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BrowN: The path length difference Z between an arbitrary
ray and the central trajectory (to first order) is given by

B B B B
Z:{xda:xo{dea+ xefSxda 4+ 5Afdxda
A

hence if
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B B B
{dea:{Sxda:fdxda:O,
A

then the first order path length of all particles independent
of their initial conditions or momentum will be the same.
d g is the differential angle of bend of the central
trajectory.

A GENERAL FIRST - AND SECOND - ORDER THEORY OF BEAM TRANSPORT OPTICS AND
ITS APPLICATION TO THE DESIGN OF HIGH-ENERGY PARTICLE SPECTROMETERS *

K. L. Brown

Stanford Linear Accelerator Center, Stanford University, Stanford, California (USA)

I. INTRODUCTION

For the past several years, we have been
attempting to evolve at Stanford a more systema-
tic procedure for solving beam transport pro-
blems. Two basic techniques have been utilized
for this purpose. The first, which will be discus-
sed in detail later, is a logical extension of the
first-order matrix formalism to a matrix forma-
lism which allows one to calculate systematically
not only the first-order but also the second-order
optical properties of beam transport systems. The
second approach is the conventional one of com-
puter ray tracing through a known field to the
degree of precision demanded for the particular
problem. )

The advantage of the matrix formalism as we
have evolved it, as compared to ray tracing, is
that it provides us with a somewhat better physi-
cal insight into the physics of the problems and,
as such, permits a more systematic procedure
for solving problems. Having utilized the matrix
method for finding a solution, we then use conven-

tional ray-tracing techniques for verification and-

as a means for further refinement of the design
if required.

The basic approach to formulating the matrix
method has been as follows:

1) The general differential equation describing
the trajectory of a charged particle in a static
magnetic field which possesses « midplane sym-
metry » is derived.

2) A Taylor's series solution about a central
trajectory is then assumed; this is substituted

* Work supported by the U. S. Atomic Energy Commission.

into the general differential equation and terms
are retained to second-order.

3) The first-order coeflicients for mono-
energetic rays satisfy the usual homogeneous
differential equations characteristic of harmonic
oscillator theory, and the first-order disper-
sion and the second-order coefficients of the
Taylor's expansion satisfy second-order differen-
tial equations having " driving terms ”.

4) The first-order dispersion and the second-
order coefficients are then evaluated by a Green’s
function integral containing the characteristic
driving function of the coefficient being evaluated.

In other words, the problem is nothing more
or less than the old problem of the harmonic
oscillator with driving terms; and as with the
harmonic oscillator, we may readily draw ge-
neral conclusions about a given second-order
aberration by studying its characteristic driving
function.

The task now is to transform this solution into
a self-consistent second-order matrix formalism.
I will demonstrate later how this has been ac-
complished,

By using the above procedure, we have deri-
ved the complete second-order matrix elements
for a drift distance, quadrupoles, bending ma-
gnets, and sextupoles, including an impulse ap-
proximation for the input and output fringing
field boundaries of bending magnets. This in-
cludes rotated input and output faces and curva-
tures on the input and output faces of the bend-
ing magnets. This entire formalism has then
been programmed for a 7090 computer, which
enables us to calculate within the above limita-
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tions the complete second-order properties of any
combination of quadrupoles, sextupoles, bending
magnets, and drift distances which one might
choose to utilize.

Returning briefly now to the formulation of
the general theory, all of the theory and the sub-
sequent matrix elements have been derived and
expressed in terms of five characteristic first-or-
der trajectories of the system. Before identifying
these trajectories, it should be mentioned that
it is implicitly assumed from the beginning that a
central trajectory is known and that the posi-
tions of other trajectories are always specified
relative to this central trajectory. In other words,
we have made the usual paraxial ray approxi-
mation.

The five characteristic trajectories are the fol-
lowing (identified by their initial conditions):

¢

Fig. 1 - The curvilinear coordinate system utilized in
this system. ‘

1) The unit sine-like function s. in the plane
of bend where s, (0) =05 (0)=1

2) The wunit cosine-like function c. in the
plane of bend where c.(0)=1 ¢ (0)=0

3) The dispersion function d. in the plane of
bend were d(0)=0 d.(0) =0

4) The unit sine-like function s, in the non-
bend plane where s(0)=0 s/(0) =1, and finally

5) The unit cosine-like function ¢, in the
non-bend plane where ¢, (0)=1 ¢;{0) =0

Ii. THE FORMULATION OF THE GENERAL THEORY

We begin with the usual relativistic equation
of motion for a charged particle in a static ma-
gnetic field:

P=e(vXB) rl

and immediately transform this expression to one
in which time has been eliminated as a variable
and we are left only with spatial coordinates.
The curvilinear coordinate system utilized is
shown in Fig. 1. With a little algebra, the equa-
tion of motion is readily.expressed in the fol-
lowing vector forms:

ds e/ds -
_A,:__.xB) [2]
ds? P \ds
or
- 1 s e - -
Py —— — ('Y =—5"(s' X B) [31
2 (s') dt P

where prime means the derivative with respect
to t (the distance along the central trajectory).

By utilizing the expression for the differential
line element in the chosen coordinate system,
namely,

ds* = dx? + dy* + (1 + hx)* d¢? [4]

and expanding eq. [3] into its component parts,
retaining only terms through second-order, the
x and y components of the equation of motion
become:

e
x"-—h (1l +hx)—x" (hx’ + h'x) = ? s’ [y'B: — (1+hx) B,]
{51

€
y’ —y' (hx’ 4+ h'x) = — s [(1 + hx) B,—x'B.]
P

The equation of motion for the central trajectory
is found by taking the limit x=x"=y=y =0,
from which h = (e/p.) B, (0,0, t).

The field components B,, B,, and B: in the
curvilinear coordinate system may be dernived
from a scalard potential * @, yielding the fol-
lowing result to second-order:

do

B (x,y,t) = = Any + Auxy + ...

X

do

By(x,y,t) = = Aw + Aux +

dy

Al2 A30
) i [6]
al 21

-+

* Midplane symmetry requires that & be an odd function
iny,ie, @(x,vy,t)=—3 (xy,t).
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1 do 1
(I+hy) ot  (L+hy

B. (Xa Y, t) =

[Avy + Auxy +...]

where the coefficients A of the expansions are
derivable from the midplane field B«(x,o,1).

"By
An = = functions of t only
Ix"
X )
y=10
and
Ax = — [AL + hAy + Ae] [71

Studying the expansion for B; for the midplane
only,

1
By(X,O,t)=A10+A11K+—'Aux:+...
Al

dipole quadrupole sextupole  etc.
dB, 1 9By
=By + X + — X4
x=10 dx |x—0 21 ax y=10
y=0 y =0 Xx=0 [8]

we can readily identify the various terms appear-
ing in the equations as to whether they are of
dipole, quadrupole, or sextupole origin and retain
this identification throughout the remainder of the
discussion. It is then convenient to define two
dimensionless quantities n(t) and #(t) in terms
of their quadrupole and sextupole origins, i.e.,

( 1 dB,
n(t) =—
hB, \ 3k
X =
L y =
and
[ 1 9’B,
g =
21 h’B, \ ox’
X =0
L y =0

[9]

Making use of the equation of motion for the
central trajectory, we may eliminate B, in the
expressions and rewrite them as follows:

P, dB, P, 1 &By
— nh? »~)= and Bh*| — | = —-
e dx | x=0 e 2 O lx=0
[9a]

For a pure quadrupole field
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where B. is the field at the pole and a is the ra-
dius of the aperture; hence, we obtain the iden-

tity
B.\/ e 2
el
a /\P, 4

and for a pure sextupole field

BO
B, = — (' —y)
a

B, e ) 2
ng(_)(_)=k [9¢]
a’ J\P, /. .

Using these definitions, the equations’ of motion
for x and y may, after a little algebra, be evolved
into the following convenient forms:

trom which

X+ (1—n)hx=h5+@n—1—B)K¥+
1
+hixd’ + —he? 4 2 - n)W*x8 +
2

1
+ —(h” — nh® + 2Bk y? +
9 )

1
+ h’yy’ — — hy’? — h&” + higher-order terms {i0]
2

yv” 4+ nh’y = 2 (8 — n) b’y.+ h'xy’ — h'x’y + hx'y’ +
+nh’y8 + higher-order terms [11]

where 8§ = (P—P.)/P, and the constant e has been
eliminated by incorporating the equation of-mo-
tion for the central trajectory.

If now we assume a Taylor’s expansion about
the central orbit for x and y at the exit-of a
system, describing the position of -an'.arbitrary
trajectory with respect to the central trajectory
as a function of the initial coordinates of the
arbitrary trajectory, we hawe

c, S, d,
S —— .l — S — Pt
x= G+ s + ()5
+ (xixxi + (xfx x)xx, + (xx.5)x,5 [12]
R NI + (xlxB)xdf + (x'52)52
+ (xlylive + vy + (v
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and i
J/'sxdry o
ten P - ~
P, S Pran, N
Ny f s f FOCAL
y= (%% + (viv)v, ! X 2 PLANE

—

+ (yixyJxly, [181]
+ (yly’f)y'o8

+ (yIxy)%Y,
+ (yly,2)y,8

+ (Ylxy )%y,
+ (ylxyaxy.

i) f
L .17

Fig. 2

Substituting these expansions into eqs, [10] and
[11], we derive a differential equation for each
of the first and second-order coefficients con-

TABLE |

The Driving Terms for the Coefficients

Listed in the first column are the coefficients in the expansions for the coordinates x and y; they are indicated by means of the notation
introduced in eqs. [12] and [18]. For general considerations, q has been used to represent any one of these coefficients. Listed in the
second column are the corresponding driving functions f, which are related to the coefficients as shown by eq, [17]. This list includes all
those functions f for the linear and quadratic coefficients which do not vanish identically.

q £
d= (x| +h
(x| %) + (@n—1—B)hc, + Heg; + /2 ho?
(x | xaxs) + 2@n—1—B)kes, + N (esit cs) + hgs,
(x | &x0) —(n—2)Kex + 2@n—1—@)hcd + K (ed + cd) +  hed
(x| %) + (@a—1—B)hs, +Hsg + Yahs?
(x | 3x0) — (n—2) h's« + 2@2n—1—B)h'sd + K (s d + sd) + hsd
(x| 53) —~h—(n—2)h4d + (@n—1—@)hd’ +hdd + Yshd’
&lyd +1/2(h” —nh’ + 28h) ¢,  + g —1/hg,
(x| o%) + (0" —nh’+28h)gs,  +H(gst cs) — hes,
xlyd) +1/e(h” —nh’ + 2Bh) 2 +Hsg, —1/zhs’?
v | %y0) — 2 —B)hgge, + H (e ci—cie) +  heg,
v | xeya) — 2(—B) ks, + K (85— gs) + hdg
(y | xiyd) — 2(n—B) Ksg, + h (s,c;—sic) +  hgge
v | xaye) — 2 —B) Kss, + M (s 55— s, + hsg
(v | Bys) +nhe, — 2a—B)hed — B (e, d— ) + ke
(v | Bya) + nh's, — 2 BEsa — B (,d'— 5;d) +  hgd
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tained in the Taylor’s expansions. When this is
done, a systematic pattern evolves in the fol-
lowing way:

" +kKe=o
s+ ks=o [14]
q” + kzq — f

where k% = (1 — n)h* and k% = nh? for the x and
y motions, respectively. The first two of these
equations represent the equations of motion for
the monoenergetic solution to the first-order part
of the problem. The fact that there are two
solutions, one for ¢ and one for s, is a manifesta-
tion of the fact that the differential equation is
second-order; hence, the two solutions differ only
by the initial conditions of the characteristic s
and ¢ functions. The third differential equation
is a type form which represents the solution for
the first-order dispersion d. and for the coeffi-
cients of the second-order aberrations
system where the driving term f has a characte-
ristic form for each of these coefficients. The
third differential equation is solved by the Green’s
function integral

q= _:ff(‘c) G(t—x) d< [15]
It can be readily verified by substitution into the
third equation that the correct Green's function
is

G(t—7) = s(t) c(T) — s(7) c(t) [16]
Thus, eq. [15] becomes
q=s® {'f(:) o(r)dt—c®) [ f(x)s(x)dx  [17]

.The problem is then, in principle, solved if
we know the driving term f and if we are able
to evaluate the integrals contained in eq. [17].
The driving function f is readily obtained from
substitution of the Taylor’s expansions into the
general differential eqs. [10] and [11]. The results
of this substitution are expressed in Table I for
the first-order dispersion and for all of the se-
cond-order coefficients which will occur for a
system having midplane symmetry. All of the
driving terms have been expressed in terms of
the five characteristic first-order functions s., ¢,
ds, 8y, and ¢, mentioned in the introduction. Also
contained in the expressions are the parameters
which characterize the expansion of the magnetic
field to second-order, i.e., h, n, and 8.

Going back to the definitions for n and 8, it is
possible to identify immediately the origin of the
various terms contained in these driving terms.
For example, any term containing the quantity
nh* as a coefficient is of quadrupole origin, and

TABLE 1I

in the

—

Applying the Greens’ function solution, eq. [22], in the high-energy
limit as defined above for point-to-point imaging in the x (bend)
plane, the second-order, matrix elements reduce to:

2 i
(x]%0) = — — cli) f c2sde + cx(i) Ej Sicis«
.9 °

i
(x|xoXs) = — cx(i) f chssido + 2edi) 2}2 Sic.st
?

CxSx

(xhxd) = — cali) f cidisder + 26) I Sosd—ol) T

fq
i
(x[x3) = — — (i) st sido + ci) X S;s?
o b)
i S)zn
(x|xi8) = — i) f sidisida + %) z] Sistdi— (i) T —
o q fq
2 (i) 1 2 2 Sx0x
x[3) = — S@sdoe 4 26{) T Sisdi—odi) T
2 ° i T f,
1 i
(x/yd) = —cdi) fcfsido — (i) T Sielss
2 ° i
i
(xlyoys) = cx(i) J c)sisxdo — 2¢4(i) Zjl SiCysySx
(ly) = — i) [ sfsde — o) T Sysiss
2 ° i
TABLE 111
For point-to-point imaging in the y (non-bend) plane, eq. [23],
the high-energy limit yields:
{ylx%oyo) = — ¢ (i) { casdo — 2¢,(i) )’.". Sicaeysy
i 2
(yixeyd) = — oy (i) of cisisda — 2e,31) ’2 S;cisy
i
(ylxbys) = — oy (i) { seeysydor — 2¢,(i) ‘T' SisxCySy
i
(ylxiys) = — ¢, () Jsisisdoe  — 2c,(d) I Sissf
CySy

1
(y]ye8) = — ¢, () f cydis,dor  — 2c4(i) )’: Sicydisy + o()Z
o q

q

S5

£

) = — o) [sdsda  — 200) T Sdst + o) 3

i
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any term containing the quantity 8h’ is of sextu-
pole origin. The other terms are either of dipole
origin or they result from cross product terms
between the dipole and quadrupole elements of
the system. The driving term expressions hare
completely rigorous to second-order for any ma-
gnetic field configuration possessing midplane
symmetry; no assumptions have been made re-
garding the details if the fringing field or boun-
dary shapes.

. EVALUATION OF THE MATRIX ELEMENTS
FOR HIGH-ENERGY PARTICLES

A considerable simplification results for the
high-energy limit where the dipole, quadrupole
and sextupole functions are physically separated,
such that the cross product terms do not appear
and such that the fringing field effects are small
compared to the other dominant effects generated
by the dipole, quadrupole, and sextupole ele-
ments of the system,.

. Ko
'fI tan = i+M

N
|

Fig. 3

4 ,

—4

For the purpose of this discussion, the x plane
is defined as the bend plane in which the particles
are dispersed in momentum.

The focusing conditions imposed upon the sys-
tem at the image planes are:
at the x (bend-plane) image s.(i)=0, ie., we
assume point-to-point imaging;
at the y (non-bend) )image plane, we consider
two cases:

a) Point-to-point imaging, i.e., s,(i) =0, and

b) Parallel(line)-to-point imaging, i.e., cJ(i) =
=0 .
In the high-energy limit, the bending radius p. =
= 1/h » 1; the first-order focusing is accomplished
predominately by quadrupole elements; and only
n =0 uniform-field bending magnets are consi-
dered. »

In this limit, the following definitions are used
for convenience:

2 2 B,y 1

—nh =k, = or k1 = — = the quadrupole

a, (Hp,) 99 f. strength in the

x(bend) plane
[18]

and
3 2 Bs 2

Bh =k = — or kil = § = the sextupole strength

in the x{bend) plane
[1

where B, and B. are the field strengths at the
poles of the quadrupole and sextupole, respecti-
vely, a, and a. are the radii of the apertures of the
quadrupole and sextupole, and l; and 1. are the
equivalent magnetic lengths of the quadrupole
and sextupole elements.

Using the Green's function solution, the equa-
tions for the first-order dispersion d. and mo-
mentum resolution R, reduce to the simple
forms:

& = — i) f shdt = — o) fsda £201

and

d .
Ry = — = j sda [21]
cx(i) o

where do is the differential angle of bend of the
central trajectory of the system and x. is the
source size.

It follows from the general theory of Section II
and the above focusing conditions that we obtain
for the second-order x (bend) plane aberrations

4o = — i) [ Fsdr [22]

for point-to-point imaging; for the second-order
y {(non-bend) plane aberrations

a4 = (i) [ fs,dv [23]
for point-to-point imaging (case a), and equal
@ = 5,0) [odr [24]

for parallel(line)-to-point imaging (case b).

IV. APPLICATIONS OF THE GENERAL THEORY
TO HIGH-ENERGY SPECTROMETER DESIGN

In high-energy spectrometers or beam trans-
port systems where quadrupoles essentially con-

TABLE IV

For parallel-(line)-to-point imaging in the y (non-bend) plane,
eq. [24], the high energy limit yields:

(ylxoye) = s,(i) f cicje,der + 25,(i) T Sicud
(vIxays) = 5,(i) [ cisie,dor + 25,(1) X Sicasyey
B o i
(ylxiyo) = s/} f siciedoe 4+ 2s(i) T Sisacs
0 1

(ylxeys) == s,(i) f sissede + 25,()) X Siss,¢3

o

v

|

(ylys8) == + s,(i) J cid'eydoc + 25,(i) I S;cid, — s5,(i) T

)

aq
SyCy

lysd) = + s,(i) S sid’epdow + 2s,(i) Z Sisyerds — (i) X

q

q
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trol the first-order optics of the sysiem, the se
cond-order chromatic aberrations introduced
by the quadrupoles are usually the dominant
aberrations limiting the performance of the sy-
stem. As an example of the use of the theory
developed here, we shall calculate for some re-
preséntative examples the angle ¥ that the mo-
mentum focal plane makes with respect to the
central trajectory.

For point-to-point imaging, it may be readily
verified that

[25]

£ ) 1 f sda
tankII:—-— ( (Xil\; 5)

cx(i)

5 xE)

Let us now consider some representative qua-
drupole configurations and assume that the ben-

an¥ = -a/2{1+¢ /1)

f, f, i, ;|
RERRE
Fig. 4

ding magnets are placed in a regione having a
large amplitude of the unit sine-like function s.
(to optimize the first-order momentum resolu-
tion).
Case |

Consider the simple quadrupole configuration
shown in Fig. 2 with the bending magnets lo.
cated in the region between the quadrupoles and
s = 0 in this region. For these conditions, f =
=1, s:=1 at the quadrupoles and f; = L.

From Table II, we have:

5 DY
% |x8) = —c(i) T—=—ci) s (1 + ———) =L1+ M)
@ f s
[26]

9

where we make use of the fact that (1:/)) = M. =
= — cJ{i) . M« is the first-order magnification of
the system.

Hence,

i
J sxde a
(]

tan = =
(|x,8 1+ M)

Case Il
For a single quadrupole, Fig. 3, the result is
similar
Ko

tany = —————
1+ M)

33

except for the factor K <1 resulting from
the fact that s. cannot have the same amplitude
in the bending magnets as it does in the qua-
drupole. Therefore

[ sda = Kl

Case Il

Now let us consider a symmetric four-quadru-
pole array, Fig. 4, such that we have an inter-
mediate image. Then

(x x5 8) = — 2¢(i) i [1 + (/1)) = twice that for Case I.

Because of symmetry, c{i)=M.=1. Thus, we

conclude
tany = —a/2 [1 4+ (/1))

In other words, the intermediate image has
introduced a factor of two in the denominator
and has changed the sign of {.

Conclusions

It is clear from these three examples that for
high-energy systems where the total angle of
bend « is a small quantity, ¢ will be even smaller.
It is for this reason that we have added sextu-
poles to the SLAC 20 GeV Spectrometer.

V. SECOND-ORDER MATRIX FORMALISM

The method for formulating the individual se-
cond-order matrix for a given element in a system
is illustrated in Table V for the x plane case.
The technique is similar for the y plane: The
first three rows are derived directly from .the
general theory using the driving functions in
Table 1. However, in order to facilitate matching
boundary conditions, the matrix is expressed in
terms of a rectangular coordinate system Xy
and z (see Fig. 1). The distinction is the intro-
duction of 8 and @ defined as follows:

- -

x DY | Grfxg8o) | (xfxop) | (x[eB) | (x[o3) | (xl8®) | (xlsB) |(x|vp,) | (x[eR) xo—’
B MEN ICIA RGPS ete. EN
1 B — {1
3 o o o 0 0 o 0 o 0 s
et ——1
=2 o2 280 2,8, 3 X @ 0 o ] 3

) e
;J 5 Vg ete. X480
[ —
x5 xol\

T:l
O
Bl

=T

a]s 5] ]s
1

H
F_‘___,._

©
5
23

ToTs

r
L
[
—
L

Ap {llustration of how to formulate the second-order matrices discussed in this article.
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dx x’ x’
e = = —— =
dz z' 14 hx
dy v y'
o= =_

dz z’_1+hx

Having formulated the second-order matri-
ces for each element of a system, the total sys-
tem optics is solved in the usual way by multi-
plying the individual matrices in the same man-
ner as for a first-order problem. For further
details, see (4).

Second-order matrix elements for drift distan-

ces, quadrupoles, sextupoles, bending magnets,
and for fringing fields of bending magnets
(using an impulse approximation) including ro-
tated and curved entrance and exit boundaries
of the bending magnets, have been derived. *

These matrix elements have been incorporated
into an IBM 7090 program called " TRANS-
PORT "(8) by S. K. Howry, C. H. Moore and H. S.
Butler at the Stanford Linear Accelerator Center.
We have used this program to finalize the design
of all of the beam transport systems and high-
energy spectrometers to be utilized at SLAC.

* See the list of references.
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CHROMATIC ABERRATIONS IN MAGNETIC OPTICS

V. P, Cartashev and V. |. Kotov

High Energy Physics Institute, Serpukhov (USSR)
(Presented by V. I. Kotov)

Under constructing magnet channels- it is ne-
cessary to consider the chromatic aberrations.
A number of works (1-4), (6) were devoted to
this problem. In this article multi-dimensional
matrices for quadrupole lens without using ap-
proximation of the thin lenses and bending ma-
gnet with an axial-symmetrical field are deter
mined; the chromatic aberrations in a doublet,
symmetrical quartet and achromatic system for
90° deflection of a parallel beam are considered.

1. CHROMATIC ABERRATIONS IN THE DOUBLET
OF THE QUADRUPOLE LENSES AND IN THE
SYMMETRICAL QUARTET

In consideration of the chromatic aberrations
in the quadrupole lens it is necessary to restrict
oneself with second order terms in the equation

of motion o fa particle with momentum p + Ap.
The solution will be linear with respect to the
initial particle displacement from the lens axis
% (y.), angle 6.(n.) and combinations XoY (y.Y),
8.y (n.y) where v = Ap/p. Thus the solution can
be represented in matrix form:

x f—1/8 1( I %o
12— —\f4—

0 ' / 2 8 6
—1 f |21 —38f) U2

=)\, 0

X 0 £ s Y

eY —1 f en'Y

[1]

where 1 - the length of the lens and the rest
guantities for the focusing and defocusing planes
are equal respectively:



