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Abstract

In this thesis we address the issue of enforcing energy conservation throughout
the Hawking emission process for black holes. In order to do so, we include an
important back reaction effect: the self-gravitational interaction of the radiation.
Restricting to spherically symmetric field configurations, we show that the in-
clusion of this effect leads to a modified emission probability, which no longer
corresponds to a strictly thermal spectrum. Instead, the probability is related
to the change in the black hole’s Bekenstein-Hakwing entropy as a result of the
emission. The analysis seems to show explicitly that one may interpret Hawking
radiation as originating from a tunneling process. We clarify how the derivation
of Hawking radiation as such a quantum mechanical tunneling process emerges
from reducing the field theory to an effective particle description. Subsequently,
we generalize this derivation to include charged radiation. In addition, the re-
sults in this thesis are discussed in the context of the weak gravity conjecture

and related to the fragmentation of AdS,.
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Chapter 1

Introduction

At present, quantum gravity remains an unresolved problem of fundamental physics. De-
spite notable progress, physicists have yet to succeed in developing a broadly accepted and
consistent theory that reconciles and unites Einstein’s theory of general relativity with the
principles of quantum mechanics.[] Independently and at their respective scales, these two
theoretical frameworks have proved to be spectacularly successful. Nevertheless, they are
fundamentally very different and the quantization of gravity is accompanied by many diffi-

culties, both conceptual and technical.

Still, we may try to learn about the quantum properties of gravity by taking an approach
other than its full quantization. One such approach is to consider a semiclassical theory in
which we study quantum fields, but treat gravity classically. This approach leads us to the
subject of quantum field theory (QFT) in curved spacetime, a framework that allows us to
make progress, even without a full quantum theory of gravity at our disposal. A striking
example is presented by the semiclassical study of black holes, which reveals their curious
quantum mechanical properties. As will become clear throughout this thesis, black holes
form a setting in which the tension between the theories of general relativity and quantum
fields is clearly exposed. As such, they make a great ‘laboratory’ for theoretical physicists
to study the properties of (quantum) gravity.

Classically, black holes are regions of spacetime from which nothing can ever escape. They

Tt should be noted that many candidate theories of quantum gravity have been proposed, the most
successful and probably most promising of which is string theory. Despite its numerous successes, this
theory is still very much a work in progress.
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possess a horizon, acting as a surface from beyond which there is no coming back. But in
1974, Hawking showed that the inclusion of quantum effects greatly alters this picture [1].
Using methods of QFT in curved spacetime, he demonstrated that quantum effects actually
cause a black hole to radiate a thermal flux of particles, with a temperatureﬂ

K

Ty = -
H 27T7

(1.1)

now known as the Hawking temperature. The radiation effect, too, is named after its dis-

coverer: Hawking radiation.

Hawking’s famous demonstration of black hole radiance followed earlier work [2] [3] 14, [5] on a
striking mathematical analogy between black hole mechanics and regular thermodynamics.
His result allowed this to become a truly physical analogy and led to the conclusion that
black holes are thermodynamic objects. In this context Hawking’s result directly implied

that one must associate an entropy to a black hole, proportional to its area

A
Sy = T (1.2)
called the Bekenstein-Hawking entmpyE] Thus, already when one semiclassically includes
quantum effects, one discovers strong hints for an unexpected fundamental connection be-
tween gravity, thermodynamics and quantum theory. This in turn may provide a clue as to

how to understand the nature of black holes in a theory of quantum gravity.

The semiclassical study of black holes, however, features some paradoxes and contradictions.
For example, according to , one associates a huge entropy with a black hole, which seems
to be at odds with the no hair theorem in relativityf_f] How should one think of this entropy
and what are the microstates that make up for this huge entropy? In the context of string
theory progress has been made in understanding the microscopic origin of the Bekenstein-
Hawking entropy [6], but many of its aspects remain unclear. Probably the most puzzling
consequence of black hole radiation is what is called the black hole information paradoz.
If Hawking’s derivation is correct, and one may treat quantum gravity as an effective field
theory in regions where the curvature is small, then this seems to imply that the quantum

evolution in black hole backgrounds ceases to be unitary [7]. This is obviously something

2Throughout this thesis we work with units in which A = ¢ = G = kp = 1, unless stated otherwise.

3The idea that black holes must have an entropy proportional to their area was already proposed by
Bekenstein [4], [5]. Hence the name Bekenstein-Hawking entropy. Hawking’s results fixed the proportionality
constant.

4This theorem will be discussed in the next chapter.
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that is hard to live with and it is now generally believed that also in the process of black

hole evaporation information is conserved. It remains unclear, however, in what way.

The information paradox demonstrates a clear conflict between the theories of general rela-
tivity and quantum mechanics. As such, it might also be regarded as a potential key to their
unification. Similarly, other open problems encountered in semiclassical black hole physics
can be thought of as hints with regard to the quantum nature of gravity. Indeed, black hole
thought experiments have been vital in getting to our present understanding. The study of
Bekenstein-Hawking entropy, for example, led to the holographic principle [8, [9]. Further
considerations of this concept [6] and the information paradox in turn contributed to the
AdS/CFT correspondence [10].

Features of quantum gravity are thus often inferred from known black hole physics. In this
context, we wish to mention a particularly interesting conjecture regarding the properties
of (quantum) gravity: the weak gravity conjecture [I1]. This conjecture can essentially be
recast in a form in which it states that in any consistent theory, charged black holes must be
able to dissipate their charge as they evaporate down to the Planck scale. It can therefore
be regarded as an example of how one attempts to learn about quantum gravity and its low

energy realizations through (semiclassical) physics of black holes.

With the above, we hope to have convinced the reader a lot is still to be learned from the
physics of black holes at its current state. Over the past decades, our comprehension of black
holes has developed substantially. However, some aspects, particularly those involving the
evaporation of black holes, remain far from fully understood. With this in mind we focus
on attempting to gain a better understanding of the Hawking process. Standard derivations
of black hole radiation employ strictly semiclassical methods: the background geometry is
treated as fixed and one calculates the response of quantum fields to this geometry. In
this approximation, one does not enforce energy conservation and the radiation is strictly
thermal. It seems clear that in order to better understand the Hawking process, one wishes
for a description that, as opposed to standard derivations, allows the geometry to fluctuate

and thereby enforces energy conservation.

The question of how to incorporate energy conservation or, more generally, gravitational
back reaction in the black hole radiation problem has not yet been solved in a satisfactory
way. In the context of what we discussed above, there are two possible approaches to attack

this gravitational back reaction problem. Firstly, in the ideal case one could develop a theory
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of quantum gravity and use its machinery to calculate the desired properties of black holes.
Instead, we will focus on the second approach, which is to take the semiclassical derivation as

a starting point and to derive gravitational corrections to the process of black hole radiation.

Such an approach is possible if we restrict to spherically symmetric setups. In order to
compute corrections, we will need to move beyond the free field approximation and allow
the geometry to change in response to the emission of matter. Another way to look at
this, is that we should include the self-gravitational interaction of the radiated matter. An
approach that allows for the inclusion of these effects was suggested by Kraus and Wilczek
[12, 13]. Building on this approach, a large part of this thesis is devoted to an analysis of
the modification of the spectrum of black hole radiance due to self-gravitational interaction,

the simplest and probably (quantitatively) most important effect of back reaction.

As we will discover, this energy conserving analysis is intimately connected to the tunneling
picture that is generally drawn to heuristically describe Hawking radiation. Our analysis
seems to imply that one may indeed naturally interpret Hawking radiation as originating from
the quantum mechanical tunneling of particles and anti-particles across the horizon. Building
partially on results of Kraus and Wilczek [12, 3], the derivation of Hawking radiation
along these lines has already been pioneered in [I4]. It was shown that indeed, energy
conservation, or gravitational self-interaction of the emitted matter, is of crucial importance
for the consistency of this picture. This thesis also covers the derivation of black hole
radiation along the lines of this natural tunneling picture. In addition to the above, we set

out to clarify how this approach emerges from the field theory and aim at generalizing it.

This thesis is organized as follows. The next two chapters aim to provide the reader a basic
understanding of the physical concepts that will be used in the following chapters. Chapter
gives a review of some classical black hole physics, after which chapter |3| introduces the
reader to the theory of quantum fields in curved spacetime. In chapter 4 we put into practice
what we have learned in the previous two chapters to derive black hole radiation, using
the strictly semiclassical approach followed by Hawking. Furthermore, we briefly review
black hole thermodynamics and some of the yet unresolved puzzles known to semiclassical
black hole physics. Starting from chapter [5 we get to the main part of research. This
chapter consists of a detailed calculation of the black hole emission spectrum, including
effects resulting from self-gravitation. It will be shown that properly taking into account

these effects leads to a modification of the emission spectrum. In the analysis performed in
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chapter ] a quantum mechanical tunneling calculation seems to emerge when we truncate
the field theory to an effective particle description. In chapter 6] we discuss the derivation of
Hawking radiation as such a quantum mechanical tunneling process, which was suggested in
[14]. We then generalize this procedure to massive and charged radiation. In chapter [7] we
review the weak gravity conjecture and the closely related (in)stability of AdS vacua, and

discuss our results in this context. Finally, in chapter |8| we review our main conclusions.



Chapter 2

Black holes in general relativity

In general relativity, the standard gravitational action is the Einstein-Hilbert action

_ 1 4./

where g = detg,, and R is the Ricci scalar. Varying the Einstein-Hilbert action with
respect to the metric one can show that it yields as its equations of motion the famous

Einstein equationsE]
1
RMV — §Rg/“, = 87TTNV. (22)

Here R, is the Ricci tensor and 7}, is the energy-momentum tensor. We may think of
the Einstein field equations as a set of differential equations for the metric field g,,. The
equations therefore dictate how the dynamics of the metric (i.e. the curvature of spacetime)

respond to the presence of energy-momentum.

The Einstein equations are notoriously hard to solve. The set of equations becomes
more tractable once we impose certain symmetries on the metric. The most obvious setup to
consider is a spherically symmetric gravitational field. The study of such setups in general
relativity leads to a remarkable prediction: the existence of black hole solutions. Physically, a
black hole is a region from which nothing can classically escape. Black holes are prominently

present in modern science; not only in physics, but also in astronomy and mathematics. As

!For a derivation of the Einstein equations from the Einstein-Hilbert action see e.g. [15]. Here we have
set the cosmological constant A to zero.
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was clarified in the introduction, to theoretical physicists black holes are mysterious objects

of great interest.

In order to understand Hawking radiation and the concepts applied in the remainder of this
thesis, one has to be familiar with some aspects of black hole physics. In this section we
review these aspects. In doing so we are only concerned with classical considerations of
general relativity. We begin with the discussion of some general properties of black holes
and their horizons. This discussion will be necessarily brief and focuses on conveying the
main ideas, instead of providing rigorous proofsf| Next, we review two black hole solutions
that will be used extensively in the remainder of this thesis: the Schwarzschild and Reissner-
Nordstrom geometries. In chapters [f| and [0 we will use a particular set of coordinates,
named Painlevé coordinates, when working with these geometries. We end this chapter with

a review of this set of coordinates.

2.1 Properties of black holes and event horizons

To start with, we want to define what we mean when speaking of a black hole. In the classical
theory of general relativity, a black hole is a region that is physically characterized by the
fact that the gravitational field is so strong that it is impossible for anything to escape. It is
this notion that we would like to make more precise. To do so, we make a restriction, which

is to only consider spacetimes that are asymptotically flat.

Asymptotically flat spacetimes are spacetimes that become like Minkowski spacetime as
r — oo. Technically, a spacetime possesses the property of asymptotic flatness if in its
conformal (or Penrose) diagram specific infinities match with the conformal structure of
Minkowski spacetime. We refer the reader unfamiliar with conformal diagrams to appendix
[A] for a review of conformal diagrams, conformal infinity, etc. Conformal infinity is subdi-
vided into five different regions: future and past timelike infinity, 7T and ¢~, spatial infinity
i%, and future and past null infinity, #* and #~. ", i~ and :° are spacetime points, while
S+ and £~ are null surfaces. In an asymptotically flat spacetime, i°, . and #7* fit

the Minkowskian structure. Consequently, an asymptotically flat spacetime has a conformal

2We have in no way aimed to provide a complete overview of classical black hole physics. For those
interested in the complete picture, including all details we refer to e.g. [16] 17, 18] [19]
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future
event horizon

past
event horizon

Figure 2.1: An asymptotically flat spacetime has a conformal diagram in which %, .#+ and .#+
match with the Minkowskian structure. The rest of the spacetime, represented by region within
the dashed line, can have different structures, examples of which we will encounter later. (Figure
taken from [15])

diagram of the general form depicted in figure [2.1]

In spacetimes that are asymptotically flat, something has ‘escaped’ the black hole if it reached
the asymptotic part of this spacetime. We are now able to give a definition of a black hole
in an asymptotically flat spacetime (M, g,,). In such a geometry the black hole region B
is B=M — J (F*). Here J~(£7) is the causal past, J~ ] of future null infinity .#7.
Looking at figure we then see that the hole’s future event horizon is the boundary of
the causal past of future null infinity J~(#*)[] Thus by definition the event horizon is
a null hypersurface. This definition also clarifies why, classically, there is no way out of a
black hole. The future event horizon is the hypersurface that separates the spacetime points
starting from which timelike curves can reach infinity from the points starting from which

they cannot. This final region is the black hole.

The question is now: how do we locate an event horizon? In this thesis we are interested
in stationary’} asymptotically flat black hole spacetimes that contain an event horizon with
the topology of a sphere. In such spacetimes, it can be shown that the event horizon is the

hypersurface located at rp,, such that ¢""(r,) = 0 (in regular spherical coordinates) [15].

3The causal past of a point x, J~(z), is the set of all spacetime points that causally precede .

4There is a similar definition for the past event horizon, as the boundary of the causal future of past null
infinity J* (7 7).

5A stationary spacetime is a spacetime that has a Killing vector field that is timelike near infinity. If that
Killing vector field is orthogonal to a family of spacelike hypersurfaces, the spacetime is called static.
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The properties of event horizons are especially interesting to study, since it is believed that
‘generic’ solutions to the Einstein equations have singularities that are hidden behind hori-
zons. This idea is made explicit in the cosmic censorship conjecture, stating that in general
relativity reasonable initial states will never lead to the formation of naked singularities.
Naked singularities are singularities that are not hidden within an event horizon. Signals

starting from such a naked singularity have no problem reaching .# .

As we only consider stationary geometries, the spacetimes we encounter possess a Killing
vector £ = 0, that is timelike near infinity. We will see that at the event horizon of such
spacetimes, 0; will switch from being timelike to spacelike, meaning that at the horizon 9, is
null. A null hypersurface along which some Killing vector field & is null, is called a Killing
horizon. Although an event horizon does not in general need to be a Killing horizon, it will
be for the spacetimes under our consideration. In this thesis we study spacetimes for which
the event horizon is a Killing horizon for the Kiling vector field &* = (9,)* [2, [16] ]

To every Killing horizon, and hence to the event horizons in this thesis, one can associate a
so called surface gravity. The Killing vector field £ for which a hypersurface ¥ is a Killing
horizon will be normal to 3, since null vectors are orthogonal to themselves. This means

that along ¥, the Killing field £ obeys the geodesic equation
'V, = —krEM. (2.3)

The term on the right appears since the integral curves of the Killing field might not be
parametrized affinely. s is what we call the surface gravity. To find an expression for x,
remember that £ is normal to the hypersurface ¥, meaning the field obeys the condition
§uViés = 0. Using this condition in combination with the Killing equation V(,§,) = 0, we

can derive

¥ = —3(T,6)(VH), (2.4

where the right hand side is to be evaluated at . The surface gravity  is constant over .
Its value seems to be arbitrary, as one can always scale the Killing field by some real constant.
However, for stationary, asymptotically flat spacetimes we can normalize the Killing vector

¢ = 0; by demanding

&l = —1, for r — oc. (2.5)

6For an account of the assumptions under which this holds and a general proof, see e.g. [16} [18].
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Another generic black hole feature we wish to mention is the following. It is well known
that a stationary black hole is characterized by only a small number of parameters. This
is a surprising feature, since we generally think of stationary black holes as the end state
of the gravitational collapse of matter. The specific set of parameters characterizing the
hole depends on the matter fields that we include in the theory. In the remainder of this
thesis the only non-gravitational long range field that is considered is an electric one. Under
these conditions the no hair theorem holds for stationary, asymptotically flat black holes:
these black hole solutions coupled to electromagnetism are completely characterized by three

parameters: mass, electric charge and angular momentum (see e.g. [10, 20]).

2.2 Black hole mechanics

If one considers black holes in the classical theory of general relativity they obey certain
mechanical laws which are mathematically almost identical to the laws of ordinary ther-
modynamics. The surprising appearance of this similarity suggests that black holes behave
thermodynamically. In this section we will shortly review the analogies between three laws

of black hole mechanics and thermodynamics at the classical level[]

2.2.1 Three laws of black hole mechanics

The first of the laws of black hole mechanics has already briefly been discussed in section
and is the statement that the surface gravity x is constant on the future event hori-
zon of a stationary black hole spacetime [2] B]EI Anticipating on the correspondence with

thermodynamics we name this law the zeroth law of black hole mechanics.

Using the geometric formula for A, the area of the black hole horizon, one can obtain what
is known as the first law of black hole mechanics. If one perturbs a stationary black hole of
mass M, charge () and angular momentum .J so that it becomes a black hole with M + d M,
@+ 0Q and J + d.J, then

AM = 8idA 1 QudJ + ydQ, (2.6)
T

"For details on all laws and their proofs, we refer to [18].
8The spacetime should also obey the dominant energy condition.
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where @5 and 2y are the electric potential and angular velocity respectively, both evaluated

at the event horizon [3].

The second law of black hole mechanics states that in a physical process the surface area A
of a black hole’s event horizon is a non-decreasing function of time[’] This law was derived by
Hawking, directly from the Einstein equations [21]. For example, a (geometric) calculation
shows that if two black holes of areas A; and Ay merge, the final blak hole will have an area
Az > Ay + As [22).

2.2.2 Relation to thermodynamics

The three laws of black hole mechanics that were discussed in the previous section look
remarkably similar to the laws of thermodynamics. At rest, a black hole has energy £ = M.
If we consider a thermodynamic system with that energy (and the same angular momentum
and charge as the black hole) then the first law of thermodynamics is equal to the first law

of black hole mechanics if one makes the identifications

T=ax and S= A (2.7)

Sta’

with some constant a. Such an identification also allows one to compare the zeroth and
second laws with thermodynamics. The zeroth law of black hole mechanics is now similar to
the zeroth law of thermodynamics, which states that the temperature is constant for a body
in thermodynamic equilibrium. The second law becomes the second law of thermodynamics,

stating that the entropy of a system is non-decreasing in time.

This final correspondence had already led Bekenstein to suggest that the entropy of a black
hole should be some suitable multiple of the area of its event horizon [4, [5]. However striking
this mathematical analogy between simple black hole mechanics and ordinary thermody-
namics is, there still seemed to be one big problem. If this proposal was correct, then black
holes have a temperature, meaning they must emit radiation. But in section we defined
black holes as a region from which nothing can escape. For now, we will leave this an open
problem. In section we will see how the inclusion of quantum effects allows the two

different concepts to be compiled into a consistent picture.

9More technically: “If T, satisfies the weak energy condition, and assuming that the cosmic censorship
conjecture is true then the area of the future event horizon of an asymptotically flat spacetime is a non-
decreasing function of time.” [I1]
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2.3 The Schwarzschild black hole

Let’s first consider Einstein’s equations in vacuum, i.e. T}, = 0. Taking the trace of (2.2)
we find R = —87T, where T' = T%, the trace of the energy momentum tensor. We can use

this to rewrite the Einstein equations (2.2)) as

1
RMV = 87 (TNV — éTgNV) . (28)

Therefore, in vacuum the Einstein equations reduce to
R, = 0. (2.9)

The unique spherically symmetric solution to the vacuum Einstein equations is the
Schwarzschild metric. This is the content of Birkhoff’s theorem [23], and is true even
if the gravitating spherical body itself is time-dependent['Y] In spherical coordinates, the
Schwarzschild line element is given by

ds® = —f(r)dt* + f(r)Ndr® + %02, f(r)=1- =, (2.10)

r

where d2? is the metric on the unit two-sphere. M is interpreted as the mass of the grav-
itating object. The metric (2.10]) is a static solution and as M — 0 we obtain Minkowski

spacetime, as expected. We also notice that the metric is asymptotically flat.

The metric coefficients diverge at r = 0 and r = 2M. f(r) is obviously coordinate-dependent,
so a metric divergence may just be a coordinate singularity, originating from the breakdown
of the employed coordinate system. The singularity at » = 0 turns out to be a true curvature
singularity. A sign that this is the case is the fact that one of the coordinate-independent
scalars that can be constructed from the Riemann tensor diverges. One can show that as

r — 0, R R*P7 — oo, implying a curvature singularity at r = 0.

The singularity at r = 2M, however, turns out to be a coordinate singularity. Transforming
to so called Eddington-Finkelstein coordinates one can show that at r = 2M the spacetime
is perfectly regular. In these coordinates it also becomes clear that the hypersurface located
at r = 2M is in fact an event horizon, as was claimed in section [2.1, The Schwarzschild

solution therefore describes a black hole (the simplest one possible). As the event horizon

0For a proof of Birkhoff’s theorem, see e.g. [16]
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t = constant

Figure 2.2: The conformal diagram of the maximally extended Schwarzschild spacetime, corre-
spondign to an eternal black hole. (Figure taken from [I5], slightly adjusted)

of the static Schwarzschild black hole is a Killing horizon, it can be assigned a surface
gravity. Using equation ([2.4)) the we obtain for the event horizon of a Schwarzschild black

— 1
hole xk = VE

By performing some clever coordinate transformations (in the same fashion as was done
in appendix |A| for Minkowski spacetime) and analytical continuation, one discovers regions
of Schwarzschild spacetime that are not covered by the original Schwarzschild coordinates
. The complete spacetime is known as the maximally extended Schwarzschild solution.
Its conformal diagram is depicted in E Firstly, we notice that the structure of conformal
infinity matches that of Minkowski space, confirming that the Schwarzschild geometry is

asymptotically flat.

The future and past event horizons divide Schwarzschild into four regions. Region I is the
asymptotically flat region that we think of as our universe, outside the black hole. Region
IT is the black hole. Anything that crosses the future event horizon #* to travel from
region I to Il can never return. In region II every future directed trajectory ends up hitting
the singularity at » = 0. So not only can nothing escape from the black hole, everything
that is thrown in will inevitably hit the singularity. This is simply because in region II the
direction of decreasing r is the timelike direction. Region III is identical to region II, but

time reversed. It represents a part of the spacetime from which stuff escapes to region I, but

HFor all the necessary coordinate transformations and the construction of the maximally extended
Schwarzschild spacetime, see e.g. [15] [17, [24].
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nothing from region I can ever reach III. One might think of this as a white hole, instead
of a black one. As it are the horizons that split up the spacetime, the future (past) event
horizon is the boundary of region II (III). Region I and IV are not connected by any causal
path. Region IV represents another asymptotically flat region, different then ours. It is a

mirror image, that is the time reverse of region I.

As must be clear by now, the maximally extended Schwarzschild solution in figure has
quite some exceptional features. However, it builds on highly idealized conditions, such as
perfect spherical symmetry, and the complete absence of energy-momentum. For example, if
matter were to exist somewhere outside the black hole region the diagram would dramatically
change. Let’s consider a more realistic Schwarzschild black hole. As said before, we like to
think of stationary black holes as the end point of the collapse of matter. If we consider
spherical collapse, we are able to construct a new form of Schwarzschild spacetime [25]. A
spherically collapsing object will be Schwarzschild in the exterior, but the interior will look
nothing like figure and highly depends on the characteristics of the collapsing body.

For pressure-free, spherical collapse, the conformal diagram looks like figure[2.3] The interior
shaded region is not vacuum and hence not described by Schwarzschild. The boundary of
this region is a timelike curve representing the surface of the collapsing body. The collapse
eventually results in a black hole and in the existence of the corresponding horizon and
singularity. But the past of such a collapse spacetime is entirely different from that of the
full Schwarzschild spacetime. Regions III and IV no longer exist. Instead we have a timelike
curve at = 0. This curve is smooth and denotes the origin of our spherical coordinate
system. The spacetime in figure is asymptotically flat, except for the (future) region that

gives rise to the event horizon.

2.4 The Reissner-Nordstom black hole

Next, we want to consider charged black holes. To that end we work with the action for

Einstein-Maxwell theory

1
S = e d'z/=g (R — F,F"). (2.11)
™

Here F),, is the electromagnetic field strength tensor

F, = 0,A, —0,A, (2.12)
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Figure 2.3: The conformal diagram of a Schwarzschild black hole, formed by gravitational collapse.
In the remainder, we will also refer to this spacetime as the ‘collapse spacetime’. (Figure taken
from [15])

and A, a 1-form potential. Maxwell’s equations are
V. " =0, dF =0 (2.13)

Under these circumstances we are no longer in vacuum. The hole now has a nonzero elec-
tromagnetic field, acting as an energy-momentum source. The energy-momentum tensor for
electromagnetism is
1 1
T = Z(FM,F;) — ZQW’FPUFPU)' (2.14)
For this theory one can generalize Birkhoff’s theorem. The unique spherically symmetric
solution of the Einstein-Maxwell equations is given by the Reissner-Nordstrom metric, which

reads
ds® = —f(r)dt® + f(r)"'dr® +r2dQ%,  f(r)=1-"—+ 5. (2.15)

Here, we only considered black holes that carry electric charge. The magnetic charge is
theoretically possible, but set to zero. M is once again interpreted as the mass of the black

hole. For the fieldstrength and potential we have

Q Q
Aud.%'u = —?dt = F.= ﬁ (216)

This is an electric field in the radial direction. The right hand side of the Maxwell equation

[2.13)is zero, so all the charge is carried by the black hole. Using Gauss law one can check
that the parameter () in (2.15)) and (2.16) is the hole’s electric charge (see e.g. [15, 26]).
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The Reissner-Nordstrom solution has some properties in common with the Schwarzschild
solution discussed in the previous section. The solution is static and has a timelike Killing
vector & = 0;. Again the solution is asymptotically flat and has a curvature singularity at
r = 0, as can be seen from computing R, ,,R**?. However, the structure of the horizon
is not as simple as for the Schwarzschild black hole. Demanding f(r,) = 0 we find this is
solved by

ry =M+ -/ M?— Q3 (2.17)

which can have either 2, 1, or 0 solutions. At r4 we again have coordinate singularities, since
the curvature and field strength are perfectly smooth here. We review all three possibilities

one by one.

i) Superextremal: M < |Q)|

In this first case, called superextremal, f(r) has no real roots. f(r) is always positive and
therefore the metric in spherical coordinates is completely regular up to the singularity
at r = 0. Throughtout the entire spacetime, r is spacelike and t timelike. Of course, the
singularity still exists, but it is now a timelike line. So the singularity is not necessarily in
anyone’s future. Because of that and the absence of an event horizon, an observer should
have no trouble travelling to the singularity and coming back afterwards. The Reissner-
Nordstrém solution with M < |Q] is a naked singularity. Such a solution would violate
the cosmic censorship conjecture discussed in section and is generally believed to be

unphysical.

ii) Subextremal: M > |Q)|

This situation we do consider physical and is called subextremal. The conformal diagram
for a subextremal Reissner-Nordstrom black hole is shown in figure 2.4 The function f(r)
now has two real roots and therefore two coordinate singularities located at r = r4, which
define hypersurfaces referred to as the outer and inner horizon. These surfaces are both null
and act as horizons. The singularity at » = 0 is again a timelike line, instead of a spacelike
surface for the Schwarzschild solution. The function f(r) is positive both outside r; and
inside r_. In between those surfaces, f(r) < 0. This means that for an observer falling into
the Reissner-Nordstrom black hole, r, will be like the event horizon » = 2M in Schwarzschild
solution. At this surface r becomes timelike, so just as in Schwarzschild, one is bound to
move in the direction of decreasing r. However, at r_ the coordinate r becomes spacelike

again, so the observer is no longer necessarily infalling. Consequently, as was expected from
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timelike
trajectories
r = constant

surfaces \5,
.0 \

Figure 2.4: The conformal diagram for Figure 2.5: The conformal diagram for the
the maximally extended Reissner-Nordstrom  extremal Reissner-Nordstom black hole.

spacetime. (Figure taken from [15], slightly (Figure taken from [I5])
adjusted)

the fact that the singularity is now a timelike line, an observer is not doomed when falling
into the black hole. After passing r_ he can choose die in the singularity, which corresponds
to the trajectory 1 in figure Instead he could choose trajectory 2 and proceed in the
direction of increasing r to pass through the null surface » = r_ again. Then r becomes
timelike again, but as a consequence the observer is now compelled to move outwards. This
only stops after one emerges from the event horizon r,. This is like being spit out of a
white hole, in a different asymptotically flat region as the one where the observer started
his journey. The observer could now start this adventure again by falling into the black hole
(which is now a different one than the first one) an arbitrary number of times. Just like
in the Schwarzschild case, it is (unfortunately) very likely that only a small non-spherically

symmetric perturbation or presence of matter will dramatically alter the geometry.

iii) Extremal: M = |Q)|

A charged black hole satisfying the relation M = |Q)| is referred to as an extremal Reissner-
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Nordstrém black hole. Its conformal diagram is shown in figure 2.5 In this case the function

f(r) becomes a perfect square

fr) = <1 - 9)2. (2.18)

r

The two horizons now coincide at r = (). The hypersurface at this radius is an event horizon
and at this surface r is null. However, r never becomes timelike in this spacetime. Just as
in the other two cases, the singularity at » = 0 is a timelike line. Consequently, once again
one can avoid hitting it. Once an observer has past the horizon, he can decide to either get
crushed in the singularity, or turn around and continue to an arbitrary number of copies of
the asymptotically flat region. Anticipating on what will follow in this thesis, it is important
to note that for the extremal Reissner-Nordstrom black hole the surface gravity vanishes:

k= 0.

2.5 Painlevé coordinates

As we recall from the above, the metric for the Schwarzschild and Reissner-Nordstrém black

holes has the form

ds® = —f(r)dt* + f(r) " dr® + rdQ?, (2.19)
where
1 —2M Schwarzschild
= T 2.2
/() {1 -2 ?—22 Reissner — Nordstrom (2.20)

and t is the ‘Schwarzschild/Reissner-Nordstrém’ time. The time coordinate ¢ corresponds
to a timelike Killing vector and the metric is static. One of the drawbacks of this
metric is that it is only valid up to the horizon. It only covers a small region of spacetime
and at the horizon the metric diverges. In this thesis will be concerned with horizon-crossing
phenomena. Therefore, we need coordinates which, unlike the above, are well-behaved at
the horizon. Another drawback is that in these spherical coordinates, the metric is static.
In such a static metric one can never expect to find radiation, since this is a manifestly
time-reversal asymmetric process. Therefore, in early derivations of Hawking radiation,
time-reversal symmetry had to be broken by hand through the introduction of a collapsing

surface, as we will see in chapter [4]
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Instead of the line element (2.19)), we will use Painlevé coordinates [27], rediscovered in [28],
which do not suffer from the drawbacks mentioned above. In order to obtain this line element

we introduce a new time-coordinate, given by t =t — g(r), leading to the line element
ds* = —f(r)dt* — 2f(r)g'(r)dtdr + (f(r)~" = f(r)g'(r)?)dr® + r?dQ?, (2.21)

where ” denotes a partial derivative with respect to r. The function g only depends on r and
not on t. Therefore the metric remains stationary (i.e. time-translational invariant). This
means the time direction is still a Killing vector. We now want our metric to be regular at
the horizon. Since a radially freely-falling observer falling through the black hole horizon
does not detect anything abnormal there, we can choose the proper time of such an observer
as our time coordinate. Consequently, constant-time slices should be flat, meaning that the

factor in front of dr? should be 1. This provides us with the condition

1 —
07— fg =1 = g == (2.22)
f(r)
So for Schwarzschild-like black holes the Painleve coordinates are obtained by the transfor-
mation
1—f(r)
dt = dt, + Y———=dr. 2.23
) 229

The black hole line element in Painlevé coordinates reads

ds? = — f(r)dt* £ 2\/1 — f(r)dtdr + dr? + r?dQ?. (2.24)

This metric has a number of attractive features. First of all, there is no coordinate singularity
at the horizon. Second, it makes manifest that the spacetime is stationary (non-static). The
generator of ¢ is a Killing vector, so it can be used to compute global charges such as the
mass in a natural way. This Killing vector becomes spacelike across the horizon. Thirdly, by
construction constant-time slices are just flat Euclidean space. And finally, an observer at
spatial infinity does not make any distinction between these coordinates and the static ones.
The function f(r) goes to 1 at spatial infinity, so there is no distinguishing between the two
time coordinates there. Coordinates similar to the ones discussed in this section and useful
for ‘radiation-type’ problems, like the one we will consider, have been found in the context
of de Sitter space [29, [30] and black holes in AdS [31], [32].



Chapter 3

Quantum field theory in curved
spacetime

In our discussion on black hole physics in chapter [2] we restricted to considerations of classical
general relativity. We now wish to move on to a quantum theory. In principle, this means one
should consider black holes is a theory of quantum gravity. However, many aspects of such
a theory are still poorly understood. Fortunately, it is possible to include quantum effects
without appealing to quantum gravity. Einstein gravity has two sides to it. On the one hand
we have the curvature of spacetime and its effect on matter. On the other hand it describes
the effect of energy-momentum on the dynamics of the metric. As John Wheeler famously
put it: "Spacetime tells matter how to move; matter tells spacetime how to curve.” Quantum
gravity aims at quantizing the whole picture. Instead, we will just quantize half of it. We
take the (general relativity) framework of matter fields propagating in curved spacetime and
treat those matter fields quantum mechanically. This leads to the theory of quantum fields
in curved spacetime. Quantum field theory in curved spacetime is a semiclassical theory, in

which we study quantum fields on a fixed (i.e. classical) background.[]

To obtain a more fundamental theory of quantum gravity, one must also treat the metric
quantum mechanically. However, within the regime where effects of the curved spacetime
might be significant, but quantum gravity effects may be ignored, it is believed that the
theory of quantum fields in curved spacetime provides an accurate description. In particular,

we expect the theory to be accurate in describing the quantum phenomena arising in the

'Meaning we take the metric to be fixed, rather than obeying some dynamical equations.

20
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context of black holes, as long as the back reaction of the quantum fields on the black hole

background is small

The idea of building quantum field theory on the spacetime of general relativity is simple,
but leads to some interesting and puzzling predictions. Throughout the treatment of quan-
tum fields in flat space, Poincaré invariance plays an important role. In curved spacetime
we do not have Poincaré symmetry at hand. At first sight, this does not seem to be that
much of a problem. One can still formulate a classical field theory and formally quantize it
in an arbitrary spacetime, without the need for Poincaré symmetry. The difference between
quantum fields in flat and curved spacetimes arises in the characterization of the quantum
states and observables, and their interpretation. We will see that as we lose Poincaré sym-
metry, some of the concepts that seemed crucial in Minkowskian quantum field theory, like

those of 'vacuum’ and ’particles’; lose their privileged status.

In this chapter we set out to provide a short introduction to the quantization of fields in
curved spacetime. In the context of the free massive scalar field we discuss the inherent
ambiguity of notions like 'vacuum’ and ’particle’ that will be encountered. Throughout this
chapter, we will be necessarily brief. For a more complete discussion of quantum fields in
curved backgrounds we refer to [33, 34} [35] 36].

3.1 Scalar field quantization in curved spacetime

To a large extent, the formal quantization of fields in curved spacetime runs parallel to
quantization in flat spacetime. In short, one just recasts the theory in covariant form. In
this section we consider a real, massive scalar field. The approach extends to tensor and
spinor fields in a straightforward fashion [33]. In a spacetime of arbitrary dimension n and

a metric g, with signature (— + - - -4) the action for the scalar field ¢ is

1
S = / "5/ =g [~9"0,00,¢ - m*¢* — ERg| . (3.1)

2 Anticipating on the next chapter: by a small back reaction, we mean that the change of Ty as a result
of the emission of a quantum is small. In general, this means Mgy > wy, where wy is the energy of the
emitted quantum. Furthermore, for this semiclassical theory to be accurate, one must refrain from describing
phenomena near the singularity, where curvatures are of the Planck scale and one does need quantum gravity,
as the quantum nature of the metric becomes important.
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Here g = detg,, and m is to be understood as the mass of the field quanta. The coupling
with the gravitational field is accounted for with the last term. R is the Ricci curvature
scalarff] and ¢ is a dimensionless constant. The partial derivatives appear since for scalar
fields V,¢ = 9,¢. The corresponding equation of motion for the scalar field is

1
—=0,(v/—99"0,). (3.2)
Ve

There are two commonly used values for . Firstly, one can set £ = 0. This is referred to as

[O—m?—¢R] ¢ =0, 0=

minimal coupling and leads to the Klein-Gordon equation, which is the simplest equation of
(n—2)

A(n—1)
this value and one considers the massless limit, then the action is conformally invariant.

motion possible. Second is the so-called conformal coupling, ¢ =

If the coupling takes

One can now define the conserved Klein-Gordon inner product for a pair of solutions of the

generally covariant Klein-Gordon equation (3.2))

<@¢g:4/QCMm@@—@@@Mw, (3.3)

where dX* = n*d>. Here dX is the volume element in a given spacelike hypersurface and
nt is the timelike unit vector normal to this hypersurface. h is the determinant of h;;, the
induced metric on the hypersurface >. The value of this inner product is independent of the

hypersurface on which it is evaluated.

There always exists a complete set of positive norm mode solutions {u;} to the wave equation
(3.2). Then {uf} forms a complete set of negative norm mode solutions. We can normalize

these such that {u;,uf} is a complete set of mode solutions to (3.2)), orthonormal in the
Klein-Gordon inner product (3.3):

(wiyuj) =6, (ui,ul) =—0d;, (w,u;)=0. (3.4)

i Wy J
Since they form a complete set, we can expand the field operator ¢ in terms of these modes
as
o) =3 [aiui(x) +alu(@)] . (3.5)
We can now quantize the field using canonical methods. We choose a foliation of the space-
time into spacelike hypersurfaces. Let Y be a particular hypersurface that has a correspond-

ing normal unit vector n* characterized by a constant value of the time coordinate t. The

3The Ricci scalar appears here as it is the only possibility for a local, scalar coupling of to gravity with
the appropriate dimensions [33].
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derivative of ¢ in this normal direction is then ¢ = n*0,¢, and one defines the canonical

momentum by

oL
0
We now impose the canonical commutation relation
[6(F, ), 7(, )] = i6(7, 7). (3.7)

From ([3.7)) the commutation relations for the coefficients in (3.5 are determined to be

la;,al] = 655, ai,a;] = [a],al] = 0. (3.8)

177

We interpret aj and a; as creation and annihilation operators respectively. This way we can
define a vacuum state |0,), such that a;|0,) = 0, Vi. Starting with this vacuum state we

can go on to construct an entire Fock space by acting on the vacuum with creation operators.

Up to now the approach runs pretty much parallel to the well-known flat spacetime proce-
dure. We formulated a classical theory and quantized it in an arbitrary spacetime, much like
one does in Minkowski spacetime, without the need for Poincaré symmetry. At this moment,

however, we run into an inherent ambiguity in the curved spacetime procedure [37].

Let’s take a closer look at our mode solutions u;. In Minkowski space we have a natural set
of such modes. There, 0, is a timelike Killing vector associated with the Poincaré symmetry
in Minkowski spacetime. We naturally take the positive frequency solutions to be u; oc e =™,
These modes are eigenfunctions of the Killing vector 9; with eigenvalues —iw for w > 0
(which we call positive frequency). Consequently, u; are negative frequency eigenfunctions.ﬁ
This time coordinate ¢ in Minkowski space is not unique, since we may still perform Lorentz
transformations. However, the vacuum state is invariant under the action of the Poincaré
group, and so is the set of all inertial observers. Therefore, irrespective of the inertial frame
for which t is the time coordinate, this approach defines the same vacuum state. Since in
Minkowski spacetime all inertial observers agree on this vacuum, they will automatically

agree on the particle content of any given quantum state.

In curved spacetime Poincaré symmetry is lost and consequently, there is generally no nat-

ural choice of modes. In general, there is no Killing vector at hand that can be used to

4Note that, although w > 0, we call these modes negative frequency, because the derivative pulls down a
factor +iw.
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define positive frequency modes. In fact, general relativity is a generally covariant theory,
implying that any time coordinate forms a sensible choice with respect to which one could
define particles. Even if the spacetime does have some restricted symmetry and there exist

(asymptotic) Killing vectors, these do not play a similarly crucial role as in Minkowski space.

In short, the practical lesson is the following: when moving from a flat to a curved spacetime
we lose every reason to prefer a particular set of modes over any other set. As a consequence,
there is no unique notion of the vacuum state in curved spacetime and hence the concept of

particle comes to be ambiguous, in the sense that it becomes an observer-dependent notion.

Let’s now make this observer-dependency explicit. The above means that instead of {u;, ul},
we could equally well have chosen a second orthonormal set of mode solutions to (3.2)),

{vi,v}}. In terms of these modes we can again expand the field operator

o)=Y [bm(x) + bl (a)] - (3.9)

)

This field expansion in turn defines a new vacuum |0,) by b;|0,) = 0 Vi, and correspondingly
a new Fock space. As we will see, two observers who define particles with respect to different

sets of modes will in general disagree on the particle content of a given state.

Both sets of modes form complete sets. This means we can expand both sets of modes in

terms of the other
J
and
U; = Z (O{;}’Uj — ijj) . (311)
J
These relations are Bogoliubov transformations and the matrices «;; and 3;; are known as

Bogoliubov coefficients [38]. Using (3.10) and (3.11)) and orthonormality of the modes (3.4
these coefficients are found to be

Qyj = (Ui,uj), Bij = —(U¢>U;)~ (312)

If we equate the two expansions (3.5)) and (3.9)) and use the above, we obtain

a; = Z (ajibj + ﬁ;zbj> ) b; = Z <a:jaj - z*]a;[> : (3.13)

J J
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From these relations it follows directly that the two Fock spaces based on the different choices
of modes u; and v; are different when 3;; # 0. This is because the coefficients 3;; describe
the mixing of creation and annihilation operators as one transforms between the two bases.

The Bogoliubov coefficients furthermore have the following normalization properties

Z (i, — Bir5y,) = 0. (3.14)
k

> (awb = Buajy) = 0. (3.15)
k

From ({3.13)) it follows that as long as ;; # 0, the |0,) and |0,) vacua will not be annihilated
by b; and a; respectively. In fact, the expectation value of the ‘a’ number operator N; = ajai

for the number of u;-mode particles in the 'b-vacuum’ |0p) is
(06| V3] 0p) = Z 16l *. (3.16)
J

This means that the vacuum corresponding to the v; modes contains | 3;;|* particles in the
u; mode. This shows explicitly what we claimed to be true before: in curved spacetime the
vacuum state and particle content become observer-dependent notions. What one observer

considers to be the empty vacuum state may contain particles according to a second observer.

3.2 The concept of particles and their gravitational
creation

In the previous section, we have learned that the notions of particle and vacuum are am-
biguous in curved spacetime. But could we not just use a particle detector to eliminate this
ambiguity? Such a detector should not care about the particular modes we choose to use for
our field theory. The point is, however, that that the state of motion of the particle detector
itself affects whether or not particles are detected. A detector moving on a certain trajectory
defines positive and negative frequency modes with respect to the proper time 7 measured

along that trajectory. Suppose one could find a set of modes satisfying

D
—u; = —iwu,, (3.17)
dr

then one could calculate the amount of particles observed by the detector. In general,

however, it is impossible to find such modes over all of spacetime.
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Just like any general curved spacetime, Minkowski space does not have a unique vacuum.
What makes Minkowski space different, is that there exists a conventional vacuum state,
upon which all inertial detectors throughout the spacetime agree. Even in flat space, a
situation in which two observers accelerate with respect to each other, suffers from the same

‘particle’ ambiguities as the curved spacetime case [37, [39].

The key lesson is that, in a general curved spacetime, the concept of particles has no universal
significance. It is precisely this non-uniqueness of positive frequency modes that allows for
particle creation by gravitational fields. Consider for example a spacetime which is asymp-
totically flat in the far past and future, but curved in between. In the past and future we
now have natural sets of modes: the Minkowskian ones. Now let {u;} be positive frequency
solutions in the past (in-region) and {v;} be positive frequency solutions in the future (out-
region). We can then choose these sets to be orthonormal with respect to the generalized
Klein Gordon inner product, like . These modes are defined by their asymptotic prop-
erties in two different regions of spacetime, but they are solutions of the wave equation in
the entire spacetime. Therefore, they both constitute a basis all over spacetime and we may
expand the field operator in both sets of modes everywhere in spacetime and express the
in-modes in terms of the out-modes and vice versa, like in equations and further.

We can now describe the particle creation by time-dependent gravitational fields. We define
the in-vacuum, |0;,) by a;]0;,) = 0 Vi. This state is like the natural Minkowski vacuum and
has an intuitive physical meaning; it is the state with no particles present initially, in the
asymptotic past. Now we turn on a gravitational field. Adopting the Heisenberg picture of
quantum mechanics, the state chosen in the far past, |0);,, remains the state of the system for
all time. But the number operator which counts particles in the out-region (distant future)

is N; = bjbi. So the mean number of particles in the out-region is
(0in| Ni|0sp) = Z 18;il*. (3.18)
J

This is non-zero whenever any of the 3;; Bogoliubov coefficients is non-zero. In that case an
inertial observer in the distant future detects particles in the vacuum defined in the far past,
implying that particles are created by the gravitational field. This gravitational creation
of particles leads to the most important prediction done by the theory of quatum fields in

curved spacetime: the existence of Hawking radiation.



Chapter 4

Black hole radiation and its
consequences

In the previous two chapters we have discussed both black holes and quantum fields in
curved spacetime. We now combine these concepts by studying quantum fields in black hole
spacetimes. This leads us to the discovery of the Hawking effect [1l 25]. Hawking famously
discovered that whereas classically, nothing can ever possibly escape from black holes, they do
emit a thermal spectrum of particles once quantum effects are taken into consideration. This
predicted thermal radiation by black holes is what we call Hawking radiation. Hawking’s
discovery allows for the formulation of a consistent picture of black hole thermodynamics,
a problem left open in section But in addition, we will see that it also has puzzling

consequences and leads to paradoxes.

In this chapter, we first apply what we have learned in the preceding part of this thesis to
derive the Hawking radiation by black holes. In doing so, we will follow Hawking’s original
work [T, 25]. For the sake of simplicity, free fields and the Schwarzschild black hole are con-
sidered. After completing this derivation, we discuss aspects of black hole thermodynamics

and shortly review some of the puzzles posed by the semiclassical theory of black holes.

4.1 Hawking’s derivation of black hole radiation

Before diving into the details of the calculations, we outline the approach. The original

derivation considers the classical spacetime that describes the gravitational collapse of matter

27
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into a Schwarzschild black hole. We then consider the propagation of a free quantum field
in this spacetime. Prior to the collapse, the field is in the vacuum state. We now evaluate
the field’s particle content at infinity at late times. This is done by propagating the positive
frequency mode at late times backwards in time. We can then determine its negative and
positive frequency parts in the far past. This analysis shows that the number of particles we
expect at infinity corresponds to a Planckian flux of particles. The produced particles are

interpreted as black hole radiation ]

4.1.1 Field quantization in a collapse spacetime

We will consider the creation of particles in the spacetime of a Schwarzschild black hole
formed by gravitational collapse. The structure of this spacetime has been reviewed in
section and its conformal diagram is shown in figure 2.3 For simplicity, we consider a
minimally coupled massless scalar field ¢, just like in chapter [3] ¢ satisfies the wave equation
(3.2) with & = 0. At past null infinity #~, the geometry is asymptotically flat and we can

expand the field operator as
¢ = Z(aifi+a1fi*), (4.1)

where {f;} is a complete set of positive frequency solutionsﬂ to the wave equation that is
orthonormal at .#~. As before, a; and aI are naturally interpreted as annihilation and
creation operators at .# . This defines the vacuum at .#~, |0_), as @;/0_) = 0. Although
the modes are defined by their properties on .#~, they are solutions of the wavefunction in

the entire spacetime. Consequently, ¢ can be expressed as (4.1)) everywhere.

The other asymptotically flat region is at future null infinity .# . In this region, we can play

a similar game and expand the field operator af’]

¢ = Z(bipi +blp; + cigi + clqp). (4.2)

(2

Tt is also worth mentioning that the analysis only relies on the properties of the field in the region that
is exterior to the black hole. Furthermore, no gravitational field equations are used.

2with respect to the canonical affine parameter on .# ~

3 7% is not a Cauchy surface. Therefore, if we want to define a complete set of modes at late times, we
should also define modes on J# .
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Here {p;} are solutions of the wave equations that are purely outgoing, i.e. they can escape
to £ . On the other hand, {¢;} are solutions with no outgoing component, i.e. they cannot
escape to T, because they remain trapped within the future event horizon #*. These
two sets of modes again form an orthonormal set, this time at .# " and J#* respectively.
We require that {p;} contains only positive frequency solutions with respect to the canonical
affine parameter on .#*. The b; and b!, and ¢; and ¢/ now act as annihilation and creation
operators at . and ' respectively. We can define the vacuum at .#*, |0,), as b;]0;.) = 0.
We are interested in calculating the emission of particles to #*. Since the {¢;} are zero at
7, the choice of {g;} does not affect our calculation[]

As was discussed in section we can express {p;} as linear combinations of { f;, f}
i = Z(az’jfj + Bij ), (4.3)
J
leading to relations between the different creation and annihilation operators
by = Z(a:jaj - Bz*ga;) (4.4)
J
We want to calculate the possible gravitational creation of particles, so we take as the initial
state the vacuum state |0_), with no particles on .# . Hence, this is the state which contains
no ‘incoming’ particles. In analogy with what was discussed in section[3.2] this initial vacuum

state will not be the vacuum state to an observer at .#*, since in general 3;; # 0. An observer

at T will find a non-zero expectation value of the number operator in the initial state
(0-[pfeif0-) =D 18l (4.5)
J

So in order for us to find the amount of particle creation in this spacetime (which will be

interpreted as black hole radiation), we ‘simply’ calculate the coefficients £;;.

In a collapsing background we can actually solve the massless Klein-Gordon equation (3.2

at 7 — odf] This is done in appendix [B] and the resulting mode solutions are

- Fw/<7‘) iw'v
Jortn = e Yml6:9) (46)
Dot = PM(T’) eiwu lm(@, ¢>, (47)
TV 2TW

4See for more details on this [40].
Ssince we are interested in late time radiation
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where Y}, are the spherical harmonics and u and v are called the advanced and retarded

time. In terms of r and ¢ they read
t+r+2M1 ’ 4 1‘ (4.8)
U= r og | — — .
o
r
v=t—1—2Mlo ‘——1‘. 4.9
& 517 (4.9)
u is an affine parameter on . and v on .#~. F,(r) and P,(r) are integration ‘constants’
with a small r-dependence. The index i for a state used in section is determined
uniquely by the quantum numbers w, [ and m, so we denote f; — f.um,. The frequencies w’
and w are (energy) eigenvalues
iﬁtfw’lm = w/fw’lmv 7;atpwlm = WPuim - (41())
We can take the continuous limit of expressions (4.3)), (4.4) and (4.5)). Since we consider a

spherically symmetric setup, we may drop the [ and m indices and the p,, solutions can be

represented as

po= [ (Ousfi + B (4.11)
and we find
b, = / Oo(a:w/aw/ + B al)du (4.12)
and :
N, = /Ooo | Buowr P dw’. (4.13)

We wish to evaluate the Bogoliubov coefficients oy, rand (.. In order to do so, we substitute
(4.6)) into (4.11]) (omitting the angular part because of spherical symmetry) and then mul-

—iwv

tiply both sides of the equation by ffooo e . This is essentially a Fourier transformation.

Evaluating this expression, we arrive at

> —iwv > —iwv > le iw'v Fw/
dve Do = dve o’ -¢ + B
oo oo 0 vV 2TW TV 2Tw

& F ! F /
=27 25w — W) + 25w+ W W/> dw'. (4.15
/0 (7" 2w’ ( ) rvV2mw’ ( ) ( )

Since (W' + w"”) # 0 we obtain for o (and for 3, along the same lines)

T\/U e —iw'v

~

e_iw/”) dow'  (4.14)

Qo = dve 3 4.16
vV 27TFW/ —00 b ( )

/1 00 .,
B = —m dve" ' p,,. (4.17)

- vV 27’(’le —00
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4.1.2 Calculation of the Bogoliubov coefficients

We now wish to calculate the Bogoliubov coefficients by evaluating expressions (4.16) and
(4.17). To do so we take a closer look at the solutions p,. Consider a mode p,, that has
reached #* and track it backwards. Doing this there are two parts that we can divide

(1)

the wave function into. Firstly, a part pwl is scattered by the Schwarzschild gravitational

field outside the collapsing matter. This part ends up on .#~ with unchanged frequency w.
The second, more interesting, part pg) enters the black hole and is partially scattered and
partially reflected through the origin, before it ends up on .#~. However, at the horizon u
diverges, which means that the effective frequency of pg) becomes arbitrarily large. This
means we can treat these wave functions in the geometrical optics approximation. In this
approximation the scattering of the Schwarzschild gravitational field can be neglected and

all of pfuz) is reflected through the black hole center.

We now want to analyze the form of pg) at £ . Let’s take a look at the Penrose diagram in
figure [4.1] depicted without the collapsing body. z is a point on the horizon '+ outside the
collapsing matter. We now define two null vectors. Let [* be a null vector that is tangent
to T at x and let n* be a null vector that is normal to J#* at x and directed radially

inwards. The vectors are normalized such that
Fn, = —1. (4.18)

T intersects the event horizon " in the point we represent by the affine parameter wuq.
~vu 1s a null geodesic travelling backwards from .. Tt goes along the horizon and is reflected
at the center » = 0 before it reaches .#~ in the point represented by affine parameter vy.
Since the affine parameter v becomes larger as one goes from Z~ to Z°, v is the latest time
that something can leave .#~ and escape to . after passing through the center. Paths

with larger affine parameter v, will not be able to escape to ..

A vector —en*, with e small and positive, will connect x on the horizon with a nearby null
surface of constant u and therefore a constant w for pg). If we parallel transport the vectors
n* and [* along vy, the vector —en* generates a null geodesic ~y, which again has constant
phase for pE,Z). Since we consider small € for the geodesic v we can also use the geometric
optics approximation. The null geodesic v enters the collapsing body, reflects in » = 0 and

reaches ¢~ in v.
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reflection

Vo

Figure 4.1: The conformal diagram for the spacetime of a Schwarzschild black hole formed by
gravitational collapse, depicted without the collapsing matter. (Figure taken from [41])

If we transport [# and n* back to the point where the future and past event horizons intersect,
the vector —en* lies along the past event horizon, 7. Now let U be the affine parameter
on 7 ~. At the point of intersection of the future and past horizons, U = 0 and % = nt.
U is related to w on S~ by

U=-Ce™. (4.19)

Here, C' is a constant and x is the surface gravity of the hole, defined by (2.3). For a
Schwarzschild black hole, k = ﬁ. U=0onH" and U = —e on . So on v
1
u=——(lne—1InC). (4.20)
K
From figure (4.1)) it is clear that on .#~, ¢ = vy —v. On #~, n* is parallel to the Killing

vector &, so
nt = DEX, (4.21)

with D a constant, so
1
u=——(In(vg—v) —InD —1InC). (4.22)
K

Consequently, for v > vy, we find that pg) vanishes, since the solution cannot escape from

the black hole. For v < vy we substitute 1' into the expression for pff) 1D to obtain

@) 0 v > U 493
b, ~ Tjg,;iw exp [—Z% In (vg;)v)} v < vy ( . )
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Here P, = P,(2M). This expression (4.23) is valid only for v — vy small and positive. For
large values of W’ we can use the asymptotic form of the solution. Plugging (4.23)) in (4.16])
and (4.17)) and evaluating the expression (see appendix E in thesis), we get for large w’
1 iw - / ) w
a®, ~ =P (CD)% e ' ( ﬁ) T (1 . E) (i)~ (4.24)

27 w K

8P, ~ —ja® (4.25)

ww' w(—w')"
From (4.25]) we find
50(3/ _ p2iw'vo log(~1)(~1+%) ,(2) (4.26)

ww’*

5(2) has a singularity at w’ = 0. We analytically continue anticlockwise around this singu-

ww’

larity and get log(—1) = im. Using this we find from (4.26))

B2 = e % o) (4.27)

Suppose now that the portion of the wave that propagates through the collapsing matter,

reflects in the center and reaches .~ is 7. This means a fraction 1 — ~,, is reflected by the

Schwarzschild gravitational field outside the matter. The orthonormality condition is then

= [ (a2 = B2 (4.28)
0
This means that the spectrum of particles that is produced is
Nw - / |wa’|2dw/ = % (429)
0 e~ —1

This is Hawking’s famous result. Comparing to ordinary thermodynamics we see the black

hole behaves as a black body with temperature
Ty = — (4.30)

called the Hawking temperature.

There remains one issue to be resolved. The expectation value of the number of particles
created at £ in the range of frequencies w to w + dw is dw [;° |Buw[*dw’. Now since
|Buwr| < 1/3/w' the integral diverges logarithmically. This results in an infinite number of
particles created. This divergence corresponds to the fact that we evaluate a finite rate
of emission for an infinite time. One can show that indeed, the particles created produce a
steady flow at .. One way to go is to do an analysis that involves introducing wavepackets.
This is the way in which Hawking himself proceeded. A simpler way to go is described in
[33].
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4.2 Hawking’s result and black hole thermodynamics

Let’s now look back at our review of the mathematical analogy between the laws of black hole
mechanics and ordinary thermodynamics in section 2.2l The only thing that was holding this
mathematical analogy from being an actual physical analogy was the absence of a black hole
temperature. We now see how this issue is resolved when one moves away from the strictly
classical picture. As we have learned in the previous section, semiclassical black holes do
radiate with a thermal spectrum at the black body temperature given by (4.30). This allows
for the concepts of black hole mechanics and thermodynamics to be consistently compiled
into a one picture. Thus, we can conclude that a black hole is indeed a thermodynamic
object. Equation determines the value ofthe constant in at a = 1/2, thereby
confirming what Bekenstein had proposed earlier: black holes have an entropy proportional

to their area. This Bekenstein-Hawking entropy is

A
Spr = 7. (4.31)

The derivation in section took place in the spacetime of a black hole formed by gravita-
tional collapse. However, the same effect occurs for eternal black holes. The time-dependency
of the metric turns out to have nothing to do with Hawking radiation. After Hawkings origi-
nal derivation, numerous other derivations of the effect have been proposed, generalizing the
concept in different directions. A few notable derivations can be found in [42], [43] 144 [45] 46].
The above is in no way intended to be a full overview of all known derivations or general-

izations, but serves as an illustration of the fact that the Hawking effect is by now very well
established.

In all cases one obtains a radiation spectrum

Yo
2m(w—p)

Nw:—7
e~ =*£1

(4.32)
where the minus (plus) sign corresponds to bosons (fermions). It can be shown that the radi-
ation is indeed truly thermal [47]. Linking with thermodynamics, i is a chemical potential.
For Reissner-Nordstrom black holes in 4d, u = q®py, where ¢ is the charge of the emitted
particle and ® 5 is the electrostatic potential at the horizon. So, &y appears as a chemi-
cal potential causing particles with the same sign of charge as the hole to be preferentially

emitted. A charged black hole will therefore preferably radiate away its charge.
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4.3 Black hole puzzles, paradoxes and conjectures

The semiclassical theory of black holes and in particular the Hawking effect, is elegant,
but it is full of conceptual problems. The study of semiclassical black holes clearly reveals
the tension and conflicts between the theories of general relativity and quantum mechanics.
Therefore, the puzzles and paradoxes we encounter may also carry important clues for how
one should think about unifying the two. We will very briefly discuss two of these issues.
Here, we present them in simplified form, as they serve to provide a taste of what puzzles
semiclassical black holes bring along and why a better understanding of Hawking radiation

may proof useful.

4.3.1 The entropy puzzle

From the above, we have learned that a black hole has an entropy S = %. This entropy
will be huge and this poses a puzzle. We know from statistical physics that the entropy
of a system is S = log N, where N is the number of accessible states. If we plug in some

numbers, we find that for a solar mass Schwarzschild black hole

N =58 ~ 10107, (4.33)
This is a huge number and it is not immediately clear where to look for the microstates that
make up this number. The enormous entropy of a black hole seems to be at odds with the no
hair theorem from general relativity, discussed in section [2.1} In the context of string theory
we have developed some understanding of the microscopic origin of the Bekenstein-Hawking
entropy [6], but many of its aspects remain poorly understood. One could think that the
discrepancy described above should not matter too much and that the entropy is at the
singularity in one way or another. But this does not solve the problem. As we will see, this

possibility leads to an even more serious problem if one includes the Hawking effect.

4.3.2 The black hole information paradox

Let’s again take a Schwarzschild black hole as an example. Its temperature is inversely
proportional to the hole’s mass. So, as the hole radiates, its temperature rises. If we consider

an isolated black hole, this will become a runaway process and the hole will eventually
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completely evaporate in a finite time. This presents a problem. Consider a black hole and
let it evaporate completely. According to what we discussed in section the radiation is
purely thermal. This means it is characterized by one parameter, Ty, and is uncorrelated.
So, once the black hole has completely evaporated, all that is left is this thermal Hawking
radiation. The information that specified the matter forming the hole seems lost. This is

known as the information paradox [7].

Being a bit more precise, the paradox can be stated as follows. Imagine some matter in a
pure state and collapse it so that it forms a black hole. If we now let this hole evaporate
completely, all that will eventually be left is the Hawking radiation that is in a mixed state.
This means that the result of the evaporation process is that a quantum state that was
initially pure evolved into a mixed state. This process is not unitary and therefore violates

a quantum mechanical principle.

The information paradox has remained a challenge since Hawking’s first derivation of black
hole radiation. An overview of the complete discussion on this topic and its suggested
resolutions is far outside the scope of this thesis. For a more precise and complete review,
see e.g. [48] 149 [50]. Roughly, the paradox leaves three possibilities, in which most scenarios

somehow end up.

Information loss This is the resolution Hawking himself originally concluded [7] and means
the rules of quantum theory as we know them do not apply in all situations. Treating
gravity as an effective theory in regions of small curvature, seems to lead logically to
the loss of information. However, this non-unitary evolution violates the fundamen-
tals of quantum mechanics, and is widely regarded as highly undesired. This should
change the framework of quantum mechanics and we would then expect to see this
non-unitary evolution elsewhere. Moreover, it is claimed that such evolution results in

severe violations of the conservation of energy [51].

Remnants Another possible solution is that black holes do not evaporate entirely, but end
up as Planck sized remnants in which the information is stored. The existence of
stable or long-lived remnants, however, provides severe difficulties [52]. For remnants
there is no connection between the density of states and Sgy. Moreover, we can start
with a black hole that is arbitrarily large. This means that the number of states

that are available to a remnant is arbitrarily large. Due to the unbounded number of
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states that is available to the remnant, the virtual effects due to them diverge, even at
zero temperature. The same goes for the amplitudes for their pair production. For a

particularly nice argument against the existence of remnants, see [53].

Information conservation via Hawking radiation This seems to be the most desired
resolution. However, it is not known how this Hawking radiation would be able to
carry the information. This solution seems to imply that gravity as an effective field

theory breaks down in regimes where one would normally expect it to be valid.

The development of the AdS/CFT correspondence has shed some light on the information
paradox. According to this duality the evaporation of a black hole should be dual to a process
in the dual gauge theory. Since in this gauge theory evolution is unitary, i.e. pure states
cannot evolve into mixed states, so should the process of black hole decay be. So, AdS/CFT
implies that the last of the three scenarios should be true. It is still unclear, however, where
the original argument by Hawking was wrong or how exactly the information is carried away
by the radiation. It has been argued that if we demand no information to be lost, this means
the effective theory breaks down dramatically at the horizon, leading to the firewall puzzle
[54]. Efforts to deal with this puzzle have, again, led to many new ideas, spreading into

many different directions.

4.3.3 Preview: the weak gravity conjecture

We wish to close this chapter by mentioning the weak gravity conjecture (WGC) [11]. It is by
nature different from the two puzzles described above. Instead of being a problem posed by
semiclassical physics of black holes, the WGC is a conjecture on the properties of quantum
gravity and its low energy realizations, which was originally based on semiclassical black hole

physics.

Consider a black hole that is charged under some U(1) gauge field. We would like it to be
able for such a black hole to dissipate all its charge in evaporating down to the Planck scale.
Suppose that this would not possible. Then as a result, the spectrum will contain a huge

number of remnants. Such remnants, as discussed in section [£.3.2] are highly undesired.

Now, in able to allow such a black hole to evaporate, at least one superextremal state must

exist. Let’s make this as explicit as possible. We consider, as before, a U(1) gauge theory
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and we label the charged states by an index ¢. Each state ¢ represents a particle of mass m;
and charge ¢;. We can define a charge-to-mass ratio

q;
= —M,, 4.34
z m P ( )

which is dimensionless. Now, consider a black hole of mass M and charge ) and let it
evaporate only into particles ¢, with highest z;. Using charge conservation, we know that
in evaporating all its charge, the black hole emits % particles. After evaporation the rest
mass of the final state is mq—Q Energy conservation tells us this must be less than the initial

rest mass: mq—i_Q < M. Defining the black hole charge-to-mass ration analogous to (4.34) as

Z = %Mp, we find that for a black hole to be able to dissipate its charge we must have a
state obeying z; > Z. Since for an extremal black hole Z = 1, it is stable unless the theory

contains a state with z; > 1.

Thus, in order to allow all black holes to radiate away their charge as they evaporate to the

Planck scale, the theory must contain a state that obeys

>1 = Z<m, (4.35)
q

Another way of stating this is by demanding that ‘gravity is the weakest force’. The WGC
promotes this to a principle and suggests that (4.35]) is to be understood as a consistency

relation on a theory of quantum gravity and all its EFTs.

Recalling that Ty ~ k, we notice a problem. In section we learned that for extremal
Reissner-Nordstrom black holes the surface gravity, and hence the temperature, vanishes.
Hawking’s strictly semiclassical derivation of the radiation spectrum therefore does not al-
low extremal black holes to decay. However, in this regime we do not expect this strictly

semiclassical approximation to be accurate, as back reaction effects become important.ﬁ

SFor this approximation to hold we assume the backreaction effects are small. By this, we also mean that
the change in Ty as a result of emitting a single quantum is small. This does not hold for black holes very
near extremality [55].



Chapter 5

The effect of energy conservation on
black hole radiation

As was discussed in the previous section, all standard derivations of black hole radiation
reproduce the same result of a strictly thermal radiation spectrum characterized by the
Hawking temperature Ty. These standard derivations employ strictly semi-classical meth-
ods: the background geometry is treated as fixed and one calculates the response of quantum
fields to this geometry. Since one considers a fixed background, energy conservation is not
enforced in these calculations. This can for example be seen from the collapse geometry we
used to derive the radiation in the previous chapter. The radiation is caused by the chang-
ing metric of the collapsing body, but at late times it matches a steady flux. This implies
a violation of energy conservation, strongly indicating that we cannot ignore the problem of

back reaction.

The question of how to incorporate energy conservation or, more generally, gravitational
back reaction in the black hole radiation problem has not yet been solved in a satisfactory
way. To address questions of this type one must go beyond the approximation of a fixed
background and allow the geometry to fluctuate. In general, however, this means one has to

treat the geometry as a quantum variable and hence requires a theory of quantum gravity.

Luckily, if one considers only spherically symmetric field configurations, i.e. s-wave emission,
energy conservation in the radiation process can be accounted for without the need for

quantum gravity. In such setups, the gravitational field has no dynamical degrees of freedom

39
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and can be integrated outE] In [12, 13] Kraus and Wilczek developed an approach to include
self-gravitational effects in a spherically symmetric radiation process. Contrary to the regular
method of quantizing a field on a fixed background, this procedure allows the geometry to
fluctuate in response to the emission. Consequently, the energy of the complete system is

conserved throughout the procedure.

In this chapter we propose an improved version of the method suggested in [12] [13] to
calculate the black hole emission probability, with self-gravitational effects included. We
treat both massless and charged radiation from the Schwarzschild and Reissner-Nordstrom
black holes and find that the refined procedure results in a modified radiation spectrum, that

deviated from a strictly thermal one.

5.1 Outline of the approach

The actual computation that will be performed in this chapter can get rather detailed and
complex. For the sake of the overall picture, we start with a short outline of the approach

and a discussion of the underlying logic.

The starting point is the full action describing a relativistic particle interacting with gravity.
This action contains a large number of degrees of freedom, making it difficult to solve concrete
problems like that of black hole radiation. To make the problem more manageable, we
consider spherically symmetric configurations only. By doing so, we focus on the degrees of

freedom most relevant to the emission process.

After truncating to s-wave emission, we can treat the particle as a spherical shell. There
effectively remains only one degree of freedom: the position of this shell. One can isolate this
true degree of freedom to obtain an effective action for a self-gravitating shell interacting
with the black hole. The next step would then be to quantize this effective action in order
to obtain a corrected field equation. However, full quantization appears to be too difficult.
Next, we use the WKB approximation to quantize the action semi-classically. Doing this,
one obtains a Hamilton-Jacobi equation for the action, which in the WKB approximation
equals the phase of the wave function. Solving this differential equation we find an expression

for the phase of the wave function, providing us with the corrected proper modes.

! This is a consequence of Birkhoff’s theorem.
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Now that we have an expression for the proper modes, we move on to determining the state
of the quantum field following the gravitational collapse of matter into a black hole. We
are eventually interested in the late-time radiation. As is usually done, we demand that
an observer freely falling through the horizon sees nothing singular, and that the positive
frequency modes are unoccupied in the far past. Performing the regular second quantized
analysis, consisting of the calculation of the Bogoliubov coefficients, we find at late times a
mixture of positive and negative frequency modes. The produced particles are interpreted

as black hole radiation.

5.2 Results for massless radiation

We start by discussing the radiation of massless scalar particles from the Schwarzschild black
hole. We carry out the full calculation in detail and obtain an interesting modification of
the radiation rate, which is no longer strictly thermal and instead relates to the change in

Bekenstein-Hawking entropy as a result of the emission.

5.2.1 The effective action of a self-gravitating shell

The full action for a particle interacting with gravity reads

1
S = —m/ —guydi‘“de—F F/Cﬂﬂ?\/ —gR (51)
(L

Here, a hat means the quantity is to be evaluated at the position of the particle. Starting from
this action, we can work towards an effective action for a self-gravitating massless particle
in the s-wave, interacting with a black hole. This is done in the Hamiltonian formulation
[56], 57, 58] of spherically symmetric gravity [59, [60]. There is only one true physical degree
of freedom in our problem. Due to the fact that Einstein gravity is a theory of constraints,
the action seems to contain more. To isolate the true degree of freedom one must solve

these constraints. In general (and in our case for sure), this is easier done with Hamiltonian
methods [12].

In the Lagrangian formalism, the constraints are expressed in terms of the variables 7, 7, > G-

Applying these constraints to spherically symmetric vacuum solutions results in the Schwarzschild
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geometry with some mass parameter M | In this formalism, M is constrained to be time-
independent and it turns out only a subset of the shell trajectories are allowed by the
constraints. But in order to quantize the theory, we need an action that is valid for arbitrary
shell trajectories. In the Hamiltonian formulation, on the other hand, the constraints are
expressed in terms of the variables 7,p, g;;, m;;. Applying the constraints we again obtain
Schwarzschild geometry with mass parameter M, only this time M is allowed to be time-
dependent. Hence, in the Hamiltonian formulation an arbitrary shell trajectory is compatible

with the constraints. This makes the transition to a quantum theory a lot more convenient.

We will not go through the entire procedure to obtain the effective action for a shell inter-
acting gravitationally with a black holeE] Instead, we will limit to an outline of the method

and use the result derived in [12]. The recipe used is:

1. Write the metric in ADM form and restrict to spherically symmetric geometries. This
means we only consider emission in the s-wave. We thereby focus on the most relevant
degrees of freedom in the emission process, since the radiation of black holes into scalar

particle primarily takes place in the s-wave.
2. Rewrite the action in canonical (Hamiltonian) form.
3. Identify the constraints by varying the action.
4. Solve these constraints and plug the solutions back into the action.
5. Pick the Painlevé gauge, discussed in section [2.5] to obtain the effective action.

The effective action for a self-gravitating, massless shell interacting with a Schwarzschild

black hole can be written in canonical form as [12]

S = /dt(p(f — M), (5.2)

Here, we have chosen to fix the black hole mass M and allow the mass as seen from infinity
(including the shell contribution), M, to vary (in order to satisfy the constraints, see step
4). Note that we could equally well have chosen the total mass to be fixed and the black
hole mass to vary. We will elaborate on this in section [5.2.6

2This is the content of Birkhoff’s theorem, discussed in chapter
3This requires substantial prior knowledge of the Hamiltonian formulation of gravity, a review of which
is beyond the scope of this thesis.
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As the action is written in canonical form, we can identify M, as the Hamiltonian. p, is the

canonical momentum conjugate to 7, the position of the shell, and reads

Vi — nv2M,

Vi —nv2M

where n = +1 for outgoing and ingoing shells respectively. In what follows, we focus on

pe = V2M7# — \/2M 7 — nilog , (5.3)

outgoing shells, i.e. n = +1.

5.2.2 Quantizing the effective action

Now that we obtained the effective action , we wish to quantize it. We have
My =M —py, (5.4)
where p, is the negative of the energy of the shell.E] Using we can rewrite the action as
S— / (oo + pr). (5.5)

We have dropped the term f dtM , since this merely contributes a constant shift.

We want to proceed by quantizing the massless, gravitating shell surrounding a black hole.
Full quantization, however, appears to be very difficult. The gravitational field of the shell
itself is included in the effective action (5.5)), meaning we lost locality. Simply substituting
p — —1i0, and p; — —i0; will not do, since we do not know how to manipulate before

making such substitutions.

Our goal is to determine the late-time black hole radiation. Fortunately, for this problem
we can circumvent the difficulties that arise in the quantization of the action. The quanta
emitted from the black hole experience an ever increasing redshift as they escape to infinity.
So if we trace back the radiation towards the black hole horizon, the wavelengths become
arbitrarily small. For the short wavelength solutions to the wave equation, the geometrical
optics, or WKB approximation provides an accurate description and enables (semi-classical)

quantization.

4We write our equations in terms of p; to follow the conventions in [I2]. This makes a comparison between
our analysis and the one performed there easier.
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In the WKB approximation we can write the wavefunction of the shell as
B(t,r) = e, (5.6)

In this approximation the ambiguities when inserting the substitutions p — —i0, and p; —
—10; are absent. Instead, derivatives acting on ¢ just bring down powers of 190.S. Therefore,
we proceed quantization by substituting
oS oS
— —, — —. 5.7

Pe ™ 5y be ot (57)
These substitutions lead to a Hamilton-Jacobi equation for S of the form % = p., where
pe is a function of %—f. The solution to this equation is simply given by the classical action,
computed along classical trajectories. We take 7(t) to be a solution of the equations of

motion found from (5.5, i.e. a classical trajectory. Then the quantized action reads

5@ﬂmzsmf®%ﬁéﬁhﬁﬁﬁ®+m} (5-8)

One can check that indeed (5.7) holds. Now that we have a quantized action, there are two
issues that remain to be discussed: the nature of the trajectories 7 and the specification of

the initial conditions.

The trajectories extremizing the action (5.5)) turn out to be the null geodesics of the black
hole metric with mass parameter M, . Let’s show this. Since the Lagrangian has no explicit
time dependence, the Hamiltonian —p; is conserved. We may use Hamilton’s equations
7= %—I;, with H = —p; and p. given in 1D We obtain for the trajectory extremizing the

action in ({5.5))

2M,
-

F=1-—

(5.9)

Now, let’s find the expression for a null geodesic in the Schwarzschild metric with mass
parameter M., to show that this equals . From the geodesic equation and metric
compatibility we know that the quantity
dz* dz”
guuﬁﬁ =€
is constant along a path. For null paths € = 0 and the condition simplifies to ds? = 0. If we
plug in the line element of the Schwarzschild black hole in Painlevé coordinates (2.24)), with

mass parameter M, this leaves us with the condition

ds* =0 = 72 +2\/1— f(r)r —f(r) =0, (5.11)

(5.10)
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with solutions

2M,

F=41—/1— f(r) = 41— (5.12)

Under the assumption that ¢ increases towards the future, the plus and minus sign correspond
to outgoing and ingoing trajectories respectively. Therefore, the trajectories extremizing the
action ([5.9) are outgoing null geodesics in the Schwarzschild geometry with mass parameter
M,.

What is left is to determine the initial condition. As we will see in the next section, the
solutions that we need in order to describe the state of the field after the formation of a

black hole have the initial condition
S(0,r) = kr k> 0. (5.13)

For the WKB approximation to remain valid, k¥ must be large (k > 1/M). This does not
present a problem in our approach. As clarified above, the k’s relevant for the calculation of

black hole radiation at late times become arbitrarily large due to infinite redshift.

We can now rewrite our effective action (5.8)) as
S(t,7(t)) = kr(0) + / drpe(7(t)) + pit, (5.14)

where we have used ([5.13)), and p,. is given by (5.3)). In [12] the authors only keep the terms
that become singular at the horizon. This is not necessary and for clarity we keep all terms,
including the non-singular ones. Now from (5.7 and (5.13]) we find

_os
- Or

So, focusing on outgoing radiation, we obtain for k

p:(0,7(0)) (0,7(0)) = k. (5.15)

V7(0) — 20,
V(0) — V2M

k= /2M7#(0) — \/2M,7(0) — 7#(0) log : (5.16)

5.2.3 Quantum field theory and black hole radiation

We now have a quantum effective action ([5.14)) for the shell, which includes effects due to

self-gravitation. Next, we focus on discussing the emission of such shells from the black
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hole. As we know by now, black hole radiation results from the fact that we have two
non-matching natural vacuum states appearing in the quantization of a field in a black hole
spacetime. Second quantization has us expanding the field operator in a complete set of

solutions to the wave equation

ot 1) = / dk [akfk(t,r)Jrazf,j(t,r) . (5.17)

In a stationary black hole spacetime, we have to consider two inequivalent sets of modes that

both appear to be natural:

e modes natural from the standpoint of an observer making measurements at infinity,

and

e modes natural from the standpoint of an observer freely falling through the black hole

horizon.

As Schwarzschild is asymptotically flat, the natural modes for an observer at infinity are
those that are positive frequency with respect to the timelike Killing vector d;. We write

these modes as uy(r)e”“** and the expanded field operator reads

o(t,r) = /dk [akuk(r)e_iwkt + a,iu}i(r)eiwkt] : (5.18)

The modes ug(r) are singular at the horizon. Therefore, the freely falling observer would find
an infinite energy-momentum density in the vacuum state |0,) defined by a;|0,) = 0. This
cannot be the state resulting from collapse, because we expect the freely falling observer
to notice nothing unusual when crossing the horizon. To describe the state resulting from
collapse, we use the modes that are positive frequency with respect to this freely falling
observer, vi(t,r), and that are well behaved through the horizon. Expanding the field

operator in terms of these modes, we write
o(t,r) = / dk [bkvk(t,r) + bl (t, )] . (5.19)
This expansion defines a new natural vacuum state |0,) defined by b;|0,) = 0.

Since both sets of modes form complete sets, we can expand one set in terms of the other.
This meand’|

vg(t,r) = /dk' [ (r)e™ w4+ Brup (r)ert] (5.20)

®following the conventions of [12].
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so that the a; and by operators are related by Bogoliubov transformations
Qp = /dk'[akk/bkr + ﬁkk/blt:l] (521)

From ((5.20) and ([5.21)) we obtain expressions for these Bogoliubov coefficients

1 o -
O () / die"* v (t, ) (5.22)
and
1 > iwkt *
Bkk’ = m dte Uy (t7 T). (523)

The average number of particles measured by the observer at infinity in the v-vacuum, |0,),

18
Ny = (Ou]alaz|0,) = / Ak | B 2. (5.24)

If we were to consider the radiation from a black hole for an infinite amount of time, N
would obviously become infinite. Instead, we wish to obtain the rate of emission. In order
to do so we use the density of states 2. If o /S| is independent of & (as we will see is

the case), we can use

/dk/ (levewe [* = [Baw?) = 1 (5.25)
to obtain the flux of outgoing particles with frequencies between wy and wy + dwy at infinity
d
F(wr) = e o) (5.26)
2T Qppl 1
B!
kk

We have included a grey body factor y(wy). As particles travel outwards a fraction 1 —y(wg)
will be reflected back into the black hole due to spacetime curvature. ({5.26|) identifies the

ratio of the coefficients as effective Boltzmann factor and the probability for emission as

B

8797

2
T~

(5.27)
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5.2.4 The corrected radiation probability

From (5.27) we know that it is the norm of the ratio of the Bogoliubov coefficients 5’“—’“'/

that determines the rate of emission. In order to calculate this ratio, we need an expression
for vi(t,7), the modes that are positive frequency with respect to the freely falling observer
and which extend smoothly through the horizon. In section we used the WKB ap-
proximation to find an expression for the solutions to the wave equation. We now use these

solutions as the (corrected) proper modes.

The integrals and determining the Bogoliubov coefficients are to be evaluated
at constant r. We are evaluating v (¢, ) in the WKB approximation. This approximation
is most accurate as close to the horizon as possible. But we also need to watch the other
modes, ug(r). These break down for r < 2(M 4 wy). We therefore evaluate the integrals just
outside the black hole horizon at r = 2(M + wy), leaving us with the modes

O (1, 2(M 4 wy,)) = "5 B2(Fwr) (5.28)

In fact, the exact position of r turns out not to matter that much, as long as it is outside
(M + wg) = 2(M + wy). Furthermore, the exact form of the ug(r) modes is irrelevant for
our purposes, since the factors in and containing these modes cancel when we
take the ratio.

Now what about the initial condition to be imposed on the vg(t,r) modes? We want these
modes to be regular at the horizon. The metric near the horizon is a smooth function of
t and r. Therefore, we can define a set of modes regular at the horizon by setting their

behavior on the spacelike surface ¢t = 0 to be
ve(0,7) = e as r—2M (5.29)

Since we are evaluating the modes vy (¢,r) in the WKB approximation, this sets an initial

condition for the action
S(0,7) = kr, k> 0. (5.30)

We recognize this as the initial condition we imposed in (5.13). The above is the underlying

logic.



CHAPTER 5. The effect of energy conservation on black hole radiation 49

Now that we have an expression for the modes, we can rewrite the integrals ([5.22)) and ([5.23))
for the Bogoliubov coefficients as

1 &0 . )
O = / dtezwkt—&-zS(t,Q(M—&-wk))
2mug(r) J_o

1 00 A .
== dt zwkt—zS(t,Q(M—&-wk))‘ 5.31
Bk 2 (7") / . € ( )
Since the prefactor will drop out in the ratio, we will only be concerned with evaluating the

integral. We evaluate these integrals in the saddle point approximation. This approximation

gives us
Ol = D —nY 1( )ei(“”“t°+3(t°’r)) /OO dtesS" (tor)(t=to)® (5.32)
T (r oo
ﬁkk, _ 2 ].( )ei(wktO*S(tO,T)) /OO dtefésll(tom)(tfto)Q’ (533>
T (r oo

where r = 2(M + wy). The integral with the second derivative at the saddle point is just
some Gaussian integral that will give us a prefactor of no interest. From now on we ignore
it, meaning that in this approximation we take the coefficients to be given by their saddle
point values. The saddle point is found by setting the derivative of the integrand in ([5.31])

with respect to t equal to zero. Therefore, the saddle point equation is

a8
+—(t,r)=0 5.34
Wk (915 ( 7T) ) ( )
where the plus and minus sign correspond to ajgp and Sgg respectively. From section [5.2.2]
we know
oS
o —P= M- M, (5.35)

leading to the rewritten saddle point equation
M, = M =+ w. (5.36)

This equation tells us that for ayp the saddle point trajectory has energy wy and for Sig

the saddle point trajectory has negative energy —wy.

Remember that the emission rate is given by the norm of the ratio of the Bogoliubov coef-
ficients. This means only real parts of the exponent are relevant and (leaving for now the

prefactors) we want to compute

’akkz’l _ 6—Im(wkto+5(to,r))’ ‘5kk" _ e—Im(wkto—S(to,r))' (537)
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Now, let’s take a closer look at the exponent
—Im(wgty £ S(ty,r)) = —Im {wkto + k7 (0) £ / drpe(7(to)) — wito
= ¥Im / dipo(7(to)), (5.38)
#(0)

where the minus (plus) sign corresponds to agx (Okrr). In the first line we used (5.14) and
(5.36) and in the second line we used that 7#(0) € R. From ({5.38)) it follows that we are left

with calculating
|| = e [y p(rdr 1 q | B | = ™ Jroy P} (5.39)
Note that for the two coefficients, 7(0) has different expressions and M different values.

We wish to solve close to the horizon. For a black hole the event horizon coincides with
the surface of infinite redshift. We can therefore plug the saddle point expression for M,
corresponding to each of the trajectories in equation ([5.16)) and solve for £k — oo, which

yields

(M + wy) + O(e"™M) (5.40)
(M — wy,) — O(ek/M), (5.41)

Okt - 7§(0) =

2
ﬂkk/ . f(O) == 2
We now have all the ingredients needed to calculate the rate of massless radiation from a
Schwarzschild black hole. Here, we do this by evaluating the integrals in (5.39)) explicitly.
First of all, note that for ax, 7(0) = r and the action vanishes. Therefore, |ay| = 1. In
practice, the exact position of r does not matter too much, as long as it is outside of the
horizon. The physical reason why the imaginary part of the action vanishes, is that the
region considered for r lies completely outside the horizon (as a result of which, the branch

points of the logarithm lie outside the integration interval).

For g, 7(0) is inside the horizon. Looking at the expression for p in (5.3)) we observe that
only the logarithmic term may yield an imaginary contribution. The emission rate is now

given by

2
B

0974

I' ~

— 2Im Jroy p(r)dr (5.42)
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Performing the integral in the exponent, we find

Im/ (7) f:—Im/ 7 log
0 \/_ V2

Therefore, we finally obtain the corrected probability for a Schwarzschild black hole of mass

=21(M — wy)? — 2M?2. (5.43)

M to emit a quantum of energy w

2
Bkk’

097

T, ~

_ 647F(M*Wk)2*47"M2 — 6*8TMI€(M*W7]€) = eASBH_ (544)

Substituting this expression in ([5.26]) gives us for the flux of radiation at infinity

dw, ¥ (wr)
2 eBﬂwk(Mf%“) - 1

Fo(wr) = (5.45)

For details of the final step in equation (5.43), we refer to appendix [C]

It is important to mention that the result in differs from the result obtained in [12]. In
[12] the authors seem to disregard the final term in the action (5.14). Moreover, they treat
the action as if it were purely real, which it is not. As they do not treat the action properly,
their analysis runs into trouble as they calculate the Bogoliubov coefficients. This is also
the reason why in their analysis, one does not recognize the appearance of what effectively
is a tunneling calculation. The fact that one does so in our analysis is discussed in the next
chapter. As a result of the above, the authors of [12] miss the fact that the corrected emission
probability is related to the change in the black hole’s entropy, a feature that seems to be

universal.

5.2.5 Comments and interpretations

The result obtained in demonstrates that with the inclusion of self-gravitational ef-
fects, the spectrum deviates from a strictly thermal one. To linear order in w the rate is a
Boltzmann factor e with 8 = 87 M = T};'. This is the inverse of the familiar Hawking
temperature for a Schwarzschid black hole. Hence, to linear order we recover the familiar
thermal spectrum. The quadratic correction arises from the physics of energy conservation

and becomes significant for larger w.

Furthermore, we see from ([5.44)) that the radiation rate can be written as the exponent of the

change in the Bekenstein-Hawking entropy of the hole: T' ~ e84 This appears consistent
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with unitarity [14]. It agrees with what one would expect from a quantum mechanical
microscopic theory of black holes in which there is no loss of information. From quantum
mechanics we know that the rate for a process is expressed as the square of the amplitude

of the process, multiplied by a phase space factor
I' = |amplitude|? x (phase space factor). (5.46)

The phase space factor is obtained by summing over all final states and averaging over initial
states. For a black hole the number of such states is just given by the exponent of the final

and initial Bekenstein-Hawking entropy. Hence

esfinal

I~ = A%, (5.47)

eSinitial

Our result, therefore, is in agreement with what we would expect from unitary quantum

mechanics.

Another hint that the obtained result is correct can be found when one considers the limit in

which the entire mass of the hole is carried away by the emission of one particle, i.e. w = M.

We see from ([5.44) that
[~ e 4 = =Sbu as w— M. (5.48)

This agrees with what one would expect on physical grounds. There are e°2# initial states
in total and there can only be one outgoing state with w = M. It follows from statistical
mechanics that the probability of finding this state is ~ e~2% just like we found in (5.48)).

While the corrected emission probability seems to be in agreement with what one would
expect from unitary quantum mechanics, this does not necessarily say anything about the
microscopic degrees of freedom. It would be interesting to check whether the non-thermal
corrections lead to correlations between the probabilities of emission of quanta with different
energies. If so, this would allow for information to be encoded in the emitted radiation,
which would be of particular interest in the context of the puzzles discussed in [£.3] Here, we
will very briefly discuss some issues attached to this. We must warn that the remainder of

this section is somewhat speculative.

In [61], this possibility was already briefly discussed. Although in this chapter we went
beyond the free field approximation, it is important to keep in mind that we only considered

single particle emission. It is, however, not unlikely that one could in principle calculate
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the correlations (if present) between two particles emitted by the hole by extending the
methods we developed. This extension would consists of including two shells, instead of just
a single one. But how would one go about doing that? We can write down the action for

two mutually gravitating shells in a similar way as for a single shell

S = /dt[Pﬂﬁ + paty — H(r1,72,p1,D2)]. (5.49)
We can then take the initial conditions as
S(O, 1, 7’2) = k’lTl -+ k?QT‘g (550)

and obtain the quantized action S, x,(t,71,72) by integrating the Hamilton-Jacobi equation
just like in the single particle case. If there are any correlations, the action Sk, x,(t,7r1,72)
probably contains all information about them. But there is another problem. Treating
single particle emission, we knew how to proceed to a field description. This is prescribed by
and we were then able to use the second quantized machinery to calculate emission
probabilities. In the case where we consider the emission of two particles, however, it is
not clear how to proceed to a field theory description. Therefore, we do not know how to

properly interpret the theory and calculate emission probabilities.

Perhaps we can simplify the discussion slightly if we take the time separation between the
emission of the two particles to be large. In this case the second particle will have an emission
probability given by , but with a black hole mass M —w;, where w; is the energy of the
particle that was emitted first. Intuitively, one would say the probabilities are correlated.
Obviously, the probability of emission of the second particle depends on the energy of the
particle that was emitted previously. This is simply a manifestation of the fact that we
took into account a back reaction effect. It might proof interesting to further investigate the

possible presence of non trivial correlations in the radiation.

Another approach
Consider two quanta of energies w; and ws emitted one after another and compare this
process to the situation in which one quantum of energy w; 4+ ws is emitted. In [62] it is

claimed that the probabilities are correlated as long as

log(Ty, T'wy) # 10g(Lyy 4 )s (5.51)
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or equivalentlty

Pau +wa

—— | #0 5.52
le FwQ # ( )

X (w1, ws) = log

As an example, we consider massless radiation from the Schwarzschild black hole. Let us
denote the probability of emission of a quantum w from a black hole of mass M (before
emission) as I'(M,w). In [62], T, in (5.52) is then interpreted to be I'(M — wy,ws). In this
case we use ([5.44) to obtain

%)

log(P, T, ) = —87 [wl (M _ %) 4w, (M oy — _>]

e (u-252)]

= log(Luy4en)- (5.53)

Therefore, [62] concludes that there are no correlation at late times, just like for a thermal
emission spectrum. Thus, it is concluded that self-gravitational effects alone do not provide

a straightforward way in which information can emerge from the horizon.

However, in [63] it is argued that with this definition where I',, = T'(M — wy,ws), (5.52))
does not properly compare the single emission of a quantum w = w; + wy with the separate
emission of two quanta w; and w,. Their claim is that with such a definition, one "absorbs
the correlations themselves into the test for their existence”. In other words, for any two
events, one would find y = 0. Instead, they claim that the proper definition is instead
[, = (M,ws). A simple calculation shows that with this definition, one finds

X (w1, wq) = —8Twyws, (5.54)

indicating the presence of correlations in the radiation. This, of course, is only if one accepts

that the quantity x(wi,ws) truly does signal correlations.

To us, the validity of this entire approach is unclear. There are two questions that may be
asked and to which the answer is unclear to us. Firstly, is y, in either definition, the right
quantity to signal correlators? And if so, is it applied in the correct way? As for the second
question, remember that we found T, ~ ¢2%. This means T, = A(w)e®S, where A(w) should
in principle be a function of the particle’s energy. In the above, it is somehow assumed that
the terms in x(w;,ws) involving this energy-dependent prefactor cancel. How this happens

is also not clear to us.
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5.2.6 A note on the fixing of ‘mass parameters’

In [T2, 13] the authors choose to fix the mass of the black hole M and allow the mass as seen
from infinity M, to vary. This is also the approach we followed so far in this chapter. The

total energy contained in a sphere of radius r is then

M r<T

EW:{J\L;M—% v (5.55)

As was claimed above, one could just as well choose this to be the other way around. This
means we allow the black hole mass to vary, while the mass as seen from infinity is fixed.
We would then have

(5.56)

M_=M+p r<r
E(”:{ Mo rsi

If we would use the conventions of (5.56)) in the field theory analysis, we would expect to
obtain the same final answer as obtained in section with the use of (5.55)). This is

worth paying attention to and linking the two possibilities might proof useful.

The effective action (5.2)) has the form
S = /pcfdt + [boundary term)| (5.57)

Both terms in this action should be treated differently when switching between the two
different choices for fixing the mass parameters. In deriving p. like in [I2], the suitable
transformations to switch from situation (5.55)) to ((5.56)) are simply

M — M. and M, — M. (5.58)

This gives us

Vi —V2M
Vi —2M_|

pe = /2M_7 — V2M7 — 7 log (5.59)

The second term in (5.57)) requires some more thinking. This term is a boundary term.
Boundary terms are added in the Hamiltonian formalism in order to have a well-defined
variational principle. In the Schwarzschild spacetime we are considering, spacelike slices

have two boundaries. One boundary is at spatial infinity, i°, and the other at the horizon.
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What boundary term appears in depends on the quantities one keeps fixed at each of
the boundaries. Naturally, one would say that as the boundary term is added to obtain a
well-defined variational principle, it must contain a variable. This points in the direction of
a similar term as before, but with M_ instead of M, . In [64] this boundary issue is covered

and it indeed seems that in case one uses conventions (5.56)) the correct boundary term is

[ M_dt.
The above means that we start with the action
S = /dt(pc% + M), (5.60)

where p,. is given by ([5.59)). Rewriting this action using M_ = M + p;, we obtain

S— / dt(pef + po). (5.61)

This may also be regarded as a clue that we have picked the right boundary term, since
whether we fix the ADM mass or the black hole mass, —p; should be the Hamiltonian of the
shell. If we now use Hamilton’s equations 7 = 22

B with H = —p,, we find for the trajectories
that extremize the action ([5.60))

2M_
_—

(5.62)

F=1—

This is a null geodesic in the Schwarzschild geometrywith mass parameter M_.

We proceed by WKB quantizing the action, just like in section This time, we have

k= +/2M_#(0) — \/2M7#(0) — #(0) log

Vf 5.63

The expressions for the Bogoliubov coefficients do not change. As in section we evaluate

them by their value at the saddle point

1 .
L i(wrto+S(to,r)) 5.64
ek 2mug(r) € ( )
1 ,
- i(wrto—S(to,r)) 5.65
Bk 2mug(r) € ( )

The u-modes now break down at r = 2(M —w). This will be the upper bound of our integral.
Let’s have a look at the saddle points. We again find

S
+ 22 = .
wk - 0 (5.66)
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where the plus and minus sign correspond to ay, and Sy respectively. From the quantization

scheme we know

oS

E:pt:Mf_M7 (567)

leading to the rewritten saddle point equation
M_ = M F wy. (5.68)

This equation tells us that again, for ay the saddle point trajectory has energy w; and for

Bri the saddle point trajectory has positive energy —wy..

To find 7(0) we take our expression for k (5.63]) and solve for k — oo, plugging in the proper

saddle point energies. This gives us

Ok’ - f(O) =2M + €q (569)
ﬁkk’ : T’A(O) =2M — €3, (570)

where €,, €3 > 0.

Now, let’s get back to the integrals we wish to evaluate. We want to compute

’Oékk’l _ eflm(wkto+5(to,r))’ ‘5]{]{/‘ _ e*lm(wktofS(to,r))' (571)

Rewriting the exponent, we find that it simplifies again
Tm(weto & S(to, 7)) = —Im lwkto L BA(0) & / dipe((to)) — wito
— ~Im / ;) dipe(#(t)), (5.72)
where the minus (plus) sign corresponds to agr (Brr). We are therefore going to evaluate
|| = e AP and | Bre| = e Jrioy PN (5.73)

The parts of the integrals containing potentially imaginary terms are of the form

r r NIV
+Im / dip.(7) = + Im / di log \/;—
#(0) #(0) Vi — 2M_
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For 3, one has M_ = M + w, 7(0) = 2M — € and r = 2(M — w). The branch point of the

integrand do not lie in the interval of integration. Hence, the integral is purely real, leaving

|Brrr| = 1.

On to a, for which we have M_ = M — w, #(0) =2M — € and r = 2(M — w). We find

Im/ drrlog [\/\/___ \/_] =27 M?* - 27n(M — w)?, (5.74)

and therefore
T, ~ 2980, (5.75)

Thus, starting from the picture in which one fixes the mass as seen from infinity and allows
the black hole mass to vary, one finds the same result as in section |5.2.4] just as we expected.
In fact, as will become clear in chapter [0}, this picture seems like the more natural one to

adopt.

5.3 Results for massive, charged radiation

In the section we analyzed the modification of the black hole radiation spectrum due
to self-gravitational interaction, the simplest (and probably most important) back-reaction
effect. However, we only considered massless radiation from the Schwarzschild black hole.
In this section we extend the analysis carried out in section to charged holes and charged
radiation. For this process, the inclusion of back reaction effects may be of particular value,
as this enables us to study the radiation behavior of extremal black holes. In general, the
procedure runs pretty much parallel to the massless case. Therefore, we will not get into as
many details as was done in the derivation for massless radiation, but rather highlight the

differences.

5.3.1 Effective action and quantization

The system under consideration is now slightly different due to the incorporation of Maxwell

theory. Truncating to s-waves only, the full action for a matter shell with mass m and charge
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q interacting with gravitational and electromagnetic field is

. 1
S = / (=my/ =g dirdi” + qA,dz") + Tox / d*z/—g(R — F,, F*). (5.76)

Using similar techniques as in section [5.2.1} we can derive an effective action for the physical
degree of freedom. We keep the black hole mass M and charge () fixed and allow the mass
M, and charge ), as seen from infinity to vary. In the WKB approximation, this results in

the quantized effective action for the hole-shell system
St = kr(0) + / drp.(r) — (M, — M)t, (5.77)

where now [0

N — V=2 — Q% )27)
) = V/AMF = QF = [2M, 7 — Q2 — ilog |* o (5.78)
and
B0 ST 07— w1 | VO — VAN~ QL)
k= V/2MF(0) — QF — /2M.#(0) ~ Q% — #(0) log T | (5.79)

5.3.2 Bogoliubov coefficients and the radiation rate

We attempt to describe the same physical process as before, so we use the same sets of
natural modes. Note that due to the fact that we consider charged states, the complete sets
of modes are now {u},u, *} and {v{,v, *}. The Bogoliubov coefficients are then found to
be
1 o 1 o
Qg = —/ dte"* ol (t,r), B = W/ dte™* v 2 (t, r)*. (5.80)

2rui(r) J_oo —o0

Using the same logic as in equations ([5.31))-(5.39)), we obtain

| = e @ PEOT and |G| = e o pa O (5.81)

6Note that this expression differs from expression (2.14) for p. in [13]. In order to make the transition
from the Schwarzschild to the Reissner-Nordstrom black hole, one must make some substitutions. Outside
the black hole, the energy contained in a spherical shell of radius r is no longer just the black hole mass M,
but there is a contribution from the electric field energy. Therefore, one has to substitute M — M — Q?/2r,
and hence M — M, — Q4 /2r. These substitutions seem to be intended in [13], but an error was made.
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where we added sub- and superscripts to the momentum to denote the energy and charge
associated to the saddle trajectories. Because of the divergence of the u-modes we evaluate

the integrals just outside the horizon at

r=1y(M 4w, Q4 q) = M+ wp + (M +wp)?— (Q + q)2. (5.82)

To obtain 7(0), we solve (5.79) in the limit & — co and obtain

Al - f(O) :T+(M+Wk,Q+C])+€a =M +wi, + \/(M+wk)2_ (Q+q)2+€0¢
(5.83)

Bk #0) =71 (M —wi, Q@ —q) —eg = M — wj, + /(M —wi)? — (Q — 9)? — €q.
(5.84)

Here the €’s are corrections and €., €g > 0. Now let’s evaluate the integrals in the exponents
in (5.81). For |agk|, we notice from ([5.83)) that again 7(0) = r, so that the integral vanishes.

We are left with calculating

2

(09974

I' ~

Evaluating the integral in the exponent we find

' " F—/2M, — (Q — q)2/7
Im p_L(r)dr = —Im #log Vi A\/ +— (@ qA) Vi @i
r(0) r(0) Vi —2M = Q*/F

™

Q(Ti(M—w,Q—CJ) —11(M,Q)) (5.86)

= [w(2M —w) = q(Q = ) + MV = Q" = (M - )T =) — (@ -]

This leads us to the corrected probability for a Reissner-Nordstrom black hole of mass M

and charge () to emit a particle with energy w and charge ¢

[ o o 27 [02M-)=a(@=§)+M\/M? Q7 (M -w)/ (M=)’ ~(Q=0?] _ ASpn (5.87)

It should be noted that the result in again differs from the result obtained for charged
radiation in [I3]. This time, the authors seem not to make the mistakes mentioned for the
massless case at the end of section [5.2.4, However, one or more other calculational mistakes
were made. Their expression for p, for example, contains an error. Therefore, also in [I3] the

relation between the corrected emission probability and the change in entropy is not noticed.
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5.3.3 Non-thermal aspects

Again, the spectrum obtained when including self-gravitational effects deviates from a ther-

mal spectrum. For small w and ¢ we can expand the exponent in ((5.87) to find

N VIE—Q
/ 2 2)2
oM +W]2W_ Q_2Q ) (w M+ \/}QWi—Q? 00l MD) | o

So, for charged radiation we find the Boltzmann factor to first order in w and ¢

M? M
ASpg = 271w (—QM - — M2 — QQ) + 2mq (—Q + Q) + 0w, ¢*,wg)

ASpg = —f(w — Qq) — T~ fl®nd (5.89)
T+

where

o M2 — ()2 !
o () o

is the inverse Hawking temperature and @, is the electrostatic potential evaluated at the
outer black hole horizon. Again, we find the well known thermal spectrum characterized
by Ty to leading order. Higher order corrections (due to energy conservation) drive the
spectrum away from thermality. Collecting all corrections the radiation rate can, again, be
expressed as the exponent of the change in the Bekenstein-Hawking entropy of the hole, due

to the emission.

Another feature of equation ([5.87)) worth mentioning is that it does not allow radiation past
extremality. The emission rate has to be real, so the second square root in the exponent
ensures that radiation is only possible as long as the final mass of the black hole does not fall
below its charge, M —w > |@Q — ¢q|. Another way of stating this is that for M —w > |Q — ¢|,
the pole in the integral lies in the complex plane. Since we are integrating over the
real axis, we do not obtain an imaginary part. This means our result for the radiation rate
in explicitly ensures that no naked singularities form in the Hawking process.
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Black hole radiation as tunneling

The expression for the emission probability given in (5.42) and (5.85)) arouses interest. The
expression is of the form

2

Bkk/ _ 621m f:(()) p(r)drj (61)

0777

T~

which we recognize as being the expression for a quantum mechanical tunneling probability in
the WKB approximation. Therefore, |agy| and |Sgx| look exactly like quantum mechanical
WKB tunneling coefficients. The field theoretical approach that was taken in the previous
chapter to include self-gravitating effects, essentially appears to boil down to the calculation
of a quantum mechanical tunneling rate. It seems this analysis therefore shows that one
can naturally interpret the emission from a black hole as resulting from the tunneling of

(anti-)particles across the hole’s horizon.

Hawking himself already proposed to think of black hole radiation as a tunneling process
when he first derived derived it [I} 25]. Tt is such a tunneling process that is generally used to
draw a heuristic picture of Hawking radiation [I5]. In terms of Feynman diagrams, vacuum
fluctuations can be represented by virtual pairs of particles and antiparticles that exist for an
extremely short period of time before annihilating. The effect of these fluctuations is usually
only indirect]] However, this can change in the presence of an event horizon. The idea is
that when a virtual particle pair is created near the black hole horizon, one of the two virtual
particles can tunnel through the horizon and materialize. Either a pair is created just inside

the horizon and the positive energy virtual particle tunnels out, or a pair is created just

'Since one needs to renormalize processes that involve virtual particles.
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outside the horizon and the negative energy virtual particle tunnels inwards. It is possible
for the infalling particle to have an energy that is negative as seen from infinity, since the
Killing vector that is asymptotically timelike, becomes spacelike inside the horizon. In both
cases the negative energy particle is absorbed by the black hole, decreasing its mass and the

positive energy particle escapes to infinity, appearing as Hawking radiation.

As was discussed before, numerous derivations of Hawking radiation exist, but most of
them are QFT calculations and do not correspond well with the heuristic tunneling picture.
However, in the previous chapter we saw how a quantum mechanical tunneling calculation
emerged by truncating our field theory approach to an effective particle description. There-
fore, this approach, aimed at the inclusion of energy conservation, provides us with a starting

point for a calculating that describes the Hawking effect as an intuitive tunneling process.

The derivation of Hawking radiation as such a tunneling process has been pioneered by
Parikh and Wilczek [14]. This derivation indeed takes as a starting point. Relying
partially on the results of [12], they consider the tunneling of a self-gravitating shell through
the horizon. In [14], no comments were made on the origins of this tunneling calculation,
but they found a modification of the emission spectrum equal to the modification found
using the second quantized methods in chapter [f] Of course, now that we have seen how
this tunneling calculation emerges from the field theory approach, this does not come as a

surprise and rather serves as consistency check.

Still, the method suggested by Parikh and Wilczek obtains these results in a neat and simple
fashion by following the more intuitive tunneling interpretation of black hole radiance from
the start. Particle emission by the black hole is regarded as quantum mechanical tunneling
through a barrier, which only appears when enforcing energy conservation. This allows one to
avoid the tedious calculations that second quantization brings along. Moreover, it elegantly
shows how energy is naturally conserved in the process of particle emission. Technically, the
method simply uses a different approach in evaluating the integral in . Instead of using

the details of the solution, one uses Hamilton’s equations to evaluate them.

In this chapter we first review the tunneling approach suggested by Parikh and Wilczek.
However, in [I4] they only considered massless radiation from Schwarzschild and Reissner-
Nordstrom black holes. Following the methodological review, we generalize the procedure to

the emission of massive and charged radiation from these black holes.
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6.1 The tunneling of massless particles through the
horizon

Despite the intuitive appeal, before 2004 black hole radiation was never derived as a tunnel-
ing process. Historically, there where two difficulties to such an approach [65]. Firstly, there
seemed to be no coordinate system at hand that was well-behaved at the black hole hori-
zon. Such coordinates are clearly needed in order to describe tunneling, a horizon-crossing
phenomenon. Secondly, there was no apparent barrier for the particle to tunnel through.
In a regular quantum mechanical tunneling process, one has two classical turning points.
These points are then connected by a path in imaginary time. But a particle can escape
classically as soon as it is only infinitesimally outside the black hole horizon. This means the
classical turning points do not seem to be separated and the imaginary time trajectory that
is supposed to join them does not seem to be defined. As will become clear in this section,

this second hurdle can be overcome by incorporating energy conservation.

6.1.1 The WKB tunneling probability and energy conservation

As mentioned in the introduction of this chapter, Parikh and Wilczek consider the tunneling
of a self-gravitating shell through the black hole horizon. Therefore, the discussion is again
limited to s-wave emission. In the WKB limit, which we know from the previous chapter to
be accurate for processes close to the horizon, the probability of tunneling is related to the

imaginary part of the action in the classically forbidden region byﬂ

[~ e—2ImS _ ,—2Im [pydr (6.2)

This is exactly the same expression as the one we found in ([5.42)) using a second quantized
approach and functions as the starting point of our tunneling calculation. Instead of using
tedious field theory methods we arrived at by simple, intuitive tunneling reasoning.
We have seen in chapter o[ how this expression emerged from the field theory description.

Therefore, we expect to obtain the same results as in chapter [5]

2We use the action in (5.61). The second term in this action is disregarded since the Hamiltonian
is conserved and integrating it over time will therefore not give any imaginary contribution. A minus sign
appears in relation to 1} because this is ‘extracted’ from the action to fit with WKB tunneling conventions.
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In the field theory approach, we used the explicit form of p, to evaluate the integral. But as
it turns out, we do not need the details of the solution to evaluate this integral, provided we
use the following result from [12], proved in the previous chapter. Both inside and outside the
shell, the geometry is Schwarzschild or Reissner-Nordstrom. The mass parameters, however,
are different. A key result in [I2] (that was verified in the previous chapter) is that, if one
fixes the black hole mass M and allows the mass as seen from infinity to vary, the classical
trajectory of a self-gravitating shell with energy w is a null geodesic in the Schwarzschild
or Reissner-Nordstrom metric with mass parameter M + w. Alternatively, if one decides to
fix the mass as seen from infinity and to allow the black hole mass to vary, one obtains the
same result, but with a mass parameter M — w. In what follows, we decide to do the last,

since this is the most intuitive choice.

We wish to calculate the imaginary part of the momentum term in the action for a particle
crossing the horizon outwards, from r;, just inside the horizon before the radiation to 7.,
just outside the new horizon after radiation. Considering the tunneling of a massless particle

with energy w in the s-wave channel we have

Tout Tout Pr
ImS = Im/ prdr = Im/ / dpl.dr. (6.3)
Tin Tin 0

We can now see how energy conservation provides us with the tunneling barrier that seemed
to be absent. As the black hole radiates, it loses energy. This means its radius shrinks and
it is this contraction that sets the scale for tunneling. The horizon recedes from its original
radius to a new, smaller radius. The amount of contraction depends on the energy of the
outgoing particle. Hence, in a sense it is the tunneling particle itself that defines the barrier.
It is the (classically forbidden) region between the initial and final radii of the horizon that

the tunneling particle must traverse.

We now use Hamilton’s equation, % = ZZ = 7, to change the variable from momentum to
T

energy and switch the order of integration to obtain

M—w Tout Tout
ImS = Im/ / ﬁalH = —Im/ / @dw (6.4)

where we have used that H = M — w. To obtain the tunneling rate, we need an expression

for 7. This describes a null geodesic in the Schwarzschild metric with mass parameter M_
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and was obtained in section

F=41—+/T— f(r). (6.5)

Under the assumption that ¢ increases towards the future, the plus and minus sign corre-
spond to outgoing and ingoing radiation respectively. Here, we focus on outgoing radia-

tion. Remember that due to self-gravitation, f(r) is to be evaluated with mass parameter
M_=M-w.

Using (6.5)) we can evaluate the integral in order to obtain the tunneling rate of outgoing

massless particles

dw'. (6.6)

ImS = —Im /w /rm dr

We notice this integral has a pole at the horizon, f(r,) = 0, and evaluate this integral by
contour integration. We deform the contour so as to ensure that the positive energy solutions
decay in time, i.e. W’ — W’ —ie. For some additional details on contour integration we refer

to appendix [C]

6.1.2 Massless radiation from the Schwarzschild black hole

First consider radiation from the Schwarzschild black hole. We perform the r-integral first.
Making the substitution v = /r (so dr = 2udu), we have

w Uout 2 2d w
Ims = —Im/ / v o' = 471'/ o' (M — o). (6.7)
0 Jum u—/2(M — W + i) 0

The pole lies in the upper half u-plane and we evaluate the integral by deforming the contour

around it. The right sign appears in the last step because 74, > 74, (and therefore u;, >

Upyut)- Performing the energy integral we find
ImS = —27w(w — 2M). (6.8)

We could also not have switched the order of integration. This also provides us with un-

derstanding of the ordering (that provides us with the correct sign). We again evaluate the
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contour with the prescription w’ — w’ —ie. We now substitute u = 1/2(M — w’)r (and thus
dw' = —%du) to obtain
Tout uyf d
ImS =1Im / 2
Tin ug U
Tout T
= 7T/ rdr = 5(7’2-2” —r2 ) = —2n1w(w — 2M). (6.9)

Where from the last step we may infer that r;, = 2M and r,,; = 2(M — w). The limits of
the intergral tell us that over the course of the classically forbidden trajectory, the particle
starts just inside the initial position of the horizon at » = 2M and traverses the contracting
horizon to materialize just outside the final position of the horizon at r = 2(M — w). The
calculation of the imaginary contribution of the actions leaves us with a tunneling rate for

massless radiation from a Schwarzschild black hole of

w

T~ e—QImS _ e—87TUJ(M—§) _ eASBH' (610)

In obtaining the result , we considered pair creation just inside the horizon followed by
the outward tunneling of the positive energy particle. Alternatively, we could consider pair
creation just outside the horizon, with the negative particle tunneling inwards through the
horizon. A negative particle travels backwards in time, meaning we reverse time ¢t = —t.

For an ingoing nul geodesic, we then find

= —1 —_— 6.11
T + . (6.11)

The ingoing negative energy sees a geometry with a fixed black hole mass [14]. Then, as we

have seen in chapter [}, self-gravitation forces M — M + w instead of M —w. In this picture,

we have

—Ww Tin d,r
ImS = Im/ / dw'. (6.12)
0 Tout _1 _'_ A/ M
We now evaluate the integral by deforming the contour in order to ensure the decay of
negative energy solutions, i.e. w’ — w’ + ie. This gives

ImS = 4nw (M - g) : (6.13)

In reality, both particle and anti-particle tunneling need to be taken into account when
calculating the rate of black hole radiation. To do so, one must consider the amplitudes for

these processes. These, however, just concern the prefactor and are therefore ignored.
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Note that there seems to be a strong resemblance between considering the particle or anti-
particle tunneling in the above calculation and taking either the black hole mass or the mass
as seen from infinity to vary in the field theory approach of chapter [5] Presumably, choosing
the black hole mass to vary in the analysis of chapter |5 corresponds to the intuitive picture
of a particle tunneling outwards, while choosing the ADM mass to vary corresponds to the

inward tunneling of an anti-particle.

For massless radiation from the Reissner Nordstrom black hole we find, using ([2.20)) and
(6.6)

w Tout d
ImS = —Im/ / L dw'. (6.14)
0 Jrin 1 /M=) @

Using the same pole prescription as above, we find

ImS = W/Trout rdr =m [w(?M—w) + M/M? = Q2 — (M — w)\/(M — w)? —QQ] (6.15)

in

and thus

[ o —2mS _ e—27r[w(2M—w)+M\/MQ—QZ—(M—W)\/(M—W)Q_Q2] — ¢ASBH (6.16)

6.2 (eneralization to massive and charged radiation

In the previous section we have seen that the method developed in [14] to take into account
global conservation laws in the black hole radiation process leads to a modification of the
emission spectrum, in agreement with what was found in chapter 5] However, Parikh and
Wilczek only consider massless radiation from Schwarzschild and Reissner-Nordstrom black
holes. In this section, we generalize this tunneling approach. We extend the calculation in

order to describe massive, charged radiation from the Reissner-Nordstrom black hole.

6.2.1 Radial equations of motion

When considering massive and charged radiation a few things change concerning the trajec-
tories of the shells. First of all, being massive, the shells will no longer travel on null paths,

but on timelike ones. Secondly, if the shell is charged this path will not be a geodesic. The
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fact that we now consider timelike trajectories changes the expression for 7. It does not
matter, however, that the trajectories under consideration are no longer geodesics. In the
procedure for massless radiation, we never invoked this property and the exact form of r was

never used.

To obtain the radial equation of motion, we may again use condition (5.10). For timelike

paths parametrized by 7 we have

dzt dx¥

i =g, U'U" = — (6.17)

Guv——

In the massless case the condition (5.10) was all that was needed to find 7. In the massive
case, however, this condition alone is not sufficient to find an expression for 7. In expanded

form it reads

—f(r) (7) +2\/1—7;“3: (Z:) T (6.18)

To obtain the information needed to derive an expression for 7 we take a look at the equations
of motion derived form the action. The action for a relativistic particle in an electromagnetic

potential reads
m  dz* dz” dxt
)] = [ | ot i + 4,20 | ar (6.19)
For the Reissner Nordstrom black hole the electromagnetic potential is A, = (—Q/r,0,0,0)
(in both regular and Painleve coordinates). Expanding the Lagrangian using Painlevé coor-
dinates we find

L= [—f(r) (j—j) P2 T T (%) ] SAQA T (ga)

r dr

We now use the Euler-Lagrange equation to get the equation of motion for ¢

oc d oL

Since the Lagrangian has no explicit t-dependence and the canonical momentum for a gen-

eralized coordinate is defined as a = p;, we have
oL dt dr
@:—mf('r’)%—l—m 1—f(r )%—g—constant P = —w. (6.22)
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Now using both equation 1) and 1D we are able to solve for % and g—::

o (w— 2 —m2f(r)

g

dr m . (6.23)
ﬂ (w—%)i\/l—f(r) (w—%) —m2f(r)

dr mf(r) '

Combining these, we find

r

TR R
Cdt dr \dr _(w

(-2 —m
@y - VIO

This is the radial equation of motion we were looking for. Under the assumption that ¢

increases towards the future, the plus and minus sign correspond to outgoing and ingoing

radiation respectively.

This result relates nicely to the radial motion obtained in (6.5]) for massless shells. Taking a

closer look at equation (6.24]) we see that

- £f(r) = — — f(r or m
= 1_f(r)_i1 Vi—f(r) f ,q— 0, (6.25)

equal to (6.5). Note also, that we should obtain a result similar to (6.24) from just using
Hamilton’s equations on the canonical momentum ([5.78)). Here, however, we acted as if we

did not know the details of this solution, in order to stick to the strict tunneling picture.

6.2.2 The tunneling of massive, uncharged shell

As a layover we first consider massive, but uncharged radiation. In this case we can proceed
through (6.2))-(6.4) exactly as in the massless case. The only thing changing is 7, which is
now given by ((6.24)), with ¢ = 0. Substituting this into equation (6.4) and evaluating the
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integrals, we find

ImS = drdw’

[T S )
F) (= 92)° —m2 f(r)
7T/ (M — o' +\/M—w’)2—Q2)2d /
0 \/(M - WI)Q - Q?
_ [ (2M —w) + M/M2 — Q2 — wIV(M —w)? — Q| (6.26)

Hence, for massive, neutral radiation we find the same tunneling rate as for massless radia-

tion. The poles in the integrand remain at the horizon and the residue is unchanged.

It does not come as a surprise that, in the absence of electric/magnetic charge, we obtain the
same rate for the tunneling of massive and massless shells. Near the horizon the wavelengths
of the emitted quanta experience an infinite blueshift. This means the wavenumber becomes

arbitrarily large, k% > m?. And since w? = k% +m?, we have w? ~ k? and effectively m? ~ 0.

6.2.3 The tunneling of massive, charged shells

We now include both mass and charge. As discussed in section the classical trajectory
of an uncharged gravitating shell with energy w is a geodesic in the black hole geometry
with mass parameter M — w (provided we allow the black hole mass to vary and not the
mass as seen from infinity). In [I3] it was shown that if one adds a charge ¢ to the shell,
this generalizes in a straightforward way. If one allows the black hole charge to vary, while
keeping the total charge as seen from infinity fixed, one simply also transforms the charge

parameter () — () — ¢ in the line element.

By adding charge, we alter Hamilton’s equations. Starting again from and (6.2) we use

Hamilton’s equation to obtain

Tout Ef Tout d,r,
Im/ / dprdr—lm/ / —dH’ (6.27)

where 7 is evaluated with parameters M — M_ = M —w and Q — Q_ = Q — ¢'. Now
that we have included an electric field, H' no longer simply equals M — «’. There is an

electromagnetic contribution as well. In line with what seems to be done in [I3], we interpret
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H’ as the energy contained in a shell of coordinate radius r. According to [13] this is

(@Q—¢')?

o=(M-u)—
(M —w') 5

(6.28)

leading to

dH' = dM_ — %dQ_ (6.29)

A way to look at this is that dH is now no longer just the change in the mass, but also the

change in work done by the electric field. Therefore

dH' = dM_ + ®|,,dQ_ = dM_ — %dQ_ (6.30)
equal to .
Using this we rewrite as
ImsS = / e / @dM_ / e e Q-drig. . (6.31)
0 v T T

Or, in terms of w’ and ¢

ImS = — / / ﬁd +/ h Ci ‘ffd’ (6.32)

We now substitute the (outgoing) radial equation of motion (6.24)) in the expression for the
imaginary part of the action m to find

Me—uw rout \/ m2f - + 1- f(?“)
ImS = / / ) drdM_
( = ) +y/ 1= f(r)

m2f (r)

/ o / Qe o drdQ_ . (6.33)

We see that the pole is at the familiar positions f(r) = 0 again. Using contour integration

to evaluate the r-integral (at the outer pole) we find

Mw(M_—I— M? — Qz) Q—q M+\/m
ImS:—W/M \/7@2 dM_ + o Q- \/7@2 dQ_

(M~w,Q—q) o
= —7T/ (rydM_ —Q_dQ-). (6.34)
(M,Q) ry —T—
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where . = M_ + /M? — Q.

Now we change the integration variable to r,. Since r, depends both on ()_ and M_, we

have

8T+ 87"+ 27"+ 2@,

= dM_ dQ)_ = dM_ —
OM_ * 0Q_ @ ry—7r_ Ty —T_

Therefore, from (6.34) and (6.35) we can express the imaginary part of the action over the

classically forbidden region as an integral over the recession of the outer horizon due to the

dr, dQ-_. (6.35)

tunneling of the shell

ImS = —7r/ ridry, (6.36)

where r;, = (M, Q) and 7y = ry (M — w,Q — q). From this expression the relation with

the change in entropy is immediately clear. We see
[~ e 2mS — oASpn (6.37)

We may conclude that the results found in this chapter for the tunneling probabilities of
shells through black hole horizons all agree with the results we obtained in chapter [5| for the

corrected emission probabilities.

6.3 Hawking radiation as tunneling and thermodynam-
ics

As expected from the result, the tunneling method is very closely related to the first law
of thermodynamics, discussed in section [2.2] Let’s first take radiation from the Reissner-
Nordstrom black hole as an example. As we consider uncharged radiation, using and

T =3 and dS = %, the first law becomes

dM
ds = —. 6.38
= (6.39)
Now we fixed the total mass M and vary the mass of the black hole, M_ = M — w'. Using
the expression for the Hawking temperature of a Reissner-Nordstrém black hole (5.90)) we

find
2m(M_ + /M? — Q2)?

/M? — Q2

27(M_ MQ_ 2)2
v — M VME Z Q)

vV M? — Q?

s =
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This means —%dS is precisely the integrand in equation 1D From this point of view, the

calculation is like applying the first law of thermodynamics.

When considering charged radiation, the first law becomes

1

dST

(dM — ®dQ) . (6.39)

Now, following the same procedure as above, but now also varying the charge of the black
hole, Q_ = QQ — ¢’ we obtain

C2m(M_+ /M2 — Q2 )? C2m(Mo 4+ /M2 - Q%)
s — M- S Q0 dQ.. (6.40)

Again, we see that —%dS is the integrand in equation || The fact that all integrals over

w and ¢ that we encountered can exactly be rewritten in the form ~ [ r,dr), can therefore

be expected. In fact, following the tunneling picture seems like applying the first law of

thermodynamics.



Chapter 7

The WGC, black hole radiation and
AdS (in)stability

In chapters [f] and [6] we computed the probability for a Reissner-Nordstrom black hole to
emit a charged particle, with the self-gravitational interaction of this particle included. This
resulted in a modified emission probability. In this chapter, we focus on the behavior of
extremal Reissner-Nordstrom black holes under the Hawking process. It seems as if for these
holes, our results should be particularly interesting. Following strictly semiclassical methods,
extremal black holes have a vanishing Hawking temperature: Ty = 0. Therefore, the decay
of such black holes is not described by Hawking’s original derivation. Rather, in order to
understand how extremal black holes behave under the Hawking process, the inclusion of

back reaction effects is needed.

A further study of extremal black holes is also of particular interest for two closely linked
reasons. Firstly, the possibility of decay of such black holes is one of the main motivations
for the weak gravity conjecture (WGC), briefly discussed in section Secondly, Anti-de
Sitter (AdS) space appears as the near horizon geometry of extremal black holes. Therefore,
the (in)stability of an extremal black hole is intimately linked with the (in)stability of this

AdS spacetime, obtained in its near horizon limit.

In this chapter we first review the WGC, mainly in the context of string theory and see how
the results obtained in this thesis relate to it. We then briefly discuss AdS and show how
AdS, emerges in the near horizon limit of a 4d Reissner-Nordstrom black hole. Subsequently,

all concepts discussed in this chapter are merged in a discussion on the (in)stability of non-

5
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supersymmetric AdS vacua. Finally, we shortly review the fragmentation of AdS, and show

that our results agree with previous work on this subject.

7.1 The weak gravity conjecture

7.1.1 The string landscape and swampland criteria

String theory is the leading approach towards the unification of general relativity and quan-
tum mechanics. It is widely accepted that it has the potential to provide a consistent
description of the theory of quantum gravity. For the theory’s equations to be mathemati-
cally consistent, it must live in 10 dimensions[l| This suggests the existence of six unobserved
dimensions in addition to our seemingly four dimensional world. One thinks of these ‘extra’
dimensions as being compactified and therefore too small to be detected (at present). How-
ever, the physics we observe in our four dimensional world depends crucially on the geometry

of the six hidden ones.

When one wants to find a solution to Einstein’s equations in 4d one has to compactify six
dimensions. This procedure is far from unique. The fact that we have six dimensions to
be compactified results in many adjustable parameters, corresponding to the topology of
the compactified space, the positions of branes and the amount of flux wound around loops.
It is argued that this huge diversity of string vacuum constructions leads to as many as
10%% possible string vacuum solutions. This results in a vast landscape of string vacua, each

corresponding to a consistent low energy effective field theory (EFT).

A natural question to ask is whether the string landscape is as vast as admitted by EFTs
that seem consistent. It was suggested that this is in fact not the case and that the landscape
of consistent low energy theories one can obtain in string theory is far smaller than would
have been expected by simply demanding semiclassical consistency of the theory [68, 69].
The landscape of string vacua can thus actually be pictured as an island in an even bigger
swampland of EFTs that are semiclassically consistent, but that cannot be completed to a

consistent ultra-violet (UV) theory.

For more on string theory, see e.g. [66] 67].
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Given an EFT, one would like to be able to tell whether it could possibly arise in a theory of
quantum gravity. This coincides with the problem of distinguishing the string theory land-
scape from the swampland. The approach towards making this distinction is to use general
features emerging in all string theory vacua [68] (for some examples see [69]). Although these
usually do not serve as semiclassical consistency conditions for EFTs, an EFT that arises in

string theory should obey these criteria.

7.1.2 What is the weak gravity conjecture?

One such criterion is the weak gravity conjecture (WGC), proposed in [11] and already briefly
mentioned in section [£.3.3] It promotes to a principle a notion that is certainly accurate in
our world, namely that gravity is the weakest force. If true, this conjecture provides a simple
but strong constraint on the low energy EFTs that may arise as the low energy limit from

a consistent quantum gravity theory.

In its simplest form, the WGC states that any consistent theory of 4d gravity coupled to a
U(1) gauge field must contain a state with mass m and charge ¢ such thatE]

% < M, (7.1)

It is proposed that (7.1 is to be understood as a consistency relation for any EFT that
allows a UV completion. So essentially, the WGC states that any Einstein-Maxwell theory

that is quantum mechanically consistent should have superextremal particles.

The statement ([7.1]) concerns electrically charged particles, but it should also hold for mag-

netic monopoles [11]
Mmag < pp (7.2)

These monopoles act as a probe for the theory’s UV cutoff A. The monopole has a mass
at least of the order of the energy stored in the magnetic field it generates. This energy is
linearly divergent

_ 1 A
Mmon = Emon = / dVE(l‘) = / dV B ~ qznag/ —dr = qrznagA ~ (73)
r>1/A r>1/A 1/ q

AT

2For the purpose of clarity, we reinstate M, in this chapter’s equations.
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Using ([7.3) and the conjecture (7.1]) we see that the WGC implies that the EFT must break

down at a prematurely low scale
A < qM,,. (7.4)

An effective field theorist would never suspect the existence of this cutoff. He would not
expect the EFT to break down before reaching the regime in which gravity is strongly
coupled. Hence, to him it would be natural to expect A ~ Mp.ﬂ To an effective field
theorist, a smaller coupling (i.e. smaller ¢) seems to make the theory more weakly coupled.
Instead, the WGC suggests that for small ¢ there exists a ‘new’ UV cutoff scale that is well
below M,. Moreover, the WGC relates Gy and ¢, two quantities that are never expected to

be connected from an EFT point of view.

Using simple dimensional analysis, the WGC generalizes straightforwardly to higher dimen-
sions [11]. In higher dimensions the WGC takes the form of an upper bound on the tension of
the brane that is electrically charged under the p-form gauge field. Consider a p-form Abelian

gauge field in any dimension D. Then there is an electrically charged p—1 dimensional object

2\ 1/2
Telg(é{—N) : (7.5)

with tension

where the coupling ¢ (charge density) has dimension mass?™~?/2. In [71] the WGC was
generalized to product gauge symmetries, resulting in the so called convexr hull condition.

Furthermore, in [72] the conjecture has been generalized to holographic setups.

If true, the WGC has some interesting consequences. For example, the bound results in
tight constraints on seemingly natural models of axion inflation with super-Planckian field
ranges.ﬁ Another example is the application of the WGC to the study of the stability of
AdS vacua. This type of application was suggested very recently [75] [76l [77], and will be

discussed later in this chapter.

3Provided that the Landau pole of the U(1) gauge theory is above the Planck scale. A Landau pole is a
divergence of the coupling of a quantum field theory under the renormalization group flow at a finite energy
scale [70].

4See e.g. [73] and references 7-19 in [74].
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7.1.3 Why should the WGC be true?

We will not extensively go through all the work done in the search for evidence for the
WGC. Instead, we will go into the original motivation that led to the proposal of the WGC
in [II] and then briefly refer to some further work. Originally, the bound was mainly
motivated by arguments involving the related topics of remnants, black hole stability and

the absence of global symmetries in quantum gravity.

To begin with, the WGC corresponds nicely with the well known ‘folk theorem’ stating that
global symmetries are forbidden in quantum gravity. The conventional argument against
having global symmetries in quantum gravity is based on black hole physics. In short,
the idea is that in gravitational theories that contain global (continuous) symmetries, it is
possible to construct black holes of arbitrarily large charge, which they cannot radiate away
(see e.g. [78, 79, [80]). This leads to an infinite number of stable remnants. As was discussed
in section the mainly entropic and thermodynamical arguments against having such
stable remnants are compelling. Similar problems do not exist for gauge symmetries. As one
takes the limit ¢ — 0, however, a gauge symmetry becomes (indistinguishable from) a global
symmetry. Something should therefore prevent us from taking this limit. This is done by
the WGC, which sets a lower bound on the gauge coupling. As one takes the limit ¢ — 0,
we see from that A — 0. This means one cannot take this limit smoothly.

The main original motivation to propose the WGC involves a feature that is closely related
with the above and that has already been reviewed in section the ability of extremal
black holes to decay. Summarizing, the existence of troublesome remnants is avoided if we
allow macroscopic black holes to evaporate. Since extremal black holes obey M = QM,, in
order for them to be able to evaporate there must exist a state with m < ¢M,,. It must be
noted, however, that this original motivation for the WGC has faced some criticism (see e.g.
[74] and references therein). On the other hand, there has also been a considerable amount
of work in search for additional evidence for the WCC (see e.g. [78, 81 82, 83|, [84]). Despite
this effort, we still lack a general proof of the weak gravity conjecture. To date the most
compelling evidence for the WGC is empirical. All known examples of compactifications in

string theory satisfy the conjecture.
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7.1.4 The corrected radiation rate and the WGC

In (5.87)), we obtained the corrected probability for a Reissner-Nordstrom black hole of mass
M and charge @) to emit a particle of energy w and charge q. We now want to study the
behavior of an extremal Reissner-Nordstrom black hole under the Hawking process. In order
to do so, one may take two approaches. Firstly, one could try to run through a similar
analysis as was done in section 5.3 but this time starting of with an extremal black hole,
i.e. one sets M = () from the start of the field theory analysis. Such an approach involves
some subtleties and will not be pursued here. Instead, we take the second route, which is to
take the general result obtained in , and consider it in the extremal limit. Taking the
limit M — (), we obtain

T ~ 6—271'[w(?Q—w)—q(Q—%)_(Q_W) (Q_W)Q_(Q_q)z} (76)

For w > |q|, we see that I' becomes imaginary, which is forbidden. As discussed in section
[5.3.3] this corresponds to the fact that in the case of subextremal emission, the pole in the
integral lies in the complex plane. Since we are integrating over the real axis, we do
not obtain an imaginary part. Hence, I' is nonzero only for the emission of particles with
% > 1. This is equivalent to the statement we made in section W that our result forbids

the formation of a naked singularity through the Hawking process.

In order to link this statement to the WGC, we need to relate w to the mass m of the particle.

The emitted particle obeys a dispersion relation of the form
w? =k +m? (7.7)

To an observer far away from the hole doing a particle measurement, k — 0, as the particle
experiences an infinite redshift effect travelling of to infinity. Therefore, to the observer at
infinity w &~ m and we may treat w as the mass of the particle. This means that our result
explicitely shows a nonzero decay probability for a 4d extremal Reissner-Nordstrom black
hole, provided there is a state with % > 1, i.e. provided the WGC holds.

7.2 AdS as near horizon geometry

As we have seen, the WGC ensures that extremal black holes and branes are able to decay. In

the remainder of this chapter, we will apply this conjecture to the study of the stability of AdS
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vacua. These geometries are of particular interest to theoretical physicists, primarily because
of their role in the widely studied AdS/CFT correspondence [10]. AdS spacetimes appear as
the near horizon limit of extremal branes. Therefore, the stability of these spacetimes seems

to be closely related to the stability of such branes.

7.2.1 Anti-de Sitter space in short

AdS is the maximally symmetric solution of the Einstein equations with a negative cosmo-

logical constant. In general dimensions the metric of AdS,,; in global coordinates is
ds? = [*(— cosh? pdt* + dp* + sinh? pdQ?_,). (7.8)

To gain some insight into the structure of the spacetime we wish to find the Penrose diagram
representing AdSy. 1. We will not go into the details, but try to convey the main idea. We

define a new coordinate o by
o = tan~'sinh p. (7.9)

We then have dp = cosh pdo, giving us [’
l2

cos? o

ds* = (—dt* + do* + sin® 0d)2_)). (7.10)

As our original coordinate ran between 0 < p < 0o, we have 0 < ¢ < 5. We can therefore
depict the conformal diagram of AdSy,; as a solid cylinder. p is the radial coordinate, while
the ¢t and € are the coordinates on the surface, that has geometry R x S%'. Thus, the
conformal boundary of AdS is a timelike cylinder and massless particles take a finite period

of time to reach this boundary[f]

Another set of coordinates in which AdS is often represented is that of Poincaré coordinates.
For AdS;,1 the metric in these coordinates is
2 d—1
ds? = = (—dt2 +d? 4+ d:ﬁ) : (7.11)
i=1
The boundary is at z = 0 in these coordinates. By performing some coordinate transfor-

mations, one can show that these coordinates cover only a part of the full spacetime. They

cover only a wedge of the entire cylinder, called the Poincaré patch.

®Since sinh p = tan o and cosh p = Coio.

SFor massive particles it is impossible to reach the conformal boundary of AdS. This is because these
particles are subject to a potential of e2* at large p.
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7.2.2 AdS in the near horizon limit

Anti-de Sitter spacetimes appear naturally as the near horizon geometries of extremal (black)
branes. The metric in these near horizon limits is generally [AdS] x [a sphere]. The canonical
example is AdS, x S%, which is obtained by taking the near-horizon limit of an extremal
Reissner-Nordstrom black hole in 4d. In this section, we will show how this particular

geometry appears as we take the hole’s near horizon limit.

AdS; from the extremal Reissner-Nordstrom black hole

The 4d Reissner-Nordstrom metric in spherical coordinates reads
ds* = —f(r)dt* + f(r)rdr?* + r?dQ?, fry=1— —+ =. (7.12)

For a non-extremal Reissner-Nordstrom black hole, the near-horizon region has a finite vol-
ume. This can be seen if one calculates the distance L from an arbitrary point 7 outside the
black hole to the horizon r, along a slice of fixed ¢. This isﬂ

L= /+ VF(r)dr ~ —Mlog(ry —r_) ~ Mlog (L> . (7.13)

QTH

For a non-extremal black hole, T} is finite, resulting in a finite volume of the near horizon
region. For an extremal black hole, however, Ty = 0 and the volume of the near horizon

region becomes infinite. This ensures that the near-horizon geometry is well defined.

In the extremal limit we have

Q 2
M=qQ = f(r) = (1 — —) . (7.14)
T
In this case the inner and outer horizons coincide, r_ = r, = @), and the Hawking tempera-
ture vanishes, Ty = TL;Z* = 0. To do the near-horizon analysis we define new coordinates
+
zand T
r=Q(1+9). 1= 9 (7.15)
z €

“We omit the contribution from the upper limit of the integral and forget about constants.
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where € is an arbitrary parameter of the coordinate transformation. In these coordinates the

metric ((7.12)) becomes

2 2 2 2
d52:—<€jz) (%) d72+<€tz> <%) 2> + Q? (1—|—§>2dQ2

_ ( @ )2d7-2+ (M)2d22 +Q? (1 n §>2d§22. (7.16)

€+ z 22

To obtain the near-horizon limit, we send ¢ — 0, while keeping all coordinates fixed. This
forces r — @) and hence, we are zooming in on the horizon. The metric then takes the form

) _ Q7

»2

ds (d7? + dz*) + Q*d0*. (7.17)

This metric is AdS; x S?, the near-horizon geometry of the extremal Reissner-Nordstrom
black hole. Both the AdS radius and the radius of the sphere are Q.

Recall that the spacetime is supported by some nontrivial electric field. Applying the same
procedure to the field strength gives a constant electric field in the near horizon region. In
Reissner-Nordstrom coordinates the field strength was F,; = % Now under the coordinate

transformations we obtain

o0ty Q@ 9 % L (7.18)

2(1-9°
In these coordinates this does not seem like a constant field. To see that it actually is, define

o= % In these coordinates we find

0z
F_=_"F+= 1
oT 80' 2T Qa (7 9)

which is a constant electric field in the near horizon region.

The near-horizon metric is AdS; in the Poincaré coordinates we encountered in ([7.11]).
As was discussed in section[7.2.1] these coordinates cover only a wedge of the entire spacetime.
The fact that we recover only part of the full AdSs spacetime in the near horizon limit is not
surprising, since the spherical coordinates we started with in likewise cover only part
of the Reissner-Nordstrém spacetime (see section [2.4). Just like the Reissner-Nordstrom
spacetime is made up of many asymptotically flat regions, AdS, consists of many Poincaré
patches. Every individual Poincaré patch of AdS corresponds to the near horizon limit in

another asymptotically flat region of the full Reissner-Nordstrom geometry. A useful way
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Reissner-Nordstrom AdS; Figure 7.1: The figure on the left is the con-
formal diagram for the spacetime of an extremal
Reissner-Norstrom black hole, which we already
encountered in figure On the right we have
the conformal diagram for AdS;. Whereas for
higher-dimensional AdS it is a cylinder, for AdSs
it is a stripe and therefore has two boundaries.
The message we try to convey with this diagram
is that essentially, one can view the AdS diagram
as the Reissner-Nordstrom diagram, but limited
to the near horizon region. The boundaries of
AdSsy are represented by the dashed blue lines
in the Reissner-Nordstrom diagram, drawn just
away from the horizon. The event horizon in the
Reissner-Nordstrom diagram coincides with the
horizon of the Poincaré patch (as both coordinate
systems break down there). One AdSs Poincaré
patch is colored green in the two diagrams. As
can be seen, there are many Poincaré patches,
corresponding to the different asymptotically flat
regions in the left diagram.

to gain insight in this, is through conformal diagrams. See for some further explanation the

conformal diagrams in figure [7.1]

Higher-dimensional generalizations

The Reissner-Nordstrom black hole in 4d is not the only solution that contains AdS as its
near horizon geometry. One can also obtain AdS geometries by taking the near-horizon
geometries of given charged brane solutions in different types of string theories. These are
higher-dimensional generalizations of the 4d Reissner-Nordstrém black hole discussed above.
For some examples and classifications of these higher-dimensional generalizations (leading

to higher-dimensional AdS geometries), see e.g. [77] and [85].



CHAPTER 7. The WGC, black hole radiation and AdS (in)stability 85

7.3 The weak gravity conjecture and AdS (in)stability

7.3.1 Sharpened version of the WGC

We now return to the weak gravity bound that we reviewed in section[7.1] States that have a
mass or tension equal to their charge (i.e. states that saturate the bounds or (7.5)) are
well-known in string theory. These are BPS states | Recently, a stronger version of the WGC
was proposed, stating that these BPS states are the only states that saturate the WGC [75]
(see also [77, [76]). This sharpened version of the conjecture is therefore the statement that
the weak gravity conjecture is saturated if and only if the underlying theory is supersymmetric

and the states under consideration are BPS with respect to the supersymmetry.

It is argued that allowing the inequality in any other case does not seem natural [75]. Un-
less protected by supersymmetry, we wish to see extremal black holes decay. It is argued
in [75] that the emission of extremal particles will have vanishing phase space in a non-
supersymmetric setup. Therefore, the WGC should be a strict inequality if we want

extremal back holes to decay.

Aside from the above, extremal particles would obviously be on the brink of violating the
WGC. Suppose we would allow the equality in and we slightly perturb our theory. Then
something should prevent the particle from becoming subextremal, since this would yield
a violation of the WGC. Whereas in a supersymmetric theory the BPS condition prevents
the particle from violating the WGC under such a small perturbation, we seem to have no

similar tool in the non-supersymmetric case/

7.3.2 Instability of non-supersymmetric AdS vacua

Although it might seem like the sharpening of the bound that was introduced in the previous
section is just a small extension of the WGC, it implies that in a consistent theory of

quantum gravity, all non-supersymmetric AdS geometries that are supported by fluxes must

8Very simply stated and without getting into details of supersymmetry, supersymmetric theories impose
a lower bound on the mass of states that is given by the charge. This is the BPS bound. States that saturate
the BPS bound are BPS states and the masses of these states do not receive quantum corrections. For a
more detailed account of the BPS bound and BPS states, see e.g. [80].

9For further evidences for this version of the WGC, we refer to [75] [77]
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be unstable. This follows from combining the sharpened WGC with the analysis done in
[87]. The sharpened WGC demands that in non-supersymmetric theories, there must exist
a brane that is charged with respect to the flux and that has a tension less than its charge.
It was shown in [87] that if such branes exists in AdS, the geometry is unstable. This indeed
seems to be true for all known constructions of non-supersymmetric AdS vacua in string
theory. Multiple proposals have been formulated for such constructions, but not one of these

has shown to be stable.

The instability of non-supersymmetric AdS can also be pictured in a different way, that suits
better in the context of this thesis. Let us consider an extremal brane, whose near horizon
geometry is AdS. If the brane is not protected by supersymmetry, then the sharpened WGC
demands the existence of a (microscopic) superextremal brane. This means the extremal
brane can decay through the emission of such a superextremal brane. A direct consequence
of this decay is the instability of the AdS vacuum that is obtained from the brane’s near
horizon limit. So to conclude: a non-supersymmetric AdS vacuum that appears as the near
horizon geometry of an extremal, but non-BPS, brane is unstable. The instability of this
spacetime corresponds to the brane’s ability to emit microscopic branes that obey the strict

inequality of the weak gravity bound.

For a large extremal brane, the decay rate may be small. It could therefore exist as a
quasi-stable state. In any case, the brane has a finite lifetime as viewed from far away. As
we measure the decay rate closer to the brane’s horizon, however, it becomes larger due to
gravitational redshift. In the near horizon limit, observers are affected by an infinite redshift

effect. Therefore, to an observer in AdS, the decay happens instantaneously.

In string theory, there are different approaches to obtain AdS vacua. In the above, we viewed
AdS vacua as near horizon geometries of some given extremal brane solutions. We would
like to know if the result extends to all AdS (flux) vacua in string theory, and not just those
constructed with the use of branes. This essentially boils down to the question whether we
may think of all AdS vacua as emerging as the near horizon geometry of a brane construction.
In [77], it was argued that “viewing AdS vacua as the near horizon limit of membranes is
not merely a technical trick, but rather a physical statement and, as such, it may be used to
analyze the stability of all AdS vacua.” In other words, we may indeed use information about
the (in)stability of extremal branes to find answers to questions concerning the (in)stability

of the corresponding AdS vacua.
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7.4 AdS, fragmentation

Our result does not forbid the emission of an extremal particle by an extremal black hole.
However, if one follows the argument above, essentially stating that an extremal particle
cannot exist in a non-supersymmetric theory, the amplitude for this process vanishes. In

this section, we nevertheless discuss this possibility.

In [87] the fragmentation of an initial AdS, x S? geometry into two final AdS, x S? universes
is discussed. The instanton that describes such a tunneling process was found by Brill, and
is hence called the Brill instanton [88]. Here, we will not review his work, but simply use the
results. Consider the fragmentation of an AdS, x S? space of charge (or equivalenty: AdS
radius) Q = Q1 + Q- into two AdS, x S? spaces of charges ; and Q. In short we denote
this as: AdS(Q1 + Q2) — AdS(Q1) + AdS(Q1). The computed instanton action is

1
Sinst == _EASBHa (720)

where Spg(Q) = 7Q? is the Bekenstein-Hawking entropy of a extremal Reissner-Nordstrom
black hole with charge ) and

ASpr = Spu(@Q1) + Spu(Q2) — Spu(Q1 + Q2) = —27Q1Qs. (7.21)

This instanton provides us with the transition amplitude, so twice the factor ([7.20]) gives us

the probability for this fragmentation to occur

FQA)Q1+Q2 ~ e ASBH — o7 2mQ1Q2 (7.22)

An assumption that has been made in deriving the above result is that either one of the

charges ()1 or ()5 is very small compared to the other.

We can relate the above with the results we obtained in chapters [5] and [6 To do so we take
our result in (5.87) and take the limit where M — @ and w — ¢. This corresponds to the
probability of an extremal Reissner-Nordstrom black hole of charge ) emitting an extremal

particle of charge ¢. In this limit, our result reads

Fq ~ eASBH — 6*277(@(1*%)' (723)

To see if our result agrees with the tunneling rate ([7.22)) we consider the probability for the

emission of a particle with charge ()» from a black hole with charge @)1 + )2 and focus on
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the case where @ < (1. Hence, we take ((7.23)) with @ = Q1 + Q2 and ¢ = Q2 to find

P(Ql + Qs — Ql) ~ 9BH(Q11+Q2=Q1)=SpH(Q1+Q2)
— 6*27T(Q1Q2+Q7%)

~ e HmQ1Q2 (7.24)

which equals the probability found in . Equally well, we could have considered the
emission of a particle with charge ¢); and ()7 < )3. This would have given us the same
result. Therefore, as far as our result is concerned, a non-supersymmetric extremal Reissner-
Nordstrom may emit an extremal particle, with a probability that agrees with the probability
for the fragmentation of AdS, x S? geometry into two separate AdS, x S? geometries, found
in [87]. It might be interesting to further explore this link between the tunneling calculations

performed in this thesis and gravitational instantons.



Chapter 8

Conclusions

We started this thesis with a review of some aspects of classical black hole physics and
quantum fields in curved spacetime. In chapter [4, we merged these two concepts to discuss
the semiclassical theory of black holes. We revisited Hawking’s work [I} 25], who showed
with strictly semiclassical methods that black holes radiate a purely thermal flux of particles,
and can therefore evaporate. This discovery led to numerous puzzles, many of which have
yet to be solved today. Nevertheless, black hole thought experiments have proved vital in
leading us to our present understanding. Claims with regard to the quantum properties of
gravity are often inferred from black hole physics, a particularly interesting example of which
is the weak gravity conjecture (WGC). In short, it may safely be said that the process of
black hole evaporation is far from fully understood and that a lot is still to be learned about

black hole physics, even without a theory of quantum gravity at hand.

In this thesis we set out to gain a better understanding of the Hawking process in the presence
of back reaction effects. Generally, this requires one to treat the metric as a quantum variable
and therefore, quantum gravity. In [12] [I3], however, an approach was suggested that allows
for the inclusion of effects due to self-gravitation of the radiation in spherically symmetric
setups, without the need for quantum gravity. The inclusion of these effects, probably the
(quantitatively) most important back reaction effects, allows for the conservation of energy
for the whole system throughout the emission process. Building on this approach, a large
part of this thesis was devoted to the calculation of the s-wave emission probability for a

black hole, while including effects of gravitational self-interactions.

In chapter [5 this analysis was performed for both massless and charged radiation from

39
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Schwarzschild and Reissner-Nordstrom black holes. We showed that by properly taking
into account the self-gravitational effects of the radiation one finds a modification of the
emission probability away from thermality. In all cases considered in this thesis we found
[ ~ 2981 where ASpy is the change in the black hole’s Bekenstein-Hawking entropy due
to the emission. To lowest order in w and ¢, respectively the emitted particle’s energy and
charge, this result yields the standard thermal spectrum. Higher order corrections drive the
spectrum away from a strictly thermal one. It should be noted that this result differs from

the results in [12] [I3]. Our analysis may be thought of as correcting the one in these articles.

The route to our results furthermore exposes an intimate link with the tunneling description
that is often used as an heuristic picture for Hawking radiation. It was shown that a quantum
mechanical WKB tunneling calculation emerges from our field theory approach, essentially
as we truncate to an effective particle description. This seems to imply that one may indeed
naturally interpret the emission from a black hole as resulting from the tunneling of particles

across the hole’s horizon.

A particularly elegant derivation of black hole radiation, following this intuitive tunneling
approach was proposed in [I4], partly drawing on results from [I2]. There, the tunneling of
self-gravitating, massless shells across the black hole horizon is considered and a tunneling
probability is obtained that agrees with our results reviewed above. In this thesis we showed
in detail how the starting point of this tunneling analysis originates from the field theory
approach and that the consistency of such a tunneling picture crucially depends on the
enforcement of energy conservation. Therefore, the fact that the authors of [14] obtain
similar results is to be expected. Nevertheless, the derivation of Hawking radiation as a
tunneling process is elegant and allows one to avoid the more tedious Bogoliubov machinery.
In chapter [0}, this procedure was reviewed and generalized to include massive and charged
radiation from Reissner-Nordstrom black holes. Again, we obtained the same result as with

our field theory analysis, which also shows we were consistent.

In chapter [7] we reviewed the WGC and discussed our results in this context. One of the
main motivations for the WGC originally was the notion to allow extremal black holes to
decay. Such a decay process is not described by the strictly semi-classical Hawking effect.
Our result explicitly shows a nonzero probability for an extremal Reissner-Nordstrom black

hole to decay if and only if the WGC is obeyed. This should be expected for a correct
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emission probability, and is equivalent to the statement that our result explicitly forbids the

creation of a naked singularity by Hawking radiation.

Recently, some interesting work has linked the WGC to the instability non-supersymmetric
AdS vacua [75] [76, [77]. As a closure of this thesis, we reviewed the interplay between the
WGC, black hole (in)stability and the (in)stability of AdS. In this context it is noted that in
the limit where an extremal black hole emits an extremal particle, our result for the emission
probability matches the probability computed in [87] for an AdS, x S? geometry to fragment
into two disconnected AdS, x S? geometries. It would be interesting to further investigate

this relation.

The issues touched upon in chapter 7| concerning the WGC, AdS (in)stability, and their
interplay with the evaporation of black holes and branes constitute an interesting direction
for further research. For example, a better understanding of the evaporation of extremal
black branes might shed light on the nature of the supposed instability of AdS vacua and
the consequences for their dual CFTs. Of course, finding a proof of, or counterexample to,
the WGC would be particularly valuable, as its implications reach far wider than just to the

topics discussed in this thesis.

As for the analysis performed in chapters [5] and [0, we clarify once more that we only con-
sidered self-interactions. Taking into account interactions between subsequently emitted
particles would be a logical next step. Considering multi-particle emission might also allow
one to determine whether the inclusion of gravitating interactions leads to correlations in

the radiation. Such an extension of the methods used in chapter [5] however, faces some
difficulties, as was discussed in section [5.2.5]

As for the broader picture of this thesis, the ultimate goal would of course be to resolve
the puzzles posed by the semiclassical study of black holes, and in particular to acquire a
complete understanding of the information paradox. Fully resolving these issues, however,
would very likely require a theory of quantum gravity. In the mean time, semiclassical black

hole physics may continue to provide us with valuable clues.



Appendix A

Conformal diagrams

When working in a curved spacetime it is often challenging to imagine its global structure,
even if this spacetime is highly symmetric. A useful tool to gain insight in this structure
is a so called conformal diagram (or Penrose diagram), that can be drawn for sufficiently
symmetric spacetimes [89]. A conformal diagram is a representation of a spacetime diagram,

showing its global properties and causal structure.

In fact, a conformal diagram is nothing else than an ordinary spacetime diagram on which
we have performed a clever coordinate transformation. Since we want to depict the causal
structure of the manifold, we want the new coordinates to have at least the following two

properties:
e there must be a ‘timelike’ and a ‘radial’ coordinate such that radial lightcones are
consistently represented at 45° in the diagram, and
e ‘infinity’ must be at finite coordinate distance, in order for the structure of the full

spacetime to be apparent in the diagram.

In order to satisfy these criteria, we use what is known as a conformal transformation. A

conformal transformation has the form

Guv — guu = W(Cﬁ)g;w- (A].)

The metric is invariant under conformal transformations, up to a local change of scale. As

such, transformations as in (A.1]) leave angles between vectors invariant. For our purposes
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it is a particularly crucial feature of conformal transformations that they leave null curves
invariant. This is easily shown. Consider a null path x#(\) parametrized by A. Null paths

must obey the condition

dz* dz”
9w ax (84.2)
Performing now a conformal transformation yields for z*(\)
dz# dx” dz* dz”
~ - = _— = A
N WL (4.3)

Thus, a curve () that is null with respect to the metric g, is also null as defined by the
conformally related metric g,,. As conformal transformations leave null curves invariant,
we will look for a set of coordinates in terms of which the metric is related by a conformal
transformation to another metric, for which we know it has the property that lightcones are
at 45 °. Furthermore, we may choose the function w(z) such that all points that are at oo

in the old metric g,,, are at finite coordinate distance in the new one g, .

To demonstrate how such conformal diagrams are constructed, we take the simplest possible
example: Minkowski spacetime. In this procedure, we closely follow [I5]. In polar coordinates

the line element reads
ds* = —dt* + dr* + r*dQ>. (A.4)

In this metric we already have the demanded feature that light cones are at 45 ° all over
spacetime. All that remains is the transformation to coordinates that have finite ranges. To

begin with, we switch to null coordinates
u=t-—r, v="t+r. (A.5)
Our original coordinates ¢t and r had ranges
—00 <t < o0, 0<r<oo (A.6)
and consequently our null coordinates cover ranges
—00 < u < 00, —00 < v < 00, u <. (A.7)
In these coordinates the Minkowski line element is

1 1
ds* = —§(dudv — dvdu) + Z(v — u)?dQ?. (A.8)



Appendix A 94

Next, we bring the infinities to a finite coordinate value by defining

U = arctanu, V = arctanv, (A.9)
where now
v T T T
—— — —— — < Al
2<U<2, 2<V<2, U<V (A.10)

In terms of these coordinates the metric (A.4]) is given by

1
ds” = 4 cos? U cos? V [_Q(dUdV +dVdU) +sin*(V — U)dgz] : (A11)

Finally, we switch to a timelike and radial coordinate
T=V+U, R=V-U. (A.12)
T and R have corresponding ranges
0<R<m, IT|+R<m (A.13)
and the Minkowski metric now has the form
ds* = w™ (T, R) (—dT? 4 dR* + sin® RdQ?) (A.14)

where Q = (cosT + cos R)'/2. We see that the Minkowski metric ds? is conformally related

to the metric d~32
ds’ = w(T, R)ds® = —dT? + dR?® + sin® RAQ2. (A.15)

This is the metric of the spacetime R x S®, with a spacelike, time-independent 3-sphere.
Unlike Minkowski spacetime, this manifold is curved. However, the metric d~52 is not physical.
No matter what coordinates we choose, the truly physical metric is still the Minkowski one,
which we obtain with a conformal transformation. The coordinates T and R only cover the
ranges as defined by , instead of the full range on R x S? (—oo < T < 00, 0 < R < 7).
This means Minkowski space is conformally mapped into a subspace of this manifold. If we
draw R x S? as a cylinder, so that every circle of constant T in fact represents a spacelike
3-sphere, the dark region in figure represents Minkowski spacetime. This region can be
‘unrolled’” in order to represent Minkowski spacetime as a triangle in the 7', R plane. This is

done in figure and is what we call a conformal, or Penrose, diagram.
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R, r

t = constant
r = constant

Figure A.1: This cylinder represents the Figure A.2: This triangle is the conformal
manifold R x S% where every circle of diagram of Minkowski spacetime. As

constant T' represents a spacelike 3-sphere. depicted, lightcones are represented at 45°.
Minkowski space is conformally related to (Figure taken from [I5])

the interior of the shaded region. (Figure
taken from [15])

To be precise, Minkowski spacetime is just the interior of the shaded region in figure
(as infinity is not part of the spacetime). We refer to the boundaries as conformal infinity.
The union of conformal infinity and the physical spacetime under consideration is called the
conformal compactification. As can be seen from the diagram conformal infinity comes

in five pieces (where we added a heuristic description):

i+, named future timelike infinity

t = oo, r is finite: timelike paths extend toward i*.

e ¢, named past timelike infinity.
t = —oo, r is finite: timelike paths start at i~.
e i, named spacelike infinity.

r = oo, t is finite: spacelike slices extend toward i°.

T, named future null infinity.

t+1r =00, t—r is finite: outgoing null paths extend toward ..
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e .7~ named past null infinity.

t—r = —o0, t+r is finite: ingoing null paths extend toward ..

Finally, let us mention some important characteristics of the conformal diagram [A.2] As
demanded beforehand, the radial null paths are at +45°. We see that all these null paths
start at .#~ and end at .#T. All spacelike geodesics have i as starting and ending point

and all timelike geodesics start of at ¢~ and end at ¢*.

Minkowski serves as good example to show the meaning and construction of a conformal
diagram. Apart from serving that purpose, it is a rather boring example. For more compli-
cated spacetimes, conformal diagrams provide insight in their causal structure, which could

be very interesting.



Appendix B

Solving to the Klein (Gordon equation
in a Schwarzschild geometry

We wish to find solutions to the massless Klein Gordon equation
1
V=

where g = detg,,,. We are considering scalar fields in the Schwarzschild background, for

au(\/—_gg‘waygb) = 07 (Bl)

which we have

—f(r) 0 0 0 —f(r)™* 0 0 0

_ 0  f(r)™" o0 0 o 0 f(r) 0 0

Guuw 0 0 2 0 9= 0 0 72 0
0 0 0 r%sin?@ 0 0 0 r2sin"2%4

and g = —r*sin? . We now substitute this data for the Schwarschild geometry into (B.1])

to obtain

{_Laf + %Q (r*f(r)0,) + 1 ; <89 sin 00y + —830)} ¢ =0. (B.3)

1
f(r) r 2 sin sin @

Now we recognize in the last term the Laplacian on the 2-sphere and write it in terms of the

angular momentum operator, L?

{—%af + ri&" (r*f(r)d,) — —LQ} ¢ =0. (B-4)
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Since we have no mixed terms, we can solve this equation by separation of variables. The

solution ¢ can be rewritten as
¢ = (Ae ™" + A*e™") R(r)O(, ¢). (B.5)
We substitute this in (B.4)), divide by (Ae™™! + A*e™t)  take one term to the left and divide
by R(r)©(6,¢)/r* to obtain
r? [ w? 1 1
+ =0, (r*f(r)d,) | R(r) =
R 7 et CTORRO =55

This equation is explicitly written in separable form, meaning both sides of the equation are

L*0(0, ). (B.6)

constant. We take this constant to be [(I + 1). Firstly we take the angular part
L76(0,¢) = (1 +1)6(0, ¢). (B.7)

The solutions to this equation are well known as

where Y}, are the spherical harmonics and By, are integration constants. On to the radial
equation
w1 I(1+1)
T/ N _a'r 2 ar - R = O B9
fo Tl 08) -5 }“> (B9)

To solve this we switch variables to the tortoise coordiate r, = r + 2M log |ﬁ — 1}, such
that

1
0 = 70 (B.10)

and introduce R(r,) = rR(r). In terms of these variables we have

w? o1 o 2M Ul +1)] R(ry)
LMﬂﬂ% 2]

Multiplying by rf(r) gives us

= 0. (B.11)

73 r r

o2 + | = 1) (55 + M) A =0 (5.12)

r3 r2
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Now, we are interested in solutions at r — oo, as discussed in section (4.1]). In this limit we

have
92 R(r.) + w?R(r,) = 0, r— 0. (B.13)

This equation has the solution

o]l
S
=3
*
S~—
S =

(C«wle—iwr* + C:leiwr*) ) (B14)
Plugging this solution for R(r) and (B.§]) into our expression for ¢ (B.5)) we have

1 —iw T * _—iw(t—r * iw(t—r * kW T
=D [ACLe ™) £ ACLe ) 4 ACue ) 4+ AT CLe] B Yim (6, 0).
w,l,m

(B.15)
We now switch to the affine parameters, used in section
v="t+r, u=t-—r,. (B.16)

We express our solutions in terms of these parameters and take all constants A, B, C together

apart from a factor \/21% (common in solutions to KG equation). We furthermore give our

integration ‘constants’ a small r-dependence, to account for our approximate limit r — oo.
We see that two partial wave solutions to the Klein Gordon equation in the Schwarzschild

geometry are

F‘U r WU
fwlm - ( ) € lm(97 ()0)
rv2ww
Pw r WU
Puim = ( ) € lm(97 ()0) <B17)
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Evaluating contour integrals

The integrals we encounter in chapters [b| and [6] can be evaluated using techniques of complex
analysis. In particular, the methods of contour integration are useful. The integrals in
chapter [6] have poles on the region of the real axis that we integrate over. The integrals
in chapter [5| involve logarithms and therefore require some additional attention. In this

appendix we review some of the basics necessary to perform the integrals in both chapters.

C.1 One pole on the real axis

In chapter, [6] the integrals want to evaluate are of the form

/AB f(z)dx, (C.1)

where the integrand diverges at a point that lies in the interval of integration. Let us call

thus point zq, then

lim |f(z)] = oo. (C.2)
The integral in (C.1]) is defined as
B To—€ B
/ f(z)dz = lim f(z)dz + lim f(z)dz. (C.3)
A e—0 A n—0 To-+1

Here € and 7 go to zero through positive values and they do so independently. It might be

that these limits do not exist. However, there is another limit that does exist, called the
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Cauchy principal value

/Zo_e i [ f(x)dx] (C.4)

A xo+e

P/AB f(@)dz = lim l

e—0

If f(z) falls of rapidly enough in the upper half plane, we can find a formula for the principal

value of an integral with a simple pole on the real axis.

We pick a contour C' that is a semicircle in the upper half plane. We deform this contour
around the pole through the upper half plane. Since we consider the case in which we have

no poles in the upper half plane, the integral along the entire contour will be zero

}{Cf(z)dz = 0. (C.5)

Since we demanded the function f(z) to fall of rapidly in the upper half plane, the value of

the integral over the large semicircle approaches zero. Therefore

j{cf(z)dz _0= P/A F()dz — inRes[f(2)], (C.6)

where Res|[f(z)] is the residue of f(z) at z[]| The final term comes from the contribution
of the small semicircle around the pole at zy. A proof of the value of this last term can be
found in [90]. This means we can evaluate the integrals encountered in chapter [6 with the

formula
/ f(z)dx = P/ f(z)dr = imRes[f(2)]. (C.7)
A A

C.2 Issues with logarithms

The integrals encountered in chapter 5| have to be treated a bit differently. These integrals

involve logarithms and are of the form

[ ryos

where a and b lie within the interval of integration and f(x) is regular on this interval. Here,

T —a
z—b

dzx, (C.8)

x = a and x = b are branch points. Therefore, we have to be a bit more careful. We pick a

Methods for calculating residues can be found in e.g. [90]
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branch cut that adjoins the branch points a and b. If we now choose a contour that encloses
this branch cut, then the integrand will be analytic outside the contour. This means we may

evaluate this integral using the residue at infinity. For some function g(z), this is

R%@@Lmﬂz—R@{%g(%)Jﬂ. (C.9)

If a and b are on the real axis, we may combine the above with similar techniques as in

where g(z) = f(x)log | 22| dx.

The integrals in chapter [5 are of the form

B J—
/ rlog Vr=ya . (C.11)
B
Substituting u = /r gives
B J—
/ 2u” log U= ya du. (C.12)
A u—b
Hence, we find
B - 2 1—
/ 2u log U= e du = —miRes [—5 log ﬂ U = 0]
A u—/b 1 —+vbu
= -0 - a?) (C.13)
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