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It is now well understood that Ward identities associated with the (extended) BMS algebra are equivalent
to single soft graviton theorems. In this work, we show that if we consider nested Ward identities
constructed out of two BMS charges, a class of double soft factorization theorems can be recovered. By
making connections with earlier works in the literature, we argue that at the subleading order, these double
soft graviton theorems are the so-called consecutive double soft graviton theorems. We also show how
these nested Ward identities can be understood as Ward identities associated with BMS symmetries in
scattering states defined around (non-Fock) vacua parametrized by supertranslations or superrotations.
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I. INTRODUCTION

Since the seminal work by Strominger [1], there has been
a flurry of activity towards understanding the role of a class
of symmetries known as “asymptotic symmetries” in gauge
theories and gravity [2—19]. For theories containing mass-
less particles of spin 1 < s < 2, asymptotic symmetries are
obtained by considering gauge transformations which do
not fall off at infinity. Such large gauge transformations
have nontrivial asymptotic charges and their conservation
laws have nontrivial implications for the S—matrix.

For example, it has now become clear that the “universal”
soft theorems (i.e., those soft theorems whose structure is
completely determined by gauge invariance [20,21]), such as
the leading soft theorems in gauge theories and gravity, as
well as the subleading soft theorem in gravity, are manifes-
tations of Ward identities associated with a class of asymp-
totic symmetries (in four dimensions due to the infrared
divergences in these theories, the cleanest statement can be
made at the tree-level S—matrix.). In the case of gravity,
these symmetries are nothing but an infinite-dimensional
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extension of the famous Bondi, Metzner, Sachs (BMS)
group. Next-to-soft gravity radiation was first considered
by Gross and Jackiw [22]. For an wonderful insight on this
from Wilson line operator perspective, we refer the reader to
the recent work by White [23].

However, factorization theorems in gauge theories and in
quantum gravity have a richer structure. In the case of
gravity, in a recent paper by Chakrabarti et al. [24], it was
shown that there exists a hierarchy of factorization theo-
rems when arbitrary but finite number of gravitons are
taken to be soft in a scattering process. Of particular interest
is the so-called “double soft graviton theorem,” which is a
constraint on the scattering amplitude when two of the
gravitons become soft. Such double soft theorems have a
history in pion physics [25]. In the case of pions which are
Goldstone modes of a spontaneously broken global non-
Abelian symmetry, double soft pion limits have an inter-
esting structure. As was shown in [25], if we consider a
scattering amplitude in which two of the pions are taken to
soft limit simultaneously, the scattering amplitude factor-
izes and the double soft theorem contains information
about the structure of the (unbroken) symmetry generators.
Due to the presence of an Adler zero, which ensures that
single soft pion limit vanishes, it is easy to see that there is
no nontrivial factorization theorem if two pions are taken
soft consecutively as opposed to when they are done so at
the same rate.

Double soft graviton theorems are distinct in this regard.
Not only is the simultaneous soft limit nontrivial and highly
intricate, unlike the case of soft pions even the consecutive
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soft limit does not vanish and gives rise to factorization
constraints on the scattering amplitude which are called the
“consecutive double soft theorems.”

In this paper we try to find an interpretation of such
consecutive double soft theorems as a consequence of Ward
identities associated with the generalized BMS algebra.'

The outline of this paper is as follows. In Sec. II, we
recall the equivalence between leading and subleading soft
graviton theorems and Ward identities associated with
asymptotic symmetries [1,12,26,27]. In Sec. III, we explain
the consecutive double soft limit and how it gives rise to a
leading and two subleading consecutive double soft theo-
rems. In Sec. IV A, we propose asymptotic Ward identities,
which, as we show in Appendix A, can be heuristically
derived from Ward identities associated with Noether’s
charges [28]. In Appendix B, we discuss the conceptual
subtleties associated with the domain of soft operators,
which is an obstacle to the full rigorous derivation of one of
the subleading consecutive double soft theorems from
asymptotic symmetries. In Sec. V, we present a formal
derivation of this subleading consecutive double soft theo-
rem from asymptotic symmetries. We conclude with some
remarks, which primarily focus on the key open question
that pertaining to the study of the simultaneous double soft
graviton theorem from the perspective of asymptotic
symmetries.

II. SINGLE SOFT GRAVITON THEOREMS
AND ASYMPTOTIC SYMMETRIES

We begin by reviewing the derivations of the single soft
graviton theorems (both leading and subleading) from
asymptotic symmetries [1,12]. In the process, we also
define the notations that we use later.

According to present understanding, the asymptotic
symmetry group of gravity, acting on the asymptotic phase
space of gravity is the “generalized BMS” group—it is a
semidirect product of supertranslations and Diff($?). They
can be thought of as a local generalization of translations
and the Lorentz group, respectively. While the original
BMS group [29,30] is a semidirect product of super-
translations and SL(2,C), in the generalized BMS group
the SL(2,C) symmetry is further extended to Diff(S?).
Each of the supertranslations and Diff (5?) symmetry gives
rise to conserved asymptotic charges, namely, the super-
translation charge (Q) and superrotation charge (Qy),
respectively. These charges are determined completely by

'"There are two known extensions of the BMS group in the
literature. One is the “extended BMS” [2], which is the semidirect
product of supertranslations and the Virasoro group and the other
is the “generalized BMS” [8], which is the semidirect product of
supertranslations and Diff (S?). Each of them give rise to the same
asymptotic charges and hence the same Ward identities for the
quantum gravity S—matrix. Since, these Ward identities are the
starting point of our analysis, this difference is irrelevant.

the asymptotic “free data” and are parametrized by an
arbitrary function f(z,z) and an arbitrary vector field
VA(z,%), respectively, both of which are defined on the
conformal sphere at null infinity. By studying the algebra,
one finds that supertranslations and superrotations form a
closed algebra [16].

To define a symmetry of a gravitational scattering problem
at the quantum level, these charges are elevated to a symmetry
of the quantum gravity S—matrix. Corresponding to each
such symmetry one gets a Ward identity. In next two sections,
we discuss that how the single soft graviton theorems are
equivalent to Ward identities of generalized BMS charges.

A. Leading single soft graviton theorem and
supertranslation symmetry

The leading supertranslation charge Q, [1], which
physically corresponds to the conservation of energy at
each direction on the conformal sphere at null inﬁnity.2

The supertranslation charge Q is given by [1]

Qf = / dudZZfYZZszNZZ + z/dudzzfau (az UZ + az UZ)
(2.1)

Here, U, = —%DZCZZ, and N, = 0,C,, is the Bondi news
tensor, where C_, is the “free data”. The derivative D* is the
covariant derivative with respect to the 2-sphere metric.
It is important to note that, the supertranslation charge
Qy is characterized by the arbitrary function f(z,Z), where
(z, ) are coordinates on the conformal sphere at null
infinity. Notice that, the first term in (2.1) is quadratic in C_,
while the second is linear in C,,—these are conventionally
referred as the “hard part” (Q'¥") and the “soft part” (Q")

of the supertranslation charge, respectively.

In order to establish the equivalence between the super-
translation Ward identity and the leading single soft
graviton theorem, the asymptotic charge (2.1) is conjec-
tured to be a symmetry of the quantum gravity S—matrix
[1]. As a result, one gets the Ward identity for super-
translation as

(out/[Qy. S]fin) = 0 < (out|[Q", S]|in)

= —(out|[Q*, S]|in), (2.2)
where in writing the above, the classical charges have been
promoted to quantum operators. This quantization is
carried out using the asymptotic quantization of C_, [1],
which expresses them in terms of graviton creation and
annihilation operators.

The seminal work [1] was based on the case when external
states contain only massless particles. Generalization to the case
where external states can have massive particles was done in [14].
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To evaluate (2.2), one needs to know the action of the
hard and soft charges on the “in” and “out” states. Let’s
begin by discussing the soft charge. Note that, we are
working with Christodoulou-Klainerman (CK) spaces
(which satisfy D2C; |7+ = D2C,|z+ ) [1]. This, together
with the crossing symmetry of the scattering amplitude,
allows one to write the soft charge as

Eﬂ/dzwDﬁ,f(w w)a_(E,,w,w)

— fim Z2 2 f(w, i i
_EI:I—I»IoZ;z/JZWDWf(W’ w)a, (E,, w,w). (2.3)

Hence, QSOﬁ|m> = 0. Here, E, is the energy of the soft

graviton and (w, v‘v) characterizes its direction on the
conformal sphere.
The hard charge can also be evaluated in a similar

procedure, finally giving the action on “in” and “out”
states as

Qf|in) = ZEif (k;)lin)

(out|Qhrd = ZE f (k;) (out|. (2.4)

out

Here, the sum ), and >, is over all the hard particles in
the “in” and “out” states, respectively, with energy E; = |k;|

and the unit spatial vector 13,- = k;/E; characterizing the
direction of ith particle.

Using (2.4), (2.3) and (2.2) then, one obtains a factori-
zation of the form

11m —/dzwD f(w, w)(out|a, (E,, w,w)S]in)

- Bt

out

Y f(/s,.>] (ouSfin).  (2.5)

Structure of the terms in (2.5) encourages one to ask
whether this can be related to Weinberg’s soft graviton
theorem [26]. This reads

Elpir—I}OEp (outla (E,,w,w)S[in)

N Z (p/E

where the soft graviton has energy £/, and momentum p. Its
direction is parametrized by (w, w) and its polarization is
given by et (w,w) = 1/\/§(W, 1,—i,—w). We adopt the
notation

’) (out|S|in),

l

(2.6)

(€ (w. W) - k;)?

1
O(pk)y=— "7 i)
k) = E 0 TE) Tk

(2.7)

with which, the leading soft factor in the rhs of [26] can be
written as

ST KR gy

i (p/Ep) : kl ZS p’
> E SO

(2.8)

It is important to notice that the contribution to the soft
factor SO (p; {k;}) from the i™ hard particle with momem-
tum k; and energy E; , namely SO (p; k;), depends on the
energy of the hard particle. But, 5O (p; k;) does not depend
on Ej ; as written in (2.8), the energy dependence has been
separated out.

Now, consider a hard particle of momentum k para-
metrized by (E, z, Z). If one chooses

1+ww w—2
1422

f(z,2) =s(z,zww) = (2.9)

in (2.5), then the rhs of the soft theorem (2.6) and the Ward
identity (2.5) match, since

(e (w.w) k)2 _

(p/E,) -k —Es(z,zw,w). (2.10)

Further, the lhs of the soft theorem (2.6) and the Ward
identity (2.5) match because of the identity,

D2s(z,Z;w,w) = 216°(w — z). (2.11)
It is also possible to go from the soft theorem (2.6) to the
Ward identity (2.5) by acting (2z)~! [ d*wf(w,w)D3 on
both sides of (2.6). In this case, the rhs matches because of
the identity

D2s(z,Z;w, W) = 228 (w — z). (2.12)
Hence, the equivalence of the soft theorem and Ward
identity is established. It should also be noted that
Weinberg’s soft theorem for the negative helicity graviton

is not an independent soft theorem and can be obtained
through a similar derivation.

B. Subleading single soft graviton theorem and
superrotation symmetry

The subleading single soft graviton theorem follows
from the Ward identity of the superrotation charge Qy [12],
which physically corresponds to the conservation of
angular momentum at each angle in a gravitational scatter-
ing process. This charge is given by:
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1
QV = Z/ deQZ\/?aMCAB(LVcAB - aCAB + auauCAB)

+5 [dudzpCesDivi DV, (213)
where a =1 (D_V? + D.V?) and V4(z,Z) is an arbitrary
vector field on the conformal sphere at null infinity.
As usual, the covariant derivatives are with respect to the
2-sphere metric. As before, the first term is the “hard part”
Qhard and the second is the “soft part” Q" of the super-
rotation charge.

Proceeding in a manner similar to the case of super-
translation, the Ward identity for superrotations can be
written as

(out/[Qy. S]|in) = 0 & (out|[QF", S]|in)

= —(out|[Q", S][in). (2.14)

Now, using the asymptotic quantization of the “free
data” and crossing symmetry one can write the soft
superrotation charge as

O =—— lim (1+E,0 )

4m E,—0
x/dzw[VWa?-VaJr(Ep,w,w) +V¥O3a_(E, w,w)).
(2.15)

Hence, Q%f|in) = 0. Note that, unlike the previous case,
due to the absence of a CK-like condition, the action of
O™ on the “out” state gives gravitons of both helicities.
Also, the action of the hard superrotation charge gives

Z‘]V (out|

out
. —h;|:
= ’Z]V,- |in).
mn

Again, the sum ), and >, is over all the hard particles
in the “in” and “out” states, respectively, with the i

Qbard|in) (2.16)

|/§,| and direction characterized
by the vector l€i = k;/E;. A detailed expression of J}", can

be found in [12].
As a result, one can write the Ward identity for super-
rotations (2.14) as

particle having energy E; =

‘E Jim (14 E,z,) / W[VF3 (outla, (E,.w.#)S]in)

+ V¥ 93, (out|a_

_ [Z]

out

(E,,w,w)Slin)]
ZJ } (out|Slin).

Now, the Cachazo-Strominger (CS) subleading soft
theorem reads [27]

(2.17)

limo(l + E, 0, )(out|a, (E,, w,w)Slin)

’,—)
_ Z€+(W,W) . ki€;
- Pk
where, J%* is the angular momentum operator acting on the
ith hard particle. For further use, we adopt the notation
et (w,w) - k;
————Ler(w,w)p, .
p . ki ( )pl/ ]

U
Using this, the subleading soft factor in the rhs of (2.18) can
be written as

Fw.w) - ks
S

Pk :
= ZS(I)(P;ki) = s

Now, in the Ward identity (2.17), if one chooses the vector
field VA as

(w,w)p,J¥ (out|S|in),  (2.18)

SO(psk;) = (2.19)

(pi{ki}).  (2.20)

= _ )2
VA:K+_ E(Z W) 82,
W®) = (7 — w)
the rhs of the soft theorem (2.18) and the Ward Idenity
(2.17) match since

et(w,w) - k; _ 5 ;

T e}f(w, w)pDJ’l-‘ = JK@.@ .
The lhs of the soft theorem (2.18) and the Ward identity
(2.17) also match due to the identity:

(2.21)

(2.22)

S (z—w)?

“(z-w)

To go from the CS soft theorem(2.18) to the super-

rotation Ward identity (2.17) one acts the operator

—(4r)~" [ d®wV" 33 on both sides of (2.18). Then, using
the linearity of Jy in vector field V,

= 4z (w - 2). (2.23)

—(4n)! / PRI = —(dn) Ty, (224)
(w.w)
and the identity,
= _ )2
I3 ((ZZ _v:})) = —478*(w — 2), (2.25)

one recovers Ward identity (2.17) with the vector field
V"9, The vector field W in above expression is given by
W= / VYORK (5 (2.26)

Here, unlike the Ward identity for the leading case (2.5), it

is important to note that the Ward identity for the subleading
case (2.17), contains both negative and positive helicity soft

graviton amplitudes. To get a clear factorization, one of the
components of vector field VA is chosen to be zero,
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depending upon which soft graviton helicity we want in the
soft theorem.

III. CONSECUTIVE DOUBLE SOFT
GRAVITON THEOREMS (CDST)

Having reviewed the relationship between asymptotic
symmetries and the single soft theorem, the next natural
question is to ask if such a relationship holds between the
generalized BMS algebra and double soft graviton theo-
rems. These theorems (and its generalization to the multiple
soft graviton case) have been studied previously using
various methods including BCFW recursions [31], CHY
amplitudes [32-35] and Feynman diagram techniques [24].
In arecent work [36], the authors have studied the symmetry
foundations of the double soft theorems of certain classes of
theories like the dilaton, DBI, and special Galileon.

As has been analyzed in the literature, there are two kinds
of double soft graviton theorems depending upon the relative
energy scale of the soft gravitons. The simultaneous soft limit
is the one where soft limit is taken on both the gravitons at the
same rate. It was shown in [24], that simultaneous soft limit
yields a universal factorization theorem. However, as we
argue in Appendix A, from the perspective of Ward identities,
it is the consecutive soft limits which arise rather naturally.
Consecutive double soft graviton theorems (CDST) elucidate
the factorization property of scattering amplitudes when the
soft limit is taken on one of the gravitons at a faster rate than
the other [31]. We now review this factorization property
when such soft limits are taken and show that they give rise to
three CDSTs. The first one, we refer to as the leading CDST
which is the case where the leading soft limit is taken on both
the soft gravitons. The remaining two theorems refer to the
case where the leading soft limit is taken with respect to one
of the gravitons and the subleading soft limit is taken with
respect to the other.

We begin with a (n + 2) particle scattering amplitude
denoted by A,_»(q, p,{k,,}) where p,q are the momenta
of the two gravitons which will be taken to be soft and {k,, }
is the set of momenta of the n hard particles. Consider the
consecutive limit where the soft limit is first taken on
graviton with momentum ¢, keeping all the other particles
momenta unchanged and then a soft limit is taken on the
graviton with momentum p.

ZEk E.S

P‘Izj

+ZS (g:k

Avlaep ) = |

This expansion contains three types of terms. The first type
scales as 1/(E,E,) (and hence gives rise to a pole in both
the soft graviton energies), giving the leading contribution

O (psk;) + 5V (g; p)z

Using the single soft factorization, the scattering ampli-
tude A, ,»(q., p.{k,}) can be written as

A,1+2(q, P, {km})

:[ZE’; )(gik;) + % 5O (g; p)
+ZS(1>(q;k,»)+S(l)(6];P) A1 (poikat) +O(E,),

(3.1)

where A, (p,{k,}) is the n+ 1 particle scattering
amplitude. It is important to recall the notations used here,
which we explained in Sec. II [(2.8) and (2.19)]. As
mentioned, S(!)(g; k;) is the contribution to the subleading
soft factor with soft momentum g with k; being the i hard
particle. Similarly §%)(g; k;) denotes the contribution to the
subleading soft factor with soft momentum ¢ with k; being
the i™ hard particle, with energy dependences with respect
to both the soft and hard particles separated out. $©)(¢; p)
and S (g; p) denote similar contributions to the soft factor
where the graviton with momentum p is treated as hard
with respect to the graviton with momentum g.

Now, the amplitude A, (p, {k,,}) further factorizes as

(piki) + ZS(”(p;k,-)}

X A, ({ku}) + O(E))

E, .
An+l(p7{kn1}) = [ZE_IQS(O)

i

(3.2)

Note that, according to our notation, S!)(p;k;) is the
contribution to the subleading soft factor with soft momen-
tum p and k; is the /™ hard particle. Again, $©(p;k;)
denotes the contribution to the subleading soft factor with
soft momentum p and k; the i hard particle, with energy
dependences with respect to both the soft and the hard
particles separated out.

Substituting (3.2) in (3.1), we get the factorization of the
(n + 2) particle amplitude containing two soft gravitons in
terms of the amplitude of the n hard particles (up to
subleading order in energy of the individual soft particles),

E, . E; . .
)SO(psk;) + ZE—S(O)(q; k)SW (p:k;) + ZE—qS(O)(q; p)SO (p;k;)

»} A, (tka}) + O(E)) + O(E,).  (33)

[

to the factorization. The second and the third type of terms
scale as E)/E, and EY /E,, respectively, both contributing
to the subleading order of the factorization.
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The leading order contribution, described above, is

1 A "
O (g k15O (p: k.
£, DB Sk (k)| A G
This gives the leading CDST as
Ehr_I)loEthmE An+2(‘17 D, {km})
= [SV(q: {k:})SO (ps {k; })]A ({kn}). (3.5)

As is evident, the leading double soft factor is just the
product of the individual leading soft factors. One obtains
this same theorem in the case of the simultaneous double
soft limit as well [24,31,33,34]. In Sec. IV B, we show that
this soft theorem matches with the result derived from the
Ward identity of two supertranslation charges (4.10).

Let us now consider the subleading soft limit. At this
order of factorization we have four terms:

Ey, . Ey -
INOIP RN T ki &(0)
{E 73 (q,kl)S“(p,k,HEi z°

(¢:p)8 (psk;)

—I-ZS (g:k; Z ’SU( sk;)
+s<1><q;p>z%3<°><p;ki>}An<{km}>. (3:6)

Notice that the first two terms in (3.6) scale with soft
graviton energies as Eg /E, and the second two terms scale
as EY/E,.

From the first two terms of (3.6), one gets a subleading
CDST.

lim (1 + EpaEp)Elir_{loEqAn+2<Qv p, {km})

J(p:{k;}) +N(g: p:{k:i})]

P

=[sO(q: {ki})s" A ({Kpn})-

(3.7)

Here, the first term is the product of single soft factors
(2.8), (2.20), appearing in the leading and subleading single
soft theorems, respectively. The second term in the r.h.s of
(3.7) contains a single sum over the set of hard particles as
opposed to the first term which is the product of single soft
factors and contains two sums over the set of hard particles.
Such terms are usually referred to as “contact terms” in the
literature. One can evaluate this contact term as

N(g; pi {ki}) = 89(q: p)SO(p: {k;})
_ z €q p)Z p i)2
R

P

(3.8)

where p=p/E,=(1,p) and similarly, g = g/E, = (1,3).
€, and ¢, refer to the polarizations of soft gravitons with

momentum p and g, respectively. This is the well-known
consecutive double soft graviton theorem [31].

A. A different consecutive limit
We now take a different limit in Eq. (3.6) and show how

it leads to a distinct factorization theorem. From the last two
terms in (3.6) one gets

EhmOE Ehm (1+E aE )An+2(q’p’{km})

:[E SO (g:k)> E 3" (pik
; ;

E, .
P75

i P

+ Jim £, (g oAb, 69
Now, S!(g; k;) contains the angular momentum operator
of the ith hard particle, and thus acts on Ek,S< >( pik;), as
well as the n particle amplitude A,({k,,}). However,
(U(g; p) does not depend on the set of hard particles
labeled by momentum {k,, }. Hence, S(")(¢; p) acts only on

the soft factor, and one can finally write the subleading
CDST as

lim E bllm( + E 85 VA, 2(q. p.{kn})

= [SO(p: {k;})SV (g: {k;}) + Mi(q: p: {k;})
A ({kn})-

+ My (q; pi {ki})]

Similar to the other subleading CDST (3.7), the first term in
the rhs of (3.10) is product of single soft factors. However,
the important difference is that the role of the soft gravitons
with momentum p and ¢ is interchanged in the first term of
(3.10) and the first term of (3.7). Here, M, (g; p; {k;}) and
M, (q; p;{k;}) are contact terms which can be expressed
as follows:

(3.10)

Mi(g; pi{k;}) ZS (q: k) (Ex SO (p: k)
=ZS (q: k) (S (p: ki)
e k(5 -
g
+2(€q-1(€i)2(€5<kl)()p q)
e ki)((eg :Z:;))(ep - ki) (3.11)
and
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Mi(g:pi (k) thES“(qp)(’,f; O (pik))

(3.12)

Again, p=p/E, = (1,p) and €, and ¢, refer to the
polarization of soft gravitons with momentum p and g¢,
respectively.

In [31], the authors have considered similar consecutive
limits for the double soft graviton and gluon amplitudes.
There, they have imposed a gauge condition ¢, - ¢ = 0 and
€, - p =0. However, our analysis proceeded without
imposing any particular gauge condition. With the specific
gauge condition used in [31], a few of the terms like

5O (g; p) and SW (g; p) drop out from the CDST result that
we have obtained at the subleading level and we recover
their result. This serves as a consistency check for our
calculation.

One can also verify the consistency of both the con-
secutive limits with the general result which was given in
[24]. That is, both the CDST (3.7) and (3.10) are special
cases of the double soft limit in [24]. The CDST (3.7) can
be recovered by imposing the condition E, > E, on the
result of [24] and taking the leading limit in E, and
subleading limit in E,. Similarly, the CDST (3.10) can
be obtained by imposing the same E,, > E, condition, but
taking the leading limit in £, and subleading limit in E|,.

In the subsequent sections, we will argue that these soft
theorems are equivalent to Ward identities of asymptotic
symmetries when the scattering states are defined with
respect to supertranslated or superrotated vacua.

IV. CDST AND ASYMPTOTIC SYMMETRIES

A. Introduction

Having reviewed the relationship between Ward iden-
tities associated with the asymptotic symmetries and single
soft graviton theorems, we now ask if there are Ward
identities in the theory which are equivalent to the double
soft graviton theorems at the leading and subleading order.
In particular, we look for Ward identities that will lead us to
the consecutive double soft theorems (CDST). Let us
consider the family of Ward identities whose general
structure is

{out|[Q. [Q>. ]]|in) = 0. (4.1)

where both Q; and Q, are either both supertranslation
charges or Q; is a supertranslation charge and Q, is a
superrotation charge.3

Following [28], we present a derivation of this proposed
Ward identity in Appendix A. In the following sections, we
show that such a proposal leads to the consecutive double
soft theorems discussed in Sec. III. Depending on the
choice of charges one gets the leading as well as the
subleading consecutive double soft theorems.

B. Leading CDST and asymptotic symmetries

1. Ward identity from asymptotic symmetries

Following the discussion in Sec. IVA, we explore the
factorization arising from two supertranslation charges, O,
and Q, characterized by arbitrary functions f(z,z) and
9(z,z), on the conformal sphere. We start with

(out|[Qy. [Q,. S]][in) = 0.

Proceeding in a manner similar to the single soft case in
Sec. II, we can write Qf and Q, as sum of hard and soft
charges as

Qf — Q‘l}ard + Q(soft’ Qg
Thus, the Ward identity (4.2) becomes

(4.2)

hard + Qsott (43)

(out/[Qf, [05, S]]lin) + (out| [0}, [0, S]l|in)
+ (out[Q7", [0}, S]]lin) + (out] [0, 07", S]]|in) =0
(4.4)

Now using the Ward identity of supertranslation, namely
(05, 8] = —[Qhad §], the first and the second terms
cancel each other. One may be tempted to cancel the third
and fourth terms, on similar lines. However, we contend
that this isn’t quite correct as the action of Q}Of‘ maps
ordinary the Fock vaccuum to a supertranslated vaccuum
state parametrized by f. As a result, we are really looking at
the following Ward identity,

{out, 1[Qy. Slfin) =0,

where |out, f) is a finite energy state defined with respect to
the supertranslated vacuum. The “in” state is defined with
respect to standard Fock Vacuum because of our prescrip-
tion Q"[in) = 0. We can rewrite the above identity as

(4.5)

(out|[QF", [Q7". S]] [in) = —(out|[QF". [Qg*. S]]|in).

(4.6)

3The alternate case where Q, is superrotation charge and Q, is
supertranslation charge is riddled with conceptual subtleties
which remain unresolved—we return to this in Appendix B.
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Now using the Jacobi identity among O, Q§* and S, the
commutation relation [Q“"ﬁ, Qhad] — 0, and the single soft
Ward identity, we can finally write

(out| [0, [, S]]fin) = (out|[Qg*, [QF*. S]][in).

(4.7)

Using the (known) action of charges on external states in
(4.7) we finally arrive at the Ward identity:

E, E, b n
EhTO . bllr_I}O o d“wd Wsz f(Wth)D Q(Wszz)

x (out|a (E,, wi,wy)ay (E,, wy, W,)Slin)
~ (st - stk
Zg

X {Zg(kj)E
out

The factorization above is just the product of two factors of
the type obtained from the Ward identity for supertrans-
lation (2.5). It is natural therefore to expect that the soft
theorem we obtain from (4.8) will also be the product of
two leading single soft factors. In the next section, we show
that this is indeed true.

] (out|Slin). (4.8)

2. From Ward identity to soft theorem

From the factorization obtained in (4.8) from the Ward
identity with two supertranslation charges, we try to
understand what soft theorem follows from it. Motivated
from the single soft case, we make the choices for arbitrary
function f and g on the conformal sphere as

f(W17W1> =

g(WZv WZ) =

S(Wl, WI;WP,WP),
S(W27M72;an Wq)’

(4.9)

where the definition of the functions s(wy, w;;w oW, ) and

s(wo, Wo; Wg, Wq) can be read from (2.9). Substltutlng these
choices in (4.8), we finally get

hToE”EhToE (outla (E,,w,.w,)a,(E, w,,w,)S|in)
= [S(g; {ki})S (p: {k;})] (out|Slin). (4.10)

This is the same as the leading double soft theorem (3.5) for
the case of two positive helicity soft gravitons with
momenta p and ¢, localized at (w,,w,) and (w,.Ww,),
respectively, on the conformal sphere. Although we have
chosen both the soft graviton helicities to be positive in the
above, one can do a similar analysis for both the helicities
being negative or one positive and one negative, and a

similar result holds. This provides the equivalence of the
leading CDST and the Ward identity (4.2).

We have thus shown that the leading order double soft
graviton theorem is equivalent to the supertranslation Ward
identity when this identity is evaluated in a Hilbert space
built out of a supertranslated vacuum that containing a
single soft graviton.

C. Subleading CDST and asymptotic symmetries

1. Ward identity from asymptotic symmetries
As motivated in Sec. IVA and derived in Appendix A,
we now analyze with the Ward identity corresponding to
one supertranslation charge (characterized by arbitrary
function f) and one superrotation charge (characterized
by vector field V4):
(out|[Qf, [Qy. S]]|in) = 0. (4.11)

We begin by writing the charges as the sum of hard and soft
charges:

(out| [0, [0}, S]] lin) + (out|[QF", [0, S]]|in)
+ (out|[QF", [0y, S]] in) + (out| [0, [0, S]]|in) =
(4.12)

Now, using the Ward identity for superrotation, namely
[0, S] = —[0had S, the first and the second term of
(4.12) cancel each other. Again, one may be tempted to
cancel the third and the fourth term of (4.12) instead, using
the same superrotation Ward identity. However, if we do
not cancel them, we are led to

<0ut|Q}°ﬂ[QV, S]lin) =0

(out, f|[Qy, S]|in) = 0. (4.13)
Thus, not cancelling the third and forth terms in (4.12) is
tantamount to considering superrotation Ward identity in
scattering states which are excitations around supertrans-
lated vacuua. As we show below, it is precisely the Ward
identity (out, f|[Qy,S]|lin) =0 that leads to a specific
double soft graviton theorem.
Hence the above identity (4.12) reduces to

(out|[QF". [Q¥". S]][in)
= —(out|[QF". [0}, S]][in)

——<out|Q;9ftQ*¢ade|in> +(out| QPISQEin).  (4.14)

Using the known action of the soft and hard charges, first
term in the rhs of (4.14) can be written as

106019-8



DOUBLE SOFT GRAVITON THEOREMS AND BONDI- ...

PHYS. REV. D 97, 106019 (2018)

(out]| Q}Oﬁ QhardSlin)

ZZ_ﬂElir—r»lo delD%ﬂ JE, (outla, (E,X) Q}‘l/ard5|in>
i i h;

=—1 dZ E J i J+
2715},1—{10 wiD5, f (; + V)

x (out|a, (E,%)Slin), (4.15)
where X denotes the direction of the soft graviton para-
metrized by (w, ;) on the conformal sphere. J{; represents
the action of Q% on the soft graviton with energy E,,.
Similarly, the second term in (4.14) can be evaluated to

<0ut| QsoftSQl‘l/ard |1n>
— T 2
7%1;1;210 d*w,D <ZJV > (out|a (E,%)S|in).

(4.16)
Hence, the Ward identity (4.14) simplifies to

(out] Q3 Q1" Slin)

=g him, [ @t (va va)

out

x [E,(out|a (E,%)S|in)]
L tim [ &w,

3 dim [ D2, 7, (7)) (outla (£, S in)].

(4.17)

Note that, the lhs of (4.17) can be written as”*

1
(1+E,0g,)

1
lim —F » Eln_r} Ani

E,~02r
/ Py dPwy D2, £, VY (outlay (E,R)a (E,9)Slin).
(4.18)

It is important to note that the soft limits taken in the above
equation do not follow any particular order in the energies
of the soft gravitons. However, as we show in the next
section, the right-hand side of the Ward identity is equiv-
alent to the right-hand side of one of the CDSTs.

2. From Ward identity to soft theorem

Having derived the Ward identity (4.17), we now ask
whether it can be interpreted as a soft theorem. Motivated
by the single soft graviton case, we make the following
choices for function f and vector field V:

*More precise definition of lhs is given in Appendix B.

f(W],Wl) = S(WI,WI;WP,WP)

Wy, _ gt
Ve = K(Wq’w_q),

(4.19)

= ., —_ + .o,
where s(wy,w;w,,w,) and K (197, follow the definitions

in Sec. II. Using this, (4.18) becomes

EIH—r}OEPI:l;mO( + E,0g,)(outla, (E,%)a, (E,9)S|in),

(4.20)

where the unit vectors X and § denote the coordinates
(w,.w,) and (w,,w,) on the conformal sphere.
Further, for the rhs of (4.17), we have

Jim 3750 (g: k) [E, (outla. (E,)S]in)

+ bliIllOEpS(])(q; p)[{outla, (E,2)S[in)].  (4.21)
P
In the above expression, notice that in both the subleading
factors S1)(g;k;) and S (q; p), the soft graviton with
momentum ¢ is localized at § on the conformal sphere.
However, the first one contains an angular momentum
operator acting on the i™ hard particle and the latter
contains an angular momentum operator acting on the soft
graviton with momentum p.
Now, using the leading single soft theorem, the first term
in (4.21) can be written as

s

i

{ZE,C (psk; 0ut|S|1n)] (4.22)

For the second term in (4.21), we use the expansion of
the (n + 1) particle amplitude (3.2) and we get a factori-
zation of the form

E, .
(outla (E,&)S|in) = [ZE_k 5(0)

i p

(rik) + 5 i)

x (out|S|in) + O(E,). (4.23)

The second term of (4.23) is at a higher order in soft
graviton energy, and so does not contribute to (4.21). Thus,
(4.21) finally becomes

Z q,k)[ZEk (p3k; 0ut|S|1n>}
i (1 By, w0 i
+ Jim £, (q: p) | 3 7+ 5 (pik;) | (out/Sin).

7 B

(4.24)

Lastly, since S((g;k;) is a linear differential operator

and S(! (q p) acts only on the soft coordinates, we can
further simplify (4.24) as
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SRSk k) + S5t
i.j
Ey
: | .
+ Jim £, (0:p) (ZE

L5 (p;kj))] (out|Slin).
(4.25)

Finally, putting this all together, we get a subleading
double soft theorem:

lim E,, lim (1 + E, 95, ) Ayi2(q, p {kn})

E,—0 E -0
ki })SW (g: {k;}) + M (gs ps {ki})

= [SO(p
+ M (g ps {ki}) A, ({k }).

(4.26)
where M, (q; p;{k;}) and M,(q; p;{k;}) are the same
contact terms obtained in subleading CDST (3.10), whose
expressions can be read off from (3.11), (3.12), respec-
tively. This is the same subleading consecutive double soft
theorem (3.10), that we studied in the Sec. III. Note,
however, that in (4.18), there is no particular ordering in the
limits of the soft graviton energy obtained from the
successive action of the soft charges. Hence, the lhs of
the double soft theorem (4.26) contains independent limits
as opposed to (3.10), where the limits have definite
ordering. Although we believe this point needs to be better
understood, what we have shown here is that the Ward
identity of superrotation charges in a supertranslated
vacuum leads to a particular CDST. It is also important
to emphasize that there is a definite time ordering in
[Qf.[Qv. S]] = 0. This is clear from the derivation of
the Ward identity (out|[Q;,[Qy,S]][in) =0, which is
presented in Appendix A.

V. RELATING THE STANDARD CDST
TO A WARD IDENTITY

As we saw above, the Ward identity [Q, [Qy,S]] =0,
gave rise to a double soft theorem whose rhs matched with
the consecutive soft theorem, where we considered the
subleading limit of the graviton which was taken soft first.
This is in contrast to the more standard consecutive soft
limit where we consider the leading soft limit of the
graviton which is taken soft first and subleading soft limit
of the graviton which is taken soft second. We will argue
how this CDST could potentially arise out of the Ward
identity

{out|[Qv. [Qy, S]]fin) = 0. (5.1)

Expressing the charges in (5.1) as the sum of hard and soft
charges, we get

WSO (piky))

(out|[Q}, | Q. S]]fin) + (out|[Q}". [QF*. S]] fin)

+ (out| [y, [Q5". S]]fin) + (out|[Q3", [Q". S]][in) =
(5.2)
Using the Ward identity for supertranslation, namely

(07", 8] = [0}, S], the first and the third terms cancel

each other. Once again, this leads us to the following
supertranslation Ward identity evaluated in states defined
with respect to “superrotated vacuum”

Sllin) =0
S]lin) = 0.

(out| O¥"[Qy,
(out, V|[Qy (5.3)

where by |out, V) we mean a finite energy scattering state
defined with respect to a vacuum which contains a
subleading soft graviton mode. > However, as we explain
in Appendix B, unlike the action of Q%°", the action of Q3"

is not well understood thus far.’ Consequently, the pro-
posed Ward identity remains rather formal at this point. We
will still proceed further and show that this proposed Ward
identity, if well defined is equivalent to the standard CDST.
We can rewrite the Ward identity as

<0ut| Qsoft Qspft8|in>
—(out/[Q¥". [0}, S]][in)
— <Out|QsoftSQhard _ QhardQsoftS|in>

+ (out| [0}, QY] Slin). (5:4)

We evaluate the two terms in the rhs of (5.4) one by one.
The first term can be written as

<0ut| Q?}’ftSQ;}ard _ Q;l(ard Q?}’f‘8|in)
—(out| [0, 03" S][in) = —(out|[Q}", [O}", S]]|in)
= {out|[Q!, [Q!, S]][in). (5.5)

Then, using the action of Q" and Q" on the external
states, we can write the rhs of (5.5) as

(out|[Q, O}, S]][in)
y {Z Fk)E; - %:f(lé,.)Ef]
x [ZJ ZJ ]0ut|8|m

out
To evaluate the second term in (5.4), note that for a single
particle state |k),

(5.6)

3It was shown in [16] how Qi}’f‘ maps the vacuum to a different
vacuum.
®We are indebted to Prahar Mitra for emphasizing this point.
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(K|[Q}F, O%"]

7Z'lE -0

= _4_ lim (1+ E,0 )/d2W283\/2VW2Epf(W27W2)<k|a+(EpaW27W2)

= —4—7”E111'_1;1 /JZW283 VWZEpf(Wz,\472)<k‘a+(Ep,W2,\472). (57)
Where, in going from the first line to the second, we have used the fact that a (E s W2, Wy) ~ Ei.7 Therefore,
47” 131111 E 8E / d2WZaa;2 VWZEpf(Wz, W2)<k|a+(Ep, Wy, Wz) =0. (58)
Using the above expression (5.7), we can evaluate the second term of (5.4) as
. . 5 _ _\ o
(out|[Qrd, QY1) S|in) = _4—771_1;11210 d*wy 0% VE, X f(wy, W) (out|a (E,, wy,w,)Slin). (5.9)
P
Lastly, using the single soft graviton theorem (with energy E,), (5.9) simplifies to
(outl[ @, Q")S]in) = ——Z [ w0,V 10202 3 (i) fou i) (5.10)
Finally, substituting (5.6) and (5.10) in (5.4), we arrive at the Ward identity:
(out| Q" Q1 S]in) = z{z F(R)E; - Z flk )E,-] [ZJV ZJV ] {out|S|in)
out i out
—4—7” /J2w283 V' f (W, W) Er SO (wy. vinp; k; ) {out|Sin), (5.11)
hard

where the lhs can be expressed as

I .
Zi Am (1 E 05,) 5

hmE /szldzsz S(wiowy)03 V72 x (out|ay (E,wy,wy)ay (E,, wy, wp)Slin).  (5.12)

In order to proceed from the Ward identity (5.11) to a soft theorem, we make the following choices for f and V:

f(W],wl) :S(Wl,W],W Wq)

sz — K+

(Wpw,).

(5.13)

Substituting these in (5.11), we formally get the subleading CDST for positive helicity gravitons as

Elpilllo(l +E,0g) I}jrBOEq<out|a+(qu1)a+(Ep5c)S|in> = [S¢

Again, % and § denote the points (w,,w,), (w,,w,) on the
conformal sphere. This is the same consecutive double soft
theorem (3.7) discussed in Sec. III.

However, as discussed in Appendix B, there are some
important subtleties in the definition of soft operators,
especially the soft superrotation charge Q$°™. Due to this, in
the evaluation of the Ward identity (out|[Qy, [Q/, S]]|in) =

0, the steps which involve the operation of charge Q3™ first

"This can be seen by writing the mode functions of the News
tensor (N%,), in terms of graviton annihilation operators as in [1].

O(g; {ki})s¢

/(s {k:})](out|Slin).

(5.14)

J(pi{k;}) + 5 (q; p)S©

on the “out” state before the other charge are not math-
ematically rigorous. However, we present this calculation
here, in the hope that this might give some hint to the
structure of a more mathematically sound proof of this soft
theorem as well as a more rigorous understanding of the
operation of the soft superrotation charge.

VI. DISCUSSION AND CONCLUSION

It has now been well established in the literature that the
supertranslation soft charge Q}Of‘ shifts the Fock Vacuum to
a vacuum parametrized by a soft graviton. If we consider
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Ward identities associated with superrotation charges Qy in
this supertranslated vacuum, we are led to one of the two
consecutive subleading double soft graviton theorems. In
fact, as was argued in [16], the space of vacua of (perturba-
tive) Quantum Gravity are parametrized by leading as well as
subleading soft gravitons. Although we do not have a precise
definition of a vacuum which is labelled by a subleading soft
graviton, assuming such a definition exists, we can ask what
the Ward identity of the supertranslation charge is in such a
state. The answer appears to be related to the other consecu-
tive double soft theorem at the subleading level.

Many questions remain open. A precise formulation of
these Ward identities will require a careful definition of Q5™
which is lacking thus far. It is also not entirely clear why
Ward identity associated with Qy “in” states perturbed
around the supertranslated vacuum leads to a specific CDST.

It will also be interesting to extend the analysis to the
case where the finite energy scattering states are massive.
This will require a detailed understanding of the BMS
algebra at time—like infinity. Finally, the problem of relating
the subleading simultaneous double soft theorem to Ward
identities associated with asymptotic symmetries remain
completely open. Based on our analysis above, we expect
that this will require a detailed analysis of the moduli space
of the vacuua (parametrized by leading and subleading soft
gravitons) which is complicated by the non-Abelian nature
of the BMS symmetries.
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APPENDIX A: WARD IDENTITIES FROM THE
AVERY-SCHWAB METHOD

In this appendix, we derive the asymptotic Ward identity
(out|[Qf, [Qy.S]]|in) =0, based on a method that was
proposed in [28]. The basic idea is to use Noether’s second
theorem and path integral techniques to derive Ward
identities for asymptotic symmetries.

As shown in [28], given a asymptotic symmetry or large
gauge transformation with a gauge parameter 4, at the level
of correlation functions one obtains the following Ward
identity.

— (0[5, T(®(x,)...0(x,))[0)

— (OIT((Qs+ 1] = Qr- ) (xy)...0(x,))|0) (A1)

Here we use a generic label @ to label the quantum field
associated with scattering particles. Q=[] are the asymp-
totic charges associated with large gauge transformations A
at future and past null infinity, respectively.

Before deriving the identity associated with the insertion
of two charge operators, we first revisit the supertranslation
Ward identity (out|[Q, S]|in) = 0. Let ® be any massless
field that interacts with gravity and 5, = 6 be the generator
of supertranslation on the fields.

We begin bg/ noting that through L.SZ reduction we have
the following

1[92 [ @tneres ] 93 [ diage s 005, T@(w) . 0(w)[0) = =ilpr...c. a0 S = SO 1)
i=1

Jj=m+1

We can schematically represent this step as,

(016, T(P(x1)... @(x,))[0)

N
[LSZ]

where we have used the fact that

(P12 oo PllQF™ Sl Pars1s - Pa)

(A2)

hard

¥These arguments are formal because they are tied to the fact that the usual Dyson S—matrix with massless particles is only formally
defined. However, as we are only analyzing symmetries of the tree—level S—matrix, we will not worry about the issue of infra-red

divergence.
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5;®(p) = —i[Qs, @(p)] (A4)

On the other hand, once again via LSZ and the fact that

0}10) = 0
070) = 0
(00" # 0 (AS)
we see that
OIT((Qz+[A] = Q7-[A)®(x1)...®(x,)) 0)
2 (P12l QP Sl Pt o ) (A6)

[LSZ]

Substituting Eqs. (A3) and (A6) in Eq. (A1), we recover
the supertranslation Ward identity,

(out][Q. S][in) = 0 (A7)

We note that an identical derivation for Ward identity
associated with large U(1) gauge transformations was
already given in [37].

We will now derive the Ward identities [Q, [Qy, S]] = 0
using this method. That is, we begin with the Ward identity
where the superrotation oy is applied after the super-
translation ;. The starting point for the derivation is
(45) in [28], which in the present context can be written as

—0I7((Qz+[f1 - Q- [/D(Qz+[V]
= Q7 |V])®(xy)...®(x,))[0)

= (06;6yT(®(x1)...@(x,))|0) (A8)

With our prescription that the soft charges annihilate the

[739 1]

in” vacuum, the lhs of (A8) reduces to

—0IT((Qz+[f1 - 0z-[f1)(Qz+[V]
—Q7-[V)®(xy)...®(x,))[0)

=—(0] 01O V] + QR [VI T (@(xy)...@(x,,))[0)

(A9)
On the other hand, using (A4), it is easy to see that the rhs
of (A8) is given by
(016,8yT(@(x1)...@(x,))|0)
—— (O[> T(@(x))...[07. ()]

- [Qv, @(x))]... @(x,))0)

— —(out|[Q" [Qhd, S]][in)

A10
1LSZ] (A10)

Thus the path integral identity and the LSZ formula lead
to [equating the rhs of (A9) with rhs of (A10)],

(out| Q" Q3" Slin)
= —(out| Q" Qy*Sin) + (out|[Q}, [0y, S]][in)
(A1)

A straightforward manipulation shows that above equa-
tion is equivalent to

{out|[Qy.[Qy. S]][in) =0 (A12)

This is one of the Ward identities used in the main text of

the paper. The remaining identities can be derived similarly.

APPENDIX B: SUBTLETIES ASSOCIATED WITH
THE DOMAIN OF SOFT OPERATORS

We will now comment on the assumption that was
implicitly used in previous section, and which has been
used frequently in relating single soft theorems to BMS
Ward identities.”

From the expressions of the supertranslation and super-
rotation soft charges, we can see that these are singular
limits of single graviton annihilation operators,

ot~ Ilii_I%Ea+ (E,w,w)

O¥" ~ lim(1 + Edp)a, (E,w.m).  (BI)

For simplicity we have just considered the expression of
the soft charges for positive helicity graviton creation
operators only. In the case of Ward identities associated
with the single soft theorems, it has been implicitly
assumed that the supertranslation soft charge can be
defined as (apart from the extra factors),

<0ut|115ir%Ea+(E, w, w)S|in) = 11girr(1)E(out|a+(E, w, w)S|in).
(B2)

A similar assumption is also made for the superrotation soft
charge Q™.

However, this does not take into account the fact that the
supertranslation soft charge shifts the vacuum. This
subtlety is now well understood for supertranslations. It
was shown in [40—43] that the action of the supertranslation
soft charge maps a standard Fock vaccuum to a super-
translated state which can be thought of as being labelled by

The authors would like to thank Abhay Ashtekar and Miguel
Campiglia for explaining this subtlety to us in detail in the context
of supertranslations, and Prahar Mitra for patiently explaining to
us why this subtlety cannot be avoided when we look at Ward
identities associated with double soft theorems [38,39].
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a single soft graviton. With this is in mind the precise
definition of (out|Q¥"Q}"Slin) would be

(out| Q2" Qi)
~ / EwDL V™ {out. f[lim(1 + EDg)a (E.w. #)S]in)
(B3)

where (out, f| is the “out” state defined over the shifted
vaccuum parametrized by f, generated by the action of
supertranslation charge (Qj}’ﬂ) on the Fock vaccuum.

In going from (4.17) to (4.18) we have made the same
assumption for defining Q5™ on the shifted vacuum as has
been made in the literature for defining it on the Fock

vacuum, namely,

<0ut,f|115i_13(1)(1 + Edg)a, (E,w,w)

= llsin(l)<1 + EOg)(out, fla, (E,w,w).  (B4)

However, for reasons which can be traced back to the
classical theory, it is still not clear what the precise
definition of Qs‘ﬁ’ﬁ is. That is, just as a rigorous definition
of Q}Of‘ being defined as an operator which maps the
ordinary Fock vacuum to a supertranslated state [41,42], no
corresponding definition is available for QP as yet.
Consequently, operator insertions like <0ut|Q§§’ﬂQ7"ﬂS [in)
are not mathematically well defined, and we do not know
how to make sense of them.

[1] T. He, V. Lysov, P. Mitra, and A. Strominger, BMS super-
translations and Weinberg’s soft graviton theorem, J. High
Energy Phys. 05 (2015) 151.

[2] D. Kapec, V. Lysov, S. Pasterski, and A. Strominger,
Semiclassical Virasoro symmetry of the quantum gravity
S-matrix, J. High Energy Phys. 08 (2014) 058.

[3] M. Campiglia and A. Laddha, Asymptotic symmetries of
QED and Weinberg’s soft photon theorem, J. High Energy
Phys. 07 (2015) 115.

[4] A. Laddha and P. Mitra, Asymptotic symmetries and
subleading soft photon theorem in effective field theories,
arXiv:1709.03850.

[5] T.T. Dumitrescu, T. He, P. Mitra, and A. Strominger,
Infinite-dimensional fermionic symmetry in supersymmet-
ric gauge theories, arXiv:1511.07429.

[6] D. Kapec, M. Pate, and A. Strominger, New symmetries of
QED, Adv. Theor. Math. Phys. 21, 1769 (2017).

[71 T. He, P. Mitra, and A. Strominger, 2D Kac-Moody
symmetry of 4D Yang-Mills theory, J. High Energy Phys.
10 (2016) 137.

[8] M. Campiglia and A. Laddha, Subleading soft photons and
large gauge transformations, J. High Energy Phys. 11 (2016)
012.

[9] D. Kapec, V. Lysov, and A. Strominger, Asymptotic
symmetries of massless QED in even dimensions, Adv.
Theor. Math. Phys. 21, 1747 (2017).

[10] V. Lysov, S. Pasterski, and A. Strominger, Low’s Subleading
Soft Theorem as a Symmetry of QED, Phys. Rev. Lett. 113,
111601 (2014).

[11] T. He, P. Mitra, A.P. Porfyriadis, and A. Strominger, New
symmetries of massless QED, J. High Energy Phys. 10
(2014) 112.

[12] M. Campiglia and A. Laddha, Asymptotic symmetries and
subleading soft graviton theorem, Phys. Rev. D 90, 124028
(2014).

[13] M. Campiglia and A. Laddha, Sub-subleading soft grav-
itons: New symmetries of quantum gravity?, Phys. Lett. B
764, 218 (2017).

[14] M. Campiglia and A. Laddha, Asymptotic symmetries of
gravity and soft theorems for massive particles, J. High
Energy Phys. 12 (2015) 094.

[15] M. Campiglia and A. Laddha, Sub-subleading soft gravitons
and large diffeomorphisms, J. High Energy Phys. 01 (2017)
036.

[16] M. Campiglia and A. Laddha, New symmetries for the
gravitational S-matrix, J. High Energy Phys. 04 (2015)
076.

[17] D. Kapec, V. Lysov, S. Pasterski, and A. Strominger,
Higher-dimensional —supertranslations and Weinberg’s
soft graviton theorem, Ann. Math. Sci. App. 2, 69
(2017).

[18] T. He, D. Kapec, A. M. Raclariu, and A. Strominger, Loop-
corrected Virasoro symmetry of 4D quantum gravity,
J. High Energy Phys. 08 (2017) 050.

[19] T. Araujo, Remarks on BMS(3) invariant field
theories: correlation functions and nonunitary CFTs,
arXiv:1802.06559.

[20] J. Broedel, M. de Leeuw, J. Plefka, and M. Rosso,
Constraining subleading soft gluon and graviton theorems,
Phys. Rev. D 90, 065024 (2014).

[21] Z. Bern, S. Davies, P. D. Vecchia, and J. Nohle, Low-energy
behavior of gluons and gravitons from gauge invariance,
Phys. Rev. D 90, 084035 (2014).

[22] D.J. Gross and R. Jackiw, Low-energy theorem for graviton
scattering, Phys. Rev. 166, 1287 (1968).

[23] C.D. White, Factorization properties of soft graviton
amplitudes, J. High Energy Phys. 05 (2011) 060.

[24] S. Chakrabarti, S.P. Kashyap, B. Sahoo, A. Sen, and M.
Verma, Subleading soft theorem for multiple soft gravitons,
J. High Energy Phys. 12 (2017) 150

106019-14


https://doi.org/10.1007/JHEP05(2015)151
https://doi.org/10.1007/JHEP05(2015)151
https://doi.org/10.1007/JHEP08(2014)058
https://doi.org/10.1007/JHEP07(2015)115
https://doi.org/10.1007/JHEP07(2015)115
https://doi.org/10.4310/ATMP.2017.v21.n7.a7
https://doi.org/10.1007/JHEP10(2016)137
https://doi.org/10.1007/JHEP10(2016)137
https://doi.org/10.1007/JHEP11(2016)012
https://doi.org/10.1007/JHEP11(2016)012
https://doi.org/10.4310/ATMP.2017.v21.n7.a6
https://doi.org/10.4310/ATMP.2017.v21.n7.a6
https://doi.org/10.1103/PhysRevLett.113.111601
https://doi.org/10.1103/PhysRevLett.113.111601
https://doi.org/10.1007/JHEP10(2014)112
https://doi.org/10.1007/JHEP10(2014)112
https://doi.org/10.1103/PhysRevD.90.124028
https://doi.org/10.1103/PhysRevD.90.124028
https://doi.org/10.1016/j.physletb.2016.11.046
https://doi.org/10.1016/j.physletb.2016.11.046
https://doi.org/10.1007/JHEP12(2015)094
https://doi.org/10.1007/JHEP12(2015)094
https://doi.org/10.1007/JHEP01(2017)036
https://doi.org/10.1007/JHEP01(2017)036
https://doi.org/10.1007/JHEP04(2015)076
https://doi.org/10.1007/JHEP04(2015)076
https://doi.org/10.4310/AMSA.2017.v2.n1.a2
https://doi.org/10.4310/AMSA.2017.v2.n1.a2
https://doi.org/10.1007/JHEP08(2017)050
http://arXiv.org/abs/1802.06559
https://doi.org/10.1103/PhysRevD.90.065024
https://doi.org/10.1103/PhysRevD.90.084035
https://doi.org/10.1103/PhysRev.166.1287
https://doi.org/10.1007/JHEP05(2011)060
https://doi.org/10.1007/JHEP12(2017)150

DOUBLE SOFT GRAVITON THEOREMS AND BONDI- ...

PHYS. REV. D 97, 106019 (2018)

[25] N. Arkani-Hamed, F. Cachazo, and J. Kaplan, What is the
simplest quantum field theory?, J. High Energy Phys. 09
(2010) 016.

[26] S. Weinberg, Infrared photons and gravitons, Phys. Rev.
140, B516 (1965).

[27] F. Cachazo and A. Strominger, Evidence for a new soft
graviton theorem, arXiv:1404.4091.

[28] S.G. Avery and B. U. W. Schwab, Noether’s second theo-
rem and Ward identities for gauge symmetries, J. High
Energy Phys. 02 (2016) 031.

[29] H. Bondi, M. G.J. van der Burg, and A. W.K. Metzner,
Gravitational waves in general relativity. 7. Waves from
axisymmetric isolated systems, Proc. R. Soc. A 269, 21
(1962).

[30] R. K. Sachs, Gravitational waves in general relativity. 8.
Waves in asymptotically flat space-times, Proc. R. Soc. A
270, 103 (1962).

[31] T. Klose, T. McLoughlin, D. Nandan, J. Plefka, and G.
Travaglini, Double-soft limits of gluons and gravitons,
J. High Energy Phys. 07 (2015) 135.

[32] S. Chakrabarti, S.P. Kashyap, B. Sahoo, A. Sen, and
M. Verma, Testing subleading multiple soft graviton theo-
rem for CHY prescription, J. High Energy Phys. 01 (2018)
090.

[33] A.P. Saha, Double soft theorem for perturbative gravity,
J. High Energy Phys. 09 (2016) 165.

[34] A.P. Saha, Double soft limit of the graviton amplitude from
the Cachazo-He-Yuan formalism, Phys. Rev. D 96, 045002
(2017).

[35] A. Volovich, C. Wen, and M. Zlotnikov, Double soft
theorems in gauge and string theories, J. High Energy
Phys. 07 (2015) 095.

[36] Z.Z. Li, H.H. Lin, and S.Q. Zhang, On the symmetry
foundation of double soft theorems, J. High Energy Phys. 12
(2017) 032.

[37] A. Strominger, Asymptotic symmetries of Yang-Mills
theory, J. High Energy Phys. 07 (2014) 151.

[38] A. Ashtekar and M. Campiglia (private communication).

[39] P. Mitra, Infrared structure of non-Abelian gauge theories
(private communication).

[40] B. Gabai and A. Sever, Large gauge symmetries and
asymptotic states in QED, J. High Energy Phys. 12 (2016)
095.

[41] D. Kapec, M. Perry, A. M. Raclariu, and A. Strominger,
Infrared divergences in QED, revisited, Phys. Rev. D 96,
085002 (2017).

[42] S. Choi and R. Akhoury, BMS supertranslation symmetry
implies Faddeev-Kulish amplitudes, J. High Energy Phys.
02 (2018) 171.

[43] S. Choi, U. Kol, and R. Akhoury, Asymptotic dynamics in
perturbative quantum gravity and BMS supertranslations,
J. High Energy Phys. 01 (2018) 142.

106019-15


https://doi.org/10.1007/JHEP09(2010)016
https://doi.org/10.1007/JHEP09(2010)016
https://doi.org/10.1103/PhysRev.140.B516
https://doi.org/10.1103/PhysRev.140.B516
http://arXiv.org/abs/1404.4091
https://doi.org/10.1007/JHEP02(2016)031
https://doi.org/10.1007/JHEP02(2016)031
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.1007/JHEP07(2015)135
https://doi.org/10.1007/JHEP01(2018)090
https://doi.org/10.1007/JHEP01(2018)090
https://doi.org/10.1007/JHEP09(2016)165
https://doi.org/10.1103/PhysRevD.96.045002
https://doi.org/10.1103/PhysRevD.96.045002
https://doi.org/10.1007/JHEP07(2015)095
https://doi.org/10.1007/JHEP07(2015)095
https://doi.org/10.1007/JHEP12(2017)032
https://doi.org/10.1007/JHEP12(2017)032
https://doi.org/10.1007/JHEP07(2014)151
https://doi.org/10.1007/JHEP12(2016)095
https://doi.org/10.1007/JHEP12(2016)095
https://doi.org/10.1103/PhysRevD.96.085002
https://doi.org/10.1103/PhysRevD.96.085002
https://doi.org/10.1007/JHEP02(2018)171
https://doi.org/10.1007/JHEP02(2018)171
https://doi.org/10.1007/JHEP01(2018)142

