field
theory at scales smaller than 1/R as they can be integrated out of the spectrum. In this
sense, the truncated theory should be well behaved even at the quantum level. We will see
that this decoupling is not so easily achieved in more complicated reductions.

The first step described in the preceding paragraph is the simplest and most trivial
example of the concept of a consistent truncation. A consistent truncation is a reduction
of the Lagrangian to a lower dimensional Lagrangian system such that the equations of
motion derived from the lower dimensional theory solve the higher dimensional system
of equations. Any solution of the truncated theory is necessarily a solution to the full
higher dimensional theory. The simplest way to achieve this is to restrict the fields to
simply not allow for dependence on the internal coordinates. For manifolds with a group

structure, this corresponds to a truncation to the singlet representations of the group or



an appropriate subgroup.

A less trivial example of this process is that of reducing IIB supergravity on a five-
sphere. The field content of IIB supergravity is described in detail in section 4.2. The
general Kaluza-Klein reduction of this theory is quite complicated. However, the entire
Kaluza-Klein spectrum has been worked out to linearized order for the case where the
five-dimensional space is assumed to be AdSs x S° in [124, 104].

Although it is quite a bit more complicated, it is consistent to perform the first step
detailed above to this case and truncate the Kaluza-Klein reduction to appropriate singlet
(uncharged) modes on the five-sphere. The simplest truncation here is to complete singlets
on the five-sphere; this is the equivalent of the circle reduction above — you only keep
modes which have no internal dependence at all. In this thesis we will demonstrate a
slightly more non-trivial truncation which is appropriate for any Sasaki-Einstein manifold,
the five-sphere being a special case.

Due to the non-zero curvature of the Sasaki-Einstein manifold these truncations are
slightly different in spirit from the simple circle reduction described above. For the circle
reduction we can set the radius, R, of the circle to be very small. This had the effect of
giving very large masses to all of the higher Kaluza-Klein modes and so at energies far
below the scale 1/R these modes will not be important in the effective theory and so are
completely decoupled. However, for the reduction of IIB on the five-sphere (or a generic
Sasaki-Einstein five-manifold) even the lowest KK modes are not massless, but have a mass
proportional to the inverse-radius 1/L of the five-sphere. Furthermore, recalling that this
theory is an effective theory descending from string theory, taking the limit £L — 0, where
E is the energy scale of perturbations, is essentially taking L/ Vo' = 0 so we actually move
away from the regime where the supergravity approximation is valid and stringy/quantum

corrections become important. Thus, a simple L — 0 limit cannot be performed to decouple



the higher KK modes.

We will present a consistent truncation of IIB on a Sasaki-Einstein five-manifold. This
class includes the five-sphere as a special case. A (2d + 1)-dimensional Sasaki-Einstein
manifold is defined such that the cone metric over it is Kahler and Ricci-flat, i.e. it is a

Calabi-Yau-(d+1) manifold with metric given by
(L.7) ds?(CYs) = dr? + r2ds®(SEs).

Additionally, many Sasaki-Einstein manifolds can be generically thought of as a U(1)
fiber over a complex d-dimensional Kahler-Einstein base space. As described in section
4.2 these Sasaki-Einstein manifolds possess an SU(2) structure group which is inherited
from the Kahler-Einstein base. Decomposing the IIB field content on singlets of this SU(2)
structure group ensures the consistency of the truncation. The details we leave for the bulk
of the thesis, but the main point is that the SU(2) structure defines a set of differential
forms which form a closed set under the appropriate multiplication operations and under
differential operations — pragmatically this is what guarantees consistency.

For the special case of the five-sphere, the truncation can be seen most easily from
a group theory perspective. We first note that the isometry group of S° is SO(6) =
SU(4). The truncation presented herein follows by restricting to singlets on a transitively
acting subgroup of SU(4). In this case it corresponds to SU(3) C SU(4). Any SU(4)
representation can be decomposed into representations of SU(3) x U(1); the truncation
retains only singlets of the SU(3) factor in this decomposition. Note that this global
symmetry of the five-sphere is unrelated to the SU(2) structure described above which is
related to the differential structure and is universal to all Sasaki-Einstein manifolds.

The truncations presented in this thesis will thus satisfy the first criterion we described
in the circle reduction — solutions to the truncated theory will correspond to classical so-

lutions of the full higher dimensional theory. However, we will not determine the stability



10

of these solutions as we are not able to systematically remove the other modes from the
theory in an effective field theory sense. It is thought that truncations which preserve
some amount of supersymmetry will in fact be stable to perturbations. However, a careful
check of stability should be performed. An analysis of the stability of similar truncations
of eleven-dimensional supergravity has been performed in [21] verifying the stability of var-
ious supersymmetric truncations while also demonstrating that some non-supersymmetric
truncations are actually unstable to perturbations — specifically, certain scalar perturba-
tions have a mass below the Breitenlohner-Freedman bound [23, 24] which governs the
stability of scalar fields in an AdS background.

The generic reduction of IIB supergravity on S° corresponds to an A/ = 8 maximally
supersymmetric theory in five-dimensions. The truncations discussed herein break A/ = 8
generically to A/ = 4 and for the special cases we will consider to N/ = 2. The dual
field theory thus also has reduced supersymmetry and corresponds to certain A" =1 SYM
theories. In this sense these truncations can be thought of as further examples of AdS/CFT
with reduced supersymmetry. Furthermore, these systems have been of recent interest
in constructing holographic duals to certain condensed matter systems by allowing for
nontrivial scalar condensates and also more drastic deformations which result in four and

five-dimensional geometries with anisotropic scaling.

1.3 Looking forward — gauge/gravity duality as a general principle

The ideas involving the AdS/CFT correspondence described above pertain to very spe-
cific cases within a more general paradigm which has come to prominence in the past few
years. The idea that a theory of gravity and a gauge theory in one lower dimension are
really two descriptions of the same physics seems to be very robust. Many intriguing results
have been established linking phenomena in both descriptions to each other — holographic

descriptions involving aspects of superconductors and the quark-gluon plasma have been
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developed along with more technical results involving gravity duals to quiver gauge theo-
ries to name a few examples. While these ideas have been motivated by and are on their
firmest footing within string theory, many of the phenomenological results are independent
of explicit string theory constructions. This seems to lead one to conclude that certain
strong coupling regimes of particular gauge theories have a completely equivalent descrip-
tion as a theory of gravity with appropriate matter content, independent of string theory.
Even given this universality, it is of importance to study both avenues.

From one perspective the phenomenological approach to gauge/gravity duality is very
enticing and will be the most likely route to a description of “real world” physical systems.
It also provides a glimpse towards a potential understanding of quantum gravity in the
following sense. If they truly are equivalent theories, the quantum description of physics
in these geometries should be given simply by the dual gauge theory — understanding
this equivalence precisely will hopefully lead to many insights into the correct quantum
description of gravity. On the other hand, string theory has provided many insights into
gauge/gravity duality and will continue to be the most robust tool in these investigations.
A true understanding of the nature of these dualities and ultimately of quantum gravity
will most likely require a description within string theory.

The remainder of this thesis is organized as follows. In chapter II we discuss various
technical issues regarding higher derivative corrections to the minimal gauged supergravity
action. In particular, working in a perturbative framework we construct R-charged black
hole solutions and discuss the effects of field redefinitions of the metric and gravi-photon.
Following this we discuss the modification of the Gibbons-Hawking term due to higher
derivative terms in the action. The Gibbons-Hawking term is required in order to retain
a well defined variational principle, and in general higher derivative terms will spoil this.

We will see that, by working perturbatively — in the sense that the coefficients of the
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higher derivative terms are taken to be small — a well defined Gibbons-Hawking term can
be constructed. We end this chapter with a discussion on the mass-charge ratio of some
extremal black holes.

Chapter III involves an analysis of a particular higher derivative action. This action was
originally constructed in [107] and is the supersymmetric completion of the AATr(RA R)
term in N = 2 five-dimensional supergravity coupled to an arbitrary number of vector
multiplets. We eliminate the vector multiplets and reduce this action to minimal A/ = 2
supergravity in five-dimensions. Again working perturbatively, we construct black hole
solutions and discuss corrections to the so-called superstar, a solution to five-dimensional
supergravity which contains a naked singularity. However, in the perturbative analysis we
present, we are unable to determine if the higher derivative terms resolve the singularity.
We end chapter III with a computation of the shear-viscosity to entropy density ratio
(n/s) in the gauge theory plasma dual to a finite-chemical potential solution of this higher
derivative theory. This quantity has received much attention recently due to its universal
behavior at the two-derivative level and the proposed lower bound 7/s > 1/4m, termed the
KSS (for Kovtun, Son and Starinets) bound [125]. We find, in agreement with previous
studies, that the addition of higher derivative terms can generically violate this bound and
that the addition of chemical potential only enhances the effect.

Chapter IV is devoted to the construction of consistent truncations of IIB supergravity
on five dimensional squashed-deformed Sasaki-Einstein manifolds. These truncations are
novel, in the fact that they admit massive modes to be included in the truncation. Utilizing
the SU(2) structure of the Sasaki-Einstein manifold, the reduction follows straightforwardly
and is guaranteed to be consistent. We begin by presenting the bosonic reduction, high-
lighting the truncation to N' = 2 supergravity coupled to a massive vector multiplet and

a universal hypermultiplet. These reductions include an AdS solution and we discuss the
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spectrum of excitations about the AdS vacuum; this allows us to assemble the excitations
into the appropriate AdS supermultiplets. Furthermore, we demostrate the consistency
of various further truncations. We then present the reduction of the fermionic sector of
IIB. We again are able to organize the spectrum in terms of AdS supermultiplets. The
supersymmetry variations of the fermions are determined and shown to be consistent with
the supermultiplet structure. The fermion equations of motion are also determined, and
from these we construct the Lagrangian for the full truncated theory. Finally, we present
a particular truncation which contains only a single hypermultiplet, along with the super-
gravity multiplet. This truncation is particularly interesting as it is the supersymmetric
completion of a bosonic system which describes a holographic superconductor.

This thesis is based on the following papers, all of which were completed in collaboration

with (some combination of) Jim Liu, Sera Cremonini, Kentaro Hanaki and Zhichen Zhao:

e [132] — J. T. Liu, P. Szepietowski, “Higher derivative corrections to R-charged AdS(5)

black holes and field redefinitions,” Phys. Rev. D79, 084042 (2009)

e [54] — S. Cremonini, K. Hanaki, J. T. Liu, P. Szepietowski, “Black holes in five-

dimensional gauged supergravity with higher derivatives,” JHEP 0912, 045 (2009)

e [55] — S. Cremonini, K. Hanaki, J. T. Liu, P. Szepietowski, “Higher derivative effects

on eta/s at finite chemical potential,” Phys. Rev. D80, 025002 (2009)

e [56] — S. Cremonini, J. T. Liu, P. Szepietowski, “Higher Derivative Corrections to R-
charged Black Holes: Boundary Counterterms and the Mass-Charge Relation,” JHEP

1003, 042 (2010)

e [133] — J. T. Liu, P. Szepietowski, Z. Zhao, “Consistent massive truncations of IIB

supergravity on Sasaki-Einstein manifolds,” Phys. Rev. D81, 124028 (2010)



14

e [134] — J. T. Liu, P. Szepietowski, Z. Zhao, “Supersymmetric massive truncations of

IIb supergravity on Sasaki-Einstein manifolds,” Phys. Rev. D82, 124022 (2010).



CHAPTER II

Addition of higher derivative terms to the gravitational
action - field redefinitions and boundary terms

In this chapter we discuss two technical aspects involving theories which include higher
derivative terms. First, a detailed analysis of the effects of field redefinitions on charged
black hole solutions is presented. Second, we provide a discussion on modifications to the
Gibbons-Hawking surface term when higher derivative corrections are included. We end
with a discussion on the black hole thermodynamics and relations to the weak gravity
conjecture [8]. This chapter is based on work published in [132, 56] in collaboration with

Jim Liu and Sera Cremonini.

2.1 Field Redefinitions and Higher Derivative Terms

Higher derivative corrections to the Einstein-Hilbert action have received much notice in
recent years, as such terms naturally show up in the o/ expansion of effective actions derived
from string theory. In general, the first non-trivial terms arise at the four derivative level,

corresponding to curvature-squared corrections to classical Einstein theory of the form
(IL1) e 10L = a1 R? + ag Ry R™ + 3Ry pe R,

where the coefficients a1, as and ag are determined by the underlying theory. It was

suggested in [176] that the natural form of such terms would be given by the Gauss-Bonnet

15
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combination
(I1.2) e 1Lan = a(R? — 4R R* + Ryuype RP7),

as this is the unique combination that avoids introducing ghosts in the effective theory. It
was subsequently argued, however, that in the absence of an off-shell formulation such as
string field theory, the o1 and as coefficients are physically indeterminate as they may be
eliminated by an on-shell field redefinition of the form g¢,, — g, + aRgu + bR,,. In this
sense, only the Riemann-squared term parameterized by «s carries physical information
from the underlying string theory.

The form of the higher derivative corrections are further constrained by supersymmetry.
Explicit computations for the uncompactified closed superstring indicate that the first
corrections enter at the R* order [94, 92, 74]. This is a feature of maximal supersymmetry,
as curvature-squared terms are present in, for example, the uncompactified heterotic theory
[93, 140]. An alternate route to obtaining supersymmetric higher derivative corrections is
to make use of supersymmetry itself to construct higher derivative invariants that may show
up in the action. This was applied in the heterotic supergravity by supersymmetrizing the
Lorentz Chern-Simons form responsible for the modified Bianchi identity dH = o/ Tr (F A
F — R A R) [16]; the result agrees with the explicit calculations, once field redefinitions
are properly taken into account [49]. More recently, the supersymmetric completion of
the AATrR A R term in five-dimensional N/ = 2 supergravity (coupled to a number of
vector multiplets) was obtained in [107]. This result has led to new progress in the study of
black hole entropy and precision microstate counting in five dimensions (see e.g. [45] and
references therein).

The supersymmetric four-derivative terms given in [107] were obtained using conformal

supergravity methods. Thus it should be no surprise that they involve the square of the
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five-dimensional Weyl tensor [107]

e_léﬁsugra = %[%Mlc,uupacmjpa + - ]

(11.3) = SEEM(GR® = §Ru B + Ry R + -],

as opposed to the Gauss-Bonnet combination, (II1.2). In principle, an appropriate field
redefinition may be performed to bring this into the Gauss-Bonnet form. However, this is
usually not done, as it would obscure the overall supersymmetric structure of the theory.
Thus in practice two somewhat complementary approaches have been taken to investigating
the curvature-squared corrections to the Finstein-Hilbert action. The first, which applies
whether the underlying theory is supersymmetric or not, is to use a parameterized action
of the form (II.1), with special emphasis on the Gauss-Bonnet combination. The second
is to focus directly on supergravity theory, and hence to use explicitly supersymmetric
higher-derivative actions of the form (II.3). In principle, these two approaches are related
by appropriate field redefinitions. However, in practice this is complicated by the fact that
additional matter fields (e.g. N' = 2 vector multiplets) as well as auxiliary fields may be
present, thus making any field redefinition highly non-trivial.

In this section, we investigate and clarify some of the issues surrounding field redef-
initions in the presence of additional fields. In particular, we take the bosonic sector
of five-dimensional N = 2 gauged supergravity and extend it with four-derivative terms
built from the Riemann tensor R, ,, as well as the graviphoton field-strength tensor F},, .
Although we introduce eight such terms, we demonstrate that only four independent com-
binations remain physical once field redefinitions are taken into account. To be explicit, we
construct the higher-derivative corrections to the spherically symmetric R-charged! AdSs
black holes of [12, 13], working to linear order in the higher-derivative terms, and then

investigate the effect of field redefinitions on these black hole solutions.

LHere R-charge refers to the charge under the U(1) gravi-photon.
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To some extent, our solutions generalize the Gauss-Bonnet black holes originally con-
structed in [22, 172] and extended to Einstein-Maxwell theory in [173] and, with the in-
clusion of Born-Infeld terms, in [174]. One advantage that the Gauss-Bonnet combination
has over the generic form of (II.1) is that it leaves the graviton propagator unmodified,
and also yields a modified Einstein equation involving at most second derivatives of the
metric. With an appropriate metric ansatz, the resulting Gauss-Bonnet black holes are
then obtained by solving a simple quadratic equation. Furthermore, this feature of the
Gauss-Bonnet term leads to a good boundary variation and natural generalization of the
Gibbons-Hawking surface term [143]. This is a primary reason behind the popularity of
applying Gauss-Bonnet (and more generally Lovelock) extensions to braneworld physics
(see e.g. [48]).

Our interest in studying the higher order corrections to R-charged AdSs black holes is
also motivated by our desire to explore finite 't Hooft coupling corrections in AdS/CFT.
Using the relation o/ = L?/v/\, we see that each additional factor of o Ryps in the
string effective action gives rise to a 1/ VA factor in the strong coupling expansion of the
dual gauge theory. Since supersymmetry ensures that the leading correction terms in IIB
theory are of order o/, this indicates that the N' = 4 super-Yang Mills theory dual to
AdSs x S® will first receive such corrections at the A\=3/2 order. The effect of these finite
't Hooft coupling corrections on both the thermodynamics [100, 155] and hydrodynamics
[33, 35, 14, 31, 32, 30] of the A/ = 4 plasma have received much attention in the context of
extrapolations between the strong and weak coupling limits of the N' = 4 theory.

In principle, it would be greatly desirable to extend the finite coupling analysis to N' = 1
gauge theories dual to AdSs x Y where Y® is Sasaki-Einstein. This is of particular interest
in resolving conjectures on the nature of the shear viscosity bound n/s [156, 126, 33, 125,

122, 27, 26]. One difficulty in doing so, however, lies in the fact that the higher derivative
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corrections involving the Ramond-Ramond five-form have not yet been fully explored (but
see [154]). While it may be argued that these terms will not contribute in the maximally
supersymmetric case, there is no reason to expect this to continue to hold for the reduced
supersymmetric backgrounds dual to A/ = 1 super-Yang Mills. For this reason, recent
investigations of the shear viscosity [122, 27, 26] (and drag force [71, 170]) have assumed
a parameterized set of curvature-squared corrections of the form indicated above in (II.1).
Our present construction of higher-derivative corrected R-charged black holes allows for
a generalization of the finite coupling shear viscosity calculation to backgrounds dual to
turning on a chemical potential [15].

We start with the two-derivative bosonic action of N'= 2 gauged supergravity, and in
Section 2 we introduce a parameterized set of four derivative terms involving both curvature
and graviphoton field strengths. Then, in Section 3, we obtain the linearized corrections to
the spherically symmetric R-charged AdSs black holes. As one of the aims of this chapter
is to clarify the use of field redefinitions, we take a closer look at this in Section 4. Finally,
we conclude with a discussion of our results in Section 5.

2.1.1 The higher-derivative theory

Our starting point is the bosonic sector of pure N' = 2 gauged supergravity in five
dimensions. The theory is described by a metric, g, and a U(1) gauge field, A, termed

the gravi-photon with Lagrangian given by

(IL.4) e Lo =R~ FuF" +12¢° + SlneP 7 E, Fpg Ay
Although the Chern-Simons term is important from a supergravity point of view, it will
not play any role in the electrically charged solutions that are investigated below.

In general, higher-derivative corrections to £y may be expanded in the number of deriva-

tives. We are mainly interested in the first non-trivial corrections, which arise at the four-

derivative level. In a pure gravity theory, this would correspond to the addition of R?
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terms to the Lagrangian. However, for the Einstein-Maxwell system, we may also consider
higher-order terms in the Maxwell field, such as F* and RF? terms. We thus introduce

the higher-derivative Lagrangian

(IL.5) L=Lo+ Lz + Lps+ Lpp2,

where Ly is given in (II.4), while the additional terms are

e 'Lp = aR*+ aaRuR"™ + azR*™P Ry po,
e 'Lps = Bi(F,F"): 4 BoF*, FY ,FP,F,,
(IL.6) e 'Lppe = MRFE,F" + 7R, F'E,Y + v3R'P7F,, Fpy.

Note that we have not considered terms such as F},,[JF#*" that would in principle enter at
the same order. Although we are not complete in this regard, the terms that enter in £

are nevertheless sufficient for capturing the expansion of the Born-Infeld action.

Equations of Motion

Both the Maxwell and Einstein equations pick up corrections from the higher-derivative

terms in (II.5). The modified Maxwell equation is straightforward

VuFH 4 e Fos = Vu(861F°FM — 80, FIP Py, F

(IL.7) FAY RFM 4 dyy(RVFYA) 4 4y3 RV R ).
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The Einstein equation is somewhat cumbersome, but can be expressed in Ricci form as

Ruy +49° g — 5Fn B + £ F? =

(201 + a2 +203)V, VR — (a2 + 4a3)0R,,
—201RRy + 4a3Rn Ry — 2(a2 + 203) e R — 203 Ryupng Ry
—{—%gu,,[(Zozl + a9 + 2a3)0R + a1 R? + 042R§\a + angAm;]
—ABF*Fypn B, — 4Bs Fp FPAFyg F7 ) + g, [B1(F?)? + Bo Y]
+71(V, Vo F? — Ry F% — 2RF,\F,)
+92(=VaV (, F ,F + 10F\F,* + 2R, F,) Fy, + Rac F, F,7)
—v3(2V VI FuzFoo + 3Rupno F,PF)
10wl — 372)0F% + 293V \V, Y F7,

(IL.8) 1291 RF? — 299 Ry FN F7 , + 273 RPAOF ) ).

Since we are mainly interested in obtaining corrections linear in the parameters (o, ao,

as, B1, P2, 71, Y2, v3) of the higher derivative terms, we may substitute the lowest order

equations of motion, given by setting the left-hand-sides of (II.7) and (IL.8) to zero, into
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the right-hand-side of (IL.8) to obtain a slightly simpler form of the Einstein equation

Ry +49°g — 3Fu0 > + S50 F? =

4g2(5oz1 + ag —2a3 + 10y, — 272)14_’#>\F,,A
—203Rypr0 R — (0 4 203 — 72) Ruave FY F7 ) — 393 R (P F,)  F)o
+15 (201 + ag + 203 + 12v1 — 372)V Vo F? — L(ag + dag — v2)OF\F,*
—273 VAV 0\ Fle — (a1 — as + 203 + 4861 + 8y1 + 272) F2F,, B,
+(as — 482 + 72) Fup FP P FO,
+%9W[—16g4(5a1 + ag) — 2¢°(17aq + Tag + 427y, — 127,) F?

+2 (o1 + 202 + Tag + 691 — 3y + 3v3)OF?

+ 107 (Tar — 130 + 43281 + 6071 + 2470) (F?)?

+i(ao + 1285 — 472) F* + a3R2y o5 + 293 Rprs P F°)

(11.9) e

This is valid to first order in the four-derivative corrections.
Numerous previous studies higher-derivative corrections in five dimensions have concen-
trated on the purely gravitational sector of the theory. In this case, the first order Einstein

equation simplifies to
(1110) R;u/ + 4g2g,w = _2043R,up)\0R1/p)\U + %guu[_16g4(5a1 + OQ) + a3R;2))\06]'

Working to this same order, we may define an effective cosmological constant

(IL.11) 9% = ¢*[1 + 2(10a1 + 202 + a3)g?],
so that
(I1.12) Ry + 4925910 = 03(—2Cupp0Co + 29,0 Cor ),
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where we made the substitution R,,\; = Cure — gz(g,u)\guo — JuoGvr) + -+ which is a
consequence of the zeroth order Einstein equation, R, = —4gzguy + --- . We see that the

coefficients oy and as of R? and R?,, respectively, do not enter at linear order, so long as we

e
use the effective cosmological constant given by geg. This is related to the fact that these
two terms may be removed by a field redefinition of the form g, — g, + agu R + bR,
with appropriate constants a and b.

Although neutral black hole solutions may be obtained directly from (I1.12), we are
mainly interested in R-charged solutions which may be obtained from the full equations

(IL.7) and (I1.9). We turn to this in the next section.

2.1.2 R-charged black holes

The two-derivative Lagrangian, (I1.4), admits a well-known two-parameter family of

static, stationary AdSs black hole solutions, given by [12, 13]

ds®* = —H 2fdt* + H(f'dr® + r2dQ3),

(IL.13) A =+/3coth 8 (}1[ - 1) dt,

where the functions H and f are

fo=1-5 g,
. h2
(I1.14) o= 1y M08
T

The parameter  is a non-extremality parameter, while § is related to the electric charge
of the black hole. The extremal (BPS) limit is obtained by taking u — 0 and f — oo
with Q = psinh?f fixed, so that f = 1 + ¢*r2H3 with H = 1 + Q/r?. These extremal
solutions are naked singularities, and may be interpreted as ‘superstars’ [147]. In the
absence of higher-derivative corrections, the BPS solutions may be smoothed out by turning

on angular momentum to form true black holes [106, 105, 52, 128]
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The first order solution

We wish to find the first order corrections to the R-charged black hole solution given
by (I1.13). To do so, we treat the coefficients (a1, ag, ..., v3) of the four-derivative terms

in (II.6) as small parameters, and make the ansatz

ds® = —H *fdt* + H(f~'dr® + r*d3),

.15 A= V3eoths (159 1) ar,
( H
where
_ H 2 2773
f - 1_ﬁ+g7ﬁH +f1>
. h2
(1.16) H = 1+“Slii2/3+h1.

Here, we treat hy, fi and a; as small corrections, and will solve for them to linear order in
the parameters of the higher-derivative Lagrangian. Note that this ansatz was designed so
that the zeroth order equations are automatically satisfied in the absence of hy, fi and a;.

Even after linearization in the small parameters, the individual equations of motion,
(I1.7) and (I1.9), yield complicated coupled equations for the first order corrections. How-
ever, the use of certain symmetries of these equations yields tractable equations. In par-
ticular, the difference between the ¢t and rr components of the Einstein equation, Rl — R",
gives a second order equation involving only hq, which is easily solved. The solution for h;
can then be inserted into the Maxwell equation, (II.7), to obtain a solution for a;. Finally,

the remaining components of the Einstein equation can be solved for f;, thus yielding the



25

full solution. The result is

25inh? 2
hl M6I{27a6I3(7a1 + 5@2 + 130(3 + 42"}/1 — 12’72 + 12’}/3),
0
(I1.17)
p? sinh? 23 9
a; = OIS (7a1 + S5aig + 133 + 421 — 129 — 123 tanh B)
0
. h2
LSS 4 B + 13as
2r2
(I11.18) +24(681 + 362 + 291 — 72 + 73(1 + sech?B))) |,
fi = §g4(10a1 + 20 + ) T2 HYy
21,2 sinh? 2
+g”r—45(10a1 — ag — 133 + 207, — 72 — 673)
12
+5 [sinh? 28(3a1 — a3 + 1841 — 372) + 203]
0
3 qinta2 2
w©° sinh® 23 cosh” 23
— QT‘SHg (50{1 + ag + az + 30y — 6’)/2)
4 iod
w* sinh® 28
W(Mal + 1300 + 17ag — 14481 — 7285 + 27671 — 4872 — 2473),
(I1.19)

where Hy = 1 + psinh? 3/r2 is the zeroth order solution for H. (Since hi, a; and f; are
already linear in the parameters of the higher order corrections, we may use H and Hj
interchangeably in the above expressions.) Note that the first line in f; reproduces the

shift of the cosmological constant g* — g2; given in (IL.79). This allows us to write
(I1.20) f=1- r% + geqr H® + fu,

where fi is given by the remaining terms in (I1.19).

In obtaining the above solution, we have imposed the boundary conditions that hA; and
a1 both fall off faster than 1/r? as 7 — oo so that the R-charge is not modified from its
zeroth order value. For fi, the boundary condition is taken as (I1.20), with f; falling off

faster than 1/r2.
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2.1.3 Field Redefinitions

As given in (I1.6), we have parameterized the four-derivative terms in the Lagrangian
in terms of the eight coefficients (aq, ao, ..., v3). However, not all of these coefficients are
physical. This is because some of the terms in the higher derivative Lagrangian can be
removed by field redefinition.

To proceed, we consider transformations of the form

G — Guv T G(R + 2092)g;w + b(R,uu + 4929/111) + CFMAFAZI + dFQQ,uzu

(IL.21) A, — (14 ¢*(25a+ 5b— 12¢+ 60d))A,,.

Note that the first two terms in the metric shift incorporate the cosmological constant; this
corresponds to the zeroth order Einstein equation in the absence of gauge excitations. While
this shift by the cosmological constant is not strictly speaking necessary in performing the
field redefinition, we nevertheless find it convenient, as this avoids a shift in the effective
cosmological constant geg after the field redefinition. In addition, the scaling of the gauge
field is chosen so that it will remain canonically normalized after the shift of the metric.

The result of this combined transformation is to shift the original Lagrangian (I1.5) into

e 'L = (1+12¢°(a+0b)) |[R—1F7, +12¢° (1 - 2g*(5a + b))

+1375 (1+3¢%(5a +b — 12¢ + 60d)) " F,, Fpp Ay
+ (a1 + 3(3a+ 1)) R? + (02 — b)Ruy R™ + a3 Ryupo R
+ (1 + §(c = d) (Fu F*™)* + (By — 50)F*, F¥ y)FP . F°,
+(n — §(a+b+4c—12d)) RF”

(I1.22) + (2 — (b +20)) Ry F'"E,Y + 3Ry pe F* FP7 |

where, as usual, we only work to linear order in the shift parameters (a, b, ¢, d).

Up to an overall rescaling, this new Lagrangian can almost be brought back to the
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original form, provided we shift the various coefficients as follows:

> = g° (1+2¢%(5a + b)),
a1—>a1—%(3a+b), 042—>O£2+b, a3 — (3,
Bi = B — g(c—d), B2 = B2+ 3¢,

(I1.23) " —>'yl—|—%(a—|—b—|—4c—12d), ’yz—>'yz+%(b—|—20), Y3 — V3.

One difference remains, however, and that is the coefficient of the FF A FF A A Chern-
Simons term. This suggests that, when considering higher derivative corrections in gauged
supergravity, there is in fact a preferred field redefinition frame where this Chern-Simons
term remains uncorrected. (Such a preferred frame also shows up when considering the
supersymmetric completion of the mixed Tr RA R A A term [107].) This F'A F' A A term
is unimportant, however, for the spherically symmetric R-charged black holes considered
above in Section 3.

Ignoring the FAF A A term, the freedom to perform field redefinitions of the form (I1.21)
indicates that at most four of the eight coefficients of the higher derivative terms will be
physical. Clearly as and 3 are physical, as they cannot be removed by the transformation

of (I1.23). The additional two physical coefficients can be taken to be a linear combination

of

(I1.24) Br=p1+ (o —Tag) + (11 +72)  and B2 = P2+ tag — Iy

In addition, although ¢? is shifted by the field redefinition, the physical cosmological con-
stant, ggﬁ, as defined in (I1.79), remains invariant.

The use of field redefinitions allows us to rewrite the four-derivative Lagrangian in
various forms. A common choice would be to use the Gauss-Bonnet combination R? —
4wa + Riy)\ , for the curvature-squared terms. This system has been extensively studied

in the absence of higher-derivative gauge field corrections, and has the feature that it
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admits exact spherically symmetric black hole solutions, both without [22, 172] and with
[173] R-charge. An alternate choice, perhaps more natural from a supersymmetric point

— % R? — %wa + R? Either one

of view [107], is the Weyl-squared combination Cﬁ Ao

VAo
of these choices would fix two of the coefficients (i.e. a; and a9 in terms of «3). The
additional freedom to perform field redefinitions may then be used to eliminate the mixed

RF? and R, F PAFAY terms parameterized by 41 and ~s.

Field redefinitions and the first order solution

Given the above field redefinition, it is instructive to examine its effect on the first order
black hole solution of (II.17), (I1.18) and (II.19). In this case, it is straightforward to see

that the coefficient shift of (I1.23) results in

2 i 12
s w1 sinh” 23
hl — hl—h1+W(f7a+b+l2C*84d),
2 inh2 s12
. w* sinh“ 2 3usinh” 8
al — a1:a1+w|:(—7a+b+12c—84d)—r2(a—|—b—4c—|—12d) s
x 4 5.3 g2u’sinh?2p
fi = fi=f—2¢9"(ba+b)r Hy — T(%a—i—Sb— 18¢ + 60d)
r
3p2 sinh? 28 wcosh? 23
——— | —2(3a + b — 8¢+ 36d) + ————(5a + b — 12¢ + 60d
876 Hy (Ba+b =8+ 36d) + 5 —(Bat ¢ +60d)
2 2
1 sinh” 23
(I1.25) RYTE (a —2c+12d)|.

At first, this result may appear somewhat surprising. After all, this field redefinition is
supposed to be ‘unphysical’, and yet the form of the solution has changed. The resolution
of this puzzle lies in the fact that the we have shifted the metric by terms that are not
necessarily proportional to the lowest order equations of motion. (While we have taken care
to incorporate the cosmological constant in (I1.21), we have omitted the gauge field stress
tensor in the shift.) In this sense, while the original and shifted metrics both solve the
equations of motion, they nevertheless correspond to physically distinct solutions. The field
redefinition of (I1.21) is then more naturally thought of as a mapping between solutions.

More explicitly, we note that the shift of the metric given in (II.21) takes the black hole
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solution away from the form of the initial ansatz given by (II.15). In particular, shifting

the metric by (II.21) and using the zeroth order solution gives

p2sinh? 23

TiE (a+2b— 6¢+ 12d)} ,

gt — it = it [1 -

2 inh2
5 ©* sinh“ 2
Jrr — Grr =g [1—(a+2b—66—|—12d)],

Tr Tr Tr 2T6Hg
2 k2

~ sinh” 23

(11.26) JaB 7 GaB = Gas |:1 - 'UQW(CL —b+ 12d):| ,

" Hy

where o and f8 refer to coordinates on S®. It is now possible to see that a coordinate
transformation r — 7 is necessary in order to restore the canonical form of the shifted
metric. By identifying

d5* = Gudt? + Grrdr® + Gopd 3

(I1.27) = —H2fdt®> + H(f1di* + 72d03),
we end up with expressions for H and f

5 oo z ~ o
(I1.28) H="%3,  f=—guds,

as well as a differential equation relating 7> with r?

d(7?) _ gugrrJes
d(r?) r2

(11.29)

Note that, in defining the angular coordinate 6, we have taken the metric on the unit S>
to be of the form dQ% = df? + --- . The equation for 7 is easily solved, and yields the

relation

3u% sinh? 28

2 _ 2
(1I1.30) ™ =r"|1+ SO

(3a + 3b—12¢ + 36d) | ,

where we have set a possible integration constant to zero to preserve the r — oo asymp-

totics.
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We are now able to explicitly compute the shifted metric functions hy and fl as well as

the shifted gauge potential ;. For hy, we use the definition

. inh2 -
(IL31) 0= 1+MSI?723+h1,
along with (II.28) and (II.30) to obtain
~ 2 sinh? 2

(11.32) hi=hi + (—Ta+ b+ 12¢ — 84d),

8ng6

which is in perfect agreement with (II1.25). For fl, on the other hand, we find

fi = h-29"Ga+b)r*H - W(b—%)
w —9(3a+b— 8¢+ 36d) + W(m +b— 12¢ 4 60d)
(IL33) s jﬁl[; 28 (@ - 20+ 12d)
Note that we have defined f; by
(I1.34) f=1- 7% + PP H? + fi,

where g2 = g?(1 + 2¢%(5a + b)) is the shifted cosmological constant given in (I1.23).
Comparison of (I1.33) with (I1.25) clearly demonstrates a difference in the O(g?) term.
The origin of this difference is somewhat subtle, and is related to the choice of boundary
conditions for the shifted and unshifted solutions. To see this, we recall that the gauge
potential A, is also shifted by the field redefinition (II.21) so that it maintains canonical

normalization. The implication of this shift on the black hole solution is that
(I1.35) Ay — (1+ g*(25a + 5b — 12¢ + 60d)) Ay,

where

1 inh?2
(I1.36) At:\/gcoth6< Z“l _1>, H:1+/”1:1‘725+h1.
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In order to rescale the potential without adding any O(1/r2) terms to Hy, hy or ai, we

must instead shift the two parameters pu and S of the black hole according to

(11.37) coth 8 — coth B(1 + ¢*(25a + 5b — 12¢ + 60d)), psinh? 8 — psinh? 3.
This corresponds to a rescaling of the nonextremality parameter p

(I1.38) 1 — i = p(1 4 2g° cosh? B(25a + 5b — 12¢ + 60d)).

In this case, the shifted metric function f , given in (I1.34), ought to more properly be

written as
- . .
(I1.39) f=1-5+g7H + f,
where
. - 2 2 h2
A o= h+ W(%a +5b — 12¢ + 60d)
T
H. 2, 2¢inh2 92
= fi+ A2 — 2% (5a + b)r?HY — g“;l—ﬁﬁ(%a +8b— 18¢ + 60d) + - - - .
T T

(I1.40)

This now agrees with f; of (I1.25) up to a solution AHy/r? to the homogeneous differential

equation for fi, where
(I1.41) A = 2% cosh? B(25a + 5b — 12¢ + 60d).

This is a modification of the O(1/r?) term in f;, which, however, is subdominant in f,
as the leading behavior of f is given by f ~ gZr? for an asymptotically Anti-de Sitter
background.

Finally, we may follow the effect of the field redefinition (II.21) on the gauge potential

term a;. Given the p and § rescaling of (I1.37), we obtain

- H
(11.42) a) = (1 + al)ﬁ — 1.
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Working out the right hand side of this expression, we find that it agrees with (I1.25). We
have thus seen that the first order solution for the spherically symmetric R-charged black
hole indeed transforms as expected under field redefinitions.

2.1.4 Discussion

While we have considered general field redefinitions given by four parameters (a, b, ¢,
d), a preferred subset of this would be to shift the metric by the full zeroth order equation

of motion

(I1.43) Ry + 4629, — LFE0F + g0 F2.
In the above notation, this corresponds to taking

(IL.44) c=1b, d=-%(a-0).

In this case, we may redefine the coefficients of the higher derivative terms according to

pr = Bl—rlg(% +’72)+@14(041—7042),
Bo = PBo+ 34+ Lao,
o= - glar—ag),

(I1.45) Y2 = Y2t ag,

so that the set (as, Bl, Bg, 1, Y2, v3) are invariant under the restricted field redefinitions.
Note that 31 and (3, are the physical coefficients previously defined in (11.24).
It is illuminating to rewrite the higher derivative Lagrangian (II.5) in terms of the new

parameters. Ignoring the Chern-Simons term, the result is
el = (1 —8¢%(5ay + ag)) R — iﬁa +12¢% + a1E* + agé’i,j + as (wa/\a — 8g4)
+61(F2)2 + BQF4 + :YlgFQ - 'AYQS,U,VFMO-FVU + ’73RMV)\O-F;LVF)\U )

(11.46)
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where
(I1.47) Euw = Ruw +46°gu — SENBN + g F2 E=¢E1,

is the zeroth order equation of motion. Note that we have worked to linear order in pulling
out the overall factor 1 — 8¢%(5a; + as) renormalizing Newton’s constant. Furthermore,

F = dA is a rescaled field strength defined by
(I1.48) Ay = [1+8¢%(3(5an + a2) + 591 — 42) ] Ay,

so that Au remains invariant under the field redefinition of (II.21). The structure of (I1.46)
now clearly demonstrates that, of the four-derivative terms, only those parameterized by
(s, Bl, BQ, v3) are physical, as the remaining terms are manifestly proportional to the
zeroth order equation of motion.

In principle, the choice of field redefinitions allows us to go back and forth between
the Gauss-Bonnet and Weyl-squared parameterizations of the higher-derivative terms in
the Lagrangian. In this sense, it is perhaps not a complete surprise to see that in some
cases both parameterizations yield the same results for the entropy of BPS black holes
[103, 44, 61], even though the bare Gauss-Bonnet correction is not supersymmetric in
itself. (Of course, the bare Weyl-squared term is not supersymmetric by itself either.)
What this suggests is that the Riemann-squared term parameterized by a3 plays a crucial
and perhaps dominant role in the geometry of higher-derivative black holes, and that the
additional matter and auxiliary field terms may contribute only indirectly through their
effects on the geometry, at least in the BPS case where there is additional symmetry at
the horizon.

Finally, given the general higher-derivative corrected R-charged black holes, it would be
interesting to study their thermodynamics and hydrodynamics. One outcome of this study

ought to be a clear identification of physical versus unphysical parameters of the theory.
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In particular, in the parameterization of (I1.46), we would expect all dependence on (o,
a2, 41, ¥2) to drop out of the thermodynamical quantities. One difficulty in exploring
the higher-derivative theory is that some care must be taken in generalizing the Gibbons-
Hawking surface term. This is because the general (i.e. non Gauss-Bonnet) combination of
R? terms leads to higher than second-derivative terms in the equations of motion, and hence
necessitates specifying additional boundary data [143]. As demonstrated in [35], one way
around this is to perturb in the higher-derivative terms and to demand that the undesired
boundary variations vanish when the lowest-order equations of motion are imposed. The
goal of the next sections is to apply this procedure to the gravitational sector of the general
parameterized four-derivative Lagrangian with a goal of exploring higher-derivative black

hole thermodynamics using holographic renormalization.

2.2 Gibbons-Hawking Terms

As mentioned, in theories that are maximally supersymmetric (e.g. IIB theory in ten
dimensions), the first corrections do not enter until o/3R* order. However, generically one
would expect the first non-trivial terms to appear at curvature-squared level. This has

motivated numerous recent holographic studies with R? terms parameterized by

(I1.49) e 'L = nR* + auR2, + asR2,, ., -

In the absence of matter fields, the Einstein equation takes the form R, = —(d—1) gQQW,
where g = 1/L is the inverse AdS radius. As a result, the o; and ao terms in (I1.49) may

be shifted away by an on-shell field redefinition of the form
(1150) 9uv — 9uv + )\I[Rw/ + (d - 1)929,ul/] + )\29;111 [R + d(d - 1)92]7

for appropriate choices of A\; and 9. In particular, such a field redefinition allows (II1.49)

to be replaced by the well-known Gauss-Bonnet combination

(IL51) e 'Lop =a3(R*— 4R, + R.,,,),

uvpo
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which is the unique curvature-squared combination that nevertheless yields equations of
motion that are no higher than second derivative in the metric.

Many of the positive features of the Gauss-Bonnet combination, including exact Gauss-
Bonnet black hole solutions, have been exploited in recent investigations of AdS/CFT
hydrodynamics [27, 26]. However, it is important to realize that the a7 and ay terms in
(I1.49) are not always unphysical once matter fields are turned on. For example, in an
Einstein-Maxwell theory, shifting away the a1 and g terms in (11.49) would at the same
time generate new mixed terms of the form RF? and R,,, F' BAFY . This is especially relevant
in studies of R-charged backgrounds in five-dimensional gauged supergravity, where the
natural curvature-square correction arises as the Weyl-tensor squared, as opposed to the

Gauss-Bonnet combination [107, 54].

Perturbative approach to higher-derivative terms

The purpose of this section is to revisit the holographic renormalization of R-squared
AdS gravity and to demonstrate the systematic construction of both generalized Gibbons-
Hawking surface terms and local boundary counterterms in theories with higher derivatives.
It is well known that higher derivative theories generically lead to unpleasant features such
as ghosts and additional propagating degrees of freedom. However, since the theories we
are interested in arise from the low energy limit of string theory, it is only consistent to
treat the higher derivative terms perturbatively, as part of the o’ expansion. In this way,
these terms will not generate additional ghost modes, and thus will not drastically alter
the dynamics of the lowest order two-derivative theory.

As an example of what we mean by the perturbative treatment of higher derivative

terms, consider a toy model of a simple harmonic oscillator with a four-derivative addition

[162]

(I11.52) L =13 — 10%2% — La(i® — w?i?).
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The resulting equation of motion is
(I1.53) (1+ aw?)i + w2 4+ az® =0,
and has solution
(I1.54) 2(t) = Are™! + Age ™! 4 AV 4 Ay Ve

The first two terms are conventional, while the last two arise because of the higher derivative
nature of the model. This demonstrates that additional degrees of freedom are present
in this theory, and in particular it is no longer sufficient to specify only two boundary
conditions when constructing the Green’s function. This is also clear when considering the
variation of the action

to

t1

to
(IL55) 58 = — / [EOMJdt + [(1+ aw?)i + a'#)d — aisi
t

1

In order to have a well-defined variational principle, we must hold both x and & fixed at
the endpoints of the time interval.

In general, for finite non-zero «, there is no possibility of avoiding the complications
of the higher-derivative theory. However, it is instructive to consider the limit @ — 0. In
this case, it is clear that the second solution, with frequency 1/4/a;, is not perturbatively
connected to the o = 0 theory. Assuming the toy Lagrangian (I1.52) arises from an O(«)
expansion of a more complete theory, it is then clear that the second solution would never
have appeared in the full theory, and thus must be discarded for perturbative consistency.
A simple way of arriving at the perturbative solution is to rewrite the equation of motion

(I1.53) as

d2

(I1.56) i+ w?a? = — i+ w?x),

Oé@(

We may then substitute in the lowest order equation of motion to obtain & +w?z? = O(a?),

and in general iterate to any arbitrary order of « (our choice of shifting the kinetic term
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in (I1.52) leads to vanishing perturbative corrections in «, but in general they could be
present).

While perturbative solutions to the equation of motion are routinely investigated, it is
often equally important to construct a well-defined variational principle at the perturbative
level. Looking at the toy model, the difficulty here arises from the —azdz surface variation
in (I1.55). In general, no surface term exists that can remove the dependence on d& on the
boundary (after all, this is a four derivative theory). However, at the perturbative level, we
may use the lowest order equation of motion to rewrite —aidi = aw?xdi + O(a?). This

variation can then be canceled at O(«) by adding a surface term of the form

t
(IL57) Seurtace = [—aw%ﬁs} ’

t1

In principle, this can be continued order by order in a.

Using this toy model, we have motivated the fact that there is a consistent perturbative
treatment of higher derivative gravitational theories arising out of string theory. In partic-
ular, the gravitational analog of (I1.57) is a generalized Gibbons-Hawking surface term, and
this was constructed in a particular case in [35] when examining the effect of the IIB R*
term on the shear viscosity to entropy density ratio n/s in N' = 4 super-Yang-Mills theory.
The construction in [35] was based on scalar channel fluctuations, and hence focused on
an effective scalar field theory. Our present aim is to extend this construction to the full
gravity theory, and hence to demonstrate that (perturbative) holographic renormalization
of higher derivative gravity theories is indeed consistent.

Allowing for a gauge field, we focus on the holographic renormalization of d-dimensional

Einstein-Maxwell theory with generic curvature-squared corrections given by

(I1.58) e 'L=R—-1F’>+(d—1)(d—2)g° + 1R* + R, + a3k’ ..

The bulk action from this Lagrangian must be supplemented by a set of surface terms,
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whose goal is to ensure that the variational principle is well defined. In fact, when defined
on a space with boundary, the two-derivative Einstein-Hilbert action itself requires the
addition of the Gibbons-Hawking surface term to cancel boundary variations which would
otherwise spoil the variational principle. The presence of higher derivative corrections
leads to additional boundary terms which need to be canceled, and therefore requires the
inclusion of an appropriate generalization of the Gibbons-Hawking term.

For particular combinations of curvature corrections, the so-called Lovelock theories
where the equations of motion involve no higher than second derivatives of the metric —
which include the Gauss-Bonnet combination as a special case — proper boundary terms
have already been constructed [167, 143]. However, for more general corrections, we must
treat the corrections perturbatively, and only in this case does the construction of a gener-
alized Gibbons-Hawking term become feasible?. We demonstrate below how this is done,
and furthermore construct the set of local counterterms removing the leading divergences
from the action. This generalizes the case of Gauss-Bonnet gravity, for which all the

counterterms needed to regularize the action were constructed in [29, 9, 28, 130].

R-charged black holes and the mass-charge relation

For an application of the counterterm corrected action, we will look at R-charged black
hole thermodynamics. In fact, one of the driving forces behind the studies of AdS/CFT
at finite temperature has been the close resemblance of the laws of black hole physics with
those of standard thermodynamics. To extract thermodynamic quantities from black hole
backgrounds one typically evaluates the on-shell action I and the boundary stress tensor,
given by

24T
B V—héhab,

2A similar construction has also been done for F(R) theories of gravity in [70] and also for more general higher
derivative theories in [150, 153, 152, 60].

(I1.59) 7%
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where hg, denotes the boundary metric. The on-shell value of the gravitational action may
then be identified with the thermodynamic potential £ according to I = €2, where in the

grand canonical ensemble
(I1.60) Q=FE-TS-Qro".

Here Q; are a set of conserved R-charges and ®! their respective potentials. Holographic
renormalization ensures that both 2 and FE are finite in the above expression.

Below we will perturbatively construct the d-dimensional spherically symmetric R-
charged black hole solutions to the R-squared theory (I1.58) and study their thermodynamic
properties using the holographically renormalized action. Extracting the higher curvature
effects on the black hole mass will also allow us to discuss the weak gravity conjecture in
the context of AdS black holes. In fact, according to the conjecture, the linear mass-charge
relation for extremal (not necessarily SUSY) black holes cannot be exact, but should re-
ceive corrections as the charge decreases. For extremal R-charged black-holes, we find a

deviation from the leading relation m = ¢ of the form

(IL.61) igeh <m)0 [1 - ig <041f1(7”+) +azfa(ry) + 043f3(7“+))] ,

q q rt
where r is the horizon radius, and the f;(r;) are all positive functions. Thus, m/q will
necessarily decrease when all the couplings «; are positive. Clearly, it is still possible for
the ratio to decrease if some of the a; are negative, and in this respect it is important to
be able to determine the precise form of the couplings from UV physics.

A feature which we would like to emphasize is that the deviation from the m = ¢
relation seems to be tied to the correction to some of the transport coefficients which have
been computed holographically in the context of the quark gluon plasma. In particular,
the sign of the correction to the shear viscosity to entropy ratio n/s has received a lot of

attention, precisely because curvature-squared terms have been shown to lead to a violation
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of the KSS bound [126]. For the examples that have been studied thus far, the sign of the
higher derivative couplings responsible for the bound violation is precisely the same as that

needed by the weak gravity conjecture [8]. For instance, for the special case of Weyl-squared

corrections, where oy = %a, oy = —% a, az = «, the mass-charge relation becomes
m m r

(I1.62) — = (> [1—af(2+)],
q q/o ry

where the function f(ry) is positive, while the expression for 7/s takes the form

(1L.63) -~ [1 - ag(Q)} ,

where g(Q) is a non-negative function of the R-charge.

The outline of the rest of this chapter is as follows. Section 2.2.1 is dedicated to the
construction of the perturbative generalization of the Gibbons-Hawking surface term for
the R? action (IL.58). Following this, in Section 2.2.2 we present the local counterterms
needed to render this action finite in dimensions d < 7. We then present the R-charged
black hole solution in Section 2.2.3 and explore their thermodynamics in Section 2.2.4.
Finally in section 2.2.5 we discuss the implications of the mass to charge ratio for the weak

gravity conjecture.

2.2.1 Generalizing the Gibbons-Hawking surface term

Before considering the higher derivative gravitational action, it is worth recalling that

the ordinary Einstein-Hilbert action

1
(11.64) Sbulk = —ﬁ ddl'\/ —gR
Iid M

contains explicitly second derivatives of the metric g,,,. Thus, on a space with a boundary,
variation with respect to the metric yields, in addition to the standard dg,, factors, terms

involving the normal derivative of the metric. In order to have a well-defined variational
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principle where the metric, but not its derivative, is held fixed at the boundary, the Einstein-

Hilbert action must be supplemented by the Gibbons-Hawking surface term

1
(I1.65) Sen=-— [ d"l'aV—hK.
Kg Jom
Here K denotes the trace of the extrinsic curvature tensor, K, = V(,n,), where n,

specifies the normal direction to the boundary surface, and hg, is the boundary metric.
With the inclusion of the Gibbons-Hawking term, the unwanted normal derivative terms
are canceled, and the variational principle is well-defined.

We now consider the addition of curvature-squared terms, and take the bulk action to

be of the form
1 1
(IL.66) Spuikx = 32 /M dix\/—g [R—ZF2+(d—1)(d—2)92~|—a1R2—|—a2Riy+a3RZVW :

In general, this four-derivative action gives rise to higher order equations of motion. How-

ever, for the special choice of coefficients vy = a3 and as = —4as, the higher derivative
terms combine to form the well-known Gauss-Bonnet term R? — 4wa + wa oo Which is the

unique combination that gives rise to equations of motion involving no higher than second

derivatives of the metric. This motivates us to rewrite (I1.66) in the equivalent form

1 1
Sbulk = — 53 d*z\/—g [R——F2+(d—1)(d—2)g2
2K’d M 4
(IL67) +a R + GoRE, + ag(R? — AR, + R2,,0) |,
where
(11.68) a; = a1 — as, Q9 = ag + 4as.

For the special case of Gauss-Bonnet gravity, where &y = a2 = 0, the Gibbons-Hawking

surface term can be generalized [167, 143], and takes the form

1 2 4
Sgi"fluss—Bonnet = - dd_lfL‘ —h s [ _ *K3 + 2KKabKab _ 7KabecKca
/id OM 3 3
1
(I1.69) —4(Rap — s Rhap) K|,

2
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where R is the boundary Ricci tensor. However, no equivalent term exists for &; and
a2 non-vanishing, because in this case the equations of motion are of higher order, and
in general it is no longer sufficient to specify only the metric (and not derivatives) on the
boundary.

This issue is unavoidable whenever we are faced with higher order equations of motion.
However, we are really only interested in viewing the higher order terms as corrections to the
two-derivative action. In this case, we only need to develop a perturbative expansion where
the higher derivative terms do not generate their own dynamics, but instead contribute
merely correction terms, thus effectively maintaining a two-derivative equation of motion.
In this case, it should be possible to write down an effective Gibbons-Hawking term, not
just for the Gauss-Bonnet combination, but also for the R? and Riu terms in the action.
This has been done for R? corrections in d = 5 by introducing auxiliary fields [60]. However,
one can avoid the complications involved in utilizing auxiliary fields by working directly
with the perturbative expansion.

To see how this may be done, we begin with the observation that the ordinary Gibbons-
Hawking term (I1.65) is designed to cancel the appropriate part of the variation of the

Einstein-Hilbert term, namely \/—gg"”0R,,,. With this in mind, consider the variation

S[R+61R*+ axR.,] = OR+2a1RSR + 262(R* SRy + Ry,R,69"7)
= (¢" +2a1Rg" + 269 R" )R,

(I1.70) +(Ruw + 200 RR, + 200 R,,,R,") 09" .
Substituting in the lowest order equation

1 1
(I1.71) R, =—(d— 1)929,“, + 3 <FH>\FV)\ — 2(d—2)gWFZ> + O()
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results in
SR+ @R +a:R2,) = (1-2dag%d(d—1) — 2Gag*(d — 1)g" 6 Ry
1
TPy e G2)F2g" 5 Ry, + Go PP FY\6 Ry + -+
(IL.72)

where we have ignored higher order terms as well as terms not related to the variation
OR.

For the terms in (I1.72) involving simply g6 R,,,, it is straightforward to generalize the
usual Gibbons-Hawking term, (I1.65), to obtain a corresponding surface term canceling the

variation of the normal derivative of the metric

1
Sén = - d e/ —h|(1 — 2616%d(d — 1) — 2d80¢%(d — 1)) K
Rg Jom

1
II. +
(I1.73) 5

S =gy - dQ)KFﬂ .

However, the last term in (I1.72) is a not as straightforward to deal with, and the variation

dR,, must be computed explicitly. We find,

/ d%x\/—gF" FY\6 R,
M
= /M d*a/—gF" F¥ ) (V46T%, — V,.6T7,)
1
= 2/ dde/—gFrFY (2npv(”5gl,)p — 1PV 09, — nugp”Vﬁgm)
M
1

1
- - / ddx\/—g[bulk]—i—i / A" o/ =h(=h Ry FAFT
M

2 oM
(I1.74) — R, FPn, Y \ 0PN p0gay + -+
where in the last line we have kept only the terms on the boundary coming from integration
by parts and including normal derivatives of the metric. The proper Gibbons-Hawking

boundary term associated with this variation is then simply:

, )
(IL.75) Sy =——5 / dd_lx\/—h% (KnMFWn,,F” A\t KabFa’\Fb,\) .
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It is now clear that the full effective Gibbons-Hawking term generalizing (I1.65) is just the
sum of (IL.73) and (IL.75), which handles the &; and &» terms, and (I1.69), which takes

care of the a3 Gauss-Bonnet combination:

1
San = —— dd’lx\/—h[(l — 24y6%d(d — 1) — 2a90%(d — 1)) K
d JOM
+;(d1(d —4) — ) KF? + a2 (Kn Frn, FY\ + K bF‘“Fb,\)
2(d — 2) 2 H ¢
1 3 ab 2 be a 1 ab
(IL.76) —2a3(§K - KKupK™ + K K" K"+ 2(Rap — 5 Rhap) K )}

We note that the Gibbons-Hawking term now involves the gauge field strength evaluated
on the boundary. Variation of Sgp then results in 6 F' terms on the boundary, thus compli-
cating the variational principle for the potential A,. This can in principle be avoided by
working in the canonical ensemble, where the charge is held fixed, and which corresponds
to taking 6(n,F**) = 0 instead of 04, = 0 on the boundary. A natural way to do this is
to add a Hawking-Ross boundary term of the form faM dlaz/—h n, F** A, to cancel the
boundary term which arises from the variation of the gauge kinetic term in the bulk action
[111]. However, for our present purposes, all terms involving the field strength in (I1.76)
are actually subdominant and, in fact, vanish for all of the thermodynamic quantities dis-
cussed below. Therefore, we will chose to work in the grand-canonical ensemble without

adding the Hawking-Ross term.

2.2.2 Boundary Counterterms

It is well known that the gravitational action (I1.66) evaluated on the background so-
lution is divergent. The divergences can be removed, however, using the method of holo-
graphic renormalization, which involves introducing appropriate boundary counterterms

St so that the full action

(I1.77) I' = Spuk + San — Set,
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remains finite on-shell. This method has become quite standard in the framework of
AdS/CFT, since the boundary counterterms have a natural interpretation as conventional
field theory counterterms in the dual CFT.

Along with counterterms to remove divergences, one is also free to add an arbitrary
number of finite counterterms. While such terms shift the values of the action and boundary
stress tensor, they are natural from the CFT point of view, since they correspond to the
freedom to change renormalization prescriptions. Their inclusion has played a key role, for
example, in resolving the puzzle of the unusual mass/charge relation M ~ % w+Q— % g°Q?
observed in [38] for single R-charged black holes in AdSs, in apparent conflict with the BPS
bound M > @, saturated in this case when py = 0. With the addition of an appropriate
finite counterterm, the expected linear relation M ~ %u + 3Q may be restored [129].
The finite counterterms are also necessary for maintaining diffeomorphism invariance in
the renormalized theory, and may be unambiguously generated using the Hamilton-Jacobi
approach to boundary counterterms.

In order to explore the appropriate counterterm structure needed to regulate the action

(I1.66), we first note that it admits a vacuum AdS solution with
(IL78) Ry = —(d— 1) g9,

where

d(d—1)(d—4) La 5 (d—1)(d—4)

2(d— —4
T Giag T tasgi(d=3)(d—4)

(IL79) g% = 4¢° <1 + a1 g
is the shifted inverse AdS radius. Writing the vacuum AdS metric as

d 2
: 3 +T2dQ?l—2,k7

11.80 ds® = —(k + ¢2er?)dt? + —————
( ) s (k + gegr”) +k+g62ff7“

it is easy to see that /—¢ ~ %72, and hence that the leading divergence of the on-shell

goes as rg_l where rq is an appropriate cutoff.
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The counterterm action for the theory (I1.66) may be expanded in powers of the inverse

metric h® ~ 1/r2:

1
11.81 St = —5
( ) ct 2/{3 oM

d"'oV=h[A + BR + C\R? + C3R%, + C5R2peq + -]

Note that we have ignored possible counterterms built out of F),, since in the configurations
we are interested in the gauge field vanishes sufficiently rapidly at the boundary so that it
will not contribute to any potential counterterms. The A and B coefficients are chosen to
cancel the rg_l and rg_g power law divergences, respectively, while the C; terms will cancel
the rg_5 divergence. Note, however, that at lowest order the asymptotic Einstein condition
R, = —(d — 1)g%g,, along with the boundary symmetry implied by (I1.80) ensures that
the boundary curvature satisfies the algebraic relation R?* = (d — 2)R?2,. Furthermore,
isotropy of the transverse space relates Rgbcd to the other boundary curvature squared
quantities as well. What this means is that divergence cancellation by itself is insufficient
to fix the relative factors among the C; coefficients.

An elegant way around this ambiguity in fixing the C; coefficients is to use the Hamilton-
Jacobi method to obtain the counterterms. In particular, this was done in [130] to generate
the counterterms for the Gauss-Bonnet component of the action proportional to ag. (These
counterterms were previously constructed in [29, 9, 28] using more direct methods.) In
order to determine the &; and &y dependent counterterms, we may take a shortcut and
note that they may be absorbed by a field redefinition in the asymptotic limit. In this case,

their only effect is to rescale the usual counterterms for the two-derivative theory, which is

proportional to the combination
(11.82) R — ————

at curvature squared order. At the linear level, we combine the various ingredients to
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obtain
1 B 1. ,d(d—1)(3d —4)
St = 2—@[ - d* e/ —h {2g(d —2) <1 — 504192 T 5
gt T Lan -3 )
1 1_ ,d(d—1)(5d — 12)
+g(d—3)<1 p0d” d—2
% gt ;(MQ— 2) 4 ;a3g2(d —3)(d - 4))73
1. —1)(7d—20) 1. ,(d—1)(7d — 20)
T Pd- ( 2™ o d—2 BPL A
~jea-na- 1) (Rh - =5 R?)
(11.83) +ﬁ (R? —ARZ, + R2peq) + - ]

We have only explicitly worked out the counterterms up to O(rg d=5) " This is sufficient
to cancel divergences for d < 7, but is insufficient for removing finite terms that spoil
diffeomorphism invariance in d = 7. Hence our results are explicit only for d < 7, although

the counterterm action can be extended to arbitrary dimension if desired.

2.2.3 The R? corrected black hole solution

The full theory we are interested in is determined by the bulk action (I1.66) along with
the generalized Gibbons-Hawking term (II.76) and counterterm action (I1.83). We now
turn to the construction of R? corrected spherically symmetric black hole solutions to this
system. Since we are working to linear order in «;, we may substitute the lowest order

equations of motion wherever possible into the higher curvature terms. We find that the
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Einstein equation takes the form

1
4d-2)
(d—4)(d—1)?

d—2

1
F?g,, — =F,

9 u/\Fl/A =

Ry + (d—1)gPgu +

—g4(a1d + ag) —g? (oq(al2 —8) 4+ az(3d — 8))

1
S(F?)? 4 2 \FNE,,F7

+(a1(d—4)(3d—8)—a2(5d—12))m TR

+(a1(d—4)+a2(d—3)+a3(3d—8))2 SVAVAF? 4+

1 Ctg 2
(d _ 2) R pAo Guv

d—2" "
+¢%(ard + g — 2a3)(d — 1) F\F, + agFnFA F, P,

_(al(d — 4) — Q9 + 2053)4

1
szFy)\FVA — 20&3R,up)\o-Ryp)\o—

1
—(ag + 2a3) Ry paFP FA, — 5(042 + 4az)VAVNELE)
(d—4)

11.84 2 203) JF?
(IL.84)  +(201 + a2 + a3)4(d_2)V“V ,

while the Maxwell equation is simply
(11.85) V*E,, = 0.

The presence of F** terms in the Einstein equation indicates that we will end up with metric
terms up to O(Q*) where Q is the electric charge.

We now take the spherically symmetric metric ansatz

1
fa(r)

(IL.86) ds® = — fi(r) dt* + dr? + r?dQ o,

where k = 1,0, —1 specifies the curvature of the transverse space. Inserting this into the
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Einstein equations yields the solution to linear order in the «y;:

I
[ir) = k+gier® — g
Q2

+(1 4 2¢%(@1d(d — 1) — @o(d* — 6d + 7) + az(d — 3)(d — 4))) 2(d — 2)(d — 3)r2@—)

kQ? [ (d—4) _ d®—6d+10 2
+r2§2—4 <2oq ((d— 2))2 — Qg (d— 2—; > +a3(d—3)(d—4)7a2/fl7_4
pQ* (. (d—1)(d—4) 2 (d—4)
- p3d-T (al (d—2)? _(d—2)2+0‘3(d—2)>
Q' (. (d—4)(11d* —45d +44) = _ 4d® —33d* + 83d — 64
T gpaao <a1 (d—23(d—3)3d—7)  “*(d-2)(d—3)(3d—7)
d—4
(I1.87) +a3(d—(2)2@l)—3)>

Ay = (1-225) A,

where go is defined in (I1.79) and

(2d —3)(d—4) _ d*-5d+5
d—22 " PT(d-2p

(11.88) v =d

The gauge field is given by

Q Q°

11.89 Ay =
(11.89) LT d=3ys TV Ba— T

up to a possible constant.

Other than k, the black hole depends on two parameters: u, which is related to the
mass, and (), which is essentially the electric charge. Note that the mass parameter p
is shifted from the conventional Gauss-Bonnet black hole mass parameter by a constant
proportional to 3. In particular, the Gauss-Bonnet theory (&1 = &e = 0) admits an exact

solution with a corresponding mass parameter [ of the form

1
(I1.90) ds? = — fdt* + }dﬂ +r2dQ5_o s

where [22, 172, 173, 39]

2

r
I1.91 =k
L

[ Q?
1 \/1 +das <rfl —9 - 2(d — 2)(d — 3)r2<d2))] ’
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and a3 = az(d — 3)(d — 4). Taking the ‘negative’ branch of (I1.91), which is the only one
that admits a perturbative expansion, we find to linear order in ajg

_ 2 2 2 ~ /’AL 2~ Q2
f = k + GegT (1 + 29 a3)7"d73 + (1 + 29 a3)2(d _ 2)(d _ 3)T2(d*3)
fi? _ asfQ? N asQ?
722 (d—2)(d— 3)r37 | 4(d — 2)2(d — 3)2r2C5)’

(11.92) +a

where in this case g% = ¢*(1 + ¢g@3). Comparing this with (I1.87) demonstrates the

relation
(11.93) p= (1 +2g%a3) = (1 + 2g°as(d — 3)(d — 4)).

Note also that for @ = 0 the dependence of the solution (I1.87) on &; and &g is indirect
through the shift in geg. This is related to the fact that these contributions may be
removed at linear order through a field redefinition. However, with nonzero charge, a field
redefinition of the form g¢,, — g, + aRg,, + bR, can in principle remove the R? and
wa terms in the action but also generates RF? and R, F MAFY\ terms, implying that the
coefficients &y and &s remain physical [132].

2.2.4 Thermodynamics

Given the holographically renormalized action, it is straightforward to study the ther-
modynamics of the R-charged black holes. We begin with the temperature, which is given
by the surface gravity of the black hole, or equivalently by the requirement of the absence
of a conical singularity at the horizon of the Euclideanized black hole. The relevant part
of the Euclideanized metric has the form

dr?

fa(r)’

where both f; and fo have a zero at the outer horizon, fi(ry) = fa(ry) = 0. In this case,

(11.94) ds* = fi(r)dr® +

the temperature is given by

(I1.95) T= % {\/W]
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For f; and fo given in (I1.87), we find:

2 2
T o= 47T1T+ [(d _ 3)75_3 L 9g2er? — (d_fﬁd_G — 2a3(d — 2)(d — 3)(d 4)7"2:;‘4

gQ? (2@1 (d' —36d* +107d — 84) 26, (d* — 14d> + 65d% — 121d + 77)

r2d-6 (d—2)2(d — 3) (d—2)2(d — 3)

2
+203 (d (;)_(dg) 4)> + 234 <_126‘1 EZ — ;’3 + &22(d(d4—)(§)5)>

L nGQ (dl (d—4)(d?+6d—15) i (d® — 13d? 4 49d — 53) Oég(d—@(:%d—?))

radT (d—2)(d—-3) (d—2)(d—3) (d—2)

QY (. (d—4)(10d3 — 49d? + 84d — 57)  _ (2d* — 14d® + 31d* — 32d + 25)

~ p4d-10 ( Y 2(d—2)2(d—3)2(3d - 7) @ —22(d—32(3d—7)

(2d — 5)(d — 4)
(I1.96) +a32(d —2)2(d — 3))

While this expression is written in terms of the parameters u, 4 and @, they are not all
independent. In particular, g may be written in terms of r and @ through the horizon
condition fi(r;) = 0 (although p enters quadratically in (I1.87), it is only necessary to
obtain p to first order in the «;).

The entropy can be obtained by using Wald’s formula

_ uvpo d—2
. = v€po )
(I1.97) S 27r/ EFP7¢,€p0d "
horizon
where
(1198) EHvpo 0Sbulk ’
5RHVPU guv fixed

and €, is the binormal to the horizon. For the action (I1.66), we have

1
B = =41+ aiR)(g"g" - 9" g")
d

(1199) +%a2 (g:“pRVU + gVUR#P _ g,U«URVP _ ngR,uU) + 20&3R‘uupa] ’
in which case we find the entropy to be

1—2a1¢%d(d — 1) — 2d29%(d — 1) + 2a3(d — 2)(d — 3)52

27de,2’k d—2 |:
Ty

S = — Ty
d

Q? .d—4 _d-3
11.100 — .
( ) rid_‘i a1d_2+a2d_2



52

Here wq_o 1 denotes the area of the transverse space given by df2q_o .
The next ingredient we are interested in is the energy, which can be extracted from the

time-time component of the boundary stress tensor,

2 68

/_h 6hab

_ [2(1 —2a16%d(d — 1) — 2609 (d — 1)) (Kap — Khap)

Tab =

2
2/<cd

- (d—4)  ay 2 Ao Lo
+<061 d—9 d—o FKab—FQKF)\aF b iKF
1
+dg <KabhcdnuF“cnl,F”d + Kn, F*on, F"y, — 2thdn#F“Cnl,F”dhab)
1
+éty <chFcaF% - QKCdFdF%haQ ] + T+ Tt

(I1.101)
giving us the refreshingly simple expression

(I1.102) E = “;i‘f (d—2)pu (1 — 2a19%d(d — 1) — 2G26°(d — 1) — 2a39%(d — 3)(d — 4)) ,
d

which we expect to be valid in arbitrary dimension d. Notice that in the absence of higher
derivative corrections this expression reproduces the familiar result £ ~ p found in [47].
This also matches the Gauss-Bonnet black hole mass [146, 39] in the case &1 = &2 = 0,
and agrees with [60], with arbitrary a; coefficients (note that we have removed the k2
dependent ‘Casimir energy’ by the addition of finite counterterms, which was not done in
[60])-

The final quantity we are interested in finding is the thermodynamic potential, which

can be obtained by evaluating the complete on-shell action:

(I1.103) B2 = Spuik + Sau + Sct.-
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Computing this explicitly we find the renormalized free energy:

0 = w;;k [u (1 2819%d(d — 1) — 26ing>(d — 1) — 2a39°(d — 2)(d — 3))
d
2t (1 T ) st )
Q? FQ? ([, [d=1)(d—4)  _ dd—4)
Td-2a—ap ( M@y T (d-2)>

g*Q? (d—1)(d—4)2d—3) _ d>—4d>+6 5 (d—4)
(d—2)? a2 “%d—@)

2 _(d=1)(d—4) _ dd-4 2d — 5 2

+€d@_4 (—4a1( (d)_(2) ) _ & ((d_Q)) +2a3((d_2))) —2a3(d—2)(d—3)rg_1
Q* (. (d—4)(12d*> —45d +43) _ (3d® —23d% +53d — 39)
oRaT (O‘l [d—22(d—3)3d—T7) "2 (d—22(d—-3)Bd—7)

(3d — 8)
(I1.104) _a3(d—2)2(d—3)>:| )

where we again recall that p is a redundant parameter, and may be rewritten in terms of
ry and Q.
Since the d-dimensional expressions are rather unwieldy, we have checked our calcula-

tions by verifying that the thermodynamic potential and energy satisfy
(I1.105) QO=FE-T§5—- Q9,

and the first law,

(I1.106) dE =TdS + dQ.

Here ® is the chemical potential, defined as the difference in the potential between the

horizon and spatial infinity,
(11.107) O(ry) = Ay(r — 00) — Ay(r =r4),

and Q = (wq—2/2k2)Q is the normalized electric charge which is unmodified by the higher
derivative terms.
Finally, we note that a subtlety arises when applying the above thermodynamic expres-

sions in an AdS/CFT context. For the R-charged black hole solution, we have chosen a
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parameterization of the background which is asymptotic to vacuum AdS given by (I1.80).

Taking r — oo, this has the form

d 2
(I1.108) ds? ~ —g2gr?dt? + 12405 o4+ 5.
Jest”

Working on the Poincaré patch (k = 0), the natural spatial coordinates are written in

terms of the zeroth order AdS radius, so that

ds? —2.r2de? + g2r2dz2 dr?
~ gogT griart + — 5
oft”
2 2
d
(I1.109) ~ ¢’ (—gefdt“rdfz)Jr -
[Y Jeg”
€

The boundary CFT metric thus has a redshift factor

(I1.110) A= et

which may be removed by rescaling asymptotic time

(I1.111) t—t =M\t

Thus, in the CFT, all thermodynamic quantities in this section ought to be rescaled via
(I1.112) (B,T,0,0Q} - %{E,T, ®,0}.

We will only perform the scaling explicitly for the energy, since it is the quantity which

plays a key role in the discussion of the mass to charge relation.

2.2.5 The weak gravity conjecture and M/Q

It is not surprising that the relation between the mass m and the charge ¢ of extremal
black hole solutions is modified in the presence of curvature corrections. In light of the
weak gravity conjecture, which emerged from the ideas explored in [169] and later refined
in [8], it is interesting to examine the precise dependence of the mass on the R-charge for

the solutions we have constructed above.
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One of the key points emphasized in [169] is the fact that string theory, or any theory
of quantum gravity, puts constraints on low energy physics, so that not every (consistent)
effective field theory can in fact be UV completed. Thus, the landscape of “good” theories
— those which are compatible with quantum gravity — is much smaller than the actual
swampland of all effective field theories which do not have a UV completion. Building on
the simple observation that “gravity is the weakest force,” the authors of [8] conjectured
that there should always be elementary objects whose mass to charge ratio is smaller than
the corresponding one for macroscopic extremal black holes. The presence of such objects
would then provide a decay channel for extremal black holes, alleviating the problem of
remnants. Thus, according to the weak gravity conjecture, the mass/charge relation m = ¢
for extremal black holes cannot be exact, but must instead receive corrections as the charge
q decreases. Furthermore, the deviation from the extremal limit is expected to become more
pronounced as the charge becomes smaller.

An analysis of higher derivative corrections to the mass/charge ratio of four-dimensional,
asymptotically flat black holes was performed in [121]. In the examples where the sign of
the correction to m/q could be verified from UV physics, it was found to be negative, in
agreement with the claims of [8]. Similar results appeared more recently [91] in the context
of d-dimensional black holes with two electric charges, which are solutions corresponding to
fundamental strings with generic momentum and winding on an internal circle. While the
weak gravity conjecture was originally phrased in terms of four-dimensional, asymptotically
flat black holes, it is worth exploring its analog in the context of extremal black holes in
AdS. In particular, there have been suggestions in the literature that the correction to m/q
might be somehow tied to the correction to the shear viscosity to entropy density ratio /s
(as well as to the charge conductivity) [122, 144, 55]. When discussing the effects of higher

derivatives on various transport coefficients, the authors of [144] included an analysis of m/q
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for five-dimensional R-charged black holes, and their results were in qualitative agreement
with those of [121].

Given our analysis in this paper, we may extend some of these studies to R-charged
solutions in d-dimensions. As we will see, our results will be similar to those already found
in [121] and [144]. Moreover, we emphasize that in five dimensions the deviation from the
linear extremal mass-charge relation predicted by the weak gravity conjecture seems to be
intimately tied to the corrections observed in some of the hydrodynamic calculations in
AdS5/CFTy. Such a connection could be a consequence of gravity constraining the set of
allowed dual CFTs.

In Section 2.2.4 we extracted the energy of the corrected R-charge solutions from the

boundary stress tensor. In this case, the mass to charge ratio is given simply by
m 1K
(I1.113) 7 =30
where the energy E is given in (I1.102), but must be rescaled by the redshift factor A
introduced in (I1.110) to ensure proper boundary asymptotics. Recall that the normalized
charge Q is given by Q = (wq_2/2£2)Q. Since we are interested in m/q for extremal black
holes, we make use of the extremality condition 7" = 0 as well as the horizon condition
f(re) =0.

Although we ultimately want to consider black holes in AdS, we start by setting g =0

and k = 1 in order to examine m/q for asymptotically flat solutions with a spherical

horizon, as was done in [121]. We find

m  (m L@ (d—3)%(d—4)®> a3 (d—3)%(2d*> — 11d + 16)
q (q>0 ( Cr22d-2)3d—7) 12 2(d—2)(3d—7)
as (d — 3)(2d® — 16d? + 45d — 44)
(I1.114) ) [d—2)3d—7) ) ;
where

(IL.115) <m>0 - 2(dd__32)
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is the uncorrected mass to charge ratio. Note first of all that, independent of the number of
dimensions, the correction is always negative whenever the «;’s are positive. Furthermore,
as one can easily check by trading r; dependence for @) dependence, the 1/ ri factor in
front of the higher derivative corrections implies that the deviation from the linear relation
m ~ ¢ is enhanced as the charge decreases. This was precisely one of the predictions of the
weak gravity conjecture, and was also observed in [121]. Of course to say anything more
about the precise form of the correction, one needs to determine the couplings.

The expressions corresponding to spherical horizon black holes in AdS are significantly
more complicated. Here we quote the result in d = 5, and relegate the d = 4 and d = 6

cases to the appendix, since they are qualitatively the same:

<m> 3 <m) <1 . (81687 +10245% + 3008 + 1)
4/ 4/ 0,d=5 ' 673 (14 25)(2 + 35)

(33633 4- 39232 4 1323 + 11) (56433 + 58632 + 2163 + 31))

(11.116) —Q2 67’3_(1 +2l3>(2+35) — 67“_2,_(1 +25)(2+35)

where g = g2ri and

(11.117)

0.d=5 o 2V1+ 28

m V3(2 +33)
(5)
As in the asymptotically flat case, the corrections are sensitive to the sign of the couplings,
and will necessarily push the solution below the extremal limit when all the «; are positive.
Of course, if some of the couplings are negative the various terms can conspire to yield a
positive correction to the mass to charge ratio. However, if the weak gravity conjecture
holds, we would expect that, in an effective theory that is consistent with gravity in the UV,
the couplings would be constrained in such a way as to lower m/q. Again, this underlines
the importance of obtaining the higher derivative couplings from UV physics.

In the asymptotically Minkowski case we observed that m/q became smaller as the

charge decreased, since the overall 1 /7‘%r factor decreases monotonically as r; increases.

Here the AdS black hole situation is similar only as long as r does not become too large.
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When 7, ~ 1/g, the coefficient of the ag term reaches a minimum and starts growing as
ry increases. This effect was already noticed in [144] and is intrinsic to the AdS geometry
— it reflects the fact that the size of the black hole is becoming of the same order as the
AdS radius.

One of the results of the investigations of the hydrodynamic regime of four-dimensional
SCFTs has been the universality [33] of the shear viscosity to entropy ratio, n/s = 1/4m in
the leading supergravity approximation. Studies of R* corrections [35, 30, 145] increased
the ratio, and seemed to favor the existence of a new bound in nature, /s > 1/4x, the
celebrated KSS bound. However, with the inclusion of curvature-squared corrections the
bound has been shown to be violated by 1/N effects on the CFT side [122, 37, 144, 55]. The
size of the violation is related to the two central charges a, ¢ of the dual four-dimensional
CFT. Holographic Weyl anomaly matching demonstrates that the coefficient of the R?
terms in the action is proportional to (¢ —a)/c, and it is precisely the quantity ¢ —a which
controls the strength of the correction to n/s, with ¢ — a > 0 necessarily giving violation
of the bound.

Until recently, all the available CFT examples with a known gravity dual corresponded
to c—a > 0, so that violating the 1/s bound seemed to be the rule rather than the exception.
However, a large class of four dimensional N' = 2 CFTs was constructed recently in [80],
and shown in [81] to contain examples with ¢ —a < 0 and a known dual gravitational
description. These are quiver gauge theories which can be viewed as arising from M5
branes wrapping a Riemann surface. Furthermore, one can add non-compact branes that
intersect the surface at points (punctures on the Riemann surface). In the large N limit,
these yield a large class of AdS; compactifications of M-theory with four-dimensional V' = 2
supersymmetry, some of which correspond to ¢ — a < 0.

In light of these constructions, the requirement of ¢ —a > 0 which seemingly arises from
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the weak gravity conjecture is rather puzzling. Ideally, we may have expected the gravity
duals to restrict the set of allowed CF'Ts, effectively placing the ones with ¢ —a < 0 into
the swampland. However, such a statement would have to be reconciled with the results of
[81], which found no such sign restrictions. Still, it is remarkable that the issue of the sign
of ¢ — a arises not only in the computation of transport coefficients, but also in the context
of the weak gravity conjecture. We illustrate this connection with a simple example.

To make contact with the AdS/CFT work on transport coefficients, we take d = 5 and
consider the Weyl-tensor-squared corrected action

(IL.118)

1

Shuk = —5—5 | d’zy—g

1 4
2 R -

1
R—-F?>+124°
1 + 12¢ +a(6 3

R, R" + RuupaR“Vpg>] .

This choice is motivated by the general form of the supersymmetric higher derivative action
that was used in [55] to obtain the corrections to n/s in N' =1 SCFT. In fact, n/s for

(I1.118) can be read off from [55], and takes the form

(I1.119) Z = %[1 —4a(2 - q)],

where 0 < ¢ < 2, and ¢ is the R-charge in the notation of [55]. The main feature to point
out is that, since (2 — ¢) is non-negative, the condition a > 0 (or alternatively ¢ — a > 0)
always leads to violation of the 1/s bound, and also guarantees that the entropy increases.
But « > 0 is also the requirement needed to satisfy the weak gravity conjecture. In fact,

for the Weyl squared correction in d = 5, our result for m/q reduces to:

m (m 16883 + 15687 4+ 6053 + 11
(IL.120) <Q>d=5 = (q>0 <1 @ 472 (1+28)(2+3p) > .

While here we have focused on five dimensions, these features are generic in other dimen-
sions as well (as can be inferred from the m/q expressions in the appendix).
For a less trivial example in d = 5 we can look at the most general four-derivative action

describing R-charged solutions, which has been studied in [144, 55], and can be reduced —
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via appropriate field redefinitions — to the simple form:
(I1.121)

e 1oL = 1R po RMP7 + coRyypo FH FP7 4 c3(F?)? 4 ey F + 056””””)‘AMR,,M5RUA“B )

The effect of such terms on the shear viscosity to entropy density ratio can be read off from
[144, 55], and for the special case where the terms are constrained by supersymmetry (so

that all the ¢;’s are related to each other), one finds:

(11.122) g = ﬁ [1 —a g(Q)} 7

where ¢(Q) is a non-negative function of R-charge. The mass to charge relation for this
case has been worked out in [144] and exhibits the same behavior we found in the simpler

Weyl-tensor-squared case:

(IL.123) (C’;)dzg) = <TZ)0 <1 —c f(r+)> ,

where again f(r;) is always positive. While the precise form of the corrections to m/q and
n/s is different, the behavior required by the weak gravity conjecture (in this case ¢; > 0)
is again correlated with the violation of the viscosity to entropy bound.

The correlation between the behavior of /s and the corrections to m/q is intriguing. It
hints, at least in the five-dimensional context, at a close connection between the sign of c—a
and possible fundamental constraints on the gravitational side of the duality. However, in
this case one would need to understand the role played by the strongly coupled theories
investigated in [81], which allow for negative ¢ — a. We should also point out that studies
of causality in the CFT [26, 36] as well as the requirement of positive energy measurements
in collider experiments [117, 116] (also note the work of [161]) have resulted in bounds on
the central charges a and ¢, but so far have not lead to any restrictions on the actual sign
of ¢ — a. Nevertheless, theories with ¢ — a < 0 would naively seem to be in conflict with

the weak gravity conjecture, and thus may be expected to possess unusual features. We
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note that these ideas have already been explored in several contexts. For example, [1] have
identified consistency conditions for effective field theories with a UV completion, based on
the idea that the signs of certain higher dimensional operators must be strictly positive.
Such arguments, however, still need to be fully extended to generic gravitational settings.

Having a geometrical understanding of the origin of the higher derivative couplings
— and of their sign in particular — would also be valuable. For example, for the case
of ungauged N’ = 2, d = 5 supergravity (obtained by reducing d = 11 supergravity on a
CY3), the coupling of the R, R*'P? term can be shown to be related to the second Chern
class of the C'Y3, which is known to be positive. For the case of N' = 2, d = 5 gauged
supergravity (which is needed to discuss black holes in AdS), the compactification manifold
would be a five-dimensional Sasaki-Einstein manifold, and the geometric origin of the higher
derivative couplings is less clear. While there is work [78, 79] relating geometric data of
generic supersymmetric AdSs solutions of type IIB supergravity to the central charges a,
c of the dual CFTs, so far this applies only to the leading supergravity approximation,
where @ = ¢ = O(N?). Thus, it would be valuable to generalize these constructions to
accommodate finite IV corrections to the central charges. Whether through geometric data,
or through consistency arguments on the field theory side, a better understanding of the
signs of the higher derivative gravitational couplings is needed. This is especially relevant
if we want to achieve a deeper insight into the weak gravity conjecture, and how it is tied

to seemingly unrelated quantities such as hydrodynamic transport coefficients.



CHAPTER III

A supersymmmetric higher derivative lagrangian and 7/s

In this chapter we present a supersymmetric higher derivative extension of the minimal
gauged supergravity Lagrangian and relate the coefficients of the higher derivative terms to
gauge theory parameters through an anomaly matching procedure. We compute black hole
solutions and discuss their thermodynamics. Finally we present a calculation of the shear
viscosity to entropy density ratio for charged black holes in this theory, making comments
relevant to the conjectured KSS bound [125]. This chapter is based on work published in

[54, 55] in collaboration with Sera Cremonini, Kentaro Hanaki and Jim Liu.

3.1 Introduction

In this chapter, we investigate black holes in higher-derivative corrected five-dimensional
N = 2 gauged supergravity. Our motivation is two-fold. Firstly, we are interested in
exploring the nature of stringy corrections to supergravity and in particular whether such
higher-order corrections may smooth out singular horizons of small black holes. Secondly,
five-dimensional gauged supergravity is a natural context in which to explore AdS/CFT,
and black holes are important thermal backgrounds for this duality. By working out these
gravity corrections, we may learn more about finite-coupling as well as 1/N effects in the
dual N’ = 1 super-Yang-Mills theory.

Because of the reduced supersymmetry, we expect the first corrections to NV = 2 gauged

62
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supergravity to occur at R? order. For this reason, we will limit our focus on four-derivative
terms in the effective supergravity action. While in principle these terms may be derived
directly from string theory, doing so would involve specific choices of string compactifica-
tions down to five dimensions as well as the potential need to work out contributions from
the Ramond-Ramond sector. To avoid these issues, we instead make use of supersymmetry,
and in particular the result of [107], which worked out the supersymmetric completion of
the AATrR A R term in N' = 2 supergravity coupled to an arbitrary number of vector
multiplets using the superconformal tensor calculus methods developed in [127, 17, 76, 18].

Although we are not aware of an actual uniqueness proof, we expect the four-derivative
terms constructed in [107] to be uniquely determined by supersymmetry (modulo field
redefinitions). The ungauged story is rather elegant, and may be tied to M-theory com-
pactified on a Calabi-Yau three-fold. In this case the higher derivative corrections are given

by
(IIL.1) e L6L = Jear [%GENWAMRupaﬁRMQB L ] ,

where the ellipses denote the supersymmetric completion of the AATr RA R Chern-Simons
term. Comparing this term with the Calabi-Yau reduction of the M5-brane anomaly term
demonstrates that the coeflicients coy are related to the second Chern class on the Calabi-
Yau manifold. The higher-derivative corrected action has recently been applied to the
study of five-dimensional black holes in string theory (see e.g. [45] and references therein).

While much has already been made of the higher-derivative corrections to ungauged
supergravity, here we are mainly interested in the gauged supergravity case and resulting
applications to AdS/CFT. In this case, the natural setup would be to take IIB string theory
compactified on AdS5x Y where Y? is Sasaki-Einstein, which is dual to N = 1 super-Yang-
Mills theory in four dimensions. While the four-derivative terms worked out in [107] apply

equally well to both gauged and ungauged supergravity, in this case their stringy origin



64

is less clear. As we will show, however, the co; coefficients governing the four-derivative
terms may be related to gauge theory data using holographic anomaly matching.

Before constructing the R-charged black holes in the higher-derivative corrected theory,
we first integrate out the auxiliary fields of the off-shell formulation, yielding an on-shell
supergravity action. Throughout this paper, we furthermore work in the truncation to
minimal supergravity involving only the graviton multiplet (g,., Ay, 1,). While this on-
shell action is implicit in the work of [107], we find it useful to have it written out explicitly,
as it facilitates comparison with other recent results. This is especially of interest in pro-
viding a more rigorous supergravity understanding of the R? corrections to shear viscosity

[122, 27, 26] and drag force [71, 170].

3.2 Higher Derivative Gauged Supergravity

In this section we investigate five-dimensional N/ = 2 supergravity with the inclusion
of (stringy) higher-derivative corrections. We are mainly interested in the case of gauged
supergravity, which is the natural setting for the AdS/CFT setup. Because of the reduced
amount of supersymmetry, we expect the first corrections to this theory to occur at R?
order. For this reason, we will limit ourselves to four-derivative terms in the effective
supergravity action.

The conventional on-shell formulation of minimal ' = 2 gauged supergravity is given
in terms of the graviton multiplet (g, A4, %) where wa is a symplectic-Majorana spinor
with 7 = 1,2 labeling the doublet of SU(2). The bosonic two-derivative Lagrangian takes

the form

(IT1.2) e 'Lo=-R—-3F,, + ﬁeﬂ”f’AonFpAAa + 1242,

where g is the coupling constant of the gauged R-symmetry, and where we have followed

the sign conventions of [107]'. We are, of course, interested in obtaining four-derivative

IWe take [V, Vy]v7 = Ruvp®vP and Rep = R, _©

ac b’
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corrections to the above Lagrangian that are consistent with supersymmetry. Along with
purely gravitational corrections of the form (I1.49), other possible four-derivative terms
include F4, mixed RF? and parity violating ones. Given the large number of such terms,
it would appear to be a daunting task to work out the appropriate supersymmetric com-
binations. Fortunately, however, it is possible to make use of manifest supersymmetry in
the form of superconformal tensor calculus to construct supersymmetric R? terms. (See
e.g. [141] for a nice review, albeit focusing on four-dimensional N' = 2 supergravity.)

The general idea of the superconformal approach is to develop an off-shell formulation
involving the Weyl multiplet that is locally gauge invariant under the superconformal group.
The resulting conformal supergravity may then be broken down to Poincaré supergravity
by introducing a conformal compensator in the hypermultiplet sector and introducing ex-
pectation values for some of its fields. One advantage of this method is that the off-shell
formulation admits a superconformal tensor calculus which enables one to construct super-
symmetric invariants of arbitrary order in curvature. This is in fact the approach taken in
[107], which worked out the supersymmetric completion of the AATr RA R term in N' = 2
supergravity coupled to an arbitrary number of vector multiplets.

The basic construction of [107] involves conformal supergravity (i.e. the Weyl multi-
plet) coupled to a set of ny + 1 conformal vector multiplets and a single compensator

hypermultiplet. The resulting Lagrangian takes the form
(IT1.3) L=rCo+L1 =L+ .M+ 1,

where Lg corresponds to the two-derivative terms and £ the four-derivative terms. We

(V) )

have further broken up Lo into contributions £; ’ from the vector multiplets and L(()H
from the hypermultiplet.
As formulated in [107], the full Lagrangian £ contains a set of auxiliary fields which we

wish to eliminate in order to make direct comparison to the on-shell Lagrangian (I11.2).
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To do so, we simply integrate out the auxiliary fields using their equations of motion, and
the remainder of this section is devoted to this process. As an important shortcut, we note
that when working to linear order in the correction terms in £1, we only need to substitute
in the lowest order expressions for the auxiliary fields [7]. For this reason, we first examine

the two-derivative Lagrangian before turning to the four-derivative terms contained in £;.

3.2.1 The leading two-derivative action

We begin with the vector multiplet contribution to the two-derivative Lagrangian [107]

e_lﬁév) = ./V’(%D — iR + 32)2) + QN[U“VFJV +N1J%FJVFJ‘LW + Q%LC]JKEHVpAUA/iF;]pF/\Ig
(II1.4) N1 (3D M D, M7 + YY)

where M7, A{L and Yé (I,J =1,2,...,n, + 1) denote, respectively, the scalar fields, the
gauge fields and the SU(2)-triplet auxiliary fields in the n, + 1 vector multiplets. In
addition, the scalar D and the two-form v, are auxiliary fields coming from the Weyl
multiplet. The prepotential N and its functional derivatives are given by the standard

expressions
(IL.5) N =ltepeM MIME, Ny =LepeM/ MY, Ny =cryxM®.
For future reference, we also note the useful relations
(I11.6) NiMT =3N,  NpgM? =2A7.
Turning next to the hypermultiplet Lagrangian, we have [107]

(I11.7)

e 1Ll = 2[DFATD,AL + AT (g M)? AL + 29V LASAT] + A2(4D + 2R — L0?).

In general, A!, are a set of 4 x ny hypermatter scalars carrying both the SU(2) index i

and the index « = 1,2,...,2ny of USp(2ng). (We use the SU(2) index raising convention
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At = €9 A; and A; = Alej; with e12 = ¢!2 = 1). Note that we have gauged a subgroup G

of USp(2np), so that the covariant derivative appearing above is given by
(I11.8) DAY = 0, AF — gAltAS + ASV;

where t; are the generators of the gauge symmetry and where Vlfj is an additional auxiliary
field belonging to the Weyl multiplet. Finally, we have defined M = M't;, where M' are
the vector multiplet scalars.

For simplicity, we focus on a single compensator and choose the conventional gauging
of the diagonal U(1) in the SU(2) R-symmetry. In this case, the action of M on the

hyperscalars is given by

(111.9) MAS = Mtr A = MTPr(io®)3A7
while the covariant derivative becomes

(111.10) DAY = 0,48 — gALP(i0®)3A7 + ASV,..

Here Py denote the charges associated with the gauging. Furthermore, A? = A%A! =
.A’f dﬁO‘Ag, where the metric dg* is arranged to be a delta function as appropriate for a
compensator [107].

Combining (III.4) with (II1.7), the complete two-derivative action is given by

e Ly = 1DEN +A%) +R(2A - IN) + 023N — 1A%
2N FY, + Ny ($FL F7 W — SDEMID M) + Shep e AL F) RS

44 v pwtvp

(I11.11) —Np VIV 4 2[DFAXD, AL + AT (g M)? AL + 29V L ATAT]

At the two-derivative level, the auxiliary field D plays the role of a Lagrange multiplier,

yielding the constraint

(I11.12) N +A*=0.



68

Thus we can recover the standard very special geometry constraint N' = 1 by setting
A? = —2. (This fixing of the dilatational gauge transformation is in fact the purpose of

the conformal compensator). This then brings the Lagrangian to the following form:

Lo = 3DN 1) = {R(N +3) + v’ (3N + 1) + 2N10* F,
+ N1 (3 F, F7 W — D MID, M) + 5 CIJKeuypAGA;ILngFAIf(T
(I11.13) —NYAY T 4 2[DFASD, AL, + AT (g M)? AL + 29V AT AT

Integrating out the auxiliary fields

The action (II1.13) can be written in a more familiar on-shell form by integrating out
the auxiliary fields. We will do this in two steps by first eliminating the fields A, Vﬁj and
Ylg and then eliminating D and vy,

We start by fixing the SU(2) symmetry by taking A% = §¢, which identifies the indices

in the hypermultiplet scalar. The equation of motion for Vlfj is then given by
(I11.14) Vil = gPi(ic®)7 A,

which also results in D, A = 0. Turning next to Yé , we first note that
(I11.15) YL ASA] =Y Py (ic®),; .

Varying (II1.13) with respect to Yé then gives us the equation of motion

(I11.16) Vi =2WN ") Ps(ic®);; .

Using the above to eliminate A, V/fj and Ylg from the two-derivative action (III.13),

we end up with

e 'Ly = LDV —1)— IRWN +3) +v’(BN + 1) + 2N 0" Fl,
+ NIJ(lF[ FJMV_%aquauMJ) +iC[JK€’qu)\UAIFJF){g

4+ py wtvp

(IT1.17) + 82N HWYY PPy 4 4g2(Pr M),



69

where the last line corresponds to the gauged supergravity potential
(I11.18) V =4’ 2N Y PPy 4 (PMT)?).

Note that, with abelian gauging, the covariant derivative acts trivially on the vector mul-
tiplet scalars, DHMI = OHMI.

To remove the remaining auxiliary fields D and vy, from (II1.17) we must turn to the
equations of motion for this system. Varying the action with respect to D, v, M I and

A;It yields, respectively,
(IIL19)0= (N -1),

(II1.20)0 = 2(3N + vy, + 2N FL,

0= $N(D — 3R+ 60,0") + 2N Fl o' + % epy Fi, FR# 4+ NpyOM7

%

1 J K 2

(111.21) +§ CIJK 8MM or M — g 46MI y

(I1.22)0 =  —VY[ANjvy, + NisF) ]+ 1Crixe " F Y.

In addition, the Einstein equation is given by:

0 = i(N’+ 3)(Ruv - %gwR) + %(N’ - 1)D9;w - %(VMVVN - QWDN)
—i—%/\fu(auMI@VM‘] — %gwa,\Mla)‘M‘]) —2(3N + 1)(%,\?}”’\ — ig,ﬂ,v)\gv’\”)

(I11.23) —4N[(F(IM>‘UV) N — 19w Frg0) = SN (FF = 19 Fle F727) = S9,0V

We are now in a position to start solving for the auxiliary fields D and v,,. Inserting the
very special geometry constraint NV = 1 (enforced by the equation of motion for D) into

(I11.20) yields
(I11.24) O = —NIF}, .

We may now eliminate A" and v, from the lowest order Maxwell and Einstein equations
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to obtain
VYNNG = N1)F) = —3Crke ' FLFS,
Ry —iguR = —IN(0,M'0,M7 —Lg,,0,M * M)
(I11.25) —LWNINg = N (FLF = 29, FLF7 A7) + 2,0,V

Turning next to the scalar equations of motion, we note that the n, + 1 equations may
be decomposed into n, equations for the constrained scalars M, along with one equation

for the Lagrange multiplier D. To solve for D, we multiply the scalar equation by M’ and

obtain:
D — %R-ﬁ- 6v,, 0" = —%N[Fl{,jv’“’ — éN[JF/{VFJ“V — %ijaquauMJ
oV
4 1 2 1

Substituting in R and v, then allows us to express the auxiliary field D entirely in terms

of physical fields:

o

D = =GNy MM = NiOM' + 3 (NIN = gN1) Fp B9 = 3V + SMT

= —GNpo M oMM — INOM! + H(NINy — SN FL F7
(I11.27) 4+24%[6P; Py (N~ — PrPyMIMY].

By using (II1.26), the equation of motion for the constrained scalars (II1.21) can be rewrit-

ten in the following form:

<(5J N]MJ
7=

) [c grL (0, MEoF MY + 2MEOM*F)

oV
(111.28) —(NyrNp, — Segxr)FRFE — —— | =0.

We now have all the ingredients we need to write down the on-shell two-derivative

Lagrangian:
e 'L = —R— N0 M* M7 — {(NINy — Nij)EL F7H
(I11.29) +op ey P ALF) FE + 462NN Py 4+ (PrM)?]
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where now the M are a set of constrained scalars satisfying the very special geometry
condition N' = 1. The Lagrangian perfectly matches the bosonic sector of the standard
two-derivative N' = 2 supergravity action coupled to n, vector multiplets. The resulting
equations of motion are given by (II1.25) and (II1.28).

Here, we are mainly concerned with the truncation of (II1.29) to the case of pure super-
gravity. This is accomplished by setting the scalars to constants and by defining a single

graviphoton A,, according to?
I gl I _ gl
(I11.30) M= M-, A, =M A,

While the constants M! are arbitrary moduli in the ungauged case, in the gauged cause

they must lie at a critical point of the potential (II1.18) given by solving

NIM7\ 6V
J —_——_— =
(I11.31) (51 3 ) VL, 0.

By demanding that the critical point is supersymmetric, we find that the constant scalars

satisfy?:
1 _ 3 —1\1J 3
(I11.32) PrM* = 3 (N~ PPy = 3
in which case the potential becomes V' = —12¢2. The resulting Lagrangian for the bosonic

fields of the supergravity multiplet (g,., A,) then reads
(I11.33) e 'L=-R—3F, + 1" A, F,,F\, +129°,

which reproduces the conventional on-shell supergravity Lagrangian (II1.2) once the gravipho-
ton is rescaled according to A, — A,/V/3.
While this completes the analysis relevant to the leading, two-derivative action, we note

that the expression for D simplifies further in the case of constant scalars. Substituting

2Note that our definition differs by a factor of 1/3 from the conventional one where A, = A{LNI.
3These expressions can be obtained by making use of the hyperino and gauging SUSY variations, as well as the
equation of motion for the auxiliary field Ylé We refer the reader to [107] for more details.
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(IT1.30) and (II1.32) into the expression (II1.27) for D yields the simple result
(111.34) D = Y(NINy = 3N FL FI ™ = 3F2

By taking N' = 1, we see that this explicit form of D does not play a role in the leading
expression for the two-derivative Lagrangian. However, it will become relevant in the

discussion of higher derivative corrections, which we turn to next.

3.2.2 Higher-derivative corrections in gauged SUGRA

We now turn to the four-derivative corrections to the action (III.3), which we parame-

terize by L£1. For convenience, we separate the contributions to £; present in the ungauged

__ pungauged gauged

theory from those coming strictly from the gauging, £ . The two are

given by:
—_ d 14 14 174
et = Loy e AT RO RN 4 I Gy OV 4 L MID? 4 LS D
— 3 M Clpov" 07 — SFTH Clypov?” + § M 0, V'V 0P
— M WP, R — EMI0R + §MIVHPY 4oy, + $ M0V 0,
—%MIEHVP)\UUHV’UPAV5U05 + %FIWGWW\UUMV(;U)‘G + FI“”ewp,\gvp(;V)‘vms
(IT1.35) —%FI“"UWUW‘UAV — %FIMV’UW,'Uz + M v 0" o oM — M (v?)?]
- d ij
€ lﬁ%auge = iCQI [_%GHV/?)\O' AI'MRVp ](U)R?JQ(U)
(I11.36) —L MTRMY(U) Ry i5(U) — § Yiivw R 9 (U) |
where
(I11.37) RIU) =0,V = ViV — (nrv).

As we can see, the constants co; parameterize the magnitude of these contributions. Notice
that the scalar D no longer acts as a Lagrange multiplier, since it now appears quadratically

in £1. In fact, by varying the full action £ = Ly + £; with respect to D, with Ly as in
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(IT1.17), we obtain the modified very special geometry constraint
(I11.38) N=1- %’(DMI 4 FImy Y

which encodes information about how the scalars M! are affected by higher-derivative

corrections.

Integrating out the auxiliary fields

As in the two-derivative case, in order to obtain a Lagrangian written solely in terms of
the physical fields of the theory we need to eliminate the auxiliary fields D, v, Vljy and
ng from £ = Ly + L£1. In Sec. 3.2.1 we solved for the auxiliary fields by neglecting higher
order corrections, and then integrated them out of the two-derivative action. It turns out
that the lowest order expressions for the auxiliary fields are sufficient when working to
linear order in the cor [7]. This allows us to reuse the results of the previous section for

the auxiliary fields, which we summarize here:

(I11.39) Vi = gP(ic®)I AL,

(I11.40) Y = 2N Y Py(io®),
(IT1.41) v = —iNIF},,

(I11.42) D = YWNINjy— §N)FLF ™

While it is valid to use these lowest order expressions, it is important to realize that
the scalar fields are modified because of (II1.38). This modification leads to additional
contributions to the two-derivative on-shell action (III.29), which combines with £; to
yield the complete action at linear order in coj.

In principle, we may work with the full system of supergravity coupled to ny vector
multiplets. However, here we focus on the truncation to pure supergravity, where the

scalars M are taken to be non-dynamical. Even so, they are not entirely trivial. While at
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the two-derivative level, we may simply set them to constants according to (IIL.30), here

we must allow for the modification (III.38) by defining
(I11.43) M' =M+ oM’ AL =M'A,, cp=cyM,

where M are possible scalar fluctuations that enter at O(c2). Substituting this into the

expressions (I11.41) and (II1.42) for the auxiliary fields then yields
(I11.44) U = —3F,, + O0(c2), D =3F?+0(cy),

which match the lowest order expressions for constant scalars. The modified very special

geometry constraint (I11.38) can now be simplified further, and becomes

(IT1.45) N=1- %FQ +O(c3).

In general, a solution to the fluctuating scalars Mt ought to come from the equations of
motion. However, as a shortcut, we make the ansatz that M7 is proportional to M!. The

modified constraint (II1.45) is then enough to fix the correction to the scalars to be

I _ oyl [ €2 12 2
(I1L.46) M =31 [1 sag I+ 0(3)

Consistency with the equations of motion will presumably demand an appropriate relation
between the various co; coefficients. However, since the vectors will be truncated out, we
only care about the combination ¢y given in (I11.43), and will not work out this relation
explicitly.

We are now ready to integrate out both the scalars M! and the auxiliary fields from
the two-derivative action Ly given in (II1.13). By making use of the corrections* to the

leading order scalar expressions (I11.32)

3 c2 _ 3 C2
T11.4 Ml =2 [1 _ —Fﬂ Wpp, =2 [1 —Fﬂ
(ITL.47) ! 2 288" | W) PPy st Tasgt |

4These can be easily verified using P; = i/\T]]M‘].
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we find that the contribution coming from L, yields the following terms:
(I11.48)
3

1 5!

1 2 VpAo 2 2\2 2 12
=_—R—S"F?4 ZeP A F, F\, + 12¢° +— RF F9)* — —g°F
e ,C() R € ut'vpl'\ g 24 61( ) jg

Turning next to the four-derivative contributions, we note that, since such terms are
already linear in co, we may simply use the leading order solution for the scalars. The

gauging contribution (II1.36) is then particularly simple

(IIL.49) eI L = 20 g AN FOFY

On the other hand, the contribution to L’llmgauged is given by:

— d C2 1 o 3 v v
(& l;clllngauge - 24 16 €,uljp>\o'AuRVp ’YR)\U ,y + 8 C,LQLVPO' Ecuyp/\F'u FPA - FupruR“
1 3 3 3
—éRFz + 5 Fw VIV 10 4 SNV Fyy 4 5 VIFYN Fy,
1
+3 €uvpro FMY (BFPAVsF0 4 AFPVFA7 4 6FF VA F°)
45 45
11150 D FYPE M — 2 (2 2} .
The full on-shell Lagrangian is thus given by
-1 2 ) 1 1 HUPAT 2
e L = R—fF (1—1—5029 ) +Z<1_T6629 )e A F ,Fye +12¢g
€2 2 ungauged
11151 { RF F } c .
( ) o1 2+ 5 4( )7+ Ly

Finally, we may redefine A, to write the kinetic term in canonical form:

5
11152 Afinal _ (1 2 )Aold.
(IT1.52) " V3(1+ 11129 "

The Lagrangian then becomes:

1 1
L = —R-— *FQ + W( 60292>€HVPAUANFW)F)\U + 1292
C2 1 1 2 ungauged
11153 [ RF? 4 —(F? } [meanged
( ) toulas + 576( )|+
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with
_ er 1 1 1
el unenuged 2—2[—16 feprA“R"pMR)‘J + 80’2“"” —CNVpAF“”F/’A—gFWFp,,RZ
——RF2+ F,WV”V FHe 4 V“F””V wFoo+ 5 Lorprey o
5 \[ewaﬂ'/(31Wv5F"<S +AFPYsFN 4 6F sV )
L5 5
11154 SR FP BN~ (P2
(T1.54) a1 A 556 )

3.3 Anomaly matching and AdS/CFT

In the above section, we have written out the on-shell five-dimensional ' = 2 gauged
supergravity Lagrangian up to four-derivative order. Restoring Newton’s constant, this

takes the form

1 1 2 1 >\ 2
_p_ T UV pAT A
167G5 R 4F + 12\66 AuFupFas + 129 " 192 ijpa " 7

(ITL.55) e 'L =

where we have only written out a few noteworthy terms. Given this Lagrangian, it is
natural to make the appropriate AdS/CFT connection to N' = 1 super-Yang Mills theory.
Before we do so, however, we present a brief review of the AdS/CFT dictionary in the case
of N = 4 super-Yang Mills.

The standard AdS/CFT setup relates IIB string theory on AdSs x S° to N/ = 4 super-
Yang Mills with gauge group SU(N) and 't Hooft coupling A\ = ¢%,,N. The standard
AdS/CFT dictionary then reads

L4
(I11.56) — = dmg,N = g uN,

where L is the ‘radius’ of AdS5. This duality may be approached more directly by reducing
IIB supergravity on S°, yielding ' = 8 gauged supergravity in five dimensions. Just as
in the NV = 2 case of (IIL.55), this theory is determined in terms of two gravity-side

parameters, G5 (Newton’s constant) and g (the gauged supergravity coupling constant).
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These are related to the parameters of the AdS/CFT dictionary (II1.56) according to

1

L3
-~ N2=T
L’

(IT1.57) g BT

Since the range of N' = 1 gauge theories is much richer than that of N' =4 SYM, it is
worth rewriting the above AdS/CFT relations in terms of more general invariants of the
gauge theory. This may be elegantly done through anomaly matching, and in particular by
making a connection through the holographic Weyl anomaly [112]. Note that a discussion
of the N/ =1 SCFT description of the higher derivative theory was already given in [107],
where special emphasis was placed on the technique of a-maximization. Here we wish to
provide a more complete discussion of the relation between the gravity parameters Gs, g

and co and the gauge theory data.

3.3.1 The Weyl anomaly

For a four-dimensional field theory in a curved background, the Weyl anomaly may be

parameterized by two coefficients, commonly denoted a and ¢ (or equivalently b and )

C a

(I11.58) (Th) = 162 C— @E,
where

(I11.59) C=C =R, — 2R, + iR
is the square of the four-dimensional Weyl tensor, and
(I1L.60) E=R:, =R, —4R, + R’

is the four-dimensional Euler invariant. At the two-derivative level, the holographic com-
putation of the N' = 4 SYM Weyl anomaly gives a = ¢ = N2 /4 [112]. Combining this with

(IT1.57) then allows us to write

73

I1I.61 =Cc=—
(11L61) a=c= o
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which has the advantage of being completely general, independent of the particular gauge
theory dual.

The prescription for obtaining the holographic Weyl anomaly for higher derivative grav-
ity was worked out in [20, 151], and later extended in [77] for general curvature squared

terms. The result is that, for an action of the form

1
(I11.62) e IL = 53 (~R+12¢° + aR? + BR%, +AR2, , + )

the holographic Weyl anomaly may be written as [77]

(111.63)

G (TH) = 2L [(—L+M+B+7)R2+(L—5a—ﬁ—?’V)RiﬂthQ }

167Gs 24 3 3 3 8 2 2 Hvpo
where L is related to g (to linear order) by

1

1
(I11.64) 9=7 [1 — o220+ 45+ 27)} .

Comparison of (IT1.58) with (III1.63) then gives the curvature-squared correction to (II1.61)

L3 4

wL3 4
II1. = — |1—-——=(1 206 — .
(IIL.65) ¢ 8G5[ 73(10a +25 'y)]

Turning now to the A' = 2 gauged supergravity Lagrangian of (II1.55), we see that the
curvature-squared corrections are proportional to the square of the five-dimensional Weyl

tensor. This gives

c (1 4
111.66 - 2 (2 _--1
(11 66) @5 =12 (5 -31).
so that
w3 w3 o 1
II1. _ = T (12 _ L
(IT1.67) ‘=36 ¢ 8G5< +24L2)’ 9=1

Note that the AdS radius is unshifted from that of the lowest order theory. This is because

AdS is conformally flat, so that the Weyl-squared correction in (II1.55) has no effect on
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the background. Finally, we may solve for ¢y to obtain

o c—a
I11.68 — = .
( ) 24 ag?

This is the key relation connecting the four-derivative terms in the gauged supergravity
Lagrangian to the N' = 1 gauge theory data.

3.3.2 The R-current anomaly

A consistency check on the form of ¢y comes from the gravitational contribution to
the anomalous divergence of the U(1)g current (9,(y/g R*)), since the latter is related by
supersymmetry to the conformal anomaly (T},).

The CFT U(1) anomaly is given by

tI‘ G[GJGK) trGy
IIL. NZepr = [ A FINFE + —= ab
(I11.69) CFT = / [ L2 A + 1927T2Rab/\R ,
where G is a global U(1); generator, and the trace is taken to be a sum over all the

fermion loops. The AdS/CFT relation Zcpp = exp(—Ipyui) then connects this field theory

anomaly to the coefficients of the Chern-Simons terms in the bulk supergravity:

tr(G[GJGK) I J K tr G I b
II1. 1 = ——— LA ANF F A .
(I11.70) bulk +/[ Y NESNER + 205 A Rgp AN R™| |

where the ellipses denote the gauge invariant part of the action. Comparison to the AARAR

term of (II1.35) gives

TCor

I11.71 trGr = — .
( ) rGy 8-

To relate ¢y = cor M to the central charges, we can use the relation

1
(IT1.72) = i(3trR3 —trR), c= 3—2(9trR3 — 5trR),

32

provided we can relate G appropriately to the U(1) charges R. A few comments are

needed to explain how to identify the R-charge correctly. First of all, the R-charge is a
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particular linear combination of the Gy, proportional to M!G;. Also, the supercharge Q,
should have R-charge one. The U(1) charges of @), can be read off from the coupling
between the gauge fields and the graviphoton in the gravity side, and the algebra is given

by [G1,Qa] = PrQq. This uniquely determines the R-charge as

M'G;L 1 7weoL
11173 R= oI trR = ——— .
(ITL.73) Pt P, M8G5

Recall that the combination P;M! = 3/2 can be determined from the vacuum solution,

(II1.32). By plugging this equation into (II1.72), we obtain

2_8G5

(IT1.74) 51 = I (c—a).

In addition, the gravitational constant also can be determined from the U(1) anomaly.

Eq. (IT1.70) implies

T 2
(111.75) tI‘(G[GJGK) = 87G5 <12C[JK — ggC(IPJPK)> .

By multiplying M M7 M on both sides, we obtain

27 T 3¢y
I11.76 R = — (12— == .
(ILL76) 8L3 " T 8Gs ( 4L2>

The formula for the central charges (I11.72) and (II1.74) then gives

1 _ a
167Gs  2w2L3°

(I11.77)

Using this relation, (II1.74) can be rewritten as

(&) cC—a
II1.78 _ =
( ) 2412 a

These results agree with those found through the holographic Weyl anomaly calculations,

as expected for consistency.
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Extracting the R-current anomaly from the N = 2 case

Since the U(1) normalization may be somewhat obscure, we may perform an additional
check by making contact with the N'= 2 SCFT literature. In fact, one can extract the co
result (IT1.68) from the analysis of [4], which studied R-symmetry anomalies in the N' = 2
SCFT dual to AdSs x S°/Zs. Of course, the appropriate supersymmetric CFT that is dual
to our bulk N'= 2 AdS5 theory has N/ = 1 supersymmetry. Nevertheless, one can still use
the analysis of [4], after carefully rewriting it in the language of A= 1 anomalies. Before
doing so, we will need to make a few general comments on the connection between the
CFT R-current anomalies and the dual supergravity description.

The four-dimensional CFT R-current anomaly is sensitive to the amount of supersym-

metry, and is given by [6]:

" _ CZGpp Doz dcs

(IIL.79) O(VIRIIN=1 = 55 RR+ == FF,
c—a - 3(c—a) ~

(IT1.80) (VIR =2 = o RR+ ——5—FF,

where F is the flux associated with the R-symmetry. The R-symmetry of N' = 2 SCFTs

is U(1)r x SU(2)g. The U(1)g symmetry of its N' = 1 subalgebra is

1 4
(I11.81) Ry=1= gRN=2 + 513,

where I, I, I3 are SU(2) g generators. The factor of 1/3 in the relation above can also be
seen in the gravitational contributions to d,(,/g R"*) in (II1.79) and (II1.80). Recall that
the mixed U(1)-gravity-gravity anomaly d,,(,/g R*) o RR is represented in the bulk by
the mixed gauge-gravity Chern-Simons interaction o [, 4S5 A ANtr(R A R). Thus, the bulk
CS term associated to the N'=1 SCFT will be 1/3 of that corresponding to N' = 2.
Furthermore, when using the results of [4], we will have to be careful with how the U(1)

gauge field is normalized. In the AdS/CFT dictionary, the normalization of the gauge field
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kinetic term

P

4 Q%G

(IT1.82) Sadss = / d'zdz+/—g

can be extracted by looking at the two-point function of the dual CF'T currents sourced by
the gauge field A, (%) = A,(Z, 2)|boundary. For a four-dimensional CFT, the general form

of the two point function of such currents is given by [73]:

(IIL83) Wil i) = gy (B = 0:05) 3

where B is a numerical coefficient which is related to the normalization of the gauge kinetic

term:

1
(I11.84) B o ——

Gée
For the N' = 2 computation of [4] one finds B = 8, while for the case of N’ =1 supersym-
metry [5] we read off B = 8/3. Notice that the two results are again off by a factor of 3.
We now have all the ingredients we need to apply the (N = 2 SCFT) analysis of [4] to our
case (N =1 SCFT). We have seen that both the gauge kinetic term normalization and the
coefficient of the mixed gauge-gravity CS term will have to be adjusted.

The five-dimensional supergravity action of [4] takes the form

_ F’R N R
S = w2L3/‘/ aRT= 2L/A Atr(R A R)
N? , L7 57 A
(I11.85) = o /[\/—g FR — 1o Cumpo ARV RY |

where AR is the gauge field that couples canonically to the R-current. This was the effective
supergravity Lagrangian which was appropriate for comparison to the N'= 2 SCFT. Since
we are interested in comparing to a CFT with N'= 1 SUSY, we will need to rescale both

terms by appropriate factors of 1/3:

2

N 1,

L2

Fa6 oA R R
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Finally, we rescale the graviphoton, A® = (1/3/2)A, to obtain a canonical gauge kinetic

term:

N2 F2 L2 5 A
/ 14 (o}

This is the action which should be compared to ours:
2

N2 F (&)
111.88 Sps = — [—R L2 . ARV RN } :
(IIL88) A2 L3 /\/Z’ 1 o116y M a

finally giving us

1212

cC—a
(I11.89) == 2412

)

a

in agreement with (II1.68) and (II1.78).

3.4 R-Charged Black Hole Solutions

The embedding of the lowest order five-dimensional A" = 2 gauged U(1)? supergravity
into IIB supergravity was done in [57]. If the three U(1) charges are taken to be equal, we
end up with the minimal supergravity system that we have considered above, (II1.2). The
static stationary non-extremal solutions are well known, and were found in [13]. For the

truncation to minimal supergravity, they take the form

ds? = H7Afdt? - H(fdr +r%a03,),

_[3(kQ+p) 1
(I11.90) A = T(1 - E)dt,
where the metric functions H and f are:
Q
‘H(T) =1 + riza
(II1.91) fr) = k- Tﬂ? + g% 2H5

Here p is a non-extremality parameter and dQ% i for k=1, 0, or —1 corresponds to the

unit metric of a spherical, flat, or hyperbolic 3-dimensional geometry, respectively.
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3.4.1 Higher order corrected R-charged Black Hole Solutions

We wish to find corrections to the R-charged solutions (II1.90) given the higher deriva-
tive Lagrangian (II1.53). To this end, as in [132] we treat co as a small parameter and

expand the metric and gauge field as follows:

H(r) = 1+ 7% + eoha(r),
flr) = k_r%+927“2H3+02f1(7“),
(111.92) A = 3<kQQ+ 1) (1- 1+ c;{m(?“)) i,

where h1, f1, and a; parameterize the corrections to the background geometry. Solving the

equations of motion for the theory, we arrive at:

o QkQ +p)
h = —Sa
T2r6 H§
foo QKR EE e
! 7204 9610 Hy, ’
Q 3Qu
111.93 Ak P L
(I1.93) a o [ARQ + ) = 3u — —5-]

The new corrected geometry is therefore given by

HO) = o)+ 53| “RE ]

24 37‘6Hg
8¢%Q(k 2
o) = i+ [N ]
(I11.94) A(r) = Ago(r) — ZW [2(1@ + p)r? — WZHO] ,
0

where Hy, fo, and Ag refer to the background solutions (II1.90) and (II1.91). Finally, we
should note that in the literature @ and p are sometimes written in terms of a parameter
3, defined by sinh? § = kQ/u>.

We will state the £ = 0 and k = 1 solutions explicitly, since they have several interesting

applications: the former to studies of the hydrodynamic regime of the theory, and the latter
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to the issue of horizon formation for small black holes. For k = 0, the solution is given by

H) = Hyr)+ 2 [ TGQ;;Q],
B 2 [ 8g2 e 1
) = 4[ 34 47°6HJ

(IT1.95) Ar) = Agolr) — 2 [Vr?’Qu (ur Qu)]
while for £ =1 it is given by

C 2 2
i) = fo(?”)+2[—8g QQ+p) , n ]

24 3rd 476 H,
B c2 [/3Q(Q + p)
(111.96) Aur) = Awolr) — o [27”8H§ ((2Q + )’ - Qu)} -

3.4.2 Conditions for Horizon Formation

We would like to conclude this section with some comments on the structure of the
horizon for the solutions that we have found. In particular, we are interested in whether
higher derivative corrections will facilitate or hinder the formation of a horizon. In the
standard two-derivative theory, the BPS-saturated limit (@ = 0) of the & = 1 solution
(I11.90)-(I11.91) describes a geometry with a naked singularity, the so-called superstar [147].
Furthermore, even if the non-extremality parameter is turned on, one finds that a horizon
develops only given a certain critical amount, p > p. [13]. It is therefore natural to
ask what happens to such geometries once we start incorporating curvature corrections.
For the superstar, we would like to see hints of horizon formation. In the non-extremal
case, on the other hand, it would be nice to determine whether the inclusion of higher-
derivative corrections leads to a smaller (larger) critical value ., increasing (decreasing) the
parameter space for the appearance of a horizon. However, one should keep in mind that
our arguments are only suggestive, since our analysis is perturbative, while the formation

of a horizon is a non-perturbative process. Moreover, given that even in the non-extremal
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case turning on u does not guarantee the presence of a horizon, it is not clear at all whether
higher derivative corrections can be enough to push the superstar to develop a horizon. A
more proper analysis would involve looking directly at the SUSY conditions, and asking
whether they are compatible with having a superstar solution with a finite horizon. In
fact, there are already studies which seem to indicate [142] that this may not be possible.

The spherically symmetric solutions presented in (I11.96) are of the form:
(I11.97) ds® = Fy(r) dt* — Fy(r) dr® — Fs(r) dQ3.

Horizons appear at zeroes of the function Fi(r). One can make arguments about their
existence without having to solve explicitly for their exact location. Notice that Fi(r) is a

positive function for large . Thus, a sufficient condition for having at least one horizon is
(I11.98) Fy(Tmin) <0,

where 7p,ip, is a (positive) minimum of Fi(r). This was the reasoning used in [13] to study
the properties of the horizon of the non-extremal solution.

For the corrected superstar solution we have, expanding in cs:

—2fohi Hy'*
(IIL.99) F = % _ fotalh H;fo ) | o).

It is easy to see that, to leading order, the numerator does not vanish. With the inclusion
of higher-derivative terms, however, it picks up a negative contribution, hinting at the
possibility of a horizon. Furthermore, the minimum of the function F = fy + co(f1 —
2foh1Hy 1) will shift. Let’s see precisely how that happens. To lowest order, its minimum
is given by acggzn = 2(@), which in turn gives us F(xgzzn) =1+ 27¢%Q/4. Including higher

order corrections, we find

81g%Q — 4

(I11.100) Tomin = x(o) + 023;(1) =2Q — CQW .

man min
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Now we have

2
g
),

972Q 48

F(xmzn) =1+ 2792Q/4 + 02(

which tells us that the minimum of the function will be slightly closer to zero as long as
g*Q > 4/81.

The analysis of the conditions for the existence of a horizon in the non-extremal case
(1 # 0) is significantly more involved. The expression for the corrected horizon radius in

terms of the original, two-derivative horizon radius rq is:

g H$(3Q? — 26Qr2 + 3r3) — 2 H2(13Q — 3r2) + 3 })

C2
IML10Yy = 1 7{
( )—I T0< + 24HOT0 [QQH(%(Q - 27'(2]) — 1]

24

Notice that we traded p in favor or r¢ in the expression above by making use of fy(rg) = 0,
i.e. the relation p/r3 = 14 ¢?r2H3. As we mentioned above, in the two-derivative case one
finds a critical value iz above which a horizon will form. It would certainly be interesting
to explore for which parameter values ry decreases or increases, and more importantly, how
the (corrected) critical value of u is affected by the curvature corrections. We leave this to

future studies.

3.5 Thermodynamics

We may now study some of the basic thermodynamic properties of the non-extremal
solutions constructed above. With an eye towards AdS/CFT in the Poincaré patch, we will
focus on the k = 0 solution (II1.95), although the analysis may easily be carried out for the
other cases as well. We begin with the entropy, which for Einstein gravity is characterized
by the area of the event horizon. In the presence of higher derivative terms, however, this
relation is modified, and the entropy is no longer given by the area law. Instead, we may
turn to the Noether charge method developed in [171] (see also [120, 119]).

The original Noether charge method is only applicable to a theory with general covari-

ance, but has been extended to a theory with gravitational Chern-Simons terms in [166].
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Our action includes a mixed Chern-Simons term of the form A A R A R. But as long as
we keep this term as it is, with a bare gauge potential, the general covariance is unbroken
and we can still use the original formulation. In the absence of covariant derivatives of the

Riemann tensor, the entropy formula is given by [171]

oL

~— €€
pr€po
OR 0 po

(IT1.102) S =27 / dP=2z/—h
%

where X denotes the horizon cross section, h is the induced metric on the it and €, is the
binormal to the horizon cross section.

For the metric ansatz (II11.90) the only non-vanishing component of the binormal €, is
(I11.103) e = —€p = H Y2,
Applying the prescription (II1.102) to the action (??), we obtain, to linear order in ca,

(I11.104)

8Gs 24
w(Q + 3r3)
48(r + Q)? ]’

A c
g = [_gwgw + o2 (5O — L gPg T F? 4 g P — fﬁF"”F””)] €w€po

r=r4

_ A
TR

where A = f vV—h d€)3 o is the area of the horizon for the solution to the higher derivative
theory. Also, r4 denotes the radius of the event horizon for the corrected black brane
solution, while 7 is the horizon location for the original, two-derivative solution (II1.91).
The former can be found by requiring that the gy = f(r)/H(r)? component of the cor-
rected metric vanishes®. Similarly, 7o satisfies fo(rg) = 0. Notice that the non-extremality

parameter u can be expressed entirely in terms of rg and Q:

2002 3
(I11.105) folro) =0 = p= M.

o
We can therefore eliminate p from (II1.105), and write the entropy in the following form:

2 Q + 318

I11.106 S
( ) 48 7”(2)

=11
1C- + c2g

5To linear order in the expansion parameter cg, this coincides with demanding that f(r) vanishes.
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The first term above is simply the contribution coming from the area, while the remaining
O(c2) term is the expected deviation from the area law.
In order to arrive at the entropy density, we need one more ingredient, which is the

relation between the corrected and uncorrected horizon radii v and rg:

2(,.2 2 2 4
c2 g°(rg + Q)(3Q* — 26Qr§ + 3ry)
111.107 =71+ .
( ) T ( MY 24r3(Q — 2r3)

This is because the area A appearing in (II1.106) is computed using r. This expression

allows us to write the entropy per unit three-brane spatial volume entirely in terms of ¢

as well as the physical parameters of the theory

_ ()P <1 2 ¢7(3Q% — 14Qr3 — 21r3)>

AG5L3 24 8r2(Q — 2r2)
2(r¢ + Q)*/? 3Q2 — 14Qr3 — 217}
1111 = S0 = -
(TIL.108) o\ TG )

In the second line we have used the relations (I11.67) to replace the gravitational quantities
G5 and ¢y by the central charges of the dual CFT. Notice that the lowest order term above
matches the two-derivative entropy computation of [165].

While rg is the coordinate location of the horizon in the lowest order computation,
it is not in itself a physically relevant parameter. Instead, it may be viewed as a proxy
for the Hawking temperature associated with the non-extremal solution. A simple way of
computing this temperature is to identify it with the inverse of the periodicity of Euclidean

time 7. The relevant components of the metric are given by
(II1.109) ds> = H2fdr> + Hf 'dr® + -+ |

and the horizon is located at f(r;) = 0. Expanding near the horizon and identifying the

proper period of 7 to remove the conical singularity yields the temperature

(r% + Q)1/2 (27"3 -Q) c2 (3Q% + 4Q2r§ + 59Qr§ — 107“8)}

111110 Ty =
( ) " 27 L2 r2 2412 sri(2r2 — Q)
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In principle, we may invert this expression to obtain ry as a function of temperature T
and charge (). This then allows us to rewrite the entropy density as a function of charge
and temperature, s = s(Ty, Q). In practice, however, non-trivial R-charge introduces a
new scale, so that the entropy density/temperature relation no longer takes the simple
form s ~ T° resulting from simple dimensional analysis.

Our interest in studying higher order corrections to R-charged AdSs black holes is
also motivated by our desire to investigate corrections to the hydrodynamic regime of the
dual theory. It is natural to apply the results of this work to the calculation of n/s, the
shear viscosity to entropy ratio, which has recently received a great deal of attention. In
particular, our present construction of higher-derivative corrected R-charged black holes
allows for a generalization of the finite coupling shear viscosity calculation to the case of

finite (R-charge) chemical potential. We present this calculation in the following sections.

3.6 Overview of n/s in AdS/CFT

Over the past decade the development of the AdS/CFT correspondence [138, 96, 175]
has led to a new way of thinking about strongly coupled gauge theories. Although the
original and best studied example of the AdS/CFT duality connects N' = 4 supersym-
metric Yang-Mills to type IIB string theory on AdSs x S°, the duality has been extended
to a variety of cases, and can describe confining gauge theories with features that are
qualitatively similar to QCD. In recent years the AdS/CFT correspondence has proven to
be a valuable tool for better understanding thermal and hydrodynamic properties of field
theories at strong coupling. In particular, it has been applied to the realm of heavy ion
collisions, with the aim of providing a more realistic description of the strongly coupled
quark-gluon plasma (QGP).

In the context of RHIC physics, a quantity that has played a special role is the ratio of

shear viscosity to entropy density, /s (see e.g. [98] and references therein). Weak coupling
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calculations in thermal field theory predict /s > 1, while elliptic flow measurements
at RHIC seem to indicate a very small ratio 0 < n/s < 0.3, showing that the QGP
behaves like a nearly ideal fluid, and is in the strong coupling regime. Motivated by such
observations, there has been a large effort to apply AdS/CFT methods to the calculation
of various transport coefficients. The AdS/CFT “program” is particularly valuable given
that lattice methods (which work well for equilibrium, or thermodynamic, quantities) fail
for non-equilibrium processes.

Furthermore, developments resulting from the AdS/CFT correspondence prompted
Kovtun, Son and Starinets (KSS) to postulate a bound [126] for 7/s, according to which

all fluids would obey

(IT1.111) >

» |3

1

4’

The bound, which seems to be satisfied by all substances in nature, was later shown [33]
to be saturated in all gauge theories with a dual supergravity description in the large IV
and A = g)z/MN limit. Moreover, the universal value n/s = 1/4m ~ 0.08 falls into the
experimental range observed at RHIC. Finite A corrections to the leading supergravity
result were explored in [35], which considered curvature terms of the form ~ o/®R* in Type
IIB supergravity on AdSs x S°. The result was that the leading finite A corrections increase

the ratio in the direction consistent with the bound:
(IIL.112) U RS g(3)x3/2}
' s Am '

However, 17/s bound violations were subsequently observed in the presence of curvature
squared terms [122, 27, 26, 40]. In the context of the AdS/CFT correspondence, such terms

correspond to finite NV corrections and lead to [37]

1 _
(II.113) [ <1 - “) ,
S

a
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where a and c are the central charges of the dual CF'T. Thus, violation will occur provided
¢ —a > 0. The central charges are known to be equal in the large N limit [112], with
a = c = O(N?), but differ for finite N. For the supergravity examples studied so far, the
leading 1/N corrections on the CFT side lead to ¢ —a > 0, implying violation of the bound
by finite N effects [37]. (It is an interesting question on its own to ask whether one can
have string theory constructions whose dual description allows for ¢ —a < 0.)

In this paper we investigate what happens to the 1/s ratio in the presence of non-zero
chemical potential. In particular, we focus on the chemical potential corresponding to
turning on a U(1) g background of the N = 2 system. To leading order in the supergravity
approximation, the R-charge chemical potential does not affect the calculation of 7/s, as
was shown in [139, 165, 136]. However, it is interesting to examine whether this is still
the case once higher derivative corrections are included. Furthermore, if /s is affected by
R-charge, it would be useful to see whether the KSS bound violation gets larger or smaller
as a function of chemical potential®.

We work in the framework of D = 5, NV = 2 gauged supergravity, which is dual to N' = 1
super-Yang Mills theory. In particular, we are interested in supersymmetric higher deriva-
tive terms, which have a highly constrained structure’. The four-derivative corrections
to the leading order supergravity include a mixed gauge-gravitational Chern Simons term
ANTr(RA R). The supersymmetric completion of this term was done in [107], where an
off-shell action was obtained for D = 5, N’ = 2 gauged supergravity at the four-derivative
level. In [54] we derived the corresponding on-shell Lagrangian, found corrected R-charged
black hole solutions, and studied their thermodynamic properties. We will use many of the

results of [54] to compute the shear viscosity. Our main result is that turning on R-charge

61deally, one could imagine tuning the chemical potential to match observations. However, it should be noted
that the R-charge chemical potential we are investigating is not the same as the more physically relevant chemical
potential related to non-zero baryon number density.

"Four derivative corrections in the presence of a chemical potential have been partially discussed in [89, 41],
where R? and F* corrections were considered, respectively. The supersymmetric Lagrangian, however, has REF'? and
VFV F-type terms as well which were not previously considered.
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not only leads to violation of the bound, but enhances the effect, pushing n/s further below
1/4m. Furthermore, while the dependence of 7 and s individually on the R-charge is quite
complicated, the ratio n/s is remarkably simple.

The general picture that emerges from such studies is that if we are interested in de-
scribing properties of the QGP (or other strongly coupled systems), we can try tuning the
parameters available to us (whether N, A or the chemical potential), as long as we remain
within the regime of validity of the supergravity approximation. Moreover, it is an interest-
ing fundamental question whether violations of the bound can be related to any constraints
on the dual gravitational side or consistency requirement of the underlying string theory.
For instance, one may be able to relate the violation of the 7/s bound to the weak gravity
conjecture of [8], according to which there should be some states whose M/Q ratio is below
the BPS bound. While this is an interesting avenue to explore®, the solutions that we have
considered do not admit a nice extremal BPS black hole limit (since the extremal solution
is the superstar geometry, with a naked singularity), and therefore do not lend themselves

easily to such an analysis.

3.7 Computation of the shear viscosity

Before presenting the result for n/s let us briefly recall the higher derivative lagrangain
and the R-charged black hole geometries discussed in the previous sections. Our starting
point is five-dimensional N' = 2 gauged supergravity. The physical fields in this theory
are the metric g,,,, graviphoton A, and gravitino v,. The supersymmetric four-derivative
corrections were obtained in [107] using the superconformal tensor calculus methods worked

out in [127, 17, 76, 18]. By integrating out the auxiliary fields, the Lagrangian may be put

8See [121] for investigating the effect of higher derivatives on the weak gravity conjecture.
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into the form [54] *

1 1
].67TG56_1L = *R — ZFZ + T\/g <]. — 452) E'u‘l/pAUAqupF)\o' + 1292
C 1 1
— T \f €wpro APRVPTRN 5 4 g C2, 00 + : GCW,,AFWFPA JF FuR;

——RF2+ 5 P VIV P+ o V“F”"V wFop + 5 L grprey v

€vpro FMY (BFPAVsF0 4+ AFPN s FA7 4 6F VA F°)

32\f
(I11.114) 4O, prep, e AL —(F?)?
' gt 2304 ‘

The four-derivative corrections are determined in terms of a single new dimensionless pa-
rameter ¢ (corresponding to cpg?/24 in the notation of [54]). Holographic computation
of the Weyl anomaly [112, 20, 151, 77] allows G5 and ¢ to be expressed in terms of the
anomaly coefficients a and ¢ of the dual N' = 1 gauge theory. This was worked out in

[37, 54], with the result

(II1.115) BCs=", =

Nonextremal R-charged black hole solutions to the lowest order N = 2 gauged super-
gravity were found in [13], and the corrections linear in ¢, were worked out in [54]. Using a
parameterization convenient for the shear viscosity calculation, the flat-horizon black holes

are given by the metric

ro 1 flu) H(u)
II1.11 220 _H 72— ————du®
( 6) ds " [H(u)2dt (u)dx ] 492u2f(u)du ,
and the gauge field
3(1+¢q)3 1 Co qu3(1 — qu)
IIL.117 Ay = — |1 - — —q(1 _—
The metric functions f(u) and H(u) are given by
fo= (1+qu)?— 0+ +é —§q(1 +q)*u® + = (1 +q)° o
3 4 1+qul’
= 3
Co 3 u
1118 H = 1 — —q(1 —_— .
( ) +qu——q(l+aq) 1+ qu?

9We follow the conventions of [107] and take [V, Vu]v = Ruup® vP and Rgp = R, ©

ac b’
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The above solution is fixed in terms of two parameters, o (related to non-extremality)
and dimensionless ¢ (related to the R-charge). At the two-derivative level, the horizon is
located at uw = 1, while the boundary of AdSs is at u = 0. At linear order in ¢, however,

the horizon location gets shifted to

o (14 q)(3 —26q + 3¢%)
III.11 =14+ = .
( 9) U4 + 12 2—(]

The temperature and entropy density were obtained in [54]

ro_ -+ [ &10-59% —4¢® - 3¢°
N 21 8 (2 —q)? ’
(gr0)3(1 + q)3/? G 21 + 14q — 3¢
II1.120 = I i e S 2
( ) s 4G T8 2y

Note that, for ¢ = 0, we may write the entropy density in terms of the temperature as

(I11.121) s = 2r2%a [1 + ZC - “] T3,
a

where we used the holographic relations (III1.115). This reduces to the familiar s =
72 N2T3/2 [95] for N = 4 SYM, where a = ¢ = N?/4.

We compute the shear viscosity using the Kubo formula which relates the shear viscosity
to the two point function of the stress-tensor on the boundary. Holographically, since the
stress tensor is dual to the metric, this is computed by performing a metric perturbation.
Following the methods developed in [35, 122] we introduce a scalar channel perturbation

to the metric
(111122) oy — Gzy + hxya

where, for convenience, we define h*y, = ¢(t,u,Z). Expanding the Lagrangian (III.114) to

second order in the perturbation yields

1 &k [ ) o /
5 = T6aCs / (2m)* /0 du AG{6 1+ B!y + Obhéi + Dord

(111.123) +EQ ¢ + Folol i,
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where the fourier components of ¢ are defined by

-

(I11.124) o(t,u, @) = /d3:rdt dp(u)e!FT=wh),

We note that this parameterization of the action with coefficients A, ..., F' was originally
used in [35] to handle the R* correction of IIB supergravity. However, it is general enough
to accommodate the present case. The coefficients are even functions of the momentum,
and are given explicitly in the appendix.

Varying this action with respect to ¢ yields a fourth order differential equation. How-
ever, since the higher derivative terms are multiplied by ¢, we may reduce the order of the
equation by working perturbatively in ¢o. To see this, we first consider the lowest order

equation of motion

v (fo 1, 9PHS
(IT1.125) ¢+<fo—u>¢+uf02 = 0,

where we have defined the dimensionless frequency

2

w
(I11.126) 0=
49472
The lowest order metric functions
(IT1.127) fo=1+qu)?® - (1+q¢)%*?*  Hy=1+qu,

are obtained by setting ¢2 = 0 in (II1.118). Taking additional derivatives of (I11.125) allows

us to eliminate ¢’ and ¢"” terms in the full equation of motion. The result is rather simple:

s (1 _ (+qPu , @*H>

Notice that the form of this equation is almost identical to that of (II1.125), the lowest

order equation of motion, modified only by the presence of the corrected metric functions

f and H as well as one new term, which is explicitly O(é).
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Since the function f(u) vanishes linearly at the horizon u4, the point u = u is a regular

singular point of the equation of motion (II1.128). This suggests that we write

(111.129) ¢(u) = f(u)"F(u),

where F'(u) is assumed to be regular at the horizon. The exponent v is then obtained
by solving the indicial equation. In the hydrodynamic limit, the lowest order solution is

known [139, 165] and is given by:

(I11.130)
IZ0) (E—a1—1+2a3u)(5+a1+1) 2
= fo(u)" 1——[Aln — — +3In (1+ (a1 +1)u—azu } ,
%0 = folu) { 2 E+ar+1-2a3u)(E—a; —1) (1+(e1+1) s)
where
(I11.131)
1
a1 = 3q, s = 3¢, s = ¢, E=(1+¢)(1+49)"7, AE—3QZ
The exponent v is given by
iw
I11.132 vy = — ,
(12 R ITELE
and may be re-expressed as vy = —iw /47Ty, where Tj is the lowest order temperature given

in (II1.120). Note that we have chosen incoming wave boundary conditions at the horizon
as appropriate to the shear viscosity calculation.

Adding higher derivative terms will have two effects on this solution, one being a cor-
rection to the function F'(u) and the other a modification of the exponent v defined above.

For the exponent, solving the indicial equation gives

iw ( 5210—59q—4q2—3q3)_ iw

(I11.133) V= _(2—q)(1—|—q)1/2 3 (=27 T

where the relation to the temperature (II1.120) is valid to linear order in é;. We may

now substitute ¢(u) = f(u)”F(u) into the equation of motion (II1.128) and linearize in
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2 to obtain an equation for F(u). While this is difficult to solve exactly, since we only
need a solution in the hydrodynamic regime, it is sufficient to work to first order in w
(or equivalently v). The solution for F'(u) is quite complicated and can be found in the
appendix.

Given this solution, it remains to evaluate the on-shell value of the action. As explained
in [35], the bulk action (II1.123) must be paired with an appropriate generalization of the
Gibbons-Hawking term. In general, the fourth order equation of motion yields a boundary
value problem for the two-point function where additional data must be specified (e.g.
fields and their first derivatives at the endpoints). However, when working perturbatively
in ¢, the equation of motion reduces to a second order one, given by (I11.128). This allows

us to use a generalized Gibbons-Hawking term of the form

F
(IT1.134) K=—-A¢pd" 4, — 5¢;€¢Lk + E(p19), + 2p0dr) P4,
where
B s
T11.135 _Jo_ 2 -
( ) P T P2 ol

are the coefficients in the lowest order equation of motion (II1.125).

Evaluating the on-shell action then amounts to evaluating a boundary term

d*k 1
I11.1 _ [ ar
(I11.136) S /(%)4&0,
where
= 1 F / 1 / /o
e [(B — A= )thdi+ 5(C = A)pdr — E'flos
o1 o2 H3
(IIL.137) B — B = B2 = ) ool + 257 S oo

In order to compute the shear viscosity we need only the limit of the above action as u

approaches the AdS boundary (i.e. v — 0). It turns out that only the first and third terms
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contribute. This yields a value for the shear viscosity via the Kubo relation

1111 — lim = lim (21 - 1 /(1 77)
(IIL.138) n =l 7 (2Tm F) = g oo @+ DI+ g

Finally, dividing this by the entropy density (II1.120) gives a value for the shear viscosity

to entropy density ratio of

c—a

(II1.139) g = 4i [1 — el + q)} = % [1 -

- (1+Q)},

where we have rewritten ¢ in terms of the anomaly coefficients ¢ and a using (I11.115).

3.8 Discussion

The expression for 7/s, given in (II1.139), is surprisingly simple, given that both 7 and s
are individually rather more complicated functions of the parameter ¢. This is presumably
related to some form of universality, which holds even in an R-charged background!®. It is
instructive to examine the contribution of the various terms in the four-derivative action

to the result (II1.139). We find that only four terms in (III.114) are important. Writing

. i
167Gse L = —R—F2 4+ % |01C2, 0 + €2Chupo FI FP
(I11.140) +agVAF"PY , Fy, + 0y VP FYPN 4 -+ |
we may arrive at the result
1
(I11.141) g - = [1 — 42 (201 — glay + 6ag — 6oy + 3a4))} .

Note that setting a; to their actual values in (II1.114) reproduces (II1.139).
The shear viscosity to entropy density ratio was independently derived in [144], where
it was found to depend only on terms explicitly involving the Riemann tensor [i.e. the ay

and as terms in (II1.140)]. This appears to differ from the result found above. However,

100f course, the simplest result possible would have been to obtain 7/s independent of q. But this is clearly not
the case here.
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by the use of Bianchi identities and integration by parts we can cast the gradient terms

into the form

asVFFYPY , Fyy + a VPPV, F,, =

(II1.142) (203 — u4) [ — F VYN PR 4 FRPE,,RY — LR, FHV PO |

The first two terms do not contribute to the 7/s ratio, while the last term will add to the
original a term to give an effective ay = ag — a3+ a4 /2, so that (I111.141) may be rewritten

as

1
4w

(111.143)

» |3

|1 463(201 — glen + 6d2)] -

This agrees with the result of [144] provided the difference in signature conventions is taken
into account.

Finally, we return to the N' = 1 SYM shear viscosity result of (III.139). In order
to express this in terms of physical quantities, we wish to relate the parameter g to the
R-charge chemical potential and temperature. Since ¢ only enters into (I11.139) at the next-
leading order, we can use the leading order expressions in pinning down q. The chemical
potential for R-charge ® is identified as the difference of A; between horizon and boundary

[47, 58]. At lowest order, (II1.117) yields

(I11.144) ® = gro/3q(1 + q).

Comparing this to the temperature

2
g-ro

I11.145 To =
( ) 0 2

2-q)1+q)"

allows us to write

3 4 _ 8-
I11.146 = —[1+=-92—/1+-02],
( ) e 2q>2< *3 Vits )
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where ® = g®/27T is the dimensionless chemical potential. Note that ¢ is an increasing

function with respect to ®, with ¢ = 0 when ® = 0. The possible value of ¢ ranges as
(111.147) 0<qg<2
Substituting (I11.146) into (II1.139) then gives

n 1 c—a 3 4_, 8 _
I11.148 -—=— 11— 1+ — |14+ =P° — /1 + =P2 .
( ) s Arm [ a ( Jr2<I>2 ( +3 V +3

Since q is non-negative, this demonstrates that turning on an R-charge chemical potential

only increases violation of the 7/s bound, provided ¢ — a > 0. Taking the range (111.147)

into account, we see that adjusting the R-charge yields a range of values

1 c—a n 1 c—a
I11.14 — | 1- <-<—(1-
( 2 477( 3a>_5_47r< a>’

where we have again assumed ¢ —a > 0.

In conclusion, we have explored the effect of a background R-charge on the shear vis-
cosity to entropy density ratio n/s. While the leading order ratio n/s = 1/4x is universal,
R-charge corrections do turn up at the 1/N order. For known theories with a holographic
dual, where ¢ — a > 0, the conjectured 1/4m bound is generally violated for arbitrary
chemical potential. We caution, however, that this is a parametrically small violation ap-
pearing at O(1/N) in the large N limit. In principle, it would be desirable to obtain a
more robust result. However, this is hindered by difficulties in obtaining exact solutions
to the full equations of motion (i.e. beyond the linearized limit). While this can be done
in certain cases such as Gauss-Bonnet gravity, the natural supersymmetric organization of
the higher derivative Lagrangian (II11.114) is not of this form. It would be interesting to
see if a modified universality relation for 7/s can be obtained for arbitrary forms of the

higher derivative gravity theory.



CHAPTER IV

Consistent truncations of IIB supergravity on squashed
Sasaki-Einstein manifolds

In this chapter we present a consistent truncation of IIB supergravity on Sasaki-Einstein
manifolds. A detailed analysis of the bosonic reduction of IIB is presented, followed by the
reduction of the fermionic sector. This chapter is based on work published in [133, 134] in

collaboration with Jim Liu and Zhichen Zhao.

4.1 Motivations for Studying Massive Truncations of String/M-theory

Recent developments in AdS/CFT have expanded the scope of applications from the
realm of strongly coupled relativistic gauge theories to various condensed matter systems
whose dynamics are expected to be described by a strongly coupled theory. These in-
clude systems with behavior governed by a quantum critical point [114, 110], as well as
cold atoms and similar systems exhibiting non-relativistic conformal symmetry [164, 11].
Much current attention is also directed towards holographic descriptions of superfluids and
superconductors [97, 108, 113, 109].

The main feature used in the construction of a dual model of superconductivity is the
existence of a charged scalar field in the dual AdS background [108, 109]. Turning on
temperature and non-zero chemical potential corresponds to working with a charged black

hole in AdS. Then, as the temperature is lowered, the charged scalar develops an instability

102
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and condenses, so that the black hole develops scalar hair'. This condensate breaks the

U(1) symmetry, and is a sign of superconductivity (in the case where the U(1) is “weakly
gauged” on the boundary).

The basic model dual to a 241 dimensional superconductor is simply that of a charged
scalar coupled to a Maxwell field and gravity, and may be described by a Lagrangian of

the form

6 1 ,
(Iv.1) Ly=R+ 15— ZF/%V — [0ut) — iq Ay > — m?|Y.

The properties of the system may then be studied for various values of mass m and charge
g. While this is a perfectly acceptable framework, a more complete understanding demands
that this somewhat phenomenological Lagrangian be embedded in a more complete theory
such as string theory, or at least its supergravity limit. For AdS4 duals of 2+1 dimensional
superconductors, this was examined at the linearized level in [63], and embedded into
D = 11 supergravity at the full non-linear level in [82, 84, 85] for the case m?L? = —2
and ¢ = 2. Similarly, a IIB supergravity model for an AdSs dual to 3+1 dimensional
superconductors was constructed in [99] with m?L? = —3 and ¢ = 2.

The AdSs model of [82, 84, 85] and the AdSs; model of [99] are based on Kaluza-
Klein truncations on squashed Sasaki-Einstein manifolds. They both have the unusual
feature where the ¢ = 2 charged scalar arises from the massive level of the Kaluza-Klein
truncation. This appears to go against the standard lore of consistent truncations, where
it was thought that truncations keeping only a finite number of massive modes would
necessarily be inconsistent. A heuristic argument is that states in the Kaluza-Klein tower
carry charges under the internal symmetry, and hence would couple at the non-linear level

to source higher and higher states, all the way up the Kaluza-Klein tower. This hints

that one way to obtain a consistent truncation is simply to truncate to singlets of the

IRecent models have generalized this construction to encompass both p-wave [101, 158] and d-wave [50] conden-
sates.



104

internal symmetry group, and indeed such a construction is consistent. An example of
this is a standard torus reduction, where only zero modes on the torus are kept. On
the other hand, sphere reductions to maximal gauged supergravities in D = 4, 5 and 7
do not follow this rule, as they are expected to be consistent, even though some of the
lower-dimensional fields (such as the non-abelian graviphotons) are charged under the R-
symmetry. In fact, the issue of Kaluza-Klein consistency is not yet fully resolved, and
often must be treated on a case by base basis. This has led us to explore the squashed
Sasaki-Einstein compactifications to see if additional consistent massive truncations may
be found.

In addition to embedding holographic models of superconductivity into string theory,
several groups have demonstrated the embedding of dual non-relativistic CF'T backgrounds
into string theory [115, 137, 2]. These geometries where originally constructed from a toy
model of a massive vector field coupled to gravity with a negative cosmological constant

[164, 11] of the form (given here for a deformation of AdSs):

12 1., m? 5
(IV2) £5:R+ﬁ_ZFNV_7AM7

with mass related to the scaling exponent z according to m?L? = z(z 4+ 2). The z = 2
and z = 4 models (m?L? = 8 and m?L? = 24, respectively) were subsequently realized
within IIB supergravity in terms of consistent truncations retaining a massive vector (along
with possibly other fields as well) [115, 137, 2]. These results have further opened up the
possibility of obtaining large classes of consistent truncations retaining massive modes of
various spin.

4.1.1 Consistent massive truncations of IIB supergravity

For the most part, the massive consistent truncations used in the study of AdS/condensed

matter systems have not been supersymmetric?. Nevertheless this has motivated us to

2The massive truncation given in [82] is supersymmetric, although the connection to a holographic superconductor
was done through the non-supersymmetric skew-whiffed case.



105

investigate the possibility of obtaining new supersymmetric massive truncations of IIB
supergravity. In particular, we are mainly interested in reducing IIB supergravity on a
Sasaki-Einstein manifold to obtain gauged supergravity in D = 5 coupled to possibly mas-
sive supermultiplets.

Following the construction of D = 11 supergravity [53] and the realization that it admits
an AdS, x S vacuum solution [75], it was soon postulated that the Kaluza-Klein reduction
on the sphere would give rise to gauged N/ = 8 supergravity at the “massless” Kaluza-Klein
level [69, 67, 68]. This notion was reinforced by a linearized Kaluza-Klein mode analysis
demonstrating that the full spectrum of Kaluza-Klein excitations falls into supermultiplets
of the D = 4, N' = 8 superalgebra OSp(4/8) [19, 160, 42]. However, demonstrating full
consistency of the non-linear reduction to gauged N' = 8 supergravity has remained elusive.
Nevertheless, all indications are that the reduction is consistent [62], and this has in fact
been demonstrated for the related case of reducing to D = 7 on S* [148, 149].

The story is similar for the case of IIB supergravity reduced on S°. A linearized Kaluza-
Klein mode analysis demonstrates that the spectrum of Kaluza-Klein excitations falls into
complete supermultiplets of the D = 5, A/ = 8 superalgebra SU(2,2|4), with the lowest
one corresponding to the ordinary A/ = 8 supergravity multiplet [104, 124]. In this case,
only partial results are known about the full non-linear reduction to gauged supergravity,
but there is strong evidence for its consistency [123, 57, 135, 59].

More generally, it was conjectured in [157, 66] and [86], that, for any supergravity
reduction, it is always possible to consistently truncate to the supermultiplet containing
the massless graviton. This is a non-trivial statement, as the truncation must satisfy
rather restrictive consistency conditions related to the gauge symmetries generated by the
isometries of the internal manifold [65, 118]. This conjecture has recently been shown

to be true for Sasaki-Einstein reductions of IIB supergravity on SFEs5 [34] and D = 11
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supergravity on SFE7 [86], yielding minimal D = 5, N/ = 2 and D = 4, N' = 2 gauged
supergravity, respectively (see also [83, 87]).

While states in the same supermultiplet do not necessarily have the same mass in
gauged supergravity, the minimal supergravity multiplets, which contain the graviton,
gravitino and a graviphoton, are in fact massless. Thus one may suspect that truncations
to massless supermultiplets are necessarily consistent. However, it turns out that this is
not the case. This was explicitly demonstrated in [118], where, for example, it was shown
to be inconsistent to retain the SU(2) x SU(2) vector multiplets that naturally arise in the
compactification of IIB supergravity on 7!

For many of the above reasons, it has often been a challenge to explore consistent
supersymmetric truncations, even at the massless Kaluza-Klein level. However, bosonic
truncations retaining massive breathing and squashing modes [25] have been known to be
consistent for some time. In this case, consistency is guaranteed by retaining only singlets
under the internal symmetry group SU(4) x U(1) for the squashed S7 or SU(3) x U(1)
for the squashed S°. The supersymmetry of background solutions involving the breathing
and squashing modes was explored in [131], where it was further conjectured that a super-
symmetric consistent truncation could be found that retains the full breathing/squashing
supermultiplet.

Although this massive consistent truncation conjecture was made for squashed sphere
compactifications, it naturally generalizes to compactification on more general internal
spaces, such as Sasaki-Einstein spaces. For D = 11 supergravity compactified on a squashed
S7, written as U(1) bundled over C'P3, truncation of the N' = 8 Kaluza-Klein spectrum

to SU(4) singlets under the decomposition SO(8) D SU(4) x U(1) yields the N = 2 super-
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gravity multiplet?
(IV.3) n=0: D(2,1)0 = D(3,2)0 + D(3,3)-1 4+ D(3,3)1 + D(2,1)o,

at the massless (n = 0) Kaluza-Klein level. No SU(4) singlets survive at the first (n = 1)
massive Kaluza-Klein level, and the breathing and squashing modes finally make their

appearance at the second (n = 2) Kaluza-Klein level in a massive vector multiplet [131]

n=2: D(4’0)0 = D(5’ 1)0 + D(%) %)71 + D(%a %)1 + D(%’ %)71 + D(%) %)1

(IV.4) +D(4,0)0 + D(5,0)0 + D(5,0)_ + D(5,0)2 + D(6,0),.

Replacing S7 by SE7 amounts to replacing C'P? by an appropriate Kahler-Einstein base B.
In this case, the internal isometry is generically reduced from SU(4) x U(1). Nevertheless,
the notion of truncating to SU(4) singlets may simply be replaced by the prescription of
truncating to zero modes on the base B. This procedure was in fact done in [82], which
constructed the non-linear Kaluza-Klein reduction for all the bosonic fields contained in
the above supermultiplets (IV.3) and (IV.4) and furthermore verified the ' = 2 super-
symimetry.

For the case of IIB supergravity compactified on SEj5, it is straightforward to generalize
the squashed S° conjecture of [131]. In this case, however, the Kaluza-Klein spectrum
is more involved, and is given in Table 4.1. A curious feature shows up here in that an
additional LH+RH chiral matter multiplet shows up at the ‘massless’ Kaluza-Klein level.
The Ey = 4 scalar in this multiplet corresponds to the IIB axi-dilaton, while the additional
Fy = 3 charged scalar is precisely the charged scalar constructed in the holographic model
of [99]. At the higher Kaluza-Klein levels, the breathing and squashing mode scalars
correspond to the Fy = 8 and Ey = 6 scalars in the massive vector multiplet. In addition,

consistent truncations involving the Ey = 5 (m?L? = 8) doublet of vectors in the semi-

3The OSp(4|2) super-representations D(Ep, s)q and SO(2,3) representations D(FEjy, s)q are labeled by energy Eo,
spin s and U(1) charge ¢ under OSp(4]2) D SO(2,3) x U(1) D SO(2) x SO(3) x U(1).



n | Multiplet SU(2,21) SO(2,4) x U(1)

0 | supergraviton D(3,3,5)o D(4,1,1)0+ D(33,1,3)-1 + D33, 3, 1)1 + D(3, 3, 3)o

0 | LH chiral D(3,0,0), D(3%7 1,0)1 + D(3,0,0)2 + D(4,0,0)0

0 | RH chiral D(3,0,0)_» D(?? 0,3)-1+D(3,0,0)—2 + D(4,0,0)o

1 | LH massive gravitino D(4%, 0, %)1 D(53, %7 1)1 + D(5, %7 %)0 + D(5,0,1)

D(6,0,1)p + D(42,0,3)1 + D(5%,0,3) 1

1 | RH massive gravitino | D(43,1,0)_1 | D(53,1,4)-1 + D(5, 1, 1%)0 + D(5,1,0)_
+D(6,1,0)0 + D(43,%,0)_1 + D(53,%,0)

2 | massive vector D(6,0,0)0 D(7,%,3)0+ D(6%,%,0)_1 + D(63,0,1)
+D(7%7 Oa %)71 +D 7%7 %70)1 + D(6707 O)O
+D(7, 70),2 + I)(?7 0, 0)2 + D(S, 0, )0

Table 4.1: The truncated Kaluza-Klein spectrum of IIB supergravity on squashed S5 [131], or
equivalently on SFE5. Here n denotes the Kaluza-Klein level. The consistent truncation
is expected to terminate at level n = 2 with the breathing mode supermultiplet.

long LH+RH massive gravitino multiplet and the Eq = 7 (m?L? = 24) vector in the
massive vector multiplet were constructed in [115, 137, 2] in the context of investigating
non-relativistic conformal backgrounds in string theory.

What we have seen so far is that massive consistent truncations of IIB supergravity
have been obtained keeping various subsets of the bosonic fields identified in Table 4.1.
The goal of this paper is to construct a complete non-linear Kaluza-Klein reduction of
IIB supergravity on SEj5 retaining all the bosonic fields in the multiplets up to the n = 2
level. This complements the massive Kaluza-Klein truncation of D = 11 supergravity [82],
and provides another example of a consistent truncation retaining the breathing mode
supermultiplet. We proceed in Section 4.2 with the Sasaki-Einstein reduction of IIB super-
gravity. Then in Section 4.3 we connect the full non-linear reduction with the linearized
Kaluza-Klein analysis of [104, 124] and show how the bosonic fields in Table 4.1 are related
to the original 1IB fields. In Section 4.4 we relate the complete non-linear reduction to
previous results by performing additional truncations to a subset of active fields. Finally,
we conclude in Section 4.5 with some further speculation on massive consistent truncations
of supergravity.

For a discussion of the N' = 4 nature of the general reduction on Sasaki-Einstein mani-



109

folds see [43, 88] which independently worked out the massive consistent truncation of IIB
supergravity on SFE5. Also [163] reports related results for a particular truncation of these

theories.

4.2 Sasaki-Einstein reduction of IIB supergravity

The bosonic field content of IIB supergravity consists of the NSNS fields (garn, By, @)
and the RR potentials (Cp, C2, Cy). Because of the self-dual field strength F5+ =dCy, it is
not possible to write down a covariant action. However, we may take a bosonic Lagrangian

of the form

1 1 . . 1~ ~ 1 . .
(IV.5) L =Rx1— 277_22d7' N *dT — iMUFé A *Fg — ZFB N xF5 — ZEijC4 A Fé A Fg,

where self-duality Fy = [ is to be imposed by hand after deriving the equations of
motion.

We have given the Lagrangian in an SL(2,R) invariant form where

o !

(IV.6) r=Cho+ie? M= :
-
2 -7 1
and where
. . 4 By - . A
(IV.7) Fi=dB},  By= ., F5=dCy+ %¢;;B5 NdB).
Co

The equations of motion following from (IV.61) and the self-duality of F5 are

dﬁ5 = %Eing/\Fg, ﬁt’):*ﬁ&

d(./\/lm*Fg) = —Gijﬁ5/\Fg,

dxd dr N xd )
*T+iT 2*7 _ —LGg/\*Gg,

(IV.8)
T TS 279
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and the Einstein equation (in Ricci form)

1 1 ) . 1 ] )
Run = 550mmomT+ 1My <F11\4PQFJJVPQ — 159N EFpQrl” PQR)
T2
1 ~ _
(IV.9) +MFMPQRSFNPQRS-

In the above we have introduced the complex three-form G3 = F32 — TF31. If desired, this

allows us to rewrite the three-form equation of motion as
dt - ==
(IV.lO) dxG = —ZTA*(G3+G3)+ZF5/\G3.
72
4.2.1 The reduction ansatz

Before writing out the reduction ansatz, we note a few key features of Sasaki-Einstein
manifolds. A Sasaki-Einstein manifold has a preferred U(1) isometry related to the Reeb
vector. This allows us to write the metric as a U(1) fibration over a Kahler-Einstein base

B
(IV.11) ds*(SFEs) = ds*(B) + (dy + A)?,

where dA = 2J with J the Kahler form on B. Moreover, B admits an SU(2) structure

defined by the (1,1) and (2,0) forms J and Q satisfying

(IV.12) JAQ =0, QANQ=2JAJ =4x41, w1 = J, #20Q = Q,
as well as
(IV.13) dJ =0, dQ = 3i(dy + A) A Q.

Note that we are taking the ‘unit radius’ Einstein condition R;; = 4g;; on the Sasaki-
Einstein manifold, which corresponds to R,, = 69, on the Kahler-Einstein base.
For the reduction, we write down the most general decomposition of the bosonic IIB

fields consistent with the isometries of B. For the metric, we take

(Iv.14) ds?y = e*ds? + e*Bds?(B) + 2° (n + A1)?,
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where n = dip + A. Since A; gauges the U(1) isometry, it will be related to the D = 5
graviphoton. Note, however, that the graviphoton receives additional contributions from
the five-form.

The three-form and five-form field strengths can be expanded in a basis of invariant
tensors on B. For the three-forms, we work with the potentials

(IV.15) Bh = bh + b A (n+ A1) + b5Q + Q.
The scalars b, are complex, while the remaining fields are real. Note that we do not include
a term of the form EéJ in the ansatz, as this field will act simply as a Stiickelburg field in
the five-dimensional theory. In particular, it does not give rise to any new dynamics in the
equations of motion as it can be repackaged as a total derivative plus terms which would
simply shift b and b,
(IV.16) 2bhJ = d(by A (n+ A1) — dbh A (n+ Ar) — by F.
Taking F§ = dBj} gives

Fi = (dby— b AF)+dbi A (n+ Ar) — 265 A J + Dby AQ + Db A Q
(IV.17) +3iEQ A (n+ Ay) — 3ibQ A (n + A1),
where D is the U(1) gauge covariant derivative
(IV.18) Db}y = db}, — 3i A b},
For convenience, we write this as
(IV.19) Fi= gi4+giA(n+A1)+ AT+ FAQ+ FEAQ+ FEAQA(+ AL+ FEAQA(n+ Ay),

where our notation is such that the ¢*’s are real and the f¥’s are complex.
For the self-dual five-form, we take
(IV.20)

Fs = (14%)[(4+00) ¥ 1A 0+ A1) +A1 Axg 14pa AT AN+ A1) +@AQA(+ A1) +@AQA (+ A1),
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where %41 denotes the volume form on the Kahler-Einstein base B. Note that we have

pulled out a constant background component
(IV.21) Fy = 4(1 + %)vol(SEs),

which sets up the Freund-Rubin compactification?. The two-forms g are complex, while
the other fields are real. For later convenience, we take the explicit 10-dimensional dual in

the metric (IV.64) to obtain

Fs = (4+d0) sl A+ A1)+ A Axgl +pa ATA M+ A1)+ AQA (n+ Ay)
+@ AN+ A) + B0 U 4 ) 51— SAABHC L A A (n+ Ay)
(IV.22) +e47C & pr AT+ el Cxgp A+ eA=C ga N Q,
where * now denotes the Hodge dual in the D = 5 spacetime.
4.2.2 Reduction of the equations of motion

In order to obtain the reduction, it is now simply a matter of inserting the above

decompositions into the IIB equations of motion. The ﬁ5 equation yields

d(eA_C kp2) = 2e3A—4B+C Ay —po A Fy + el-jgi A gg,
(IV.23) Dgy = 3i€A70 * qo + élj(flz A\ gg — fégg),
along with the constraints
b0 = —Fei(fofs — Fol});
(IV.24) p2 = geijgi Agi —dlA+ A+ e (o f] — foff)):
The implication of this is that ﬁg, gives rise to two physical D = 5 fields, namely a massive

vector A; and a complex antisymmetric tensor ¢s satisfying an odd-dimensional self-duality

equation and with m? = 9. The mass of A is not directly apparent from (IV.23) as it

4For simplicity, we have assumed a unit radius (L = 1) compactification.
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mixes with A; from the metric to yield the massless graviphoton as well as a m? = 24
massive vector.

The Fg equation yields

D(EMOMy =+ f]) = —3ie® O My f] % 1+ e [(4+ 90)e™ POl w1 — gy A g]
+e47C % go A gg +e3ATABTC A A ff]v
A BC My x gd) = MyjleAHBC s gl A F 4 4634HC )
teij[~2e1C xpr A gl — At A gy — 4 (ka2 A ]+ @2 A A,
d(e MBTOM x gh) = €[~ (4+do)gh + A Agh —2p2 Agl — A2 A Fl + @ A f)

(IV.25) +HeC(Fl g2 + ]+ @)

These correspond to a pair of charged scalars fé, a pair of m? = 8 massive vectors gi and
a pair of massive antisymmetric tensors b5.

The ten-dimensional Einstein equation (IV.9) reduces to a five-dimensional Einstein
equation, as well as the equations of motion for the breathing and squashing modes B
and C and the graviphoton A;. In particular, in the natural vielbein basis, the frame
components of the ten-dimensional Ricci tensor corresponding to the reduction (IV.64) are

given by

VR = e [Rup— VaVsBA+4B + C) — 0opd,AdT(3A + 4B + C) — 1a30A4
+30,A05A — 404, BB — 0,C5C + 4(0u ADsB + 9, BIgA)
+(0aA0C + 0,COgA)] — 22 4AF,  Fy7,

VR = Oapl6e 2P — 2620718 _ c24OB 4 0,B8"(3A + 4B + 0))],

R = 4e20-4B 4 %620—4AF’W§F~/6 _ e_QA(DC +0,CO"(3A+ 4B + C)),

(VBB = Le“BANVIFoy + Foy0'(A+4B +3C)).

The o and f indices correspond to the D = 5 spacetime, while a and b correspond to
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the Kahler-Einstein base B and 9 corresponds to the U(1) fiber direction. The covariant
derivatives and frame indices on the right hand side of these quantities are with respect to
the D = 5 metric. In order to reduce to the D = 5 Einstein frame metric, we now choose

3A+4B+C =0, or
(Iv.27) A=-4B-1C.

For convenience, we will retain A in the expressions below. However, it is not independent,
and should always be thought of as a shorthand for (IV.27).
Equating the ten-dimensional Ricci tensor (IV.26) to the stress tensor formed out of Fi

and Fs of (IV.67) and (IV.22), we obtain the D = 5 Einstein equation

Rog = inap(—24€A728 4465439 4 1e84(4 4 ¢g)?) + 20, B93B + 80, B3 C
+30aC05C + 53007057 + 5¢°C 2 (Fay FgY — gilapFasF°) + ge P Aahg
+e " (Payps” — $0appyop™®) + 40" Toyy — 5M086T"°)]
M3 g (f 1 + Jof3) + 5672472 (ghn9h” — 11089469 "°)

(IV.28)  +ie M (ghs9l™ — Bnasdiscs’ ) + e P (ghgh + 2(fo 5 + FLfi))],
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as well as the B, C' and A; equations of motion

d«dB = [6e24728 — 2e5A+3C _ %GSA(ZL + ¢0)% x 1 — 2 BBA A xAy
T Mijlge 0G5 gy + ge Mg A gy — 3OS + fofg) +1
—1e7 P (gh Axgl 20 AL+ FL D)),

d+dC = [4eP413C %68‘4(4 + ¢0)?] 1+ %e2o_2AFz A xFy + %6_8BA1 A xAq

eAC (pa A *p2 + 4go A xG2) + My; [—%esz*Qng A *gg

N[ =

gy Axgh — 3OS f + F83) + 1
+1e™1B(gt Axgl +2(Fi Axfl + FL AR ),
A4 Fy) = (4d+60)e BB x Al —paAps— 4 A G

(IV.29) +Mij[4e™ P x (fofl + fof]) + e gy A gl

Note that, in order to obtain the D = 5 Einstein equation, we had to shift the reduction
of 10Ra5 an appropriate combination of '°R,;, and °Rgg in order to remove the NapJA
component in the first line of (IV.26).

The IIB equations of motion thus reduce to (IV.23), (IV.25), (IV.28) and (IV.29) as
well as the axi-dilaton equation, which we have not written down explicitly, but which will

be shown to be consistent below.

4.2.3 The effective five-dimensional Lagrangian

We now wish to construct an effective D = 5 Lagrangian which reproduces the above

equations of motion. This may be done by noting that the D = 5 Einstein equation (IV.28)
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arises naturally from a Lagrangian of the form
L = Rxl+ (244728 — 45413¢ _ 1684(4 4 90)?) x 1 — BdB A xdB — §dB A +dC
—3dC N #dC — gdr Nxdr — 3T N xFy — 5T AL Ay
—e " (pg Ao + 4z A xG) + M (=26 O (£ + fi ) % 1
—%E_QA_Qng A *gé - %6_4Ag§ A *g§ — e 1B(gt A *g{ +2(fi A *ff + fin *ff))]
(IV.30) +Lcs.
We have included a Chern-Simons piece Lo which cannot be determined from the Einstein
equation.

It is now possible to verify that (IV.30) reproduces all the terms in the equations of
motion (IV.23), (IV.25) and (IV.29) involving the metric (ie the Hodge *). The remaining
terms may be obtained from the addition of the topological piece
Los = Z(gNdgy — G2 Adgz) — 441 A g A Qo + 2€i5by A db)

+%[(q‘2 - %@jfégg) Ae(ff A gh— fEgh) — (a2 + %ﬁijfégg> Ae(ff A gh— figb)]
—A1 A (p2 — %Gijgi A 9{) A (p2 — %Eklgf A gh)
(IV.31)  —2(5A1 + geii (ff] — fof)] Aewnlgh Agh — 195 A gi A Fa).

Here we recall the definitions

(IV.32) fi=3ibh,  fi=Db  gi=-2, gi—dbi, gh=dbs—binF
implicit in (IV.17) and (IV.67). Furthermore, ¢y and po are given by (IV.24). Note that,

while A; is massive, and does not have a gauge invariance associated with it, it is natural

to make the shift
(IV.33) Ay — AL = Ze(fofl = fof),
so that

(IV.34) p2 = jeiigi A gl — Fo — 1T,
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where F, = dA].

We now turn to the axi-dilaton equation obtained from (IV.30). Since 7 only shows up in
the kinetic term and in M,;, we see that the 7 equation of motion obtained from the D =5
Lagrangian reproduces that obtained from the original IIB Lagrangian. This is because the
quantity in the square brackets multiplying M;; in (IV.30) is the straightforward reduction

of —%Fg A *F:,Z in the original IIB Lagrangian (IV.61).

4.3 Matching the linearized Kaluza-Klein analysis

The complete D = 5 Lagrangian, as given by (IV.30) and (IV.31), is somewhat opaque.
Thus in this section, we demonstrate that it in fact contains the fields corresponding to
the Kaluza-Klein mass spectrum noted in Table 4.1. To do this, it is sufficient to look at
the linearized level. We first note that the effective D = 5 fields are the complex scalars
(7, b)), real scalars (B, C'), one-form potentials (A, %, A1), pair of real two-forms (%), the
complex two-form (g2), and of course the metric (g,,). The D = 5 equations of motion

(IV.23), (IV.25) and (IV.29) may be linearized on the matter fields to obtain the set

dxdbhy = (96 +12iN"))b) * 1,

dxdby = —8xbi,
dxdby = —4N*;db),
dgp = 3i*qo,
d+ Fy = 4xA, dxFy+ 1d«Fy = —2x Ay,
(IV.35) dxdB = 4(TB+C)x1, d%dC =16(B+C)x*1.

Here we have introduced

(IV.36) N=M"1e=— :
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T T
with eigenvalues +¢ and —¢, corresponding to eigenvectors <1 7-) and (1 7-) , Tespec-
tively.
The first equation in (IV.35) then decomposes into a pair of equations for the complex

2:

scalars b812:*3 and b6”2:21 with masses m —3 and m? = 21 according to

(IV.37) b) = b= 4 ! b =21,

The second equation is that of an SL(2,R) doublet of real vectors b with mass m? = 8.
The third equation can be converted to an odd-dimensional self-duality equation [168]
dby = 4N?; x b;, for a doublet of antisymmetric tensors b with mass m? = 16. The
fourth equation is already in odd-dimensional self-duality form, and shows that the complex
antisymmetric tensor ¢o has mass m? = 9.

The vector equations can be diagonalized
(IV.38) dx (Fy+ ¢F2) =0, d*Fy = —24 % Ay,

to identify the massless graviphoton A; + %Al and the massive m? = 24 vector A;. Finally
the B and C equations may be diagonalized to identify the m? = 32 breathing and m? = 12

squashing modes

(IV.39) d*dp=32px1, d*do =120 1,
where
(IV.40) B=p+i0, C=p-—20.

It is now possible to see how the above linearized modes are organized into N' = 2
supermultiplets. As shown in Table 4.1, at the zeroth Kaluza-Klein level, we have the

graviton supermultiplet

(VA1) D(3,3,3)0 = D(4,1,1)o+ D(B3,1,5) -1+ D33, 5,11 + DG, 5, 5)o.
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with bosonic fields being the graviton g,,, and the massless graviphoton A; + %Al. Still at

the zeroth level, there is also a LH+RH chiral multiplet

D(37 07 0)2 = D(3%7 %7 0)1 + D(37 07 0)2 + D(47 07 0)07

(IV.42) D(3,0,0)—2 = D(33,0,3)_1+ D(3,0,0)_2 + D(4,0,0)o.

The charged Ey = 3 scalar corresponds to the m? = —3 scalar b6”2:73, while the complex
FEy = 4 scalar is the axi-dilaton 7.

At the first Kaluza-Klein level, we have a semi-long LH+RH massive gravitino multiplet

D(4%707%)1 == D(5%7%71)1+D(57%7%)0+D(5)O71)2+D(670) 1)0

(IV.43) +D(43,%,0)_1 + D(5,1,0);.

The bosonic field content is an SL(2,R) doublet of m? = 8 (Ey = 5) vectors b, a charged
m? = 9 (Ey = 5) anti-symmetric tensor g, and a doublet of m? = 16 (Ep = 6) anti-
symmetric tensors bb.

At the second Kaluza-Klein level, we have a massive vector multiplet

D(67070)0 - D(77%7%)0+D(6%7%70)—1+D(6%707%)1+D(7%707%)—1+D(7%7%70)1

(IV.44) +D(6,0,0) + D(7,0,0)_3 + D(7,0,0)5 + D(8,0,0)o.

The massive Ey = 7 vector is the m? = 24 mode A;. The real Ey = 6 and Ey = 8 scalars
are the m? = 12 squashing and m? = 32 breathing modes, ¢ and p, respectively. The
charged Ey = 7 scalar is b6”2:21 with m? = 21. This identification of the linearized fields
with the Kaluza-Klein modes is shown in Table 4.3.

For the case of IIB supergravity on S°, is interesting to note that these fields lie at

the lowest level of the massive trajectories in the Kaluza-Klein mode decomposition of the
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n | Multiplet State Field

0 | supergraviton D(4,1,1) Guv
D(3,%, 1) A+ tA

0 | LH+RH chiral D(3,0,0)+2 b=
D(4,0,0)0 + D(4,0,0)y | 7

1 | LH4RH massive gravitino | D(5, 3,3)o + D(5,%,3)o | b]
D(5,0,1)s + D(5,1,0)_s | g2
D(6,0,1)0 + D(6,1,0)0 | b}

2 | massive vector D(7, %, %)0 Aq
D(6,0,0)0 o
D(7,0,0)42 b’ =21
D(8,0,0)0 p

Table 4.2: Identification of the bosonic states in the Kaluza-Klein spectrum with the linearized
modes in the reduction.

D = 10 fields [104, 124]. We note that the massive Kaluza-Klein tower is built out of
scalar, vector and tensor harmonics on S°, and the lowest harmonics generally have simple
behavior on the internal sphere coordinates. For example, the lowest scalar harmonic is
the constant mode on the sphere, while the lowest vector harmonics generate the Killing
vectors on the sphere. It is presumably the simplicity of the lowest harmonics that allows
the truncation to be consistent, even at the non-linear level.

Although the harmonics on SEj are more involved (see e.g. [46] for the case of TH1),
it is clear that the decomposition (IV.15) and (IV.22) of the D = 10 fields in terms of
invariant tensors on SEj5 is equivalent to the truncation to the lowest harmonics on the
sphere. This appears to be an essential feature guaranteeing the consistency of the massive
truncation, and hence we do not expect to be able to keep any additional multiplets in the

Kaluza-Klein tower beyond the n = 2 level.

4.4 Further truncations

In order to make a connection with previous results on massive consistent truncations
of IIB supergravity, we note that the semi-long LH+RH massive gravitino multiplet at the

first Kaluza-Klein level may be truncated out by setting

(IV.45) V=0, bh=0, qa=0.
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It is easy to see that this truncation is consistent, since the respective equations of motion
for g2 in (IV.23) and g4 and g4 in (IV.25) are trivially satisfied in this case. The resulting

D = 5 Lagrangian takes the form

L = Rxl+ (244728 —4eP413¢ _ 1684(4 4 ¢0)?) x 1 — BdB A +dB — $dB A #dC
—4dC A *dC — %df A xdT — 12O A xFy — 27O (Fy + 1FY) A x(Fy + 1Y)
—5e P [AL = Fei(fif] — DI A *18Y = Feii (fofl = Fof)]

—2M [ ST + Fofy) « L+ e (A A + L A+ f])]

(IV.46) —Aq A (Fa + 3F5) A (Fy + 1),

where
(IV.47) fo=3ibh,  fi=Dby, b0 =—Zey(fif] — Fof3)-

A further truncation to the massless N' = 2 supergravity sector may be obtained by

setting
(IV.48) by =0, B =0, C =0, A =0,

along with taking a constant background for the axi-dilaton, 7 = 79. This leaves only
9w and Ap, and yields the standard Lagrangian for the bosonic fields of minimal gauged

supergravity

(IV.49) E:R*1+12g2*1—%Fg/\*Fg—ﬁAl/\Fg/\Fg,

where we have rescaled the graviphoton, A; — %Al, so that it has a canonical kinetic

term, and where we have restored the dimensionful gauged supergravity coupling g.

4.4.1 Truncation to the zeroth Kaluza-Klein level

Beyond the truncation to minimal supergravity discussed above, the first nontrivial

truncation involves keeping only the lowest Kaluza-Klein level fields {, b812:73} dynamical.
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In what follows we will denote b812:*3 simply as b so that (b}, b3) = (b, 7b). This truncation
is not as simple as setting all other fields to zero, as the equations of motion demand certain
constraints to be satisfied. For this case we start with the Lagrangian (C.9), obtained by

setting b4 = b} = g = 0. We then impose the constraints

(IV.50) b°=2' =0, B =e1C = 1-dnb2, Ay = —4iry(bDb—bDb)+4|b*dr.
These in turn imply that

(IV.51) o = —24m|b]%,  py = —dA;.

To guarantee consistency, we have to check four constraints from the equations of motion
(the B, C, fé, and combined Maxwell Equation). They are all verified to hold identically,
and hence the truncation to the supergravity plus the LH+RH chiral multiplet is consistent.
The Lagrangian is given by
L = Rx1+[24(1—3nfb]*)e P — 438 — 1e73B(4 4 ¢9)*] * 1 — 8dB A xdB

3P ANxFy — Le™8BA A kA — 8e By Db A Db — 2ie™*P (bDb A xdT — bDb A *dr)

(IV.52)  —=L (14 8e *Bnm|b2)dr A xd7 — Ay A Fy A Fo.
2

272

This expression can be simplified by defining A = 475 |b|?, giving

6(2 — 3)) dAAxdA (14 Ndr Axdr 3 AL A %A
L = Rsl 1— _ RN - N S
R G R VTG R VTG R Y R A A TRV
Db A *Db 2% _
(Iv.53) 572 1_/\; — = (BDb A #d7 — bDB A xdr) — Ay A Fy A B,

If we further truncate the model by setting 7 = ie~®0 = ig;"!, which is consistent with
the equation of motion for 7 given in (IV.8), this reproduces the model used in [99] to
describe a holographic superconductor using a m? = —3 and ¢ = 2 charged scalar. If we

denote b = /g5 fe', the truncated Lagrangian reads

L = R*l—%FQ/\*FQ—Al/\FQ/\FQ

(IV.54) +12(1_76f2) p1os WA 8f2

(d6 — 3A1) A *(df — 3A,)
(1—4f2)? (1—4f2)? '

(1—4f2)?
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A further redefinition f = %tanhg then reproduces the Lagrangian given in [99)].

4.4.2 Truncation to the second Kaluza-Klein level

Starting with the Lagrangian (C.9) with b = b% = ¢o = 0, it is possible to retain
the b6”2:21 scalar by setting b6"2:_3 = 0. In this case, we first let b3 = 7b} and define
b(l) = \/gihezf, so that (h,&) describe the m? = 21 scalar. Again, the scalar equations
of motion lead to constraints, and in particular the first equation in (IV.25) yields the

equation of motion for h and & as well as
(IV.55) d(e34C w dr) + ie3A+C%2dT A xdT = 0.

This is simply the 7 equation of motion without any sources, and the simplest thing to

do is to set 7 to be constant, T = je"%0 = jg L.

The remaining field content is then
{9, A1, p, 0, b6”2:21, A1}, corresponding to the supergravity multiplet coupled to the mas-

sive vector multiplet. It is now straightforward to complete the truncation, and the La-

grangian is given by

L = Rsl+(24e 5777 —4e 5776 _8e757(1 4 6h2)2) 1 — Ddp A vdp — 5do A xdo
— LB Ry A wFy — e 3PP (Fy + L) A #(Fy + 1Y)
—2e 371 (AL 4+ 8RT) A x(A] + 8hT) — Ay A (Fy + 3FY) A (Fa + 1)

28
(IV.56) =8 (e **~2dh A xdh + e 727 h*T A+ + e~ 3 PP27h% % 1),

where we have defined I' = d§ — 3A4;.
We can further truncate this by removing the m? = 21 scalar (i.e. by setting h = & = 0),
giving the Lagrangian

16

L = Rx1+ (24e 3°77 — de=5P00 _ 86_%’)) x1— Rdp A xdp — 5do A xdo
—LeBPO Ry A xFy — e 5P (Fy - LRY) A k(B + 1Y) — LemSTOAT A wAl

(IV.57)  —Ay A (Fo + 1FY) A (Fo + 3TF),
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which corresponds to the m? = 24 massive vector field truncation of [137].

4.4.3 Non-supersymmetric truncations

All the truncations we have listed so far have field content which fills the bosonic
sector of AdSs supermultiplets and so are presumably supersymmetric truncations. It
is also useful to consider truncations which contain dynamical fields belonging to different
supermultiplets, without keeping the entire multiplet. In this sense these truncations are
not supersymmetric, although they are perfectly consistent truncations and solutions of the
ten-dimensional equations of motion. For these truncations, we start with the complete
Lagrangian given in (IV.30) and (IV.31).

Massive vector field

The first non-supersymmetric truncation we will discuss involves keeping the m? = 8
vector field, b%, and has already been noted in [137]. The field content in this truncation
consists of one component of b (denoted b1), 72, p, o and guv- Note that the graviphoton is
turned off here so that even at the lowest level this cannot be supersymmetric. Furthermore,
by keeping only one component of b}, the 7 equation of motion demands that we must set
71 = 0. With this field content, the D = 10 constraints (IV.24) are trivially satisfied with

¢o =0 and p2 = 0, and the Lagrangian (IV.30) becomes [137]

16

L = R*1—}—(246_3‘)_(’—46_%6”_6“—86_43*0")*1—4—3?d,0/\*dp—5da/\*da
(IV.58) —#dTg A xdTy — %Tge%p+4odb1 A sdby — Amoe”P727h) A xby.
2

Complex massive anti-symmetric tensor

We can also truncate to theories containing the m? = 9 complex anti-symmetric tensor
field go. The field content here is given by, g2, A1, B, C, 7, g and A;. The D = 10

constraints become ¢y = 0 and ps = —dA; — %dAl. All the other equations of motion are
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either satisfied by setting the rest of the fields to zero or can be derived from the Lagrangian

L = Rx1+ (246—131’,)—0 — fe~ 5 P60 _ 86_%’)) * 1 — %dp A *dp — bdo N\ xdo
—%6L§ﬁ_40FQ A xFy — 6_§p+20(p2 A xpg + 4ga N xq2) — %dT N *dT

(IV.59) —%6_81)_40,&1 A *A1 + %(qg ANdgs — G N dQQ) — AL ApaAps —4A1 N g N .

Note that it is consistent to further truncate to a constant axi-dilaton 7 = 7.

Real massive anti-symmetric tensor

Along similar lines to the case above for a massive vector field, we can set A1 = 0 and
make a truncation including the m? = 16 real anti-symmetric tensor doublet b} by keeping
only the graviton coupled to bS, 7, p and o. Again, the equations of motion for the other
fields are trivially satisfied, and the constraints are also trivial ¢g = 0 and po = 0. This

leaves the Lagrangian

L = R*1—}—(246_1?6’)_(’—46_1?76”_6“—86_43£p)*1—4—£dp/\>kdp—5da/\>kda

(IV.60) —%dT A wdF — L3P Mijdbly A xdbl + 2ei5bh A bl

As in the previous truncation, it is consistent to further truncate to 7 = 7.

4.5 Discussion

In the above, we have examined massive reductions of 10-dimensional I1IB supergravity
on Sasaki-Einstein manifolds. By utilizing the structure of SE5, we have given a general
decomposition of the IIB fields based on the invariant tensors associated with the internal
manifold. The field content obtained in five-dimensions completes the bosonic sector of
various AdSs supermultiplets, and in particular they fill out the lowest Kaluza-Klein tower
up to the breathing mode supermultiplet. This proves, at least at the level of the bosonic

fields, the conjecture raised in [131] that a consistent massive truncation may be obtained
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by truncating to the singlet sector on the Kahler-Einstein base B (which is CP? for the
squashed S°) and further restricting to the level of the breathing mode multiplet and below.

As suggested at the end of Section 4.3, it is this truncation to constant modes on the
base B that ensures the consistency of the reduction. In a sense, this is a generalization of
the old consistency criterion of restricting to singlets of the internal isometry group, except
that here restricting to singlets of an appropriate subgroup turned out to be sufficient. For
this reason, we believe it is not that the breathing mode is special in itself which allows
for a consistent truncation retaining its supermultiplet, but rather that in the examples
given here and in [82], the breathing mode superpartners so happen to be the lowest
harmonics in their respective Kaluza-Klein towers. It is an unusual feature of Kaluza-
Klein compactifications on curved internal spaces that states originating from different
levels of the harmonic expansion may combine into a single supermultiplet. Thus, while
the breathing mode is always the lowest state in its tower (being a constant mode on the
internal space), its superpartners may carry excitations on the internal space. This does
not occur for the N' = 2 compactification of IIB supergravity on SEs5 (nor does it for
D = 11 supergravity on SE7). However, in extended theories, such as IIB supergravity
on the round S°, the superpartners will involve non-trivial harmonics. In particular, the
N = 8 superpartners to the breathing mode include a massive spin-2 excitation of the
graviton involving the second harmonic (d-waves) on the sphere. Thus we believe it to
be unlikely that an N' = 8 massive truncation with the breathing mode multiplet will be
consistent.

Consistent truncations of the type discussed here have recently been of particular inter-
est in the growing literature on AdS/CFT applications to condensed matter systems. Until
recently a strictly phenomenological approach has been taken in this area. In these systems

the inclusion of a scalar condensate is required in the gravity theory to source an operator
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whose expectation value acts as an order parameter describing superconductor/superfluid
phase transitions in the strongly coupled system. In the phenomenological approach, the
origin of this scalar and its properties have not been of immediate interest; rather the gen-
eral behavior was determined and many interesting similarities to real condensed matter
systems have been noted. However, this approach lacks strong theoretical control in that
systems are described by a set of free parameters which can be tuned to provide the prop-
erty of interest. Recently there has been some work to embed these models in UV complete
theories, where the parameters are no longer free but are determined by the underlying
features of the theory, such as an origin in string theory. The discussion here has put these
reductions into a more general framework and gives further examples of UV complete
systems whose duals may have useful applications in the AdS/CMT correspondence.
Given that the fields in these truncations fall into specific supermultiplets it is an obvious
and relevant question to discuss their fermionic partners. This would involve reducing the
supersymmetry variations and fermion equations in ten-dimensions down to five-dimensions
and determining the complete supersymmetric action of these truncations. This is also of
interest in terms of AdS/CMT where there has been much interest in describing fermion
behavior in condensed matter systems such as the Fermi-liquid theory using the holographic
correspondence. In particular, the full supersymmetric action could give us examples of
specific interactions studied in these systems coupling scalar condensates to the fermionic

excitations [51, 72, 102]. This is the topic of the remaining sections in this chapter.

4.6 The bosonic reduction of IIB supergravity on SEj

The reduction of the bosonic sector of IIB supergravity on a squashed Sasaki-Einstein
manifold carried out in the previous sections was first done in [43, 133, 88, 163]. From an
N = 2 point of view, the resulting theory has on-shell fields corresponding to that of five-

dimensional gauged supergravity coupled to a massive hypermultiplet, massive gravitino
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multiplet and massive vector multiplet [131, 133].

Before turning to the fermions, we review the reduction of the bosonic sector, following
the notations and conventions of [133]. In particular, here we highlight the truncation to
the N = 2 sector presented in section 4.4.

Although IIB supergravity does not admit a covariant action, we may take a bosonic

Lagrangian of the form

1 1 ; T ~ 1 ; i
(IV.GI) Lii=Rx*x1-— ﬁdT A *dT — EMUFé A *Fg — ZF5 N xFy — ZeijCzl N EF3 N Fg,
2

where self-duality ﬁ5 = *ﬁg) is to be imposed by hand after deriving the equations of

motion. Here we have chosen to write the Lagrangian in an SL(2,R) invariant form using

- 1 [ 1 T 1|17 —n
(IvV.62) 7=Ch+ie ?, V=— , M=V'V=—
VR 0 " 1

To —T1
For convenience when coupling to fermions, we also introduce the complexified vielbein

v; = V1 —iV?%;, so that
(IV.63) Vi Fi = T2—1/2(F32 _rEY) = 72_1/26‘3,

where G3 = F32 — TF31.

The reduction ansatz follows by taking a metric of the squashed Sasaki-Einstein form
(IV.64) ds?y = e24ds? + e*Pds?(B) + 2°(n 4+ A1)?,

where dn = 2J and where we set 34 + 4B + C = 0 to remain in the Einstein frame. The
key to the reduction is to expand the remaining bosonic fields in terms of the invariant

forms J and € based on the SU(2) structure of the base B and satisfying
(IV.65) JAQ =0, OANQ=2JAJ =4x41, xg ] = J, x40 = Q,
as well as

(IV..66) dJ =0,  dQ=3i(d+ A) AQ.
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The bosonic reduction follows by expanding the three-form and five-form field strengths
in a basis of invariant tensors on B. Since we will truncate out the massive gravitino
multiplet, we set the corresponding bosonic fields to zero. (The complete reduction is

given in [133].) In this case, the three-form gives rise to two complex scalars b’, and is

given by

(IV.67) Fy=fiAQ+ [iAQ+ fEAQA (4 A1)+ fo AQA (4 Ar),
where

(IV.68) fi =DV, fé = 3ib’,

with D the U(1) gauge covariant derivative
(IV.69) Db = db' — 3iA,b".

Furthermore, introducing

A 1 ) 1 ,
(IV.70) b — pi==3 4 =21
T T

it is easy to see that
(Iv.71) vifh =6y mif = 6y =,
while

vifi = —2iy/mDYT T 4 g (0 dr b =),
(IV.72) wff = 2iy/mDYT= = gL (6= =),

These expressions will show up extensively in the fermion reduction below.

For the self-dual five-form, we have

(IV73) F5 = (1 + *)[(4+ ¢0) *4 1A (7] +A1) +A1 AN *41 +p2 A J A (’I’]+ Al)],
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where %41 denotes the volume form on the Kahler-Einstein base B. The fields ¢g and ps

are constrained by

b0 = —Leii(foF3 - Fofd),

(IV.74) po = —dlAr+ 1A+ bei; (Fif] — R,

Hence the only additional field arising from the five-form is the vector A;.

Finally, we note that the bosonic field content of this massive truncation is that of
gauged supergravity coupled to a hypermultiplet with fields (r, me:—s) and a massive
vector multiplet with fields (B, C, bm2:21,A1). This massive multiplet is actually a vector
combined with a hypermultiplet. However, since we are working on shell, one of the scalars
has been absorbed into the massive vector. If desired, this scalar may be restored by an

appropriate Stueckelberg shift of A;.

4.7 Reduction of the IIB fermions

We are now prepared to examine the fermionic sector of IIB supergravity [159]. For

simplicity in working out the reduction, we follow a Dirac convention throughout. In this

case, the fermions consist of a spin—% gravitino ¥, and a spin—% dilatino A, with opposite
chiralities
(IV.75) 1Yy = Yy, Fpax=-X\

Our Dirac conventions are detailed in Appendix C.1. In particular, as opposed to [159],
we are using a mostly plus metric signature.

In the following we always work to lowest order in the fermions. In this case, the IIB



131

supersymmetry variations on the fermions are given by [159]

oA = %FAaATEC—ﬂFABCUiFABCE,

) ) ~
oWy = Dye= (VM + 477_28]\47'1 + MFABCDEFABCDEFM> €

i

IV.76

(FMABC — 95]13[FBC) ’UiFABCEC.

The supersymmetry parameter € is chiral with I';;e = €, and the complexified SL(2,R)
vielbein, v;, was defined above in (IV.63). In addition the fermion equations of motion are

[159]

i
0 = FMDM/\—WFMNPQRFMNPQR/\,

(IV.77) 0 = TMNPDug, 4+ =

; i
VPO Myrpie 0N — —TNTM T,
48 iTNPQ 479 N
where the supercovariant derivative acting on the gravitino is defined in the gravitino

variation (IV.76). On the other hand, the supercovariant derivative acting on the dilatino

takes the form

N . . |
(IV.78) Dad = ( Var + =0t ) A — =——TNoNT05, + — NP0, i po Wy,
A 279 24

and is defined so that Vjse terms drop out of the variation DpsdA, as appropriate to

supercovariantization.

4.7.1 Killing spinors on SFEj

The starting point of the fermion reduction is the construction of Killing spinors on

SFEs5. Starting with the undeformed Sasaki-Einstein metric
(IV.79) ds*(SEs) = ds*(B) + (di) + A)?,

the Killing spinor equations then follow from the internal components of the gravitino

variation in (IV.76) with a constant five-form flux

(IV.80) Fy=4%51+4%4 1A (dY + A)
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and take the form

0 = 00, =Dy =[Va— Ay + 1Ty + L7,

(Iv.81) 0 = 6Wg=[0y— iJabTab + Lol

We proceed by assigning a U(1) charge ¢ to the Killing spinor 7, so that dyn = ign.
Furthermore, since (J,37%)% = —8(1 —7°), we see that J,;7% has eigenvalues (44, —44,0,0)
with corresponding 79 eigenvalues (—1,—1,1,1). The variation §¥g then vanishes for the

charges g = (%, —%, —%, —%) The N = 2 Killing spinor is thus obtained by taking ¢ = %

Having exhausted the content of the §Wg equation, we now turn to integrability of W,
which gives the requirement

(IV.82) 0 = 7°[Da, D)1 = 70[0ap(7° — 1) — iJap (77 + 2¢)]n.

For ¢ = % and 797 = —n), this gives the condition J,;7%n = it,n, which is easily seen to be
consistent with the above requirement that J,;,7%n = 4in. After defining n = e3¥/27, we

are finally left with the condition
(IV.83) [Va = $Aii =0,

which is solved by taking 77 to be a gauge covariantly constant spinor on the Kahler-Einstein
base [90].
To summarize the above, the system (IV.81) may be solved to yield a single complex

Killing spinor 7 satisfying
(IV.84) Oyn = %77, 0 = —n, TP Tn = iTan, °Qun = 0.

The final condition may be obtained by multiplying the penultimate one by 2., on both

sides and making use of the identity Q¢qJup = —i€2ep, which follows from the relations [88]

(IV.85) QucQ =0, Q.00 =26, —2iJ,°.
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The Killing spinor 7 and its conjugate n°¢ provide a natural basis of invariant spinors in
which to expand the fermions. Furthermore, as discussed in [10], these represent singlets
of the SU(2) structure group, thus ensuring consistency of the reduction. Note that 1 and

n¢ are related by
(IV..86) 7*Qapn = 2741,
and 7n° satisfies the conjugated relations
(IV.87) Oyn° = —%nc, 9n¢ = —n°, P Tn® = —itan®, °Qun® = 0.
4.7.2 IIB spinor decomposition

We are now in a position to present the fermion decomposition ansatz by expanding the
ten-dimensional fermions in terms of 77 and n°. Although we will ultimately truncate away
the massive gravitino multiplet, we find it instructive to start with the complete ansatz.
This allows us to identify which fermions belong in which multiplets, and hence will guide

the truncation.

Starting with the IIB dilatino, since it has negative chirality, it may be decomposed as®
—A)2 0 —A/2y1 o e o |0
(IV.88) A=e ARN® 1 +e AN ® e

The IIB transformation parameter ¢ and gravitino ¥ 4 each have positive chirality. Thus

we expand the gravitino in ten dimensional flat indices as
—A/2 1 —4/2.0 o eo |1
U, = e Pa ®NQ 0 te Yo ®N°Q ol
—A/2 1 —AJ2, ¢ o |1
U, = e VR TN ® 0 +e YV QTN @ ol
1 1
(IV.89) Uy = e M2Yyg@mn® [0] + e A2 @ Ton° ® [0],
and the transformation parameter as

1
(IV.90) e=eM2%xn® [0]

5Note that this is a slight abuse of notation, in that A shows up as both ten-dimensional and five-dimensional
fields. The correct interpretation will be obvious from the context.
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Note that in all the above we have included relevant warp factors to account for the
breathing and squashing modes.

While we have started with a theory with 32 real supercharges, only a quarter of these
are preserved in the AdSs x S F5 background. By focusing on supersymmetries generated by
(IV.90), we are thus restricting our study to five-dimensional supersymmetry parameterized
by a single Dirac spinor. This corresponds to an N/ = 2 theory, and provides a motivation
for us to remove the massive gravitino from subsequent consideration. (If desired, the
full spontaneously broken N = 4 symmetry may be obtained by introducing an ¢ ® n°
component in (IV.90). However, we will not pursue this here.)

4.7.3 Linearized analysis and the A/ = 2 supermultiplet structure

Before presenting the fermionic reduction, it is instructive to analyze the linearized
equations of motion. Doing so allows us to group the effective five-dimensional fermions
into the relevant N' = 2 supermultiplets as highlighted in [133]. We start by noting that
the five-dimensional fermions consist of the two gravitini ¢, and /,, two dilatini A and \’
and four additional spin-1/2 fields v, ¢/, 19 and 1§ arising from the internal components
of the ten-dimensional gravitino.

In the linearized theory, the equations are greatly simplified and the fermions satisfy
free massive Dirac and Rarita-Schwinger equations. The A and )\ equations are naturally

diagonal and the gravitino equations are diagonalized by the following modes,

Yo = Vo + Eya (4 + 1hg) P2 = dap by, Y2 = — gy,

(IV.91) 0, = 9, + 15 (Yo +2Va) (40 +04), ™52 = ¢/ — ).
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n | Multiplet State Field

0 | supergraviton D(4,1,1) G
D33, 1,5+ DB, 1, 1)1 | Yy
D(&%:%)O A1+%A1

0 | LH+RH chiral D(3,0,0)+2 p=—3
D(31,3,0)1 + D(33,0,3)_y | X
D(4,0,0)0 + D(4,0,0)0 T

1 | LH4+RH massive gravitino D(5%, %, 11+ D(5%, 1, %)_1 "
D(5,%,%)0+D(5,%,%)0 bi
D(5,0,1)2 + D(5,1,0)_2 a2
D(6,0,1) + D(6,1,0)q 1
D(4%,07%)1+D(4%7%,0)_1 1/)/m:5/2
D(53,0,3)-1+ D(53,%,0)1 | A

2 | massive vector D(7,3,%)o Aq
D(6%,1,0)_1 + D(6%,0,2); | ym=—9/2
D(73,0,3)-1+ D(75,5,0); | pm=11/2
D(6,0,0)o o
D(7,0,0)+9 =21
D(8,0,0) p

Table 4.3: Identification of the bosonic and fermionic states in the Kaluza-Klein spectrum with the
linearized modes in the reduction.

In all, the linearized modes satisfy,

'Yuaﬂvaﬁzﬁ = %’7“a¢a7 'Y'uaﬁvoﬂ&% = _%’Y“ad};y
YOV = 2, YOV = —3N,
,yavawmzll/Z — %¢m:11/2, ,yavawm:—g/Q — _%wm:—Q/Q’

(Iv.92) AV ) ™=5/2 = %wlmZS/Z.

Note that the massive gravitino obtains its mass by absorbing the spin-1/2 combination
4 + 4y,

As with the fields in the bosonic truncation, we have arrived at a field content which, in
the case of the round five-sphere, saturates the lowest harmonic in each of the respective
Kaluza-Klein towers as determined in [104, 124]. Noting that, in five dimensions, the
relation between the conformal weight A and mass m of the fermions is |m| = A — 2, we
can map the fermion fields into AN/ = 2 AdS multiplets. First, it is straightforward to see

that @u has m = 3/2, corresponding to a massless spin-3/2 field in AdS;. Hence it should
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be identified with the massless gravitino sitting in the supergraviton multiplet. Also at the
zeroth Kaluza-Klein level, the LH+RH chiral multiplet contains an m = 3/2 fermion which
may be identified as \'. At level n = 1, the massive gravitino multiplet has three fermions;
one spin-3/2 particle with m = —7/2 corresponding to the massive gravitino 1[1; and two
spin-1/2 particles with m = 5/2 corresponding to ¢/""=%/2 and m = 7/2 corresponding to .
Finally, at the n = 2 Kaluza-Klein level, the massive vector multiplet contains two spin-1/2

—9/2 and y=11/2 These identifications will be further justified by examining

particles, ¢~
the supersymmetry transformations. The complete field content of the supermultiplets is

shown in Table 4.3, where the bosonic fields are fully defined in [133].

4.8 The Five-dimensional Theory and N = 2 Supergravity

The linearized analysis above demonstrates that the fields ¥/, ¥, 1 and X\ belong to
the massive gravitino multiplet. We thus proceed with the N’ = 2 truncation by setting

these to zero
(IV.93) 1/)& =0, P =0, z,Z)é =0, A=0.

It is straightforward to show that this is a consistent truncation, provided the bosonic
fields in the massive graviton multiplet are set to zero®. Moreover, other than just simpli-
fying the resulting equations, this truncation is natural when explicitly discussing N' = 2
supersymmetry as the massive gravitino should really be thought of as descending from a

spontaneously broken N = 4 theory.

4.8.1 Supersymmetry Variations

We start with the reduction of the IIB supersymmetry variations given in (IV.76).

Inserting the fermion ansitze (IV.88), (IV.89) and (IV.90) into the IIB variations, we

6The consistency of this truncation in the bosonic sector has been previously shown in [133, 88, 43].
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arrive at the following five-dimensional variations”

6thg = Dac = [Da + 2460 A (4P — 46,7 4P) (Fp — 26_23_201),,,))
+ﬁ’m (46A—2B+C 4 6eAC _ (4+ ¢0)6A—4B—C) }5

(IV.94) e 2B (vzfZ — vzfofya) ,
M}m:nm _ [—%7“8 (4B +C) — —4B VA, +160 A A (F 1 e 2B- 2C’p )_ieA—QB—i-C
(IV.95)  —3ieA=C y 34 1 g)e 4B*C}s+e B (8t fi 4 TeAC, f) &,
Spm="9/2 — [—57"8 (B—C) - 1 e4Byh AM_%eC—A,yMV (Fw_i_e—zB—Qch)
(IV.96) _%eAfZBJrC i %eAfC}g 1 e 2B (%v“vz‘f,ﬁ _ %eA*Cvifé) c
P — 272 YouTe® — e 2B( “vlf’ —ie szo)

(IV.97)

The gauge covariant derivative D, acting on ¢ is given by D, = V, — %(Aa + %6*43.&&) +
i@arl, where the latter term descends from the traditional charge with respect to the
U(1) compensator field, @y, in the ten dimensional IIB theory [159]. Furthermore, we have
defined the five-dimensional supercovariant derivative D, through the gravitino variation
n (IV.94).

There are several facts worth noting about these expressions. Firstly, we see that these
variations fit nicely into the multiplet structure as presented in Table 4.3. In particular,
the dilatino variation is built out of 7 and v; f?, both of which belong to the LH+RH chiral
multiplet, since the latter corresponds to pm?==3 according to (IV.71). On the other hand,
Syy™=11/2 and §1)™="9/2 contain only terms involving fields from the graviton and massive
vector multiplets. [Note that the combination F» + e 2820, appearing in (IV.96) and
(IV.97) essentially selects the field strength of the massive vector Aj, as can be seen from

the definition of py given in (IV.74)]. These observations give further justification for the

"Note that with the Dirac matrix conventions described in the appendix we have €¢ = ie® @ n° ® [(1)]
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multiplet structure presented in section 4.7.3.

Furthermore, since the breathing mode is p ~ 4B + C, and the squashing mode is
o ~ B — C, we can identify y™=11/2 with the fermionic partner of the breathing mode
and ¢¥™=9/2 as the fermionic partner of the squashing mode as first demonstrated in
[131]. Finally, from the gauge covariant derivative, it is evident that the combination A, +
%6_4B A, may be identified with the graviphoton, which is consistent with the linearized

analysis in [133]. (The combination Fp — 2e~28-2¢

po appearing in the gravitino variation
is similarly the effective graviphoton field strength.)

The gravitino variation (IV.94) is particularly interesting, as we may attempt to read

off an V' = 2 superpotential from the term proportional to v,e
1
(1v.98) W = 2042840 4 36A=C _ L (4 gy)eA=i=C.

Recalling the relations 34 + 4B + C = 0 and ¢y = —%eij (f(’]f(j] — fgfg), we see that the

scalar potential can be written as
i 4
(IV.99) v =G IaW oW — T,

where (G~1)¥ is the inverse scalar metric which can be read off from the scalar kinetic
terms in the Lagrangian and {i,j} run over all scalars in the theory.

To verify (IV.99), we made use of the fact that the scalar metric given in [133] is
composed of three independent components, pertaining to the independent sets of scalars

{B,C}, {b},b3} and T, with explicit components

VT I A R

V.1 Sl Y= Loy =

(V OO) (Q{BC}) 16 I (g{b17b(2)}) 47_2 9
-1 7 17|

Inserting these expressions into (IV.99) then exactly reproduces the scalar potential ap-

pearing in the bosonic Lagrangian. This is, however, a somewhat surprising relation as the
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actual gravitino variation (IV.94) contains not only the term proportional to the super-
potential written above, but another term involving v; féec where v; fé is proportional to
b812:21, as indicated in (IV.71). Based on general N' = 2 gauged supergravity arguments,
this should conceivably also contribute to the scalar potential, but is not taken into account

by (IV.99).

4.8.2 Equations of Motion

Turning to the equations of motion, the reduction of the dilatino equation is the most

straightforward. After a bit of manipulation, we obtain

(IvV.101)
0 = [’YMDu 4 %,}/MV (eC—AF#V _ 26—A—QB—CpH ) %(4_'_ ¢ ) A—-4B-C 4 eA—QB—}—C 4 3€A C] )\
—67237)1' [%’Y”f; 28@f0] wm:ll/? - 672 [5’7#]0# ’L A C] wm—79/2

where the supercovariant derivative acting on the dilatino is defined by

~

(IV.102) DX = D) = KXYy = |V + 250um1 + 4 (A + e 7P 8,) | X = K(V)il.

The supercovariantization term K ()') acting on 1,2)“ is given by the right hand side of the
dilatino variation (IV.97) with e replaced by 7&# (and similarly ¢ replaced by LZﬁ)
Starting with the IIB gravitino, we arrive at three equations, corresponding to the «,

a, and 9 components. After a fair bit of manipulations, and the appropriate redefinitions
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given in the first line of (IV.91), we obtain the ¢¥™='1/2 and ¢"==9/2 equations

(IV.103)

i, —4B ] —A F —A—-2B—
0 = [,y,uD Zéze 4 ’Y#A 15060 ,y;w Y 16%16 2 C’Y Puv
EA 7 1 ; —4B-C —2B+C -C =11/2
( %2 ( 0) 115 110 )} wm Y

+[%6—4B,YMA#+%eC—A,yvaw/_%e—A—2B cva LA ( o—2B+C _ 12 - )M}mf—gm

+vz-e*23[(—%v“f,i + 3ACR) v g (B0 f - YA O f) e
+v;e 28 (4’7“]” et Cfo)
(IV.104)

0 — [VMDM i %6—437,1&# _ %ec—Aquﬂy _ 238€—A 2B— CVWPW

e (L(4+ go)e 4B ¢ 13,-2B+C 4 z%efcﬂwmzfg/g
+[5 —4B YA, + oC—A Y, T‘E)e—A—2B C’,y,uup e ( —2B+C §e—C’)j|,¢m:11/2
+vie” [(B'Yufu Ui oA=C iy gpem=11/2 4 (_ Sy fi eA=C fi) ¢cm——9/2]

+7;e” 2B (%'y"fﬁ — %eA_Cfé) N

As in the dilatino case, we have defined the supercovariant derivatives

(IV.105)
D™ = [V, + 250 — B4+ Fe P, 72 - KT,
D™ = [Vt g 0um = (A + de TP | e — K (T2,

with K (¢™=11/2) and K(¢="%2) similarly obtained from the variations (IV.96) and
(IV.97), respectively.

Finally, the gravitino equation takes the form
(IV.106)

O:'YMVpDulzp % (wm 11/2) uwmzll/Q % (¢m7—9/2) wm7—9/2 % ()\/)’}/M)\/,
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where the supercovariant derivative acting on the gravitino is given by the right hand
side of the gravitino variation (IV.94), and where the K terms are essentially the Dirac
conjugates of K. The above equations have the appropriate structure to be obtained from

an effective N’ = 2 Lagrangian of the form®

(IV.107)
6_1£ _ &u'yuypplﬂ;p"i_ 1;85,(Z’m:l1/2,}/ul)lu‘w'm:11/2 + %&m:—Q/Q,YuDl”’Dm:—Q/Q + %S\I,YMD“)\/
T W“ (_%K(¢m:11/2),yp¢m=11/2 _ %f((quz*gﬂ)v“lﬁ":*gﬂ _ %f{(/\/)ﬁ’“)\/) n h.c.}

The full fermionic Lagrangian (to quadratic order in the fermions) is given in Appendix C.2.

Although we have worked only to quadratic order in the fermions, it is clear from the
nature of the invariant spinors 1 and 7n¢ that higher spinor harmonics would not be excited
by this subset of states. Thus, if desired, the consistent truncation may be extended to the
four-fermi terms as well. However, we expect this to be quite tedious and not particularly

worth pursuing.

4.9 A supersymmetric holographic superconductor

In this final section we demonstrate the consistency of a particularly interesting trunca-
tion to the lowest Kaluza-Klein level, namely the supersymmetric completion of the bosonic
truncation first demonstrated in [99]. As we demonstrate, this is a fully consistent trunca-
tion, so long as we keep all fields in the graviton and LH+RH chiral multiplets. However,
it is a nontrivial truncation, in that it is not consistent to naively set the other fields in
the above reduction to zero. Instead, the “backreaction” on the truncated fields must be

taken into account, effectively setting these modes equal to something depending on the

8Note that some care must be taken when considering the conjugate spinor terms. Nevertheless, the various
conjugate terms do assemble themselves properly into a consistent effective fermionic Lagrangian. This is one place
where a more conventional symplectic-Majorana approach would allow the manipulations to be more transparent.
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dynamical fields. Due to this backreaction on the non dynamical fields, the resulting La-
grangian is nonlinear and so describes a non-trivial coupling of N' = 2 supergravity with a
single hypermultiplet.

In the bosonic sector the truncation amounts to keeping only {r, me:—:&} and the gravi-

ton and graviphoton dynamical. In what follows, we will denote pm?=-3

simply as b so
that (bg,b3) = (b,7b). This requires the following constraints on the other terms in the

reduction [43, 133]

(IV.108) b =2 =0, B =10 = 1-4dp|p]?, Ay = —4iry(bDb—bDb)+4|b|2dr,
and

(IV.109) do = —24m|b]?,  po = —dA;.

For the fermions, by analyzing the supersymmetry transformations of the spin—% fields

in this truncation, it is evident that if we set
(IV.110) W= —ahy = —%szlﬂe_QB)\’,

the resulting system will be consistent with the supersymmetry transformations. It turns

out that under this identification the fermion equations of motion also degenerate into a

single expression, resulting in a theory containing only \ and 1])# in the fermionic sector.
Moving directly to the Lagrangian, we write this as a sum of bosonic and fermionic

contributions £ = Ly, + Ly, where

2 — 1 T A A
6( 3x)_dx/\*dx*1_( +X)d7'/\>2kd’7'_§F2/\*F2_ 1 A %A
(1-x)? 2(1-x) 2(1 - x)73 2 2(1—x)?
879 Db A xDb _ 21

I—x I—x

Ly, = Rx1+

(IV.111) — (bDb A xdT — bDb A xdT) — A1 A Fy A F,
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Ly = %,YaﬁaDﬁz/;U 4 %% (,Yaﬁpa I anﬁgp(f) ngzﬁg 4 %S\,YQDQS\ + %éjwuuFW;\
+1e74B (372(bD;b — BDb)MMA + 3(1 + 872]b|2)§\5\)
+€_4B <_%1;047a01[}a + T2 (BD,Bb - bD_Bb)iﬁa'Ya/801&0>

47327 (Do A+ B A + hc.)
—-2B

(v.112)  +S

7z (—szwaﬁ"agn&g + 721/21/71@7“8”770‘5\0 + h.c.) ,
T2

where we have defined A = e 28\, X = 72/b|? and we have redefined the gauge covariant
derivative acting on b as Db = (@L — 3iA, — ﬁaﬂﬁ)b, and similarly for A and Va.

This truncation is of interest for many of the condensed matter applications of the
AdS/CFT correspondence involving the coupling of a charged scalar and fermion. In
particular the original motivation for the bosonic truncation was in describing a supercon-
ducting phase transition using holographic methods within a controlled system, i.e, one
which is derived directly from a UV complete theory. This truncation hence completes the
story by demonstrating the embedding into a fully supersymmetric theory. It would be
interesting to consider the dynamics of this theory, and whether there is a supersymmetric
superconducting phase transition. Note however that this analysis would be complicated
by the presence of the gravitino. After all, it is not consistent to simply set the gravitino
field defined here to be zero. Since the gravitino couples to the supercurrent, this suggests
that the holographic superconductor model of [99] in fact has an underlying (although
spontaneously broken) supersymmetry.

While the truncation first presented in [99] did not include the axi-dilaton, as in the
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bosonic case, it is consistent to fix 7 as well. This simplifies the Lagrangian to be

e 'L = R-3F,F" —c ' A\ NB AR
(1—6#)_8 o forf _8ﬂu%0—&%x&w—3Aw
(1422 "L -4f2 (1—4f2)
'HﬁofyaﬁaD/ﬂ&U + %S\VQDQX + %1[}(1 (’YQBPU + 2gaﬁgpa) Fﬁpd}a + %S"YMVFMVX

1 X -~ ~ =~ = A
1—4f? (30 + 8708 = $0ar78 — if2(9u0 — 344) (33" A + 20077745 ))

0
1—4/2

+12

(IV.113) + ( ((au F4if (0,0 — 3A,)) oy ™A + 3 f&am) + h.c.) ,

where we have defined b = ,/gs fe? and T =ig7t.

Finally, it is worth noting that although this theory involves a charged scalar coupled to
the fermion ), it lacks the Majorana coupling ¢\ that has been of recent interest in studies
involving gapped fermions in the bosonic condensate [51, 72, 102]. While this coupling is
allowed by charge conservation, the explicit reduction shows that it is not present. More

2__ . .
=21 gcalar in the massive

generally, examination of Table 4.3 demonstrates that the b™
vector multiplet may have such a coupling, and in fact the equations of motion (IV.103)

and (IV.104) show that it is exists for both ™=11/2 and ¢™="92, It would be curious to

see if this 5™ =21 scalar may play a role in novel models of holographic superconductors.



CHAPTER V

Final remarks

We have presented various excursions away from the standard AdS/CFT paradigm.
First, concentrating on bulk physics, we discussed the effects of higher derivative inter-
actions to the effective five-dimensional Lagrangian. From the boundary perspective,
these terms describe deviations from the large-N or large A limit, depending on their
ten-dimensional origin. We presented a discussion of the effects on R-charged black holes,
highlighting some technical details concerning field redefinitions and Gibbons-Hawking sur-
face terms. Additionally we constructed the supersymmetric four-derivative completion of
minimal gauged supergravity and examined the effects on the shear viscosity to entropy
density ratio.

In the final chapter we presented results of consistent truncations of IIB supegravity
on squashed Sasaki-Einstein manifolds. The novel feature of these truncations is that
they include a finite number of massive supergravity multiplets. The hope is that these
and similar truncations can be utilized to construct new solutions of IIB/M-theory which
describe dual gauge theories where conformal invariance or in some cases even Lorentz
invariance is broken. Additionally these types of constructions may provide insights into
interesting regimes of both the quark/gluon plasma and various condensed matter systems.

There has been somewhat of a paradigm shift in the string theory community over the

past fifteen years. While a large portion of the community continues to pursue the goal
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of realizing a UV complete theory of the standard model, many practitioners have shifted
attention to the utility of string theory in describing strongly coupled gauge theories. As
discussed, the relevant gauge theories are similar to QCD, which describes the quark/gluon
plasma being studied experimentally in large particle colliders, although a precise string
theory dual to QCD itself has not been discovered. In addition these gauge theories can
potentially be applied to effective field theory descriptions of various condensed matter
systems studied in table-top experiments.

The possibility that string theory may provide the mathematical machinery to describe
novel states of matter actually seen in a laboratory is an exciting development. However,
the application of string theory to these areas should not be considered a test of string
theory as a fundamental theory of gravity or in relation to its prospects as a completion
to the standard model of particle physics. The distinction as to whether string theory is a
UV complete description of physics is still an unanswered question.

This thesis presented two avenues of exploration towards more realistic models within
the developing paradigm of gauge/string duality. By studying the inclusion of higher
derivative terms in the action we can probe small deviations from the regime of large
number of degrees of freedom (colors) and large coupling in the gauge theory. Second, the
discussion on consistent truncations makes progress in understanding the duals to theories
with lower supersymmetry. Much work is to be done in this area to make solid predictions
for any real laboratory system. The material presented here represents a small subset of the
possible approaches towards a description of these systems in this context. It is hoped that

the progress made herein will provide some additional insight into more realistic settings.
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APPENDIX A

Shear Viscosity
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A.1 Explicit Form of Quadratic Action and Solution to Metric Fluctua-
tion

The quadratic action for the scalar channel perturbation ¢ is given in (II1.123) in terms

of six coefficients A, ..., F. Here we present their explicit forms:
(A1)
4 w?HZ  2ufo(14+q)3(Bqu—1)  32¢%°qu?(1+q)*  g*u(1+ q)°
Aw) = 2pora| -2, fo( Q)g(q ) 3297 qu( q)+9 (1+4q) ’
u g% 3 H 3 Hy
3 2 24 D2HS  g?u(l+ q)*(56¢%u® + 7 11
B = 30y g| @ ppy g Ueut )y grullta) (5607w + Tqu + 11)
U g 3u 6
2,3 6(9G 2,2 2,3 6
u’(1 4+ 26q“u® — 17qu + 17 3g°u’ (1 +
L9 (1+9)°( q3 q )_892(1+q)3qu2+ gu(1+q) 7
6H; 4H
2¢%(4qu — 3)HZ  24°%(1 3(2 1
C’(u): g(qu2 )0_9(+Q)(qu+)
u H()
2
+¢2 { - 6(;}]" ((4qu +1)Hg — (14 q)3(—11qu® + 13u2)H0)
0
_g2(1 + q)3(4¢*u? + 45qu + 3) n g2 (1 + ¢)%(4¢®u® — 7¢*u? — 32qu + 15)
3H, 2 H ’
D) 20°H3 — g*qu®(1+ ), HJ
u) = w
u3H§ 4u2f0
4 175 2 2 3
_ |w* Hj W9(1+Q)( 3 2 3.2 2
Y 2(31qu — 9)HE — 3u2(1 5¢%u? — 4 11)
+02[9212uf3 1812 (8lqu = 9)Hp — 3u'(l + (5" ~ dqu + 11)
B 19¢%¢(1 + ¢)3 B 39%u(1 + q)%(6¢%u® — 17qu + 1)
3HZ 2H] ’
du f?
E = ¢ 0
('LL) 62392H07

2(2(4qu + 1) HZ — v?(1 + q)3(Tqu + 4))
3H?

F(u) = ¢ fo

Here we also present the O(¢2) solution for ¢. Writing ¢(u) = f(u)”F(u), we may

expand F'(u) to first order in both ¢z and w

(AQ) F(u) = Fo(u,w) + C_Q(Flo(u) + an(u)).

Since F'(u) satisfies a second order equation (after linearizing in ¢ and using the lowest
order equation of motion), it is consistent to choose the boundary conditions such that

F(u) is normalized at the boundary (F'(0) = 1) and is regular at the horizon.
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The function Fy(u,w) is given by the expression in the curly brackets in (I11.130), while

the remaining functions are

FIO(u) = 07

(14 )32 (11¢° + 4¢* +179¢> — 10> =8¢ — 16) .. , 3 o
11(w) 2211 02(q — 2)° iln(¢°u” —3qu—u—1)+m7
+i(q + 1)3/2(60¢° + 99¢° + 648¢* — 69¢® — 154¢> — 104q — 16) y

16(4q 4 1)3/2(q + 1)2(¢ — 2)*

!~ 30y 2¢°u—(1+3g) }
(4g +1)%(qg +1) (4¢ +1)%(g +1)
iln(14 qu)(1+¢)3? (g +1)%2(—4¢° + 21¢* + 143¢° — 21¢% — 39¢ — 6)
- 8¢2 - 8¢%(4g +1)(q — 2)°

i(q+ 1)%2(4q" — 27¢° 4 64¢° + 511¢* + 137¢% — 128¢° — 57 — 6)qu>
- 8(1 + qu)g*(g3u® — 3qu —u — 1)(4q + 1)(q — 2)?
z'(—12q6 +102¢° + 605¢* + 63¢> — 177¢> — 63¢ — 6)u
8(1+ qu)q*(¢u? — 3qu —u — 1)(4q + 1)(q — 2)?
i(4¢° + 21¢* + 143¢3 — 21¢> — 39¢ — 6)
8(1+ qu)g*(¢*u? — 3qu —u — 1)(4q + 1)(¢ — 2)*’

(A.3) -



151

APPENDIX B

Charge to Mass Ratio

B.1 The mass to charge ratio in AdS

For the case of asymptotically AdS solutions with a flat boundary, i.e. £k =0, g # 0, we

find that the mass to charge ratio is:

m o (m o a(d = 1)(7d* — 27d% + 84 + 32)
q ‘(q>0(1 T @ 2)Bd )
A 2(d—1)(2d3—3d2—19d+32)_a 2(d—3)(d—4)>
29 2(d— 2)(3d —7) 39 2

m o (d—1)(7d® — 27d? + 8d + 32)
- (>o (1- e
o (d—1)(2d® — 3d? — 19d + 32)
2(d —2)(3d —7)

—Q2g

(2d* — 10d® + 21d? — 37d + 36)
(B-1) —asg” (d—2)(3d—7) >
where
m\ 2(d —2)3
(B2) <q)0 - g”\/ (@ D37

We note that if the redshift factor A had not been taken into account, the correction to the
mass/charge ratio for the k¥ = 0 Gauss-Bonnet term (&; = 0, &2 = 0) would have vanished.
It is precisely the addition of the redshift factor which is responsible for generating the

correction.
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For the case of asymptotically AdS solutions with a spherical horizon, i.e. k=1, g # 0,

the expressions are rather more complicated. For d = 4, we find

m _(m o 2 - (5482 + 218+ 1)
<Q>d:4 _<Q)o <1 29 “ 5T-2+(1+25) )

(m s (GABP+215+1) (247 +65+1)
(B.3) ‘<q>0<1_120‘19 B TR T CRT) )

where 8 = g%ﬁ, and

m B 2(1+2p)
(B4 ( q >0,d=4 CVI+3E

For d = 5, we have

<m> _ (m) (1 A (81643 + 102432 + 30083 + 1)
4/ s a/ U R (1+26)(2 + 36)
&, (336833 + 39232 + 1328 + 11) . (38%+ 28 — 2))
6r2 (1 +28)(2 + 38) S22+ 3p)

_ ( > < 81663 + 102482 + 3008 + 1)
B q
(

67‘3( +28)(2+ 35)

B.5) 33633 + 39232 + 13283 + 11) . (56433 + 58632 + 2163 + 31))
' 612 (1+25)(2 + 30) Ce(1v28)(2+38) )
where
(B.6) <m> _ V3(2+3p)
' q)0aes 2/1+28°

This result corresponds to (II1.116) given in Section 2.2.5.

Similarly, for d = 6:

<m> - <m> <1 1, (155008° + 2344567 + 83255 + 81)
9/ a=6 1/ 22r% (3 +48)(3 + 58)
4, 27582 1958 +27) _,  (206° + 2762 75 9))
4r3 (3 +50) 23+ 48)(3 + 58)
m 15500&3 + 2344532 4 832543 + 81)
- ( > ( 22r2 (3 +48)(3 + 58)

(B.7) o (27552 + 1955 4 27) 30, (334033 + 454982 + 21533 + 369))

4ri(3+50) 22r2 (3 + 48) (3 + 5) ’
where

m _ 2V2(3+4p)
(B8) <Q)od 6 3V3+53
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A general d-dimensional expression may be obtained in principle, although it is not expected

to be particularly illuminating.
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APPENDIX C

Fermion Conventions and Reduced Action

C.1 Dirac Matrix Conventions

We work with a mostly plus metric signature, and take the conventional Clifford algebra
{14, T8} = 2p4B. Note, in particular, that T” is anti-hermitian, so that (I'%)" = —T'* and

(I')t = T, The ten-dimensional Chirality matrix is given by

1
(C.1) = TmeAlmAloFAl ...TAw0 0. .. FQ’

and squares to the identity.
Corresponding to the metric reduction (IV.64), we decompose the ten-dimensional Dirac

matrices according to

r“ = 7"®lyeo,

' = 1,87*Qo,,
(C.2) I’ = Lo,
where v are Dirac matrices in the 5d spacetime with 4% = i7y%y'42~43 and 7¢ are Dirac

matrices in the 5d internal space with 79 = 72757778, The Chirality matrix I''! is then

given by

(C.3) M=r...M=101coa0:s.



155

We furthermore take the following conventions for the A, C' and D intertwiners which

map between different representations of the Dirac matrices

(C4)  AplyAy =T, C'TwmCio=-T%,  DiiTuDi=—T%.

Here C1g denotes the charge conjugation matrix. These may be decomposed as

(Ch)  Ajg=A410A;5® 01, Cio = C41 ® C5 ® o9, Dip =1iD41 ® D5 ® o3,
where the five-dimensional intertwiners are defined as

A Aiy = =) CiuCur =, DyivuDag = =7

(C.6) A57’aAgl = Tg, C’ngan, = TZ, DngaDg) =T,
It turns out the following is a consistent decomposition:
(C.7T) App=To=r®1x0, Cio = C41 ® C5 ® 09, D1 = iv9C4,1 ® C5 @ 03.

The five dimensional charge conjugation matrices on both spacetime and the internal man-

ifold satisfy
(C.8) Cy=-Cl =0t =-C5t.

Finally, we define the charge conjugate of a spinor in any dimension to be ¢ = C AT4)*,
which is equivalent to ¢¢ = —I'¢C199p*. Therefore, letting x and 7 be spinors on M and

SEs, respectively, the charge conjugates are given by x¢ = —vCy,1x™ and ¢ = Csn*.
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C.2 The Reduced Lagrangian

The bosonic Lagrangian with the massive gravitino multiplet removed was presented in

[133], and takes the form

Ly = Rx1+ (24e*A728 —4e5413C _ 1e84(4 + 90)?) 1 — BdB A xdB — §dB A +dC
—4dC A *dC — 2771_22(17' A *d7 — 22O A xFy — 470 (Fy + L)) A #(Fy + 1F))
—5e P (AL = Fe(fif] — DI A *1A7 = Feii (o] — Ff)]

—2M [ f + Fof3) « 1+ e P A« + LA« f])]

(CO)  —ALA (B + jF5) A (B + 3F),

where A] = A + %ew(féff - féff), and where F, = dA].

The corresponding fermionic Lagrangian may be obtained from the equations of motion
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presented in Section 4.8.2. At quadratic order in the fermions, we have

e 'Ly = TZ;L’YW’)Dﬂ;p
[ E T2 K (T R) g, — A K (),
—ANYK (XY, + hec.
%d—)m 11/2[ "D, +3z 4B7MAM_ﬁGC—A7quMV_ 161026_A 2B— CV P
LA (_%(4+¢0)674370 i %672B+C _ %670)}1/@:11/2
+%wm:—9/2 [VMDu+%€_4BVHAu 3 3i ,C—A Y, — %E—A 2B— c7 Puv

Te (i(‘l"“ﬁ Je —4B—C | %6*2‘9*0—#%@*0)}1#’":*9/2

—I—%S\' [’y“Du + %'y"” (eC_AFW — 2e_A_QB_CpW)

_%(4+ ¢0)€A74ch 1 A2B+0 %eA—C} \
[¢m 11/2( i —4B VA, + zeC A VI F l%e—A—zB—C,YWpW

oA (12¢72B+C _ 12,-C ))wm:—9/2+h'c_}
e P (g AR g e

+15 [vl —28,fm= 11/2 (3 ;sz 7z oA sz) ¢cm:—9/2+h.c']

+%[Uie’231]}m:’9/2( 3 ufz oA sz) wcm—79/2 T h c}
_|_15 [Th —2B jm= 11/2 (3 ,ufz oA Cfo) )\'—I—hc}
(C.10) +§[ve 2Bypm==9/2 (Lynfi _ ioA=C gt )\’+hc]

and the full Lagrangian up to quadratic order in the fermions is given by

(C.11) L=Ly+ Ly.
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