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Abstract 

Recently a generalization of Einstein's theory of gravitation has been proposed which can accommo­
date the gravitational monopoles. The generalization is made in such a way that the equations of motion 
become exactly symmetric under the dual transformation of the curvature tensor. We review the recent 
development on the subjecct. 

Long time ago Dirac[l,2] has taught us that the 
electrodynamics can be made consistent with the 
existence of the magnetic monopoles if the cele­
brated charge quantization condition is imposed. 
Inspired by an apparent analogy between the elec­
trodynamics and the general relativity in the post-
Newtonian limit, Zee[3] has made a very interesting 
conjecture that the Einstein's theory of gravitation 
could be generalized to include the "gravitational 
monopoles". Recently it has been shown that[4] 
indeed the generalization is possible provided that 
one is willing to accept an energy quantization re­
quirement. We review the recent progress on the 
theory of gravitational monopole. 

The generalization can be made in exact anal­
ogy with the Dirac's generalization of the electro­
dynamics. All we need is to enlarge the space of 
the metric to allow the string singularities, under 
the condition that the strings should be physically 
unobservable. Since the classical dynamics of grav­
itation is governed by the geodesic equation, a nec­
essary condition for the invisibility of the string 
is that it should not create a physical singularity 
in the geodesic equation. This invisibility of the 
string at the classical level, however, is not suffi­
cient to guarantee the invisibility of the string at 
the quantum level. To assure that the string re­
mains invisible at the quantum level, we need the 
quantization of energy, as we will show in the fal­
lowings. 

Let us first show that the general relativity ad­
mits a gravitational monopole[5,6], if the metric 
is allowed to have a string singularity. To keep 
the analogy between the Dirac's generalization and 
ours as far as possible, we start by writing the most 
general stationary metric g^u (/i, v — 1,2,3,4) as 
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where = 1,2,3), 2?t-, and <j> are func­
tions of the spatial coordinates only. The fact 
that the most general stationary metric can always 
be put into this form can easily be understood 
if one regards the Einstein's theory as a (3 + 1)-
dimensional Kaluza-Klein theory[7,8] and dimen-
sionally reduces it to the 3-dimensional space, as­
suming that the metric admits a time-like Killing 
vector. Notice that in this Kaluza-Klein point of 
view the space-time can be viewed as a principal 
fibre bundle in which the time-axis becomes the 
"internal" fibre over the 3-dimensional space. Thus 
Bi may be interpreted as a "gauge potential" which 
has the following gauge degree of freedom 

This gauge degrees of freedom is guaranteed by the 
general invariance of Einstein's theory under the 
coordinate transformation 

Now we choose the polar coordinates and let 

where we have introduced a scale parameter /c to 
keep Bi dimensionless. Then one can easily show 
that the vacuum Einstein's equation admits the fol­
lowing asymptotically fiat solution 



coordinate transformation 

Obviously the potential S t describes a "monopole" 
to which a string singularity is at tached, bu t now as 
a component of the metric. The solution is charac­
terized by two parameters , the monopole s t rength 
K and the inertial mass m, so tha t it actually de­
scribes a "gravitational dyon". Notice tha t one 
may call K a "magnetic mass" since it has the di­
mension of a length. 

One might notice tha t the above solution is not 
exactly new, because one can easily show tha t it 
is locally identical to the well-known Taub-NUT 
solution[5,6]. However, we emphasize tha t there 
is one big difference between the Taub-NUT so­
lution and ours, and that is in the global topol­
ogy of the space-time. The asymptotic topology 
of the Taub-NUT space-time at the spatial infinity 
is well-known to be isomorphic to 5 3 , which makes 
it totally unphysical because it has a periodic t ime 
which violates the causality and admits no reason­
able space-like hypersurface. But here we require 
the asymptotic topology of our space-time to be 
R1 x S2 (where R1 represents the t ime axis). How 
can this be possible? Notice tha t the reason why 
the 5 3 topology of Taub-NUT space-time is forced 
upon us is because this guarantees the metric to 
be smooth everywhere on the space-time manifold. 
But obviously we can escape from this pathological 
S 3 topology if we are willing to accept the string 
singularity[9]. So we choose to accept the string as 
it is to retain the physically desirable space-time 
topology, but will get rid of the string by making 
it physically unobservable. 

Wha t should we do to make the string invisible? 
At the classical level the string is by itself invisible 
because the string does not produce any gravita­
tional effect which can be detected by a classical 
neutral test particle[4]. To see this notice tha t the 
Riemannian curvature of the metric (4) becomes 
spherically symmetric and does not contain any 
string singularity. This suggests tha t the string is 
not a physical singularity but a simple coordinate 
singularity. To show that this is indeed the case, 
notice tha t the gravitational monopole can be de­
scribed by any metric which may be related to (4) 
by a general coordinate transformation. So con­
sider two metrics gffi which have potential 
given by 

The coordinate transformation moves the string 
along the negative z-axis to the positive z-axis. So 
dividing the space-time into two cross sections[2] 
and sewing them together in the overlapping re­
gion with (6), one can remove the string completely 
from our space-time. This shows tha t the string is 
not a physical singularity but indeed an artifact of 
the coordinates we have chosen, which is why it can 
not be detected by a classical test particle. 

To make the string invisible at the quan tum 
level, however, we must impose the following quan­
tization condition of energy E 
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We present three independent arguments for this[3, 
4]: 
A) Consider the quan tum wave function ^ of a par­
ticle with energy E rotat ing around the string, and 
let 

Then under the transformation (8) the wave func­
t i o n s h r v n l r l f r a n s f n r m a s 

But since the wave function should remain single-
valued under the coordinate transformation, one 
need to have the quantization condition. 
B) We have emphasized tha t the string is not a 
physical singularity. Nevertheless let us try to treat 
the string as if it is real. Then asymptotically the 
string of the metric (4) becomes nothing but the 
spinning string[10] which can be described in the 
cylindrical coordinates by 

In principle this string could be detected by a scat­
tering of a test particle around it. The quan tum 
scattering cross section of a scalar particle with 
energy E around the spinning string is known to 
W i l l 

where k is the momentum of the particle. This 
shows tha t the string becomes invisible under the 
quan tum scattering if and only if the quantization 
condition is satisfied. The quantum scattering of 
a spin 1/2 particle around the string[12] gives the 
same conclusion. This argument is particularly en­
lightening because it tells us tha t , even if one tries 

Clearly bo th g^) and g^J describe the same 
monopole since they are related by the following 



to treat the string as physical, the quantization con­
dition will forbid us to detect it with a quantum 
scattering of a test particle. 
C) Remember that our space-time may be viewed 
as a principal fibre bundle in which the time-axis 
becomes the fibre over the 3-dimensional space. 
In this picture the string singularity manifests it­
self when the bundle is regarded trivial. But we 
have already shown that we can always make the 
string disappear by introducing two cross sections 
and making the fibre bundle topologically non-
trivial [2,13], provided that the quantization con­
dition holds true. The coordinate transformation 
(6) tells us how one can remove the string with a 
mixing of the t ime coordinate with the azimuthal 
coordinate, just as Wu and Yang[2] have told us 
how one can remove the Dirac string with a mixing 
of the internal coordinate (i.e., the fifth-coordinate) 
with the azimuthal coordinate. Notice tha t , when 
the time is assumed to be periodic, this mixing is 
precisely what one need to obtain the S3 topol­
ogy of the Taub-NUT space-time. We emphasize, 
however, that our way of removing the string need 
not necessarily require the physical time to be pe­
riodic, in as much as the Dirac's theory does not 
necessarily require the existence of a 5-dimensional 
space-time. According to (6), the periodicity of the 
azimuthal coordinate requires us to identify (/', <p) 
with (tf + fin, (p + 27rn), but not with (f + /cn, if). 
This assures us that our time must be helical[12], 
but not periodic. 

In all the above arguments the striking simi­
larity between the Dirac string and ours is unmis­
takable. But it should be made absolutely clear 
that the quantization of energy has nothing to do 
with the periodic time coordinate as has been re­
peatedly suggested in the literature[5,6]. In ret­
rospect the quantization condition (7) could eas­
ily have been understood from the following simple 
dimensional argument. The existence of a gravita­
tional monopole necessarily requires the existence 
of a fundamental length scale K which in turn im­
plies the existence of a fundamental energy scale, 
and hence the quantization of energy. 

We now show how Einstein's equation should 
be generalized in the presence of a gravitational 
monopole[4]. To do this let us first define the dual 
curvature tensors as follows 
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With this the first and second Bianchi identities 
ran bp fivnrfiRSfiH a<? 

This should be contrasted with the following ex­
pressions of Einstein's equation 

where the second equation follows from the first 
one with the help of the Bianchi identities. This 
shows tha t Einstein's theory of gravitation is "max­
imally asymmetric" under the dual transformation. 
With this clarification it now becomes clear what 
we should do to accommodate the gravitational 
monopoles. We need to have two ("magnetic" as 
well as "electric") energy-momentum tensors which 
must couple to the curvature tensor in such a way 
that the generalized theory becomes symmetric un­
der the dual transformation. But obviously this can 
be made possible only if the Bianchi identities are 
violated. So we only require the curvature to be 
me t ric- compat ible, 

and replace the first Bianchi identity by 

Notice that now the Ricci tensors are no longer 
symmetric, 

With this we propose the following generalizatior 
of Einstein's equation 

where G' and SAB a r e ^ n e gravitational constant 
and the energy-momentum tensor of the magnetic 



matter . To ensure the conservation of the two 
energy-momentum tensors, we now need to gen­
eralize the second Bianchi identity. To see how, 
let 

and find 

This tells tha t the second Bianchi identity should 
be modified in such a way that the following equal­
ities hold 

This completes the desired generalization of Ein­
stein's theory. 

A slightly different generalization is possible 
if one is willing to accept non-symmetric energy-
momentum tensors. Notice that (16) with (18) can 
be written as 

So one may have 

together with the following modification of the sec­
ond Bianchi identity 

In this generalization TAB and SAB become non-
symmetric (but conserved) energy-momentum ten­
sors. 

This shows that Einstein's theory of gravita­
tion could be generalized to accommodate the grav­
itational monopoles, exactly as the Maxwell's the­
ory could be generalized to accommodate the mag­
netic monopoles. But obviously this generalization 
opens up much more questions, fundamental as well 
as phenomenological, than we have tried to answer 
in this paper. A more detailed discussion on the 
subject will be published else where [14]. 
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